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Abstract

Time series classification is a fundamental machine learning task with applications
spanning healthcare monitoring, human activity recognition, industrial fault detection,
and financial analysis. Among the many approaches developed for this task, symbolic
representations occupy a distinctive position: by discretizing continuous signals into
sequences of discrete tokens, they offer a combination of computational efficiency, noise
robustness, and interpretability that purely numerical or deep-learning approaches
rarely match. The central technique in this family is Symbolic Aggregate approXima-
tion (SAX), which reduces a time series to a compact symbolic string via Piecewise
Aggregate Approximation (PAA) and Gaussian breakpoint discretization. Despite its
two-decade prevalence, SAX and the Bag-of-Patterns (BOP) classifier built on top of
it carry several well-documented weaknesses: parameter selection is typically heuristic,
trend information is discarded by the piecewise averaging step, cross-channel depen-
dencies are not natively captured in multivariate settings, sequential order between
symbolic words is lost in BOP’s frequency histogram, and the symbolic vocabulary
has not previously been exploited as a first-class input to modern sequence models.

This thesis develops a coherent programme of extensions that address these
weaknesses systematically, while preserving the interpretability that motivates the
symbolic approach in the first place. The thesis begins by conducting a systematic
review of the SAX literature and organizing the identified extensions into a taxonomy
structured around the specific weakness each addresses, establishing the conceptual
map from which the original contributions depart.

The first original contribution introduces two independent extensions targeting sep-
arate weaknesses: Multichannel Intelligent Icons (MII), which captures cross-channel
dependencies in multivariate time series, and Slopewise Aggregate Approximation
(SAA), which recovers trend information through a parallel angle-based discretization
branch. Both are evaluated on a human activity recognition benchmark.

The second contribution addresses the parameter selection problem by applying
the DIRECT global optimization algorithm to the joint tuning of SAX parameters
across four feature-extraction strategies, evaluated on twenty-four UEA multivariate
benchmark datasets. The proposed approach achieves competitive classification
accuracy without gradient information or exhaustive search, while maintaining full
symbolic interpretability.

The third contribution bridges symbolic time series representations and Large
Language Models (LLMs). Observing that SAX already produces ordered discrete
token sequences — the native input format of LLMs — the thesis develops SAX_ HAR-
LLM, a dual-stream framework that pairs a trend-aware case-modulated symbolic
encoding with lightweight kinematics-informed descriptors and fine-tunes a causal
LLM via QLoRA on structured prompts derived from inertial sensor data. The
framework is evaluated on two human activity recognition benchmarks and includes



an attention-based interpretability analysis that links predictions to specific symbolic
motifs on specific sensor axes.

The fourth contribution addresses BOP’s loss of sequential order by constructing
directed graphs over SAX-word transitions and learning graph embeddings via Graph
Neural Networks. Two graph construction schemes are proposed and evaluated on
twelve UCR univariate benchmark datasets, establishing that graph-based representa-
tions complement BOP’s frequency information most effectively on series compressed
into longer symbolic strings.

Taken together, these contributions constitute a systematic and empirically grounded
exploration of symbolic time series representation, advancing the state of the art along
four distinct dimensions while maintaining a coherent commitment to interpretability
throughout.

Keywords: Time Series Classification, Symbolic Representation, Symbolic Aggregate
approXimation (SAX), Bag-of-Patterns (BOP), Multivariate Time Series, Hyperpa-
rameter Optimization, DIRECT algorithm, Large Language Models (LLMs), Graph
Neural Networks, Interpretability



Extetopevn XOvodn

H ta&wvounom yeovooeipmv anotehel Yeuehiddeg meoBAnuo unyavixic udinong ue spap-
HOYEC TOL exTEVOVTOL amd TNV TopoxohoLUNGT LYELNS Xou TNV oVarY VORLOY avip®TvNg
Opac TNEWOTNTAG €wS TN Blopnyavixy) aviyVELUCT) CQUAUATWY XAl TNV OLXOVOULXY| oVEAU-
on. Meta€) twv dadéoiuwy npoceyyioewy, ol GUUBONXES AVIUTUPAC TAGELS XATEYOLY
Eeywploth Véon: petaoynuatilovtag cuveyelc ypovooelpée oe axoloudieg BlaxpLtdy
CUUBOAWY, TROCPEEOUY GUVBVUCUO UTOAOYIC TIXNG ATOBOTIXOTNTOS, AVIEXTIXOTNTAG OF
YopuBo XL EPUNVEUCLOTNTAS TOU AELIUNTIXES 1 Podié apytTEXTOVIXESC OTdVLOL ETULTUY-
Y&vouv Tautoyeova. H xevtpun teyvixn authc tng owxoyévelog ebvan 1 LupBolur Xu-
vodpoto x| Ilpocéyyion (Symbolic Aggregate approXimation - SAX), n onoio cupnu-
XVOVEL Ui YeOoVooEelpd o cLPBoAXT axolovdia péow tng Tunuotinric LuvadpoloTixhg
[Tpocéyyione (Piecewise Aggregate Approximation - PAA) xou yxaovoiavic Stoxpttomo-
inone. Topd t Biddoor| tne yia dVo dexaeties, 1 SAX xou 1o povtého Bag-of-Patterns
(BOP) mnou Baociletoan o auth napouctdlouv YvwoTtols Teploplolols: 1 ETLAOYY mo-
popétwy yivetan ouvilwg eupeTxd, N TANPOYOpia TACGNE YAVETOL XATA TNV TUNUATLXY
TEOGEYYLON), Ol EEUPTAOELC PETAED XOVOALDY DEV AMOTUTOVOVTOL GTO TOAUBLAC TATO Ao
{oto, 1 yeoviny| B1dTadn TwV GUPBOAXMY AEEEWY YAVETOL GTO LG TOYEAUUUO GUYVOTNTOC TOU
BOP, xou to cupBolund he€ihoyio dev €yel aflonomidel wg elcod0og GUYYEOVLY LOVTEANY
oaxohouILOV.

H mapoloa diatei3 avantiooel €va GUVEXTIXG TAXUCLO EMEXTAGEWY TOU OVTIUETW-
Tlouy CUCTNUATIXG AUTOUE TOUG TERLOPLOHOUS, BLUTNEMVTS ToUEEANAAL TNV EQUNVEUGL-
HOTNTO TOU amoTeAEl TOV %EVTELXO AOYOo Lo¥ETnone Tng cupBolurg mpooéyylong. H
dlatelf3n Eexvd ye ouo TuaTer avaoxomnon g Bihoypaglac SAX xou opydvewon Ty
enextdoewy ot tagvouio Bdoel e aduvoploc mou N xdde wla anooxonel vo ovTUETW-
nioeL.

H npodtn mpwtotunn cuvelogopd elodyel 8o aveldptntee enextdoelg: tar Multi-
channel Intelligent Icons (MII), nou anotundvouv cuveEapTHOELC HETAED XAVOLDY GE
TONUBLAC TATES YPOVOOoELRES, xat TNy Slopewise Aggregate Approximation (SAA), mou
Vo Td TANRopopla TdoNg HECL ToEdAANAOL XAABOL YwVlox g dlaxpitonoinong. Ko ou
600 aglohoyolvton o€ TEOBANUO AVoY VORLONE ovIp®TVIG BEao TNELOTNTOG.

H 8eitepn ouvelopopd avtiyetwnilel To npoBAnua emAoyhc TopouéTewy e@apudlo-
vtag tov alyopripo xadohxic Bedtiotonoinong DIRECT yu xowy| Behtiotonoinon
rapopétewy SAX ot T€ooeplc OTRATNYXES EEUYWOYNS YOQRUXTNEIC TIXWY, UE alONOYNOT
ot eooltéccepa ahvoha dedouévwy UEA.

H tpitn ouvelo@opd cuVOEEL TIC GUUBOAXES AVATHPAC TACELS YPOVOOELRMY XOL TAL [E-
Yého Yhwoowd povtéro (LLM). Iapatnedvtoac Tt 1 SAX nopdyer H01 talivounuévee
OlaxeLtég oxohoudieg mou anoTeAOLY TNV eYYEVH WoppT| eloédou twv LLM, arogacicoue
VoL a€LOTOLACOUKE AU TY T BouixT| CUPBATOTNTA YLaL VLY VOELOT| BRoC TNELOTNTAS AT Ot
ontripec. Avantioue tnyv uédodo SAX HAR-LLM, otny onola eioarydyope xwdixomo-
{non tdong péow evahhoryfic TelwV-XEPUANl®Y GUUBOANY Xa GUVBLACOUE TG CUUBOAXES

iii



oaxONOUDIES UE HVNUATIXEC TOPAUETPOUC OE dounuéves eviohéc tpoc To LLM (prompts)
v Ty e€etdixevon (fine-tuning) npoexnoudevpévou LLM. H pédodoc afiohoyeiton o€
000 GUVOAX BEDOUEVLV AVAPORAS YO AVAY VERLOT) avp@Tivng Bpao THELOTNTAC Xl TERL-
AofBdvel avdAuoT EpUNVELCUOTNTOC, 1) omola cLUVBEEL TIC TPOPBAEYELS Ue oLYXEXPLUEVL
ouuPolxd wotifa oe cuyxexpyévoug d€oveg auaUNTHEWY.

H tétaptn cuvelo@opd avtipetonilel TNy anwieia ahAnlovyloxic TAnpogoplac 6To
BOP xoataoxeudlovtog xateuduvéuevoug Yedpoug uetofdoewy petadlh ouufolundv Aée-
oV xat pardolvovtag avomopao T8oels Yedpou péow Ipapixdy Nevpwvindv Awxtiny (Graph
Neural Networks — GNNs), pe agiohdynon oe dcddexa oivoha dedopévwy UCR.

Y10 6UVORG TOUC, OL GUVELCQORES QUTEG AMOTEAOUY L0 GUC TNUOTLXY XU EUTELRLXA
TEXUNPLWUEVT] BLEEELYNOT] TNG CLUPBONXNC AVITOEAC TAOTG YPOVOCELPWY, TOU ENEXTELVEL
Ta 6pLol ToL TEdIOL oE TéooEPLS BLaxpLTéC XaTELVVVOELS Ywpelc vor Yuotdlel Ty epunveu-
oWoTNTOL.

Ag&eig-xAedid: Tolwounon ypovooeipwy, Xuufohiny) Avanopdotaoy, Xuufohxy
Yuvadpowo x| Hpooéyyion (SAX), avanapdotaon Bag-of-Patterns (BOP), ITohudti-
dotateg Xpovooelpég, Behtiotonoinon Yrepnopopétewy, Ahyoprduoc DIRECT, Me-
yéha I'hwoowd Movtéha (LLMs), Nevpwvixd Aixtua Iedpwv (GNNs), Epunvevot-
poTNTOL
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Chapter 1

Introduction

1.1 Machine Learning: Definition, Motivation, and Scope

Artificial Intelligence (AI) has been a scientific aspiration since the mid-twentieth
century, but it was the emergence of Machine Learning (ML) as its dominant paradigm
that transformed this aspiration into a practical, engineering discipline. ML is the
subfield of AI that studies algorithms and statistical models enabling computer systems
to perform tasks without being explicitly programmed for each one; instead, they
learn from data. The most widely cited operational definition remains that of Mitchell:
“A computer program is said to learn from experience E with respect to some class
of tasks T and performance measure P, if its performance at tasks in T, as measured
by P, improves with experience E” [1]. This simple characterisation captures the
paradigm shift at the heart of ML: rather than a human expert encoding every rule
that maps inputs to outputs, the rules are induced automatically and iteratively from
observations.

The motivation for this approach is straightforward. A vast class of practically
important problems — recognising speech, translating text, detecting anomalies in
sensor streams, recommending content, or diagnosing disease — involves mappings
that are too complex, too high-dimensional, or too context-dependent for explicit
rule-based solutions [2}|3]. In each of these settings, data carries information that is
difficult or impossible to express as a closed-form specification but can be extracted
statistically given sufficient examples. The defining characteristic of ML, therefore, is
not merely the use of statistics but the systematic use of experience to generalise: a
model trained on seen examples should produce useful predictions on unseen ones.

The economic and scientific importance of machine learning has grown dramatically
over the past two decades. Three concurrent trends have been the main drivers [2,4]: (i)
the exponential growth of digitally collected data, arising from social networks, sensor
networks, scientific instruments, and the broader digitalisation of economic activity;
(ii) dramatic increases in computational power, especially through graphics-processing
units (GPUs) and, more recently, specialised Al accelerators; and (iii) the maturation of
algorithmic ideas that, though often decades old in conception, only became practically
exploitable at the scale afforded by (i) and (ii). The conjunction of these forces has
elevated ML from an academic sub-discipline to a general-purpose technology with
applications spanning healthcare, finance, autonomous systems, climate modelling,
natural language communication, and scientific discovery [2}/3].

This introductory chapter places the work of this thesis within the broader context
of machine learning research. Section reviews the principal data modalities to
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which ML is applied and the distinct challenges each poses. Section provides a
taxonomy of learning paradigms and traces the historical development of the field.
Section surveys the current state of the art at a high level. Section identifies
open challenges that motivate ongoing research. Section defines the scope of this
thesis.

1.2 Types of Data in Machine Learning

A central insight of modern ML is that the structure of the data should dictate the
inductive biases of the model. Different data modalities present qualitatively different
challenges for learning, and the history of the field can in part be read as a succession
of representational innovations matched to each modality. The most prominent data
types are surveyed below and summarised in Table [L.1]

Tabular (structured) data. The classical setting for statistical learning consists
of instances described by a fixed set of heterogeneous features arranged in rows and
columns. Tabular data is ubiquitous in business analytics, clinical records, and financial
modelling. The principal challenges are the mixture of continuous and categorical
features, missingness, and the absence of the strong spatial or temporal structure
that facilitates deep learning. Tree-based ensemble methods — random forests [5]
and gradient-boosted trees — consistently rank among the strongest performers on
tabular benchmarks, often outperforming deep models that lack appropriate inductive
biases for this setting.

Time-series data. A time series is an ordered sequence of observations indexed by
time, arising wherever a quantity is measured repeatedly at successive instants. Time
series data is particularly prevalent in scientific monitoring (EEG - ElectroEncephalo-
Gram , ECG - ElectroCardioGram ), industrial sensing, finance, and meteorology.
The key distinguishing property is temporal ordering: the position of a value in
the sequence carries information, giving rise to phenomena such as autocorrelation,
seasonality, non-stationarity, and temporal warping that are absent in unordered
tabular data. Time series may be univariate (UTS) — a single channel of observations
— or multivariate (MTS) — several co-evolving channels recorded simultaneously. The
multivariate case introduces the additional challenge of inter-channel dependencies,
which may be as informative as individual channel dynamics. A rich body of specialised
methodology has developed for time series classification, ranging from distance-based
methods and dictionary approaches to modern deep architectures [6-8].

Text and natural language data. Natural language is discrete, sequential,
compositional, and deeply contextual. A sentence’s meaning depends not only on
the words it contains but on their order, their syntactic relationships, pragmatic
context, and the vast background knowledge a human reader brings. The vocabulary
is open-ended, morphological variation is large, and the same concept may be expressed
in innumerable ways. These properties make Natural Language Processing (NLP)
one of the most challenging — and consequential — application domains of ML.
Early approaches relied on bag-of-words representations and handcrafted features;
distributed word representations [9] introduced dense, geometry-respecting embeddings
that captured semantic similarity; and contextualised representations from pre-trained
transformer encoders [10] have since become the standard substrate for nearly all NLP
tasks.

Image data. Images are high-dimensional, spatially structured arrays of pixel
intensities. The dominant inductive bias is that useful features are locally connected
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and translation-invariant: the same edge detector or object part may be useful at
any spatial location. This bias is directly encoded in convolutional neural networks
(CNNs) |11], which have been the defining architecture for computer vision for over a
decade [12]. Challenges include scale, viewpoint, and illumination variation, occlusion,
and fine-grained recognition.

Graph data. Many real-world systems are most naturally represented as graphs:
molecules, social networks, knowledge bases, and citation networks all consist of entities
(nodes) connected by relations (edges). Unlike images or sequences, graphs have
irregular, non-Euclidean topology and no canonical ordering of nodes or neighbours,
which invalidates the standard convolution operation. Graph neural networks (GNNs)
address this by performing message passing over the neighbourhood structure and
have become the dominant paradigm for graph-structured learning [13].

Audio data. Audio signals are one-dimensional waveforms with both temporal and
spectral structure. Spoken language, music, and environmental sounds are routinely
processed by first computing time-frequency representations (spectrograms or mel-
frequency cepstral coefficients) and then applying CNN or recurrent architectures.
End-to-end learning directly from raw waveforms has become increasingly practical as
models scale [3].

Multi-modal data. Increasingly, state-of-the-art systems combine multiple
modalities. Vision-language models ingest images and text simultaneously; medical
AT systems combine imaging, genomics, and clinical notes. Multi-modal learning
introduces the additional challenge of aligning representations across heterogeneous
input spaces [14].

1.3 A Categorical and Historical Overview of Machine
Learning

1.3.1 Learning Paradigms

ML methods are conventionally grouped according to the nature of the supervisory
signal available during training. Table summarises the principal paradigms; their
properties are discussed below.

Supervised learning. The most widely studied paradigm: the algorithm is
provided with a training set of input—output pairs {(x;,y;)} and learns a function
f : X > Y that generalises to new inputs. When the output space Y is a finite set
of class labels the task is classification; when it is a continuous quantity the task
is regression [1]. The vast majority of practical ML applications — spam detection,
medical diagnosis, speech recognition, image labelling — fall into this category. Its
central challenge is the availability of labelled data, which is often expensive to obtain.

Unsupervised learning. Only inputs are available; the goal is to discover latent
structure in the data. Clustering algorithms partition the input space into coherent
groups; dimensionality reduction methods such as principal component analysis find
compact representations; generative models learn the probability density p(x) from
which the data were drawn. Unsupervised learning is valuable precisely because
unlabelled data is abundant and cheap to collect.

Semi-supervised learning. A small amount of labelled data is combined with a
large pool of unlabelled data. Under the assumption that the marginal distribution
p(x) carries information about p(y|x) — e.g., because the class boundary avoids regions
of high density — the unlabelled examples can substantially improve performance
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Table 1.1: Overview of common data modalities encountered in machine learning, with their
structural properties, principal challenges, and representative model families.

Modality Structure Principal chal- Representative
lenges models

Tabular Heterogeneous Mixed types, missing- Random forests [5],
features, un- ness, no spatial prior gradient boosting
ordered

Time series Ordered, tem- Warping, non- ROCKET, Inception-
poral (uni- stationarity, inter- Time, LSTMs [7]
/multivariate) channel dependencies

Text / NLP Discrete, sequen- Open  vocabulary, Transformers, BERT

tial, composi- long-range context, [10]
tional ambiguity
Image Spatial, High dimensionality, CNNs [11], Vision
translation- scale, viewpoint vari- Transformers [15]
invariant ation
Graph Non-Euclidean, Irregular  topology, Graph neural networks
relational permutation invari- [13]
ance
Audio Temporal + spec- Noise, time— CNN/RNN on spectro-
tral frequency resolution grams, wave models
trade-off
Multi-modal Heterogeneous, Modality alignment, Contrastive pre-
cross-modal missing modalities training, fusion
models

relative to supervised learning with labels alone [3].

Reinforcement learning. An agent interacts sequentially with an environment,
observing states and selecting actions; the environment returns scalar rewards. The
agent’s objective is to learn a policy that maximises cumulative discounted reward.
Reinforcement learning is the natural framework for sequential decision-making,
robotics, and game-playing. Its first modern instance was Samuel’s self-improving
checkers player, which used a form of temporal-difference learning that would later be
formalised [16].

Self-supervised learning. A variant of unsupervised learning in which pseudo-
labels are generated automatically from the raw data by defining prediction tasks
that require no human annotation — for example, predicting a masked token from
its context, or predicting the relative positions of image patches. Self-supervised pre-
training has become the dominant strategy for learning general-purpose representations
at scale, underpinning BERT [10] and the broader family of large language and vision—
language models |17].

1.3.2 Historical Development

The development of machine learning spans roughly eight decades and can be organised
into four overlapping eras, illustrated in Figure [I.1
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Table 1.2: Comparison of the principal machine learning paradigms along four axes.

Paradigm Supervision Typical tasks Representative
methods
Supervised Labelled pairs  Classification, re- SVMs, random
gression forests, CNNs
Unsupervised None Clustering, di- k-means, PCA, au-
mensionality re- toencoders

Semi-supervised

Few labels +

duction, anomaly
detection

Classification with

Self-training, label

unlabelled scarce labels propagation
Reinforcement Reward signal ~ Sequential deci- Q-learning, PPO,
sion making AlphaGo
Self-supervised Labels from Representation BERT masking,
data learning, pre- contrastive learn-
training ing

Foundations: Neural and Statistical Beginnings (1940s—1980s)

The intellectual genealogy of ML begins with McCulloch and Pitts, who showed in
1943 that networks of idealised neurons — each computing a weighted threshold
over its inputs — could represent any logical proposition, establishing the theoretical
plausibility of computation in neural tissue [18]. Rosenblatt’s Perceptron (1958)
made the leap from logic to learning: a single-layer network of binary threshold units
whose weights could be updated by a simple error-correction rule to correctly classify
linearly separable patterns [19]. Samuel’s checkers program (1959) independently
demonstrated that a computer could improve its performance through play, coining
the term “machine learning” in doing so [16].

Early optimism was tempered by Minsky and Papert’s 1969 analysis showing that
the Perceptron could not solve problems requiring non-linear boundaries, such as the
exclusive-or function, contributing to a prolonged period of reduced funding and interest
subsequently dubbed the first “Al winter.” The decisive technical response came in
1986, when Rumelhart, Hinton, and Williams demonstrated that the back-propagation
algorithm — efficient computation of gradients through multi-layer networks via the
chain rule — could train hidden units to learn useful intermediate representations,
enabling multi-layer perceptrons to represent and learn non-linear functions [20]. This
work underpins virtually all subsequent neural network research.

Statistical Learning and Kernel Methods (1990s—Early 2000s)

The 1990s saw a shift toward methods grounded in statistical learning theory, provid-
ing principled generalisation bounds and tractable optimisation. The support-vector
machine (SVM), introduced by Cortes and Vapnik, performs maximum-margin linear
classification in a high-dimensional feature space implicitly defined by a kernel function,
achieving strong generalisation even in high dimensions [21]. SVMs dominated many
benchmarks for over a decade and remain competitive in low-data regimes. Ensem-
ble methods emerged as a complementary paradigm: Breiman’s random forests [5]
construct many decision trees on bootstrap samples with randomised feature selec-
tion, producing robust classifiers whose predictions are aggregated by majority vote;
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gradient-boosted trees fit successive trees to the residuals of the ensemble, and both
families remain among the strongest methods for tabular data.

In parallel, the foundations of deep learning were being quietly laid. LeCun and
colleagues published the seminal demonstration of a CNN applied end-to-end to
document recognition, learning hierarchical edge and shape detectors directly from
pixel inputs [11]. Hochreiter and Schmidhuber introduced the long short-term memory
(LSTM) network, which used gating mechanisms to selectively write, read, and erase
a cell state, resolving the vanishing-gradient problem that had prevented recurrent
networks from learning long-range temporal dependencies [22].

The Deep Learning Revolution (2006-2016)

Despite these early results, deep networks remained difficult to train reliably with the
methods available at the time. A decisive shift began in 2006 when Hinton, Osindero,
and Teh introduced a fast greedy layer-wise pre-training procedure for deep belief
networks based on restricted Boltzmann machines, demonstrating that initialising deep
networks with unsupervised pre-training enabled effective fine-tuning with gradient
descent [23|. This reignited interest in deep architectures across the community.

The breakthrough that made deep learning mainstream was the AlexNet result at
the ImageNet Large Scale Visual Recognition Challenge (ILSVRC) in 2012. Krizhevsky,
Sutskever, and Hinton trained a deep CNN with five convolutional layers and three fully
connected layers, using ReLU activations, dropout regularisation, and GPU parallelism;
the network achieved a top-5 error rate of 15.3%, compared with 26.2% for the second-
best entry, a margin so large that it persuaded the computer vision community
to abandon hand-engineered features almost overnight |12]. Subsequent years saw
rapid progress: residual networks (ResNets) [24] introduced shortcut connections
that enabled training of networks over one hundred layers deep, and the decade was
retrospectively synthesised in an influential review that identified three ingredients —
big data, powerful computation, and generic learning algorithms — as sufficient to
learn essentially any function of practical interest [4].

Transformers, Pre-training, and Foundation Models (2017—Present)

The introduction of the Transformer architecture in 2017 marked the beginning of
a fourth era. Vaswani and colleagues proposed replacing the recurrent processing
of sequences with a self-attention mechanism that computes, for each position in a
sequence, a weighted sum of all other positions based on their relevance, enabling fully
parallel computation and the modelling of arbitrary-range dependencies |25]. The
Transformer rapidly displaced LSTMs in sequence-to-sequence tasks and proved far
more amenable to scaling.

The pre-training—fine-tuning paradigm was established at scale by BERT, which
pre-trained a large transformer encoder on two self-supervised tasks — masked
language modelling and next-sentence prediction — and then fine-tuned on eleven
NLP benchmarks, setting new state-of-the-art results on all of them [10]. The
complementary GPT line of work pursued autoregressive pre-training on ever-larger
corpora: GPT-3, with 175 billion parameters and pre-training on approximately 300
billion tokens, demonstrated that scale alone suffices for strong few-shot performance
on a diverse range of tasks, without any gradient updates at test time [26].

These results gave rise to the concept of foundation models — large models trained
on broad data at massive scale whose representations and capabilities can be adapted
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to a wide spectrum of downstream applications [17]. Vision transformers extended
the paradigm to images by treating image patches as tokens and achieved competitive
performance against CNNs at sufficient scale [15]. Instruction tuning and reinforcement
learning from human feedback (RLHF) subsequently improved the alignment and
usability of large language models [27], while empirical scaling laws have begun to
characterise how performance improves predictably as a function of model size, training
data, and compute [28,29].

InstructGPT / Chinchilla

[27]29] 2022
Perceptron [19] SVM |[21] AlexNet |12] BERT |[10]
1958 1995 2012 2019
McCulloch—Pitts [18] Back-prop |20] Random Forests [5] ResNet [24]
1943 1986 2001 2015

| | | | | | | | | | | | |

T T T T T T T T T T T T T
Foundations Statistical & kernels Deep learning Transformers &
(1940s-1980s) (1990s-2000s) revolution foundation models

LSTM [22]  Deep belief nets |23] GPT-3 |26]
1997 2006 2020

Transformer |25]
2017

Figure 1.1: A condensed timeline of machine learning milestones spanning the four
development eras described in Section Shading intensity increases with era
recency. Milestone positions are approximate.

1.4 Current trends in Machine Learning

The contemporary ML landscape can be characterised as a layered stack of model
families, each dominant in a particular regime of data modality, dataset size, and
computational budget.

Classical methods for structured data. For tabular and small-to-medium
datasets, kernel machines |21] and tree ensembles [5] remain strong, frequently hard-
to-beat baselines. Their advantages include explicit handling of heterogeneous feature
types, robustness to irrelevant features, and interpretability relative to deep networks.
Gradient-boosted trees (XGBoost, Light GBM, CatBoost) consistently win structured-
data competitions and remain the method of choice across much of applied ML.

Convolutional architectures for spatial data. Deep CNNs, from the original
LeNet [11] through AlexNet [12], VGGNet, Inception, and ResNet [24], defined the
standard for image classification across the 2010s. Transfer learning from models
pre-trained on large image corpora (ImageNet) enables strong performance on tasks
with limited labelled data — a pattern that prefigures the large-scale pre-training
paradigm later popularised in NLP. CNNs have also been successfully adapted to
one-dimensional sequential data, including audio and time series [7].

Sequence models. The LSTM [22] and gated recurrent unit addressed the
vanishing-gradient problem in recurrent networks and dominated sequence modelling
tasks throughout the 2010s. They have largely been supplanted by the Transformer [25]
for tasks where parallel training is feasible, but retain relevance in settings where
sequential processing is constrained by latency or memory.

The Transformer and self-attention. The Transformer’s self-attention mecha-
nism computes pairwise interactions between all positions in a sequence, enabling the
learning of arbitrary-range dependencies with full parallelism. Its adoption spread
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from NLP to computer vision [15], audio, protein structure prediction (AlphaFold),
and time series forecasting, supporting a view of the Transformer as a general-purpose
sequence model. The scaling properties of the architecture are particularly favourable:
performance improves predictably and sub-linearly in loss as a power law of model
parameters, training tokens, and compute [28], which has motivated the construction
of progressively larger models.

Pre-trained language models and LLMs. BERT [10] established that pre-
training a large transformer encoder via self-supervised objectives yields a general-
purpose text representation that can be fine-tuned to state-of-the-art performance
across diverse NLP tasks with relatively little labelled data. GPT-3 [|26] extended
this to autoregressive generation and demonstrated emergent few-shot learning at
175 billion parameters. Instruction tuning [27] further improved alignment with
human intent through reinforcement learning from human feedback (RLHF). Recent
open-weight large language models such as LLaMA [30] have made these capabilities
accessible for research and fine-tuning. The Chinchilla scaling analysis [29] refined
the understanding of optimal resource allocation, showing that many existing models
were over-parameterised relative to their training data and advocating for a balanced
scaling of parameters and tokens.

Foundation models and multi-modal systems. Bommasani et al. introduced
the term foundation model to describe large pre-trained models that serve as a
generalist substrate for a wide array of downstream tasks [17]. This paradigm has
extended beyond language to vision-language systems (CLIP, Flamingo), audio, video,
and scientific applications, blurring the historically clean separation between modality-
specific research communities. The broad, transferable representations learned during
pre-training reduce the need for domain-specific labelled data and represent one of
the most significant structural shifts in ML methodology in recent years.

Generative models. Generative adversarial networks (GANSs) [31] introduced
a game-theoretic framework for training implicit generative models, producing high-
fidelity image synthesis. Diffusion models subsequently surpassed GANs on image
quality and diversity and have been extended to audio, video, and scientific data
generation.

Detailed treatment of domain-specific state-of-the-art results for time series classi-
fication and natural language processing — including benchmark datasets, evaluation
protocols, and per-method performance — is deferred to the respective chapters of
this thesis, where the relevant prior art is reviewed in full.

1.5 Open Challenges in Machine Learning

Despite substantial progress, a number of fundamental challenges constrain the reliable
and equitable deployment of machine learning systems and motivate sustained research
investment.

Data scarcity and label efficiency. State-of-the-art models are notoriously
data-hungry. Obtaining labelled examples is expensive, time-consuming, and in some
domains — clinical medicine, rare event detection, low-resource languages — simply
not possible at the scale modern deep learning requires. Few-shot and zero-shot
learning [32], active learning, data augmentation, and transfer learning [33] are the
primary responses, but closing the gap between deep-learning data requirements and
realistic annotation budgets remains an open problem.

Interpretability and explainability. The most accurate models — large neural
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networks and high-cardinality ensembles — are opaque: their decisions cannot readily
be inspected or explained in terms a domain expert would find meaningful. This is not
merely an aesthetic concern; in high-stakes domains such as healthcare, criminal justice,
and autonomous systems, the inability to explain a prediction can be a legal and
ethical barrier to deployment. The field of Explainable AT (XAI) seeks methods and
taxonomies for making model decisions interpretable while preserving accuracy [34].
Techniques range from post-hoc local approximations (LIME, SHAP) to inherently
interpretable architectures (linear models, decision trees, symbolic representations).
Balancing accuracy and interpretability is a recurring theme in the design choices
made throughout this thesis.

Computational cost and environmental impact. Training large foundation
models requires millions of GPU-hours, with correspondingly large financial and carbon
footprints [3,[28]. While scaling laws [29] characterise how performance improves with
compute, they also imply that further progress at the frontier will become ever more
expensive. The gap between the resources available to large industrial laboratories and
to academic or public-sector researchers has widened considerably, raising questions
about reproducibility and equitable participation in frontier research.

Generalisation and distribution shift. A model that performs well on its
training distribution may degrade severely when deployed in a different context: a
clinical model trained on one hospital’s data may fail on another’s; a sentiment
classifier trained on product reviews may not transfer to social media. Understanding
generalisation in over-parameterised models remains theoretically incomplete [4], and
practical solutions — domain adaptation, robust optimisation, and causal inference —
remain active research areas.

Bias and fairness. Models trained on historical data inherit the biases present in
that data, potentially producing discriminatory outcomes across demographic groups.
A substantial literature catalogues the sources of bias (measurement, representation,
aggregation) and the competing formal definitions of fairness (demographic parity,
equalised odds, calibration) [35]. These definitions are often mutually incompatible,
and reconciling them with predictive accuracy is an active area of work in the ML
theory and policy communities.

Privacy. Models can inadvertently memorise and leak sensitive information from
their training data, posing risks of re-identification and data disclosure [36]. Differential
privacy provides a rigorous framework for bounding information leakage but often
comes with accuracy costs, especially in low-data regimes.

Robustness and adversarial vulnerability. Deep neural networks are suscep-
tible to adversarial examples — inputs imperceptibly modified from natural examples
in ways that cause confident misclassification [37]. This brittleness poses risks in
safety-critical applications and suggests that current models have learned superficial
statistical correlations rather than the robust, abstract representations a human would
form. Certified robustness, adversarial training, and randomised smoothing are among
the defences under active investigation.

1.6 Scope of This Thesis

Situated within the landscape described above, this thesis advances machine learning
methodology for time series data — one of the most structured, sequential, and
practically consequential data modalities identified in Section — addressing several
of the challenges identified in Section
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Time series classification (TSC) constitutes one of the most studied tasks in the
ML literature, with applications spanning healthcare monitoring, industrial fault
detection, human activity recognition, and financial analysis. Despite the richness of
existing methodology, open problems remain in the design of efficient, interpretable,
and generalisable classifiers — particularly in the multivariate setting, where inter-
channel dependencies and high dimensionality compound the challenges of temporal
modelling. This thesis contributes novel methods and extensive empirical evaluations
for both Univariate Time Series Classification (UTSC) and Multivariate Time Series
Classification (MTSC), building upon and critically comparing against the state of
the art as surveyed in dedicated reviews [6-8].

Within this domain, the thesis commits to a specific representational choice:
symbolic time series representations, and in particular the Symbolic Aggregate ap-
proXimation (SAX) and the feature models built on top of it. This choice is deliberate.
Symbolic methods offer a combination of computational efficiency, robustness to noise,
and — most importantly — interpretability that few competing families of methods
provide simultaneously, and these properties grow in importance as XAl becomes a
practical requirement rather than an academic aspiration. The contributions of this
thesis systematically extend what symbolic representations can achieve: enriching
them with cross-channel and trend information, optimizing their parameters in a
principled manner, and pairing them with more expressive downstream models —
including pre-trained large language models (LLMs) [25], whose native token-sequence
interface the symbolic representation is shown to match structurally, and GNNs, which
recover the sequential structure that frequency-based symbolic features discard. In this
thesis, transformer-based architectures thus enter not as a separate research thread
on natural language data, but as a modelling tool applied to symbolic time series,
investigated under realistic data and compute constraints through parameter-efficient
fine-tuning.

Across all contributions, the recurring themes are computational efficiency, inter-
pretability, and generalisation. The specific datasets, model architectures, experimental
protocols, and results are presented in full in the chapters that follow, where the
relevant domain-specific literature is also reviewed in greater depth.

1.7 Thesis Outline

The remainder of this thesis is organized as follows.

Chapter [2| establishes the technical foundation on which all subsequent chapters
build. It reviews the landscape of time series representation methods, presents
the SAX transformation and the Bag-of-Patterns (BOP) model in full detail, and
surveys the taxonomy of univariate and multivariate TSC methods, characterizing
each algorithmic family by its typical trade-off between accuracy, computational cost,
and interpretability.

Chapter [3| presents a systematic review of the SAX literature, conducted against
the Scopus database, and organizes the identified extensions into an original taxonomy
structured around the specific weakness of the base method that each variant addresses.
The recurring gaps this taxonomy surfaces — trend loss, limited multivariate support,
heuristic parameter selection, and the sequential order discarded by frequency-based
aggregation — form the motivating thread for the original contributions that follow.

Chapter |4 introduces the first original contributions: two independent extensions
of SAX, each targeting one weakness identified in the taxonomy. The Multichannel
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Intelligent Icon (MII) capture cross-channel symbolic co-occurrence in multivariate
time series, while the Slopewise Aggregate Approximation (SAA) recovers trend
information through a parallel, angle-based discretization branch. Both are evaluated
jointly on a human activity recognition benchmark against the BOP baseline and a
classical feature-engineering approach.

Chapter [5| addresses the parameter selection problem by applying the DIRECT
global optimization algorithm to the joint tuning of SAX parameters across four feature-
extraction strategies for multivariate TSC. The approach is evaluated on twenty-four
benchmark datasets from the UEA archive against six state-of-the-art baselines, with
additional analyses of runtime, statistical significance, and interpretability.

Chapter [6] establishes a structural bridge between symbolic time series represen-
tations and large language models. It develops SAX_HAR-LLM, a dual-stream frame-
work that pairs a trend-aware, case-modulated symbolic encoding with kinematics-
informed descriptors, fusing both into structured prompts on which a causal LLM
is fine-tuned for activity recognition. The framework is evaluated on two HAR
benchmarks and complemented by an attention-based interpretability analysis.

Chapter [7] addresses BOP’s loss of sequential order by constructing directed
graphs over SAX-word transitions and learning graph embeddings through GNNs.
Two graph-construction schemes are proposed and evaluated, alone and in combination
with BOP, on twelve benchmark datasets from the UCR archive.

Chapter [8| concludes the thesis, summarizing its contributions, tracing the threads
that connect them, acknowledging their limitations, and outlining the directions in
which this line of research continues.
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Chapter 2

Time Series Representation and
Classification

Understanding the methodological landscape underlying this work requires exam-
ining three interconnected topics: how time series data are represented, how those
representations are exploited for classification, and how classification methods scale
to the multivariate setting. These three concerns are not independent—the choice of
representation fundamentally constrains what patterns a classifier can detect, and the
transition from univariate to multivariate data amplifies both the representational
and computational demands on the model. This section reviews each topic in turn,
beginning with an overview of time-series representation techniques, followed by a
survey of UTSC methods, and concluding with the specific challenges and approaches
associated with MTSC. Throughout, particular attention is given to the trade-off
between predictive accuracy, computational efficiency, and interpretability—a tension
that motivates the design choices of the proposed method. The growing importance of
XAT [38] makes this tension increasingly consequential: in domains such as healthcare,
industrial monitoring, and finance, a model that cannot account for its decisions is of
limited practical value regardless of its benchmark performance [39,40].

2.1 Time Series Representation

The proliferation of IoT devices has made the mass generation of time series data a
defining characteristic of the modern technological landscape, drawing considerable
attention from the research community. Time series data consists of observations
collected sequentially over time, setting it apart from other data types such as cross-
sectional or spatial data. The analysis of time series is central to understanding and
modeling complex processes across a broad range of fields, including Finance and
Economics |41], Health and Medicine |42, Environmental Monitoring [43], Engineering
and Manufacturing [44], and Transportation and Logistics [45]. The sheer volume of
such data presents a significant challenge to the data science community, necessitating
the development of new methodologies for effectively modeling, representing, retrieving,
processing, interpreting, and visualizing it. As interconnected devices and sensors
continue to multiply, the volume, velocity, and variety of generated time series
data grow at an exponential rate. This data abundance simultaneously creates
enormous challenges and opportunities for data management, storage, processing,
and analytics, calling for scalable infrastructure and innovative methods capable of

This chapter is based on the following publications: [J1], [J2], [C1].
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extracting meaningful insights and enabling real-time decision-making within data-
generating ecosystems. The pervasive nature of time series data demands robust
analytical tools able to capture and examine temporal interdependencies. The rich
patterns and dynamics embedded within such data present distinctive challenges and
opportunities for researchers seeking to uncover hidden correlations, generate accurate
predictions, and develop deeper understanding of the underlying processes.

The core tasks in time-series data processing include content-based querying,
clustering, classification, prediction, anomaly detection, motif detection, and rule
discovery [46-48|. These problems have been extensively studied within the fields of
pattern recognition and data mining over many years. However, the direct application
of conventional pattern recognition and data mining techniques to time series data
encounters several inherent difficulties, stemming from three main sources [49]. First,
time series data tends to be highly dimensional, with the number of data points
potentially reaching tens of thousands. Second, corresponding elements across two
time series may not align cleanly due to differences in length, scale, translation, shift,
or irregular spacing between adjacent observations. Third, the concept of similarity
in time series analysis differs fundamentally from its conventional usage in pattern
recognition. Rather than relying on all elements of a pattern vector to determine
similarity, time series analysis often draws on only subsets of elements to establish
correspondence. Two distinct time series may be regarded as similar if they share
sufficiently long common subsequences or exhibit analogous patterns occurring in the
same temporal order.

To address these challenges—and the high dimensionality of time series data in
particular—a variety of representation techniques and analytical approaches have
been investigated. Time series data can be represented in numerous ways, each
offering a distinct perspective on the underlying temporal patterns and dynamics. By
organizing data in structured formats, recurring patterns, trends, and relationships
can be identified and leveraged across applications including forecasting, anomaly
detection, and decision support. Temporal dependencies and patterns become more
tractable through appropriate representations, facilitating the detection of seasonality,
trends, and anomalies. Representation also supports data visualization, enabling users
to comprehend and draw insights from observed fluctuations over time.

The existing approaches to time series representation are commonly grouped into
four categories, illustrated in Figure [50-52]. Model-based representations fit
parametric models—such as autoregressive or hidden Markov models—to the observed
data, capturing global generative structure but at increased computational cost. Data-
dictated representations derive their structure directly from the statistical properties of
the specific series being encoded, such as clipping each value relative to the series mean.
Data-adaptive representations adjust their structure, such as segment or breakpoint
placement, in response to the characteristics of each individual series; symbolic
methods fall within this class. Finally, non-data-adaptive representations apply a fixed
transformation regardless of the input—such as Fourier and wavelet transforms, or
the equal-width segmentation used in Piecewise Aggregate Approximation—trading
adaptability for computational simplicity and reproducibility.

Among data-adaptive representations, symbolic methods occupy a particularly
prominent position in the literature. These approaches discretize continuous signals
into sequences of symbols drawn from a finite alphabet, yielding compact representa-
tions that support efficient storage, indexing, and analysis while preserving essential
temporal patterns. A well-designed symbolic representation should satisfy two funda-
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Figure 2.1: The main categories of time-series representation methods.

mental properties [53|: perfect mapping, whereby similar data points are consistently
assigned the same symbol; and tight bounding, whereby the distance between symbolic
representations provides a close approximation to the Euclidean distance in the original
space.

The most widely adopted symbolic representation is SAX [54], which first reduces
dimensionality via PAA and then discretizes each segment into a symbol using break-
points derived from a standard Gaussian distribution. SAX satisfies both design
requirements above and has been successfully applied across a broad range of time
series analysis tasks, including similarity search, clustering, anomaly detection, and
classification [55]. Its interpretability, computational efficiency, and well-understood
theoretical properties make it a natural foundation for transparent and scalable ana-
lytical pipelines. The choice of representation is therefore not merely a preprocessing
step; it fundamentally shapes what patterns are accessible to a classifier and how
interpretable the resulting model will be. This motivates the present work’s focus
on symbolic representations as the basis for lightweight and explainable multivariate
time series classification.

2.2 The Symbolic Aggregate ApproXimation Method

SAX was introduced by Lin et al. [54,56] and has since become a foundational technique
in time-series data mining. SAX transforms a continuous, real-valued time series into a
compact sequence of discrete symbols, enabling efficient storage, indexing, and analysis
while preserving the essential temporal structure of the original signal. Its simplicity,
computational efficiency, and well-understood theoretical properties have made it a
reference point for symbolic time series representation, and it has been successfully
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applied to a broad range of tasks, including clustering [57], anomaly detection [58],
motif discovery [59], visualization [60], and time series classification [55/61].

A key theoretical property of SAX is its support for lower bounding: the distance
between two SAX representations provides a guaranteed lower bound on the Euclidean
distance between the original time series [54]. This property allows large portions of the
search space to be pruned during similarity queries without computing exact distances,
significantly reducing computational cost while preserving retrieval correctness.

The SAX transformation proceeds in two sequential steps: dimensionality reduction
via PAA, followed by discretization of the resulting coefficients into symbols drawn
from a finite alphabet. Both steps are described in detail below.

2.2.1 Piecewise Aggregate Approximation

The first step of the SAX pipeline is dimensionality reduction via PAA [62]. Given
a time series X = {x1,Xo,...,x,} of length n, PAA partitions it into m equal-length,
non-overlapping segments and replaces each segment with its mean value, producing
a reduced representation X = {X1,X2,...,X,}, where m < n. Formally, each PAA
coefficient is computed as:

n
ml

X; = % Z Xj (21)

j=R(i-1)+1

where n is the original series length and m is the user-defined number of segments.
Each coefficient x; therefore summarizes the average behavior of the signal over the
i-th interval of length n/m.

PAA achieves substantial compression while retaining the coarse temporal shape

of the signal. By capturing the mean level of each segment rather than individual
sample values, it discards fine-grained noise while preserving the dominant trends and
level shifts that are most discriminative for downstream tasks. Importantly, the PAA
representation maintains a tight lower bound on the Euclidean distance between the
original series, making it well-suited for efficient similarity search [62].
Note: Before applying PAA, the time series is z-normalized (zero mean, unit variance)
over the window of interest. This normalization step is essential to ensure that the
resulting PAA coefficients are compatible with the standard Gaussian breakpoints
used in the subsequent discretization step, and to enable meaningful comparison across
windows, subjects, and channels.

2.2.2 Discretization via Gaussian Breakpoints

Following PAA, each coefficient X; is mapped to a discrete symbol drawn from a
predefined alphabet ¥ of size a. We first introduce the key definitions:

Definition 1 Alphabet (X,a): The ordered set of symbols used for discretization,
typically the first a lowercase letters {a, b, ...}. The alphabet size a is a user-defined
parameter.

Definition 2 Breakpoints B = {B1,82,...,Ba-1}: A set of a — 1 threshold values
that partition the real line into a equiprobable regions under the standard Gaussian
distribution N(0, 1). Because the input series is z-normalized, the PAA coefficients
approximately follow this distribution, ensuring that each symbol is assigned with
roughly equal probability.
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Definition 3 SAX Representation: The sequence of symbols S = {s1,52,...,5n}
obtained after discretizing all m PAA coefficients, constituting the symbolic represen-
tation of the time series window. Short subsequences of this representation, referred to
as SAX words, are later extracted via a sliding window in the Bag-of-Patterns model
(Section [2.2.3)).

The discretization rule assigns a PAA coefficient X; to symbol «; if and only if
Bj-1 £X; <, where By = —c0 and S, = +o0o. The breakpoint values are fixed and
obtained from a statistical lookup table, an excerpt of which is given in Table for
alphabet sizes a = 3 through 10.

Table 2.1: Gaussian breakpoints §; defining equiprobable bins for alphabet sizes a = 3 to 10.
Values are obtained from the standard normal distribution lookup table.

a— 3 4 5 6 7 8 9 10

p1 -043 -0.67 -0.84 -097 -1.07 -1.15 -1.22 -1.28

B2 043 0 -025 -043 -057 -0.67 -0.76 —0.84
Bs — 067 025 0 -018 -0.32 -043 -0.52
[T — — 084 043 0.18 0 -0.14 -0.25
Bs  — — — 097 057 032 014 0

Bs — — — 107 067 043  0.25
B — — — — — 115 076  0.52
Bs  — — — — — — 122 084
T — — — — — — — 1.28

Figure provides a complete illustration of the SAX pipeline. A z-normalized
time series of n samples is divided into m equal-length segments; the mean of each
segment yields the PAA coefficient; and each coefficient is then assigned a symbol
according to its position relative to the Gaussian breakpoints. The result is a compact
symbolic word that captures the coarse temporal shape of the original signal.

The use of equiprobable breakpoints has an important practical consequence:
each symbol is assigned with approximately equal frequency across a normalized
dataset, maximizing the information content of the encoding and avoiding symbol
bias. Furthermore, because SAX satisfies both the perfect mapping and tight bounding
properties [53], symbolic distances computed between SAX words provide meaningful
approximations of the true Euclidean distances in the original space—an essential
requirement for reliable classification and retrieval.

2.2.3 Bag-of-Patterns Representation

While a single SAX word encodes the shape of one time series window, practical
classification requires a fixed-length, order-agnostic representation that summarizes
the distributional properties of patterns across the entire time series. This is achieved
through the BOP model [63].

BOP operates by sliding a fixed-length window of size w across the SAX repre-
sentation § with a step of one position, extracting the symbolic substring at each
position as a SAX word. The resulting collection of words is then summarized as
a frequency histogram over the vocabulary of all possible a" distinct words. The
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Step 1: PAA Transformation

Amplitude
o
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[Resulting SAX String: abbbabbcabbcacbcacbdachbabbdababacacbcadccacccababbcabbecbbc]

Figure 2.2: Overview of the SAX transformation pipeline. A z-normalized time series
(gray curve) is divided into m equal-length segments; the mean of each segment yields
the PAA representation (black step function). Each PAA coefficient is then mapped
to a discrete symbol from a finite alphabet using Gaussian breakpoints, producing a
compact symbolic word.

resulting collection of words is then summarized as a frequency histogram over the
vocabulary of all possible a” distinct words. Formally, given a symbolic sequence
S ={s1,52,...,8n} of length m, BOP constructs a feature vector h € Z%" where each
entry hg counts the number of times the k-th word appears in the sliding window
traversal:

m-w+1
he= >0 1[W; =] (2.2)
j=1
where W; = {s;,5j41,...,5j+w-1} is the word extracted at position j, and wg is the

k-th element of the word vocabulary.

The BOP histogram captures the relative frequency of local symbolic patterns
throughout the time series, encoding structural regularities while deliberately discard-
ing their absolute temporal positions. This position-invariance is a deliberate design
choice: it makes BOP robust to phase shifts and local distortions that would otherwise
cause identical patterns occurring at slightly different time points to appear unrelated.
The resulting histogram is a sparse, high-dimensional vector that can be directly fed
into standard vector-based classifiers.

Figure [2.3] illustrates the BOP construction process. Following the SAX sequence
produced in the previous step, a sliding window of length w = 2 is applied with a step
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of one position. Each extracted bigram is recorded, and the final histogram aggregates
their counts across the full sequence.

SAX string

aibB-g(iBi}'é'}bbcacbcacbdacbbabbdababacacbca...

a bEE)lbbla step=1-

count all bigrams - frequency histogram

Bigram Frequency

ab (I &
bb (e s
ca 7

ac 6

bc 6

ba 5

cb 5

cc 4

bd 2

da 2

ad 1

dc 1

Total bigrams: 55 - Distinct: 12 -w =2, step=1

Figure 2.3: Construction of the Bag-of-Patterns representation. A sliding window
of length w = 2 and step 1 is applied to the SAX string, extracting all overlapping
bigrams. The first four windows are shown explicitly; the process continues identically
across the full sequence. Bigram counts are aggregated into a frequency histogram
(55 total bigrams, 12 distinct).

A practical consideration in BOP is the handling of numerosity reduction: consec-
utive identical words produced by the sliding window are often collapsed into a single
count to avoid over-representing stationary segments . This step prevents flat or
slowly varying portions of the signal from dominating the histogram and inflating
the counts of uninformative patterns. Together, PAA, SAX discretization, and BOP
aggregation form a coherent symbolic pipeline that is interpretable at every stage: the
segments are human-readable, the symbols are semantically grounded in the signal’s
amplitude, and the histogram reflects the actual distribution of temporal patterns.

2.2.4 Merits of the SAX Method

Introduced in 2003, SAX has maintained undiminished relevance in the time-series
data mining community for over two decades , a longevity that is itself a proof
of its practical value. Its broad adoption across tasks as diverse as classification,
clustering, anomaly detection, motif discovery, indexing, retrieval, forecasting, and
change detection reflects a combination of computational, representational,
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and practical merits that few competing methods simultaneously offer.

From a computational standpoint, SAX achieves substantial dimensionality re-
duction by converting a continuous time series of arbitrary length into a compact
symbolic sequence, enabling significantly faster processing and reduced storage re-
quirements relative to raw signal analysis. These properties scale favorably to large
datasets, making SAX well suited for applications where computational resources or
storage capacity are constrained. The PAA step additionally provides a degree of
noise smoothing: by summarizing each segment through its mean value, fine-grained
fluctuations and measurement noise are suppressed, allowing the dominant temporal
patterns to emerge more clearly in the symbolic representation.

From a representational standpoint, the use of equiprobable Gaussian breakpoints
ensures that symbols are assigned with approximately equal frequency across normal-
ized data, maximizing the information content of the encoding. The lower bounding
property — discussed formally in Section [2.2.2] — guarantees that symbolic distances
provide a conservative approximation of true Euclidean distances, enabling efficient
similarity search and nearest-neighbour retrieval without sacrificing correctness. Fur-
thermore, the symbolic representation confers a degree of robustness to minor temporal
variations and phase shifts: small perturbations in the signal that do not alter the
segment mean will leave the SAX word unchanged, making the method tolerant to
the kind of local distortions commonly encountered in real-world time series.

Finally, SAX offers considerable practical appeal. Its symbolic output is directly
interpretable — each character in the SAX word corresponds to the amplitude
level of a specific temporal segment — making representations accessible to domain
experts without requiring familiarity with the underlying mathematics. The method is
domain-agnostic and has been successfully deployed across fields including healthcare,
finance, industrial monitoring, and environmental sensing, with minimal task-specific
adaptation. Its implementation is straightforward, relying on standard statistical
tables and elementary arithmetic, and its hyperparameters are few and well-understood.
Together, these properties have established SAX as a reference point for symbolic time
series representation and a natural first choice for a broad spectrum of data mining
tasks [54].

2.3 Time Series Classification

TSC is the supervised learning task of assigning a complete temporal sequence to one
of several predefined categories, leveraging the ordering of observations to identify
characteristic shapes, trends, and recurring patterns. The objective is to infer the
categorical label of an entire sequence, with applications spanning medical diagnosis,
human activity recognition, financial analysis, and manufacturing. TSC has estab-
lished itself as a fundamental task across numerous high-impact domains, including
healthcare monitoring, financial forecasting, speech recognition, and industrial diag-
nostics [65H69]. In many such settings—particularly those involving complex systems
or sensor-dense environments—data are inherently multivariate [70]. MTSC classifica-
tion is considerably more demanding than its univariate counterpart, as it requires
jointly modeling temporal dependencies within individual channels and cross-channel
interdependencies [71]. The proliferation of multivariate data in domains such as
Industry 4.0 further amplifies the demand for MTS classifiers that are simultaneously
scalable, accurate, and interpretable [72].

Notwithstanding the substantial progress made in TSC, much of this advancement
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has been concentrated in deep and hybrid architectures that favor predictive accuracy
over interpretability and efficiency, while also being contingent on large volumes of
training data. Such architectures rely on extensive labeled samples to effectively
optimize their numerous parameters, rendering them data-intensive and ill-suited for
settings where annotations are limited or costly. Recent models such as MF-Net |73],
DKN [74], and Dyformer [75] exemplify this trajectory, combining components such
as CNNs, transformers, and dynamic feature decomposition modules to push state-
of-the-art performance. Although highly capable, these models impose considerable
computational demands and raise significant concerns regarding transparency and
practical deployment. Approaches like MTS2Graph [76] have sought to address
interpretability through graph-based transformations, yet they similarly introduce
architectural complexity and depend on elaborate post-hoc analysis.

Alongside deep learning, a parallel research direction has prioritized interpretability
and computational lightness. Symbolic and dictionary-based methods have attracted
renewed interest within this context. The WEASEL 2.0 framework [77], for instance,
incorporates randomized dilated dictionary features to enrich symbolic representations
while preserving scalability. Likewise, SCALE-BOSS [78] and its multiresolution variant
SCALE-BOSS-MR [79] illustrate that carefully designed symbolic representations can
remain competitive with neural approaches, particularly when transparency and low
computational overhead are essential. BORF [80] further supports this perspective by
embedding convolutional operations within symbolic encodings, producing fast and
interpretable alternatives to opaque classifiers.

The viability of simpler methods has also been affirmed empirically. Dhariyal
et al. [81] demonstrate that carefully tuned tabular models can match the accuracy
of sophisticated architectures, underscoring the value of rigorous hyperparameter
optimization. This finding fits within a broader methodological orientation toward
transparent and principled model design. The Z-Time model [82] similarly shows
that accuracy, interpretability, and computational efficiency can be balanced in MTS
classification—a combination of properties increasingly sought in domains with strict
auditability requirements.

A persistent obstacle to the wider adoption of MTS classification (MTSC) meth-
ods has been the limited availability of standardized benchmarking resources. The
UCR archive has long served as the primary reference for UTSC evaluation [83], but
analogous progress in multivariate settings was constrained until the 2018 introduction
of the UEA archive, which provides 30 MTS benchmark datasets [71},84]. Subsequent
systematic reviews [40] and benchmarking studies [85] have helped consolidate this
landscape, offering a clearer taxonomy of methods and confirming that symbolic ap-
proaches such as BOSS [86] and WEASEL [87] remain robust across diverse evaluation
conditions.

More recent work has increasingly called for evaluation criteria extending beyond
classification accuracy. Mahmud et al. [40] highlight the necessity of accounting for
interpretability and resource efficiency, especially in industrial settings where decisions
must be both timely and explainable. In a related vein, Balddn and Benitez [39]
incorporate descriptive complexity features to improve interpretability in MTSC
while maintaining competitive accuracy. These developments reflect a broader shift
toward classification frameworks that are not only accurate but also transparent and
computationally mindful.
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2.4 Taxonomy of Time Series Classification Methods

TSC is a foundational machine learning task with applications spanning a wide range
of domains. TSC methods can generally be characterized from two perspectives:
the feature extraction techniques employed and the classification strategies applied.
This work focuses on the former, as it determines how raw temporal signals are
transformed into representations suitable for downstream classification. A prevailing
tendency in the literature is the construction of increasingly elaborate and diverse
feature spaces, often through the stacking of multiple signal transformations and the
incorporation of randomization to attain state-of-the-art accuracy [80]. This pursuit
of predictive power, however, frequently compromises interpretability—a trade-off
that is drawing growing scrutiny in light of the expanding role of XAT [38]. XAI
seeks to develop systems that not only perform well but also produce transparent
and human-understandable decision processes, a requirement of particular importance
in high-stakes domains such as healthcare, finance, and manufacturing [39]. Among
interpretable TSC approaches, shapelet-based methods are among the most prominent,
owing to their semantic grounding in time-domain substructures [80].

To contextualize the broader methodological landscape, Table summarizes
the typical trade-offs associated with the main algorithmic categories in TSC. While
individual methods within each category naturally vary, this characterization reflects
commonly observed patterns across accuracy, computational cost, and interpretabil-
ity—three dimensions of central importance in real-world deployments where ex-
plainability, resource constraints, or auditability are non-negotiable. This overview
motivates the deeper discussion that follows concerning where current approaches
succeed and where they fall short. Consistent with recent systematic reviews, and
tailored to the objectives of this work, we adopt a categorization of TSC algorithms
that facilitates clearer comparison of model assumptions and representational choices.

Distance-based methods assess pairwise sequence similarity without constructing
explicit features, which renders their decision process opaque and computationally
costly at scale. Feature-based approaches summarize temporal dynamics through
statistical or spectral descriptors, offering greater transparency since individual features
can be directly inspected—though sometimes at the expense of sensitivity to subtle
temporal patterns. Symbolic models discretize signals into tokens or words that
encode frequency and pattern information, striking a favorable balance between
interpretability and efficiency, as symbolic motifs can be traced back to meaningful
temporal behaviors. Shapelet-based classifiers identify discriminative subsequences
associated with particular classes, delivering very high interpretability since the
learned patterns are directly observable, albeit at the cost of computationally intensive
search procedures. Kernel-based models and deep learning architectures achieve
high to state-of-the-art accuracy by inducing complex nonlinear representations,
yet these transformations remain largely opaque and typically demand substantial
computational resources. Ensemble and hybrid methods further elevate predictive
performance through model aggregation, but at the cost of reduced interpretability, as
the aggregation process obscures individual component contributions while increasing
overall training overhead.

2.4.1 Univariate Time Series Classification

Building on the broader TSC landscape, UTSC has attracted the greatest share of
research attention, giving rise to a rich and diverse taxonomy of methods.
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Table 2.2: Summary of common methodological categories in time series classification,
characterized by their typical performance in terms of classification accuracy, computational
cost, and interpretability.

Typical Computa- .
Category Accuracy tional Cost Interpretability
Distance-Based Moderate Moderate to High Low (no explanation
of match logic)
Feature-Based Moderate Moderate High (features are

statistical and
inspectable)

High (discrete,
frequency-based,
semantically
traceable)

Very High
(subsequences

directly map to class
patterns)

Dictionary-Based Moderate to High Low to Moderate

Shapelet-Based Moderate to High High

Kernel-Based High Low Very Low (features

are opaque)

Deep Learning High to SOTA Very High Very Low (black-box
architectures)
Ensemble/Hybrid SOTA Very High Low (model

aggregation obscures
logic)

Among the earliest and most intuitive approaches are distance-based methods,
which assess similarity by computing pairwise comparisons between sequences. The
most widely adopted representative is Dynamic Time Warping (DTW) [88], which
performs non-linear sequence alignment to accommodate temporal distortions. Related
techniques such as LCSS [89], QDA [90], and decision-tree-augmented baselines like
XGBoost [91] also fall within this category. DTW remains a reliable benchmark, par-
ticularly for data exhibiting regular or well-aligned patterns, but it carries substantial
computational costs and offers limited model transparency. Despite these limitations,
its historical prominence and demonstrated reliability have secured its continued role
as a standard baseline in benchmarking studies [71].

A second category encompasses feature-based methods, which transform the origi-
nal time series into vectors of statistical or domain-specific descriptors. TSFresh [92] is
a prominent example, automating the extraction of hundreds of time-domain features.
Such methods are generally transparent and integrate naturally into conventional
machine learning pipelines. Their drawback, however, is that they tend to abstract
away the sequential structure of the data, and may demand significant preprocessing
or manual feature filtering to remain effective in multivariate or nonstationary settings.

Kernel and convolution-based methods have driven notable gains in both speed and
accuracy. Algorithms such as ROCKET [93], MINIROCKET [94], MultiRocket [95],
and Hydra [96] apply randomly generated convolutional kernels to produce expansive
feature sets, which are then fed into linear classifiers. These models are computationally
efficient and consistently competitive in benchmarks, frequently surpassing ensemble
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methods by orders of magnitude in runtime. Their fundamental limitation, however,
is that the resulting convolution-based features are inherently opaque, making them
poorly suited for applications where transparency or model reasoning is required.

Deep learning methods—including FCN [97], ResNet [98], and InceptionTime
[99] —remain dominant across many benchmark tasks, yet are marked by high training
costs, substantial data requirements, and limited interpretability. Newer architectures
such as LITETime [100] attempt to mitigate these shortcomings but continue to depend
heavily on architecture-specific tuning. As Spinnato et al. [80] observe, standard deep
models frequently underperform without dataset-specific adjustments, reinforcing their
impracticality in lightweight or interpretable pipelines.

Ensemble and hybrid models—such as HIVE-COTE [101], HIVE-COTE 2.0 [102],
TS-CHIEF [103], and TDE [104]—deliver strong classification accuracy but at a
significant cost in terms of runtime and transparency. Although these approaches
represent the current performance frontier in TSC [82], they are generally opaque and
computationally intensive.

Dictionary-based and symbolic methods constitute a particularly compelling family
of TSC approaches, especially in scenarios where interpretability and computational
efficiency are priorities. These methods work by converting time series into sequences
of discrete symbols, typically followed by frequency-based encoding using constructs
such as histograms or BOPs. The foundational technique in this space is SAX
[54], which discretizes time series through piecewise aggregation and quantization.
SAX yields compact and interpretable representations, though its effectiveness is
sensitive to parameter choices—including alphabet size, word length, and aggregation
window—which are commonly selected through heuristic means.

Extending SAX, the BOP approach [63] treats symbolic words as features by
constructing histograms over sliding windows. BOP is interpretable and computa-
tionally lightweight, but its abstraction of temporal relationships between patterns
limits its expressive capacity. More expressive, though memory-intensive, variants
include SAX-VSM [105], which models class-specific term weights using vector space
representations. Slopewise Aggregate Approximation SAX (SAA-SAX) introduces
slope-based segment encoding to more faithfully represent underlying trends, yielding
improved classification performance [61},106].

Several methods have sought greater robustness through alternative transforma-
tions and parameter ensembles. Symbolic Fourier Approximation (SFA) [107] maps
windowed segments to frequency components prior to discretization, enhancing dis-
criminability. This principle underpins BOSS [86], which constructs symbolic word
distributions using SFA across varying window sizes. BOSSVS [108| extends this
idea by incorporating vector-space weighting of symbolic patterns to further boost
classification. Nonetheless, both BOSS and BOSSVS discard the original temporal
ordering, sacrificing interpretability, and incur notable memory overhead through large
symbolic dictionaries and multiple parameterized models.

WEASEL [87] and its successor WEASEL 2.0 [|77] improve upon BOSS through
statistical feature selection and dilated windows, achieving strong empirical results.
This comes, however, at the cost of enlarged feature sets and increased runtime and
memory demands—drawbacks that are further amplified in multivariate settings.
MrSQM [109] offers a middle ground by using compressed discriminative subsequences
to reduce model size while partially preserving interpretability.

More recent work has explored ensemble and multiresolution symbolic model-
ing. TDE [110] aggregates symbolic features extracted under diverse configurations
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into an ensemble, improving robustness at the expense of computational cost and
interpretability. SCALE-BOSS [78] and its multiresolution extension SCALE-BOSS-
MR [79] advance this further by aggregating symbolic representations across multiple
window sizes, dilations, and trend encodings. While these frameworks attain strong
accuracy, they depend on heuristic feature engineering and ensemble diversity rather
than principled parameter optimization, leading to high memory consumption and
longer execution times.

By contrast, MR-SEQL [111] preserves interpretability by learning class-discriminative
symbolic subsequences for use in a linear model. The approach is compact and trans-
parent, but is constrained by its univariate focus and the absence of global parameter
optimization. The recently introduced BORF [80] blends symbolic and convolutional
ideas by applying SAX over dilated and strided windows, maintaining interpretability
through simple decision tree classifiers with rule-based outputs. However, it applies a
fixed configuration uniformly across datasets and performs no optimization of symbolic
parameters.

Recent developments in symbolic TSC have also explored hybrid combinations
of SAX and neural architectures. One such approach encodes SAX words as graph
nodes and learns graph-based embeddings through Graph Neural Networks, achieving
competitive performance on UCR benchmarks [112].

Further interpretability-oriented approaches include interval-based methods such
as ¢-RISE [113], CIF [85], and QUANT [114], which characterize temporal behavior
over local segments. Shapelet-based classifiers—including STC [115], RDST [116], and
RSF [117]—identify discriminative subsequences directly from the data, offering high
interpretability at the cost of computationally demanding search procedures.

2.4.2 Multivariate Time Series Classification

While UTSC has given rise to a well-developed ecosystem of benchmarked algorithms,
MTSC poses a distinct set of challenges that remain comparatively underexplored. In
practical settings—such as industrial diagnostics, physiological monitoring, and smart
manufacturing, time series data are inherently multichannel, demanding that models
account for both within-channel temporal dynamics and dependencies across channels.
Two broad methodological directions have emerged in response to this complexity.

The first involves adapting existing UTSC methods to multivariate data by treating
each channel independently, applying univariate classifiers per dimension, and combin-
ing predictions through ensembling or majority voting [71]. This strategy is simple
and modular, but tends to overlook inter-channel correlations that can be decisive
for accurate classification. The second involves developing methods natively designed
for MTSC, explicitly modeling dependencies across dimensions. Such approaches
vary considerably in how they represent multivariate interactions—from shared fea-
ture spaces to graph structures and convolutional attention mechanisms—and differ
substantially in both interpretability and computational cost [81].

Early MTSC work extended distance-based classifiers, particularly DTW, to
multivariate settings. DTW; and DTWp [118,119] perform alignment either indepen-
dently per channel or jointly across all channels, while MDDTW [120] proposes an
ensemble-based variant aimed at balancing these two perspectives. Although effective
at capturing alignment-based similarity, these models are computationally demanding
and offer limited interpretability, particularly in high-dimensional settings. DTWp,
while more faithful in modeling true signal dependencies, scales poorly and is sensitive
to normalization choices [71]. Despite these limitations, it remains a strong baseline
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in many benchmarks and serves as a reference point in our evaluations.

Some approaches instead rely on handcrafted or descriptive features derived from
MTS. CMFMTS [39] is a notable example, computing complexity-based metrics across
dimensions and aggregating them into a transparent feature set. The method is
distinguished by its low computational footprint and high interpretability, requiring
neither deep architectures nor extensive preprocessing. Its main limitation is a lack of
automated feature selection or parameter tuning, which constrains its adaptability
across diverse datasets.

Shapelet-based methods offer inherently interpretable models by locating short,
discriminative subsequences strongly associated with particular classes. Extensions
to MTS include Independent Shapelets [121], which learn per-dimension shapelets
separately, as well as UFS [122] and gRSF [117], the latter generalizing random shapelet
forests to multivariate settings. These methods support clear visual and semantic
inspection of class-defining patterns, but involve computationally expensive search
procedures—particularly when cross-channel interactions must be considered—and
scale poorly with dataset size and dimensionality.

Symbolic and dictionary-based representations have likewise been adapted for
MTSC. WEASEL+MUSE [123] applies symbolic word extraction and feature selection
independently across dimensions before merging them into a unified feature space.
While this achieves strong accuracy, it is memory-intensive and discards temporal
structure, complicating interpretation [71,124]. SMTS [125] takes a different approach,
jointly modeling all channels through supervised tree-based symbol learning over raw
time indices and first differences, yielding a scalable and interpretable multivariate
representation. LPS [126] captures localized dependencies via tree-based autoregressive
patterns, while mv-ARF [127] extends this with multitask autoregressive modeling,
producing compact features that directly reflect inter-variable dynamics. MR-PETSC
[128] explores interpretable pattern mining in time series, though its adaptation to
multivariate settings remains insufficiently defined. BORF [80] applies SAX over
dilated windows with decision tree classifiers to preserve interpretability through rule-
based outputs, but relies on a fixed heuristic configuration without any optimization
of symbolic parameters.

Z-Time [82] provides an interpretable interval-based solution through event ab-
straction and linear modeling. It operates efficiently and produces transparent decision
rules, though it depends on handcrafted representations.

Deep neural networks have become the dominant direction in recent MTSC re-
search, achieving state-of-the-art performance through their capacity to model complex
temporal dependencies. However, these models require large datasets, significant com-
putational resources, and remain effectively opaque in practice. MLSTM-FCN and
ALSTM-FCN [129] combine convolutional and recurrent layers to jointly capture
local patterns and long-range dependencies, though they suffer from poor runtime
performance and low interpretability. TapNet [130] and RTFN [131] introduce atten-
tion mechanisms to improve feature selection and cross-channel alignment, enhancing
accuracy while still requiring substantial tuning and computation, and without ex-
plicitly modeling inter-series relationships. Graph-based neural networks (GNNs)
take a more structured approach by treating each univariate series as a node and
encoding inter-variable dependencies through edges. MF-Net [73] combines tempo-
ral attention with graph-based reasoning to jointly capture spatial and temporal
patterns, while MTHetGNN [132] and CauGNN [133] leverage heterogeneous and
causal dependencies respectively within similar graph-centric frameworks. Homenda
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et al. [124] convert MTS data into image-like representations for CNN processing,
achieving strong results at the cost of obscured temporal structure. DKN [74] and
Dyformer [75] integrate convolution, transformers, and frequency decomposition to
model intricate dependencies, though both incur high computational cost and limited
interpretability. MTS2Graph [76] combines CNNs and GNNs by constructing graphs
from activation maps, improving reasoning ability while adding post-hoc analytical
complexity.

Ensemble frameworks such as HIVE-COTE 2.0 [102] and LCEM [134] deliver
state-of-the-art accuracy by combining large and diverse collections of base learners,
but at the expense of slow runtimes and limited transparency. XEM [135] represents a
partially interpretable alternative, though it remains constrained by memory demands
and opaque final models.

In summary, MTSC approaches span a wide spectrum—from straightforward
adaptations of UTSC methods to highly specialized deep and ensemble architectures.
While deep and ensemble models dominate benchmark leaderboards, they frequently
sacrifice interpretability and efficiency, two qualities of growing importance in domains
such as smart manufacturing and healthcare [72]. Symbolic approaches remain among
the few families of methods capable of balancing accuracy, interpretability, and
computational practicality, particularly when paired with principled optimization
strategies.

2.5 Synthesis

This chapter has traced two threads that converge on the remainder of this thesis. The
first, developed in Section [2.I] established time series representation as a landscape
of distinct encoding strategies and situated SAX as a specific point within that
landscape: a data-adaptive, symbolic representation obtained through PAA and
Gaussian discretization, satisfying the perfect-mapping and tight-bounding properties
that make a symbolic encoding useful for retrieval and classification alike. Section [2.2]
then detailed this representation’s construction in full, including the BOP aggregation
step that converts a single SAX string into a position-invariant feature vector.

The second thread, developed in Sections and shifted from representation
to classification, and showed that the same trade-off recurs at the classifier level:
Table and the taxonomy of UTSC and MTSC methods that follows it confirm that
no algorithmic family — distance-based, feature-based, dictionary-based, shapelet-based,
kernel-based, deep-learning, or ensemble — achieves high accuracy, low computational
cost, and high interpretability simultaneously. Symbolic and dictionary-based methods
recur throughout this taxonomy as one of the few families capable of balancing all
three dimensions reasonably well, but the same survey also surfaced the specific
weaknesses that keep them from doing so more fully: parameter sensitivity in SAX’s
own construction, BOP’s loss of sequential order once symbols are aggregated into
a histogram, and a comparative scarcity of principled, automated tuning strategies
relative to the heuristic or ensemble-based approaches that dominate elsewhere in the
field.

These limitations are not incidental to this thesis; they are its starting point.
Chapter [3| takes up the representation thread directly, conducting a systematic review
of the SAX literature itself to catalogue how the method’s specific weaknesses have
been addressed to date, and organizing the result into a taxonomy that the remaining
chapters of this thesis build on. The recurring gaps identified in this chapter’s
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classification taxonomy — particularly BOP’s loss of sequential order and the field-wide
reliance on heuristic parameter choice — resurface directly as motivating problems
in later chapters: Chapter [5| addresses principled parameter selection through global
optimization, and Chapter [7] returns to BOP’s order-blindness through a graph-based
representation built on top of the symbolic vocabulary introduced here. The chapters
in between develop original extensions of SAX itself, addressing weaknesses Chapter [3['s
taxonomy will identify in detail.
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Chapter 3

A Structured Overview of
SAX-Based Methodologies

As established in Section the SAX method occupies a prominent position among
time-series representation techniques. Its combination of dimensionality reduction,
noise smoothing, computational efficiency, and support for lower bounding has made
it a reference point for symbolic time series analysis, with successful applications
spanning classification, clustering, anomaly detection, motif discovery, and similarity
search across domains as diverse as healthcare, finance, and industrial monitoring
[54,57-59,61]. The method’s interpretability — each symbol directly corresponds
to the amplitude level of a temporal segment — and its well-understood theoretical
guarantees further consolidate its role as a first-choice tool for a broad spectrum of data
mining tasks. Despite these numerous merits, however, SAX is not without limitations,
and its widespread adoption has naturally attracted a substantial and growing body
of research aimed at extending, refining, and adapting the original method. This
chapter is based on the work published in [55] and presents a systematic examination
of the SAX variations landscape. We first describe the systematic literature review
through which the relevant SAX variations were identified and collected, and then
present the recurring weaknesses of the original method that emerged from this review.
These weaknesses form the basis of a proposed taxonomy that organizes the identified
variations according to the specific limitation each addresses. Representative methods
from each category are subsequently analyzed in terms of their design rationale,
contributions, and limitations.

3.1 A Systematic Review of SAX Variations

To obtain a comprehensive and unbiased picture of the research landscape surrounding
SAX-based methodologies, a systematic literature review was conducted following an
established protocol. The review targeted all published works indexed in the Scopus
database that describe variations of the original SAX method. The search terms "SAX"
and "Symbolic Aggregate Approximation” were applied against the title, abstract, and
keyword fields of stored records, covering the period from 2003 — the year of SAX’s
original publication [56] — through March 2023. The search was restricted to works
belonging to the subject areas of computer science or engineering, and only English-
language publications were considered. Deliberately avoiding the logical conjunction
of the two search terms ensured that works citing only the abbreviated form were not
inadvertently excluded.

This chapter is based on the following publication: [J1].

31
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The initial search returned 817 documents. A thorough examination of each record
revealed that the term “SAX” appears across multiple unrelated scientific domains,
including networking, astronomy, radiology, chromatography, and oceanography; all
such works were excluded. Among the remaining records pertinent to time series
analysis, further exclusion criteria were applied. Works were excluded if they described
variations of already-identified SAX variations rather than novel contributions; if they
employed SAX solely as a baseline for comparison with other representation methods;
if they referenced SAX variations for comparative purposes without providing a
substantive description of those variations; or if the proposed modification concerned
only the distance measure used to compare SAX representations, without altering the
representation itself.

Following this filtering process, a general list of 245 original SAX-related documents
was obtained, encompassing both variations and applications of the original method.
This list was subsequently divided into two sublists: one containing identified SAX
variations and one containing SAX applications. The present review is concerned with
the former, which comprises 81 documents retrieved from the Scopus database. An
additional variation was identified through the internal references of the retrieved works,
yielding a final corpus of 82 SAX variations. The complete screening and selection
process is summarized in Figure presented as a PRISMA flow diagram [136].

Identification of studies via databases and registers
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Figure 3.1: PRISMA flow diagram summarizing the systematic review process:
database search, screening, eligibility assessment, and final inclusion of SAX variation
documents.

Figure illustrates the distribution of the 82 identified works over time, alongside
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the cumulative citation counts received per year of publication. A notable observation
is the marked discrepancy recorded in 2008, where the number of new publications
was relatively low yet the corresponding citation count was disproportionately high,
suggesting that a small number of highly influential works published in that year
attracted substantial subsequent attention.
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Figure 3.2: Distribution of publications per year related to SAX variations in the
final review corpus, alongside the cumulative number of citations received per year of
publication.

3.2 Limitations of the Original SAX Method

The systematic review presented in Section [3.1] reveals that the research efforts
dedicated to extending and refining SAX converge around five recurring categories
of weakness in the original method [55]. These categories emerged from a holistic
examination of the full corpus of identified variations, each of which was found to
address one or more of the same underlying limitations, and together they provide the
basis for the taxonomy proposed in Section [3.3] These five categories are discussed in
turn below.

Gaussian distribution assumption. The discretization step of SAX relies on
breakpoints derived from the standard normal distribution, implicitly assuming that
z-normalized PAA coefficients follow a Gaussian distribution. This assumption,
however, does not hold universally. Real-world time series may exhibit skewed, heavy-
tailed, or multimodal distributions, and the PAA step itself further distorts the data
distribution by shrinking the standard deviation in a manner proportional to both
the segment length and the degree of autocorrelation in the series . When
applied to non-Gaussian data, the equiprobable binning scheme produces unbalanced
symbol assignments, degrading representation fidelity and compromising the validity
of subsequent analysis Eﬂ To illustrate this weakness concretely, consider the
example in Figure @ The depicted time series follows a markedly skewed
distribution, clearly deviating from the Gaussian assumption underlying the standard
SAX discretization. In panel (a), breakpoints are placed according to the fixed Gaussian
lookup table; because the true distribution is concentrated in a narrow value range,
several bins capture disproportionately large or small fractions of the data, leading
to heavily imbalanced symbol assignments. Panel (b) shows the same time series
discretized using breakpoints derived from the empirical probability density function
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of the data itself; the resulting bins are equiprobable under the true distribution,
yielding a more faithful and balanced symbolic representation.
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Figure 3.3: The effect of the Gaussian distribution assumption on SAX discretization.
The panel on the left shows the symbolic representation produced when fixed Gaussian
breakpoints are applied to a non-Gaussian time series: the bins capture unequal
fractions of the true distribution (shown on the left), resulting in imbalanced symbol
assignments. The panel on the right shows the same time series discretized using
breakpoints derived from the empirical probability density function of the data; the
bins are equiprobable under the true distribution, yielding a more balanced and faithful
symbolic representation.

Lossy compression. SAX encodes each segment solely by its mean value, a scalar
summary that discards all within-segment shape and trend information. As a con-
sequence, segments with fundamentally different temporal profiles — for instance, a
monotonically increasing segment and a monotonically decreasing one — may share
identical mean values and thus receive the same symbol, rendering them indistinguish-
able in the symbolic representation. This information loss is particularly pronounced
for high-frequency or volatile signals, where local extrema and intra-segment dynamics
carry substantial discriminative content [144H148]. To sum up, the lossy compression
problem manifests in two distinct ways, both illustrated in Figure First, as
shown in panel (a), segments with fundamentally different temporal profiles — an
ascending arc and a descending arc — may share an identical mean value and therefore
receive the same SAX symbol, rendering their opposing trends indistinguishable in the
symbolic representation. Second, panel (b) demonstrates that signals with markedly
different volatility profiles — one smooth and low-frequency, one highly oscillatory —
can produce identical PAA coefficients and, consequently, the same SAX word, despite
conveying entirely different dynamic behavior.

Parameter selection. The SAX transformation requires the manual specification
of several interdependent parameters, summarized in Table 3.1} the sliding window
length, the PAA segment size, the word length, and the alphabet size. The optimal
configuration is highly data-dependent and cannot be determined analytically, yet
parameter choice exerts a strong influence on representation quality and downstream
task performance. As a general rule, time series with smooth, slowly varying patterns
are well served by a short word length and large segment size, whereas rapidly changing
signals may require a longer word and finer segmentation to preserve discriminative
fluctuations [54]. In the absence of prior knowledge about the dataset, Lin et al.
recommend a word length of three or four and an alphabet size of four as reasonable
defaults [63]. However, these remain heuristics rather than principled criteria, and
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(a) Trend omission: two segments with opposite temporal profiles share an identical mean

value and are assigned the same SAX symbol.
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(b) Volatility loss: a smooth low-frequency signal and a highly oscillatory signal produce
identical PAA coefficients and the same SAX word, despite their fundamentally different

dynamic behavior.

Figure 3.4: The lossy compression problem in SAX. The mean-based PAA aggregation
discards both intra-segment trend (a) and volatility information (b), causing struc-
turally distinct signals to collapse onto the same symbolic representation.

practitioners typically resort to exhaustive grid search or trial and error to identify a
suitable configuration. Figure illustrates how substantially the symbolic output
varies across three different parameter configurations applied to the same signal,



3.2. Limitations of the Original SAX Method 36

highlighting the sensitivity of the representation to parameter choice and the difficulty
of selecting an appropriate configuration without task-specific tuning.

Table 3.1: Parameters of the SAX method that must be predefined, alongside a brief
description.

Parameter Description

Window length The number of consecutive data points included in each sliding
window applied to the time series.

PAA segment size The number of data points within each segment over which the
mean value is computed to produce a PAA coefficient.

Word length The number of symbols comprising a single SAX word, deter-
mined by the number of PAA segments into which the window
is divided.

Alphabet size The number of distinct symbols used to discretize the PAA

coefficients. It controls the granularity of the representation
and determines the placement of the breakpoint values.
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Figure 3.5: The effect of parameter configuration on the SAX representation of the
same signal. Three configurations of increasing resolution are shown: coarse (w = 4,
@ = 3), moderate (w = 16, @ = 5), and fine (w = 32, @ = 8). The PAA step function
(red) and the resulting SAX word (top right of each panel) change substantially across
configurations, illustrating the sensitivity of the symbolic representation to parameter
choice.
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Symbol mapping ambiguity. SAX assigns each PAA coefficient to a symbol based
on which fixed interval it falls into. When a coefficient lies close to a breakpoint,
small perturbations in the signal — whether due to noise or minor temporal variation
— can cause it to cross the boundary and receive a different symbol, even though
the underlying patterns are perceptually similar. Conversely, coefficients that are
numerically distant but fall within the same bin receive identical symbols despite
representing distinct signal behaviors. This rigidity of the fixed breakpoint scheme
weakens the tightness of the lower bound and introduces instability in the symbolic
representation [149).

Univariate design. SAX was originally formulated for univariate time series and
does not natively account for the correlations and joint dynamics that arise in multi-
variate settings. While the method can be applied independently to each variable of a
multivariate signal, this channel-wise treatment ignores inter-variable dependencies en-
tirely, and the resulting per-channel representations cannot capture cross-dimensional
patterns that are often the most informative features for tasks such as activity recog-
nition, fault diagnosis, or physiological monitoring. This limitation is illustrated in
Figure where three mutually correlated channels of a multivariate signal are each
represented independently via SAX. Although the channels exhibit clear inter-variable
structure, the individual symbolic representations are derived in complete isolation,
rendering any cross-channel relationships invisible to the resulting feature space.
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Figure 3.6: The univariate limitation of SAX applied to a multivariate signal. The
top row shows three correlated channels of the same signal; the bottom row shows
their independent SAX representations. Despite the clear inter-channel dependencies
visible in the raw signal, the symbolic representations are derived in complete isolation,
discarding all cross-dimensional structure.
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3.3 A Proposed Taxonomy of SAX-Based Methodologies

The five weakness categories identified in Section provide a natural and principled
basis for organizing the SAX variations collected through the systematic review.
While the primary motivation behind each variation is to address one or more of
these recurring limitations, the corpus also contains works that extend SAX in other
directions without targeting a specific weakness explicitly. These works are retained
in the taxonomy under a separate non-categorized group, ensuring completeness of
coverage.

The proposed taxonomy is illustrated in Figure [3.7] which organizes the identified
variations into six groups: five corresponding to the weaknesses discussed in Section [3.2]
and one collecting the non-categorized variations. This classification provides a
structured map of the SAX variations landscape, enabling researchers to identify the
most suitable method for a given limitation or application context, and to recognize
where research gaps remain.

SAX Variations

|
[ | I | | ]

Gausslan Loss: Parameter Symbol
Rlstiibution Com resysion Selection Mappine
Assumption p Ambiguity

Univariate Time Non-
Series Categorized

Figure 3.7: The proposed taxonomy of SAX-based methodologies. Variations are
organized into six groups according to the primary weakness of the original SAX
method that each addresses. A non-categorized group collects variations that extend
SAX without targeting a specific limitation.

Figure [3.8| reports the distribution of the 82 identified variations across the six
groups, expressed as a percentage of the total corpus. The group addressing lossy
compression accounts for the largest share of publications by a considerable margin,
reflecting the recognized severity and practical impact of the mean-based aggregation
problem. The parameter selection group constitutes the second largest, consistent with
the widely acknowledged difficulty of choosing appropriate SAX configurations across
diverse datasets. At the other extreme, the symbol mapping ambiguity group contains
only two works, suggesting that this weakness, while conceptually well-defined, has
attracted comparatively little dedicated research attention and may represent an open
direction for future work.

It is worth noting that certain variations address more than one weakness si-
multaneously — for instance, a method that introduces adaptive segmentation may
simultaneously tackle both the parameter selection problem and the lossy compression
problem. In such cases, the variation is assigned to the group corresponding to its
primary stated contribution, as declared by the original authors.

3.3.1 Category-by-Category Analysis
Gaussian Distribution Assumption

Among the variations addressing the Gaussian distribution assumption, three works
stand out in terms of citation impact: aSAX, GASAX, and REWS.
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Figure 3.8: Distribution of the identified SAX variations across the six taxonomy
groups, expressed as a percentage of the total corpus. The lossy compression group
accounts for the largest share of publications, while symbol mapping ambiguity remains
the least explored category.

aSAX (adaptive SAX) |150] replaces the fixed Gaussian breakpoints of the origi-
nal SAX with adaptive breakpoints obtained through a one-dimensional clustering
procedure, equivalent to the Lloyd algorithm , applied during a pre-processing
phase. The alphabet size determines the number of clusters, with cluster centers
initialized using the standard Gaussian breakpoints to guide convergence. Empirical
evaluation shows that aSAX performs notably well on datasets that do not follow
a Gaussian distribution, and it achieves a tighter lower bound and greater pruning
power than the original SAX. As a pioneering contribution, aSAX remains a frequent
point of reference for subsequent work addressing the Gaussian assumption problem.
However, because it relies on piecewise constant approximations, aSAX is unable to
represent extreme points of the time series , and the clustering procedure must
be repeated for every PAA segment, substantially increasing processing and storage
costs. This computational overhead limits its applicability in resource-constrained or
streaming scenarios.

GASAX takes a different approach, employing a genetic algorithm to evolve
a set of breakpoints that minimize classification error, without assuming any particular
underlying distribution. Because the breakpoints are evolved rather than looked up,
GASAX requires no data normalization and can in principle accommodate any alphabet
size, though the size itself must still be specified by the user. Experimental results
show that GASAX outperforms the original SAX on standard benchmark datasets
under matched parameter settings. The same author later proposed DESAX ,
which follows the same evolutionary principle but replaces the genetic algorithm with
differential evolution, reporting further improvements in classification accuracy over
GASAX. Both methods share the same fundamental limitation: the evolutionary
search substantially increases computational cost relative to SAX, requires a dedicated
training phase, and — being supervised, since classification error serves as the fitness
function — depends on the availability of labeled data.

REWS (Relative Entropy Weibull-SAX) [155] is a data-driven framework for
asset health monitoring that constructs a health indicator and performs health-stage
segmentation for degradation modeling. At its core, REWS employs Weibull-SAX, a
discretization scheme that replaces the standard Gaussian breakpoints with breakpoints
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derived from the Weibull distribution — a distribution well suited to modeling the
skewed and often censored failure-time data encountered in reliability engineering.
Relative entropy is then used to quantify the divergence between an asset’s current
symbolic representation and its representation under normal operating conditions,
providing a principled basis for distinguishing healthy from degrading states. While
REWS demonstrates the value of domain-specific distributional assumptions and
requires no expert knowledge to operate, it is tailored to the asset-degradation domain
and still requires an optimization stage to determine its parameter values, limiting its
direct transferability to other application areas.

Lossy Compression

Lossy compression constitutes by far the largest category in the proposed taxonomy,
and the three most cited variations within it — ESAX, 1d-SAX, and SAX-TD
— map directly onto the two facets of the problem illustrated in Figure ESAX
primarily addresses the volatility-loss facet (Figure , while 1d-SAX and SAX-TD
both address the trend-loss facet (Figure [3.44)).

ESAX (Extended SAX) [144] tackles volatility loss directly by representing each
segment with three symbols — corresponding to the minimum, maximum, and mean
values — instead of the single mean-based symbol used in the original SAX. This
straightforward extension preserves information about local extrema that would
otherwise be discarded, which is particularly valuable for high-frequency or volatile
signals such as financial time series. The method retains a proof of lower bounding, is
intuitive, and is straightforward to implement. However, tripling the number of symbols
per segment proportionally increases both the dimensionality of the representation
and its computational cost, and — like the original SAX — ESAX requires all SAX
parameters to be predefined and is not designed for streaming applications.

1d-SAX [156] addresses trend loss by encoding, for each segment, both the
average value and the local slope obtained via linear regression into a single composite
symbol. This symbol is drawn from a combined alphabet whose breakpoints separately
discretize the average and the slope. As a result, the number of segments — and hence
the length of the SAX word — remains unchanged relative to the original SAX, but
the effective size of the alphabet grows multiplicatively with the number of breakpoints
chosen for each of the two components. This introduces an additional configuration
challenge: the allocation of breakpoints between the average and slope components is
not determined analytically, and an inappropriate balance can either under-represent
trend information or unnecessarily inflate the alphabet. Moreover, 1d-SAX retains
the Gaussian assumption for both the average and slope distributions, inheriting the
limitation discussed in Section [3.21

SAX-TD (SAX Trend Distance) [157] takes a different approach to trend loss,
augmenting each segment’s mean-based symbol with a trend variation value, computed
as the difference between the segment’s start and end points relative to the point
corresponding to the segment mean. These trend variations are appended to the
symbolic representation as real-valued components, yielding a mixed symbolic-numeric
representation. Despite this addition, SAX-TD achieves a tighter lower bound than
the original SAX distance and lower classification error rates, at computational cost
comparable to SAX itself, and its performance is reported to be largely insensitive to
the choice of alphabet size. Its principal drawback is the mixed representation format,
which complicates direct compatibility with methods designed for purely symbolic
SAX output, and — as with all SAX-based methods — it still requires the underlying
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SAX parameters to be defined in advance.

Parameter Selection

Among the variations addressing the parameter selection problem, three works stand
out in terms of citation impact: SAX-VSM, SensorSAX, and the pair of adaptations
proposed by Nguyen et al.

SAX-VSM (SAX-Vector Space Model) [105] combines SAX with the classic
Vector Space Model, using the term frequency—inverse document frequency (tf-idf)
weighting scheme to automatically discover and rank symbolic patterns according to
their discriminative significance for each class, with cosine similarity serving as the
comparison metric. Patterns that are characteristic of a single class receive higher
weights, while patterns common across classes are down-weighted, directly improving
classification accuracy over the original SAX. Critically, SAX-VSM addresses the
parameter selection problem by employing the DIRECT global optimization algorithm
to automatically determine the SAX parameters, removing the need for manual tuning
entirely. This combination of automatic parameter selection and interpretable, class-
discriminative pattern weighting likely accounts for the method’s substantial and
sustained citation impact. Its principal drawback is computational: the optimization
and weighting procedures introduce considerable complexity, and a dedicated training
phase is required before the method can be applied.

SensorSAX [158] instead targets the window length parameter, making it adaptive
to the local volatility of the signal. The PAA segmentation stage is modified so that
windows expand during periods of low activity — identified via low local standard
deviation — and contract during periods of high activity, where finer temporal
resolution is needed to preserve key features. The method takes as input a minimum
and maximum window length together with a standard deviation threshold, and
was shown to improve reconstruction error rates across datasets of varying variance.
SensorSAX is intuitive and straightforward to implement, and is well suited to online
processing. However, the variable window length entails additional computation
relative to the original SAX, the method still requires several parameters to be defined
in advance, and its evaluation has been limited to a specific sensor-data domain.

Nguyen et al. [111,{159] proposed two adaptations of the SEQL sequence learner
— a method originally designed to identify discriminative subsequences within long
discrete sequences over large alphabets using a greedy, all-subsequence search. The
first adaptation, SAX-VSEQL, addresses the fixed SAX word length constraint
by learning variable-length SAX words directly from the data. The second, SAX-
VFSEQL, extends this further by learning fuzzy variable-length words, directly
targeting the computational burden of parameter tuning. Both approaches combine
symbolic representations obtained under different parameter settings and domains,
using a greedy feature selection strategy to retain only the most discriminative ones —
yielding classifiers that remain simple and interpretable while requiring no manual
parameter tuning. This flexibility also makes the approach naturally extensible to
multivariate time series. The principal limitation is computational cost: combining
multiple symbolic representations across parameter settings is considerably more
expensive than evaluating a single fixed configuration.
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Symbol Mapping Ambiguity

The symbol mapping ambiguity category is, by a considerable margin, the least
populated in the proposed taxonomy, comprising only two identified variations: rSAX
and ASAX.

rSAX (Random Shifting SAX) [149] improves the tightness of the lower bound by
generating 7 symbolic representations of the same series, each obtained by randomly
shifting the breakpoints by a small amount. Across these representations, near-
boundary coefficients are more likely to be consistently mapped to the same symbol,
softening the rigid boundary effect without enlarging the alphabet — at the cost of the
need to decide how many shifted versions T to generate, on top of the usual alphabet
size and word length.

ASAX (Altered SAX) [160] instead removes the PAA step entirely, mapping each
individual sample directly to its nearest discretization level and retaining a sample
only when its assigned symbol changes. The result is a sequence of symbol-timestamp
pairs that records transitions precisely as they occur, rather than smoothing them
away through segment-wise averaging.

The limited size of this category suggests that symbol mapping ambiguity remains
comparatively underexplored despite being a well-documented weakness of the original
method.

Univariate Design

Three works stand out in this category: MBOP, SAX-ARM, and the extensions
proposed by Mohammad and Nishida (2014). Each addresses the cross-channel
blindness illustrated in Figure through a different mechanism: combining symbols
across channels into joint words, restricting attention to anomalous symbols shared
across channels, or preprocessing channels jointly before the SAX pipeline is applied.

MBOP (Multivariate Bag-of-Patterns) |161] extends the BOP model by forming
multivariate words: at each time step, the SAX symbols from all variables are combined
into a single joint symbol, and a frequency histogram of these joint words is then
constructed as in standard BOP. Inverse document frequency and inverse frequency
weighting are additionally used to emphasize unusual patterns and to accommodate
series of differing lengths. This directly captures cross-channel co-occurrence, at the
cost of the increased complexity and Gaussian assumption inherited from SAX.

SAX-ARM [162] targets the discovery of deviant event patterns across multivari-
ate series via association rule mining. In place of z-normalization, it applies an Inverse
Normal Transformation and restricts attention to outlier symbols only, which are
collected across all variables at each time segment into a symbol basket. Association
rules mined from these baskets reveal co-occurring anomalies across channels — a
formulation well suited to manufacturing fault monitoring, though its applicability
beyond event-pattern discovery remains unexplored.

Mohammad and Nishida (2014) [163] propose three extensions: SAX-PCA,
which reduces dimensionality via principal component analysis prior to the standard
SAX pipeline; SAX-REPEAT, which applies SAX independently per channel and
combines the resulting symbols into an expanded alphabet, subsequently clustered
back to the original alphabet size via k-means; and SAX-ZSCORE, which replaces
standard normalization with a multidimensional z-score applied jointly across channels
before PAA. The resulting representations are noise-resistant and usable standalone
or in combination, though at considerable computational cost and with evaluation
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limited to motion-demonstration tasks.

Non-Categorized Variations

The non-categorized group collects variations that extend SAX along directions not
tied to a single specific weakness from Section The two most cited works in the
entire corpus belong to this group — BOP and iSAX — alongside the more recent
contribution of Rezvani et al. (2019).

BOP [63], already introduced in Section is included here for its foundational
role rather than as a response to a specific weakness: it provides the frequency-
histogram framework underlying several variations discussed in the preceding cate-
gories, including SAX-VSM, MBOP, and TBOPE. Its position as the most cited work
in the corpus reflects this central, enabling role within the broader SAX ecosystem.

iSAX (indexable SAX) [164] targets scalability rather than representational accu-
racy. It concatenates SAX symbols into a multi-resolution representation, analogous in
spirit to wavelets, in contrast to the single-resolution representation of the original SAX.
This multi-resolution structure enables hierarchical index trees with non-overlapping
leaf regions and controlled fan-out, supporting extensible hashing and exact similarity
search over terabyte-scale time series archives — a capability the original SAX does
not provide.

Rezvani et al. (2019) [141] propose an alternative representation paradigm:
following PAA, each time series frame is transformed into a unit vector via Lagrangian
multipliers, yielding an eigenvector-space representation of local segments. Change
points are then identified by applying entropy-based models to sequences of these
vectors, detecting reversals between ascending and descending trends. The method was
shown to outperform comparable approaches in clustering and change-point detection
tasks, though it offers no adaptive mechanism for selecting the window length.

3.4 Discussion and Research Opportunities

The taxonomy presented in this chapter, together with the category-by-category
analysis of representative methods, allows several broader observations to be drawn
about the state of SAX-based research and the directions that remain comparatively
unexplored.

The distribution of variations across the six categories (Figure is itself infor-
mative. Lossy compression accounts for more than a third of all identified variations,
considerably more than any other category. This concentration of research effort is
consistent with the centrality of the problem: the mean-based PAA aggregation at the
heart of SAX affects every downstream task, regardless of domain, and the resulting
loss of trend and volatility information — illustrated in Figure — is immediately
apparent to anyone applying the method to real data. Parameter selection forms
the second largest category, reflecting a more practical concern: even a theoretically
sound representation is of limited use if its configuration cannot be determined reliably
without extensive manual tuning. Together, these two categories account for over
60% of the corpus, suggesting that representational fidelity and practical deployability
have been the dominant drivers of SAX-related research over the past two decades.

A recurring pattern across nearly all categories is a consistent trade-off: methods
that improve representational accuracy, whether by adding trend symbols, adaptive
breakpoints, or variable-length segments, almost invariably do so at the cost of
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increased dimensionality, additional parameters, or higher computational complexity
relative to the original SAX. Across the variations reviewed in this chapter, this trade-
off is consistently reported descriptively — as separate gains and costs — rather than
jointly, for instance as an accuracy gain normalized by the additional computational
or representational overhead incurred. This suggests that an explicit cost-benefit
framing remains absent from how SAX variations are typically evaluated, and could
be a valuable addition to future comparative studies.

Symbol mapping ambiguity remains the most clearly underexplored category,
comprising only two variations despite being identified as a distinct and well-defined
weakness as early as 2013. A plausible explanation is that this weakness is partially — if
indirectly — mitigated by methods developed for other categories: adaptive breakpoint
schemes proposed to address the Gaussian assumption problem, for instance, may
incidentally reduce the frequency of near-boundary symbol flips, even though this
is not their stated objective. Nevertheless, no variation in the corpus addresses
symbol mapping ambiguity as a primary objective in combination with the other four
weaknesses, leaving open the question of whether a representation could be designed
to jointly minimize boundary instability and the other identified limitations.

A further gap concerns evaluation consistency. Among the variations discussed in
this chapter, even those addressing the same weakness have typically been evaluated
on different numbers and types of datasets, reporting accuracy ranges that vary
substantially from one method to the next. This heterogeneity makes direct comparison
across variations difficult and complicates the identification of a single "best" method
for a given weakness; instead, the appropriate choice remains heavily dependent on
the characteristics of the target data and task.

Finally, it is worth noting that the most cited works in the corpus — BOP and
iSAX — are also among the oldest, both predating most of the weakness-specific
variations discussed in this chapter. This suggests a cumulative advantage effect
typical of citation dynamics, whereby early foundational contributions continue to
accrue citations as later work builds upon them. More recent variations, including
several reviewed in this chapter, may therefore be underrepresented in terms of citation
impact relative to their actual contribution, simply due to the limited time elapsed
since publication. This observation reinforces the motivation for the present taxonomy:
citation count alone is an insufficient guide to the relevance of a SAX variation, and a
structured categorization by addressed weakness offers a complementary, and arguably
more durable, basis for navigating this body of work.
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Chapter 4

Extending SAX: Multichannel
Structure and Trend Recovery

Chapter [3| surveyed the extensive body of work that has extended the original SAX
formulation, organizing these contributions according to the specific weakness of the
base method that each was designed to mitigate. This chapter presents two original
extensions of SAX, developed as a direct response to different limitations. Rather
than pursuing a single unified solution, each variant targets one weakness on its own
terms, allowing it to be motivated, developed, and evaluated independently.

Section [4.1) introduces the Multichannel Intelligent Icon (MII) [165], which extends
SAX to multivariate time series by constructing a spatial correlation across channels
at the symbolic level: symbols occurring at corresponding positions across dimensions
are combined into multichannel words, and the frequency distribution of these words
— the BOP representation — is used as an additional feature for classification. MII
is evaluated on a Human Activity Recognition (HAR) task, where it improves both
accuracy and sensitivity relative to the single-channel baseline.

Section introduces the Slopewise Aggregate Approximation (SAA) [61,106],
which addresses the trend-loss problem by modifying the Piecewise Aggregate Approx-
imation step itself: each segment is characterized by an angle-based descriptor of its
local slope rather than, or alongside, its mean value. The resulting symbolic sequences
are aggregated to the BOP construction and a nearest-neighbour classifier is deployed.

Taken together, these contributions are best understood not as a single combined
method but as independent extensions of SAX, each closing one of the weaknesses
identified in Chapter [3[s taxonomy. Section returns to this point and traces how
each extension feeds forward into the work presented in later chapters.

4.1 Multichannel Intelligent Icon

As discussed in Section a substantial body of work extends SAX to multivariate
settings either by applying SAX independently to each channel and concatenating the
per-channel outputs or by reducing dimensionality across channels prior to discretiza-
tion, typically at the cost of increased representational complexity and a departure
from SAX’s per-channel symbolic interpretability. MII takes a third route: it leaves the
per-channel SAX representation untouched and introduces an additional, lightweight
feature that captures cross-channel structure directly in the symbolic domain, building
on the existing concept of Intelligent Icons [166]. The method is presented and
evaluated here in its original single-dataset HAR setting; Chapter [5] later revisits MII

This chapter is based on the following publications: [C1], [C2], [C3].
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as one of several feature-extraction strategies subject to systematic, multi-dataset
parameter optimization.

4.1.1 Spatial Correlation Across Channels and MII Construction

This section presents the MII feature [165], building on the SAX and BOP formulations
already introduced in Section

MII extends the symbolic representation framework to the multivariate setting
by jointly encoding cross-channel co-occurrence patterns, rather than treating each
channel’s symbolic sequence in isolation. Given a p-dimensional time series, the
SAX transformation described in Section is applied independently to each

channel yleldmg p symbolic sequences S, 8@ §(P) where each sequence S¢) =
{sgl), s2 ye . sm }, i € [1, p], has the same length m as a result of applying a shared

PAA segmentatlon across all channels.

Rather than constructing a separate BOP histogram per channel as in Section [2.2.3]
MII captures cross-channel dependencies by forming multichannel words: tuples of
symbols drawn from the same relative position across all p sequences. Formally, for
each position j € [1,m], a multichannel word is defined as:

) (2) (p) (i) (i)
W]—(sj 2SS ) oy es (4.1)

The ordering of symbols within W follows the fixed channel identities of the
dataset (e.g., sensor or variable order), ensuring a consistent and reproducible encoding
across samples. Each multichannel word therefore represents a joint symbolic state
across all channels at a given temporal position, directly capturing co-occurring
patterns that a per-channel BOP representation would treat as independent.

Traversing all positions j = 1,...,m yields a sequence of m multichannel words.
The frequency of occurrence of each distinct word is then computed to build a frequency
table, analogous to the BOP histogram but defined over the joint symbol space rather
than a single channel. Since each channel contributes a symbol from an alphabet
of size a, the total number of possible multichannel words is a?, and the resulting
feature vector h € Z*” has the k-th entry given by:

m
he= ) 1[W) = w] (4.2)
j=1
where wy is the k-th element of the aP-sized multichannel word vocabulary. This
frequency table constitutes the MII feature: a compact, sparse representation in which
each entry quantifies how often a specific joint symbolic pattern occurs across channels.
Figure illustrates this construction, showing how per-channel SAX sequences are
aligned to form multichannel words and how their frequencies are tabulated into the
MII feature. When reshaped into a p-dimensional grid (or, for visualization purposes,
displayed as a 2D heatmap), the resulting structure gives the method its name, since
it allows the joint symbolic structure of the multivariate signal to be inspected visually
as a compact “icon.”
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Figure 4.1: Construction of the MII feature. SAX representations of the p channels of
a multivariate time series are aligned at corresponding positions to form multichannel
words (Eq. . The frequencies of distinct multichannel words are binned into a
histogram (Eq. , which can equivalently be reshaped into a compact 2D grid
(heatmap) to form the Multichannel Intelligent Icon (MII).

The MII feature is interpretable by construction: each entry of h corresponds to a
specific, human-readable combination of per-channel symbols, and its value can be
traced back to the exact temporal positions at which that combination occurs, via the
shared PAA segmentation.

Algorithm: Construction of Multichannel Intelligent Icons

Step 1. Apply the SAX transformation independently to each of the p dimen-
sions of the multivariate signal, using a shared PAA segmentation
across channels.

Step 2. Obtain p symbolic sequences S, S . §(P) each of length m.

Step 3. For each position j € [1,m], form the multichannel word W; by con-
catenating the symbols occurring at position j across all p sequences,
following the fixed channel order.

Step 4. Compute the frequency of occurrence of each distinct multichannel
word across all m positions, producing the MII feature vector of
dimension a”.

In our related proposed methods, the MII feature is concatenated with the per-
channel BOP histograms, allowing the final feature vector to capture both within-
channel symbolic dynamics and cross-channel symbolic co-occurrence.

4.2 Slopewise Aggregate Approximation

As discussed in Section the most common strategy for preserving trend infor-
mation in a SAX representation is to append one or more additional symbols per
segment — describing, for instance, the slope of a fitted line or the maximum and
minimum values. SAA follows the same general principle of pairing a slope-derived
symbol with the standard mean-derived one, but arrives at it through a distinct
architecture: SAA processes each window through two parallel branches. One branch
applies standard PAA and discretization to obtain the conventional mean-based SAX
string; the other applies SAA’s angle-based descriptor (Section to the same
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segments and discretizes the resulting angle series independently. The two resulting
symbolic strings are then converted into BOP representations and combined only at
the feature extraction stage.

4.2.1 From PAA to SAA: Angle-Based Segment Representation

Recall that PAA divides a time series X = {x1,...,x,} into m equal-length segments
of n/m points each, and represents each segment by the mean value of its points,
yielding a reduced series X = {X1, ..., X} of length m. This mean-value representation
discards any information about how the signal evolves within a segment: two segments
with identical means but opposite trends — one rising, one falling — are mapped to the
same PAA coefficient and, subsequently, the same SAX symbol.

SAA computes, in parallel with this standard PAA branch, an angle-based descrip-
tor of each segment’s local trend, over the same segmentation of the same window.
For segment i, let (x;1,¥i1),.- ., (Xi,n/m>Yi,nym) denote its n/m data points, where x
denotes time and y the signal value. Treating the first point of the segment as a
fixed origin, a vector is drawn from (x;1,y;,1) to every subsequent point (x; ;,yi ;),
J =2,...,n/m, and an additional vector is drawn from (x; 1, y; 1) to the first point of
the next segment, (x;+1,1,¥i+1,1), S0 that the representation remains continuous across
segment boundaries. Each such vector forms an angle with the horizontal (time) axis:

9. . = tan_l(yi,j+1 —yi,l)
L,] — Py

Xi,j+1 — Xi,1

where for j = n/m the point (x; j+1,y; j+1) is taken to be (x;41,1,yi+1,1), the first point
of the following segment. The n/m angles obtained for segment i are then averaged to
give a single representative angle for the segment:

Repeating this for all m segments yields an angle series ® = {61,...,8,,} of the
same length m as the PAA output X. Geometrically, each segment of the original signal
is replaced by a single vector, anchored at the segment’s first point, whose orientation
equals 6; — a one-vector approximation of the segment’s local slope, smoothed over
all the within-segment displacements rather than fit by least squares. ® is, critically,
computed alongside X rather than in place of it: both series are produced from the
same window and the same segmentation, then carried forward independently.

This construction is illustrated in Figure which shows both the per-segment
angle computation (a) and the resulting slope-vector approximation of the full signal

(b).

4.2.2 Discretization and Feature Fusion

Because © has exactly the same length m as the standard PAA output, it can be
fed into the existing SAX discretization step — using the same alphabet size a and
breakpoints derived under the Gaussian assumption — without any modification,
producing a second symbolic string of length m, independent of the conventional SAX
string derived from X. Each string is then converted into a BOP representation of
word length w, and the two BOP representations — one capturing the distribution of
mean-value patterns, the other the distribution of slope patterns — are concatenated
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Figure 4.2: Construction of the Slopewise Aggregate Approximation (SAA). (a)
Within-segment angle computation from a fixed anchor point. (b) The resulting
piecewise slope-vector approximation of the signal, obtained by averaging the angles in
(a) for every segment and replacing each segment with a single representative vector.

into a single feature table at the feature extraction stage. The overall pipeline can be
summarized as

X — Smean — BOPyean
X — _ — [BOPmean’ BOPslope],
© — Sqope — BOPgiope

where the bracketed term denotes feature-level concatenation rather than symbol-level
fusion.

4.3 Experimental Evaluation

MII (Section and SAA (Section were both evaluated on the same dataset,
signal preprocessing pipeline, and parameter configuration, alongside a classical feature-
extraction baseline , which allows the two proposed methods to be assessed not
only against each other under identical conditions, but also against both a non-symbolic
baseline and the shared BOP representation each one builds on. This section presents
that shared evaluation once, rather than duplicating the dataset and preprocessing
description across both proposed methods.

4.3.1 Dataset

Both methods were evaluated on the RealWorld (HAR) dataset , a publicly
available benchmark for body-worn activity recognition originally designed to study
how sensor placement affects classification performance: the source recordings span
seven on-body positions (chest, forearm, head, shin, thigh, upper arm, and waist)
and six sensing modalities (acceleration, GPS, gyroscope, light, magnetic field, and
sound level), of which this evaluation draws on only the triaxial accelerometer and
gyroscope channels. The dataset contains recordings from fifteen subjects (eight
male, seven female; age 31.9 + 12.4, height 173.1 + 6.9 cm, weight 74.1 + 13.8kg)
performing eight everyday activities: climbing stairs down and up, jumping, lying,
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sitting, standing, running/jogging, and walking, sampled at 50 Hz. Each subject
performed each activity for approximately ten minutes, except jumping, which was
limited to roughly 1.7 minutes due to physical exertion; the contribution of data
across genders is approximately balanced, with male and female subjects contributing
a similar total recording duration. The same is not true across activities, however:
because jumping was capped at a fraction of the duration used for every other class,
the dataset is class-imbalanced by construction, with jumping windows substantially
underrepresented relative to the other seven activities. Only the accelerometer and
gyroscope channels were used, giving six raw signals (x, y, z for each sensor) per
subject per activity.

4.3.2 Preprocessing and Segmentation

The accelerometer and gyroscope streams were first synchronized, since sensor sampling
instants drift apart over the course of a recording. The initial and final 2% of each
signal were then discarded to remove the transitional period before a subject settles
into an activity’s steady pace. Each of the six resulting signals was denoised using
a fifth-order median filter followed by a fifth-order low-pass Butterworth filter with
a 20Hz cutoff — a cutoff sufficient for capturing human body motion, since 99% of
its signal energy lies below 15Hz — and z-score normalized to zero mean and unit
variance, removing the offset and amplitude distortions that would otherwise bias
distance-based comparison of the resulting symbolic sequences.

The filtered, normalized signals were segmented into sliding windows of T =
2.56 s, corresponding to 50 Hz x 2.56 s = 128 samples per window, with 50% overlap
between consecutive windows. Table summarizes the parameter values used
throughout, which were fixed across SAX, MII, and SAA-SAX to ensure a fair
comparison; in particular, the SAA evaluation deliberately reused the exact parameter
values established for the MII study rather than re-tuning them for its own benefit.

Table 4.1: Parameter values used in the joint evaluation of SAX, MII, and SAA-SAX.

Parameter Symbol Value
Window duration T 2.56s
Data points per window n 128
Segments per window m 32
Alphabet size a 4
Number of channels (MII word size) p 3
Window overlap — 50%

4.3.3 Feature Representations and Classifier

Four feature representations were compared, all derived from the same underlying
windows:

o Feature Extraction: a classical time- and frequency-domain feature set [106],
comprising fifteen statistical and spectral descriptors per window (minimum,
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maximum, mean, bandpower, zero-crossing rate, variance, kurtosis, skewness,
root-mean-square, median frequency, entropy, Euclidean norm, mean absolute
value, sum, and total power), computed independently for each of the six raw
signals and concatenated into a single feature vector. This representation serves
as a non-symbolic baseline, included to test whether the symbolic representations
evaluated here capture discriminative structure that conventional handcrafted
features miss.

o BOP: the six single-channel BOP representations (one per accelerometer axis,
one per gyroscope axis), each computed from the standard PAA — SAX pipeline
and concatenated into a single feature vector.

« BOP-+MII: the six single-channel BOP representations described above, con-
catenated with the two Multichannel Intelligent Icons (one per sensor), as
introduced in Section 1.1l

« SAA-SAX: the BOP representation derived from the SAA-based angle sequence
O (Section 4.2.2), following the same discretization and word-length settings as
the BOP baseline.

For each representation, the resulting feature table was used to train a 1-Nearest
Neighbour classifier. For every activity class, 80% of the windows were randomly
assigned to the training set and the remaining 20% to the test set; this random split,
training, and evaluation cycle was repeated ten times for all four representations,
including Feature Extraction, and the mean accuracy and per-class true-positive rate
(TPR) across the ten repetitions are reported below. The original publication of the
feature-extraction baseline [106] reports only the mean over these ten repetitions, not
the standard deviation; its STD is accordingly shown as not reported (—) in Tables
and [4.3]

4.3.4 Results

Table reports overall classification accuracy for the four representations.

Table 4.2: Mean classification accuracy and standard deviation (STD) over ten repetitions,
for Feature Extraction, BOP, BOP+MII, and SAA-SAX. STD for Feature Extraction is not
reported (—) in the original publication.

Method Mean Accuracy (%) STD (%)
Feature Extraction 81.32 -
BOP 90.13 0.20
BOP+MII 92.39 0.24
SAA-SAX 96.00 0.19

The gap between the classical feature-extraction baseline and every symbolic
representation is the largest in the table: BOP alone already improves on it by 8.81
points, and SAA-SAX widens this to 14.68 points. SAA-SAX additionally improves
overall accuracy by 5.87 points over BOP and 3.61 points over BOP+MII, while also
achieving the lowest standard deviation among the three symbolic representations.
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Table breaks this down by activity, reporting the mean TPR and its standard
deviation for each method.
Table 4.3: Per-activity true-positive rate (TPR %) + standard deviation, for Feature Extrac-

tion, BOP, BOP+MII, and SAA-SAX, over ten repetitions. STD for Feature Extraction is
not reported (—) in the original publication.

Activity Esz;:t‘;in BOP  BOP+MII SAA-SAX
Climbing down 61.53 92.51+0.88 95.70+0.63 97.28 = 0.26
Climbing up 77.88 02.47+1.04 94.70+0.98 96.11 = 0.94
Jumping 65.63 0580 +1.18 96.89+0.91 96.76 = 1.11
Lying 91.58 80.92+0.74 92.10+0.37 96.81 = 0.48
Running 91.52 97.19+0.44 97.69+0.46 98.66 = 0.20
Sitting 82.42 80.20+0.75 83.87+0.59 92.66 = 0.81
Standing 80.65 81.62+1.03 85.13+0.91 92.20 % 0.51
Walking 81.28 96.11+0.50 97.22+0.33 98.15 = 0.43
Mean 79.06 00.74+0.82 92.91+0.65 96.08 = 0.59

SAA-SAX achieves the highest TPR for seven of the eight activities, with jumping
the sole exception, where BOP+MII is marginally ahead (96.89% vs. 96.76%) — a dif-
ference smaller than either method’s standard deviation and therefore not meaningful.
Progressing from BOP to BOP+MII to SAA-SAX, both proposed methods improve on
the symbolic baseline for every activity, and SAA-SAX improves further on BOP+MII
for all activities except jumping. The feature-extraction baseline falls short of every
symbolic representation on every activity except lying, where it slightly exceeds plain
BOP (91.58% vs. 89.92%) — the one case where a handcrafted statistical summary
edges out a representation that discards absolute magnitude information, consistent
with lying being distinguished primarily by a stable gravitational offset rather than
by any repeating local pattern a symbolic word could capture. Its most pronounced
weakness is on the two stair-climbing classes, where it trails every symbolic method
by 15-31 points (Climbing down: 61.53% vs. 92.51-97.28%; Climbing up: 77.88%
vs. 92.47-96.11%), indicating that the gross statistical summaries it relies on cannot
capture the structured, repeating motion these activities require.

The largest gains of SAA-SAX over both symbolic baselines occur for sitting and
standing (improvements of roughly 9-12 points over BOP+MII, and 11-12 points over
BOP), and for lying (an improvement of about 4.7 points over BOP+MII). These
three are precisely the activities most often flagged in the HAR literature as difficult
to separate from one another, since they involve little motion and are primarily
distinguished by posture-dependent gravitational components on the accelerometer
axes rather than by dynamic movement patterns. BOP+MII’s gains over plain
BOP, by contrast, were concentrated in activities with a distinctive joint movement
signature across axes (e.g., jumping, climbing), consistent with its cross-channel design.
SAA’s gains, deriving from within-axis trend information, remain informative even for
postures with minimal movement, since the orientation of each axis relative to gravity
still produces a consistent local slope.
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4.4 Discussion

The joint evaluation results in Section[£.3.4] point to a consistent pattern: each proposed
extension improves accuracy through a mechanism specific to its design, rather than
through a generic strengthening of the symbolic representation. BOP+MII’s gains
over plain BOP concentrate in activities with a distinctive joint movement signature
across axes — jumping and the stair-climbing classes — consistent with its cross-channel
construction. SAA’s gains instead concentrate in the activities BOP and BOP+MII
struggle with most, sitting, standing, and lying, where little gross motion is present
and class identity depends on a stable within-axis orientation relative to gravity rather
than on coordinated movement across channels. This division is informative beyond
the specific numbers: it suggests the two extensions are answering genuinely different
weaknesses identified in Chapter s taxonomy (multivariate support and trend loss,
respectively), rather than two routes to the same improvement — though, whether
combining them would yield a further gain remains untested here, since MII and SAA
were evaluated as independent extensions of BOP rather than jointly.

This evaluation is also narrower in scope than later chapters in this thesis. Both
methods are assessed on a single dataset with a single, fixed parameter configuration
(Table , evaluated with a simple 1-Nearest Neighbour classifier rather than the
Random Forest used from Chapter [5] onward, and the SAA evaluation deliberately
reuses MII’s parameter values rather than being tuned independently. None of these
choices were made to maximize either method’s reported accuracy; they were made to
keep the comparison controlled and attributable to the representational change under
test.

4.5 Synthesis

These results establish MII as a self-contained, low-cost extension of the SAX represen-
tation to the multivariate case: it adds a single a”-dimensional feature derived entirely
from quantities already computed during the standard SAX pipeline, requires no
additional parameters beyond those already needed for per-channel SAX, and yields a
consistent improvement in both accuracy and stability over the single-channel baseline
across all eight activities considered. In doing so, it closes the multivariate-support
gap identified in Chapter [3] without departing from the SAX alphabet or introducing
a separate cross-channel preprocessing stage.

By computing trend information through a parallel, independently discretized
branch rather than a symbol fused directly into the mean-value representation, SAA
closes the trend-preservation gap identified in Chapter [3| while keeping each of its
two constituent representations structurally identical in form to standard SAX, and
allowing the two to be combined or analyzed independently at the feature level.
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Chapter 5

Optimized SAX for Multivariate
Time Series Classification

Chapter 3]s taxonomy identified parameter selection as the second-largest category of
SAX weaknesses, only behind lossy compression, with the two together accounting
for over 60% of the reviewed corpus (Section . Among the methods surveyed
there, SAX-VSM (Section already showed that the DIRECT global optimization
algorithm can remove the need for manual SAX tuning, but its use of DIRECT is
entangled with class-discriminative term weighting and confined to the univariate
case. Chapter [4] then introduced the MII (Section as a lightweight extension
of SAX to multivariate time series, but evaluated it on a single HAR dataset with
parameters fixed by hand rather than tuned. This chapter closes both gaps together:
it develops a deterministic, dataset-adaptive framework that applies DIRECT directly
to the SAX transformation parameters for MTSC, and revisits MII as one of several
feature-extraction strategies subjected to this tuning across a substantially larger and
more heterogeneous benchmark than its original single-dataset evaluation. The work
presented in this chapter is based on [168].

Chapter [3[s discussion of SAX’s univariate design (Section [3.3.1)) illustrates one
strand of this space through MBOP, SAX-ARM, and the SAX-PCA/SAX-REPEAT
/SAX-ZSCORE family of Mohammad and Nishida — each extending SAX beyond its
single-channel origins. The broader SAX literature includes several further methods
designed specifically for MTSC that illustrate just how varied the mechanisms for
incorporating cross-channel information can be. MultiSAX [169] layers inter-variable,
spatial, and temporal correlations onto the symbolic representation to support concept-
level abstraction in sensor data, while MSAX [170] normalizes the multivariate series
via its covariance matrix prior to discretization, preserving cross-channel structure
at the cost of added complexity. WSAX [171] combines both perspectives in a two-
phase pipeline — wavelet-based correlation clustering followed by SAX-based shape
modeling — to separate series that share similar statistics but differ in morphology.
More recent contributions model statistical dependencies among variables directly:
Jha and Tripathi [172] fit joint distribution functions across channels before applying
SAX, SAXRegEx [173] forms intertwined symbolic sequences that support regular-
expression-based querying across asynchronous channels, and MultiCast [174] uses
dimensional multiplexing and SAX quantization to convert MTS into compact symbolic
forms suitable for large language models. Common to all of these methods — and to
the variants discussed in Chapter [3] — is that none addresses principled, automated
selection of the SAX transformation parameters themselves; each focuses on how

This chapter is based on the following publication: [J2].
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cross-channel information is incorporated, not on how the underlying parameters
should be chosen for a given dataset. That gap is the one this chapter targets.

The same gap persists one level up, among MTSC methods that are not SAX-
based at all. As discussed in Section [2.4.2] even the strongest dictionary-based MTSC
methods — WEASEL 2.0, SCALE-BOSS-MR, and BORF — rely on heuristic parameter
choices, grid search, or a single fixed configuration applied uniformly across datasets,
sacrificing exactly the reproducibility and dataset-adaptivity that a principled tuning
procedure would provide. Motivated by this gap, and by the broader finding that
well-tuned lightweight models can rival far more complex architectures [81], this
chapter proposes a deterministic framework that applies DIRECT to globally optimize
SAX’s transformation parameters — the PAA segment-size fraction, the alphabet size,
and the word length — either as a single configuration shared across all channels of a
multivariate series or as independent configurations per channel, and combines this
tuning with two feature-extraction choices: per-channel BOP histograms alone, or
BOP histograms augmented with the MII. The resulting four configurations, Methods
A through D, allow the effects of tuning granularity and multichannel feature inclusion
to be examined independently.

The remainder of the chapter is organized as follows. Section details the
DIRECT-based tuning procedure and the four proposed methods. Section describes
the datasets, evaluation protocol, and baselines used to assess them. Section [5.3|reports
accuracy and runtime results across 24 datasets from the UEA MTSC archive, together
with an interpretability case study. Section [5.4] interprets these findings, and the
chapter closes by relating them back to the thesis’s broader narrative.

5.1 Proposed Methodology

Figure [5.1] summarizes the overall pipeline developed in this chapter: for each dataset,
DIRECT performs a dataset-level search over the SAX parameters; the selected
configuration is then fixed and used to extract features for both training and test-time
inference.

Dataset of Multivariate Time Series DIRECT optimization

SAX
parameters
tuning PAAISAX Feauture —
transformation extraction
Classifier Feauture PAAISAX
extraction transformation

Figure 5.1: Overview of the proposed pipeline. For each multivariate time series
dataset, DIRECT performs a dataset-level search to select the SAX transformation
parameters. The selected configuration is then fixed and used for PAA /SAX-based
feature extraction, after which a classifier is trained and applied at test time.



5.1. Proposed Methodology 58

5.1.1 DIRECT-Based Parameter Optimization

SAX’s three transformation parameters — the PAA segment size, the alphabet size,
and the word length (Sections[2.2.1} [2.2.2] [2.2.3]) — jointly control the trade-off between
simplification and representational detail. Choosing them well is what allows the
resulting symbolic sequence to retain the class-discriminative structure of the original
signal; choosing them poorly is, as Chapter [3] documented, the second most common
failure mode across the SAX literature. To select these parameters automatically and
adapt them to each dataset, this chapter employs the DIRECT (DIviding RECTangles)
algorithm [175], a deterministic, derivative-free global optimization method already
shown to be effective for tuning SAX in the univariate case by SAX-VSM (Section[3.3.1).
DIRECT requires only a bounded search space and no gradient information, which
suits it to optimizing a non-smooth, black-box objective such as classification accuracy,
and makes it a more principled alternative to manual tuning or exhaustive grid search
— particularly given how much parameter sensitivity varies across datasets of different
length, sampling rate, and dimensionality. Building on this precedent, the present
chapter extends DIRECT’s use beyond SAX-VSM’s univariate, weighting-entangled
setting to the multichannel case, tuning the PAA segment size, the alphabet size,
and the word length either as a single configuration shared across all channels or as
independent configurations per channel, depending on the method (Section .

For PAA in particular, the number of segments m is not tuned as an absolute
count but as a segment-size fraction p € (0, 1] of the series length n, so that a single
tuned value adapts automatically to datasets and channels of very different lengths
rather than requiring a separate search range for each one.

Figure illustrates how DIRECT operates over a three-dimensional search
domain: starting from the whole domain as a single hyperrectangle, the algorithm
repeatedly trisects selected rectangles into equal thirds along their longest dimension,
evaluates the objective at the center of each resulting rectangle, and selects for further
subdivision those rectangles that are simultaneously promising — having a low function
value at their center — and still large enough to contain unexplored volume. This dual
criterion balances global exploration of the parameter space against local refinement
around the best regions found so far, letting the search concentrate computation on
promising areas without the combinatorial cost of an exhaustive grid.

Wrapping this search procedure around the symbolic pipeline — evaluating, for each
candidate parameter set, the resulting representation’s cross-validated classification
accuracy — yields a fully automated, dataset-adaptive tuning step that requires no
manual intervention while remaining far cheaper than exhaustive search. The concrete
search ranges, the regularized objective used to break ties between equally accurate
configurations, and the optimization budget are specified in Section [5.2

5.1.2 Four Proposed Feature-Extraction Strategies

Building on this tuning procedure, four feature-extraction strategies are proposed and
compared. Each pairs SAX-based discretization with BOP histogram construction
(Section and differs along two independent axes: (i) whether the SAX parameters
selected by DIRECT are shared across all channels of a multivariate series or tuned
independently per channel, and (ii) whether the per-channel BOP histograms are used
alone or augmented with the MII (Section . The resulting four configurations —
Methods A through D — are detailed below; each is evaluated with the same downstream
classifier, a Random Forest with 100 trees, so that differences in performance can be
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1. Initialize 2. Split along X 3. Select (size-value rule) 4. Subdivide along Z 5. Select again (global)

Prer

I Sclected for refinement [ Retained, not refined at this step

Figure 5.2: Step-by-step illustration of the DIRECT algorithm over a 3D optimization
domain. (1) The whole domain starts as a single hyper-rectangle. (2) It is split into
thirds along its longest dimension (X). (3) Based on the size-versus-value selection rule,
one rectangle is chosen for refinement (dark); the other two are retained, not discarded.
(4) The selected rectangle is subdivided along its own longest dimension while the
unselected rectangles from step 3 remain untouched. (5) At the next iteration, a
large, still-unrefined rectangle (left) is selected again, even though smaller, more
recently refined rectangles exist elsewhere: global exploration continues alongside local
refinement, rather than concentrating permanently on whichever region looked best
first.

attributed to the feature-extraction strategy rather than to the classifier.

Method A: Shared Tuning with Per-Channel BOP

In Method A, each channel of the multivariate series is transformed independently
via SAX, and a BOP histogram is constructed per channel; the resulting per-channel
histograms are concatenated into the final feature vector. A single configuration —
the PAA segment-size fraction p, the alphabet size a, and the word length w — is
tuned once per dataset via DIRECT (Section and applied uniformly across all
channels. Figure [5.3|illustrates the pipeline.

SAX (tuned via DIRECT)

[ ]

SAX (tuned via DIRECT)
[BOPcp1; BOPhz; BOPcp3) Forest

SAX (tuned via DIRECT)

4 . Shared tuning

. Per-channel tuning

908 |

Figure 5.3: Implementation of Method A. Each channel is transformed using SAX
under a single set of parameters, tuned once on the training split via DIRECT and
then applied uniformly across all channels.
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Method B: Shared Tuning with Per-Channel BOP and MII

Method B extends Method A by augmenting the feature space with the MII (Sec-
tion : the same shared, DIRECT-tuned configuration is used to construct both
the per-channel BOP histograms and the multichannel words underlying the MII,
and the two are concatenated into a single feature vector. Because it reuses Method
A’s tuned parameters rather than running a separate search, Method B isolates the
effect of adding cross-channel symbolic information on top of an already-optimized
per-channel representation. Figure [5.4] illustrates the pipeline.
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Figure 5.4: Implementation of Method B. As in Method A, each channel is transformed
using a single shared, DIRECT-tuned configuration; the MII feature is additionally
concatenated to the per-channel BOP histograms.

Method C: Per-Channel Tuning with Per-Channel BOP

Method C instead lets the SAX configuration vary across channels: each channel is
independently SAX-transformed and converted into a BOP histogram as in Method
A, but p, a, and w are each tuned separately, per channel, via DIRECT. The
resulting per-channel histograms — built under possibly different parameter choices —
are concatenated as before, producing a representation tailored to each dimension’s
own characteristics, at the cost of a substantially larger search space than Method A.
Figure [5.5] illustrates the pipeline.

Method D: Per-Channel Tuning with Per-Channel BOP and MII

Method D combines Method C’s per-channel tuning with the multichannel feature of
Method B. Each channel’s alphabet size and word length are tuned independently,
but the PAA segment-size fraction p is kept shared across channels so that the
temporal alignment required to construct multichannel words is preserved. The
resulting feature vector concatenates the per-channel BOP histograms — each under
its own tuned alphabet and word length — with the MII built from the shared PAA
segmentation, combining the flexibility of per-channel tuning with the cross-channel
structure captured by MII. Figure |5.6|illustrates the pipeline.
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Figure 5.5: Implementation of Method C. Each channel is transformed using its own
SAX configuration, tuned independently via DIRECT.
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Figure 5.6: Implementation of Method D. Each channel’s alphabet size and word
length are tuned independently via DIRECT, while the PAA segment-size fraction
is kept shared to preserve cross-channel alignment; the MII is concatenated to the
resulting feature set.

Each of these four configurations is evaluated under the same Random Forest
classifier, isolating the impact of tuning granularity and multichannel feature inclusion
on classification performance — examined empirically in Section [5.3

5.2 Experiments and Evaluation Method

This section describes the experimental setup used to evaluate Methods A-D: the
benchmark datasets (Section [5.2.1) and the evaluation protocol covering metrics,
classifier, parameter-tuning strategy, and baseline comparisons (Section [5.2.2)).
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5.2.1 Datasets

Methods A-D are evaluated on 24 datasets (Table drawn from the UEA MTSC
archive (Section , which provides predefined train/test splits to support standard-
ized and reproducible comparison. Of the archive’s 30 datasets, six were excluded for
practical reasons detailed in the table notes; the remaining 24 span a broad range
of problem characteristics — number of instances, series length, dimensionality, and
number of classes — across a variety of application domains, providing a diverse testbed
for both predictive performance and runtime behavior.

Table 5.1: Summary of the 24 multivariate time series datasets used for evaluation, drawn
from the UEA Multivariate Time Series Classification archive.

Dataset Train Test Dimensions Length Classes
Articulary WordRecognition 275 300 9 144 25
AtrialFibrillation 15 15 2 640 3
BasicMotions 40 40 6 100 4
CharacterTrajectories 1422 1436 3 182 20
Cricket 108 72 6 1197 12
EigenWorms 128 131 6 17984 )
Epilepsy 137 138 3 206 4
ERing 30 30 4 65 6
EthanolConcentration 261 263 3 1751 4
FingerMovements 316 100 28 50 2
HandMovementDirection 320 147 10 400 4
Handwriting 150 850 3 152 26
Heartbeat 204 205 61 405 2
JapaneseVowels 270 370 12 29 9
Libras 180 180 2 45 15
LSST 2459 2466 6 36 14
MotorImagery 278 100 64 3000 2
NATOPS 180 180 24 51 6
RacketSports 151 152 6 30 4
SelfRegulationSCP1 268 293 6 896 2
SelfRegulationSCP2 200 180 7 1152 2
SpokenArabicDigits 6599 2199 13 93 10
Stand WalkJump 12 15 4 2500 3
UWaveGestureLibrary 120 320 3 315 8

Note: Six UEA archive datasets were excluded from the evaluation. DuckDuckGeese, FaceDetection,
InsectWingbeat, and PEMS-SF were excluded due to excessive computational requirements; PenDig-
its was omitted because its series length was insufficient for the SAX transformation; and Phoneme
was excluded due to a label inconsistency in the distributed archive (only one class present).
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5.2.2 Evaluation Protocol
Evaluation Metrics and Classifier

Classification accuracy on the held-out test split is the primary evaluation metric
throughout; wall-clock runtime is additionally reported, detailed in Section to
characterize the computational cost of each method. All four proposed methods use a
Random Forest classifier [176] with 100 trees; node splitting uses the Gini impurity
criterion with best-split selection, and trees are trained with bootstrap sampling.

Parameter Tuning Strategy

For every dataset, DIRECT (Section tunes one set of SAX parameters using only
the training split; the selected configuration is then fixed for all subsequent evaluation.
Since DIRECT is a minimization algorithm while the underlying goal is to maximize
classification accuracy, the parameters are tuned via 5-fold cross-validation on the
training split, with the objective defined as the negative of the mean cross-validated
accuracy. The search space explored by DIRECT is given in Table

Table 5.2: Optimization search space for each SAX parameter tuned via DIRECT.

Parameter Notation Range Justification

Alphabet size a 2to8 Prior work on SAX [54] shows
that sizes 5-8 balance
discretization granularity against
computational efficiency; the
range is extended down to 2 to
additionally explore coarser
granularities.

Word length w 2to06 Empirical studies across diverse
time series [541[87] show that
word lengths in this range
capture temporal patterns
effectively while remaining
computationally tractable.

PAA segment-size p Dataset-specific: Tuning a fraction rather than an
fraction fraction of the absolute segment count lets a
series length single configuration adapt to

channels and datasets of widely
different lengths.

In preliminary experiments, multiple parameter combinations were frequently
found to achieve identical cross-validated accuracy. To discourage unnecessarily
large or complex configurations among these ties — which inflate runtime and feature
dimensionality without improving accuracy — the optimization objective is augmented
with a mild regularization term. Given accuracy acc € [0, 1] and the tuned parameter
set {p, a, w}, the loss minimized by DIRECT is

L=-acc+e(p+a+w) (5.1)

where & controls the strength of the penalty. Across all experiments, & = 1073,
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DIRECT is allowed at most 500 objective evaluations per dataset and terminates
early after 50 consecutive evaluations with no improvement, where an improvement
is an absolute increase of at least 1072 in validation accuracy. In practice, DIRECT
often reaches a performance plateau well before this patience limit is reached; the limit
is nonetheless set conservatively, together with a lenient 1073 improvement threshold,
to reduce the risk of stopping prematurely due to the inherent stochasticity of the
cross-validated accuracy estimate and to allow sufficient exploration of the search
space before termination.

Evaluation Strategy

Methods A-D are compared against six baselines spanning the major MTSC families
already surveyed in Section [2.4.2} the elastic distance-based classifier INN-DTWp,
the ROCKET-family method MultiROCKET, the deep learning model InceptionTime,
and the dictionary-based classifiers WEASEL+MUSE, BORF, and SAX-VSM (Sec-
tion . All baselines are evaluated under the same protocol and hardware as the
proposed methods. The key components of the experimental setup are summarized in
Table

Table 5.3: Summary of the experimental setup: evaluation metrics, classifier, parameter
tuning, optimization budget and stopping criteria, validation and testing protocol, baseline
comparisons, runtime measurement, and statistical analysis.

Component Specification
Metrics Accuracy (test); Runtime (wall-clock)
Classifier Random Forest (100 trees)

Optimization method
Tuned parameters
Parameter ranges
Optimization objective
Budget and stopping crite-
ria

Validation

Final evaluation protocol
Baseline methods

Runtime measurement

Statistical analysis

DIRECT global optimization

PAA segment-size fraction p; alphabet size a; word length w
a € [2,8]; we[2,6]; p: dataset-specific

Minimize L = —acc+ &(p +a +w)

Max. evaluations = 500; early-stopping patience = 50 con-
secutive non-improving evaluations; minimum improvement
A > 1072 (absolute accuracy)

5-fold cross-validation on the training split (used for parame-
ter selection)

Refit on the full training split using the selected parameters;
evaluate once on the held-out test split; report test accuracy

INN-DTWhp; MultiROCKET;
WEASEL+MUSE; BORF; SAX-VSM

Wall-clock runtime under the same hardware/software envi-
ronment for all methods

InceptionTime;

Average ranks across datasets; Friedman test with Nemenyi
post-hoc; critical difference (CD) diagram at a = 0.05
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5.3 Results

This section reports the experimental outcomes for Methods A-D under the protocol
of Section classification accuracy on the UEA benchmarks (Section [5.3.1)), runtime

(Section [5.3.2)), and an interpretability case study (Section [5.3.3)).

5.3.1 Accuracy on the UEA Benchmarks

Table [5.4] reports per-dataset test accuracy for Methods A-D and the six baselines,
together with mean accuracy, win/tie/loss counts, and average rank. Methods B and
D failed to complete on several high-dimensional datasets due to memory exhaustion;
for the rank-based summaries, these non-completing runs are conservatively assigned
the worst rank on the corresponding dataset, so that any rank advantage retained by
B or D reflects genuine predictive performance rather than lenient handling of missing
data.

Globally, MultiROCKET achieves both the highest mean accuracy (78.11%) and
the leading average rank (2.33), followed by WEASEL+MUSE (3.23). BORF is the
strongest symbolic baseline, ranking third overall (4.42, 72.57% mean accuracy), while
SAX-VSM ranks last among the baselines (7.71, 45.87%), though it remains competitive
on a narrow set of physiological datasets such as Heartbeat and FingerMovements.
Among the proposed variants, Method B is the most robust (average rank 6.13),
closely followed by Method A (6.19).

A closer, per-dataset look reveals specific strengths in physiological signal domains.
Method A reaches 53.33% on AtrialFibrillation, well ahead of every baseline, including
InceptionTime (33.30%), BORF (20.00%), and SAX-VSM (40.00%). Method B reaches
a benchmark-best 63.48% on SelfRegulationSCP2, more than 7 points above the nearest
baseline. BORF, for its part, takes the top rank on ArticularyWordRecognition
(99.67%) and places in the top three on nine of the 24 datasets, confirming its strength
as a general-purpose symbolic baseline. These results suggest that while the proposed
methods do not match the overall generalization of ROCKET-family approaches,
they remain a competitive, interpretable alternative on datasets where high-capacity
models struggle to extract the relevant temporal structure.

| CD (2.77) |
[ I
1 2 3 4 5 6 7 8
779 p
MultiROCKET L
3.23 771 :
WEASEL+MUSE SAX-VSM
6.94
4.42
BORF Y o
4.98 6.19
InceptionTime A
5.29 6.13
DTW, B

Figure 5.7: Critical Difference (CD) diagram comparing all ten methods on the full
24-dataset evaluation. Markers show each method’s average rank (lower is better);
methods joined by a horizontal bar form a non-significant clique under the Friedman
test with Nemenyi post-hoc at @ = 0.05. Non-completing runs are assigned the worst
rank on the corresponding dataset before averaging.
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Figure summarizes these ranks via a Friedman test with Nemenyi post-hoc
analysis at alpha = 0.05 (Critical Difference — CD = 2.77), following the Demsar [177]
procedure. MultiROCKET’s rank advantage is statistically significant over DTWp,
all four proposed variants, and SAX-VSM, but its gap to WEASEL+MUSE, BORF,
and InceptionTime does not exceed the CD threshold and is therefore not significant.
Among the proposed methods, Method B offers the best average rank, but its failures
on several high-dimensional datasets limit its general applicability; Methods A and
C, by contrast, complete all 24 datasets without resource-related failure. Of the two,
Method A combines this stability with stronger predictive power, beating Method C
on both mean accuracy (66.47% vs. 61.70%) and average rank (6.19 vs. 6.94).

Because the Friedman/Nemenyi analysis assumes a complete block design, the
missing entries from Methods B and D’s incomplete runs warrant a secondary, complete-
case verification restricted to the 16 datasets on which all ten methods completed
successfully. Table and Figure [5.§ report this recomputed comparison.

| CD (3.39) |
I 1
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MultiROCKET 2z L SAX-VSM
3.19 7.44
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6.81
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5.25
B 575 InceptionTime

Figure 5.8: Critical Difference (CD) diagram on the common subset of 16 datasets
where all methods completed successfully. Markers show each method’s average rank
across these datasets; methods joined by a horizontal bar form a non-significant clique
under the Friedman test with Nemenyi post-hoc at @ = 0.05.

Removing the failure-rank penalty shifts the picture somewhat. MultiROCKET
remains the strongest performer (79.07% mean accuracy, rank 2.21), followed by
WEASEL+MUSE (3.19) and now BORF in third place (4.50, 73.41%), displacing
InceptionTime from the upper tier. DTWp (5.09) and Method B (5.25) follow
closely, with InceptionTime sixth (5.75). Method B is the most competitive of the
proposed variants here, and removing the penalty reveals its true standing relative to
InceptionTime: where the full 24-dataset evaluation ranked it behind InceptionTime
(6.13 vs. 4.98) purely because of its incomplete runs, on the common subset it overtakes
InceptionTime in rank (5.25 vs. 5.75) and exceeds it by more than 7 points in mean
accuracy (68.07% vs. 60.85%) — confirming that InceptionTime’s earlier advantage
was an artifact of Method B’s missing entries rather than a genuine performance
gap. SAX-VSM ranks last on this subset (8.44, 42.36%), with its only competitive
result being AtrialFibrillation (40.00%), still well below Method A’s 53.33% there.
The domain-specific strengths persist on this subset too: Method A retains its lead
on AtrialFibrillation, Method B its best-in-class result on SelfRegulationSCP2, and
Method C reaches a perfect 100% on BasicMotions, matching the strongest baselines.
With CD = 3.39, Method B’s rank of 5.25 is statistically indistinguishable from
MultiROCKET, WEASEL+MUSE, BORF, and DTWp on this subset. Method
A’s stability is notable here too: even restricted to the subset where the more
memory-intensive Method B succeeds, Method A still achieves 66.81% mean accuracy,
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confirming it as a genuinely competitive configuration rather than merely a stable
fallback.

Although Methods C and D are nominally more flexible than A and B, since they
tune SAX parameters independently per channel, this flexibility does not translate into
better generalization in this benchmark. Independent per-channel tuning substantially
enlarges the search space; under a fixed DIRECT evaluation budget and early-stopping
policy, this makes optimization harder and increases the variance of the resulting model
selection. Method C attains a lower mean validation accuracy than Method A (65.74%
vs. 69.28%), so the larger per-channel search did not even find a better training-
time configuration, while Method D shows a sizeable validation—test gap (70.23% vs.
63.60%) consistent with higher selection variance when more parameters are tuned.
Method A — and Method B, which inherits A’s tuned parameters — instead enforces a
single shared configuration across channels, which acts as an implicit regularizer: every
channel is discretized at the same temporal and amplitude resolution, producing more
homogeneous, aligned BOP histograms that the Random Forest classifier can exploit
for cross-channel regularities under a consistent symbolic partition. In this benchmark,
the resulting regularization and alignment benefit outweighs the expressive advantage
of per-channel tuning.

5.3.2 Runtime Analysis

Computational efficiency is the second axis of evaluation, particularly relevant for
real-time or resource-constrained deployment. Runtime is reported on the common
16-dataset subset where every method completed successfully: unlike the accuracy
analysis, where a conservative worst-rank penalty is a meaningful substitute for a non-
completing run, runtime has no analogous well-defined value to impute, so including
incomplete runs would bias any summary.

In this framework, DIRECT’s computational cost is evaluation-driven: the overhead
of partitioning the search domain is negligible next to the cost of evaluating a single
candidate parameter set. Each evaluation performs (i) SAX feature extraction on the
training split and (ii) k-fold cross-validation of the classifier, so the overall tuning cost
scales approximately as

O(Neval k- (Cfeat + Cclf)) s (52)

where Neyal is the number of DIRECT evaluations, k the number of cross-validation
folds, Cfeat the cost of SAX/PAA plus histogram construction, and C¢ the per-
fold classifier training/evaluation cost. For N series of length T with p channels,
feature extraction is roughly linear in input size, Cfat = O(N pT), with a small
additional overhead for histogram updates and indexing; Random Forest cost depends
on implementation-specific stopping criteria and tree depth, so only a coarse charac-
terization is offered here — it grows with sample count, feature dimension, and the
number of trees evaluated per fold.

Table reports DIRECT tuning time and the number of objective evaluations
required per dataset, under the budget and stopping criteria of Section Method
B is not tuned independently — it reuses Method A’s selected configuration — so its
tuning time and evaluation counts are identical to Method A’s.

The INN-DTWp baseline uses a Sakoe—Chiba warping window of 10% of series
length, a default widely adopted as a strong accuracy-runtime trade-off [178,(179].
Because DTW runtime is highly sensitive to the allowed warping range, a small
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Table 5.6: DIRECT tuning time (seconds) and number of objective evaluations on the

common 16-dataset subset. Method B reuses Method A’s tuned configuration, so its tuning
time and evaluation count match Method A’s.

DIRECT tuning time (s)

# evaluations

Dataset A B C D A B C D
AtrialFibrillation 19.61 19.61 13.26 14.41 53 53 7 87
BasicMotions 29.96 29.96 34.31 69.30 127 127 127 208
CharacterTrajectories 66.68 66.68 72.99 68.52 58 58 100 59
Cricket 30.96 30.96 49.58 27.60 61 61 132 51
EigenWorms 46.96 46.96 88.47 54.08 55 55 124 59
Epilepsy 31.32 31.32 26.32 27.79 103 103 7 78
EthanolConcentration 41.01 41.01 34.88 47.06 67 67 73 95
ERing 22.40 22.40 19.43 19.89 64 64 88 79
Handwriting 23.94 23.94 51.26 21.96 63 63 145 51
Libras 34.23 34.23 30.14 31.30 111 111 141 103
LSST 47.14 47.14 6.54 1308.24 17 17 3 173
RacketSports 42.55 42.55 38.05 102.27 73 73 96 89
SelfRegulationSCP1 36.04 36.04 62.05 247.34 66 66 121 182
SelfRegulationSCP2 50.74 50.74 38.87 382.99 112 112 81 86
StandWalkJump 19.38 19.38 10.80 16.72 122 122 53 82
UWaveGestureLibrary 27.40 27.40 28.96 36.30 114 114 123 181
SUM 570.32  570.32  605.91 2475.77 1266 1266 1561 1663
AVERAGE 35.65 35.65 37.87 154.74 79.13  79.13 97.56  103.94

sensitivity check repeats the baseline with 5%/10%/20% windows on six representative
datasets, reporting runtime and accuracy alongside their deltas relative to the 10%
default (Table . This documents the accuracy—speed trade-off across window
choices and indicates that the conclusions drawn here are not sensitive to the specific
choice of a 10% band.

All benchmark runs were executed on a single workstation (Dell Precision 3680)
running Windows 11 Pro (64-bit), with an Intel Core i9-14900K CPU (24 cores, 32
logical processors, ~3.2 GHz) and 128 GB of RAM, ensuring all timing comparisons are
made under identical hardware and software conditions. For Methods A-D, Table [5.§]
reports both (i) total end-to-end runtime, including DIRECT tuning, and (ii) compa-
rable runtime — feature extraction, training, and inference under the already-selected
parameters — which isolates the one-off tuning cost from the per-run deployment cost
and enables a fair comparison against baselines that perform no dataset-level tuning
under this protocol.

On this subset, all four proposed methods are substantially faster than the base-
lines, with Methods A—C particularly strong: Method A is fastest on average (1.51s
comparable runtime), followed by B (1.58s) and C (2.46s); Method D is slower (3.41s)
but still well ahead of every baseline. Among baselines, MultiROCKET is fastest
overall (4.70s), SAX-VSM is the second-fastest baseline (10.47s, fastest on Charac-
terTrajectories), and BORF follows (21.94s) as the most efficient symbolic baseline;
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Table 5.7: Sensitivity of INN-DTWp, to the Sakoe-Chiba window width. Runtime (s) and
accuracy (%) are reported for 5%, 10% (default), and 20%, together with differences relative
to the 10% setting. AAcc is in percentage points (pp); ART is in seconds.

Dataset Win. Runtime (s) Acc. (%) AAcc vs 10% (pp) ART vs 10% (s)

5-10 20-10 5-10 20-10

5% 42.23 98.00

ArticularyWordRecognition 10% 42.45 98.67 -0.67 +0.33 -0.22 +0.72
20% 43.17 99.00
5% 231.02 98.12

CharacterTrajectories 10% 235.02 97.70 +0.42 -0.35 -4.00 +3.33
20% 238.35 97.35
5% 711.53 31.18

EthanolConcentration 10% 737.93 29.66 +1.52 +0.76 -26.40 +14.06
20% 751.99 30.42
5% 11.11 83.33

Libras 10% 11.24 87.78 -4.45 +2.78 -0.13 +0.01
20% 11.25 90.56
5% 11.91 84.87

RacketSports 10% 11.99 84.21 +0.66 +0.66 -0.08 +0.04
20% 12.03 84.87
5% 27.78 48.47

Handwriting 10% 27.99 49.65 -1.18 +1.06 -0.21 +0.60
20% 28.59 50.71

WEASEL+MUSE (86.97s), InceptionTime (649.69s), and DTWp (2653.465s) are
considerably slower. Method A attains the lowest comparable runtime on 7 of 16
datasets and is never the slowest method on any of them; MultiROCKET wins on the
remaining 8, Method C once, and Methods B and D, along with every baseline besides
MultiROCKET and Method A, never finish fastest. Even including DIRECT’s one-off
tuning cost in the total runtime, Methods A-D remain far below the slower baselines:
average totals of 37.16, 37.23, 40.33, and 158.15s for A-D, against 2653.46, 649.69,
and 86.97s for DTWp, InceptionTime, and WEASEL+MUSE, respectively.

The corresponding CD diagram (Figure CD = 3.39) confirms this ordering.
Method A attains the best average rank among all ten methods (2.09), with B (2.84)
and C (3.94) also occupying the fast end of the spectrum; MultiROCKET is competitive
with this group at 2.75. Method D has the weakest rank among the proposed methods
(4.66), reflecting its higher per-channel tuning cost, but still clearly outperforms
DTWp (9.13), WEASEL+MUSE (6.81), BORF (7.63), and InceptionTime (9.81).
The CD value indicates that the gap between the fast cluster (A-D, MultiROCKET,
SAX-VSM) and the slow cluster (WEASEL+MUSE, BORF, DTWp, InceptionTime)
is large enough to be statistically significant at @ = 0.05.

Figure [5.10| plots average accuracy against total runtime to illustrate this trade-
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Figure 5.9: Critical Difference (CD) diagram comparing runtime on the common
16-dataset subset. Ranks are computed from the comparable runtime measure (feature
extraction + training + inference for Methods A—D; end-to-end runtime for the
baselines), with lower average rank indicating faster execution.

off directly. MultiROCKET sits closest to the ideal corner, combining the highest
accuracy with a comparatively low runtime; BORF offers a strong mid-range option,
with high accuracy at moderate cost, while WEASEL+MUSE reaches similarly high
accuracy only at substantially higher runtime. Among the proposed variants, A
and B form the most attractive speed—accuracy compromise — the fastest methods
overall while retaining moderate-to-high accuracy — whereas C and D are slower
without a compensating accuracy gain. SAX-VSM is the lowest-performing method
plotted, failing to reach 45% accuracy despite a runtime comparable to the much
more accurate symbolic variants, while DTWp and InceptionTime are runtime-heavy
for the accuracy they deliver: DTWp is by far the slowest method plotted yet only
mid-range in accuracy, and InceptionTime is similarly expensive while trailing most
other methods in accuracy.

Since runtime might plausibly scale with series length, this relationship is examined
directly in Figure 5.1} Methods A-D occupy the lowest band across almost the entire
length range, requiring only a few seconds even as sequence length grows, which
suggests comparatively stable scaling on this subset; SAX-VSM exhibits a similarly
efficient profile, sitting just above the proposed methods. MultiROCKET is also
generally low, often overlapping with A-D, though with a slightly wider spread on
some datasets. InceptionTime and DTWp, by contrast, show a much steeper increase
in runtime with length and the largest variability, dominating the upper region of
the plot — particularly for the longest sequences — which is consistent with poorer
computational scalability. WEASEL+MUSE sits between these extremes, typically
slower than A-D and MultiROCKET and growing clearly with length, though not
reaching the very large runtimes seen for DTWp and InceptionTime; BORF occupies
a comparable mid-tier band, more efficient than WEASEL+MUSE but costlier than
the fastest symbolic methods. Overall, the proposed symbolic variants — together
with MultiROCKET — offer the most favorable runtime scaling as sequence length
increases, while DTWp and InceptionTime become prohibitively expensive on long
sequences.

5.3.3 Interpretability Case Study

Method B serves as the representative case study for interpretability, since it converts
each channel into a SAX sequence and represents every multivariate series via (i)
a BOP histogram of per-channel SAX words and (ii) the MII, yielding an explicit,
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Figure 5.10: Trade-off between total runtime and accuracy on the common subset.
Each point is one method; the x-axis shows total training and inference time (seconds,
log scale) summed over the subset’s datasets, and the y-axis shows average test
accuracy. DIRECT tuning time is excluded, since parameters are tuned once per
dataset and reused across all resamples.
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Figure 5.11: Time series length versus runtime. Each point corresponds to one
dataset—method pair; the x-axis is the dataset’s sequence length and the y-value is
total training and inference time for that dataset. DIRECT tuning time is excluded.
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sparse feature space in which every multichannel word has a direct semantic meaning
— a symbolic pattern across channels — and can be traced back to the time interval(s)
where it occurs.

To identify what drives a given classification, class-discriminative multichannel
words are scored in a one-vs-rest setting: for each class, every multichannel word
is scored on the training split via a chi-square criterion measuring how strongly its
occurrence counts are associated with that class versus all others, and the top-ranked
words per class are localized in the original signals by scanning the corresponding
SAX sequences for occurrences and mapping their symbolic positions back to raw
time indices through the SAX segmentation.

This procedure is demonstrated on the BasicMotions training split, using Method
B’s tuned configuration for that dataset (p = 0.02444, a = 2, w = 5). Figure traces
a single discriminative multichannel word back to concrete, repeated, time-localized
events in the raw signal. For the walking class, the most discriminative multichannel
word is “bbabab”; the figure shows one representative sample (sample 26) with six
shaded vertical bands overlaid across all six channels, corresponding exactly to the
word’s occurrences in the SAX representation. The word appears at SAX positions
[8,9,15, 16,23, 30], which map back to raw-sample spans [(16, 18), (18, 20), (30, 32),
(32, 34), (46, 48), (60, 62)]: rather than activating indiscriminately, the model repeat-
edly fires on specific short intervals distributed throughout the sequence.

This is not a post-hoc saliency map: each highlighted region is exactly the time
segment that produced the selected symbolic word. The interpretability is inherent to
the representation itself — each SAX symbol summarizes a fixed-length segment of the
original signal via PAA and discretization (Sections , and words are built
directly from these symbols — so any selected word can be deterministically traced
back to the raw-signal segment(s) that generated it, with no separate explanation
model required.

5.4 Discussion

The evaluation in Section [5.3shows that the proposed symbolic methods — Method B in
particular — can reach accuracy competitive with several established baselines, which is
notable given the method’s conceptual simplicity, interpretability, and computational
cost. At the same time, Table makes clear that this competitiveness is far from
uniform: how well the symbolic representation performs depends heavily on the dataset
and the domain it comes from.

A clearer picture emerges by grouping datasets into performance clusters and
relating each cluster to the kind of temporal structure it appears to require. Four
such clusters are visible: a small group on which the proposed representation is
exceptionally effective; a broader group where it is very good to excellent; a group
where it remains broadly competitive with the strongest baselines; and a group of clear
failure cases. This grouping is informative precisely because the downstream classifier
is held fixed throughout — what varies is the match between a dataset’s discriminative
structure and what SAX is able to preserve.

The first cluster — AtrialFibrillation, where Methods A and B are particularly strong,
and SelfRegulationSCP2, where B stands out while A/C/D perform similarly — is
dominated by short, recurring motifs and coordinated multichannel patterns that tuned
SAX discretization and multichannel words capture directly. In AtrialFibrillation, class
evidence is often expressed through rhythm irregularities and waveform morphology
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Figure 5.12: Most discriminative multichannel word for the walking class in Ba-
sicMotions. The multichannel word “bbabab” highlights repeated cross-channel
configurations consistent with periodic motion patterns.

fragments that reduce naturally to recurring symbolic patterns; that A and B excel
here suggests that capturing stable local motifs is enough to outperform methods built
on more generic feature mappings. In SelfRegulationSCP2, Method B’s advantage
over the other symbolic variants is consistent with discrimination depending more on
cross-channel coordination than on per-channel patterns considered in isolation.
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A second cluster — ArticularyWordRecognition, BasicMotions, Cricket, and Epilepsy
— shows very good to excellent performance, and these datasets are structurally well
suited to a motif-based symbolic view. BasicMotions and Cricket exhibit near-periodic
activity cycles with repeated motion primitives, which symbolic words represent com-
pactly while remaining tolerant of small variations, and multichannel encoding helps
further when sensors move together. Epilepsy similarly contains distinctive transient
events and recurrent waveform shapes. That strong accuracy is achievable here with
a deliberately simple classifier reinforces the broader pattern: success in this regime
comes from extracting the right repeatable local structures, not from a sophisticated
decision boundary.

A third, "mixed-regime" cluster — FingerMovements, Heartbeat, LSST, MotorIm-
agery, and StandWalkJump — is where the proposed methods are typically competitive
with the best baseline or close to it. These datasets contain some motif-like evidence
that symbolic discretization captures well, but also variability — subject effects, am-
plitude or phase differences, longer-range context — that the stronger baselines are
better positioned to exploit.

The most diagnostic cluster for understanding the method’s limits is the fourth:
ERing, Handwriting, JapaneseVowels, Libras, RacketSports, and UWaveGestureLi-
brary, where the gap to the best baseline is substantial — roughly 15 to 40 percentage
points. A gap of this size signals more than a small loss of capacity; it points to a
representational mismatch, where the symbolic encoding fails to preserve the cues
that actually separate classes in these domains. Several of these datasets depend on
fine-grained continuous structure — subtle trajectory-shape differences in Handwriting
and Libras, or spectral and phonetic characteristics in JapaneseVowels — or on complex
temporal evolution that is not well expressed as a small set of repeated local motifs.
Here, PAA smoothing and coarse discretization can collapse distinctions that methods
such as MultiROCKET or deep models retain, and multichannel dependencies may
be too diffuse or context-dependent for compact multichannel words to capture. This
also explains a statistical artifact visible in the aggregate results: because the shortfall
is large on this cluster, these few datasets disproportionately pull down the mean
accuracy even though the method is strong or competitive across most of the others.

Taken together, this clustering supports a practically useful conclusion. The
proposed framework is most effective when class identity is expressed through recurring,
localized motifs — and, for Method B, through repeatable cross-channel coordination;
it remains competitive on mixed-regime problems; and it can fail sharply where
discrimination depends on subtle, highly variable, or texture-like continuous structure
that discretization does not preserve well. This clarifies when the approach should
be preferred, as an efficient and interpretable alternative, and when richer feature
mappings or higher-capacity models should be expected to do better.

Section already traced why shared-parameter tuning (A and B) generalizes
more robustly than per-channel tuning (C and D) in this benchmark. The practical
recommendation that follows is to prefer Method B when cross-channel interactions
are informative — since it captures them through the MII at no extra tuning cost
beyond Method A’s — and to fall back to Method A as a lighter alternative when
this additional multichannel feature is unnecessary or when memory is constrained.
Method D remains worth considering in settings with genuinely heterogeneous channels
that benefit from some per-channel adaptation, provided the shared PAA segmentation
needed for the icon-based representation is preserved; Method C, by contrast, is best
read as an ablation rather than a deployable configuration, since it combines the



5.5. Synthesis 78

largest search space with the weakest accuracy among the four.

A central strength of the proposed framework is its interpretability: classification
operates on sparse, human-readable symbolic features that correspond to localized
temporal motifs, and the MII further exposes cross-channel symbolic interactions on
top of these. Computationally, the symbolic pipeline scales favorably with sequence
length and keeps deployment-time runtime low (Section , which together make
it attractive for time-sensitive or resource-constrained settings.

These properties suit deployment scenarios that need fast inference, interpretability,
and reliable accuracy under a constrained compute budget at the same time. On-device
physiological or activity monitoring — wearable ECG/EEG, or multi-sensor movement
tracking — is a representative example: decisions must be produced near real time
and backed by evidence a human can audit. In such settings, DTW-based approaches
can become prohibitively expensive as sequence length grows, and deep models are
often impractical given their heavier compute requirements and limited transparency,
whereas Method B offers accurate predictions together with localized, multichannel
symbolic evidence that can be directly inspected and validated.

Two limitations follow from the same analysis. The first is representational mis-
match: the proposed methods perform well when classes are characterized by recurring
local motifs and cross-channel coordination, but can degrade sharply on datasets
dominated by subtle, highly variable, or more continuous dynamics — handwriting-
and speech-like problems being the clearest examples — where PAA smoothing and
discretization remove exactly the fine-grained cues that stronger baselines exploit. The
second is scope of applicability: although runtime scales favorably with sequence length,
modeling cross-channel interactions grows more costly as the number of channels
increases, which confines the approach to low-to-moderate dimensional MTS; at the
other extreme, very short sequences leave too little temporal support for meaningful
segmentation and quantization, making the resulting symbolic vocabulary unstable
and the aggregated features largely uninformative. Together, these observations de-
limit the method’s intended operating regime: multivariate time series with enough
temporal resolution to support meaningful local pattern extraction, and with a channel
dimensionality that allows cross-channel structure to be modeled without the feature
set growing to a prohibitive size.

5.5 Synthesis

This chapter set out to close this gap: a principled, automated tuning procedure for
SAX that extends beyond the univariate, weighting-entangled setting into MTSC
proper. Applying DIRECT directly to the PAA segment-size fraction, alphabet size,
and word length — shared across channels or tuned per channel, with or without
the MII — and validating the result across 24 datasets from the UEA archive rather
than a single heuristically-tuned case, confirms that globally optimized symbolic
representations remain a viable, dataset-adaptive alternative to costlier models, at
least within the operating regime characterized in Section

This evaluation also completes the trajectory promised in Chapter [d MII moves
from a single-dataset proof-of-concept, evaluated with parameters fixed by hand,
to one ingredient of Method B, evaluated under DIRECT-tuned, dataset-adaptive
configurations across a far larger and more heterogeneous benchmark. The outcome is a
more complete picture than either chapter could offer alone. Method B’s cross-channel
feature pays off precisely where Chapter (s single HAR dataset could not reveal,
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namely whenever class identity depends on coordinated multichannel dynamics, but the
broader benchmark also exposes where it does not: high-dimensional channel counts
that inflate the multichannel vocabulary, and datasets whose discriminative structure is
too fine-grained or continuous for PAA-based discretization to preserve. Generalizing
MIT’s evaluation in this way was only possible because Section [5.1.1] replaced its
originally hand-fixed parameters with a tuned, dataset-adaptive configuration; the two
contributions of this chapter — the tuning procedure and the multi-dataset evaluation
— are therefore inseparable in practice, not just in framing.

Read together with the per-channel-versus-shared-tuning analysis in Section [5.3.1]
the practical recommendation that emerges is to prefer shared-parameter tuning
over per-channel tuning by default: Method B when cross-channel coordination is
likely to be informative, since it inherits Method A’s tuned configuration at no extra
search cost, and Method A itself as a lighter, more memory-stable fallback otherwise.
This recommendation is not offered as a universal replacement for deep or ensemble
MTSC models, which remain the stronger choice when the discriminative signal
is diffuse, continuous, or context-dependent in the way Section [5.4]s fourth cluster
illustrates. Rather, it positions the proposed framework as a complementary, auditable
alternative for settings — such as on-device physiological or activity monitoring — where
compute and tuning budgets are limited and decisions must remain traceable to
specific, human-readable evidence.

The operating-regime limits identified in Section [5.4] point to three directions for
extending this framework rather than abandoning it. The first concerns scalability:
as channel count grows, the multichannel token space underlying the MII grows
with it, so controlling that growth — through interaction pruning, channel grouping,
or hashing/sketching of the token space — would let cross-channel features remain
tractable without the feature set becoming prohibitively large. The second concerns
transferability: since DIRECT currently tunes each dataset independently from scratch,
studying whether tuned configurations transfer across datasets of a similar nature could
identify regimes where a single configuration generalizes, and motivate meta-feature-
guided warm starts that reduce tuning cost without sacrificing the dataset-adaptivity
demonstrated in this chapter. The third concerns channel heterogeneity: learning
data-driven importance weights for individual channels, and propagating them into
the higher-order MII features, would let multichannel tokens be emphasized only
when they involve genuinely informative channels — reducing the influence of noisy or
weak channels on the final representation while preserving the interpretability that
motivated this framework in the first place.
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Chapter 6

Symbolic Tokenization for
LLM-Based Time Series
Classification

Chapter [3[s taxonomy identified trend loss as one of the most heavily populated
weakness categories in the SAX literature (Section . Chapter (4] already answered
this gap once, with SAA (Section[4.2): a parallel, independently discretized angle-based
branch that captures segment slope alongside the standard mean-based SAX symbol.
This chapter answers the same gap a second time [180], through a structurally different
mechanism. Rather than computing trend in a separate branch, the representation
developed here folds trend directly into the case of the existing SAX symbol — mapping
each segment’s slope to an uppercase or lowercase variant of the same character — so
that a single symbolic string carries both amplitude and direction without doubling the
representation’s dimensionality. SAA and this trend-aware encoding therefore share a
motivation while committing to opposite design choices: SAA keeps trend information
in a separately discretized stream that can be fused or analyzed independently of the
mean-based symbol; the case-modulation introduced here instead fuses trend into the
very same symbol used for amplitude, trading the ability to inspect trend in isolation
for a more compact, single-string representation. That trade-off matters once the
representation has to serve as a token sequence for a language model, where every
additional symbol lengthens the prompt, and where a structurally separate trend
stream would in any case have to be serialized back into the same text.

This chapter also returns to human activity recognition (HAR), the domain in
which Chapter (4] evaluated MII and SAA, but pursues a different question: not how
to extend SAX’s accuracy through richer engineered features, but whether a symbolic
representation can serve directly as the input vocabulary of an LLM, letting the
LLM’s pre-trained sequential-reasoning capacity stand in for the hand-built classifiers
used elsewhere in this thesis. The motivating observation is structural: SAX already
converts a continuous signal into an ordered sequence of discrete tokens, precisely the
input format LLMs are built to process, whereas LLMs have no native mechanism for
ingesting raw continuous sensor readings. Bridging the two is therefore, in principle, a
matter of representation design rather than architecture: SAX already outputs the
kind of ordered discrete token sequence an LLM expects, so no structural adaptation
is required — only a symbolic representation expressive enough that the tokens retain
what made the original signal classifiable.

As reviewed in Section [2.3] SAX-based classifiers such as BOP and its descendants

This chapter is based on the following publication: [J3].
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remain interpretable and computationally light, but typically rely on heuristically
chosen parameters and comparatively simple downstream classifiers, which struggle to
capture the complex sequential dependencies present in modern, fine-grained activity
data. LLMs are a natural complement, since they excel precisely at modeling depen-
dencies over long discrete token sequences, but they are fundamentally mismatched
to raw, continuous signals: they carry no inductive bias for physical dynamics, and
existing attempts to bridge this gap — through text-reprogramming or multimodal
fusion — tend to discard essential physical semantics or rely on ad hoc encodings that
obscure the resulting decision logic, exactly the property that motivated symbolic
representations in this thesis in the first place. The remainder of this chapter develops
a way to close this gap that stays faithful to that motivation: a symbolic representation
expressive enough to serve as an LLM’s native vocabulary, augmented just enough to
recover the physical information symbolic discretization would otherwise discard.

This chapter proposes SAX_HAR-LLM, a dual-stream framework that pairs the
trend-aware SAX encoding introduced above with lightweight kinematics-informed
descriptors, fuses both into a structured textual prompt, and fine-tunes a causal LLM
to complete that prompt with the corresponding activity label. Section [6.1]situates this
design within the literature on using LLMs for time series, not yet covered elsewhere in
this thesis. Section [6.2] details the proposed encoding, prompt construction, fine-tuning
procedure, and interpretability analysis. Section describes the datasets, baselines,
and evaluation protocol; Section reports classification, statistical, ablation, at-
tention, and computational-cost results on two HAR benchmarks; and Section [6.5
closes the chapter by relating these findings back to the thesis’s broader account of
SAX-based representation design.

6.1 Background

Section already surveyed the broader landscape of time series classification, in-
cluding the SAX-based dictionary methods this chapter builds on. The remainder of
this section instead covers a literature not yet introduced in this thesis: how symbolic
sequences, and SAX in particular, relate to sequence-based language models, and how
LLMs have so far been applied to time series data.

6.1.1 Symbolic Sequences as Inputs to Sequence-Based Models

In natural language processing, discrete symbols are typically mapped to distributed
embeddings to support compositional reasoning, a step that enables flexible gen-
eralization but obscures the identity of the original symbol [181]. Beyond natural
language, symbolic sequences are interpreted through structured operators in several
neuro-symbolic settings: GNN-QE executes first-order logic queries expressed as
symbolic sequences [182], neuro-symbolic temporal reasoners verify execution traces
against linear temporal logic specifications [183], and planning-based models treat
sequences as action traces with explicit preconditions and effects [184]. The common
thread across these examples is that transforming numeric or structured data into
symbolic tokens makes it directly usable by sequence-reasoning models built for text —
a property that extends naturally to symbolic time series representations, which are
structurally analogous to text and align with prior work on interpretable, rule-based
reasoning over discrete human-activity descriptions [185].

Purely symbolic representations, however, have a cost: discretization and nor-
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malization can remove essential physical information — absolute magnitude, gravity,
orientation — introducing ambiguity once the representation is taken out of its original
numeric context [185|186]. Neural-only models avoid this cost but obscure symbolic
structure and decision logic in the process, and although recent neuro-symbolic work
aims to balance the two, symbolic time series representations are still rarely treated
as first-class token sequences for modern sequence models [186,|187]. Two recent
examples illustrate what treating them as first-class inputs can look like outside
HAR specifically: Onchis and Hogea [188] augment a one-dimensional Transformer
with logical constraints for fault diagnosis, improving F1-score over a transformer
alone while keeping classifications interpretable, and Zhang et al. [189] discretize
vibration signals into quantized frequency tokens and route them through a frozen
LLM via retrieval-augmented instruction alignment, achieving strong generalization
across heterogeneous machinery. Both examples motivate the central question this
chapter pursues for HAR specifically: whether a symbolic representation can be made
informative enough, on its own, to serve as a first-class LLM input rather than an
auxiliary signal.

6.1.2 Large Language Models for Sequential Modeling

LLMs have demonstrated emergent capabilities for sequential and symbolic reasoning
that go well beyond generating grammatically fluent text [190,(191]. A prominent driver
of this behavior is Chain-of-Thought (CoT) prompting, which elicits intermediate
reasoning steps from the model, effectively decomposing a hard problem into an ordered
chain of symbolic operations [191(192]. The resulting step-by-step structure has proven
productive across a wide variety of tasks requiring sustained consistency over long
token sequences, including arithmetic, logic puzzles, and program execution [193].

Prompting alone, however, is not the only route to stronger reasoning. Instruction
tuning, knowledge distillation, and neuro-symbolic integration each offer complemen-
tary mechanisms. On the distillation side, temporal relational reasoning — event se-
quencing, causal ordering, narrative coherence — can be transferred from a large teacher
to a smaller student model with measurable fidelity [194]. On the neuro-symbolic side,
frameworks such as Logic-LM sidestep the problem of unreliable in-context inference
altogether by translating natural language into a formal symbolic representation —
first-order logic, explicit constraints — and delegating execution to a deterministic
solver, substantially reducing hallucination and improving logical faithfulness [193].
ProverGen pursues the same separation for mathematical proof generation, gaining
robustness on problems outside the training distribution [192]. What unites these
approaches is a shared architectural intuition: LLMs process structured symbolic token
sequences most reliably when temporal or logical dependencies are stated explicitly in
the input rather than left to be inferred — precisely the property that a symbolic time
series encoding is designed to provide.

That said, a direct connection between LLMs and raw continuous signals remains
elusive. Individual numeric values carry no semantic content that a language model’s
pre-trained vocabulary can latch onto [195], and unstructured numeric sequences lack
the discrete tokenizable form that the LLM’s input pipeline assumes [196]. Converting
a continuous signal into a fixed symbolic vocabulary bridges this gap by presenting
the model with input that is structurally compatible with its pre-trained pattern-
matching capacity [197]. Theoretical support for this move comes from analysis
showing that Transformers can carry out relational reasoning over inputs encoded
as symbolic strings, essentially processing them as instances of learnable template
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structures [198]. Empirical support comes from decomposition-based methods such as
TEMPO, which show that making temporal structure explicit — separating a series
into trend and seasonality components before passing it to the LLM — measurably
improves distributional alignment between the model and the input signal [199].

6.1.3 Paradigms for Applying LLMs to Time Series

Work adapting LLMs specifically for time series analysis has converged on four broad
methodological paradigms [200]. The first, prompting, treats numerical data as raw
text or digit sequences and frames the task as next-token prediction, leveraging
the LLM’s native sequential modeling without any architectural change [201},1202];
PromptCast [203] converts numerical data into sentence-to-sentence templates this way,
and LLMTime [202] uses digit-level tokenization to keep temporal values represented
consistently. The second, time series quantization, discretizes continuous signals into
symbolic tokens the LLM can process natively — the paradigm this chapter’s own
SAX-based encoding belongs to. LLM-ABBA [204] is the closest published example,
using adaptive Brownian-bridge-based symbolic aggregation to match state-of-the-art
benchmarks, while Numerical Greedy Tokenization instead constrains the input to a
predefined set of numerical symbols, aiming to unlock latent reasoning while avoiding
interference from natural-language tokens [197]. Both routes share the same underlying
move: translating the intrinsic syntax of a time series into a token sequence the LLM
can read directly [205].

The third paradigm, aligning, instead uses a neural encoder to map continuous
temporal embeddings into the LLM’s existing semantic space — exemplified by repro-
gramming frameworks such as Time-LLM [206] and TEST [207], which align signal
patches with textual prototypes [208], and by fine-tuning strategies such as GPT4TS,
which adapts pre-trained attention patterns directly to temporal data [209]. The
fourth, vision as a bridge, instead routes time series through a visual or spatial interme-
diate representation; IMUGPT, for example, synthesizes 3D human-motion sequences
from textual descriptions to derive virtual IMU sensor signals via the principles of
motion kinematics [210].

A further, more granular trend layers semantic enrichment on top of these four
paradigms: recent frameworks augment numerical patches with explicit textual de-
scriptions and domain-specific statistics for each variable |[195], or combine hierarchical
text summarization with bidirectional co-attention so that textual semantics and
temporal dynamics reinforce each other without either structure being lost [211].

6.1.4 Current Challenges and the Proposed Approach

Whether LLMs genuinely help with time series, however, remains an open question.
LLMs show strong zero-shot generalization in data-scarce settings, but several ablation
studies find that a simple linear model or basic attention layer can match or exceed their
performance at a fraction of the computational cost [201,[212]. Reprogramming-style
methods face a sharper criticism still: recent analysis suggests they can produce pseudo-
alignment, where the model transfers only the centroid of the time series distribution
into the language space without genuinely aligning the two manifolds, so that the
LLM’s reasoning capacity is never actually exercised [213]. More fundamentally,
continuous signals and discrete text tokens remain a structural mismatch [214], and
tokenization schemes built for language are inefficient at representing the high-precision
numerical dependencies a time series can carry [215]. Recent work on unified temporal
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tokenization proposes a hybrid semantic-numeric encoding that preserves cyclical
temporal structure directly in token form [216], reinforcing that domain-specific
tokenization design, not a generic text vocabulary, is what ultimately makes a time-
aware LLM work.

Table consolidates the key limitations raised across this section and Section
motivating the design pursued in the remainder of this chapter. The approach
adopted here sits directly in the time-series quantization paradigm: SAX discretizes
a continuous signal into symbolic tokens, establishing a direct structural alignment
with the text-based interface LLMs already expect, while the case-modulation trend
encoding — mirroring SAA’s motivation, Section — and the kinematics-informed
descriptors introduced in Section [6.2] compensate for the physical information that
discretization and normalization would otherwise discard. Because SAX already
produces ordered symbolic sequences — precisely the kind of input over which language
models excel — the LLM is not applied to time series data arbitrarily; symbolic time
series representations and natural language occupy the same discrete, sequential space
by construction, and the framework developed below simply makes that correspondence
explicit.

Table 6.1: Methodological families relevant to time series classification and LLM-based
sequence modeling, with the key strength and principal limitation of each as identified in
Section and the literature reviewed above.

Methodological Family Key Strength Principal Limitation

Distance-based TSC (e.g., No feature engineering; strong  High computational cost; poor

DTW) alignment scalability; limited
interpretability

Feature-based TSC (e.g., Interpretable features Loss of temporal ordering;

TSFresh) weak long-range dependency
modeling

Convolutional /kernel methods High accuracy; efficient Large opaque feature spaces;

(ROCKET family) training limited explainability

Deep learning ensembles State-of-the-art accuracy Computationally expensive;
black-box behavior

Symbolic TS (SAX, SFA, Interpretability; efficiency; Loss of physical magnitude;

BOSS) lower-bounding ambiguity after normalization

LLM-based TS (numeric or Zero-shot capability; Continuous—discrete mismatch;

text-reprogrammed) long-range dependency inefficient tokenization;

modeling pseudo-alignment

6.2 Methodology

The proposed framework, SAX_HAR-LLM, treats activity recognition as a supervised
prompt-completion task: a pre-trained causal language model is fine-tuned on struc-
tured prompts that pair symbolic and physical representations of each inertial sensor
window with its activity label. The dual-stream design addresses the next limitation:
a purely symbolic representation discards the absolute physical information that
normalization removes, while physical descriptors alone cannot capture the temporal
dynamics that symbolic abstraction encodes. Neither stream is sufficient on its own;
the two are complementary by construction.
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Figure illustrates the full pipeline. After signal conditioning and preprocessing
(Section , each sensor window enters two parallel processing paths. The symbolic
stream applies global z-normalization to the full signal before windowing, then encodes
each window as a trend-aware SAX string (Section . The kinematics-informed
stream operates on the conditioned but non-normalized signal, extracting window-level
statistical descriptors that preserve the absolute physical magnitude normalization
would otherwise erase (Section . The outputs of both streams are combined at
the prompt construction stage (Section , and the resulting structured prompt is
passed to the fine-tuned LLM for classification (Section .
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Figure 6.1: The dual-stream pipeline of the proposed methodology.

6.2.1 Problem Definition

The classification setting is MTS HAR. A multivariate time series of length T with D
sensor channels is denoted
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X = {x, eRP}, (6.1)

where each observation x; corresponds to synchronized readings from multiple inertial
sensors (e.g., tri-axial accelerometer and gyroscope). A discrete activity label y € Y
is associated with each series, Y being a finite set of activity classes, and the goal is
to learn a mapping f : X — Y. Rather than classifying directly from the continuous
signal, the approach taken here derives two representations from X: an ordered
symbolic sequence encoding temporal structure, and a set of physical descriptors
preserving the absolute magnitude information that symbolic discretization removes.
Both are used jointly as input to the sequence-level classifier.

6.2.2 Signal Conditioning and Preprocessing

Raw inertial signals carry noise and sampling irregularities that interfere with repre-
sentation learning; preprocessing is therefore tailored to each dataset’s native char-
acteristics (see Section . WISDM signals are resampled to a uniform 20 Hz,
while MotionSense observations are kept at their native 50 Hz. Both datasets are then
denoised with a median filter (window size 3) followed by a second-order Butterworth
low-pass filter at 5 Hz — a cutoff standard in HAR for separating human motion from
high-frequency noise [217[218], and consistent with the filtering approach already used
in Section [£.3.2

Dataset-specific temporal cropping removes device-handling artifacts: the first 15
seconds of each WISDM recording are discarded to exclude start-up transients, while
MotionSense trials are symmetrically cropped by 3 seconds at each end to remove
pocketing and unpocketing effects.

Orientation variability across subjects and sessions is handled via the rtWISDM
alignment protocol [219]: a gravitational reference vector — estimated from the ac-
celerometer mean for WISDM, or read from MotionSense’s pre-computed device-motion
attributes — is used to correct axis polarity and permute axes so that the dominant
gravity component consistently aligns with the vertical Y-axis.

Finally, per-channel z-normalization is applied over the full signal to reduce
inter-subject magnitude variability [220]. For a sensor channel X = {x1,...,x,}, the
normalized value is

Zi = . . (62)

with g and o the channel mean and standard deviation. A non-normalized copy
of the conditioned signal is retained in parallel for the kinematics-informed stream
(Section [6.2.3)); the two aligned versions together form the input to the dual-stream
pipeline.

6.2.3 Dual-Stream Representation Construction

Following conditioning, each activity instance is represented through a construction
that separates symbolic temporal abstraction from physical magnitude preservation.
Both streams are derived from the same windowed signal and processed in parallel, to
be fused only at prompt construction.
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Symbolic Stream: SAX Encoding

The symbolic stream encodes the temporal structure of each sensor signal in a discrete,
structured form suitable for sequence-level modeling. Global z-normalization (Eq. (6.2)))
is applied per channel prior to segmentation; the resulting signal is then segmented
into overlapping sliding windows of fixed duration, and each window is transformed
into a symbolic string.

Within each window, PAA (Section reduces the n z-normalized sample
points into m segment means X = {X1,...,Xn,}, exactly as in Eq. , applied to
the normalized values z;. Each coefficient is then mapped to a symbol s; from an
alphabet of size a using the Gaussian-breakpoint discretization already established
in Section yielding a standard SAX string S = {s1,...,s,} per channel per
window.

Trend-Aware Symbolic Quantization. Standard SAX discretizes only the am-
plitude of each segment: the segment-wise averaging at the heart of PAA discards
everything about how the signal evolves within a segment, the same lossy-compression
weakness documented at length in Chapter [3| (Section and already answered once
in this thesis by SAA (Section . In human activity recognition, however, the
direction of change within a segment is frequently as informative as its magnitude
— a sharp upward slope and a gradual leveling can correspond to entirely different
kinematic phases despite sharing a similar mean.

SAA closes this gap by computing a second, independently discretized angle series
© alongside the standard PAA output X (Section , carrying trend information in
a structurally separate symbolic string that can be combined with the mean-based one
only at the feature level. This chapter instead folds trend directly into the existing
SAX symbol, rather than carrying it in a parallel string. For each segment i, the slope
i of the ordinary-least-squares line fitted to the n/m raw z; sample points within that
segment is computed via linear regression [221]. To suppress minor sensor noise rather
than treat every small fluctuation as a meaningful trend, a threshold & = 0.05 is used —
corresponding to an angle of roughly 3° from the horizontal, i.e. a deliberately gentle
requirement for a segment to be called anything other than flat. Formally, & acts as a
tolerance band around zero slope:

up, Yi> &
trend(y;) = {down, y; < -¢ (6.3)
flat, lyil < e

The case of the symbol s; already obtained from amplitude discretization is then
modulated according to this trend, producing the trend-aware symbol §;:

i =

- {Uppercase(si) if y; >& (up trend) (6.4)

Lowercase(s;) otherwise (flat or down)

Where SAA carries trend in a separate string of the same length m as the mean-
based one — doubling the number of symbolic positions but keeping each string’s
own alphabet intact and individually inspectable — case modulation instead doubles
the effective alphabet size of a single string, from a to 2a, without lengthening the
sequence at all. This is precisely the trade-off anticipated in this chapter’s opening: a
more compact, single-string representation, at the cost of no longer being able to read
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off trend independently of amplitude from the string alone. For a token sequence that
must ultimately be serialized into an LLM prompt, where every additional symbol
lengthens the context the model has to attend over, that compactness is the more
relevant property — and it lets the model differentiate "high-energy rising" from "high-
energy falling" states purely from symbolic context, without any increase in sequence
length. Figure [6.2] illustrates the trend-aware SAX-encoding.

Trend-Aware SAX Symbolization

Trend (Down/Up)
oA M b/B m gcC = dD
(11 -7 0 PRSSOUOUETUruro | R PN | PO § S | TS

0.00 4

—0.67 1

[Resu‘lting SAX String: athathAbBcal:BcacBDacBBahBDahABaCAchCaDcCACcCABaBBCaBbCcBBcJ

Figure 6.2: Trend-aware SAX transformation. Segments with a positive slope (y; > &,
increasing trend) are mapped to uppercase symbols and shown in darker tones;
segments with a negative or near-zero slope are mapped to lowercase symbols and
shown in lighter tones. The resulting string interleaves case and character to encode

amplitude and direction jointly, without lengthening the sequence relative to standard
SAX.

Kinematics-Informed Stream

In parallel with the symbolic stream, a kinematics-informed stream supplies com-
plementary low-level descriptors directly from the raw sensor data. As noted in
Section [6.2.2] the data have already undergone orientation normalization under the
rWISDM protocol, aligning the accelerometer and gyroscope axes to a consistent phys-
ical reference frame in which the Y-axis captures the vertical gravitational component
while the Z-axis signature remains available for posture differentiation.

To recover the physical context that symbolic discretization discards, three statisti-
cal descriptors are extracted per analysis window directly from the accelerometer
signal: from the gravity-aligned Y-axis, the mean acceleration u, and standard devia-
tion oy; and from the Z-axis, the mean acceleration u,, capturing device inclination.
The choice is physically grounded. u, quantifies the dominant gravitational compo-
nent, establishing the device’s vertical orientation; oy is a robust proxy for motion
intensity, with high variability distinguishing dynamic activities such as jogging from
static states ; and u, resolves the ambiguity between standing and sitting — both
static and low-o7y, but sitting induces a distinct gravitational shift onto the Z-axis
from the thigh’s horizontal orientation, a distinction the symbolic stream alone cannot
make.

Critically, these statistics are computed per window on the raw, orientation-
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normalized signal, before the global standardization applied for the symbolic stream:
the symbolic stream uses data standardized over the full series, while the kinematics-
informed descriptors are derived from the non-normalized values, so that absolute
gravitational offset and motion magnitude survive into the descriptors that explicitly
compensate for what symbolic discretization removes.

6.2.4 Prompt Construction

To let the LLM operate as a structured sequence model for activity recognition, each
sensor window is reformulated as a structured textual prompt [223] that integrates
global physical context with local temporal dynamics, rather than as a raw numerical
tensor — encouraging the model to process physical constraints hierarchically before
interpreting the symbolic motion pattern itself.

Each prompt encodes one fixed-length sensor window as a structured text sequence
with three components: a brief task instruction, the window-level physical descriptors
from the kinematics-informed stream, and the trend-aware SAX strings for each
accelerometer and gyroscope axis (Section . Components are labeled explicitly
by modality and axis, so the model can integrate numerical physical context and
symbolic temporal patterns within a single coherent input. The prompt terminates
with a class delimiter; during fine-tuning the activity label is provided only as the
target completion, keeping the conditioning input and the supervision signal cleanly
separated. An example is shown below.

{"prompt": "Classify the activity based on the sensor data.

Stats: Gravity-Y=9.54, Gravity-Z=0.39, Intensity=2.99

Accel-X: ABdbABdcBBdcABdcABdcABdcABdcABdcABdcABdcABDbBCDcaCdcBBDaABDbaCDa
Accel-Y: CBCbCBCbCBCcCBCcCBCcBBCbBbCcBcCcBbCbBACbCbCbBbCbBBCbCcCaCbDa
Accel-Z: DbBbdACbDBCbcABbcBcbDBcbDCcbDbBcDDcbDAcbDABbDCcaDAbbcACbdDbb
Gyro-X: cCbAcCcAcCcAcCcAcCcAcCcAcCcAcCcAcCcAcCcAcDbAcDbAcCbAcDbAcDbBcDaB
Gyro-Y: bABDcaADbaBCcACCcACDcACDcABCcABCcABDcbBCcABDcaBDcABDcABDbABD
Gyro-Z: caBdcABdbaBdcaBdbaBdcABdcaBdcaBdcABdcAbdbABdcABdbABdbABdcACd

### Class:",

"completion": " Walking"}

6.2.5 LLM Fine-Tuning and Inference

The following subsections detail how activity recognition is formulated as a prompt-
completion task and how the model is trained and deployed.

LLM Formulation and Prompt Design

A Mistral-7B causal language model [224] is fine-tuned via supervised instruction tuning
on the structured prompt—completion pairs of Section Mistral-7B was selected
for its architectural efficiency and long-context modeling: it employs Sliding Window
Attention to handle sequences of arbitrary length at reduced inference cost, and
Grouped-Query Attention for faster inference, and has been shown to outperform larger
counterparts such as Llama 2 13B across evaluated benchmarks [224]. Fine-tuning
uses parameter-efficient adaptation to preserve the base model’s general linguistic
and sequential modeling capacity while specializing it for activity recognition. Each
training example concatenates a prompt terminating in the class delimiter with a
completion containing the ground-truth label, and the model is optimized to maximize
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the likelihood of the completion tokens conditioned on the prompt — casting activity
recognition as conditional next-token prediction [202], with no task-specific classifier
head required.

We stress that the Mistral-7B tokenizer treats uppercase and lowercase symbols as
entirely independent tokens with separate embeddings, so the intended relationship
between a rising symbol and its flat-or-falling counterpart — say A and a — is not
structurally encoded at the tokenization level. The case distinction is applied consis-
tently across all training examples, however, so the model can acquire the association
statistically during fine-tuning even without an explicit structural grounding.

Fine-Tuning Procedure and Inference

Figure summarizes the fine-tuning framework: structured prompts derived from
the dual-stream representation condition a frozen, 4-bit quantized LLM, while only
the lightweight LoRA adapter parameters are updated during training.

Concretely, fine-tuning uses QLoRA [225], combining 4-bit NormalFloat (NF4)
quantization with double quantization and bfloat16 computation to minimize memory
overhead while preserving numerical fidelity. LoRA modules [226] are injected into all
attention and feed-forward projection layers with rank r = 32, scaling factor a = 16,
and dropout 0.1; biases remain frozen throughout. Training is executed via the TRL
SFTTrainer [227] using the paged AdamW optimizer [225] with learning rate 2 x 1074,
weight decay 0.001, warm-up ratio 0.03, and gradient clipping 0.3.

The number of training epochs is determined per dataset by monitoring validation
accuracy on a held-out 20% of training windows over up to 15 epochs. The model is
then retrained on the complete training set using the selected epoch count. The full
hyperparameter configuration is summarized in Table all experiments ran on a
workstation with an AMD Ryzen Threadripper PRO 7975WX (32 cores, 64 threads),
512GB RAM, and an NVIDIA RTX 6000 Ada (48 GB VRAM).

At inference time, a prompt is constructed for each test window in the same
structured format used during training — trend-aware SAX strings, kinematics-informed
descriptors, and the terminating class delimiter — but without an activity label. The
quantized base model is loaded with the fine-tuned LoRA adapter weights and generates
a completion using greedy decoding (do_sample = False) with at most 10 new tokens,
sufficient to cover every activity name in both datasets. The prediction is extracted
from the first generated line following the delimiter, guarding against hallucinated
continuations and establishing a direct one-to-one mapping between prompt and
predicted label.

6.2.6 Attention-Based Interpretability Analysis

The prompt-completion formulation allows attention patterns to be inspected at
inference time without modifying the model or adding an external explanation mecha-
nism, providing a window into which symbolic motifs and physical descriptors most
influence the predicted label. The analysis is descriptive and exploratory throughout:
it characterizes where the model concentrates predictive weight, not what causally
determines its output.

Attention scores are taken from the final transformer layer, where classification-
relevant information is most consolidated, and averaged across all attention heads
for a stable per-token estimate. Two stages are defined. Stage 1 queries the final
prompt token: in a causal language model this position aggregates the entire input
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Figure 6.3: Overview of the fine-tuning framework. Raw inertial signals are transformed
into the dual-stream symbolic and physical descriptors used to construct prompts;
these condition a frozen, 4-bit quantized LLM adapted via trainable LoRA adapters
to predict activity labels.

context and directly gates next-token prediction, making it the natural point at which
to measure overall input integration. Stage 2 queries the first generated label token,
capturing which prompt elements the model attended to at the moment it committed
to a prediction.

All scores are normalized by the uniform attention baseline 1/L, where L is the
prompt length in tokens, so that a score of k x (1/L) means the token received k
times more attention than a uniform distribution would assign. This makes scores
comparable across prompts and samples of different lengths.

Two levels of analysis follow from these scores. At the token-group level, prompt
tokens are split into kinematics-informed descriptors (numeric values) and symbolic
SAX tokens (alphabetic characters); mean attention density is computed and nor-
malized per group at each stage to quantify the relative weight the model places on
physical context versus symbolic dynamics. At the motif level, the three most-attended
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Table 6.2: Hyperparameter configuration for supervised fine-tuning (SFT) via QLoRA. The
epoch count refers to the WISDM dataset.

Hyperparameter Value

Optimization Strategy

Method QLORA (4-bit NF4)
Optimizer Paged AdamW (32-bit)
Precision bfloat16

LoRA Configuration

Rank 32
Scaling Factor 16
Target Modules Attention + Feed-Forward
Dropout 0.1

Training Schedule

Learning Rate 2x 1074
Scheduler Constant
Epochs 12

Batch Size 64

Warm-up Ratio 0.03
Gradient Clipping 0.3

SAX tokens within each sensor axis’s span are identified from Stage 2 scores, and a
fixed-length motif of 5 symbols is extracted around each. Every motif is reported with
two separate measures — Stage 2 attention as a Xbaseline multiplier and frequency
of occurrence across samples — kept distinct rather than combined, so that attention
strength and motif stability can be read independently.

6.3 Experiments

6.3.1 Datasets

The proposed methodology is evaluated on two benchmark inertial HAR datasets,
selected to test generalization across sensor placement, sampling frequency, and activity
vocabulary.

The WISDM Smartphone and Smartwatch Activity and Biometrics Dataset [228] is
a widely used HAR benchmark collected from 51 subjects. We focus on a subset of five
core activities — Walking, Jogging, Stairs, Sitting, and Standing — capturing fundamental
locomotion and posture-related motion, and commonly used in smartphone-based
activity recognition. Sensor data is drawn exclusively from the smartphone, carried
in the subject’s pocket, using both the accelerometer and gyroscope, each providing
triaxial measurements along the x, y, and z axes. Each activity recording in the
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selected subset lasts 180 seconds at approximately 20 Hz, yielding roughly 3,600
samples per axis; smartwatch and hand-oriented activities are excluded. The selected
activities are approximately class-balanced in the original dataset, each accounting for
roughly 5-6% of total recordings, and all readings are annotated with activity labels
and subject identifiers, enabling subject-independent evaluation.

We additionally evaluate on MotionSense [229], a smartphone-based HAR bench-
mark collected from 24 subjects performing six activities. We use the standard subset
comprising Downstairs, Upstairs, Walking, Jogging, Standing, and Sitting, capturing
both locomotion and posture dynamics. Sensor data includes both accelerometer
and gyroscope modalities from an iPhone 6s carried in the front pocket, with triaxial
measurements along the x, y, and z axes sampled at 50 Hz.

6.3.2 Preprocessing and Segmentation

Following Section [6.2.2]s conditioning pipeline, both datasets are brought into a unified
format for sequence modeling using a single segmentation protocol: sliding windows
of n = 300 samples with 50% overlap (a 150-sample stride). Because WISDM and
MotionSense are sampled at different native rates, a fixed sample count translates into
different window durations T — 15 seconds for WISDM and 6 seconds for MotionSense
— while keeping the symbolic representation’s sequence length and vocabulary identical
across both datasets, regardless of the original sampling frequency. Each window
is compressed into m = 60 PAA segments, representing 20% of the window length,
and each segment is discretized into one of a = 4 base symbols, with the trend-aware
case modulation of Section doubling the effective vocabulary to 8 symbols (2a)
without increasing the sequence length m. Table summarizes these parameters
alongside the resulting window and subject counts after segmentation.

A subject-independent evaluation protocol is used throughout to assess generaliza-
tion to unseen users: subjects are randomly partitioned into training and test sets
via an 80,20 split, with all samples from a given subject appearing exclusively in one
set, and this split fixed across every experiment to ensure reproducibility and prevent
subject-specific motion patterns from leaking into evaluation. The number of training
epochs is determined independently per dataset via a validation-based early-stopping
procedure, described in full in Section On WISDM, accuracy peaks at epoch
12 (95.68%) and degrades consistently thereafter (Figure [6.4); on MotionSense, the
corresponding epoch is 8. Performance is measured at the window level, with each
window yielding a single activity prediction. Overall classification accuracy is reported
as the primary metric, complemented by per-class precision, recall, Fl-score, and
confusion matrices [230] to analyze systematic confusions between activities with
similar motion characteristics.

6.3.3 Baselines

SAX HAR-LLM is compared against a deliberately heterogeneous set of baselines,
spanning symbolic, deep learning, kernel-based, and sequence-modeling families, so
that any advantage can be attributed to a specific design choice rather than to an
unmatched comparison.

Symbolic baselines. BOP and its multichannel variant, that is BOP augmented
with MII (Section Section rely on the same SAX-based abstraction as
the proposed method, discretizing each window with a SAX word length of 3 and
alphabet size of 4 — a parameter choice balancing structural granularity against
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Table 6.3: Preprocessing and segmentation parameters, and dataset statistics after segmen-
tation.

Parameter WISDM MotionSense
Sampling Frequency 20 Hz 50 Hz

Conditioning Crop 15 s (start only) 3 s (symmetric)
Low-pass Filter Butterworth 2"-order (5 Hz cutoff)

Windowing Protocol

Window Size (n, samples) 300
Window Duration (T) 15's 6 s
Stride / Overlap 150 samples / 50%

Dataset Statistics after Segmentation

Training Windows 3,243 5,340
Validation Windows 810 1,334
Test Windows 1,155 1,809
Total Windows 5,208 8,483
Training Subjects 40 19
Test Subjects 11 )

Feature Extraction

PAA Segments (m) 60 (20% of window)

Alphabet Size (a) 4 (effective 8 with trend encoding)

Trend Threshold (&) 0.05

Normalization Z-normalization over full signal (symbolic stream only)
Kinematics Descriptors Extracted from non-normalized signal

feature sparsity, since increasing either would inflate pattern-histogram dimensionality
and degrade classifier performance through the curse of dimensionality [63], and one
consistent with prior published work using this same parameterization [61}/106}165,231].
Symbolic words are aggregated into frequency histograms and classified with a Random
Forest [176] of 100 trees, trained on the training subjects and evaluated on held-out
test subjects, mirroring exactly the classifier used for MII and SAA evaluation in
Chapter

Deep learning and kernel-based baselines. ResNet [98], InceptionTime [99],
and MultiROCKET [95], a kernel-based method are deployed here as strong numerical
baselines. DeepConvLSTM [232] integrates convolutional feature extraction with
LSTM layers specifically to bridge spatial sensor features and longer-range temporal
context, and is included as a HAR-specific deep learning baseline.

Sequence-modeling references. A Vanilla Transformer [25] is trained from
scratch on inputs identical to those used for SAX_HAR-LLM, with every training hy-
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Figure 6.4: Training loss and validation accuracy across 15 training epochs for the
WISDM dataset. Validation accuracy peaks at epoch 12 (95.68%) and degrades
consistently afterward, motivating epoch 12 as the selected stopping point.

perparameter deliberately matched to the SAX_HAR-LLM configuration (Table ,
isolating the presence or absence of pre-trained weights as the only variable between
the two. Its full architectural specification is given in Table A RoBERTa model,
fine-tuned with a sequence-classification head on inputs identical to SAX_HAR-LLM’s,
is included to isolate the contribution of the autoregressive, prompt-completion ar-
chitecture from large-scale pre-training itself: it shares SAX HAR-LLM’s input
representation and pre-training scale but not its causal, generation-based formulation.
Finally, LLM-ABBA [204], adapted to this setting, serves as the closest published
symbolic-LLM method and the most direct point of comparison for the central claim
that a trend-aware symbolic representation, rather than a generic adaptive symbolic
aggregation, is what an LLM backbone benefits from.

For SAX_HAR-LLM itself, the fine-tuned Mistral-7B model (Section is eval-
uated using the identical subject-independent partition, preprocessing, and windowing
strategy as every baseline, ensuring that all comparisons differ only in representation
and architecture, never in data split or windowing. Inference uses greedy decoding for
deterministic, reproducible predictions: for each test window, the model completes the
structured prompt, and the text immediately following the class delimiter is mapped
directly to the activity label set, producing exactly one prediction per window and
enabling direct comparison with every symbolic, deep-learning, and sequence-modeling
baseline under identical conditions.

6.3.4 Setup Summary

Table [6.5] consolidates the dataset specifications, evaluation protocol, and model
configuration described above into a single reference summary.

6.4 Results

The presentation of the results proceeds from main quantitative results, to a paired
statistical comparison, an ablation study, attention and motif analysis, and finally a
computational cost comparison. Because the pre-trained backbone remains frozen and
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Table 6.4: Hyperparameter configuration for the Vanilla Transformer baseline. The epoch
count refers to the WISDM dataset.

Hyperparameter Value

Model Architecture

Number of Layers 3
Attention Heads 4
Embedding Dimension 128
FFN Dimension 256
Dropout 0.1

Trainable Parameters 563,845

Optimization Strategy
Optimizer AdamW
Precision bfloat16

Training Schedule

Learning Rate 2x 1074
Scheduler Constant
Epochs 12

Batch Size 64
Warm-up Ratio 0.03
Gradient Clipping 0.3
Weight Decay 0.001

inference relies on deterministic greedy decoding, performance variance across runs is
minimal despite the inherent stochasticity of adapter training.

6.4.1 Main Classification Results

Table and Table report class-wise precision (P), recall (R), and Fl-score (F1)
for SAX_ HAR-LLM and every baseline, together with overall classification accuracy,
on WISDM and MotionSense respectively.

On WISDM, SAX_ HAR-LLM achieves 92.29% overall accuracy, exceeding the
symbolic baselines by a meaningful margin — BOP at 83.72% and BOP+MII at 86.67%
— which is consistent with the LLM backbone exploiting sequential dependencies within
the discretized token string that a bag-of-words histogram cannot represent. Among
the remaining baselines, SAX_HAR-LLM surpasses ResNet (86.49%), InceptionTime
(85.97%), DeepConvLSTM (83.55%), the Vanilla Transformer (78.01%), LLM-ABBA
(61.04%), and RoBERTa (90.82%); MultiROCKET alone ranks higher at 95.50%.
Per-class results reveal a clear split: rhythmic activities — Jogging, Walking, and
Stairs — are classified with Fl-scores between 0.96 and 0.97, while static postures
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Table 6.5: Experimental setup, model configuration, and evaluation protocol.

Component Configuration

Dataset Specifications

Subject Count WISDM: 51 | MotionSense: 24
Sensor Modalities Smartphone accelerometer & gyroscope (tri-axial)
Activities (WISDM) Walking, Jogging, Stairs, Sitting, Standing

Activities (MotionSense) Walking, Jogging, Upstairs, Downstairs, Sitting, Standing

FEvaluation Protocol

Evaluation Level Window-level classification
Split Strategy Subject-independent (80% train / 20% test)
Metrics Accuracy, Precision, Recall, Macro-F1

Model & Fine-Tuning

LLM Backbone Mistral-7B-v0.1

Training Method QLoRA (4-bit quantization, LoRA adapters)

Baselines BOP, BOP+MII, ResNet, InceptionTime, MultiROCKET,
DeepConvLSTM, Vanilla Transformer, LLM-ABBA,
RoBERTa

Inference Prompt completion with greedy decoding

prove harder, with Sitting and Standing at F1 0.86 and 0.87 respectively. This is a
known limitation of amplitude-invariant symbolic representations, and the confusion
matrix (Figure confirms it: substantial reciprocal errors between the two static
classes persist even with the kinematics-informed descriptors included specifically to
resolve their orientation ambiguity.

Results on MotionSense reinforce this picture: SAX_ HAR-LLM reaches 91.71%
accuracy, well above the symbolic baselines (BOP at 78.28%, BOP+MII at 80.93%),
ResNet (86.07%), the Vanilla Transformer (83.58%), and RoBERTa (90.22%), the
latter receiving identical inputs. The model is especially strong on rhythmic movement,
with Fl-scores of 1.00 for Walking and 0.99 for Jogging, and notably outperforms
MultiROCKET on Upstairs (F1: 0.98 vs. 0.90), suggesting the trend-aware symbolic
encoding is particularly effective at capturing the distinct signature of vertical ascending
movement. The clearest weakness is Downstairs (F1: 0.64), trailing InceptionTime
(0.82) and MultiROCKET (0.84): the confusion matrix (Figure shows that
while most genuine descent instances are correctly identified, the class suffers a high
false-positive rate from static activities — 81 Sitting and 32 Standing instances are
misclassified as Downstairs — alongside some genuine Downstairs samples misread
as Standing. The adapted LLM-ABBA baseline drops sharply on this dataset, from
61.04% on WISDM to 29.30% here, plausibly reflecting the larger six-class vocabulary
and greater class imbalance relative to WISDM’s five activities.
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Table 6.6: Per-class precision (P), recall (R), and Fl-score (F1), together with overall
accuracy (%), on the WISDM dataset for SAX_HAR-LLM and all baseline methods.

Accuracy

Model Jogging  Sitting Stairs Standing Walking (%)
()

P: 1.00 P: 0.89 P: 0.92 P: 0.84 P:0.98
SAX_HAR-LLM R: 0.94 R: 0.83 R: 1.00 R: 0.90 R: 0.95 92.29
F1: 0.97 F1: 0.86 F1: 096 F1: 0.87 F1: 0.96

P: 0.97 P: 0.71 P: 0.87 P: 0.66 P: 0.99
BOP R: 0.99 R: 0.61 R: 0.96 R: 0.73 R: 0.90 83.72
F1: 0.98 F1: 0.66 F1: 0.91 F1: 0.69 F1: 0.94

P:0.95 P: 0.82 P: 0.87 P: 0.72 P: 1.00
BOP+MII R: 0.99 R: 0.69 R: 0.96 R: 0.83 R: 0.90 86.67
F1: 0.97 F1:0.73 F1: 091 F1:0.77 F1: 0.95

P:1.00 P: 0.82 P: 0.80 P: 0.76 P: 1.00
ResNet R: 0.92 R: 0.72 R: 1.00 R: 0.84 R: 0.84 86.49
F1: 096 F1: 0.77 F1: 0.89 F1: 0.80 F1: 0.92

P: 1.00 P: 0.80 P: 0.82 P: 0.75 P: 0.96

InceptionTime R: 0.99 R: 0.72 R: 0.97 R: 0.82 R: 0.81 85.97
F1: 0.99 F1:0.76 F1:0.89 F1:0.78 F1: 0.88
P: 1.00 P: 0.89 P: 0.97 P: 0.93 P: 1.00
MultiROCKET R: 0.98 R: 0.93 R: 1.00 R: 0.88 R: 0.98 95.50

F1: 099 F1: 091 F1: 098 F1: 0.90 F1: 0.99

P: 0.87 P: 0.87 P: 0.82 P: 0.75 P: 0.90
DeepConvLSTM R: 0.99 R: 0.69 R: 091 R: 091 R: 0.68 83.55
F1: 0.93 F1: 0.77 F1: 0.86 F1: 0.82 F1: 0.77

P: 0.99 P: 0.86 P: 0.63 P: 0.80 P: 0.66
Vanilla Transformer R: 0.92 R: 0.78 R: 0.70 R: 0.87 R: 0.64 78.01
F1: 095 F1: 0.82 F1: 0.66 F1: 0.83 F1: 0.65

P:0.76 P: 0.50 P: 0.96 P: 0.50 P:0.53

LLM-ABBA R: 0.96 R: 0.02 R: 0.39 R: 0.98 R: 0.71 61.04
F1: 0.85 F1: 0.03 F1: 0.55 F1: 0.66 F1: 0.60
P: 1.00 P: 0.84 P: 0.93 P: 0.81 P:0.99

RoBERTa R: 0.97 R: 0.82 R: 0.96 R: 0.87 R: 0.93 90.82

F1: 0.98 F1: 0.83 F1: 094 F1: 0.84 F1: 0.96

6.4.2 Statistical Comparison

To test whether the accuracy differences in Tables and are statistically mean-
ingful, SAX_HAR-LLM is compared against MultiROCKET, InceptionTime, and
RoBERTa using three tests. A McNemar test [233] is applied at the window level, but is
anticonservative in this setting: the 50% stride produces overlapping, subject-clustered
windows that violate the independence assumption, so its p-values are treated as
indicative only.

The window-level analysis is therefore complemented by two subject-level tests,
which treat subjects rather than windows as the unit of observation. A paired
permutation test assesses whether the observed mean accuracy difference across
subjects could arise by chance, using 10,000 random sign-flips under the null hypothesis
of no systematic effect. A bootstrap confidence interval independently quantifies how
stable that difference would be across hypothetical redraws from the same population,
resampling subjects with replacement across 10,000 iterations. Both tests operate
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Table 6.7: Per-class precision (P), recall (R), and Fl-score (F1), together with overall
accuracy (%), on the MotionSense dataset for SAX_ HAR-LLM and all baseline methods.

Model Downstairs Upstairs Walking Jogging Standing Sitting AC((:;r)El 4
0
P: 0.51 P:0.99 P: 1.00 P:0.98 P: 0.87 P: 1.00
SAX_ HAR-LLM R: 0.87 R: 0.97 R: 1.00 R: 1.00 R: 0.79 R: 0.79 91.71
F1: 0.64 F1: 0.98 F1: 1.00 F1: 0.99 F1: 0.83 F1: 0.88
P: 0.52 P:0.91 P: 0.84 P: 0.92 P: 0.70 P: 0.86
BOP R: 0.70 R: 0.61 R: 0.85 R: 0.94 R: 0.85 R: 0.71 78.28
F1: 0.59 F1: 0.73 F1: 0.84 F1: 0.93 F1: 0.77 F1: 0.78
P: 0.52 P: 0.91 P: 0.83 P: 0.94 P:0.74 P:0.92
BOP+MII R: 0.71 R: 0.60 R: 0.85 R: 0.92 R: 0.92 R: 0.76 80.93
F1: 0.60 F1: 0.72 F1: 0.84 F1: 0.93 F1: 0.82 F1: 0.83
P: 0.45 P: 0.64 P:0.93 P: 1.00 P:0.99 P: 1.00
ResNet R: 0.80 R: 0.86 R: 0.63 R: 0.74 R: 1.00 R: 1.00 86.07
F1: 0.58 F1: 0.73 F1: 0.75 F1: 0.85 F1: 1.00 F1: 1.00
P: 0.82 P:0.89 P: 1.00 P:0.97 P:0.90 P: 1.00
InceptionTime R: 0.82 R: 0.75 R: 0.96 R: 0.98 R: 1.00 R: 1.00 94.91
F1: 0.82 F1: 0.82 F1: 098 F1: 0.98 F1: 0.95 F1: 1.00
P:0.84 P: 0.89 P:0.99 P: 1.00 P: 1.00 P: 1.00
MultiROCKET R: 0.84 R: 0.92 R: 0.99 R: 0.96 R: 1.00 R: 1.00 97.40
F1: 0.84 F1: 0.90 F1: 0.99 F1: 0.98 F1: 1.00 F1: 1.00
P: 0.48 P: 0.85 P:0.90 P: 0.78 P: 1.00 P: 1.00
DeepConvLSTM R: 0.67 R: 0.81 R: 0.76 R: 0.88 R: 1.00 R: 1.00 88.78
F1: 0.56 F1: 0.83 F1: 0.82 F1: 0.83 F1: 1.00 F1: 1.00
P: 0.61 P: 0.49 P: 0.68 P:0.95 P:0.98 P: 1.00
Vanilla Transformer R: 0.44 R: 0.37 R: 0.85 R: 0.94 R: 0.97 R: 0.96 83.58
F1: 0.51 F1: 0.42 F1: 076 F1: 0.95 F1: 0.98 F1: 0.98
P:0.29 P:0.84 P:0.13 P: 0.46 P: 0.78 P: 0.00
LLM-ABBA R: 0.69 R: 0.27 R: 0.30 R: 0.98 R: 0.25 R: 0.00 29.30
F1: 041 F1: 041 F1: 0.18 F1: 0.63 F1: 0.38 F1: 0.00
P: 0.62 P: 0.91 P: 0.97 P: 0.67 P: 1.00 P: 1.00
RoBERTa R: 0.89 R: 0.76 R: 0.78 R: 0.96 R: 0.99 R: 0.97 90.22
F1: 0.73 F1: 0.83 F1: 0.86 F1: 0.79 F1: 0.99 F1: 0.98
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Figure 6.5: Confusion matrices for SAX_HAR-LLM on both benchmark datasets.

under limited power — 11 subjects on WISDM, 5 on MotionSense — so a non-significant
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Table 6.8: Statistical comparison between SAX HAR-LLM and selected baselines on WISDM
(11 test subjects, 1,155 windows) and MotionSense (5 test subjects, 1,809 windows). McNemar
p-values are indicative only, given overlapping windows and subject clustering. The subject-
level permutation test and bootstrap 95% CI treat subjects as the unit of observation. A
positive mean difference indicates SAX_ HAR-LLM performs better. Statistical significance is
assessed at alpha = 0.05.

Dataset Baseline Mean Diff McNemar Permutation Bootstrap 95% CI

(pp) p-value p-value (pp)
MultiROCKET -3.20 < 0.001 0.159 [=7.27, +0.43]
WISDM InceptionTime +6.32 < 0.001 0.057 [+1.13, +13.25]
RoBERTa +1.47 0.075 0.373 [-1.65, +4.24]
MultiROCKET —-4.99 < 0.001 0.0617 [-11.85, —0.78]
MotionSense InceptionTime -2.82 < 0.001 0.189° [-6.94, —0.05]
RoBERTa +1.27 0.004 0.375" [-0.57, +3.11]

T MotionSense has only 5 test subjects, yielding 25 = 32 distinct sign assignments; permutation
p-value resolution is limited to multiples of 1/32 =~ 0.031 and should be interpreted with caution.

permutation result should be read as inconclusive rather than as evidence of equivalence.
On MotionSense in particular, the small subject pool means individual subjects exert
disproportionate influence on the bootstrap CI. Full results are in Table

The results in Table tell a coherent story across both datasets. On WISDM,
permutation tests return no significant differences, but 11 subjects provide little
power, so absence of significance here is not absence of effect. The bootstrap Cls
are more informative: SAX_HAR-LLM holds a reliable edge over InceptionTime
([+1.13,+13.25] pp), MultiROCKET leads consistently ([-7.27,+0.43] pp, upper
bound near zero), and the comparison with RoBERTa (p = 0.373, CI [-1.65, +4.24] pp)
points to practical equivalence. On MotionSense, permutation testing is constrained
by the 2° = 32 resolution limit, but the bootstrap Cls again provide direction:
MultiROCKET ([-11.85,-0.78] pp) and InceptionTime ([-6.94,-0.05] pp) both
show intervals excluding zero against SAX_HAR-LLM, with the gap traceable largely
to the Downstairs class (F1: 0.64). The RoBERTa comparison ([-0.57,+3.11] pp)
produces the tightest CI in the entire analysis, reinforcing near-equivalence across both
benchmarks. The overall picture is that SAX_ HAR-LLM is competitive with strong
numerical methods, statistically similar with RoBERTa, and uniquely positioned
among them in offering full representational transparency.

6.4.3 Ablation Study

The proposed SAX_ HAR-LLM design (Section combines (i) a symbolic stream
encoding discretized temporal patterns via trend-aware symbolic quantization, and (ii)
a kinematics-informed stream capturing axis-specific descriptors, with both streams
jointly processed by the LLM. To isolate the contribution of each component, a
stepwise ablation study compares the full model against two reduced variants:

Ablation__1 (Symbolic Only): relies solely on SAX token sequences, without the
kinematics-informed descriptors.

Ablation_ 2 (No Trend-Aware): receives standard SAX sequences without the
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case-based slope encoding of Section together with the kinematics-informed
descriptors.

All variants are evaluated on WISDM under the same protocol, data splits, and
metrics as the main comparison. Per-class metrics and confusion matrices are reported
in Table and Figure The full model reaches 92.29% accuracy; removing the
kinematics-informed descriptors (Ablation_ 1) drops this to 77.23%, while removing
the trend-aware encoding (Ablation_ 2) reduces it more modestly to 91.34%. The
sharp drop in Ablation_ 1 points to the kinematics-informed stream as a critical
component, while the smaller degradation in Ablation_ 2 reflects a more targeted
contribution from the case-modulation encoding.

Table 6.9: Ablation study results: per-class precision (P), recall (R), and Fl-score (F1),
together with overall accuracy (%), on WISDM.

Model Jogging Sitting Stairs Standing Walking ACE;:)a 4
P: 0.96 P: 0.54 P: 0.97 P: 0.87 P: 0.80

Ablation__ 1 R: 0.99 R: 094 R:0.73 R: 0.21 R: 1.00 77.23
F1: 097 F1: 0.69 FI1: 0.83 F1:0.34 F1: 0.89
P: 1.00 P: 0.88 P: 0.92 P: 0.78 P: 1.00

Ablation_ 2 R: 0.95 R: 0.75 R: 1.00 R: 0.90 R: 0.97 91.34
F1: 097 F1: 081 FI1: 096 F1: 0.84 F1: 0.98
P: 1.00 P: 0.89 P: 0.92 P: 0.84 P: 0.98

SAX_HAR-LLM R:0.94 R:0.83 R:1.00 R: 0.90 R: 0.95 92.29
F1: 097 F1: 086 F1: 096 F1: 0.87 F1: 0.96
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Figure 6.6: Confusion matrices for the ablation variants on WISDM.

Ablation_ 1 isolates what happens when an LLM processes SAX sequences without
any physical grounding. Dynamic activities remain well-handled: nearly all Jogging
(228/231) and Walking (231/231) instances are correctly classified, since their rhythmic,
high-energy motion patterns survive symbolic discretization. Static postures, however,
collapse: Standing recall falls to 20.8% (48/231), with 176 instances misclassified as
Sitting. The cause is straightforward — z-normalization removes absolute amplitude,
leaving both postures as low-variance symbolic sequences that are indistinguishable
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in the symbolic domain. Without gravitational context to separate them, the model
defaults to Sitting as the more frequently seen static class during training. The
kinematics-informed stream therefore resolves static-posture ambiguity without com-
promising the model’s ability to exploit temporal patterns in dynamic activities —
confirming that the two streams are complementary by design, not redundant.

Reintroducing the kinematics-informed descriptors preserves dynamic activity
recognition rather than trading it off: Jogging and Walking F1-scores remain at 0.97
and 0.96 in the full model, showing that the kinematics-informed stream resolves
the static-posture ambiguity without degrading the model’s ability to exploit strong
temporal patterns in periodic motion — evidence that the dual-stream design is
complementary rather than redundant.

Ablation_ 2 isolates a more targeted effect. Removing trend-aware encoding
produces a modest but consistent accuracy decrease concentrated specifically on the
Sitting/ Standing boundary, indicating that the case-based slope encoding captures
subtle local directional changes that matter precisely for separating quasi-static
activities with similar amplitude profiles. Dynamic activities — Walking, Jogging,
Stairs — remain largely unaffected, confirming that trend-aware encoding closes a
specific representational gap rather than delivering a general performance boost — the
same gap Section [6.2.3] motivated by appeal to Chapter [3[s taxonomy and Chapter [A]'s
SAA.

6.4.4 Attention Distribution and Motif Analysis

This subsection applies the two-stage attention inspection of Section to the
fine-tuned model’s predictions on WISDM. As established there, all findings below
are descriptive and exploratory: they characterize patterns of predictive focus rather
than establishing causal feature importance.

Token-group attention density. Table[6.10|reports normalized attention densities
assigned to kinematics-informed and symbolic tokens at both stages. At Stage 1,
attention is relatively balanced across token types for every activity, with SAX
tokens receiving roughly 58-64% and kinematics-informed descriptors roughly 36—
42%, consistent with both information sources being jointly integrated during input
contextualization. At Stage 2, attention shifts consistently toward symbolic tokens
across all classes (overall: 64.4% SAX vs. 35.6% kinematics), suggesting symbolic
dynamics play the primary role at label generation time. Per-class Stage 2 values
for symbolic tokens range from 58.3% (Sitting) to 68.1% (Stairs), indicating that
the relative reliance on symbolic versus physical information varies by activity even
though symbolic attention dominates throughout.

Axis-level attention. Figure reports Stage 2 peak attention (X baseline) per
sensor axis and activity class. Gyro-Z consistently dominates across all five classes.
For dynamic activities, its peak reaches 8.18x for Stairs, 6.76x for Walking, and 4.28x
for Jogging, while every other axis stays below 3.5x. For static activities, Gyro-Z
still leads but at considerably lower levels (Sitting: 1.45x; Standing: 1.61x). This
aligns with the physical role of the gyroscope’s Z-axis under the rWISDM orientation
protocol (Section : with the Y-axis aligned to gravity, Gyro-Z becomes the
primary carrier of rotational dynamics during locomotion.

The dynamic/static contrast maps directly onto the attention structure. Dynamic
activities show sharp, well-localised Gyro-Z peaks, indicating that the model con-
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Table 6.10: Two-stage attention density analysis. Mean normalized attention densities
assigned to kinematics-informed and symbolic tokens at Stage 1 (input contextualization) and
Stage 2 (label generation).

Stage 1 Stage 2
Class Samples
Kinematics Symbolic Kinematics Symbolic

Overall 1155 0.403 0.597 0.356 0.644
Jogging 231 0.410 0.590 0.330 0.670
Sitting 231 0.416 0.584 0.417 0.583
Stairs 231 0.364 0.636 0.319 0.681
Standing 231 0.421 0.579 0.357 0.643
Walking 231 0.400 0.600 0.351 0.649

centrates on specific symbolic transitions within that axis. Static activities show
near-baseline attention across every axis, including Gyro-Z — a pattern consistent with
what z-normalization produces for low-variance postures: uniform symbolic sequences
in which no single transition stands out. The absence of a dominant peak is therefore
not a failure to find a signal, but plausibly the signal itself — the model may be reading
global sequence uniformity as the distinguishing feature of static classes.

B Accel-X Accel-Y Accel-Z Gyro-X Wl Gyro-Y WM Gyro-Z
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Figure 6.7: Peak attention X baseline per sensor axis and activity class (Stage 2).
The dashed line marks the uniform attention baseline (1/L). Gyro-Z consistently
receives the highest attention across all activity classes, with dynamic activities (Stairs:
8.18%, Walking: 6.76x, Jogging: 4.28%) exhibiting substantially stronger local focus
than static activities (Sitting: 1.45%X, Standing: 1.61x), which show near-baseline,
distributed attention consistent with uniformly flat symbolic sequences.
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Motif-level analysis. Table lists the three most prominent Gyro-Z motifs per
activity class, selected by weighing attention strength against frequency of occurrence.
This combination is necessary: attention strength alone elevates rare but highly-
attended patterns, frequency alone elevates recurring but weakly-attended ones, and
neither criterion on its own identifies motifs that are both discriminative and stable.
The contrast between static and dynamic classes is clear. For Sitting and Standing, the
leading motifs are high-frequency and near-baseline in attention — ccccb (count = 5,
1.45%) and bbbBb (count = 4, 1.61x) respectively — reflecting diffuse focus over uniform,
low-variance sequences. The trend-aware encoding supports this reading: both motifs
are predominantly lowercase, encoding flat or falling slopes with minimal amplitude
variation, consistent with the stable gravitational orientation that characterizes static
postures.

Dynamic activities present a different picture. For Jogging, all three top motifs
appear at count = 2 with moderate-to-high attention (3.11-4.28% baseline), suggesting
the model spreads its focus across several transition-rich patterns rather than con-
centrating on one. Stairs shows the opposite: high-attention, low-frequency motifs
dominate — ACcDd (8.18x%, count = 1), CcABc (7.07%, count = 1), aCdcb (4.29%, count
= 2) — indicating that the model attends strongly to specific symbolic transitions
when they occur, even when those transitions do not recur consistently across samples.
The top motif ACcDd encodes a low-amplitude rising segment leading into a sustained
high-amplitude region, which is physically interpretable as the rotational signature of
weight transfer during stair climbing. Walking also yields exclusively low-frequency
motifs (count = 1 throughout), pointing to subject-specific Gyro-Z dynamics that
do not converge on a shared symbolic pattern. All of these readings are illustrative:
attention serves here as a proxy for model focus, not as a verified indicator of causal
importance.

Across all five activities, the attention analysis produces a physically coherent
picture: symbolic dynamics consistently drive label generation, Gyro-Z draws the
strongest focus, static classes are associated with distributed attention over low-
variance recurring motifs, and dynamic classes with concentrated attention on specific
high-energy transitions that vary across subjects. This pattern aligns with the dual-
stream rationale of Section [6.2.3]| — symbolic sequences encoding temporal structure,
kinematics-informed descriptors supplying the physical grounding that normalization
removes.

Per-head concentration on Gyro-Z. To determine whether the Gyro-Z attention
for Stairs is distributed evenly across heads or driven by a small number of special-
ized ones, a per-head analysis is run across all 231 Stairs test samples. For each
sample, attention matrices from the final transformer layer are extracted without
head-averaging, and peak attention on the Gyro-Z token span is recorded for each of
Mistral-7B’s 32 heads at the Stage 2 query position. The result, shown in Figure
is strongly concentrated: head 24 alone reaches 46.07x baseline and accounts for
roughly 38% of total cross-head attention on this axis. A secondary cluster of four
heads (h00, h02, h11, h19) contributes at 5-10x, while the remaining 27 sit at or
below baseline. Removing head 24 reduces the cross-head mean to 2.38%, confirming
it as the dominant carrier of the Gyro-Z signal. The head-averaged 8.18x reported in
Figure is therefore directionally accurate but masks a much sharper underlying
concentration, consistent with the model having developed a functionally specialized
head for rotational dynamics during stair climbing. As elsewhere in this analysis, the



6.4. Results 106

Table 6.11: Top-3 symbolic motifs on the Gyro-Z axis per activity class (Stage 2 attention),
ranked by jointly considering attention strength and motif frequency. Gyro-Z is selected as
the reporting axis because it consistently receives the highest peak attention across all five
activity classes (Figure . Peak attention is reported as a multiple of the uniform baseline
(1/L); count indicates motif frequency across test samples.

Class Motif Peak x Baseline Count

dbAdb 4.28 2
Jogging AdcAd 4.08 2
dbBda 3.11 2
cceccb 1.45 5
Sitting Dcbceb 3.90 1
bCbCb 2.47 2
ACcDd 8.18 1
Stairs CcABc 7.07 1
aCdcb 4.29 2
bbbBb 1.61 4
Standing aACCb 3.51 1
BaAbc 3.47 1
bAcCc 6.76 1
Walking  dbbbC 5.44 1
dcbaD 4.05 1

finding is descriptive rather than causally verified.
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Figure 6.8: Per-head mean peak attention X baseline on the Gyro-Z axis (Stage 2, final
transformer layer) for the Stairs class (n = 231). Each bar is the mean peak attention
of one of Mistral-7TB’s 32 attention heads over the Gyro-Z token span, normalized by
the uniform baseline (1/L). The dashed line marks baseline (1x). Head 24 (dark red)
dominates at 46.07X, accounting for 38% of total cross-head attention. A secondary
cluster appears at heads 0, 2, 11, and 19 (5-10x); remaining heads sit near or below
baseline.
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Perturbation experiment. To move beyond descriptive attention patterns and test
whether Gyro-Z actually influences predictions, the Gyro-Z token sequence is replaced
at inference time with symbols drawn uniformly at random from the trend-aware
alphabet {a, b,c,d, A, B,C, D}, while all other prompt elements remain unchanged. If
the model genuinely relies on this axis, corrupting it should degrade per-class recall;
the comparison against original predictions is reported in Table

Table 6.12: Per-class accuracy (recall) before and after Gyro-Z token randomization at
inference time. Drop is reported in percentage points (pp); a negative value indicates an
accuracy improvement after perturbation.

Class Original (%) Perturbed (%) Drop (pp)

Jogging 94.37 90.48 +3.90
Sitting 82.68 84.42 -1.73
Stairs 100.00 100.00 +0.00
Standing 89.61 88.74 +0.87
Walking 94.81 92.64 +2.16

An overall accuracy drop of 1.04 pp indicates that the model is substantially
robust to Gyro-Z corruption, with the remaining axes and kinematics descriptors
compensating effectively. The per-class breakdown is more informative and aligns well
with both the attention weights of Figure and the motifs of Table Jogging
suffers the largest drop (+3.90 pp), consistent with its distributed attention across
three recurring motifs (count = 2 each) and pointing to genuine reliance on Gyro-Z
transitions. Walking shows a moderate drop (+2.16 pp), reflecting strongly-attended
but subject-specific transitions that do not recur across samples. Stairs, despite
carrying the highest attention (8.18%), shows no drop at all: its count-1 motifs are not
systematically relied upon, and other streams compensate when the axis is corrupted.
Static activities are largely unaffected, consistent with their near-baseline attention
and the model’s apparent reliance on global sequence uniformity rather than any
specific local transition. These results reinforce the descriptive framing of the attention
analysis and demonstrate that the dual-stream design remains robust even under
targeted corruption of its most-attended axis.

6.4.5 Computational Cost

Table reports fine-tuning time and per-window inference latency for all methods
on MotionSense. Symbolic and deep learning baselines range from fractions of a
second to roughly 82 seconds of fine-tuning, with inference latencies below 0.1 ms per
window. RoBERTa is more expensive but still accessible at 184 seconds and 0.818 ms
per window, reflecting its compact 125M-parameter architecture. Causal LLM-based
methods occupy a different order of magnitude: LLM-ABBA requires roughly 2 hours
of fine-tuning and SAX_HAR-LLM 3.42 hours, with inference latencies of 561 ms and
574 ms respectively — approximately 10,000x slower than MultiROCKET (0.055 ms).
This gap is a direct consequence of autoregressive token generation at inference time,
as opposed to the kernel-based feature extraction that makes MultiROCKET fast.
SAX_ HAR-LLM is not designed to be computationally competitive; the case for
it rests on the interpretability that its symbolic representation and attention-based
analysis provide.
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Table 6.13: Computational cost comparison across all methods on MotionSense. Inference
latency is measured per window. SAX_ HAR-LLM and LLM-ABBA fine-tuning times reflect
QLoRA fine-tuning for 8 epochs with batch size 64 on an NVIDIA RTX 6000 Ada Generation
GPU (48 GB VRAM); all other methods were measured on an Intel Core i9-14900K workstation
(128 GB RAM, CPU only). Absolute times are therefore not directly comparable across LLM-
based and non-LLM methods, though the order-of-magnitude differences remain informative.
As a hardware requirement, SAX HAR-LLM requires a minimum of 4,567 MB (~4.5 GB) of
GPU VRAM at inference time.

Fine-tuning Inference Latency

Method Time per Window (ms)
BOP 0.13 s 0.011
BOP+MII 0.15 s 0.011
ResNet 8.89 s 0.022
DeepConvLSTM 10.80 s 0.027
InceptionTime 185+5.2s 0.029 + 0.001
Vanilla Transformer 5.28s 0.073
MultiROCKET 82.4+43s 0.055 + 0.008
RoBERTa 184.0+3.1s 0.818 + 0.007
LLM-ABBA 1.99 h 561.5
SAX_HAR-LLM 3.42+0.07 h 573.6 2.6

6.5 Discussion

Across both benchmarks, SAX_ HAR-LLM ranks 2.5 on average, second on WISDM
and third on MotionSense. The ranking itself is less telling than the gap it conceals:
5.62 percentage points above BOP+MII on WISDM and 10.78 on MotionSense. A
bag-of-patterns classifier aggregates symbolic occurrences into a frequency histogram,
losing the order in which they appear; the LLM operates on the full token sequence,
where position, local transitions, and long-range structure all remain available. The
fact that this improvement is observed in two datasets with different sampling rates,
sensor configurations, and sets of activities suggests that the symbolic interface with
the language model is substantively useful and not merely structurally convenient.

Against numerical baselines, SAX_HAR-LLM outperforms ResNet, DeepConvL-
STM, and the Vanilla Transformer on both datasets and InceptionTime on WISDM.
MultiROCKET is the only method that ranks above it consistently, by 3.21 points
on WISDM and 5.69 on MotionSense. This gap has a straightforward interpretation:
MultiROCKET operates on thousands of random convolutional features that carry no
physical meaning, while SAX_HAR-LLM’s predictions are tied to specific symbolic
patterns on specific sensor axes. The accuracy difference is the price of that trans-
parency, and whether it is worth paying depends on the application — reasonable in
settings where decisions must be auditable, harder to justify where latency or memory
are the binding constraints.

A consistent difficulty runs across both datasets: dynamic activities are classified
reliably, static postures are not. Z-normalization is the structural cause — it preserves
temporal shape while erasing gravitational orientation, leaving Sitting and Standing
indistinguishable in the symbolic domain without additional physical grounding. The
Downstairs class on MotionSense (F1: 0.64) is the sharpest failure, though nearly
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every method struggles here; only InceptionTime (0.82) and MultiROCKET (0.84)
handle it well. For this framework specifically, two factors converge: descent dynamics
produce flat, lowercase-dominated sequences that resemble static-posture patterns,
and the kinematics descriptors target the Sitting/Standing ambiguity rather than the
direction of locomotion. Addressing this would require descriptors sensitive to step
periodicity or vertical impulse asymmetry.

The ablation results make the contribution of each component precise. With only
the symbolic stream (Ablation_ 1), dynamic activities are classified almost perfectly
— no physical descriptor, no magnitude information, just an ordered sequence of
alphabetic tokens. SAX strings evidently retain enough temporal structure for the pre-
trained backbone to discriminate dynamic motion on its own. What they cannot do
is separate static postures after normalization has removed the amplitude information
that distinguishes them. The Vanilla Transformer, receiving exactly the same inputs
as the full model but initialized from scratch, reaches only 78.01%, confirming that the
advantage comes from pre-trained sequential priors rather than from the representation
itself. The comparison between Ablation_ 1 and the Vanilla Transformer is particularly
instructive: both reach roughly 78% accuracy, but through opposite deficiencies — one
has the backbone but not the physics, the other has the physics but not the backbone.
Each path exposes a different necessary condition, and the full model requires both.

The attention analysis reveals structure that was never explicitly taught. Gyro-Z
dominates attention across all five activity classes, in line with its physical role as
the primary carrier of rotational dynamics once the Y-axis is gravity-aligned under
the rtWISDM protocol. For dynamic activities this manifests as sharp, localised
peaks on specific symbolic transitions; for static activities attention is flat and near-
baseline across every axis, consistent with the uniformly low-variance sequences that
normalization produces for these classes. The perturbation experiment gives this a
predictive interpretation: corrupting Gyro-Z reduces recall for Jogging and Walking,
where the model draws on recurring transition patterns, but leaves Stairs unaffected,
its highly activity-specific motifs compensated by the remaining streams. These
findings are correlational rather than causal, but the capacity to link a prediction to a
concrete motif on a named sensor axis sets this framework apart from every numerical
baseline in this comparison.

6.6 Synthesis

This chapter set out to answer a structural question rather than an optimization one:
not how much further SAX-based accuracy can be pushed, but whether a symbolic
representation, suitably designed, can serve directly as the input vocabulary of a
pre-trained language model. The evidence assembled across Sections [6.4] and
answers it affirmatively, with three qualifications that matter for how the result should
be read. Symbolic abstraction alone is sufficient for discriminating activities whose
kinematic signature survives normalization; kinematics-informed descriptors intervene
only where z-normalization renders classes symbolically indistinguishable, acting as a
targeted auxiliary mechanism rather than a foundational requirement. The controlled
comparison against a Vanilla Transformer trained on identical inputs isolates the
pre-trained backbone, rather than the symbolic representation alone, as the decisive
contributor to that success. And the attention analysis suggests, without establishing
causally, that fine-tuning on symbolic sensor data steers the model toward physically
meaningful predictive focus.
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This result also closes a loop that runs through several earlier chapters of this
thesis. Chapter [Js taxonomy identified trend loss as a recurring SAX weakness;
Chapter [] answered it once with SAA, carrying trend in a structurally separate
symbolic branch; this chapter answers it a second time by folding trend into the
case of the existing symbol instead (Section , a choice whose value becomes
concrete only once the symbolic string has to serve as an LLM token sequence, where
every additional position has a cost SAA’s separate-branch design does not need to
pay. More broadly, this is the first chapter in which the SAX-based representations
developed across Chapters [4] and [5] are paired with a sequence model that brings
its own pre-trained priors, rather than with a frequency-histogram classifier built
from nothing — the same shift in spirit, if not in mechanism, that motivates pairing
SAX-derived representations with learned graph embeddings as an alternative route
to a richer classifier, explored independently in the next chapter. It is also the point at
which this thesis’s two methodological families — SAX-based time series representation,
and the language-model-based methods this thesis takes up more fully in its later
chapters — meet directly for the first time, with the dual-stream design serving as a
concrete answer to what a principled point of contact between them looks like.

Several limitations follow directly from the design choices examined above and
define natural next steps. Fine-tuning and deploying a 7-billion-parameter backbone is
substantially more costly, in time and GPU memory, than any symbolic or even kernel-
based baseline considered here; as distillation techniques mature and smaller backbones
demonstrate comparable sequential-modeling capacity, this cost should fall, making
the symbolic-LLM pairing increasingly viable for resource-constrained deployment.
On the evaluation side, the single 80/20 subject split may carry non-trivial variance,
and a subject-level k-fold protocol would offer a more robust generalization estimate,
a direction best pursued jointly with a broader study of subject-level generalization
across multiple datasets and HAR frameworks.

Beyond HAR, the framework extends in the near term to other sensing domains
by replacing the kinematics-informed stream with descriptors appropriate to the new
target: the symbolic-LLM interface itself is domain-agnostic, since SAX applies to any
continuous time series and the LLM requires only a discrete, ordered token sequence.
The design question in a new domain reduces to identifying which classes become
symbolically indistinguishable after normalization and choosing descriptors that restore
the lost discriminative information — a substantially more tractable problem than
redesigning the representational pipeline from scratch, and one for which fault diagnosis
in rotating machinery and EEG-based brain-computer interfaces are natural candidates.
In the longer term, a more fundamental direction would eliminate domain-specific
descriptors altogether by integrating symbolic tokens with a numerical tokenization
strategy that preserves magnitude information directly within the token sequence,
addressing normalization-induced ambiguity at the representational level rather than
compensating for it after the fact. A related and more immediate gap, raised already
in Section [6.2.5] is that the case relationship between uppercase and lowercase symbol
variants is learned implicitly through fine-tuning rather than structurally encoded
in the tokenizer; designing a tokenization scheme that preserves this relationship
explicitly, together with a systematic sensitivity analysis of the trend threshold &,
is a natural and currently open next step. Finally, two extensions would relax the
framework’s dependence on labeled data from known subjects and activities: symbolic
prompts augmented with natural-language descriptions of expected motion signatures,
which could in principle support zero-shot classification of unseen activities if the model
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genuinely exploits structured regularities in SAX sequences rather than memorizing
them; and incremental LoRA adaptation for new subjects or activities without full
retraining, which would make the framework practical for longitudinal monitoring
settings where data accumulates continuously. Both ultimately turn on the same
open question raised throughout this chapter — whether pre-trained sequential priors
transfer to symbolic sensor data through structural alignment with natural language,
or through a deeper sequential-modeling bias — a question future interpretability work
on this framework should address directly.
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Chapter 7

Graph Neural Embeddings for
Time Series Classification

Chapters [4] and [5] extended SAX along two different axes — richer per-segment descrip-
tors in Chapter [, and optimized parameter search in Chapter [5] - while leaving the
representation used for classification itself unchanged: a frequency histogram over
SAX words, that is the BOP model introduced in Section BOP’s histogram is
position-invariant but that same invariance has a direct cost: two time series whose
SAX words occur in entirely different orders can produce identical histograms. The
sequences

abbc — bbcd — bcde — cdee
cdee — bcde — bbcd — abbc

are reverses of one another, yet BOP aggregates both into the same word-count vector:
the transition structure that distinguishes them is exactly what the histogram discards.
Section already flagged this as a limitation of dictionary-based methods more
broadly — BOP’s "abstraction of temporal relationships between patterns limits its
expressive capacity" — and pointed, in a single sentence, to representing SAX words
as a graph rather than a histogram as one way to recover what is lost. This chapter
develops that direction in full.

The approach explored here keeps the SAX vocabulary entirely intact — no new
symbol, no modified discretization rule: each distinct SAX word becomes a node, and
the order in which words actually occur in the sequence is encoded as edges between
them, so that the resulting structure carries the transition information a histogram
cannot. A GNN then learns embeddings over this structure, which are evaluated,
alongside BOP and combinations of the two, using a standard classifier. Two distinct
schemes for building this graph are considered, differing in how node features and edges
are constructed, and the resulting embeddings are evaluated against BOP, against each
other, and in combination with BOP, across a diverse set of benchmark time-series
datasets.

This chapter opens a direction rather than closing one [112]: having developed
and evaluated symbolic representations across the preceding chapters, the natural
next question is whether richer structural models can extract further value from the
same SAX vocabulary. GNNs offer one principled answer, and this chapter provides a
first empirical grounding for that idea. The constructions and evaluation presented
here are a starting point, with the more thorough investigation of architecture choices,

This chapter is based on the following publication: [C4].
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parameter sensitivity, and multivariate extensions left as a clear and well-motivated
direction for continued work beyond this thesis. Section positions this question
within the broader literature on graph-based time-series modeling; Section details
the two graph-construction schemes and the classification pipeline built on them;
Section [7.3|reports classification results across the benchmark datasets; and Section
reflects on what the comparison reveals and where the most promising avenues for
further development lie.

7.1 Background

Time-series classification arises across domains as varied as finance, healthcare, and
manufacturing, where handcrafted feature methods offer interpretability but limited
expressiveness, and deep models trained directly on the raw signal gain predictive
power at the cost of transparency and computational overhead. Graph-based methods
offer a different way to represent the structure: rather than treating a time series as
a sequence of independent observations, a graph can encode dependencies between
observations, patterns, or entire series directly as structure, and GNN architectures
in particular allow this structure to scale to large datasets while remaining flexible
about what a node or an edge is taken to represent [234-238].

Graph structure has been applied to time-series classification along several distinct
works. Mishra et al. [239,/240] introduced Graft, a topological graph-based framework
that represents symbolic patterns as nodes and encodes temporal dependency and
co-occurrence as edges, supporting path-based clustering and anomaly detection in
addition to classification. Biinger et al. [241] demonstrated that graph-based semi-
supervised methods, such as Graph Convolutional Networks (GCNs), can leverage
both labeled and unlabeled time series jointly for classification. A different framing
appears in SimTSC [242], which treats classification itself as a node-classification
problem: nodes represent entire time series, and edges encode pairwise similarity
between them, so the graph spans the whole dataset rather than a single sequence.

In alighnment with the approach developed in this chapter, Ma et al. [243] paired
graph embedding directly with the BOP algorithm, explicitly seeking to recover
the sequential structure that BOP’s histogram discards while keeping a symbolic
representation as the graph’s underlying basis. This is the most directly related prior
work, sharing both the motivating gap addressed here — BOP’s position-invariance —
and the general strategy for closing it, namely using graph structure to recover what
the histogram loses.

A parallel body of work applies graph structure to forecasting rather than clas-
sification, illustrating how broadly the same underlying idea — letting edges carry
dependency structure a flat feature vector cannot — has been put to use. SDGL
(Static and Dynamic Graph Learning Network) [244] learns a static graph for stable
relationships and a dynamic graph for time-varying ones, capturing both long- and
short-term dependencies simultaneously. Ye et al. [245] instead used a hierarchical
structure with dilated convolutions to model evolving associations between series over
multiple scales, while Yu et al’s RGSL (Regularized Graph Structure Learning) [246]
combines explicit, domain-knowledge graphs with implicit, learned ones to improve
both interpretability and forecasting accuracy. Outside forecasting specifically, Adams
et al. [247] examined graph-based monitoring of predictive processes, showing that
graph embeddings preserve structural information in event-based time series that
other representations lose. Surveying this landscape more broadly, Silva et al. [248]
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organize the many ways a time series can be turned into a network — visibility graphs,
transition networks, and proximity graphs among them — into a single taxonomy.

The graph neural network model formalized by Scarselli et al. [249] learns a
representation for each node by iteratively aggregating information from its neighbors
— a form of message passing in which a node’s embedding comes to reflect not only its
own features but the structure of its local neighborhood. This is what makes a GNN a
natural fit for the graphs constructed in Section a SAX word’s embedding can be
shaped by which words tend to precede or follow it, exactly the transition information
a histogram representation discards. Edge-conditioned convolution operators extend
this idea further by letting the aggregation itself depend on edge attributes rather
than only on node identity, allowing edge weight — transition frequency, or distance-
based decay, depending on the construction — to directly influence how neighboring
information is combined; this is the mechanism the GNN described in Section
relies on.

7.2 Methodology

7.2.1 SAX Transformation

The pipeline starts from the same symbolic representation used throughout this thesis:
a time series is reduced via PAA (Section and discretized into a SAX string
using Gaussian breakpoints (Section , with the same alphabet size a and word
length w notation established there. No modification is made to either step here —
the contribution of this chapter lies entirely in what is built on top of the resulting
symbolic sequence, not in how that sequence is produced.

7.2.2 Graph Formation

Two distinct schemes are used to turn a SAX-transformed sequence into a graph,
differing in how nodes are represented and how edges are formed. Both take the same
SAX string as input and are evaluated under identical downstream conditions, so
that any difference in classification performance can be attributed to the construction
itself.

Transition Graph Embeddings (TGE)

TGE constructs a directed graph in which each unique SAX word appearing in the
sequence is a node, with directed edges placed between consecutively occurring words
— directly capturing the sequential dependency a BOP histogram discards. Node
features are one-hot vectors over a vocabulary built across the full dataset, giving a
high-dimensional but sparse node representation. Edge weights are set by transition
frequency: the more often one word is immediately followed by another across the
sequence, the stronger their connecting edge. The resulting graph structure therefore
reflects observed co-occurrence patterns directly, with transition likelihoods implicitly
encoded through edge weight rather than through any separate probabilistic model.

Distance-Aware Graph Embeddings (DGE)

DGE instead encodes each SAX word as a compact numerical tuple, with dimensionality
equal to the word length w and reflecting the word’s internal symbolic structure, rather
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than a high-dimensional one-hot vector. Edges are also formed differently: rather than
connecting only immediately consecutive words, DGE computes node reachability via
breadth-first search (BFS), so that words separated by several intervening positions
can still be connected. Edge weight is then an exponential decay function of BFS
distance, rather than a binary transition indicator, so that nodes remain linked even
when not adjacent in the sequence — letting the graph carry longer-range dependency
information that TGE’s strictly local transitions cannot.

Figure contrasts the two constructions directly: TGE’s edges following imme-
diate SAX-word transitions, against DGE’s distance-weighted edges spanning longer
ranges within the same sequence.
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Figure 7.1: Graph representations of a SAX-transformed sequence: (a) TGE, with
edges following direct SAX-word transitions; (b) DGE, with distance-weighted edges
enabling long-range dependencies.

7.2.3 Graph Embedding Learning

Both graph constructions are passed through a GNN that learns embeddings capturing
SAX-word dependencies, applying edge-conditioned convolution (NNConv, Section
to update node features according to both node content and edge weight, followed
by global mean pooling to obtain a single fixed-size embedding per graph. TGE
supplies high-dimensional, sparse one-hot node features while DGE supplies a compact,
continuous feature space together with edge weights derived from BFS-distance decay.
Thus, the two constructions feed the same GNN architecture with structurally different
inputs, and the resulting embeddings reflect that difference in how each scheme shapes
the patterns available for it to learn.

7.2.4 Classification and Evaluation

Feature Representations

Five feature representations are compared, isolating the contribution of graph-based
embedding both on its own and in combination with the established BOP baseline:
BOP histograms alone (Section ; TGE embeddings alone; DGE embeddings
alone; BOP concatenated with TGE embeddings (BOP+TGE); and BOP concatenated
with DGE embeddings (BOP+DGE). The two combined representations test whether
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graph-based structure adds information beyond what BOP’s frequency histogram
already captures, rather than simply substituting for it.

Experimental Setup

Each of the five feature representations is classified independently using a Random
Forest with 100 trees, with classification performed at the level of individual time
series, using each dataset’s predefined UCR train/test split. Classification accuracy is
the primary evaluation metric. The SAX parameters are held fixed across all datasets
and representations, at alphabet size a = 4 and word length w = 3, a configuration
chosen to balance structural granularity against feature sparsity.

Datasets

Datasets are drawn from the UCR Time Series Classification Archive [250], selected
to span a deliberately diverse range of time-series characteristics rather than a single
domain: periodic signals such as ECG200, sensor-based recordings such as Insect Wing-
beatSound, and nonstationary, higher-variability series such as CricketX. This diversity
is intended to test the generalizability of the proposed graph-based representations
across qualitatively different notions of what makes a time series classifiable, rather
than to optimize performance on any one dataset type.

7.3 Results

Table [7.I] reports classification accuracy for all five feature representations across the
twelve selected UCR datasets, together with each dataset’s SAX ratio — the percentage
of the original series compressed into a single SAX symbol.

Table 7.1: Classification accuracy (%) of the tested methods on selected UCR Time Series
datasets, alongside each dataset’s series length and SAX ratio. The SAX Ratio (%) column
reports the percentage of the original time series used to form a single SAX symbol.

TS SAX Ratio

Dataset Length (%) BOP TGE DGE BOP+TGE BOP+DGE
Car 577 0.5 483 36.7 283 46.7 53.3
ChlorineConcentration 166 10 55.1 55.3 554 55.3 55.3
CinCECGTorso 1639 0.1 53.5 36.6 42.5 52.0 53.5
CricketX 300 0.5 39.7  30.3 20.8 42.6 42.3
ECG200 96 15 81.0 75.0 76.0 81.0 80.0
ECG5000 140 10 91.2 904 904 91.7 91.6
ECGFiveDays 136 5 649 645 64.0 62.7 67.1
FordA 500 5 523 521 495 54.1 52.6
FordB 500 10 52.0 51.1 54.6 51.4 51.1
GunPoint 150 5 92.0 820 76.0 85.3 85.3
InsectWingbeatSound 256 15 341 34.0 35.1 34.2 35.8
ItalyPowerDemand 24 15 884 893 889 90.9 90.0

Average - - 62.7 58.1 56.8 62.3 63.2
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On average, BOP remains the strongest standalone representation (62.7%), and
BOP+DGE the strongest representation overall (63.2%), narrowly ahead of plain
BOP and BOP+TGE (62.3%); TGE and DGE alone follow both (58.1% and 56.8%,
respectively). This ordering already signals the central pattern in the table: graph-
based embeddings, on their own, rarely match BOP, but combining them with BOP
rather than replacing it can recover, and on some datasets exceed, BOP’s standalone
accuracy.

The dataset-level pattern is least favorable to the proposed graph constructions on
Car and CricketX: TGE and DGE alone fall well below BOP on each (TGE/DGE at
36.7%/28.3% versus BOP’s 48.3% on Car; 30.3%/20.8% versus 39.7% on CricketX),
suggesting that for these higher-variability, movement- or sensor-driven series, the
transition structure captured by the graph alone is not sufficient to substitute for
BOP’s frequency information. Combined with BOP, however, the picture changes:
BOP+DGE gives the best result on Car (53.3%, five points above BOP alone) and
BOP+TGE the best on CricketX (42.6%), indicating that the graph-based signal is
informative once allowed to supplement BOP’s histogram rather than stand in for
it. InsectWingbeatSound is a partial exception to the pattern reflecting that a graph
alone is weaker: DGE alone (35.1%) is marginally above BOP (34.1%), though the
margin is small enough that it should not be read as a strong reversal of the broader
trend.

On the three ECG-derived datasets (ECG200, ECG5000, ECGFiveDays) and the
ItalyPowerDemand dataset, every method performs within a relatively narrow band,
consistent with these periodic, well-structured signals being comparatively easy for any
of the five representations to separate. Three of the aforementioned datasets show only
marginal differences between methods, and the best-performing representation is, in
each case, a combination of BOP with one of the graph embeddings rather than BOP
alone or a graph embedding alone (BOP+TGE on ECG5000 and ItalyPowerDemand;
tied BOP and BOP+TGE on ECG200). ECGFiveDays stands out from this pattern:
BOP+DGE reaches 67.1%, a 2.2-point improvement over BOP’s 64.9%, the single
largest margin recorded for any combined representation over standalone BOP in the
table.

Taken as a whole, these results suggest that the proposed graph constructions are
not a wholesale replacement for BOP — on this benchmark suite, BOP alone remains
competitive or superior to either graph embedding used in isolation on the majority
of datasets — but that they are a productive complement to it, recovering some of
the sequential information BOP’s histogram discards and, when combined with BOP,
matching or exceeding it on several of the datasets examined, most clearly on those
compressed at lower SAX ratios.

7.4 Discussion

Table shows that TGE and DGE alone rarely outperform BOP, trailing it by a
wide margin on average (58.1% and 56.8% versus 62.7%). Their value comes from
combination rather than substitution: BOP+TGE and BOP+DGE recover, and
on several datasets exceed, BOP’s standalone accuracy, suggesting the transition
structure a graph encodes is informative but not, by itself, a sufficient replacement for
BOP’s frequency information. The clearest gains over BOP alone — Car (BOP+DGE,
+5.0 points), CricketX (BOP+TGE, +2.9 points), ECGFiveDays (BOP+DGE, +2.2
points) — occur on datasets with low SAX ratios (0.5%, 0.5%, and 5%).
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Several limitations follow from how the evaluation was constructed. SAX parame-
ters were held fixed at a = 4 and w = 3 across all datasets, with no sensitivity analysis
— a direct point of contact with Chapter [fJ's per-dataset parameter search, which this
chapter’s fixed-parameter evaluation does without. The scope is also narrower than
Chapters |5| and @ a single classifier (Random Forest, 100 trees), no deep-learning
baselines, no statistical significance testing, a single predefined train/test split per
dataset, and all twelve datasets univariate, so the multivariate setting central to
Chapter [d]s MII remains untested here.

These limitations point directly to next steps: a systematic SAX parameter
selection, ideally paired with Chapter [fs optimization framework so parameters and
graph construction are tuned jointly; a more developed graph-learning procedure,
whether through alternative edge-conditioned operators, learned edge weighting, or end-
to-end training with the downstream classifier; and an extension to multivariate time
series following Chapter [fs channel-wise treatment, where each channel contributes
its own transition graph fused at the graph or embedding level.

7.5 Synthesis

This chapter closes the methodological arc of this thesis by returning to an early
observation: Chapter s introduction of BOP noted that discarding word order is
a trade-off, and Section [2.4.1| named graph-based embedding as one way to revisit
it without abandoning SAX’s symbolic vocabulary. The evaluation here gives that
proposal a concrete, if modest, answer: graph structure built on SAX-word transitions
is not by itself a replacement for BOP’s histogram, but combined with it, recovers
some of what the histogram discards — most clearly on series compressed into longer
symbolic strings.

This closes a pattern running through the preceding chapters, each approaching
SAX’s core trade-off — compact symbols purchased at the cost of discarded information
— from a different angle: richer per-segment descriptors in Chapter [} principled
parameter search in Chapter [B] and, here and in Chapter [6] a more expressive structure
built on top of the symbolic sequence rather than a change to its construction. What
unites them is a shared discipline: each preserves the underlying representation and
asks what can be added around it, rather than trading interpretability away for
accuracy.

This chapter is accordingly best read as a starting point rather than a closed
result. The next stage of this line of work is to identify what information a graph
constructed over SAX words actually needs to carry for a GNN to become a genuinely
competitive representation for downstream time-series tasks — a question the present
results motivate without yet answering.
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Chapter 8

Conclusions and Future Work

8.1 Summary of Contributions

This thesis set out to advance the state of the art in symbolic time series representation
and classification, taking the Symbolic Aggregate approXimation (SAX) method and
the Bag-of-Patterns (BOP) model built on top of it as a common foundation. Rather
than replacing this foundation, the thesis asked what could be recovered or built
around it — preserving the interpretability and computational efficiency that make
symbolic representations valuable, while systematically closing the gaps that limit
their expressiveness.

The thesis began, in Chapter [3] by conducting a systematic review of the SAX
literature and organizing the resulting body of work into a taxonomy structured
around the specific weakness each extension addresses. This taxonomy served a dual
purpose: it established the conceptual map from which the original contributions
depart, and it provided a reference framework against which the design choices of each
proposed method can be understood. The recurring gaps it identified — parameter
sensitivity, trend loss, limited multivariate support, disregard for sequential order in
BOP, and the absence of principled connections to modern sequence models — form
the motivating thread running across Chapters [4] to [7}

Chapter [4] addressed two of these gaps independently through a pair of comple-
mentary extensions. The Multichannel Intelligent Icon (MII) captured cross-channel
symbolic co-occurrence in multivariate time series by forming joint symbolic words from
corresponding positions across channels, recovering spatial correlation that per-channel
BOP representations treat as independent. The Slopewise Aggregate Approximation
(SAA) addressed trend loss through a parallel, independently discretized angle-based
branch, carrying slope information in a structurally separate symbolic string that can
be combined with the standard mean-based one at the feature level. Evaluated on a
human activity recognition benchmark, both methods improved upon the BOP base-
line across all eight activity classes, with SAA’s within-axis trend information proving
especially effective for the static postures that symbolic amplitude representations
struggle to separate.

Chapter [5] turned to the parameter selection problem, applying the DIRECT
global optimization algorithm to the joint tuning of SAX parameters across four
feature extraction strategies for multivariate time series classification. DIRECT’s
properties — requiring only a bounded search space and raw function evaluations,
without gradient information or exhaustive search — make it well suited to optimizing
the non-smooth, black-box objective that classification accuracy constitutes as a
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function of symbolic parameters. Evaluated on twenty-four UEA benchmark datasets,
the proposed approach achieved competitive accuracy against state-of-the-art numerical
and kernel-based baselines, demonstrating that principled parameter optimization can
substantially close the gap between heuristically configured symbolic methods and
more complex alternatives.

Chapter [6] established a direct structural connection between symbolic time series
representations and large language models. The core observation is simple: SAX
already produces ordered sequences of discrete tokens, which is precisely the input
format LLMs are built to process. The chapter developed SAX_HAR-LLM, a dual-
stream framework that pairs a trend-aware symbolic encoding — in which slope
direction is folded into the case of the existing SAX symbol rather than carried
in a separate branch, a design choice motivated by the cost of additional prompt
length — with lightweight kinematics-informed descriptors that recover the physical
magnitude information normalization removes. A causal LLM fine-tuned via QLoRA
on structured prompts derived from inertial sensor data achieved competitive accuracy
against both symbolic and deep learning baselines on two HAR benchmarks, while
remaining fully auditable through an attention-based interpretability analysis that
linked predictions to specific symbolic motifs on specific sensor axes.

Chapter [7] addressed BOP’s loss of sequential order by replacing the frequency
histogram with a graph structure that explicitly represents word-to-word transitions.
Two construction schemes were proposed — Transition Graph Embeddings (TGE),
connecting immediately consecutive words, and Distance-Aware Graph Embeddings
(DGE), extending connectivity via BFS-based distance decay — and both were evaluated
alongside BOP and their respective combinations with BOP on twelve UCR univariate
benchmark datasets. The results established that graph-based embeddings complement
rather than replace BOP’s frequency information, with the clearest gains appearing on
datasets compressed into longer symbolic strings where word transitions carry more
structure.

8.2 Connecting Threads

Across these four chapters, a consistent pattern emerges. Each contribution preserves
the symbolic vocabulary and asks what can be added or restructured around it,
rather than abandoning the representation for one that is more expressive but less
interpretable. MII and SAA enrich it at the feature construction level. The DIRECT
framework refines it at the parameter selection level. SAX_HAR-LLM extends it to the
classifier level, replacing a frequency-histogram classifier with a pre-trained sequence
model that processes the full ordered token string. The graph-based representations
of Chapter [7] recover what the histogram discards, encoding transition dependencies
at the representational level itself. What unites these directions is not a shared
mechanism but a shared discipline: the symbolic representation is treated as worth
preserving, and the question driving each chapter is how much further it can be taken
within that constraint.

A second thread connects the chapters through the concept of trend information.
The trend-loss weakness identified in Chapter [3's taxonomy is answered two times
across the thesis, each time through a structurally different mechanism: SAA addresses
it by carrying trend in a separate, independently discretized branch, while SAX_HAR-
LLM addresses it by folding trend into the case of the existing symbol, a more
compact encoding suited to the prompt-length constraints of an LLM input. These are
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not redundant answers to the same question: they reflect genuinely different design
constraints, and the comparison between them is itself one of the thesis’s contributions.

8.3 Limitations

The contributions of this thesis are subject to several limitations that qualify the
scope of the claims made.

In Chapter 4] MII and SAA were each evaluated on a single HAR dataset under a
fixed parameter configuration shared across both methods, and neither method was
assessed in combination with the other. Whether their respective gains — cross-channel
co-occurrence for MII and within-axis trend information for SAA — would compound
or partially overlap when used jointly remains an open empirical question.

Chapter [0] evaluates SAX HAR-LLM on two HAR benchmarks, both relying on
smartphone-based inertial sensors, which limits the generalizability of the findings to
other sensing modalities and application domains. The subject-independent evaluation
uses a single 80/20 split per dataset rather than a cross-validated estimate, so the
reported figures carry non-trivial variance that a subject-level k-fold protocol would
better quantify. SAX parameters in this framework were fixed rather than optimized —
the principled search developed in Chapter [5| was not applied here — leaving open the
question of how much performance is left on the table by the chosen configuration.
The trend-aware case modulation encodes slope direction as an uppercase/lowercase
distinction that the Mistral-7B tokenizer treats as two entirely independent tokens,
so the intended relationship between case variants is learned statistically during fine-
tuning rather than being structurally guaranteed. The attention-based interpretability
analysis is descriptive and correlational throughout: it characterizes where the model
concentrates predictive weight, but does not establish which input features causally
determine its predictions. Finally, SAX_ HAR-LLM’s computational demands — ap-
proximately 3.42 hours of fine-tuning and roughly 574 ms per-window inference — place
it outside the reach of real-time or resource-constrained deployment scenarios.

In Chapter [7] the graph-based evaluation is confined to twelve univariate UCR
datasets under a fixed SAX parameterization and a single Random Forest classifier,
leaving the multivariate setting — the focus of Chapters [4] and [5| — entirely untested
for the proposed constructions. More broadly, the DIRECT-based optimization
of Chapter [5| and the graph construction schemes of Chapter [7| were developed
independently and never combined: whether jointly optimizing SAX parameters and
graph construction would yield further gains remains unexplored.

8.4 Future Directions

The limitations above define the most immediate next steps, but several broader
directions also emerge from the body of work as a whole.

The most direct extension of Chapter []is a joint evaluation of MII and SAA in
combination, together with a systematic sensitivity analysis of their shared parameter
configuration. Extending both to a wider set of HAR datasets and pairing their
parameter choices with the DIRECT-based optimization of Chapter [5| would place
them within the same principled tuning framework developed there.

For SAX_ HAR-LLM, the most immediate open question is whether the trend-
aware case relationship can be made structurally explicit at the tokenization level rather
than relying on statistical learning during fine-tuning. A complementary direction



8.4. Future Directions 124

is the extension of the dual-stream design to other sensing domains by replacing the
kinematics-informed descriptors with domain-appropriate physical context, or even
fully abandon it. Zero-shot and incremental adaptation scenarios, in which the model
must generalize to unseen activities or accumulate new subject data without full
retraining, are also natural targets.

For the graph-based approach, a systematic parameter definition paired with the
optimization framework of Chapter [5|is the most tractable immediate step, followed
by extension to multivariate time series following Chapter s channel-wise treatment.
More fundamentally, the question of what information a SAX-word transition graph
needs to carry for a GNN to become a genuinely competitive representation for
downstream classification — rather than a useful complement to BOP — remains open,
and is the central question this line of work intends to pursue going forward.

Symbolic representations of time series have long occupied a distinctive position in
the machine learning literature. They are theoretically well-founded, computationally
efficient, and inherently interpretable, yet their empirical performance has often been
underestimated due to evaluation settings that rely on heuristic parameter choices
and simple baseline classifiers. Through four complementary contributions, this
thesis has shown that the symbolic representation itself is not the primary limiting
factor. Rather, its performance depends critically on the methods and learning
frameworks that exploit it. While the results presented here demonstrate the potential
of symbolic representations across multiple settings, they also indicate that significant
opportunities remain for further methodological and empirical advances.
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