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I1IEPIAHYH

H mopodoa Sumhopatikny epyacio EMKEVIPOVETAL G APIOUNTIKES KOl TPOGEYYIOTL-
KEG OVOAVTIKEG HEBOAOVE TTOV YPNGIULOTOLOVVTAL GE TPOPANUATO UNYAVIKNG Plopev-
oT®V. ApyiKd, Tapovctaletal To padnpotikd vroPadpo pécw tng perétng e Mebo-
dov Ilemepaospévav Zroryeiov (FEM), g MebBodov [enepacuévov Oykaov (FVM)
Kol TOV SodkaoldV dlokpttomoinong tovg. EmumAéov, or un ypoppikéc eElomoelc
™G PONG TOV PEVLGTAOV AVTILETOTILOVTOL YPTCILOTOLDVTOS TPOGEYYICTIKEG OVOAVTL-
KEG TEYVIKEG, KOl GVYKEKPUEVA e TN Oempia Atatapoydv kot tn MéBodo Opotomt-
KNg Avéivong (HAM).

Me a6 10 podnpatikd vopabdpo, | dratpPn Tapovstdlel LTOAOYIGTIKA HOVTELN
Yo T S1EPEHVNOT TNG CLLOSVVAUIKNG TOL KOPILOyYELKOD GUOTAUOTOS. ApYIKd, dta-
Tu@VETOL o dtodidotarn ikt Oempnon Euler-Lagrange, 1 onoio evoopotdvel
Mayvnrtoddpodvvapukn (MHD), yia T perétn moipkng pong. H mpocéyyion avt e-
TEKTEIVETOL OE VAV 1oYLPO TPLEOAGTATO EMADTN 0AANAETIOpacn S Pevoton-Z1epeot
(FSI), ocuykpivovtag v oloduVaLKT o€ TaAAOUEVa Kot dkapmto, Totyouata. Ot &-
mAOTEG ovtol epapudlovial oe TaOOAOYIKES OPTNPLOKEG KOTOUGTAGELS, 0EI0TOUDVTOS
£va LOVTELO TOAOTADY KAMUAK®V KOl GTOTIGTIKT OVIAVGT], TPOKEUEVOD VO, cLVOEDET
1 OVELPVOUATIKY YEMUETPIL UE KPIGIUEG QUOSVVOUIKEG TAUPAUETPOVG, OTMG Ol dlai-
TUNTIKESG TAGELS TOV TOWYMUATOG Kol 01 OgikTeC TaAAVTOOUEVTG poS. TEAOC, 1) €pguva
EMEKTEIVETOL OTI] UNYOVIKT| GTEPEDV, E0TIALOVTOG EIOIKOTEPA OTN HOONUOATIKY HOVTE-
AOTOINGN TV TPOGHETIKMOV OVTIKATAGTAONS 0opTIKNG PaiPidac. Ev kataxAeidt, n
UEAETN QT AVOOEIKVOEL T1) GTLLOGTO TOV TPONYUEVOV DITOAOYIGTIKAV TPOCEYYIcEMV
KOL TOV TEYVIKOV OAANAETIOPAONC PEVGTOV-GTEPEOD GTIV KOTAVONOT T®V TOAVTAO-
KOV QUGTKOV POIVOUEVOV TTOV JIETOVY TO KAPILOYYELNKO GUGTILLOL.

AéEac—Khedna: Ymoroyiotikn Pevstounyavikn, AAAnienidpacn Pevotov—Xtepeon,
Mt ®@eopnon Euler—Lagrange, X0otuo I'evikevpévov Koumvddypappmy Xovte-
taypévov, E&iomoeig Navier—Stokes, [Hoduikn Pon, MéBodog Ilenepacpuévev Xtot-
yelwv, MéBodog Ienepacpévov Oykmv, MéBodoc Opotomikng Avdilvong, Mayvn-
tobdpoduvvapkn, Birotatpicég Epappoyéc, Movtehonoinon Pong Aipatog, Koapduoy-
vewokéc Poég, Avebpuopo Kotdakig Aoptrg






ABSTRACT

The present thesis focuses on numerical and approximate analytical methods
used in biofluid mechanics problems. A strong mathematical basis is established
by thoroughly studying the Finite Element Method (FEM), the Finite Volume
Method (FVM), and the discretization procedures. Furthermore, the highly nonlinear
governing equations of fluid flow are treated using approximate analytical techniques,
particularly Perturbation Theory and the Homotopy Analysis Method (HAM).

With this mathematical foundation, the thesis presents computational models to
investigate cardiovascular hemodynamics. First, a two-dimensional mixed Euler—
Lagrange approach incorporating Magnetohydrodynamics (MHD) is formulated to
study pulsatile flow. This approach is advanced into a robust three-dimensional Fluid—
Structure Interaction (FSI) solver, comparing the hemodynamics on deformable and
rigid walls. These solvers are applied to pathological arterial conditions utilizing a
multiscale model and statistical analysis to link aneurysmal geometry with critical
hemodynamic parameters such as wall shear stress and oscillatory flow indices.
Finally, the research extends to the mathematical modelling of structural mechanics
and especially the modeling of aortic valve replacements. Ultimately, this study
examines the importance of advanced computational approaches in understanding
the complicated physical phenomena governing the cardiovascular system combining
fluid-structure interaction techniques.

Keywords: Computational Fluid Dynamics, Fluid—Structure Interaction, Mixed
Euler—Lagrange Formulation, Generalized Curvilinear Coordinate System, Navier—
Stokes Equations, Pulsatile Flow, Finite Element Method, Finite Volume Method,
Homotopy Analysis Method, Magnetohydrodynamics, Biomedical Applications,
Blood Flow Modeling, Cardiovascular Flows, Abdominal Aortic Aneurysm
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CHAPTER

INTRODUCTION

1.1 Introduction

Mathematical modelling of physical phenomena relies on systems of partial dif-
ferential equations, usually non-linear and based on the fundamental theory and first
principle laws that describe each problem. The analytical solution of such systems
is often difficult or impossible. Consequently, the necessity to employ alternative
computational tools arises. More specifically, numerical methods such as the Finite
Element and Finite Volume methods are employed for approximating the solution. In
other cases, analytical, semi-analytical and approximation methods such as perturba-
tion methods and the homotopy analysis method, are preferred.

These solving approaches are employed in Fluid Mechanics problems. Fluid Me-
chanics is a particular branch of applied mathematics whose primary object of re-
search is the static and dynamic behaviour of fluids. Fluid is characterised as any
substance presenting a flow, i.e. refers to liquids and gases whose cohesion forces
are weak, so that they each take the shape of the space they occupy or the medium
through which they move.

In this thesis, the focus lies on fluid mechanics problems combined with the biomed-
ical field. In particular, the study of blood flow in the cardiovascular system requires
foundational knowledge of both mathematics and fluid dynamics. Mathematical mod-
elling provides tools to describe the flow of fluids such as blood and its interaction
with the vessels and the rest of the circulatory system. The governing equations de-
rived from the fluid mechanics principles and fundamental laws, describe the rela-
tionship among velocity, pressure and external forces in the fluid. Furthermore, these
equations can be modified to account for any complex phenomena such as the mag-
netic fields, arterial wall pulsations, non-Newtonian behaviour, and vessel wall elas-
ticity.

Computational methods are essential for solving the governing equations in real-



Chapter 1 Mathematical Methods and Fluid Mechanics

istic geometries. The Navier-Stokes equations used in the present thesis represent a
significant open problem; therefore, research primarily focuses on numerical approx-
imations. This approach allows us to approximate the solution, providing insightful
information on the flow patterns, pressure distributions, and the stresses on the arterial
walls.

This chapter provides a historical overview of the relevant literature and outlines
the medical context and challenges relevant to this thesis. Establishing this back-
ground ensures the reader can easily understand the mathematical concepts and for-
mulations presented in the following chapters.

1.2 Mathematical Methods and Fluid Mechanics

As its name suggests, fluid mechanics is the branch of classical mechanics that
studies the fluid flow behaviour. So, it is important first to understand what a fluid is

Definition 1.2.1. Fluid is a substance, liquid or gas, that deforms continuously (it
flows) under the influence of stresses (mainly shear) or external forces.

In fluid mechanics, the most known equations for describing flow problems are the
Navier-Stokes equations for incompressible flow which have existed since 1827. Flu-
ids are usually classified according to their relationship between shear stresses and rate
of deformation. Thus, there is a distinction of fluids to Newtonian and non-Newtonian
fluids, each having specific role in the mathematical modelling of flow problems.

In Newtonian fluids the shear stress has a linear connection with the strain rate.
Common examples include water, air, and many common liquids under standard con-
ditions. In contrast, non Newtonian fluids have a more complex stress-strain relation-
ship, that may be shear-thinning/thickening or viscoelastic [91, 93, 135].

The choice between these models forms the equations and the numerical scheme
and simulations, accordingly. Both approaches offer distinct advantages depending
on the application: the Newtonian model provides computational efficiency by simpli-
fying the governing equations, whereas non-Newtonian models are utilised to capture
detailed velocity and pressure dynamics. In the cardiovascular system, the model is
chosen based on the scale of interest, flow regime and the condition under examina-
tion. It is common for larger arteries, such as the aorta, to assume Newtonian fluid
behaviour while in smaller ones it would not be a good description approach.

Navier-Stokes equations describe how inertial, pressure and viscous forces, as well
as any external forces, e.g magnetic field, affect the fluid motion:
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Ou

p— + pu-Viu =  -Vp + uwWVlu + f
ot ——— ~—— —— ~~
Convective acceleration ~ Pressure gradient External forces

Local acceleration

where each term represents:

) Ou . o
Local acceleration, pg : Change of velocity at a fixed point in space over

time.

» Convective acceleration, p(u - V)u : Change of velocity along the flow path
due to fluid motion.

* Pressure gradient, —Vp : Drives the flow from high-pressure regions to low-
pressure regions.

. , uV?u : Internal stress forces acting on the fluid.

+ External forces, f: Body forces such as gravity or magnetic forces in MHD.

The non-linear convective term, p(u - V)u, is responsible for the complexity of
the system, leading also to instabilities, vortices, and turbulence. Analytical solu-
tions of the Navier-Stokes equations remain challenging making it one of the most
significant open problems in mathematics. While global existence and uniqueness
have been proven for cases such as the incompressible two-dimensional flow, the
three-dimensional problem remains a Millennium Prize Problem [66]. Consequently,
computational fluid dynamics (CFD) is utilised to provide numerical approximations
for more complicated three-dimensional problems.

1.2.1 Analytical and Semi-Analytical Methods

Non-linear problems are generally difficult to solve analytically, particularly in
the field of fluid mechanics. Analytical and semi-analytical approaches introduce
approximations that make these problems tractable, overcoming the non-linearity that
hinders an exact analytical solution, aiming to keep the nature of the physical problem.
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Analytical techniques, such as perturbation methods, typically rely on the existence
of small or large dimensionless physical parameters [18, 123, 142].

Perturbation theory is a widely used collection of analytical techniques for the ap-
proximate solution of differential equations. The main idea is based on the existence
of a small (or large) physical parameter, ¢, in the governing equations and obtaining
a solution in a series form based on that same parameter [18, 123, 142]. While this
method is effective with “weak” non-linear problems, most of the problems do not
have the required small (or large) parameter or the convergence is restricted in a very
small region. Due to these limitations, alternative approaches have been introduced
to overcome the limitation of the physical parameter.

To address such limitations, Liao introduced the Homotopy Analysis Method (HAM)
in 1992, in which the basic concept is in the homotopy approach, which describes the
continuous deformation of an object/scheme into another [115]. More specifically,
this method creates a homotopy that deforms the initial guess of the solution into the
exact solution of the problem. Unlike perturbation techniques, mentioned previously,
homotopy analysis method is independent of small physical parameters enabling it to
be applied to non-linear problems. However, this semi-analytic method introduces a
convergence control parameter, /i acting as assisting tool to optimise the convergence
of the solution [112, 114].

1.2.2 Numerical Methods

Numerical methods are commonly used to complement and advance the analytical
and semi-analytical methods especially, those related to the physical domain and the
boundary conditions. Methods such as the Finite Element and the Finite Volume have
gained a lot of interest over the past years.

The finite element method (FEM) has gained substantial momentum in the last
decades. It was initially introduced for solid mechanics problems that were difficult
to address analytically. The expansion of the method to fluid mechanics introduced
additional challenges, mainly due to the non—linearities and instabilities of the solu-
tion of these problems.

The basic principles of the FEM were developed by the Swiss mathematician Ritz
in 1909, while Hrenikoff, 1941, introduced the framework method, in which a con-
tinuous plane elastic medium could be replaced by an equivalent discrete system of
structural rods. In 1943 Courant solved the torsion problem by applying the Rayleigh—
Ritz method over triangular subregions based on the principle of minimum potential
energy [9, 183].

10
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1.2.3 Computational Fluid Dynamics - Fluid Structure Interaction

Computational fluid dynamics (CFD) is a branch of fluid mechanics that utilises
numerical analysis and algorithms to simulate and predict fluid flow [167]. The so-
lution of a flow problem (velocity, pressure, temperature etc.) can be found on the
nodes of each cell of the grid. Better approximations yield from fine grids, e.g grids
with a larger number of cells. However, as the number increases, the computational
cost is also increasing, as it is dependent on the grid size [195]. As another step further,
to make the simulation more realistic, we have to take under consideration the inter-
action of fluid and solid surfaces as it is commonly found in nature. Fluid Structure
Interaction (FSI) is the approach that enables us to describe the interaction between
the fluid and the solid interface eg. blood and the arterial wall. Examples of CFD and
FSI problems can be found in aerofoil design, wind turbines, flow in arteries and the
design of mechanical heart valves.

In the present study, pulsating wall motion is introduced by modelling the vessel
wall as a moving boundary. This approach enables the interaction effects between
the fluid and the wall, keeping the numerical scheme relatively simple. Although this
strategy does not account for the mechanics of the wall, it is a good step, providing
useful insights into the FSI modelling.

The initial fluid equations are in an Eulerian form. However, in many applica-
tions where there is the interaction with the solid interface, or solid deformation, the
need of a different formulation arises, such as the Lagrangian description of body
motion. The most appropriate formulation for such applications that combine solid
motion with deformable interfaces in combination with fluid motion (FSI approach) a
mixed formulation is applied. Such formulation is called Euler-Lagrange or Eulerian-
Lagrangian form. Specifically in the Lagrangian approach, the observer is moving
through space with a known trajectory. In contrast, the Eulerian approach describes
the motion from a fixed point. The observer can fully describe quantities as velocity
and pressure at a specific location. In this case, the initial and final positions, as well
as the path they follow, are not of interest.

The mixed Euler-Lagrange approach counts motion with both the description, offer-
ing better insight. Fluid is then modelled with the mixed (Euler-Lagrange) approach,
whereas the motion of the boundary can be described with the Lagrange description.

11
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1.3 Biomedical Applications

1.3.1 Blood and Blood Flow

Blood is a complex fluid that consists of cells, proteins, lipids, and plasma that trans-
ports oxygen and nutrients throughout the body while removing the waste. Plasma,
which can be considered mostly as water, contains dissolved proteins, electrolytes, nu-
trients, and metabolic waste products. The primary function of blood is the transport
of oxygen and nutrients and the discharge of metabolic by-products, thereby main-
taining homeostasis.

The continuous rhythmic contraction of the heart generates a pulsatile pressure
waveform that contributes to the circulation of blood. Pulsatility is the key factor for
the haemodynamic environment as it helps blood to transfer through the arterial sys-
tems, distributing oxygenated blood and nutrients from the heart to peripheral organs
and tissues.

1.3.2 Pathological Arteries

Pathological conditions related to the arterial system significantly modify the haemo-
dynamics and the geometry of the vessels. The geometry of blood vessels and blood
flow characteristics are strongly connected. Alterations in the vascular geometry can
modify flow and flow patterns and, conversely, haemodynamic forces influence the
vascular domain and contribute to disease progression. This interaction plays a cru-
cial role in the development and evolution of arterial pathologies. In this thesis, the
attention is focused on two major arterial pathologies, stenosis and aneurysm forma-
tion. Additionally, cardiovascular interventions such as heart valve replacement are
considered, as they help with blood flow in narrow areas and offer modifications to
flow patterns and wall stresses. This bidirectional connection is crucial for the devel-
opment and progression of vascular diseases.

Stenotic Arteries

Arterial stenosis is a common cardiovascular disease where a narrowing of the
lumen disturbs and impedes blood flow in a local region of the blood vessel. Stenotic
blood vessels induce wall shear stresses, which progressively weaken the arterial wall
and thus it is prone to aneurysm-creation [101, 185]. The arteries that are usually
affected from stenosis are large-to-mid sized arteries, like the aorta.

12
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This pathological condition can cause major health issues, such as thrombosis, sud-
den myocardial infarction and cerebral strokes, therefore it is critical for the medical
community to be able to investigate this condition. Fluid mechanics and especially,
haemodynamics, can substantially contribute to this effort by modelling the blood
flow process in stenotic arteries and extract significant results, for instance by incor-
porating various degrees of occlusion in numerical simulations of a stenotic blood
vessel and by studying the blood flow and pressure in pre-stenotic and post-stenotic
areas.

Regarding the fundamental characteristics and the configuration of a stenosis, four
are on the scope of interest:

* The location that it appears (in which segment of the arterial vessel).

» The extension it has (i.e. multiple occasions of stenosis in a vessel).

* The length of stenosis (with a threshold of characterization of Small/Big at
10mm length).

 The shape and the geometric features (see Figures 1.1, 1.2) of the diseased seg-
ment, including its diameter, the smoothness or lack-of smoothness in contours,
tapering, branchings, post-stenotic dilation and more [185].

Almost complete blockage

1 A

e Narrowing of the artery v—/\\{‘
Initial fatty deposits
(a) Stenosis block (b) Stenosis

Figure 1.1. Stenosis geometries.
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Renal artery stenosis

Normal renal artery

Figure 1.2. Real Case of Stenosis.

Aneurysmatic arteries

An aneurysm is a bulge in a blood vessel caused by a weakness in the wall of the
vessel. The arterial wall can be weakened extensively by elevated blood pressure.
There is a variety of arteries that can be affected by an aneurysm leading to patholog-
ical blood conditions. The most common locations for an aneurysm to be formed are
the arteries supplying the brain and the heart, as well as the aorta. An aneurysm of the
abdominal aorta is called an abdominal aortic aneurysm (AAA). Characteristic cases
of AAA are shown in Figures 1.3, 1.4. An AAA does not usually threaten health, but
there is a risk that a larger aneurysm could burst and rupture, which could be fatal in
case of massive internal bleeding. Even smaller AAAs could rupture unexpectedly.
Most unruptured aneurysms are asymptomatic and cannot be detected with the same
ease. However, it could impede blood circulation to other tissues and organs. Suspi-
cion of an unrupted aneurysm can be confirmed through diagnostic imaging, such as a
Magnetic Resonance Imaging (MRI) or a Computed Tomography (CT) scan [53, 165].

Abdominal aortic aneurysm refers to the presence of an aneurysm in the lower
part of the aorta and comprises the vast majority of aortic aneurysms, as the most
common locations of aneurysm formation are the infrarenal abdominal aortic regions
[125, 160]. The presence of an AAA can be detected either incidentally or after its
rupture, while the enlargement of the AAA can be either observed as a stable increase
of the diameter of the vessel or as a rapid enlargement in an unspecified period of

14
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time.

The significance of AAA in a clinical context stems from the elevated mortality
risk linked to the rupture of the aneurysm as the constant progression of the disease
ultimately leading to a rupture, since approximately 50-75% of individuals experienc-
ing a ruptured AAA do not survive [208]. With the aid of simulation software where
Fluid-Structure Interaction (FSI) is implemented, it is possible to achieve a detailed
CFD model featuring:

* parameters affecting the formation of AAAs,
» parameters affecting the weakening of the arterial wall,
* reconstructed aortic geometries and

* blood flow, pressure and wall-shear stresses,

and can help medical experts monitor the gradual progression of a healthy aorta to
a diseased one and identifying a specific region of the arterial segment as a prone
location to aneurysm formation, in an a priori fashion, which can be used as a medical
predictive/prognostic tool.

a

Saccular Aneurysm Fusiform Aneurysm

Figure 1.3. Cases of Abdominal Aortic Aneurysm

Heart Valves

The role of valves is to regulate unidirectional flow of the blood across the cir-
culatory system. The aortic valve located between the left ventricle and the aorta is
responsible for maintaining the forward flow during systole and preventing backflow
during the diastole. Dysfunctions of the aortic valve, such as stenosis (narrowing) or
regurgitation (leakage), alter the haemodynamics of the area significantly, leading to
increased cardiac workload, disturbed flow patterns, and potential heart failure [120].
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Abdominal
Aortic
Aneurysm

Figure 1.4. Real Case of Abdominal Aortic Aneurysm

In terms of fluid dynamics, heart valves introduce local gradients in velocity and
pressure, as well, as flow separation areas and vortices near the leaflets. Additionally,
the pulsatile flow generates forces and stresses on the leaflets and the vessel wall,
which emphasizes the need for understanding the mechanisms of valve function [120].

Prosthetic heart valve replacements are the primary method to overcome the dys-
function in the aortic valve and can be either from natural, synthetic materials or
titanium (older designs), with the second to offer better compatibility and extended
durability. Transcatheter aortic valve replacement (TAVR) offers a minimally inva-
sive process, in which the replacement is implanted in the correct position with the
use of catheters [120].

The interaction between fluid and solid walls presents unique challenges in the
computational modelling due to moving boundaries, complicated geometries and the
interaction between the two surfaces [120]. Accurate models of valve dynamics are
essential due to the insights that can provide improvements for patient specific treat-
ments. Real and artificial heart valve models are presented in Figures 1.5 and 1.6.
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Artificial heart valves

@

©

Figure 1.5. Types of heart valves

Commissure

Coaptation area

Stent post ——

Profile

Leaflet belly
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Figure 1.6. Real heart valves

1.4 Objectives & Outline of this Thesis

The main objective of the present thesis is the development and application of nu-
merical approaches and solvers to simulate blood flow under pathological conditions.
More specifically, the focus lies on the mixed Euler-Lagrange approach, for Fluid-
Structure Interaction (FSI) problems such as blood flow and the motion of the arterial
wall. The work focutilises more on aneurysmatic geometries, heart valve prosthetics
and the inclusion of magnetic field with pulsating aortic walls. The implementation
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contains the utilisation of numerical methods such as the finite element and finite vol-
ume methods, semi-analytic methods such as perturbation methods and the homotopy
analysis method.

The remainder of the thesis is organized as follows:

+ Chapter 2 introduces all the mathematical and computational tools required for
this study, accompanied with some basic notions and configurations about the
solving process.

+ Chapter 3 presents recent results of the homotopy analysis method in a boundary-
layer problem applied to the aortic wall.

* Chapter 4 presents a two dimensional methodology and solver of the Euler-
Lagrange Navier-Stokes equations taking into consideration the pulsating na-
ture of the wall and the effects of the magnetic field presence.

+ Chapter 5 is an extension of the previous chapter presenting the three-dimensional
version of the methodology and some results from patient based geometries.

+ Chapter 6 provides a comprehensive haemodynamic and morphological anal-
ysis of abdominal aortic aneurysms, utilizing computational fluid dynamics
across 74 patient-specific geometries to link geometric descriptors with key
haemodynamic factors and rupture risk.

* Chapter 7 the materials used for the vessels and mainly for the development of
aortic heart valve replacements, are studied, accompanied with some prelimi-
nary numerical results from our study.
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CHAPTER

NUMERICAL METHODS

2.1 Introduction

In this chapter, the mathematical framework and solution methods used to solve
the nonlinear partial differential equations (PDEs) arising in the fluid dynamics prob-
lems of this thesis are presented. To achieve a comprehensive understanding of these
complex systems, we utilize a complementary set of tools: approximate analytical
and semi-analytical techniques—which provide insight into the fundamental physics
and serve as benchmarks—alongside robust numerical frameworks, which enable the
simulation of realistic, complex geometries.

First, the focus lies on the fundamental numerical methods employed in the follow-
ing chapters, specifically the Finite Element Method (FEM) and the Finite Volume
Method (FVM). For the FEM, the basic theory is presented in one dimension with a
simple example introducing the main concepts, after which the discussion is extended
to two and three dimensions. Moreover, we introduce the h-, p-, and hp-versions of
FEM, highlighting the method’s flexibility in adjusting polynomial degrees and mesh
refinement based on the problem’s nature.

Regarding the FVM, the basic principles are similarly presented in a three-dimensional
form. We then focus on the resulting nonlinear algebraic systems and the need for ro-
bust solvers, specifically Newton’s method, trust-region approaches, and the Levenberg-
Marquardt algorithm, which are essential to ensure convergence and stability in large-
scale systems. Furthermore, we introduce development aspects of the computational
grid, such as structured and unstructured grids and variable storage arrangements (col-
located and staggered), highlighting the advantages and limitations of each selection
for the simulations that follow.

Finally, the chapter explores the semi-analytical and approximation techniques uti-
lized in this dissertation. In particular, the foundations of Perturbation Theory and
the Homotopy Analysis Method (HAM) are presented, providing frameworks for con-
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structing series solutions for cases where classical approaches may face convergence
limitations. These methods are particularly useful for the boundary-layer flows and
magnetohydrodynamic (MHD) extensions that appear in the subsequent chapters.

Overall, this chapter establishes the mathematical and computational background
required for the development of the numerical and approximation methods used through-
out the remainder of this dissertation [22, 107, 159].

2.2 Finite Element Method

This section outlines the foundational principles of the finite element method (FEM).
Comprehensive theoretical details can be found in standard texts such as Brenner &
Scott and Brezzi & Fortin [33, 34].

The physical phenomena investigated in this thesis are governed by partial differ-
ential equations (PDEs). Together with their respective boundary conditions, these
equations constitute the strong form of the boundary value problem. Solving the
strong form directly imposes strict continuity and differentiability requirements on
the exact solution, which can be mathematically restrictive.

To overcome such limitations, the finite element method relies on the weak (or vari-
ational) formulation. By converting the differential equation into an integral form, this
mathematical technique relaxes the “strong” continuity requirements. Consequently,
the solution can be sought within broader functional spaces, specifically Sobolev
spaces, where the differentiability requirements are less stringent. This relaxation
is computationally advantageous, as it permits the use of lower-degree, piecewise
polynomial basis functions for the numerical approximation.

The variational or weak form of a PDE seeks a solution « in an appropriate function
space V such that

a(u,v) = (f,v), Yvevy, 2.1)

where a(-, -) is a bilinear form and (f, v) is a linear functional. The discrete Galerkin
approximation replaces V' by a finite-dimensional subspace V},, leading to a linear
system that can be solved numerically. Existence and uniqueness of the solution to
both problems are guaranteed by the Lax—Milgram theorem, provided the bilinear
form is continuous and coercive on V' [33, 34].

For incompressible flow problems the velocity—pressure formulation gives rise to
a saddle-point system, whose discrete stability requires the finite-element spaces to
satisfy the Ladyzhenskaya—Babuska—Brezzi (LBB) inf—sup condition [19, 184]. All
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computations in this chapter use Taylor—Hood elements ( Py, P;—1), k > 2, which are
known to satisfy this condition.

2.2.1 FEM h-, p-, & hp-Versions

In complex fluid mechanics simulations, localized phenomena, such as high ve-
locity gradients near boundaries or recirculation zones, require enhanced numerical
resolution. Rather than performing a global, uniform subdivision of the multidimen-
sional mesh (which drastically inflates computational cost), it is far more efficient to
target specific regions using Adaptive Mesh Refinement (AMR) .

AMR generally falls into three main categories:

* h-refinement: The polynomial degree of the shape functions remains fixed, but
the local element size h is reduced by subdividing specific elements in regions
with high estimated errors.

» p-refinement: The mesh topology and element sizes remain completely fixed,
but the polynomial degree p of the shape functions is locally elevated to increase
precision.

* r-refinement. The total number of nodes and elements remains constant, but
the nodal coordinates are repositioned, clustering them in areas that require
optimization.

These strategies can also be coupled to maximize efficiency, most notably in /p-
refinement [218, 219].

Regarding convergence, the expected rate is fundamentally dictated by the approx-
imation properties of the chosen finite element space. In the standard /-version of
FEM, convergence is algebraically bounded by the fixed degree of the polynomials;
for instance, piecewise linear elements can yield at best O(h?) convergence in the L2-
norm, assuming a sufficiently smooth solution. Conversely, the p- and Ap-versions
of the finite element method have the theoretical capability to bypass this algebraic
limit, yielding exponential convergence rates for smooth problems [56, 179]. This
makes them highly advantageous for efficiently resolving the complex flow patterns
encountered in the subsequent chapters of this thesis.
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2.2.2 Applications in Fluid Mechanics

This section is dedicated to applications. In the following problems, the main focus
is on the effects of the increase in the degree of the polynomials. More specifically, to
demonstrate how the mesh changes as the degree of the polynomial increases, adap-
tive mesh refinement is used. The following results were obtained using FEniCS.

The Poisson Equation

Assume the following problem

{—Au:f, in Q

2.2
U = up, on 9} 2)

where
1, =0
u =
b 0, z=1
The domain €2 is defined as the unit square [0, 1] x [0, 1]. Dirichlet boundary con-
ditions are assumed on the left and right edges and introduce a source term f with a

non-linear scalar field distribution in the interior. The weak form of the finite element
method is:

/ VuVu = (2.3)
Q
a(

fv
Q
u,v) = (f,v) (2.4)

. . _ (2=0.5)24(y—0.5)?
where the source function is defined as, f(x,y) = 10e 0.02

The domain is a unit square with 128 elements in the initial mesh, as shown in
Figure 2.1.
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Figure 2.1. Initial Mesh with 128 Elements
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Figure 2.2. Adaptive Meshes with a) 57110 b) 234 and c) 128 Elements

In each case, the initial mesh has 128 elements. It can be easily seen that as the
order of the polynomials is increased, the adapted mesh needs fewer elements for
the solution without sacrificing the scalar field results, as shown in Table 2.1. In
Figure 2.2 ¢) the adapted mesh is the same as the initial, the only difference is the
increase of the degree from 1 to 3. The exact number of elements in meshes is 57110
when there are first-order polynomials, 234 for second-order, and 128 for third-order
polynomials.

Error Initial Mesh Adapted Mesh

=1 1.72055 1.71608
=2 1.71829 1.71634
=3 1.71824 1.71824

Table 2.1. Error in the Ly norm for initial and adapted meshes.

The error in both the original case as well as in the adapted case decreases as the
order increases. As depicted in Figure 2.3, the numerical solution of the Poisson
equation exhibits a smooth, radial distribution with a distinct maximum peak concen-
trated at the center of the domain. This behaviour corresponds directly to the applied
source term, with the values smoothly transitioning outward to satisfy the prescribed
Dirichlet boundary conditions at the edges.

25



Chapter 2 Finite Element Method

20001
[015

-0l

[ 005
0.02+00

Figure 2.3. Numerical Solution of the Poisson Equation

The Stokes Equation

The following problem is the Stokes equations

—vAu+Vp=1f in Q
V-u=0 in Q (2.5)
u=20 on 09.

where v denotes the kinematic viscosity and 2 C R? is a bounded domain. The
function u denotes the velocity and p the pressure. The corresponding weak form of
the Stokes equation is

v(Vu,Vv) — (V-v,p) = (f,v) (2.6)
(V-u,q)=0 (2.7)

In the cases studied below a mixed function space W = V x @ is utilised with
Taylor-Hood Elements. Taylor-Hood is a mixed element containing the (P, Px—1)
pair of polynomials with & > 2.

Backward Facing Step A well-known test problem of the Stokes problem, for inter-
nal flows, is the Backward Facing Step. Due to the geometry, it creates a recirculation

26



Chapter 2 Finite Element Method

zone near the wall of the step. The problem has the following formulation:

—vAu+Vp=1f inQ
Vu-n+pn=g only (2.8)

where I"p, Iy are the Dirichlet and Neumann boundary conditions, respectively. The
weak form is:

f~VdQ—|—/ g-vds
Q I'n

a((u,p), (v,q)) = L(v,q)

/Q[”V“'VV_(V'V)p+(V-u)q]dQ:/

Figure 2.4 shows that the initial domain is discretised into 890 elements. When em-
ploying adaptive mesh refinement with the (P, P;) finite element space, the mesh
refines locally, particularly around the step corner where the flow abruptly changes,
resulting in an adapted mesh of 1131 elements, Figure 2.5a). However, as the polyno-
mial order increases, the adapted mesh requires fewer elements to achieve the target
accuracy. This reduction is clearly visible as the element count drops to 1093 and 909
elements, Figures 2.5b) and 2.5¢), respectively. The adapted mesh ultimately tends
back toward the initial configuration when & = 10 and (P, Py) polynomials are
used.

Figure 2.4. Initial Mesh with 890 Elements
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Figure 2.5. Adaptive Meshes with a) 1131, b) 1093 and ¢) 909 elements

Table 2.2 summarises the Lo norm errors for both the initial and adapted meshes
across various polynomial degrees. The overall error generally stabilises or decreases
as the number of elements tends toward the initial count. Slight fluctuations in the
error occur because, in certain cases, the adaptation algorithm faces mathematical dif-
ficulty in reducing the number of elements, resulting in the element count remaining
constant or slightly increasing between polynomial degrees.

Error Initial Mesh Adapted Mesh
(Po, P1) 0.912279 0.911745
(Ps3, Py) 0.911585 0.911762
(Py, P3) 0.911806 0.911780
(Ps, Py) 0.911766 0.911765
(Ps, Ps) 0.911816 0.911774
(P, Ps) 0.911788 0.911769
(Ps, Pr) 0.911805 0.911775
(Py, Py) 0.911787 0.911778
(Pyo, Py) 0.911796 0.911796

Table 2.2. Error in the Lo norm for various polynomial degree combinations.
Finally, the computed velocity field is depicted in Figure 2.6. The numerical solu-

tion clearly captures the characteristic flow behaviour over the backward-facing step.
As the fluid flows over the sudden expansion, the main flow separates from the corner,
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leading to the formation of the distinct, lower-velocity recirculation zone immediately
downstream of the step.

1.0e+00
[ 08
—06

—04
[ 02
0.0e+00

Figure 2.6. Numerical Solution of the Backward Step

Lid Driven Cavity The Lid Driven Cavity problem is another benchmark problem
that is used in fluid mechanics. This problem is mainly studied due to the fact that it
exhibits a variety of phenomena that occur in incompressible flows such as secondary
flows, complex flow patterns, turbulence, etc. There is a square domain with three
rigid walls with no-slip conditions and a moving lid. In this problem, velocity is set
to be equal to 1.

—vAu+ (u-Viu+Vp=0 in Q
V-u=0 in 2
u=(1,0) on the top wall (lid)
u = (0,0) on the remaining walls

(2.9)

The initial coarse mesh consists of 128 elements, as in Figure 2.7. When adaptive
mesh refinement is applied using low-order polynomials, the mesh refines heavily,
especially near the top corners where the moving lid introduces flow singularities,
resulting in an adapted mesh of 4669 elements, Figure 2.8a). However, as the order of
the polynomials is increased, the adapted mesh requires significantly fewer elements
to achieve the target accuracy, dropping to 391 and 173 elements, Figures 2.85) and
2.8c), respectively. The final adapted mesh tends to closely resemble the starting
configuration.
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Figure 2.7. Initial Mesh with 128 Elements.
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Figure 2.8. Adaptive Meshes with a) 4669, b) 391 and c¢) 173 Elements

Table 2.3 details the Lo norm errors for both the initial and adapted meshes across
various polynomial degree combinations. As in the previous cases, a general reduc-
tion or stabilisation of the error is observed as the degree of the polynomials increases.
In some instances, the adaptation process encounters difficulty in further reducing the
number of elements, which leads to minor fluctuations where the element count or er-
ror remains constant or slightly increases.

The computed velocity field is depicted in Figure 2.9. The numerical solution ef-
fectively captures the classic features of the lid-driven cavity flow, most notably the
large primary recirculation vortex driven by the horizontal motion of the top bound-
ary, alongside the characteristic velocity gradients developing near the edges of the
domain.
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Initial Mesh Adapted Mesh
(Po, P1) 0.75425947 0.75309220
(Ps, P3) 0.75317886 0.75308080
(Py, P3) 0.75317088 0.75309430
(Ps, Py) 0.75307177 0.75309132
(Ps, Ps) 0.75314475 0.75312226
(P, Ps) 0.75310587 0.75307011

Table 2.3. Error in the Ly norm for various polynomial degree combinations.
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Figure 2.9. Numerical Solution of the lid driven cavity problem
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2.3 Finite Volume Method

In Finite Volume Method (FVM) the partial differential equations transform to an
algebraic system of equations over a finite volume. FVM is a well established nu-
merical method based on integrals. The methodology of this approach includes the
discretization of the domain into finite volumes, Figure 2.10. Then the equations are
discretized using integration techniques.
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Figure 2.10. A finite volume in 1, 2 and 3 dimensions.

Consider the following equation describing the steady advection-diffusion,

div(pug) = div(I'gradep) + Sy (2.10)

Then by integrating over the control volume the equation is as follows:

/ div(puqb)dV:/ div(Lgrade)dV + SedV
cv cv cv

/ n- (pug)dA = / n- (Dgradp)dA + SedV
A A cv

Consider now the three-dimensional form of the previous equation.

0 0 0
o (pue) + afy(pvcb) + a(pwcb)

9 (00 | 0 (,06\ O (.0¢
—M(Pax)w(%y)m(%z)w

where I is the coefficient related to diffusion and S the source term.

(2.11)
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The control volume in this case can be described as depicted in Figure 2.11,
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Figure 2.11. A finite volume in 3-dimensions showing the faces of the cell.

where P,W, E, N, S, T, B is the control volume and w, e, n, s, t,b are the faces of
the cell. The integration over this control volume yields the following form.

[ouA@lS, + [pwAP]" + [pwAg]!

() e () oo
O w ay s 0z b

Thus, the discrete form is obtained as follows:

[ appp = awow + agdE + asps +anoy + apép +argr +Sp  (2.13) ]

where «; are given as shown in Table 2.4,
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Finite Volume Method

Coefficient Expression
I',A
aw Py Ay — Aw v
Twp
r.A
A _ e e
ap PlUee AxPE
I';A
A, — 58
ag PUsAsg AySP
I,A
A _ n n
an PUnAn AyPN
[y Ay
A —
ap PWpAp Azpp
I A
ar pwi Ay — -
ZpT
ap aw +ag+as+ay+ap+ar—Sp

Table 2.4. Discretized coefficients of the three-dimensional finite volume formula-

tion.

and it can also be written as

Ap=hb (2.14)

where A, ¢ and b are the corresponding matrices shown below,

and

o1 by

b
%2, b=1. |- (2.15)
ON by
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ap —ag 0 0
—aw ap —ag e 0
A — 0 —aw ap 0 (2.16)
: —artr
. 0 0 0 —ap ap |
where
Ay = ap, Ajj = —agy, (2.17)

withzy = W, E, S, N, B,T. Notice that the coefficient matrix A is sparse.

2.3.1 Nonlinear Algebraic System

The discretization of the governing partial differential equations, using the finite
volume method, transforms the continuous system into a nonlinear algebraic system
of equations. Solving this system efficiently demands iterative methods. The classical
Newton method has fast convergence using second order accuracy, but it can fail when
the initial guess is far from the solution. Trust region methods overcome this problem
by restricting the region of the initial guess, while the Levenberg-Marquardt combines
Newton-Like methods with gradient descent approaches, providing better results.

Newton’s Method

After the discretization of the system of PDEs using the FVM, a nonlinear algebraic
system of equations is obtained. To solve this system the Newton’s method is used.
In the general form the problem can be described as,

f(z) =0, (2.18)

for n equations of n unknown variables with f :_(fl, ..... )T T = (21, 2y).
The methods suggest that there is 7o) satisfying f (Z(0)) # 0. Then a Az is re-
quired so f(Z() + AZ()) = 0. To obtain this expression, the function must be

expanded using the Taylor series around 7o) keeping first order terms,
F@) + AZ()) = f(Z0)) + J0)AZ (), (2.19)
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where J is the Jacobian matrix for n-dimensions.

We know that f(Z o) + AZ(g)) = 0 so AZ(g) must satisfy the equation,

Ai‘(o) ~ — (J(O))_l f(f(o)), (2.20)

or in general form,

Az ~ = (J) " F@Ew), 2.21)
where v is the v—th iteration [45].

Now for the next step/iteration Z(1) = Z(g) + AZ(q), the general form is,

_ _ _ _ = -1 +,_
T(pi1) = Tw) + AZ() = Tw) — (Ju) F(Z0))- (2.22)

The procedure continues until an 7, is found satisfying ||Z(,41) — Zo)l| < &,
where ¢ is a specific tolerance. The procedure stops when the Z(, is the solution of
equation (2.22) and satisfies the tolerance criterion.

When the Jacobian is nonsingular and the initial guess is close to the solution, the
convergence of Newton’s method is quadratic, meaning that the error is squared at
each step. However, convergence is not guaranteed for all cases, leading to a locally
convergent method. This is due to the fact that the Jacobian can have the following
property in any iteration.

Definition 2.3.1. A matrix A is singular if and only if : det(A) =0

Thus, when A is singular the inverse Jacobian cannot be defined. To address
such issues, techniques such as trust region methods or the Levenberg-Marquardt
method are employed, which modify the step of Newton’s Method to guarantee con-
vergence [38, 144].

Trust Region Method

Newton’s method, although it converges rapidly to the solution, can fail when the
initial guess is far from the solution, when the Jacobian is singular, or when the step
is too large, omitting valid regions [144]. Thus, other approaches are required to
overcome such limitations.

In trust region methods, a quadratic model of the function is constructed to generate
steps. The steps are constrained in a region where the model function is considered
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reliable. Let x5 denote the current iteration, then the function can be approximated
using a Taylor expansion,

Flai+p) = fon) + VT f@p + o Vet iy, (223)
where ¢ € (0,1). This leads to a quadratic model my(p) that involves the Hessian
matrix,

mi(p) = F) + VT F(@)p+ 3" B, (224
where B, is a symmetric matrix. The step p is chosen to minimize the model func-

tion while remaining in the trusted region ||p|| < Ay, where Ay, is the radius of the
region [147], i.e.

minm () = min <f<:ck> VT fa)p + ipTka) (2.25)

After computing the trial step, the effectiveness is evaluated using the reduction
ratio, as defined below,

f(xg) — f(or + pr)
my(0) — my(p)

Pk = (2.26)

which compares the actual reduction in the function to the reduction predicted by
the model function. If the ratio gives a valid step, then the procedure continues by
changing (increasing) the radius of the trust region. In any other case, the radius of
the region is decreased until the step is successful. By this test, the method is ensured
to be stable providing global convergence [144].

Levenberg-Marquardt algorithm

The Levenberg-Marquardt (LM) method is a stabilized algorithm based on the
Newton’s Method, designed for nonlinear least-squared problems [111, 128, 144]

Consider the following Nonlinear Least Squares Minimization problem The objec-
tive function f is defined as,

f) = 3@, (.27)
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where x = x(z1, x2, ...y, ) is a vector and each r; is aresidual. These can be gathered
to () the residual vector and the problem can have the following form,

f@) == lr@)|?*. (2.28)

Then the Gauss-Newton method approximates the Hessian of f(z) by J7.J, where
J is the Jacobian of (). The step from the Gauss-Newton is obtained from,

JVJox = —J'r. (2.29)

However, sometimes this system may become singular or ill-conditioned, which can
occur if the columns of J are nearly linearly dependent or residuals are independent of
certain parameters. The Levenberg-Marquardt algorithm solves the following system
in order to improve the robustness,

(JTT + Aoz = —JTr, (2.30)

by introducing A > 0 the damping parameter to regularize the system. Small values of
A lead to the Gauss-Newton method while large values lead to a gradient descent [137].
This dual form enables the method to be stable even when it is far from the solution,
while having fast convergence.

The damping parameter is updated based on the trial step and how the objective
function is reduced. When the step is correct then A reduces to obtain faster conver-
gence. When the step is not appropriate the value of \ increases [144].

This method can be seen as a trust region approach, where in each iteration the local
quadratic model is minimized in a region where the model function approximates f.
The size of the region is adjusted based on the difference of the prediction and the
actual reduction in the objective function.

The Levenberg-Marquardt method is suitable for nonlinear PDEs and inverse prob-
lems where the presence of least squares occurs and the Jacobian is poorly conditioned.
This is due to the combination of the Gauss-Newton Method (convergence) and the
gradient descent (stability) [111, 128, 144].

2.3.2 Structured and Unstructured Meshes

In fluid flow simulations using numerical methods, the domain must be discretized
in order to create the volumes (FV) or elements (FE). The selection of the topology
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of the mesh affects the accuracy and computational cost of the solver. Two categories
of computational meshes are commonly used: structured and unstructured meshes.

Structured Mesh

A structured grid is a mesh in which the connectivity of nodes follows a regular rect-
angular pattern. Each control volume is identified uniquely by three indices (i, j, k)
in 3-dimensions or in Cartesian coordinates as (T (; j k), Y(i,j,k)» Z(ij k). Lhese vol-
umes have a quadrilateral shape in 2D and a hexahedral shape in 3D. The existence
of curved boundaries, leads to curvilinear structured grids [23, 67].

Structured grids offer an efficient way to access the neighbouring cells, which sim-
plifies the evaluation of gradients, fluxes and the treatment of boundary conditions.
Only the field variables need to be stored, thus reducing memory and computational
cost. Additionally, the structure of the grids enables also parallelization as the domain
can be easily divided.

Unstructured Mesh

In an unstructured grid the cells do not have a particular order. Neighbouring is
identified through a connectivity list. Here the shape can be triangles or quadrilaterals
for 2D, and tetrahedra, hexahedra, prisms, pyramids etc in 3D. In unstructured grids
the use of mixed elements is very common as it can capture complex geometries and
boundary layers [23, 67]. This implementation requires storing the connectivity list,
leading to a more memory and cost consuming approach. However, such grids can
accurately describe complicated geometries, curved boundaries etc while enabling
adaptive mesh refinement.

2.3.3 Collocated vs Staggered Arrangements

In CFD, the choice of variable arrangement within a structured grid is crucial in
terms of stability, accuracy, and computational efficiency of the numerical scheme.
The main types of arrangements that are widely used with the finite volume method
(FVM) are the staggered and the collocated grids , each offering its advantages and
disadvantages.

In the staggered grid, all physical parameters of the flow are stored in different
location within the control volume. The velocity components are stored at the cell
faces, while pressure is stored at the cell center. This configuration prevents spurious
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oscillations in pressure and ensures the coupling between pressure and velocity for
incompressible flows [ 150, 195]. The staggered grid has been shown to perform better
than the collocated in convective-dominated flows when applying the finite volume
approach [67, 84].

In contrast, the collocated grid offers a simpler arrangement as all the variables are
stored at the center of the cell. This approach simplifies the procedure; however, it is
prone to the development of artificial pressure oscillations [131, 153]. The advantages
and disadvantages of each arrangement are summarized in the Table 2.5:

Comparison between staggered and collocated grid arrangements in struc-
tured meshes

Aspect

Staggered Grid

Collocated Grid

Variable location

Accuracy in pres-
sure gradients

Recommended for

-

Pressure stored at cell cen-
ters; velocity components
at cell faces.

Excellent; direct evalu-
ation between adjacent
cells.

Incompressible or recircu-
lating flows, strong pres-
sure gradients.

All variables (pressure,
velocity, scalars) stored
at cell centers.

Pressure—velocity Naturally stable; avoids Requires interpola-
coupling checkerboard  pressure tion  schemes  (e.g.,
fields. Rhie—Chow) to prevent

oscillations.

Implementation More complex indexing Simpler and more com-

complexity and data handling. pact data structure.

Geometrical flexi- Best suited for orthogonal Easily extended to non-

bility grids. orthogonal or curvilinear
grids.

Memory require- Slightly higher due to ve- Lower, as all variables

ment locity storage at faces. share the same location.

Depends on interpolation
accuracy.

3D simulations, complex
geometries, and curvilin-
ear coordinates.

J

Table 2.5. Comparison between staggered and collocated grid arrangements in struc-

tured meshes.
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Several studies have conducted many experiments on staggered and collocated
grids analyzing the performance of each arrangement. Peric et al. [153] compared
both methods in two dimensional incompressible flows and found similar results,
however the collocated grid offered simpler implementation and faster convergence.
These grids were also tested with turbulence and multiphase cases, revealing that the
staggered grid performs better when there are high pressure gradients or strong recircu-
lations. The collocated grid, on the other hand, is more flexible for three dimensional
configurations and complex geometries [131].

The fundamental difference between these two spatial arrangements is visually
illustrated in Figure 2.12. In a collocated grid, Figure 2.12 left, all primary flow vari-
ables, such as pressure and velocity components, are evaluated and stored at the exact
same computational nodes, typically the cell centers. In contrast, the staggered grid
approach, Figure 2.12 right, evaluates scalar variables like pressure at the cell centers,
while the velocity vectors are stored at the respective cell faces. This geometric offset
in the staggered grid naturally couples the pressure and velocity fields, which helps
prevent non-physical pressure oscillations without the need for additional mathemat-
ical interpolation schemes.

Collocated Grid Staggered Grid

® Proessur
1 velocity

v veloelty

Figure 2.12. Schematics on how variables are stored in Collocated (left) and Stag-
gered (right) grids.

41



Chapter 2 Dimensionless Equations and Dimensionless Numbers

2.4 Dimensionless Equations and Dimensionless Numbers

The mathematical description of physical phenomena is usually expressed by us-
ing a unit/metric system, where all quantities have dimensions. Although this repre-
sentation is logical, it is not always convenient, especially when treated analytically,
or numerically. Therefore, governing equations are often transformed to a dimen-
sionless form, through scaling using characteristic values for the quantities used (e.g
length (L), velocity (U), time (1) and pressure (P)). The dimensionless incompress-
ible Navier—Stokes equations in vector form are,

V.ou=0, (2.31)

0 1
a—;' +u-Vu=—Vp+ —Vu—Mu, (2.32)
u represents the fluid velocity vector, p is the pressure, Re is the Reynolds number,

and M is the magnetic parameter.
Reynolds Number

Reynolds number (Re) is a dimensionless quantity, that represents the ratio of
inertial to viscous forces in a fluid flow and is widely used to characterize the flow
regime.

ul  pul
v ou
where p is the density of the fluid, u the velocity, L a characteristic length (length of
a tube), u is the dynamic viscosity and v the kinematic viscosity [ 14, 200].

At low Reynolds numbers, viscous forces dominate, resulting in smooth flow
and in layers known as laminar flow. As Re increases, inertial forces become more
prominent, promoting flows instabilities leading to turbulent flow, characterized by
chaotic patterns and irregular flow.

Re = (2.33)

Magnetic Number

Ifin the flow additional external forces occur, such as the influence of the magnetic
field, then Magnetic number M can be introduced by

oRB?
pUO

M =

(2.34)
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where R is the inlet length of the geometry under consideration, B is the magnetic
field, and wg is a characteristic velocity of the flow [48, 52, 204]. M represents the
ratio of electromagnetic to inertial forces, and it can reveal the intensity/influence of
the magnetic field on the flow.

Womersley Number

The Womersley number, Wo, is a dimensionless number which expresses the
pulsatile flow frequency in relation to viscous effects, and is defined by,

Wo = R\F (2.35)
14

where R is the radius of the vessel, w is the angular frequency, and v is the kinematic
viscosity of the fluid. The Womersley number is important, especially when scaling a
problem [202, 203]. For Wo < 1, flow is quasi-steady and similar to Poiseuille flow,
as the velocity has a parabolic profile. When the value is almost equal to 1 a transi-
tional phase occurs between viscous-dominated and inertia-dominated pulsatile flow.
Finally, when Wo > 1 flow is dominated by inertia forces and the velocity profile
may be flattened. In the cardiovascular system the following values are commonly
found for the Womersley number.

» Large Arteries: Wo > 1
* Medium Arteries: Wo~1—5

* Small Arteries (Microcirculation, e.g arterioles, capillaries, venules): Wo < 1

As the diameter of the vessel decreases, viscous effects are more prominent
and flow becomes quasi-steady. This alteration significantly affects cardiovascular
scaling and haemodynamics [104, 152].

Courant—Friedrichs—Lewy Criterion

For time-dependent problems, the selection of the proper time step, At, cannot
occur arbitrarily. The CFL number (Courant-Friedrichs—Lewy criterion) provides
a stability criterion, ensuring that the time step is sufficiently small to capture the
travelling information, e.g fluid motion.

In the case of Navier—Stokes equations, the CFL condition arises from the convec-
tive term, which represents the transport of fluid properties due to the velocity field.
This term is associated with a characteristic velocity, often referred to as the local
flow velocity.
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The CFL number represents the ratio of the physical distance traveled by a fluid
particle during one time step to the corresponding mesh size and it can be defined as,
uAt
C=— 2.36
Ar (2.36)

or in n—dimensions

n u;
C=At (; ij) (2.37)

where At is the time step, Az, Ax; is the mesh size and u, u; the velocity component.

If the time step exceeds the allowable limit, C' > Co, the numerical scheme may
become unstable, leading to non-physical oscillations or even divergence of the solu-
tion. The selection of a smaller CFL number can improve stability and accuracy, at
the expense of increased computational cost.

The characteristic velocity u; depends on the specific problem under consideration
and may vary throughout the computational domain. In practice, an estimate based
on the maximum velocity, or an upper bound of the velocity field, is often used when
evaluating the CFL condition.

In summary, the CFL criterion provides a practical guideline for selecting an ap-
propriate time step in the numerical solution of the Navier—Stokes equations, ensur-
ing stability and accuracy by accounting for both the flow velocity and the spatial
discretization [47].

2.5 Analytic and Approximate Methods

Non-linear problems are generally difficult to solve, especially through analyti-
cal techniques. In this approach one can retain some features of the problem while
approximating or forgetting other.

Traditional perturbation methods rely on the presence of small or large physical
parameters [18, 123, 142]. The homotopy analysis method (HAM) is an analytic ap-
proach that can be effectively applied to strong non-linear problems [112, 114]. Un-
like perturbation approaches, HAM is completely independent of any physical param-
eters, ensuring applicability in strongly non-linear problems. Furthermore, it offers
convergence of the solution series, a key advantage when dealing with highly non-
linear problems. Another important feature of HAM is the flexibility in selecting the
auxiliary linear operator and base function, allowing great freedom in creating suit-
able solutions [116]. Finally, it has been shown that this approach includes as specific
cases several analytical methods, highlighting its generality and versatility [114]. The
method was first introduced in 1992 by Liao [115] and it’s based on the homotopy,
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found in many areas of mathematics, which describes a type of continuous variation
or deformation, like a circle that deforms to an ellipse.

2.5.1 Perturbation Theory

In most problems of fluid mechanics finding the solution is really difficult, espe-
cially due to the non linear behaviour of the differential equations and the complicated
boundary conditions. For this reason, approximation methods like perturbation tech-
niques are employed in order to overcome such limitations.

Perturbation methods are based on the existence of a small physical parameter
which can change the nature of the problem if it changes. Consider an ordinary dif-
ferential equation of the form

Ft,y, v,y ", ..y™) =0, tel, (2.38)

where ¢ is the independent variable, I is an interval and y the dependent variable. The
term € is a very small physical parameter, € < 1. Then the following power series of
€

y(t) = yo(t) +epa(t) + ea(t) + ... = > _ wi(t)e’, (239)
=0

describes the solution of the problem using perturbation methods.

Regular perturbation is based on the assumption that there is a solution of the prob-
lem given in a power series form as in (2.39), where yg, y1, y2, ... will be defined. The
method is considered successful when the approximation is close to the true solution
while e — 0 [18, 123, 142].

Convergence of the series

As previously discussed, the solution of perturbation methods is in a form of power
series with a small parameter ¢,

o)
y(e) =yo+ey+ e+ .. =) ey, (2.40)
=0

Such a series can be convergent if the sequence of partial sums approaches the
exact solution as the number of terms increases, for small values of the parameter €.
However, for nonlinear problems, the radius of convergence is restricted to a very
small area of £, and in many cases it may fail to converge [18, 123, 142].

Despite this, perturbation methods remain valuable. Even when the full series
diverges the first few terms can provide accurate approximations to the true solution.
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This behaviour is a characteristic of asymptotic expansions, where the series may not
converge but the initial partial sums lead accurately to the solution.

Due to the above, convergence is not a primary requirement in perturbation theory.
The focus lies on capturing the physical behaviour of the system. When the physical
parameter is not small enough or the solution series deteriorates, other methods are
employed, such as the homotopy analysis method [112].

2.5.2 Homotopy Analysis Method

When using HAM, instead of solving the original nonlinear ordinary differential
equations (ODEs), a series of linear DEs is solved, and the solution of the nonlinear
DE is expressed as a series of the solutions of these linear DEs. By applying HAM to
the nonlinear ODE of n-th order,

Aly(t)] =0, (2.41)
with the following initial conditions
y(0) = a0, ' (0) = a1, ...y" " 1(0) = an—1 (2.42)

where y(t) is the unknown function and a;, i = 0,1, ...,n — 1 are known constants.
The initial approximation yo(¢) of y(t) is constructed with homotopy #, so that

* yo(t) is a solution of the equation
H[P(t;q), dllg=0 =0,
« and y(¢) is a solution of
H[P(t:9), qllg=1 =0,
where ¢ € [0, 1] is a parameter (embedding parameter).
Liao proposed the following homotopy [113],
H[D(t;q), q] = (1 — @) L[®(t;q) — yo(t)] — qhH (1) A[(t; )], (2.43)

where L is an auxiliary linear operator, and h, H (t) are nonzero auxiliary quantities,
called convergence control parameter and auxiliary function, respectively. It is obvi-
ous that

HI[P(t;9), qllg=0 = 0 = L[®(t;9) — yo(t)]|g=0 = 0 = ®(£;0) = yo(t), (2.44)
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due to the linearity of £ and

H[®(t;q), q)lg=1 = 0 = A[D(t; ¢)]|¢=1 = 0. (2.45)

Thus, as ¢ varies from 0 to 1, then the solution ®(¢; ¢) of H[®(t; q), q] = 0, varies
from yo(t) to y(t).
®(t; q) depends on both ¢ and ¢, so it can be expressed in the form of series,

O(t;q) = yo(t) + > wr(t)d", (2.46)
k=1

where y(t) = %%\q = 0 satisfy the linear ODEs,

Llye(t) — xeye—1(t)] = hH () Re[yo(t), .- yr—1(t), t], k > 1, (2.47)

called high-order deformation equations, where

0, k=1
- 2.48
Xk {1, k=23,.. (2.45)

and
1 O LA(®(t )
T

the higher order terms. If all y(¢) can be found explicitly and if the RHS of equation
(2.46) converges for ¢ = 1 then the solution is given from the homotopy series,

Riyo(t), ..., yp—1(t),t] = lg =0, (2.49)

y(t) = yo(t) + Y uk(t), (2.50)
k=1

In practice, K terms of the homotopy series are calculated in order to obtain an
adequate approximation of y(¢). Then the approximate solution of K -order is,

K

Yap(t) = vo(t) + > yk(t). (2.51)

k=1

The initial approximation yo(¢), the convergence parameter h, the linear operator
L and the auxiliary function H (¢) can be freely chosen in HAM. For this selection it
is important to choose a set of base functions,

Sp={ei(t),i=0,1,2,...}.
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This set is supposed to adequately describe the expected solution of Equations (2.41),
(2.42). Then yo(t) should be chosen in a way that it a) can be expressed only in terms
of Sp and b) should satisfy the initial conditions (2.42).

y(0) = ao, ¥'(0) = ay, ...y”_l(O) = Qp_1.

The linear ODEs of Equation (2.47) are accompanied by the homogeneous initial
conditions
y£(0) =0, ,.(0) =0, .y ' (0) =0k =1,2,... (2.52)

Then £ and H(t) are chosen so every yi(t), k = 1,2, .. is expressed in a series
form of e;(t),

yr(t) = Z cikei(t),

i=0
where ¢; 1, i = 0, 1,2, ... are coefficients and y(¢) can also be expressed as,

y(t) =) ciei(t),
=0

where ¢;, © = 0,1, 2, ... are coefficients. The workflow for this method can be sum-
marized in the Figure 2.13,

Define Non-Linear Problem o Nu(x,t)] =0

Initial Approximation e up(x,t)

Auxiliary Linear Operator * L[0O] =0

Construction of 0"-Order

Deformation Equation TR L R R Lty

Expansion of Power Series e ulx, t;q) = up(x,0) + Lomoq U (, )™

Derivation of the m®-Order

Deformation Equation * Llum 06 8) = Y1 (6, O] = ARy, (1, 0)

Construction of Approximate

. ~ M
Solution u(x,t) = o (%, ) + Yin=1 i (%, 1)

Convergence * Choose h

Figure 2.13. Homotopy Analysis Method steps/workflow.

Convergence

In the HAM, the convergence of the series solution depends on the selection of the
convergence-control parameter /1. This ensures that the series describing the solution
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is convergent. One way to determine % is through employing the h-curves [112].
These curves are generated by quantities of y,,(t) evaluated at specific ¢ values, where
there is physical interest. For instance, the derivative of the approximate solution at
a specific point, y7,1(0), is often considered. If the series of y(t) is convergent, this
quantity remains constant over a range of h values. This means that the graph of
yg; 1(0) over R will be a horizontal line, which is called the valid region of h. If
a value is chosen from this region, convergence is ensure in most cases. Another

approach is to select & based on the “discrete squared residual” error, defined as,

N
1 2
By = N1l jZO [AYap(t5))]" (2.53)
where t; = jAt and At is the discretization step of interval ¢ using N +1 points. This
method provides a good approximation of the total squared residual error, ensuring
that the selected A leads to a convergent series for the solution [64, 114].
The following theorem is proved in [112]

Theorem 2.5.1. Consider the series

o0
fa,n) = folw,n) + > finlz,n) (2.54)
m=1
where fo(x,n) is the initial approximation of the solution and f.(x,n) satisfies equa-
tions (2.47),(2.52). If the series (2.54) converges, then it is a solution of the initial
problem.

Conclusions

This chapter presented a thorough review of the numerical and analytical frame-
works that form the basis of Computational Fluid Dynamics (CFD). The focus was
divided between numerical methods using the finite element and finite volume and
semi-analytical approximations based on perturbation theory and the homotopy anal-
ysis method.

* Numerical Methods: The basic theory of finite element and finite volume meth-
ods were introduced. For FEM, various applications were presented to show
that the p-version offers better approximations due to high-order shape func-
tions.

* Non-linear Solvers: The yielding algebraic systems, were solved using the
Levenberg-Marquardt algorithm and trust region methods to ensure conver-
gence in the presence of strong non-linearities.
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» Approximation Techniques: The foundations of perturbation theory and homo-

topy analysis method were introduced, highlighting the difference on the de-
pendence from physical parameters.

These approaches serve as strong foundation for the subsequent chapters, which

will focus on applications of these frameworks to mathematically model pulsatile
blood flow in vascular geometries.
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CHAPTER

ANALYTIC AND APPROXIMATION
METHODS

3.1 Introduction

In many flow configurations involving viscous, incompressible fluids, the govern-
ing equations can be reduced to a simplified form that captures the development of the
velocity near solid surfaces or within shear-dominated regions. This chapter focuses
on reduced flow configurations and similarity equations using the Falkner-Scan trans-
formation. The transformed equations are solved using two analytical approaches,
the classical perturbation method and the homotopy analysis method.

First, a simple case is studied in which there is absence of the pressure gradient,
leading to a Blasius like equation. The intensity of the magnetic field is then gradually
increased to observe how the velocity is affected. In the second part, the pressure gra-
dient is included and the flow depends on both the pressure gradient and the magnetic
field.

The obtained results from the semi-analytical methods are compared with the nu-
merical solution to assess the accuracy of the methods. The chapter begins with the
governing equations and the Falkner-Skan transformation. The transformed equation
is then solved analytically with the classical perturbation method and next with the
homotopy analysis method. Finally, the results are presented and discussed for both
cases studied.

3.2 The Problem and the Mathematical Formulation

In fluid mechanics, a boundary layer is a region close to a solid surface in which
the viscous effects are significant and there are drastic shifts in the velocity, varying
from zero at the surface to the free-stream velocity at a short distance. This concept
was introduced by Prandtl (1904), for external flows [166].

In blood flow through vessels, although the flow is internal, a similar behaviour
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can be observed. Close to the vessel wall, the viscous forces dominate the flow. In
straight vessels with laminar flow, the velocity profile shows a boundary layer-like
behaviour due to the conditions at the arterial wall. The region near the vessel wall is
important to study as it reveals information about the alteration of the flow and wall
shear stresses that can lead to many pathologies, e.g atherosclerosis.

The influence of an external magnetic field on blood flow has attracted increasing
attention nowadays. Magnetic Resonance Imaging (MRI), is a widely used diagnostic
technique that relies on magnetic field to obtain detailed images of the human body.
Since blood is an electrically conducting fluid, the presence of a magnetic field can
induce electromagnetic forces which interact with the flow and alter its direction. For
this reason, the study of magnetohydrodynamics (MHD) and its influence on blood
flow needs further investigation. Studies on magnetohydrodynamic effects in blood
flow have considered a variety of configurations. MHD in porous media and rigid
walls has been investigated to examine the interaction between the electromagnetic
forces and the pulsatile flow [158, 1]. Additionally, pathological cases, such as irreg-
ular and multi-stenosed arteries, have been studied, highlighting the role of geometric
complexity and unsteady effects [140].

3.2.1 Mathematical Modelling

Blood flow is modelled as a two-dimensional boundary layer flow over a wall,
and a uniform magnetic field is applied normal to the flow direction, as shown in
Figure 3.1.

i =
t
o
0Q
[¢]
~
(¢
N

UMO‘

citrrts
RN

Figure 3.1. Flow configuration system.

The governing differential equations for a two-dimensional and incompressible
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flow over a stretching wall are [210]:

continuity equation

0 0
du_ v _ G.1)
) dr Oy
x-momentum equation

ou ou 1dp 0%u B ouB?

e == — - 3.2
u8x+v(3y pdx V@yQ p (3-2)

with the following boundary conditions

y=0:u=v=0,
y—0:u=up,

where u, v are the velocity components, p the pressure, p the density, v the kinematic
viscosity, ups the velocity at the edge of the boundary layer, § the boundary layer
thickness, and B is the magnitude of the magnetic field. The term cuB3? arises from
the x-component of the Lorentz force F.or = (J x B) = —ouB?. The convection
current is usually negligible and can therefore be omitted.

In this study a good assumption for adverse pressure gradient is a Howarth’s flow
assumption [166]. From Bernoulli’s equation, pressure drop is linked with the flow
at the edge of the boundary layer, thus:

~ P = pupr = (3.3)

and the z— momentum equation transforms in the following,

T-momentum equation

ou ou dups () n y@ B ouB?
N dx Oy? p

(3.4)

where ups(z) = U (1 — %) is the maximum velocity. To simplify the problem be-

fore solving it, is necessary to make our equations and boundary conditions dimen-
sionless [36]. This approach enables us to have a more generic and simplified form of
the problem and also incorporates variables into only one new variable. For this pur-
pose the Falkner - Skan transformation is employed by introducing the dimensionless
function f(n) where 7 is the dimensionless direction [61],
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b = (wU)"? f(z,1),

U\ 2
()"
vr

where ¢ is the stream function.

8 ! ¢l ! 1"
S = U0+ 5= (U =U) f'(n)
ou " U

@IU}C (n) i

In the rest of the text the notation f’, f(™) correspond to a partial derivative with
respect to 7. The equations are transformed to their dimensionless equivalent forms
by converting the terms using the new system of ¢, ) variables.

continuity equation

ou Ov 02 0*

or + 873/ - 0xdy B 0yox =0 (3-)
x-momentum equation
_ ou u _ ’ !l n ’ "
LHS =g v =Uf'n) [U'f (o) + 5 (U = U) ()] +
1v(U +2U") 1 vvzU , , . U
[—2V$Uf(77)—2w77($[] =U)f'm)| Uf"(n) o’
B du s (x) o*u  ouB* v? ., ocUB? ,
RHS = up () e Yar P =UU +VEf (n) — P f'(n)
(3.6)
The final form of xt— momentum equation (5.2) is:
1 U’ z oB?
fO) + 55 @U +U) f) ') + 257 [L= (F' )] = == f'(n)
— ~~ \_,,—/p
a b M
(3.7)

where a controls the strength of the nonlinearity, b is the pressure gradient parameter,
and M is the magnetic parameter. Parameter b, characterizes the pressure gradient
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along the surface, with b = 0 corresponding to no pressure gradient, b < 0 adverse
pressure gradient and b > 0 favourable pressure gradient.

Equation (3.7) describes the two-dimensional flow of a viscous fluid over a surface
as it is described by Blasius [166]. The terms — 0 B2 f'(n) arises due to the presence
of the magnetic field. Accordingly, the boundary conditions are transformed as fol-
lows,

n="0:f(z,0)=f(z,0)=0,
N6 f(z,m) =1

where 0 is the boundary layer thickness.

This transformation is commonly used in cases where similarity solutions are not
valid, to simplify the solution process. Thus, all the equations are dependent on x,
the Reynolds number, Re, is not involved and the function f has values in [0, 1], [166].

3.2.2 Perturbation Methods

Initially, we seek to solve the problem with perturbation methods. To this, we
define the perturbation parameter as:
Ul
e==zx ik (3.8)
The physical meaning of this parameter is that the free stream velocity is slowly
varying. When U = Uy, ¢ = 0, which reduces to the classic Blasius problem. As-
suming a slowly varying free stream such that ¢ < 1 equation (3.9) becomes,

) + %(6 + 1)) +e 1= (F()?] = —ﬁTf’(n) (3.9)

The boundary conditions for this problem are:
f(0)=0, f(0)=0, f(n— o)=1. (3.10)
The solution of this problem will be in the series form,
oo
f=Y e"tn 3.11)
n=0

where fy(n) is the zeroth-order (base) solution, and f,,(n) for n > 1 are the higher-
order corrections.
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First, we analyze the case without a magnetic field, B = 0, when equation (3.9)
takes the form,

FOm) + 5+ DF )+ 1 - (PP =0, @12

Substituting the series solution (3.11) into equation (3.12) and equating the coef-
ficients of like powers of ¢ to zero yields the following sequence of boundary value
problems:

o(1) : 6”+%fof6’= : (3.13)
1 1 1
o) : fI'+ 5fof{’ + §f5/f1 + 5fof{)’ —(fH)?+1=0, (3.14)

1 1 1
O f3'+5fofs + 515+ S hfl

1 1
+§f0f{/+§f1f(/)/_2f(/)f{ =0. (3.15)
The corresponding boundary conditions, derived by applying (3.11) to (3.10), are:
O1): fo(0)=0, f5(0)=0, fy(oc)=1, (3.16)
O(e): f1(0) =0, fi(0)=0, fi(oc)=0, (3.17)
O@E?): f(00=0, f5(0)=0, f5(o0)=0. (3.18)

The O(1) problem (3.13) subject to (3.16) is the classical, nonlinear Blasius prob-
lem. Its solution can be expressed via a power series expansion around the wall bound-
ary (n < 1, near 0), given by:

m k k+1
1 Aro 3k-+2
— _ 3.19
fo(n) kZ:O( 2) Gl (3.19)
where Ay = A; = 1 and Ay, is given by the recurrence relation:
k—1
3k—1
Ar=) < . >ArAk_T_1 (k> 2). (3.20)
r=0
The parameter o = f{/(0) ~ 0.33206 represents the non-dimensional wall shear

stress. Because the O(1) problem corresponds to the classical, uncoupled hydrody-
namic boundary layer, this well-established baseline value, along with the correspond-
ing boundary layer profiles depicted in Figure 3.2, are adopted directly from canonical
numerical solutions of the Blasius equation found in literature [166].
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Function f(t)

—— Stream function

First Derivative f{t)
fit)

0.8

06 — Blasius Velocity

04

0.2

Second Derivative '(t)
(t)

030
0.25
0.20 — Acceleration
0.15
0.10

0.05

Figure 3.2. Blasius solution. a) Stream function, b) Velocity and ¢) Acceleration.
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The higher-order problems O(e), O(e?), etc. lead to “linear” ordinary differential
equations with variable coefficients that depend on the base state fo(7). The O(e)
formulation is modified to include the magnetic Lorentz force term from equation
(3.9), allowing for full magnetohydrodynamic flow to be evaluated.

To confirm the convergence of this perturbation series in presence of magnetic
field, cumulative velocity profiles at a given streamwise location, x = 0.05 were
calculated up to second-order from the solution base. The first-order correction shown
in Figure 3.3 demonstrates the initial deviation from the base flow, confirming the
quantifiable deficit in velocity driven by the consolidated action of the Lorentz force
and the negative pressure gradient. While the addition of a second-order term offers
only a marginal refinement to this initial profile, a rigorous demonstration of global
convergence would require the evaluation of higher-order terms. However, for the
purpose of illustrating the primary physical deviations induced by the magnetic field,
truncating the expansion at the first order is deemed sufficient for this preliminary
analysis.

Perturbation Progression at x=0.05 (¢=0.05, B=5T)
Velocity

Lor

0.8F

0.6F

— Classical Blasius (fy')
0.4 — 1st-Order Approx (fo' + € f4')
—_ 2nd-Order Approx (fo' + € f,' + €2 £,")

02F

n
2 4 6 8

Figure 3.3. Progression of the perturbation series at x = 0.05 withe = 0.05and B =
5 T. The rapid convergence is visually evident as the second-order approximation
closely overlays the first-order profile.

With the perturbation model established, we now examine the velocity f/(z,7) un-
der varying magnetic field strengths. Figure 3.4 compares the boundary layer devel-
opment near the leading edge (x = 0.05) to a location further downstream (z = 0.8)
with a fixed perturbation parameter of ¢ = 0.05.

In both cases, increasing the transverse magnetic field from 0 T to 10 T progres-
sively retards the fluid motion, visibly pushing the velocity profile downward. This
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directly illustrates the resistive nature of the Lorentz force. Furthermore, comparing
the two locations reveals the effect of the decelerating free-stream velocity. The veloc-
ity bounds are significantly lower at x = 0.8 due to the macroscopic adverse pressure
gradient acting along the plate.
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Velocity Profiles at x = 0.05 (e = 0.05)
Velocity f'(x, n)

1.0

0.8

0.6

Magnetic Field

B=0T
0.4
----- B=5T
-------- B=10T
0.2
2 4 6 g
(a) Near the leading edge, x = 0.05.
Velocity Profiles at x = 0.8 (e = 0.05)
Velocity f'(x, n)
Magnetic Field
B=0T
----- B=5T
-------- B=10T
2 4 6 g

(b) Downstream location, z = 0.8.

Figure 3.4. Physical velocity profiles demonstrating the decelerating effect of the
applied magnetic field at different streamwise locations.

60



Chapter 3 The Problem and the Mathematical Formulation

3.2.3 Homotopy Analysis Method

Now following the theory of homotopy analysis method analysed in the previous
chapter we can obtain the non linear operator as:

NIFO)] = "l +af il + b [1 = (F)°] + Mf Wl 32D

while the corresponding linear operator is chosen to be

LIfm)] = "] = Af'Inl, (3.22)

where ) is an auxiliary positive constant that provides flexibility in defining the linear
operator.

Accordingly, the 0%

order deformation equation is:

(I =) L[f(;9) — fo(n)] = ¢hN[f (15 9)], (3.23)

where ¢ is the embedding parameter and % the control parameter. To find the m!"

order solution it is necessary to first find:

F:9) = o) + > fm(m)a™, (3.24)
m=1

and if ¢ = 1, it converges for

Fo 1) = folm) + > fn(n)- (3.25)
m=1

An adequate approximation of f(n), is found if we keep M terms of the homotopy
series calculated, i.e,

M
Fapm; @) = fo(n) + D fn(n), (3.26)
m=1

which is called the approximate solution of M-order. The functions f,,(n) are the
solutions of the so called m!” order deformation equations:

L[fm(n) = XmFfm-1(n)] = LR (n), (3.27)

where x; = 0 and x,,, = 1 for m > 1. For the present formulation, the auxiliary
function is assumed to be unity, H(n) = 1, and R,,(n) is defined as:

1 8m71
Ron) = (s [N )]

, (3.28)
q=0
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subject to appropriate initial and boundary conditions.
In order to apply HAM in our problem, an appropriate set of base function is re-
quired,

S ={ei(t),i=0,1,2,..}.

This set contains all the solutions that satisfy the initial problem (3.7). An appropriate
initial guess for Blasius-type equations like (3.7) satisfying the boundary conditions

f(O) =0, f/(O) =0, f/((S) =1is,

B cosh(6) 1 5 —n . —6.n
Jo(n) = sinh(6) + 2 sinh(9) (e ¢ tee ) ’
where § in fo(z,n) is obtained from the boundary conditions of co. The convergence

control parameter h is chosen in a way so that the “discrete square residual” error
defined by

N

2
1 K
Ey ~ N [N (Z; fi(”j))] , (3.29)

§=0
is minimum, where 7; = jAn, An = 0.16 and N = 10. The non-linear differ-
ential equations of the following case with the corresponding boundary conditions
are solved using a symbolic package in Computer Algebra System (CAS) Mathemat-
ica [92] developed for this study.

No pressure gradient

First, we will test the influence of the magnetic field without a pressure gradient.
Thus the equation has the following form,

FOG) + 50+ D) F ) ) =~ fa). (330)

The corresponding form for the perturbation method will be,

1 e oB?
fO ) + 5+ D F () = 5, . (3.31)
For the case where there is no magnetic field the results can be compared also with
the numerical solution of the classical Blasius equation ,

FO@) + 551" ) = 0. (332)
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Subsequently, the magnetic field strength will be incrementally increased to
demonstrate its effects on the flow dynamics.

No magnetic field, B = 0T

Initially, the focus lies on the points close to the leading edge of the surface, where
the boundary effects are more dominant. When the magnetic field is absent, B =
0, the governing equation reduces to the classical Blasius equation. The Homotopy
Analysis Method results indicate that increasing the order of the approximation,/V,
improves the accuracy of the solution. This is supported by the smooth reduction in
convergence error as N increases, as shown in Figure 3.5a. For N = 10, the HAM
results are in good agreement with the numerical solution, indicating that the selected
convergence-control parameters lead to a stable and convergent series. For B = 07,
equation (3.30) simplifies to:

1

(3)
f(m+2U

(U +U)f(n) f"(n) =0, (3.33)

1
which is the same as the Blasius equation when the term ﬁ(:nU "+ U) reduces to

1 . . 1
—. This occurs when U is constant. The coefficient Q—(QZU' + U) represents the

effect of the streamwise velocity with the boundary layer growth on the nonlinear
convective term.

Magnetic field, B = 57, B = 10T

When a weak magnetic field is introduced, B = 57, the overall behaviour of
the solution remains similar to the non-magnetic case. The numerical approximation
converges consistently as N increases, accompanied by a steady decrease in the con-
vergence error until it stabilizes Figure 3.6a. However, there is a deviation from the
previous case, Figure 3.6b, as now the solution lies under the classic one. This differ-
ence reflects the effect of the magnetic field, which acts as a resistive force opposing
the flow, leading to a reduction of the velocity.

For stronger magnetic fields B = 10T, its influence becomes more intense. The
Lorentz suppresses the motion of the fluid, leading to further reduction of the ve-
locity within the boundary layer. Although the homotopy analysis method solution
converges, the convergence error exhibits spikes at different NV values, Figure 3.7a.

63



Chapter 3 The Problem and the Mathematical Formulation

Convergence of Error with Homotopy Method Order B=0, x=0.05.

0.006

0.005

0.004

0.003

Error Value

0.002
0.001

0.000

Order n

(a)

Final Homotopy Method vs Numerical, B=0, x=0.05.

06 — Blasius Velocity

— Homotopy Method order 10, B=0

(b)

Figure 3.5. Results without magnetic field, B = 0T. (a) The convergence error
reduction as the order of HAM increases. (b) Final HAM configuration for 10 terms
applied to the Blasius equation.

These fluctuations indicate that the HAM approach is highly sensitive to stronger
magnetic fields. Nevertheless, as the order IV increases, the solution stabilizes, ac-
curately capturing the dampening effect of the magnetic field on the flow velocity,
Figure 3.7b

In summary, the application of a magnetic field introduces an additional resistive
force that opposes fluid motion. As the magnetic field intensity increases, this damp-
ing effect becomes more prominent, thickening the boundary layer and reducing the
overall velocity. A comprehensive comparison of these increasing magnetic field
strengths is illustrated in Figure 3.8.

At the end of the surface, x = 0.8
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Convergence of Error with Homotopy Method Order 10, B=5, x=0.05.

0.004

0.003

Error Value

o
=)
S
N}

0.001

0.000

Order n

(@)

Final Homotopy Method vs Numerical, B=5, x=0.05.

06 — Blasius Veloiy

— Homotopy Method order 10, B=5.

(b)

Figure 3.6. Results for magnetic field B = 5 T. (a) The convergence error reduction
as the order of HAM increases. (b) Final HAM configuration for 10 terms applied to
the Blasius equation.

At a downstream location, z = 0.8, corresponding close to the end of the surface,
the results show a different behaviour. At this point, the boundary layer is developed,
and the effects of the viscosity and the magnetic field become more pronounced, af-
fecting the velocity and convergence properties of the solution.

In the absence of a magnetic field, in which the governing equations revert to the
Blasius form. Similar to the leading-edge case, the HAM solution converges smoothly
to the numerical solution, with the convergence error decreasing steadily as the ap-
proximation order NV increases.

When the magnetic field is applied and increases gradually, the convergence of the
solution is still achieved. However, small oscillations occur in the convergence of
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Convergence of Error with Homotopy Method Order 10, B=10 x=0.05
0.0030
0.0025
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0.0015
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0.0005

0.0000

Order n

(a)

Final Homotopy Method vs Numerical, B=10, x= 0.05.

06 — Blasius Velosity

— Homotopy Method order 10, B= 10.

(b)

Figure 3.7. (a) Results for magnetic field B = 10T. (a) The convergence error
reduction as the order of HAM increases. (b) Final HAM configuration for 10 terms
applied to the Blasius equation.

the error as the order increases. The velocity remains lower than the Blasius solution,
revealing the effects of the Lorentz force.

As the magnetic field gets more intense the behaviour changes completely. Al-
though convergence is still observed, the convergence of the error leads to alternating
spikes as the order increases. Additionally, the velocity profile changes direction com-
pared to the Blasius case. These results indicate strong effects of the magnetic field
on the flow in the downstream area.
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Final Homotopy Method Composite vs Numerical (x = 0.05)

Homotopy Method order 10, B= 10.

2 4 6 s 1

Figure 3.8. Final results with increasing magnetic field.

Adverse Pressure gradient

When an adverse pressure gradient is present, the static pressure of the fluid in-

d
creases in the direction of the flow (an > (). In this case, the fluid particles have

to face both the viscous friction near tge solid boundary and this opposing pressure
force. The adverse pressure gradient rapidly decelerates the fluid particles due to the
no-slip condition near the wall. The velocity gradient at the wall will eventually de-
crease to zero, if the opposing pressure forces are sufficiently strong and the fluid near
the wall will stop moving downstream. After this point, the flow is reversed, causing
the boundary layer to detach from the surface, the known flow separation, leading to
highly disturbed patterns. Mathematically, modelling an adverse pressure gradient
and the flow separation is highly complex due to the non-linearity of the governing
equations near the separation point.

Final Homotopy Method Composite vs Numerical (x = 0.05)

— Blasius
— Homotopy Method order 10, B=0
--=~- Homotopy Method order 10, B=5

Homotopy Method order 10, B=10.

n

2 4 6 8

Figure 3.9. Solution of three magnetic fields with adverse pressure gradient at the
beginning of the surface.
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As observed in Figure 3.9, the combination of a magnetic field and an adverse
pressure gradient noticeably affects the flow, even at the very beginning of the sur-
face (x = 0.05). In the absence of the magnetic field, M = 0, the adverse pressure
gradient decelerates the fluid, leading to a deformed velocity profile. As the mag-
netic parameter increases, the Lorentz force creates additional decrease to the veloc-
ity. Consequently, the thickness of the boundary layer decreases as the magnetic field
intensity increases, and the fluid requires a shorter distance to achieve free-stream ve-
locity.

3.2.4 Methodological Considerations and Limitations

While the semi-analytical approach presented in this chapter provides valuable
cross-validation for the numerical solvers, several methodological limitations must
be acknowledged regarding the Homotopy Analysis Method (HAM) and perturbation
formulations.

First, in the perturbation expansion (§3.2.2), the perturbation parameter is defined
ase = zU’ /U, which is identical to the pressure-gradient parameter b. Consequently,
for the limiting case of zero pressure gradient (b = 0), the parameter £ becomes
identically zero. This degeneracy collapses the perturbation expansion, indicating
that the series formulation in Eq. (3.31) is strictly valid only in the presence of an
active pressure gradient where b # 0.

Second, regarding the HAM formulation, the chosen linear operator £ = f"' —
M\f’ possesses characteristic roots of 0, £v/\. Because the kernel contains a growing
mode (e+\5‘77), the initial guess fy inherently includes an exponentially growing term.
As a result, the boundary conditions can only be strictly satisfied at a finite edge &
(e.g., f'(6) = 1), rather than at true semi-infinity (f’(co) = 1). While the truncated
domain n € [0,1.6] was deemed sufficient for evaluating the near-wall behaviour
necessary for validating the direct numerical schemes in this thesis, resolving the
complete boundary layer out to n ~ 5 in future work would require adopting the
canonical operator £ = f" + f" alongside decaying base functions {n*e=""}.

Finally, at ultra-high magnetic fields such as B > 10T (Figure 3.7), the velocity
profile is observed to change direction. While initially interpreted as severe physical
sensitivity to the Lorentz force, this behavior is a known numerical artifact indicating
that the HAM series diverges under extreme parameter values. The stability of the
semi-analytical solver breaks down at these non-physiological extremes, which is why
the primary physiological and numerical validations in the subsequent chapters are
restricted to the stable B < 8 T regime.
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3.3 Conclusions

In this chapter, the homotopy analysis method (HAM) was applied to analyze the
boundary layer flow of an electrically conducting fluid subject to pressure gradients
and an external transverse magnetic field. The governing non-linear partial differen-
tial equations were reduced to a dimensionless ordinary differential equation using the
Falkner-Skan similarity transformation. The analytical results capture the connection
between the pressure gradient and the magnetic parameters. The findings indicate that
the presence of the magnetic field decelerates the fluid, an effect that intensifies as the
flow progresses toward the end of the surface, making the flow highly susceptible to
separation. Furthermore, the introduction of an adverse pressure gradient intensifies
the drag forces, leading to a reduction in velocity at a much earlier stage, e.g near the
leading edge of the surface. Overall, the semi-analytical approach presented in this
chapter provides a robust mathematical framework for understanding the fundamental
mechanisms of magnetohydrodynamic (MHD) boundary layer flows.
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CHAPTER

A TWO—DIMENSIONAL
EULER—]LLAGRANGE APPROACH WITH
MAGNETOHYDRODYNAMICS

4.1 Introduction

An aneurysm is a bulge in a blood vessel caused by a weakness in the wall of the
vessel. The arterial wall can be weakened extensively by elevated blood pressure.
There is a variety of arteries that can be affected by an aneurysm leading to patholog-
ical blood conditions. The most common locations for an aneurysm to be formed are
the arteries supplying the brain and the heart, as well as the aorta. The aneurysm of
the descending aorta is called an abdominal aortic aneurysm (AAA). An AAA does
not usually threaten health, but there is a risk that a larger aneurysm could burst and
rupture. A ruptured aneurysm can be fatal in case of massive internal bleeding. Most
unruptured aneurysms are asymptomatic and cannot be detected with the same ease.
However, it can impede blood circulation to other tissues and organs. Suspicion of
an unrupted aneurysm can be confirmed through diagnostic imaging, such as an Mag-
netic Resonance Imaging (MRI) or a Computed Tomography (CT) scan [165].

Patients with aneurysms are more probable to be subjected to the effect of a mag-
netic field through MRI scans to generate images of the organs in the body. Clinical
MRI scanners typically operate within the intensity range of 0.5 — 3.0 Tesla (T),
while research MRI scanners can vary in intensity, ranging from 7.0—11.7 Tesla (7).
The static magnetic field in MRI indirectly influences blood flow by affecting the
magnetic properties of biomagnetic fluids, such as blood. Hemoglobin, abundant in
red blood cells, exhibits diamagnetic properties when oxygenated and paramagnetic
properties when deoxygenated. Studies show that under an 8 T" magnetic field, hu-
man blood flow in a tube is reduced by approximately 30% [188, 83]. In this study,
the point of interest is the haemodynamic flow through a pathological vessel under
the application of a uniform magnetic field. Thus, the need for more in-depth study
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of haemodynamics was created and a new research field of fluid mechanics was de-
veloped, biofluid dynamics. Biofluid dynamics (BFD) have contributed to the pre-
diction of blood flow in the human vascular system [118, 119, 207]. In BFD, the
velocity and pressure fields of blood flow can be evaluated in pathophysiological ar-
teries of the human body. The development of MRI over recent decades has given
rise to the emergence of time-resolved two- or three-dimensional (2D or 3D) Cine
Phase Contrast Magnetic Resonance Imaging (PC-MRI) [100, 161]. Haemodynamic
patterns through vascular areas of interest may be quantified using PC-MRI. Its avail-
ability has expanded to encompass most modern MR systems, making it increasingly
preferred for the evaluation of blood flow, cardiac function, and valve performance
in both the heart and large vessels. However, the magnetic fields in MRI machines
may affect blood flow, causing alterations that are challenging. Computational tech-
niques, nowadays, have been increasingly used by researchers in the prediction of
various biological flows. The influence of the magnetic field on blood flow was stud-
ied by Tzirtzilakis [188] and Haik et al [82]. In these studies, a mathematical model
was developed that treats blood as a Newtonian, homogeneous, incompressible, and
electrically conducting fluid with laminar flow. Additionally, more scientists have
introduced magnetohydrodynamics (MHD) and ferrohydrodynamics (FHD) terms in
blood flow equations for describing the influence of the magnetic field on physiolog-
ical blood flows in arteries [161].

For flows in body-fit geometries, Shyy et al. have developed the mathematical and
numerical Euler-Lagrange framework utilizing the finite volume approach [30, 31,
150, 171,172,173, 174, 175]. Recently, a study utilized the Euler-Lagrange equation
and the Finite Volume Method to discretize the flow in pathological arteries [204].

In the current study, haemodynamics in a pathological vessel is studied when it is
subjected to a static, uniform magnetic field. A nonlinear system of partial differential
equations (PDEs) combined with the proper boundary and initial conditions are used
to model the physical problem. The problem is addressed by developing a numerical
approach based on finite volume analysis and using the aforementioned mathematical
model [204]. Generalized curvilinear coordinates (GCCs) are utilized, allowing the
numerical evaluation of complicated geometrical structures [108].

4.2 Mathematical Analysis

4.2.1 Dimensionless Equations

Blood flow in a pulsating artery can be described using the fundamental principles
of fluid dynamics. Although aneurysms exhibit complex 3D structures, the present
study focuses on a simplified, streamlined representation of an abdominal aortic
aneurysm (AAA). This intentional focus makes it possible to use a 2D formulation
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instead of a 3D one. An axisymmetric flow assumption is introduced, with the angle,
¢, normal to the flow direction, such that the magnetic field has the maximum impact
on the flow. To express the governing equations into a moving body-fitted frame,
the Generalized Curvilinear Coordinates (GCC) transformation was employed [186].
The two—dimensional Cartesian form of Newtonian fluid flow equations is expressed
as (4.1) — (4.3) [174]. Even though p is treated as a constant in the equations, it is
retained due to the adoption of specific methodologies that presume highly restricted
compressibility in the fluid. This choice enables the integration of volume changes,
as defined by the Jacobian of each control volume within this framework. This
approach aligns with the work of various researchers [174, 204]

continuity equation
dp | O(pu)  O(pv)
= = 4.1
ot * 0z + oy 0, ‘4D

x-momentum equation

0(pi)) | O(pia) | O(puv) _ 0P [f‘? < aﬂ)ﬂ( 5“)] Ty,

o7 07 o5~ o1 |0z
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y-momentum equation
d(pv) O(puv) O(pvv) op 0 ov 0 00
R =—— — | p=—= — | p== 4.3
of oz o3 o5 "oz \"az) Ty \Fag )| Y
where @ and © are the components of the velocity vector, § = (1, 177), p is the pressure,
p is the density, p is the dynamic viscosity of the fluid. The term F'y, yields from the
x-component of the Lorentz force F;, = J x B .

In magnetohydrodynamics, the total electromagnetic force acting on a moving,
electrically conducting fluid is given by:

Fr =p.E+Jx B, (4.4)

where p. is the electric charge density and E is the electric field intensity. The first
term represents the electrostatic force, while the second term corresponds to the mag-
netic force generated by the interaction between the current density .J and the mag-
netic field B. This magnetic component acts on any charged particle or conducting
fluid moving under the presence of the magnetic field. According to Ohm’s law the
total current is given as,

J=Jy+ Je, (4.5)

where J, is the convection current and it equal to J, = p.q, where § is the velocity
field, while J. is the conduction current which is equal to J. = o(E + ¢ x B), where
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o is the electric conductivity of the fluid. Usually, the term .J, is negligible and can
therefore be omitted from the final equation (4.5). Thus the total current is given by
the following formula,

J=J.=0(E+qxB). (4.6)
If there is no external electric field (£ = 0), then,

J=J.=0(gx B). 4.7)

For the two-dimensional flow case where the velocity field is ¢ = (@, 0, 0) and the
applied magnetic field is transverse to the flow along the y-axis, B = (0, B, 0), the
induced current density is inherently out-of-plane (in the z-direction) and becomes:

J =0(0,0,uB) (4.8)
Substituting this into the Lorentz force equation (F;, = J x B), the out-of-plane
current interacts with the transverse magnetic field to produce an in-plane resistive
force acting strictly on the x-axis, yielding:

F = —cuB% (4.9)

indicating that the Lorentz force acts opposite to the flow direction. Thus, the
magnetic field introduces a resistance term for the flow in the x-direction. Here, o
is the electrical conductivity of the fluid and B is the magnitude of the magnetic field.

In the present study, the magnetic field is applied perpendicular to the flow, and
the Lorentz force can be simplified in this formulation [48]. To study the full range
of possible MHD interactions, the influence of the magnetic field orientation must
be considered. Raptis et al. examined blood flow in an aneurysmal geometry in the
presence of a static uniform magnetic field applied from various directions [161]. The
assumed conditions included steady, laminar, two-dimensional flow, with blood mod-
elled as a Newtonian, incompressible, and electrically conducting fluid, consistent
with the mathematical model employed in [188]. However, in this study, a simplified
formulation was implemented due to the exclusive application of a transverse mag-
netic field. When the magnetic field is applied at an angle smaller than 90°, the effects
decrease.

The system of equations (4.1)—(4.3) can be converted to a dimensionless form
of equations (4.11)-(4.13), by introducing the following dimensionless parameters
(4.10),

t
= — u =
R/UO’
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ug PUy 0

t

5| =
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where v is the characteristic inlet velocity and R is the inlet length of the aneurysmal
geometry. pud is the dynamic pressure and c is a compressibility constant. The
Reynolds number is introduced to the momentum equations in the dimensionless
form, while the continuity equation remains unaltered.

dimensionless continuity equation

dc n d(cu) n (cw)
ot ox dy

=0, (4.11)

x-dimensionless momentum equation

ot Ox oy  Ox Oz \Redx Oy \ Re Oy ’
(4.12)
y-dimensionless momentum equation
ov  Od(uwv) Jd(ww)  dp 0 (1 v o (1 v
ot + Ox + oy Oy + Ox \ Re Oz Oy \Redy )’ “4.13)

where u, v are the dimensionless components of the fluid velocity and p the dimen-
sionless fluid pressure. Re is the Reynolds number, M is the magnetic parameter,
defined as in equation (4.14), where v is the kinematic viscosity of the fluid, R is the
inlet length of the geometry under consideration, B is the magnetic field, and ug is a
characteristic velocity of the flow. For this study, ug represents the maximum inlet
velocity [48, 204].

Additionally, the Womersley number is introduced, a dimensionless expression of
the pulsatile flow frequency in relation to the viscous effect, given by the expression,

B2
OIS VAL Wo:R\F, (4.14)
v Pug v

where w is the angular frequency of the pulsations. Applying the generalized curvi-
linear coordinates (GCCs) transformation, the system of equations (4.11)-(4.13) is
transformed in a body—fitted approach.

Using the chain rule for the derivatives, following previous studies [204], and
since the fluid is incompressible, p = constant, and ¢ ~ 1 (almost incompressible)
equations (4.11)—(4.13) can be written in curvilinear coordinates, { = &(z,y),
n = n(x,y), and in dimensionless form as in equations (4.15)—(4.17), [204, 217].
Small compressibility is assumed to incorporate significant parameters affected by
the flow, such as the volume alterations of the domain. This formulation yields a set
of equations that best describe the flow under consideration.

75



Chapter 4 Mathematical Analysis

finite volume continuity equation
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where J denotes the determinant of the inverse Jacobian matrix for the coordinate
transformation. Note that this scalar geometric quantity J is completely distinct from
the vector current density .J introduced previously in the Lorentz force formulation.

Based on the Euler-Lagrange approach, the continuity and momentum equations
in Cartesian coordinates, equations (4.11)—(4.13), are converted in a body—fitted ap-
proach [31, 173].

In equations (4.15)~(4.17), U and V are the transformed, contravariant, velocity
components defined in equation (4.18). These velocities take under consideration the
arbitrary movement of the domain, where J is the determinant of the inverse Jacobian
of the transformation from the initial domain to the normalized one,

U=@u—=2)yy—(v—9)xy, V=w-9) xc— (u—2=I)ye, (4.18)

where u, v are the fluid velocities and the arbitrary grid motion velocities respectively,
Z, 9 can be given by a first—order backward difference scheme [174]. By defining the
motion of the interfaces and the computational domain, an interface tracking tech-
nique for moving objects or phase boundaries is provided, using the Euler-Lagrange
approach.

Finally, the quantities g;, ¢ = 1, 2, 3 entering in equations (4.15)—(4.17), are defined
as follows:

Q= Th YR, Q= Ty + Yely, 43 = TE + YE, (4.19)
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where, z¢, 1y, y¢, and y,, are the metrics of the transformation that can be computed
locally on each cell volume. In this approach, the inverse Jacobian of the transforma-
tion, J, is a function of time, and the transformed velocities depend on the physical
velocities, u, v, and the velocities of the grid motion, &, ¢ [174].

4.2.2 Boundary and Initial Conditions

This study focuses on a fusiform aneurysm, characterized by a symmetrical dila-
tion across the entire circumference of the aorta. These aneurysms typically involve
an elongated section of the aorta, resulting in a tubular or spindle-shaped enlargement.
Fusiform aneurysms exhibit a simpler geometry compared to saccular ones, and
they are more common in pathology than their saccular counterparts. Additionally
this form is less prone to rupture than saccular, due to the even distribution of the
stress on the vessel wall [148]. Specialized boundary conditions are necessary for
the system of equations that represents blood flow in an aneurysmal geometry when
combined with a moving arterial wall. The pulsatility of the aneurysmatic vessel is
described by a time—dependent condition for the inlet velocity during the cardiac
cycle, which consists of the systolic and diastolic phases. Furthermore, it is assumed
that the flow reaches a state of full development at the outflow boundary. This results
in a parabolic velocity profile for the fluid and the pressure distribution at the outlet
is considered a known parameter. A kinematic boundary condition is imposed at the
wall and symmetry boundary condition at the center of the fluid domain, as shown in
Figure 4.1. The dimensionless boundary conditions of the problem under consider-
ation, following previous studies [204], for the system of equations (4.15)—(4.17), are,

moving wall 1

! 15R
R mntlet l outlet
! syminetry
Ko 10 R x
IR 3R

magnetic field, B

Figure 4.1. An overview of the geometry and boundary conditions of the aneurysm.

2
« at the inlet, fort > 0: u(y,t) = [1 - (%) } x velocity waveform(t),
v=0, 0<y<R,

 at the moving wall : u = &, v = ¢, kinematic boundary condition,
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0
* at the symmetry : 8—u =0, v=0,for t >0,
Yy
0 0
» at the outlet: p = pressure waveform(t), v _ ) v _ 0,

Ox
fully developed flow assumption.

Waveforms of velocity and pressure were extracted from the literature [145]
and are fitted with Fourier series [119]. Recent studies employ the most advanced
imaging techniques, such as intravascular ultrasonography, magnetic resonance
angiography, and computed tomographic angiography (CTA), to precisely quantify
the pulsating motion of the aortic wall [10, 193]. In this particular study, the aortic
motion pattern utilized represents a condition characterized by low-key pulsatility of
the aortic wall.

4.2.3 Geometric Conservation Law

To prevent artificial mass or momentum sources due to the numerical implementa-
tion, Thompson and colleagues [174, 186] proposed the equation (4.20). This formu-
lation links the Jacobian temporal variations to the grid velocity components:

oJ 0 ay ox 0 O0x .0y
I — | = =0. 4.20
+0£< +0n)+8n< Yoe T 5) ! (320

Equation (4.21) is the finite—volume, discrete form of equation (4.20) and can be
obtained by integrating equation (4.20) employing a first—order fully implicit time
integration technique over the same control volume as for mass conservation. For
the Jacobian updating formula, this discrete form of the geometric conservation law
(GCL) is used, which guarantees the essential requirement for geometric conservation
[174].

J_J0+ 7@+ o\ 7@+ oz
At on 877 an 877

n _,8x+ dy _.8x+ oy —O

Yog T Moe T N

where the subscripts e, w,n, and s denote the four faces of each finite volume. In
particular, during the solution process in this study, the computational mesh of the
fluid domain undergoes deformation, which is more pronounced with increasing wall

pulsatility. Despite the low-order method that is utilized for the GCL in equation
(4.21), the findings for grid deformations are conservative [174]. Additionally, it is

(4.21)
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worth highlighting that high-order GCL schemes have been introduced in other works
[129, 130].

4.3 Numerical Solution

To solve the system of equations (4.15)—(4.17) numerically, an Euler—Lagrange
technique is devised subject to boundary and initial conditions. The nonlinear set
of equations was discretized using the finite volume method on a staggered grid ap-
proach. The numerical solution results from a direct numerical approach using MAT-
LAB (MathWorks, Natick, MA, USA). Furthermore, to simplify numerical calcula-
tions, the system of equations is expressed in dimensionless form [204].

4.3.1 Finite Volume Discretization Method

The staggered configuration generally outperforms the collocated layout in
convective-dominated flows when utilizing the finite volume approach [67, 84]. Ac-
cording to Fletcher [70], this approach is highly stable and provides second-order
accuracy for spatial derivatives and first-order accuracy for the temporal derivative.
When necessary, the upwind method is incorporated in the discretized equations to
assist in solving the problem of high convection terms in the momentum. The fi-
nal discretized form of equations is similar to the simple case without the magnetic
field [204]. The x—momentum is implemented as shown below,

Ju — Joug 1 ou ou oy
—_—+ <Uu TRe < q2877> +4p MUJ)

At B oe an’ .
1 ou ou oy
— —@o— —=p— MuJ
< ~JRe <Q1a§ ‘Dan) TP M)
(4.22)
ou ou oy
1% bl
(Ve JRe< g+ ) agp>n
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where the subscript 0 indicates the previous time level.
A first—order backward difference scheme, such as & = x ;:U , Y = L ;tyo 18

used to estimate the Cartesian components of the mesh velocity vector, (&, ¢), where
xo and g are the previous, and x and y the current time step grid positions and At is
the time step [174].
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4.3.2 Grid Independence, CFL Criterion and Speedup Test

Simulations were conducted using a 40 x 40 grid of finite volume elements over
four cardiac cycles. An initial grid and time independence study was undertaken for
the hydrodynamic case, as outlined in [204]. In this specific case, a similar study
was conducted, although not with the same level of detail as the former. Due to the
complexity resulting from the inclusion of the magnetic field term in the system of
equations, our focus is primarily on 20 x 20 and 40 x 40 grids. Grid independency
was validated through the root mean square (RMS) error of the velocity magnitude,
as provided in equation (4.23), indicating that the results are grid independent [204],

RMSerror = (4.23)

where ¢; is the velocity magnitude predicted by the refined 40 x 40 grid at evaluation
point ¢, g; is the corresponding velocity magnitude from the 20 x 20 grid at the exact
same spatial coordinate, and n is the total number of evaluation points. The RMS
metric is a standard statistical tool used to quantify the aggregate standard deviation
of the residuals between two datasets, making it a reliable indicator of spatial conver-
gence. The calculated RMS error between the two grids was found to be sufficiently
small, indicating that the 40 x 40 grid provides grid-independent results.

Stability is limited, due to non-linearities in the Euler—Lagrange Navier—Stokes
equations, and even implicit schemes are not unconditionally stable. The Courant—
Friedrichs—Lewy (CFL) condition applies, to explicit schemes for hyperbolic and/or
parabolic systems of PDEs; it is also a good stability criterion for the problem under
consideration.

The addition of the magnetic field retains stable and converged numerical solu-
tions for almost all cases studied following previous results where high pulsatility
was present, but with the absence of the magnetic field [204].

The validation of the developed mathematical approach was achieved by using a
commercial CFD program, Ansys Fluent (Ansys Inc., Canonsburg, PA). The simu-
lation shows that the two-dimensional Euler—Lagrange model in comparison with a
three-dimensional demonstrates that the suggested technique effectively predicts the
rigid wall dynamics.[31].

The numerical solution was obtained by developing a direct numerical approach,
and a computational program in MATLAB was developed. The simulations were
performed for four cardiac cycles on a DellTM PrecisionTM T7500 workstation with
two Intel Xeon processors (E5645, 2.40 GHz, 12MB Cache, 5.86GTs-1; Intel QPI).

The developed code was parallelized, distributing the workload to several CPUs, as
the number of elements slows down the performance with one core use. The following
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Tables 4.1, 4.2 display the time required for the code to be completed using 1 — 20
cores. As the number of cores is increased, a reduction in completion time is observed.
The outcomes for the medium pulsatility case are shown in Figure 4.2.

Speedup for Medium Pulsatility Time Reduction for Medium Pulsatility
2 -

095
0 2 4 6 1 12
Number of CPUs

Figure 4.2. Speedup and time reduction for medium pulsatility results and for 1 — 20
CPUs.

According to the relationship between the serial and parallel time components,
Ts/Tp, speed up is shown on the left. The second figure displays how processing
time decreases as the number of CPU cores rises. In both figures, it can be seen
that for B = 07, the algorithm can be resolved with only 8 CPU cores, since time
does not reduce further with the increase of cores. Whereas in the other two cases,
the increase of cores speeds up the acquisition time. It is observed that in the case
of B = 0T, despite the effect of the nonlinearity of the equations, the problem
under consideration is solved in less time than the other cases with the magnetic
field source terms. On the other side, adding the magnetic field source term causes
the problem to be solved requiring more computational time. However, we observe
that as we increase the number of CPUs the problem is distributed and thus can
be solved in less computational time. The authors hypothesize that the variance
in computational time across different magnetic field intensities derives from the
interaction of pulsatile flow with the magnetic field. In any case, additional cases
need to be performed to extract more results. Tables 4.1, 4.2 demonstrate the
time difference between two distinct grids for medium pulsatility cases. Both cases
were performed for a total of 4 cardiac cycles in 20 x 20 and 40 x 40 grids. The
time reduction is more noticeable in the small grid with a 70% reduction in total,
while the same percentage for the larger grids comes up to only 11%. The results
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show that speedup performance depends on the nature and complexity of the problem.

In the results section, the results of the fourth cardiac cycle are reported, thus pre-
venting any dynamic disturbances of the numerical solution during the initial cycles.
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Speedup Test for Medium Pulsatility

Magnetic Field

Cores

0T

4T

8T

Time (min) Speedup Reduction (%) Time (min) Speedup Reduction (%) Time (min) Speedup Reduction (%)

o N S

—
S

50.5362
33.3920
26.3836
22.5523
15.3353
14.8239

1.5134
1.9154
2.2408
3.2954
3.4091

33.92
20.99
14.52
32.00

3.33

45.6410
27.9351
20.0137
16.3016
15.2630
15.1308

1.6338
2.2805
2.7998
2.9903
3.0164

38.79
28.36
18.55
6.37
0.87

46.3027
28.4874
20.0730
17.3158
15.5216
14.9064

1.6254
2.3067
2.6740
2.9831
3.1062

38.48
29.54
13.74
10.36

3.96

Table 4.1. Parallel performance for medium pulsatility on a 20 x 20 grid.
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Speedup Test for Medium Pulsatility

Magnetic Field

Cores

0T 4T 8T

Time (h) Speedup Reduction (%) Time (h) Speedup Reduction (%) Time (h) Speedup Reduction (%)

21.7483 23.8296 22.8922

20.3063 1.0710 6.63 23.1082 1.0312 3.03 21.5336 1.0630 5.93
19.9331 1.0910 1.84 22.2674 1.0701 3.64 21.0667 1.0866 2.17
19.5901 1.1101 1.72 21.9654 1.0848 1.36 20.7764 1.1018 1.38
19.6939 1.1043 —0.53 21.9963 1.0833 —-0.14 20.7039 1.1056 0.35
19.6489 1.1068 0.23 21.6423 1.1010 1.61 20.4525 1.1192 1.21
19.2763  1.1282 1.90 19.3463 1.2317 12.24 18.7292  1.2222 8.43

Table 4.2. Parallel performance for medium pulsatility on a 40 x 40 grid.
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4.3.3 Direct Solution Approach

The nonlinear algebraic system of equations is solved using a direct solution. This
method is distinct from other iterative methodologies that have been introduced. Non-
linear solvers, such as Newton-like approaches, can be used to solve the Euler—
Lagrange fluid flow equations.

Both the initial guess values, as well as the actual solution path will affect the path
to the solution. In Newton—like methods it is necessary to have a good initial guess and
a good estimate of the solution, leading to a reduction of the required time but may suf-
fer from local minima. The nonlinear discretised algebraic system of equations can be
solved by employing the Levenberg—Marquardt algorithm (LMA) [177, 217]. The
LMA interpolates between the Gauss—Newton algorithm and the method of Gradient
Descent. When compared to the standard Gauss-Newton method, the LMA algorithm
is considerably more efficient.

4.4 Results and Discussion

A two—dimensional Euler—Lagrange mathematical approach to a viscous fluid flow
is presented. Results of blood flow under varying intensities of pulsating arterial wall
tissue focusing on velocity and pressure quantities, are also included. Many numer-
ical experiments were performed under the influence of magnetic fields of different
intensities. Additionally, recirculation zones during early and late diastole are stud-
ied.

4.4.1 Blood Flow in an Aneurysmal Geometry: the Euler—Lagrange Ap-
proach

In this study, there are three distinct scenarios, each categorized based on the
pulsatility of the aortic wall, specifically classified as low, medium, and high. In
this context, low corresponds to a 5.5% change in the initial radius, medium to an
11% change, and high to a 14% change. These categories are based on the level
of the walls’ pulsatility. The magnetic field strength is then incrementally raised,
allowing to observe and analyze the resulting changes. Initially, a brief analysis is
conducted on the hydrodynamic case, followed by an increment in the magnetic
field to B = 47, and subsequently to B = 8T'. In all cases, during the end of
systole and at the diastolic phase of the cardiac cycle, a recirculation zone develops
in the flow field. Specifically, an identifiable vortex near the neck of the aneurysmal
geometry influences the inlet jet of blood entering the aneurysm at the onset of
diastole. This vortex, positioned above the line of symmetry, persists throughout
diastole but progressively diminishes in energy as early systole ensues, coinciding
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with the restoration of forward flow. Additionally, it is evident that as the pulsatility
increases, the size of the developing vortex becomes smaller. These findings align
with previous studies [161, 204]. Moreover, the presence of the magnetic field
causes the vortex to relocate toward the neck of the aneurysm. As the strength of
the magnetic field increases, the vortex gradually reduces in size until it ultimately
vanishes, as depicted in Figure 4.3. The presence of pulsatility in conjunction with
a magnetic field intensity of B = 8T is sufficient to cause the disappearance of
vortices. These findings align with the observations of previous studies employing
three-dimensional fluid-structure interaction simulations [205],

Low Pulsatility Medium Pulsatility

Figure 4.3. Streamlines for low and medium pulsatility in the aneurysmal areas during
diastole. Magnetic field intensity 0T, 4T, 8T, bar represents velocity values.

As the pulsatility of the arterial wall increases, Reynolds and Womersley numbers
increase for various wall pulsatilities. These phenomena, along with the formation of
the aneurysm, could affect cardiovascular risk in individuals with abdominal aortic
aneurysms [207, 209].

Variations in both pulsatility and magnetic field strength also impact the velocity
and pressure values. Specifically, in the cases of low and medium pulsatility, a
decrease in velocity is observed, accompanied by an increase in pressure drop. In the
majority of cases, the average velocity experiences a decrease, although it tends to
remain relatively stable overall. However, when strong magnetic fields are applied,
the results deviate significantly. In particular, while there may be an increase in
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velocity when transitioning from a magnetic field strength of B = 4T to B = 8T,
the general trend still demonstrates a decrease in velocity. The increase of the
magnetic field causes the Lorentz force to arise, resulting in a reduction in blood
flow velocity. The reduction of blood velocity within aneurysmatic geometries
carries significant implications for arterial diseases and their development [169, 170].
Detailed quantitative data for these average and maximum variations are summarized
in Table 4.3 and Table 4.4, respectively.

Average Velocity and Pressure Values

Systolic Acceleration Systolic Deceleration Diastole

Velocity Vel Decrease (%) Vel Decrease (%) Vel Decrease (%)

B=0T 0.5720 0.4566 0.4279
B=4T 0.5659 1.06 0.4511 1.20 0.4211 1.58
B=8T 0.5638 1.43 0.4479 1.90 0.4178 2.36

Pressure Pres Increase (%) Pres Increase (%) Pres Increase (%)

B=0T 1.0951 —1.8691 1.0025
B=4T 1.3584 24.04 —1.4558 22.11 2.0294 102.43
B=8T 2.0530 87.47 —0.2503 86.60 5.3087 429.54

Table 4.3. Average velocity and pressure variations during the fourth cardiac cycle
for medium pulsatility on a 40 x 40 grid.

The pressure distribution within the AAA lumen, driven by dynamic blood flow
patterns throughout the cardiac cycle, constitutes a significant factor in raising wall
stresses and exacerbating the risk of rupture. The findings of this study, visually
represented in Figure 4.4, highlight that the dimensionless pressure p and the
pressure drop, Ap, are at their peak during the systolic phase. The pressure drop,
defined as the difference in pressure between the inlet and outlet, remains markedly
elevated during systole but experiences a significant decrease in the diastolic phase.
Furthermore, the analysis of the pressure field reveals regions with lateral pressure
gradients in the aneurysmal region, particularly during the diastolic phase, suggesting
a significant disruption in the flow dynamics. Interestingly, for the highest magnetic
field intensities simulated, such as B = 8 T, there is a substantial increase in pressure
levels.
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Maximum Velocity and Pressure Values
Systolic Acceleration Systolic Deceleration Diastole

Velocity Vel Decrease (%) Vel Decrease (%) Vel Decrease (%)
B=0T 1.9417 1.4572 1.1527

B=4T 1.9417 0.00 1.4348 1.53 0.9382 18.60
B=8T 19417 0.00 1.3884 4.72 0.8928 22.54
Pressure  Pres  Increase (%) Pres Increase (%) Pres Increase (%)
B=0T 8.5468 0.0870 8.0970

B=4T 9.1310 6.83 0.6080 598.85 9.5802 18.31

B =8T 10.9472 28.08 2.8338 3157.24 14.6834 81.34

Table 4.4. Maximum velocity and pressure variations during the fourth cardiac cycle
for medium pulsatility on a 40 x 40 grid.
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During the diastolic phase, recirculation zones are clearly observable across all
levels of aortic wall pulsatility examined in this study.

These diastolic phase recirculation zones tend to form and extend over a significant
portion of the dilated aneurysm body. They cause haemodynamic alterations in the
bulging region of the aneurysm, which is clearly captured by the resulting velocity
profiles depicted in Figure 4.5.

Low Pulsatility

01f

Figure 4.5. Velocity Profile for low and medium pulsatility at diastole.

In addition, the study incorporates an analysis of Wall Shear Stress (WSS) along
the dilated portion of the aneurysmal geometry. WSS is an essential metric for quan-
tifying the frictional forces acting on the wall of the abdominal aortic aneurysm

(AAA). Its definition involves dimensionless units, as defined by the equation

Twall = pE (Ou + 9 , where p represents the dynamic viscosity of the blood.

up \dy Ox
This methodology offers enhanced accuracy when contrasted with other methods that

solely account for the u-velocity gradient. First-order differences are utilized to dis-
cretize the velocity gradients.

The results reveal that during the systolic phase, the peak Wall Shear Stress (WSS)
on the pulsating wall is higher at the aneurysm’s shoulders in comparison to the max-
imum WSS on the rigid wall. Moreover, across all cases examined, the highest WSS
value consistently appears at the distal end of the aneurysm, consistent with prior
research outcomes [161].
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The study shows that the values of the wall shear stress increase when pulsatility
exists, but the presence of the magnetic field decreases this effect. Specifically, in the
low pulsatility case, the average WSS experiences a reduction for both the systolic
and diastolic phase. At systole, the reduction is approximately 13% for B = 47 and
35%, for B = 8T'. For diastole the corresponding values are 31%, for B = 47 and
67% for B = 81'. Moving to the medium pulsatility case, reductions of 22% and
31% are observed during systole, for B = 47T and B = 87. Meanwhile, during
diastole, the reductions are 34% and 74%, for the two magnetic field intensities under
consideration. Analytically, the values can be found in Table 4.5. For all pulsatilities
studied, the WSS reduction is more pronounced at the diastolic phase of the cardiac
cycle.

Wall Shear Stress (WSS) Reductions

Systolic Phase Diastolic Phase

Avg WSS (%) Low Medium Low Medium

B=4T 13.19 22.22 31.73 34.39
B =8T 35.16 31.94 67.06 74.52

Max WSS (%) Low Medium Low Medium

B=4T 2.07 5.60 27.79 28.29
B =8T 10.50 5.31 93.57 62.32

Table 4.5. Average and maximum WSS percentage reductions for low and medium
pulsatility under magnetic field conditions.

The dynamic WSS profiles observed in this study align with the findings from
previous experiments and computational studies [213, 161]. Abnormal WSS lev-
els, whether excessively high or low, and particularly patterns characterized by a
sequence of high WSS followed by low WSS, have been identified as significant
factors contributing to processes like vasoconstriction, coagulation, platelet aggre-
gation, and deposition. These conditions are likely to facilitate the formation of a
thrombus [205, 89].

In the Euler-Lagrange methodology presented here, structured grids are employed
for the computational part. An essential step towards the mathematical modeling of
pathophysiological conditions of the human cardiovascular system is the development

90



Chapter 4 Results and Discussion

of such fluid—structure interaction (FSI) techniques. Conditions such as AAA and var-
ious other intriguing biomedical problems [118, 182] underscore the necessity for the
development of such computational approaches. These approaches have the poten-
tial to provide significant information about a patient’s condition, offering valuable
information that can guide medical professionals in making vital decisions [207].

In earlier investigations, advanced Fluid-Structure Interaction (FSI) simulations
were conducted using patient—specific geometries. These simulations modeled the
dynamic interaction between haemodynamics within the aneurysmal vessel and wall
deformation. The simulations were executed with the assistance of a commercial
software program, (ADINA R & D Inc, Watertown, MA) [162, 205, 207, 209].

These FSI studies involved the utilization of patient—specific, three-dimensional
geometries reconstructed from CT scans of aortic aneurysms with various configura-
tions, including cases both with and without thrombus formation. These simulations
were aimed at predicting potential rupture locations on the surface of the aneurysmal
wall [207]. For the fluid dynamics part, the Euler—Lagrange approach was employed
to describe the fluid equations [209]. The haemodynamic findings of the present study
consistently align with our previous FSI investigations, accurately predicting veloc-
ity and pressure distributions, as well as the presence of blood recirculation zones,
during the diastolic phase [162, 205]. The WSS distributions obtained in this study
correspond with findings from prior experimental and computational studies involv-
ing rigid walls [161, 213].

4.4.2 Limitations and Future Work

In the current study, an assumption was made that blood behaves as a Newtonian
fluid. While this assumption holds reasonably well for blood flow in larger arteries, it
is known to deviate from Newtonian behaviour in smaller vessels [189]. To enhance
the accuracy of future simulations non—Newtonian behaviour could be incorporated,
especially when smaller blood vessels are involved. Moreover, the motion of the arte-
rial wall was determined based on existing literature data. Future steps should involve
the development of a coupled scheme that can accurately capture the hyperelastic and
incompressible nature of aortic wall materials [207].

Another potential challenge arises from the outflow boundary condition, which
could potentially generate reflecting pressure waves, although this phenomenon was
not observed in the current study. To address this concern in future research, a prospec-
tive approach could involve coupling the outflow solution with lumped parameters or
utilizing one-dimensional models for the downstream domain [71, 196, 209].

A subsequent step would be to create a three-dimensional solver using the finite
volume method that could address the fluid-structure interaction (FSI) applications
in the biomedical field. However, the complexity of the geometry and the associated
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challenges, including non-linearity, coupling, and considerations of time and spatial
variables, necessitate comprehensive efforts and an advanced formulation. These FSI
issues can currently only be addressed by a very limited number of numerical codes.
The development of such FSI approaches that could handle these haemodynamic in-
teractions with the aorta wall, is essential.

4.5 Conclusions

This study introduces a two—dimensional Euler—Lagrange mathematical model that
extends the fluid equations into a mixed Euler—Lagrange formulation. This approach
is used to investigate blood flow dynamics within an aneurysmal geometry through-
out the cardiac cycle. To achieve this, the fluid transport equations of mass and mo-
mentum are transformed into a reference frame that moves with the geometry, using
generalized curvilinear coordinates (GCC). The resulting system of partial differential
equations (PDEs) is discretized using the finite volume method, employing structured
grids. Given the strong coupling, the presence of nonlinear terms and the inclusion of
intense source terms in these PDEs, a simultaneous solution approach is employed.

The developed model demonstrates its ability to predict the dynamic velocity and
pressure profiles of fluid within a pulsating aneurysmal structure. It has been observed
that all flow characteristics were significantly influenced by the pulsatile motion of
the arterial wall, particularly when subjected to the presence of a magnetic field.

The magnetic field has a significant influence on the flow dynamics within the con-
sidered aneurysmal geometry. More specifically, the bulk flow velocity decreases
noticeably with increasing magnetic field strength, especially during the diastolic pe-
riod. Furthermore, the pressure field is impacted by the magnetic field, causing a
significant increase in pressure drops during the entire cardiac cycle.

Moreover, the wall shear stress (WSS) near the aneurysmatic wall undergoes al-
terations, necessitating a deeper investigation into the magnetic field’s effects on the
pulsating wall. These observed phenomena, in conjunction with the formation of the
aneurysm itself, hold the potential to further impact the cardiovascular risk profiles
of patients with abdominal aortic aneurysms.

In conclusion, these findings demonstrate the significance of employing Fluid-
Structure Interaction (FSI) biomedical modelling approaches and conducting inves-
tigations on blood flow under the presence of a magnetic field.
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CHAPTER

A THREE-DIMENSIONAL
FLUID—STRUCTURE INTERACTION
APPROACH ON ANEURYSMAL
HAEMODYNAMICS

5.1 Introduction

Prediction of haemodynamic properties, such as flow and/or pressure fields and
wall stresses, via biofluid dynamics has a wide range of applications in the human vas-
cular system, from evaluation of cerebral artery pathologies to prediction of abdomi-
nal aortic aneurysms (AAAs) [118, 119, 207]. AAAs occur mainly in the infrarenal
segment of the abdominal aorta between the renal arteries and the iliac bifurcation
and are characterized by dilation of the aorta. As the aneurysm grows, the stresses on
the inner wall increase. AAAs are usually asymptomatic, and their growth rates vary
among individuals; however, when aortic dilation exceeds tissue strength, rupture can
occur, resulting in internal bleeding and a mortality rate of 85-90% [99]. Thus, un-
derstanding the haemodynamics of AAAs is essential for prediction and prevention
of rupture.

Several research groups have conducted simulations of blood dynamics and inter-
actions with the aortic wall, including computational fluid dynamics (CFD) and fluid—
structure interaction (FSI) methodologies [24, 69, 74, 146]. FSI problems involve the
interactions between haemodynamics and vessel wall deformation, making them a
classic example of multiphysics simulations. Solid mechanics equations are usually
formulated and treated with a Lagrangian frame of reference in which the mesh de-
forms with the material. By contrast, for equations describing fluid flow, an Eulerian
frame of reference is adopted, in which fluid particles are allowed to move through
an otherwise stationary mesh. In the present study, we use a mixed Euler—Lagrange
approach to model blood flow problems with consideration of the motions of blood
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vessels.

Many methods have been developed to describe the interactions of fluid and tis-
sue in complicated geometries. For instance, Peskin and collaborators introduced
the immersed boundary method to describe the biomechanics of the heart and blood
flow [154]. In this method, Navier—Stokes equations are solved on a fixed Eulerian
grid, which can be Cartesian or curvilinear [76, 178]. Numerous improvements have
been proposed since the introduction of the immersed boundary method [32, 190].
Figueroa et al. introduced the coupled-momentum method, an advanced FSI tech-
nique [68] in which three-dimensional (3D) deformable arterial models are described
and the deformation equations of the vessel wall are coupled with the fluid domain.
Models of flow in compliant vessels in one and three dimensions were introduced by
Quarteroni et al. [71], and an Euler—Lagrange numerical framework describing flows
in body-fitted geometries, using the finite volume method (FVM), has been devel-
oped by Shyy and coworkers [31, 173, 175]. The latter approach ensures consistent
treatment of the continuity equation and addresses the skewness of the computational
grid on the flow field.

There have been several studies of FSI approaches with applications in the biomed-
ical field, for instance, the use of reconstructed patient-specific geometries from com-
puted tomography scans of the abdominal aorta to determine the risk of rupture, focus-
ing on the effects of the pulsating wall on the aneurysmatic vessel [58, 205, 207, 209].
In these approaches, an arbitrary Lagrangian—Eulerian methodology is used to de-
scribe the coupling between blood and the vessel wall, with abnormal values poten-
tially indicating an increased risk of rupture.

However, there is a need for methods more suitable for the study of complex and
deformable domains such as those of biological structures. These intricate systems
can be mathematically modelled using generalized curvilinear coordinates (GCCs) to
convert the system of partial differential equations (PDEs) into a moving body-fitted
reference frame. Body-fitted coordinates are a suitable selection for cases with com-
plex geometries or special geometric characteristics (extreme curvature, torsion), as it
has been proved that such coordinate systems improve computational efficiency [75].

In the present study, we present a 3D finite volume solver for FSI. This mathemati-
cal model describes the interaction between fluid flow and the arterial wall, thereby ex-
tending previous modelling work in the two-dimensional (2D) Euler—Lagrange frame-
work [108, 204]. This approach can be applied to many biomedical problems involv-
ing a fluid—solid interface. In this study, a simplified idealized geometry (Figure 5.1)
is studied with aim of modelling blood flow through this domain. Additionally, ac-
cording to the literature [165], fusiform aneurysms are characterised by a symmetric
dilation along the axial direction, so a direct numerical approach, coupling all equa-
tions, is applied in this methodology utilizing trust region methods [106].
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5.2 Mathematical Analysis

5.2.1 Dimensionless Equations

A mathematical formulation of the problem under consideration can be given
based on the fundamental conservation laws of fluid mechanics, namely the conser-
vation of mass and momentum. These governing equations describe the pulsatile
motion of blood within a moving reference frame where flow is assumed laminar and
the fluid behaves as Newtonian that is slightly compressible. Such assumptions are
commonly adopted in haemodynamic analysis. The system must then be transformed
to a generalized coordinate system using GCC. The equations for continuity and
momentum in Cartesian coordinates and three dimensions for a Newtonian fluid are
as follows [174].

Continuity equation:

9p  Olpu)
ot 0% 07 03

r-momentum equation:
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y-momentum equation:
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z-momentum equation:
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In the equations above @, v, and w denote the components of velocity vector
¢ = (u,v,w), while p represents the pressure, p the density, and p the dynamic
viscosity of the fluid.

To simplify and generalize the system of equations, we make them non-dimensional
by introducing the following dimensionless parameters:

Y z t u 0 W D p
_— =2 t= = — = = — = — =
y Y R’ z R’ R/uo’ u U()7 v Uo’ w uO’ p pug’ c p07
where R is the length of the inlet of the aneurysmal structure, g is the characteristic

velocity at the inlet, and pg is a characteristic density.

(5.5)
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Moreover, the assumption of slight compressibility implies that density variations
with pressure are small but not negligible. This process leads to a new form of the
equations that includes the Reynolds number, assuming slight compressibility of the
fluid.

Dimensionless continuity equation:

dc | O(cu) | O(cv) | O(cw) _
5 ow T oy t oo = (5.6)

x-dimensionless momentum equation:
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y-dimensionless momentum equation:
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z-dimensionless momentum equation
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In these equations, all variables have been replaced by their corresponding dimen-

. uoR .
sionless forms. The parameter Re = 0t represents the Reynolds number, and v is

the kinematic viscosity of the fluid.

The next step involves an appropriate selection of a coordinate system that is capable
of handling complex and curved geometries such as the aneurysmal geometry. To
achieve this, the GCC transformation is employed, ensuring that the effects of the
grid motion are incorporated into the numerical approach. This transformation maps
the physical domain into a normalized local domain, allowing the equations to be
written in a body-fitted form. Applying the chain rule, the first-order derivatives of
any quantity ¢ with respect to spatial derivatives can be expressed as:

9 _, 99 0¢
be; S gy

¢

B
ac (5.10)

+ Ce,

where ¢ = u,v,w,p and e; = z,y, z. The coefficients &, 7.,, and (., are the GCC
transformation metrics, which can be evaluated in each control volume as follows:
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where | J 7Y = det (J ) = z¢ (ynze — Yern) — 2y (Yeze — Yeze) +3¢ (Yezy — Ynze)
is the determinant of the inverse Jacobian.

This method focuses on the motion of the computational grid. To capture the move-
ment of the grid, values & = dx/dt, y = dy/dt, and 2 = dz/dt are introduced to
describe the grid velocities [68, 17]. When the GCC transformation is applied, the
time derivative also changes:

9 ([, 99 aqs 26 6(;5 96 00 8(;5 26

0¢ ¢
¢ 12)
where ¢ is a scalar function as defined before.
For simplicity, throughout the remainder of this text, J ! will denote ‘J -1 ‘ We also
have the following continuity GCC equation:

aJ 1 LU ou + ov + ow
ot 0¢ ¢

=0. (5.13)

The quantities U, V', and W introduced here are the transformed velocities, which
describe the arbitrary motions of the domain on the basis of the Euler—Lagrange ap-
proach:

U=c(u—2)+cv—9y)+cs(w—2), V=c(u—2)+c5(v—9)+cs(w—32),

W =cr(u—x)+cg(v—19)+ co(w— 2),
(5.14)
where &, 9, 2 are the arbitrary grid motion velocities and ¢; are defined by:

€1 = Ynz¢ — Y¢on,  C2 = Xy — InZ¢; €3 = Tyl — T(Yn,
Cqy = y<2’5 — y£Z<, Cy = $£Z< — a:425, Cg = Z‘Cyg — .Cvgyc, (5.15)

Cr = ygzn — ynz§, cg — .’L‘TIZ£ — 5135277, Cg = 1’53/77 — .%'nyg.

In addition, we have the following equations:
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x-momentum GCC equation:
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where g; are defined as

G2 = c1¢4 + Cac5 + C3C6, Q3 = C1C7 + C2C8 + C3Cy, (5.19)
e = c7 + 08 + cg

2 2 2

q1=c1+cyt+c3,
2 2 2

qq = Cy + Cy + Co, Q5 = C4C7 + C5C8 + CgCo,

5.2.2 Boundary and Initial Conditions

Studying blood flow in an aneurysmal geometry, as formulated by the system of
equations described in the previous section, requires appropriate boundary and initial

100



Chapter 5 Mathematical Analysis

conditions. These conditions ensure that the numerical solution is well-posed and that
the simulations reproduce accurately the behaviour of blood flow within the aneurys-
matic domain. At the inlet, a time-dependent velocity profile is imposed to describe
the pulsatile nature of blood flow throughout the cardiac cycle. Along the vessel walls,
kinematic boundary conditions are applied to capture the motion of the arterial wall
due to the pulsatility. The displacement of the wall is described through the velocity
components &, y, 2. At each time step, the computational grid is updated to follow
this motion, ensuring that the deformation is accurately captured.

At the outlet, the velocity field is fully developed, corresponding to a parabolic
flow profile, and the pressure is known. Symmetry boundary conditions are applied
along the central axis of the domain, exploiting the symmetry of the geometry of
fusiform aneurysms, as in Figure 5.1, to reduce computational cost while preserving
physical accuracy. The full set of boundary conditions is summarised below:

o Velocity .

moving wall

T‘E,
R
|

inlet SYInetry outlet
10R

o  Pressure

5

Time [s]

Figure 5.1. The 3D geometry with boundary conditions applied.

. Y 2 Z\2
e at the inlet, for t > 0 : wu(y,z,t) = [1_ (E) — (f) ] %
velocity waveform(t),

v=0,w=0 —R<y< R, —R<z<R,

+ at the moving wall: v = &, v = ¢, w = £ (kinematic boundary condition),
ou
* at the symmetry : 90 = 0, v=w=0,for t >0,
Y
u_ v ow

« atthe outlet : p = pressure waveform(t), P 0,
x

(fully developed flow assumption).
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where © = dz/0t,y = 0y/0t, 2 = 0z/0t.

The waveforms describing inlet velocity, outlet pressure, and wall movement were
obtained from the literature [145] and fitted using a Fourier series [119]. Experimen-
tal and imaging studies, including intravascular ultrasonography, magnetic resonance
angiography, and computed tomographic angiography have been used to quantify the
pulsatile motion of the aortic wall [10, 193]. The present model treats the wall as
a moving boundary, whose movement is described by a time dependent waveform
extracted from the literature [145]. The aortic motions specified in this study corre-
spond to low pulsatility (0.73% change in the initial radius) and high pulsatility (4.9%
change in the initial radius) of the aortic wall.

5.2.3 Geometric Conservation Law

Artificial sources of mass and momentum may be formed during flow calculations,
owing to inconsistent numerical implementation of the PDEs describing the problem
under consideration. Studies have shown that correlating the temporal rate of change
of the Jacobian (J) with the Cartesian velocity components of the computational grid
(z, 9, 2) to update the Jacobian at the implicit time level can help to eliminate such
phenomena [174, 186]. The geometric conservation law ensures that a numerical
solution remains accurate when grids are moved or deformed; that is, variations in
the volume of the physical domain coincide with the required grid velocities. For this
purpose, we introduce the following equation:

o "ot \"an,0) Vom0 T Tamo)) T an \Va €0
9 (,0xy) . 0(y,=2) -5(29,2)) —0
"o (za(s,m Yo o) T
(5.20)
where ggz’ z; is the determinant of the corresponding submatrix of J~'. The FVM is

used to integrate equation (5.20), applying a first-order fully implicit time integration
scheme over the control volume. High-order geometric conservation law approaches
such as this were introduced by Mavriplis [129, 130]. The discretized finite volume
form is shown below:
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5.3 Numerical Solutions

A mixed Euler—Lagrange numerical framework was developed to numerically
solve the PDE system subject to the prescribed initial and boundary conditions. The
spatial discretization was performed using the FVM on a collocated grid arrangement,
while temporal discretization employed the implicit backward Euler scheme. The al-
gorithm was implemented in MATLAB R22a (MathWorks, Natick, MA). To reduce
the computational complexity the governing equations were expressed in dimension-
less form. Furthermore, parallel programming techniques were applied, to accelerate
the computational process. In particular, utilizing 12 CPU cores resulted in an ap-
proximately 72% reduction in total computational time [108]. This makes the paral-
lel technique essential for a numerical solution in a reasonable time, especially when
larger grid sizes are examined.

5.3.1 Finite Volume Discretization Method

In this study, a collocated arrangement of the grid was adopted, such that only one
set of control volumes was required. In this grid, all the variables are stored at the
centre of each cell volume, and velocities are interpolated on the n, s, w, e, ¢, and b
surfaces of the control volume [67, 153], as depicted in Figure 5.2.

The suggested method introduces an implicit scheme that is unconditionally stable,
resulting in first-order accuracy for time derivatives and second-order accuracy for
spatial derivatives [67, 70]. The finite volume discretized form of the continuity and
the momentum equations is as follows.

Finite volume discretized continuity equation:

JL— gt

AL +Ue Uy +V, = Vs + W, — W, =0, (5.22)
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Figure 5.2. Schematics of grid transformation from the physical to the transformed
domain.

Finite volume discretized £-momentum equation:

J 7 — Jo_luo

At
+ [Uu+61P— L (tnal +q28i +q3%)} - [Uu+6117— L (1118: +q28fu +q38i>]
J=1 Re 13 on o¢ e J—1 Re 13 on a¢ /1y,
+ {Vqucwf L (q2al +q48l +q5%)] - [Vu+64pf L (qzal +q4% +q56i>]
J—1 Re o€ on ac /1, J—1 Re ¢ on ¢ s
+ {Wu-‘rcﬂo— S (qg% +q56j +qa6l>] - [Wu+c7p— L (1138: +q5ai +qe%)} =0,
J—1 Re Il3 on ¢ t J—1 Re o0& on ¢

where subscripts e, w, n, s, t, and b refer to the surfaces of each finite volume (Fig-
ure 5.2). To estimate the mesh velocity vector (i, 9, 2), the following first-order

. . T—Xp . Y—% 2%
scheme is used: & = , Y = At , 2 =

previous, x, ¥, z the current time step grid positions, and At is the time step [174].
The finite volume forms for the other two momentum equations can be obtained in a
similar way.

, Where xq, yo, zo are the

5.3.2 Grid independence and Courant—Friedrichs—Lewy (CFL) Crite-
rion

This study used a collocated grid, where all the variables are stored in the centre of
the volume. This approach is memory-efficient for simulation processes. However,
it is essential to investigate the effects of using a finer partition, as increasing the grid
density enhances the model’s capability to handle discontinuities and discontinuous
problematic areas, yielding more accurate results.
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To ensure grid-size independent results, a mesh convergence analysis was con-
ducted. The convergence between successive grid configurations was then evaluated
over the entire cardiac cycle using the Root Mean Square (RMS) difference of these
interpolated velocity magnitudes.

RMS = (5.24)

where the velocity magnitudes at the same location in the dilation area are represented
by ¢; and ¢;, and n is the total number of elements of the computational grid in the
same region.

As expected, increasing the grid size resulted in a reduction in the RMS error, as
shown in Tables 5.1 and 5.2. In addition, the value of the CFL parameter increased
with grid refinement and decreased with smaller time steps (At), as depicted in
Tables 5.1 and 5.2. All tested grid configurations yielded numerically stable and
convergent results.

All simulations were performed with a grid size of 40 x 20 x 20 = 16 000
finite volume elements. Figure 5.3 shows a computational mesh configuration in the
aneurysmal structure from the 2D and 3D perspectives.

Front

Figure 5.3. The 3D computational grid from various perspectives.

Four cardiac cycles were simulated using a Dell PowerEdge R440 workstation with
two Intel Xeon Silver 2 physical processors (4210R, 2.40 GHz, 13.75 MB, 20 cores,
32 GB RAM). When employing numerical methods, it is necessary to ensure that the
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solution obtained converges to the solution of the PDE. Intense non-linearities often
limit stability in the Euler—Lagrange and Navier—Stokes equations. Thus, the CFL
criterion can be used to interpret the ratio of the velocity and local spatial discretization
in each direction [54] as follows:

n U
FL=A . 2

This CFL condition is applicable to both hyperbolic and parabolic PDEs, including
those used in the present study. Tables 5.1, 5.2 show the CFL number for four compu-
tational mesh configurations and various time steps and wall pulsatile motions (no
wall pulsatility, low wall pulsatility, and high wall pulsatility) at peak systole of
the cardiac cycle. The implicit numerical scheme developed here provided conver-
gent and stable numerical solutions for all studied cases. In addition to the CFL and
Reynolds numbers, the Womersley number (I¥ 0) is also reported in Tables 5.1, 5.2.
It is a dimensionless quantity indicating the unsteady flow frequency in relation to the

viscous effect, defined as,
Wo = R\/f , (5.26)

where R is the radius, v is the kinematic viscosity, and w is the angular frequency of
the pulsations.

At Grid size Re Wo CFL RMS  Stability

0.0250 20 x10x10 199.34 2.60 1.68 0.0046 Yes
0.0125 20x10x10 19934 2.60 1.03 0.0054 Yes
0.0250 30x15x15 19843 2.79 291 0.0025 Yes
0.0125 30x15x15 19843 279 172 0.0027 Yes
0.0250 40 x20x20 206.11 287 331 0.0017 Yes
0.0125 40x20x20 206.11 287 197 0.0020 Yes
0.0250 50 x25x25 20250 293 4.44 - Yes
0.0125 50 x25x25 20250 293 278 - Yes

Table 5.1. Grid independence data for the haemodynamic case for various time steps
and grid sizes.
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Low Pulsatility
At Grid size Re Wo CFL  RMS  Stability

0.0250 20 x10x10 199.36 2.60 156 0.0048 Yes
0.0125 20 x10x10 199.63 260 096 0.0083 Yes
0.0250 30x15x15 198.23 280 277 0.0026 Yes
0.0125 30x15x15 198.23 2.79 1.61 0.0042 Yes
0.0250 40 x20x20 20591 288 4.06 0.0017 Yes
0.0125 40x20x20 20591 287 178 0.0033 Yes

0.0250 50 x 25 x 25 202.07 294 4.01 - Yes

0.0125 50 x25x25 202.07 294 220 - Yes
High Pulsatility

At Grid size Re Wo CFL  RMS Stability

0.0250 20 x10x10 200.23 2.63 136 0.0097 Yes
0.0125 20 x10x10 200.23 2.62 0.68 0.0129 Yes
0.0250 30x15x15 19597 283 223 0.0060 Yes
0.0125 30x15x15 19597 281 120 0.0082 Yes
0.0250 40 x20x20 203.61 291 249 0.0040 Yes
0.0125 40x20x20 203.61 2.89 133 0.0056 Yes
0.0250 50 x25x25 19847 297 3.79 - Yes
0.0125 50x25x25 19847 295 2.01 - Yes

Table 5.2. Grid independence data for the Low and High pulsatility cases.
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The following Figure 5.4 summarizes the results presented in the Tables 5.1, 5.2 above,

Grid Independence Results: Re & Wo
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5.3.3 Direct Solution Approach

Various fluid dynamics problems require the solution of a coupled system of PDEs
in which the variables of each equation are present in the other equations. In the
simultaneous solution approach, all equations are considered to be part of a single
large-scale algebraic system, with the discretized equations forming a block struc-
ture [67]. Owing to the non-linearity of the system, a non-linear solver is required. A
classical approach is to use Newton-like methods; this is the approach we followed in
the present study. Other numerical methods have been developed to address similar
problems in CFD. For instance, an iterative method based on the SIMPLE algorithm
was implemented by Shyy et al. [150, 174]. This approach evaluates unknown vari-
ables such as velocity and pressure on the surfaces of the control volume, using an
iterative scheme to update the unknown values [31, 174]. Although the SIMPLE al-
gorithm has been implemented in various CFD software programs, the alternation of
the governing equations can result in loss of accuracy. However, should convergence
be achieved, a very robust numerical solution is obtained without the need to use new
equations to correct the unknown variables.

Newton’s Method and the Sparse Jacobian Matrix

According to this approach, a direct numerical procedure is implemented. The
FVM results in a large non-linear system of algebraic equations, which is easier to
solve compared with a non-linear system of PDEs. The numerical solution of the
algebraic equation system is obtained using a Newton-like method as follows [28]:

=z — gt @) f (@), (5.27)

where n and n + 1 indicate the current and next iterations. The solution vector in the
current iteration is denoted by z", the Jacobian matrix J (Z") is evaluated at ", and
f (z") are the discretized equations evaluated at Z". The iteration process ends when
the solution vector at the next iteration is close enough to the solution vector at the
previous iteration (as determined by the size of ¢, a small parameter).

The size of the Jacobian matrix is related to the size of the computational grid
under consideration, with a grid of m x n x k resulting in a matrix with 16m?n2k?
elements for the 3D Navier—Stokes equations. This is due to the total number of
equations created by the discretized system, which is, 4 X m x n x k. Number 4
represents the system of the 3D Navier-Stokes equations along with the Continuity
equation. Thus, in large-scale systems, the use of the Jacobian matrix can become
challenging owing to memory limitations. However, it has been observed that a large
number of elements in the matrix are equal to zero, indicating sparsity. Therefore, the
system can be numerically solved by calculating only the non-zero elements. Such

109



Chapter 5 Numerical Solutions

implementations can save substantial amounts of computational resources (both time
and space), and improvements in this regard are ongoing [§].

Trust-region Method

Although Newton’s method is theoretically easy to implement and straightforward,
in practice, its functionality can be limited by local minima or a bad initial guess.
To overcome these limitations, Newton’s method is often used in combination with
trust-region techniques in minimization problems [217]. The goal of such numerical
procedures is to find a vector (solution) in which f () is as close to zero as possible,
or f (z) = 0.

The trust-region method generates a step p in which a model function m (p) ap-
proximates function f (Zr), with a trust region defined around the point Z. Usually,
the model function is quadratic and is generated by expansion of the Taylor series of
f around point Zy:

_ _ o 1 oo

f@+p)=F @) +V F (@) p+ 50 Vi (@r+tp)p,  (528)
where t € (0,1). In practical applications, an approximation By, is used instead of
the Hessian matrix, which gives the model function, m. The model function can be
written as [138, 144]:

my (p) = f (Zk) + V' f (Tk) D+ =p" Bip. (5.29)

1
2
The deviation between the model and the objective function is of the order of
O (||p|[*); this has a small value when p is relatively small. The step p is given
by the solution of the following sub-problem:

minmi (p) = [ (5) + V77 (@) p+ 55" 92 (7 + 9)p, o that [p] < A,
(5.30)
where Ay, is the trust-region radius at the k-th iteration [214].
A major challenge associated with the trust-region method involves the strategy for
choosing a proper radius Ay, at each iteration. For this purpose, the following ratio is
defined [81]:

[ (@) — [ (Zk + P

Pr = (, )— (, — ), (5.31)
my (0) — My (Pr)

where py, is a given step. In this expression, the numerator is the actual reduction,

whereas the denominator is the predicted one. Note that in equation (5.31), my (0)
is equal to the original function f (Zj). On the basis of the ratio described in this

equation, an algorithm can be constructed as described in [144]. In this study, the
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radius Ay, is a critical factor to be reduced or enlarged as needed so that model function
is closely related to the objective function.

5.4 Results and Discussion

We used a 3D Euler—Lagrange mathematical approach to describe a viscous fluid
flow coupled with a pulsating arterial wall tissue, focusing primarily on the flow and
pressure fields of the fluid. Our approach also takes into consideration the develop-
ment of recirculation zones , as well as the time-averaged wall shear stress (TAWSS)
induced by the fluid on the moving wall during the cardiac cycle. Each cardiac cycle
is divided into the following three flow phases.

» Systolic acceleration: the initial phase of the cardiac cycle when blood is
ejected from the inlet of the vessel.

 Systolic deceleration, which occurs as the flow slows after reaching peak ve-
locity. In this phase, the development of vortices is visible at the centre of the
aneurysm as the velocity decreases.

* Diastole: the last phase of the cycle, in which the blood flow stabilizes. The
recirculation zones developed in the previous phase can now shrink in size and
lose momentum.

We conducted simulations of four cardiac cycles to obtain a solution independent
of the initial dynamics. Blood was considered to be a Newtonian fluid with laminar
flow [174]. Two different levels of pulsatilities were studied, low and high. To visual-
ize the results of the velocity and pressure fields, we used a 2D cross-sectional plane
to provide a clear representation of flow patterns within the aneurysm. However, for
parameters associated with the vessel wall, such as TAWSS and the oscillatory shear
index (OSI), we used a 3D view to better capture the variations along the arterial
surface.

At the peak of the systolic phase, pressure tended to have higher values near
the wall, whereas recirculation zones were observed to develop in the centre of the
aneurysm during the diastolic phase, consistent with the findings of previous stud-
ies [209].

Biomedical Factors

Wall shear stress (WSS) refers to the force per unit area exerted by the vessel wall
on the blood flow [96]. WSS caused by pulsatile flow has been shown to have a
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significant impact on the development of atherosclerosis. WSS can be expressed as
follows in tensor notation:

Twan = 4 [V + (V)] - 7, (5.32)
where p is the blood viscosity, ¢'is the velocity vector, and 7 is the unit normal vector
to the wall. Abnormally low or high WSS could potentially lead to a variety of cardio-
vascular problems such as thrombus formation. However, high WSS could also cause
problems, especially if there are shifts from high to low values of WSS [209, 149] .

TAWSS is the mean value of the WSS over one cardiac cycle and is given by the
following formula:

T
TAWSS(s) = % / WSS(s, )|t (5.33)
0

OSI quantifies areas of the vessel wall exposed to oscillating WSS throughout
the cardiac cycle. Low OSI values reveal minimal flow disruption, whereas higher
values identify areas in which instantaneous WSS deviates from the main flow
direction for a substantial part of the cardiac cycle. Studies suggest that areas of
elevated OSI are prone to atherogenic particle infiltration, and OSI levels above 0.3
are considered to be atherogenic [127, 180]. The formula is as follows:

L1 [T wWSS(s, tydt]
LT W SS(s,t)|dt |

OSI(s) =0.5 |1 — (5.34)

where ¢ is the time step, T is the time period of the cardiac cycle, and s is the surface
of the geometry.

5.4.1 CFD-FSI Comparison

This study is an extension, from 2D to 3D, of our previous work [204]. The new
methodology has additional complexity due to the 3D nature of the modelling ap-
proach. The algorithms and numerical techniques developed were extended to cap-
ture these additional 3D dynamics. Thus, the study brings new scientific insight into
aneurysmal geometry, particularly with the formation of complex recirculation zones
and secondary flow. Furthermore, the introduction of significant haemodynamic in-
dices provides additional information about the condition of the aneurysmatic struc-
ture strengthening this study. Although the computational cost is more demanding,
the current results are more realistic, offering detailed information on the pathology.
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In the following section, we present results obtained for the CFD and FSI cases. In
both cases, the same boundary conditions were applied for the simulations; however,
in the FSI case, the movement of the arterial wall was considered. Although the
volume flow rate was the same for the two cases, the velocity distribution during
the cardiac cycle varied drastically. In the CFD case, there was a strong increase
in the velocity of the flow in the acceleration phase during systole, followed by
deceleration, whereas in the diastolic phase, the velocity remained relatively low,
Figure 5.5 (a). In the FSI case, owing to wall movement, the flow during systole
showed a significantly smoother profile compared with that observed in the CFD
case, Figure 5.5 (a), and in diastole, the velocity field values were slightly higher
than those in the hydrodynamic case, indicating additional flow to the downstream
vasculature. This mechanism of retaining blood during systole and providing fluid
flow during diastole, when velocities would otherwise be reduced, has been observed
in the human arterial system. In addition, recirculation zones were more prominent
in the FSI case, owing to the pulsatile movements of the arterial wall due to the
kinematic boundary conditions. For the same reasons, the TAWSS values also
increased in the FSI case.

FSI nigh puls.

1348 13284 192488 132402 132406 1325

x10%

Figure 5.5. (a) Comparison of CFD FSI configurations for the velocity field during
the cardiac cycle. (b) Pressure field for the CFD case (left) and pressure differences
between the FSI and CFD cases for the two pulsatilities under consideration.

Pressure is a significant factor in the cardiovascular system, and it has an impor-
tant role in pathophysiological conditions such as AAA. Although the pressure in the
FSI case decreased at the peak of systole, it remained at the same level during the
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whole systolic phase, as shown in Figure 5.5 (b). Regarding the pressure field, there
was a slight reduction during the cardiac cycle in the FSI case compared with the hy-
drodynamic case, as expected for FSI vessel geometries. Figure 5.5 (b) depicts the
pressure field for the CFD case and the absolute pressure difference for the two pul-
sating cases, showing a small decrease in systolic pressure in the FSI cases compared
with the CFD one. These results demonstrate the positive effects of the pulsating arte-
rial wall on flow dynamics, which enable it to compensate for hydrodynamic stresses
in the cardiovascular system.

In addition, there were differences in TAWSS and OSI values between cases with
and without pulsatility. Specifically, TAWSS increased in the main region of the
aneurysm as pulsatility was introduced and further increased with increasing pulsatil-
ity see Figure 5.6. Conversely, OSI was reduced near the aneurysm shoulder, in-
dicating reduced flow disruption as pulsatility increased. As previously mentioned,
lower OSI values suggest diminished vortex formation, meaning that high pulsatility
contributes to stabilization of the flow dynamics. This suggests that increased pulsatil-
ity could have beneficial effects in certain cases; these could potentially be realized
through specific exercise conditions.

Taken together, these results indicate that FSI simulations offer more accurate rep-
resentations of flow patterns and WSS compared with the hydrodynamic case [157].

Figure 5.6. Biomedical factors (TAWSS and OSI) for the CFD case and the two
pulsatilities under consideration (FSI cases).
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5.4.2 Validation
Qualitative comparisons

The study of haemodynamics in aneurysmatic geometries is essential for under-
standing the conditions that lead to cardiovascular diseases. In both fusiform and
saccular cases of aneurysms, blood flow leads to formation of recirculation zones.
Studies of the motion of a non-Newtonian fluid consisting of particles have identified
similar patterns of flow in aneurysmatic areas [50, 139]. Regions of reduced flow
are important, as they may cause alterations in blood flow, leading to other problems
such as thrombus creation. Biasetti et al. studied fusiform and saccular AAAs and
found that vortices were formed specifically in regions of strong curvature [21]. This
implies that geometric properties affect the blood flow through a vessel.

A qualitative comparison of the results of the present study with those of Bi-
asetti [21] showed that our 3D mathematical model predicted all phases of the cardiac
cycle very well. During the acceleration of the systolic phase, there was only for-
ward flow; this was then disturbed owing to the deceleration of the flow. At diastole,
Biasetti observed several recirculation zones. Similarly, in our study, recirculation
started during the deceleration phase and was maintained at diastole, vanishing only
when flow acceleration began again in early systole.

Owing to the pulsatile nature of blood flow, the haemodynamic environment within
an aneurysm changes during the cardiac cycle, particularly during the systolic deceler-
ation phase, when the flow rate is less strong and the formation of recirculation zones
is observed in the pathophysiological case. These vortices remain present for most of
the cardiac cycle and maintain their strength [11, 13].

Quantitative comparisons

The numerical results presented in this study were obtained by means of a GCC-
based algorithm together with the FVM. Although the results compare qualitatively
very well with those of previous studies, further validation is required. The geometry
studied here has also been imported to a previously developed CFD software program
Fluent 16.1 (Ansys Inc., Canonsburg, PA), with similar fluid properties as well as
appropriate initial and boundary conditions. Figure 5.7 (a) shows the numerical
results of the custom code used in the present study whereas Figure 5.7 (b) displays
the numerical findings obtained using Fluent 16.1. The contours (colour maps) depict
the fluid velocity magnitude in both cases, while the streamlines (white colored lines)
indicate the vortices created due to the aneurysm. Additionally, the cross-sectional
plane assists with the visualization and the figures are focused on the aneurysm area.
The results presented correspond to the case of rigid (not moving) walls. The three
figures in each case of (a) and (b) represent the fluid flow in specific time steps of the
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cardiac cycle and the same behaviour is observed in both cases, validating the results.
Specifically, during acceleration in systole, there was a forward flow without any
disturbance (see the top two rows of images in Figure 5.7). As the flow decelerated
and transitioned to diastole, formation of recirculation zones could be observed in
both cases (see the lower two rows of images in Figure 5.7).

Three-dimensional center plane, GCC approach Three-dimensional center plane, rigid wall sim.

~ e =
t=71% T, mid diastole t=71% T, mid diasfole

01020304060607 0809 1 11 1213 1415

Figure 5.7. (a) Contours of the velocity magnitude and pathlines at different time
points of the cardiac cycle, obtained using the 3D CFD model developed in this study.
(b) Contours of the velocity magnitude and pathlines obtained using an advanced
numerical program. Both parts (a and b) illustrate the cross-sectional plane through
the centre (maximum Re =~ 500).

5.5 Limitations and Future Work

In this study, we assumed that blood would show Newtonian fluid behaviour. Al-
though this assumption is valid for large arteries, it may not be so for smaller ones.
However, as the present study focused on larger arteries, this approach was consid-
ered to be appropriate. The grid independence study confirmed the reliability of the
numerical solution. Nonetheless, we aim to extend the simulations to finer grids to
capture more detailed flow characteristics. Previous studies have shown that vortices
can be reduced in the presence of a magnetic field [108, 42]. In future work, we will
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develop a 3D model incorporating magnetic field effects.

In addition, future work will aim to examine the behaviour of nanoparticles in terms
of their contribution to haemodynamics. These simulations will be conducted using
high performance computing, taking advantage of graphics card cores with CUDA
programming.

5.6 Conclusions

In this study, we developed a dynamic 3D mathematical model to evaluate blood
flow in an aneurysmatic (pathological) structure throughout the cardiac cycle using an
Euler-Lagrange mathematical approach to fluid flow equations. The fluid transport
PDE:s (equations of mass and momentum) were transformed into a body-fitted moving
reference frame using the GCC methodology, and the system of PDEs was discretized
using the FVM on structured and collocated grids. We simultaneously developed an
approach for solution of the strongly coupled and non-linear system of PDEs. The
mathematical model accurately predicted the flow and pressure fields of a fluid in a
pulsating pathological geometry.

The introduction of the pulsating wall substantially influenced the velocity field,
and we observed notable alterations of recirculation zones. With respect to pathologi-
cal geometry, the pressure field showed areas of lateral gradient. Differentiation of the
pressure field was also observed between the FSI cases and the hydrodynamic case; as
the pulsatility increased, the Reynolds and Womersley numbers increased compared
with those in the hydrodynamic case. The WSS on the pulsating arterial wall provides
more information regarding the shear forces acting on the wall than could be obtained
using a rigid wall. In addition, important biomedical factors such as TAWSS and OSI
may provide information about the pathophysiology of the aneurysm. These factors,
as well as the formation of the aneurysm, could influence cardiovascular risk in pa-
tients with AAAs. Overall, the findings presented here demonstrate the potential of
FSI-based modelling in biomedical applications.
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CHAPTER

LINKING ANEURYSMAL GEOMETRY
AND HEMODYNAMICS USING
COMPUTATIONAL Fruib DyNAMICS

6.1 Introduction

One of the largest blood vessels of the human body is the aorta, which transfers
blood from the heart to the organs and the rest of the body. Abdominal Aortic
Aneurysm (AAA) is defined by a localized dilation of the abdominal aorta [165].
This condition is irreversible and is associated with factors such as gender, age,
poor lifestyle (smoking), underlying pathologies (hypertension, atherosclerosis), and
hereditary predisposition [4, 78, 109, 165, 156]. Additionally, patients with high
blood cholesterol are more likely to develop AAAs due to the build-up of lipids and
other fatty substances on the artery wall [41].

Two main AAA groups can be categorized based on their morphology: fusiform
and saccular aneurysms. The most common are the fusiform, which are characterized
by a symmetric dilation across the vessel’s length [197]. When inflation is one-sided
it belongs to saccular aneurysms and usually looks like a balloon-like aneurysm. It
is a natural consequence that the blood flow and the geometry of the aneurysm are
closely connected, as disrupted flow alters the nature of the vessel due to the hemody-
namic loads on the wall and vice versa. Due to this permanent change of the artery’s
wall, complex flow patterns occur in the main area of dilation, such as vortices and
recirculating regions.

Studying hemodynamics of the cardiovascular system can be achieved with com-
putational methods such as computational fluid dynamics (CFD), which enables the
analysis of disturbed blood flow and the calculation of stresses on the arterial wall,
thereby providing early diagnostics for doctors.

While the current criterion for endovascular repair is based on the aneurysm’s max-
imum diameter, this has been shown to be insufficient [40, 143, 192]. CFD methods,
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on the other hand, make it possible to analyse the velocity, pressure fields within the
AAA geometries and calculate the wall shear stresses (WSS) on the vessel’s wall.
In the literature, more than 47 geometric indices of patient-specific AAA geometries
have been identified [ 192]. The most widely used indices within the academic commu-
nity are the following: WSS, time-averaged wall shear stress (TAWSS) , oscillatory
shear index (OSI) , relative residence time (RRT) and helicity-related indices. Sev-
eral combinations of the aforementioned indices, such as endothelial cell activation
potential (ECAP) are of great interest.

WSS represents the stresses caused by the flowing blood tangentially on the ves-
sel lumen. In regions of low WSS values, flow disturbances and recirculation zones
are usually observed. Studies report that the rupture of an AAA is associated with
areas of low WSS [72, 110]. However, other studies suggest that the existence of
oscillating WSS is associated with the rupture of aneurysms [132]. Considering tem-
poral variations in blood circulation, TAWSS can capture all the changes on the wall
during the cardiac cycle. An increase in TAWSS has been observed in cases where
the dilation of the aneurysm progresses, likely due to an increase in the localized ex-
pansion ratio, leading also to an increase of the blood impingement velocity on the
vessel wall. Conversely, areas with low values of TAWSS are often associated with
thrombus development and thickening of the vessel’s wall [105].

The most common geometric parameters used in the literature refer to the maxi-
mum diameter, the curvature, and the tortuosity of the aneurysm [4, 79, 88, 117]. An
increase in maximum diameter is linked with reduced WSS, TAWSS and elevated
OSI, RRT values, indicating altered hemodynamics and increased rupture risk [4, 85].
More pronounced curvature is associated with higher wall stresses and increased OSI
values due to the development of recirculation zones [117]. Greater tortuosity affects
the flow patterns inside the aneurysmal sac, resulting in higher OSI and RRT [187].

Geometrical changes affect the flow inside the aneurysm, and the OSI can explain
the deviations of WSS vector. Elevated values of OSI highlight areas with recircula-
tion and are associated with high rupture risk. Geometry plays a crucial role in OSI
distribution, especially in cases with major alterations in shape or when high tortuosity
is present [198].

The combined evaluation of TAWSS and OSI provides insights into the residence
time of blood on the aortic wall [87]. Low RRT values correspond to healthy condi-
tions where blood flows smoothly without any disturbances. On the other hand high
RRT values are related to pathological cases of increased growth rates of the aneurysm
and potential rupture. Increased RRT along the arterial wall could cause absorption of
inflammatory cells and biomarkers, contributing to aortic wall degradation that leads
to enlargement and rupture [187].

A potential outcome of elevated aortic tortuosity is augmented flow helicity, which
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indicates the degree to which blood circulates in a corkscrew-like manner. Helical
flow may have a variety of physiological benefits, including improving oxygen trans-
port through the aorta wall, lowering the risk of platelet adhesion, and preventing the
accumulation of atherogenic low density lipoproteins on the wall [121, 55].

Several studies have shown that helicity within the arterial flow has a great in-
fluence on the stabilization of both laminar and turbulent flows. Under physiological
conditions, helical flows are laminar in contrast to turbulent fluctuations, which cause
irreversible energy loss and indicate inefficient blood flow. Elevated values of helicity
has been associated with the stability of the flow and the reduction of turbulence and
wall shear stress oscillations, resulting in the improvement of flow efficiency even in
distorted arterial geometries [73, 136].

Intraluminal thrombus (ILT) is a three-dimensional (3D) fibrin structure composed
of blood cells, platelets, blood proteins, and cellular debris adhering to the wall of
the AAA and is present in approximately 75% of cases [59]. Several studies have
revealed that areas with low TAWSS are associated with lumen expansion and ILT
development, regardless of the flow near the wall [12, 65, 141].

However, the impact of ILT’s in AAA development and rupture is still debated.
According to several studies, ILT may operate as a “cushion” absorbing part of the
hemodynamic load, thereby reducing peak wall stress and postpone rupture [49]. On
the other hand, there has been evidence that ILT may have negative biological effects,
including increased proteolytic activity, accelerated inflammatory responses, and hy-
poxia within the artery wall. These factors might lead to wall thinning, weakening,
and rupture [90, 194].

Previous studies on AAAs have investigated multiple factors that may influence
the clinical progression of aneurysms, including the growth rate of the maximum di-
ameter, the degree of buckling, and the volume of the stagnation zone [4, 63, 85, 94].
Aneurysm buckling promotes axial growth by creating a curvature that allows its de-
velopment lengthwise instead of radially. In most cases, this phenomenon postpones
rupture; however, in extreme cases, local stress concentrations can accelerate rup-
ture [85].

An increase in the maximum diameter of the aneurysm, combined with thinning
of the wall, leads to an increase of the wall stresses values, thus elevating the rupture
risk when the diameter grows rapidly [4]. Furthermore, the volume increase of the
stagnation zones is linearly linked with the lumen dilation and contributes to both
aneurysm growth and rupture [94].

A similar study by Fedotova et al. categorized the data into three types based on
the flow patterns obtained from the CFD simulations [65]. In the 1st group, the flow
was characterized by a helical main flow channel that affects the wall of the aneurysm,
forming vortices in the sac. The 2nd group contains non-helical flows, but with the

121



Chapter 6 Methodology

presence of a single large vortex. In contrast, in the 3rd group, multiple vortices
can be identified, without helical flow. The findings indicate that the 3rd group was
associated with lower TAWSS and elevated OSI and RRT values, moderate values
for TAWSS, OS], and RRT for the 1st group, whereas the 2nd group exhibited higher
TAWSS, lower OSI and RRT values.

This work aims to provide a comprehensive hemodynamic and morphological anal-
ysis of AAAs through CFD simulations applied to a large patient-specific cohort (74
infrarenal AAAs). By integrating a multiscale zero-dimensional to one-dimensional
(OD-1D) model with fully 3D simulations, we establish a physiologically representa-
tive framework that captures detailed flow behaviour and stress-related indices. This
study correlates advanced hemodynamic biomarkers—including TAWSS, OSI, RRT
with geometric descriptors such as curvature, torsion, and aneurysm diameter. In
doing so, this work contributes to a deeper understanding of AAA pathology and
provides a foundation for improved rupture risk assessment beyond conventional
diameter-based thresholds. Previous studies linking AAA geometry to hemodynam-
ics are often limited by small cohorts, heterogeneous modelling assumptions, and a
focus on a narrow set of geometric descriptors, which can lead to inconsistent findings.
Related work in other aortic regions, such as the thoracic aorta and aortic arch, has
shown that curvature, dilation, and tortuosity can strongly modulate secondary flows
and wall-shear patterns in a region-dependent manner. Compared to these regions,
infrarenal AAAs are characterized by pronounced dilation that promotes flow decel-
eration and recirculation, highlighting that the hemodynamic response to geometric
variations depends on both vessel size and anatomical location.

Lastly, regarding the abdominal aorta regional analysis, the aneurysms were di-
vided into the infrarenal segments and the iliac segments and thus, the statistical anal-
ysis was conducted separately for each of the aforementioned regions. This approach
allowed us to demonstrate that geometry—hemodynamic relationships differ substan-
tially between regions and reveals that the iliac arteries exhibit stronger and previously
underappreciated correlations with disturbed hemodynamics. To our knowledge, such
a systematic regional comparison has not been comprehensively reported in earlier
AAA CFD studies [98].

6.2 Methodology

In this study, we employed a total of 74 3D infrarenal AAA models, 23 ob-
tained from the SAFE-AORTA project, and 51 from the VASCUL-AID project.
The SAFE-AORTA models correspond to AAA patients treated at the Department
of Vascular Surgery, Attikon University Hospital, Athens, Greece, whereas the
VASCUL-AID models are publicly available through an open-access repository
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(https://doi.org/10.5281/zen0do.10932957) [3, 164]. The segmentation of the CTA
scans and the 3D reconstruction of the AAA models was carried out by a dedicated
task force consisting of vascular surgeons and biomedical engineers. The hemody-
namic simulations were performed utilizing the specialized biomedical CFD software
SimVascular [191]. The simulations were conducted to obtain critical hemodynamic
quantities, including pressure, velocity fields and wall shear stress-related quantities.

6.2.1 Governing Equations and Hemodynamic Parameters

Blood was modeled as a Newtonian fluid, which is governed by the incompressible
Navier-Stokes and continuity equations expressed as,

V-u=0, (6.1)
ou +u-Vu= —l?p—i—VAu, (6.2)
ot P
where A is the Laplacian operator, u is the velocity field, p is the pressure, v is the
kinematic viscosity and p is the density of blood.

The use of specialized hemodynamic indices is crucial for the evaluation of the
results, as these quantities characterize the flow patterns, quantify the prolonged res-
idence of blood in certain areas, the oscillatory nature of the flow, and consequently
contribute to the assessment of potential rupture of the vessel wall. The following
parameters, used in this study, are frequently utilized by researchers to evaluate the
pathology of each model, as they are strongly related to the occurrence and progres-
sion of aneurysms. A crucial parameter for biomedical flows is the WSS, given as
the product of dynamic viscosity with the velocity gradient near the wall,

F=pu[Vu+ (Vu)'] -n (6.3)
where 7 is the unit normal vector drawn from the fluid through the wall. TAWSS

is defined as the average value of the magnitude of the WSS vector over the cardiac
cycle,

1 (T
TAWSS = T / |WSS|dt, (6.4)
0
where 7 is the duration of the cardiac cycle and s is the general surface coordinates.
OSI quantifies the directional changes of the WSS vector over the cardiac cycle.

Smaller values of OSI, close to zero, indicate unidirectional shear, and higher values
indicate purely oscillatory shear.

Y o wssal

| (6.5)
2 ST wss|dt
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The RRT index combines the effects of OSI and TAWSS, describing with its mag-
nitude the trapping of blood particles near the wall for the duration of a cardiac cy-
cle. It is defined as the inverse of the product of TAWSS and the directional factor

(1-20S81),
1
RRT = : 6.6
(1-20S8I) TAWSS 66)
Additionally, the rotational structures and helicity behaviour are visualized through

the local normalized helicity (LNH) parameter ,

_ou(z,t) - w(x,t)
E e ol )

= cos , (6.7)

where ¢ is the angle between the velocity u and the vorticity w. This hemodynamic
parameter, described as a function of space and time, is an indicator of the helical
structures’ intensity and rotational direction. When the absolute value of LNH is one,
the flow is purely helical. Otherwise, when the value is zero, the flow is symmetric.
The sign is of great importance as it dictates the right (+) or left-handed (—) direction
of the helical structures. Therefore, the LNH values range between —1 and 1.

6.2.2 Developed Multiscale Model

For the purpose of acquiring a physiological result for the AAA models, we utilized
a multiscale, coupled 0D-1D model for the boundary conditions of our simulations.
Regarding the equations of the 1D models, they were derived from the incompressible
Navier-Stokes equations in cylindrical coordinates, under the conditions of axisym-
metry and a parabolic velocity profile. Essentially, they are fluid-structure interaction
(FSI) equations, originating from the laws of conservation of mass, momentum, and
an equilibrium equation for the arterial wall as presented below,

DA  dq
5 ta, =0 (6.8)
dg 10 (¢ Adp  8mugq
aﬁAax<2>+pax— A (69)
(Al

where z is the axial coordinate, g(x, t) is the average blood flow in the cross-sectional
area, A(z,t) is the cross-sectional area, p(x,t) is the average blood pressure in the
cross-sectional area, 4 is the viscosity, and Fjy is Young’s modulus.
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The above system of equations is a nonlinear, coupled system of PDEs, classi-
fied as hyperbolic. As boundary conditions, we used flow and pressure waveforms
(inlet conditions), expressed as a Fourier series of 18 harmonic terms each. For spa-
tial discretization of the 1D-0D equations, we used the finite volume method (FVM),
which is an integral method adopting a cell-centered grid approach. Therefore, the
above system of equations was integrated over a cell volume AV and over a period
T'. For temporal discretization, we used an explicit Euler method and a second-order
f-scheme. For the solution of the non-linear algebraic system occurring from the
discretization, we utilized Newton’s method.

One of the outcomes of the developed multiscale model is the waveform applied
in the infrarenal region, inlet of the in-study models, as depicted for one case in Fig-
ure 6.1.

6.2.3 Boundary Conditions

Regarding the inlet conditions in the three-dimensional simulations, we used spa-
tially parabolic waveforms extracted from the multiscale 0D — 1D models, after
smoothing, that were implemented in the Matlab R2024b software program (Natick,
Massachusetts, USA). This multiscale modelling (0D — 1D) approach allowed us to
use real values of diameters, areas, etc, for each geometry and extract accurate inlet
data.

Regarding the outlet boundary conditions in 3D simulations, we utilized the 3-
element Windkessel model (RCR) for the extraction of outlet conditions to acquire a
patient-specific approach for each model. For the tuning of the Windkessel parame-
ters, an iterative procedure was adopted to determine the outlet pressures described
in [211]. A heuristic approach was followed for the resistances proximal ([2,) and dis-
tal (R4) respectively, suggested in [2, 196] where Ry ~ 10R,. The total peripheral
resistance was calculated as,

MAP
Qinlet ’
where MAP = Pyiqst + (Psyst — Paiast) /3, is the mean arterial pressure, with Py s

and Pj;,s: denoting the systolic and diastolic pressures. ;e represents the mean
flow rate at that inlet. The total resistance was distributed,

Rtotal = (6 1 1)

1 Moo al 1
_ _ , 6.12
Rtotal ; Rtotal,i ; Rp,i + Rd,i ( )

where N are the total terminal sections of the arterial model, which are the two iliacs
in this study.
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Figure 6.1. Schematic representation of the waveform, extracted from 0D-1D model,
at the inlet and the 3-element Windkessel RCR conditions at the outlet.

Finally, the formula for the calculation of the total aortic vessel compliance is the
following [37],

Qmaac — szn
Chotal = —2maz — <min py 6.13
total Psyst - Pdiast ( )

where Qa2 and Qi are the maximum and minimum inlet flow rates, respectively,
and At is the temporal difference between the achieved maximum and minimum flow
rates. Therefore, we calculated every parameter of the RCRs for each iliac of each
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geometry. Additionally, for the RCR calculation at the iliac region, a workflow is
presented in Figure 6.2.

L1 : P dat 2. Compute mean flow
. Import waveform data
t)dt
{ 0D—1D model Qmean = IQ%
( Y R
4. Inlet total resistance 3. Mean pressure
o Pmean D — P, — Py
Rioul Poean = + Py
Qmean L 3 )
Y ( R
5. Flow / area distribution 6. Branch total resistances
Arg 11 o 1
fLI - A LI + A R 17 fRI = Rtotal Rtotal,LI Rtotal,RI
RI R o Rtota]
Apr+ Agr total,i — fi
(. ¢ J
( AL R
( 8. Compliance inputs ) 7. Splitinto 1, ; and R,
At = |tQu — tQm < Ra; = R‘f‘i"i
L Qmax,i = fl . Qmax ) § Rp,i = 0.1 Rd,i )

4
. 7
9. Compute branch compliance 10. Final RCR outlet parameters

Qmaxi
C; = umai Ay . o
(Ps — Py) Ry, Rai, C;

. J

Figure 6.2. Workflow for acquiring iliac RCR outlet parameters from flow waveform
and pressure data.

To derive the RCR outlet B.C. we follow a ten-step workflow based on the in-
let waveform, derived from multiscale modelling, and the pressure values enforced
(80/120 mmHg). Initially, the mean value of the flow waveform and mean arterial
pressure (MAP) are calculated. Then the total resistance is calculated, representing
the equivalent resistance of the two iliac outlets acting in parallel. Next, the flow
is apportioned between the left and right iliac branches according to their anatomi-
cal outlet areas, producing fractional flow distribution factors f7; and fr;. These
fractions are used to derive each branch’s total resistance such that the parallel re-
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sistance relationship is preserved. Each branch total resistance is then decomposed
into a proximal resistance and a distal resistance using a 90/10 ratio between the two
components. The compliance is calculated according to a known formula. Finally,
we conclude to the RCR parameters (R, ;, C;, Rq;) for each iliac outlet ready to be
applied to SimVascular.

6.2.4 Computational Hemodynamics

The computational meshes were generated in SimVascular, with a range of 5-10° —
106 tetrahedral elements, with the open-source software TetGen. This software em-
ploys the Delaunay triangulation algorithm. To ensure numerical accuracy and stabil-
ity, a mesh sensitivity analysis was performed, testing element size from 0.1 to 0.2cm
until the differences in maximum velocity between two progressively larger meshes
were smaller than 2%. The parameter for the final generation of the grid was set as
the size of the maximum edge equal to 0.15cm. Each simulation was performed for
8 cardiac cycles, 8 seconds in total in each simulation, with results extracted from
the last cycle to eliminate transient effects from the initial cycles. A time step of
At = 0.00334 s was chosen with a total number of 2400 timesteps for the simula-
tion concluding in 300 time steps per cardiac cycle. The results were visualized with
Paraview 5.12.0-RC2 (Kitware Inc, Los Alamos National Laboratory).

The numerical solution of the Navier-Stokes equations is achieved by employing
the svSolver of SimVascular, which utilizes the streamline-upwind/Petrov-Galerkin
(SUPG) method in an arbitrary domain and pressure-stabilizing/Petrov-Galerkin
(PSPG) method [201, 191]. This combined approach enables the use of linear tetra-
hedral elements (P; — P;) for velocity and pressure, while maintaining numerical
stability for advection-dominated and incompressible flows. The solver also incorpo-
rates stabilization terms for both momentum and pressure. The residual value below
10~ was set as the convergence limit of the calculation. Blood is considered an in-
compressible Newtonian fluid with density p = 1060 kg/m?, and viscosity assumed
to be 4 = 0.004 Pa s. The luminal wall was considered rigid with a no-slip condition.
Note that the aortic wall is commonly treated as rigid in elderly AAA patients, as a
small change in wall deformation was observed [65].

6.2.5 Statistical Analysis

In this study, 74 AAA cases were simulated and hemodynamic parameters and
morphological information such as maximum diameter, torsion and curvature were
extracted. To obtain a detailed statistical analysis, Matlab R2024b (Natick, Mas-
sachusetts, USA) was utilized. For a more detailed examination, each AAA was
divided into two anatomical regions: the infrarenal aorta and the iliac regions. This
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separation made it possible to study both the shape and flow characteristics of each
part individually, helping to understand better how geometry and blood flow vary
across different portions of the aneurysm.

From each region, the morphological descriptors from the centerline were evalu-
ated through the vascular modelling toolkit (VMTK) [7] and the mean and maximum
values of the hemodynamic indices of interest (TAWSS-OSI-RRT) via the CFD at the
surface. More specifically, the geometric parameters, such as the mean curvature and
torsion, were evaluated based on the sum of the corresponding values divided by the
number of points in the centerline. Similar procedure was used for the mean values of
the hemodynamic parameters on the AAA walls. These indices describe blood flow
behaviour and its interaction with vessel walls, identifying regions of disturbed flow.
These regions have been linked to aneurysm progression and rupture risk. Therefore,
their relation with the morphological aspects of the models are of great interest.

To examine how the geometry of the AAAs relates to their flow characteristics,
the Spearman’s rank correlation was used to study the relations between morphologi-
cal and hemodynamic variables. This non-parametric method was chosen because it
does not require the data to be normally distributed. The correlations were analyzed
separately for both anatomical regions, infrarenal and iliac, allowing us to identify cor-
relations to each region. It should be noted that the present study evaluates multiple,
pairwise correlations between geometric and hemodynamic parameters. Considering
this, the reported correlations are intended to highlight general patterns and associa-
tions rather than definitive effects on the hemodynamic variables.

6.3 Results

6.3.1 Flow Field Characteristics

Figure 6.3 depicts the velocity through axial contours during three selected phases
of the cardiac cycle: peak systole, late systole and late diastole. During peak systole,
a narrow, jet-like flow was observed entering dynamically following the inner curva-
ture of the aortic lumen. The accelerating flow followed two paths, one towards the
proximal neck of the aorta and the other towards the lower part of the aneurysm or the
iliac bifurcation, where it reached maximum velocity values. In late systole, an early
formation of vortex-like structures was apparent in all models. In AAAs with larger
sacs, such as VAID3, VAID7 and VAIDS53, these structures appeared more intense.

The diastolic phase demonstrated a disturbed yet interesting behaviour. Hemody-
namic flow within all aneurysmal geometries exhibited recirculation zones during late
diastole, but the location and extent of these zones depend on the geometrical aspects
of the aneurysm. Especially, in models VAID7, T1-P8 and T2-P17 a pronounced re-
circulation was observed locally in the proximal region of the aneurysm. In models
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Figure 6.3. Velocity magnitude distributions in the six aortic aneurysm models
(VAID3, VAID7, VAIDS3, T1-P8, T2-P4, and T2-P17) at three cardiac phases: T1:
peak systole, T2: late systole, and T3: late diastole. The flow slices demonstrate the
hemodynamic changes, highlighting high-velocity inflow jets at peak systole, progres-
sively altering velocity distribution during late systole, and reduced flow behaviour
approaching at late diastole.
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VAID3, VAID53 and T2-P4 the recirculation regions were located towards the distal
side of the aneurysm sac. These differences may be attributed to asymmetries in the
sac morphology.

In Figure 6.4, the recirculation zones can be observed in a better manner, espe-
cially in models VAID3, VAID7 and VAIDS53 with vortical cores adjacent to the neck
of the aorta. During peak systole, T1-P8, T2-P4 and T2-P17 showed streamlined
paths while VAID3, VAID7 and VAID53 showed more disturbed and chaotic paths,
especially towards the middle of the aneurysm. Again, a narrow, jet-like flow entered
the aneurysmal region, which either moved towards the proximal neck and dissipated
or towards the bifurcation region.
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Figure 6.4. Streamlines for the six aortic aneurysm models (VAID3, VAID7, VAIDS3,
T1-P8, T2-P4, and T2-P17) at three cardiac phases: T1: peak systole, T2: late sys-
tole, and T3: late diastole. The streamlines demonstrate the hemodynamic changes,
highlighting the recirculation regions and the creation of vortices inside the AAAs.

Figure 6.5 presents the velocity magnitude slices of six selected infrarenal
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aneurysm models from the entire studied cohort of pathological aortas. They are
depicted on three cross-sectional planes Y1 — Y2 — Y3 for three different time in-
stances T1: Peak Systole, T2: Late Systole and T3: Late Diastole to visualize the
flow behaviour in different time instances and regions of the infrarenal models. The
six AAAs presented were selected with diversity criteria in order to discuss aortas
with larger cardinality and morphological variety. The velocity fields have units of
cm/ s, as adopted in this study.
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Figure 6.5. Velocity slices for six selected AAA models from the dataset, at three
cardiac-cycle times (7'1: peak systole, T2: late systole, T'3: late diastole). The slices
were selected at the proximal neck Y1, the aneurysm sac Y2 and the distal neck Y 3.
The velocity units are in cm/s.

At peak systole (7'1), all six models exhibit a high-velocity entry at the proximal
aneurysmal sac, Y1 position, creating a wall-adjacent flow, revealing a pattern simi-
lar to a Dean-type secondary flow. The highest velocity magnitude is observed at this
region in most of the studied cases. As flow progresses to the mid-aneurysmal sac, in
position Y2, the flow reduces its momentum in the aneurysm sac, forming vortices
and recirculation regions. Downstream, when the flow reaches the Y 3 plane, the flow
increases its velocity magnitude again due to the contraction of the pathological aorta.
In models VAIDS53, VAID7, and T2-P17, the inflow jet in Y 1 exhibits asymmetric be-
haviour due to the curvature of the aortas. In contrast, the other three models exhibit a
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more central jet distribution. The distributions at Y 2 are not uniform, indicating large
recirculation regions and the creation of vortices. The Y3 section, distal aneurysmal
sac, presents a uniform distribution as aorta contraction leads to a more streamlined
flow. This behaviour is observed in almost all models, except for VAID7, which
presents a recirculating flow due to the large size of the sac and the large curvature of
the aorta.

During late systole (7'2), the jet weakens as the flow decelerates, resulting in com-
plex recirculating areas inside the sac in all six models. In the region Y1, the velocity
field alters the jet distributions from 7'1, changing in some cases the positioning of the
maximum velocity, as can be depicted in the T1-P8 model. This is also highlighted in
VAID3, as the maximum velocity moves from the upper side to the bottom, creating
two recirculation areas. Additionally, the case T1-P8 exhibits similar behaviour, as
the maximum velocity is observed at late systole 72 with the creation of a crescent-
shaped (horseshoe) of high velocity structure, surrounded by a low velocity area. The
other models exhibit a more uniform weakened velocity field.

At late diastole, T'3, the overall flow velocity decreases significantly, with a lower
velocity magnitude compared to 7'1 and 72. Multiple vortices and recirculation re-
gions are observed in these distributions as the flow is mixed. The selected AAAs
demonstrate a general pattern of fluid flow, with strong peak systolic jets at 71, mo-
mentum redistribution at 7'2 with a change in the jet flow inside the aorta in several
cases, and finally deceleration of the flow with recirculation regions at 7'3.

6.3.2 Wall Shear Stress and Oscillatory Flow Indices

In this section, the WSS-related indices, TAWSS, OSI, and RRT, are discussed
due to their importance in the evaluation of the results. In all cases, shown in Fig-
ure 6.6, the models exhibit low pathogenic values, especially in the sac, which could
lead to ILT formation, endothelium dysfunction, and rupture of the vessel wall. It is
highlighted that values less than 4 dynes/cm? are critical according to the literature
[12]. In our models, such regions are demonstrated as a strong indicator of the AAAs
pathology. Additionally, in the iliac region there exist areas with high TAWSS, which
correspond to areas of high velocity. High values of TAWSS can also have a negative
influence on the aorta, as they increase the possibility of the vessel wall weakening
and rupture.

The oscillatory flow affects the models as it can contribute to the pathology and
progression of the aneurysm. The OSI index is a valuable quantity that provides us
with information about the regions that exhibit oscillatory behaviour. Areas exposed
to highly oscillating flow are described as pathogenic. Values exceeding the threshold
of 0.3, adopted from the literature, are considered pathogenic and can disrupt the flow.
In the second column of Figure 6.6, OSI fields are depicted for our in-study models.
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Figure 6.6. Time-averaged wall shear stress (TAWSS) , oscillatory shear index (OSI)
, and relative residence time (RRT) for six AAA models. Each case shows anterior
(+Y) and posterior (—Y) wall projections. The units of TAWSS are in dyne/cm?, OSI
index is dimensionless and RRT has units of cm?/dyne.
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Aneurysms with larger sacs, such as VAID7 and VAIDS53, are exposed to small values
of OSI in the sac area, in contrast to the other models, which demonstrate high OSI
values in the aneurysmal sac. The aneurysm necks, proximal and distal, are areas
of high OSI, a behaviour identical to all six cases presented. A special case is the
T1-P8 structure in which the OSI is perturbing in small-high values at the sac due to
repetitive dilation and contraction of the sac area. Finally, in almost all cases the iliac
region is observed to have areas with large OSI values.

An additional index, RRT, was introduced in the Methodology section, which com-
plements the aforementioned indices. The RRT index provides information about the
prolonged residence of blood particles in the lumen of the vessel. Large values of RRT
can lead to conditions that are strongly associated with platelet activation, thrombus
deposition, and local hypoxia. The combination of low TAWSS and high OSI results
in high RRT values, often observed in the aneurysm sacs where stagnant vortices de-
velop. Areas exposed to high RRT are strongly associated with ILT formation and
wall weakening, potentially leading to aneurysm growth or rupture. Across the six
AAA models in Figure 6.6, large values of RRT are observed in the aneurysm sac,
proximal and distal necks, indicating regions of blood stagnation and prolonged resi-
dence.

6.3.3 Helical and Vortical Flow Structures

The rotational behaviour of the flow is examined through the interpretation of LNH.
A threshold of |[LN H| > 0.3 was selected according to a previous study [97].

During the peak systolic phase (upper figures) in Figure 6.7, the flow presents a
structured helical flow pattern at the proximal neck, leading to a jet-driven accelera-
tion downstream of the aneurysmal sac. This changes gradually as the LNH becomes
fragmented in the aneurysm sac. This is clearly observed in the 1st, Sth, and 6th mod-
els. In the more expanded and asymmetrical models (2nd, 3rd, and 6th), LNH fields
exhibit discontinuous behaviour, indicating a disruption of the helical motion by large
recirculating vortices. In contrast, the first and fourth models present a smoother and
more continuous LNH field in the systolic phase due to the narrower sac. In the
diastolic phase, the LNH field becomes fragmented, indicating discontinuous LNH
fields resulting from the increased mix that describes the late diastole phase due to
the deceleration of the flow.

The presence of large-scale recirculation and vortex structures within AAA sacs is
consistent with prior in-vitro measurements in aneurysm models, which reported simi-
lar separated-flow regions under physiologic Reynolds/Womersley conditions. These
experimental observations support the physical realism of the qualitative flow struc-
tures reported here[25, 29, 212].

To quantitatively support the qualitative flow-pattern interpretation, the observed
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Figure 6.7. Local normalized helicity (LNH) distributions for six AAA models at
peak systole and diastole (|LN H| > 0.3). In the upper row, there are the six AAAs
in peak systole and in the bottom row, at late diastole.

recirculation regions and vortex structures were examined in relation to the extracted
hemodynamic descriptors. In particular, areas of persistent low-velocity flow corre-
sponded to reduced TAWSS and elevated RRT values, whereas increased directional
variability was reflected by higher OSI. Rotational and helical flow organization was
further assessed using the LNH metric. This linkage ensures that the qualitative flow
observations are consistently supported by quantitative hemodynamic indicators.

6.3.4 Statistical Analysis

As described in the methodology section, the Spearman correlation was utilized
to evaluate the relationships between various hemodynamic parameters obtained
through post-processing of the CFD results with geometrical parameters extracted
from the centerline of the corresponding AAA using VMTK. The infrarenal part of
the AAA exhibited an average diameter of 4.77 cm, an average curvature of 0.33
cm~! and an average torsion of 0.06 cm™!. In comparison, the iliac region displayed
an average diameter of 1.75 cm, an average curvature of 0.48 cm~! and an average
torsion of 0.06 cm~!. These results provide important insights into how the geometric
variability of the aorta influences the blood flow.
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Figure 6.8. Boxplots for the geometric parameters for the infrarenal and iliac parts,
respectively. The maximum and mean values of TAWSS are presented in (a) and (b),
the maximum and mean values of OSI are presented in (¢) and (d) and the maximum
and mean values of RRT are presented in (e) and (f), respectively.

In Figure 6.8(a)-(f) the box plots of the hemodynamic parameters are presented
along the mean value of each dataset (“x” notation). Infrarenal areas are shown in blue,
whereas iliac areas are shown in red and the two groups of the aorta are arranged in
the z-axis. The values of the hemodynamic parameters, presented in the y-axis, fur-
ther highlight the influence of the geometry on blood flow, as each region exhibits
substantial differences in its hemodynamic parameters. The most notable compari-
son arises from the differences in OSI values in the two aorta segments. Similarly, in
Figure 6.9(a)-(e), the box plots of the geometric parameters are displayed along with
mean values. In this area of the aorta the geometric parameters also present variation
in their range of values. The diameter in the infrarenal region show significant dif-
ference in comparison to the diameter in the iliac one, a logical result concerning the
aneurysm located in the infrarenal parts.
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Figure 6.9. Boxplots for the hemodynamic parameters for the infrarenal and iliac
parts, respectively. The maximum and mean values of diameter are presented in (a)
and (b), the maximum and mean values of curvature are presented in (c) and (d) and
the maximum and mean values of torsion are presented in (e) and (f), respectively.

The results of the statistical analysis are displayed in Figure 6.10 where Fig-
ure 6.10(a) displays the heatmap for the infrarenal region and Figure 6.10(b) corre-
sponds to the iliac region. In the infrarenal area, the strongest statistical correlation
was observed between the maximum diameter with the mean TAWSS with correlation
coefficient of p = —0.45 and a p-value < 0.001 indicating a statistical significance
with moderate negative correlation. Similar results were obtained for the maximum
diameter and the maximum and mean OSI, with the same p-value (p< 0.001) and
moderate negative correlation of p = —0.41 and p = —0.40, respectively. A further
moderate negative correlation was observed between the maximum diameter and the
maximum TAWSS with p = —0.38 and p< 0.01. Additionally, weak statistical cor-
relation was found between the maximum diameter and mean RRT (p = 0.25), the
mean curvature and maximum TAWSS (p = 0.25) as well as the maximum torsion
and mean TAWSS (p = 0.23). In the aforementioned cases their p-value were found
to be < 0.05.

In the iliac regions, a different pattern emerged, with the maximum diameter dom-
inating the correlations between the hemodynamic parameters, compared to the other
geometric parameters. Strong correlations were found between the maximum diam-
eter and all of the hemodynamic parameters. More specifically, a negative strong
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Figure 6.10. Heatmap of the Spearman correlation, for the (a) infrarenal and (b) il-
iac parts. The colorbar indicates the Spearman correlation coefficient with values in
[—1,1], and statistical significance is represented as * p-value < 0.05, ** p-value
< 0.01, *** p-value < 0.001.

correlation between the maximum diameter and the maximum and mean TAWSS
was found, whereas a positive one was observed between the maximum and mean
OSI and the maximum and mean RRT. In the aforementioned datasets the p-value
was < 0.001 [95]. Weak correlations were found between the maximum and mean
torsion and all of the hemodynamic parameters, except the maximum torsion and
the maximum and mean OSI. The maximum and mean torsion showed a positive
correlation with the maximum and mean TAWSS with p € [0.24,0.30,0.27,0.30],
while negative correlations were observed between the maximum and mean RRT with
p € [—0.27,-0.29, —0.27, —0.31]. The mean torsion was negatively correlated with
the maximum and mean OSI with p = —0.32 and p = —0.30, respectively. In all
of the aforementioned cases, the p-values were < 0.05 except the cases of the mean
torsion and the maximum OSI and mean RRT where the p-value was < 0.01 in both
datasets.

The regression plots between the maximum diameter and hemodynamic parame-
ters are depicted in Figure 6.11(a)-(c) for the infrarenal area, and in Figure 6.11(d)-(f)
in the iliac area. In the infrarenal region, the coefficient of determination (R?) does
not have significant values to obtain a reasonable explanation. Specifically, the R? for
the relationship between the maximum diameter and the mean TAWSS was 0.1584,
for the mean OSI 0.2646 and for the mean RRT 0.0244. In contrast, substantially
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higher R? values were found in the iliac area, indicating a stronger influence on the
blood flow. More specifically, for the maximum diameter and the mean TAWSS R?
was 0.4694, for the mean OSI 0.6505 and for the mean RRT 0.8080. In conclusion,
the geometric characteristics of AAAs in the iliac areas have a greater influence on
blood flow compared to those in the infrarenal regions.

6.4 Discussion

In this study, we demonstrated that the geometric variations drastically affect blood
flow behaviour. The aneurysmal sac size, evaluated with the maximum diameter,
plays an important role in the distribution of the velocity field and the path of the
streamlines [26, 65, 105, 126, 134]. Larger sacs correspond to lower velocity val-
ues, exhibiting substantial recirculation areas. These areas result in the trapping of
platelets in a vortex ring that moves in the distal aneurysmal neck. During the vortex
break, platelets are released and adhere to regions with low shear stress, contacting
the endothelium, thus initiating the formation of a thrombus [26]. In addition, the
proximal neck angle affects the flow. Models with larger angles result in more com-
plex and disturbed flows inside the aneurysmal sac with the creation of an intense
vortex action that potentially promotes pro-thrombotic conditions in specific wall re-
gions [216]. In contrast, AAAs with more streamlined geometrical aspects showed
organized streamlines and velocity fields at the peak systole [198]. At late systole and
diastole, the higher diameter models presented trapped streamlines into the sac with
larger recirculation regions. As concluded in a previous study, the areas that exhibit
flow stagnation during systole and prominent recirculatory flow during diastole are
areas where the rupture occurred [134]. The larger proximal angle patients presented
separation regions that potentially could lead to pathogenic conditions, endothelium
dysfunction and low shear stress values [105, 134]. Finally, flow separation that oc-
curs during late systolic results in vortices forming in the distal end of the aneurysm,
which can cause thrombosis formation leading to rupture [105].

Regarding the velocity distribution slices, as depicted in Figure 6.5, they are gen-
erally in agreement with previous studies [39, 105]. At peak systole, a jet-like flow
is observed at the proximal neck and distal neck (contraction regions) with a favor-
able side position depending on the angle of the proximal and distal neck. More
precisely, the flow at the distal aneurysmal neck is more uniform than that of the
proximal aneurysmal neck due to the smaller angles in this area. The late systole and
late diastole phases present a disturbed velocity distribution, as expected due to the
high mixing of the flow in combination with the irregular shape of the aorta in the
aneurysm sac [65, 105]. The recirculation areas created may contribute to the rupture
of the vessel wall as described by low WSS, in which the wall could be particularly
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Figure 6.11. Regression analysis between maximum diameter and mean hemody-
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weak [26].

Our findings on stress-related indices validate the established perception that the
combination of low TAWSS, high OSI, and high RRT is a strong indicator of pathol-
ogy, as we observed areas with this combination [26, 39, 105, 126, 134, 198]. Low
values of TAWSS are related to the formation of thrombus. Biochemically, low val-
ues of WSS are related to a decline in the protective nature of the arterial wall against
pro-thrombotic activities [215, 216]. The in-study models exhibited areas of low
TAWSS, especially in the aneurysmal sacs, high OSI and RRT, in the proximal and
distal aneurysmal necks. In Figure 6.6, regions of TAWSS lower than 4 dyne/cm? are
observed, especially in the aneurysm sacs with high diameter, regions of high OSI,
values above 0.3 and high RRT values. The discussed regimes have been adopted
from the literature [12, 126, 198]. This indicates pathogenic conditions, as high val-
ues of OSI, which reveal a highly disturbed flow near the wall, were related to the ac-
cumulation of thrombus and the degradation of the vessel wall. This further leads to
an acceleration of the development of AAA and atherogenesis [102, 134]. Increased
RRT values are associated with increased probability of rupture and their combina-
tion with high RRT has been associated with AAA rupture regions [39, 57]. The
study of these quantities is fundamental as the identification of these areas is a strong
predictor of aneurysm growth and rupture of the vessel wall, as shown in previous
studies [12, 126, 134, 198]. We conclude that AAA pathology results in abnormal
hemodynamic stresses not only in the infrarenal abdominal aorta, but in the entire
aorta, as can be shown in Figure 6.6, where the iliac region and the proximal neck
are affected, aligning with the literature [187]. The model T1-P8 was a special case,
observing repeated dilation-contraction regions. This abnormal geometric feature re-
sulted in repeated areas of high-low TAWSS, OSI and RRT. The LNH study on AAAs
is among the few known to exist, to the best of the authors’ knowledge. The structures
exhibited fragmented behaviour of the left-handed and right-handed helical structures,
especially during the late diastolic phase.

It should be noted that OSI behaviour is not governed by aneurysm sac size alone
but primarily reflects the stability of near-wall flow direction over the cardiac cycle.
While large aneurysmal sacs often promote flow separation and recirculation, elevated
OSI arises mainly when these flow structures are unstable or undergo frequent direc-
tional changes. In contrast, large sacs that support relatively coherent and persistent
vortical structures with a stable rotational direction may exhibit moderate or even low
OSI values despite their size. Therefore, differences in flow directionality and vortex
stability can explain the coexistence of both high and low OSI values in aneurysms
of similar dimensions.

The stronger geometry—hemodynamics correlations observed in the iliac arteries
may be related to their smaller diameter, where geometric variations induce propor-
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tionally larger changes in flow acceleration and near-wall shear. In contrast, the en-
larged infrarenal aneurysm sac exhibits more diffuse recirculation and competing flow
effects, which reduce the sensitivity of hemodynamic indices to individual geometric
parameters. Differences in wall compliance between the iliac arteries and the often
stiffer aneurysm sac may influence OSI and RRT by modifying local pressure flow
phase relationships and near-wall oscillations. Although FSI effects are not included,
these compliance-related differences should be considered when interpreting the re-
sults.

As presented in Figure 6.10(a), the statistical analysis showed that the maximum di-
ameter, in the infrarenal region, has the biggest influence on the hemodynamic param-
eters and thus the blood flow behaviour. More specifically, the most correlated param-
eters were found to be the maximum diameter and the mean TAWSS with p = —0.45
and p-value < 0.001, indicating a moderate negative correlation. This negative corre-
lation is consistent with flow deceleration and reduced near-wall velocity gradients in
dilated areas of the geometry [60]. Statistical significance was also found between the
maximum diameter and the maximum TAWSS, maximum and mean OSI as well as
the mean RRT. An increase in diameter further enhances the recirculation zones and
local varying flow behaviour and thus increases OSI and RRT values. The observed
correlations suggest that the maximum diameter is a major component in shaping
the hemodynamic behaviour without dominating other geometric parameters [187].
No statistical correlation was found between the maximum curvature and the hemo-
dynamic parameters, whereas the mean curvature was weakly correlated only to the
maximum TAWSS. Similarly, only the maximum torsion was found to be weakly sta-
tistically correlated with the mean TAWSS, while there was no correlation between
the mean torsion and the hemodynamic parameters. The lack of or weakly statistical
correlation between hemodynamic parameters and geometric curvature and torsion
highlights their secondary role in influencing hemodynamics. While diameter varies
due to the aneurysmatic geometric, the curvature and torsion exhibit limited variabil-
ity, at least in the infrarenal region of the aorta [20].

The results change in the iliac region as depicted in Figure 6.10(b). The strongest
statistical correlation was between the maximum diameter and the mean RRT with
p = 0.9, while strong correlations were also found for the rest of the hemodynamic
parameters with the maximum diameter. In the iliac area, vessel diameter is smaller
compared to the infrarenal region while the geometry presents sharper geometric tran-
sitions. Additional flow disturbances originating from the bifurcation area increase
the influence on the hemodynamic parameters through near-wall velocity gradient as
well as the flow direction and residence time near the walls [29]. Similarly to the
infrarenal part, no correlation was found between the maximum curvature and the
hemodynamic parameters. In contrast to the infrarenal region, the iliac part of the
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aorta did not exhibit correlation between the mean curvature and the hemodynamic
parameters. The maximum and mean torsion presented weak statistical correlations,
except the maximum torsion and the OSI. The evaluated correlations again suggest
that the maximum diameter is the primary key factor for the influence of the hemody-
namic parameters.

The most significant observation is that the maximum diameter, in the infrarenal
part, showcased negative correlations between the TAWSS and OSI and positive one
with the RRT. This differs in the iliac region, where not only the statistical correlation
coefficient became greater for all of the hemodynamic parameters, but in the case
of OSI, the correlations became positive [65]. This contrast reflects region-specific
hemodynamics, where infrarenal dilation promotes shear reduction and localized os-
cillations, while in the iliac area, variations in diameter within a smaller, more geo-
metrically constrained lumen amplify flow asymmetry and oscillatory behaviour due
to stronger secondary flows and geometric confinement [20, 29]. In conclusion, the
iliac region of the aorta, was found to be more influential than the infrarenal part of
it, while the maximum diameter appears to be the geometric driver. This shows that
multiple geometric variables can influence hemodynamic ones [216].

The regression plots between the maximum diameter and the mean hemodynamic
parameters, for the infrarenal part, are depicted in Figure 6.11(a)-(c) [198]. Since
the correlation between them is, at most, moderate, the coefficient of determination
has relatively small values, especially compared to the iliacs, as it can be observed
in Figure 6.11(d)-(f). The coefficient of determination, in the iliac region, has clearly
higher values, further validating the significant correlation in the iliac area of the
aorta. Comparing Figure 6.11(b) with Figure 6.11(e) the correlation sign between the
maximum diameter and the mean OSI can be depicted with more clarity, since the
slope of the trend line in Figure 6.11(b) is negative while in Figure 6.11(e) the trend
line is positive.

6.5 Limitations

The limitations of this study lie in the rigid wall assumption as well as the Newto-
nian nature of blood, which potentially affects oscillatory shear indices and helicity,
particularly in highly dilated aneurysms. While the rigid-wall assumption utilized
in this chapter provides valuable insights, there is still a limitation on the pulsating
wall stresses. Fully coupled fluid-structure interaction modelling offers a more com-
prehensive study on capturing how the interplay between blood flow and the arterial
wall affects the risk of AAA rupture. The non-Newtonian blood behaviour is most
pronounced at low shear rates. Using a Newtonian model may underestimate viscos-
ity in these regions. In the present study, the Newtonian assumption may lead to a
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slight underestimation of viscosity within low-velocity recirculation zones inside the
aneurysm sac. Consequently, local TAWSS values in these regions may be slightly
underestimated or spatially redistributed. However, the overall comparative trends be-
tween geometric configurations are expected to remain qualitatively consistent. The
dataset of 74 AAA models is moderate and could be extended with the aim of better
generalizing the results of the statistical analysis. In future work, we plan to follow
a moving wall methodology fluid-structure interactions (FSI), to compare the rigid
wall results with the FSI approach on a targeted high-risk subset, acting as a natural
extension of Chapters 4 and 5. Additionally, due to the lack of ILT data for all of
the 74 models, we did not include a statistical analysis of its correlation as a mor-
phological aspect. Mean curvature and mean torsion are global centerline-averaged
metrics that smooth local geometric distortions. Regions of flow stagnation, large
recirculation zones, and the values of the biomedical factors (TAWSS, OSI, RRT) are
highly associated with the ILT formation. This is clinically critical because while
ILT may cushion the wall mechanically, it biologically degrades the underlying tis-
sue, ultimately accelerating wall weakening and elevating rupture risk. As a result,
pronounced local bending or twisting may not be fully captured by these measures,
potentially under-representing localized flow disturbances and contributing to moder-
ate geometry—haemodynamics correlations. Patient-specific in vivo flow or pressure
measurements were not available to validate the inlet waveforms derived from the
0D-1D model. The inlet conditions were therefore generated using a multiscale cir-
culation model calibrated to physiological pressure ranges. While variations in inlet
waveforms may affect absolute haemodynamic values, prior studies suggest that rel-
ative spatial patterns and correlation trends are less sensitive to moderate boundary
condition variations. Finally, 4D MRI data could validate our results and help to
enhance our methodology to achieve more accurate results.

6.6 Conclusion

Using multiscale 0D—-1D-3D simulations of 74 patient-specific abdominal aor-
tas, we quantified how aneurysmal geometry changes flow patterns and WSS-related
biomechanical indices. Several robust conclusions emerge:

* The proximal aneurysmal neck and the size of the aneurysm sac have a decisive
influence on haemodynamic behaviour, promoting disturbed flow patterns such
as flow separation, recirculation zones, and regions of blood stagnation. These
features closely coincide with areas exhibiting low wall shear stress (WSS)

« Pathogenic values of low TAWSS (< 4 dyne/cm?), altered OSI (> 0.3), and
increased RRT were consistently observed in the mid aneurysmal sac and near
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the proximal and distal aneurysmal necks. These adverse conditions can lead
to the formation of thrombus, endothelial dysfunction, and wall weakening.

* LNH analysis revealed fragmented helical flow structures, particularly during
diastole, indicating disrupted and energetically inefficient flow patterns within
AAAs.

» The iliac vessels play a crucial and underrecognized role. The strongest corre-
lations between geometry and haemodynamics arise in the iliac arteries, indi-
cating that aneurysm-induced flow disturbances propagate downstream more
prominently than assumed in traditional infrarenal-focused analyses.

+ Statistical analysis demonstrated meaningful correlations between geometric
and haemodynamic parameters. When the aneurysms were evaluated in two
anatomical regions—the infrarenal aorta and the iliac segments the infrarenal
portion showed moderate correlations, whereas the iliac arteries exhibited
stronger associations. In both regions, maximum diameter emerged as the geo-
metric factor most significantly correlated with the haemodynamic indices.
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CHAPTER

AORTIC VALVE REPLACEMENTS

7.1 Introduction

One of the most critical cardiovascular diseases is the aortic valve disease with
high rates of morbidity and mortality. Aortic valve disease is a type of heart valve
disease related to the narrowing of the valve, flow regurgitation (leaky valve) and
other geometrical and pathophysiological aspects (CAVD etc). In the past, Surgical
Aortic Valve Replacement (SAVR) was the only solution for treating this disease, how-
ever duringthe last years this has completely changed as Transcatheter Aortic Valve
Replacement (TAVR) was introduced. Nowadays, hundreds of thousands of TAVR
procedures are performed globally each year [163]. Although initially reserved ex-
clusively for elderly or high-surgical-risk patients, the overwhelming clinical success
of TAVR has led to its rapid expansion into younger, lower-risk patient populations.

This demographic shift makes the long-term durability and haemodynamic per-
formance of these transcatheter devices more critical than ever. Despite the suc-
cess of TAVR, a fundamental material dilemma persists. Currently, valve replace-
ments rely primarily on biological (homograft/tissue) or mechanical options, each
with significant drawbacks. Biological valves offer excellent, natural haemodynam-
ics but are prone to structural deterioration, typically degrading within 10 to 20 years
and often necessitating a high-risk second replacement surgery. Conversely, me-
chanical valves—historically evolving from caged-ball designs to modern bileaflet
configurations—can last a patient’s entire lifetime. However, their unnatural flow
patterns require patients to adhere to strict, lifelong anticoagulant (blood-thinning)
therapy to prevent severe complications like thrombosis and stroke.

Through the years, there were many designs for the mechanical valves that has
changed a lot from the caged ball valve (Starr-Edwards) and the monoleaflet valves
to the Bileaflet mechanical valve and the self-expandable percutaneous bioprosthesis
nowadays.

Transcatheter aortic valves (TAVs) were introduced as a minimally invasive pro-
cedure for the aortic valve replacement. Usually, patients had to do a thoracotomy
which was very dangerous. In the case of percutaneous heart valves, there are col-
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lapsible so they can fit in small catheters (typically from 5 to 8 mm diameter) and
delivered through the endovascular system [120]. Over the course of time and ageing
anatural consequence is for the aorta to become less flexible, with a thickness increase
at the leaflets usually yielding from calcium deposits. This calcification severely re-
stricts the valve’s opening and closing capabilities, a biomechanical disruption that is
visually compared to a healthy state in Figure 7.1.

Recent studies contributed to the development of a new-generation of polymeric
devices, such as the CARD20, which are designed to improve durability and manufac-
turability replacing the conventional tissue-based valves [176]. The development of
such devices is essentially significant for patients with Bicuspid Aortic Valve (BAV),
one of the most common congenital heart abnormalities leading to severe aortic steno-
sis at an earlier age compared to individuals with a standard tricuspid valve [15].
Most transcatheter valve replacements are designed primarily for symmetric tricus-
pid anatomies, thus using them in patients with asymmetric BAV results in ill fitting
and complications. Consequently, patient-based designs and modelling of TAVR de-
vices is crucial [6, 15].

To model valve movement and its interaction with blood flow, fluid structure in-
teraction approaches are required, such as those we analysed in the previous chap-
ters. The valve compartments are moving creating a displacement which alters sig-
nificantly the domain and the haemodynamics in the area.

NORMAL AORTIC VALVE
AORTIC VALVE STENOSIS

Closed Closed

AORTIC VALVE

Figure 7.1. Cross-sectional heart model comparing normal and pathological aortic
valve function. The restricted opening and closing in the diseased state highlights
the biomechanical disruption that necessitates surgical or transcatheter valve replace-
ment.
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7.2 Pathologies and Valve Diseases

7.2.1 Calcific Aortic Valve Disease

The condition mentioned above is called calcific aortic valve disease (CAVD) and
is characterized by calcification accumulation and thickening of the aortic valve cusps,
leading to stenosis and then possible heart failure. Calcific aortic stenosis (CAS) due
to calcific aortic valve disease (CAVD) has been a burden leading to high mortality in
the Western world during the last 30 years. Calcification usually occurs on the aortic
side of the valve and it is similar to bone formation. The anatomical overview of this
region and the primary haemodynamic pathway affected by CAVD are illustrated in
Figure 7.2.

Although valve replacement can improve patients’ lives, constant monitoring is
necessary accompanied with regular blood thinning medication.

The calcification of leaflets can alter blood flow through the valve rapidly.

Figure 7.2. Anatomical overview of the heart chambers and the primary haemody-
namic pathway.

7.2.2 Clinical Implications: Flow-Induced Thrombogenic Risk

The abnormal flow conditions generated by prosthetic or diseased aortic valves,
characterized by areas of elevated shear stress flow stagnation, and recirculation, are
the main factors for shear-induced platelet activation (SIPA) [16, 77]. Even brief
exposure to high shear stresses during the cardiac cycle can drive platelets over their
activation threshold, initiating the coagulation cascade in the absence of chemical
agonists [77, 206].

To evaluate the thrombogenic potential, Fluid-Structure Interaction (FSI) mod-
elling is the most efficient approach [16]. FSI approaches enable capturing the dy-
namic kinematics of leaflets, allowing for precise resolution of transient turbulent
stresses, regurgitant jets, and shed vortices in the valve’s wake [16, 206]. These dy-
namic features are critical, as they can trap platelets, increasing their residence time
in “hot-spot” flow regions and facilitating aggregation [206].

To quantify thrombogenic risk, virtual platelets are injected into the FSI flow field
and utilizing a Lagrangian particle tracking approach to compute their stress loading
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histories [16, 77]. The cumulative stress on platelets is calculated as Stress Accu-
mulation (SA) [77]. Furthermore, recent advancements in platelet activation models
demonstrate that the dynamic shear loading rates, specifically the rapid acceleration
and deceleration of flow characteristic of heart valves, have a significant impact on
platelet sensitization and activation [168].

To comprehensively evaluate a valve’s performance, the Device Thrombogenic-
ity Emulation (DTE) methodology collapses the stress accumulation of thousands of
platelet trajectories into a Probability Density Function [44, 77]. This PDF serves as a
“thrombogenic footprint,” providing a global metric of a device’s potential for platelet
activation [44, 43]. Utilizing such FSI-based thrombogenic risk assessments allows
for unparalleled optimization of valve design, identifying parameters like leaflet cur-
vature and clearance gaps that can be modified to reduce peak stresses and mitigate
the need for long-term anticoagulation therapy [16, 43].

7.3 Anatomy and Pathophysiology of Aortic Valve

Heart is divided in many areas, the aorta and the left ventricle are connected by the
aortic valve which enables the transportation of the oxygen rich blood to the rest of
the body through the aorta and also prevents backward flow of blood. The specific
heart components and the directional movement of blood through the aortic valve are
shown in Figure 7.3.

The movement of the valve is caused due to the pressure gradient between the
left ventricle and the aorta leading also to extensive exposure of the leaflets to hy-
drodynamic forces (compression, stretching, and bending). Blood flow here can be
complex especially with the development of patterns such as vortices, jet flow and
recirculation

Transcatheter aortic valve (TAV) devices consist of three leaflets and are self-
expanding or mechanically expanded [199]. The stent is divided into the inflow and
outflow tracts. In the inflow tract area are located the three leaflets and the skirt.

All valve prototypes need to satisfy the ISO 5840 standard to verify safety. The
development of a suitable valve replacement needs to consider some basic character-
istics on the haemodynamic, structural and biological areas etc to verify its durability
and functionality. More specifically the characteristics are presented below as they
have been identified on previous studies [35, 163]. These primary design require-
ments, categorized by their respective functional domains, are summarized in Table
7.1
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Figure 7.3. Heart components and movement of blood through the aortic valve.

Valve requirements [35]

Category Requirements
Haemodynamic * Minimum mean systolic trans-valvular pressure
drop

* Minimum regurgitation

* Large effective orifice area

* Minimum loss of ventricular energy

* Minimum damage to blood cells and low throm-
bogenicity

Structural * No dehiscence
* Long durability (FDA: > 5 years biological, >
15 years mechanical)
+ Stable physical and geometric features

Biological * Chemically inert, not damaging blood elements
* Minimal tendency to calcify
* Integration with host tissues
* Good anatomical matching
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Surgical + Easy to implant
 Allow alternative surgical approaches
+ Easy to replace
» Wide range of sizes

Manufacture * Easy to manufacture
* Consistent procedure
* Suitable for quality control
* Easy to sterilize, store, and transport

Table 7.1. Primary design requirements for prosthetic heart valves categorized by
functional domains.

Numerous studies have shown that patient-specific design of medical devices and
replacements can reduce mortality and morbidity [46, 62, 124]. Meeting all these
requirements simultaneously is a very challenging task in engineering. Modern de-
sign pipelines for prosthetic heart valves require extensive in silico modelling and
optimization due to the multifactorial complexity.

7.4 Mathematical Modelling

7.4.1 Geometric Characteristics

The key features for the leaflets geometry are the belly curvature, referring to the an-
gle of the surface of the leaflet, and the attachment curvature, which is the attachment
region to the stent. The three-dimensional representation of these features, along with
the varying grid densities utilized for each leaflet to ensure numerical accuracy, is il-
lustrated in Figure 7.4. It has been shown that the optimization of these devices, based
on the geometric characteristics, accompanied with the patient specific modelling
can offer improved performance and minimize thrombogenicity due to the prosthetic
valve [16].

7.4.2 Fluid Flow

Blood flow through the valve replacement can be described using the Navier Stokes
Equations as we have already established in the previous chapters. The dimensionless
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Figure 7.4. Valve Geometry with different grid realization for each leaflet - refining
grid.

form of equations is utilized as shown below:

V-g=0 (7.1)
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) . R
where ¢ = (u,v,w) is the velocity, p the pressure, and Re = 102 the Reynolds

v
number, and v the kinematic viscosity. Reynolds number in this location can reach
4000 — 6000 during peak systole, meaning the flow can be transitional or turbulent.

Flow fields produced by different valve opening are characterized in terms of viscous
shear, vorticity and Reynolds shear stress [43, 206].

7.4.3 Aortic Valves Mathematical Formulation

Heart valves undergo severe deformations due to the haemodynamic load and they
need to remain durable. Valve leaflets are soft and almost incompressible tissues
composed of collagen and elastin. Their mechanical behaviour consists of large de-
formations, pronounced strain-stiffening, and anisotropy. These features make the
material suitable for description by hyperelastic models. There is a need to model
mathematically the material of the valve to simulate the stresses, strains and predict
the performance of the valve. There is a variety of groups of valve replacement with
different materials, thus for biological valves meaning natural tissue an anisotropic
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material is used, while for polymeric valves isotropic elastomers (rubber-like) are
utilized.

Usually, linear models are suitable for cases with linear stress-strain relation and mi-
nor displacements gradients [27, 122]. Hyperelastic models are commonly used to
describe the mechanical response of many soft biological tissues [181]. Most com-
monly, the hyperelastic models of Mooney-Rivlin and Ogden are employed.

Incompressible Hyperelastic Materials

The mechanical response of hyperelastic materials is derived from the strain-energy
function W, which depends on the tensor of the deformation. For isotropic material
W can be expressed as

W =W(L, Iy, I3),

where I; = tr(C), I, = 3 [I} — tr(C?)] and I3 = det(C) where C = FTF is the
right Cauchy-Green deformation tensor.

Mooney-Rivlin Mathematical Model

In non-linear models lower compressive and higher tensile stresses tend to occur on
the leaflets, and the deformation was more complex during the movement of the
valve [151]. This model for incompressible biological tissues is defined by the fol-
lowing two-parameters strain energy model:

Wy = Ci(I — 3) + Co(I> — 3) + D1 (J — 1)?, (7.3)

where W)y is the strain energy density of the current model, C;, D1 are the coefficients
that define the material and I; is the first invariant of the Cauchy-Green deformation
tensor.

The Mooney-Rivlin model is commonly used in cardiovascular applications, as it is
a simple but stable approach with only two parameters. However, this model refers
to isotropic materials, which means a limitation in capturing the directional stiffness
induced by collagen fibres. Additionally, the two-term polynomial form of the model
may not be able to describe the steep strain-stiffening behaviour of the leaflets.

Ogden Mathematical Model

The Ogden model, introduced in 1972, is a hyperelastic model used for the predic-
tion of nonlinear stress-strain behaviour of rubber or polymers and the strain energy
density function is defined as
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N
Z BN 0G4 2g = 3) (7.4)

where \;, j = 1,2, 3 is the principal stretch ratio, and y;, ci; are the constants deter-
mining the material.

The Ogden model has been employed extensively in biomedical applications, such as
the ones we are interested in. Its main advantage is that it provides better approxima-
tion of the large-deformations compared to the polynomial models. In both models
the reliability depends on the accurate identification of the parameters and validation.

7.4.4 Particles & Smooth—Particle Hydrodynamics

Here blood is also considered as particles and another approach is used to describe
the fluid flow problem. Blood consists of four main components: plasma, red and
white blood cells, and platelets which all have different phases and material prop-
erties. Therefore the assumption of a viscous Newtonian fluid can be valid for all
the components, except from the platelets. Platelets are smaller than the other con-
stituents and can be seen as small reactive bodies. Smoothed particle hydrodynamics
(SPH) is a numerical method that approximates the solution of equations, especially
in fluid mechanics, by replacing the fluid with a set of particles instead of utilizing
meshes [133]. In this approach instead of discretizing the domain like most meth-
ods, SPH represents fluid with a set of particles that retain their physical properties
(mass, velocity, pressure, etc.) but can change drastically, for example during blood
coagulation. Even instantaneous changes of the physical properties can significantly
affect the behaviour of the flow. This gives a big advantage in cases where there are
more than one material. The problems are described by the Lagrangian form of the
Navier-Stokes equations as shown below:

Pi = Z ij(l‘i — I‘j, h), (7.5)
J

dv; ,
*V == Z < % + Hz’j) VW(r;—rj,h) +g (7.6)
J

The particle approximation of a function is
1) = [ F)Wi = . h)dy, @)
where W is the kernel function defined as

157



Chapter 7 Preliminary Results

1
h(x)?
where d is the dimension and hthe smoothing length (changes in time and space).

For the # function, it is necessary to be centrally peaked, therefore the most common
kernel to use is a cubic B-spline defined as:

W(x,h) = 0(x), (7.8)

1— 3%+ 303, for |ul <1
O(u) = C x ¢ 1(2—u)?, for 1< |ul <2 (7.9)
0 for 2 < |u

where C is a normalisation constant depending on the dimensions of the space.

The effective orifice area (EOA) is the smallest cross-sectional area of the blood flow
jet that passes through the aortic valve, representing the effective opening for flow,
not the physical size of the valve itself. It is a critical parameter for assessing the
severity of aortic stenosis (a narrowing of the valve) and is typically calculated using
the following formula

QrMms

&7
51.6 x 7

EOA = (7.10)

the EOA is calculated in em?, Q rass is the root mean square of forward flow (m.L/s)
during the positive differential pressure period (Ap > 0), Ap (mmH g) is the mean
pressure difference, and p (g/cm?) is the density of the fluid [80, 199].

Furthermore, the SPH approach tracks the cumulative stress histories of individual
platelets along their specific flow trajectories, providing useful information to evalu-
ate the thrombogenic footprint of the prosthetic device [43, 206].

7.5 Preliminary Results

An FSI framework was implemented via the incompressible computational fluid dy-
namics multi-physics solver of the ANSYS LS-DYNA software. The leaflets-solid
domain - and the fluid domain-particles were modeled to describe the leaflet motion
and the interaction with the blood particles, such as red blood cells (RBCs). The spe-
cific modelling approach and the corresponding computational meshes for both the
leaflets and the fluid particles are illustrated in Figure 7.5 To accurately simulate the
dynamic cardiac cycle, time-varying pressure waveforms were applied as boundary
conditions at the ventricular inlet and aortic outlet of the fluid domain to simulate
the opening and closing kinematics of the leaflets and capturing the fluid-structure
interaction during the cardiac cycle.
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Figure 7.5. Modelling approach and computational meshes for the leaflets and the
particles.

The leaflets are described by a hyperelastic material as described in the previous sec-
tion. The particles could represent the red blood cells or the platelets passing through
the valve. Figure 7.6 presents the transient kinematic response of the valve at different
time steps, highlighting the complex interaction between the moving solid boundaries
and the fluid particles. Initially, the fluid particles move towards the valve, while
when reaching the solid part the deformation of the fluid starts and higher values of
stresses occur. In the second step the fluid passes through the valve opening and the
particles exhibit higher values of stress as they are forced into a smaller cross-sectional
area. As the fluid particles exit the valve stress values decrease, but simultaneously a
“chaotic” pattern starts to form as the fluid expands back to the vessel boundaries.

Figure 7.6. Transient kinematic response of the prosthetic valve and corresponding
fluid particle trajectories over the cardiac cycle. The fluid particles are color-coded
to indicate the instantaneous stress exposure (in dynes/cm?) induced by the fluid-
structure interaction.

The quantification of these dynamics is further explored in Figure 7.7, which relates
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individual particle stress accumulation to the overall statistical risk of thrombus for-
mation. Specifically, the “loading history” of blood elements, while the probability
density function, Figure 7.7b) provides a global view of the shear stress distribution.

Shear Stress (dynes
- S w N
R N )

Probability density function (dimensionless)

o
o

05 0 05 1 15 2 25
Stress accumulation (dynes/cm?) x10°8

Figure 7.7. Quantification of fluid stress dynamics during valve operation. a) Tran-
sient stress accumulation profiles for individual blood particles as they traverse the
expanding leaflet orifice. b) A probability density function illustrating the statistical
distribution of particle stresses, serving as a critical indicator of flow-induced throm-
bogenic risk.

The comparison between experimental data, the FSI approach introduced by Piatti et
al. [155], and the results obtained from our current SPH-based model is depicted in
Figure 7.8. The comparison reveals a strong agreement across the entire cardiac cycle,
particularly in capturing the peak flow rate and the duration of the systolic phase.
The validation of this FSI approach is ensured through both its internal consistency
and a direct comparison with the numerical results of Piatti et al. [155].

Figure 7.8 presents the comparison among the experimental and numerical results
and the results of this study. Following this framework, the results of this study are
divided into four stages.

In the Von Mises stress contours, the deformation of the leaflets during the cardiac
cycle follows a specific path. In the opening stages (I-1I), the model presents the
transition to a triangular orifice, essential for minimizing energy loss. In this study,
the maximum Von Mises Stress was 0.692 MPa, which closely matches the results of
[155] where the peak value reached 0.70 MPa. The highest stress concentrations are
observed at the attachment basis of the valve, where the maximum curvature change
occurs during the opening phase.

The accurate prediction of leaflet stresses is essential for structural durability analy-
sis. FSI methodologies allow the evaluation of the flow fields surrounding the leaflets,

160



Chapter 7 Limitations
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Figure 7.8. Comparison of the experimental data, computational approach introduced
by Piatti et.al [155] and the data obtained from this approach during the cardiac cycle.

leading to comprehensive thrombogenic risk assessments of TAVR devices, while op-
timizing designs to minimize non-physiological flow patterns before clinical imple-
mentation [16, 43].

7.6 Limitations

Although, the development of heart valve replacements has improved over the years
several complications still exist that need to be addressed especially with the expan-
sion of these replacements to younger patients. Paravalvular leak (PVL), structural
valve deterioration (SVD), permanent pacemaker implantation (PPI), valve thrombo-
sis and strokes are the most common complications [51]. Furthermore, studies have
revealed that polymeric valves tend to have problems with flow owing to calcifica-
tion, thrombogenicity, high tensile stresses borne by the material, and biodegradation,
which manifests as an overall lack of durability [103, 163].

This chapter introduces a mathematical approach for modelling the interaction of the
valve leaflets with the blood cells. These modelling approaches are significant be-
cause they can introduce in-silico solutions of a very difficult problem such as the
heart valve dynamics. A primary limitation of the current framework is that it does
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not account for the immense variability in surgical deployment. Recent computational
studies have shown that the orientation and positioning of the transcatheter device
within the heart drastically impact postoperative outcomes, particularly in complex
BAV patients. Variations in deployment orientation can dictate the severity of Par-
avalvular Leak (PVL) and the risk of coronary obstruction [5, 86].

7.7 Conclusions

The expansion of transcatheter aortic valve replacement, to younger populations and
with lower risk, has increased the need for prosthetic valves. The selection of these
valves needs to be carefully done considering all the required features. In this chapter,
a fluid-structure interaction approach is presented to describe the complex motion of
fluid and its interaction with the valve leaflets. Additionally, the smoothed particle
method is analyzed for blood flow and hyperelastic models are presented for the solid
mechanics, in this case the valves. The results validate this approach and align with
the corresponding experimental results.

While prosthetic heart valves present many limitations, future steps require the inte-
gration of patient-specific studies. This step could provide advanced patient-specific
modelling and the development of new, safe, durable, and optimized aortic valve re-
placements.
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APPENDIX

A

Miscellaneous Mathematical Concepts

Banach Space

Bilinear Form

Boundary Conditions

Hilbert Space

Coercivity

A normed linear space (V/ ||-||) which is complete with re-
spect to the metric induced by the norm.

A bilinear form b(-, -) on a linear space V' is a mapping
b:VxV =R

such that each of the maps v +— b(v, w) and w +— b(v, w) is
linear.

Symmetric The bilinear form is symmetric if
b(v, w) = b(w,v), Yo, w e V.

Constraints necessary for the solution of a differential equa-
tion (or system of equations) in a domain.

Dirichlet Specifies the value that the unknown function
takes on the boundary.

Neumann Specifies the value of the derivative of the solu-
tion on the boundary.

A complete inner product space; in Chapter 2, this is iden-
tified as the H' Sobolev space where first derivatives are
square-integrable.

A property of a bilinear form a(-, -) such that there exists a
constant § > O where

a(v,v) > dl|v]l%

forallv e V.
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Condition No-Slip The physical boundary condition applies only to
real fluids and is a consequence of the non-slipping of
fluid particles that are in contact with a solid boundary.
Consequently, the tangential component of the fluid ve-
locity at a stationary boundary is zero. This property
of real fluids is the cause behind the formation of the
boundary layer.

Kinematic This condition applies both to the contact surface
between a solid and a fluid, and to the interface between
two immiscible fluids. Under this condition, the veloc-
ity components normal to the surface of the two media
are equal. In the case of a stationary solid boundary,
the normal velocity component is zero. This is a gen-
eral condition that applies to both ideal and real fluids.

Lax-Milgram Theorem A theorem ensuring the existence and uniqueness of a so-
lution for a variational problem given a continuous, coercive
bilinear form in a Hilbert space.

Riesz Representation Theorem States that every continuous linear functional on a
Hilbert space can be represented by an inner product with a
unique element of that space.

Contraction Mapping Principle Ensures that a mapping 7" has a unique fixed point
if it satisfies the contraction inequality

[Tur — Tuz|| < MlJuy — ua|
with0 < M < 1.

Inf-Sup (LBB) Condition A stability requirement for saddle-point problems (like
the Stokes equations) ensuring that the choice of velocity and
pressure spaces does not lead to spurious oscillations.

Jacobian Matrix A matrix of all first-order partial derivatives of a vector-
valued function, used in Newton’s method to solve non-linear
algebraic systems.

Homotopy A continuous variation or deformation used in the Homotopy
Analysis Method to continuously deform an initial guess into
the exact solution.

188



Appendix A Miscellaneous Mathematical Concepts

Geometric Conservation Law (GCL) A principle ensuring that the temporal rate of
change of the control volume Jacobian is consistently corre-
lated with the Cartesian velocity components of the moving
computational grid, preventing artificial mass or momentum
sources.

Taylor-Hood Elements Mixed finite elements containing the (Pj, P;—1) pair of
polynomials (with k& > 2) typically used for solving the
Stokes and Navier-Stokes equations to satisfy the Inf-Sup
(LBB) condition.

Trust Region Method An iterative optimization method that generates a step by min-
imizing a quadratic model function within a restricted region
(the trust region) around the current iteration point, ensuring
global convergence even when the initial guess is far from
the solution.

Gauss-Newton Method An iterative algorithm used to solve non-linear least squares
problems by approximating the Hessian matrix, forming the
basis for the more robust Levenberg-Marquardt algorithm.

Falkner-Skan Transformation A similarity transformation used in boundary layer
theory to simplify the governing non-linear partial differen-
tial equations by reducing them to a dimensionless form de-
pendent on a single similarity variable.

Collocated Grid A mesh arrangement in the Finite Volume Method where all
flow variables (pressure, velocity components, scalars) are
stored at the same location, typically the cell centers.

Staggered Grid A mesh arrangement where physical parameters of the flow
are stored in different locations within the control volume
(e.g., velocity components at cell faces, pressure at cell cen-
ters) to naturally prevent spurious checkerboard pressure os-
cillations.

Theorem A.0.1. (Lax-Milgram) Given a Hilbert space (V,(-,-)), a continuous,

coercive bilinear form a(-, ) and a continuous linear functional F € V', there exists
a unique solution v € V, such that,

a(u,v) = F(v), YveV. (A.1)

189



Appendix A Miscellaneous Mathematical Concepts

Before proving the theorem it is necessary to mention the following Lemma and The-
orem.

Lemma A.0.2. (Contraction Mapping Principle) Given a Banach space V and a
mapping T :' V — V satisfying

[Tu1 = Tug|| < M |lur — ug| (A2)
forall uy,us € V and fixed 0 < M < 1, there exists a unique u € V such that
u = Tu. (A.3)
Thus the contraction mapping 'T" has a unique fixed point u.

Theorem A.0.3. (Riesz Representation Theorem) Any continuous linear functional
L on a Hilbert space H can be represented uniquely as

L(v) = (u,v) (A.4)
for some uw € H. Furthermore, we have
1Ll g = llull (A.5)

Remark. According to the Riesz Representation Theorem, there is a natural isomor-
phism between H and H' (u € H <— L, € H’). For this reason, H and H’
are often identified. For example, we can write W3 (€2) = W, " (€)(although they
are completely different Hilbert spaces). We will use 7 to represent the isomorphism
from H' onto H.

Proof. For any u € V, define a functional, Au, by Au(v) = a(u,v), Yv € V. Au,
is linear since

Au(yvr + dv2) = alu,yv1 + dvg)
= va(u,v1) + da(u, v2)
= yAu(v1) + 0Au(va), Yoi,v3 € V,7v,6 € R.

Au, is also continuous since, for all v € V,

[ Au(v)

=la(u, v)|< Cull o],

where C' is the constant from the definition of continuity for a(-, -). Therefore,

Au(v
| Aully, = sup AU

vo [Vl

< Cu|| < oo.
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Thus, Au € V’. Similarly, one can show that the mapping u — Au, is a linear
map from Vto V/ which is continuous with || Al L,y < C. Now, by the Riesz
Representation Theorem, for any ¢ € V' there exists a unique 7¢ € V such that
»(v) = (1¢,v), for any v € V. We must find a unique u, such that

Au(v) = F(v) Yv eV
In other words, we want to find a unique v such that
Au=F (e V')

or
TAu=71F (€V)

since 7 : V/ — V is a one-to-one mapping. Based on the Contraction Mapping
Principle we solve this last equation. We want to find p # 0, such that the mapping
T :V — V is a contraction mapping where 7' is defined by

Tv:=v—p(tAv —T7F)Yv € V. (A.6)
If T is a contraction mapping then there exists a unique v € V/, such that
Tu=u—p(tAu—7F) = u, (A.7)

thatis p (TAu — 7F) = 0, or TAu = 7F. It remains to show that such a p # 0 exists.
For any v1,v9 € V, let v = v1 — va. Then,

| Tvy — Too||” = |Jv1 — va — p (TAv; — T Av)||?
= |lv— p(rAv)||?
= [[v]|* = 2p(7 Av,v) + p* | Av|®
= HUH2 — 2pAv(v) + p* Av(T Av)
= HvH2 — 2pa(v,v) + pa(v, TAv)
< JJol* = 2py [[ol|* + p*C vl |7 Av]|
< (1=2py+p°C?) |lv|f?
= (1=2py+ p*C?) o1 — va|?
= M? |loy — vy

Here, ~ is the constant in the definition of coercivity of a(-,-). Note that ||7|| Av =
|A]| v < C'||v|| was used in the last inequality. We thus need

1—2py+p?C? <1
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for some p, i.e, p(pC? — 27y) < 0. If we choose p € (0, 27/C2) then M < 1 and the
proof is complete. O

Definition A.0.1 (The MINI Element). The MINI element is a stable mixed finite
element pair used for the numerical approximation of the Stokes and Navier-Stokes
equations, originally introduced by Arnold, Brezzi, and Fortin. It enriches the stan-
dard continuous piecewise linear velocity space with internal “bubble” functions to
satisfy the Ladyzhenskaya-Babuska-Brezzi (inf-sup) condition, while utilizing stan-
dard continuous piecewise linear functions for the pressure.

Let 7, be a regular triangulation of the domain 2 C R"™ (typically n = 2 or 3)
consisting of simplices (triangles or tetrahedra) denoted by K.

The pressure approximation space (Q, is defined as the standard space of continuous,
piecewise linear functions:

Qn="{a0 € C°(Q) : gl € PI(K) VK €Ty}

To define the velocity space, a bubble function bx must first be constructed on each
element K. Let A1, ..., A\,4+1 represent the barycentric coordinates of the element K .
The bubble function is defined as their product:

n+1

b =[] A
i=1

In two dimensions, this forms a cubic polynomial (P3) that vanishes entirely on the
boundary of the element (0K). The global space of these bubble functions, By, is
defined as:

By, = {Uh € Co(ﬁ) : Uh|K € span{bK} VK € 771}

The velocity approximation space V}, is then defined as the standard continuous piece-
wise linear space enriched by the bubble space:

Vi, = {Uh € [Co(ﬁ)]n : ’Uh‘[( € [Pl(K) D span{bK}]” VK € ﬁl}

This finite element pair (V}, Q) is often denoted as the Pl+ — Py or Pib — P el-
ement. By enriching the velocity space with these bubble nodes, the MINI element
successfully circumvents the instability issues (spurious pressure oscillations) inher-
ent in standard P, — P; approximations.
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Acronyms

AAA
ALE
AMR
AS
BC
BVP
CFD
CFL
CTA
Cv
DICOM
DG
EOA
FEA
FEM
FHD

FSI

Abdominal Aortic Aneurysm
Arbitrary Lagrangian—Eulerian
Adaptive Mesh Refinement

Aortic Stenosis

Boundary Condition

Boundary Value Problem
Computational Fluid Dynamics
Courant—Friedrichs—Lewy number
Computed Tomography Angiography
Control Volume

Digital Imaging and Communications in Medicine
Discontinuous Galerkin

Effective Orifice Area

Finite Element Analysis

Finite Element Method
Ferrohydrodynamics

Fluid—Structure Interaction
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FVM Finite Volume Method

GCC Generalized Curvilinear Coordinates

GCL Geometric Conservation Law

GSM Gradient Smoothed Method

HAM Homotopy Analysis Method

ILT Intraluminal Thrombus

LBB Ladyzhenskaya—Babuska—Brezzi condition
LM Levenberg—Marquardt algorithm

LNH Local Normalized Helicity

LV Left Ventricle

MAP Mean Arterial Pressure

MHD Magnetohydrodynamics

MRI Magnetic Resonance Imaging

ODE Ordinary Differential Equation

OSI Oscillatory Shear Index

PDE Partial Differential Equation

PC-MRI Phase Contrast Magnetic Resonance Imaging
PSPG Pressure-Stabilizing/Petrov-Galerkin

RCR Windkessel 3-element model: R: Resistance, C: Capacitor
Re Reynolds Number

RRT Relative Residence Time

SPH Smoothed Particle Hydrodynamics

SUPG Streamline-Upwind/Petrov-Galerkin
TAWSS Time-Averaged Wall Shear Stress

194



Appendix B

Acronyms

TAVR
Wo
WRM

WSS

Transcatheter Aortic Valve Replacement
Womersley Number
Weighted Residual Method

Wall Shear Stress
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INDEX

Abdominal Aortic Aneurysm, 14
Adaptive Mesh Refinement, 23
aneurysm, 14

Aortic valve, 15

Blasius equation, 62
Boundary Conditions
Dirichlet, 24
Neumann, 27

Boundary layer, 51

Contraction Mapping Principle, 190

Convergence control parameter (h),
62

Courant-Friedrichs—Lewy Criterion,
43

Effective Orifice Area (EOA), 158
Euler-Lagrange approach, 17, 76

Finite Element Method, 22
Finite Volume Method, 32
Fluid

Newtonian, 8

Non-Newtonian, 8
fluid, 8
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Fluid-Structure Interaction (FSI), 11,
17

Generalized Curvilinear Coordinates
(GCO), 73,92
Geometric Conservation Law (GCL),
78
Grid
Collocated, 39
Staggered, 39, 79

Heart valves
Prosthetic, 15
Helical flow, 148
Homotopy Analysis Method, 46
Hyperelastic material, 159

Intraluminal Thrombus (ILT), 121
Jacobian Matrix, 36

Lax-Milgram Theorem, 189

Levenberg-Marquardt algorithm, 35,
85

Local Normalized Helicity (LNH),
124

Lorentz force, 73



Appendix B

Acronyms

Magnetic Number (M), 42, 75

Magnetohydrodynamics (MHD), 72,
74

Mooney-Rivlin model, 156

Navier-Stokes equations, 8

Ogden model, 156

Ohm’s law, 73

Oscillatory Shear Index (OSI), 120,
136

Perturbation Theory, 45

Recirculation zones, 111
Relative Residence Time (RRT), 120
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Reynolds Number (Re), 42, 75

Smoothed Particle Hydrodynamics
(SPH), 157

Speedup Test, 80

Stenosis, 12

Time-Averaged Wall Shear Stress
(TAWSS), 120, 136
Trust Region Method, 35

Wall Shear Stress (WSS), 89, 111

Windkessel 3-element model (RCR),
125

Womersley Number (W o), 43, 75
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