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ABSTRACT

An important problem arising in mathematical physics, particularly in mirror
symmetry, concerns the existence of minimal Lagrangian tori in compact Calabi-
Yau manifolds. A natural approach to constructing such objects is provided by
the mean curvature flow (MCF). More precisely, let Fy : L — N be a compact
Lagrangian immersion, and consider the evolution governed by

oF
E(l}t) - H(ilj',t),

F(z,0) = Fy(x),

(MCF)

for (z,t) € L x [0,T), where H(x,t) denotes the mean curvature vector of the
immersion F; : L — N, defined by

Fi(z) = F(xz,t).

If L is compact, the initial value problem (MCF) admits a smooth unique solution
(up to reparametrizations) on a maximal time interval [0, T"), where 0 < T" < oc.
A fundamental result due to Smoczyk [49] shows that the Lagrangian property
is preserved along the flow when the ambient manifold is Calabi-Yau. However,
geometric flows typically develop singularities in finite time, and understanding
their formation and structure is a central problem in Geometric Analysis.

Building on foundational work of Hamilton [20] and Huisken [25], singularities
can be analyzed via suitable rescalings of the flow. Depending on the blow-up
rate of the squared norm of the second fundamental form, they are classified as
Type I or Type II. Roughly speaking, Type I singularities form more slowly.
These singularities are modeled as submanifolds in Euclidean space.
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Chapter 0

This thesis investigates the evolution of equivariant Lagrangian submanifolds
in R?™ = R™ ® R™ under (MCF). We focus on submanifolds invariant under
the full action of O(m) x @(m). Such submanifolds admit a parametrization of

the form
f(z,s) = (u(s)z,v(s)z),

where z € S™ ! and s € I C R. The associated planar curve z = (u, v) will
be referred to as the profile curve. As we will see below (see Theorem A), the
most symmetric example in this class is the Whitney sphere, generated by

(— sin(s), sin(s) cos(s))
1 + cos?(s)

The equivariance condition is preserved along the flow, and the evolution reduces
to a curvature-driven equation with an additional forcing term. More precisely,
the profile curve evolves according to

z(s) =

0z 2+
E —Ii—(m—l)W,

where 2 : S' x [0, T) — R? is a family of curves, x denotes the curvature vector,
and 2= is the normal component of z. The main objective is to describe the long-
time behavior of these submanifolds and to analyze the formation of singularities.
This work is inspired by the results of:

1. K. Groh, M. Schwarz, K. Smoczyk, and K. Zehmisch, Mean curvature flow
of monotone Lagrangian submanifolds, Math. Z. 257 (2007), 295-327.

2. K. Groh, Singular behavior of equivariant Lagrangian mean curvature flow,
Hannover: Univ. Hannover, Fakultét fiir Mathematik und Physik (Diss.),
2007.

3. A.Savas-Halilaj and K. Smoczyk, Lagrangian mean curvature flow of Whit-
ney spheres, Geom. Topol. 23 (2019), 1057-1084.
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4. A. Ros and F. Urbano, Lagrangian submanifolds of C" with conformal
Maslov form and the Whitney sphere, J. Math. Soc. Japan 50 (1998), 203-
226.

5. V. Borrelli, B. Chen, and J. Morvan, A geometric characterisation of the
Whitney sphere, C. R. Acad. Sci., Paris, Sér. 1 321 (1995), 1485-1490.

The main results presented in this thesis are the following:

Theorem A: (Ros-Urbano & Borrelli-Chen-Morvan) Let F': L — R*™ be an
immersed Lagrangian submanifold satisfying

3
A2 = —=— ||,

Then F (L) is either a flat subspace or a Whitney sphere.

This result shows that the Whitney sphere is the Lagrangian analogue of a round
sphere in the Euclidean space.

Theorem B: (Groh) Let Fy: S' x S~ — R?™ be an equivariant Lagrangian
immersion whose profile curve is closed, embedded, tamed, and does not con-
tain the origin. Then the evolving submanifolds under the equivariant La-
grangian mean curvature flow (ELMCF) converge to an (m — 1)-dimensional
sphere as t — T. Moreover, the maximal time is given by

T = A0/27T,
where Aq denotes the area enclosed by the initial curve.

Theorem C: (Groh-Schwarz-Smoczyk-Zehmisch) Let F': S' xS™~1x [0, T) —
R2™, m > 2, be a solution of the equivariant Lagrangian mean curvature flow
(ELMCEF), with profile curves z: S* x [0,T) — R? —{0}. Suppose the initial
curve is star-shaped. Then,

1. the profile curves remain star-shaped as long as a smooth solution exists,

2. the first singularity occurs at the origin, i.e. liminf,_,7 ||F'|| = 0,

3. depending on the initial data, both Type I and Type Il singularities may
occur.
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The behavior of the Whitney sphere under the mean curvature flow (MCF) differs
significantly from that of a round sphere in Euclidean space. As a matter of
fact, the submanifolds that evolve from the Whitney sphere cannot be Whitney
spheres anymore; they do not simply scale by a time dependent dilation, like
round spheres in the Euclidean space.

Theorem D: (Savas-Halilaj-Smoczyk) Let Iy : S™ — R?**, m > 1, be an
equivariant Lagrangian immersion satisfying Ric(go) > c || Fo||*go, for some
constant ¢ > 0. Then along the flow one has Ric(g;) > || F}||*g.for a uniform
constant € > 0. Moreover, the flow develops a Type Il singularity whose blow-
up limit is given by the product of a grim reaper curve and a flat (m — 1)-
dimensional Lagrangian subspace in R*™~2,

The thesis is organized into 3 main parts. The first part develops the differential
geometric framework for Lagrangian and equivariant Lagrangian submanifolds
in Euclidean space. It includes a characterization of the Whitney sphere, obtained
independently by Ros-Urbano and Borrelli-Chen-Morvan, as well as a study of
equivariant Lagrangian submanifolds with non-zero mean curvature, referred to
as tamed equivariant Lagrangians.

The second part establishes the analytical foundations of mean curvature flow,
including short-time existence and regularity. Key tools such as the parabolic
maximum principle are introduced, and the evolution equations for the relevant
geometric quantities are derived. This framework is then used to analyze the
formation of singularities, including the characterization of the maximal time of
existence and techniques for modeling singular behavior.

The final part focuses on the singular behavior of the equivariant Lagrangian
mean curvature flow, culminating in the proofs of Theorems B, C, and D.



IIEPIAHYH

‘Eva onpovtikd TpoPANo Tov TPOKOATEL OTN HOONUOTIKY QLGIKT, OPOPE TV
vrapén ehaytoTik®v Aaykpavilovav topov oe cuumayn Toivtroypoto Calabi-
Yau. Mia tpoc€yyion yio TNV KOTOCKELT TETOIWV OVTIKEILEVMVY TOPEXETOL OO TN
pon uéong kaumviotytag (MCF). Zuykekpipéva, dobeiong piog Aaykpaviovig
eupantiong Fy : L — N Bewpodue v e£EMEN mov di€meTan amd T0 GLGTNO
SPOPIKOV EEICOCEMV

o (ot) = H 1),

F(x,0) = Fy(x),

(MCF)

1 (z,t) € L x [0,T), 6nov H(x,t) 10 didvoopa péong KaUmuAOTToS TNG
eupantiong F; : L — N, mov opileton amd tov TOmo

E(z) = F($,t).

Av 10 moAvmtuypo L glvan cvopmayéc, tote 10 TpoPAnpa apytkov Tinomv (MCF)
Stob€TEL OploA Kot Hovadtkn (WG TPOG OVOTAPAUETPNCELS) ADGN GE Eval LEYL-
otoTkd ¥povikd ddotnua [0,7), 0 < T < oo. Toppwvae pe v Oepehddeg
oamotéleopo tov Smoczyk [49] 1 AaykpavQavi 1010t Ta dtaTnpeitol amod T pon
otav o mepipdiiovtag yopog givor Calabi-Yau. Qot6c60, 01 YEOUETPIKEG POEC
oLVNOMG OVOTTOGGOLV WOIOLOPPIES, KOl 1] KATOVONGT] TOV GYNUOTIGLOD KOl TNG
doung avt®V amoterel kevipkd TpoPAnua ot ['eopeTpikr Avaivon.

Baowldpevor otig Ospeddei epyacieg tov Hamilton [20] kot Huisken [25], ot
Wopopeiec Pmopovv va avaAlvbovv péco KatdAAniov peyedbveewv g pong
péong Kapmuldtrog. Avaioya pe tov puBuod €kpnéng g vopuog Tng de0TEPTG
BepelMmdovg LopPng, Tastvopovvtol og Wiopopeieg Tomov I Tomov I1. Te k4O
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TEPIMTOON, Ol 1OI0HOPPIEG VTEG LOVTEAOTOLOVVTAL OTO VITOTOAVTTVYLLOTO TOV
Evkedeion ympov.

H mopovca dwatpin peretd v e£EMEN HEo® PONG HEOTG KOUTVAOTNTOG 160~
avaiioiotov Aaykpaviiavdy vromoivnroyudromy otov R?" = R™ @ R™,
onAadn v eEEMEN LIOTOAVTTVYUAT®Y OV €ival avVaAAOIOTO OO TNV TANPN
dpaon g opddag O(m) x O(m). Térowa VIOTOAVTTOY AT TEPTYPAPOVTOL OO
TOPOUETPIGELS TNG LOPPTS
fz,s) = (u(s)z,v(s)),
omov x € S™ ! xou s € I C R. H avtictoyn eninedn xopmdin
z= (ua U)
00 AVAPEPETOL WG PEVETELPA TOV 1GOAVAALOIOTOV VTOTOAVTTTUYHOTOC. Onwg Oa

dovpe mapokatw (PA. Osodpnua A), T0 TAEOV GUUUETPIKO TOPASELYLLOL GE OVTN
v KAdon givon | epaipa tov Whitney, n| onolo mopdyetol ond TV KopmdAn

z(s) =

(— sin(s), sin(s) cos(s))
1 + cos?(s)

H wwoavailototikn 1016t ta dratnpeiton amd tn pony, ko n eEEMEN avayetatl 6TV
ToPOKATO EEMKTIKT dlopoptkn e€icmon

0z 2t
e 1) 2

OTOoL

z:S'x [0,T) — R?
sivan pio 01KOYEVELD KAUTUAGV, K TO SIGVOGHO KAUTLAOTNTOG, Ko 2T 1 KON
GLVIGTAGO, TOV 2.

Kvprog o10)0¢ TG dtatpifng sivar n LEAETN KO 1) TEPLYPOAPT) TNG CLUTEPLPOPAS
TOV 1GOUVOALOIOTM®V VTOTOAVTTVYUATOV KAT® 0td TN PO LEGC KOUTVAOTNTOG
KO 1] OVAALGT] TGOV WO0HOPPLHV. ZINV €PYOCio avaADOVTOL ATOTEAEGILOTO TWV
TOPAKATO dpBpmv:
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1. K. Groh, M. Schwarz, K. Smoczyk, and K. Zehmisch, Mean curvature flow
of monotone Lagrangian submanifolds, Math. Z. 257 (2007), 295-327.

2. K. Groh, Singular behavior of equivariant Lagrangian mean curvature flow,
Hannover: Univ. Hannover, Fakultit fiir Mathematik und Physik (Diss.),
2007.

3. A.Savas-Halilaj and K. Smoczyk, Lagrangian mean curvature flow of Whit-
ney spheres, Geom. Topol. 23 (2019), 1057-1084.

4. A. Ros and F. Urbano, Lagrangian submanifolds of C™ with conformal
Maslov form and the Whitney sphere, J. Math. Soc. Japan 50 (1998), 203-
226.

5. V. Borrelli, B. Chen, and J. Morvan, A geometric characterisation of the
Whitney sphere, C. R. Acad. Sci., Paris, Sér. 1321 (1995), 1485-1490.

Ta kOpro Bewprpota Tov Tapovsialoviol otn dtaTpPn eivor Ta akdOAovOa:

Ocdpnpa A: (Ros-Urbano & Borrelli-Chen-Morvan) Eorw F: L — R*™ éva
eupamtiouévo Aaykpoviiovo vroToADTTOYUO. TOV 1KOVOTOLEL
3
1A = —— 1H]*.
m+ 2

Tote n eikova F(L) eivou eite 100medo eite puo opaipa tov Whitney.

To amotérecpa avtd deiyvel 6T opaipa tov Whitney amotelei to Aaykpoviiovo
avdioyo ™ ceaipag otov EviAgideto ympo.

Ochdpnpo B: (Groh) Eotw Fy: S' x S™ 1 — R?™ uia Asia 100avaiioiowty
Aaykpoviiovn eufortion pe un-unoevikod O10VooUO. LETNS KOUTVAOTNTOS THS
OTOI0G 1 YEVETEIPOL, EIVAL KAELTTH, ELPVTEVUEV KOUTOAN TOV OEV TEPIKAEIEL TNV
apyn v alovwv. Tote 1o elelioaoueva vTOTOIVTTOYUATO, OTTO TH PON UETHS
koumviotnrog (ELMCF) ovppikvavovior oe pio. opaipa odoraons (m — 1)
kalOwg t — T. EmmAéov, 0 ueyiototikog ypovog Dmoping e pons oivetal amo
™ ayéon
r=2
2T

omov Ag elvair 10 eUPadov mov TEPIKAEIETAL OTO TV OPYIKH KOUTOAN.
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Ocodpnpa C: (Groh-Schwarz-Smoczyk-Zehmisch) Eotw
F:S'xS™ 1 x[0,T) = R*™, m>2,

Avan ¢ 1ooovolioiwtng pong uéong kourviotntos (ELMCF), ue eCelicooucves
VEVETEIPES TIG KOUTOAES

z: S x [0,T) — R* — {0}.

YroBérovue ot n opyixn yevéteipa eivar aotpouopen kourvdy. Tote,

1. o1 e€elioo0UEVES YEVETEIPES KOUTTDAES TOPOUEVODY ATTPOUOPPES,
2. n TN 10101OPPIa EUPOVILETOL TNV OPYT TV 0.LOVOY, ONANOT OTOW
liminf || F'|| = 0,
t—T

3. avdioyo ue To apyiKa O00UEVO, UTOPODY VO, ELPOVIGTODY TOGO 1OLOUOPPIES
Tvrov I 600 kot Tomov I1.

H ocvuneprpopd g opaipag tov Whitney vrd ) (MCF) dwapépel onpavtikd
amd skeivn pog Euieidelog ogoaipac otov R?™. TIpdypartt, o sEEMGCOMEVQ
VTOTOAVTTOYLLOTOL TTOV TPOKVTTOLV altd TN paipa Tov Whitney dev mapapévoouy
A éov cpaipeg Tov Whitney, dnladn dev eglicoovtal HEG® OHO100EGIOV.
Ocdpnpa D: (Savas-Halilaj—-Smoczyk) Eortw
Fy:S™ — R*™, m > 1,

uia 1ooavaiioiwtn Aaykpav{ovn eupontion Tov IKaVOmOIEL T ayéon

Ric > c||F|*g,
yia kamoio. atalepa ¢ > 0. Tote vmapyer pio oporopopon aralbepa € > 0 ware

Ric > ]| 1%

000 1 pon vrapyel. Emimléov, n pon ovartdooel koAivopixn 10iopopgio Tomwoo 11
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H Swotpipn amotereiton and tpio kopia péprn. To mpdTo HEPOC OVOTTOOGEL TO
OTaPOITNTO O10POPO-YEMUETPIKO TAOIGLO Y1 Ta 160avaAAoioTa Aaykpoviova
vromoAVTTUYHOTO 6Tov EvikAeidelo ydpo. Xtn GuvEXEln, OTOOEIKVIETOL EVOG
YOPOKTNPIGHOG TNG c@aipas Tov Whitney, mov ogeidetatl otovg Ros-Urbano ko
Borrelli-Chen-Morvan.

210 deVTEPO PEPOG ELGAYETAL 1] POT| HEOTG KAUTVAOTNTOG Ko TOPOVGIALoVTaL TOL
Baowd epyareia, OTmMG N wapafoAkn apyn HEYIOTOL Kot ot eEl0MTELS EEMENG
Baocikdv yeopetptkdv peyeddv. To mhaiclo avtd ypnoionoleital ot cuvE el
Yol TNV AVAALGT] TOL GYNUATICUOD OIOUOPPLDV, CUUTEPILOUPBOVOUEVOD Kol TOV
YOPOKTNPIGUOD TOV HEYLOTOTIKOD ¥PAVOL VIapEng TN pong Kol TV TEYVIKMOV
LOVTEAOTTOINOMG T®V 1O10LOPPLOV.

To TeMKd HEPOG TNG LETOTTUYIOKNG SLOTPIPNC EMKEVTIPAOVETOL TNV TASIVOUNON
10100pPLOV oL dnpovpyovvian eEehicoovtag 1ooavailoimta Aaykpoviova
VTOTOAVTTUYHOTO LEGM TNG PONG LEGNS KOUTVAOTNTOG, KOTAAYOVTOG GTLG OTO-
deiterg tov Oewpnuatov B, C kol D.
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CHAPTER

RIEMANNIAN GEOMETRY

In this section we set up the notation and quickly review some basic facts from
Riemannian geometry. We closely follow the exposition in [3,10-14,27,30,32,
38,50].

1.1 Preliminaries

In this chapter, we will deal with a very important area of differential geometry,
namely that of Riemannian submanifolds and we shall briefly review some basic
facts about convergence of Riemannian manifolds.

1.1.1 Tensors and curvature

Throughout this thesis, /M will denote a smooth manifold of dimension m. We
will denote by C'>° (M) the space of smooth functions and by X (M) the space
of smooth vector fields on M. Riemannian metrics on M will be denoted by
gar, and their Levi-Civita connections by VM. Quite often, we will simply write
am = < s > and V.

Suppose from now on that M is equipped with a Riemannian metric. Then the
Riemann curvature operator is given by

R(X,)Y)Z =VxVyZ = VyVxZ —Vixy1Z.
Using the metric we can form the Riemann curvature tensor
RX,Y,Z, W)= —(R(X,Y)Z,W).

23



Chapter 1 1.1. Preliminaries

The Riemann curvature tensor possesses several symmetries. One of the most
important is the so-called first Bianchi identity

R(X,Y,Z W)+ R(Y,Z,X,W)+ R(Z, X,Y,W)=0.  (LI)

There are several important geometric quantities associated with the Riemann
curvature tensor. In particular:

1. For any pair of linearly independent vector fields X, Y, the quantity

) R(X,Y,X,Y)
K(XANY)=
KAY) = X = .7

is called the sectional curvature of the plane spanned by X and Y.
2. The symmetric bilinear form
Ric(X,Y) =tr R(X,-,Y,")
is called the Ricci curvature.

3. The function
Sc = trRic

is called the scalar curvature.

1.1.2 Mappings, Hessian and Laplacian

Let (M, gar, VM) and (N, gn, V¥) be Riemannian manifolds, and f: M — N
be a smooth map. A vector field along f is a map

Z: M —TN

such that
TN © Z = f )

where my: T'N — N is the natural projection map. Equivalently, a vector field
Z along f assigns to each point z € M a vector

Z(:L“) S Tf(x)N.

24



Chapter 1 1.1. Preliminaries

Fix a point 2o € M and an orthonormal frame { £, . . ., F,, } defined on an open
neighborhood V' C N of f(xg). Then, forany z € U = f~(V), we may write

n

Z() = 3 zale) Ea(f(2)).

a=1

where 21, ..., 2, are real-valued functions, called the components of Z with
respect to the given frame. The vector field Z is called smooth if its components
are smooth functions.

Denote by X(f) the space of smooth vector fields along the map f. We would
like to differentiate vector fields along f, namely, to define a natural connection
V7 on the pullback bundle

J'TN = {(z,v) € M xTN :v € Ty, N}.

If a smooth vector field Z along f can be locally extended to a smooth vector
field on a neighborhood of f(M) in N, we may define

N
ViZ = V2.
If f is an immersion, such an extension always exists. However, in general,
such an extension is not always available. For example, let us consider the curve
v: R — R? given by () = (2%, 23). Then
Z(z) = f'(x) = (22,327
cannot be extended to a smooth vector field in a neighborhood of f(0) = (0, 0).

N Y

g

Figure 1.1: Neil’s parabola.
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Chapter 1 1.1. Preliminaries

To overcome this difficulty, we define the induced connection locally by

n

VEZ), =) (Xe(za) Ba(f(2) + 2a(2) VI (x)Ea) - (1.2)

a=1

The induced connection satisfies the properties of a linear connection and more-
over

Xgn(Z1, Z) = gn (V% 21, Zo) + gn (21, Vi Z5),

and
Vi df (V) = Vi df (X) = df (X, Y]),

forall X, Y € X(M) and Z;, Z, € X(f).
With may define now the Hessian and the Laplacian of f as
V2A(X,Y) = Vidf (V) —df(VYY), forall X,Y € X(M),

and
. 2
Af = tr!]M (V f)=
respectively. It turns out that the Hessian is symmetric. In the case where

Af=0,

we say that f is a harmonic map.

1.1.3 Riemannian submanifolds

Suppose that M and N are two differentiable manifolds and f : M — N is an
immersion, i.e., a smooth map whose differential

dfw T.M — Tf(x)N

is injective for every x € M. Assume additionally that N is equipped with a
Riemannian metric gn. Then f induces a Riemannian metric f*gy on M given
by

(f*gn)(X.Y) = gn(df (X),df(V)), forall X,Y € X(M).

If M is already equipped with a Riemannian metric g,,, then map f is called an
isometric immersion if

av = frgn.
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Assume in the sequel that [ : (M, gy) — (N, gn) is an isometric immersion.
To simplify the notation, we often use the convention

gu = (") = gn-
For each x € M, the tangent space T,y N decomposes uniquely as
T@yN = dfo(T,M) © Ny M, (1.3)

where Ny, M denotes the orthogonal complement of df, (7, M) with respect
to the Riemannian metric on N. The vector space Ny(,) M is called the normal
space of f at x, and the set

NiM = Upers Ny M

is called the normal bundle of f.

Definition 1.1.1. 4 vector field £ € X(f) along the map f is called normal if
§(x) € Ny@)M,

forall x € M.

Due to (1.3), each V' € X(f) can be uniquely written as
V=VT+V"

where V' € df(TM) denotes the tangential and V- € N;M the normal
component of V. Let VM be the Levi-Civita connection of gj; and V¥ is the
Levi-Civita connection of gy. Then, for any X,Y € X(M), we have

VXA (Y) = (VXdF(Y) T+ (VXdf (V)"
Definition 1.1.2. The C°°(M)-bilinear symmetric tensor
A: X(M) x X(M) — N;M
defined by
AX,Y) = (VA (V)" = VAdF(Y) = df (VYY)

is called the second fundamental form of the immersion f. The trace H of A
is called the mean curvature vector of f. The isometric immersion f is called
totally geodesic if A = 0 and minimal if H = 0.
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Let £ be a normal vector along f. The C'*°(M )-bilinear symmetric form
ag: X(M) x X(M) — C*(R)
defined by
ac(X,Y) = (A(X,Y),§), forall X,Y € X(M)

is called the second fundamental form of f in the direction £. Since for a given
§ € Ny M the bilinear form a¢ is symmetric, there exists a unique self-adjoint
linear transformation

Ag : X(M) — X(M)

such that
ag(X,Y) = (A:X,Y), forall X,Y € X(M).

The tensor A is called the Weingarten operator of f in the direction . The
eigenvalues \;(§), 7 € {1,...,n}, arranged in increasing order, of A, are called
the principal curvatures of f with respect to the direction £. The corresponding
eigenvectors are called the principal directions of f with respect to the direc-
tion £. The principal curvatures are continuous and almost everywhere smooth
according to the following general lemma.

Lemma 1.1.3 ([41,46]). Let S be an (arbitrary) symmetric (1, 1)-tensor field
on a m-dimensional Riemannian manifold. Then there exist m continuous
functions

A< A <<,

such that for every point x € M™ the numbers \i(x), Ao(x), ..., A\n(x) are
the eigenvalues of the tensor S at the point x. In particular, the eigenvalues
are almost everywhere smooth.

Fora given X € X(M) the covariant derivative of A in the direction X is given
by
(VxAgY = Vx(AgY) — Ae(VxY).

It turns out that the linear transformation V x A is self-adjoint, i.e.,
(VxAY,Z) = (Y, (VxA)Z),
forall XY, Z € X(M).
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One can easily verify that the Weingarten operator A, of f satisfies the so-called
Weingarten formula

Ve = —df (AcX) + (VL)L forall X € X(M). (1.4)
In the case of hypersurfaces the last term vanishes and the formula becomes
Vie = —df(AcX), forall X € X(M). (1.5)

In the following chapters we will need to consider compositions of immersions.
Namely, let f: M — N and g: N — P be isometric immersions between
Riemannian manifolds and let F' = go f : M — P the composition. Then by a
direct computation we obtain

Ap(X,Y) = VEAF(Y) — dF (VYY)
= V%! dg(df (V) — dg(df (VYY)
= Vharcopda(df(Y)) — dg(df (V).

from where we deduce that
Ap(X,Y) = Ay(df (X),df(Y)) + dg(As(X,Y)), (1.6)

forall X,Y € X(M), where Ap is the second fundamental form of F, A, the
second fundamental form of g and A the second fundamental form of f.

Let us conclude this subsection with an example.

Example 1.1.4 (Spheres). Let S"(R) be the sphere of radius R centered at the
origin in R™*!. Consider the inclusion f : S"(R) — R"*! given by f(z) = .
We choose as unit normal the vector field

x

§(z) = I3

Using the Weingarten formula (1.5), we obtain

1

Therefore, the second fundamental form of the sphere is given by
(X,Y) (X, V) x

A Y) = - = S D

- (1.7)

forall X,Y € X(S™). Moreover,

n
H=——¢
7
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The normal bundle of the submanifold admits a natural connection which we
denote by V4, i.e.,

Vxé = (VEEE, forall X € X(M) & £ € Ny M.
The C°°(M )-trilinear tensor
Rt X(M) x X(M) x NyM — N;M

defined by
RH(X,Y)E = Vi Vi€ = Vi Vi€ = Vi yé

is called the normal curvature tensor.

Let us deal now with the following question. Consider an isometric immersion
f: M — N,andlet RM, RN denote the curvature tensors of the metrics gy,
and gy, respectively. Is it possible to express the second fundamental form A
in terms of the curvature tensors RM, RV and R*? Recall that there are two
ways to differentiate the second fundamental form. The first is by viewing A as
a map with values in the induced bundle f*7T'N, and the second by viewing A as
taking values in the normal bundle. More precisely,

(VEANY, Z) = VLAY, 2)) — A(VYY, Z) = A(Y, VY 2),
and
(VA)Y, Z) = Vx(A(Y, 2)) — A(VYY, Z) — A(Y, VY Z),

for X, Y, Z € X(M). It does not make much difference whether we use V7 or
V+: however, we prefer V-, since A takes values in the normal bundle.

Lemma 1.1.5. The identities

(VEANX.Y) = (VEAX.Y) — S (ACX YY), A(Z. ) (0)

and

VLH = ViH =Y (H AX, e))df (),
=1

hold for X, Y, Z € X(M), where {e1, ..., e} is a local orthonormal frame.
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Proof. Fixapointxy € M and consider a local orthonormal frame {ey, ..., €, }
defined in an open neighborhood of z; and being normal at x. It suffices to
compute the tangent part of V/ A. Differentiating and evaluating at 7, we find

I

(Ve es) = ) (VL A)ei e)), df (er))df (er)

=1

NE

<V£kA(ei7 ej)> df(el)>df(6l)

~
Il

s

(Alei, e;), VL df (e))df (er)

N
Il
—

M-

<A(eiv ej)> A(ekv el)>df(el)'

o~
Il

1

Similarly, we have

(Ve H) = ) (VI Aler, i), df (er))df (er)

s

T
I

—_

vl

(Alei, i), VI df (e))df ()

@

o
Il

—

Il

(Ales, e:), Alex, er))df (1)

I

s

.
Il

—

I
NE

(H, Alex, e1))df (er)-

o~

1

This completes the proof. ([l

The tensors R, RN and R* are related with A through the Gauss-Codazzi-
Ricci equations. Namely,

Gauss equation: For every XY, Z W € X(M), it holds

(RM(X,Y)Z,W) = (RV(df(X),df (Y))df (Z),df (W) (1.8)
—(A(X, Z), A(Y, W) + (A(Y, Z), A(X, V).
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Codazzi equation: For XY, Z W € X(M), we have
{RY(df(X),df (YV))df (Z)} = (VxA)(Y. Z) — (V¥ A)(X, Z2).  (1.9)

Ricci equation: For X,Y € X(M) and £ € N;M, it holds
{RM(df(X),df (V)§} = RE(X,Y)E — A(X, AcY) + A(Y, A¢X). (1.10)

Remark 1.1.1. From the Gauss equation we immediately obtain the following:

1. The sectional curvatures K of M and K of N are related by
KN (@df(X)AdF(Y)) = KM (XAY)+[ACK, V)|~ (ACX, X), A(Y V),
for any orthonormal pair {X,Y'} C T'M.

2. Suppose that M is a hypersurface of N. Let £ be a unit normal vector field
along f, A, the associated shape operator, and {e, . . ., e, } a local orthonor-
mal frame of principal directions, that is,

Ace; = Ne;,  foralli e {1,...,m},
where )\; are the principal curvatures. Then
KN(df (e;) ANdf(ej)) = KM(ei Aej) — Nidj,
foralli # j € {1,...,m}.

1.1.4 Local expressions

Let f: M — N be a smooth map between Riemannian manifolds. Choose
a chart (U, ) around a point x € M and a chart (V) around f(z) € N.
Assume that ¢ : U — R™ is represented as ¢ = (x!, ..., z*) and suppose that
¥ V — R™ is represented as ¢ = (y',...,4™). Unless otherwise stated, we
will use Latin indices to describe quantities on M and Greek indices for quantities
on N. From the charts ¢ and 1), we obtain for f the local expression

pofop=(fl.... "),

where
fe=y*ofop
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Denote the basic vector fields associated with (U, ¢) and (V1) by {9;} and
{0, } and their corresponding dual 1-forms by {dz'} and {dy"}, respectively.
With respect to these conventions, the metrics g, and gy can be written in the
form

gy = gijdxi ®dz? and IN = Jopdy” ® dyﬁ,

where we have adopted Einstein’s summation convention. The differential of the
map f and the pull-back via f of the metric g are given by

df = 0, ®@da' and  f gy = gasfifda’ ® da?,
where
=W o fop ).

By a straightforward computation, we see that the Hessian and the Laplacian of
f can be represented in the form

(V2F)ig = AG0a = (f5 = T3 fo + T3, £ 1]) Oa
and
Af =g"(V*F)iy = g7 (F5 = T f2 + 15,17 17) O
where
G=" 0 fop uw
are the second derivatives of [, I';; are the Christoffel symbols of the Levi-

Civita connection on M and 'z are the Christoffel symbols of the Levi-Civita
connection on N.

Let us restrict in the case where f is isometric immersion. Occasionally we will
use local orthonormal frames instead of local coordinates. Let {ej,...,e,,} bea
local orthonormal frame on M and let {&,,, 41, - . . , {mn } be alocal orthonormal
frame of the normal bundle NyM. We use Latin indices to denote components
of tensors on the tangent bundle 7'M and Greek indices for components on the
normal bundle of N. Then the set

{el7~~-7€m;€m+la---7£m}

is called adapted orthonormal frame along the (immersed) submanifold f(M).
The 1-forms w;; and w,p given by

wi; (X) = QM(V%%%’) and  was(X) = gN(V)l(ﬁa,fg)

are called connections forms of the tangent and normal bundle, respectively.
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Following the aforementioned notation we have:
AG = (Alesse5),€a) = (Aij &) and H = (H,&) = A
Moreover, we set
R = (F R )(enepenver) and RY,, = RV(df(e), df(e;), €. 5).

Now the Gauss-Codazzi-Ricci fundamental equations of the submanifold f(M)
can be equivalently written in the form:

(a) Gauss equation:

Ry = Ry Z BAG — ASLAG). (1.11)

(b) Codazzi equation:

(VaA),, — (Vo A), = —R (1.12)

ijka”
(c) Ricci equation:

B B Ara
Rjog = Rijos + Z (Ag A% — A5 A2). (1.13)

Since we will constantly deal with tensorial quantities, let us recall some basic
linear algebraic definitions concerning tensors and norms of tensors induced by
inner products. Let (V, gy) and (W, gw ) be finite-dimensional inner product
spaces of dimensions m and n, respectively, and let

T:Vx-ooxV —Wx---xW
—_——— ———

r-times s-times
be an (7, s)-tensor, i.e., a multilinear map. Let {v1, . .., v,, } be an arbitrary basis
of V and {wy, . .., w,} an arbitrary basis of W. Following the above mentioned

conventions, we use Latin indices for quantities defined on V' and Greek indices
for quantities on W, and write

gij = gv(vi,v;) and  gag = gw(wa, ws).
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Moreover, denote by ¢ and ¢®? the components of the inverse matrices. The
components of I’ with respect to the chosen bases are defined by

T(vigyeoyv;,) = Z T2 Wy @ @ W, -

i1dp
QAl,..nyQg

The norm of T induced by the inner products gy and gy is then defined by

HTH?gV’gW) = Z Z giljl . glr]1 galﬂl . gasﬂs 1‘;(:1‘{1 Z’ras 77]511 er‘

T1,01 50yt Jr L,B1 4,0, Bs

If the chosen bases {v1, ..., v, } of V and {wy, ..., w,} of W are orthonormal
with respect to gy and gy, respectively, then

95 =0y, 97 =07, gag=0ap, and g% =6,

where 0 denotes the Kronecker delta. Consequently, the expression for the norm

simplifies to
2 [e% Oé.s
HTH(gV,gW) = Z Z 7‘;11 Uy

T1yeenylr Qs Qs

Thus, with respect to orthonormal bases, the norm of a (7, s)-tensor is simply the
Euclidean norm of its components. When the underlying Riemannian metrics are
fixed, we simply denote the norm of a tensor 7" by |||

The following lemma compares the tensor norms induced by two equivalent inner
products.

Lemma 1.1.6. Let g, and g, be inner products on the same finite-dimensional
vector space V', and let (W, g) be another finite-dimensional inner product
space. Assume that there exist constants ¢y, cy > 0 such that

c191 < g2 < 201

Let
T:VxoooxV—Wx---xW
————— ~—_———

r-times s-times

be an (r, s)-tensor. Then

IT°IIE VT Gg and |1 & [ITIE

921 —C 919 - 929
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Proof. Choose a g;-orthonormal basis {e1, ..., e, } of the vector space V. In
this basis, the matrix of g; is the identity, while the matrix of g is a symmetric
positive definite matrix. Suppose now that {e;,..., e} is a g;-orthonormal
basis which diagonalizes g». The assumption

c191 < g2 < gy

implies that the eigenvalues of g lie between c; and co. Consequently, with
respect to this eigenbasis, we have

c16i; < (g2)i; = Aidij < c2bij,

and
02—15@' < (92)1']' _ )\;15@' < 01—15@'7

respectively. Suppose further that {w;, ..., w,} is a g-orthonormal basis of V.
Then

e Qg
T(e’il7"'7eir>: : : 7—;111 wa1®'..®was'

Qe Qs
and
T2 — G i, . G irjr TOL s aLas
(92,9) Q1-dp T 1 gr
13T 15 eslryJr QL yeeey Qs
_ 2
- Z Z /\ill'” (Tz(fllras)
il, 77:7 A1y...,Qg
<a’ X @y
21, ,7/7 Aly...,Qg
= CITHTH%gl,g)'
Therefore,
1700y < " 1T Iy, -
Similarly, we prove that
HTH (91,9) < C2 HTH (92,9)
This proves the claim. U

Let us illustrate with an important example.
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Example 1.1.7 (Graphs). Letu: U C R™ — R be a smooth function and let
I'={(z,u(z)) e R"" : 2 € U}.

be its graph. The hypersurface I” C R™"! is the image of the embedding F :
U — R™ given by F(x) = (x,u(x)), for any € U. One can readily check
that the components of the induced metric g on the graph are

gij = 0y +uu;, fori,je{l,....,m},

where according the notation introduced in this section u; = wu,:. Following
[37, page 1101], let us denote the gradient Du of u by the (1 x m)-matrix

p=(Up, ..., Up).
Then, g = (g;;) may be written as
g=1+p"p, (1.14)
where [ is the identity matrix and ¢ is the transpose of p. Note that
p" = |lpll* = || Dul]*.

Now observe that

gp") = (I +p"pp" =p" + plPp" = (1 +[lp]*)p"
Moreover, if v is a vector perpendicular to p, we have that

gv") = (I +p'p)v" =v" + (po)p" =",

Consequently, g has eigenvalues 1 with multiplicity m — 1 and 1 + ||p[|* with
multiplicity 1. This means that (g;;) is invertible and

det(gi;) = 1+ [|p[|* = 1 + || Dul|*.
Let ¢ be a constant to be determined. Then,
(I —ep™p)(I +p'p) =T+ (1 —c—dlpll*)p"p.
We make the right side reduce to the identity by choosing

. 1
= ——.
L+ |pl?
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Thus the components g% are given by

UiUy U; U5

D S L SR S (1.15)
J 14 Zj:l U? J det(gij)
fori,j € {1,...,m}. Now the unit normal v is given by
g =g, 1) (=g, =g, 1
:( U, y —U )_( Uy U ) (116)

V1+|DuP det(g;,)

The components of the second fundamental form of the graph are given by

u. .
AV = i V) = ! )
(Fijv) = ——rrs Ty
forany i,j € {1,...,m}. Therefore, the (scalar) mean curvature of the graph

(in the direction v) is given by

h = (H,v)= ZgijA;-’j
U; Uy
WZ Wl s )

Therefore

h = div _Du (1.17)
B V1+ [Dul?] '

We conclude with a result that we will use in the next chapters. As a matter
of fact, we present a lemma which expresses the Laplacian of the squares norm
| B||? of a tensor B with values in the normal bundle of a submanifolds in terms
of the normal Laplacian and the covariant derivative of B with respect to the
normal connection.

Lemma 1.1.8. The following holds true
A|B||? = 2(A*B, B) + 2|V B>

Proof. Since the formula is of tensorial nature, let us fix a point 2y and a local
orthonormal frame {ey, ..., e,,} in a neighborhood around z such that

Veiej}zo =0, foralli,je{l,...,m}.
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Differentiating and then evaluating at x(, we find

A||B||2 = Z Z eiei<B(ei17 s 7€ir)7B(€i1’ s 7€7lr)>

=2) > ei(VEB(ei, .. ei,), Blei, ... ;).
Thus,
AIIBII? = 2> Y e{(VEB)(eir, ... ei,), Ble, .. . €,)
R S

+QZ Z Z€i<B(6i1a ce ,Veieia, ce ,61‘7,),B<€Z‘17 PN ,eir))

=23 > ((VEVEB)(ew, .. ei,), Bley.. .. e))
+2Z Z <(Vé3)(€i1, .- '7eir)a (véBxein s 7€ir>>
+22 Z Z<B(€il, Ce ,Veiveieia, Ce ,eir),B(eil,. . .,eiT)),

A S T P

where the sum with respect to a runs over the tensor slots, i.e., the index a €
{1,...,r} indicates the position at which the connection term acts. Now note
that at x(y we have

Ve Veei, = Y eilwi,len))e;.
J
Hence, the last term of the above equality becomes

B = QZ Z Z(B(eil,...,Veiveieia,...,eir),B(eil,...,ei,,,)>

A S T P

- 22 Z Zfi(wiaj(ei)ZSBil-~-ia—1jia+1-~-ir7Bi1...ir>j

b it a anti-symmetric sym:llretric
= 0.
Consequently,
A||B|* = 2(A*B, B) + 2| V- B|]%,
and this completes the proof. 0

39



Chapter 1 1.2. Convergence of Riemannian manifolds

1.2 Convergence of Riemannian manifolds

In this chapter, we will introduce the concepts of limits of manifolds and sub-
manifolds.

1.2.1 Ascoli-Arzela theorem

Let us briefly recall in this subsection the Ascoli-Arzela theorem for sequences
of maps between Riemannian manifolds. Let M and /V be smooth manifolds and
let k € NU{0}. We define

C*(M,N) = {f: M — N : f is k-times continuously differentiable}.

Suppose now that M compact, let k € NU {0} and f € C*(M, N). Consider
the sequence { f; }ien C C*(M, N). We say that

fi— f inCH(M,N)

if the following holds: For every coordinate chart (U, ) on M and for every
coordinate chart (V) on N with f(U) C V and f;(U) C V for all sufficiently
large 7, the coordinate representations

Yofiop™ YofopTlipU)CR" > R™
satisfy
bofiop o fop™t inCM(p(U),R™),
i.e. all partial derivatives up to order £ converge uniformly on compact subsets
of p(U).

Theorem 1.2.1. Let (M, gyr) and (N, gn) be complete Riemannian manifolds,
with M compact. Let k > 0, and let { f;: M — N };cn be a sequence of C*+1
maps. Assume that:

1. There exists xo € M such that { f;(xo) }ien has compact closure in N.

2. For each integer j € {1,...,k + 1}, there exists a constant c; > 0 such
that '
|V fill <e¢j, forallieN.

Then there exists a subsequence { f;,;: M — N },en converging in C*(M, N)
toamap f: M — N.
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1.2.2 Cheeger-Gromov convergence

We begin with the notion of convergence of tensors on Riemannian manifolds.

Definition 1.2.2. Let (M, g) be a Riemanian manifold and denote by V the
associated Levi-Civita connection. Suppose that {B;}icn C T (M) is a
sequence of (1, s)- tensors, with s € {0,1}. Let Q) be an open subset of M with
compact closure Q. Fix a natural number k € N. We say that the sequence
{B;}icn converges in C*-topology to B, € T (Q), iffor every e > 0, there
exists ig = io(e) € N, such that

maxogagk{supmeﬁHV(o‘)(Bi — BOO)H} <e, foralli?>iy.

We say that the sequence { B; }icn converges in C™-topology to B, € T (Q),
if it converges in C* to B, for every k € N.

Note that since we are working on compact sets, the choice of the metric g does
not affect the notion of convergence. Moreover, we can use the above definition
to describe the notion of convergence on compact sets.

Definition 1.2.3. Let (M, g) be a Riemannian manifold and {U;};cn be an
exhaustion of M. Let {B;}en be a sequence of (r, s)-tensors, s € {0, 1},
where each B; is defined on a corresponding open set A;. We say that { B;}ien
converges smoothly on compact sets to B, € T"*) (M) if:

1. Foreach j € N, there exists iy such thatﬁj C A, foralli > .

2. The sequence { B;|y, } j>;j, converges smoothly to By |u,.

Similarly we may define the concept of smooth convergence of a sequence of
smooth maps {F;: (M, g) — (N, h)}ien. As a matter of fact, we require C°-

convergence of { F; };cn to a smooth map F,,: M — N (using the metrics of M
and N) and smooth convergence of { F*h};cn to F% h on compact sets.

In the sequel, we will recall the notion of smooth convergence of sequences of
Riemannian manifolds following ideas of Cheeger and Gromov.

Definition 1.2.4. A pointed Riemannian manifold (M, g, p) is a Riemannian
manifold (M, g) with a choice of origin (or a base point) p € M. If g is
complete we say that (M, g, p) is a complete pointed Riemannian manifold.
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Definition 1.2.5 (Cheeger-Gromov convergence). 4 sequence {(M;, gi, p;) }ien
of complete pointed Riemannian manifolds smoothly converges in the sense of
Cheeger-Gromov to a complete pointed Riemannian manifold (M, oo, Poo ),
if there exists:

1. An exhaustion {U;};en of My with ps € U, for all i € N.

2. Asequence {¢;: U; — ¢;(U;) C M, }ien of diffeomorphisms with ¢;(peo) =
pi such that {¢? g; }ien smoothly converges to g, on compact sets in M.

In this case we write,
COC
(thlupz) ? (Mooygooapoo>

The family {(U;, ¢;) }ien is called family of convergence pairs.

g
_____________ > 7
S
U T—
A~
—
=
¢1(U1) Ui ".
Poo
1 T
s J

Figure 1.2: Convergence of pointed Riemannian manifolds.

Theorem 1.2.6. The limit of a sequence {(M;, g, pi) }ien of complete pointed
Riemannian manifolds is unique in the following sense: If (Mw, §oo, Poo) and
(Noo, hoo, @0 ) are limits, then there exists a diffeomorphism f: My, — Nu
such that

f*hoo = 0o and f(poo) = (o-
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In the sequel, we will state an Ascoli-Arzela type theorem for sequences of pointed
Riemannian manifolds. To this end, we need to recall two more definitions from
Riemannian geometry. Suppose that (), g) is a complete Riemannian manifold.
Recall that for p € M the injectivity radius at p is defined by

inj,(p) = sup{r > 0: exp, : B(0,r) — M is diffeomorphism}.
Moreover, the injectivity radius of M is defined by
inj, (M) = inf,epy inj,(p).

If M is compact, then injp(M ) > 0, see [38]. However, in the complete case,
this is not necessarily true; see the figure below.

\ 7
\ ,

7

inj,, (My) >0 inj,, (Ms) =0
Figure 1.3: Injectivity radius of Riemannian manifolds.

Definition 1.2.7. A complete Riemannian manifold has bounded geometry if
the following conditions are satisfied:

1. Forall k € N, there exists C), > 0 such that |V® R|| < C.

2. inj, (M) > 0.

For later use we will need the following refined version of the above definition.

Definition 1.2.8. We say that the sequence of complete Riemannian manifolds
{(M;, gi, p;) }ien has uniformly bounded geometry if the following conditions
are satisfied:
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Chapter 1 1.2. Convergence of Riemannian manifolds

1. Forany j € NU{0}, there exists a uniform constant C; such that, for each
1 €N, it holds ‘
HV(J)RgiH < Oj'

2. There exists a uniform constant ro > 0 such that
il’ljgi (MZ) > O,
foralli € N.

Theorem 1.2.9 (Cheeger-Gromov compactness). Suppose {(M;, gi, pi) }ien is a
sequence of complete pointed Riemannian manifolds with uniformly bounded
geometry. Then, the sequence {(M;, gi, p;) }ien Subconverges smoothly to a
complete pointed Riemannian manifold (M, oo, Do), i-€. there exists a sub-
sequence {iy }ren such that

COC
(Mikvgimpik) — (Mooa gooapoo)

in the Cheeger-Gromov sense.

The above compactness theorem still holds under the weaker assumption that the
injectivity radius is uniformly bounded from below by a positive constant only
along the base points {p; };cn, thereby avoiding the assumption of the uniform
lower bound for inj,, (M;); see [18].

The following theorem will be of crucial importance in the next subsection.

Theorem 1.2.10. Suppose that (M, g) is a complete, Riemannian manifold
of dimension m, with bounded geometry, {a;}icn be an increasing sequence
of positive numbers tending to oo and {p;}ien be a sequence of points on
M™. Then, {(M, a?qg,p;) }ien smoothly subconverges to the Euclidean space

(Rma Geuc; O)

1.2.3 Convergence of immersions

Let us begin our exposition with the definition of the limit of a sequence of iso-
metric immersions.

Definition 1.2.11. Let {(N;, h;, y;) }ien be a sequence of pointed Riemannian
manifolds and let {F;: (M;, g;) — (N;, h;)}ien be a sequence of isometric
immersions with
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Chapter 1 1.2. Convergence of Riemannian manifolds

We say that { F;};cn converges smoothly to an isometric immersion

Foo: (Muo, goo, Too) = (Nooy Poo, Yoo)
if the following conditions are satisfied.:

1. (M;, g5, 1) < (Mae, goor o) and (Ni, hi, i) <5 (Noo, oo, Yoo)-

2. If {(Ui, 9:) bien and {(W;, ;) }ien are, respectively, convergence pairs of
the corresponding sequences, then:

* (Fio0)(Ui) € (W)
e {7 o Fyo¢;: Ug € My, — Nu }ien smoothly converges to Fi, on

compact sets.
M; M, Ny N,
J A F. '
....... » — R B j
; (Wi
¢z (Ul) Ul Wl ’(/]z 1/) ( )
ZT; ¢1 Too Yo T 7

Figure 1.4: Convergence of isometric immersions.

We would like to have an Ascoli-Arzela type theorem for sequences of isometric
immersions. We would prefer the assumptions to be stated in terms of the second
fundamental form. Before stating the result, let us mention the following lemma,
which tells us that the injectivity radius can be controlled by the maximum of the
norm of the second fundamental form.

Lemma 1.2.12. Let (N, h) be a complete Riemannian manifold with bounded
geometry. Fix C' > 0 and denote by:

M {(M ,9): g is complete and there exists isometric immersion}
C =

F: (M, g) = (N, h) with || Ap]| < C
Then, there exists r > 0 (depending on C') such that
inj, (M) >r >0, forall (M,g)€e Mc.
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Chapter 1 1.2. Convergence of Riemannian manifolds

Now, we are ready to state the Ascoli-Arzela theorem for isometric immersions.

Theorem 1.2.13 (Compactness for immersions). Consider {(M;, g;, x;) }ien and
{(Ni, hi, yi) }ien two sequences of complete pointed Riemannian manifolds.
Let

Fy: (Mg, gi, vi) — (Niyhiyyi), i €N,

be isometric immersions with
Assume that:
1. M; is compact, for each i € N.

2. (N;, hi,y;) has uniformly bounded geometry, for each i € N.

3. Foreach k € N, there exists Ci, > 0 such that

[(VEY® AR || < C, forallicN.

Then, { F;};cn smoothly subconverges to a complete isometric immersion

Foo: (Muo, goo, Too) = (Noos Poos Yoo)-
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CHAPTER

LAGRANGIAN SUBMANIFOLDS

In this chapter, we introduce the main class of submanifolds that will be studied
throughout this thesis. The material presented here follows [24,33].

2.1 Kaéhler manifolds

)

Let M be a 2m-dimensional smooth manifold equipped with a metric g = (-,
1,1)-

and associated connection V. An almost complex structure on M is a (1,
tensor J satisfying

J?=JoJ=-1d
The pair (M, J) is called an almost complex manifold. Additionally, if .J satis-
fies

(JX,JY)=(X,Y) and (VyJ)(Y)=0, forall X,Y € X(M),

then the triple (M, g, J) is called Kihler manifold. A standard linear algebra
argument shows that each tangent space of an almost complex manifold has an
orthonormal basis of the form {e1, Jei, ..., em, Je,}. In R*™, m > 1, there
are infinitely many almost complex structures. For example, let us identify R*™
with C™. Then, the multiplication with the complex number i, gives rise to an
almost complex structure. Indeed, consider

(' +ayt, e ay™) = de (et iyt ™ g™,
Thus,
J(@t oyt 2™y = (—yt 2t =y ™ ™),
gives rise to a complex structure on R?™. Note that, up to sign, in R? there exists

only one complex structure. In particular, as the following lemma suggests, in
any 2-dimensional Riemannian manifold locally there exists a complex structure.
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Chapter 2 2.1. Kéhler manifolds

Lemma 2.1.1. Let M be a 2-dimensional Riemannian manifold. Then around
each point x there exists an open neighborhood U which supports a Kdhler
structure J. Additionally, if M is oriented then J can be globally defined.

Proof. Fix a point € M and consider an orthonormal frame {e;, €5} defined
in a neighborhood U of x. Define on U the tensor J: X(U) — X(U) given by

Jey =e; and Jey = —ey.
Clearly, .J is an isometry. It remains to show that .J is parallel. We compute

(Ve,J)(e1) = Ve, (Jer) — J(Ve,e1)
= Ve, — J((Ve, €1, €9)€2)
= V0 — (Ve e1,e3)Jey
= (Ve e9,61)e1 + (Ve €1, e0)€1
= 0.

Similarly we have
(Ve, J)(ea) =0, (Ve,J)(e1) =0 and (V.,J)(ex) =0.

Assume that M is oriented. Let xy € M, and choose any positively oriented
orthonormal basis {e1, e} of T,,, M. As above, define

Jei =ey and Jey = —eg.

We must check that this definition does not depend on the chosen frame. Let
{€1, €2} be another positively oriented orthonormal frame around z,. Since both
bases are positively oriented and orthonormal, there exists an angle function 6
such that

g1 = cos(f)e; +sin(f)e; and e9 = —sin(#)e; + cos(f)es.
Then
Jeyp = cos(f)Jey + sin(f)Jes = cos(f)ey — sin(f)e; = e,.
Similarly,
Jeg = —sin(f)Je; + cos(f)Jes = — sin(f)ey — cos(0)e; = —¢;.

Hence the definition of J is independent of the positively oriented orthonormal
frame and extends to a global smooth 1-1 tensor ./ with all the required properties.
This completes the proof. U
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Chapter 2 2.1. Kéhler manifolds

Definition 2.1.2. Let (M, g, J) be a Kdhler manifold. Then, the 2-form ) given

by
QX,Y)=(JX,Y), forall X,Y € X(M),

is called the associated Kihler form.

Theorem 2.1.3. The Kdhler form S is closed.

Proof. Fix apoint xy € M and local orthonormal frame {e, . . ., €3, } such that
Ve,€ilzy =0, forall i,j€{1,...,2m}.
Because our considerations are of tensorial nature it suffices to prove that
dQd(e;, ej, ex)|wy =0, forall i,j,ke{l,...,2m}.
Using the formula

dQX,Y,Z) = XQY,Z) - YQUX, Z) + ZQX,Y)
—Q([X,Y],Z) - Q(D/, Z]7X) - Q([Z7X]7Y)>

and evaluating at the point =y, we get

dQe;, 5, ex) = e;(Qej, ex)) — e; (e, ex)) + ex(Qes, €5))
ei(Je;, ex) —e;(Je;, ex) +ex(Jei, e;)

(Ve Jej,er) — (Ve Jei,er) +(Ve, Jei, e;)
(J(Vese)) ex) = (J(Ves€i), ex) + (I (Verei), €5)
= 0.

This completes the proof. U

Theorem 2.1.4 (Kahler identities). Let (M, g, J) be a Kdihler manifold. Then

I. R(X,Y)JZ = JR(X,Y)Z,

2. R(JX,JY)Z = R(X,Y)Z,

3. Rie(X,Y) = Ric(JX,JY) = =1 2" R(JX,Y, e, Je;),
where XY, 7 € X(M) and {ey, ..., ean} is orthonormal frame.
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Chapter 2 2.1. Kéhler manifolds

Proof. 1. We compute

R(X,Y)JZ = VxVyJZ —VyVNxJZ —VixyJZ
= J(VxVyZ = VyVxZ - Vixy Z)
= JR(X,Y)Z.

2. First note that

R(JX,JY,Z, W)

R(Z,W,JX,JY) = —(R(Z,W)JX,JY)
= —(JR(Z,W)X,JY) = —(R(Z,W)X,Y)
R(X,Y,Z,W).

Therefore,

2m 2m
R(JX,JY)Z = =Y R(JX,JY, Z,e)e; = — > R(X,Y, Z,e;)es.

i=1 =1

3. Consider an orthonormal frame {e;, Jeq, ..., ey, Je,, }. We compute
Ric(JX,JY) = Y R(JX,e;, JY,e;) + >  R(JX, Je;, JY, Je;)
i=1 i=1
=Y R(JJX, Je;, JY,e;) + Y R(X,e;, JY, Je;)
i=1 i=1

- _ i R(X, Je;, JY, e;) + iR(JY, Jei, X, ;)
=1 =1

S zm:R(X, Jei, JY, e;) + iR(Y, ei, X, €;)
i=1 i=1

- iR(JY, ei, X, Je;) + Em:R(Y, ei, X, e;)
=1 =1

= — Zm:R(JJY, Jeiy, X, Je;) + Zm:R(Y, ei, X, €;)
i=1 i=1

= iR(Y, Jei, X, Je;) + Zm:R(Y, ei, X, €;).

i=1 =1
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Chapter 2 2.1. Kéhler manifolds

Consequently,
Ric(J X, JY) = Ric(X,Y).

For the other identity, we compute

Ric(JX,JY) = i R(JX, e, JY, ;) + i R(JX, Je;, JY, Je;)
=1 1=1
— i R(JX,e;, JJY, Je;) + i R(JX, Je;,Y, €;)
i=1 =1
— i R(JX,e;,Y, Je;) + f: R(X,e;,Y,€;)
=1 1=1
— i R(Y7 JX7 €, Jez> = zm: R(JY, JJX, €, J@z)
=1 i=1
= — iR(JY, X, e, Je;) = iR(X, JY, e, Je;)
=1 i=1

= =) R(JX,Y,e;, Jey). 2.1)
i=1
Now observe that for
{e1, ... em,emi1 = Je1, ..., eam = Jen}
we have
2m
S Y R(JX,Y, e, Je;)
i=1
1 & 1 —
S X.Ye Je) 4+ = X Y. Je: .
3 2 RIXY e Je) +5 3 RUX,Y, Jei, )

m

1 & 1
=3 > R(JX,Y,e;, Je;) — 5 > R(JX,Y, Jej,e;)

i=1 =1

=Y R(JX.Y,e;, Jey). (2.2)
=1

From (2.1) and (2.2) we get the desired result.

This completes the proof. U

51



Chapter 2 2.1. Kéhler manifolds

Definition 2.1.5. The Ricci form of a Kdhler manifold (M, g, J) is defined by
R(X,Y)=Ric(JX,Y),

Jorall XY € X(M).

Lemma 2.1.6. The following formula holds

12m

> R(X,Y,e;, Jey),

=1

R(X.Y) =Rie(JX,Y) = 5

Sforall X, Y € X(M).

Proof. We compute

R(X,Y) =Y R(JX,e;,Y,e) + Y R(JX, Je;, Y, Je;)

=1 =1

- iR(X, e, Y, Je;) — iR(X, Jei, Y, e;)
» i=1

R(X, €;, Y, Jez)

NE

= ZR<J6i7Y7X7 ei) + ZR<Y7X7 J€i7€i) +

i=1 =1 i=1

NE

- ZR<X7Y,61', Jei) + ZR<X, €i,Y, Je;) — R(X, e, Y, Je;)

i=1 i=1 i=1
=Y R(X.Ye;, Jey). (23)
i=1
Now observe that for {e1, ..., €, €mi1 = Je1, ..., ea = Je, } we have
2m 1 m 1 m
_ 2
- ;R(X, Ve Je) = 5 ;R(X, YoeJe) + 5 ;R(X, Y, Jei, J%€;)
LSS R Yien Je) + 2 S RX Ve Je)
= 3 €i, JE; a y L5 €4y J €
2 o 2
=) R(X.,Y,e;, Jey). (2.4)

1

7

From (2.3) and (2.4) we get the desired result. This completes the proof. U
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Chapter 2 2.2. Complex and Lagrangian submanifolds

Definition 2.1.7. Suppose that M is a Kdhler manifold equipped with complex
structure J.

1. A 2-plane 11 is called complex if it is invariant by J, i.e., J(II) = II.

2. A 2-plane 11 is called Lagrangian if J (1) is perpendicular to I1I.

3. Let II be a complex 2-plane generated by the orthonormal frame {e1, Je, }.
The holomorphic sectional curvature of 11 is denoted by Hol(II) and it is
given by

Hol(IT) = sec(Il) = sec(e; A Jey) = R(ey, Jey, ey, Jey).

4. We say that M has constant holomorphic sectional curvature if
Hol(Ill) =0 €R

for every complex 2-plane 11.

We conclude this section with the following characterization.

Theorem 2.1.8. Let (M, g, ) be a Kdihler manifold with constant holomorphic
sectional curvature o. Then, for any XY, Z, W € X (M), it holds

R(X,Y,Z, W) = % (X, Z)Y, W) — (X, W)Y, Z)

HQ(X, 2)QY, W) — QX, W)Q(Y, Z)
+2Q(X,Y)Q(Z, W)}

2.2 Complex and Lagrangian submanifolds

We present now an interesting category of Kdhler submanifolds.

Definition 2.2.1. 4 map f: (M*™ Jy) — (N*",Jy) between two Kdihler
manifolds is called holomorphic if

dfOJM:JNOdf.

If the map is a holomorphic isometric immersion, then f (M) will be called an
(immersed) complex submanifold of N.

53



Chapter 2 2.2. Complex and Lagrangian submanifolds

Theorem 2.2.2. Let f: (M*™, gur, Ju) — (N?", gn, Jn) be a holomorphic
isometric immersion. Then, the second fundamental form A satisfies

Sorall X, Y € X(M). In particular, f is minimal.

Proof. We compute
AT X,Y) = VEdf (T X) = df (Vi (Ju X))
= Vit df (JuX) — df (VY (Ju X))
= Vit In(df (X)) — df (Tu(Vy' X))
= In(Virndf (X)) — In(df (VY X))
= JNA(X,Y).

In particular,

A(Ju X, JuY) = INA(X, YY) = INA(Ju Y, X) = J]%A(Y,X)
= —-AX,Y).
Consider an orthonormal frame of the form {e;1, Jyses, . .., €m, Jarem . Then,

m

trA = ZA(@Z', €Z') + ZA(JMQ, JMeZ) = 0.
=1

i=1
This completes the proof. U

Definition 2.2.3. Let (M™, gyr) be a Riemannian manifold, (N*™, gn, Jn, Qn)
a Kéhler manifold, and f: M™ — N?™ an isometric immersion. Then f is
called Lagrangian if
[y =0,
or equivalently,
(df(X), Indf(Y)) =0,
forevery XY € X(M). In this case, the trilinear form C defined by

C(X,Y, 2) = (A(X,Y), Indf (2)),

forevery X, Y, Z € X(M), is called the fundamental cubic of the Lagrangian
submanifold.
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Chapter 2 2.2. Complex and Lagrangian submanifolds

Clearly every curve in R? is a Lagrangian submanifold.

Lemma 2.2.4. The fundamental cubic C'is fully symmetric. If additionally the
Lagrangian is minimal, then C'is traceless.

Proof. The symmetry in the first two entries is obvious. So let us prove the
symmetry in the last two entries. For every X, Y, Z € X(M), we have
C(X, Y. 2) = (ACX,Y), Indf(Z)) = (Vi oy df (V), Indf (2))
= —(df(Y), Vi Indf (Z)) = —(df (Y), In (Vi df (Z)))
= —{df(Y), INA(X, Z)) = {Indf (Y ), A(X, Z))
=C(X,2,Y).

That minimality implies traceless C'is trivial. This completes the proof. U
Lemma 2.2.5. The fundamental cubic C satisfies the identity
(VxCO)Y, Z,W) = (VyC)(X, Z, W)
= —RM(df (X),df (Y),df (Z), Indf (W),
Jorevery XY, Z, W € X(M).
Proof. Because the formula is of tensorial nature, without loss of generality we

may assume the {X, Y, Z} is part of a normal frame at a fixed point xy € M.
At point g we have,

(VXC)(Y, Z, W) = XC(Y, Z, W) = X( (Y,

= (VX A(Y, Z), Indf (W)) +
(VxANY, Z), Indf (W)
(VxA)(Y, Z), Indf (W))
(VxA)Y, Z), Indf (W)).

From the Codazzi equation (1.9), we have

Indf(W))

(Y, 2), Vi Indf (W)
(

(Y,

Z),
(A, 2),

+(A(Y, Z), INVxdf (W)
+ (A(Y, 2), INA(X, W)

(VxCO) Y, Z,W) = (V¥ A)(X, Z), Jndf (W)
—RN(df (X), df (V). df (Z), Indf (W)).

Taking the difference we immediately arrive at the desired conclusion. U
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Chapter 2 2.2. Complex and Lagrangian submanifolds

Definition 2.2.6. Let f: M™ — N?™ be a Lagrangian immersion. The form
0 given by
0<X) = <JNH, df(X))N == —tI'O(X, *y )

is called the Maslov form of the Lagrangian.

Lemma 2.2.7. The Maslov form of a Lagrangian immersion f: M™ — N?™
in a Kdhler-Einstein manifold is a closed form.

Proof. Fix a point zp € M and let {ey, ..., e} be alocal orthonormal frame
defined around xy. Without loss of generality, we may assume that this frame
is normal at zy. Moreover, for simplicity, we denote the Einstein constant by o.
Recall that

df(ei, e5) = ei(0(e;)) — e;(0(ei)) — 0([es €5]),
foralli,j € {1,...,m}.
Differentiating and then evaluating at x(, we get

db(cs,e;) = eilb(e;)) — e;(0(es)) = el InH, df (e;)) — eyl InH, df ()

=Y e (InAlersen),df(e;) = Y e; (InAlex, ex), df (e:)
k=1 k=1
= Zel (ex,ex), Indf(e;) +Z€] (ex, ex), Indf (i)
k=1 k=1

m m
= g e;C(ex, ex, ;) + g e;C(ex, ek, €;)
k=1 k=1
m

= ZVQC ej,ek,ek)+Z(Ve].C)(ei,ek,ek).
k=1

k=1

Hence,

db(ei ;) = — > RN(df (es), df (e;), df (ex), Indf (ex)),

from where we see that

df(ei,e;) = —Ric" (Jndf (e:), df (e;)) = —o(Jndf (e:), df (e;)) = 0.
This completes the proof. U
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Chapter 2 2.3. Examples of Lagrangians

2.3 Examples of Lagrangians

In this section, we investigate graphical Lagrangian submanifolds in C™. Here
we regard C™ = R™ x R™ as a Kédhler manifold equipped with the complex
structure

for every pair of vectors V, W € R™. Let [': R™ — R be a smooth map, and
let G: R™ — R™ x R™ be the graphical immersion defined by

G(z) = (z, F(x)).

In the following lemma, we determine the conditions under which the graph G
is Lagrangian.

Theorem 2.3.1. The graph G is a Lagrangian immersion if and only if the map
F = (F,..., F,) is the gradient of a function f: R™ — R.
Proof. Let X € X(R™). Then,
dG(X) = (Dxx,dF (X)) = (X, dF(X)).
The immersion G is Lagrangian if, for X, Y € X(R™) we have

0 = (dG(X), JAG(Y)) = (X, dF (X)), (=dF(Y),Y))
= —(X,dF(Y)) 4+ (dF(X),Y),

which equivalent can be written in the form
(X,dF(Y)) = (dF(X),Y),

for all X,Y € X(R™). This means that dF is symmetric. Let {0y,...,0n}
denote the standard basis of R™. Then

(0, dF(95)) = (dF(05), 0;) -

Since
" OF,
k=1 7
it follows that OF OF
837; — 8xj7 forall i,5 € {1,...,m}. (2.5)
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Chapter 2 2.3. Examples of Lagrangians

Now consider the 1-form « given by

o= i F;dzx;.
i=1

Then, using the symmetry relation (2.5), we conclude that

OF; OF, OF;
da = ax dm]/\d:ﬁ,—Z(axj—axi) dx; N\ dx; = 0.

1<J

Hence the form «v is closed. Since R™ is simply connected, the Poincaré Lemma
[14] implies that every closed 1-form is exact. Therefore, there exists a smooth
function f: R™ — R such that df = «. Consequently, /' = D f and this
completes the proof. U

We conclude this section by computing the second fundamental form and the
mean curvature of a Lagrangian graph G = (I, F).

Induced metric: We compute

96(X,Y) = {dG(X),dG(Y))
= (X, dF(X)),(Y,dF(Y))) = (X,Y) + (dF(X),dF(Y))
= (X,Y) + (X, dFTdF(Y)).

Hence,

go =1+ dFTdF.

Because, F' = D f it follows that
dF(X)=DxDf = S(X). (2.6)
Consequently, since S'is symmetric, we deduce that
go =Id + S%.

Second fundamental form: Let Z be a non-zero vector field on R™. Then,

§ = —JdG(2) = (dF(2), - Z) = (DzDf, - 2),
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Chapter 2 2.3. Examples of Lagrangians

is normal along the submanifold. We have

A(X,Y), &) = (DxdG(Y), )
Dx(Y,dF(Y)),(DzDf, -Z))

ANXY) = |
=
(DxY, DxdF(Y)),(DzDf,=2))
=
=

(DxY,DxDyDf),(DzDf,~Z))
DxY,DzDf) — (DxDyDf, Z). 2.7)

Recall that
From (2.7) and (2.8), we see that

AY(X,Y) = D*f(DxY, Z) - X{(DyDf, Z) + (DyDf, Dx Z)
= —X{D*f(Y,Z)} + D*f(DxY, Z) + D*{(Y. DxZ)
= ~D*f(Y.Z,X).

Consequently,

ASX,Y) = —D*f(Y,Z.X) = ~D*f(X,Y, 7).

Mean curvature: Because the Hessian
S(X)=DxDf

is symmetric, there exists an orthonormal frame {e1, ..., e}, with respect to
the Euclidean metric, such that

S(@Z) :)\iei, forall ¢ € {17,777,}

As we already have seen in Lemma 1.1.3, the eigenvalues of the tensor S are
almost everywhere smooth. Now note that,

galeie;) = (e e;) + (S(ei), S(e;)) = (1+ A7)y,

foralli,j € {1,...,m}. Hence, the basis {v, ..., v, } with

€;

v = ——, forie{l,...,m}.

1 /—1+)\Z2’
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Chapter 2 2.3. Examples of Lagrangians

forms an orthonormal frame with respect to g¢. Moreover, the frame {&1, ..., &},
defined by

61’ = _JdG(Uz) = _J(vi:Dme) - _(_Dvina Ui) = (szDf7 _Ui)7

forms an orthonormal frame of the normal bundle of the submanifold. We now
compute the trace of the shape operator in the direction of ;. We have

m

wAS = 3 A% (v vy ZD3 (v, v, vi)

k=1

= m; mDSf(ekaelmei)'

Without loss of generality, we can assume that at a fixed point x the eigenvalues
of S are smooth and

(2.9)

Deiej\xo =0.
Therefore, at xg we have
D*f(ex, ex, &) = el(D* f(ex, ex)) = ei(Ar). (2.10)
From (2.9) and (2.10) we get

1 1
§i .
trAS = e E: Sy ei( M) = o )\? E e;(arctan(\y))

k=1

Therefore,

H=- i _ e;(arctan(\g)) &;.

Hence, the Lagrangian graph is minimal if and only if there exists # € R such

that .
Z arctan(\,) = 6.
k=1
For m = 2, the above equation becomes
cos(A)Af = sin(6) (1 — det(Hess f)).
For m = 3, it takes the form
cos(0) (Af — det(Hess f)) = sin(#) (1 — oa(Hess f)),

where 09 denotes the second elementary symmetric polynomial of Hess f.
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CHAPTER

EQUIVARIANT LAGRANGIANS

In this section, we investigate a special class of Lagrangian submanifolds in C™,
namely those possessing a high degree of symmetry.

3.1 Symmetric Lagrangian submanifolds

We regard C™ as the product R™ x R™ equipped with the complex structure J
given by
J(p’ q) = (_Q7p)>

for any p,q € R™. As we have already seen in Chapter 2, in complex notation
J is simply multiplication by ¢; that is, .J is the map

pHig—i-(p+iq) =—q+ip.
In C™ we consider the following group action: Given A € Q(m), we define
Ga: R™ xR™ - R"™ x R™
by
Galp,q) = (Ap), Alq))-

A submanifold L™ C C™ is called equivariant if and only if L™ is invariant
under the group action of O(m), i.e., if and only if

Ga(L™)=L™, forall A€ O(m).

If L™ is equivariant then it must have reflective symmetry through the origin.
Indeed, choosing

A=—1I,
we see that if (p, ¢) € L™, then (—p, —q) must be again a point in L™.
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Chapter 3 3.1. Symmetric Lagrangian submanifolds

Theorem 3.1.1. An Lagrangian equivariant submanifold L™ C C™ can be
parametrized by amap F': (g,¢) x S™~1 — C™ given by

F(s,x) = (u(s)f(z),v(s)f(z)),
where z = (u,v) is a planar curve and f the standard embedding of the unit
sphere S™™1 C R™,
Proof. Let
P=(pq eL™cCcCm
and consider its Q(m)-orbit
Op = {(A(p), A(@)) : A € O(m)}.

The orbit is a smooth submanifold of L"; see [30]. Since L™ is Lagrangian, it
follows that Op is isotropic with respect to the symplectic form w in C™ given
by

w((X, Y), (27 W)) = <J(X7 Y)v (Zv W)> = <X7 W> - <Y, Z>
We distinguish two cases:

Case 1: Assume that m > 3. We will show that the points p and q are collinear.
Suppose to the contrary that this is not the case. Denote by {ey,...,e,,} the
standard basis of R™. Without loss of generality, we may assume

p=-e and q=ae; + bey, with b# 0.

Consider the following two one-parameter rotations: First, rotate in the (eq, e3)-
plane. That is consider

Ry(e1) =  cos(f)er + sin(f)es,
Ry(e3) = —sin(#)e; + cos(f)es, 0 €|—m,m).
Ry(e;) = e, forall other basis vectors,

Then the orbit curve at P is

0+ ~(0) = (Ro(p), Ro(q))-

The corresponding tangent vector to the orbit at P is
7' (0) = (e3, aes).
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Next, rotate in the (es, e3)-plane. That is consider

Sg(es) = cos(f)es + sin(f)es,
Sp(ez) = —sin(f)es + cos()eq, 0 € |—mm).
Se(e;) = e, forall other basis vectors,

Then the orbit curve at P is
0 — o(0) = (Se(p), Se(q))-
Similarly, the corresponding tangent vector to the orbit at P is
a'(0) = (0, bes).
From the Lagrangian property we have that
0 =w(7'(0),0'(0)) = {e3, bes) — (ae3,0) = b,

which gives a contradiction. Hence b = 0, and ¢ = ap. Consequently, the point
P can be written in the form P = (u + v) x, where z € S™!. This implies
that the submanifold L™ contains the whole sphere (u + 1v) S™ ! sitting inside

the m-plane
E = (u+iw)R™ cC™

Take now the 2-plane
II=Czx={(a+if)xr:a,pcR}.
The plane /] is perpendicular to  and so also to the sphere at
P = (u+iv)x.

Because L™ has dimension m and the orbit sphere has dimension m — 1, the
transverse direction inside L™ is 1-dimensional. Hence the intersection L™ N I
is (locally) a smooth curve. Parametrize this curve in £ N L™ by

z(s) = u(s) +iv(s), forsel CR.
Then rotating the point z(s)x by all A € Q(m), we get
L™ ={z(s)z:z €S}
Therefore, the submanifold can by parametrized in the desired form.
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Case 2: Let L? C C? = R? x R? be a connected Lagrangian submanifold which
is invariant under the action of Q(2). We will prove that every point (p,q) € L
satisfies p and q linearly dependent. Following the considerations made in part
(1) we arrive at the conclusion that any smooth SO(2)-equivariant surface in
R? x R? can be parametrized in the form

F(s,0) = (r(s)Ry(e1), a(s)Ra(e1) + b(s)Ry(e2)),

where

_ [cos(f) —sin(6)
o= (sin(@) cos(@)) '
Then
Fy = (r"Ry(e1),a’ Ry(e1)+b Ro(e2)) and Fy = (rRy(es), aRg(ea)—bRy(er)).
On the other hand from the Lagrangian condition, we deduce that

0 = w(Fs, Fp) = —(rb)".
Hence, rb is locally constant along the profile curve. Now observe that

rb = det(p, q),

where det(p, ¢) denotes the determinant of the (2 x 2)-matrix with columns the

vectors p and ¢g. Indeed, in the above parametrization, p = rRy(e;) and ¢ =
aRg(e1) + bRy(es), and therefore

det(p, q) = det(rRy(e1),aRq(er) + bRy(ez)) = rb.

Thus the function D : L. — R, given by D(p, q) = det(p, q), is locally constant.
Since L is connected, it follows that D is constant on L. Now we use the full
O(2)-invariance. Let S € O(2) be any reflection, so that det.S = —1. Since L
is O(2)-invariant, if (p, ¢) € L, then (Sp, Sq) € L. But

D(Sp, Sq) = det(Sp, Sq) = det(S) det(p, ) = —D(p, q).
Since D is constant on L, we also have
D(p,q) = D(Sp,Sq) = —D(p, q).

Thus det(p, ¢) = 0, for all (p,q) € L. Hence p and q are linearly dependent at
every point of L. Thus, for every (p, q) € L, there exist real numbers u, v and a
unit vector z € S' such that (p, ¢) = (ux,vz). Choosing a local smooth curve
s — (u(s),v(s)) in the quotient, and rotating it by all z € S', we obtain the
desired parametrization. [
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From the above theorem it follows that the geometry of L™ is determined by the
behaviour of a point symmetric curve

z=L"NII,

coming from the intersection of L™ with an appropriate 2-plane. The curve 2
will be referred in the sequel as the profile curve of L' ; see Fig 3.1. Note that

z=L"/O(m), (3.1)

where here the quotient is taken with respect to the natural equivalence relation
induced by the group action.

Y (,9)

(_pa _q)
Figure 3.1: Point symmetric profile curve

In the sequel we will explore the geometry of the immersion F'. Consider a local
coordinate system (s;x!,... 2™ 1) on (—&,&) x S™!. Here Latin indices
i,j, k are used in the range {1,..., m — 1} and O for quantities depending on s.

Induced metric: We compute
dF(0s) = F, = (W' f,7'f) and dF(0;) = Fpi = (u fpi,v fui),

where, throughout this chapter, {-}" denotes differentiation with respect to the
parameter s. We keep in mind that f,; are smooth vector fields that do not depend
on the parameter s. We have

goo = (Fs, Fo) = [|IF[]? = (w')* + (v) = [[']]%,
goi = <FS7F:1:Z> = 07

9ij = (Fui, Foi) = (U +0*)(gs)i5-

65



Chapter 3 3.1. Symmetric Lagrangian submanifolds

Consequently,
IzI> 0 -0
0

ER7.

0
where ¢y is the standard metric S™~!. Then, the induced by F' metric on M™ is
= [l2%gs + [I2/]*ds*.

Hence, F' is an immersion at points where ||z|| > 0. As we shall see later, there

are cases where we can extend the submanifold even at points where || z|| = 0.
Orthonormal frames: Let {e, ..., e, 1} be alocal orthonormal frame field of
S™=1. Then,

{60 = 887 €1y 7€m—1}

form a basis of T'L. Moreover, the vector fields

0 €1 €m—1

s
= — 1 e -1 =
12']1° 2l e

constitutes a local orthonormal frame of L™ with respect to the induced metric
g. Consider now the vector fields

([ dF(E) = ||/||7"Fy = |2/ (@ f,0'f),

Ey

dF(E;) = ||2)| 7 (udf (e:), vdf (e:)),

vy = JdF(Eo) = ||2'|7(=v'f,u'f),

v; = JAF(E;) = ||| 7 (—v df (e:), wdf (e;)).

A direct computation shows that {vg, v, ..., V1 } form a basis of the normal
bundle. Observe that F corresponds to the tangent

Z/

T = ——
1211

of the profile curve and vy corresponds to the inward pointing unit normal

i J Z/ ) _ <_/U/,U/)’
¢ (nzfu E]

of the profile curve z. We will denote the curvature of z by k.
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Shape operators: Using the fact that

<f> f> - 1’
we get
! 1
A (Ey, Eo) = W(A(as,ﬁs), V) = ngﬁ(@s) RS0
1 1
= e = L )
_ UIU” o u”v’
{(W)2 + (v)2}z
Hence,

A" (B, EBy) = k.

Similarly, we find

A% (Ey, E}) = 0.

Furthermore, in view of Example 1.1.4, we have

Ay B5) = (A B).w) = Tz (Al = T (VP (es)oo
— oV wdfes) ).
= ﬁ((uvédf(ej),vvg;df(ej)),VO)
- W«Mf(e“6]‘)’“Af(€u€j>), (—'f, ')
= o (Culen ) . —vlene) ). (< L )

Hence,

- (2,6)
A" (E;, Ej) = —W5ij-

Define the function p given by

Il
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Then,
k0 0 0
0 —p O 0
A~ 10 0 —p
N |
o o0 --- 0 —p

Moreover, by straightforward computation we have

A (Ey, Ey) = 0.

On the other hand,
1 1
AV«LE,Ei: A&S,i,i: VFdFZ’Z
(B B = o A0 0290 = [ Yo (€92
= e Vo e dr e e dfte), v
- Hz||1Hz’H ((wdf (er), v'df (e:)), (—v df (e:), udf (e)))
_w v (29
I EE
= —p.
For i # j, we obtain
1
AViE,E]' :—Aas7 DRZ
(B £5) = [ (A &)
— m«u’ df (e;), ' df(ej)), (—vdf(e), udf(e;))).
Because
(df(e:), df (e;)) = O,
we get that
A" (Ey, ;) = 0.
Hence,

AW(E(), E]) = —p 61]
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In addition, for ¢ # j, we have

A" (B, Ej) = HZ%(A(ek,ej),y» = HZ1H2<V5’<dF(ej)’Vi>
- H;Hg«u Vi df(e;),v V! df(e))), (vdf(e:), —udf(e;)))
— ﬁ{uv(vgkdf(ej),df(ei)) —wo(VI df(e;), df (e;))}
= 0.

Summarizing, the shape operators with respect to the previous frames are

0 0 -+ —p - 0
k0 0 0 0 0 «ov cov oo 0
0 —p 0 0 :
A~ 0 0 —p . & AY ~ .
C —p - 0
-0 -
0 O 0 - - o
p 0 0 -+ oo - 0

Lemma 3.1.2. The mean curvature vector of F'is given by
H=(k—(m-—1)p)w.
and the squared norm of the second fundamental form by
|A|]? = k* + 3(m — 1)p°.
Moreover, the eigenvalues of the Ricci tensor are given by
—(m —1p(k+p) and —p(k+p—(m—2)p)

the latter with multiplicity m — 1.

Proof. By straightforward computations, we have

m—1

H = tr(A")vy + » _tre(A")v; = (k — (m — 1)p) .

i=1
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and

2

m—1
JAIP = (A + > A
i=1

=k 4+ (m—=1)p* +2p> + -+ 2p?

2(m—2)—times

= k*>+3(m — 1)p?
From the Gauss equation (1.8), we have

_ Z_:<A(X, E), A(Y, Ey)).

Therefore,

m—1

Ric(Eo, Eo) = (A(Eo, Eo), H) — || A(Eo, Eo)|I> = > | A(Eo, By,
=1

from where it follows that

Ric(Ey, Ey) = (kvo, H) — k* — (m — 1)p?
= k(k = (m —1)p) — k* — (m — 1)p?
= —(m —1)p(k +p).

Thus,
Ric(Ep, Ey) = —(m — 1)p(k + p).

Moreover,

RiC(E(), Ez) = <A<E07 Ez)7 H> - <A(E07 EO)» A<E’H E0)>

1

_ Z_<A(E0,El),A(Ei,El>>

=1
= 0.
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Furthermore,
RiC(Ei7Ej) <A(Ei7Ej)vH> - <A(E0’Ei)’A(E07Ej)>
m—1
- <A(Ei’El)’A(Ej7EZ)>
=1
m—1
(A(E;, Ej), H) = Y | A™(Eo, E;) A" (Ey, E)
k=1
m—1
— ) A"(E;, E)A™(E;, E))
k=1
m—1 m—1
—p(k — (m —1)p) 65 — > P*6ikbik — > P 0udi.
k=1 =1
Hence,
Ric(E;, E;) = —p(k — (m — 1)p)&i; — 2p*0y;
This completes the proof. U

Corollary 3.1.3. The following formula holds

3 m—1
Al = ——||H|]? = ——=(k + 3p)°.
A2 = =5 IH|* = 2= (k + 3p)
Proof. By straight-forward computations we get
3
IAI* = —— [ H]?
m + 2
3
E+3(m—1)p* — ——(k— (m—1)p)?
+3(m = 1p? = —=—(k = (m — 1)p)
m—1
——(K* + 9p* + 6k
g (K + 907+ Ghp)
m—1
———(k + 3p)*.
m+2( +3)
This completes the proof. U
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3.2 Equivariant Lagrangian spheres

Let us examine the case in which the profile curve z = (u, v) passes through the
origin; that is, 2(0) = 0 and z(s) # 0 forall s € (—¢,0) U (0, £). In the sequel,
we always assume that z is real analytic.

Lemma 3.2.1. The following facts hold true.

1. The function

P=

can be analytically extended through the origin. In particular,

nmp@):—ékmy

s—0

2. The image F((—¢, ) x S™1) gives rise to Lagrangian submanifold of the
Euclidean space C™ = R™ x R™.

Proof. Without loss of generality, we may assume that the z-axis is tangent to
the curve. Moreover, the curve can be locally parametrized as z(s) = (s, y(s)),
where y: (—¢,e) — R is a real analytic function satisfying

y(0) =y'(0) =0.
Since y is real analytic, it follows that
y(s) = s’h(s), fors € (—¢,¢),

where h is a real analytic function.

1. For s # 0, we have

p@):<4$£@»:: ((5,9(s)), (=¥ (s),1))
[2(s)]2 (s2+42(s))(1+ (y/(s))2)1/2
y(s) — sy'(s) B —h(s) — sh(s)

T @)+ W) T 1+ ()1 + (v (5)2)

Therefore,

Pl = b0 = = = S e 2
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2. We claim that the tangent space of F': (0, &) x S™~! — C™ extends smoothly
over the set

{0} x S™ 1.
Again, without loss of generality, assume that z: (0,e) — C is parametrized

as the graph
2(s) = (u(s),v(s)) = (s, 5¢(s)),

where ¢ is a real analytic function defined on the interval (0, ). Choose a
local orthonormal frame {ey, ..., e, 1} on S™ ! and, for simplicity, set

€ = df (ei)'
Then, a direct computation shows

Tiow) = AF(Eg) NAF(E)) A -+ NdF(E,, 1)

1
- WdF(aS>AdF<€1) A ANdF(em1)
1 c o g —
— W(u’ﬂ VA WELVE)) A A (U1, VEm1)
1 e- o g —
- W(ﬁ (s) )N (s€1,8p€) A+ A(SEmn_1,5PEm_1)
Smfl

= HZ/H(SQ + 82g02)m51 <f7 (SQD)’f) A (él,yél) A A (gm—la ¢5m_1)
1 o Y = —
= ”Z/H (1 n y2)m2_1 (fu (Sy)/f') AN (61’ gpel) AR, (em_l, Qpem—l)‘

Clearly, the tangent space extends smoothly to {0} x S™~1,
This completes the proof. U

The following theorem will be useful in the last chapter of the thesis.

Theorem 3.2.2. Let ' : S™ — C™ be an equivariant Lagrangian sphere,
where m > 1. Then its profile curve passes through the origin exactly once.

Proof. Recall that an equivariant Lagrangian submanifold is invariant under the
diagonal action of O(m). Away from the origin, every orbit is an (m — 1)-
sphere. Therefore, the orbit space L/Q(m) is a one-dimensional manifold; the
profile curve.
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1. We first prove that the profile curve passes through the origin at least once.

Let us suppose, to the contrary, that the profile curve does not pass through the
origin. Then all O(m)-orbits are diffeomorphic to S™~!. Consequently, L is an
S™~1.bundle over a closed one-dimensional manifold. Since L is compact and
connected, the base manifold is diffeomorphic to S!. If m = 2, then L is an
S'-bundle over S', and hence it is either a torus or a Klein bottle. If m > 2, then
the long exact sequence of homotopy groups yields

0 m(S™) =m(L)2m (S 2Z

In either case, L cannot be diffeomorphic to S™. This contradiction shows that
the profile curve must pass through the origin.

2. We now prove uniqueness.

Set Fy = F~1(0). Since F is an immersion, the set Fy is discrete. Because
S™ is compact, it follows that Fj is finite. Assume, by contradiction, that the
profile curve passes through the origin at least twice. Then J contains at least
two points. Because m > 1, removing finitely many points from S leaves a
connected manifold. Therefore, S™ — Fj is connected. Since F’ is continuous,
it follows that L — {0} = F(S™ — Fy) is connected. On the other hand, re-
moving the origin from the profile curve disconnects it into as many connected
components as the number of times it passes through the origin. Thus, if the pro-
file curve passed through the origin at least twice, then (L — {0})/O(m) would
be disconnected. This is impossible, because the quotient of a connected space
by a continuous group action is connected. Therefore, the profile curve can pass
through the origin at most once. Combining the existence and uniqueness parts,
we conclude that the profile curve passes through the origin exactly once. This
completes the proof. U

We now study the local behavior of the profile curve at the origin. Suppose that
z: St — C is a real analytic curve that is centrally symmetric with respect to
the origin. Thus, we may identify S with the interval [—, 7] and assume that
z: [=m,m] — Cis a closed real analytic curve satisfying

2(s) = —z(—s), for s € [-m, 7], and 27'(0) = {-m,0,7}.
For such curves, we may introduce the signed distance function
r(s) = sign(s)|[2(s)]|
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Lemma 3.2.3. The following identities holds true.

L ||Vr||? =1 —r*p?
2. Ar =rp(k+p).

Proof. We following the notation introduced in the previous sections.

1. We have
m—1 1 1 m—1
Vr = Ey(r)Ey+ Y Ei(r)E; = Was(r)as + > eilr)e;
i=1 i=1
1 1 1 (2, 2)
= ——0,({z,2)2)0s — 0,
1] 2]
= <T7 Z> Eo.
,
Therefore, r*||Vr||? = (7, z). Now, note that
z 2, T 2,
:_(ar) (28,
r r r
Taking norms, we immediately see that
2 2 4,2
<27;'> :1_<Za§> :1_7"129 —1— 2
r r r

This completes the proof of part (1).

2. Without loss of generality, we may assume that our curve is parametrized by
arc-length. Then the Laplacian along the curve is given by Ar = r,,. Recall
from part (1) that,

rrs = r(Vr, Ey) = (T, 2).
Differentiating the above identity with respect to s and using Serret-Frenet
formulas, we have

B N S S PR 1O S SR o

r r r? r r r3
Using the formula we proved in the first part and the definition of p we obtain
the desired result.

SS

This completes the proof. U
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Lemma 3.2.4. The following facts hold true.

1. There exist a constant vy > 0 and a local point-symmetric real analytic
parametrization of the curve, which for simplicity we again denote by z,
defined on the interval (—ry,1¢), such that for all r € (—rg, 19),

l2(r)]] = Ir]

and
2n+1

2n+1)
Z : en s

In particular,

12(0)]) = 1.

2. The functions p/r and (k + 3p) /1> are real analytic. In particular,

=0.

2
limp—0 and lim P

r—0 r—0 r

3. If the curve z is not flat, then the function k/p is well defined and real
analytic in a neighborhood of r = 0 and

k
lim — = — (21 + 3),
r—=0p

where 2l + 1 is the order of the zero of p at r = 0.

Proof. Since ||Vr|* = 1—r?p? and lim,_,q p = 0, the inverse function theorem
implies that the distance function 7 can be used as a local variable. Moreover,
since z is point-symmetric with respect to the origin, then

2(r) = —z(—r), forr e (—rg, o).
Consequently, by differentiating we see that
2H(0) =0, forall ke N.

Hence, its Taylor expansion takes the form

e 2n+1
Z > 21’L+1 -
— 2n +1)!
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Moreover, using the facts that ||z(7)|| = r and 2(0) = 0, we obtain
—2(0
I12(0)]| = lim ‘M — lim ‘@‘ —1.
r—0 r — O r—0 r

From the Taylor expansion, we have

oo oo 20
/ _ (2n+1) 2n+1
2'(r) —nZ:O(Zn—i-l)z (0) 2n+1 nzzoz i
" O
= Z/<O)+T2{ZT<)+...}

= 2/(0) +r%c(r).
On the other hand, there exists a function A such that,
z(r) = 2/(0) + r*h(r).
Consequently,

(2,J2') = (Z(0)r +7°h(r), J(z'(0) + rPo(r)))
= r3(2'(0), Jo(r)) +r*(h(r), JZ'(0)) + r°(h(r), o (r))
= 1%p(r),

for some analytic function ¢. Thus,

(z,J2")
<Z7 €> H ,H Z b2n+lr2n+1

from where it follows that

where b(r) is a real analytic function. Therefore, the function p/r is real analytic
and

limp =0
Claim: The following formula holds
rVp = —(k+2p)Vr.
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Proof of the claim: Without loss of generality, we may assume that s is the arc-
length parameter of z. Using the Frenet-Serret formulas, we obtain

/ 7§ + ng 75 / —k )
g O 0, he)

k+2
DY
r r

Therefore,
rVp=rpds =—(k+2p)r'ds = —(k + 2p) Vr,

which is the desired formula. This completes the proof of the claim. ®

From the result of the Claim, it follows that

—rp, = k + 2p.
Consequently,
— T/r' _|_ /
k+3p=—rp, +p=r? oL = (B} (32)

But since p/r is even, its derivative must have a zero at = 0 and hence the
function k + 3p must have a zero at » = 0 of order at least 3. Indeed! The Taylor
expansion of p is

o0
P(T) = Z 02n+17”2n+1-

n=1>0
Equivalently,
p oo
- = E an+17" n‘
k=I>0
Hence,

Differentiating with respect to 7, we get

(Y- @

from where it follows that
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Because (p/r)’ is analytic, we get
p /
(;> — 7 u(r). (3.3)
Hence, from the identities (3.2) and (3.3) it follows that

k+3p=—r? (2;9)/ = —r3 u(r),

where 1 is a real-analytic function. Consequently, we see that

k+ 3p r—0
s = pu(r) —0
and P
+3 b —u(r)  is real analytic.
r
It remain to prove that
k
lim — = —2[ — 3.
r—0 p
From —rp, = k 4 2p, we obtain
k ,
A )
p p

Since p is real analytic, it admits a Taylor expansion in a neighborhood of = 0.
Let 2] + 1, where [ € N U {0}, denote the order of vanishing of p at r = 0.
Recall that

o0

p(?“) _ Z 02n+1r2n+1'

n=l

Then

pr(T) = Z(?n + 1)an+17"2n,
n=l

and therefore
oy (20 4+ 1)cgpn

lim — = —F—F— =2+ 1.
=0 p Coly1
Hence,
.k . TDr
lim — = — lim —2=—(2[+1)—2=—(21+3).
r—=0p r—=0 P
This completes the proof. U
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Chapter 3 3.2. Equivariant Lagrangian spheres

Lemma 3.2.5. The following conditions are equivalent.

1. There exists € > 0 such that Ric > er? g.
2. There exist 1 > 0 and £5 > 0 such that the estimates
—p>er and k+p>er
hold on the profile curve.

Proof. By Lemma 3.1.2, the eigenvalues of the Ricci tensor are given by
—(m—1)p(k+p) and —p(k+p)+ (m—2)p*,

where the second eigenvalue has multiplicity m — 1. Observe that 2. = 1. is
immediate. For the converse, note that

—(m —D)p(k +p) > er?

implies
k €
_pEtP > 0. (3.4)
ror m— 1
From Lemma 3.2.4 we have
k k-+3p—2 2
£ < 1im<—]—9 +p> - lim<—£u> —21im L. (3.5
m—1 r—0 roor r—0 r r r—0 12

Since the profile curve is closed and passes through the origin only once, there
always exists a point at which —p > 0 (see Remark 3.2.1 below). Therefore,
by (3.4) and (3.5), it follows that the functions —p/r and (k + p)/r are nonzero
and positive. Consequently, there exist constants €; and €, as required. This
completes the proof. 0

Remark 3.2.1. Let z be a regular closed curve in R?. Suppose that s, is a point
such that
r?(s0) = max{r*(s) : s € S'} > 0.

Consider the function f = 2. Since s is a maximum point of f, we have

0= f'(s0) = 2(2'(s0), 2(50))-

Therefore, z’(sg) is perpendicular to z(sg). Consequently, £(sg) is parallel to
2(sp). Because ¢ is inward pointing, it follows that

_ (2(s0),&(s0))

p(s0) = 2(50) < 0.
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Chapter 3 3.3. A characterization of the Whitney sphere

3.3 A characterization of the Whitney sphere

In this section we give a characterization of the Whitney sphere.

Lemma 3.3.1. The following estimate holds

3
Al = = |1H] > 0.
Proof. Denote by F': L™ — C™ the immersion. Consider a local orthonormal
frame {ej, ..., e, } along L™. Set
H; = (H, JdF(e;)).
Consider also the functions

m—+ 2
We compute
1
2 2 2 2
B = m(ﬂi Oji + Hj0g + Hi 0y
Hence,
_ 2 2
> E = Grygp{m it en S
i,5,k=1
+23 H? +22H§ +22H,§}.
i=1 j=1 k=1
Therefore,
- 3
Y B =—=|H|"
4 m + 2
i,5,k=1

Recall from the previous chapter that the second fundamental form is completely
determined by the fundamental cubic

C(X,Y, Z) = (A(X,Y), JAF(Z)).
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Since C' is fully symmetric, we get

> Cleerer) => (Alese;), JAF (ey)) = (H, JdF(ey)) = Hy.
i=1 i=1
Moreover,
m 1 m
Z EijnCij = — Z (Hibj1 + Hjir + Hydij)Ciji
i,j,k=1 ij k=1
1 m m m
= m——i-2{ Z H;Ciyj; + Z H;Cyj + Z chiik}
ij=1 ij=1 ik=1

1 m m m
= m—H{2H3+ZIH§+;H§}.
i= i= =

Consequently,
& 3
E;1.Cii. = —— ||H||*.
Z Jk~igk m+ 2 H ”
i,5,k=1
Thus,
Z Eijk(Cijk — Eiyjr,) =0
i,5,k=1

Now, we have

1A]1* = Ciin

?

(Eiji + Cijie — Eijk>2
1

Efy + Z (Ciji, — Eiji)* > Z E}, (3.6)
1

1,5,k=1 i,5,k=1

7:7

I
NERINIERINGE

<.

ol
Wi

7,

=2 | H|*.

This completes the proof. U
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Chapter 3 3.3. A characterization of the Whitney sphere

We shall describe an example which satisfy

3
A2 = —=— 2.

Example 3.3.2 (Whitney Sphere). Recall that according to Corollary 3.1.3, for
any equivariant Lagrangian submanifold we have

-1
A2 = —2||H|? = 2= (k + 3p)2.
JAIP = S IHIP = Sk + 3p)
It suffices to find a curve satisfying

k+3p = 0.

Consider the equivariant Lagrangian which is generated by the profile curve
z: St — C given by

—sin(s)  sin(s) cos(s)

z(s) = (1 + cos2(s)” 1+ cos?(s) ) '

Figure 3.2: Profile curve of z.

A direct computation shows that

o« (cos(s)(sin’(s) —2) 3cos?(s) — 1
0= (T s T oo )

and 1
1] = ———.
/14 cos?(s)
Moreover,
— sin(s) L
p = ———=—— = —sign(sin(s))||z||.
e = sl
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Chapter 3 3.3. A characterization of the Whitney sphere

Furthermore,
v, (sin(s)(cos?(s) — 5cos?(s) +2) 2cos(s)sin(s)(cos?(s) — 5)
#ls) = ( (1 + cos? s)? ’ (1 + cos?(s))? )
from where it follows that
B(s) = —2o300) g

This completes the claims of the example.

The Lagrangian submanifold generated by the profile curve z in Example 3.3.2
is known in the literature as the Whitney sphere.

Figure 3.3: The Whitney sphere (figure adapted from [43]).

In the following theorem, we present a characterization of this submanifold,
proved independently by Borelli, Chen, and Morvan [6], and by Ros and Urbano
[40].

Theorem 3.3.3. Let L™ C C™ be an immersed real analytic Lagrangian sub-
manifold satisfying
3
1Al = —— I H]I*.
m+ 2

Then, either L™ is a flat subspace or a Whitney shpere.

Proof of the theorem: Without loss of generality, we may assume that H = 0
only on a subset of measure zero; otherwise, by real analyticity, we would have
H = 0 everywhere. In the latter case, the submanifold is flat, and there is nothing
to prove. Therefore, we work on the set

U={xeL: H(x) #0}.
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Chapter 3 3.3. A characterization of the Whitney sphere

We follow the notation and setup introduced in Lemma 3.3.1. Furthermore,
throughout the proof, capital Latin indices range from 0 to m — 1, while lower-
case Latin indices range from 1 to m — 1. Choose on U a local orthonormal frame

{eo, ... em—1;v0 = JdF (eg),...,Vm-1 = JdF (em-1)}

such that
H=h .

With respect to this frame, we have
Hy=h and H,=Hy=---=H,, 1=0. (3.7)
From our pinching assumption and (3.6), it follows that
1

Using (3.7), (3.8), and the general identity

m—1
A(6A7 63) = <A(6A7 eB)a I/O>VO + Z<A(6A7 eB)a I/i>l/i
i=1
m—1
= Capovo + Z Capi Vi,
i=1
we find
( m—1 3h
A(eo, e0) = Cooolo + ; Cooivs = p— 2V0,
m—1 h
Aleg, e;) = Coiolp + ; Coijvj = me2 21/1',
) 1
P h
A iy Ci :Oii Cn" i = s
(o) OVO+JZ:; i 2™
m—1
Alei, ej) = Cijovp + Z Cijsve =0, ifi # j.
\ k=1
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Chapter 3 3.3. A characterization of the Whitney sphere

In particular,
( Al/o (60) = 3)\60,

Al/o (61) — Ae’h
(3.9)
Aui(eﬂ) = )\eia

\ Aui(ej) = )\51']'60,

where

h

m+2

Claim I: The connection forms of the normal bundle satisfy:

<Vé_AVB’ VC’) = <veA€B, €C>.

Proof of claim I. We have

(VL up ve) = (Ve, JdF(ep), JAF (ec)) = (JV.,dF(ep), JAF (ec))
= (V. ,dF(eg),dF(ec)) = (dF(V.,en),dF(ec))
= (Ve €B,€0).

This completes the proof of Claim I. U

Claim II: The following facts hold true:

1. The distributions
D =span{eg} and D" =span{e;,... e 1}
are integrable.

2. The function h depends only on the ey-direction.

Proof of claim II. Let us assume first that m > 2. D is integrable because it is
1-dimensional. From the Codazzi equation (1.9), we have

(VxAO(Y) — Avé}f(y) = (VyAg)(X) - AV{;§<X)7 for X, Y € %(L)
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Evaluating in special vectors we obtain
(Ve Auy)(€)) = Avtng(€)) = (Ve A )(€r) = Avp (@)
from where it follows that

62'()\)63' + )\Veiej — <Vei€j7 €0>AV0 (60)

m—1 m—1
= (Vs en) A (er) = Y (Vave, vi) Ay (e))
k=1 k=1
= ()\)61 + )\V €i — (V €4, 60>A1/0(60)
m—1
- Z veJ €, ek o (ek) Z<V;VO7 Vk>Auk (61)
k=1

From equation (3.9), we arrive at
6i<>\)6j + )\V €j - 3>\<V €55 60>60
- Z Ve.€j,en)er — MVe,eo, €5)eq

()\)ez + )\V 62 3/\<Vejei, 60>€0

m—1
)\Z (Ve,ei,er)er — MV, eq, €:)eq.
k=1

Collecting the terms, it follows that

ei(A)ej — 2M(Ve,ej, e0)eq + AM(Ve, €5, €0)eg
= ej(A)e; — 2M(Ve, i, e0)eq + MV, i, €0) €0

and so
61'(/\)6]' — 6]'(/\)61‘ = )\<[6i7 ej], 60>€0. (310)

Multiplying (3.10) with e(, we obtain ([e;, e;], €9) = 0. Thus,
lei, e;] € span{eq, ..., em_1}.
Fix 7 in (3.10). Multiplying with e;, j # i, we arrive at ¢;(A) = 0. Therefore
ei(A\) =0, forall ie{l,...,m—1}.

87



Chapter 3 3.3. A characterization of the Whitney sphere

Letus examine now the case m — 2. In this situation we have a local orthonormal
frame

{eo, e1;v9 = JdF (eg), vy = JdF(e1)}.
In this situation, the second fundamental form is given by
Aleo, e9) = 3Ay, Aleg,e1) = Ay and A(er, e1) = Avp.
Since we are working on the set

U={zxeL:H(z)#0},

we have
A #£ 0.
For simplicity, let us write the connection coefficients as
V€0 = aey, Vee1 = —aey, Veeg=0be; and V. e = —beg.
Then,
VeWo = avy, Ve v1 = —avy, Ve, vy =bry and V. v = —by.

From the Codazzi equation
(Vi A)lerer) = (Vi A)(eo, e1),

we get
eo(A) =bA and e1(A\) = 3a. (3.11)

Similarly, from
(Vi A)(er,e0) = (Ve A)(eo, o),

we obtain
eop(A) =bX\ and a) = 3ey(N). (3.12)

Combining (3.11) and (3.12), we obtain
e1(A) =3aX and a\ = 3e;(N),

from where it follows that

e1(A\) = 9er(N).

Hence

861()\) = O,

which proves claim II in the case m = 2.

This completes the proof of claim II. U
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Claim III: The following facts hold true:

1. The integral curves of the vector field ey are geodesics, that is,
Ve()eo = 0.

2. Foreveryi € {1,...,m — 1}, we have

Ve eo = eo(log \) e;.

Proof of claim IIl. From the Codazzi equation (1.9), we have
(veo AVO) (61) - AVéO Vo (61) = (veiAVO ) (60) - AVGLZ Vo (60)7
from where it follows that

60()\)61' + )\Veoei - <veoei7 60>AV0 (60)

m—1 m—1
= (Veoirer)Avy(er) = > (Vi vo, vi) Ay, (e5)
k=1 k=1
= 36i()‘)€0 —f- 3/\vei€0 — <Vei€07 60)14,/0 (60)
m—1 m—1
- (Ve,€o, ex) Aug (er) — Z<V;Voa Vi) Ay, (€0)-
k=1 k=1
Using again (3.9) we arrive at
m—1
eo(N)e; + AVeei — 3NV ei, e0)eg — A Z(Veoei, eryer — M Ve €0, €i) e
k=1
m—1 m—1

= 3e;(N)eg +3AVe,e0 — A Z(Veieo, eryer — A Z(Veieo, er) e
k=1 k=1

Consequently,
€0(>\)€i + )\(VCOGQ, 61‘)60 = )\Veieo.
Hence,
Veco=0 and V.eq = eo(log\)e;.
This completes the proof. U
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Claim IV: The following facts hold true:

1. The function A solves the ODE
6060()\) + 2)\3 =0.

2. There exists a constant o such that

N (eo(V)* = o,

Proof of the claim IV. From the Gauss equation (1.8), we have

R(eg, €;, €0, €;) = Roini = —(A(ei, €0), Aleo, €;)) + (Aleo, €0), Alei, €:))
= —<)\l/l', )\VZ> + <3)\V0, )\V0>
= 2)\°%. (3.13)

On the other hand, using the fact that the integral curves of ey are geodesics, we
get

—R(e, €, €0, €;) = (R(eo, €;)€n, €i) = (Ve Ve e0 — Vveoei—veieoeo, ei)
= <\Veove¢€0, €i>1— Vv, e:€0:€i) + (Vv o, €i) -

N ~\~

A B C

Let us compute each term separately. We have

A= (Veovezeo,@} = (Ve (eo(log(N)e;), e;) = epeo(log(N)
= A tegen(A) — A% (en(N))?.

Moreover,
B = <VV6061€0761 wa 0)(Ve, €0, €:) = wa ep)eo(log A)d;;
=0 =
and
C = (Vv. 0, ¢€) = eo(log A\)(Ve,eo, €;) = (eo(log A2 = N (eo(N))>.
Adding A, B and C, we get
—R(eq, €5, €0, ) = X tegeg(N). (3.14)
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Chapter 3 3.3. A characterization of the Whitney sphere

Combing (3.13) and (3.14), we obtain

2H3
GQGO(H) = —m

Define the function
f= A4 (eo()\))Q.

Since A depends only on the eg-direction, the function f also depends only on
the eg-direction. Differentiating with respect to ey we have

eo(f) = eo(X") + eo((e0(N))?)
= 4)\360()\) -+ 260()\)6060()\)
= 260()\) (2)\3 + 6060()\))
= 0.
Hence,
eo(f) =0
and f is constant. Therefore, there exists a constant « such that
X+ (eo(N)? = o,
and this completes the proof. ([l
Remark 3.3.1. If the integral curves of e are closed, then from the relation
ot = X+ (ep(N))?

in Claim 1V, it follows that either A is constant or it must change sign.

Claim V: Let X be a leaf of D*. Then the following facts hold: X is totally
umbilical, and its image under F, namely F(X), is a round sphere of radius
N

a?  a?(m+2)

R

where o is the constant given in Claim IV.

Proof of claim V. We already proved that the distribution D is integrable and
e is perpendicular along the integral hypersurfaces of D+. Moreover, we proved
that A depends only in the eg-direction and

Ve.eo =eo(logN)e;, 1€ {l,...,m—1}.
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The latter is just minus the shape operator of a leaf ¥ of D with respect to the
normal direction of ey. As a matter of fact the second fundamental form is given
by

Ascrn (e, ej) = —eo(log A)egdi;.
Let us detect the shape of F'(¥). By the composition formula (1.6) the second
fundamental form of F'(¥X) C C™ is given by

AF(E)CCm<€i7 ej) = ALch(ei, €j) + AZC(Cm(ei> €j)
= ()\VO — 60(10g )\) dF(E(]))(S”

Note that X is regarded as a submanifold of L™ and trivial identifications are
used. Because the shape operator of F'(X) is diagonal, from a classical result of
submanifold theory we deduce that F'(X) is a sphere. The mean curvature vector
of F(X) is

Hy, = (m —1)(Avp — eo(log A)dF (eg)).

In particular, F'(X) belongs to the hyperplane spanned by the vectors

{dF(el), dF(GQ), S ,dF(em_l), HE}

Moreover,
sl = (m— 12 (32 + OO 1
Thus, F'(X) is a sphere of radius
LI gE
a?  a?(m+2)
This completes the proof. U

Claim VI: The image of L' is a Whitney sphere.

Proof of claim VI. We will use the Gauss formula to recover the immersion. Let
us consider a spherical coordinate system {s, 2!, ..., 2™ 1} on R x S~ 1. From
the previous computations, we have

Vo, 0s =0 and Vy 0s = eg(log(A))9d; = (N'/N)0;,
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Since our submanifold is within C™, we may regard the complex structure of C™
as multiplication with 7. Note that

Fy, = Dy, dF(0,) = A(8y,0,) + dF(Va,0,)
= A(@o, 60) = 3)\V0 = 3)\JdF<€0) = 3)\JFS
= 3\iF,. (3.15)

By integration, we deduce that
F(s,a', ..., o™ ) = A(z*,. .. 2™ 1) / e3i o Ma)dr gy | B(zt,..., 2™
0

where A and B are C™-valued smooth functions that we have to determine. Now
observe that

Fois = Dy, dF(d,) = A(9;,0;) + dF (V,0;)
= MAF(9;) + eo(log \)dF(0;)
= (iX+ p)Fyy. (3.16)

Setting
6(8) _ / 3 fot )\(m)d:tdt
0

and combining (3.15) and (3.16), we get

(A0") 5 = (iX+ p) (ije + By‘)

and so

ijﬁ’ = (Z)\ + u) (AMH —+ ij).
Hence,

(0" — (X + p)0) Ay = (iX+ ) By,
Consequently,
0 — (iN+ p)o
B, =———A, . 3.17
J Z)\ +H’ J ( )

Since A and B are independent of s, we deduce that

0 — (ix+ p)o

- = ¢} = constant.
WA+ [ !
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By integrating (3.17) we get that there is a constant vector C' € C™ such that
B=cA+C. (3.18)
Therefore,
F(s,z',...,2™ ) = (c; +0(s)A(z",...,a™h). (3.19)

From Claim V, for s = sy = constant, the image F'({so} x S™7!) is a sphere
of radius R(sp). It follows that the vector-valued function A has constant norm
equal to 1. In fact, A represents the position vector of S™~!. In particular, the
immersion F' can be written in the form

F(s,x) = 2(s)f () = (u(z) +iv(s)) f (z)
= u(s)f(x) +v(s) f(z). (3.20)

where F is the standard embedding of the sphere S™~!. Recall from the previous
section that an immersion of the form (3.20) satisfies our pinching condition only
if the curvature satisfy

k= —3p. (3.21)

Planar curves satisfying (3.21) are uniquely determined up to rigid motions. In
particular, a non-trivial curve
Z=u+1iv

satisfying (3.21), must coincide with the profile curve of the Whitney sphere.
Indeed, let z : I C R — C be a connected branch of the profile curve away
from the origin, parametrized by arc-length. Let us represent the curve in polar
coordinates as z = re'®. Moreover, let o be the tangent angle of the curve, that
is, the function such that z, = ¢'*. With our convention £ = J(z,), we have

p=—0s and k= q,.
Therefore the equation k& + 3p = 0 becomes oy — 365 = 0. Thus
a =30+ 6,
for some constant fy € R/27Z. Since
ze =€ and z, = (ry 4 ir6,)e”,

we obtain

(a—0)

rs +irfs = €' e (20+%0)

94



Chapter 3 3.3. A characterization of the Whitney sphere

Taking real and imaginary parts gives
rs = cos(20 + 6y) and 105 = sin(260 + 6y).

On any interval where 6, # 0, we therefore have

dr 1y
@ = 9—8 = ’I"COt(Q@ + 90),

from where we obtain that

1

—dr = cot(260 + 6,) db.

r
Integrating gives

1 .
logr = 3 log | sin(260 + 6y)| + log C,

where ¢ > 0 is a constant. Therefore

r? = | sin(20 + 60)|.

Note that on a connected branch away from the origin, the function sin(26 + 6)
has constant sign. Replacing 6, by 6, + 7, if necessary, we may write

r? = c*sin(20 + 6p).
Finally, rotating the plane by an angle (o replaces by 6+, and therefore replaces
0y by 0y — 2¢. Choosing ¢ appropriately, we may assume ¢, = 7/2. Thus,
up to rotation and homothety, we get 7> = cos(26). In Cartesian coordinates
x = rcosf and y = rsin 6 we have

2+ =1 and 2° — 5y =r?cos(20).

Since 72 = cos(26), it follows that

(ZL‘Q 4 y2)2 — 1‘2 . y2.

This is the Bernoulli lemniscate. Consequently, up to rotations and homotheties
of the plane, the profile curve is the Whitney profile curve. By analyticity, /'
must therefore be the Whitney sphere. 0
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3.4 Catenoids and tamed Lagrangians

This section is devoted to the classification of minimal equivariant Lagrangians,
as well as to the classification of solutions with positive mean curvature vector.

3.4.1 Minimal Lagrangian catenoids

In this paragraph, we classify all minimal equivariant Lagrangian submanifolds.
The following result is due to Lawson; see for example [24].

Theorem 3.4.1. Let L™ C C™ be an equivariant Lagrangian submanifold
generated by the profile curve z = (u,v). Then L™ is minimal if and only if
the profile curve, in polar coordinates, has the form

r™(0) cos(c1 + mb) = co,

where ¢, and cy are real constants. In particular, after a rigid motion, the
curve z satisfies
Im(2™) = ¢,

where c is a constant.

Proof. We represent the curve in polar coordinates as
2(0) = r(0)(cos(),sin(f)), where 0 € (—¢,¢).
From elementary computations, we obtain

—TrTeg + 27“3 +7r? d 1
an =
(2 + 12)372 Y~

Therefore, L™ is minimal if and only if the function 7 satisfies the ODE

k=

rrog — (m+ 1)rs —mr? = 0. (3.22)

Set 79 = w(r). where w is a function to be determined later. Substituting in
(3.22), we get

rw" — (m+ w? — mr? = 0. (3.23)
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Equivalently, we may write (3.23) in the form

dw  (m+1Dw? +mr*  (m+1)(w/r)* +m

dr rw B (w/r)
Setting w(r) = rf(r) we find that 0 satisfies the first order ODE
bdy__m
2+1 r

By integrating we deduce #?+1 = cr?™ where cis a positive constant. Therefore,
the distance function r satisfies

reg = rver?m —1.

Integrating once more, we obtain the desired result. Variations of ¢; correspond
to arotation of the curve. By choosing c; appropriately, we may write the solution
in the form Im(z"™) = c. This completes the proof. O

Definition 3.4.2. The minimal Lagrangians obtained in Theorem 3.4.1 are
called Lagrangian catenoids.

A

w/m

Figure 3.4: Lagrangian catenoid.

3.4.2 Convexity and tamed Lagrangians

Let F: S* x S™! — C™ — {0} is an equivariant Lagrangian submanifold
generated by a closed profile curve z: S' — C — {0}. Recall that the mean
curvature of F' is determined by the behavior of the function

h=Fk—(m-—1)p.
Definition 3.4.3. We say that the profile curve z is tamed if h > 0.
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Ifthe curve z is tamed, then the equivariant Lagrangian submanifold generated by
z has nowhere vanishing mean curvature vector. In the next lemma, we describe
how to construct such Lagrangian submanifolds.

Lemma 3.4.4. Let v: S — C — {0} be a regular curve with curvature k..
Consider the map w: C — C defined by

w(z) = 2",

and denote by 7 the image of vy under w. Then:

1. The support function [3 of the curve 7 is given by
f=—-r"0.
2. The curvature k5 of the curve 7 is given by

k;:kv_(m_l)p— h

mllymt mllyfm et

Proof. Since 7 C C — {0} is a smooth regular curve with curvature k., we may
write 7y in polar coordinates as

() = r(0)e® = r(0)(cos  + isinf).
Applying the holomorphic map w, we obtain
¥(0) = u(0) 4 iwv(f) = r™(0){cos(mb) + isin(mb)}.
1. We compute

ug = mr™ 1rg cos(ml) — mr™ sin(mh),

vg = mr™ Ty sin(mf) + mr™ cos(mb).

Hence,

up + v = m*r¥m 2 (rg +r?).

Consequently, the inward-pointing unit normal of 7 is given by

(—'UQ, U@)
mrm—l\/w.

98

& =




Chapter 3 3.4. Catenoids and tamed Lagrangians

It follows that
_Terl
B= (&) = —=—
&) N
Hence,

B =—r"Tlp = —¢mp.
2. Let us now derive the curvature of 7. We compute

"2 (rrgg + (m — 1)1y — mr?) cos(mf) — 2m>r™ 'ry sin(m#),

vgg = 2m* ™ g cos(mb) + mr™ 2 (rrgg + (m — 1)ry — m*r?) sin(mf).

Ugg = Mr

Therefore,

ugvgs — Vggs = M r>" 3 (—rrog + 2rf + 17 4+ (m — 1)(r5 4+ 1%)).

and
UgVoe — UheVo
by = = T
(ug +vg)2
. —TTee + 27"3 + 7'2 + (m — 1)(7'3 + 7'2)
mrm=t(r? + r2)s
_ ky —(m—1)p
mym—1 ’
which completes the proof. 0]

Remark 3.4.1. We make a few remarks about the previous theorem.

1. From Lemma 3.4.4 we see that there is a duality between tamed and convex
curves.

2. Tamed curves can be viewed as convex curves in C — {0} when the latter is
equipped with the conical metric

g = [l2*"?|1dz|*.
3. There is a beautiful formula in classical differential geometry which states the

following. Let w: C — {0} — C — {0} be a holomorphic function with
w, # 0,and letv: S* — C — {0} be a regular curve. Then

Ky = m {k:7 +1Im (Z—((J)) M) } . (3.24)
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The next lemma will be of crucial importance.

Lemma 3.4.5. Let v: S' — C — {0} be a regular, embedded tamed curve,
not containing the origin. Then its image lies within the profile curve of a
Lagrangian catenoid.

Proof. From Lemma 3.4.4 the holomorphic function w(z) = 2™ will map v in
a closed convex curve 7. The function w is 1-1 on sectors of C centered at the
origin 0 and opening angle 27 /m. As a matter of fact, w is 1-1 on any sector of
the form

Sa={2€C—{0}: o <arg(z) < a+27/m}.

y

Sa

Figure 3.5: Sector S,.

A priori, the curve 7 may have self-intersections. We will exclude this possibility.
We give a proof in three steps:

Step 1: At first we show that the winding number is zero. We have

AW
do(7) = — dt
windy(7) = 5 o ()

L[ mr ey

271 st ’Ym (t)

_m [0,

21 st 7<t)

t

Hence,
windy(5) = m windg(7y).

Because 7y is embedded and does not contain the origin in its interior, we get that

windy(7) = 0.
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Step 2: We claim that
rot(y) = +1.

Parametrize +y by arc-length s € [0, L]. Then, we may write
Vs =€,

where « is a continuous choice of tangent angle. The total change of the tangent
angle is denoted by
da = a(L) — «(0).

Hence
t(7) = 5o
1o = —.
7 2m

Since the curve v is closed and embedded, the turning number theorem gives

rot(y) = +1.
Thus

dov = 127

Moreover, because 0 ¢ -y, we may write

0
T=re,

where here 6 is a continuous choice of argument of the position vector . Thus,

by assumption,
60 (L) —0(0)

0= Windo(’}/) = % - T,

Differentiating we get that

m—1 i(mfl)eeia

;‘y’s = mr e mflei{oﬂr(mfl)@}.

=mr
Therefore a tangent angle o of 7y is given by
a=a+ (m-—1)0,
from where it follows that
da = da+ (m —1)60 = £2.

Consequently,
rot(y™) = +1.
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Step 3: We will prove now that the curve v™ is embedded. Assume now that s
is the arc-length parameter of . Since
Qg = kq > 0,

it follows that the tangent angle « is strictly increasing. Without loss of generality
let us assume that
rot(7) = 1,

or, equivalently, that
a(L) — a(0) = 2.

Since the function « is strictly increasing and increases by exactly 27, every
tangent direction occurs exactly once. Suppose to the contrary that the curve v
has a self-intersection. Then there exist 0 < s; < s9 < L such that

Y(s1) = J(s2).

The restriction of ¥ to [s1, $o| is a closed immersed loop. Since ks > 0, its
tangent angle is strictly increasing along this loop. Hence the total turning of this
loop is a positive integer multiple of 27. In particular,

a(sy) — afsy) > 27.
But since « is strictly increasing on [0, L] and
a(L) — a(0) = 2,
we must have
0 < a(se) — als) < 2,

a contradiction. Therefore 7 has no self-intersections. Hence 7 is embedded.

Due to the fact that k5 > 0, the tangent angle turns monotonically. Hence the
image is the boundary of a strictly convex domain. Consequently, there exists a
half-space H such that 0 ¢ #H and 7(S') C H. Denote by £ = H. We now

consider the inverse transformation
w(z) = 2™,

Since the domain H is simply connected, we can choose a branch Logj of the

complex logarithm on H, defined by removing a ray ( parallel to the boundary ¢
of H. We then define

wl(2) = exp (% Logz(z)) |
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Chapter 3 3.4. Catenoids and tamed Lagrangians

If we write £ in the form
¢={z€C:aRe(z)+bIm(z) =c},
with (a,b) # (0,0) and ¢ € R, we easily see that
L=w'({)={z¢€C:aRe(z™)+bIm(z"™) = c}.

By Theorem 3.4.1, L is a Lagrangian catenoid. The curve L separates the plane

v

Figure 3.6: Tamed vs convex.

into two regions: let A be the region containing 0, and let B be its complement.
By continuity, we have w™!(#) C B. Consequently,

w(F(8Y) = (8" € B,
which completes the proof. 0

Remark 3.4.2. Recall that the profile curve of a Lagrangian catenoid lies in a
sector of opening angle 7 /m. In this sector, the map w(z) = 2™ is 1-1.

Remark 3.4.3. Consider the circle
C={2€C: ||z - %l|*=R?}, with |z]? > R

Then the circle does not contain the origin in its interior. In particular, it lies in a
half-space that does not contain the origin. Consider the curve v = w(C'), where

w(z) = 21m

We parametrize C' by
2(0) = 2o + Re™.
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According to the formula in Remark 3.4.1, we have

g, = 1EE {1 4 (m— 1)Re(@)}

z

N {1 + (m — 1>Re(ﬁ)}

B SN Y (B
- {”( R E }

> 0.

Hence, v is convex and tamed.
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CHAPTER

MEAN CURVATURE FLow

This chapter is devoted to the analytical foundations of mean curvature flow,
including short-time existence and regularity. Moreover, we present key tools
such as the parabolic maximum principle and derive the evolution equations for
the relevant geometric quantities. This framework will be used to analyze the
formation of singularities, including the characterization of the maximal time of
existence and techniques for modeling singular behavior. The material presented
here is largely based on the manuscripts [3,5, 15,42,44,48].

4.1 Short-time existence and regularity

4.1.1 Basic facts

Suppose that M is a smooth manifold of dimension m, let 7' > 0, and let
F: M x[0,T) — N be a smooth one-parameter family of immersions of M/ into
a Riemannian manifold (IV, gx') of dimension n. We say that the one-parameter
family of immersions F': M x [0,7) — N evolves by mean curvature flow
(MCF) with initial data the immersion F: M — N if it satisfies the initial value
problem

sz 0 :Haza ,tEMXO,T,
{ w0 (0) = Hrep, (2,1) 0,7) CP)

F(z,0) = Fy(x), x e M,

where Hrp(, 1) denotes the mean curvature vector of the immersion
F,=F(-,t): M - N, z~ F(z)=F(x,t),
at the point x.
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Chapter 4 4.1. Short-time existence and regularity

Following Hadamard, given an initial immersion F: M — N, one is interested
in the following problems.

Problem I: Does there exist a number T > 0 and a family of immersions
F: M x[0,T) — N solving the initial value problem (MCF) on M x [0,T)?

Problem II: Is the solution to the initial value problem (MCF) unique?

Problem III: If the initial data Fy: M — N is smooth, is the corresponding
solution F' smooth in space-time? Moreover, is the solution real-analytic?

4.1.2 First properties of MCF

Lemma 4.1.1. Let F': M x [0,T) — N be a smooth solution to (MCF), and
let @ be an isometry of the ambient manifold (N, gy). Then the family of
immersions _
F:Mx][0,T)— N
defined by N
F=®doF
is also a solution to (MCF).

Proof. Since @ is an isometry, the metric induced by F, + coincides with the metric
induced by F;. Indeed,

(Fgn)(X,Y) = gn(dE(X), dF,(Y))
= gy (dP(dFy (X)), dP(dFy(Y)))
= gn(dFy(X),dF(Y))
= (Fign)(X,Y),

forany X,Y € X(M). Let us compute the second fundamental form of F'. For
every X,Y € X(M), we have

A (X,Y) = Viz o dF(Y) — dF(VxY)
= Vfl\;(dFt(X))d@(dFt(Y)) - d@(dFt(VXY))

= dB(V ), ) dF(Y) — dF,(VXY))
= dD(Ap,(X,Y)).
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Taking the trace, we obtain
Hp =t Ap = tr(d® o Ap,) = dP(Hp,).
On the other hand,
dF(0,) = dP(dF(3;)) = dP(Hp,) = Hp,.
This completes the proof. U
Lemma 4.1.2 (Geometric invariance under tangential perturbations). Suppose
F:Mx|[0,T)— N

is a smooth family of immersions, where M is compact. Assume that the map
F satisfies

{ dF(8;) = Hp + dF(X), W

F(-,0) = Fp,

where X is a time-dependent vector field on M x [0,T). Then there exists a
smooth time-dependent family of reparametrizations

F:Mx[0,T) = N
of F' such that

4.2
F(-,0) = F. (42

In particular, the systems (4.1) and (4.2) are equivalent up to time-dependent
reparametrization.

{ dF(d,) = Hp,

Proof. Let
v M x[0,T) — M, W(x,t) = (),

be a one-parameter family of diffeomorphisms, to be determined later. Consider
the family of immersions F': M x [0,7) — N defined by

~

F(:L’,t) = F(¢($7t)at)7

where F' is a solution of (4.1). We will choose v suitably so that F becomes a
solution of (4.2).
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Chapter 4 4.1. Short-time existence and regularity

Fix a point (z, t) in space time. From the chain rule, we have

AF2t)(Or) = dF(y(a0).0) (A (.)(0r)) + AF (20,0 (Or)
= dF{y(an)t) (a0 (0) + Hran .o + AF (Xp.0)-

Therefore,

AFo)(00) = Hrswn o) + A (e (0) + Xp@oy).  (4.3)

Claim I: The mean curvature vectors of the immersions F and F are related
by the formula

Hp@n,y = Hpgp)-

Proof of the Claim I. First, note that for any X, Y € X(M), we have

95(X,Y) = gn(dF(X),dF,(Y))
= gn(dE(dy(X)), dFy(dye(Y)))
= gr,(dye(X), d(Y))

= (Yygr)(X,Y).

Therefore,
Q/Jt: (Mmgﬁt) - (MagFt)

is an isometry. Consequently, the connections of the metrics gz and gp, are
related by the formula

iy (VxY) = Vg, din(Y).
Now,
Ap(X,Y) = Vi o dE(Y) = dF(VxY)

vdFt duy () LA (V) — dF,(di,(VxY))
vdFt (dpe (X dﬂ(d¢t( )) - dFt(vdd)t(X)dl/}t(Y))
= Ap, (diy(X ),dm( )-

Since the map 1/, is an isometry, taking the trace yields the desired identity. This
completes the proof of the Claim I. [
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Since M is compact and the vector field X is smooth, the classical Picard-
Lindelof theorem [26] guarantees the existence and uniqueness of a family of
diffeomorphisms satisfying

{ Ay (Or) = =Xy,
@ZJ(I’ O) - :L"

forall (x,t) € M x [0, 7). Combining this fact with Claim I and (4.3), we obtain
the desired conclusion. U

Corollary 4.1.3. Let M be a compact manifold, and let F: M x [0,T) = N
be a solution of

(MCF1)

{dF(0,)}" = Hr,
F( : 70) = FO;

where {-}* denotes the orthogonal projection onto the normal bundle of the
immersion Fy. Then F' can be reparametrized into a solution of the standard
mean curvature flow equation (MCF). More precisely, there exists a family of
diffeomorphisms 1. M — M, t € [0,T), with 1y = 1d, such that the family
of immersions

F:Mx[0,T) = N,  F(z,t)=F((x),t),

satisfies
{ df(@t) Hp, @4
F(-,0) = Fo,
Proof. Equation (MCF1) can be rewritten as
Hp = {dF(9,)}" = dF(8,) — {dF(d,)} . (4.5)
Hence, there exists a time-dependent vector field X on M such that
{dF()}" = dF(X(zp)- (4.6)
Combining (4.5) and (4.6), we obtain
dF(0;) = Hp + dF(X).
The conclusion now follows directly from Lemma 4.1.2. U
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4.1.3 Examples of MCF

Example 4.1.4 (Spheres). Let f: S™ — R™*! denote the standard immersion

of the sphere of radius iy = 1. We look for a solution of (MCF) of the form
F(z,t) = Fi(z) = R(t) f(x), te0,7),

where R(0) = Ry = 1 > 0. We compute

On the other hand, the mean curvature vector is given by
m
Hp = R f (4.8)
Combining (4.7) and (4.8), equation (MCF) gives
m
Rf=—-——F
i
Hence,
m
R =——.
R

Solving this ordinary differential equation, we obtain
R(t) = (R2 —2mt)"?,  te[0,R2/2m).

Consequently,
F, = (R% — 2mt)"/?f.

Thus, under mean curvature flow, round spheres contract homothetically to a
point in finite time.

Example 4.1.5 (Cylinders). Consider the cylinder S™(Ry) x R¥ ¢ R™! x
R¥. Denote by {€e1,...,€mt1;v1,...,0;} be the standard orthonormal basis of
R™! x R¥. The cylinder can be parametrized by the immersion

k
f(x,s1,...,8:) = Rox + Zsivi,
i=1

where here & denotes the position vector of the unit sphere in R™!. We look for
a solution of (MCF) of the form

k
F(z,s1,...,81t) = R(t)x + Z 8;;.
i=1
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We compute
dF(0;) = R'x. 4.9)
On the other hand, the mean curvature vector is
m
Hp = —Ex. (4.10)

Therefore, equation (MCF) is equivalent to the ordinary differential equation

rR=-2
R

Solving this equation, we obtain

1/2

R(t) = (R} —2mt)"", te[0,R/2m).

Hence, the solution is given by

k
F(z,81,...,8t) = (R?J — 2mt)1/2x + Z S;0;.

i=1

Thus, under mean curvature flow, the spherical factor contracts homothetically
to a point in finite time, while the Euclidean factor remains fixed; consequently,
the cylinder collapses to the flat space R*.

Example 4.1.6 (Shrinkers-Expanders). Suppose that f: M™ — R™* is an
immersion. Consider the family of immersions

F: M x I — R™*

where I C R is an interval, defined by

Fla,t) = Mt f(x).

The question is to determine for which functions A and immersions f the family
F satisfies

{dF(0,)}*" = Hp.

We have
dF(0;) = Nf. (4.11)

Let us compute the second fundamental form of the immersion F;. We begin
with the computation of the induced metric. For any X,Y € X(M), we have

9r,(X,Y) = (dF(X), dF(Y)) = (Af (X), Adf (V) = X*gs (X, ).
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Chapter 4 4.1. Short-time existence and regularity

Thus,
Ft - A29]“7

and therefore we must have

A2 > 0.

Let {eq,. .., ey} be an orthonormal frame with respect to g¢. Then

~ €1 ~ €m
{61:X7”'76m:7}

is an orthonormal frame with respect to gr,. Moreover, if {vy,..., 14} is an
orthonormal frame of the normal bundle of f, then it is also an orthonormal frame
of the normal bundle of F;. We compute

k k
Ap, (e, ¢€;) E (AR, (€1, €;), )V E DJdFt (€), )V,
=1 =1

k
= )\Z(D df(e;), vy, = /\Z As(e;,e5), vy = NAg(e;, €;)
, =1 1=1
= XAf(ei,ej).
Taking the trace, we obtain
Hp, = iAFt(’evi,'é}) = ;zm:Af(ei,ei) = %Hf.
i=1 i=1
Consequently, [ is a solution of
{dF(0)}" = Hp
if and only if
Nft = lﬂf. (4.12)

A

If f* vanishes on an open neighbourhood, then f (M) is flat and H; = 0. This
case is not interesting. Hence, we restrict ourselves to the case where

LF1l # 0.

From (4.12) we obtain

(Hiw), (7)) _ (Hpw), £(2))
£+ ()] IF (@)
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Therefore, there exists a constant ¢ € R such that
M =c and H;=cf"

Thus,
N (t) = A3 + 2ct,

and the solution F; is given by
F, = +(\2 4 2ct)Y2f, (4.13)

while
Hp = cf*. (4.14)
Observe that:

e If ¢ > 0, then for each fixed x we have

lim Fy(z) = oc.

t—o00

o If ¢ = 0, then the solution F} is minimal.
 If ¢ < 0, then the maximal positive time of existence is
2
N
2c’

Moreover, for each fixed z, we have

lim F(x) = 0.

t—T

Motivated by the above example, we give the following definition.

Definition 4.1.7. Immersions f: M™ — R™* satisfying

where c is a non-zero constant, are called self-similar solutions of the (MCF).
In particular,

» If c < O then f is called a shrinker.

» If ¢ > O then f is called an expander.
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Example 4.1.8 (Graphs). Let u: R™ x [0,7) — R be a smooth function, and

consider the family of graphs
= {(z,u(z,t)) e R"': 2 e R"},

evolving by (MCF1). We derive the equation satisfied by . The family of graphs

I'; can be parametrized by the family of immersions
F:R" x[0,T) — R"™,

defined by
Fla,t) = (a,ula,1)).

From Example 1.1.7, the scalar mean curvature is given by

D
hp =div | ——2 |
1+ || Dul]?

AF(3;) = (0, u).

The unit normal vector field along the graph F; is

On the other hand,

(—Du, 1)

VT
Therefore, u
dF (9} = (dF (), 6)§ = ———¢.
(PO} = (@F(0).)€ =~
Moreover,

, Du

Hence, u satisfies the equation

0 D

= VTF | DulPdiv | ——— |.
o VIF [Dul?

Let us examine this equation in the case n = 1. In this situation,

ou Upa

E = m = (arctanux)x.
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This is a nonlinear partial differential equation and, in general, it cannot be solved
explicitly. Let us seek special solutions of the form

u(z,t) =v(x) + ct,
where c is a positive constant. Then equation (4.16) becomes
Vgw = c(l + (vx)Z),
or equivalently,
(v2)z = (1 + (v)?).
Integrating, we obtain
v, = tan(cx + ¢1).

1 T 1 /7
z<—‘fl—§><x<;(§—ﬁ)'

Integrating once more yields

Consequently,

1
v(x) = - log(cos(cx + ¢1)) + 2,

where ¢; and ¢, are constants. Without loss of generality, we may assume that
c1 = c2 = (. Hence,
1
v(x) = ——log(cos(cx)).
c

Observe that, in this case, the graphs evolve purely by translation. The graph of
v is known in the literature as the grim reaper curve.

Example 4.1.9 (Translators). Let f: M™ — R™* be an immersion, and let v
be a unit vector in R™*. A direct computation shows that the family

F:M™xR—R™ Pz, t) = f(z) + to,
is a solution of (MCF1) if and only if the immersion f satisfies
Hf = UJ—,
where v+ denotes the normal projection of v onto the normal bundle of f. In this

case, the family F' evolves by translation in the direction of v.

Motivated by the above example we give the following definition.
Definition 4.1.10. An immersion f: M™ — R™* satisfying
Hf = UJ_

is called a translating soliton (translator) of the mean curvature flow.
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4.1.4 Quasilinear parabolic system of PDEs

Let 2 C R™ be an open bounded set, and let 7' > 0. Suppose that
u=(ug,...,u,): 2 x[0,T)—R"

is a smooth time-dependent map. We use throughout this subsection Latin indices
1, 7, k to denote quantities associated with 2 C R™, and Greek indices «, 3,
to denote quantities associated with the target space R". We say that the map u
satisfies a quasilinear system of partial differential equations if each component
U, satisfies

ou®

el ZAgﬁ(x,t,u, Du)ufixj = h%(x,t,u, Du), (4.17)
Byi,j
where -
Al h* € C(Q x [0,T) x R™ x R™).

In geometric problems, the coefficients Agﬁ and h® are usually smooth. How-
ever, depending on the problem under consideration, these coefficients may only
be continuous or even merely bounded.

We say that (4.17) is parabolic if, forevery ¢ = (&, ...,&,)andny = (nt, ... "),
the inequality

MEPInIP < > AZy(e,t,2,p) &&m™n” < AEIP[nll? (4.18)
o,B,isj

holds, where A, A € R satisfy
A>)X>0.

Suppose now that (M, g(t)) is a Riemannian manifold endowed with a family
of time-dependent Riemannian metrics, and let (/V, g) be another Riemannian
manifold. We say that a smooth map

u: M x[0,T) - N

satisfies a quasilinear system of partial differential equations if, in some local
coordinate system (and hence in every local coordinate system), it satisfies a
system of the form (4.17), whose coefficients satisfy the parabolicity condition
(4.18).

According to a classical result in the theory of partial differential equations, the
following theorem holds; for more details we refer to [2,5,21,28]
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Theorem 4.1.11. Suppose that (M, g(t)) is a compact manifold equipped with
a family of Riemannian metrics, and let (N, gy) be a complete Riemannian
manifold. Given a smooth map

Uo - (M7g<0)) — (N,gN),

the quasilinear parabolic system

—_— = Z Agﬁ(x, t,u, Du) Uixj = h%(z,t,u, Du),
Byirj (4.19)

where o € {1,...,n}, admits a smooth solution on a maximal time interval
[0,T"). Moreover, if the metrics g(t) and gy are real analytic, then the solution
is real analytic on M x (0,T).

4.1.5 Short time existence of MCF

Let us express (MCF) in local coordinates. Suppose that F': M™ x [0,T) — N"
is a solution of (MCF). With respect to local charts ¢ and ¢/, the map F' admits
the representation

M x[0,T] —£—= N
I ﬁ
R™ x [0,T] —£ R
The map N
F=v¢oFo¢p!
can be written in the form

F(z',..., 2™ t) = (Fl(xl,...,xm,t),...,F”(xl,...,xm,t)).

As usual, we use Latin indices for quantities on M and Greek indices for quan-
tities on /V. Denote by g;; and Ffj the components of the induced metric and the
Christoffel symbols on M, respectively. Observe that these quantities depend on
the immersion F'. Likewise, denote by g, and I'} 5 the components of the metric
and the Christoffel symbols on IV, respectively. Let us compute:
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¢ Induced metric:
95 = gn(dF(9;),dF(9;)) = gn(Fyi, Fy)
(S R0, 3 R0

ZF“Fﬂ gn aa,aﬁ)

Therefore,
9ij = ZgaﬁF Ffj

* Christoffel symbols:
1 dgi 09, 09ij
F?j:_zgm(g{_'_ git _ 95)
2 & Oxi ~ Oz*  Ox

By computing each term seperately, we get

= Z gaggklﬁﬁﬁﬁxj + lower order terms (l.0.t).
a,B,l

* Evolution equation for F'“:
aFV ; L .
Zg]( TiTj Zrz]FJk_'_ZF';BFxﬁFx)
a’ﬂ
=3 g (B, — SOTEEL) + Lot
1,J Kk
= Zgij (F;xj - Z gagg’“’FgFﬁ%ng) + Lo.t.

,,Bkl
_ ZQZ](Z(SO&“/ x,L:EJ Z gaﬁglelengﬁw ) + l.o.t.
76kl
- K kl 1B o
= Zg J (5a’y - Zgaﬁg leng)FIzI] + Lo.t.

a,i,j Bkl

Interchanging the indices o and -y, the equation becomes
O 3 9 (b0 = X 0 g"FEFE ) P + Lo
BN B,k,l
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Finally, interchanging the indices  and -y, we obtain

oF . I
% Z g ((5a5 — Z ggvgle;FgJFaﬁIj + Lo.t. (4.20)
Biisj vkl

In the special case M = S! and N = R?, the system (4.20) can be written in the
form

OF"!
- 1
a;z I\ —pre (e ) \p2,
t

From (4.20), we see that (MCF) is a second-order quasilinear system of partial
differential equations, with coefficients

] 1] kl Ty o
Al = g (5,15 ~> " gsg F;sz>
v,k,l

The nature of the tensor Agﬁ depends on the behaviour of the tensor 7' = (T,3),
where

. kl Ty o
Taﬁzéaﬁ_zgﬁvg F;]ka
vkl

In the next lemma, we show that the tensor A does not satisfy the parabolicity
condition (4.18).

Lemma 4.1.12. Let Z € F*T'N. Then the following identity holds:
T(Z)= 7"

In particular,
T(Z") =0,

which shows that T’ vanishes on the tangent bundle of the immersion F. More-
over, the kernel of T' is m-dimensional.

Proof. Fixt € [0,T) and let Z € F}TN. We work in the local coordinates
introduced above. Decompose

Z=27"+7"
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Chapter 4 4.1. Short-time existence and regularity

We begin by computing the tangential component Z ' of Z. We may write

Consequently,

(ZT [ Z)\lg]\r Fl Fk)

from which it follows that

Multiplying both sides by ¢**, we obtain
As = ngsgN<Za ﬁxk)
k
Renaming the index s as [, we get

= g"gn(Z, Fr)
k

= ZQMQN(ZZB 85’Zﬁka av)
k B vy

= > 2%gMgs,F).

k,By
Hence,
=Y Z°gMgs, FL
kB
and so
Z" = ZAlFl = > 2P gM g F Fra
Bykil
— Z 206" g5 F FS D,
o,B,y,k,l
Therefore,
Zt=z7-7" = Z 7% (bap — > _ 9" 98, 1 F2) 00 = T(2),
,k,l
which completes the proof. 0]
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Chapter 4 4.1. Short-time existence and regularity

According to the previous lemma, the mean curvature flow (MCF) is not parabolic,
and therefore Theorem 4.1.11 cannot be applied directly. We will prove short-
time existence, up to reparametrization, as well as uniqueness for (MCF), by
using an argument analogous to the DeTurck trick for the Ricci flow.

Theorem 4.1.13 (Short-time existence). Let M be a compact Riemannian man-
ifold, and let Fy: M — N be an immersion into a Riemannian manifold N.
Then the mean curvature flow equation (MCF), with initial data Fy, admits a
smooth solution on a maximal time interval [0, T).

Remark 4.1.1. The maximal time of existence I’ of the solution is defined by

T = sup{Tp > 0: F}is an immersion solving (MCF) for all ¢ € [0,7p)} .

Proof. The idea is to modify (MCF) by adding suitable tangential terms in order
to obtain a parabolic system. According to the computations carried out at the
beginning of this section, we have

%Z;:Z 0o —Zg”( —ZP@F&—FZF FLE )0

« a,i,j
L~ .. k
=2 0" F Oat Y o F%Féi Fy 0a - Z g T, O
a7i7j avﬁ:’%ivj a727.] k

The last term is responsible for the failure of parabolicity We now modify this

term. Fix a Riemannian metric g on M, and denote by F its Christoffel symbols.
Then

N GITEES 0, = 3 gITLAF(9y) dF<Zg”Ffj@k)

a,i,7,k 0,7,k 4,5,k
= dF (D¢ (T — T + 1) )
2,5,k
- dﬁ(zgiﬂ (TF — T%) ak) + dF(Zg”rfj ak).
4,5,k 1,7,k

Observe that the second term in the last equality is a lower-order term. The first
term is the image under dF' of the globally defined vector field

XDT = tI‘gB
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Chapter 4 4.1. Short-time existence and regularity

where B is the symmetric tensor given by
B(X,Y) = VxY — VY.

From the above observation, it follows that the modified flow
dF(0,) = Hp + dF(Xpr)

is uniformly parabolic. Therefore, by Theorem 4.1.11, it admits a smooth solu-
tion. Applying Lemma 4.1.2, we conclude that the original mean curvature flow
equation (MCF) also admits a smooth solution. ([l

Definition 4.1.14. Let F: M x [0,T) — N be a solution of (MCF). Fix a
Riemannian metric g on M, and consider the vector field

A~

XDT = trg(V - V)
Then the modified flow

F
%_t — Hp+ dF(Xpr) (DMCF)

is called the DeTurck mean curvature flow.

Lemma 4.1.15. The vector field X pr is minus the Laplacian of the identity
map
I:(M,g) = (M,g).

Proof. The second fundamental form of [ is given by

A(X,)Y) = VidI(Y) - dI(VxY)
= Vadl (V) — dI(VxY)

— VxY — VyY
= —-B(X,Y).
Therefore,
A97§I = tI'gA = —tI‘gB = _XDT-
This completes the proof. 0

Theorem 4.1.16 (Uniqueness). Let M be a compact Riemannian manifold and
Fy: M — N an immersion into a Riemannian manifold N. Then the solution
of (MCF), with initial data F, is unique up to reparametrizations.
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Chapter 4 4.1. Short-time existence and regularity

Proof. Let Fy, Fy: M x [0,T) — N two solutions of (MCF) with initial data
the immersion Fy, i.e.,

dFl(at> = HF17 dFQ(ﬁt) = HF27
and
F1<',O):F0, FQ(',O):F().

Fix a Riemannian metric g on M, and let g; and g, denote the metrics induced
on M by I} and F3, respectively. Define the families of diffeomorphisms

wl,poI M x [O,T) — M
as the solutions of

dip1(0r) = Ay, g¥1, dipa(0r) = Ag, gtba,
and (4.21)
¢1('a0>:Idv ¢2(70):Id>

where

Ay, %k = Z 9" (ﬁdwk(ﬂi)dwk(aj) — di(V,0;)), for k=1,2.
i,

The systems (4.21) are parabolic and therefore admit unique solutions. Consider
now the immersions F; and F3; defined by

Fi(x,t) = Fi(¢i (2, 1), 1),
(x,t) € M x [0,T).

Fy(a,t) = Fy(io(x,1),1).
The induced metrics on M by ﬁl and ]*N} are
g1 =ig,
g2 = V3.

From the computations carried out in Lemma 4.1.2, we conclude that F 1 and ﬁz
satisfy

OF,
W(ﬂﬁ, t) = Hp, oy T A @1 e)) (12 (00))
= Hﬁl(x,t) + dFl’(d}l(x’t):t) ((Agléwl)(x? t)) .
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Chapter 4 4.1. Short-time existence and regularity

From the composition formula (1.6) it follows that
(Ag gn)(@,t) = dr| @y (Xprl@y), for (z,t) € M x [0,T).

Therefore,

OF, ~

2 (0:1) = Hf, o + AFUXDrl@y)-
Similarly, B

0Fy ~

W(m, t) = Hﬁz(ft,t) + dF2<XDT|(x,t))'

Hence, F 1 and ﬁg satisfy the DeTurck mean curvature flow DMCF. Moreover,
Fi(z,0) = Fy(¢1(z,0),0) = Fi(z,0) = Fy(z),

FQ(ZE, 0) = F2(¢2($, 0), O) = FQ(IE, 0) = Fo(l‘)
Since (DMCEF) is parabolic, it follows that
ﬁl = ﬁg.
Hence,
F1(¢1(xa t)7 t) = F2(¢2($’ t)? t)
Consequently, the maps F and F;, differ only by a family of diffeomorphisms.
This completes the proof. U

Let us conclude this chapter with an application of Theorem 4.1.16.

Theorem 4.1.17. Let Fyy: M — R" be an immersion. Then (MCF), with initial
data Fy, preserves all ambient isometries leaving My = Fy(M) invariant.

Proof. Assume that M, = Fy(M) is invariant under the action of an isometry
U: R™ — R™ Thatis, My = ¥(M,). Let I be a solution of (MCF) with initial
data Fj, and consider the family F=UoF By Lemma 4.1.1, the family Fis
again a solution of (MCF). Moreover,

Fo(M) = (¥ 0 Fy)(M) = U (Fy(M)) = B (M) = My = Fy(M).

Therefore, F' and F have the same initial data. By the uniqueness statement in
Theorem 4.1.16, we conclude that

F,(M) = F,(M), forallte [0,T).

Hence, the symmetry generated by W is preserved along the flow. 0]
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Chapter 4 4.1. Short-time existence and regularity

Remark 4.1.2. Let us make some comments on the mean curvature flow of
curves in R?2. We may initiate the mean curvature flow from Lipschitz curves;
see for example [15] and [4, Theorem B]. In this case, the family of solutions
F :S!' % [0,T) — R? is continuous on S' x [0, T') and analytic on S' x (0, 7).
According to a beautiful result of Angenent [4, Theorem 3.1 & Theorem 8.1],
if Fy : S' — R? is a regular curve with Hélder continuous curvature, or with
bounded L,-norm of the curvature for some suitable p > 1, then (MCF) admits a
unique solution with initial data F{y. Consequently, in Theorem 4.1.17 one might
also weaken appropriately the regularity assumptions on the initial condition. For
topics concerning weak solutions and uniqueness of the mean curvature flow of
curves, we refer the reader to the monograph [23].

Remark 4.1.3. The mean curvature flow of a non-closed curve may fail to be
unique. Let us consider the following example. Define the curve

Co={(r,y) eR*: 2+ (y+1)*=1 & y < 0}.

We claim that there exist infinitely many solutions of the mean curvature flow
with initial data the curve Cy. Indeed, consider the following extensions of Cl:
(a) the extension C obtained by taking the entire circle centered at (0, —1) with
radius 1, and (b) the extension C5 obtained by reflecting C|y through the origin.
The curve C'; is smooth, whereas (' is Lipschitz and has bounded L,-norm of
the curvature. The curve shortening flow deforms '} through concentric circles
shrinking to the point (0, —1), while the evolution of C'y produces curves which
are symmetric with respect to the origin (0, 0). Consequently, the evolving curves
arising from C5 pass through the origin; see also the figure below.

N N
ST
/ // \\\\
/ e S \ \\
[ V7] Y
\ ‘\ / II | Co
N 2
NV
7
QD» C1 Cy
Co N CO
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Chapter 4 4.2. Evolution equations

4.2 Evolution equations

In this section we will derive the evolution under the (MCF) of various geometric
quantities.

4.2.1 Time dependent bundle

At first we need to fix the notation and the set up the general frame work. Since
we work on the product M x [0,7), T > 0, the first question is:

What is the most natural connection to differentiate time dependent
quantities?

Denote by m, : M x [0,T7) — M and mo : M x [0,7) — [0,T') the natural
projections of M x [0,7T), i.e.,

m(p,t) =p and my(p,t) =t.

M x[0,T)

/N

1 o

/

M [0,T)

Figure 4.1: The natural projections.
We can split the tangent bundle of M x [0, 7T') as
T(M x [0,T)) = H® RS,

where
H={VeX(Mx[0,T)): dm(V) = 0}.

In other words, we decompose the tangent bundle of M x [0,7") as the sum
of a space parallel to 0; and a complementary space, which we call 7. The
vector bundle H is called the spatial tangent bundle, and sections of H are
called spatial vector fields.
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Chapter 4 4.2. Evolution equations

Suppose that {g = g() }+c[o,r) is a time-dependent smooth family of Riemannian
metrics on M x [0, 7). This means that each slice M x {t} is equipped with
the smooth Riemannian metric g(¢). Denote by V' the Levi-Civita connection
associated with g(¢). We can use these structures to induce a natural connection
on the manifold M x [0,7"). The idea is as follows: consider a local coordinate
system (z = (z!,...,2™);t) defined on an open subset W of M x [0,T). If
V' € X(W), then with respect to the local coordinate system (x,t), we have the

representation
m

View = Y ai(z,1)0; + b(x, )0,

=1

where a;,b;, 1 € {1,...,m}, are smooth time-dependent functions. Define now
on W the connection V by requiring

Vaﬁi == 0, Vaﬁt - O, Vaﬁt = 0, Vaﬁj - Vtaﬁ] (422)

Because,

[0, 0] = 0 = [05, 0],

we can express the identities (4.22), globally as
VxY =V4Y, V0, =0, Va0, =0, Vg X = [0, X], (4.23)

forany X,Y € H. We can easily check the following properties:

1. Forevery X, Y, Z € H, we have
Xg(Z,Y)=9(VxZ,Y)+ g(Z,VxY).
2. Forevery X,Y € H, it holds
VxY = VyX =[X,Y].
3. If F: M x [0,T) — N is a smooth map, then
V5AF(X) — VYdF(9,) = dF ([0, X]) = dF (V5 X),
for every X € H.
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Let F': M x [0,T) — N be a 1-parameter family of isometric immersions, i.e.,
the maps Fy: M — N, t € [0,T), given by

Fi(z) = F(z,t), (x,t)e M x[0,T),

are smooth immersions. Define the extended second fundamental form A by

r ~

AX)Y) = AX,Y),

A(X,8,) = VEAF(D,) — dF (Vx8,) = VEAF(3,),

A(@t, 8,5) — VgtdF(ﬁt) - dF(VQtat) - vg;dF(at),

\

forall X,Y € H. Clearly, Ais symmetric. We denote the extended curvature
and normal curvature operators by R and R, respectively, i.e. define

R(0,,Y)Z =Vo,NyZ —VyVo,Z — Vo Z

and
R0, Y)E = V5, Vyé — ViV, — Vig,vi6,

forany X,Y € H and £ € N, M. Recall that, if X € H then Vy, X € H.

Lemma 4.2.1 (Time-like Gauss and Ricci equations). Let F': M x [0,T) — N
be a solution of the (MCF). Then:

1. ForanyY,Z,W € H, we have

R(8,,Y,Z,W) = RN(H,dF(Y),dF(Z),dF(W))
(Ve H, A(Z,W)) + (H, (V3 A)(Z,W)).

2. Forany £,m € N, M, we have
R*(8,,Y.€,n) = RN(H,dF(Y), &) + (€, V4 y H) — (n, V4, H).
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Proof. Since F' is evolving by mean curvature flow, we have that
dF(0,) = H
We compute,
(RN(dF(0,),dF (Y))dF (Z),dF(W)) — (R(0,,Y)Z,W)
= (VEVVAF(Z),dF(W)) — (Vo Vy Z W)
A
—(VEVEAF(Z),dF(W)) + (Vy Vo, Z, W)
B
= (Vio,vdF(2),dF(W)) + (Vio, 112, W) .

C

Let us compute each term .4, I3 and C separately. Recall that
Vo ZeM and A(X,Y)=A(X,Y)
forall X,Y, Z € H. Moreover, observe that for all £ € Ny, M, it holds
(Vag, dF(X)) = —(&§, V5,dF (X)) = —(&, VXdF () = — (¢, Vx H).
Keeping in mind the above identities, we have
= (Vv,vZ. W) = (Vy, ydF(Z),dF(W))
= (dF (Vv,,yZ),dF(W)) = (Vyg, ydF(Z),dF (W))
= (dF(Vv,,yZ) = Vg, ydF(Z),dF(W))

= —(A(Vy,Y, Z2),dF(W))
= 0.

Similarly,

A= (VEVEAR(Z),dF(W)) — (Vo Vy Z, W)
= (Vo {A(Y, 2) + dF (Vy Z)},dF(W)) — (dF (Vy,Vy Z),dF(W))
= —(A(Y, 2),V5,dF(W)) + (A(D,, Vy Z),dF (W)
= —(A(Y,Z), Vi H) + (V& H,dF(W)).
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Additionally,
B = —(VyVidF(Z),dF(W)) + (VyVa Z, W)
= —~(Vi{VzH + dF([0,, Z))},dF(W)) + (Vy Vo, Z, W)
—(VyVZH,dF(W)).
Therefore,

A+B+C=—(A(Y,2),VyyH) — (V3 ,H,dF(W)).

It remains to compute the tangential part of the Hessian of H. For simplicity, we
consider a local orthonormal frame {ey, ..., e,,} that is normal at a fixed point
xo € M. We have

(VEH)" = (VEH,dF(e))dF (ex) = = Y (H, A(e;, ex))dF (ex,).
’ ’ (4.24)

On the other hand, at the point x(, we have
(Ve Ve H dF (e))) = (Ve {(Ve, H)' + VY H}, dF(e)))
= (VE(VEH)T dF(e))) + (VE(V. H),dF(er))
(VE(VEH)T dF (e)) = (V H, Ale;, e1)). (4.25)

Using (4.24), we find that at z it holds
(Ve (VEH) T dF(e)) = =) (Vi ((H, Alej, er))dF (ex)) , dF (er)
= —Z(ei<H,A(ej,ek))dF(ek),dF(el))

— > (H, Alej,e))(VEAF (ex), dF (1))

— _ Z e;(H, Ale;, ex)) 0,
k

from where we obtain
<V5(V§H)TadF(€l)> = —(V_H, Alej,e1)) — (H, V. Alej, 1)) (4.26)
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Combining (4.24), (4.25) and (4.26), we deduce

A+B+C = (VzH, AY,W)) + (H,(VyA)(Z,W))
— (Vi H,A(Y, 2)) + (V- H, A(Z,W)).

Putting everything together, we get the desired formula.

To prove the second property, first note that if ¢ € Ny, M then

VhE = Val+ Y (V& dF(er)dF (er)
k

= V56— Z@, V5 dF (cr,))dF (er,)

= V3 - Z &, VE dF(0,))dF ()

= V5&— Z £,V H)dF (ey).

Hence,

Vaé = Vat - ZS,VLH dF (ey,). (4.27)

Using (4.27) and Weingarten formula (1.4), we get

RY(dF(8,),dF(Y))§ = V5, Vv = Vi V& = Vg, v€
Vo AVy€ —dF(AY)} = Vg, €+ dF (A VoY)

VF{V - Z &, VL H)YdF( ek)}
= VS;V#& - VatdF(AE ) — vatyf +dF(A¢Va,Y)
—VyVaE+ ) VY {(§ VL H)AF (ex)} .
k
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Consequently, using (4.27), we obtain

_RN(H7 dF(Y)’fan)
= —RY0,,Y,&,n) — (VEdF(AY) +Z &, VEH)Y(VEAF (er). n)

= —RM0,,Y.&.n) + (dF(AY), Vi) +Z (€, VEH)(A(Y, ex),m)
k

= —RY0,Y.&m) =Y (0, VLH)(AY, ey +Z (AgY, en)(€, Vo H)

k

= _EL<at7}/a€777) - Z<777v (AcYer)e + Z 5 v (AnYier)e >

k

Therefore,

_RN(Ha dF<Y)7 57 77) - _EL(ata Y, 57 77) - <77a vil_EYH> + <€a vzjél_7,YH>'
This completes the proof. 0
We conclude with the following lemmas which will be useful in the characteri-
zation of the maximal time of existence of (MCF).

Lemma 4.2.2 (Ricci Identity). Let F;: M — N be a solution of (MCF) and

T: X(M)x X(M) x -+ x X(M) = Ng,M
r—t;r,nes

be a tensor with values in the normal bundle of the evolved submanifolds.
Then, for any X1, ..., X, Y € H it holds:

(VaVIT)(Xi,..., X, Y)
= (vlvé_tT)(le cee 7X7"7 Y) + EJ_(atu Y)T(Xb s 7X7’)
~T(ROnY) X1, ., X,) — - = T(X1,..., (B8, Y)X,).

Proof. Consider a local coordinate chart (z = (x1, ..., 2,,); t) which is normal
at (xg,to) € M x [0,T"). On the domain of the coordinate chart, we have

Vo0 =0=VNp0, i€{l,....,m}
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Differentiating and evaluating at (o, t), we obtain

A= (V5 VT)(04,...,0,,05)
—Vaf{(VLT)(al,.. 10,00} = VE{(VET) 0y, ..., 0,)}

Vs AVaT(01,...,0,) —T(Vy,0n,...,0,) — -+ —T(h,...,V,0.)}.
Consequently,
A= VYT (0,...,0,)
v T(Va,01,...,0,) — ~ V3 T(01,...,Vs,0,)

= VaVa.T(0n,....0,)
—(V3T)(Va,01,...,0,)
~T(Vy,V,01,...,0,) — - —T(Vp,0,...,V,0,)
—(V3T)(1,...,Vo,0,)
—T(Va,01,...,V5,0,) — - —T(d,...,V,V5.0,)
= V5 V5. T(04,...,0,)
~T(Va,Va,0i,...,0,) - —T(0,...,V5Va,0).

Similarly, at the point (¢, to), we compute

B = (V*Vy,1)(0,...,0,,05) = (V5. V5,T)(01,...,0,)
= V5 {(V5,1)(04,...,0,)}

—(V3T)(Vo,01,...,0,) — - — (Vg T)(01,...,Vo,0,)
= Vi {(V5T)(01,....0,)}
= V. {V3T(,...,0,) —T(Vo,0r,...,0,) — -+ =T (,...,Vp,0,)}

= V3. V5 T(0,...,0,).
By taking the difference between A and B, we obtain
A—-B = VngST(al,...,ﬁ ) — VLV T(01,...,0,)

—T (Vo Vo, 01,...,0,) — - —T(dy,...,V,Ve.0)
= RY(0,,0)T(0,...,0,)
—T(R(8;,0,)0y,...,0,) —---—T(0,...,R(d,,8,),).
This completes the proof. U
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The following lemma gives a Bochner-type identity describing the commutation
between At and V! acting on normal-valued tensors.

Lemma 4.2.3. Let F': M — N be an isometric immersion and

T: X(M)x X(M) x - x X(M) = NpM
T-th;les

be a normal valued tensor as in the Lemma 4.2.2. Then for all
X,..., X, XeH
it holds
(ATVAT — VEAT) (X, .., X X)

r

=—2> N (VIT)(X1,...,R(e;, X)X, ..., X,)
i=1 a=1

N T(Xa, (Ve R) (e X, Xy), ., X,)

=1 a=1
m

N Z (vjé(euX)eiT)(Xla ce ,Xr)

M 8

+Z (VERY) (61, X, T(X,, ..., X,))

3

L
+QZR (61, X)(VET) (X4, ..., X,),
where {ey, ..., ey} is a local orthonormal frame, and the sum with respect to
a runs over the tensor slots, i.e., the index

ae{l,...,r}

indicates the position at which the curvature term acts.

Proof. Let us first compute the Laplacian A+T. For simplicity, we perform our
computations in the case where 7' is a 2-tensor. Fix a point xy € M and consider
a local orthonormal frame defined on an open neighbourhood U which is normal
at the point (. Let us begin with a general computation of the Laplacian of the
tensor 7.
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On the neighbourhood U, we have

(A'T)(e1,e2) = Z(VéVéT)(eb@) - Z(Vve . T)(e1; ea)

- ZVji{(VjiT e1, s }—Z VLT )(Ve,e1,e2)

- Z(VjiT)(eh Z Vve e, (€1, €2)

+ Z T(Vveieiela 62 + Z T 61, Vveiei€2)'

Consequently,

(A*T)(er, €2)
= ZV {V T(e1,e3) —T(Vee1,ea) —Tey, veiQQ)}

—ZVLTV 1, e +ZT V., Ve,e1, e +ZTV €1, Ve,e2)
—ZVLT e1, Ve e) + ZT Veer,Vees) + ZT e1, Ve, Ve,e3)
_ Z Vs, .. T(e1, e2) + Z T(Vy, 1, €2) + ZT(el, Vv, e:2),

from where it follows that

(A*T)(ey, €2)
—ZVLVLT e1, e —QZV (Ve,e1, €2 —QZVLT e1, Ve, €2)

+2 ZT Veer, Veea) + ZT Ve, Veer,e) + ZT e1,Ve,Ve,€2)
_ZV 61,62 +ZT Vveieiel,eg +ZT 61,Vveiei€2).
Differentiating and estimating at the point x(, we obtain

(VEALT) (61, 69, X) = (VAT (e1, e9) = VR {(ATT)(e1, e5)}.
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Therefore,

(VEAT) (eq, e, X) = Z VxVEVLiT(e1,er)

—2 Z ViV, T(Veer,e2) =2 Z VxViT(e1,V,es)

A A
+Z (VET)(Ve, Ve €1, e2) +ZT ViV, Veer )
A A
+Z (VxT)(e1, Ve, Ve,e2 +ZT e1, Vx Ve, Ve e2)
Ay Az
—ZVXV T(er.e2)+ Y _ T(VxVy, ce1,e)
As

+ ZT(eb VxVy,,ee2).

Let us compute each term separately. We have

A = _ZV)L(VéT(Veiel,@) — ZV?V&T(Vaiel,eg)

m

+ Z(VJ)ZT)<VQV€¢€17 €2> + Z T(vaeiveiela 62)'

i=1
Thus,
Al = —ZVXVLT(VC,L€17€2 +Z V§(T vgzvelel’QQ)

+ZT VXV, Veer,e) ZVX (VET)(V,,e1,e0)

B Z vé_{T(veiveiel; 62 - Z V§ZT Veiel, Veieg).
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Hence,
A = — ZV)L(VéT(qul,eg) +) (VXT)(Ve,Veer,e2)
+ZT VxVeVeer,e) — XZ:(VLT)(VXV €1, €2)
—Z (VxT)( ) (Ve,Ve,e1,€2) ZT VxV, Ve, e)
= — i V)L(VjiT(Veiel, es) — Z(VéTvaveielv €2).

7

Similarly, we have

= — Z VﬁVé_T(el, Veieg) - Z(VéT) (61, VXVEZ.BQ).

Moreover,

Ay = —ZVLVLE . T'(e1,e2) ZR (X, Ve)T (e, e2)
—ZvveevxT e1,€2) ZV[XVEe]T e1,€s)
= —ZVVXV o T(er, e —I—ZVVV EXT (e1,e2)
= _ZVVXV e Ler,e0) = —Z(vaveieiT)(ela@)

- ZT Voivaecn€2) = > T(er, Vyyv, ec2)

= _Z vvxvpe )(e1, e2).

Therefore,
(VEALT) (e, €9, X) (4.28)
= VRVLVET(e1,e2) = Y VX ViT(Veer,er)

B Z(v;T) (VXveiela 62) - Z VJ)EVjiT(Gl, vei€2)

_ Z(VQT)(@, VxVee2) — Z(vave . T)(e1, e2).

7
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The next step is to compute the Laplacian of the covariant derivative of the normal
bundle valued tensor 7". We always keep in mind that our choice of frames is such
that

Vej €; = 0

for all indices

i,jeA{l,...,m}.

Differentiating and evaluating at the point =y we have

(ATVET) (e, 9, X)
=Y (VEVIVIT - Vg,  V'T)(er, €2, X)

= (VEVIVIT)(er, €2, X)
—ZZ(V@@VLT)(@M €2, X)
= Zlveﬁ- {(VoVT)(er,e0, X) }
= Z Vo Vi (VIT)(e1, €2, X)] — (VIT)(Ve,en, 2, X)
Z —(V*T)(e1,Vee2, X) — (VFT)(e1, €2, Ve, X) } -
Hence,

(A+VET) (e, €9, X)
=N VH{VLIVET(e1,e2) — T(Vxer,es) — Tler, Ven)]}

- Z V;{V)L(T(Veieh ez) = T(VxVeer,ea) —T(Veer, Vxes)}
= VE{VxT(e1,Ve,e2) — T(Vxer, Ve,e2) — Tler, Vx Ve, e2)}

- Z Vé{V$EiXT(el, €2) — T(Vveixeb es) — T'(e, VveiX€2)}~
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Consequently,
(ALVLT)(Q, e, X)
= ZVLVLVXT (e1,€2) ZvivL (Vxer, es)

.A B
- Z ViVLiT(er, Vyes) Z ViVT(V,er,es)
B C

_ Z\V;V)Lﬂj@h Ve.€2) Z \Y XT €1, €2)
i > >

+Y_ VT (VxVeere2) + ) VoT(Veer, Vxes)
’ £ ' £

+ Zy;T(vxel, Vee2) + Zy;T(el, VxVee2)
’ £ ' £

+) VIT(Vy, xe1,e2)+ > VET(er, V, xea).
! £ ! £

Let us compute separately each term. We have
A= VjiVjiV)L(T(el,eQ)
= Vo (R (ei, X)T(e1,e2) + VxViT(eq, e5) + V[ﬁhX]T(el, es))
= Vo R (e;, X)T(e1,e2) + VoV VT (eq, e2)
+V. Vs, xTler, e2) = Vo Ve, . T(er, )
= (VéRL)(ei,X,T(el,eg)) + Rl(ei,X)(VjiT)(el,eg)
+R(e;, X)(VoT)(e1,e2) + Vx Ve VT (e, €2)
(V3 v, xDer e2) — (Vo o o T)ler,e2).
Moreover,
B = —V.V.T(Vxei, es) — Vo V. T(e1, Vxes)
= —Vji ((VjiT)(VXel, e2) + T(V,, Vxer, e) + T(Vyer, Ve,e2))
_veli ((VjiT)(el, Vxes) +T(Ve,er,Vxes) + T (e, veivX€2))
= —(V.T)(V.,Vxer, e) — (VaT) (Ve Vxer, )
—T(Ve,Ve,Vxer,e) — (ViT)(e1, Ve, Vxes)
—(VjiT)(eh V.. Vxer) —T(e1,V,, V., Vxes).
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We leave the term C as it is because it will be combined with corresponding terms
from (4.28). For the term D we have

D = —VéV$EiXT(61,62)
= —RY(e;, Ve, X)T(e1, €5)
Vs XVéT(el, ey) — Vfgi’veiX]T(el, es)
= V[ez Ve iX]T<€1’ ez) = _VéeiveiXT(ela e2)
= _(vLeiveiXT)(ela@)-

Moreover,

5 = (VéT)<VXVei€1, 62> + T(Veivaeielv 62)
+(VéT) (61, vaeiez) + T(el, VeiVXveiﬁ’g)
+T<v€ivveiX617 62) + T(617 VelvVPlXe2)

Therefore,
(ATVAT)(er, 09, X) (4.29)
=Y VEVEVET(ere0) = Y VEVET (01, Ve e2)
_ZZ Vo VxT(Veer, ) —lZ(VéT)(R(ei, X)ey, es)
- i VLT )(e1, R(e;, X)ea) —Z ZT(el, (Ve,R)(ei, X, €2)
- ZT R)(ei, X,e2),2) = D _(VET)(Ve,Vxcer, e2)
_Z (VoT)(er, Ve, Vxea) + Z ZVLRL)(G,,X T(e1,e9))

_Z Vve vye L)(€1, €2 —I—QZRL €, )(VEiT)(el,eQ).
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Taking the difference between (4.28) and (4.29), we get the following
(ATVET — VEALT) (e, €9, X)
- _ZRl 617 V61-61762 _ZRl 6i7 617vei€2)

—22 VLT )(er, R(e;, X)eg —22 VLT R(e;, X)eq, es)
—ZT e1, (Ve,R)(ei, X, €3)) —ZT (Ve,R)(ei, X, €1),€2)
—Z Vie.x)e,T) (e1,€2) +Z<lv;RL)<ei,X,T(el,e2>>
%-QX:RL ei, X)(VZE T)(el,eg)f

This completes the proof. 0

4.2.2 Evolution of the metric

Suppose that F': M x [0,T') — N is a solution of the (MCF).
Lemma 4.2.4. The following facts are true

1. The induced metrics g evolve in time under the equation
forevery X,Y € H.

2. Given (xg,t9) € M x(0,T), there exists an open neighbourhood U around
(20, to) and a smooth time-dependent orthonormal field {e,, . .. e, } on U.
Moreover, there exists a corresponding time dependent orthonormal frame
field along the normal bundles of the evolving submanifolds.

3. The induced volume form dp on (M, g) evolves according to the equation

Vodp = —||H|[*dps.

Proof. Recall that for any X, Y € H, it holds
9(X,Y) = gn(dF(X),dF(Y)).
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1. Fix a local coordinate system {01, ..., Op,; 0y }. Differentiating with respect
to J;, we deduce that

(Vo,9)(9:,0;) = 0:(9(0i;05)) = 9(V 5,0, 9;) — 9(0i, Vi, 0))
= O(gn(dF(8:), dF(9;)))
= (Varo)9n)(dF(9;),dF(9;))

+gn(V,dF(0;),dF(95)) + gn (dF (;), V5,dF (9;))
= gn(V5,dF(8,),dF(9;)) + gn (dF(9,), ngdF(ﬁt))
= gn(Vy,H, dF(0;)) + gy (dF(0;), Vi, H)
= —QN(Ha VgidF(aj)) - QN(ngdF(az‘): H)
= —2gn(A(0;,0,), H)
= —241(0;,0;).
2. Consider the (1, 1)-tensor P: H — H given by,
AR (X)Y) = g(PX,Y).

Let {v1, ..., vy} be an orthonormal frame at ¢ = 0. Define a time-dependent
orthonormal frame

{e1 =ei(t),...,em =en(t)}

as the unique solution to the system

Vat€i == Pei
, foranyie{l,...,m}
GZ(O> = V;,
We claim that {eq, ..., e} is orthonormal for every . Indeed

d{glei,ej)} = (Va,g) (e e;) + 9 (Vaei e5) + g (e, Voej)
= —2A%(e;, ¢5) + g(Pei, e5) + g(ei, Pe;)
= —2g(Pe;, ¢;) + g(Pe;, e5) + g(ei, Pe;).
= 0.
Hence, the functions 0,g(e;, e j) are independent of time and therefore vanish.
Consequently, {e1, ..., e, } is alocal time-dependent orthonormal frame. By

standard linear algebra, one obtains a local orthonormal frame for the normal
bundle of the evolving submanifolds.
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3. Denote by {ws,...,wp,} the corresponding dual forms of {ey,...,e,,} that
we constructed above, 1.e.,

wi(e;) = dij,
foralli,j € {1,...,m}. Then,
dpp=wi A+ A Wp.
Observe that
(Vowi)(e;) = Or(wi(e;)) —wi(Vae;) = —wi(Pey)
= - Zwi(g(Pejaek)ek) = - Zwi(Aﬁ;ek)a
k

k

from where it follows
(Vawi)(e;) = —AfL

On the other hand

Vo, du = Vat(wl /\~~/\wm)
= (Vatwl)/\---/\wm+---+w1/\-~-/\(Vatwm)

= S A A A = A A S (A ).
k k
Consequently,

Vodp = — (Al + AL+ + AT Yoy A Awy,
= (AL 4+ A8 .o AH Yy

Hence,
Vo du = —||H|]*dp.

This completes the proof. 0

4.2.3 Evolution of the second fundamental form

In this section we will compute the evolution of the second fundamental form of
the evolved submanifolds.
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Lemma 4.2.5. The time-derivative of the second fundamental form is given by
(V3 A = (VPRH) = > HPAGAG - > HPR),,
Bk B

where all indices are with respect to a local adapted orthonormal frame.

Proof. Let{e1,...,em;&m+1,---,Entn} is alocal adapted orthonormal frame
field around at a fixed point (xg, to). Without loss of generality, we may assume
that at (g, to) it holds

Vee;j =0, forall 7,j€{l,...,m}

Recall that

Vatei = [8t, ei] = Pei = ZHBA?JGJ
3,8

Differentiating and estimating at (o, to), we have

(VEA) (e e;) = VE Alei,ej) — A(Va,eie5) — Ale, Vae,)
= V5, VEdF(ej) — V5,dF (V,,e;)

> HP A Aler,e5) — Y HP A% Ales, ex). (4.30)
kB k,8

Note that at (¢, to) we have
Vi, dF (Vee) = Vg, o dF(0,) +dF([0,, Veej]) = dF(Vo,Vee;) (431)
and

RN(dF(8,)),dF (e;), dF (e;))
=V, VEdF(e;) — VIVE dF(e;) — Vfgt’ei}dF(ej)
= V5, Ve dF(ej) = Vi V5,dF(e;) — Vg, . dF(¢))
= Vgtvng(ej) — ngng(ej) — A(Vs,eiej).  (4.32)
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Combining (4.31), (4.32) with (4.30), we get

(V5 A); = VEVEdF(e;) + RN (H,dF (e;),dF (e;))
> HPAL Ay — dF (Vy,Ve,e))
k.8
= Vi (VEAF() + dF([0;,¢;])) — dF(V,Vee;)

Y HORY, - S A
B k.8
— VEVEH + VEdF(Vae,) — dF(Vo,V.e;)

+ HORY; =) (HPAG Ay
5 K
— VEVEH + Ale:, Vo)) + dF(Ve, Vae; — Vo, Veey)

8RN 8 48
D HORG, = Y HPAG A
5 &5

Multiplying with &, we have

(VétA)zO; = gN(Vfivg Ha fa) + gN(A(eia Vat@j)a fa)

—> HPRY,, - HPAL A
B k.8

From the last equality we deduce that

(V3,A) = gn(VEVEH &) =Y HPRY,.
B
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Let us compute each term of the last equality seperately. We have

an(VEVEH, &) = gy (Vi (VEH), & )
= gn (Ve Vo H, &) + ZgN gn(VEH, dF (er))dF (er)), &)

= (V*H):? +ZgN VFH dF (e1))gn (VEdF (er), €0)

= (V*H)S - ZgN (H,VEdF(ex))gn(VEdF (er), &)
k

= (VZLH)% - ZQN (H, Ajr) gn (Air, &a)
k

= (V> H)g = HPAD As,
k’/B

Hence, putting everything together we get the desired result. ([l

Lemma 4.2.6. The following hold:

1. The mean curvature evolves in time under the equation

(V3 H)* = (ALH)® Z HRY,, + Y HPAJA?

YR
05,8
where all indices are with respect to a local adapted orthonormal frame.

2. The squared norm of the squared mean curvature evolve under the equation

O\ H|? = AllH|? = =2 V*HI? + 2| A" (> = > HHRY,
P03

where all indices are with respect to a local adapted orthonormal frame on
our manifold.

Proof. Consider a fixed point (g, o) and frames as in the Lemma 4.2.5. Then,
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we have

(Vo H)™ =) (Vs Alei ) =Y (V4 A)(er, e5) + 2A(Vo,er, )

7 7

a2 Y B ALY

i ik,3
= VY = R — S AL A
7 8 i,k,B
+2) " HP A A,
ik,B
= (ATH)* =Y HPRY,, + Y HPAAG.
i, i,k,B

Moreover,
Ol H|* = 2(Vy H, H)
= QZH" (V3 H, &) _QZH"‘ (V3 H)™

=2 Z HY(AYH)*=2) H“HﬂRmm +2 > HYHPAL A,

/[:7a?18 i7k7a7ﬂ

Hence,

AlH|? = eei(|H|) f: (ViH, H)

7

=2) (VLV.H H)+2|V'H|?
=2) HYA"H, &) + 2|V H|?
=2) HY(AH)” + 2|V H|?.

Thus,

ONH|? = A|H|* = =2V H|? + 2| A"|* = Y HHRE,,.
2,00,
This completes the proof.
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4.2.4 Simons’ formula

In this subsection, we derive the evolution equation for the squared norm || A||?
of the second fundamental form. The preceding subsection established the time
derivative of A; it remains to determine its Laplacian. This identity is due to
Simons [47], in his seminal work on minimal submanifolds in the sphere. As
the arguments are local, we fix a point (g, ¢o) and select an orthonormal frame
{e1,...,en} inaneighborhood of (o, %) satisfying

Vee; =0, foralli,je{l,...,m}.
From the Codazzi equation (1.9), we have
(VEA)ese)) — (VEANer, ) = {RV(dF (ex), dF (e)dF(e;)}*
- - Z RN(dF<€k)7 dF(el)7 dF(Gj), ga)ga-

Differentiating the preceding identity once more and evaluating at the point (o, to),
we obtain

(VEVE A)es,e5) = VE{(VE A)ere;)} = VEL(VEA) (er,e)}
o Z Vé}c {RN (dF(ek’)v dF(ei)’ dF(ej)7 ga) foc}

(67

= Vi AViAler ) — A(Veer.e;) = Aler, Vo))
— 5" e (RY(dF (er), dF (), dF(e;), £))

— 5" RN (dF(ey), dF(e;), dF(e), €) V£,
= Vo Ve A(er ¢) = Vo A(Veer, ) = Vi Aler, Vere;)
=3 e (RV(dF (ex), dF (e;), dF(e), 1)) éa

— > " RN(dF(ex),dF (e;),dF (e;), &) Vi, o

Denote by A the first three terms in the above equality, which involve the second
fundamental form, and by C the remaining curvature terms. We will compute
each of these separately.
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We start by computing the term A at the point (zo, tp). We have

A = V;CVQA(ek,ej) — A(V¢, Veer ) — Aler, Ve, Ve,€;))
= VjiijA(ek, ej) + RL(eka ei)A(elﬂ e]’)
—A(Ve, Veer, e;) — Aler, Ve, Ve,€5)
= VoAV, Alejer)} + R-(ex, e) Ale, ¢;)
—A(Ve, Veer, e;) — Aler, Ve, Ve,€5)
= Vji{(ijA)(ej, ex) + A(Ve.ej,ex) + Alej, Ve, ex)}
+R*(ex, ei)Aler, €5) — A(Ve, Ve,er, €j) — Aler, Ve, Veej)

\Y
= V;{(V;A)(ej, ex)} + A(Ve,Ve,ej,er) + Alej, Ve, Ve, €r)
—A(V., Ve,er ;) — Aler, Ve, Ve,ej) + R (ex, €;) Aler, ).
Thus, by the Codazzi equation (1.9) and the fact that at (¢, t) one has
lei,e;] =0, foralli,j € {1,...,m},

it follows that

A = VE(VEA) (er,en)} — VE{RY (dF (e), dF (e;), dF (er), &)}
+R*(er, ;) Aley, e;) + A(R(e;, er)ej, er) + Alej, R(e;, ex)ex) .

Consequently,

A = VIV Aler er) = 2A(Ve en en) §
= e RN(dP(ex), dF(e), dF (ex), €a) } o

—> " RN(dF (ey,),dF (e;), dF (er,), &) Vi&a
- Z R(e;, ex, ej,er)Aler, ex) — Z R(e;, ex, e, e1)Alej, )
1

l
+ Z A*(ex, e5) R (eg, ) €a.
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Expanding the expressions and consistently evaluating at (¢, o), we obtain
A = VéV;A(ek, ex) — 2A(Ve, Ve, er, ex)
- Z (Var(en BV (dF (ex), dF(¢;), dF (ex), €a)éa
~ Z RN (A(es, ex), dF(e;), dF (ex), £a)a
- Z RN (dF (ex), Ales, ¢;), dF (ex), £a)a
=D RY(dF(ex), dF(e;), Aleis ex), €a)a
= 37 RV(AF(er), dF (), dF (er). Ve o)
= RY(dF(ex), dF (e;), dF (er), £) Vo
- Z R(e;, ex, ej,e;)Aler, ex) — Z R(e;, ex, e, e1)Alej, )
!

l

+ 3 A (er, ) R (ex €3)éa (4.33)

In what follows, we estimate the contributions involving covariant derivatives of
&, First observe that

VﬁlVF(ei)gOé = (V(]iVF(ei)€OC> (vdF fa)
= Véfa + Z vdF(ei)faa dF(ey))dF (ey,)
k

= Viba = Y (6 Vilpee)dF (ex))dF (ex)

k

= Vb= (G Ales,ex))dF (ex)
k
= Vé;ga — Z Aa(ei, ek)dF(ek)
k
On the other hand, using the connection forms of the normal bundle, we obtain

=Y AGAF(ex) + Y waslei)és
k 5
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Therefore,
— > RN(dF(ey,),dF (e;), dF (er), Vinen€a)a
- Z RY(dF (ey,), dF (¢;), dF (er), &)V €a

- ZA Rkasza Zwaﬁ Rkykﬁga Z%‘ﬁ € R’W’mgﬁ

a,B8

- ZA R — Zwaﬂ ei) Rijipta — nga €i) Rijista
- ZA Rk‘]klga

from where it follows that

A - Vévé;Akk - 2A<V€ivejek7 6k)
- Z(VQVF( kykafa ZA Rﬁykafa

- Z A?j kﬂkafa Z AzﬁkRk]ﬁa

+ Z AG Rijuba — Z Rirji Ajja

- Z Rk AG€a + Z AR R (ex, €0)¢
From the Gauss equation (1.8), one has

Riju = RN,y + Z AGAS =) AAY,.
Moreover, the Ricci equation (1.10) yields

eza e] 5,3 - Z Rz]ﬂa 50& + Z Aﬂ Aa goa Z AQAB
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Taking into account the Gauss and Ricci equations, we obtain

A = VIV Ag — 2A(Ve, Ve er, ex) — Z(vQVF en B kjkada

o Z A Rﬁjkaga Z A Rkﬁkzaga Z A Rk]/gaga

+ Z AGRY o — Z AR R o — Z Al AB AQa

a,fB,l
+ Z A, APAD €, + Z AﬁCAZAfkga Z A5 R R
a,fB,l a,fB,1
Z Aa Aﬁ Aﬁlé-a Z Agj szﬂaga + Z Al]f] AZAM o
a,B,l o)l
— ) AL AGAL G,
a,B,l

We now compute the term C. We have

= —Zek (dF (ex), dF (e;), dF(e;), &a)) &a
_ ZRN (dF (er), dF (e;), dF(e;), £a) VE &,
— —Z ViR er, ei, €5, €a)a
—ZR (ex e0). dF(e:), dF (e;), &)
- Z RY(dF (ex), Alex, i), dF(e;), €a)Ea
=S R (), (e, Al ), €0
_ za: RN (dF (ex), dF(e;), dF(€;), Ve éa)ba

= " RN(dF(ey),dF (e;), dF(;), £0) Vi, a-
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As before, the final two terms in the last identity combine, yielding

C=- Z (VéVF(ek) kl]a Z A Rjﬁvijo‘ga

o Z A Rkﬁ]aga Z A szﬁaga + Z A R]]g\gjlga-
a,

Before adding A + C, lets us also observe that

ZA (Veivejek,ek ZA wkl 6])65) €k)
k

= ZA €; wkl(ej))el —+ wkl(ej)veiel,ek)

= E e; (W 6] Alk

antisymmetric Symmetric

= 0.
At the point (g, o), we have
(ATA)G = (Ve Ve A=Vs AL = (VaViA).

v
k k

Taking A + C and summing over the index k, we obtain the Laplacian of the
second fundamental form. In particular,

(ALA)% = (VQLH»I]' - Z (VéVF(el)RN kjka ZA Rﬁjka
2
_ZA Risra — ZAzﬁkRk]Ba_l_ZA Rkl
—ZA L ZA AT AL +ZA A AD,

Bk, Bkl
_ZA Tkl ZAaAﬁAB ZA R’”/BO‘
Bk,
+ZA5 ABAO‘ ZAﬁ AO‘A’B Z(VfivF )RN)kija
Bk, Bk,

- ZA Rﬁz]a ZA kﬁja ZA kz,Ba
B,k

+ Z AN Ry, kijl T Z AkkAflA
Kl

Bkl
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Using the first Bianchi identity (1.1), we obtain
N N
Rijka + Brjpa + Bisja = ~Rjkga + Rijpa = 2Rijga-

Combining these identities, we deduce

(ALA)% = (VQLH)O{ - Z (VNRN) kjka Z (VNRN)kija
- Z HBRﬁzja Z A k,é’ka + Z A Rkjkl
+2 Z AQ Ry + Z AY Ry — 2 Z Allf]sz,Ba
B.k

—ZZA kj5a+ZAgl{A5A§j ALALY
Bkl

+ Z AR { AR AL — ALALY + Z AL { AR AR — AGAL Y.
Bl Bkl

Recall from Lemma 4.2.5 that the second fundamental form satisfies the follow-
ing evolution equation

(V3 A = (V*H); - S HAL A N HPRY,
Bk B

Combining the preceding identities, we obtain the evolution under (MCF) of the
second fundamental form. In particular,

iJ (AJ_A> Z (VNRN kjko +Z vNRN)kija
+ZA A ZA Ryl — 2ZA Rl

_ ZA RN +2ZA R s +22A§kka
B,k B,k

—ZA% AQAG = AGAGY = D AR{ARAG — ARAL)

(Va,A);,

Bk, B.k,l
B B B B
- Z Akj{AilA%l - AﬁAkl} - Z HBAjkA?k'
Bkl B
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Chapter 4 4.2. Evolution equations

We now compute the evolution of || A||? under the mean curvature flow (MCF).
We begin with its time derivative. We have

AN AlI* = QZ<V$A(%€1)7A(€@'»€J‘)>
= Z((VaﬁA)(ei,ej) Ale;, €5))

—l—QZ (Va.eiej), Ales, €5) —1—22 (ei, Vae;), Ales, €5)).

Using that our orthonormal frames are chosen so that

Vatei = Z HﬁAfjej

we deduce that

ONAIP =2 ((V3,A), Ay) +2) HPAGALAT +2) HIALAG AT,

i?j?k?a7ﬁ 7] k a7/8

It remains to compute the Laplacian of || A||%. As the calculations are pointwise,
we may assume that at a fixed point (zg, tg) € M x [0,T) the frame satisfies

Vee; =0, foralli,je{l,...,m}.

At the point (g, to), from Lemma 1.1.8 we have

A AP =2 ((AMA) (i, e5), Aleis e)) + 2| VA2,

1,J
Hence,

HIAIP = AlAIP = 2 (V5A = ATA)] AY = 2| V-4

1,7,

+2 Y HPAAR AL +2 ) HPAY

.5,k i,9,k,0,8
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Chapter 4 4.2. Evolution equations

Using the result of the previous lemma, we get

ONAIP — AJAJP = =2V*APP+2 Y (VYRY), AT

i,9,k,
+2 > (VVRY), . A5 +2 Y AJASRY,,
i,5,k,a \,J,k ou8 B
P
—2 Y AGASRY, -2 > ARAS RN
i,j,k:,ha 7] ko

J/ J
V V

+4 Z Aﬂ AR, —4 Z A ASRY

J k.o, i3,k

J/

4y ABAaRkjﬁa —2 Z A A"‘ABAZ

i,7,k,c,8 z]kla,ﬁ

/ /
V

+2 ) ARASATAL 42 > AP AaAﬁAﬁ

i7j7k7l7a75 7] k7l’a7ﬁ

J/ J/

) Z Aﬁ AaAﬁAa +2 Z AB AQABA“
i,9,k,l,0,8 1,5,k,0,0,8

J/ N J/

v~ '

I A1

Observe that

1 =2 ) AJASRY, 8 > AJASRY,,

’J ka:ﬂ ,] k Olﬂ

=2 Y AJASRY,, +8 Y ARALRY,
i,5,k,0, 0 i,7,k,,0

=2 Y AJASRY,, +8 Y ARALRN
i,9,k,a,8 i,9,k,2,8
i,9,k,a, 8
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Chapter 4 4.2. Evolution equations

Hence, we obtain

=2 Y <4A VASRN, o+ A% AP Rmm).
i,9,k,2,8

On the other hand note that

By =-2 Y AGASRY, —2 Y ARASRN, —4 > ARARY,

i,7,k,l,a 1,5,k l,a 4,7,k l,a
,3,k,0,a i,9,k,l,0
i,5,k,l,a 1,7,k l,a
— 4 Z(ZA;;A;;) V-4 > ARALRY,
i3k, D i,k lLa=1
=4y 5“(2’43014%}%1@) —4 ) ARAGRE,
3,7,k,l,c 1,7,k,l,a
= —4 Z 6“(2’437‘4?1)]%1%1]) —4 Z A A szlﬂ
3,7,k,l,a 1,7,k,l,c
Therefore,
By =4 Z {Agl — O ZAZO;A%} kil
2,9,k l,a
Additionally,

Dy=—2 Y  ARASALAG -2 > AL ASALAY
i,7,k,l,a,8 i,4,k,l,0,8
_ B pa AB
=—4 ) ARALA%A]
i,7,k,l,a,8
=4 ) AGALARAL

i,9,k,0,0,8

Hence,

Ty =—4 )  AGA]

.5,k 8
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Chapter 4 4.2. Evolution equations

Finally,
_ B A8 B 4B
Ay =2 Y ARAGATAL+2 ) ADASARAL
i,k L0, ikl 0,
B B
2 ALAS AL A
i7j7k7l7a7/8
2
_ B 7B
= QZ (ZA% 21) +2 Z AGAG A Ay
igkl ikl B
B B
+2 > AZAD AG AL
i7j7k7l’a7ﬁ
2
_ B B
=2 Z (ZA%AZJ +2 Z AG AR AT A
i:jzkyl & i7j7k7l7auﬂ
B B
+2 ) AGALASAL
i7j7k7l7a7/3

Consequently, we have

A =2Y (ZA%Agl)QJrQ S (ZA;.@Aﬁ)Q

i,5.k,l a Jik,, 8 l
2y (ZAgAfk)Q
i,k,a, 8 l
—2 3 (TAgan) +2 3 (T 454)
i,g,k,0=1 a i,7,0,8 l
#2 3 (3 a347)
i,7,0,8 l
=2 Y (Yagan) 2 Y (S Anal)
idkl=1 hhoB  k
w2 3 (Y agay)
i,7,a,8 k
Therefore,
M= Y (Tagan) 2 X (S agag) e X (S agar)”
1,5,k,1 « i,5,0,8 k i,5,0,0 k
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Chapter 4 4.2. Evolution equations

Now, adding I'; and A; we have

Ti+ A =2 (ZA”AQ) 2 (;A?kAij

i,5,k,l a i,5,0,8
12y (AkagJ) —4 Y (D Agalalay)
i,5,0,8 1,7,0,8 k,l
=2 SIS (Al - anag) b e YD (S agan)
ik ikl

Collecting the above identities, we arrive at the following result.

Theorem 4.2.7 (Simons’ formula). Let F' : M x [0,T) — N be a solution of
(MCF). The squared norm || A||? of the second fundamental form A evolves in
time under the equation

O AI* — AlIAIP = =2|V=A|* + 2] A o AJJ* + 2/lo~|*

RPIRC R LD LA

2,9,k,l,0
B B
+2 3 {44 AszaﬁjﬁA VAR 5}
1,7, k0,8
+2 ) AV R Yijra + (VR R rija )
1,5k,

where A o A is the (4,0)-tensor given by
(Ao A)(X,Y, Z, W) = (A(X,Y), A(Z,IV)),

lot 112 = D7 { Do (ARAL — AGAL)Y

15,0, k

and

We now examine how this formula simplifies in the case of space forms. Recall
that in this case

Ripep = c(6acdpp — 6apdpc).
Theorem 4.2.8. [n a space of constant sectional curvature ¢ € R, we have
OIAIP = AJAJP = 2|V AJP?
+2]| Ao A* + 2|0t || + de| H|* — 2me| A]]*.
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Chapter 4 4.2. Evolution equations

In codimension one, the above formula becomes
O AN = AJA* = 2|V A[* + 2| AI*(| AII* — me) + del| H||*.
In particular, for codimension one minimal submanifolds we get

AJAJ* = 2 VA|* + 2| AJJ*(me — [|A]]%).

Proof. We have

Ar =4 {AQAY —ou > AL ASLRY,
p

‘7]’ k7l’a

= de N AZAL (Sl — 0udy) —Ae Y AL AL (5 — Sude;)

(2 )
1,5,k l,a i,7,k,l,p,
=dc) ARAG —4c) (AD)7 —de Y AL AL (8 — Sirdky)-
ik, 1,J,x i,3,k,p,a
Hence,
Ay = de|| H||? = 4mc|| A|%.
Moreover,

Ay =2 ) (4A4ALRY
i.J,k,a,8

=2 > ARAL (0050 — 6ip0ai)

i9j7k7a7/3

=2c Z ( ?k)27

i7j7k7a

+ A Afk Razﬁz)

afBji

from where we find that

Ay = 2mc|| A%

Thus,
A+ Ay = 4c||H||? — 2mcl|A|)*.

Combining these expressions, we obtain the evolution equation of || A||? in space
forms. U
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Chapter 4 4.2. Evolution equations

4.2.5 Gap theorems for minimal hypersurfaces

There are many applications of Simons’ formula. Let us present only one here.

Theorem 4.2.9. Let f: M™ — S™"! be a compact minimal hypersurface with
|A||> < m. Then, f(M™) = S™.

Proof. From our assumption, there exists € > 0 such that m — ||A||> > . On
the other hand, from Theorem 4.2.8, we have

AllA]? = 2| VA|]? + 2| Al]*(m — || A]]?)
> 2||A|]2(m — [|A]l?)
> 2¢||A|*. (4.34)

Applying Stokes’ theorem, we obtain

0= [AlAP =2 [l an
which implies that
|A]* = 0.
Consequently, f(M™) is totally geodesic, and hence f(M™) = S™, completing
the proof. O

Remark 4.2.1. A stronger result than the previous theorem holds. In particular,

if we assume that
JA]I? < m,

then we obtain the estimate
AfAIP = 2] All*(m — | A]*) > 0.

By the Hopf maximum principle [39], we deduce that || A||* must be constant.
Returning to (4.34), it follows that

0> [[VAI + [ A]*(m — [|A[]*) > 0.
Hence,
|AP =0 or [A[*=m.

In the first case, f(M™) = S™. In the second case, we have ||A||> = m and
|[VA||* = 0. By a theorem of Lawson [29], it follows that f (™) is a Clifford
torus. Similar results also hold for higher codimensional compact or complete
minimal submanifolds in spheres; see [31].
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Chapter 4 4.3. Parabolic comparison principles

4.3 Parabolic comparison principles

In this chapter we will present the main tool to investigate the behaviour of (MCF)
as we approach the maximal time of existence.

4.3.1 The scalar maximum principle

Throughout this section M will be a compact manifold equipped with a time
dependent family of Riemannian metrics g = g(¢), ¢ € [0,T). We remind that
the Laplacian A of ¢ is the operator which in local coordinates has the form

ij k

Theorem 4.3.1. Let M be a compact manifold equipped with a family of time-
dependent Riemannian metrics g = g(t). Let u € C*(M x [0,T)) be a
solution of

ou
SR — >
5 Au— g(X,Vu) >0,

where X is a bounded time-dependent vector field. If u(x,0) > c for all
r € M, then
u(z,t) > c,

Sorall (x,t) € M x [0,T).

Proof. The most natural idea is to examine the function f: [0,7) — R given
by
t) = mi t).
f(t) = min u(z,t)
However, this function is only Lipschitz continuous (not differentiable every-
where). To avoid such problems we follow another idea. Let ¢ > (0 and define

u® € C*(M x [0,T)) by

ut(x,t) = u(x,t) + (1 +1t).

Then
ou® ou
5 Au® — g(X,Vu©) = o +e—Au—g(X,Vu) >e>0. (4.35)
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Chapter 4 4.3. Parabolic comparison principles

Claim: For all (z,t) € M x [0,T) it holds
u(z,t) > c.
Proof of the claim: Suppose to the contrary that our assertion is false. Note that
u®(z,0) =u(z,0)+e>c+e>¢, forall ze M.

By compactness, continuity, and our assumption, it follows that there exist a first
time 0 < ty < 7" and a point xy € M with the following properties:

s u(xo,tg) = ¢,

s uf(x,t) >c¢, forall (x,t) € M x[0,t),

s uf(x,t) >¢, forall (x,t) € M x|[0,t0],
Then, at (¢, ty) we have:

* u®(zg,tg) =c¢, (minimum point),
® Vus(a?o,to) = 0,
¢ Aua(.flfo,to) > 07

a €
* 3_1;(:60’ to) <0, (o is a boundary point).

From the inequality (4.35), we get

ou’ . .
0> o — Auf — g(X,Vu') >e>0.
which leads to a contradiction. This completes the proof of the claim. ®

By taking the limit when ¢ — 0 we get

¢ < limu®(z,t) = u(x,t), forall (z,t)e M x[0,7T)

e—0

and the proof of the theorem is concluded. 0

Following exactly the same lines, we can prove the following theorems.
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Chapter 4 4.3. Parabolic comparison principles

Theorem 4.3.2. Let M be a compact manifold equipped with a time-dependent
family of Riemannian metrics g = g(t). Letu € C?*(M x [0,T)) be a solution

of
ou
— — Au—g(X <

where X is a bounded time-dependent vector field. If u(x,0) < ¢ for all
xr € M, then

u(z,t) <,
Sorall (x,t) € M x [0,T).

Theorem 4.3.3. Let M be a compact manifold equipped with a family of time-

dependent Riemannian metrics g = g(t). Suppose u,v € C*(M x [0,T))
such that

O A (X, V) — 0 1) 2 2 A (X, ) 1)
where X is a bounded time-dependent vector field and 1): R x [0,T) — R is
a continuous function which is Lipschitz in the first factor. If
u(z,0) > v(x,0), forall xe€ M,
then
u(z,t) > v(w,t)
Sorall (x,t) € M x [0,T).

Proof. Consider the function w = u — v. We compute

aw 8“ 8/0

ot ot ot Vw=Vu—-Vov and Aw = Au— Awv.
Therefore,

ow Odu Ov

TS B | |

5 = o o 2 Aw X, V) +y(ut) = () (436)

Because 1) is Lipschitz continuous in the first factor, we get
[9(u, t) = (v, D) < et)]lu — vl < kflu = vl

Therefore,
—kllu— vl < Plut) = ¢(v,t) < kllu—2.
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Hence, (4.36) becomes

%—I; > Aw + g(X, Vw) — k||w||. (4.37)

Let us introduce the function w® given by

wé(x,t) = w(z,t) + e, forall (z,t) € M x [0,T).

Then,
ow® ow 2k
° E = Bt + 2k€€ t,
» Vuw® = Vuw,
o Aw® = Aw,

from where we deduce that

ag; — Aw® — g(X, Vus)
= %—f + 2kee®™ — Aw — g(X, Vw)
> —k|wl|| + 2kee®*. (4.38)

Claim: For all (x,t) € M x [0,T), it holds w®(x,t) > 0.

Proof of the claim: Suppose, to the contrary, that the assertion of our claim is
false. By compactness, continuity, and our assumption, it follows that there exist
a first time 0 < £y < 71" and a point xy € M such that:

° wg(l‘o,to) = 0,

s we(x,t) >0, forall (z,t)€ M x[0,tp),

s wi(x,t) >0, forall (z,t)€ M x [0,
Therefore at the point (zo, ty) we have

o w(xg,ty) = —ecekto,
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ow®
ot

* Vw6($0,t0) = O,

(.’13'0, Z50) S 07

® Awe(xo,t0> > 0.

Hence from (4.38) we get
ow*® . .
0 2 — (0, o) — Aw (2o, to) — 9(X, Vw)(z0, to)
> k562kt0
> 0.
which leads to a contradiction and proves the claim. ®
Letting ¢ — 0, we conclude the proof of the theorem. 0

Theorem 4.3.4 (Comparison maximum principle). Suppose M is a compact
manifold equipped with a family of Riemannian metrics g = ¢(t). Let u €
C?*(M x [0,T)) is a solution of

> dut (X, V) + 0 1)

where X is a bounded time-dependent vector field and 1) a continuous function
which is Lipschitz in the first factor. Consider, the associated ODE

y(0) = mingeps u(z, 0),

Then,
u(z,t) > y(t), forall (z,t)e M x|[0,T).
The same conclusion holds if we reverse all the inequalities and instead of

minimum we take the maximum.

Proof. Consider the function v(x,t) = y(t). Then, for every x € M, it holds

u(z,0) > minu(z,0) = y(0) = v(z,0).

zeM
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Moreover,
v ,
5~ Av—9(X, Vo) =9(v,t) =y —¥(y, 1) = 0.
Therefore,
ou Ov
and the result follows from Theorem 4.3.3. O

4.3.2 Hamilton’s second derivative test

Let (M, g) be a Riemannian manifold and B a symmetric 2-tensor. Denote by
A: TM — TM the associated to B self-adjoint operator, i.e., the (1, 1)-tensor
given by

B(X,Y)=g(AX,Y), forall XY € X(M).

The eigenvalues of A, are denoted by
AL Z A 2 2 A,

and with the above ordering they give rise to Lipschitz continuous functions.
Moreover, for given z € M we denote by

Eig,(\) ={v, € T, M: Av, = \v,}.
Multiplying with w, we get
Eig, (\) = {v, € T, M: B(v,,w,) = A\g(v,, w,), forallw, € T,M}.

Theorem 4.3.5 (Hamilton [22]). Suppose that (M, g) is a Riemannian manifold
and B is a symmetric 2-tensor. If the biggest eigenvalue A\, of B attains a
(local) maximum X\ at an (interior) point xy € M, then

(VxB)(V,V) =0,
(AB)(V,V) <0,

for each X € T, M and for every V € Eig, (\). Replacing B with —B, we
get the corresponding result for the smallest eigenvalue ), of B.

167



Chapter 4 4.3. Parabolic comparison principles

Proof. Let v € Eig, ()\) be a unit vector. Consider a local smooth extension V/
of v, on an open neighborhood U, such that

Vie =0, [[V]|=1 and VxV|,, =0, forall X € X(M).
Define the symmetric 2-tensor S given by
S(X,Y)=B(X,Y)—)M(X,Y), forall X,Y € X(M).
If {e1,..., e} is an orthonormal frame with respect to ¢ diagonalizing B then

S(ei,ej) = Blei,e;) — Aglei, ej) = g(Ae;, e;) — Ag(ei, €5)
= pidij = (A — A)dyj.

Therefore, the biggest eigenvalue of .S is
M1 = )\1 - A S 0.

Additionally,
M1 (Io) = >\1 (Io) —A=0.

Hence, for every w € T, M, we have

S(v,w) = B(v,w) — Ag(v,w)
= M (z0)g(v, w) = M(z0)g(v, w)
= 0.

Consequently,
S(v,w) =0, forallw e T, M.

Define the smooth function f: U — R given by

Therefore, f can be viewed as a smooth approximation of A\; — \. Observe that

* For every z € U it holds,
f@) = S(Ve, Vo) < (@) |Val* < pa(o) = 0. (4.39)
* At the point x(, we have
fwo) = 5(Vay, Vay) = 0.
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Forall X € X(U), we have
X(f) = X{S(V,V)} = (VxS)(V, V) +25(VxV, V).
Differentiating once more with respect to X, we get

XX(f) = (VxVx9)(V,V) + 4VxS)(VxV,V)
+25<vax‘/, V) + 25<Vxx/, VXV)

If {e1,..., ey} is an arbitrary local orthonormal frame on U, then
Z (ezez - elei(f))
1=1

(AS)(V V) +2S(AV, V)
+2 Z (2(VeS) (Ve Vi V) + S(Ve,V, Ve, V).

Estimating at x( we get
(Vx,, 9V, V) =0,

which proves our first claim, and

0= Af(xo) = (AS)(V, V),

which proves the second claim. This completes the proof of the theorem.

169

0



Chapter 4 4.3. Parabolic comparison principles

170



CHAPTER

SINGULARITY FORMATION

In this chapter, we present a detailed proof of the characterization of the maximal
time of existence for the mean curvature flow. This result plays a central role
in understanding the long-term behavior and singularity formation of evolving
submanifolds. In the case of codimension one submanifolds in Euclidean space,
a complete proof can be found in the book of Ecker [15]. For the case of higher
codimension submanifolds in Euclidean space, we refer the reader to [5].

5.1 The maximal time of existence

The purpose of this section is to characterize the maximal time of existence and
particularly to prove the following result.

Theorem 5.1.1. Let F': M x [0,T) — N be solution of (MCF) defined on a
finite maximal time interval, where M is compact and N is complete. Then,

limsup< max ||A||> = 00,
t—T Mx[0,t]

Proof of the theorem: The proof proceeds by contradiction. Suppose that
[AFl <¢,

where ¢ > 0 is a uniform constant. We will show that the flow can be smoothly
extended beyond 7', contradicting the maximality of 7". This will be achieved
using the Ascoli-Arzela theorem.

The proof of this theorem is divided into four steps.
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Step 1: Estimates for the image of F'.

First, note that the evolving submanifolds lie in a compact region of /V. Indeed,
fix xg € M and consider the curve y: [0,7) — N defined by y(t) = F (o, 1).
Then,

Ly = tim [ @ = tiny [ aFo,o@))]a

= lim/ | H (9, t)]|dt < lim/ Vmedt
s—=T 0 s—=T 0
=+mcT.

Therefore,
dist(F (w0, 0), F(zo,1)) < L(y)|, < VmeT. (5.1)

Lemma 5.1.2. Fix a smooth, time-independent Riemannian metric g on M.
There exists a constant C' > 0 such that

Clg<g<Cq, onMx]|0,T).
Moreover, there exists a constant ¢y, such that
diam(M, g;) < e“"/? diam(M, g),
foranyt € [0,T).
Proof. Fix a nonzero, time-independent vector field X, and define the function
f: M x1[0,T) = Rby

9(Xe, Xy)

) = SR X,

We compute the time derivative of f as follows

09X, X)  (Vag)(X,X) 247X X) —24"(X X)

MW=Fxx X% awx) o gxx !
Hence,
_ AH(X,X)‘
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Since || A|| is uniformly bounded, we have

AF(X, X)

2' 9(X, X) ‘ =¢

where (' is a positive constant that does not depend on X or on time ¢. Thus,
afl < Cf.
Consequently,
f(0)e @ < f(t) < f(0)e, forallt <T.

Choose g = go and let v : [0,1] — M be any smooth curve. Its length with

respect to g; is X
Ly (v) = /O V(') dp.
From the first conclusion, there exists a ¢y > 0 such that
g < e“'gq.

Hence,

V(7)) < Veotgo(y, ) = e/ go(+, 7).

Ly, (7) < 2Ly, ().

Therefore

Taking the infimum over all curves joining two points =,y € M, we obtain
dgt (Iv y) S 600t/2d90 (Iu y)'
Consequently,
diam(M, g,) < e®*/? diam(M, go), forany t < T.

which proves our assertion. U

It remains to control the diameter of F}(M). Since M is compact, its diameter
with respect to g is finite. From Lemma 5.1.2, it follows that there exists a
constant ¢g such that

diam(M, g;) < e®T/? diam(M, gy), forany t < T.
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From Lemma 5.1.2 and (5.1), for any x € M, we have
dist(F(x,t), F(x0,0)) < dist(F(z,t), F(xzo,t)) + dist(F(xg, t), F(x0,0))
< diam(M, g;) + VmeT
< T2 diam(M, go) + vVmcT.
Therefore

F,(M) C By(F(z0,0), eT/2 diam(M, g(0)) + VvmeT), forany t < T,

where By is the ball of N with radius R = e©?/2 diam(M, g(0)) + v/mcT
centered at F'(zg,0). Since N is complete, the Hopf-Rinow theorem implies
that closed bounded balls in /V are compact. Hence there exists a compact set
K C N such that

F(M)CK

forall t € [0,T). Since N is complete, the images F;(M), for t € [0,7T),
remain within a compact subset X' C N. Consequently, we may assume that the
curvature tensor R and all of its covariant derivatives are uniformly bounded

on K.

~<

singularity formation

(

Fo(M)

Figure 5.1: Singularity formation.

Before proceeding, we introduce Hamilton’s *-notation:

Notation: For tensors T and T, the expression 11 x T, denotes any linear
combination of contractions (compositions and traces) of Ty and T,.

Step 2: Higher-order derivative estimates for A.

Let us start with the following lemma.
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Lemma 5.1.3. Suppose B is an r-tensor taking values in the normal bundle of
the evolving submanifolds under (MCF). Then:

1. The squared norm of B evolves in time under the equation,

atHBH2_QZ V 11 Uy 11~-ir>

11y

+2 Z AZU Jigir Bz’1---ir> +- 42 Z Agj<Bi1~--ir—1j7 Bil"-ir>7

110 (SR P

where the indices are with respect to a local time-dependent orthonormal
frame.

2. The Laplacian of B satisfies

AIBIP =2 ((A*B)iyeui, Bivei,) +2 > (VS B)iyeca, I,

i1 P10

where the indices are with respect to a local time-dependent orthonormal
frame.

Proof. We compute

OB = 2> (Vs B(es,... ;) Blei,, ... e,))

i1ty
+2 ) ((V3,B)(ei, - €i,), Bles,,- .. e:))
R
+2 Z Z<B(€Z‘1, ceey Vatel-a, cee ,6%), B(€Z‘1, cee 7€ir)>
i1ty @
= 2 Z v 11 B 11 ’Lr>
i1ty
42 > A A(Biyiy s jigpreies Bivei)
11tpr Q
where the sum with respect to the index @ € {i,...,r} runs over the tensor
slots. The second formula for the Laplacian of B follows from Lemma 1.1.8.
This completes the proof. U
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Chapter 5 5.1. The maximal time of existence

Lemma 5.1.4. The evolution of the k-th derivative of A satisfies

Vz (VWEA) — AL (VR A)

= ) VAV vOig
i+j+l=k

+ 3 (VOVRN) 5 (VDL 4)

+ ) VOVRY A vO A vOiA
itjtl=k—1

+VEHDN RN o (constants),

where all indices range from 0 to k, and in the case k = 0 the third term in
the right hand side does not exist.

Proof. We argue by induction on k.

The case k£ = 0 follows from the evolution equation for the second fundamental
form.

Suppose that the result holds up to order k£ — 1. Differentiating the k-th covariant
derivative of A with respect to time, and using the time-like Gauss and Ricci
equations from Lemma 4.2.1, as well as the Ricci identity from Lemma 4.2.2,
we obtain

Va(VELA) = v {vEH(VEDLA)
— VL{V(%;(V(IC_I)LA)} +A % vLA % V(k—l)LA+ RN % A* v(k—l)LA’

from where we deduce that

Va(VEEA) = VL{AL(VU“’DLA) + VN RN (constants)

k—1
+ ) VORAL VO AL VOEA Y T VONRY il g
it jHl=k—1 i=0
+ Y VONRY VO Ayl

+j+l=k—2
+A* VA« VEDEA L RN 4 A VD4
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Chapter 5 5.1. The maximal time of existence

Therefore,

Vs, (VP A4) = VEALVEDL 4 1 vEFDN RN & (constants)

k
+ Y VOrAR VAR VOEA Y VONRY v g
i+j+l=k i=0

+ Z VONRN o O+ 4 vOL 4,
i+j+l=k—1

Combining Lemma 4.2.3 with Lemma 4.2.1, we obtain the conclusion. U
Lemma 5.1.5. The evolution of |V A||2 k > 1, is of the form
O VEEAIP — AVE-A)2
= 9| VEHDL4))2 4 VEFUNRN o w1 4
+ Z VOL A« VOL A« VOL A vRLg

i+j-+H=k
+ > VOVRN VO A VO 4 vt A
i+j+l=k—1
k
+) T VONRN gt g v A
=0

Proof. Applying Lemma 5.1.3 with B = V*)- A, we obtain
AIVEAR — AVEL A2
= 92 Z <(Vév(k)LA . ALv(k)LA)il...%’ (V(k)LA)ler>

+2 Y ARV A iy, (VIR A )
Z.1'“7;'r.74

+2 > ATV A, (VIR A) )

iing

=2 ) (V5 VA P,

i1-ing

where all the indices are with respect to orthonormal frames. The conclusion
follows from Lemma 5.1.5. U
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Chapter 5 5.1. The maximal time of existence

In the following lemma, we will prove that the higher covariant derivatives of
the second fundamental form A can be controlled by sup || A|| and the geometry
of the Riemannian manifolds M and V.

Lemma 5.1.6. Suppose F': M x [0,7) — N is a solution of (MCF) on a time
interval [0, 7), with T > 0. Assume that there exists a constant co = co(7) > 0
such that

sup [|A|* < co.
M x[0,7)

Then, for every k € N, there exists a constant c;, > 0 such that

sup ||V’“A||2 < ¢,
Mx[0,7)

where ci, depends only on k, cg, the dimensions of M and N, and the geometry
of the Riemannian manifold N.

Proof. Define the functions
&, = [|[VPLA|?, kEeNu{ol.

The proof proceeds by induction on £ > 0. Assume that the result holds for
k — 1. Using the fact that the submanifolds lie in a subset of N with bounded
geometry, together with Lemma 5.1.5 and the Cauchy-Schwarz inequality, we
obtain the following inequality

OBy, — APy, < —2||VHEFDL 4|12
tar Y [VORA VO A VO A VB A
i+j+l=k
taz Y [VOEA VA VLA
jHl=k—1

k
tay Yy [[VE A VO 4]
=0

k)L
+CL4||V( ) A||7
where a1, as, asz and ag are positive constants. Using the inequality

a® + b?

ab< ;
2
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Chapter 5 5.1. The maximal time of existence

forall a,b € R, we arrive at
0P, — APy, < 1Dy, + ¢
where c; and ¢y are positive constants. The solution of the associated ODE
y(t) = caylt)+ce, te(07)

y(0) = maxsen Pr(x,0),

1S
Co C

y(t) = (y(O) + —)eclt ——, <7< 0.
C1 C1

Hence, from the maximum principle we get that
Dp.(z,t) < y(t) <y(r) < oo,

for all (z,t) € M x [0, 7). This gives the desired bound on ¢}, and completes
the proof. U

Step 3: Higher-order derivative bounds for F'.

The estimates obtained in Step 2 imply that all derivatives || V*) F'|| are bounded.
However, we cannot apply the Ascoli-Arzela theorem, since the connection V is
time-dependent. Therefore, we require estimates for the derivatives of F' with
respect to a fixed, time-independent Riemannian metric and connection on the
base manifold M. Fix a smooth, time-independent Riemannian metric gon M,
and denote by V its Levi-Civita connection. We extend g to a Riemannian metric
gy on H as follows: Let

(x,t) = (T1,...,Zm, 1)

be a local coordinate system on M x [0,7T), where T > 0. For X, Y € H, such
that
X = Zai&- and Y = ijaj,
i J
where a;, b;, 1,7 € {1,...,m}, are time-dependent smooth functions, define

g’H(Xv Y) = Z ai(x7 t)bj(x7 t)g(azu a])
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Chapter 5 5.1. The maximal time of existence

Clearly, the tensor gy is globally well-defined. Furthermore, we extend Vioa
connection *V on M x [0, T) as follows:

(MUY = VyY,

¢ MVLX = [0, X],

,H%Xat =0= Heatata

\

forall X,Y € H. As usual, we denote the extensions gz and ny simply by g
and V, respectively.

Let us introduce now the 2-tensor .S given by
S=V-V.
Consider a local coordinate system (z1, ..., Z,,t) on M x [0,T"). Then

S(9:,0;) = Vo,0; — V0, = > TE, — Y Lo,
k k

Differentiating with respect to ¢, we find

(Vo,8)(0;,0;) = V,8(0:,0;) = > 0u(I'%)0%. (5.2)
k

On the other hand,
Rv<at7 al)aj = Vatvaiaj - vaivataj - v[at,ai]aj = Z Vat(rfjak)
k

Combining with (5.2), we find
RY(9,,0,)0; =Y 0,(T)0y, = (V,5)(0:,9;). (5.3)

k

In view of the time-like Gauss equation in Lemma 4.2.1, we have
VoS =RY(8,-) - =RV« A4+ Ax V* A

Due to Lemma 5.1.2 and Lemma 1.1.6, we get that there exist constants a; and
a, such that

IVa:Sllz < allVa,Slly < as(| RNl | Ally + Al IV Ally)-
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Chapter 5 5.1. The maximal time of existence

We now show that the covariant derivatives of F' with respect to the connection
V can be expressed in terms of A, S, and their derivatives. Observe that

(V2F)(X,Y) = VEdF(Y) — dF(VxY)
= AX,Y) +dF(VxY)—dF(VxY)
— A(X,Y) +dF(5(X,Y)).
Consequently, B
V2F = A+ dFoS. (5.4)

From Lemma 5.1.2 and our assumptions, we see that
2
1517 < co (T + IV2Fg),
where ¢y is a positive constant. Moreover, in view of (5.4) we obtain

(VF)(X,Y,Z) = {V(V’F)}(X,Y, Z) = {V4(V’F)}(X,Y)

= V§~{(§2FN)<X,Y)} N N
—(V2F)(VzX,Y) = (V?F)(X,VzY)

= VL{AX,Y) +dF(S(X,Y))}
—A(VzX,Y) —dF(S5(VzX,Y))
—A(X,V2Y) —dF(S(X,VzX))

= (VLA (X, Y)+ A(VzX,Y) + A(X,VzY)
+(V2F)(Z,5(X,Y)) + dF(V45(X,Y))
—A(V2X,Y) —dF(S(V4X,Y))
—A(X,V2Y) —dF(S(X,VzY)).

)_
)_

d
d
Therefore,

(V3F)(X,Y,Z) = (VEA)(X,Y)
+A(S(Z,X),Y)+ A(X,S(Z,Y))
+(V2F)(Z,8(X,Y)) + dF((Vz5)(X,Y)). (5.5

As seen in Lemma 1.1.5, the tangential part of V" A involves only terms depend-
ing on A. Hence, by Step 2, it follows that the norm

IV*Allg
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is also uniformly bounded. If || V2F || is uniformly bounded, from the identity
(5.5) it follows that there exists a constant ¢; > 0 such that

IVSllz < e (1+[IV°F ).
By induction on k, we obtain the following conclusion:
Lemma 5.1.7. Suppose that the functions
Qi =IVYF||;

are uniformly bounded for all indices i € {1,..., k — 1}. Then there exists a
constant cj,_o such that

IVE2Slg < cxa (14 IVOFI).

forall k > 2.

We are now in a position to prove the key estimate for the higher-order derivatives
of F.

Lemma 5.1.8. For every integer k > 0, the functions
= IVPF|; and Qur =|[Va VP F|5

are uniformly bounded in time.

Proof. We have shown that F}( M) remains in a compact region of N. Moreover,
by Lemma 5.1.2, there exists a constant ¢; such that

|dF ||z < civ/m.
Consider a local coordinate system (z1, . . ., Z,, t). Then,
(Vo,V2F)(0:,0;) = V5{(V*F)(0;,0;)}
= V5, {A(0:,05) + dF(S(0;,0)))}
= (V5,A4)(0:,0;) + V5,dF(5(0;,05))
= (V5,A)(0:,0;) + dF([0,, (05, 9;)]) + Vo, 00 H
= (V5 A4)(0:,0;) + dF((V0,5)(0:.9,)) + Vo, 0 H.
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From (5.3), it follows that the quantity V5, 5(0;, 0;) involves time derivatives
of the Christoffel symbols, which, in view of the time-like Gauss equation in
Lemma 4.2.1, can be expressed in terms of the second fundamental form A and
its derivatives. Consequently,

Vo, V2F|lg <1+ [ISllz) < (1 + [IV*Fll3), (5.6)
where ¢ and ¢ are positive constants. By the Cauchy-Schwarz inequality,

(Vo,V2F,V2F);

V|5 = =2 < [[Va, V2 Flly < 2(1+ [V2Fly).
IV2F]|5
Solving the above differential inequality, we deduce that the function
Qa2 = [[V?F|l5

is bounded. Consequently, from (5.6) it follows that
Q21 = WaﬁQFH:a“

is uniformly bounded as well. By induction on &k and using Lemma 5.1.7, we
conclude that there exist constants ¢;, and ¢j, such that

Vo, VOF|; <& (1+ |[VE2S|g) <& (1 + [VPF|).
It follows that all derivatives of F' are bounded.

Step 4: Arriving at a contradiction.

By the Ascoli-Arzela Theorem 1.2.1, the family {F };cjo.r) converges in C'™
to a limit map Fp: M — N, which is an immersion. Applying the short-time
existence result, we can extend the solution of (MCF) beyond 7', contradicting
the maximality of the time of existence. U

Remark 5.1.1. It is not possible to characterize the maximal time of existence of
(MCF) in terms of curvature quantities when the ambient Riemannian manifold
is not complete. For example, consider the unit circle centered at the origin in
R2. As seen in Example 4.1.5, the maximal time of existence is

T = 1/2.

Consider the ambient space given by the non-complete Riemannian manifold
N = R? — {(0,1/4)}. In this case, the mean curvature flow terminates when
the radius of the evolving circles approaches 1/4. Note that the curvature and all
its derivatives remain bounded.
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Chapter 5 5.2. Modeling the singularities

5.2 Modeling the singularities

In this subsection, we describe what is meant by a singularity in mean curvature
flow (MCF).

Theorem 5.2.1 (Singularity formation). Let M be a compact manifold and let
F: M x [0,T) — N be a solution of (MCF), where (N, h) is a complete
Riemannian manifold with bounded geometry and T' < oo its maximal time

of existence. Suppose that there exists a point v, € M and a sequence
{(x,-, ti)}iEN in M x [0, T) with

o lim;_ o0 T = T,

o lim;_, t; =T ( t; increasing ),

*a; = HAFm,ti)” = maxyx[o,] || Ar@s | — oo

Consider the new family of maps
Fy: M x [L;, R;) — (N,a?h), ie€N
given by
Fi(z,s) = F,4(x)=F (x, % + ti)

]

where

Li=—alt; and R;= ai(T —t;), T <oo
l o Z 00, T = o0.

Then, the following hold:

1. For each fixed i € N, the maps {F; s} sc|r,r,) evolves by (MCF) in time s.
The second fundamental forms A, satisfy:

¢ AFi($,S) - AF(x,s/a?thi)a

¢ HAFZ((E,S)HQFl = a%- AF(CE,S/G?+t¢) gr»

where all the norms are with respect to the Riemannian metrics induced by
the corresponding immersions. Hence, for any s < 0 and i € N, we have

||AFL||9F1 <1 and ||AFi(Ii7O)||9Fi =L
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2. For any fixed s < 0, the sequence {(M, F}',(a?h), ;) }ien of the pointed
Riemannian manifolds smoothly subcoverges to a connected, complete,
pointed manifold (M, §oo, Too ), Where M, does not depend on s. More-
over, {(N,a2h, Fy(z;,t;)) }ien smoothly subconverges to (R™, geye, 0).

3. There is an ancient solution Fy,: M., x (—00,0] — R" of (MCF) such
that, for each fixed s < 0,{F;;}ien smoothly subconverges to F, . This
convergence is uniform with respect to s. Additionally,

lAr <1 and |Ar, L

(200,0) H =

4. Suppose that R; — oo. Then, F,,, which we obtained in part 3, can be
constructed on (—oo, 00) and gives rise to an eternal solution of (MCF).

Proof. That {(N,a?h,y;) }ien smoothly subconverges to the Euclidean space
(R™, geue, 0) is a consequence of Theorem 1.2.10. Now, let us compute the sec-
ond fundamental form of the immersion F;.

* Induced metric: We compute,

gr(X,Y) = aih(dFy(X), dFy(Y)) = ah(dF (X), dF(Y))
= al(F*h)(X,Y).

Therefore,
2
gFi - a’i gr.
If {e1, ea, ..., €} is an orthonormal frame with respect to g, then
~ €1 . €2 - €m
€l = —,€Er = —,...,6pn = —
a; a; a;

is orthonormal frame with respect to the metric g, .

* Second fundamental form: We have,

AR (X,Y) = VYAE(Y) = dF(VY'Y)
= VirodF(Y) = dF(VY'Y)
= Vi dF(Y) = dF (VY. (5.7)
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Relating the connections of conformal metrics [38, Exercise 4.7.14.] we
have

VIRY = VY
=V¥Y + %{X(a?)Y +Y (@)X - gr(X,Y)Va?}
— VIY. Z
Therefore (5.7) becomes
Ap(X)Y) = VipxdF(Y) — dF(V{Y) = Ap(X,Y).

Hence,

Note that,

- 1 1
HFi = tI'gFi AFz = ZAFi(ei,ei) = Z zAF(ei,ei) = _ZHF

a;
Consequently,
1
a;
Moreover,
AR, =D aih(Ar (6, @), Ar (. &)
k,l

1
= G?F Z h(Ar(ex,er), Ar(ex, er))

Y
1 2
= 5[ 4Fll;,. (5.8)
In particular, we have
A 2 1 A 2
H Fi(af,S)HgFi - EH F(x,s/a?+t:)llgp <1
and 1
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« Evolution of F;: We have,

AFi,s(0s) = %(w,s) = ai%g—f(:c, s/a? +t;)
= izdF{ 2y 4(0s) = iHF(z sjaZ+t;)
2" N@ssazt) g2 [ F@s/a+t
= Hp,(z.4)-

Thus,
dF;(0s) = Hp.,.

Therefore, F; evolves under (MCF). Since
HAF 2 S 17

illgr,

according to Theorem 5.1.1, all the derivatives of A, are bounded. Hence,
due to Lemma 1.2.12 it follows that the sequence {(M;, F;*(a?h), z;) }ien
has injectivity radius positive and bounded away from zero. From Gauss
formula we have

R, (XY, Z,W) = RN(dFy(X),dEy(Y),dFy(Z),dF;(W))

+ <AFi(X’ Z)a AF@(K W)> - <AF@'(X7 W)7 AFZ(Y7 Z)>
Differentiating the above equation and using the facts that the derivatives
of A are bounded and that (N, a?h) has bounded geometry, we conclude
that R, and all its derivatives are bounded. Thus, {(M;, F; (a?h), z;) }ien
has uniformly bounded geometry and from Theorem 1.2.9 it subconverges

smoothly to a Riemannian manifold (M, goo, Too ). That M, does not
depend of s we refer to [9, Theorem 2.3.1].

This completes the proof. U

Remark 5.2.1. Let us conclude this subsection with some comments.

1. The flow F, which we obtained in Theorem 5.2.1 is called singularity. In
other words singularity of a (MCF) is another mean curvature flow.

2. If lim R; € (0, 0o) then the singularity is called Type I. This happens if there
exists a constant C' such that

C
T—-t
A singularity is called of Type II if it is not of Type I.

IAF|* <
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3. In the case of a mean curvature flow F': M x [0,7) — R" in the Euclidean
space instead of rescaling the metric of the ambient space , equivalently we
can scale the immersion itself. In particular, we can consider the following

blow up sequence
F. M x [L“Rz) — R"

given by
Fi(z,s) = Fs(x) = oy <F<:U, % + t2> - F (xi,t.))
a;
Note that,
Fi(74,0) = Fig (z;) = 0,
forall 7 € N.

4. Formation of the grim reaper curve

Figure 5.2: Formation of the grim reaper curve.
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CHAPTER

SINGULAR BEHAVIOUR OF ELMCF

In this chapter we will explore the singularity formation along the equivariant
mean curvature flow (ELMCEF, for short).

6.1 Evolution equations of basic quantities

Let us follow the consideration of Chapter 3. Namely, let z = (u,v) be a
closed profile curve generating the equivariant Lagrangian submanifold L, C
C™ parametrized by the map

Fo(s, @) = (u(s)f(z),v(s)f(x)),

where f: S™~! C R™ — R™ is the standard embedding of the unit sphere.
Since the mean curvature flow preserves the symmetries, the property of being
equivariant is preserved along the flow. Therefore, the generated submanifolds
L, are equivariant and can be parametrized by the immersions given by

F(s,x;t) = (u(s, 1) f(x),v(s, 1) f(x)),

for every point (s, z;t) in space-time. Let us begin with the following general
observation.

Lemma 6.1.1. Suppose that F': M x [0,T) — R" is a solution of (MCF) (not
necessarily Lagrangian), where M is a compact m-dimensional manifold and
T the maximal time of existence. Then T is always finite.

Proof. Consider the distance function r: M x [0,7) — R given by
r=|F|* = (F,F).
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Chapter 6 6.1. Evolution equations of basic quantities

Let us compute the evolution of . We have,
re =2(dF(0y), F) =2(H, F).
For any X € H we have
X(r)=X(F,F) =2(dF(X), F),
and
XX(r)=2(AX,X),F) 4+ 2(dF(X),dF (X)) + (VxX)(r).
Therefore,
(V) (X, X) = 2(A(X, X), F) +2||dF (X)]||*.

Hence,
Ar =2(H,F) +2m

and so,
ry — Ar = —2m.

Consider the ODE,

{ y'(t)=—-2m, te|0,7T),

y(0) = max,epr (7w, 0) = 7o,
Solving the ODE, we have
y(t) = —2mt +ry, te€]0,7T).
From the parabolic maximum principle we get
0 <r(zt) <y(t)=—-2mt+ry, forall (z,t) e M x[0,7T).
Consequently,
~ 2m’
Taking the limit as ¢ tends to 7', we have

T< 0
- 2m

This completes the proof. U
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From the above lemma we conclude that the evolution of a compact equivariant
Lagrangian in R?>™ always develops a finite-time singularity. In the next lemmas
we describe how various quantities of the profile curve evolve in time.

Lemma 6.1.2. The profile curve evolves under the

0z
— —Az=—(m—1)pé&.
Az = —(m—1)pe

Proof. Note that

On the other hand, from the considerations in Chapter 3 and Lemma 3.1.2, we
have

F(s,z;t) = (u(s, 1) f(x),v(s,1) f(2)), (6.1)
for every point (s, z;t) in space-time and
H = (k—(m—1)p)vo (6.2)
where
Vo = (_Usfa usf)

From the relations (6.1) and (6.2) we have
(9u aU (_Usf7 Usf)
—f—=f)=(k— —1)p)———-.
(at / ot f) (k= (m ) Vu? +v?
Hence, ( )
ou Ov —Us, Us
) = (k— — 1)p) 282
(7 57) = (k= tm = Dp) s

from where we see that

0z
— = (k— -1 .
5 = (k= (m—1)p)¢
As we already have seen in Chapter 3, it holds
Az = k€.
Taking the difference, we get
0
a—j —Az=—(m—1)p¢&.
This completes the proof. U
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According to the previous lemma, the evolution by mean curvature flow of an
equivariant Lagrangian is completely determined by the curvature flow with an
extra driving force

0z 2zt
o =" U

(ECSF)

where £ is the curvature vector of z and {-}* stands for the projection onto the
normal bundle of z. Hence, the speed is determined by the function

h=Fk—(m-—1)p.

In particular,

0z
5 = hé (6.3)

Note that for m = 1, equation (ECSF) is precisely the curve shortening flow.

As in the standard curve shortening flow, we would like to perform computations
with respect to a time-dependent arc-length parameter. Consider the function
a: S' x [0,7) — R given by

NI

a(s, t) = [[zs(s, D) = (zs(s,1), 25(s, 1)) 2.

Then, the length element of the evolved curve is

dp = acds.
The arc-length parameter is given by

o(s.t) = [ atw )y
0

Hence, we may introduce o as a parameter. Note that

d, = ato,.
Lemma 6.1.3. The following formula holds true

Vo, du = —hk dp.

Proof- We compute
Vo, di = 0y(a)ds = i ds.
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On the other hand, from the Serret-Frenet equations and (6.3), we obtain

<Zts;ZS> <(h£>sw28>

&t —= =
12l 2]
_ (ha 2 + (B2 (RE 2
12l 12l
= —hkllz,
from where we find
o = —hka.
This completes the proof. U

Lemma 6.1.4. The following formula holds

(9t 00 - 8(7 (9t -+ ]{Zhag.

Proof. We have
0,0y = 0i(a™95) = a™ 10,05 + 0, (a™)0,
= O[_lasat - a_28t(oz)85
= 0,0, + o~ 'kh 0,
= 80—815 + ]’Ch 30.
This completes the proof. U

Lemma 6.1.5. The tangent and the normal evolve in time under the equation

Vo =hot& and Vot =—h,T.

Proof. From the Serret-Frenet equations and (6.3), we obtain

0i(r) = O z) = d(a )z + a1 9,04(2)
= —a=00)z + 0,012
= a 'khz, +a '0,(h€)
= o 'khzs + o hyé + ha €,
— khzy + hot + hE,
= he€.
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Note that ¢ = .J7, where .J is the complex structure on R?. Hence,

Vo = Vo, (JT) = J(Va,T)
= ‘](haf) = hajg

= —h,T.
This completes the proof. 0

Lemma 6.1.6. The function r = ||z|| satisfy the following equations:

e rl =1-r}?

* 7o = pr(k +p).

* Ty = Tee — mrpl.

Proof. We compute
<Zt7 Z> =h <Z7§>

2] 112

re = O,(||2]]) =

|z]| = hrp. (6.4)

Moreover, the identities for 1, and 7, are proved in Lemma 3.2.3. Hence, taking
the difference, we get

Te — Toe = hrp — pr(p + k) = —mrp?.
This completes the proof. U
Lemma 6.1.7. The curvature k of z satisfies

ki = hgo + k2.

Proof. Using Lemma 6.1.4 and Lemma 6.1.5, we obtain

ke = _at<£m7-> = _<atao<£>77-> - <€U7h0 §> = _<ataa(£)77->
= —(0,(0:(€)), 7) — (Wk &, T) = (05(hoT), 7) + (R kT, T)
= (hooT + hoTe, T) + hk* = hoo + hK?
= hyo + hE®.

This completes the proof. U
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Chapter 6 6.1. Evolution equations of basic quantities

Let us consider the (normalized) support function of the evolved curve

The function p measures the angle between the position vector z and the unit
normal vector &.

Lemma 6.1.8. The support function o satisfies the following identity

0o = —1o(k+ 0/r).

Moreover, it evolves in time under the equation

Al ]-_ 2 2
Qt_goaz(m_l)g _2mg(—29)+g<k+g)
T r T

Proof. By straight-forward computations and using the previous lemmas, we get

Ot = 8,5(7“_1(2,5» = —7“_27",5<Z,€> + T_1<Zt7€> + T‘_1<Z,&>

= —hr'p(z, &) +rth —r the(z, T)
= h(r ' =70 —r 'hy(z, T). (6.5)
Using the identities
(z,T)=7rr,, 12=1—0" and h=k—(m—1)r "o, (6.6)
we get
o= (--m-15)a-e)
Z, T Qo’ AQTU
kT )% (7)) ()
k 0
= (c-m-n5)a-2)

r r?
_ v _ ﬁ 2\ _ Q5T
= (5 —2m -1 5) (1= ) — ko + (m - 1)
Hence,
L e o2y 1Yo
o= (5 =2m =)L) (1= ) = kro + (m = 1) 2
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On the other hand,

00 = (12,6 = =1 2ry0r — r Yz, kT)

= Yo —kr 'z, 1) = —rro0 — kr,
= T, (k + Q)
r
Hence,
o 0 - 0 2
Op = — T4 <k + —) and 0,7, = —(k: + —>(1 —0%). (6.7)
r r

Differentiating once more, we get

2
O'TO' 7”‘O’O’ To’
OoTe _ QToo | 0

Qoo = _karo - kra’a - 3
r r r
2
N AL @7;0 _Tw<k+ Q)
r r r
1—0? 1— o? 2
e e (T1a
r r r r
Hence,
Or = <E +22 2m£>(1 — 0%) — koo + (m — 1)QUT”_
r r? r2 r
and
2 1— o2
QO’U:_kO'rO'_Q<k+£> +<k+2g> 0 .
r r r
Taking the difference we get the desired result. U
Lemma 6.1.9. The function h evolves under the equation
hoTo -1
he — hoy = (m — 1)22/7 4 h(kz2 + (20 - 1)).
r r

Proof. Again by straightforward computations and using the previous lemmas,
we get

Ot or

he =ki—(m—1)=—+(m —1)—.

t=ki—(m—1) r (m—1) 3
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Chapter 6 6.2. Singularities of equivariant Lagrangian tori

Hence,
ka o _12 olo
By = hoy + hE? + (m — 1)Fe e _ (M= 17 por
r r r
m—1/h 0 h o*
— ——(m-1 —) 1—0° —1)—
—(Z— -1 )1 =)+ (m—1)=
-1
— hgg+h<k2+m—2(292—l)>
r
m—1 m—1 m—1
+ To <ko' E— + 2 Qra>
r r r
-1 -1
N h(k2 + 20— 1)) + k.
r r
This completes the proof. ([l

6.2 Singularities of equivariant Lagrangian tori

Throughout this section we consider solutions of the equivariant mean curvature
flow of the form F': S! x S™7! x [0,T) — R?™, generated by the family of
profile curves

z = (u,v): S' x [0,T) — R* - {(0,0)},

where 7' is the maximal time of existence of (MCF). Recall that while /" evolves
by the (MCF), the corresponding profile curve evolves by

0z

—=(k—-—(m—-1 .

5 = k= JIIS

Perhaps the maximal time of existence of (ECSF) may be larger than the maximal
time 7" of (MCF). Let us investigate this question in more detail.

Lemma 6.2.1. Let z: S' x [0,T) — R? — {(0,0)} be a closed curve evolving
under (ECSF), where 'T" is the maximal time of existence of (MCF). As t tends
toT, we have

limsup ||k|| =00 or liminfr =0.
=T t—T

Moreover, if m > 1 and there exists Toyigin € (0,T'] such that

liminfr = 0,
tHTorigin

then Torigin =T.
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Chapter 6 6.2. Singularities of equivariant Lagrangian tori

Proof. From Lemma 3.1.2 we have
|A|]? = k* + 3(m — 1)p°.

Hence, we approach the maximal time of existence 7" if k? tends to infinity or if
p? tends to infinity. We will show that p? tends to infinity if and only if 7 tends
to zero. Suppose that

liminfr = 0.

t—Torigin
Consider the function R: [0, Tirign) — R given by R(t) = min,es: r(z,t).
Because r is a continuous function, for each ¢ there exists z; € S! such that
R(t) = r(x,t). By our assumption, there exists a sequence {(z;, t;) }ien such
that

R(t;) = r(x;,t;) = minr(x;,t;) — 0.
z€eSt

Because z; is a minimum point of 7( -, ;) we have
0=r2(zyt;) =1 — 0* (x4, 1)

from where it follows that ¢?(x;, t;) = 1. Therefore,

2
Plmt) = QZEZ: o R?lw B
Consequently,
| Al12(zs,t;) > 3(m — 1)p*(xi, ;) — oo.
Thus, Tyrigin = T', and this completes the proof. O

In view of the last lemma, we distinguish the following three cases:
Cy. limsup, . ||k]| = 00 and liminf, 77 = 0.
Cy. limsup, . ||k|| =00 and liminf,_,7r > 0.
Cs. limsup,_, ||k|| < oo and liminf,7r = 0.

Singularities of type C'5 are called fake singularities because (ECSF) might still
exist beyond time 7". However, the existence of fake singularities is still unclear,
since the curvature k£ may tend to infinity while r approaches zero.
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(@i ti)

L]
o Y"
20, 4\ _ R |A\2(zi,ii)~>oo
PEat) = L R 7

singularity formation

Figure 6.1: Conical singularity forming at the origin.
6.3 Star-shaped equivariant Lagrangians

In this section we investigate equivariant Lagrangians that are star-shaped with
respect to the origin.

Theorem 6.3.1. Let F': S' x S™ 1 x 0,T) — R?™, withm > 2, be a smooth
solution of (MCF), with corresponding profile curves

z: S'x [0,T) — R* - {(0,0)},
where T' is the maximal time of existence of (MCF). Suppose that the initial
curve zy is star-shaped. Then:
1. The evolved profile curves remain star-shaped as long as a smooth solution
of (MCF) exists in R? — {(0,0)}.
2. The first singularity occurs at the origin, that is,

liminfr = 0.
t—T

Proof. With the choice of £ pointing toward the interior of the curve, the curve
z is star-shaped with respect to the origin if and only if
(2,€)

0= < 0.
,

1. We have to show that p stays negative for all times ¢ € [0, 7). In other words
we will prove that, if o(z,0) < 0, for all z € S!, then

o(z,t) <0, forall (x,t) € S* x [0,T).
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Chapter 6 6.3. Star-shaped equivariant Lagrangians

By compactness and continuity, there exists ¢ > 0 such that
o(z,t) <0, forall (z,t) € S' x [0,¢).

Suppose to the contrary that there exists a first time ¢, € [0,7) such that
o(x,t) < 0 forall (z,t) € S* x [0,¢,) and

o(zo,tg) =0, for some zy € S'.

Let us fix a positive time 0 < ¢, < to. Then on S! x [0, ¢,] we have:

2m 0\ 2
« 1% is bounded,
r

2m 2
T T
Then, from Lemma 6.1.8, we obtain

Oo To

Qt_gaaz(m_]-) +>\Q
Consider the ODE,
y'(t) = Ay(t)
{ y(0) = maxes: o(x,0) < 0. ()

Solving the ODE, we have
y(t) = e y(0).
From the comparison maximum principle we get
o(x,t) < y(t) = e y(0)
and so
o(z,t,) < e y(0).
Passing to the limit as ¢, tends to t;, we get
oz, ty) < e y(0).
Evaluating at x = x(, we find
o(x0, ty) < X y(0) <0,

which contradicts our assumption.
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2. To show that r — 0 as ¢ — T', we need a better estimate for p.

Claim I: For any n > 2, there exists a constant ,, > 0 such that
Tﬁn Q S —&n

holds as long as a smooth solution of (MCF) exists in R? — {(0,0)}.

Proof of claim I: Consider the function
g=r"e

Then

—n —_n

By =—nr " trpo4+1r"0 and B, = —nr " lroo+r "0, (6.9)

Differentiating once more we get

n

Boo =n(n+1)r " 2120 —nr " 0 + 1" 050 — 200" 4 04

Therefore, taking the difference we get

Bt - 600 = —’I'LT'_n_1Q<Tt - TO'O') + r_n(gt - QJU)

—n(n+ 1)7”’"’27'2@ +2nr ", 0,

Using the formulas for r,, 0, and the evolutions of  and o, we get

BoTo

r

Bt — Bog = (m —1+2n) (6.10)

2

+6{(n2 —2n — 2m)1 ;2Q + T;—T + <k + 5)2}

We will show that 3 cannot admit an increasing negative maximum. Note that
the function

B(t) = max 5(z, 1) = Bz, 1),

zeS!t

is Lipschitz and so almost everywhere smooth. At a (smooth) minimum point
of 3, we have

0=08,=—-nr ""‘roo+r "o, = —r‘”ra{k +(n+ l)g}.
r
Case 1: At the (smooth) maximum point of 3 we have r, = 0. In this case
o = —1. Thus,

&Sﬁ{i—?+<k+%)2}<o
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Case 2: At the (smooth) minimum point of 5 we have

0

k=— 1)=.
(n+1)2

In this case we have
1—0> nm 0°
5t§ﬁ{(n2—2n—2m) 2 +T—2+”2ﬁ}
n—2)(n+m n—+m
_p{ln=Aerm) nm gy
r r

< 0.

In each case, the minimum of /3 is non-decreasing. This completes the proof
of the Claim I. ®

Claim II: The distance function r tends to zero as time t approaches T the
maximal time of existence.

Proof of claim 1I: We argue by contradiction. Assume to the contrary that

liminfr > 0,
t—=T

and we will show that ||%|| is uniformly bounded in time. This implies that
|A||? is uniformly bounded in time, contradicting the definition of 7. To
achieve this, we proceed as follows. Let a be defined by

(2,€)

cos(a) = o= :
T

We seek a smooth negative function f(a) < —e, where € is a sufficiently
small positive constant, such that

9= fla)h
is uniformly bounded.

Step 1: Evolution equation of the angle function a = arccos(p).

We compute

Ot _ Qo
—— and a4, = —————.
V31— 0? 1 —?

Differentiating once more we get

ay = —

Ovo 00>

Ago T
Vi (1-0%)2
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Subtracting, we get

0t — Qoo QQ?;
(1-02): (1-0?):

Using the formulas for o2, r2, and the evolution equation of ¢ from Lemma
6.1.8 we get

1
at—awzmT<k;+§>\/1—gz—l—2mr—Q2\/1—92.

Step 2: Evolution equation of the function g = f(a)h.

Gy — Qoo = —

We compute
g: = flash + fhy and g, = flazh + fhy. (6.11)
Differentiating once more we get
= f"a2h + flageh + 2f aghy + fhes.
Therefore, by taking the difference, we get
9t = Goo = ['Mar — aoo) + f(hs = hoo) — f"azh — 2f'ash,

Replacing the evolution equations of a and i and using the identities satisfied
by the gradients of these functions, we find

Gt — Yoo = m—_1fh(,71,—2]‘“’(10h(7
+o{K+ 75 g —1)}+g—f7,<k:—|— VI
+g2_mf?'g e —g];”(k—l— ) . (6.12)

We have to explore the nature of the first two terms in the equality above.
From (6.11) we get

-1 -1 —17f
B fhyry = g, — g L<k+ g) 1—g?
r r r f r

and .

—2f'hpa, = zégaaﬁzg(f;’) (k+2)"
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Therefore,

—1 —1 —17f
m—chTJ - QfIhO'a’O' = m—gara - gm—i <k + Q) 1-— 92
r r r f r

—2f7/ggag + 2g<f?/>2 (k + g)g

Consequently, (6.12) becomes

r f
m— 1 2m f’

+g{k2+ 2 (2@2—1)+T—2?Q 1—p2

+ (2(“’%)2—%) <k+§)2}. (6.13)

Step 3: Arriving at a contradiction.

9t — Yoo = (m_]-)

Since we want to show that g is bounded, above and below, let us consider
g=9q.
Differentiating with respect to ¢ and o respectively, we have
9 =299, o =299, and Joy = 295 + 29Goo.
Taking the difference, we have
9t = Yoo = 29(9: = Goo) — 295

from where we see that

o= Gon < s - 2227,
+2§{k2+mT—;1(292—1)+i—Tf7/9 1 — p?
(YD) 2
Set
A = k2+mr—;1(292—1)+2r—21f7lg 1—p?
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The goal is to estimate A from above, provided that 7 stays bounded away
from zero. Since k2 is nonnegative, the only way to achieve this is to choose

f such that
7\ 2 7
2 (L> - f_ S _N27
f f
with ;o > 1. The solution of the ODE

1S

1
fla) = cos(pa)
So a natural choice for f is
1
f(a) - Cos(lua)v

for an appropriate ;¢ > 1. To satisfy our assumptions, we first show that there
exists ;¢ > 1 such that
cos(pa) < —e < 0.

Indeed, since the evolving curves do not approach the origin, the continuous
function 7 attains a positive minimum 7. Using Claim [ with n = 2, we
obtain the existence of a constant €5 > 0 such that p < —e97? from where
we see that

cos(a) < —eor? < —gorp = 4.

Since 0 < —6 < 0, we have
a = arccos(p) € [ag, 7,
where

ag = arccos(—0) > g

Choose i > 1 sufficiently close to 1 so that um < 37/2. Then

c T 37
a —_— —
a 2° 2

for all a € [ag, 7]. Consequently,
cos(pa) < —e <0

for some constant € > 0 which proves our assertion.
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With this choice of f, the quantity A becomes

m—1

g2 2 4y 2 0 2
A=k + = (20°—=1)—p <k+r>
2my sin(pa)

1 — 2
r2 cos(pa) ¢

2
0 0 m—1
= k% — 2K+ Z/ﬁk; — ;fﬁ +— (20 — 1)

2my sin(pa) 7

r2 cos(pa)
In the sequel we will use repeatedly the Peter-Paul inequality,

2
200 < a—+5ﬁ2.
€

Hence,

2 2
—1
ASkQ—M2k2+€k2+QT—/L2Q—2+m2 (20 — 1)
rie r r

2myuy sin(pa) T

r2 cos(ua)
Choosing ¢ sufficiently small and using the facts that r > 7, > 0 and
cos(pa) < —e1 < 0, we deduce that there exist ju1, pi2 > 0 such that

A< (1= + )k + po < —puk? + pa < po.
Therefore,
m — 1 -~ 2 fO’
9oTo — 24—
f
From the parabolic maximum principle, it follows that there exists a constant
¢ > 0 such that g < c. Hence,

h* < ccos?(pa) < c.

gt - goa S gcr + 2M2§

Since,
h=Fk—(m-— 1)§
r

and r > ro > 0 it follows that |k| is uniformly bounded. But in this case
| A||? does not explode which contradicts the definition of the maximal time
of existence.

Consequently, 7 must tend to zero, and this completes the proof. 0
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In the previous theorem we showed that a star-shaped curve with respect to the
origin develops a singularity at the origin. In some cases it may develop a Type |
singularity, while in other situations it forms a Type Il singularity. Let us illustrate
this with two examples.

Example 6.3.2. Consider the equivariant Lagrangian submanifold generated by
the profile curve
20(s) = (cos(s), sin(s)).
The submanifold is parametrized by the embedding
Fp: S' x St = R*
given by
Fy(s,x) = (cos(s) cos(x), cos(s) sin(x), sin(s) cos(z), sin(s) sin(x)),

whose image is the Clifford torus. We expect that the evolution of z; under
(ECSF) is of the form

z(s,t) = R(t)(cos(s),sin(s)),

where R is a function to be determined. Note that

_ RIS 1
§ = —2o, p= EBE =R and k= 7

Then equation (ECSF) becomes

0z 2
— = (k— = ——2p.
ot~ k—pE=—p
On the other hand, 5
z
E = R,Zo.

Hence, combining the two formulas above, we obtain
R(t) =+/1—4t, forall t € (—o0,1/4).
Thus,
2(s,t) = V1 — 4t (cos(s), sin(s)), for all (s,t) € S' x (—00,1/4).

In this case, the evolved Lagrangian submanifolds are self-similar solutions of
the mean curvature flow (MCF), namely self-shrinkers evolving by homotheties.
Consequently, the singularity is of Type L.
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Example 6.3.3. Consider the ellipse
2?2
Cop = {(x,y) € R%: ﬁ—i_ =i 1}.
According to a result of Neves [34-36], for a sufficiently large and b sufficiently

small, the equivariant Lagrangian generated by the curve C, ; develops a Type 11
singularity at the origin; see the figure below.

Figure 6.2: Type II singularity formation.

6.4 Evolution of tamed Lagrangians

In this section we deal with closed curves z = u + iv: S' — C — {0} with

h=Fk—(m—1)2>0.
r
Recall that such curves are called tamed curves. The goal is to give a proof of

the following Theorem.

Theorem 6.4.1. Let Fy: S' x S™~! — C™ be an equivariant Lagrangian. If
the profile curve generating F is closed, embedded, tamed, does not contain
the origin, then the evolved submanifolds F;(S' x S™') under the (MCF)
converges to a sphere of dimension m — 1 as time t goes to 'I'. Moreover, the
singular time is determined by

Ag
T=—
27

where Ay is the area enclosed by the initial curve.
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Proof. In Chapter 3, we proved that the initial curve is contained in a region R,
enclosed by the profile curve of a Lagrangian catenoid that does not contain the
origin. By the maximum principle, the evolved profile curves remain embedded
and trapped inside the region . In particular, the singularity forms away from
the origin. We complete the proof in seven steps.

Step 1: The enclosed areas of the evolved curves satisfy:

dA
Lo hdp=—2
dt /Sl pe=

and

Indeed, by Green’s theorem, we have

1
A=—§/Sl<z,€>du-

The minus sign in front of the integral appears because the normal & is chosen to
point inward. Differentiating, we obtain

dA  1d 1

d
I o@ Sl<Za§>d = —5/81 %(<Z7§>du)

1 1 1
= ——/ hdu+—/ hg(z,T)d;H——/ hk{z,&)du.  (6.14)
2 St 2 St 2 St

Let us compute the second integral in the last equality. Integration by parts, yields

1 1 1
—/ hg<z,7')d,u:——/ hd,u——/ hk{z, &)dpu.
2 Jo 2 Jo 2 Jo

aA [ [ [ (2,€)
e hdp=— | kdu+(m—1 d
gt = Jo = ke n= L) s e

= —27rot(z) + 2mw(m — 1) windg(2)
= —2m.

Hence,

Integrating, we get

which proofs our assertion.
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Step 2: The positivity of h is preserved under the flow.

Indeed, from Lemma 6.1.9 the function /A evolves under (ECSF) by

"o - 1)

Since the evolved curves lie inside the region bounded by the profile curve of a
Lagrangian catenoid, we have that

hy — hyy = (m—1)h:f" +h{k2+

min 7 > rg > 0.
Stx[0,T)

We have to show that h stays positive for all times ¢ € [0, 7). By compactness
and continuity, there exists € > ( such that

h(z,t) >0, forall (x,t)€S'x|[0,¢).
Suppose to the contrary that there exists a first time to € [0,T") such that
* h(z,t) >0, forall (z,t) € S' x [0,4),

* h(xg,tg) =0, forsome x4 € St

On the set S' x [0, ¢o] the functions || A||, ¢ and 7 are bounded. Consequently, k&
is also bounded. Hence, there exists a real number A € R such that

1
. k2+m—(292—1)2A,
0

.
is bounded,
r

. h{k2 + mT_l(QQQ - 1)} > h.

Then,

h’CT ag
he — Ah > (m — 1)~22 4 b,
r
Consider the ODE,

y =My,
y(0) = mingegt h(x,0) > 0.
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From the parabolic comparison principle, we get
h(z,t) > y(t) = y(0)eM, forevery (z,t) € S' x [0,1).

Therefore,
0 = h(wo,to) > y(0)eM >0,

which is a contradiction. Consequently, such a ¢y does not exist and the positivity
of h is preserved under the flow on ¢ € [0, 7).

Step 3: Derivation of a good test function.

We proceed arguing by contradiction. Suppose that the area enclosed by the
curves does not tend to zeroas t — T, i.e.,

Area(t) A0, ast—T.

Define the quantity

h
E= =,
p—p
where § = —r"™p and B is a time-independent smooth function to be specified

shortly. Recall from the discussion in Chapter 3, the function S is minus the
(unnormalized) support function of the curve

woz=2z"

Since 2™ is strictly convex, it follows that 3 is positive. Because the area of the
regions enclosed by the sequence { 2" };c[0,7) does not tend to zero, by Blaschke’s
selection theorem (see for example [45]), the convex curves {z" }icpo,r) sub-
converge, in the Hausdorff sense, to a compact convex set K, with non-empty
interior. Therefore, there exist R > 0 and vy, € R? such that

BR(yO) C ll’lt(Koo)

Let B denote the support function of the circle dBg(yo). Since the inclusion is
strict, there exists € > 0 such that the support function (3., of K, satisfies

/BOO_/@Z2E'

On the other hand, Hausdorff convergence of convex curves is equivalent to the
uniform convergence of their support functions; see for example [45]. Hence

B(-,t) = P, uniformlyas t— T.
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Therefore, for all ¢ sufficiently close to 7', we have that

‘5(7t) - ﬁoo‘ <e.

Consequently,
B=B2pf—B-cze>0.

Hence, after restricting to times sufficiently close to 7', we obtain
B — B >e>0.
As a matter of fact, we have
B(z) = R + ay cos(z) + assin(z).

Let us reparametrize the above circle C' using an appropriate time dependent
function 6(o, t). Then, it support function becomes

B(0,t) = R+ ay cos(A(0, 1)) + oz sin(0(a, ),

where 6 is a smooth function to be determined later.

Differentiating £ with respect to ¢ and o, respectively, we obtain

~ N

ht h(ﬁt - 5) and Ea _ hcr _ h (ﬁa - Bcr)

T B-8 (B-pp B—B (B-pB?

Differentiating once more with respect to o, we get

t

_ hor 2ho(Br = Bo)  WlBor = Bao) 208 = B0)*
B-5  (B-P)? (8- B)? (8- B)?

Taking the difference, we have

ht - h(fo' . hﬂt - ﬁa’o

ago

E,—-FE,, = ~ -
B85 (BB A
+2ha(ﬁa - /BUA) B hﬁoa + 2h<ﬁo _Aﬁa>2 .
(8 —pB)? (8—p5)
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From Lemma 6.1.9, we get

Et—EUU:{m_lraJrzB"_f}Ea
r B—p5
+{ L | Bi=ber P }h3 (6.15)
B—p RHB—-PB)? (B-P)?
+2{—(m—1)g+mrm_1A} hQA
r B—=p) B—p
+{(m2_1)g_2_m—1_m—1ﬁgra} hw
p—p5

r? 72 r B—3
Difterentiating the function B with respect to ¢ and o, respectively, we have
By = —ay sin(f) 0, + a cos(6) 0y,

and

Ba = —ay sin(0) 0, + oy cos(0) 6.
Differentiating once more with respect to o, we obtain
Byo = —avy cos(0) 62 — vy sin(0) 0,5 — ag sin(6) 62 + vz c08(0) Oy
Therefore, the support function B evolves in time under the equation
By — Boo = (—ay sin(0) + as cos(0))(0; — ys) + 02 (a1 cos(B) + ay sin(h))
= (—ay sin(0) + az cos(9))(0; — b,,) + (6 — R) 6>, (6.16)

Step 4: Selection of a good function 6.

In order to eliminate h? appearing in the denominator of the term

/Bt - ﬁoa
in (6.15), it is natural to choose a function € satisfying
0, = h.

Due to Lemma 2.2.7, at least locally, such a function exists. We now make this
more precise. Let us write in polar coordinates

z=re? and 2z, = e,
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where
¢ = arg(7)
and « is the tangential angle of the curve. From classical differential geometry
(see for example [14]), we know that
oy = k.
Differentiating z, we obtain
Zy = 1€ + i e’ = ' (ry +irg,).

Hence, .
Im(e ™ z,)  Im(zz,) 0

¢U: = B = —;

T r

Consequently, the function
0=a+(m-—1)¢
has the property
0, =k—(m—1)2=h (6.17)
r

The function 6 is referred to the bibliography as the Lagrangian angle of the
equivariant Lagrangian submanifolds.

Step 5: Evolution equation of 6.

It remains to compute the evolution of #. But this is easy since we can follow the
same lines as above to get
Im(e~" 2 Im(e~® Im(z Ty

r r r2 r

and A
oy = Im(e7(2,)y) = Im(Z5 hg €) = hy.

Therefore, using the above identities and (6.17), we obtain

oh oh
Qt:hg—l-(m—l)%:am—l-(m—l)%,

or, equivalently,

h
0, — 0,5 = (m—1) 2"

r
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Chapter 6 6.4. Evolution of tamed Lagrangians

Step 6: The area of the enclosed curves tends to zero as t tends to T.

Plugging in (6.16), we get

By = Bye = (B — R) W% + (m — 1) (—ay sin(f) + oz cos(6)) % (6.18)

In view of (6.18), we can arrange the terms in (6.15) and rewrite the equation in

the form
_1 O'_AO'
Et—EM:{m Y A}EU

r B—p
+{ L (PR __F }h3
B-=p (B-82 (B-8)?
+2{—(m—1)g+meIA} -
r p—-p)p—p
9 0 m-—1 h
+{(m )5 - }ﬁ—B' (6.19)
Hence, (6.19) can be written in the form
E, — E,, = {bounded terms} F, — R—h?i
(B—p)?

+{bounded terms} h? + {bounded terms} .  (6.20)

We claim that £’ is bounded above. Suppose, to the contrary that max £/ — oo.
Since A
B - ﬂ Z € > Oa

it follows that h — oo. However, along such a sequence, (6.20) implies that
max [ is non-increasing, a contradiction. Hence, there exists a constant ¢ such

that
h

B—p

<g
from where it follows that
h<c(f—B) < .

Therefore, h is bounded. This contradicts the definition of the maximal time of
existence. Consequently, the enclosed area must tend to zero.
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Step 7: Final step.

Now there are two options. Either {2} }+c[o,r) converges to a point or to a line.
We claim that the second possibility cannot occur. Indeed, by Lemma 3.4.4, the
curvature of 2/ is given by

h

m|Z|m—1 ’

kfzm -

By Steps 2 and 6, there exists a constant ¢ > 0 such that h > ¢ for all sufficiently
large times. Moreover, since the profile curves remain trapped away from the
origin, there exists 7o > 0 such that |z| > rq. Therefore,

c

kzm Z mr(;m_l > 0.
Consequently, the curvature of 2;" is uniformly bounded from below by a positive
constant. On the other hand, if 2]"* converged to a line segment, then its curvature
would converge uniformly to zero. This contradicts the above estimate. Thus,
2y cannot converge to a line segment. Therefore, ;" must converge to a point.
Since 2;"* converges to a point, the enclosed area tends to zero. Hence the original

equivariant Lagrangians shrink to a point, which completes the proof. U

6.5 Singularities of Whitney spheres

In this section, we describe the main ideas of the proof of the following theorem,
due to Savas-Halilaj and Smoczyk [43].

Theorem 6.5.1. Let F}, : S™ — R?>™, m > 1, be an equivariant Lagrangian
immersion satisfying
Ric(go0) > ¢ || Foll*go,

for some constant ¢ > 0. Then along the flow one has
Ric(g:) > €||Ft||2gt7

for auniform constant £ > 0. Moreover, the flow develops a Type Il singularity
whose blow-up limit is given by the product of a grim reaper curve and a flat
(m — 1)-dimensional Lagrangian subspace in R*™~2,
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Proof: Let us briefly discuss the main steps of the proof following [43]. That the
singularity is of Type II follows by a deep result due to Neves [36].

Step 1: Preservation of the pinching condition.
According to Lemma 3.2.5 it sufficies to prove that the conditions

max rlp<—e, <0 and 1}1_1(1)1(/{: +p)rt>e >0,

are preserved under the evolution. To achieve this goal, for any o € R, we set:
Pa =777 ha =171 go = ho +mpy = (k+p)rT Y

Using Lemmas 6.1.6, 6.1.8, and 6.1.9, (6.7), (6.9) and (6.10), it follows that the
functions p,, ha, and ¢, satisfy the following evolution equations:

(Pa)t = (Pa)oo + (20 +m +1)(pa)o(logT)s — 2(ga + 2pa)(log T)?r
+pa{ala+m)(logr), +m(a+2)p* + (k+p)’},  (621)
(ha)t = (ha)oo + 2a+m + 1)(hy)s(logr), — 2phq,
+ho{a(a +m)(logr)2 + m(a+ 2)p* + (k +p)*}, (6.22)
(¢0)i = (qa)oo + (20 +m + 1)(¢a)o(logr),
+H{(alar+m) — 2m)ga — dmp. } (logr);
+qo{m(a+2)p* + (k + p)* — 2ph}. (6.23)
Lemma 6.5.2. Assume that m > 2.
1. Suppose sup,_or'p < 0. Then Sup;_;, P is attained for any o > 0 and
any tg € [0,T). Moreover,

max < max p,.
plari Pa > na Pa

2. Suppose infi_gr—'h > 0. Then inf,—y, h, is attained for any o > 0 and
any tg € [0,T). Furthermore,

min h, > min h,,.
t=to t=0

3. Suppose sup,_,r~'p < 0 and inf,_o(k + p)r—' > 0. Then sup,_,, po and
infi_, qo are attained for any o > 0 and any time t, € [0,T"). Additionally,

min ¢, > min { min —2max .
min g, > { min go, ~2max p, f
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Proof. Since m > 1, from the conclusions of Chapter 3, it follows that for all
t € [0, T) the profile curves are given by point-symmetric maps z : [—7, 7| — C
such that

z10) = {—x,0,7}.

In particular, locally around each of the zeros of 2 we can introduce a signed
distance function r and consequently from the real analyticity of z we get a Taylor
expansion of p, k, h in terms of r at these points.

1. By assumption
supr~p < 0.
t=0

Therefore, the first coefficient c; in the Taylor expansion

o0
p(r) = Z Czerrl?”QnJrl
n=0

of p is negative. Since the coefficients smoothly depend on ¢ and o > 0,
the function p, will tend to —oo at points on the curve with r = () on some
maximal time interval [0, A) where 0 < A\ < T'. Therefore, forany ¢y € [0, \)
the supremum sup,_, p. will be attained at some point sy with r(so) > 0.
Note that at such a point we get

0= (pa)o(s0) = —{da(s0) + (2 + @)pa(s0) } (log 7)o (s0)-

Consequently at sy we have

0={ga+ (24 @)pa}(logr)? and (pa)os(se) <O0.

Therefore, from (6.21) that at s, it holds
(Pa)t < pa{oz(oz +m + 2)(logr)? +m(a +2)p* + (k +p)2}.

Thus, the function p,, cannot admit a negative maximum that is increasing in
time. Consequently,

Sup po, < maxp, < 0.

0.0) t=0
Since this holds for any o > 0, we may let « tend to zero and obtain that the
first coefficient c; in the Taylor expansion of p is non-increasing in time and
hence strictly negative for all £. In particular A must coincide with 7" and our
estimate holds for all ¢ty < 7T
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2. Similarly as above, from the assumption o > 0 and inf,—g7~'h > 0, we
conclude that the function A, will tend to 400 at points on the curve with
r = 0 on some maximal time interval [0, \) where 0 < A < T'. In addition
for any ¢ty € [0, \) the infimum inf;_;, h,, will be attained at some point sg
with (sg) > 0. Observe that 2phq, = 2p(k + p)h, and

m(a+2)p° + (k+p)> = 2p(k +p) = k* + (m(a +2) — 1)p°.
Then from (6.22) we deduce that at a minimum sq of h,, we have
(ha)e = ha{a(a +m)(logr); + & + (m(a +2) — 1)p*}.

Therefore h,, cannot attain a decreasing positive minimum at points where
r > 0. The rest of the proof is the same as in the first part.

3. First note that

m(a+2)p° + (k+ p)? — 2ph = (m(a +4) — 1)p° + k* > 0.
Taking into account the conclusions of the first part, we get that

(a(a +m) — 2m) mingq, — 4mp, > —2m(min g, + 2 max p,,).

t=to t=to t=0
So, if min;—;, q, 1s positive but smaller than —2 max;—¢ p,, then the minimum
cannot be decreasing. Moreover, when p < 0, we have
k+p>k+ 3p.

Consequently, we obtain the desired lower bound for the minimum of q,,.

This completes the proof. U

For a = 0, Lemma 3.2.5 and Lemma 6.5.2 imply the following estimate on the
Ricci curvature.

Lemma 6.5.3. Let F: S™ — C™, m > 1, be an equivariant Lagrangian
immersion such that the Ricci curvature satisfies Ric > cr’g, where c is a
positive constant. Then for all ty € [0,T) we have
supr 'p<supr'p<0 and infr '(k-+p)>infr(k+p) > 0.
t=to t=0 t=to =0
In particular the Ricci curvature of the Lagrangian submanifolds evolving

under the mean curvature flow satisfies Ric > er?g, with a positive constant
€ not depending on t.
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Step 2: Behaviour of the angle functions.

Recall that the profile curve z: [—m, 1] — C of a Lagrangian sphere is point
symmetric with respect to the origin. So it can be divided into the union of the
two arcs

ve = 2([0,7]) and  — 7 = z([=7,0)).

It is clear that it is sufficient to study one of these arcs under the equivariant curve
shortening flow.

Let g denote the angle between the (outer) unit normal v of 7, at s = 0 and
the unit vector e; = (1,0). Without loss of generality we may assume that
ap € (0,7/2). Additionally, after rotating the curve we can assume without
loss of generality that z(s) = (x(s),y(s)) satisfies 2(s) < 0 and y(s) > 0
for sufficiently small s > 0. Throughout this text we will always make this
assumption. The arc v, then starts and ends at the origin and is nonzero elsewhere.
It does not have to be embedded and it might wind around the origin, e.g. the arc
in Figure 6.3 generates a profile curve of an immersed Lagrangian sphere.

Figure 6.3: The arcs +y,. Figure taken from [43].

For any s € [0, 71|, define the Umlaufwinkel by

a(s) = ag +/ kdp,
0

see Figure 6.4. Then for all s € [0, 7| the function v measures the angle between
the (outer) unit normal v and e; modulo some integer multiple of 27.
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Similarly we define the polar angle by

¢(s) = ¢o — /0 pdp, (6.24)

where

¢o = o + /2,
see Figure 6.4. For any s € [0, 7], the number ¢(s) is the angle between e,
and the normalized position vector z(s)/r(s), again up to some integer multiple
of 2. For s — 0 the normalized position vector converges to the unit tangent
vector T at s = 0.

In addition we define
f=0¢—a
Then up to multiples of 27 the angle [ is the angle between the unit normal v

and the normalized position vector z /7, i.e., cos f = rp = p, see Figure 6.4. In
particular

Figure 6.4: The angles «, 3 and ¢. Figure taken from [43].

The condition £ > 0 implies that the Umlaufwinkel « is a strictly increasing
function in s. The polar angle ¢ is strictly increasing, if p < 0. In view of

b=¢—a, da=kdy and d¢ = —pdu

we conclude that the condition k& 4 p > 0 implies that /3 is strictly decreasing in
5. From this, Lemma 3.2.5 and Lemma 6.5.2 we conclude the following result.
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Lemma 6.54. Let F;y : S™ — C™, m > 1, be an equivariant Lagrangian
immersion such that the Ricci curvature satisfies Ric > cr’g, where c is a
positive constant. Then, under the (ECSF), the angles o and ¢ remain strictly
increasing functions on [0, 7| for all t € [0,T), whereas the angle [ stays
strictly decreasing on [0, 7.
The following lemma plays a crucial role in the next step.
Lemma 6.5.5. Let z : [0,00) — C be a real analytic curve, parametrized by
arc length o such that

2(00=0, k>-p>0 and / p(o)do > —o0.

0

Then p =0 and z is a ray.
Proof. Asin (6.24) let

o0) = tn— | " p(o)do

be the polar angle and define

boo = o — /0 p(o)do.

Since p < 0, the function ¢ is an increasing function.
We will show ¢ = ¢, hence p = 0. We distinguish two cases.

Case 1: Suppose there exists 0y € [0, 00) such that ¢(cy) = @oo. Then from the
monotonicity of ¢ we get ¢(0) = ¢ forall o > o and then the real analyticity
implies ¢(0) = ¢ forall o € [0, 00). But then ¢g = ¢, and p = 0.

Case 2: In this case we have ¢(0) < ¢ for every o € [0,00). Since ¢ is
monotone and bounded, there exists o € [0, 00) such that the curve 2|, o) can
be represented as a graph over the flat line passing through the origin in direction
of v = (CoS (oo, SiN P, ). After a rotation around the origin we may assume
without loss of generality that ¢, = 7 such that z|[,, ) can be represented as
the graph of a real analytic function y : (—00, so] — R, sg < 0, where y is a
strictly decreasing concave function, because k > —p > 0; see Figure 6.5.
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On the interval (—o0, so] the function cos 3 = —rp, is given by

sy’ —y ‘
VI ()2 (2 + )

Since ¥ < 0,s < 0and (sy’ —y)' = sy” > 0, by integrating we conclude that
for s < sy we must have

cos 3 =

y(s) > yiS) n SO?J,(SO)S_ ﬁU(SO). (6.25)

Since 4/ < 0 and y” < 0 we observe that

a= lim y'(s)
S5——00

exists and is non-positive. From inequality (6.25) we conclude that

a > lim _y(s)‘
s——o00 8

Now, for A < s, let
e(s) = y'(N)s +b(A)

be the tangent line to the graph of the function y passing through the point z(\) =
(X, y(X)); see Figure 6.5.

e(s) = ' (\)s + b(A)

Figure 6.5: The angle (5. Figure taken from [43].

Since y is concave we derive y(s) < €(s), for all s < sq. Therefore we obtain

the estimate B
y(s) >y'(\) + Q, forall s < \. (6.26)
s s
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Passing to the limit we obtain that

lim y(s) >y (N).
S——00 S
Since the above inequality holds for any A < sy we may let A tend to —oo which
implies
y(s) o

lim
s——o00 8

a.

Thus we have shown

lim (y'(s) —y(s)/s) =0

S§—>—00

and this yields
lim cos3(s) = 0.
S——00

We will now see that this implies that cos 5 = 0 on the whole curve z. First
note that the graphical property implies that for sufficiently large o the distance
function 7 is a strictly increasing function in terms of the arc length parameter o,
so that 7/ = r,. Since

(cos ) = —(rp) = =o' = (k+p)r' >0

we conclude that the function cos [ is increasing for sufficiently large 0. Because
cos f = —rp > 0 and lim,_,, cos 3(0) = 0, this implies cos f(c) = 0 for all
sufficiently large o and then the real analyticity also implies the same for all
o € [0,00). Hence p = 0 and ¢ = ¢y as claimed. O

Step 3: Rescaling the singularity.

Set a; = maxgm o] ||All, where {#;}jen is an increasing sequence such that
t; — T. Following Theorem 5.2.1 and Remark 5.2.1, take a sequence {z; }jen
in S™ such that

1Al (x5, 85) = aj.

Let
Fi(z,\) = a; (F(a:, )\/a? +t;) — F(xj,tj))

be the rescaled Lagrangian spheres and denote the distance between the rescaled
blow-up point (the origin) and the rescaled intersection point —a; F'(z;,t;) by

r; = a;r(x;,t;).
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Claim: It holds limsup;_, . 7; = 00.

Proof of claim: Suppose to the contrary that

limsupr; = ro < 00.
J]—00
Then, from Theorem 5.2.1, we obtain an eternal (ECSF) F,, generated by limit
profile curves z,.: M, — C, where here M, is a 1-dimensional complete
pointed Riemannian manifold. Because the map F,, is an eternal solution and
eternal solutions in R?™ are known to be non-compact, M, is diffeomorphic to
R. The limit profile curves z,, evolve again by an equivariant curve shortening
flow with a different center, which without loss of generality can be assumed to
be the origin. Because k£ and p have the same scaling behavior, the limit flow
still satisfies
rk > —rp > 0.

For any fixed time A € R there exists a local parametrization of z., (Mo X {A})
by a real analytic arc z : [0, 00) — C, parametrized by arc length o such that

2(00=0, k>-p>0 and k#0,
because
JA]? = k% + 3(m — 1)p*.

Moreover, since by Lemma 6.5.4 the opening angle is decreasing, we conclude
that

[e.9]

/p(a)da > —00.

Applying Lemma 6.5.5 and using the point-symmetry we get that 2. (Mo, X {A})
must be straight line, which is a contradiction. This proves the claim. ®

Instead of taking a blow-up sequence for F' we may, equivalently, consider a
blow-up sequence for the corresponding profile curves z. Therefore consider a
sequence of points {s;} ey in S* such that

(k2 + (m — 1)p2)(sj,tj) = ajz.
Following the statements of Theorem 5.2.1, let us define the family of curves
zi:S'x [L;,R;) = C, j€EN,
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given by
2i(8,A) = za(s) = a; (2(s, Maf +1;) —75),
where
Lj=—djt;, Rj=a}(T—t;) and ~; = z(s; ;).

One can easily verify that the curves {2 };en evolve by the equation
dz. . e
@z _ ki — (m—1) (2; + a7, &) £,
dA ’Zj + ;75 ’2
where
ki(s,A) = a; 'k(s, \/a; + t;)

is the signed curvature and

fj(& )‘) = 5(3’ )‘/aj2 + tj)

is the inner unit normal of the rescaled curve z; \ at s. Note that with the notation
from above we have

T = aj|v;| = a;r(sj,t;).

From Cauchy-Schwarz’ inequality we obtain

(2 +a;7%,&) 1
2+ al* | 7 |z + a4yl
For large r; we can thus estimate
(2 + a;75, &) 1
2+ a;ul* | T =1zl

So for each s € S' where z;(s, \) converges as j — 0o we conclude that

. (zj +a7,&5)
i=oe |z + agy;)?

=0.

Since the intersection point after rescaling tends to infinity, this and the point-
symmetry show that the limiting flow 2., in this case is an eternal and weakly
convex non-flat solution of the curve shortening flow. It is well known by results
of Altschuler [1] and Hamilton [19] that such a solution is a grim reaper. It is
clear that the parabolic rescaling of the Lagrangian spheres then converge in the
Cheeger-Gromov sense to the product of a grim-reaper with a flat Lagrangian
space.
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