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Abstract

The aim of this thesis is to study heterotic string theory vacua characterized a rank reduction of the
non-abelian gauge symmetry. The study of these theories reduces to the analysis of two-dimensional
conformal field theories—involving bosonic and fermionic fields—defined on Riemann surfaces with torus
topology. Specifically, the work focuses on vacuum constructions using real fermions on the worldsheet in
cases where the charge lattice construction, commonly found in the literature, is not applicable. Indeed, in
standard vacuum constructions within the heterotic string framework, free fermionic fields can be paired
into complex fields, directly leading to a representation of current operators from which the current
algebra and corresponding charges can be calculated. This particularly elegant realization of operator
product expansions (OPEs) and the current algebra breaks down if the boundary conditions of the free
fermions do not respect the complex structure defined by the choice of currents.

This work begins with a review of two-dimensional Conformal Field Theory (CET) on the torus, focusing
on the construction of partition functions as traces over the theory’s individual sectors (Hilbert spaces).
Subsequently, the construction and analysis of simple free bosonic theories on the torus are presented,
encompassing both non—compact and compact internal dimensions. The discussion extends to fermionic
theories involving complex fermions, focusing on periodic and more general spin structures components
essential for constructing string theory solutions. This formalism is applied to ten-dimensional superstring
theories, where modular invariance and GSO projections ensure the consistency of the spectrum. Finally,
we examine the construction of string models with rank reduction, investigating the equivalence of this
construction to formulations using real fermions and to orbifold constructions.



ITepiAndm

Ytoyog g epyaotog elivon 1 uehétn xeveyv g etepotinic Ocwplog XopdmV UE TN YopaXTNEIOTIXY WOLOTN T
uelwone td&ne (rank reduction) tng un afehiovic ovupetpiog Poduidac. H perétn tov Jewprdv autov
AVEYETOL OTNV oVAAUGCT] BIGOLACTATODY GUUUORPWY VEWELMY UTOLOVIXGDY X PEQULOVIXGDY TEdlwY TTou {ouv G
emgdveleg Riemann pe tnv tonoloyio Tou T0p0U. LUYKEXQWEVA, 1) EQYACIA ETIXEVTPLOVETOL OE XATUOXEUES
HEVWV UE YPNHOT HEVOOWY TEAYUATIXOV PEQULOVIKY ET TNG XOOUIXNG ETUPAVELNG OF TEQLTTWOELS OTIOU 1) UEAETT
uéow mAeypdtwy goptiou (charge lattice construction), touv cuvavtdton cuvhdwe otn BiBhoypapia, Sev etvo
epappoown. Tlpdyuatt, oTic cUVATEL XUTACKEVES XEVIY OTO TAAICLO TOV ETEQOTIXMY Y0EDMY, T EAsUEpA
pepulovxd Tedlor umopoly Vo cuvduacoly avd (edyr o uryoadixd medio, Tedyua Tou odnyel dueca ot Lo
OVATUEAGTACT) TGV TEAEOTWY PEVUATOS, EX TWV OTolmy dUVavTaL Vo utoloyloVel 1 dhyefBoo peLUdTOY xaddg
xou T avtiotowyor goptio.  H 6outépwe xoudry autr) LAOTOINGT TWV AVATTUYUSTGY YVOUEVOU TEAECTMV
(OPEs), xou tng dhyeBpoc peuptdtov xatappéel 6Tny TERITTWAT TOU 0L GUVORLOXES GUVITXES TwV EAELDEPWY
pepploviny dev oéfovton TN uryadixr| dour| Tou opllel N ETAOYY| TWV PEUUATOV.

H epyaoto auty Eexwvd pe pa avooxdémnon e Slodidotatne Loypopene Oewplioc Ilediov (CFT) atov tépo,
UE EUPUOT) OTNY XATUOXEVY] TWV CLUVUPTACENY ETMUERLOUOY WS fyvn 6Toug emuépous Touelc e Vewplag
(Xo’opoug Hilbert). 21N oLUVEYEL, YIVETOL XATUOXEVT X0t avahuoT amAwy EAEUTER®Y UTolovixmy Vewelsv
OTOV 1600, GUUTERLAUUBAVOUEVLY 1) CUUTIOYMY X0l CUUTOY MY ECWTERIXGY dlaoTdoewy. H oulAtnon ene-
ATEWVETOL OTIC PEPUIOVIXES VEwpleg UE Uryadd QepuLovia, E0TIALOVTUG OF TEPLOOXES XalL THO YEVIXES OOUEC
OTY, cLUCTUTIXG T omota efvan amapalTnTA Yo TNV xaTaoxeur) Aooewy g Ocwplag Xopdwy. O gopualouos
epappoleTon oTIC dexadidoTaTeES Vewpleg UTEEY0EOWY, 6Tou 1 modular invariance xo ot mpoBoiréc GSO
eCacgourilouy TN cuvéneln Tou @doupatoc. Télog, e€etdloune TNV %ATUOXELT) UOVTEAWY YOEOWY e rank
reduction, SLepeLVOVTAC TNV LGOBLVAULN TNG HATACKEVNG UE TROYUUTIXG PepULOVIa xadwe xou w¢ orbifold.
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Chapter 1

Introduction

We begin this introductory chapter with a brief review of the bosonic string, starting from the relativistic
point particle and proceeding through the classical formulation of the string to its quantization. The
main focus of this thesis is on closed, orientable strings.

1.1 Relativistic Point Particle

A useful starting point for the formulation of string theory is the relativistic point particle. Con-
sider a particle of mass m propagating in a D-dimensional Minkowski spacetime with metric 7,, =
diag(—, +,...,+). The trajectory of the particle is described by x#(7), where 7 is an arbitrary parameter
on the worldline. The action is proportional to the proper length of the worldline and is therefore given

by
T2
S:—m/ P I e— 1.1
a T (1.1)

where a dot denotes differentiation with respect to 7. The minus sign is chosen such that the correct sign
of the kinetic term is recovered in the non-relativistic limit. Since 7 is arbitrary, the action is invariant
under reparameterizations of the worldline. Under a transformation 7 — 7(7), the Jacobian arising
from the integration measure is cancelled by the corresponding transformation of the square-root factor.
Although the square-root form has a direct geometrical interpretation, it is inconvenient for calculations
and becomes trivial in the massless limit. An equivalent formulation is obtained by introducing an
auxiliary field e(7), known as the einbein

S = ;/ﬁﬁ dr (e_ljc2 - em2) (1.2)

The einbein does not represent an additional physical degree of freedom since its value is determined by
its equation of motion. Varying the action with respect to e(7) gives

0.8 1 1
05 0 s _lezp Loy 1.3
Se 2¢ T T (1.3)
or equivalently
i? 4+ e*m? =0 (1.4)

Solving this equation for e and substituting the result into the action reproduces the square-root formula-
tion. The two actions are therefore classically equivalent. The auxiliary-field formulation is nevertheless
more convenient because it remains meaningful for m = 0, eliminates the square root and has a structure



that will be directly analogous to the Polyakov action for the string. The reparameterization invariance
of the particle action is reflected in the Hamiltonian formulation by the mass-shell constraint

¢p=p*+m?>=0 (1.5)

This is a first-class constraint since it generates the gauge symmetry associated with reparameterizations.
Infinitesimally, under 7 — 7 + £(7), the fields transform as

drt = — &0, a (1.6a)
de =— 0. (e) (1.6b)

The connection between reparameterization invariance and first-class constraints will have a direct ana-
logue in the string theory.

1.2 Classical Bosonic String

The relativistic string is obtained by generalizing the point particle to an extended one-dimensional object.
While a point particle traces out a one-dimensional worldline as it propagates through spacetime, a string
sweeps out a two-dimensional surface known as the worldsheet. We introduce the worldsheet coordinates
0% = (1,0) with 0 < o < 7 and describe the embedding of the worldsheet into the D-dimensional target
spacetime by the functions X*(7,0). The direct generalization of the relativistic particle action is the
Nambu-Goto action, which is proportional to the proper area of the worldsheet

Sne = —T/dza\/— det vqp (1.7)

where T is the string tension and -, is the induced metric on the worldsheet
Yab = N0 X" O X" (1.8)

For the choice o € [0, 7], the action can be written explicitly as

Sna = —T / dr /0 do/—(X)2(X7)2 + (X - X7)2 (1.9)

The square root is real when the induced worldsheet metric has Lorentzian signature. This require-
ment has a direct physical interpretation since the worldsheet must contain both timelike and spacelike
directions. At a point on the worldsheet, consider the tangent vector

G oX*
U* = A 1.10
or * Jo ( )
Its norm is _ .
U? = (X)) +20(X - X') + X? (1.11)

For the tangent space to contain both timelike and spacelike directions, this quadratic expression must
have real roots. Its discriminant therefore satisfies

(X - X' = X%(X")?>0 (1.12)

which is precisely the condition required for the determinant of the induced metric to have the appropriate
sign



The Nambu—Goto action is invariant under global Poincaré transformations of the target spacetime
XF = A, XY 4 at (1.13)

where A*, is a Lorentz transformation and a* is a constant translation. In addition, the action is invariant
under arbitrary reparameterizations of the worldsheet coordinates

o — a%(o) (1.14)

This local symmetry corresponds to worldsheet diffeomorphism invariance and represents a gauge re-
dundancy of the theory. The equations of motion follow from varying the action with respect to X*.
Introducing the canonical worldsheet momentum densities

- oL - oL
Hu = 5% Hu = 3x (1.15)
the variation can be written as
08 = =T [ d*o [0, (3XPTL,) + 0, (5X"T17) — 6X* (0,11, + 0,117 | (1.16)

The first two terms are boundary contributions and vanish when the appropriate boundary conditions
are imposed. Since § X* is otherwise arbitrary in the interior of the worldsheet, the equation of motion
becomes

0,117, + 0,115 = 0 (1.17)

A more convenient formulation of the string action is obtained in analogy with the auxiliary-field formu-
lation of the relativistic particle. We introduce an independent worldsheet metric g,,(7, o) and write the
Polyakov action as

T
Sp =3 / o/ =90, X 3 X, (1.18)

The metric g, is initially independent of the induced metric v,, and acts as an auxiliary field. Varying
the Polyakov action with respect to X* gives

0a (V=990 X") = 0 (1.19)
while variation with respect to ¢* gives
1
DuX"0p X,y — 5 9 g™ 0.X"94X,, = 0 (1.20)

These equations can be expressed in terms of the worldsheet energy-momentum tensor

- 4 5Sp
V=969

T = (1.21)

so that the metric equation of motion becomes
T =0 (1.22)

The vanishing of the energy-momentum tensor therefore represents the set of constraints that accompany
the dynamical equations for X*. The metric equation of motion implies that the intrinsic metric g,;, and
the induced metric v, differ only by a conformal factor

Gab = f(7—7 O-)’Yab (123)

3



Substitution of this relation into the Polyakov action removes the conformal factor and reproduces the
Nambu-Goto action. The two formulations are consequently classically equivalent. The Polyakov action
has an additional local symmetry known as Weyl invariance. Under a Weyl transformation the embedding
coordinates remain unchanged while the worldsheet metric transforms according to

Xty X (1.24)
Gab — QQ(Ta U)gab (125)

Infinitesimally, with Q2 = €2?, this becomes
5gab = 2(b(7', a)gab (126)

The combination of diffeomorphism and Weyl invariance allows the worldsheet metric to be greatly
simplified. In two dimensions, a symmetric metric contains three independent components. Two can be
removed using diffeomorphism invariance and the remaining conformal factor can be eliminated using
Weyl invariance. The metric can therefore be brought to conformal gauge

Gab = €Tap (1.27)
and subsequently to

-1 0
Gab = Tab = < 0 1) (1.28)

This special role of two dimensions is essential to string theory since the available local symmetries
are precisely sufficient to remove all local degrees of freedom of the worldsheet metric. The boundary
conditions determine which classical configurations are allowed. For a closed string there are no endpoints
and the embedding coordinates must be periodic

X*(r,0) = X*(1,0 +7) (1.29)

For an open string the endpoints are located at ¢ = 0 and ¢ = w. The vanishing of the boundary
contribution requires either Dirichlet or Neumann boundary conditions. Dirichlet conditions fix the
position of an endpoint in a given spacetime direction

IXH(1,0) =0 XH*(1,m) =0 (1.30)

whereas Neumann conditions allow the endpoint to move freely and require the momentum flux through
the endpoint to vanish
I9(7,0) = 7 (,7) = 0 (1.31)

The choice between these conditions can be made independently for each spacetime direction. Conse-
quently, an open string may satisfy Neumann conditions in some directions and Dirichlet conditions in
others. The hypersurface on which the Dirichlet directions are fixed is interpreted as a D-brane. To
obtain the classical solutions in a convenient form, we introduce lightcone coordinates on the worldsheet

ot =7+0 (1.32)
In conformal gauge, the equations of motion become
0;0-X"=0 (1.33)

with general solution
XHt(r,0) = X oh) + Xh(o7) (1.34)

4



The functions X/ and X% describe left- and right-moving excitations respectively. The constraints T,, = 0

reduce to
T++ = —27TT8+X . 6+X = 0
and
T =-27T0_X -0_-X =0
For the convention .
T =
2o

the closed-string mode expansion can be written as
o o [T . o 1 u_—inot ~| _—ino
XH*(r,0) =a" +a'p'r+i 525(%6 + ahe )
n#0

where z# and p* denote the center-of-mass position and momentum. Reality of X* requires

(alrt)* = alin (aﬁy = aﬁn

(1.35)

(1.36)

(1.37)

(1.38)

(1.39)

The constraints can be expanded in Fourier modes and expressed in terms of the Virasoro generators

L, = ;Zanm'am

and
_ 1 N N
Ln - 5 . Qp—m * Am
The classical constraints are therefore -
L,=L,=0
with the zero modes satisfying
_ o
af)‘ = ag = Ep“

N=N
The classical mass-shell relation follows from
M? = —pp,
and takes the form 4 4
M?=—-N=—-N
o o

(1.40)

(1.41)

(1.42)

(1.43)

(1.44)

(1.45)

(1.46)

For an open string with Neumann boundary conditions there is only one independent oscillator sector

and the corresponding classical relation is
1
M? = =N
«

(1.47)



1.3 Quantum Bosonic String

Quantization is obtained by promoting the classical Poisson brackets to commutators. With the conven-
tion

the oscillator algebra becomes

[auma GZ] = m5m+n,077lw (149)
and

[alrfw 62] - m5m+n,07]“y (150)

while the left- and right-moving sectors commute

[af,, an] =0 (1.51)
The oscillators with n > 0 are interpreted as annihilation operators while those with n < 0 act as creation
operators. The vacuum is therefore defined by

ak|0;p) =0 n>0 (1.52)

In the covariant formulation the Virasoro generators must be normal ordered because the oscillator
operators do not commute. They are defined by
1 o0
L, = 5 Z Y R (1.53)

m=—00

Normal ordering produces a constant contribution to Ly, which is denoted by a. Physical states are
required to satisfy
L,|¢) =0 n >0 (1.54)

together with
(Lo —a)l¢) =0 (1.55)

The latter equation is the quantum mass-shell condition. Covariant quantization therefore retains Lorentz
covariance but requires the Virasoro constraints to remove the unphysical degrees of freedom. In partic-
ular, the Lorentzian target-space metric allows negative-norm states to appear in the unconstrained Fock
space. These states are eliminated by imposing the physical-state conditions An alternative procedure is
lightcone quantization, in which the constraints are solved before quantization. We introduce target-space

lightcone coordinates

X* = \}5 (X0 xP7) (1.56)

so that -
ds* = —2dXtdX~ +dX'dX" i=1,...,D—2 (1.57)

A residual gauge symmetry can be used to fix the coordinate X to
Xt =a"+dptr (1.58)
The constraints then determine X~ in terms of the transverse coordinates. For example,



gives

— 1 7 7

and an analogous expression holds for the right-moving sector. Thus, neither X nor X~ represents
an independent physical oscillator. The physical degrees of freedom are contained entirely in the D — 2
transverse coordinates X*. The lightcone formulation therefore makes the physical content of the string
particularly transparent, although Lorentz invariance is no longer manifest. The quantum mass spectrum
of the closed string is

M?=—(N-a)=— (N —a) (1.61)
with
D_2 . .
N=> > d,a, (1.62)
i=1 m>0
and
— D_2 . .
N=> >a,a, (1.63)
i=1 m>0
For the open string the corresponding expression is
1
M? = o (N —a) (1.64)

The normal-ordering constant is determined by the number of transverse oscillators and is

D -2
:~:7 1.
a=a 54 (1.65)

Although the lightcone formulation simplifies the physical spectrum, the choice of lightcone coordinates
breaks manifest Lorentz covariance. Requiring the quantum Lorentz generators to satisfy the Lorentz
algebra without anomalies determines the critical dimension. The algebra closes consistently only when
D = 26, which, together with a = a = 1 gives the consistent quantum bosonic string. The same result
can be obtained from the covariant formulation by demanding the absence of negative-norm physical
states. The critical dimension is therefore not an assumption but a consequence of quantum consistency.
The resulting spectrum can now be interpreted in terms of spacetime particles. For the closed string, the
ground state satisfies N = N = 0 and therefore has

4
M? = - (1.66)
The ground state is consequently tachyonic. At the first excited level, N = N = 1, the state is massless
and is obtained by acting with one left-moving and one right-moving creation operator

27) = a’,a@1|0; p) (1.67)

In the critical dimension the indices 4, j each take 24 values, giving 242 states before decomposition into
irreducible representations. These states separate into a symmetric traceless component, an antisymmet-
ric component and a trace component. The symmetric traceless part is identified with the graviton, the
antisymmetric part with the two-form field B, and the trace with the dilaton. Higher closed-string states
are obtained by acting on the vacuum with increasingly excited combinations of left- and right-moving
oscillators. They are massive and organize into representations of the corresponding massive little group.
For the open string, the ground state is again tachyonic, while the first excited state is massless and
transforms as a vector. Higher oscillator levels produce massive states with increasingly rich spin con-
tent. If Dirichlet boundary conditions are imposed in some spacetime directions, additional scalar states
appear, corresponding to fluctuations of the string endpoints in directions transverse to the D-brane.

7



Chapter 2

Conformal Field Theory and String
Quantization

The discussion of conformal field theory (CFT) is broad and encompasses many interesting classical and
quantum aspects of two—dimensional worldsheet theories. Keeping the discussion concise, we focus on
those topics that are essential for the subsequent study of CFT on the torus. We firstly summarize some
of the basic aspects of classical and quantum CFT in two dimensions, before introducing the spin-field
formalism and discussing how it arises.

2.1 CFT Basics

A conformal field theory (CFT) is a two-dimensional quantum field theory invariant under transformations
that preserve the metric up to a local scale factor. Under a Weyl transformation, the metric transforms

as
Jap(0) — ezw(a)gab(a) (2.1)

while an infinitesimal conformal transformation of the coordinates is written as
at — ot 4 e(x) (2.2)

The requirement that the metric be preserved up to a Weyl rescaling gives the conformal Killing equation

2
Ouer + 0ye, = g(a €)M (2.3)

In two dimensions this equation becomes particularly restrictive on the complex coordinates
z=z' +iz? z=z' —ix? (2.4)
The conformal transformations then separate into holomorphic and antiholomorphic transformations,
z = f(2), z— f(2) (2.5)
The corresponding infinitesimal generators are

l, =—2""0,, 1, =-z""0; (2.6)

which satisfy
[lm) ln] - (m - n)lm—i-’m (27)

8



U_mv l_n] = (m — )l n, U, 1) =0 (2.8)

The generators [_1, [y and [, together with their antiholomorphic counterparts, form the globally defined
conformal transformations on the sphere. The remaining generators describe local conformal transforma-
tions and are essential in two-dimensional CF'T. The central object in a CFT is the stress-energy tensor.
It is defined by varying the action with respect to the worldsheet metric,

47w 68

Top = ——m
V=969

(2.9)

Classical Weyl invariance implies
T, =0 (2.10)

In complex coordinates, conservation and tracelessness imply that the stress tensor separates into holo-
morphic and antiholomorphic components,

T..=T(2), T==T(2) (2.11)

The transformation properties of local operators are encoded in their operator product expansions. A
primary operator @ with conformal weights (h, h) satisfies

h _ 1 _
— = O(w,w) + maw(’)(w,w) (2.12)

and

(z—w)? 700w, w) (2.13)

The stress tensor itself is not primary. Its OPE with itself is

c/2 N 2T (w) +8T(w)

T(2)T(w) ~ z—w)t (z-—w)? z-w

(2.14)

where ¢ is the central charge of the holomorphic sector. The antiholomorphic sector is characterized
independently by ¢. Expanding the stress tensor in Laurent modes,

1
T(z) = Z Lnz7 "2, L,=— ¢dz2""'T(2) (2.15)

g 211
and similarly for T', gives the Virasoro algebra

c
(L, Ln] = (m — 1) Lypin + Em(m2 — D)mino (2.16)
with an analogous antiholomorphic algebra. At the quantum level the trace of the stress tensor can
acquire an anomalous contribution. On a curved two-dimensional background it is proportional to the
scalar curvature,

(T%) = —%R (2.17)

For string theory, Weyl invariance therefore requires cancellation of the total conformal anomaly between
matter and ghost sectors. The reparametrization ghosts form an anticommuting (b, ¢) system with con-
formal weights (2, —1) and central charge ¢, = —26. The corresponding cancellation condition will be
used below when discussing string quantization.



2.2 Spin Field Formalism

The superstring extends the bosonic worldsheet theory by introducing fermionic fields ¢¥* (o, 7), " (o, 7).
The action can be written schematically as

S = Sx + Sy, (2.18)

where :
¢ a Tuoaa T
Sw - E /dQO (WLP ad}u + ¢Mp a¢u> . (219)
The fermionic equations of motion separate into left- and right-moving components. The resulting world-

sheet theory possesses local supersymmetry, and after gauge fixing the superconformal ghosts (5,7)
appear in addition to the reparametrization ghosts. For a first-order system with conformal weights

hy=2X  he=1-2X\ (2.20)

the reparametrization ghosts have (hy, h.) = (2, —1), whereas the superconformal ghosts have (hg, h,) =

%, —%) The latter are commuting fields even though they arise from fixing a fermionic gauge symmetry.
The worldsheet fermions admit two consistent boundary conditions. In the Neveu-Schwarz sector they
are antiperiodic,

(o +27) = ~4(0) (2.21)
while in the Ramond sector they are periodic,
(o + 2m) = +0#(0) (2.22)

Consequently, the fermionic modes are half-integer moded in the NS sector, r € Z+ %, and integer moded
in the Ramond sector, r» € Z. Their oscillator algebra is

{W«L, 1/};/} - 77’“/5r+s,0 (223)

The crucial difference between the two sectors is the presence of the fermionic zero modes in the Ramond
sector. Setting r = s = 0 gives

{46, vg} =" (2.24)
Defining
I =2} (2.25)
we obtain
{T, 17} = 2{g, vo} = 20 (2.26)

Hence, the Ramond zero modes generate the target-space Clifford algebra,
{TH, TV} =20 (2.27)
Let the Ramond ground states be denoted by |A). The action of the zero modes is then

B AY g = j§<rﬂ>A3|B>R (2.28)

Thus the Ramond ground states form a representation of the Clifford algebra and consequently transform
as spacetime spinors. The spinorial nature of the Ramond sector is therefore a direct consequence of the
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fermionic zero modes. The same structure has a direct interpretation in the two-dimensional CFT through
the operator-state correspondence. A state is associated with a local operator inserted at the origin. In
the Ramond sector the corresponding operator is a spin field,

[A)r = 1im 54 (2)[0)xs (2:29)

The spin field changes the boundary conditions of the fermions and therefore creates the Ramond ground
state from the NS vacuum. To construct these operators explicitly, it is convenient to bosonize the
worldsheet fermions. Consider four real fermions, ¥ ,i = 1,...,4. They can be combined into two

complex fermions,

1 1

Pl = NG (v +iw?),  w= NG (v* + iy (2.30)
with conjugates
7= \}5 (o' —iw?), W= \}5 (v* —iv') (2.31)
Their OPE is - .
T ()T (w) ~ p— (2.32)

Each complex fermion can be represented in terms of a free boson,
Ui(2) ~ e i) G (2) ~ e iHi) (2.33)

where the bosons satisfy
Hi(2)Hj(w) ~ —d;; In(z — w) (2.34)

The corresponding Cartan currents are
Ji(z) = WU i~ iOH; (2) (2.35)

The charge carried by the exponential operators follows directly from the bosonic OPE. From

H(2)H(w) ~ —In(z — w) (2.36)
one obtains .
6H(2)equ(w) ~ _Lequ(w) (237)
zZ—w
Consequently,
iaH(z)equ(w) ~ Lequ(w) (238)
Zz—w
and therefore , ,
J(z)equ(w) ~ Lequ(w) (239)
z—w

The operators et and e " thus have charges +1 and —1, respectively. The conformal dimension of
these operators is obtained from the stress-energy tensor of the free boson,

1
T(z) = —5° OHOH : (2.40)
Its OPE with an exponential operator is

. 2/ . 1 ;
T(2)eittiw) o /2 ittt | L gt (2.41)



Comparison with the defining OPE of a primary field gives

2
hleitf] = L

; (2.42)

For ¢ = £1, this reproduces the conformal weight h = 1/2 of a complex fermion. The Ramond spin fields
correspond instead to half-integer bosonic charges. For the two bosons introduced above, they are

?

Ss,5,(2) = exp 5 (s1Hy(z) + soHa(2))] 51,89 = *+1 (2.43)

The four possible spin fields are

S,y = ealHitH) S, = ea(Hi—H2) (2.44)

S_y = es(HitH) S = e 3t (2.45)

Using the conformal dimension of an exponential operator, the dimension of a spin field is

S CRIOIE i

More generally, for D real fermions there are D/2 bosons and

. D/2
S, = exp [; 3 SIHI} | (2.47)
I=1

The conformal weight is then

hs = 1172/2 (‘”)2 = (2.48)

22\2) " 16
The spinorial interpretation is particularly transparent from the action of the Cartan currents. For
S, = e3 2 srH (2.49)
the current OPE gives

81/2
zZ—w

Tr(2)Ss(w) ~ S, (w) (2.50)

Thus the spin field carries the charge vector

o= (31 i ) (2.51)

2727

For the four-dimensional example the four charge vectors are

11 1 1
S++' (272>7 S+*' (27_2) (252)

s (hY) s (2 e

These are precisely the weight vectors of the spinor representation.
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The four spin fields can be separated into two sets of opposite chirality. For one conventional assignment,
Se = (S44,5.), (2.54)

and
Co = (S4-,5-4) (2.55)

The precise labels depend on the convention used for chirality, but the physical statement is independent
of this choice: the Ramond ground-state representation decomposes into two Weyl representations of
opposite chirality.

The equivalence between the oscillator description and the CFT description becomes explicit in the
fermion—spin-field OPE. The action of a fermionic field on a spin field changes its spinor weight by one
of the fermionic weights and produces a square-root branch cut,

1 (I")4"Sp(w)
H(5)S - 2.56
w (Z> A(w) \/5 (Z o w)1/2 ( )
The gamma matrices appearing in this OPE are the CFT realization of the Clifford algebra generated
by the Ramond zero modes.
The two descriptions can therefore be summarized as

{vo. 05 =n" = A" I"} =2 (2.57)
while the corresponding state-operator relation is

Thus the spacetime spinor representation of the Ramond sector is encoded directly in the operator algebra
of the two-dimensional CFT.

For the superstring, the NS and R sectors must subsequently be subjected to the GSO projection. In
the NS sector the projection removes the tachyonic vacuum and retains the appropriate fermion-number
parity, while in the Ramond sector it selects a definite chirality. The resulting left- and right-moving
sectors can then be combined into the Type ITA and Type IIB theories according to their relative Ramond
chiralities.

The same worldsheet fermions also provide the starting point for the heterotic construction. In the
heterotic string, the supersymmetric sector is combined with a bosonic sector whose additional degrees
of freedom can be represented by internal fermions. Bosonization converts these fermionic degrees of
freedom into a lattice of charges, making the connection between worldsheet CFT, spin fields and the
internal charge lattice explicit. This provides the bridge to the gauge-group and charge lattice construction
developed in the following sections.
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Chapter 3

CFT on the Torus

3.1 Torus Basics

Before discussing the supersting in ten dimensions through its charge lattice, which can be extracted
directly from the structure of the partition function, let us first examine the CFT on the torus in some
more detail. The reason is that the perturbative formulation of string theory is ultimately organized as an
expansion over Riemann surfaces. Even though the focus of this thesis is on closed, orientable strings, and
therefore closed orientable worldsheet topologies, it should be noted that boundaries and crosscaps must
be taken into account when considering more general classes of worldsheet surfaces. Hence, open or non—
orientable strings have a perturbative expansion that consists of different Riemann surfaces. Although
the modularity constraints associated with higher—genus surfaces will also play a role, it is therefore useful
to discuss the torus in some detail, as the simplest genus—one surface, characterized by a vanishing Euler
characteristic.

In this first section, we first briefly compare the sphere and the torus and highlight the origin of the
distinction between them and, in particular, the emergence of a non trivial complex structure in the case of
the torus. Combined with the zero Euler characteristic, this introduces two equivalent coordinate choices
where the dependence on the complex structure is manifest either on the definition of the coordinates or
the metric components. We then explain how the Teichmiiller and moduli spaces are recovered starting
from the Polyakov path integral. Before analyzing the path integral and the gauge redundancies that
should eventually be modded out, let us first try to understand, even before studying the metric variation,
what distinguishes the sphere from the torus. Recall that the sphere is a genus-zero surface with FEuler
characteristic two. The Gauss—Bonnet theorem relates the Euler characteristic to the total curvature of
the surface. More precisely, for a Riemann surface >, we have

1
—2_9 :—/42 R 3.1
X 9= 7| o\/g (3.1)

This means that the sphere has positive curvature while the torus, which has y = 0, admits a flat
metric. This is not the end of the story, however. Flatness is a local statement, and even though in two
dimensions this means that locally the metric can be written as g., = 045, the way in which these locally
flat coordinates are globally identified makes all the difference between the two surfaces. The torus is
indeed locally indistinguishable from the Euclidean plane, but the nontrivial information lies in the global
identifications required to make the plane compact.

The first homotopy group of the sphere is m(S?) = 0, which means that every closed curve on the
sphere can be continuously contracted to a point. It is simply connected, and therefore there are no

14



non—contractible cycles whose global identifications can carry additional information. Once the local
conformal redundancy is removed, there is no remaining non—contractible cycle that can encode further
global data.

The torus, on the other hand, has m(T?) = Z & Z, meaning that it possesses two independent non-—
contractible cycles. The universal covering space of the flat torus is the complex plane C, and the torus
may be obtained by quotienting this plane by two independent translations,

T? = C/A, A = {mw; +nwy | m,n € Z} (3.2)

The local metric is still the same Euclidean metric for every choice of w; and wo; what changes is the global
identification of points. This is precisely the information that cannot be removed by local coordinate
transformations or Weyl rescalings. Although all these metrics are locally flat, their complex structures
need not be equivalent. Thus, in contrast to the sphere, the torus provides the first example where gauge
fixing the worldsheet and following the Faddeev—Popov procedure does not leave a unique representative.

Let us try to understand this in more detail by explicitly examining the terms that contribute to the
variation of the two-dimensional metric. As mentioned above, the Polyakov path integral expression for
the bosonic closed string is

7 = / DgDX e SloX] (3.3)

However, performing this integral directly, as expected, gives an infinite result. This comes as no surprise
since there is a gauge redundancy arising from the Weyl and diffeomorphism symmetries of the worldsheet.
This is already apparent in the simplest Gaussian integral example, where we have

/OO dx /OO dye~ =) = /OO dv /OO due™ = V/Oo due™™ (3.4)

where u = x —y and v = z + y, up to an irrelevant normalization of the Jacobian. The divergence arises
because the integrand is independent of v. Indeed, the transformation

T — x+a, y—y+a, V,a € R (3.5)

leaves the integrand invariant. Thus, the integral includes an infinite volume corresponding to this
redundant direction.

To get rid of this extra redundancy and ensure that the path integral passes exactly once through each
gauge orbit, we have to mod out this redundant freedom. In the simple Gaussian example, this means
dividing by the volume associated with the non-physical variable v. In the Polyakov bosonic path integral,
the analogous redundancy is generated by Weyl transformations and diffeomorphisms.

Let us now commence with the variation of the metric. We have a symmetric 2 x 2 matrix, which means
that its variation can be decomposed into a trace and a traceless part. More precisely,

1
09ab = 59ab0g + e (3.6)

where §g = g*dg,,. Out of the three independent components of the metric, one is determined by the
trace part and is associated with Weyl rescaling, while the other two are contained in the traceless part
of the variation. This is not quite enough, however, since some additional detail is needed: the traceless
part contains not only the contribution coming from diffeomorphisms, but also the remaining conformal
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deformations associated with the construction of Teichmiiller space. First of all, it is straightforward to
see that the first term is precisely associated with the Weyl rescaling freedom, since

9ab(7) = giy(0) = € ga(0) (3.7)
and by expanding ¢** = 1 + 2w + O(w?) gives

5wgab - 2w9ab (38)

Choosing w = i(S g therefore precisely reproduces the first term in the decomposition above. Now consider
an infinitesimal coordinate transformation

o = 0"+ &% o) (3.9)

Taking into account that an infinitesimal diffeomorphism generated by a vector field £*(o) acts on the
metric according to d¢ga = Legap, and using metric compatibility in terms of the covariant derivative,
we obtain

0edab = Valo + Vs (3.10)

Taking the trace gives g*0¢ga, = 2V,£% Consequently, the pure-trace part of this diffeomorphism—
induced variation is

1 . .
5Jab (g d5§gcd> = gabVc§ (3.11)

Subtracting this from the complete diffeomorphism variation gives its traceless part:

1
65921l“)aceless — 6§gab _ 5gabgcdéggcd — va&b + nga _ gabvcgc (312)

Or following the notation discussed in [kiritsis2019string]

(Plé) *ab = vaéfb + vbéa - gabvc§0 (313)

At this point, the traceless metric variations split into two qualitatively different classes. Some are of
the form P¢ and are therefore generated by diffeomorphisms. The remainder cannot be produced by an
infinitesimal diffeomorphism and instead represents a genuine change of conformal structure. To identify
this remainder, we need an inner product on the space of traceless symmetric tensors. Define

(h, k) = /E 20 \/Ghak® (3.14)

We can now determine the adjoint PIT . Take a traceless symmetric tensor hy,. Then

(h &) = [ do\Jgh™ (Voo + Vo = gV e€°) (3.15)

Because h* is traceless,h® gy, = 0,the third term vanishes:

(h, g = | d2o\/gh™ (Vo + Vi) (3.16)

Since h® = h%* the two terms are identical, and therefore

(h, Pi&) = 2 /Z &0\ /Gh™V .6, (3.17)
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Now using the product rule

Va(h®&) = (Vah®)& + h™Va&, (3.18)

we eventually recover

(h, PL&) =2 /E Po /5, (h&) —2 /E 0\/5 (Vah™) & (3.19)

Because ¥ is closed, it has no boundary and the first integral vanishes by Stokes’ theorem, so

(h, P&) = —2 /E P /g (Veh™) & (3.20)

Comparing this with the definition (P{h, &) = (h, Pi€), we obtain

(P{h)" = —2V,h™ (3.21)

Consequently, a traceless tensor hg, is orthogonal to every diffeomorphism direction precisely when Pf h =
0. Using the explicit expression for the adjoint, this condition becomes V,h% = 0. Thus, the non-gauge
directions are characterized by the two conditions:

G%ha, =0 (3.22a)
V.h® =0 (3.22D)

These are the transverse-traceless metric deformations. The explicit solution of these equations for the
sphere and the torus can be found on appendix B. The complete infinitesimal decomposition can therefore
be written as

5gab - 2Wgab + (Plg)ab + Z 5m1h£b (323)
I

The parameters m; are coordinates on Teichmiiller space. This also explains precisely where the Faddeev—
Popov determinant enters. When the functional integral over metrics is rewritten in terms of the variables
w, &, and my, the change of variables has a nontrivial Jacobian. The operator controlling the diffeomor-
phism part of this Jacobian is precisely P;. Schematically,

Dg = DwDE [[ dmy det' Py (3.24)
I

The prime is essential. If P¢ = 0, then the corresponding vector field produces no traceless metric
deformation. Such vector fields are conformal Killing vectors and therefore represent residual gauge
transformations rather than Teichmiiller directions. Meanwhile, the physical infinitesimal deformations
are associated with ker PlT , so the two spaces have completely different meanings. For the sphere, ker PlT =
0, so T(S?%) = point. There are nevertheless conformal Killing vectors on the sphere, ker P, # 0 that
generate the residual conformal transformations, whose global group is PSL(2,C). They are gauge zero
modes and must not be confused with moduli. For the torus, in contrast, dim¢ 7(7?) = 1. We therefore
introduce a single complex coordinate,

T =T + iTy, T >0 (3.25)

The Teichmiiller space of the torus is consequently the upper half-plane, 7(T?) = H. At this stage,
however, we have not yet obtained the physical moduli space. The reason is that the Faddeev—Popov

17



analysis above removes diffeomorphisms connected continuously to the identity. The torus possesses
additional diffeomorphisms that are not continuously connected to the identity. These are the so—called
large diffeomorphisms. They act by changing the choice of basis of the two independent homology cycles.
If A and B are the two cycles, a large diffeomorphism can send them to

() - (¢ 5) () a2

with a,b,¢,d € Z, ad — bc = 1. Thus, the group of orientation-preserving large diffeomorphisms acts as
SL(2,Z). Its action on the modulus is

at + b
3.27
cT +d ( )
In particular, the two generators can be taken to be
0 -1
T:<1 O):T—)T—i—l (3.28a)
11 1
S = (0 1) T — — (3.28b)
But there is one final subtlety. The matrices M and —M act identically on 7, since
— —b b
(Fa)r + (b)) _ ar & (3.29)

(=) +(—d) cr+d
Therefore, the effective group acting on Teichmiiller space is not SL(2,7Z) itself, but PSL(2,Z) =
SL(2,7Z)/+I. Consequently, the moduli space for the torus is
2
My = I H (3.30)
PSL(2,Z) PSL(2,7Z)
The important conceptual distinction is now precise: Weyl transformations and diffeomorphisms con-
nected to the identity appear directly in the infinitesimal decomposition of the metric and therefore in
the Faddeev-Popov procedure. The modular group does not appear as another infinitesimal term in this
decomposition. It appears afterwards, because gauge fixing leaves a discrete ambiguity in the choice of
global coordinates, or equivalently in the choice of basis for the non-contractible cycles of the torus. This
is also the origin of modular invariance in the torus partition function. Since points in H related by a
modular transformation describe the same conformal geometry, the partition function must be invariant
under

at +b a7+b> (3.31)

Z(r,T)=4 | —,——
(7. 7) (m‘—l—d’cf‘—l—d
Modular invariance is therefore not an additional arbitrary requirement, but a consequence of the fact
that the worldsheet path integral should assign the same physical amplitude to different choices of lattice
basis describing the same torus.

We are now ready to introduce the notation that will be used throughout and to describe the two
equivalent ways of writing the torus metric. We begin with real coordinates (¢!, 0?), each taken to have
unit periodicity,
ot ~aol +1 (3.32a)
o ~ot+1 (3.32b)
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The complex structure is then encoded in the metric. After fixing diffeomorphism and Weyl invariance,
a convenient representative of the metric is

1 1 T1
b = — 3.33
Gab P <7_1 | 7”2> ( )
The corresponding line element is
1
2 _

T2

ds [(do)? + 27y do' do® + |[*(do®)?] (3.34)
The dependence of the metric on the two real parameters 71 and 7, makes explicit that the remaining
information after gauge fixing is precisely the complex structure of the torus. The overall scale of the
metric has been fixed by Weyl invariance, leaving only the two real parameters encoded in 7. An equivalent
description is obtained by introducing a complex coordinate,

2 Z2=0'+70? (3.35)

2201—1—70

If we require the determinant of the metric to be normalized to one, the metric can be rewritten as

1
ds? = — dzdz (3.36)

T2
The metric is therefore manifestly conformally flat in complex coordinates, while the dependence on 7

has been transferred from the metric components to the definition of the coordinate itself. The global
identifications are particularly simple in these coordinates:

z oz 41, ZrozZ4T (3.37)

Thus, the torus is obtained by quotienting the complex plane by the lattice generated by 1 and 7,
T? = ﬁ. This makes the geometric meaning of 7 particularly transparent: it specifies the shape
of the fundamental parallelogram of the lattice and therefore determines the complex structure of the
torus. The two descriptions of the metric are therefore completely equivalent. In the real-coordinate
description, the coordinates have fixed periodicities and the complex structure appears explicitly in the
metric components. The first description therefore makes the modulus explicit in the metric, whereas
the second makes the complex structure manifest through the global identification of the complex plane.
The geometric picture of the torus as a quotient of the complex plane by a lattice can be visualized in
Figure 1. The fundamental parallelogram is spanned by the two lattice vectors 1 and 7, with opposite
edges identified to form the torus. Translating this parallelogram by integer combinations of 1 and 7 tiles
the complex plane, with all points related by such lattice translations representing the same point on the
torus.

Figure 3.1: Lattice representation of the torus with fundamental and invariant parallelograms.
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The fundamental domain F of the modular group, illustrated in Figure 2, provides a canonical represen-
tation of all inequivalent torus geometries. Each point 7 € F corresponds to a distinct complex structure,
and the metric on the torus can be expressed explicitly in terms of 7 and 7.

ST
4\

RT

_1
2

Figure 3.2: Fundamental domain F of T2. Vertical red lines indicate the T identification, the green
semicircle |7] = 1 shows the S identification, while brown semicircles illustrate additional modular images.
Dotted and solid line segments indicate identified boundaries. The point 7 is the canonical modular fixed
point.

2

3.2 Bosons on the Torus

3.2.1 Non-compact Periodic Boson

Trace method To compute the partition function we quantize the theory along the spatial cycle.
The Hilbert space H consists of all states created by acting with oscillators on the vacuum and carrying
continuous momentum in the non—compact target space directions. The torus partition function is defined
as the trace over this Hilbert space

Z(7,7) = Ty e 2rmetit2mnt (3.38)

where H is the Hamiltonian generating Euclidean time translations and P is the momentum operator
generating spatial translations on the worldsheet cylinder.

Equivalently, using the left and right moving Virasoro generators,

c

H:L0+EO—E, P=1Ly— Ly (3.39)
and introducing
q — 6271'1’7’7 (j — 6—271'7;77' (340)
the partition function becomes B
Z(r,7) = Try (qh siqho %) (3.41)

The trace runs over the Hilbert space of the theory defined on the spatial circle. The vacuum state
corresponds to the lowest energy configuration and all other states are obtained by acting with oscillator
creation operators. In the trace we sum over all these states weighted by their energy eigenvalues.
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For a free boson the Hilbert space factorizes into a momentum sector and an oscillator sector. The states
therefore take the schematic form

pi V), {8 (3.42)

Here p is the target—space momentum and N, N, are occupation numbers of left and right moving
oscillators.

Scalar field spectrum For a non—compact free boson X* the Virasoro generators take the form

/ o0 / [ee)
Lo = %p2 + Z niN,, Ly = %pZ + Z niN, (3.43)

n=1 n=1

The central charge for d free bosons is ¢ = d. Substituting into the trace gives

Z(r,7) = (q@) Y/ Te g TP L g (3.44)
Explicitly writing the dependence on oscillators and momentum,

o 0o d N
Z(7—7 77-) — (qé)fd/24Trq 4p2+zn 12};‘ 1n‘]\7H q77 +Zm=l Zp,:l mNm (345)

The trace now factorizes into a momentum contribution and an oscillator contribution.

Oscillator contribution For a single oscillator mode with occupation number N, = 0,1,2,... we
have )
Z g = - (3.46)
Nn=0 —4q

Taking the product over all modes and over the d bosonic directions gives

1

Zose = 1} T (3.47)
Including the vacuum factor (¢q)~%?* we obtain
e = (3.48)
n(7)[>¢
where the Dedekind eta function is defined as
¢TI0~ ) (3.49)
n=1

In the derivation above we have taken into account the theorem for the generating function of partitions
introduced by Euler. A proof can be found in [1].

Theorem 1 (Euler’s Partition Generating Function). Let p(n) denote the number of partitions of the
integer n > 0. Then, for all complex numbers x with |x| < 1 (i.e., inside the unit disk), the generating

function of p(n) is

o0

iop(n)x

The infinite product converges absolutely for |z| < 1, and equality with the power series holds term by
term.
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Momentum integral Since the boson is non—compact, the momentum p* is continuous. The trace
over the momentum sector becomes an integral

ddp o 2 o 2
Jimrtor 0
where using
¢TI = e (3.51)
the Gaussian integral gives
/ 1
d —ma! Top?
/d pe = ) (3.52)

Combining the oscillator and momentum contributions we finally obtain the torus partition function for
d non—compact free bosons

1 1
Z(t,7) = 3.53
77 = {marm) e ) 599
This expression exhibits the characteristic dependence on the modular parameter: the factor 7, 4/2 origi-

nates from the Gaussian integration over continuous momenta, while the infinite product encoded in the
Dedekind 7 function arises from summing over the oscillator excitations of the scalar field.

Path Integral method

Counsider a free scalar field X defined on a Euclidean torus
Y©=C/(Z+Z),

The action of the free boson is then

1

4ol

S1X]

/E &2 0XDX (3.54)
and the partition function is formally defined by
Z = / DX ¢S] (3.55)
The equation of motion obtained from the action is
20X =0 (3.56)
which is equivalent to the Laplace equation AX = 0.

Classical and Quantum Decomposition To evaluate the path integral, we decompose the field into
a classical solution and quantum fluctuations

X = Xa+ X, (3.57)
On the torus the only harmonic functions satisfying periodic boundary conditions are constants. Hence
Xa = xo. (3.58)

The path integral measure factorizes as

/ DX = / d / DX, (3.59)

The constant mode x( represents the center-of-mass position of the non—compact boson in target space.
Because the target space is non—compact, the integral [ dzg, diverges and produces a factor proportional
to the target-space volume. This divergence reflects the translational invariance of the theory.
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Eigenmodes of the Laplacian The quantum fluctuations X, can be expanded in eigenfunctions of
the Laplacian on the torus. Writing the Laplacian in (o', 0%) coordinates,

1
A= (|70} - 210,10, + 03) (3.60)
T2

The eigenfunctions compatible with torus periodicities are Fourier modes

¢m,n(0170,2> — e27r’i(mg'1+ng'2)’ <m7 n) 6 Z2 (361)
Acting with the Laplacian yields
A¢m,n = )\m,n¢m,n (362)
with eigenvalues
4 9

2

The mode (m,n) = (0,0) corresponds to the constant function and therefore has eigenvalue Aoy = 0.
This is the zero mode of the Laplacian. We then expand the fluctuation field as

X, = Z W P, (3.64)
(m,n)eZ?
Separating the zero mode, .
X, =Xo+ X, (3.65)
where )
XO = Q0,0, X = Z am,n¢m,n
(m,n)#(0,0)
The action becomes ]
S[X] = > Nualtmal® (3.66)
dmal o 7 00)

The path integral over oscillatory modes therefore produces

1 1/2
Zose = |1 ( ) = (det’A)1/2 (3.67)
(m)#(0,0) \Amon

The prime indicates that the zero eigenvalue has been removed.
Zeta Function Regularization The determinant of the Laplacian is formally divergent because it

contains an infinite product over eigenvalues. A natural way to define it is through the spectral zeta
function

als)= > N2 (3.68)
(m.n)#(0,0)

The regularized determinant is defined as
det’A = exp [—C4 (0)] (3.69)

Substituting the eigenvalues gives

CA(S>:<‘;T222>S( > B (3.70)

D Z(0.0) |m + nrl|?s
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The lattice sum appearing here is the non-holomorphic Eisenstein series. Using its analytic continuation

to s = 0 one finds
det’A =75 [n(7)|* (3.71)

where n(7) is the Dedekind eta function. Thus, the oscillator contribution to the partition function

becomes
B 1 1

Zosc -
Vdet’'A  T2[n(T)[?

(3.72)

Zero Mode Divergence The constant mode contributes [ dzy. Since the boson is non-compact, this
integral diverges and is usually interpreted as the volume of the target space V. This factor is removed by
dividing by the target-space volume or by considering normalized correlation functions. The remaining
finite contribution comes entirely from the oscillatory determinant computed above.

To conclude, the partition function factorizes as
Z =V (det’A)"1/? (3.73)

After zeta-function regularization of the determinant the dependence on the modular parameter of the
torus is governed by the Dedekind eta function, which encodes the contribution of the infinite set of
oscillatory modes. We can thus write the factorized result

Z(T,T) = Zyero Zose (3.74)
The oscillator contribution formally reads

Zose = H

(m.n)#(0,0)
This infinite product requires regularization.

1

_ 3.75
|m + nr|? ( )

1. Zeta Function Regularization The determinant of the Laplacian on the torus can be written as

/ 472
det A = H <2|m+n7\2> (3.76)
(m,n)#(0,0) \ '2
Define the spectral zeta function
472 5 o
(m,n)#(0,0) 2

The determinant is defined via

! d
logdet A = — —(a(s) (3.78)
ds i
Using modular invariance properties of the lattice sum one obtains
/
det A = m|n(7)[* (3.79)
Therefore
1
Toge = ———— (3.80)

V72 ()2
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The factor ¢'/?* arises from the zeta regularization identity
> n=—— 3.81

2. Eisenstein Series Regularization An alternative derivation starts from the regulated lattice sum

E(s,r)= Y — 2 (3.82)

(maZ(0) M+ 07

which defines the non—holomorphic Eisenstein series. The determinant of the Laplacian on the torus can
be related to this object through

! d
logdet A = — £E(s,7') (3.83)

s=0
To make progress we first rewrite the lattice norm explicitly. Using

Im + nt|* = (m +nn)? + (n7)? (3.84)
the Eisenstein series becomes
™

E(S, 7') = s
(m,n)zyé(0,0) [(m + nT1)2 + (TLTQ)Q]

It is convenient to separate the n = 0 contribution. This gives

+2 Z " ; (3.86)

n#0 m=—00 m + nTl)2 + <n72)2]

(3.85)

E(s,T7) = Z

m#0

|m‘23

The first term is immediately expressed in terms of the Riemann zeta function,

1
—— = 2((2s) (3.87)
"go |m|25
so that
TS
s,7) = 2C(28)75 + 2 - 3.88
E(s,7) 2 T%:Om_z:oo [(m + nm)? + (n72)?] (3.88)
To evaluate the second term we use the integral representation
1 o s—1 _—At
- —/ dtt*~Le (3.89)
s) Jo
Applying this with A = (m + n7y)? + (n72)? gives
E(s,7) = 2¢(2s (metnr)*+(n72)’) (3.90)
n;é() m=-—00
The sum over m is now Gaussian and can be evaluated using the Poisson resummation formula
Z 6—7ra(m+b)2 1 i —7rk2/a627rik:b (391)

m=—00 k——oo
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After rescaling the integration variable so that the exponent matches the Gaussian form, the Poisson
resummation produces

i t(m+nr)? \/> Z _W2k2/t 2miknTy (3'92)

m=-—00 k=—o00

Substituting this back into the expression for E(s,7) yields

E(s,) = 2((2s)7s \/— - ;2 > e / dt 2 et nn o (3.93)

n#0 k=—o0

The remaining integral is a standard representation of the modified Bessel function,

/ dt 7~ le=ft-/t = 2( ) L(2\/37) (3.94)

Using this identity we finally obtain

2\/_F(s —3)

E(s,7) =2((2s)75 I(s)

———=2((2s — 1)my

8_701 9s(n) K

S—

%(27r|n|7'2)62”"71 (3.95)
n;éO

where
=>d (3.96)
dn

and K, is the modified Bessel function. The analytic continuation to s = 0 gives the determinant of the
Laplacian on the torus,

/
det A = m|n(7)[* (3.97)
Substituting this result into the path-integral expression for the oscillator partition function gives

o
V72[n(7)?

Analytic continuation and Kronecker limit formula To extract the determinant we need the
analytic continuation of the Eisenstein series around s = 0. From the previous expression we isolate the
terms that are singular when s — 0. Expanding the Riemann zeta function and the Gamma functions
around the origin,

Zose = (3.98)

C(25) = 215 +O),  ((2s—1) = —112 +0(s) (3.99)

and

I(s) = i 1 Os) (3.100)

where 7 is the Euler constant. Substituting these expansions into the representation of E(s,7) shows
that the Eisenstein series has a simple pole at s = 1 and is finite at s = 0. The small-s expansion takes
the schematic form
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E(s,7) = g + 27 (7 — log(2) — log(v/72 (7)) + O(s) (3.101)

More precisely, one obtains the classical Kronecker limit formula,

E(s,7) = g + 27 (7 — log(2y/7 [n(7)[?)) + O(s) (3.102)

This formula provides the analytic relation between the Eisenstein series and the Dedekind 7 function.

Extraction of the Laplacian determinant Using the relation between the determinant and the
Eisenstein series,

/
logdet A = — jE(S,T) (3.103)
s

s=0
we differentiate the expansion of E(s,7) around s = 0. The pole term does not contribute after differen-
tiation, and we obtain

/
logdet A = log 7o + 4log |n(7)| (3.104)

Exponentiating gives the determinant of the scalar Laplacian on the torus,
/
det A = m|n(7)[* (3.105)

Oscillator partition function In the worldsheet path integral of a free scalar field the oscillator
contribution is proportional to the inverse square root of the Laplacian determinant,

!/
Zose = (det A)71/2 (3.106)
Substituting the expression for the determinant yields

1

V72[n(7)[?

This is the same result obtained from the canonical trace derivation. The factor 7, 1/2 originates from
the zero-mode normalization of the Gaussian path integral, while the Dedekind 7 function encodes the
infinite tower of oscillator modes of the scalar field. *

Zose = (3.107)

3.2.2 Compact Periodic Boson
Trace method

We now consider the case in which the scalar field is compact. The target space coordinate is identified
as
X~X+21R (3.108)

so that the field takes values on a circle of radius R. This compactification changes the structure of
the Hilbert space. In particular, momentum along the compact direction becomes quantized and new
topological sectors corresponding to winding configurations appear.

!For a detailed explanation of the Kronecker limit formula derivation of the torus boson determinant, see: D. Zagier,
“Eisenstein Series and the Dedekind Eta Function,” in The 1-2-8 of Modular Forms
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Because the worldsheet spatial direction is itself a circle, the field may wind around the target space
circle. The boundary condition along the spatial cycle therefore becomes

X(o+2m,7)=X(0,7)+2rRw (3.109)

where w € 7Z is the winding number. At the same time, momentum along the compact direction is
quantized,

p:%, nez (3.110)

The Hilbert space therefore decomposes into sectors labeled by the pair (n,w) together with oscillator
excitations,

n, w; {Nm }, {Nn}) (3.111)
For a compact boson it is convenient to introduce left and right moving momenta
n  wR n whik
A el - 3.112
PL=pt  PR= ( )
In terms of these quantities the Virasoro generators take the form
O/ oo
Lo = Zp% + > mN,, (3.113)
m=1
— a/ 2 © ~
m=1
The torus partition function is again defined as the trace
Z(r,7) = Tr (q"o =gt =) (3.115)
Substituting the explicit expressions for Ly and Ly we obtain
Z(r,7) = (g2) Y Trowe g P N g P (3.116)

n,we”Z

As in the non—compact case, the trace factorizes into a momentum part and an oscillator part. The
oscillator trace is identical to the non—compact case, since the oscillator algebra is unaffected by the

compactification. Therefore

1
A (3.117)

[n(7)[?

The essential difference with the non—compact case arises from the zero modes. Instead of integrating
over a continuous momentum, we now sum over the discrete momentum and winding sectors. The zero

mode contribution becomes
@ 2 a 2
Zo= ) qrrigirn (3.118)

Substituting the expressions for p;, and pr we obtain the lattice sum

(X/ n w 2 o n w 2
Ty = Z q7(§+75) QT(E*T) . (3.119)

n,WeZ

Combining the oscillator and zero mode contributions gives

o In wR 2 o (n w 2
Z(r,7) = 3 q7(§+71/?) qf(ﬁ—*}/?’) (3.120)



The structure of the derivation closely parallels the non—compact case, but the zero mode sector is
fundamentally different. For the non—compact boson the momentum is continuous and the trace produces
a Gaussian integral, leading to the factor 7, 12,

For the compact boson, momentum becomes quantized and additional winding sectors appear. As a
result, the zero mode contribution is not an integral but a discrete double sum over (n,w), forming
a two—dimensional lattice in momentum space. The partition function therefore takes the form of a
lattice sum multiplied by the universal oscillator factor |n(7)|~2. This lattice structure is responsible for
properties such as modular invariance and T-duality, under which the spectrum is invariant under the

transformation )
«

R — 3.121
— 2 (3.121)

which exchanges momentum and winding numbers,

n < w (3.122)

Path integral derivation

We now consider the case in which the bosonic field takes values on a circle of radius R,

X ~X+2rR (3.123)
The action remains ]
S[X] = / 422 9XHX (3.124)
Adra Jx

but the compactness of the target space modifies the allowed field configurations. In particular, fields on
the torus can now wind around the target-space circle.

Modified Boundary Conditions Because of the periodic identification of X, the field is allowed to
change by integer multiples of 2 R when going around the cycles of the torus. Denoting the fundamental
cycles by (o1,0?) — (o1 +1,0?) and (¢}, 0%) — (0!,0% + 1), we impose
X(ot+1,0%) = X(c',0%) + 27Rm (3.125)
X(o', 0 +1) = X(0',0%) + 21 Rn (3.126)

where (m,n) € Z?* label the winding numbers around the two independent cycles of the torus. Thus the
path integral must be decomposed into topological sectors,

Z=3 DX ¢S (3.127)

m,ne’ (m,n)

Classical Solutions In contrast with the non—compact case, the classical solutions are not constants.
Instead they must reproduce the winding boundary conditions. Solving the Laplace equation

90X =0
with the above periodicities gives a linear function,
Xa(ct, 0?) = 2nR(mo* + no?) (3.128)

Substituting this configuration into the action gives the classical contribution

2

Sa(m,n) = T

Oé/TQ

Im + nt|? (3.129)
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The partition function therefore becomes

Z efscl(mn /DX e*S[Xq] (3130)

m,ne”

Quantum Fluctuations The quantum fluctuations are defined as
X =Xa+ X, (3.131)
Importantly, the fluctuations satisfy periodic boundary conditions,
X, (e +1,0%) = X, (0, 07), X, (o', 0%+ 1) = X, (0,07 (3.132)

Therefore the analysis of the oscillatory sector proceeds exactly as in the non—compact case. Expanding
in Laplacian eigenmodes,

Xq _ Z akleQﬂ'i(k‘Ul-HUQ) (3133)
(k,l)€Z?
the eigenvalues are again
4
Aot = i 7+ I7)? (3.134)
Separating the zero mode, .
X,=Xo+ X
the oscillatory contribution gives the same functional determinant
1
Zose = (det'A) V2 = —— (3.135)
72[n(7)[?

Again, a crucial difference from the non—compact case concerns the treatment of the constant mode.
Because the field is compact,
Xo ~ XO + 27TR

the integration over the zero mode becomes
/ dXo = 27 R (3.136)

Thus the divergence present in the non—compact case is removed and replaced by a finite factor propor-
tional to the circumference of the target circle.

Combining all contributions we obtain

R2
Z = (27R) 5 Y exp [ |m + m’|21 (3.137)

7—2|77 m,nez

3.2.3 Multiple Compact Periodic Bosons

A next generalization of the problem in view of the orbifold constructions that will occur let us now
consider the case of d compact periodic scalars. The most general metric takes the form

S:

/ @0 (C117/39™ 0. X" 05X + By 70, X 95X (3.138)
b

4rad
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Again, we are always working with the gauge-fixed metric (?7), while the convention for the Levi-Civita
symbol is €!? = 1. In this setup, G;; is a constant symmetric metric on the target torus and B;; is a
constant antisymmetric two-form.The boundary conditions in the (0!, 0?) coordinate system are

X' +1,0%) = X! (o', 0?) +2an" 0 € Z (3.139a)
X(oo? +1) = X(c', 0*) 4+ 2mm’ ,m' € Z (3.139D)

We will distinguish again the the compact fields into a classical and a quantum part. The quantum
solutions will again as expected provide the characteristic Dedekind expression for the oscillatory part
of the partition function. As we expected the contribution of the topological factor By, will affect only
the classical part. To derive an expression of the classical solutions in terms of nf, m! the (later to be
interpreted) as winding modes and Kaluza-Klein momenta respectively, it is convenient to transition to
the z-plane. For a reminder, we have

z=0?— 710 (3.140)
or inversely
ol = L(?z —z7) , 0° = —i(z —Z) (3.141)
27'2 T2
The classical solutions are separated between a left-moving and a right-moving part, where in this con-
text is equivalent to saying a holomorphic and an anti-holomorphic part. The equivalence relations are
translated from o' — o' +1 and 0> — 0?2+ 1to 2 = 2+ 1 and z — z+ 7. In this context the boundary
conditions are transformed to

X' o' +1,0) = X{(z+ 1)+ Xp(2+1) = X (2) + X5(2) + 270! (3.142a)
X o' +1,0) = X{(z+ 1)+ Xh(2+1) = Xi(2) + X5(2) +2nm! (3.142b)

Demanding the aforementioned boundary conditions to be true means that X7, X} are at most linear
functions of their arguments. This means that

XL=dz+a'z (3.143)

and the two system of equations from the boundary conditions gives

a' +a' = 2mn’ (3.144a)
a't +a'T = 2mm! (3.144b)
from which we recover
— I I
X! o [T (m—Tn) 3.145
cl 7” [ 27'2 i 27'2 & ( )

or

21 [2 21
; amt |:Z7—2 1 1T 0_2:| _ 271'(71(71 _|_m0-2) (3146)

X——zna 5

l
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We can then recover from the above action in Minkowski space, the Euclidean classical action contribution,
which turns out to be

27T (G—I—B)[J

Sclass = o (m — 7n) (m — n)’ (3.147)
And the path integral calculation gives
727"@ BILT (m—7n)! (m—7n _
Z= [Dxes= Y o et [py s
m! nleZ
TG itB
_ Z e 7—25/ (m4+7rn)! (m+1n)’ +— IJ (rmIn’ +7mIn! /,DX o Sy
minleZ (3148)
TG it B
_ Z e TQCIMJ (mA47rn)L (m+rn)’ 4+ IJ (2im2)min /DX o S,
m! nleZ

The B-term contributes only through the winding numbers which reflects its topological character: it
depends solely on the homology class of the map from the worldsheet torus into the target torus. On the
other hand, the quantum fluctuations satisfy periodic boundary conditions and may be expanded in the
same Laplacian eigenbasis as before,

Xp= Y ah,emmT e (3.149)
(m,n)€Z?#£(0,0)
The Laplacian eigenvalues remain
4mr?
A = —|m + n7|? (3.150)
T3

Since there are now d scalar fields, the oscillator determinant is simply the d—th power of the single boson

result,
B Vdet
Zose = Vdet G (det'A) " = _ vdett (3.151)

(7"*)n() 24

Integration over zero modes gives the volume of the target torus,
/ d'X, = (2m)¢ (3.152)
Unlike the non-compact case, this contribution is finite because the target space is compact.

Combining the classical sectors with the quantum determinant yields

Vdet G '
Z = (2m) % > exp {—TGU(m +7n) (m+7n)’ + Z,—WBUmInJ (3.153)
|T]( )’ minlezd QT2 QT2

Note that in this case The classical action depends on the target-space metric G;;, while the antisymmetric
tensor B;; introduces a purely topological phase depending only on the winding numbers. The oscillator
determinant is raised to the d—th power since there are d independent scalar fields. The lattice sum
appearing above defines a quadratic form on the integer vectors (m,n) and can be rewritten in terms
of left- and right-moving momenta. This structure leads to the Narain lattice description of toroidal
compactifications.
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This expression arises naturally in the path integral formulation and is often called the Lagrangian
representation of the toroidal partition function. It is written as a sum over winding numbers around
the two cycles of the worldsheet torus. However, it is often more useful to express the result in terms of
left- and right-moving momenta. This leads to the Hamiltonian representation and to the appearance of
the Narain lattice. The choice of which formulation to considered depends on the nature of the problem
under consideration. Hence, in cases where decompactification and modular properties of the partition
function are considered, the Lagrangian formalism is best fitted, while the Hamiltonian one is usually

most useful when T-dualitites and the spectrum of the theory are investigated.
To obtain the Hamiltonian form we perform a Poisson resummation over one set of integers, say n!.

Using the multidimensional identity

> flw)= > /Rd d'z f(x)e*m" (3.154)

weZ4 nezd

the partition function can be rewritten as a sum over integer vectors m;, n! € Z? where m; are
interpreted as quantized momenta along the compact directions. After performing the Gaussian integral
one finds that the exponent can be written in terms of left- and right-moving momenta

/
PrLi = \/g [ml +(B+ G)]Jn‘]} (3.155)

PRI = \/g [ml + (B - G)Iﬂl]} (3.156)

Introducing the modular parameter ¢ = ¢?™7 the partition function can now be written as

1
7 = S @rrigEth (3.157)

d
TP, 2=,
This expression has the interpretation of a trace over the Hilbert space
Z =Tr (q"q™) (3.158)

where

1 1 _
Lo = §pi +N, Ly= ip% + N (3.159)

include contributions from both momenta and oscillator excitations. The set of vectors (pr, pr) generated
by integer pairs (m,n) forms a lattice in R%¢. This lattice is called the Narain lattice and is denoted Iy 4.

It has the following properties:

o It is an even lattice:
Pl —py, € 2Z

o It is self-dual with respect to the metric of signature (d, d).

o Its structure depends on the background fields G;; and By.
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Duality Symmetry: The Narain lattice is invariant under the discrete group O(d, d;Z) which acts
linearly on the vector (m,n). This symmetry mixes momentum and winding numbers and corresponds to
the T—duality symmetry of toroidal compactifications. Different choices of background fields (G, B) that
are related by O(d, d;Z) transformations lead to the same Narain lattice and therefore define equivalent
conformal field theories.

Geometric Structure of the Narain Lattice: The Narain lattice I'y4 can be viewed as a lattice
embedded in R%? equipped with the metric of signature (d, d)

(0 I
n= (Id O) (3.160)
Introduce the 2d—dimensional vector
k — <"Z{> . mpnlez (3.161)

The left- and right-moving momenta can be combined into a vector

P= (pL) (3.162)

PR

These are related by a background-dependent linear transformation
P = Fk, (3.163)

where the matrix £ depends on the metric G and antisymmetric tensor B. A convenient parametrization

is
1 (et e (B+G)
B= <e—T (5 G)> (3.164)

where G = eTe. The Narain lattice is therefore

Faa={P=Ek|kez*} c R (3.165)

Even Self-Dual Property: Using the (d,d) metric n, the lattice satisfies
P'nP = p} — p% =2mm’ (3.166)

Hence
P — py € 27 (3.167)

which shows that the lattice is even. Moreover it is self-dual with respect to n, implying
Lag =T, (3.168)

Thus I'y4 is an even self-dual lattice of signature (d, d).
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Moduli Space of Toroidal Compactifications: Different choices of background fields (G, B) cor-
respond to different embeddings of T'y4 in R%?. The continuous deformations preserving the lattice
structure are described by

O(d,d;R). (3.169)
However, two embeddings related by an integer change of basis
k — MKk, M € 0O(d,d;Z),
define the same lattice. The moduli space of inequivalent toroidal conformal field theories is therefore

O(d,d; R)

=0(d,d; Z)\ = 3.170
This means that in this setup
O(d) x O(d) rotates left and right movers, (3.171)
O(d,d;R) acts on the background (G, B), (3.172)
O(d,d;Z) implements T-duality (3.173)

The discrete group O(d, d;Z) acts linearly on the vector k = (m,n), mixing momentum and winding
numbers. This leaves the lattice I'y 4 invariant and therefore preserves the partition function. For d =1
this symmetry reduces to the familiar transformation

Oé/

R — 3.174
2 (3.174)

which exchanges momentum and winding modes.

A convenient way to expose the geometric structure of toroidal compactifications is to combine the
background fields GG;; and B;; into the generalized metric

(G, B) = (G :g_ch ng) (3.175)
This matrix acts on the 2d-dimensional vector
k = (Z}) , my,n' €7 (3.176)
The left- and right-moving momenta can be expressed through the quadratic form
Py +ph = Ol/kT”H,(G, B)k (3.177)

The difference between left and right norms is determined by the O(d, d) invariant metric

- (? é) | (3.178)

1 2
2 2 T _ I
PL=Pr=; kink = o (3.179)

so that
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The matrix H satisfies the defining relation
HnH =17 (3.180)
which shows that H is an element of O(d, d;R). A duality transformation
M € O(d, d; Z) (3.181)

acts on the lattice vector as
k — MKk. (3.182)

To keep the spectrum invariant the generalized metric must transform as
H — MTHM (3.183)

This transformation mixes the background fields G and B while preserving the Narain lattice and therefore
the torus partition function. Using the generalized metric the Narain partition function can be written
compactly as

1 1
> exp [WT (p? + pR) +inT i(p% — %) (3.184)

(1) = |2d
kez2d

where the quadratic forms are determined by H and 7.

3.3 Bosons General Boundary Conditions

3.3.1 Path Integral

In view of the analysis of orbifolds in the next section, we examine a complex boson Z (o', 0?) with general
boundary conditions on the torus

Z(o' 4 27, 0%) = "N 7 (51, o?) (3.185a)
Z(o', 0% +21) = 6_27”9/NZ(0 ,0?) (3.185h)
Since the symmetry group under consideration is Zy, the indices h and g take integer values in {0, ..., N —

1}. The value 0 corresponds to the untwisted sector, while the remaining values label the twisted sectors
of the theory, which are required in the closed-string formulation to ensure modular invariance of the
partition function. The standard choice of phases is adopted in order to simplify the characteristics of
the associated theta functions. From an orbifold perspective, the value of h labels the (un)twisted sectors
while g the corresponding Zy projection.

To proceed in the analysis of the path integral derivation for the partition function of a compactified
complex boson, we gauge fix the metric as

1 /1
9ij = — < 7‘12> (3.186)

T2

or for its contravariant components

2
g7 =1 <|T| _171> (3.187)



where we have introduced a Weyl rescaling such that the volume of the torus 72 is normalized to unity.

We work on a Euclidean worldsheet. The action for non-interacting massless bosons propagating on a
toroidal target space is

1
v

SE = /de {\/gg” G[J 8iXIanJ + Eij B]J &-XI@]-X‘] . (3188)
Here g,; is the two-dimensional worldsheet metric, while G;; and Bj; are respectively the metric and
antisymmetric Kalb-Ramond field on the target-space torus. We adopt the convention €' = 1. This
action is identical to that of N periodic real compact bosons.

To simplify the analysis and prepare for orbifold constructions, we combine the two real bosons into a
single complex boson. We define

7 =X'+UX?, 7 =X"+UX? (3.189)
where U = U; + iU is the complex structure modulus of the torus. The torus metric and antisymmetric
tensor are

T (1 U 0 1
Gry=— , B, =T 3.190
v=g (o op) mo=n(C ) (3.190)
where T, = ST and 77 = RT.
This allows us to rewrite the derivatives:
1 _ _
0,X* = 5(@»2 + 0,2 —U0X* = U0 X?) (3.191)
oX? — (0:2 - 0,2) (3.192)
21Uy

Substituting these expressions into the original action, we find that the kinetic term becomes
G[J &-XjanJ = GZZ &Z@JZ+GZZ @Z@JZ, (3193)

where G, is a combination of the original GG;; components, specifically

G11Goy — G?
Gy =Gyy =722 712 (3.194)
Us
Similarly, the antisymmetric term transforms as
B1;0:X'0;X7 = B,;0,20,Z + By, 0;20;Z, (3.195)

so that the action can finally be written in the compact form

1 _ o
5 — / P <GZZ 0207 + G, azaz) (3.196)
2ma’

where all metric and antisymmetric contributions are absorbed into Gz and B ;.

Next, we consider orbifolds defined by a discrete rotation

7 — e¥™INg (3.197)
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For this to be a symmetry of the torus lattice, the rotation must map lattice vectors to lattice vectors.
That is, for all n',n? € Z,

N (pl 4 Un2) = m! + Um?, mb,m?eZ (3.198)

This condition is only satisfied for N = 2, 3, 4, 6, as required by the crystallographic restriction theorem: in
two dimensions, only rotations by angles 7,27 /3, 7/2, /3 preserve a lattice. For N = 3, 4,6 the complex
structure U is fixed to special values (U = e?™/3 i e™/3) while for N = 2, the structure constant U can
remain arbitrary. The Kahler modulus, however, is not constrained by the rotation and remains a free
parameter.

The Kdhler modulus T is defined in terms of the torus metric and antisymmetric field:
T = By +iVdet G, det G = G11Gay — G2, (3.199)

Here, ReT' = Bj5 measures the antisymmetric background, while Im 7" = v/det GG encodes the torus area.
It controls the size and shape of the torus in a way that is independent of the complex structure, and
survives orbifold projections as a continuous parameter.

In the same way as with fermions, we can then construct the path integral of the complex boson and
subsequently express it as a determinant, with the difference that now the degrees of freedom are bosonic.
Explicitly, we have

_ _ 1 _ ) -1
2= [DzDZ e = [D2DZ exp| - [ 2 (GZZV2) Z| = Zutnssiem X |det (GZZVQ)] (3.200)
2 2o/’ 2ma/!
where the Laplacian acting on the complex boson is
2 ij |7[? 1 71
V27 = g90,0,7 =0, [ "0,2) + o (82Z> 20,7
T2 T2 T2

. ) (3.201)
TP}z + 037 — 2m 01022 = — |02 — 7O’ Z

T2 T2

The most general solution of this equation naturally separates into a classical part, which satisfies the
boundary conditions, and an oscillatory part, corresponding to the quantum fluctuations. For untwisted
sectors, the torus identifications and orbifold constraints impose additional restrictions on the classical
part. More precisely, the most general solution can be written as

Z(o',0%) =Zy+ Ac' + Bo* + > Zym eZM((nJF%)UW(mf%)UO (3.202)
m,ne”L

where Zj is the constant zero mode, A and B encode the winding contributions along the two cycles of
the torus, and Z, ,, are the oscillator modes. The shifts by % and 5% implement the twisted boundary

conditions characteristic of the Zy orbifold sectors, ensuring invariance under the discrete rotation Z —
2mi/N
e Z.

The classical contributions Zy, A, B are further constrained by the torus lattice identifications and by the
orbifold rotation symmetry. For example, for a Zx rotation, the allowed winding numbers must satisfy

A+UB €A, A= {n'+Un?|n',n*eZ} (3.203)
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so that the rotated configuration remains on the lattice. This is precisely the restriction that only allows
N = 2,3,4,6 for a consistent orbifold, in accordance with the crystallographic restriction theorem.
Finally, the Kéahler modulus of the torus, defined as

T = 312 + 1V det G, det G = GHGQQ — G%Z (3204)

controls the overall size of the torus and the background antisymmetric field. In the path integral, the
classical action depends explicitly on 7" through the kinetic term and the winding contributions. Thus,
the Kéahler modulus appears as a continuous geometric parameter which survives the orbifold projection
and hence plays a role in determining the spectrum of classical solutions.

Since the contribution of the classical and the oscillatory part is factorized in the partition function, we
. h
focus at first in the path integral derivation of the oscillatory one. The eigenmode e2mil (n+3i o'+ (=3 ) o]

corresponds to eigenvalues

(2m)? g h
Anm = — = — 3.205
7 ™ Tty ( )
The path integral can then be rewritten as
1/2
(27)? g i
Z = Zassica - PN o 3.206
" ZXL,I;IGZ - m+ o T\t oy ( )

This expression involves the same product over (m,n) modes as in the fermionic case. Consequently, the
oscillatory contribution to the partition function is given by

2

"
_ 2
o[-

For the untwisted sector of the theory, where (h,g) = (0,0), recognizing the integral representation
of the generalized zeta function in the heat kernel method, we precisely recover the Eisenstein series
regularization technique for a periodic complex boson reviewed in a previous section.

Zype = (3.207)

3.3.2 Crystallographic Theorem

Theorem 2 (Crystallographic Restriction Theorem). In two dimensions, a lattice invariant under a
rotation can only have rotational symmetries of order

n=1234,6

Proof: Consider a 2D lattice A generated by basis vectors a and b:
A ={ma+nb|m,necZ}
Let Ry be a rotation by angle 6 that leaves the lattice invariant:
Ro(A) = A
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Then Ry maps the lattice basis to integer linear combinations of itself:
Rya=ma+nb, Ryb=pa+¢b
where m,n,p,q € Z.
In the {a, b} basis, Ry has the matrix:
Ry = (7: g) € GL(2,Z)
with determinant det(Ry) = £1 (area-preserving).
The trace of a rotation matrix is related to the rotation angle:
Tr(Ryg) =m+q=2cosd

Since m + ¢ is an integer, we require
2cosf €7

The only integers between —2 and 2 (the range of 2 cosf) are
—-2,—-1,0,1,2
Therefore, the allowed rotation angles 0 satisty:
cosf=1 = 0=0
cost =0 = 0= g

cosf=—-1 = O=m (n=2)

1 s
0089—5 = 9-5 (n=06)
1 2
COS@Z—§ — 8:? (n:3)

Hence, the possible rotational symmetries are of order n = 1,2, 3,4, 6.

3.3.3 The multiplicity factor A(k, k')

We now determine the factor A(k, k') which accompanies the contribution of a sector twisted by ¢* with
an insertion of ¢¥'2. It is useful to distinguish this quantity from the geometrical fixed-point multiplicity
of the orbifold action. The latter is obtained from the determinant of the lattice automorphism and
counts solutions of a fixed-point equation on the torus. The factor A(k, k') has a different origin. It
measures the multiplicity associated with the common identifications generated by the two cyclic twists.

Let g be a generator of Zy. The two elements appearing in a sector with twist ¢* and insertion ¢*
generate a subgroup of Zy. The structure of this subgroup is determined entirely by the integers k, &’
and N. To make this explicit, consider the integer labels before imposing the cyclic identification. The
original orbifold identifies labels which differ by /N, while the two twists generate further identifications
by k and k’. Thus the complete set of shifts which acts trivially on the labels is the integer subgroup

kZ +KZ+ NZ = {ak + bk’ + cN | a,b,c € Z}

2This subsection is based on related discussion appearing in [2]
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Every element of this subgroup is divisible by d = ged(k, k', N) and, by Bezout’s identity, d itself can be
expressed as an integer linear combination of k, £ and N. Hence, the subgroup generated by the three
integers is precisely

k7 + K7+ NZ = dZ d = ged(k, k', N) (3.209)
The inequivalent labels are consequently elements of the quotient
Z Z
= — 3.210
KZ+KZ+ NZ  dZ ( )
which contains d distinct classes. This gives the general multiplicity
Ak, k") = ged(k, k', N) (3.211)

for the twisted contributions, with the completely untwisted contribution treated according to the nor-
malization convention adopted for the partition function. The same conclusion follows directly from the
group-theoretic description. Since Zy is cyclic, every subgroup is cyclic and is generated by a suitable
power of g. Let d = ged(k, k', N). Since d divides both k and %/, there exist integers u and v such that

k= du K = dv (3.212)
and therefore
=" 9" =) (3.213)
which shows that (g*, ¢*') C (g%).
The reverse inclusion follows from Bezout’s identity. Since d = ged(k, &/, N), there exist integers a, b and

c satisfying
ak +bk' +cN =d (3.214)

and hence, inside Zy,
gl = gakHbkreN — (gkya(gh'yb (3.215)

so that g itself belongs to (¢*, ¢*'). Consequently, (¢*, ¢*") = (¢%).

The element g? has order N/d. Thus the subgroup generated by the two twists contains N/d elements,
leaving a quotient with d elements. This is precisely the multiplicity found from the integer lattice
description. There is also a useful integer—matrix formulation of the same argument. Consider the 1 x 3
matrix

Apw = (k K N) (3.216)

Integer changes of basis bring this matrix to Smith normal form. Since there is only one row, its nonzero
Smith invariant is simply the greatest common divisor of its entries,

SNF(Agw) = (d 0 0)  d=ged(k, K, N) (3.217)

The Smith invariant therefore measures the index of the subgroup generated by the shifts k, & and N.
In this form the origin of the factor A(k, k") is particularly transparent: it is an integer-lattice index and
not an additional numerical factor inserted by hand.
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The Zg case: We can now specialize the general argument to the case N = 6. The twists are labelled
by
kK €{0,1,2,3,4,5} (3.218)

and the multiplicity is determined by
Ak, k') = ged(k, k', 6) (3.219)

The structure can be understood without calculating the individual entries one by one. The integer 6 has
only the prime factors 2 and 3, so a nontrivial common divisor can only arise from a common factor of
2 or a common factor of 3. Consider first a pair for which one of the twists is relatively prime to 6. The
elements 1 and 5 generate Zg, and any pair containing either of them therefore generates the full cyclic
group. Equivalently,

ged(1,K',6) = ged(5,K,6) =1 (3.220)

for every k’. The corresponding multiplicity is consequently one. The next possibility is a common factor
of 2. The even elements of Zg are 0, 2 and 4. Whenever the two twists are both even, their generated
subgroup is contained in (g?). For nontrivial even twists this is the order—three subgroup

() ={1.¢°, 9"} (3.221)

and the quotient by this subgroup contains two classes. Thus the corresponding multiplicity is two. In
particular, (g% ¢g*) = (¢%), so that A(2,4) = 2, while the same subgroup argument applies to the other
pairs of even twists. The other nontrivial possibility is a common factor of 3. The only nonzero element
divisible by 3 is 3 itself, and therefore

(¢>) ={1,4°} (3.222)
is the order-two subgroup. The corresponding quotient contains three classes, giving
A(3,3) =3 (3.223)
and, with the same convention for an untwisted entry paired with the ¢g* insertion,
A(0,3) = A(3,0) =3 (3.224)

Finally, if one twist is even and the other is divisible by 3, the two twists have no nontrivial common divisor
with 6. For example, the pair (2, 3) satisfies ged(2,3,6) = 1, and Bezout’s identity gives 2(—1) 4+ 3(1) =
1,50 that g itself is generated by ¢g* and ¢*. Hence,(g?, g3) = Zg and the corresponding multiplicity is one.
Collecting these possibilities gives the complete Zg result. With the rows and columns ordered as
0,1,2,3,4,5, one obtains

1123 21
111111
212121
Ak, k) = 2311311 (3.225)
212121
111111

where the completely untwisted entry has been normalized to one in accordance with the convention for
the partition function. The symmetry under interchange of the twist and insertion is now immediate.
Interchanging k& and k' does not change the subgroup which they generate, (g*, ¢*') = (¢*', ¢*) and
therefore A(k, k") = A(K', k) which is also manifest from the arithmetic expression ged(k, k', N).
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The geometrical fixed-point multiplicity: The above counting should now be contrasted with the
geometrical fixed-point problem. Let 7% = R?/A, where A is a two-dimensional lattice, and let @ be an
automorphism of A. Since a point of the torus is represented by x € R?, with

T~zH+N AEA (3.226)

Let a point be fixed by Q* on the torus when Q*x represents the same torus point as x. The fixed point
condition is therefore
Q*r=x+X NeA (3.227)

or, equivalently,

1-QMz=Xx XeA (3.228)

This condition already shows why a determinant enters the calculation. Suppose that 1 — Q* is nonsin-
gular. The image (1 — Q*)A is then a full-rank sublattice of A. The fixed points are classified by the
possible lattice vectors on the right-hand side of the fixed-point equation, modulo those vectors which
give equivalent points on the torus. Thus the set of inequivalent fixed points is described by the finite
quotient ﬁ Consequently, the number of fixed points is the index

Ni=[A: (1= Q"4 (3.229)

The index can be evaluated directly by choosing a basis {e1, es} of the lattice. Since @) preserves A, its
matrix in this basis has integer entries, and so does 1 — Q¥. Write

Nk _ a b
1-Q% = (C d) (3.230)
The image lattice is generated by

(1—Q¥er =aer+cez (1 —Q%)ey = bey + dey (3.231)

Thus, its fundamental parallelogram is obtained from a fundamental parallelogram of A by the linear
transformation 1 — Q*. A linear transformation in two dimensions multiplies oriented areas by its deter-
minant. Hence, the area of the fundamental cell of the image lattice is

det (1 = Q)er, (1 — Q%)ea)| = |det(1 — Q)| |det(es, es)] (3.232)

The index of a full-rank sublattice is the ratio of the volume of its fundamental cell to the volume of the
fundamental cell of the original lattice. Therefore,

[A: (1= QNA] = |det(1— Q) (3.233)

and the fixed—point number is

Ny, = |det(1 - Q)| (3.234)

The determinant has therefore arisen directly from the lattice index: the fixed-point equation defines a
finite quotient of the original lattice by the image of 1 — Q¥, and the determinant measures precisely the
index of that image lattice. For the standard order-six lattice automorphism

Q- (? _11> Q=1 (3.235)
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the relevant powers are
-1 -1
2 3

11
_Q:<—1 0

The corresponding determinants are

and hence,

<_01 —01> Q' = <_01 _11> Q= <_11 é) (3.236)
) 1-Q°= <_21 1) 1-Q* = (g g) (3.237)

det(1-Q)[ =1 |det(1-@Q*)| =3  |det(l—Q%|=4 (3.238)

and the inverse powers give the same values for k = 5 and & = 4. Thus,

k=15
Ny={3 k=24 (3.239)
4 k=

These numbers are geometrical fixed-point multiplicities and are therefore distinct from the factor A(k, £').
The distinction can be stated directly in terms of the two lattice quotients involved. For the fixed-point
problem, one considers (1_%, whose cardinality is determined by the determinant of 1 — Q*. For the
multiplicity factor, one instead considers the quotient generated by the cyclic identifications, m
whose cardinality is determined by ged(k, &', N). The two constructions therefore count different objects.
In particular, the values 1, 2 and 3 appearing in the A(k, k") table for the Zg orbifold cannot be obtained
by simply applying the geometrical determinant formula to @Q*. The determinant counts fixed points
of a single geometrical action on the torus, whereas A(k,k’) records the multiplicity associated with
the subgroup generated simultaneously by the twist and the insertion. Keeping these two lattice-index
calculations separate is essential for the correct organization of the orbifold partition function.

3.4 Propagators on the Torus
We start again from our familiar Gaussian partition function,
1
Z[J] = / DX exp {—2 / 2o XOX + / &0 JX} (3.240)

The purpose of this section is to determine the propagator explicitly on the torus, paying particular
attention to the zero mode of the Laplacian. We begin by expanding the field in a complete orthonormal
basis of eigenfunctions of [,

X(o) = Z X1¢r(o) = Xotbo(o) + Z Xy(o) (3.241)
I I£0
where
Dw[ = )\[’QD] (3242&)
g =0 (3.242Db)

and the eigenfunctions satisfy the orthonormality condition
(W1, 0) = [ o ygui(o)islo) = b1 (3.243)
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The distinction between the zero mode and the non-zero modes will be essential. Since A\g = 0, the Lapla-
cian cannot be inverted on the full space of functions. The inverse will therefore always be understood
as acting on the subspace orthogonal to the zero mode.

We now calculate the two-point function directly from the generating functional. By definition,

(X (0)X (o)) = Z?O] M(zg) 5J?J/)Z[J] y (3.244)

Let us first rewrite the action in terms of the eigenmodes. Substituting

X =Xovo + Y X¢; (3.245)
1#0
into the kinetic term gives
1 1
—§(X, O0X) = —§ZX1XJ(wI,DwJ) (3.246)
1,J
Using
Dy = Aty (3.247)
and the orthonormality relation,
(Vr,O¢s) = Aj(¥r,¢g) = Asdrs (3.248)
we obtain 1 1
—§(X, 0X) = -5 > OANXT (3.249)
i
Since Ay = 0, the zero mode does not appear in the kinetic term:
1 1
——(X,0X) = ——ZAIX? (3.250)
2 215
Similarly, we expand the source as
J(o)=>_ Jri(o) (3.251)
i
so that
(J,X) :ZJ[XJ(’QD[,QZJJ) ZZJ[X[ (3252)
1,J i
Therefore,
(J.X) = JoXo+ > JiX; (3.253)
1#0
The functional measure decomposes correspondingly as
DX =dX, [[ dX; (3.254)
1#0
The generating functional consequently becomes
00 1
Z[J] = / dXo ] / dX; exp [—QAIX? + Jr X | eloXo (3.255)
I£07 ~°°
The integral over the zero mode is simply
/ Xy eTo%o (3.256)
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which Jy = 0, gives an infinite volume, [ dX, = V that is the usual zero-mode volume. For the non—zero
modes we use the standard Gaussian integral

/ T Xy e BNXFRIXT 2; o7 (3.257)
. .
Hence
2 J?
210 =V ] /== exp |~ Z L (3.258)
I#£0 A1 17&0 A1

Up to the usual normalization of the functional measure, the product over eigenvalues is represented by
the determinant of the Laplacian with its zero mode removed,

det'O =[] Ar, (3.259)
1#0
and therefore
Z[J) = V(det'0)"? exp { > JI] (3.260)
1#0 A1
Introducing the Green function
G'(o,0') = (o]0 o) (3.261)

where the inverse is restricted to the non-zero-mode subspace, we can write

Z —/ &0 o' J(0)G'(0,0')J (o) (3.262)

70 A
Thus
Z1J] = V(det'D) /2 exp{ |[ o 1(0)6 (0,0) 1 )} (3.263)
We can now explicitly differentiate with respect to the sources. The first functional derivative gives
0z
j J([g — V(det'TT)"1/? [ [ @' Go0)0( } exp [ |16 } (3.264)
Taking the second derivative gives
52 Z[J]
Il S B d t/D -1/2 ! / 92
57(0)07 () V(det'0) [G (o,0") (3.265)

+ ([ o' Go.aa0n) ([ #o" 6o o)) ] ex /]9 (3.260)

Setting J = 0 removes the second term, and therefore

2]

— et’ —1/2 v 0.0 )
—(5J(0)5J(0’) o V(det'D)™/2G' (0, 0") (3.267)
Since
Z[0] = V(det ')~ 1/2 (3.268)
we finally obtain
(X(0)X(0")) = G'(0,0") (3.269)
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We now construct this Green function explicitly. The eigenvalue equation may be written in operator

notation as
Ofebr) = Arltr)
Taking the inner product with (| gives

(s |Blr) = Ardss

Completeness on the full space reads

>l =1
T
Since the zero mode cannot be inverted, however, the operator can be decomposed as

O = M) (W]
1#£0

The inverse on the non-zero-mode subspace is therefore

o Z |¢1><¢1|

1;&0

Consequently,

O7'0="> || =1 — [¢o) (o]

1#0
Thus the Green function is not the inverse of [J on the complete space. Instead, it satisfies
0G (0,0") = 6@ (0 — o) — Yo(o)0 (o))

In position space,

G’(U,O")=<<7|D’1\<7’>=ZA (olen){wilo’)y = >_ < wz (o')
1£0 1760

We now specialize to the torus. Using the real coordinates (o

identified, the eigenfunctions can be chosen as

wmn( ) _ 27rz(m7 +mo? )’ m,n € 7

o l 1 T1
Jab ™ \ 71 |,7_’2

ab 1 <|7—|2 _7-1>
g = — o 1
T2 T1

= g“bc?a@b

For the gauge-fixed torus metric

the inverse metric is

Since det g = 1, the scalar Laplacian is

Therefore

1
0=~ (I7170% — 2r1010, + 3)
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(3.270)

(3.271)

(3.272)

(3.273)

(3.274)

(3.275)

(3.276)

(3.277)

,02), with both coordinates periodically

(3.278)

(3.279)

(3.280)

(3.281)

(3.282)



Acting on the eigenfunction gives

1
Omm = - {|T|2(2m'n)2 — 271 (2min) (2mim) + (27rim)2] U (3.283)
4
= i (’T‘Qn - 27_177/”1 +m ) wmn (3284)
T2

The expression in parentheses can be written as

I7*n? — 2rymn + m? = |nT — m/|? (3.285)
Thus,
4
A = —l|m —mf? (3.286)
T2

If instead one defines the positive Laplacian as —[1, the eigenvalues are positive. In what follows, we use
the positive convention A = —[], so that

4 2
T2
The Green function is therefore
T2 ; 1_ /1 2_ 2
G,(O', 0/) _ —627r7,[n(0 o' )4+m(c?—o'?)] (3288)
(m,n%é:(o,o) A2 |nT — m/|?
Setting o’ = 0 gives
27i(not+ma?)
T2 e
G'(0,0) = —; —_— 3.289
(0,0) 472 |nT — m|? ( )

(m,n)#(0,0)

We now evaluate this sum explicitly. The condition (m,n) # (0,0) allows us to separate the m = 0
contribution from the terms with m # 0:

27r'mcr1 27rz(ncr +ma?)
G'(o (3.290)
47T2 T;) |nT|? 47r2 7;07% |nT — m|?
Since
nT|?* = n*r;, (3.291)
the first term becomes
2minot 2minot
Ty e 1 e
2 — 3.292
42 7;) n2rd 421y 7%% n? ( )
Using
627rinm )
Y —5— =21 By(x) (3.293)
n#0
where By(x) = 2® — x + ¢, and obtain
L v L o) (3.294)
42Ty w0 n? 272 2 ‘
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We now turn to the double sum. Since [nT — m|* = (n7; — m)? 4+ n?7, we can write

27ri(nal +ma?)

) Z R (3.295)

m#A0 ne’ (n71 —

The useful step is to rewrite the denominator through a Fourier integral. For fixed m # 0 and n # 0,
introduce

r — N7
= i (3.296)
so that © = nm + |n|mt. Consequently,
(x —nm)?+n’my =’ (2 +1). (3.297)
The Fourier representation that we need is
00 e27rzcxt
[ dt=meel (3.208)

Taking o = n(o! — m) and treating separately the cases a > 0 and o < 0 gives the same result through

the absolute value,

0 627r7,n(01— )t L
[m W dt = 7T€727T|n||0 -m (3299)
Therefore the non-zero m contribution can be expressed as
1 4
G/(O', O) 2732 Z Z 27mma2 27rzm7 e—27rzmn71€—27r|n\72|01—m (3300)
T2 m;é() n#0 |Tl|

At this stage it is useful to separate the positive and negative values of n. For n > 0 we obtain

1

7627r7;m0'2 omino!  —2mwimnTy —27rn7'2\01—m| o

1 (2 1 1
. e e e = _exp [27rm (0 +7i(o" —m) +inlo — mm (3.301)
Similarly, for n < 0, writing n = —k with k > 0 gives
1 ... . , 1
EGQT””“’Q@_QT”’“’I627”’“’”16_2”]972‘01_”1| =P {_2m'k <U2 +7i(ot —m) —inlo! — mm (3.302)

Renaming £ back to n, we therefore have

G/(O', O) 7B2 _|_ T Z Z 27r2n[02+71 (ol —m)+ire|ot—m]] + Z Z 727mn o247 (0t —m)—irz|ot —ml]

27y T mA0n>0 Tt T 0 n>0 ”
(3.303)
We can now use the elementary series
> "
> — =—log(l—ux), lz] <1 (3.304)
n=1 n
Thus,
1 1 . .
G/(O', O) 732 _ — Z IOg [ 27”0 +71(0t —m)+ira|o? —mﬂ} o Z log [1 6—2#1[02—&-71(ol—m)—z7-2|al—m|]}
2 m;ﬁO & m#0
(3.305)
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Combining the two logarithms gives

G'(0,0) = iBz( — —10g H { p2milo®+mi (ot —m)+irz|ot—m]]

27’2 m£0

X

1— 6—27ri[0'2+7'1 (ot —m)—itz|ot—m]]

(3.306)

After separating the m > 0 and m < 0 contributions according to the absolute value |o! —m/|, the product

takes the form

2’7’2

X ﬁ ( e %> (1 - G_ZME(jm) X (1 — 627”'2) (1 _ 6—27ri2) }

m=1

G(0.0) = L By(o _1og{11( iz (1 — 2

The two factors without powers of ¢ can be combined using

(1= m%) (1= e7m%) = [2sin(mz) | €7

Hence,
G/(a O) LB2( ) — i 10g ’2Sin(7TZ)|2 eiw(z—i) ﬁ (1 . 627rizqm> (1 o e—27rizqm
’ 27y 47 Al

We now use the Jacobi product representation of the odd theta function,

01(z|7) = 2¢"®sin(mz) T] (1 —¢™)(1 = ¥™5¢™)(1 — e 7™g™)

3

m=1
Therefore,
|2 SiIl(7TZ)|2 ﬁ (1 . 627rizqm>(1 . 6—27rizqm) ’ _ ’91(2’7—)‘2
- oo m) |2
m=1 la|M* [TT= (1 = ¢™)]

Using the Dedekind eta function, we have

2 2
|2 Sin(wz)|2 H (1 _ e27rzzqm>(1 o 6727rzzqm) _ 1(Z|T) ‘ ’71/4+1/12
m=1 77(7—>
which simplifies to
2 2
1 - TiZ M —2miz . m 0 (2|7 —
2sin(m2) ]| JT (1 — e™%¢™) (1 — e *™=2¢™)| = 1(2]7) g 718,
m=1 77<T)
Since [q] = 727, we have |g| /6 = /%, Thus,
1 U [ s s | 0GP
[ed 0)= —B - in(z2—2) ;wre/3 | V1N~

20

(3.307)

(3.308)

(3.309)

(3.310)

(3.311)

(3.312)

(3.313)

(3.314)



Using
1
By(o') = (") =o' + 5 (3.315)
the polynomial contribution can be combined with the exponential factor. In particular, e™*=2) =
e~271m(2) and, since Im(z) = 7o', we recover €™(*%) = =277 Combining this with the Bernoulli-
polynomial contribution gives

[Im(2)]?

1 —2n
G'(0,0) = —Elog [e T

2

] (3.316)
Thus, up to the overall normalization convention associated with the definition of the Laplacian, the
torus Green function takes the standard form

[Im(z)]2

1 —or
G'(0,0) = —Elog [e T

2] (3.317)

The appearance of the theta function is therefore not imposed from the beginning. It emerges naturally
from the explicit evaluation of the non-zero-mode sum over the torus eigenfunctions. The Gaussian zero
mode is excluded throughout, and the resulting Green function is the inverse of the Laplacian on the
subspace orthogonal to the constant mode.

3.5 Fermions on the Torus

We start by formulating the action for a free massless fermion in 1 + 1 dimensions in the Minkowski
spacetime. The metric signature is (6%, ') = (—, +) which introduces an extra overall minus sign in the
Dirac action

1
S = ——/d% iy 8, x (3.318)
A7

Here, x denotes a two-component Dirac spinor, and v* are the Dirac matrices satisfying the Clifford
algebra. In two dimensions, we make the convenient choice

P = —io? At =0t (3.319)

where o' are the standard Pauli matrices. This representation indeed satisfies the canonical anti-
commutation relations

(%) = 27 (3.320)

Generally, a Dirac spinor can be decomposed into two Weyl spinors, corresponding to left- and right-
moving components. In two dimensions, it is possible to impose both the Weyl (chirality) and Majo-
rana (reality) conditions simultaneously. This restriction results in real, one-component fermions, which
greatly simplifies the formulation of free fermion theories and the analysis of their holomorphic and
anti-holomorphic sectors.

To transition to Euclidean spacetime, we perform a Wick rotation on the zeroth components of the
coordinates and fields, 0° — —io%. The resulting Euclidean action is

Sp=—iS = 217T / d*w (2/152/1 - @azz) (3.321)
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where w = o' +i0%, 0 = 0,, and 0 = 0;. The corresponding equations of motion for the left- and
right-moving components are

I =0,00 =0 (3.322)
indicating that 1 is holomorphic and ¢ is anti-holomorphic.

In the free theory, the singular part of the operator product expansions (OPEs) is given by

@) ~

Y(2)pw) ~ ——, Ea (3.323)

The OPE between a left-moving and a right-moving fermion is purely regular. These OPEs form the basis
for constructing correlation functions and defining the operator algebra in the two-dimensional fermionic
conformal field theory. The holomorphic and anti-holomorphic components of the stress-energy tensor,
which generate the Virasoro algebra, are expressed as

T(2) = 3 w(2)0U() : (3.324a)

T(z) = —5 : (2)00(3) : (3.324b)

Here, normal ordering is denoted by colons and ensures that singular contributions from coincident points
are removed. These operators encapsulate the local energy and momentum densities of the theory and act
as the generators of the Virasoro algebra. In the free fermion conformal field theory, this decomposition
into holomorphic and anti-holomorphic sectors allows one to treat left- and right-moving degrees of
freedom independently. Moreover, the explicit form of T'(z) and T'(2) allows us to compute their operator
product expansions, and hence the determination of the central charges, which for a single real fermion
equals c = ¢ =1/2.

We are now interested in further studying a complex chiral free fermion. To describe it, one can combine
two left-moving real (Majorana-Weyl) fermions, 1); and )9, into a single complex field. Each real chiral
fermion carries only one degree of freedom, corresponding to its left-moving component, and satisfies the
holomorphic equation of motion dv; = 0. By forming a complex linear combination,
T ' T ’ 3.325
= ﬁ(% + ita), = ﬁ(% — ithy) (3.325)

we obtain a complex field that still preserves chirality, meaning that ¥ remains purely left-moving.

The Euclidean action for the complex chiral fermion can be written directly in terms of ¥ and U as
1 _
Sul¥] = 5 / 2w ¥ OV (3.326)
i

Here, 0 acts on the holomorphic coordinate w, and the action describes the dynamics of a single left-
moving complex fermionic degree of freedom. If one wishes to construct a right-moving complex fermion
instead, one simply combines two right-moving real chiral fermions and replaces 9 by 0 in the action. In
both cases, the resulting field continues to satisfy the appropriate chiral equation of motion and exhibits
the expected holomorphic or anti-holomorphic behavior. Besides the global O(N) symmetry under which
the action remains invariant, there exists also a Zs symmetry. The two symmetries do commute.
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The OPEs of the complex chiral fermion reflect the independence of the underlying real chiral components.
Explicitly, we have
_ 1 o
U(z)U(w) ~ : U(2)¥(w) ~ 0, U(2)¥(w) ~0 (3.327)

Z—Ww

Only the mixed combination W(z)W¥(w) exhibits singular behavior, while the OPEs of ¥ with itself or
U with itself are regular, which encodes the fact that the two real chiral fermions contributing to ¥ are
independent.

Finally, the stress-energy tensor for the left-moving complex fermion is

T(2) = —: VOV (3.328)

where again colons denote normal ordering to remove singular contributions at coincident points. Since
the complex chiral fermion is composed of two left-moving real chiral fermions, its central charge is ¢ = 1.

In two dimensions, an interesting feature of fermionic theories is the possibility of bosonization, which
provides an exact equivalence between fermions and compactified bosons (on a circle of a specified radius
R). This correspondence arises because in 2D the algebra of holomorphic (or anti-holomorphic) fermions
can be represented in terms of the derivatives of a scalar field. Intuitively, the one-dimensional nature
of left- or right-moving excitations allows fermionic operators to be expressed as exponentials of a chiral
boson field, reproducing the correct operator product expansions and correlation functions. We will return
to this perspective in the next section to illustrate how bosonization can be used as a complementary
method for evaluating the partition function of a complex chiral free fermion on a torus with arbitrary
v, 0 boundary conditions.

Let us now elaborate more on the structure of a complex free chiral fermion defined on the cylinder.
Although our primary objective is the computation of its partition function on the torus, it is conceptually
clarifying to first dissect the theory on the simpler cylindrical geometry. Indeed, the dynamics along
the spacetime direction o' is treated in the same manner on both surfaces, and the transition from
the cylinder to the torus introduces only a controlled modification: the fermion acquires a non-trivial
monodromy parameter ¢ along the Euclidean time circle. Once the additional monodromy parameter
0 associated with temporal winding on the torus is introduced, the trace should be modified only by a
phase insertion.

We parametrize the cylinder by complex coordinates w = o' + i0?, where the spatial coordinate is
compactified as o! ~ ¢! 4+ 27. The boundary conditions imposed on the fermion field are specified by a
discrete parameter v € {0,1}. The case 7 = 1 corresponds to periodic (Ramond) boundary conditions,
whereas v = 0 enforces anti-periodicity (Neveu-Schwarz). Explicitly,

V(o' +2m,0%) = —e "™U(a', 0?) (3.329)

and
U(o! + 27, 0%) = —e™T(q',0?) (3.330)

These spatial boundary conditions fix the fermionic mode quantization. One finds that the admissible
frequencies take the general form
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1_
y:n+TV, nez (3.331)

so that the NS sector corresponds to half-integer moding while the R sector corresponds to integer one.

In terms of these frequencies, the holomorphic and anti-holomorphic components of the fermion field
decompose as

U(w) = > W, 1 exp {z (n + 1_27) w} ; U(w) = %:Z\Tfnl—{ﬁ exp[—z’ (n + 1_27) U_J} (3.332)

nez

The associated mode operators satisfy the canonical anti-commutation relations
{(U,, 0} = 6pup0, {0, 0,}={0,,V,}=0 (3.333)

ensuring a consistent fermionic Fock space. The vacuum is required to be annihilated by all positive-
frequency modes, with the notion of positivity determined by the shifted integer n + 1_77 In the Ramond
sector, special attention must be paid to the existence of fermionic zero modes and the corresponding
two-dimensional Clifford algebra, whose representation space produces a ground-state degeneracy. In
contrast, the NS sector admits a unique vacuum.

To construct the physical operators of interest—mnamely, the U(1) charge and the Hamiltonian—we in-
troduce the fermionic occupation numbers through standard normal-ordered products. The holomorphic
oscillator number operator is

N=3 0 150, 15:=3 N, 1, (3.334)

n>0 2 n>0

while its anti-holomorphic counterpart reads

N=3 9, 10 5= 3 N o (3.335)

Upon substituting these expressions into the Noether current associated with the global U(1) symmetry,
and employing a regularization scheme (by introducing for instance an exponential cutoff in the frequency)
to treat the formally divergent sums, one arrives at the cylinder charge operator

(Jo)yt = N — N+ % (3.336)

The vacuum shift 3 encodes the difference between the Ramond and Neveu-Schwarz sectors; it arises
from the normal-ordering of the fermionic bilinear and reflects the distinct ground-state structures in the
two spin sectors.

The Hamiltonian on the cylinder, expressed in terms of the Virasoro zero mode Ly of the en-
ergy—momentum tensor, takes the form

1— 1—~\ -
(Lo)et = Y (n - 27) N2+ ) <n - 27> N1 (3.337)

n>0 n>0

Expressed in terms of the Euclidean action, the path integral has the form
7 - / DUDIDITe5e (3.338)
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We are now ready to discuss the complex fermion CFT on the torus, meaning that we should impose the
boundary conditions

V(o + 21, 0%) = —e ™ (0!, 6%) = ™IV (0!, 6?) (3.339a)
U(ot, 02 4+ 21) = =™ (0!, 0?) = ™D (gt 6?) (3.339Db)

or if we wish to transition to the z-plane, where z = e~™,

U(e™2™2) = e ™ (z) , Wle 2™2) = e™W(z) (3.340)

The parameters 7,6 € (—1,1] and for the values 0,1 they correspond to (anti-) periodic boundary
conditions to the two cycles of the torus. As expected the spatial part remains the same as in the
cylinder. Solving the equations of motion we obtain the mode expansions

U(ot, 0?) = 3 Wn7m€2ﬂi[(n+1_77)01+(m+5%1)02] (3.341)
n,meL

@(0_170_2> _ Z \ijn’me—%ri[(n—&-%)01+<m+‘5_71)02] (3.342)
nmez

As implied by the equations of motion satisfied for the complex fermion, it suffices to focus on the left
moving part of the path integral and then generalize the acquired result. Hence, the left-moving action
in the Euclidean space is

1 _
Suit) = 5 [ w wou

1 2 T, 2wi[(n—ﬁ)al+(m—m)02] < i ) . (— 1 > — 0 1
_— S Y UV " Vomilr (g —2L) — (m+ ==
5 /d w nm Vi, m€ 5 ) n 5 m 5

nmeZ n,me”Z 72

S S T [T (TH 1_27) - <m+ 551)]

a 27—2 nmez
(3.343)
which leads to the calculation of the determinant

det(0) = ][ L [7‘ (n + M) - <m + 61)] (3.344)

n,mez. T2 2 2
However, there exists a subtlety. The difficulty in regularizing the determinant of the chiral Dirac operator
d on a Euclidean manifold originates from the fact that its spectrum is not confined to a single ray in
the complex plane. Since 0 is not a Hermitian operator, its eigenvalues are generically complex. As a
consequence, the zeta-function definition of log (det 5) requires a choice of branch cut for the complex
logarithm, but no canonical choice exists. The resulting determinant is therefore intrinsically ambiguous
up to a complex phase, reflecting the familiar chiral anomaly. This ambiguity disappears if instead one
considers the positive elliptic operator obtained by pairing 0 with its adjoint 0, since this product has
real eigenvalues.

Trace: The trace representation of the chiral complex fermion partition function on the torus can be
obtained by comparing it with the corresponding construction on the cylinder. In the cylindrical geometry
the fermion modes are defined with a fixed choice of spin structure, encoded in the parameter v. When
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the theory is placed on a torus, however, the fermionic fields acquire an additional nontrivial monodromy
along the time cycle, parametrized by ¢, such that transporting a fermion once around the cycle yields a
phase ™.

To implement this modified periodicity condition within the operator formalism, it is convenient to insert
into the trace a phase operator that produces exactly this twist. The natural choice is the fermion number
(or charge-parity) operator Jy, introduced in (3.336), whose eigenvalues shift the phase appropriately for
the d-dependent monodromy. Hence, the holomorphic part of torus partition function takes the form

Zm = Ty, [0 gho= /2] (3.345)

The factor ¢0~1/2* arises from spatial translations around the Euclidean cycle, with the 1/24 shift
accounting for the Casimir energy of a chiral fermion. Since the theory is fermionic, all occupation
numbers M, M,, obey Fermi statistics and therefore take values in {0,1}. A general state for such
fermion takes the form

(M, M) = TLOV ) 7 TLO, i) 57 00,) (3.346)

n>0 n>0

Evaluating the trace, one may separate the zero-mode (when present) and oscillator contributions. The

zero-mode yields the phase
ei7r'y6/2 q72/8—1/24 (3‘347)

The oscillators factorize into independent contributions from each Fourier mode, and after a convenient
shift of the summation indices the final product representation becomes

—— —im g n 190,
Zlg] — “T’Y(S/Q 72/8 1/24 H Z z7r(5Mn (n—=%) My, H Z § M, 4 2W)M

n>0 M, =0,1 n>0 M, =0,1
z7r'y§/2 v2/8-1/24 H (1 + qn—i— mé) (1 _}_q”—%_%e_“w) (3.348)
n>0

This representation makes explicit the decomposition into zero-mode and oscillator contributions and
demonstrates the dependence on the spin structure through the parameters v and ¢, providing the
operator-formalism derivation of the chiral complex fermion partition function on the torus.

Path Integral (Formal): To evaluate the partition function of the chiral contribution via the path
integral formalism, we define

det(80) = exp l— A |Am7n|‘25] = exp | = 0u,_ Tr(00) ] (3.349)

m,n

Using the Mellin transform representation of the spectral zeta function,

1 00
_ / dttsle=ot, (3.350)
s) Jo

we rewrite the logarithm of the determinant in heat—kernel form:
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m,ne’l

log det(@é) = — as‘s:o |:F(18) /OOO dt tsfl Z e*‘)\m,n|2t (3351)

The integrand diverges for ¢t — 0 when s = 0, so interchanging the integral with the double sum over
(m,n) is not permissible. To proceed, we initially Poisson resum over the integer m, which appears
linearly in the eigenvalue expression. This yields

T T e e
mez meZ
m (2mmTy)> n o, 1-7\2 C T1-s 1y (3352)
= 27’2\/> Z @7f7(5+T) t6*27rzm[7+71(n+7)]
t

meZ

At this stage it is useful to separate the contributions of the zero mode (m = 0) and the nonzero modes
(m # 0). The m # 0 sector is finite at s = 0 and can be evaluated directly. Using the integral
representation of the modified Bessel function K, the result takes the form

H (1 4+ ™ qn—i—%_%) (1 L ins q”—%—%) 2

n>0

log (3.353)

Remark. The analytic structure of this contribution closely parallels the one encountered in the
path—integral computation of a compact scalar CFT on the torus. In both theories, Poisson resum-
mation isolates an infinite tower of winding or momentum modes, and the resulting product formula
reorganizes naturally into a modified Bessel integral of the second kind.

The m = 0 term contains the ultraviolet divergence responsible for the obstruction at s = 0. To regularize
it, one must use Hurwitz zeta regularization before taking the limit s — 0. After analytic continuation,
the zero-mode contribution evaluates to
21
— 47Ty (7 - ) (3.354)

8§ 24

Finally, combining the nonzero—mode sector with the regularized zero-mode term, we obtain the deter-
minant of the chiral Dirac operator:

2

2

det(90) = |q ™ em(%)

n(7)

2

(3.355)

which agrees with the trace representation outcome up to a phase ambiguity.

Path Integral (Informal): There exists an alternative in the treatment of the path integral which
however is not that rigorous since it splits divergent products in two independent infinite products,
without a guarantee that this is correct. We begin from the expression

(50 - ()

o7

1 2

(279)?

det(90) = ]

n,me”

(3.356)




To make sense of this product in terms of zeta regularization techniques, we commence considering the
infinite product with respect to m, i.e. the one not multiplied by the modulus 7

2
1— 1— 1— 1—-06\°
T<”+ 27>+ : II<TOI% 27)+ 25>'_m2

2 m>0
(r (0 52) 4 20" 2 (3.357)

m2

1 2

(2m2)?

1— 11—
T(n+ 27>+ 2

In (3.357) we recognize Weierstrass factorization formula for sin 7z

IANE > 2\ 2

sinmz =7z [[ (1 — ) en =mz [] [1 - () 1 (3.358)
n#0 n n=1 n

The above formula can be derived if we consider the exponential expression of the Mittag-Leffler theorem

for the sine function. To get rid of the constant terms arising in the process, we are adopting the

regularization schemes discussed in Ginsparg’s lecture notes, namely that for a constant a € C

det(90) = ||

ne”L

[I(=m)* -

m>0

[Ta=a?, J[ a=1 (3.359)
n=1 n=—00

If we expand the sine function in terms of exponentials, we end up with

2

det(00) = []

ne’l

1-6 1 1*4) g 1=8 _l( 1*77)
LT 2(n+ 5 o LT 3 n—+ 5

"7 q e "2 g (3.360)

We now decompose the sum in two separate sums of negative and positive n integer values and make the
change n — —n to the negative integers sum

) O o gt

det(90) = []

n>0

(3.361)
n>0
Both these products are a multiplication of a convergent times a divergent term, meaning we can extract
the divergent parentheses out of the product and obtain using the Hurwitz zeta function regularization
scheme

det(09) = (3.362)

where we have used the Kiritsis’s notation for the definition of the theta and the Dedekind eta function.

This specifies det(0) up to a phase ambiguity A, which is obtained by matching the solution with the
trace representation. Here A = ¢™9/2 and this phase ambiguity is related to the global gravitational
anomaly.

Bosonization: As a last method of obtaining the partition function, we may exploit the property of
bosonization in two dimensions. We start with the identifications
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J =00 =idH(z) (3.363)
U =M@ p = 1) (3.364)

Expanding the current in modes on the complex plane,

d
J(z) =) Ziil, Jo=¢ —mJ(2) (3.365)

iy Co 2T

we find that the J, satisfy the U(1) Kac-Moody algebra [J,,,, J,] = m 6,40 0. In particular, the zero mode
Jo represents the fermion number operator, () = Jp, and its eigenvalues correspond to the quantized U (1)
charge of the fermionic states.

The bosonic field H(z) is compactified on a circle of radius R, such that the vertex operators e (2)

are single-valued around the origin. This requirement enforces the canonical normalization of the U(1)
charge, yielding

R 02‘ =1 (3.366)
At this radius, the vacuum |0) is annihilated by all positive modes of the current,

Jn>0[0) = 0, (3.367)

ensuring that it is a lowest-weight state of the U(1) algebra and that the Fock space is built consistently
by acting with negative modes.

In this formulation a general state can be represented as

{M3:Q) = TI(-)"1Q) . Q€ 5+ (3.368)

n>0

where the occupation numbers M, = 0,1,2,... are now bosonic. Hence,

. el
2| =t S e gFeme -

n>0 M, =0 Qe+z n(7)
The sum representation of Jacobi’s theta functions is generally (following Kiritsis’ notation)

Y Lin—2)2 omi(z—)(n—2
HM (z7) = ) gz e )m) (3.370)

nez

If we insert the above definition to the full partition function involving both left and right moving parts,
we obtain

Y a1
dtE
Zr=—0 L = 5 g3 g3 i) (3.371)
nmn m m,neL

Shifting the summation variable of the anti-holomorphic part to n — m — n we end up with
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2 2
o (m=n/2-7/2 | n of (m=m/2—y/2 '
- Z q4< Val72 JWW) g‘*( NOIE @> e imon (3.372)
7777 mnez
In the above expression we can identify the sum with the (1,1) Narain lattice with a fermion radius
R=,/ %/ which coincides with the aforementioned bosonization radius.

3.6 Orbifolds

We close this chapter by a short review of orbifolds. Let a conformal field theory have a finite symmetry
generated by an element ¢ satisfying ¢" = 1. The orbifold theory is obtained by identifying configurations
related by this symmetry, C ~ ¢gC, and therefore by the cyclic group

Z]\7 - {1797927"'79N_1} (3373)

There are two logically distinct operations involved in the orbifold construction. The first is the projection
onto states invariant under the action of g. The second is the introduction of twisted sectors in which
closed strings are allowed to close only up to the action of an element of the orbifold group. The first
operation produces the group average ﬁ Zflvz_ol g%, while the second produces the twisted sectors. When
the theory is defined on a torus, both operations appear simultaneously and lead to the two-index objects
Zp.q- The purpose of the construction is therefore not merely to define a quotient of the original conformal
field theory. The resulting string theory must also be consistent with the different choices of cycles used
to describe the worldsheet torus. This requirement is expressed through modular invariance. The relation
between the group action, the twisted sectors, the torus amplitudes and modular transformations will be
developed below.

3.6.1 The Zy representation and the orbifold projector

There is an important point concerning the representation used in the orbifold construction. The ir-
reducible representations of the abelian group Zy are one-dimensional. The natural N-dimensional
representation is instead the regular representation, which can also be understood as the direct sum of

the N one-dimensional characters of Zy. Introducing w = >V and states |k'), K'=0,1,...,N—1,
such that
glk'y = F |k (3.374)
We see that
g'[k) = TN |k (3.375)

One may instead choose the conjugate convention
ga|k,/> _ 6—2m’ak’/N|kj> (3376)

This latter convention will be used below since it is the convention that produces the phase appearing
in the orbifold trace. The main reference for conventions is again [3]. A physical state of the quotient
theory must be invariant under the group action. Consider a general state

N-1

) = > ewlk) (3.377)

k'=0

The invariance condition is g|¢) = [¢). Using the representation of g, we see that
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glo) = 3 eV k) (3:378)
k/

. . . 1./
Consequently, invariance requires ¢ e2™' /N = ¢/, and therefore Hence, only the zero-charge state sur-

vives the projection. This condition can be implemented directly by introducing the projection operator

1 N—
= Z (3.379)

The projection can be inserted into the partition function of the original untwisted Hilbert space H,.
This gives

Zimojected = Ty, (PqPo=e/2igho=e/21) (3.380)
Substituting the explicit form of the projector gives
1= _
Zprojected Z Tr'Ho( a, Lo— 6/24qL0 0/24) (3381)

This expression describes the projected untwisted sector. It is not yet the complete orbifold theory
because the quotient permits additional closed-string boundary conditions.

3.6.2 Twisted sectors and torus amplitudes

After orbifolding, the string may instead close only up to the action of an element of the orbifold group.
The corresponding boundary condition is

X(o+2m,7) = g"X(0,7) (3.382)

where h =0,1,..., N—1. Since g = 1, the values h and h+ N define the same boundary condition. The
two indices have distinct physical meanings. The index h specifies the twisted Hilbert space obtained by
quantizing along the spatial cycle, while a specifies the group element inserted when propagating around
the second cycle. The torus therefore naturally requires two group labels rather than only the single label
that was needed for the twisted boundary condition of a closed string.

The geometric quotient is consequently 7¢/Zy and the action of the orbifold group is directly connected
to the action of the corresponding matrix on the compactification lattice. The additional basis vectors
used in the construction impose further conditions on the allowed states and consequently modify the
gauge structure. The successive stages of this construction are illustrated in Figure 3.3. The figure shows
how the introduction of the additional basis vectors changes the lattice description and reduces the set
of degrees of freedom that remain compatible with all the imposed identifications. The successive rows
should therefore be read as successive stages of the same construction rather than as independent cases.
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Figure 3.3: Successive stages of the orbifold construction showing the effect of the additional basis vectors
on the allowed lattice structure and the corresponding reduction of the independent degrees of freedom

The gauge-theoretic consequence of the same construction is displayed in Figure 3.4. Each row corre-
sponds to the addition of a new basis vector together with all the vectors introduced in the preceding
rows. The resulting sequence shows how the allowed gauge degrees of freedom are progressively restricted.
In particular, the rank reduction and the surviving gauge group can be followed directly as the successive
basis vectors are included. The figure therefore provides the connection between the lattice or basis-vector
construction and the gauge group obtained after the orbifold projection

Figure 3.4: Visualization of the four different possibilities for periodic and antiperiodic boundary condi-
tions in the two non—contractible cycles of the torus.




The geometric and worldsheet descriptions are therefore two descriptions of the same quotient construc-
tion. The geometric condition A = A ensures that the discrete action is compatible with the compact-
ification lattice, while the worldsheet description expresses the same action through twisted boundary
conditions. The basis-vector construction determines which states remain compatible with the discrete
identifications and consequently determines the surviving gauge symmetry

3.6.3 Modular transformations and consistency

The torus contains two independent cycles and the modular group acts by changing the basis chosen for
these cycles. Since the orbifold boundary conditions are specified by their group holonomies, modular
transformations necessarily act on the pair (h,a). The torus has fundamental cycles

az—z+1 (3.383a)
Biz—z+T (3.383b)

and assign the holonomies
Us=g", Us=g" (3.384)

The complete information about the orbifold boundary conditions on the torus is therefore contained in
the pair of holonomies (U,, Us) = (g", g*). Under a T' modular transformation, the labels transform as

T: (h,a) — (h,a+ h) (3.385)

and the corresponding amplitudes satisfy

Zh,a(T -+ 1) = Zh,aJrh(T) (3386)

The transformation can also be understood directly from the path integral. The T" transformation changes
the choice of temporal cycle by adding one copy of the spatial cycle. Since the spatial cycle carries the
holonomy ¢", this additional cycle contributes precisely the factor ¢” to the temporal holonomy. The
resulting temporal insertion is therefore g2*".

On the other hand, the S transformation exchanges the two fundamental cycles. The new spatial cycle
is the old temporal cycle with reversed orientation. Consequently the labels transform according to

S : (h,a) — (a,—h) (3.387)
and the corresponding amplitudes satisfy

Zha (—1> = Zq () (3.388)

-
These transformations show that the individual functions Z;, do not have to be modular invariant.
Instead, modular transformations permute the collection of twisted sectors and group insertions. The
complete partition function is constructed precisely so that it is invariant under this permutation. Under
the T transformation,

Zorb<7— + 1 Z Zh alT + 1 Z Zh a+h (3389)
ha
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Introduce @’ = a+h (mod N). For fixed h, as a runs over all elements of Zy, the shifted variable a’ also
runs over all elements of Zy.Therefore,

Zown (T + 1) ZZ;W = Zom(T) (3.390)

The same argument can be applied to the S transformation. Starting from the definition of the full
partition function gives

Zorh (—71_> = ]172 Zha <—71_) = ]1[2 Za,—n(T) (3.391)

h,a h,a

Define h' = a and @’ = —h. Then, the map (h,a) — (h/,d’) is a bijection of Zy x Zy. Hence

Zorb< T) *ZZh’a’ = Zow(T) (3.392)

Since S and T generate the modular group SL(Q,Z), invariance under these two transformations is
sufficient to establish modular invariance of the complete orbifold partition function. The distinction
between the individual blocks and their complete sum is important. A particular Z, , represents one
choice of worldsheet holonomies and therefore need not be invariant under a change of basis of the torus
cycles. Modular transformations map this choice into another allowed pair of holonomies. The complete
sum over all (h, a) is invariant because these transformations merely permute the sectors included in the
sum.

The orbifold construction therefore combines three structures. The finite group determines the quotient
and its representations. The worldsheet boundary conditions determine the twisted sectors and the
corresponding Hilbert spaces. The modular group acts on the two torus cycles and consequently on the
twisted-sector labels. The consistency of the resulting string theory requires these three structures to fit
together, with the twisted sectors completing the projected theory and the full collection of amplitudes
forming a modular-invariant torus partition function
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Chapter 4

The Superstring

The bosonic string provides a consistent framework for describing a relativistic string, but its spectrum
contains a tachyon and does not contain spacetime fermions. A natural way to overcome these limita-
tions is to enlarge the worldsheet theory by introducing fermionic degrees of freedom. In the Ramond—
Neveu-Schwarz (RNS) formulation, the worldsheet fermions are supersymmetric partners of the bosonic
coordinates X*. Worldsheet supersymmetry then leads to a theory whose quantum consistency requires
a ten-dimensional spacetime and whose spectrum, after the GSO projection, contains equal numbers of
bosonic and fermionic degrees of freedom.

4.1 Classical Superstring

The RNS formulation is obtained by extending the Polyakov action with worldsheet fermions ¥*. In
conformal gauge, the action can be written as

S = —217T / d*o (E%XMa“X“ + @E“p“aa%) (4.1)

where p® are the two-dimensional Dirac matrices and ¢* is a two-dimensional Majorana spinor carrying a
spacetime index p. The fermionic fields are Grassmann-valued and therefore anticommute. Decomposing
the Majorana spinor into its two worldsheet chiral components gives

S = 71T / d?0 (20, XO_X +it)_0pp_ +ih O0_1p) (4.2)

The equations of motion show that the two fermionic components are independent left- and right-moving
fields,
ot =0, I_Yt =0 (4.3)

while the Majorana condition ensures that the fermions can be chosen to be real in an appropriate
representation,

Pt =y, Pt =1 (4-4)

The addition of the fermions is not arbitrary. The action possesses a local supersymmetry on the world-
sheet, which relates the bosonic coordinates to their fermionic partners. The corresponding supersym-

metry transformations take the form
OXH = eyt (4.5)

and

Syt = pi8, X"e (4.6)
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Thus the bosonic coordinates and worldsheet fermions form supersymmetric multiplets. This worldsheet
supersymmetry is the starting point for the construction of spacetime supersymmetric string theories.
For closed strings, the left- and right-moving fermions can independently be either periodic or antiperiodic
around the spatial direction of the worldsheet. Periodic fermions define the Ramond (R) sector, while
antiperiodic fermions define the Neveu—Schwarz (NS) sector. Consequently, a closed superstring has four
possible sectors,

NS—NS, NS—R, R—NS, R—-R

The different periodicities lead directly to different oscillator modings. In the Ramond sector the fermions
have integer modes,

1 , 1 -
b= lg i de™, =y oY dhe (4.7)

ne”L nez

whereas in the NS sector the modes are half-integer,
1 —irot 1 —iro~
=y X Mt g =3 e (4.8)
reZ+i reZ+i

The different modings are particularly important after quantization, since they determine both the struc-
ture of the ground states and the normal-ordering constants.

Worldsheet supersymmetry also modifies the constraints of the theory. In addition to the stress-energy
tensor, the theory possesses a conserved supercurrent. In conformal gauge, the physical configurations
must satisfy the vanishing of both the energy-momentum tensor and the supercurrent,

Toy=T _=0 (4.9)

and
Jy=J_=0 (4.10)

These constraints are the classical counterparts of the Virasoro and super-Virasoro constraints that appear
after quantization.

4.2 Quantum Superstring

Upon quantization, the bosonic oscillators obey the usual commutation relations, while the fermionic
oscillators obey anticommutation relations. In the NS sector one has

{07, 05} = "0 (4.11)
and in the Ramond sector
{dy, dn} = 1" 0n1mo (4.12)

The ground states are defined by the annihilation conditions
ak|0)ns = b0)ns =0 m,r >0 (4.13)

in the NS sector and

in the Ramond sector.
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A crucial difference between the two sectors comes from the Ramond zero modes. Since the fermionic
modes are integer-moded in the Ramond sector, the zero modes satisfy a Clifford algebra and therefore
act on the ground state as gamma matrices. The Ramond ground state consequently forms a spinor
representation of the spacetime Clifford algebra. The NS ground state, in contrast, is a spacetime
scalar. More generally, states obtained by acting with an even number of fermionic creation operators
are spacetime bosons, whereas states in the Ramond sector are spacetime fermions.

Quantum consistency imposes a much stronger restriction on the theory. The Virasoro and super-Virasoro
constraints remove unphysical states, but negative-norm states can otherwise remain in the spectrum.
Requiring these states to decouple, or equivalently requiring Lorentz invariance of the light-cone quan-
tized theory, fixes the critical spacetime dimension to ten, D = 10. The same result follows from the
cancellation of the worldsheet superconformal anomaly. The matter sector contains ten bosonic coordi-
nates, contributing cx = 10 and ten Majorana fermions, contributing c,, = 10 x % =5, so that the total

matter central charge is
Cmatter = 15 (415)

The gauge-fixed theory contains the usual (b, c¢) ghosts with ¢ = —26 together with the superconformal
(8,7) ghosts with ¢ = 11. Hence
Cghost = —26 + 11 =—-15 (416)

and therefore
Cmatter 1 Cghost = 0 (417)

This cancellation is the quantum statement of superconformal consistency and provides an independent
derivation of the critical dimension.

4.3 Superstring Spectrum and GSO Projection

The physical spectrum can be determined by imposing the mass-shell conditions in the Ramond and NS
sectors. In light-cone gauge there are D — 2 = 8 physical transverse directions. In the Ramond sector
the mass-shell condition takes the form

oM?=>"a" a,+ > nd., d, (4.18)
n=1 n=1

where the normal-ordering constant is ap = 0. Consequently, the Ramond ground state is massless,
o/ M? =0 (4.19)

and, because of the fermionic zero modes, it is a spacetime spinor. The physical state conditions reduce
the number of independent components, resulting in a Majorana—Weyl fermion in ten dimensions. All
excited Ramond states are massive spacetime fermions. The NS sector differs because its fermions are
half-integer moded. Its mass-shell condition is

o M?=>"a" al,+ > rb bl — 5 (4.20)
n=1 r:%

The normal-ordering constant is therefore axg = % and the NS vacuum satisfies

1
o M? = -5 (4.21)
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so that it is tachyonic. The first fermionic excitation has the smallest possible mode number, r = %, and
is obtained by acting with b | /2 On the vacuum. Its mass is

P 1 1

o' M ——2+2—0 (4.22)
and hence b /2|0)xs is a massless spacetime boson transforming as the vector representation of the
transverse little group SO(8). Higher excitations are obtained by acting with arbitrary combinations
of the bosonic and fermionic creation operators and give massive spacetime bosons. The tachyonic NS
ground state is incompatible with the desired supersymmetric spectrum. It is removed by the GSO
projection, which simultaneously imposes the condition required for modular invariance and selects a
consistent set of physical states. In the NS sector the projection can be expressed through the fermion-
number operator as .
by,

(—1)F = (—1)==3 " = (4.23)

Thus states with an odd number of NS fermionic excitations are retained, while the NS vacuum is
projected out. The first surviving state is therefore the massless vector b' /2]O>Ns.
In the Ramond sector the projection acts on the spinor ground state through its chirality. In ten dimen-
sions the chirality operator is I';;, and the corresponding projection operators are

1

The GSO projection therefore selects one chirality of the Ramond ground state. The resulting spectrum
contains a massless spacetime boson from the NS sector and a massless spacetime fermion from the
Ramond sector, together with their massive excitations. The equality between bosonic and fermionic
degrees of freedom is then extended throughout the complete supersymmetric spectrum.

For closed strings, the left- and right-moving sectors are independent and their states are combined by
tensor products. The four possible sectors are therefore

NS—NS, NS—R, R-NS, R-R (4.25)

The NS-NS and R-R sectors contain spacetime bosons, whereas the mixed NS-R and R-NS sectors
contain spacetime fermions. In particular, the NS-NS sector contains the tensor product of two massless
transverse vectors,

8, ®8,=1d28¢35 (4.26)

which correspond respectively to the dilaton, the antisymmetric two-form B,,, and the graviton g,,,. The
remaining sectors provide their supersymmetric partners.

The relative chirality chosen for the two Ramond sectors determines the two Type II theories. If the
left- and right-moving Ramond ground states have the same chirality, the resulting theory is Type IIB. If
their chiralities are opposite, the theory is Type ITA. Both theories are therefore obtained from the same
worldsheet construction, with the difference arising from the choice of GSO projection.

The structure of the closed superstring also provides the starting point for the heterotic construction.
The essential observation is that the left- and right-moving sectors of a closed string can be treated
independently. Instead of choosing the same worldsheet theory in both sectors, one can combine a
supersymmetric ten-dimensional sector on one side with a bosonic sector on the other. This asymmetric
construction is the heterotic string.
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4.4 From the Superstring to the Heterotic Construction

The heterotic construction exploits the independence of the two chiral sectors while preserving the same
ten-dimensional spacetime interpretation on both sides. One sector is supersymmetric and contains the
ten-dimensional fields X* together with their fermionic partners ¥*. The other sector is bosonic and
must have the critical central charge of the bosonic string. Since ten spacetime bosons contribute only
¢ = 10, an additional internal conformal field theory with central charge

Cing = 16 (4.27)

is required.

The internal degrees of freedom can be represented either by sixteen compact bosons or, after fermion-
ization, by thirty-two real right-moving fermions. The equivalence follows immediately from their central
charges. Each compact boson contributes one unit of central charge, while each real fermion contributes
one half, giving

1
16 % 1=32x =16 (4.28)

Thus the right-moving sector contains the ten spacetime bosons together with an internal conformal field
theory of central charge sixteen, giving

cr=10+416 = 26 (4.29)

as required for cancellation against the (b, ¢) ghost contribution. The fermionic realization is particularly
useful because the internal fermions naturally generate current algebras and therefore gauge symmetries.
This construction leads to the two consistent heterotic theories with gauge groups SO(32) and Eg x Fg,
which will be constructed in the following section.

In the fermionic formulation, the heterotic action can be written schematically as

32
S = 71T / do <28+Xu8_X“ + it O, i Y AAc‘)_)\A> (4.30)
A=1

where 9 belongs to the supersymmetric sector and the A* are internal right-moving fermions. The index
A is not a spacetime index but labels the internal degrees of freedom. Different consistent boundary
conditions and projections on these internal fermions lead to the two allowed gauge structures. The
resulting charge lattice construction will therefore determine the gauge symmetry of the heterotic string.

4.5 Charge Lattice Construction

4.5.1 The Bosonic String

The bosonic string provides the simplest setting in which the left- and right-moving sectors of a closed
string can be studied. The oscillator structure of the closed bosonic string is illustrated in the following
diagram
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The diagram shows how the bosonic creation operators raise the oscillator level of the string. The vacuum
is located at level —1 in each chiral sector. This negative value is the normal-ordering contribution to
the Virasoro generator and is responsible for the tachyonic ground state of the bosonic string. Acting
with an oscillator o' increases the left-moving level by n, while &’ increases the right-moving level
by the same amount. Thus, a single o’ ; excitation raises the left-moving sector from —1 to 0, while an
o', excitation raises it directly from —1 to +1. The same structure is present in the right-moving sector

through the operators @’ ; and &' ,.

For a closed string, the left- and right-moving excitations are independent, but physical states must satisfy
the level-matching condition. In terms of the oscillator numbers, this requires N;, = Ngi. Consequently,
although the partition function contains terms with different powers of ¢ and ¢, only the level-matched
combinations correspond to physical closed-string states.

The spectrum can be organised using the character expansion of the partition function. Since there are
24 transverse bosons in each chiral sector, the left-moving oscillator contribution is

1
Zilq) = 4.31
x9) n(q)* (4-81)
and the corresponding right-moving contribution is
1
Zp(q) = ——— 4.32
#(0) n(q)** (4.52)
Using the expansion of the Dedekind eta function, this becomes
Z(q,q) = (¢ + 24+ 324¢ + 3200¢° + - ) (7' + 24 + 3247 + 32008 + - - - ) (4.33)

where the coefficient of each power of ¢ or ¢ counts the corresponding transverse oscillator states in one
chiral sector. More generally, the partition function can be written as

Z=73, dA,AQAqA (4.34)
AA
where dj 5 denotes the degeneracy of states with left- and right-moving conformal weights A and A.
Expanding the product gives

1 24 q 72 24
Z=— + 2 13049 1 3000 4242 4 2 1 94.324G + 24 - 3200 F

qq q q q q (4 35)
43244 4 39424 g + 324247 + 324 - 32004 + - -
q
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The leading contribution 1/(gq) corresponds to the bosonic-string vacuum. Since each chiral sector has
a vacuum energy of —1, the corresponding state has L§* = Egsc = —1 and is therefore tachyonic. The
terms containing unequal powers of ¢ and ¢, such as 24/q or 324¢/q, do not satisfy level matching and
are therefore not physical closed-string states.

The first physical excited level occurs for N = Ni = 1, corresponding to the term 242. The associated
states are ‘
a'a?,|0; k)

with 4,7 = 1,...,24. There are therefore 24 x 24 = 576 states in the transverse oscillator Fock space.
Since the left- and right-moving indices transform independently, these states form the tensor product
24 ® 24, which decomposes into symmetric and antisymmetric parts as

24 ® 24 = Sym?(24) @ A*(24) (4.36)
The symmetric part has dimension

24(24 + 1)

dim Sym?(24) = = 300 (4.37)

while the antisymmetric part has dimension

dim A2<24) — %_1)

= 276 (4.38)
The symmetric tensor can then be separated into its traceless component and its trace, giving 300 =
299 + 1. Hence, the total number of massless states decomposes as

576 = 299 + 276 + 1 (4.39)

These three representations correspond to the graviton, the antisymmetric Kalb-Ramond two-form, and
the dilaton. The graviton originates from the symmetric traceless part of 0/_154]; 1105 k), the antisymmetric
two-form from the antisymmetric part, and the dilaton from the trace. We can now consider the next level
in the spectrum, represented by the term 324%¢g. Since the vacuum contributes ¢=! and ¢~!, obtaining
qq requires

N,—1=1, Nrp—1=1

and Ny = Np = 2. We therefore need to count the oscillator states at level N = 2 in each chiral
sector. There are two possible ways to obtain oscillator number two, namely 2 = 2 and 2 =1+ 1. The
corresponding left-moving states are a’,|0) and .’ ;o ,|0), where 4, j = 1,...,24. The first class contains
24 states because the index i can take any of the 24 transverse values. For the second class, the oscillators
commute,

[l aly] =0 (4.40)
so the two indices form a symmetric pair. The number of independent states is therefore

24(24 4 1)

dim Sym?(24) = = 300 (4.41)

Consequently, the total left—-moving degeneracy at level two is dy = 24 + 300 = 324. The right-moving

sector has precisely the same structure. Its level-2 states are a’,|0) and &’ a’,]0) with 24 and 300
states, respectively. Thus the right-moving degeneracy is also dy = 24 4 300 = 324.
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A closed-string state at level (2,2) is obtained by independently choosing a level-2 state from each chiral
sector. The possible combinations are

Left-moving excitation | Right-moving excitation | Degeneracy
al, a’, 24 x 24
al, a’ ak, 24 x 300
alal, ak, 300 x 24

ol o’ akal, 300 x 300

The total degeneracy is therefore
doo = 247 4+ 24 x 300 + 300 x 24 + 300? = 324* = 104976 (4.42)

Thus, the coefficient of ¢g in the character expansion counts 104976 states in the transverse Fock space
at oscillator levels N, = Nr = 2. The factorisation dy s = dady = 324 x 324, reflects the independent
choice of a left-moving and a right-moving oscillator state.

It is important, however, to distinguish this Fock-space degeneracy from the number of independent
physical polarizations. The character expansion counts states in the transverse oscillator construction,
whereas the physical spectrum is obtained after imposing the appropriate Virasoro constraints and remov-
ing null states. Consequently, the coefficient 324% should be interpreted as the raw oscillator degeneracy
at this level rather than directly as the number of physical massive degrees of freedom.

4.5.2 General Setup for the Superstring

We begin by considering the most general one-loop partition function of the superstring before specializing
to the Type II or heterotic constructions. The left- and right-moving worldsheet fermions can each be
taken in either the Neveu-Schwarz (NS) or Ramond (R) sector. We therefore introduce the spin-structure
labels a, b, a,b € {0, 1},where a,a = 0 correspond to the NS sector and a, @ = 1 to the Ramond sector. The
labels b, b specify the corresponding spin structures around the other cycle of the torus. The contribution
of the eight transverse bosonic degrees of freedom together with the four complex worldsheet fermions

can be written as -
4|0 A4 |@
ol

7 = (4.43)

TR nt

Here, n(7) is the Dedekind eta function, while © [Z} denotes the theta function associated with the

corresponding spin structure. The modular consistency of the theory requires the partition function to
be invariant under the modular group generated by

1
T:7—717+1, S:T—= —
-

These transformations impose non-trivial constraints on the relative phases with which the different spin
structures are combined. For the T-transformation, the theta functions transform according to

4|@ _ —Za(a—2) 4 a
© [b] (tT+1)=e © [b+a—11 (4.44)
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It is useful to isolate the left-moving contribution,

Z m (r) = ;@L;LZ] (4.45)

Using the modular transformation of the eta function together with that of the theta function gives
o [ “ ] |

b+a—1| gimala—2) . a
n* e2milzj2a (=12, b+a—1 (7) (4.46)

1
n8

Similarly, under the S-transformation, the left-moving contribution satisfies

7z, m (—1/7) = (—ir) texp (”f’) 7z, [ b ] () (4.47)

—a

The full partition function is obtained by summing over the four spin-structure labels and introducing

coefficients C [

a,a
b,b
Modular invariance then constrains these coefficients. Under T, the transformed partition function can
be written as

] , which encode the possible relative phases between the left- and right-moving sectors.

Sk [ “ 1 et [ (:z 1
_ b+a—1 b+a—1| 1 7 _la,a
o a+a — a+b — a+b [ =
E( 1) i ngﬁg( 1)etb(—1)attC lb’ b]

b,

AN

1 a+b’ -1 a+b’ CL,EL
4 = nint n8ﬁ8< = [b’—-a—%],b’—-&—%l

In the second line we have simply relabelled the summation variables according to
V=b+a—1, V=b+a—1

Since the transformed partition function must coincide with the original one, we obtain the first modular

constraint,
a, a B a,@
C[b—a+1,5—a+1]_0lb,b] (4.48)

The S-transformation gives a second independent constraint. Repeating the same argument using the
transformation of the theta functions, one finds

a, imab irab b,b
C [b, b] = exXp <—2> exXp <2> C |fL7 a‘| (449)
Equations (4.48) and (4.49) are the basic one-loop modular consistency conditions. They determine which

relative phases between the different spin structures are allowed. A convenient way of parametrizing these
phases is

I QI

‘| _ (_1)k11ab+k22&5+k‘12(a5+b&) (450)
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where k;; € {0,1}. Substituting this expression into the T-invariance condition gives

(_1)k12(a(5—a+1)+(b—a+1)&) _ (_1)k12(a5+ba)

and therefore
(_1)k12(7a&7&a+a+6) -1

Since 2aa is always even, this reduces to
(—1)helera) =1 = k12 =0 (4.51)
We can make the parametrization even more general by allowing phases linear in the spin-structure labels:
a,
e [67
This parametrization is general enough to encode all possible phases compatible with the Zy spin struc-
tures. Applying the first modular constraint now gives

Il

‘| _ (_1)k11ab+k22&5+/€12(a5+b(i)+/\1 (a+b)+>\2(a+5) (452)

(_ 1)k12(a+a) (_ 1)>\1 (a+b—a+1)+Xa(a+b—a+1) _ (_ 1))\1 (a+b)+N2(a+b)

or equivalently
(_1)k12(a+a)+)\1a+)\2&+)\1+)\2 =1

Hence,
(_1)(k12+)\1)a+(k12+)\2)ﬁ+>\1+)\2 — 17 (453)

which requires
kis+ A =0 (mod 1) - M =Ny =k (4.54)
k1o + X2 =0 (mod 1)
A+ X =0 (mod 1)

Thus, the most general allowed coefficient can be written as
a

C{ )

The important point is that the remaining freedom is encoded in the three binary parameters k11, koo, k1s.

The two qualitatively different possibilities for k5 lead to different ways of combining the left- and right-
moving spin structures. We shall therefore consider the cases k1o = 1, k15 = 0 separately.

[s]

] _ (_1)knab+k22&l§+k12(a5+ba+a+b+a+l3) (4.55)

We begin with ki = 1. In this case the partition function contains the phase coupling the left- and
right-moving spin structures, (—1)®*%. The corresponding sum can be written as

o 1)ab+al_><_1) (k11+1)ab+(k22+1)al_)

aXb: ! Z(—1)al‘>+ab@4 m o m 1

nint nen®

N | —
O |
(=l

a’

Introducing the relative spin structures
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the sum becomes

dlal 4 la+h
e
293 2% ntnt nen®

Using the Jacobi identity, the sum over the relative spin structures collapses, giving

5 v m ’ m Lois @4m | (4.56)

DN | —

niit i 9 — n2

N | —

The identity used here is

1 —4CL 4 a 4 (l+1 4a/+]_ _—4CL
ol vorl, e e[y oo r) -erfi] .
This is the partition function of the Type 0 superstring. In this construction the spectrum contains no
spacetime fermions.

We now turn to the relation between the worldsheet spin-structure sum and the charge lattice. This is
the step that will eventually allow us to identify the relevant gauge and spacetime representations.
In general, the theta function can be written as

S m (r) = 3 gh(r8) eim(n3) (4.58)
Consequently,

;¥@4 m M= > 8 ) ) e s’

n1,n2,n3,n4€%Z

Z fz7rb n1+n2+n3+n4 4x 2 ) (459)
b

The sum over b acts as a projection onto states satisfying the appropriate parity condition. In particular,

% > emimb(ninatnstna—dxg) implements the corresponding Z, constraint on the lattice charges. It is also

useful to note the periodicity and reflection properties of the theta functions,

of]-ofrl o o) (el) ol

For example, in the NS sector a = 0, the spin-structure projection can be written as

;Z(_Ub@‘l m = ;Z Y ¢z Q2+Q§+Q§+Qi); 3 e imHQu Qe+ Qs+ Qu) (4.61)
b b

b Qi=n;EZ

The sum over b is precisely the familiar Gliozzi—Scherk—Olive (GSO) projection. It removes states with
the wrong worldsheet fermion-number parity and, in the bosonized description, becomes a condition on
the allowed charge vectors. Explicitly,

1 1(02102102102 = o
CILHH D VIPEC S (4.62)
b Qi=n;EZ
Zi @Q:;=1 mod 2
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Thus the GSO projection translates directly into a restriction on the charge lattice. At the first excited
level, the relevant conditions are

Qi €L (4.63a)
Y Qi €2Z+1 (4.63b)

> Q=1 (4.63c)

These conditions select the eight vectors
+1,0,0,0

( )
(0,+£1,0,0)
(0,0, +1,0)
(0,0,0, 1)

They are precisely the weights of the vector representation of SO(8), written in Cartan-Weyl form. In
the bosonized description, the corresponding currents are J; = 0H;, and the charge vectors @) specify the
momenta of the bosonized fields through e/@#,

The appearance of the SO(8) charge lattice illustrates the general role of the spin-structure sum: modular
invariance and the GSO projection do not merely determine relative signs in the partition function; they
determine which charge vectors are actually present in the physical spectrum. The same mechanism
generalizes immediately from a Zs projection to a Zy projection. The basic identity is

1 b
T XN = (4.64)

beZ

{1, iff =0 mod N,

0, otherwise

Thus the sum over the discrete spin-structure variable acts as a projector onto the allowed charge sub-
lattice.

We are now in a position to distinguish the two remaining classes of superstring constructions. The choice
of the phase structure encoded by C'; and in particular the value of ki5, determines how the left- and
right-moving charge lattices are correlated. The k15 = 1 branch led to the Type 0 construction discussed
above. We now turn to the complementary case, k15 = 0 which leads to the Type II superstrings.

4.5.3 Type II String

In the same manner as the bosonic string, we an depict the oscillator structure of the Type II superstring
as
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It is useful to keep in mind the complete worldsheet field content of the theory. The left- and right-moving
sectors each contain matter fields together with their corresponding ghost systems:

‘ Left-moving ‘ Right-moving

Matter XL, v Xg U (4.65)
Reparametrization ghosts (br,cr) (br, cr) '
Superconformal ghosts (Br,vr) (Br,VR)

We now turn to the complementary possibility, k12 = 0. In this case the left- and right-moving spin
structures are not coupled through the mixed phase ab + ba. The resulting partition function takes the
form

n4ﬁ4 ngﬁs (_1)a+b+ab(_1)&+b+6b (466)

o7 et |
1 1 lb] bl 1
=525
a,b a.b
Expanding the partition function in powers of ¢ and ¢, we may write schematically
Zir =Y dy 5070 (4.67)
AA
where ds A = np — np, is the net number of bosonic minus fermionic states at a given left- and right-

moving conformal weight.

The two possible Type II theories differ in the relative chirality of their left- and right-moving Ramond
sectors. This gives the two familiar possibilities: the chiral Type IIB theory and the non-chiral Type ITA
theory. Their partition functions can be written as

i i
Ziig = lz b i(_1>a+b+ab} Z b i(_l)cﬂ-l’wfaé (4.68a)
2 s ,,74 778 2 aj ,,74 778
o[} il
Zia = 12 b i(_l)a—&-bﬁ-ab} Z b i(_l)d-&-l_) (4.68b)
2 ol 774 778 2 iy 7—74 778

The different sectors are obtained by choosing the values of a and a. In particular, a = a = 0 gives
the NS-NS sector and therefore bosonic states. When a = 0, a = 1, we obtain the NS-R sector,
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while a = 1, a = 0 gives the R-NS sector. These two sectors contain spacetime fermions. Finally,
a = a = 1 gives the R-R sector, which again contains bosonic states.

Let us first examine the NS-NS sector of Type ITA. Setting a = a = 0, we obtain

1 bl 1 1 b| 1 i
ZNS=NS — Z —(=1)= Ll ()P 4.69
ITA 2 ? 7]4 7]8 ( ) 2 g 774 778( ) ( )
Using the g-expansion of the theta and eta functions gives
1+8q1/2+... 14872 4.
ZNS NS _ ( ) ( ) ~ (8(]0)(860) 4. (470)

114 - ql/2 H(l 12 1/2 H qﬁ

n>0 n>0

The massless contribution therefore contains 8 x 8 = 64 states. These are precisely the states obtained
from ", /2@&31 /2|O> ~ns- They decompose into the graviton, the Kalb-Ramond two-form, and the dilaton,
as expected for the NS-NS sector of a superstring. The potentially tachyonic terms that would have
appeared before the GSO projection do not survive. In the present language, the modular consistency
condition is reflected in the fact that only the appropriate integer powers of ¢ and ¢ remain in the physical
spectrum.

Before moving to the mixed R—NS and NS—R sectors, it is useful to recall the Jacobi “abstruse” identity,
which will be responsible for the crucial cancellations required by spacetime supersymmetry. In the
notation used here,

alal 4| o | afatl g la+1 4 |@FT s )atd 4 Yo
© M © [b+1] © [ b ] o [b+1] 2.0 [b+5] D Z;,@ ¥ D)
In the first line we have made the relabelling

v =a+7, =0+0D

Therefore,
2(~1 ﬁb}:gﬂ/h—nwyzo (4.71)
2 ! 6/ 5
which is the familiar identity
03 —0; —0;,=0 (4.72)
We use the conventions
o]
03 =0 0 (4.73a)
o]
0, =0 1 (4.73b)
_1:
_1:
0, =0 1 (4.73d)




We can now turn to the mixed sectors, which contain the spacetime fermionic degrees of freedom. For
Type ITIA, the R-NS sector is obtained by taking a = 1, a = 0. The corresponding contribution is

1 @ﬂﬂ1 1 Gﬂﬂ
R—-NS __ b
ZIIA - 5 Eb: 774 778(_1> § E_: 774 77]8 -
a7 a,b

(4.74)

The Ramond sector is described naturally in terms of bosonized fermions. The GSO projection becomes
a condition on the allowed charge vectors,

;Z T gl em(Te) -y gre (4.75)
b Qi=ni—3 Qi€Z—3
ni€Z 3, Qi€
Since |n; — %‘ > %, we immediately obtain
1 ! 1 1
D 4.76
320z g xAx =5 (4.76)
Thus
no tachyons — the Ramond sector is at least massless (4.77)
To identify the massless states, we must saturate this bound:
1 1
Therefore |Q;| = % Vi and the charge vectors are of the form
~ 11 1 1
=(x-, £, -, £ 4.
@ ( 277272 2) (4.79)

The GSO projection further requires Y, Q; = 0 mod 2. This leaves 2%/~ = 8 massless states. These
eight states form one of the two Weyl spinor representations of SO(8), which we denote by S. Explicitly,
the allowed weights can be represented schematically as

++++
++——
+—+-
+-—+

—— 4+
—+—+

(4.80)

The conjugate Weyl spinor, which we denote by C', contains the remaining eight possible massless Ramond
states. These are projected out by the GSO condition:

F - ———f
T e (4.81)
bt —+——
bo—m —

The projection can be understood directly in terms of the inner products between the Ramond charge
vectors and the vector weights. For example,

3
(h+4) (10,00 > (Sohh+) v
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whereas
(++++)'(_1>070a0) — (_>+?+’+) X

Similarly,

3
(++++)-(0,1,0,0) — <+,2,+,+> v

while
<++++>(07_17070)_> <+7_7+7+) X

The same pattern holds for the remaining two directions,

3
(++ ++) - (0,0,1,0) — (+,+,2,+> v

(++++)(070a_1a0)_> (+7+7_7+) X

and

3
(++++)-(0,0,0,1) — (+,+,+,2> v

(++++)-(0,0,0,—1) = (+,+,+,—) X

Thus the GSO projection selects one chirality of the SO(8) spinor representation. The massless R-NS
states are therefore obtained schematically as S ", /2|0> ~Ns- Since the Ramond ground state transforms
as a spinor and the NS excitation as a vector, we have 8 ® 8 = 56 @ 8, or, in representation-theoretic

notation,

D

2 “ 2 72
These states correspond to the gravitino together with the remaining Weyl-fermion degrees of freedom.
For the other mixed sector, the distinction between Type ITA and Type IIB is precisely the relative

chirality of the right-moving Ramond ground state. Thus,
IIA W 5C10)Ns

whereas

IB: ¢ ,50)ns

Finally, we consider the R-R sector. The left- and right-moving Ramond ground states are both spinors
of SO(8). Their tensor product therefore determines the R-R spectrum.
For Type ITA the two chiralities are opposite,

TIA : S-C=8x8 =[1]+[3] =8+56. (4.82)
For Type IIB the two chiralities are the same,
I1B : S-S =8x8=[0]+[2] +[4] =1+ 28+ 35. (4.83)

The antisymmetric tensor structure of these representations can be seen directly by adding the corre-
sponding charge vectors. For example,

(++++) - (+++4) = VOO0 = T OreT — [4], (4.84)

whose number of independent components is (i) = 70 with the self-duality condition reducing this to 35.
Likewise,
(++++) - (= ———) = (0,0,0,0) (4.85)



which gives a singlet, [0] = 1. For a two-form,
(++++) - (++—) — (1,1,0,0) —: ¥*U” :— rank-2 antisymmetric tensor (4.86)
whose dimension is % = 28. Similarly,
(++++) - (+++-) = (1,1,1,0) = $*"T” — [3], (4.87)
with (§) = 56,while
(++++) - (+—=——) = (1,0,0,0) = ¥* — [1] (4.88)

giving 8 states. Thus the R-R sector naturally organizes itself in terms of antisymmetric tensor repre-
sentations of SO(8), with the precise collection of forms depending on whether the two Ramond sectors
have equal or opposite chirality.

It is useful at this point to introduce the SO(2n) characters, since they provide a compact way of
organizing the different spin structures and their corresponding charge lattices.
In general, we define

n |7
Zeimﬂe—iwn&yﬂe l5‘| (O|T)

1
y
() = = 4.89
) =53 o (4.8
The four basic SO(2n) characters are then
1 1 n(n —1)
— nen) = 1
Oon(T) TR (07 +67) Pz [ =t ]
1 n n 1 1/2
Vonlr) = oy (65 = 6) =~y [2ng!? 4]
n(7) q (4.90)
1
_ o ) — 2n—1 n/8 | ..
San(7) 2n(7)" ( 2+ 1) /24 [ ¢ ]
1 1
. _ gr — inen) — gn—1 1/8 4 ...
02 (T) 277(7-)n ( 2 t 1) qn/24 [ q + }
Equivalently, in terms of the spin-structure labels, these characters can be written as
. |0
= 0nin =13 g
T T )
0 — » P -1 b
(4.91)
a1
Xl =9 (7_) _ EZ © lb‘| 6—27rnb/2
oo 247 (r)
1 _ _ = —imnb/2
X1 CQTZ(T> 2 zb: nn(T) €



The relation between the theta-function description and the character description follows from the discrete
Fourier transform over the spin-structure labels. In particular,

o ) o)
EZ( 1)6)\X’Y _ EZ b e—iﬂ'abn/2 }Z(—l))\(b_b/) _ l v e—imzb/n/2 (492)
24 AT 9 | n(m)n 24 2 n(T)n

Therefore,
a
ol
n(7—>n :ewrabn/Q Z(_l))\xi (493)
A

For the superstring we have n = 4, so that the relevant transverse symmetry group is SO(8). The
one-loop spin-structure sum can then be expressed directly in terms of the SO(8) characters:

—_

DN |

ot |7
1 2(_1)a+b+ab |ﬁj _ ;Z<_1)a+b+ab ;<_1)blx? _ Z(_l)a zl: 5 Zb:<_1)b(1+a+l)xla

77(7—) g”b a

The sum over b projects onto
[=1+a mod 2 (4.94)

so that
Z<_1)ax((ll+a) mod 2 — X(l) - X(l) =Vs— 58 =0 (495)

a

The final equality is again the Jacobi identity. Its physical interpretation is particularly important:
the complete cancellation is the character-level manifestation of spacetime supersymmetry. This is also
where the special role of SO(8) becomes manifest. The vector and the two inequivalent Weyl spinor
representations have the same dimension, dim V3 = dim Sg = dim Cs = 8 and are related by the celebrated
triality symmetry,

S = Vi = Cs (4.96)

In ten-dimensional Type II superstring theory we therefore have N = 2. The relevant SO(8) representa-
tions appearing in the light-cone spectrum are identified from their g-expansions as

Os —> 1, Adj (4.972)
Ve — gt (4.97b)
S — Sa(2) (4.97¢)
Cs — Ca(2) (4.97d)

Thus the entire Type II spectrum can be understood as arising from the interplay between the spin-
structure sum, the GSO projection, the SO(8) charge lattice, and the chirality choice in the left- and
right-moving Ramond sectors. The two inequivalent choices of Ramond chirality give Type ITA and Type
I1B, while the character identity Vi — Sgs = 0 encodes the spacetime supersymmetry of the resulting
ten-dimensional theories.
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4.5.4 Heterotic String

For the heterotic superstring example, we have

Left-moving Right-moving
U ppl0sk)xs @ SalOik)r Gt |0sk) @ ATy A7, 0[05k)

0

1/1/11/2 Ail/Q

1 &,
T2
|0; k)N
/\51/2

0; k)

We now turn to the heterotic string, which combines a supersymmetric left-moving sector with a purely
bosonic right-moving sector. The resulting theory is therefore asymmetric between left- and right-movers.
The one-loop partition function can be written as
616 k
1 l

o! [a
%l: 7716

4

1

1
ZHetero ic—™ =< | &
Y| 2 az;‘ n

o |

C [I; Z] (4.98)

The asymmetry of the heterotic construction is reflected directly in its worldsheet field content. The left-
moving sector contains the supersymmetric degrees of freedom, while the right-moving sector contains
the additional internal conformal field theory required to reproduce the bosonic central charge. The field
content is therefore

Left-moving sector Right-moving sector
Xt pn=0,...,9 X& p=0,...,9
UL —

(br,cr) (br, cr)

(ﬁLa ’VL) o
Internal right-moving CFT with ¢,y = 16
7116 432
{MR}1=1 {AR}A=1
16 compact bosons 32 real fermions

Thus, the right-moving internal sector may equivalently be described in terms of 16 compact bosons or
32 real fermions. The corresponding internal conformal field theory has ¢,y = 16.

The left-moving spin structures are labelled by a, b, while the right-moving internal sector is labelled by
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k,l. We write the phase factor in the general form

z
k, a)m
C— (—1)( ) <b> M= <%i %2)

Under T the modular transformation, the spin structures transform according to
(k) — (k,l—k+1), (a,b) — (a,b—a+1)

Consequently, modular invariance requires
k, a N k, a
Cll—k+1, b—a—l—l] _Cll, b]
i k l : .
Writing X = N and Y = b this condition becomes

X"™M(Y - X +1)=X"MY

and hence
X"M(X -T1)=0 mod 2

(4.99)

(4.100)

(4.101)

(4.102)

We must also impose invariance under the second S modular transformation. In this case the two sets of

spin structures are exchanged, giving
k, a| [, b
ol i)-ele 4

XT"MY =YT"MX mod 2

Therefore,

which implies
XT'(M -~ M"Y =0 mod 2

Since this must hold for arbitrary X and Y, we obtain
M" =M mod 2

Mll M12
M21 M22

My M\ (E—=1Y\
(k, a) <M21 M22> (a—1>_0 mod 2

Using My, = Mo, this becomes

Let us now impose the first modular constraint explicitly. For M = ( ), we have

kE—1

(lel + aM127 leQ + CLMQQ) (CL B 1) =0 mod 2

- k(l{? - 1)M11 + CL(k' - 1)M12 + k:(a - 1)M12 + CL(CL - 1)M22 =0 mod 2

Since k(k — 1) =a(a — 1) =0 mod 2, the remaining condition is

aMis + kM =0 mod 2
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(4.104)

(4.105)

(4.106)



or equivalently

(a—k)M;2=0 mod2 Va,k (4.107)
This must hold for every choice of a and k, and therefore
M3 =0 mod 2 (4.108)
The phase factor consequently reduces to
O = (—1)Mirkl+Mazab (4.109)

The second factor can be removed by an appropriate choice of convention. Furthermore, chirality con-
siderations for the heterotic string require My; = 0. Thus, for the SO(32) heterotic string, we arrive at
the partition function

1 1
T =

ot m Q16 m
a-+b+ab ]'
e (—1)*+o* _— (4.110)

774 92 Y ﬁ16

>
a,b

N |

The SO(32) spectrum: Let us now examine the spectrum and, in particular, first ask whether the
theory contains a tachyon.

A potential tachyon would arise in the bosonic sector, corresponding to @ = 0. In the present construction,
such a state would occur at conformal weight —%, and would schematically correspond to 5{1 /2. However,
this state is projected out by the GSO projection. Hence, the SO(32) heterotic string is tachyon-free.

We can therefore proceed to the massless spectrum. For a = 0, the massless states include
P, 150”1 |0)ns — graviton, B, dilaton (4.111a)
SP ;\7;—1/25‘];1/2 1 |0)ns — gauge bosons (4.111Db)

Both classes of states are allowed by the GSO projection, namely by the b- and [-projections. The gauge
bosons can be expressed in terms of the right-moving currents. Schematically,

AT 0 (2)7(2)]0)ns (4.112)

generates the current-algebra sector. The corresponding Kac—Moody algebra, or current algebra, satisfies
the operator product expansion
k (Sab fab

S EET0) (4.113)

J*(2)J°(0) ~

P

leading to the SO(32),_, current algebra.
For the Ramond case, a = 1, we similarly obtain

Sa(z)a”1|0)ns — gravitino, Weyl fermions (4.114a)

Sa(z) s AL, /25\{ 172+ [0)ns —> Weyl fermions in the adjoint representation of SO(32) — gaugini
(4.114b)

The fermionic spectrum therefore combines with the bosonic spectrum into A" = 1 supersymmetry in ten
dimensions, corresponding to 16 supercharges.
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The Eg x Eg heterotic string: There is a second consistent heterotic construction in ten dimen-
sions, obtained by splitting the internal right-moving degrees of freedom into two sets of eight. The
corresponding partition function is
~< |k
8
; o[\,

4]<1)a+b+ab ;; Zésm (4.115)

l ,F]S 2 pP,o ﬁS

o' |}
1|1 [
Pt = |12

We can again examine the possibility of tachyonic states. Such states would correspond toa =k =p =10
and schematically take the form

10)2 & X100 (4.116)
For this sector, the relevant contribution is
A T T
a=k=p=0 _ - -1 b - _
B e 2; i Y 2; 2

To make the GSO projection explicit, consider the first factor. Introducing the corresponding charge
variables, we may write

1 Z @4 [g‘| (_1)b _ Z q%[Q%JrQ%JngJrQi]} Z e—i”b[Q1+Q2+Q3+Q4+1] (4117)
25 Q1.Q2.Qs.Q 25

The sum over b imposes the condition Q1 + Q2 + Q3 + Q4+ 1 =0 mod 2 or equivalently,

Qi+ @2+ Q3+ Qs=1 mod 2 (4.118)

Thus the potentially tachyonic contribution is removed by the GSO projection, and the Eg x Fg heterotic
string is also tachyon-free.

The triality of SO(8) can again be seen directly from the g-expansions of the characters. For n = 4, we
have

1
Va(r) = 7 [2 % 4q1/2+"‘}

Ss(7) = q,$24 271" 4] (4.119)
{2471(14/8 .. }

1
qn/24
Since 2x4 = 8, and 247! = 8, the vector and the two Weyl-spinor representations all contain eight massless
states, making the triality symmetry of SO(8) manifest. Using the character definitions introduced
previously, the Eg x Eg partition function can then be expressed compactly as

7z = 7781778 (Vs — Ss) (015 + S16) (O16 + Shs) (4.120)

Cg(T) =

Expanding the product gives

1

Z = W (‘/8016016 + VgO16S16 + VeS16016 + VsSi6516 — 95016016 — Ss016516 — SsS16016 — 58516516>

(4.121)
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Let us illustrate how the physical states are identified. Consider first 778717_]8‘/780_16016. Taking the identity

contributions from the relevant 7-functions and the leading terms of the two O characters, the Vs factor
supplies the left-moving excitation ¢", /2 while the right-moving spacetime oscillator supplies a”,. The
resulting state carries two spacetime vector indices, (u,v). Its symmetric traceless part gives the graviton,
Juv, its antisymmetric part gives the Kalb-Ramond field, B, and its trace gives the dilaton, ¢.

The internal sectors similarly provide the gauge bosons. Schematically,
dzflmj“b T+ Wil/zﬁ - J'™ — gauge bosons in SO(16) x SO(16)’

The first set of currents belongs to the adjoint of one Eg, while the second belongs to the adjoint of the
second, conventionally denoted E}. The resulting gauge group is therefore Fg x Fj.

It is useful to recall the relation between the SO(2n) characters and the theta-function representation.
Starting from the character definition, one has

a a
BB
Z X()L\G—iwﬂ’)\ _ 1 Z eﬂi(ﬁ—b”))\e—iﬂ'aﬁ/Q nB _ 6—i7rna,3’/2 nﬁ (4122)
\ 2 5% U Ui
Equivalently,
a
@n
[B] irafn/2 —mifBA, a
— == e X5 (4.123)
n" \

For n = 4, the left-moving spin-structure sum becomes

1 a a —m a a]' a a
RNS = | 3 (-1)7 0 Sy = S (1)) (1) e
A

ab a b,

The sum over b projects onto
A=1+4+a mod 2 (4.124)

and hence,
RNS = (—1)*X& (14a) moa2 = Xa1 — Xao = Vs — S5 (4.125)

a

For the right-moving internal sector, taking n = 16, we similarly find

1 _ _
gauge = 5 >3 (=1)Xisa = X Xloo (4.126)
ki A k
Therefore, ) )
gauge = X160 + X160 = O16 + Sts (4.127)

This is the character-theoretic origin of the Eg structure in the heterotic construction. Each SO(16) factor
is enlarged by the inclusion of its spinor conjugacy class, producing the exceptional group Eg. Thus,
the two internal SO(16) sectors combine into Eg X Eg. The complete heterotic construction therefore
exhibits the same essential ingredients encountered in the Type II analysis, but with an asymmetric left
and right structure. The left-moving sector provides the spacetime supersymmetry, while the additional
right-moving degrees of freedom generate the gauge symmetry. In ten dimensions this leads to the two
consistent supersymmetric heterotic theories, SO(32) and Eg x Eg both with N' = 1 supersymmetry and
16 spacetime supercharges.
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Chapter 5

Spin Field Formalism with Real Fermions

The present chapter is based primary on the constructions developed in [4], [5]. We follow the two papers
chronologically and examine in detail two different examples where rank reduction occurs. Both examples
involve periodic and antiperiodic free real fermions, rather than fermions that can be globally organized
into independently diagonal complex pairs. In each case, we retain the notation and conventions of the
original paper, which differ from those adopted in the previous chapter, particularly in the choice of
boundary conditions along the two cycles for the fermions. The first model suggests a ten—dimensional
example, while the second one is formulated in four dimensions, as already suggested from the additional
internal degrees of freedom defining the basis vectors.

5.1 Setup and conventions

The main goal of this thesis is to understand in greater detail models whose set of basis vectors contain at
least one vector W; whose boundary conditions cannot be simultaneously diagonalized using a complex—
fermion basis. In particular, we are interested in situations in which the boundary conditions of two real
fermions are different for at least one basis vector. In such cases, the conventional complexification of the
real fermions fails to diagonalize the corresponding monodromy. To illustrate the basic issue, consider
two real fermionic modes d}, and d2, and define

N 1, -2
by(0) = NG (dy, + id?) (5.1a)
N 1 2
d, (o) = NG (dy, — id?) (5.1b)
with anticommutation relations
{dl,}, &} =6,n6" (5.2b)

We see that, using the convention to express periodicities as o¢ ~ o* + 2, if

dl (o' +2m) = d} (o) (5.3a)
d2(o" +27) = —d? (o) (5.3b)
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we eventually obtain

i I S R A i
by(o! + 2m) = 7 (dy — id2) = du(0”) (5.4)
and similarly d, (o’ + 27) = b,(¢"). Thus, in the complex basis, the monodromy exchanges the two
complex—conjugate fermions. In matrix form,

) (0) ) o

Thus, the complex basis does not diagonalize the monodromy when the two real fermions have different
periodicities. The boundary conditions are diagonal in the real basis. The issue in the models considered
here, however, is not resolved by choosing a different complexification. The relevant question is whether
one can find a single complexification that diagonalizes the boundary conditions associated with every
basis vector W; in the set. For the models of interest, this is not possible. At least one basis vector
remains non-diagonal in the complexified description. It is this type of vector that is referred to as a
broken vector in [5]. Since the complexification and diagonalization of the fermions are essential for
identifying the currents and determining the gauge group, the presence of such a vector requires the
projection conditions to be reconsidered directly in terms of real fermions. This leads to the questions
of how physical states are characterized, which states are projected out, and how the corresponding spin
fields are constructed. It also raises the question of whether the massless vector bosons arising in these
models necessarily furnish the adjoint representation of a Lie group.

Nevertheless, the first question to address is which constraints must be satisfied by a set of candidate
basis vectors W, in order to define a consistent model. The same question arises for the spin-structure
coefficients k;;. Although the k;; are not uniquely defined, their possible values are restricted by a set of
equations, subject to the corresponding ambiguities. Moreover, even when some of the k;; may be chosen
freely and the remaining coefficients determined from them, the particular choice of the independent
coefficients matters a priori for the resulting model. This is illustrated by the ten-dimensional Fg x Eg
superstring, which, as discussed in [4, 5], is recovered for a suitable choice of the basis vectors W; together
with a specific choice of the k;;, leading to the corresponding spectrum.

It is important at this point to make explicit the conventions used in the two papers. The boundary
conditions of an RNS fermion around the two independent non-contractible cycles are written as

N (o +2m,09) = e 2™ N (01, 03) (5.6a)

N (01,09 +27m) = e 2N (01, 09) (5.6b)

with u,v € {0,4}. These are the familiar entries {0,1}, but in a different convention. Note also that
the presence of this extra factor 2 must be carried to the GSO-like phase constraint, and hence all the
extra modularity constraints will be modulo one instead. Note also that because of the absence of the
extra minus sign on the phase conventions, the antiperiodic or NS fermions are the ones having % in the
positions of the basis vectors and the 0 ones are the Ramond or the periodic ones. This means that in ten

dimensions, the identity vector that should be included in any consistent candidate set is Wy = (%8 %32>

In a complex diagonal basis, the boundary conditions corresponding to a general rotation SO(32), are
for complex fermions W
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V(o) + 21, 03) = e 2V W (04, 0y) (5.7a)
V(01,00 4 21) = ¢ V' U0y, 0) (5.7b)

For models of complex fermions the physical requirements that should be satisfied in general are Lorentz
invariance, unitarity and also a consistent gravity framework. These translate to constraints imposed on
the two—dimensional worldsheet and most of them are already implemented in the derivation of the ten—
dimensional Lagrangian of the heterotic superstring. Here, the constraints that need to be carried out in
detail are the ones associated with modularity. The initial condition is one-loop modularity along with
a physically sensible projection of states. Again, the thought process is the same; starting from a sum of
one—loop contributions with different boundary conditions, we explicitly write modular transformations
and demand modular invariance of the partition function. It turns out that this leads to

1

For the case of complex free fermions the physical state projection condition is
WZ' . Na — Z kijaj — S; — /{ZQZ' + WZ . W ]phys>complex =0 mod 1 (511)
J

These four equations turn out to be the necessary and sufficient set of conditions needed to imposed
one—loop modularity and the GSO phase restriction. What is more, for models whose basis vectors can
be simultaneously complexified, these conditions are in fact necessary and sufficient to also guarantee
higher-loop modular invariance. For a more general real-fermion model though, and not this subset of
models that at least for one complexification all vectors are diagonalized at the same time, the picture is
a bit more subtle. First of all together with the set of equations (5.8)-(5.10), which turn out to remain
the same, there is an additional cubic constraint, namely

43 WWIWE=0  mod1 (5.12)

lereal

The origin of this extra equation comes from imposing

aW-aW =0  modl (5.13)

since linear combinations of the basis vector must also arise when summing all possible combinations in
the partition function. The physical projection condition becomes

1 _
W; - N! + 4 (1—ToW) - Z kija; — s; — koi + Wi - aW | |phys)ea = 0 mod 1 (5.14)

with T¢W = ¢?T1; (gf )aj. As it can be seen, here we have separated the fermion number contribution
coming from Ramond or NS in general and the contribution coming from the zero Ramond modes. This
second terms containing the zero modes will give the nontrivial contribution as explicitly discussed in
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the first example. In their most recent paper there is an altering of notations that should be highlighted,
namely

1 _
Vi- N/ + 2 (1-T9Y) — kaaj si+Vi-aV| |phys)ea =0  mod 1 (5.15)

where 'V =[], (gf )aj and g/ = (i)"/?4".. 4™ In the end, this difference in the definition of the Ramond
zero modes can be absorbed in a redefinition of the convenient structure constants k;;.

There is also the question of whether this is equivalent to multi-loop modularity. Here it turns out
the equation is much less trivial. From discussing two—loop modular invariance, an additional quartic
condition is acquired

8 > WIW/WW,; =0mod 1 (5.16)
{ € real
Since for higher loops however there exists a phase ambiguity also in Dihn twists, the end result is
specified modulo phase ambiguities. As it is commented, even though the quartic condition is sufficient
for two—loop considerations, it might be the case that the cubic constraint is necessary and sufficient for
highr order Riemann surfaces’ modular invariance. To determine this precisely the precise definitions of
real fermions determinants must be determined for higher genus Riemann surfaces.

Before going to the first analytic example of the thesis lets us make some last comments around definitions
and conventions. First pf all, the fermion occupation numbers are related via the fermion number as

Niy =" (nh — ) (5.17)

q

To find the spectrum, we must examine aWW for each value of «, remembering that a € {0,1,...,m;}. In
terms of the oscillatory modes, we can also write that

Ny =3 [bhssibnivr — diydn )| (5.18)
n=1
and the Hamiltonian
_ T . 1/, 1
B, =3 [0 0= 1) byibuus — (1 9) dhd] + 5 (u vt 6) (5.19)

n=1

here for Ramond we have v = 0 and for NS we get v = 1/2.
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5.2 FEg model in 10D

We start working in the heterotic string case in ten-dimensions. This model turns out to be very useful
since it displays three important properties; first of all, for a specific case of structure constants k;;, we can
recover the Fg group. Hence, we recover a rank 8 model, instead of a rank 16 one which would normally
be displayed in the case of a model where everything is consistently reorganized in terms of a single
complexification. Secondly, the states and the currents that will constitute the generators for the gauge
group of the model will not come from a single sector, but in fact 32 a priori. Lastly, it also displays the
importance of applying the physical projection condition not only for each sector consistently, but also
for every basis vector W; of the model. This is happening because each such projection condition may
either kill some of the already existing candidate states, give some additional , non—previously existing
state (by creating new candidate generators), or give nothing new.

The set of basis vectors under discussion is
18 132
Wo=1|=|=

116
Wy = (0812 ,016>

(5.20)

14 14
Wi = (0%~ ,0% = 0
3 ( ’27 727 )

12 12 12 12 2 12 12
Wy=(0%=,0%=,0% = ,0% = ,0% = ,0% = ,0% = ,0% = ,0?
4 ( |27 72’ ’2’ 727 Y Y 727 ) ) 727
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
Ws = 0870 -, 0,-,0 7a077707770777077707 70770770770770770770770>
° ( ’2’ A A A A A R/ 2072 72 720 72 20 72

A sector aWV is defined from a linear combination of the given basis vectors. The overline symbol means
exactly that we subtract integers from the components of the sum of vectors such that they lie in the
range [—3,1). In our case of study we see that the components are either 0 or 3. Since m; is defined as
the smallest integer such that m;W; € Z, Vi, we obtain trivially that m; = 2. This also gives from (5.9)
that k;; € {0, %} Keeping the overbar notation means that a basis vector either exists or not, hence

signaling that the massless gauge bosons should be searched in 2° = 64 sectors.

A massless gauge boson is a vector in spacetime. Therefore, under the little group SO(8), it must be in
the vector representation 8,. So, in the right hand side we must have b’ /2|O). Since only the identity
basis vector Wy has NS real fermions on the right hand side, gauge bosons come only from sectors that
include Wy, meaning 32 sectors. The Lorentz product for these basis vectors are

1

Wo-Wo= (32 -8) =3 (5.21)
1

Wo - Wi= (32— 16) =2 (5.22)
1

Wi Wi = 2(16-0) =2 (5.23)
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1

(5.24)

Note that this is the usual Lorentz product with an extra factor % for this real fermion basis, as imposed
by the correct normalization of the physical phase conditions. Let us first see why only the 31 sectors
turn out contributing. We explicitly discuss the Wy sector. If we apply the physical projection ondition

in the real fermion basis, we obtain

1
WO'NWO:k00+80+/€00—WO'WOI§ mod 1 =

140 o) . 1
= = = — dl1
s =g mo

for the identity basis vector, while for the rest

Wi'NWo:ki0+30+k0i_WO'Wi =0 mod|1
or explicitly

Z 51:() mod 1

; Z anq:() mod 1

1€{9-16,25—32} g=1

1 nt =0 mod 1
2 q

1€{9-12,17—20,25—28,33—36} ¢=1

o0

1 nt =0 mod 1
2 q

1€{9-10,13—14,17—18,21—22,25—26,29—3} ¢=1
1 o0

5 Z ZnézO mod 1

1€{9,11,13,15,17,19,21,23,25,27,29,31} ¢=1

We can also calculate the left and right vacuum energies for this sector,

1 D -2 1
sies(4)- 25 -

48 24 2
1\ D-2
B =32 (_48> T

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31a)

(5.31b)

This means that for massless states we should take only one right moving n}, (I =1,..,8). From simul-
taneously imposing the above constraints we see that such condition cannot hold at the same time for
only one right-moving occupation number, meaning no massless state can be constructed in this sector.

What is changing for the other sectors is the left-moving vacuum energy which equals

1 1 D—2
EY =16 <—> 16 () - = =0
L 48 + 24 24
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This occurs because there are always 16 NS and 16 Ramond real fermions, but in different positions.
What this means is that in the "Kac—-Moody" part of these sectors, the contribution necessarily only
comes from the zero Ramond modes solely. Since all these sectors turn to contribute 8 gauge bosons

each, we state them explicitly

Wo + Wi = (3%]0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,3,3,4, 3, 22 1 11111111 1) v v
Wo + Ws = (37]0,0,0,0,0,0,0,0,,3,3,3,3,4,4,1,0,0,0,0,0,0,0,0,4,3,3, 3.2 1. 11) v v
Wo + W5 = (4%)0,0,0, 0,2,2,2,;,0 0,0,0,3%, 3,3, 3, 0,0,0,0,;,%,%,%,0,0,0,0,%,%,%,%) v X
Wo + Wi = (3%0,0,1,1,0,0,1,1,0,0,1,%,0,0,3,1,0,0,1,1 0,011 0,0,%,%,0,0,%,%) s

Wo +Ws = (47]0,4,0,4,0,4,0,4,0,4,0,4,0,4,0,4,0,4,0,4,0,4,0,1,0,4,0,4,0,3,0,}) x v

Wo + Wy + W5 = %8%,0,0,%,%,0,0,%,%,0,0,%,%,0,0,%,%,0,0,%,%,0,0,%,%,0,05,%,0,0,% x Vv
Wo+Ws+Ws = (3°[2,0,1,0,0,1,0,3,1,0,4,0,0,4,0,1 1 0,10,0,1,0,%,2,0,3,00%01) x x
Wo+Ws+ Wy = (3°[2,1,0,0,0,0,3,3,%,1,0,0,0,0,1, 1 1 10.0,0,0,3,%,1100001L1) v x
Wo+Wa+Ws = (4°[2,0,1,0,1,0,1,0,0,4,0,4,0,2,0,1 10,1 0,10100,3,01%01L01) x v
Wo+Wa+ Wy = (3°2,10,0,1,1,0,0,0,0,%,1,0,0,1 1 0,011 00,1001 10011} v v
Wo+ Wi+ We = (4°4,5.4.4,5.4.4,4.0,0, 0000000000000;;;;;;;;3 v v
Wo + Wo + W3 = %8;%,% £,0,0,0,0,0,0,0,0,3, 2,4, 1, %,%,%,%,0,0,0,0,0,0,0,0,%,%,%,%) v X
Wo+ Wi +Ws = (4°1,0,1,0,1,0,1.0,1,0,3,0,2,0,1 0,1 0,10,10101%107%0101L0) x v
Wo+ Wi+ Wy = (4°1,10,0,1,100,% 1001100001 1007%121001%1001L1) v v
Wo + Wi+ Ws = (4°]5,4,4,4,0,0,0,0,3,3,1,1,0,0,0,0,0,0,0,0,0,0,0,0,3,3,3,1,0,0,0,0) v x
Wo + Wi+ Wa + Wi = (1%0,0,3,4,0,0,1, 1,1 100,11 0,0,1,4,0,0,4,%0,0,0,0,%,1,00,1 1) v
Wo + W + Wy + W5 = 58 0,%,%,0,0,3,1,0,3,0,0,%,3,0,0,%,0,%,%,0,0,%,%,0,3,0,0,%,%,0,0, ) x
Wo + Wy + Wy + W5 = 580,%,%,0,%,0,0,%,0,%,%,0,%,0,0,%,0,%,%,0,%,0,0,%,0,%,%,o,%,o,o,% X
Wo +Wo + W3 + W5 = %80,%,0,%,%,0,%,0,%,0,%,0,0,%,0,%,0,%,0,%,0,%,0,%,0,%,0,%,0,%,0,% X
Wo + Wa + Wy + Wi = (3%0,0,3,3,3,3,0,0,,,0,0,0,0,4,4,0,0,,5,4,4,0,0,4,4,0,0,0,0,1, %) v
Wo + Wi+ Wi+ Ws = (4°]0,4,4,0,0,5,4,0,0,4,4,0,0,,4,0,0,3,3,0,0,4,1,0,0,3,1,0,0,1,3,0) %
Wo + Wi+ Wy + Ws = (3°0,4,0,4,4,0,5,0,0,4,0,4,4,0,4,0,4,0,4,0,0,4,0,4,0,4,0,4,0,0,,0) %
Wo + Wi+ W5 + Wy = (4%0,0,4,4,1,4,0,0,0,0,4,4,1,10,0,4,1,00,0,01,%1.1000041) v
Wo + Wi + Wa + W5 = ;80,;,0,;,0,;,o,;,;,0,;,0,;,o,;,o,;,0,5,0,;,0,;,0,0,;,0,;70,5,0,% X
Wo + Wi + W + Ws = (4%10,0,0,0,4, 4, 1 17111160004 4110000000031 1 1)
W0+W1+W2+W4+W5§§8 1,0,0,3,3,0,0,3,0,%,3,0,0,3,3,0,0,%,%,0,0,%,4,0,4,0,0,%,2,0,0,
Wo+ Wi +Ws+ W, + Ws = %8 1,0,0,3,0,3,3,0,3,0,0,3,0,3,3,0,0,%,4,0,4,0,0,%,0,%,2,0,4,0,0,
Wo + W + Ws + W,y + W5 = %8 1,0,0,3,0,3,3,0,0,4,3,0,3,0,0,4,%,0,0,3,0,4,2,0,0,%,2,0,1,0,0,
W0+W1+W2+W3+W5:(%80,%,0,%,0,%,0,%,0,%,0,%,%,O,%,O,%,O,%,0,%,0,%,0,%,0,%,0,0,%,0,
Wo + Wi + Wa + Ws + Wy = (18%,%,0,0,0,0,%,%,0,0,%,%,%,%,0,0,0,0,%,%,%,%,0,0,%,%,0,0,0,0,%,
Wo + Wi+ Wa + Ws + Wi+ Ws = (370,3,3,0,3,0,0,4,4,0,0,,0,4,4,0,4,0,0,3,0,4,3,0,0,3, 3,0, 3

From the conditions (5.8) -
spin—structure constants
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kij = kﬁji mod 1 (533&)

As we can easily verify there is no single complexification that simultaneously diagonalizes all basis
vectors, but of course given the complexification the non-diagonalizable vector changes. Consider two
cases of complexification, namely

Complexification A : = {(1,2), (3,4), (5,6), (7,8), (9, 10), (11,12), (13,14), (15, 16), (17, 18), (19, 20),

(5.34)
and

Complexification B : = {(1,5),(2,6), (3,7), (4,8), (9,13), (10, 14), (11, 15), (12, 16), (17, 21), (18, 22),
(19, 23),(20,24), (25,29), (26, 30), (27,31), (28,32) }

(5.35)
Here we consider only the 32 left-moving part real fermions and the numbers in the parentheses corre-
spond to the fermions in these fixed positions that will be combined for the formation of a free complex
fermion. As we see out of the 31 sectors, both choices can complexify 15, but different ones each time.
Whether the sector under discussion is complexified by either of these cases is indicated with the related
color. Note also that the so—called broken vector for A is W5 and while B, it is W3, where in this sce-
nario the complexification imposes combining a periodic with an antiperiodic real fermion, creating the
aforementioned antidiagonal picture. Note also that there are sectors where neither of these complexifi-
cations work. This is not a problem, however, since an alternative complexification will always exist. In
fact, this is one of the most important takeaway messages of the analysis since there will always exist a
consistent complexification for at least two of these sectors. Then, in this complexification picture, we
may compute the OPEs and the commutation relations for the generators of each sector and derive the
structure constants that will determine the gauge group.

Let’s focus on the sector Wy, = Wy + Wy, which is in fact an example diagonalized by both complexifi-
cations. We will do explicitly the analysis to see which are in the end the physical states that survive the
GSO-like projection for all the basis vectors. We write the five projection relations for ¢ = 1, ..., 5 since
Wy turns out to be trivially encoded in these ones. More precisely, we get that

Wi - N, = i e B e e G e e e e e B e e A B R I i(l +Ty)=kn  mod1 (5.36a)
Wa - Ny, = i (1+ 777" = i (1+T2) = ko mod 1 (5.36b)
Ws - Ny, = 411 (1 + 7172737479710711712) = i (1+13) = ks mod 1 (5.36¢)
Wy - Ny, = i (1 + 7172757679710713714) = i (1+Ty) =Fkn mod 1 (5.36d)
Ws - Ny, = i (1 + 7173757779711713715) = i (14+T5) = ks mod 1 (5.36e)

Here the v; are the Ramond zero modes up to a square root, so they satisfy the anticommutation relations
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(V') =269 ' = V2b) (5.37)

Using the complexification B, we define the i~th Ramond charge component as

From (5.37), we see that (Q%)* = 1, so for a state in each sector where the vacuum energy on the left

hand side is zero and only the zero modes contribute, meaning for the eigenvalue problem we have

1
Qilg) = ailg) ,ai = :|:§ (5.39)
For the entries in the left hand side that have NS real fermion the charge is always zero, since there is no

contribution for the massless bosons. This means that for that sector

lq) —<il:|:1:|:1:|:1:|:1:|:1:|:1:|:100000000) (5.40)
q)o1 = 27 27 27 27 27 27 27 2a s Uy Uy Uy Uy Uy Uy .
in the same way for the Wy, = Wy 4+ W, sector, we recover
1 1 1 1 1 1 1 1
=(£-,+-,0,0, &=, £-,0,0,£=,4+—-,0,0, &=, +—,0,0 5.41
|Q>04 ( 27 27 ) 27 27 s Uy 27 27 s 27 27 ) ) ( )
In the same way as a complex fermion problem, we define 16 U(1) currents as
Ji(z) =i0H;(z) (5.42a)
Jio =Q; (5.42b)
meaning that
J’i,O‘q>sector - Qi’q>sector (543)

For an exponential operator we recover

Va(z) = :exp (z ZamHm(z)> : (5.44)

since for a free boson OPE

Hi(2)Hj(w) ~ 0;;In (z — w) (5.45a)
1
meaning than in general
Ji,oVa(0)|0) = ;V4(0)[0) (5.46)

as it will turn out though this is not the case for our system’s spin fields. In each sector, we have for
these 16 fields that

Ji0Va(0)]0) = a;Vigy1a(0)]0) (5.47a)
Ji70‘/16+1_u(0)|0> = CYZVQ(O)|0> (547b)
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The true Cartan currents hence will be eight and will be either the sum of H; and Hyg,1; or their
difference (depending on what will be projected out and what not). In any spin field though, out of the
16 g; eigenvalues, only 8 will correspond to Ramond complex fermions, so always 8 are nonzero. We can
initially write

S, (2 _emlz%z L:Mpugqm@y (5.48)

There are initially 28 = 256 candidate eigenstate spin fields in each sector. After the five boundary
projections in each sector only eight will turn out to survive. To see which ones we have to study each
case separately. We will consider the scenario where all the structure constants £;; = 0 and then comment
on what changes for alternate cases.

We can rewrite the I'; projection in (5.74) as

1

The first condition then from the definition of the Charges ends up giving the constraint

[[e=-1 (5.50)

with ¢, = +1. This means that there must be an odd number of minus signs. So, the multiplicity of the
minus sign in this product of eight components must be m = 1,3,5,7. More explicitly,

(-0 () rmmi

This means that after imposing the projection with one out of five physical boundary vectors W, half of
the 256 initial states are projected out. Notice also that had we taken k1, = 1 the result would be again
the projection of half of the initial states, but the ones whose product have multiplicity m = 2,4, 6, 8.

Doing the exact same thing for the I'y projection, we recover the constraint

€1€9€3€4 — —1 (552)
which combined with (5.50) gives

€scgereg = 1 (5.53)

So, in the end, the survived states are

) G- lo) )+ () =emenromn=a s

As mentioned we see that W3 is the basis vector not complexified with this complexification choice, so
we treat it last. We continue with the I'y projection which gives

€1€9€5€6 — —1 (555)
Setting
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€16 =a (5.56a)
€3€4 = b (556b)
€€ — C (556(3)
€7€8 = d (556(1)
and combining all three epsilon conditions, we obtain
ab=—1 (5.57a)
cd=1 (5.57Db)
ac = —1 (5.57¢)
which gives a and b = ¢ = d = —a, so the surviving states are 2 x 2% = 32. The I's projection ends up
giving
€1€3€5€7 = —1 (558)

resulting in the survival of only 16 states out of the initial 256 ones. For the W{y; sector these are explicitly

B (bl b
B (bbb
B (el bl
B (L b
zg1=(+;, ;,+;,+;,+;,+;,
= (gt oyt
= (35t ty
i S
= (ptytaty ety
M= (345t tyyp
B Tt S
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11 1 1 1 1 1 1
Yol — (_ L L T I 4 4 )
12 27_'_27 27 27 27 27+27+2707070a070707050
1 1 1 1 1 1 1 1
Yol — (_ T e )
13 27 2a+2a 27+27 2a+27 2707070a0707070a0
201—(1 S 1+100000000)
14 — 2? 2a 2a 2a 2a 2a 2a 27 s Yy My Uy Uy Uy Uy
201—(1 L Lt 1+100000000)
15 — 2a 27 27 2a 27 2a 2a 27 s Uy Uy Uy Uy Uy Uy
201—(1 S I 100000000)
16_ 2’ 27 27 2’ 27 2’ 27 27 9 ) ) ) ) ) )

Notice that this set naturally seems to be organized in different pairs for which ¢, — —g¢;, such as
01 ¢y 30

The condition associated with the I's projection says that for the final physical surviving states we should
additionally have

Y2y Y09 Y P phys)or = —|phys)on (5.59)

We immediately see the problem, since in the complexification we have chosen this condition cannot be
translated in terms of conditions of Ramond charge components @);. For instance @)1 = %7175, but v, and
~vs must both be present. The question that should now be answered is how the single ~; act on a state,
or maybe even better, ask whether the previous states are still eigenstates of the single 7;. So, before
giving the eight final physical eigenstates let us first understand that.

We have
v == (v +ir") (5.60a)
02
o1, ,
7‘7T — g 144
0 =5 (’y iy ) (5.60b)
SO
7 =+ %" (5.61a)
Y = —i(yh — ") (5.61D)

which allows us to rewrite Q); = %’Twé — % This means that the Ramond state has occupation number
n; = q; + %, so for instance

%4") = (1110100100000000 ) (5.62)

Here the 0 means this position is occupied by an NS Ramond fermion. For a complex zero mode, we
define the two states of the i—th fermionic zero mode as
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100, [1); = ¢67[0)s (5.63)

By definition ¢§|0); = 0, while we may also obtain that ¢ '|1); = 0 and }|1); = |0);. By the definition,
this means that

Yit |0); ¢ [1); (5.64)

- (g’ é) (5.65)

or in matrix form in the basis (|0);,[1);)

Now the full Ramond in the Wy, sector is

%|n1n2n3n4n5n6n7n800000000>01 = (_1)n1+n2+...+ni_1 |7’Ll, (]_ — ’I’LZ‘>..‘>01 (566)

(5.67)
And the sign appears precisely because we have to pass through the occupied modes with index smaller
than i. By following this procedure for all the eight +; appearing in the equation, we recover than

T5|51) = —[Zi6) (5.68a)
[s|Z16) = =21 (5.68b)
or equivalently
)= () (G
r L= : 5.69
° (zgg 1 o) (s (5.69)
so the I'; eigenstates are
1
PO = % (=9 + =%) (5.70a)
/ 1
VP = — (20 - 55 (5.70b)

V2

The projection though says that I's|phys)o; = —|phys)o1, so the first physical state is

1
[phys1)o = B9 = — (20! + 2%) (5.71)

V2

In a similar manner, we identify the eight physical states of the Wy; sector to be
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[physl)or = ¥ = —= (=" + =%) (5.72a)
phys2)or = 99" = = (5§ + 30 (5.72b)
Iphys3)o; = ¥5! = 12 (Egl + E?}l) (5.72c¢)
Iphysd)o; = WO = 12 (=" + %) (5.72d)
Iphys5)o; = U = 12 (=8 +=%) (5.72¢)
Iphys6)o; = WY = 12 (=8 +2%) (5.72f)
physT)or = 09! = = (5% + 30)) (5.72)
phys8)or — W0 — = (28" + =5 (5.72h)

This also means that the spin fields must be expressed as sums of the related pair’s spin fields. For
instance,

S0 — \}5 (‘/101 n ‘/1%1) _ \}5 [: ¢ (Ht Ho b Hy— Huk Ho— Ho—Hot Hy) . . o 4(~Hi~Ho— Hy+ Hy—Hs + Ho+ Hy— Is) :}
= V2cos (Hy + Hy+ Hs — Hy + Hs — Ho — Hr + Hy) = V2cos (¢ - H) (5.73)

Notice here that in case we had selected k5, = %, the surviving states would be the subtraction of paired
states and the spin field operator would be sine instead.

For the Wy; = Wy 4+ W5 sector, which is a sector case not complexified by the first complexification, we
get

W1 - Nw,, = i (1 + 7173757779711713715) — i(l +I)=Fk1 modl (5.74a)
Wy N, = 411 (14 715771719925 = i(l Ty = ko mod 1 (5.74b)
W3 - Ny, = i (1 + 71737971171771972%27) = i (14+T3) = kss mod 1 (5.74c)
Wy N, = i (14 717570159177 242529) = 111(1 4Ty = kus mod 1 (5.74d)
W5 . NW05 _ j‘l (1 + ,}/173,}/5,}/779711,}/13,}/15717,}/19721723725727729,}/31) — j‘l (1 + F5) — k'55 mod 1
(5.74e)

From the I'; 2 4 5 projections, we similarly obtain sixteen states

1 1 1 1 1 1 1 1
205:(0 ~0,+=,0,—=,0,4+=,0,—=,0,—=,0 o)
1 +27 7+27 7+27 ) 27 7+27 ’ 27 ) 27 7+27
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After the I's one, supposing zero values for the spin structures, the physical states are again the sum of
the paired states

hyst)os = U9 = = (5 + 31) (5.76a)
phys2)os = W = = (5 +31) (5.76b)
phys3)os = W = = (5 + 51) (5.76¢)
physd)os = W = = (£ + 5%) (5.764)
phys5)os = 9 = = (5 + 35) (5.76¢)
hys6)os = 0§ = = (5 + 317) (5.76)
IphysT)os = U9 = 12 (=¥ + %) (5.76g)
Iphys8)g; = WY = L (= + =) (5.76h)

In the same manner, an example of a spin field associated with the first physical state is

5(1)5 _ \}5 (V105 + ‘/1%5> _ \}i [: e%(H1+H3+H5*H7+H9*H11*H13+H15) C4 e%(le7H37H5+H77H9+H11+H137H15) :} _
= V2cos (Hy + Hs + Hs — Hy + Ho — Hyy — Hys + Hys) = V2 cos (¢ - H) (5.77)

We are now ready to determine the OPEs to identify the gauge group. Before that, it is important to
make just a small comment regarding the algebra’s generators. In general generators corresponding to
states for the normal case scenario are

dz 20> X(z) . A
E, = ¢ — G TN - .
” 5 e Cla) (5.78)

where X (z) are the bosonized coordinates and C the cocycle operator accounting for the phase ambiguity.
The commutation relations are then given after setting the Cartan exponential variables equal to zero, ie

[EO“ E@] :G(Oé, ﬁ)EOH_,g (579&)
[Ho,=0, Eg] =Bie(qi = 0, 8) E (5.79D)

For each of our two sectors, we have that there are eight Ramond zero charge components whose square
¢} = 3. So, in total for the eight physical states index j, (¢9")* = (¢7°)*> = 2. We have

S1(2) - §9 (w) = 1 [ez’q?1~H(z>ez‘q?l~H(w> 4 G H () i H(w) | =i H(2) gl - H(w) | e—z‘q?LH(z)e—z'q?l-H(w)}

(5.80)
The first and the last term are regular, so they have no contribution in the derivation of the structure
constraint. If we expand
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H'(2) — H'(2) = (z — w)0H (w) + O(w?) (5.81)

where [ are the nonzero eight Cartan-like currents in the exponential that are nonzero in each sector.
This eventually gives

SO (z) - SV (w) ~ 5 + regular (5.82)

o
(2 —w)

At first glance, this resembles the OPE form of holomorphic level k = 1 currents, since in general

kot e (w)

J(2) Tt (w) ~ ) — regular (5.83)
Another example between spin fields of the same sectors is
S9(2) - S (w) = V2 cos (q?l : H(z))ﬂcos (qgl : H(w)) ~ 0 + regular (5.84)
more generally
S9(z) - S % 1 5.85
(z) - j(w)wiz—i-reguar (5.85)

(z —w)
For the OPE of two spin fields of different sectors we have for instance

S (2) - S (w) ~ : COS [(q?l — q(l)5) : H} : f+regular (5.86)

2z —w)

We observe we obtain a value % for this structure constant, while the Cartan ¢{' belonging to the Wy,

sector equal to zero, we see that the commutator result belongs to the same sector. If we repeat the same
procedure for all the 248 physical generators, we recover the Eg algebra commutation relations. Lastly,
let us comment that had we chosen some structure constants to be % instead, we would recover sine spin
field generators. However, their OPE will then turn out to be a cosine operator, hence resulting in an
operator that is not part of the original algebra.

The Lie algebra eg admits a decomposition with respect to its maximal subalgebra s0(16) as

es = 50(16) © 128 (5.87)

where 128 denotes one of the two chiral spinor representations of so(16). Since dim s0(16) = (126) = 120,,
the adjoint representation of ¢ decomposes as

248 — 120 © 128.

Let My, = —M,,, with a,b = 1,...,16, denote the generators of s0(16), and let @Q,, o = 1,...,128,
denote the generators transforming in the chiral spinor representation. The commutation relations of
¢s can then be organized according to the above decomposition. First, the generators My, close among
themselves and satisfy the standard s0(16) commutation relations,

[Maba Mcd] - 5bcMad - 5achd - 5bdMac + 5adec (588)
Thus, [120,120] € 120. The action of so(16) on the spinor generators is given by

[Mas, Q] = 5 (Tu)aQs (589
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where 'y, = %[Fa,Fb], are the generators of s0(16) in the spinor representation. Consequently,
[120,128] C 128.

Finally, the commutator of two spinor generators closes back into the s0(16) sector. It can be written
schematically as

Qa, Q5] = Cos™" Ma, (5.90)

where the coefficients Caﬁab are determined by the s0(16) gamma matrices and the invariant bilinear

form on the spinor representation. Hence, [128,128] C 120.

This happens here also since the generators simultaneously complexified with the B choice result in one
generator belonging to these 15 sectors. On the other hand, the commutation relation of two generators
from sectors that are not complexified by the B complexification choice, results in one of the 120 generators
of the 15 sectors complexified by it.

Let us close this example paragraph regarding the needed complexifications. It is easy to check that
taking two out of the thirty one sectors, we can always find a complexification where at least these two
sectors are complexified and their commutation relation can be calculated to recover the corresponding
structure constants. Say we have the Wy, sector and we want to check the commutation relation of its
generators, with the ones of a sector not complexified by B. To proceed we just mention for completion
that instead of complexifying Wy, by a different choice, we can alternatively define the transition maps
that gives us the coefficients of the states of the sector from one to the other complexification choice, as
analyzed in Appendix E of [5].

Mathematica Code for Pairings

casel = {1, 1, 1, 1, 1, 1, 1, 1};
case2 = {0, 0, 0, 0, 0, 0, 0, O};

pairings[list | :=
If[list = {}, {{}},
Flatten [ Table |
Map|Prepend|[#, {First[list], x}] &,
pairings [DeleteCases|[list , First[list] | x]]],
{x, Rest[list]}],
1]];

allPairings = pairings |[Range[8]];

[[11]] = c[l#[[2]]]] & /@ p);

validQ[p_, c_]
And Q@ (c[[#

common =
Select [allPairings ,
validQ[#, casel] && validQ[#, case2]| &];

{Length [common] , common}
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5.3 Real fermion models in 4D

We are now mentioning a model in four dimensions, as the increase of internal degrees of freedom suggests.

v=C ol
V= (@05 et o
Vo= (0 (510 a0 Lo
V=00 kb Lo o b (591)
V= 020,007 o i o om0 D) o)
Vs = (0%, (0,0,0)%, (3,0, 2)I0", (0%, 5,0)(5,09), 0°)
Vo = (02, (0, 3, ). 0,0,07[(0%, 2, 07), (0%, 2, 0°), 0

In fact the first four vectors of the above model defined also a consistent model referred to as Mj in [4].
However, as can be shown by the simultaneous complexification of the basis vecto,r the rank of the gauge
group is 22 for M3. We want to actually see if viable models can be constructed with reduced rank. The
role of V3 is not to further reduce the gauge group, but to guarantee the A/ = 1 supersymmetry of the
model.

The simpler thing about this model is that, at least for a given choice of structure constants k;;, the gauge
bosons are coming solely from the Vj sector. This means we can easily define bilinear currents that will
eventually be the generators of the gauge group, but most importantly, "read" the gauge group directly
from the positions that the Ramond and NS fermions fill in the left-hand side of the basis vectors. We
commence from the consideration of only V5 and V. Since the action of Vj is the same for all 44 real
fermions up to a phase, we obtain no nontrivial contribution. Of course, this does not mean it will not
affect the matter states.

Gauge bosons will come from level one currents of the form
JI(2) = Ty9 : (2) (5.92)

where f, g are real fermions and the gauge algebra g = span{J/9}. For each vector V; we can define a
projector (which eventually leads to the aforementioned condition) as

P - ; (1+ exp (27i(V; - N)) (5.93)

which for bilinear currents reduces to the simple formula that

Vi-N=V;(f)+Vi(g) mod1l (5.94)

A candidate current will survive only if it satisfies the condition P;J/9 = J/9, for all basis vectors. This
means if we focus on the exponential part, that eventually

Vilf) +Vi(g) =0 mod 1 (5.95)
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i feA
We start with the V; sector, and A = {1,...,28} and B = {29, ...,44}, where V; = {8 é g We recover
1 1
A — A current : Vi(f) + Vi(g) = 5T5= =0 modlV (5.96a)
B — B current : Vi(f)+Vi(g) =04+0=0 mod 1V (5.96Db)
1 1
A — B current : Vi(f) + Vi(g) = 5 0= 3 mod 1 x projected out (5.96¢)
We easily verify that the same holds in the V4 V; sector. The currents then are
A — A bilinears : J®(2) =: ™’ : (2) a,b =1, ...,28 (5.97a)
B — B bilinears : J7(2) =: "’ : (2) i,j =29, ...,44 (5.97b)
We now examine the OPEs of the surviving currents. Starting from the free-fermion OPE
; ; 6IJ
~ 5.98
0 () () ~ (5.98)

we first consider the A — A OPEs

TR T w) = g s (2) s ()
5ac§bd o 5ad5bc 5chad(w) o 6achd(w> o 5deac(w) + 5adec(w)

2

Y

(z —w) zZ—w

Since all indices a, b, ¢, d belong to A, all the currents appearing on the right—hand side are again of the
form J. Hence, the A— A currents close among themselves and generate s0(28). Likewise, for the B— B
currents’ OPEs, we find

T (w) =+ (2) = M (w)
N 5ik5jl o 5i15jk 5ijil (w) o 5iijl<w) _ 5jljik(w) + 5ilek(w>

2

(z —w) zZ—w

Again, all indices on the right-hand side belong to B, so the B — B currents close among themselves and
generate s0(16). It remains to consider the OPE between the two different sets of surviving currents.
Taking one current from the A sector and one from the B sector gives

J(2) 9 (w) = P (2) 1 ' ¢ (w)
| 0ma = g 5 (w) — 6% (w) — 8% (w) + 89T (w) (5.99)

(z —w)? zZ—w

Thus, there is no singular OPE between the A — A and B — B currents. In particular, no mixed generator
is produced by the OPE of the two surviving sectors.

For completeness, the would-be mixed current is J%(z) =: ¥%)* : (2),a € A,i € B. However, this current
is already removed by the V; projection, since

1 1
%(a)+‘/1(i):§+025;‘é0 mod 1 (5.100)
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Hence J%(z) — 0 in the projected spectrum. Therefore, the two sets of surviving currents form two
independent current algebras, g = 50(28) @ s0(16), and hence the gauge group is G = SO(28) x SO(16).

We can repeat the process to recover the gauge group by adding basis vectors and checking all the
projection relations. The vector Vg does not affect the V + Vi sector fermions as long as one chooses
keo+ke1 = 0. All of these models have N/ = 1 supersymmetry provided one chooses kyg+kaz = kso+ksz =

Rank Gauge group

22 Vo S50(44)

22 Vi SO(28) x SO(16

22 Va  SO(14) x SO(14) x SO(6) x SO(10)

22 Vi  SO(14) x SO(14) x SO(6) x SO(10)

. -1 o T . .

20 Vi SO(6) x SO(8) x SU(2) x SO(11) x SU(2) x SU(2) x SUM) x SU(2) x SU(2)
20 Vi 80(6) x SO(8) x SU(2) x SO(10) x U(1) x SU2) x SU(4) x [SU(2)]"

18 Ve S50(6) _xl S0(T) = sU(2) = 4;__.1;: = (1) = SU(2) x SU{4) x [h‘LJ{2}_'J

Figure 5.1: Rank reduction and gauge group after adding each of the new basis vectors. Each case
contains the vector of the same row and all the aforementioned ones.

This case should also be contrasted with the previous example, since the currents here are bilinears. In
addition to that, since the real fermion organization in the left hand side of the basis vectors is very
asymmetrical, the rank, up to the definition of a model with these seven basis vectors, has only been
reduced from 22 to 18.
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Chapter 6

Conclusions

The first goal of the present thesis was to understand how to formulate on the torus, a theory of free
(non—)compact bosons and fermions with periodic or more general boundary conditions along the non—
contractible cycles. We then introduced some basic notions of orbifolds and briefly reviewed the charge
lattice construction for both bosonic and superstring theories, seeing how physical consistency conditions,
in particular modular invariance, arise naturally from the g—expansion of the one-loop partition function.
It was then possible to identify directly the different components of the spectrum at the various excitation
levels.

The main focus of the thesis was to understand CFTs with real fermions. In particular, by adopting
the spin-field formalism, in which the theory was formulated, we considered systems whose defining set
of basis vectors cannot be simultaneously complexified within a single complexification choice of the
fermions. Although this may initially seem problematic, it turns out to be precisely the feature that
leads to the rank-reduced models encountered in the examples studied here.

This constitutes a very interesting setup for both phenomenological and more formal investigations. First
of all, it is interesting to ask how far this setup can be pushed towards lower rank and what particle
content can be obtained in the process. Another natural question is what the minimal rank that can be
reached is, starting from rank 26 in 10D and rank 22 in 4D.

From a CFT viewpoint the connection between the spin-field formalism and the orbifold construction
for such models seems also nontrivial. The appearance of linear combinations of states as the physical
eigenstates after imposing the full set of projection conditions seems to suggest that some permutation-
orbifold interpretation may be relevant. This can already be seen indirectly from the states

1 1 1 1 1 1 1 1
201:< T T S 00000000)
1 +27+27+27 27+27 27 27+27 Y Y Y ) ) Y Y

and

05 1 1 1 1 1 1 1 1
£ = (450,450 45,0, =5,0,45,0,~,0,-2,0,+,0)
of the two different sectors of the first example explicitly discussed. Both contain eight Ramond zero
modes, five of which have charge eigenvalue +% and three of which have charge eigenvalue —%. What
changes between the two sectors is which of the sixteen positions are Ramond and which are NS. The
positions of the non-zero charges therefore matter. This is why the permutation structure matters: we
do not, in general, have the freedom to interchange the positions without changing the physical content

of the state.
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Why was the rank eight in the first example? Did we not initially have sixteen Cartan generators? Here
we were careful to refer to them as Cartan-like currents. As we saw, these are not necessarily eigenstates
of the full set of projections, since we have relations of the form

sector sector
v =V,

This suggests that the physical Cartan directions are not simply the individual H;, but rather the com-
binations

HP™ = H; + H, (6.1)

where the sign is determined by which combination is retained by the projection and which one is
projected out. The permutation (i) specifies how the indices are paired. For example, in the first
example considered in this thesis, we had o (i) = 16 + 1 — 1.

The appearance of these linear combinations also provides a useful way of thinking about the rank
reduction observed in the examples. We start with sixteen Cartan-like directions associated with the
internal degrees of freedom. The permutation pairs these directions, giving eight pairs of the form
(A;, Asi)). Before imposing the projection, each pair can be represented by two independent linear
combinations. The projection then distinguishes between these combinations, with one combination
surviving in the physical spectrum and the other being projected out. Schematically,

Aq £ Ay A+ As
A, Az, Ase : projection :
— Ag + Ag(g) AS + AU(S)
#dof = 16
#dof = 16 frdof =8

This is the structure that we observe in the examples considered here. Importantly, the schematic picture
should not be understood as a proof of a general mechanism for rank reduction. Rather, it summarises
the way in which the physical combinations arise in the examples studied. In particular, the fact that
the physical states are linear combinations of permutation-related states suggests that the rank reduction
may be related to the reorganisation of the original degrees of freedom under the permutation and to the
subsequent projection. Whether this observation can be formulated as a general statement for the class
of models considered here remains to be established.

The underlying idea has some useful analogies with familiar physical systems, although these should not
be taken as direct analogies with the CFT construction. Consider, for example, two coupled degrees
of freedom. Their natural eigenmodes are often the symmetric and antisymmetric combinations £\/§A2,
rather than the original variables A; and As. One of the two combinations may have a different energy
from the other, and depending on the physical situation one may effectively observe only a particular
mode. A similar situation occurs in solid-state physics, where the physically relevant excitations are
collective normal modes, such as acoustic and optical phonons, rather than the original microscopic

degrees of freedom.
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Appendix A

Finite Determination of Modular Forms

A.1 Sturm Bound

Theorem 3 (Sturm). Let f(7) = X ,50anq" and g(7) = 3,50 bng" be modular forms of weight k for a
congruence subgroup T' C SLy(Z). If
a, = by, foralln < N

where

then f = g.

Proof. Let h = f — g. Then,

n>N

so h vanishes at the cusp co to order at least N + 1. By the valence formula for modular forms on T,

k

> ord.(h) + ords (h) = 9

zel'\H

[SLa(Z) - T

If N satisfies the bound in the theorem then ord,(h) already exceeds the total number of zeros allowed
unless h = 0. Hence f =g. [

A.2 Determination by Polar Part

Proposition 1. Let f(7) be a weakly holomorphic modular form of weight k for SLy(Z) with expansion

f(T) = Z anq"

n>—M

Then f is uniquely determined by finitely many coefficients of its g—expansion, equivalently by its polar
part together with a finite number of reqular coefficients.

Proof. Let A(7) denote the modular discriminant, a cusp form of weight 12 with expansion

111



=1l -a")
If f has poles of order at most M at the cusp then

g(r) = F(T)A(T)Y

is a holomorphic modular form of weight k + 12M. The space My 1120(SL2(7Z)) is finite dimensional and
is generated by the Eisenstein series Fy and Eg:

M, = C[Ey, Eq]

Thus g is a polynomial in F, and Ejg, which is determined by finitely many Fourier coefficients. Conse-
quently f is determined by finitely many coefficients of its g—expansion. O]
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Appendix B

Teichmiiller spaces

B.1 General Solution

Following the analysis of Chapter (3), we now want to make the distinction between the sphere and
the torus more explicit by solving the transverse-traceless conditions directly. We start from the same
problem in both cases: we seek all symmetric tensors h, satisfying

9hay =0 (B.1a)
V.h* =0 (B.1b)

The first condition imposes tracelessness, corresponding to the fact that the Weyl direction has already
been removed. The second condition is precisely the condition h € ker PIT , so that A, is orthogonal to
the infinitesimal diffeomorphism directions. The important point is that these equations must ultimately
be solved globally on the Riemann surface. Locally, the solution has the same form on the sphere and
the torus. The difference between the two surfaces appears only after imposing their respective global
regularity or periodicity conditions. Let us first work in complex coordinates (z, z). A general symmetric
rank-two tensor can be written as

h = h,.dz* + 2h,:dzdz + hs:dZz° (B.2)

For a two-dimensional conformal metric, we may write

ds® = 2g.-dzdz (B.3)
where
G2z = gzz = 07 9zz = Gz 7é 0 <B4)
Consequently, the inverse metric also has only mixed components,
gzz _ gEZ — 07 gzé _ QZz 7é 0 <B5)

Firstly, we start by imposing the tracelessness condition. Expanding the contraction gives
gzzhzz + gzzhzi + gzzhiz + gzzhéé =0 (BG)
The first and last terms vanish because ¢** = ¢** = 0. Since hg;, is symmetric, h.; = hs,, and therefore

2¢°%h.; =0 (B.7)
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Since ¢g** # 0, we obtain h,; = 0. Thus every traceless symmetric tensor takes the form
h = hzde2 + hggd§2 (B8)

The two independent components of a traceless symmetric tensor are therefore h,, and hz;. Now consider
the second condition. A conformally flat metric is written

ds? = 29 dzdz (B.9)

where the precise factor of 2 in the definition of g,; depends on convention and will not affect the result.
The non-vanishing Christoffel symbols are

I, =20.¢, T =209 (B.10)

while
. =I%.=0 (B.11)

We first need to raise the indices on hy,. Since the metric has only mixed components,
h** = g% h... W = g% g7 h.. (B.12)
The mixed components remain zero. We now consider the z component of the divergence equation,
V.h =0 (B.13)

Since h** = 0, the only non-vanishing contribution comes from

V:h** =0 (B.14)
For a rank-two contravariant tensor,
V:h** = 0:h** + T2 h + T2 h* (B.15)
only ¢ = z contributes, giving B B S
V:h** = 0;h** 4+ 2I';.h** (B.16)
Using the Christoffel definitions, we get
V:h* = 0:h* + 4(0:¢)h** (B.17)
Now,
h** = (g**)°h.. (B.18)

Since g% < e=??, we have h** oc e *?h,.. Therefore,
0:h*% o< €71 [0:h,, — 4(0:0)h..] (B.19)
Substituting this into the divergence equation, the terms involving the conformal factor cancel, meaning
Vh* =0 = 0:h,, =0 (B.20)

Thus, h,., = q(z), where ¢ is holomorphic. The other component of the divergence equation gives,
similarly, hz; = q(2z). Thus the complete local solution of the transverse-traceless conditions is

h = q(2)dz* + q(2)dz* (B.21)

114



B.2 Sphere

We start by solving the problem globally on S?, the simplest scenario. We use the stereographic coordinate
z, which covers the sphere except for one point, corresponding to z = oco. Since ¢ is holomorphic on the
finite complex plane, it admits a power—series expansion,

q(2) = ap + a1z + ax2® + O(2*) (B.22)

However, holomorphicity on the finite plane is not sufficient. The tensor h must also be smooth at the
point z = oo. To study this point, introduce a second coordinate w = % Then

= =de=—s (B.23)
and therefore I
s dw
The holomorphic part of the tensor becomes
(2)dz* = <1> dw” (B.25)
q - q w w4 .
Thus, in the w coordinate, the coefficient of dw? is g,(w) = ﬁq (i) Substituting the power—series
expansion of ¢ gives
1
q () = ag + awt +aw 2+ O(w™?) (B.26)
w
and hence
Guw(w) = agw™ 4+ ayw™® + agw ™ + O(w™") (B.27)

For the tensor to be regular at w = 0, the coefficient ¢, (w) must be holomorphic there. Every non-zero
coefficient a,, would produce a pole at w = 0. Therefore, all must vanish, which means that ¢(z) = 0.
The antiholomorphic component vanishes by the same argument. We therefore find h,, = 0. Thus,
ker P{(S?) = 0 and therefore dime 7(S?) = 0. The important point is that this conclusion did not
follow from the local differential equations alone. Locally, there are many solutions ¢(z). It is the global
regularity condition at z = oo that eliminates all of them. The absence of Teichmiiller moduli for the
sphere is therefore a global statement.

B.3 Torus

We now solve exactly the same equations on the torus. The torus admits a globally defined flat metric,
so we may choose

1
ds* = —dzdz (B.28)

T2

In these coordinates the connection vanishes, and
Vo h® =0= 0,h" =0 (B.29)
Since z and z + 1 represent the same point on the torus, the tensor must satisfy

h(z+1) = h(z) (B.30)
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For the holomorphic part, since d(z + 1) = dz, we obtain
a(z+1) = q(2) (B.31)
Similarly, because z ~ z 4+ 7, we get q(z + 7) = ¢(2). Thus ¢ is a holomorphic doubly periodic function:
q(z+1) =q(z),  qlz+7)=4q(2) (B.32)

We can now determine the form of such a function without simply assuming that it is constant. Consider
the fundamental parallelogram

F={oz+yr|0<2z<1, 0<y<1} (B.33)

Since F'is compact and ¢ is continuous, |¢| attains a maximum on F. Thus there exists some finite M
such that |¢(z)| < M, z € F. Now take any z € C. Since the lattice translations tile the complex plane,
there exist integers m,n such that z — m — nr € F. Using also the periodicity of ¢, we have

q(z) =q(z —m —nr) (B.34)

and
lg(z)] < M (B.35)

for every z € C. Hence ¢ is an entire bounded function. Liouville’s theorem now implies that ¢ must be
a complex constant. Therefore, the general transverse-traceless deformation on the torus is

h = Cdz* + Cdz* (B.36)

The complex constant C' contains two real parameters, #C and SC. Consequently, dimc ker PlT (T%) = 1.
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Appendix C

Special Functions and Modular Properties

This appendix collects several standard definitions and identities that were used throughout the analysis,
mainly considering the CFT discussions on the torus. We remind that the modular group SL(2,7Z) is
generated by the two transformations

1
T:17— 1741, ST ——
-

C.1 Dedekind Eta Function

The Dedekind eta function is defined on the upper half-plane by
7](7') _ q1/24 H(l . qn) — omiT/12 H (1 B e27rin7’> (C.l)
n=1 n=1

Since 15 > 0, one has |¢| < 1, and hence the infinite product converges absolutely.

The eta function is a modular form of weight 1/2, up to the non-trivial multiplier system characteristic
of half-integral weight modular forms. Its transformation under the generators 7" and S of SL(2,7Z) is

n(t + 1) = e™/2y(7) (C.2a)
1 (=) = V=) (C.2b)

Here and below the square root is taken with the standard branch on H. The first relation follows
directly from the product definition. On the other hand, the S transformation is more substantial and
can be derived using Poisson resummation or from the transformation properties of theta functions. In
particular, it is exactly the transformation that implies that 7 (7) has modular weight 1/2. More generally,
under

at +0b a b
one may write
n(y7) = e(a,b, ¢, d) (cr +d)"*n(7), (C.3)

where €(a,b,c,d) is a twelfth root of unity. Thus, while 7 is not itself invariant under SL(2,7Z), its
modular behavior is completely controlled by its weight and multiplier system.
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A particularly useful consequence of the product representation is the function 74 (7) is a holomorphic
modular form of integer weight 12 and, in fact, is the Ramanujan cusp form

A(r) = n(r)* (C.4)

Its transformation properties are consequently simpler,
A(T+1) = A(7) (C.5)
A (—1) NG (C.6)

T

C.2 Jacobi Theta Functions and Poisson Resummation

The Jacobi theta functions arise naturally from Gaussian lattice sums'. A convenient definition of the
general theta function with characteristics a and b is

i m (2|7) = > exp [wir(n + a)* + 2i(n + a)(z + 7b)|  TEH (C.7)

nel

where ¢ = ¢2™7. For 7 in the upper half-plane, the Gaussian factor e-™"+9)°™ guarantees convergence.
The characteristics a and b determine the two quasi-periodicities

9 m (2 + 7t|7) = e2miay m (2|7) (C.8a)

9 [Z] (2 4 m7|7) = e inT—2i=—2miby [b] (2|7) (C.8b)

The four standard Jacobi theta functions can be defined through the series

01 (2|7) = 3 (—1)"3ga(+3)% CntD)iz (C.9a)
nez

a(z|r) = 37 qr ()’ Cnrhiz (C.9b)
nez

Os(zlr) = D " Pe?n (C.9¢)
nez

Va(zlr) = 3 (=1)"q" 2e?n (C.9d)
nez

Equivalently, ¥J; can be written in the more familiar form
Vi(2]7) = 23 (—1)"q2 "2 sin[(2n + 1)2] (C.10)
n=0

The Jacobi triple-product identity gives the corresponding infinite product representations:

!The conventions used in this section are the ones of [3].
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V1 (2|7) = 2¢"/®sin 2 JT(1—q¢")(1 —2¢" cos(22) + ¢*") (C.11a)

n=1
Da(2]7) = 2¢5 cos z [T (1 — ¢")(1 + 2¢" cos(22) + ¢*") (C.11b)
n=1
D3(zl7) = TT(1 = ¢ (1 4 24" % cos(22) + ¢*" ) (C.11c)
n=1
Ua(zlr) = JT(1 —¢™)(1 - 22 cos(22) + ¢*" 1) (C.11d)
n=1

At z = 0, the first theta function vanishes,

1 (0]7) =0 (C.12)
whereas the other three have the useful representations
95(0[7) = 2¢* ]o_o[ (1—¢")(1+4¢")? (C.13a)
n=1
05(007) =TI = )1+ 74 (C13b)
(00) = 10 =1 - ") (130

whilst the S one is

0 (j —T) (i) Y26, () (C.152)
9 (j —i) (i) 26 g, (1) (C.15b)
9 (f_ —i) (i) 26 g 1) (C.15¢)
94 (f_ —i) (i) 26 g, 1) (C.15d)

Thus ¥3(z|7) maps into itself under S, whereas ¥5(z|7) and ¥4(z|7) are exchanged. The theta functions
consequently form a closed system under the modular group.

A fundamental tool in deriving these transformations is Poisson resummation. For a sufficiently well-
behaved function f(z), we can define its Fourier transform by

Flk) = / ‘: dz f(z)e 27 (C.16)
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The Poisson summation formula states that

> fn) =3 f(m) (C.17)

nez meZ

For the Gaussian
2

flz) =e ™ Re(a) >0
its Fourier transform is
-~ 2
f(k) =a Y2e 7k /a (C.18)

Hence, its Poisson resummation gives the known identity

3 et = z —smi/a (C.19)

nez mEZ

Setting a = 7 yields the basic relation between a lattice sum at 75 and its dual at 1/m. More generally,
including a phase gives
Z e—wa(n+b)2+27rinc _ Z e (m—c)?/a+2mimb (CQO)
nez mGZ

This form is particularly useful for converting the aforementioned momentum sums into winding ones.

C.3 Bessel Functions of the Second Kind

The Bessel equation of order v is
22y +ay + (22 =)y =0 (C.21)

Two linearly independent solutions are usually denoted by J,(z) and Y, (z), where J, is the Bessel function
of the first kind and Y, is the Bessel function of the second kind. For non-integer v, the latter can be
defined in terms of the first kind functions as

Jy(x) cos(mv) — J_,(x)

sin(7v)

Y, () = (C.22)

The integer-order functions Y, (z) are obtained by taking the appropriate limit as ¥ — n. For small
positive x, the behavior of Y, (z) for v ¢ 7Z is dominated by

Y, (x) ~ Iy (Z)V, r— 0%, v>0 (C.23)

™ T

For integer order, logarithmic terms can appear. In particular,

Yofw) ~ = {log (2> + 7} v 0t (C.24)

where v is the Euler-Mascheroni constant. For large positive x, the second-kind Bessel function has the
oscillatory asymptotic expansion

Y,,(x)w“fggsin (x—?—i), T — 00 (C.25)
Jo(x) ~ 4/ 296 cos (x — % - Z) (C.26)
m

Correspondingly,



The Bessel functions satisfy useful recurrence relations. For Z, = J, or Y,

Zy1(x) + Zyyr(z) = ;Z,,(IL’) (C.27a)
Zyr(&) = Zyia(w) = 220(x) (C.27b)
Equivalently,
d v v
. (2" Z,(x)] = 2" Z,_1(2), (C.28a)
jx (272, (x)] = =27 Zppa (w) (C.28b)

The Wronskian of the two independent solutions .J, and Y, is

WL, Y] = Jo(2)Y)(z) = J(2)Y, () = — (C.29)

v T

Thus any solution of the Bessel equation can be expressed as a linear combination
y(x) = AJ,(xz) + BY,(z) (C.30)

The modified Bessel functions [, and K, are obtained by continuation to imaginary arguments. This
one was used via the Eisenstein series method for the formal path integral derivation of both bosons and
fermions. Their large-x behavior is

Iy(x)w\/% (C.31a)
K, (z) ~ %e—x (C.31b)

C.4 Divisor Sum Function

For a positive integer n and complex parameter s, the divisor sum function is defined by

os(n)=> d° (C.32)

dn

where the sum runs over all positive divisors d of n. The commonly used notation o(n) = o1(n) therefore
corresponds to the sum of the positive divisors of n. For example,

oo(n) =>_ 1=d(n) (C.33a)

dn

oi(n)=>d (C.33b)
dn

oa(n) =Y d° (C.33¢)
din
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Here d(n) denotes the number of positive divisors of n. If n has prime factorization
n=1]py (C.34)
j=1

then o4(n) is multiplicative and can be written as

T

ou(n) =TT (1 +p;+07 +- +p;") (C.35)

j=1

while for s # 0, this can equivalently be written as

os(n) =11 LR (C.36)

=i Pl
For s = 0 one obtains .
j=1

Additionally, the multiplicativity property states that if gcd(m,n) = 1, then

os(mn) = os(m)os(n) (C.38)
The divisor functions also possess a useful Dirichlet—series representation. For Re(s) sufficiently large,
X g.(n
520 ((a)c(s = a) (.39
n=1 n
where ((s) is the Riemann zeta function. This follows by interchanging the order of summation:
00 o, (TL) 00 de o] B o q
> =22 =2 d ) — = ((s—a)((s) (C.40)
n=1 n’ n=1 djn n° d=1 m=1 m?

Divisor sums occur naturally as Fourier coefficients of modular forms. For instance, the Eisenstein series
of even weight k£ > 2 has the Fourier expansion

2k &

Ei(r)=1- B, nZ::lak_l(n)q” (C.41)

where B; denotes the k-th Bernoulli number. In particular,

Ey(1) =1+ 240 i os(n)q" (C.42)
Eg¢(t) =1—-504 i o5(n)q" (C.43)

Finally, the asymptotic size of o4(n) can be estimated from standard divisor-sum bounds. For fixed s > 0,
the function grows polynomially up to factors that depend mildly on the arithmetic structure of n. A
simple bound following from the definition is

os(n) < n’d(n) (C.44)

since every divisor d of n satisfies d < n. Such estimates are often sufficient when establishing convergence
of Fourier expansions or bounding contributions from large Fourier modes.
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Appendix D

Tree Level Amplitudes in the Bosonic
String

Even though the goal of this thesis was not the study of scattering amplitudes, some basic notions are
mentioned here. More specifically, we state the S—matrix equivalent in string theory and shortly review
the steps that lead to the most famous string theory amplitude: the Veneziano amplitude.

D.1 Basic Formalism Setup

As in QFT, the starting point to calculate scattering amplitudes is the S-matrix!. The idea of the
Feynman path integral generalizes and in principle what we will now have to consider is summing over
all worldsheets that have the appropriate initial and final states as boundary conditions. Nonetheless,
the analysis does not end here. As we can see from D.1 due to state—operator correspondence, in the
end, the worldsheet topology is independent of the number of states. The only dependence regarding the
number of states is encoded in the insertion of the vertex operators.

[dX dg] ~Sx—Ax) = </ )
i k)= Y ] \9(0) Viulki,o0)) (D1
S Kty o Fn) /Vol Diff x Weyl) bt o Vilki,oi) ) (D-1)

compact topologies

To carry out explicit calculations, it is essential to work with the gauge-fixed form of the S-matrix. Ap-
plying the Faddeev-—Popov procedure to the above expression leads to the considerably lengthy formula,

Sy (s K) = /fnR /dgzﬁdbdc} exp (=S — Sy — \Y)

compact topologles

/da < Sy 8kg)> ((M)ef (8, ) Hﬁ (ki, o)

(D.2)
()¢ f

D.2 Veneziano amplitude

This formula, while inherently intricate, admits significant simplification in the specific case under consid-
eration—mnamely, the Veneziano amplitude. The Veneziano amplitude describes the tree-level scattering
of four tachyons in oriented open string theory. At tree level, there are precisely three Riemann surfaces

!The conventions used in this section are the ones of Chapters 5,6 of [6], which is the main reference, with [7] and [3].
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with positive Euler characteristic y, among which the surface relevant for oriented open string scattering
is the disk D? which is conformally equivalent to the upper half-plane.

To proceed with our analysis, we now invoke the Riemann—Roch theorem?, which establishes a relationship
between the number of metric moduli i, conformal Killing vectors x, and the Euler characteristic x via
the relation:

H— K =—3x (D.3)

while simultaneously
X>0=rk=3x, n=20 (D.4)
X<0=kr=0, p=-3x (D.5)

Since the disk is a zero genus Riemann surface that has one boundary its Euler characteristic is yp2 = 1,
meaning that ¢ = 0 and x = 3. This can also be verified by its conformal group PSL(2,R), which will
allow us to fix three out of the four insertions at fixed points.

Before presenting the simplified expression for the Veneziano amplitude, it is important to make some
additional remarks. In the case of the oriented open string, the vertex operators must be inserted along
the boundary of the worldsheet. When working in the upper half-plane formulation, this boundary
corresponds to the real axis. Moreover, one must account for all inequivalent orderings of vertex operator
insertions. For a four-point amplitude, there are six such inequivalent orderings. The amplitude is then
given by

(X dg]
Sy (ky, ko, ki, kig) = Z; /Vol Dt < Werl exp(—SX—)\X (/d%, o0) (k:z,a,)> (D.6)
TESY/ Ty

where the sum is over inequivalent cyclic orderings of the vertex insertions.

At this point we will use the extra symmetry provided by the conformal group PSL(2,R) to to fix the
positions of three vertex operators without loss of generality. We choose:

y1 =0, yo=1, ys — o0 (D-7)

This gauge fixing reduces the moduli of the configuration to a single real variable, corresponding to the
position of the fourth vertex, y; € R

3
Sz (k1 ko ks Kia) = goe™ / dya H R X W) o ke XW) Y 4 (hy s k) (D.8)

The constant g, = eV? is the open string coupling. The fourth power of g, reflects the presence of four
external tachyons, as each integrated vertex operator contributes a factor of g, from its normalization.
Since the ghost and matter sectors of the worldsheet CFT are decoupled we can factorize the path
integral into separate correlators for the ghost and matter contributions. The ghost ¢ is a primary field
with conformal weight 2 = —1, so the three-point correlation function for < ¢;(y;)ea(y2)es(ys) > has the
fixed form

2A complete proof and statement of the theorem can be found in [8].
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1

(1 —y2) "M (y2 —y3) "My —ys) !
This follows from the general 3-point function of three primary fields ¢1(z1), ¢2(22), ¢3(z3) of conformal
weights hq, hohg

(c1(yr)ez(y2)es(ys)) o< (D.9)

0123
<¢1 (21)¢2(Z2)¢3(Z3)> hi+ha—hs _hi+hs—ha _ha+hs—hy <D10)
212 213 223

where the constant (o3 depends on the nature of the problem.

In general, the correlation function of n tachyon vertex operators can be computed to be on the disk D?

n . _ /k2 n ,
(I e s) =i mfs® (k) T - 1% T - 5o s - 5 0
i—1 D2 i=1 ij—=1
1<J

Inserting both expressions on (D.8) we can reach the form

Spz (k1; ko; k3; ky) = i g Cpe (27) 26526<Zk> Y12 Y13 Y3 / dys [ i [2 R 4 (kg > k3)  (D.12)

1<j

where we have used the abbreviation y;; = y; — y;. It is now time to change into Mandelstam variables
as they were introduced in the introduction along with the fact that s +t +u = >, m; = —%. More

precisely,
20/ki - by = o (ki + kj)* = kP = k3] = =2+ o/ (i + k;)? (D.13)

To avoid potential confusion, we emphasize that in the present section k; denote the full momentum
vectors, not their magnitudes (in contrast to the notation used in the appendix beginning formula).
By expressing the momentum dependence in terms of the Mandelstam variables and substituting into
(D.12), we obtain an expression that closely resembles the integral representation of the Euler beta
function. The primary difference lies in the limits of integration, which initially range over the entire
real axis yy € (—00,00), rather than the interval [0, 1]. However, there is another trick we can use which
amounts to splitting the integral in three regions, namely

—OO<y4§O, 0<y4§17 1<y4<00

which gives equal contributions thanks to PSL(2,R) transformations we can perform to map the first and
third region in a form like the intermediate one. After these manipulations, we arrive at the well-known
form of the Veneziano amplitude

4
S]D)2 (]{71, ]{]2, k’g, k’4) =0 gi CID)2 (271')26526 (Z kl) [I<87 t) + [<t7 u) + I(ua 8)] <D14)
=1

where each term (s, t) corresponds to an integral of beta function type

1 ’ /
I(s,t) = /0 dyy (1 —y) " ?=B(—ad's —1,—adt — 1) (D.15)
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Appendix E

Coset Theory

Let G be a simple Lie algebra of rank r¢, and let G}, denote its affine extension at level k. A useful way of
understanding the corresponding conformal field theory is to separate the degrees of freedom associated
with the Cartan subalgebra from those associated with the remaining root directions. The latter form
the parafermionic sector of the theory.

The stress tensor of an affine algebra is obtained through the Sugawara construction. In the standard

normalization, it is given by
1
T = — g S JYJY E.1
G(Z) Q(kf—l—hé) - J (Z) ( )

where h/, is the dual Coxeter number of GG, and the index a runs over all generators of the Lie algebra.

The corresponding central charge is

o k,dim, G
“7 k+hy

We now compare this central charge with that of the Cartan subalgebra. Since the rank of G is rg, its

Cartan subalgebra is rg—dimensional and can be represented by rg free bosons. In particular, the Cartan

currents can be written as

(E.2)

H'(z) =i0¢'(z), i=1,...,7¢ (E.3)

where the ¢’ are free scalar fields. The corresponding free-boson stress tensor is
1 e o
TU(l)TG (Z) = —5 Z . aqﬁl&bl . (Z) (E4)
i=1

and has central charge
Cu(yre =Ta (E5)

The simplest case is that of a simply-laced algebra at level £ = 1. In the standard normalization, in
which all roots have length squared a? = 2, a simply-laced algebra satisfies

dimG = rg (b + 1) (E.6)
Consequently, at level one,
dim, G
= = E.7
eh hé 1 ra ( )

Thus, the central charge of the affine theory is precisely equal to that of r free bosons.

!This section follows the discussion of coset constructions in [9].

126



This equality provides the basis for the free-boson, or vertex—operator, construction of simply—laced affine
algebras at level one. In addition to the Cartan currents in (E.3), the currents associated with the roots
can be represented schematically as

Eo(2) ~: ef?) (E.8)

With the normalization a? = 2, the conformal weight of such a vertex operator is h, = %2 = 1. The root
vertex operators are therefore dimension—one operators and can be identified with the affine currents.
Together with the Cartan currents, they reproduce the full affine algebra. Since there is no additional
central charge beyond that of the Cartan bosons, one may write

Te,(2) = Tuaye(2) (E.9)
For k£ > 1, however, the situation changes. The affine theory has central charge
_ kdimG
 k+ R

which in general is larger than . The Cartan currents still provide a U(1)"¢ sector with central charge
ra, but this sector no longer accounts for all the degrees of freedom of the affine theory. The remaining

degrees of freedom define the coset theory U(?ﬁv whose central charge is

Gy, (E.10)

k,dim, G
Cpara = Cqy, — TG = k+ hY. —Trg (Ell)
G

At the level of the stress tensor, this decomposition can be expressed as

Tolz) = Tyaya(2) +T_o,_(2) (£12)
U(1) G

The second contribution is referred to as the parafermionic or coset sector. This construction also makes
clear why the free—boson description is special to simply—laced algebras at level one. For a non-simply—
laced algebra, the relation (E.6) does not hold in the same way, and consequently the affine theory
contains degrees of freedom that cannot be represented solely by the Cartan bosons, even at level k = 1.
As a concrete example, consider SO(5). Its Lie algebra has rso(5) = 2, dim SO(5) = 10, h{g;) = 3. At
level one, its affine central charge is therefore

10 5

Cso(5), = 1+3 2 (E.13)

The Cartan sector consists of two free bosons and hence has cy(;)2 = 2. The remaining coset sector
consequently has central charge

1
Cpara = CSO(5); — 2= 5 (E14)
In fact, the corresponding coset is equivalent to the Ising conformal field theory,
SO(B) . .
ADE = Ising CFT (E.15)

Thus, the SO(5); theory can be viewed as two free bosons together with an additional ¢ = % Majorana
or Ising sector. This additional contribution is precisely what is absent in the simply—laced level-one
construction.
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A similar phenomenon occurs for simply-laced groups when the affine level is increased above one?. The
simplest example is SU(2). Since dim SU(2) = 3, th@) = 2, rsy2) = 1, the affine central charge is

3k
CSURK = 1o (E.16)

The Cartan subalgebra contributes one free boson with ¢ = 1. Consequently, the parafermionic sector

has
3k 2(k—1)

p=—=1=—" E.1
foara = 9 k+2 (E17)
The resulting coset
SU(2)
E.18

is the Z, parafermion conformal field theory. Notice that at & = 1, the parafermionic central charge
vanishes, recovering the purely bosonic description. For £ > 1, however, a non-trivial parafermionic
sector is required in addition to the Cartan boson.

More generally, the coset construction provides a natural decomposition of an affine theory into a bosonic
Cartan sector and a non—abelian remainder. The latter contains the degrees of freedom associated with
the root directions that cannot be captured by the U(1)"¢ currents alone.

For an in—depth description of related systems, see [10].
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