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Abstract  

    The topics which are studied in the present Ph.D. Thesis include the 

oscillatory behavior of the solutions of a linear difference equation with 

deviated argument (retarded or advanced), as well as the asymptotic 

behavior of the solutions of a nonlinear neutral difference equation. More 

specifically:  

 

For the linear difference equation 

0))(()()()1( nxnpnxnx , 

with retarded argument )(n

 

and non-negative real coefficient )(np , it is 

proved that all solutions are oscillatory, if each one of the following 

conditions  

1)(suplim
)(

n

nin
ip , 

or, 

e
ip

n

ni
n

1
)(inflim

1

)(

, 

is satisfied. Subsequently, sufficient conditions for the oscillation of all 

solutions are established, in the case where none of the above conditions is 

satisfied. 

 

For the linear difference equation 

0))(()()1()( nxnpnxnx , 

with advanced argument )(n

 

and non-negative real coefficient )(np , it is 

proved that all solutions are oscillatory, if the condition  

1)(suplim
)(n

nin
ip , 

is satisfied. Subsequently, sufficient conditions for the oscillation of all 

solutions are satisfied, in the case where the above condition is not satisfied. 
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Also, the convergence of the positive solutions of a nonlinear neutral 

difference equation of the form 

0)))((,)),((()())](()()([ 1 nxnxfnpnxnqnx k , 

with retarded argument )(n

 
and deviated arguments )(nj , kj ,,2,1 , 

is studied. The terms of the sequence 0))(( nnp are positive real numbers, 

while those of the sequence 0))(( nnq are real numbers of constant (non-

changing) sign. The function f is a non-linear function that satisfies some 

rather mild conditions. For that equation, sufficient conditions for the 

convergence of solutions to infinity, or to zero, are established. Due to the 

non-linearity of f , the search for sufficient conditions is based on a 

different approach in comparison to the existing ones, that mainly depend 

on the algebraic characteristic equation.  



  

137

  
[1] R. P. Agarwal, Difference Equations and Inequalities: Theory, 

Methods, and Applications, Second Edition, Monographs and 

Textbooks in Pure and Applied Mathematics, 228, Marcel Dekker, 

Inc., New York, 2000. 

[2] R. P. Agarwal, M. Bohner, S. R. Grace and D. O'Regan, Discrete 

Oscillation Theory, Hindawi Publishing Corporation, New York, 

2005. 

[3] R. P. Agarwal and P. J. Wong, Advanced Topics in Difference 

Equations, Mathematics and its Applications, 404, Kluwer 

Academic Publishers Group, Dordrecht, 1997. 

[4] A. G. Balanov, N. B. Janson, P. V. E. McClintock, R. W. Tucks 

and C.H. T. Wang, Bifurcation analysis of a neutral delay 

differential equation modelling the torsional motion of a driven 

drill-string, Chaos Solitons Fractals 15 (2003), 381-394. 

[5] J. Ba tinec and J. Diblik, Remark on positive solutions of discrete 

equation )()()( kukpnku , Nonlinear Anal. 63 (2005), e2145-

e2151. 

[6] A. Bellen, N. Guglielmi and A. E. Ruchli, Methods for linear 

systems of circuit delay differential equations of neutral type, IEEE 

Trans. Circuits Systems I Fund. Theory Appl.  46 (1999), 212 - 216. 

[7] G.E. Chatzarakis and I.P. Stavroulakis, Oscillations of first order 

linear delay difference equations, Aust. J. Math. Anal. Appl. 3 

(2006), Art.14, 11pp. 



   

138

 
[8] M-P Chen, B. S. Lalli and J. S. Yu, Oscillation in neutral delay 

difference equations with variable coefficients, Comput. Math. 

Appl. 29 (1995), 5-11. 

[9] M.P. Chen and Y.S. Yu, Oscillations of delay difference equations 

with variable coefficients, Proc. First Int. Conference on Difference 

Equations, Gordon and Breach , London 1995, 105-114. 

[10] S.S. Cheng and B.G. Zhang, Qualitative theory of partial difference 

equations (I):  Oscillation of nonlinear partial difference equations, 

Tamkang J. Math. 25 (1994), 279-298. 

[11] S.S. Cheng and G. Zhang, "Virus" in several discrete oscillation 

theorems, Appl. Math. Lett. 13 (2000), 9-13. 

[12] J. Diblik, Positive and oscillating solutions of differential equations 

with delay in critical case, J. Comput. Appl. Math. 88 (1998), 185-

2002. 

[13] Y. Domshlak, Sturmian comparison method in oscillation study for 

discrete difference equations, I, II, Differential  Integral Equations 

7 (1994), 571-582, 583-592. 

[14] Y. Domshlak, Delay-difference equations with periodic 

coefficients: sharp results in oscillation theory, Math. Inequal. Appl. 

1 (1998), 403-422. 

[15] Y. Domshlak, What should be a discrete version of the Chanturia-

Koplatadze Lemma?, Funct. Differ. Equ.  6 (1999), 299-304. 

[16] Y. Domshlak and A. Aliev, On oscillatory properties of the first 

order differential equations with one or two retarded arguments, 

Hiroshima Math. J. 18 (1998), 31-46. 



  

139

 
[17] Y. Domshlak and I.P. Stavroulakis, Oscillations of first-order delay 

differential equations in a critical state, Appl. Anal.  61 (1996), 359-

371. 

[18] V. Dorodnitsyn, Applications of Lie Groups to Difference 

Equations, Keldysh Inst. of Applied Mathematics, Moscow, Russia, 

2010. 

[19] L. Edelstein-Keshet, Mathematical Models in Biology, McGraw-

Hill, New York, 1987. 

[20] S. N. Elaydi, An Introduction to Difference Equations, Second 

Edition, Undergraduate Texts in Mathematics, Springer-Verlag, 

New York, 1999. 

[21] A. Elbert and I.P. Stavroulakis, Oscillations of first order 

differential equations with deviating arguments, Recent Trends in 

Differential Equations, 163-178, World Sci. Ser. Appl. Anal.,1, 

World Sci. Publ., River Edge, NJ, 1992. 

[22] A. Elbert and I. P. Stavroulakis, Oscillation and nonoscillation 

criteria for delay differential equations, Proc. Amer. Math. Soc. 123 

(1995), 1503-1510. 

[23] L. H. Erbe, Qingkai Kong and B.G. Zhang, Oscillation Theory for 

Functional- Differential Equations, Monographs and Textbooks in 

Pure and Applied Mathematics, 190, Marcel Dekker, Inc., New 

York, 1995. 

[24] L. H. Erbe and B.G. Zhang, Oscillation of first order linear 

differential equations with deviating arguments, Differential 

Integral Equations 1 (1988), 305-314. 



   

140

 
[25] L. H. Erbe and B.G. Zhang, Oscillation of discrete analogues of 

delay equations, Differential Integral Equations 2 (1989), 300-309. 

[26] N. Fukagai and T. Kusano, Oscillation theory of first order 

functional differential equations with deviating arguments, Ann. 

Mat. Pura Appl. 136 (1984), 95-117. 

[27] D. A. Georgiou, E. A. Grove and G. Ladas, Oscillation of neutral 

difference equations, Appl. Anal. 33 (1989), 243-253. 

[28] K. Gopalsamy, Stability and Oscillations in Delay Differential 

Equations of Population Dynamics, Mathematics and its 

Applications, 74, Kluwer Academic Publishers Group, Dordrecht, 

1992. 

[29] I. Gyori and G. Ladas, Oscillation Theory of Delay Differential 

Equations: With Applications, Oxford Mathematical Monographs, 

Oxford Science Publications, The Clarendon Press, Oxford 

University Press, New York, 1991. 

[30] J. Hale, Theory of Functional Differential Equations, Second 

Edition, Applied Mathematical Sciences, Vol. 3, Springer-Verlag, 

New York-Heidelberg, 1997. 

[31] F. C. Hoppensteadt, Mathematical Methods of Population Biology, 

Courant Institute of Mathematical Sciences, New York University, 

New York, 1977. 

[32] A. F. Ivanov and V. N. Shevelo, Oscillation and asymptotic 

behavior of solutions of first order functional-differential equations, 

Ukrain. Mat. Zh. 33 (1981), 745-751, 859. 



  

141

 
[33] D. L. Jagerman, Difference Equations with Applications to Queues, 

Monographs and Textbooks in Pure and Applied Mathematics, 233, 

Marcel Dekker, Inc., New York, 2000. 

[34] J. Jaro

 
and I.P. Stavroulakis, Necessary and sufficient conditions 

for oscillations of difference equations with several delays, Utilitas 

Math. 45 (1994), 187-195. 

[35] J. Jaro and I.P. Stavroulakis, Oscillation tests for delay equations, 

Rocky Mountain J. Math. 29 (1999), 197-207. 

[36] C. Jian, On the oscillation of linear differential equations with 

deviating arguments, Math. Practice Theory 1 (1991), 32-41 

(Chinese). 

[37] G. L. Karakostas, Convergence in a neutral delay differential 

equation, Appl. Anal. 40 (1991), 225-231. 

[38] G. L. Karakostas, On the asymptotic behavior of the difference 

equation )()]([ 211 nnnn xFxFaxx , Math. Sci. Res. J. 6 (2002), 

558-572. 

[39] G. L. Karakostas, Asymptotic behavior of the solutions of the 

difference equation )( 1
2

1 nnn xfxx , J. Difference Equ. Appl. 9 

(2003), 599-602. 

[40]  G. L. Karakostas and Stevic S., On the difference equation 

)()( 11 nnn xfxAfx , Appl. Anal. 83 (2004), 309-323. 

[41] G. L. Karakostas and Stevic S., On a higher order difference 

equation, Dyn. Contin. Discrete Impuls. Syst. Ser. A Math. Anal. 14 

(2007), 789-803. 



   

142

 
[42] W. G. Kelley and A. C. Peterson, Difference Equations: An 

Introduction with Applications, Second Edition, 

Harcourt/Academic Press, San Diego, CA, 2001. 

[43] M. Kon, Y.G. Sficas and I.P. Stavroulakis, Oscillation criteria for 

delay equations, Proc. Amer. Math. Soc. 128 (2000), 2989-2997. 

[44] R. Koplatadze, On oscillatory properties of solutions of functional-

differential equations, Mem. Differential Equations Math. Phys. 3 

(1994), 179pp. 

[45] R. G. Koplatadze and T. A. Chanturija, Oscillating and monotone 

solutions of first-order differential equations with deviating 

argument, Differentsial'nye Uravneniya 18 (1982), 1463-1465, 

1472. 

[46] R. G. Koplatadze and G. Kvinikadze, On the oscillation of solutions 

of first-order delay differential inequalities and equations, Georgian 

Math. J. 1 (1994), 675-685. 

[47] R. G. Koplatadze, G. Kvinikadze and I. P. Stavroulakis, Oscillation 

of second-order linear difference equations with deviating 

arguments, Adv. Math. Sci. Appl. 12 (2002), 217-226. 

[48] I.-G. E. Kordonis and Ch. G. Philos, Oscillation and nonoscillation 

in linear delay or advanced difference equations, Math. Comput. 

Modelling 27 (1998), 11-21. 

[49] T. Kusano, On even-order functional-differential equations with 

advanced and retarded arguments, J. Differential Equations 45 

(1982), 75-84. 

[50] M. K. Kwong, Oscillation of first-order delay equations, J. Math. 

Anal. Appl. 156 (1991), 274-286. 



  

143

 
[51] G. Ladas, Sharp conditions for oscillations caused by delays, 

Applicable Anal. 9 (1979), 93-98. 

[52] G. Ladas, Oscillations of equations with piecewise constant mixed 

arguments. Differential Equations and Applications, Vol. I, II 

(Columbus, OH, 1988), 64-69, Ohio Univ. Press, Athens, OH, 

1989. 

[53] G. Ladas, Explicit conditions for the oscillation of difference 

equations, J. Math. Anal. Appl. 153 (1990), 276-287. 

[54] G. Ladas, Recent developments in the oscillation of delay 

difference equations, International Conference on Differential 

Equations, Stability and Control, Marcel Dekker, New York, 1990. 

[55] G. Ladas, V. Lakshmikantham and J. S. Papadakis, Oscillations of 

higher-order retarded differential equations generated by retarded 

arguments, Delay and Functional Differential Equations and Their 

Applications, Academic Press, New York, 1972, pp. 219-231. 

[56] G. Ladas, L. Pakula and Z. C. Wang, Necessary and sufficient 

conditions for the oscillation of difference equations, Panamer. 

Math. J. 2 (1992), 17-26. 

[57] G. Ladas, Ch. G. Philos and Y. G. Sficas, Sharp conditions for the 

oscillation of delay difference equations, J. Appl. Math. Simulation 

2 (1989), 101-111. 

[58] G. Ladas, C. Qian and J. Yan, A comparison result for the 

oscillation of delay differential equations, Proc. Amer. Math. Soc. 

114 (1992), 939-947. 

[59] G. Ladas and Y. G. Sficas, Oscillations of neutral delay differential 

equations, Canad. Math. Bull. 29 (1986), 438-445. 



   

144

 
[60] G. Ladas, Y.G. Sficas and I. P. Stavroulakis, Nonoscillatory 

functional-differential equations, Pacific J. Math. 115 (1984), 391-

398. 

[61] G. Ladas and I. P. Stavroulakis, Oscillations caused by several 

retarded and advanced arguments, J. Differential Equations 44 

(1982), 134-152. 

[62] V. Lakshmikantham and D. Trigiante, Theory of Difference 

Equations: Numerical Methods and Applications, Mathematics in 

Science and Engineering, 181, Academic Press, Inc., Boston, MA, 

1988. 

[63] B. Lalli and B. G. Zhang, Oscillation of difference equations, 

Colloq. Math. 65 (1993), 25-32. 

[64] B. T. Li, Oscillations of delay differential equations with variable 

coefficients, J. Math. Anal. Appl. 192 (1995), 312-321. 

[65] B. T. Li, Oscillations of first order delay differential equations, 

Proc. Amer. Math. Soc. 124 (1996), 3729-3737. 

[66] Z. Luo and J. Shen, New results for oscillation of delay difference 

equations, Comput. Math. Appl. 41 (2001), 553-561. 

[67] Z. Luo and J. Shen, New oscillation criteria for delay difference 

equations, J. Math. Anal. Appl. 264 (2001), 85-95. 

[68] Malgorzata Migda and Guang Zhang, On unstable neutral 

difference equations with maxima, Math. Slovaca 56 (2006), 451-

463. 

[69] R. E. Mickens, Difference Equations: Theory and Applications, 

Second Edition, Van Nostrand Reinhold Co., New York, 1990. 



  

145

 
[70] L. A. Moye and A. S. Kapadia, Difference Equations with Public 

Health Applications, Marcel-Dekker, 2000. 

[71] A. D. Myshkis, Linear homogeneous differential equations of first 

order with deviating arguments, Uspekhi Mat. Nauk 5 (1950), 160-

162 (Russian). 

[72] A. D. Myshkis, Linear Differential Equations with Retarded 

Argument, "Nauka", Moscow, 1972 (Russian). 

[73] G. Owen, Game Theory, Second Edition, Academic Press, Inc. 

[Harcourt Brace Jovanovich, Publishers], New York-London, 1982. 

[74] . . 

  

. . , 

    

A , 

  

, 2006. 

[75] Ch. G. Philos, On oscillations of some difference equations, 

Funkcial. Ekvac. 34 (1991), 157-172. 

[76] Ch. G. Philos, Oscillations in a nonautonomous delay logistic 

difference equation, Proc. Edinburgh Math. Soc. 35 (1992), 121-

131. 

[77] Ch. G. Philos and I. K. Purnaras, Oscillations in linear difference 

equations with variable coefficients, J. Appl. Math. Stochastic Anal. 

4 (1991), 241-257. 

[78] Ch. G. Philos and I. K. Purnaras, The behavior of the solutions of 

periodic linear neutral delay difference equations, J. Comput. Appl. 

Math. 175 (2005), 209-230. 

[79] Ch. G. Philos and I. K. Purnaras, Sufficient conditions for the 

oscillation of linear difference equations with variable delay, J. 

Difference Equ. Appl. 14 (2008), 629-644. 



   

146

 
[80] Ch. G. Philos, I. K. Purnaras and I. P. Stavroulakis, Sufficient 

conditions for the oscillation of delay difference equations, J. 

Difference Equ. Appl. 10 (2004), 419-435. 

[81] Ch. G. Philos and Y. G. Sficas, An oscillation criterion for first 

order linear delay differential equations, Canad. Math. Bull. 41 

(1998), 207-213. 

[82] Y. G. Sficas and I. P. Stavroulakis, Necessary and sufficient 

conditions for oscillations of neutral differential equations, J. Math. 

Anal. Appl. 123 (1987), 494-507. 

[83] Y. G. Sficas and I. P. Stavroulakis, Oscillation criteria for first-

order delay equations, Bull. London Math. Soc. 35 (2003), 239-246. 

[84] A. N. Sharkovsky, Yu. L. Maistrenko and E. Yu. Romanenko, 

Difference Equations and Their Applications, Translated from the 

1986 Russian original by D. V. Malyshev, P. V. Malyshev and Y. 

M. Pestryakov, Mathematics and its Applications, 250, Kluwer 

Academic Publishers Group, Dordrecht, 1993. 

[85] J. H. Shen and Z. Luo, Some oscillation criteria for difference 

equations, Comput. Math. Appl. 40 (2000), 713-719. 

[86] J. H. Shen and I. P. Stavroulakis, Oscillation criteria for delay 

difference equations, Electron. J. Differential Equations 2001 

(2001), 15pp. 

[87] W. Snow, Existence, uniqueness and stability for nonlinear 

differential-difference equations in the neutral case, N. Y. U. 

Courant Inst. Math. Sci., IMM-NYU 328 (February 1965). 

[88] I. P. Stavroulakis, Oscillations of delay difference equations, 

Comput. Math. Applic. 29 (1995), 83-88. 



  

147

 
[89] I. P. Stavroulakis, Oscillation criteria for first order delay difference 

equations, Mediterr. J. Math. 1 (2004), 231-240. 

[90] I. P. Stavroulakis, Oscillation criteria for delay, difference and 

functional equations, Funct. Differ. Equ. 11 (2004), 163-183. 

[91] I. P. Stavroulakis, A survey on the oscillation of delay and 

difference Equations with variable delay, Int. J. Qual. Theory 

Differ. Eqns Appl. 1 (2007), 223-239. 

[92] X. H. Tang, Oscillations of delay difference equations with variable 

coefficients, (Chinese), J. Central So. Univ. Technology, 29 (1998), 

287-288. 

[93] X. H. Tang and S. S. Cheng, Positive solutions of a neutral 

difference equation with positive and negative coefficients, 

Georgian Math. J. 11 (2004), 177-185. 

[94] X. H. Tang and Xiaoyan Lin, Necessary and sufficient conditions 

for oscillation of first-order nonlinear neutral difference equations, 

Comput. Math. Appl. 55 (2008), 1279-1292. 

[95] X. H. Tang and J. S. Yu, Oscillation of delay difference equations, 

Comput. Math. Appl. 37 (1999), 11-20. 

[96] X. H. Tang and J. S. Yu, A further result on the oscillation of delay 

difference equations, Comput. Math. Appl. 38 (1999), 229-237. 

[97] X. H. Tang and J. S. Yu, Oscillation of delay difference equations, 

Hokkaido Math. J. 29 (2000), 213-228. 

[98] X. H. Tang and J. S. Yu, Oscillation of first order delay differential 

equations, J. Math. Anal. Appl. 248 (2000), 247-259. 



   

148

 
[99] X. H. Tang, J. S. Yu and Z. C. Wang, Comparison theorems of 

oscillation of first order delay differential equations in a critical 

state with applications, Kexue Tongbao (Chinese) 44 (1999), 26-30. 

[100] X. H. Tang and R. Y. Zhang, New oscillation criteria for delay 

difference equations, Comput. Math. Appl. 42 (2001), 1319-1330. 

[101] E. Thandapani, R. Arul and P. S. Raja, Oscillation of 1rst order 

neutral delay difference equations, Appl. Math. E-Notes 3 (2003), 

88-94. 

[102] C. J. Tian and S. S. Cheng, Oscillation criteria for delay neutral 

difference equations with positive and negative coefficients, Bol. 

Soc. Parana. Mat. 21(2003), 19-30. 

[103] A. Tomaras, Oscillatory behaviour of first order delay differential 

equations, Bull. Austral. Math. Soc. 19 (1978), 183-190. 

[104] Z. C. Wang, I. P. Stavroulakis and X. Z. Qian, A Survey on the 

oscillation of solutions of first order linear differential equations 

with deviating arguments, Appl. Math. E-Notes 2 (2002), 171-191. 

[105] Wenrui Shan and Weigao Ge, Oscillation of neutral difference 

equations with positive and negative coefficients, Compu. Math. 

Appl. 47 (2004), 1647-1657. 

[106] L. Xianyi and Z. Deming, Oscillation of advanced difference 

equations with variable coefficients, Ann. Differential Equations 18 

(2002), 254-263. 

[107] L. Xianyi, Z. Deming and W. Hanqing, Oscillation for advanced 

differential equations with oscillating coefficients, Internat. J. 

Math. Math. Sci. 33 (2003), 2109-2118. 



  

149

 
[108] W. Xiong and J. Liang, Novel stability criteria for neutral systems 

with multiple time delays, Chaos Solitons Fractals 32(2007), 1735-

1741. 

[109] J. S. Yu and Z. C. Wang, Some further results on oscillation of 

neutral differential equations, Bull. Austral. Math. Soc. 46 (1992), 

149-157. 

[110] J. S. Yu and Z. C. Wang, Asymptotic behavior and oscillation in 

neutral delay difference equations, Funkcial. Ekvac. 37 (1994), 

241-248. 

[111] J. S. Yu, Z. C. Wang, Z. C. Zhang and B. G.-Qian, X. Z, 

Oscillations of differential equations with deviating arguments, 

Panamer. Math. J. 2 (1992), 59-78. 

[112] J. S. Yu, B. G. Zhang and Z. C. Wang, Oscillation of delay 

difference equations, Appl. Anal. 53 (1994), 117-124. 

[113] B. G. Zhang, Oscillation of solutions of the first-order advanced 

type differential equations, Science exploration 2 (1982), 79-82. 

[114] G. Zhang, Oscillation for nonlinear neutral difference equations, 

Appl. Math. E-Notes 2 (2002), 22-24. 

[115] B. G. Zhang and S. S. Cheng, Oscillation criteria for a neutral 

difference equation with delay, Appl. Math. Lett. 8 (1995), 13-17. 

[116] B. G. Zhang and C. J. Tian, Oscillation criteria for difference 

equations with unbounded delay, Comput. Math. Appl. 35 (1998), 

19-26. 

[117] B. G. Zhang and C. J. Tian, Nonexistence and existence of positive 

solutions for difference equations with unbounded delay, Comput. 

Math. Appl. 36(1998), 1-8. 



   

150

 
[118] B. G. Zhang and Yong Zhou, Comparison theorems and oscillation 

criteria for difference equations, J. Math. Anal. Appl. 247 (2000), 

397-409. 

[119] Y. Zhou, Oscillations of neutral difference equations, Kyungpook 

Math. J. 39(1999), 283-291. 

[120] J. Zhou, T. Chen and L. Xiang, Robust synchronization of delayed 

neutral networks based on adaptive control and parameters 

identification, Chaos Solitons Fractals 27(2006), 905-913. 


