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ABSTRACT

Tom Bridgeland in 2007, see the paper [2], motivated by papers of Michael Douglas in Theoretical
Physics, see for instance the paper [4], regarding Dirichlet branes or D-branes in combination with
the Homological Mirror Symmetry conjecture of Kontsevich in String Theory, introduced the notion
of the space of stability conditions Stab(.7) of a triangulated category .7, and proved that the space
Stab(.7) has the structure of a complex manifold.

Since then, the space of stability conditions Stab(.7") of a triangulated category .7, plays an important
role in Algebraic Geometry, where for instance .7 is the derived category Db (cohX) of coherent sheaves
of a smooth projective variety X, in Representation Theory, where .7 is the derived category D (.<7) of
an abelian category «/ of modules over an algebra, etc. The main reason is that the space of stability
conditions provide us with finer moduli spaces in the study of a variety or an algebra.

The main purpose of this Master Thesis is to present, taking the paper [2] as a primary guide, an
introduction in the theory of stability conditions of a triangulated category, mentioning some of its
applications. In this direction, the theory of #-structures, see [1], tilting theory, see [7], and the theory
of quasi-abelian categories, see [17], play an important role in analyzing the structure of stability
condition spaces, the fundamental aspects of which will be examined in this Thesis.
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INTRODUCTION

In modern mathematics, category theory has played an important role in unifying and advancing
many areas. The main theory was developed by Eilenberg and MacLane in their famous series of
15 papers published between 1941 and 1954. From its inception, the impact of category theory in
Algebra and Geometry has been profound, providing a common framework for concepts that had
previously been regarded as unrelated.

Category theory provides the natural framework for a relatively new discipline in mathematics:
homological algebra. Originally developed to uncover deep connections between algebra and topology,
homological algebra found important applications, with the work of Grothendieck in derived categories
and its student Verdier in triangulated categories, in many branches of mathematics. The derived
category of an abelian category has a profound role in algebra, particularly in the study of modules
over a ring, and in algebraic geometry, in the study of smooth projective varieties. The abelian category
in the first case is the category of (left) modules over a ring and in the second case is the category
of (quasi) coherent sheaves respectively. However, abelian categories fail to capture the structure
of the derived category of an abelian category. This limitation led Verdier to introduce triangulated
categories, which provide the appropriate framework for describing an important part of the internal
structure of derived categories.

Derived categories and triangulated categories in general, as we have stated, have an influential
role in algebraic geometry. Through the study of the bounded derived category of coherent sheaves
of a smooth projective variety, one can uncover subtle geometric information about the variety. More
recently, in the context of string theory and mirror symmetry, triangulated categories have taken on
an even deeper role: they provide the natural home for Bridgeland’s stability conditions. Motivated
by ideas of Douglas on II-stability in string theory, see [4], Bridgeland introduced in [2] the notion of
a stability condition in a triangulated category. In reality, a stability condition consists of a pair of
data: a group homomorphism and a slicing. Slicings where also introduced by Bridgeland and are
generalizations of 7-structures. In particular



Definition . Let .7 be a triangulated category. A slicing & of 7 is a collection of full additive
subcategories Z(¢p) of 7, for every ¢ € R, such that:

(s1) (¢ + 1) = Z(¢)[1], for every ¢ € R,

(s2) Homgz (A1, A2) = 0, for ever ¢1 > ¢ and Aj € P(¢;),

(s3) for every non zero ohject E of .7, there exists a finite sequence of real numbers
b1 > d2 > - > ¢,

and a collection of distinguished triangles

0= Eo > Eo > > En1 » E, = E

NN SP%

where Aj € Z(¢;), for allj.

In general, z-structures provide a way to break up objects of a triangulated category into pieces
(cohomology objects) indexed by the integers. Slicings allow us to break up objects of the category
into finer pieces indexed by the integers. Now, the definition of a stability condition is the following:

Definition . Let .7 be a triangulated category. A stability condition on 7 is a pair o = (Z, &),
where

Z :Ky(9) » C
is a group homomorphism and &2 is a slicing of 7, such that for every nonzero ohject E of 7 then
Z(E) = m(E)e'™?

forsomem(E) € R,.
The group homomorphism Z is called the central charge of the stability condition.

However, in order to avoid degenerate examples and to build a richer theory, Bridgeland imposes
an extra conditon on stability conditions, that of local- finiteness

Definition . A slicing & of a triangulated category 7 is locally-finite if there exists a real number
n > 0 such that for allt € R the quasi-abelian category Z((t — n,t + n)) € 7 is of finite length. A
stability condition (Z, &) is locally-finite if the slicing &7 is.
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By considering the space of all locally-finite stability conditions of a triangulated category .7, which
he denotes by Stab(.7), he proves that there exists a natural topology this set, and proves the following
theorem

Theorem . Let 7 be a triangulated category. For each connected component X C Stab(.7) there are a
linear subspace V(X) c Homz(Kq(7), C), with a well-defined linear topology, and a local homeomor-
phism Z: ¥ — (X) which maps a stability condition (Z, &) to its central charge Z.

From this it follows that each component X C Stab(.7) is a manifold, locally modelled on the
topological vector space V(Z). In order to give a complex structure to the stability manifold, Bridge-
land assumes that 7 is linear over a field K, that is, the morphisms of .7 have the structure of
a vector space over K, with respect to which the composition is bilinear. Furthermore, the cate-
gory 7 is assumed to be of finite type. This means that for every pair of objects E, F € 7 the
vector space 5 Homz(E, F[i]) if finite-dimensional. Hence we can define a free abelian group

l
N(T) = Ko(7)/K;(7), called the numerical Grothendieck group of .7, and .7 is called numeri-
cally finite if .4 (7)) has finite rank. If .7 is of finite type over a field, a stability condition is called
numerical if the central charge Z: Ky7 — C factors through N(.7). By denoting Stab 4 (.7) the
subspace of Stab(.7") which consists of the numerical finite stability conditions we have the following
Corollary

Theorem . Suppose that .7 is numerically finite. For each connected componentX C Stab_y (7) there
are a subspace V(Z) ¢ Homz(Ky(.7), C) and a local homeomorphism % : ¥ — V(Z) which maps a
stability condition to its central charge Z. In particular X is a finite-dimensional complex manifold.

The introduction of stability conditions on triangulated categories has had a substantial impact
on several areas of mathematics. By combining homological methods with geometric structures on
the space of stability conditions, Bridgeland’s theory offers a powerful framework for studying derived
categories and their moduli, with applications ranging from algebraic geometry to representation
theory and mathematical physics.

The aim of this thesis is to provide a systematic introduction to Bridgeland’s theory of stability
conditions on triangulated categories. In particular, it focuses on developing the categorical tools
necessary to understand the construction and properties of stability conditions, such as ¢-structures,
tilting theory, and quasi-abelian categories. Using these tools, the thesis presents the main results of
Bridgeland’s work and illustrates their significance in algebraic geometry and representation theory.
The thesis is organized into four chapters. The first chapter is an introduction to the basic elements of
the theory of abelian and triangulated categories, and the theory of localization in these contexts. The
second chapter develops the necessary tools required for understanding Bridgeland’s work and the
third chapter is devoted to analyzing Bridgeland’s original paper on stability conditions on triangulated
categories. The fourth and final chapter discusses applications of Bridgeland’s theory and outlines
possible directions for further study for readers who have gained a solid understanding of the material.



Chapter 1: In the first chapter we give a brief overview of categories and functors. We also give the
definition of abelian categories and present some basic results. Then we move on to the localization
of categories. We present the general theory of localization of an arbitrary category and then turn
our focus the localization theory of abelian categories. Next we give an introduction to the theory of
triangulated categories and their localizations. We conclude by presenting the construction of the
derived category of an abelian category.

Chapter 2: In the second chapter, we provide the basic tools which play an important role in Bridge-
land’s paper. We begin with the theory of 7-structures, which allow us to recover abelian categories
inside triangulated categories. Next we move on to the Happel-Reiten-Smalg (HRS) tilting theory,
which produces new #-structures and abelian hearts. Finally, we discuss quasi-abelian categories, a
generalization of abelian categories which arise naturally in Bridgeland’s stabilty conditions.

Chapter 3: In the third chapter we focus on Bridgeland’s breakthrough paper "Stability conditions
on triangulated categories"”. We introduce the necessary notions that come up in his paper and we give
the proof of the main result, Bridgeland’s deformation theorem, which endows the space of stability
conditions with the structure of a complex manifold.

Chapter 4: In the final chapter of the thesis we discuss applications of Bridgeland’s theory and
indicate briefly future directions of research in various fields, and ways of applications of stability
conditions in Algebraic Geometry and Representation Theory.



CHAPTER

ABELIAN CATEGORIES, TRIANGULATED
CATEGORIES, AND LLOCALIZATION

In this chapter, we begin by a giving the definition of a category. The we proceed by defining functors
between categories and introduce the notion of a natural transformation between functors. Then
we shift our focus to abelian categories which is the right context in which we can do homological
algebra, and we present some fundamental results about them. We then introduce the notion of
a localization of an arbitrary category and then we concentrate on the localization of abelian and
triangulated categories. Next we focus on triangulated categories which are of great importance
in modern mathematics and play an important role in several contexts. We discuss some of their
essential properties and then we present the construction of one of the most basic examples of a
triangulated category, that is, the derived category of an abelian category. For this chapter we closely
follow [9], [10], [12], [13], [14], [18] and [20], and we refer to them for more details.

1.1 Categories and Functors

Often in mathematics we want to study sets that have structure, so that we can understand con-
nections between them and build a rich theory. Categories contain objects that already have a
structure and provide us with a way to relate those objects without losing their structure. Categories
and functors were introduced by Eilenberg and MacLane in their paper [5]. In this section we rely
on [9], [10], [13] and [18].

We begin this section by introducing some fundamental definitions in Category Theory.

Definition 1.1.1. A category % consists of the following data:

(1) A class of objects, denoted by Ob(%),

(2) A class of morphisms, denoted by Home, which satisfy the following properties:

9



Chapter 1 1.1. Categories and Functors

(i) For every two objects X,Y € Ob(%), there exists a set, denoted by Homy(X,Y), which is
called the set of morphisms from object X to object Y. A morphism f from object X to object
Yisrepresented by f : X — Y.

(ii) Forevery X,Y,Z € Ob(%), there exists a map, called the composition of morphisms
o : Homy (X, ¥) x Homy (Y, Z) — Hom¢ (X, Z), (f, 8) > g o f
such that:

@Iff:X—>Y, g:Y—>Zandh:Z — W are morphisms, then the composition is asso-
ciative, i.e.

(hog)of=ho(gef)
(b) For every object X € ¢, there exists a morphism1x € Homy (X, X), such that for arbitrary
objects Y, Z € Ob(%) and morphisms f : Y — X, g : X — Z we have that:

folx=f and 1xog =g

Remark 1.1.2. We will write X € ¥ instead of X € Ob(%), to denote that X is an object of the
category €.

Example 1.1.3. 1. The category of sets Set. The class of objects is the class of all sets, and the
class of morphisms is the class of all maps between sets.

2. The category of abelian grousp Ab. The class of objects is the class of all abelian groups, and the
class of morphisms is the class of all homomorphisms between abelian groups.

3. The category of left R-modules R-Mod. The class of objects is the class of all left R-modules, and
the class of morphisms is the class of left R-module homomorphisms.

As with many algebraic structures, it is natural to give a definition of a subcategory of a given
category.

Definition 1.1.4. A category Z is called a subcategory of a category € if:
(1) Every ohject of ¢ is an ohject of 4, i.e. Ob(2) C Ob(%¥)
(2) For every two ohjects X, Y € 2 we have that:

Homg(X,Y) € Homg(X,Y)

(3) The composition of morphisms between objects of 4, when it is defined, is the same as the compo-
sition of morphisms in ¢

(4) The identity map 1x of an ohject X € Z coincides with the identity map of the object X in €.

10



Chapter 1 1.1. Categories and Functors

Definition 1.1.5. A subcategory Z of a category € is called full if :

VX,Y € Y : Homg(X,Y) = Homg (X, Y)

Definition 1.1.6. Let % be a category. The opposite category of €, denoted by € °P, is the category
whose objects are the same as the objects of the category €, i.e Ob(%°P) = Ob(%), and the class of
morphisms consists of all the reversed arrows in %, i.e

Homgo (X, Y) = Homg (Y, X)

The composition o°? of morphisms in ¢ °P is defined by f o? g = g o f.

Remark 1.1.7. The opposite category €°P of a given category % is of great importance since it spares
us unnecessary work in proving dual statements.

We proceed by giving some important classes of objects which appear frequently in category theory.

Definition 1.1.8. Let % be a category and X an object of € .

(1) The ohject X is called an initial object, if for every ohjectY of & the set Homy (X, Y) is a singleton.
(2) The object X is called a terminal object, if for every objectY of ¢ the set Homy (Y, X) is a singleton.

(3) The object X is called a zero object, if it is an initial and a terminal object.

Just like with objects, there also exist important classes of morphisms.

Definition 1.1.9. Let € be a category, X,Y € € and f : X — Y a morphismin €.

(1) The morphism f is called a monomorphism, if for every pair of morphisms g1 : Z — X and
g2 1 Z — X the following is true:

81 f
Z ;X—)Y
82
fogr=fog = g =g

(2) The morphism f is called an epimorphism, if for every pair of morphisms g, : Y — Z and g :
Y — Z the following is true:

f 81
X—)Y:;Z
82

11



Chapter 1 1.1. Categories and Functors

grof=gof = g1 =g

(3) The morphism f is called a bimorphism, if it is a monomorphism and an epimorphism.

(4) The morphism f is called an isomorphism, if there exists a morphismg : Y — X suchthatf o g =
ly and g o f = 1x. If such morphism exists, we call the ohjects X andY isomorphic, and we write
X =Y.

Example 1.1.10. (1) In the category Set of sets, the monomorphisms are the functions which are
injective, the epimorphisms are the functions which are surjective and the isomorphisms are
functions which are injective and surjective.

(2) In the category Ab of abelian groups, the monomorphisms are group homomorphisms between
abelian groups which are injective, the epimorphisms are group homomorphisms between abelian
groups which are sujective and the isomorphisms are group homomorphisms which are injective
and surjective.

Remark 1.1.11. 1. The zero object of a category, if it exists, is unique up to a unique isomorphism.
Therefore we can denote it by 0.

2. There are examples of bimorphisms which are not isomorphisms.

Definition 1.1.12. (1) Let ¥ be a category and let f : Y — X, g : Z — X be monomorphisms in % .

We call f and g isomorphic monomorphisms if there exists an isomoprhismh : Y =, Z such that
f = g o h. That is, the following diagram is commutative

y —L 5 x

Hh\ZL% K

(2) Let € be a category and let f : X — Y, g : X — Z be epimorphisms in €. We call f and g

isomorphic epimorphisms if, there exists an isomorphismh : Y — Z such thatg = h o f. That
is, the following diagram is commutative

f

H
NE 3

X Y
VA



Chapter 1 1.1. Categories and Functors

Remark 1.1.13. The above relations: isomorphisms of monomorphisms or epimorphisms are equiv-
alence relations, hence we are led to the following definition.

Definition 1.1.14. Let ¥ be a category and X € €.

1. A subobject of X is an equivalence class of monomorphisms with codomain X.
2. A quotient object of X is an equivalence class of epimorphisms with domain X.

Remark 1.1.15. Working with subobjects, repsectively quotient objects of X, we usually work with
a representative f: Y — X, respectively g: X — Z, of its equivalence class. For simplicity, in many
cases, we call Y, respectively Z, the subobject, respectively quotient object, represented by f, respec-
tively g.

Based on the study of several algebraic structures such as groups, rings, etc. we would like to
relate to categories via certain "functions" which preserve their structure. Functors are the right
mathematical objects that help us with that, and we proceed with their definition and some of their
basic properties.

Definition 1.1.16. Let % and Z be two categories.

(1) A covariant functor F : € — & consists of:

(i) A map Ob(¥) — Ob(2)
(ii) For every two objects X,Y € €, a map
Fxy : Homg(X,Y) — Homg(F(X), F(Y))
[ Fxy(f) = F(f)
such that:

(a) For every object X € ¢, F(1x) = 1px)
M) Iff : X > Yandg : Y — Z are morphisms in %, then
F(go f)=F(g) o F(f)

F(g)oF (f)

x Lsy 257 = rx) 28 Fy 24 Fz)

~_ 7

F(gof)

(2) A contravariant functor F : ¥ — & consists of:

13



Chapter 1 1.1. Categories and Functors

(@) A map Ob(%) — Ob(2)
(b) For every two objects X,Y € €, amap
Fxy : Homg(X,Y) — Homg(F(Y), F(X))
f = Fxy(f) = F(f)
such that:
i. ForeveryohjectX € ¢, F(1x) = 1p(x).
ii. Iff:X —>Yandg :Y — Z are morphisms in €, then
F(go f) =F(g) o F(f)

F(f)oF(g)

xLsy 237 = Frz) 2 vy 28 Px)

~_ 7

F(fog)

Next, we present some basic examples of functors.

Example 1.1.17. (1) The identity functor of a category ¢. It is denoted by Idy : ¥ — ¥ and is
defined as ld¢(X) = X and ld¢(f) = f, for every object X and morphism f.

(2) The inclusion functor of a subcategory Z of a category . It is denoted by i : ¥ — ¥ and is
defined as i(X) = X and i(f) = f, for every object X € 2 and morphism f € Homg.

(3) Let Top be the category of topological spaces and Set the category of sets. Then we define
the functor F : Top — Set as F(X) = X and F(f) = f, for every object X € Top and for every
morphism Homrep. Essentially, the functor F "forgets" the topological structure. Functors which
forget part of the structure are called forgetful functors.

Definition 1.1.18. Let F : ¥ — 2 be a functor.
(1) Fis called faithfull if for arbitary objects X, Y € %, the map
Fxy : Homg(X,Y) — Home (F(X), F(Y)), Fxy(f) = F(f)
is injective.
(2) Fis called full if for arbitary objects X, Y € €, the map

Fxy : Homg(X,Y) — Home (F(X), F(Y)), Fxy(f) = F(f)

14



Chapter 1 1.1. Categories and Functors

is surjective.

(3) Fis called essentialy surjective if is surjective onto equivalence classes of isomorphic objects, i.e,
VD e 9,3C € €: F(C) = D

It is possible to compare two functors. The way to do this is to introduce the notion of a natural
transformation between two functors. This was the idea that led Eilenberg and Mac Lane to create
category theory. Via natural transformations, we may define when two categories are pretty much
the same, i.e. when they are isomorphic.

Definition 1.1.19. A natural transformation « : F — G, where F, G : € — 2 are two functors,
is a_family of morphisms

a={ax : F(X) > GX)|X € ¢}

such that for every morphism f : X — Y in€, we have G(f) o ax = ay o F(f), that is, the following
diagram is commutative

F(X) 25 G(X)

F(H| lew

F(Y) —=— G(Y)

The morphismay : F(X) — G(X) is called the component of a at X.

Definition 1.1.20. Let F, G : ¥ — 2 be two functors between categories and let « : F — G be a
natural transformation. We call @ a natural isomorphism, if for every object X € € the morphism

ax : F(X) — G(x) is anisomorphism. Wewrite« : F — G and we call the functors F and G naturally
isomorphic.

Definition 1.1.21. Let ¥ and % be two categories and F : € — & a functor. Then F is called an
isomorphism if there exists a functor G : 9 — € suchthatG o F = 1¢c and F o G = 1p. Then the
categories ¢ and 2 are called isomorphic and we write ¢ = 9.

For two categories to be isomorphic is a very strong condition. In reality, there exist categories with
very similar properties which are not isomorphic. Hence we arrive at the following definition.

Definition 1.1.22. A functor F : € — % is called an equivalence of categories if there exists a
functorG : 9 — € suchthatG o F = 1y and F o G = 14. Then the categories ¢ and & are called
equivalent and we write ¢ ~ 9.

15



Chapter 1 1.1. Categories and Functors

It would be convenient if the class of objects of the categories we are interested in were a set. These
categories are called small categories.

Definition 1.1.23. A category % is called small if the class of objects Ob(%) is a set.

Definition 1.1.24. A category % is called skeletally small if it is equivalent to a small category, that
is the class of isomorphism classes of its objects is a set.

The following Theorem gives a characterization of when a functor is an equivalence of categories.

Theorem 1.1.25. Let F : € — Z be a functor. The following are equivalent:

(1) F is an equivalence of categories.

(2) Fis full, faithfull and essentially surjective.

Proof. (1) = (2) : Let F : ¥ — % be an equivalance of categories. Then, there exist a functor G :
% — % and natural isomorphisms @ : F o G — 19,8 : G o F — 1g4.

(@) F is faithfull : Let f, g : X — Y be two morphisms in % such that F(f) = F(g). Then (G o
F)(f) = (G o F)(g). In addition, we have the commutative diagrams

(G o F)(X) 25 x (G o F)(X) X3 x
(GoF>(f)l \Lf (GOF)(g)\L lg

By the commutativity of the above diagrams we have that f o fx = By o (G o F)(f) and g o Bx =
By o (G o F)(g), thus f o Bx = g o Bx, and because Bx is an isomorphism, f = g.
(b) Fis full : Let g : F(X) — F(Y) be a morphism in . Thus, we have a morphism G(g) : (G o
F)(X) - (G o F)(Y) in ¥. We define a morphism f : X — Y in € as follows

fmaroG@oay X 25 6o m) L (o my) 2y

Therefore, we have the commutative diagram

(G o F)(X) 25 x

Ge)], lf

(GoF)(Y) =Y
s0, G o B(GoF)(X) = B(GoF)(v) © (G o F o G)(g).We consider the morphism

16



Chapter 1 1.1. Categories and Functors

F(f) = F(By © G(g) o Bx') = F(By) o (F 0 G)(g) o F(By') : F(X) — F(Y)

We will show that F(f) = g, thatis F(By) o F(G(g)) o F(,B;(l) = g. Since G is faithfull, it suffices to
show that

(G o F)(f) = (G o F)(By) o (G o F o G)(g) o (GoF)(By) = G(g)

However, By is an isomorphism, therefore it is enough to show that

By © (G o F)(By) o (G o F 0 G)(g) o (G o F)(Bx") = Py o G(g)

To prove that, we calculate the compositions of the left side of the above equation. We have the
commutative diagram

(G oF oG oF)X) LEDXy (6o F)(X)

(G"F)(BY)J/ J/G(g)

(GoFoGoPF)(Y) — G(F(X))
BG(F(vy)
so, By o (G o F)(By) = By © B(GoF)(v)- Thus, the left side of the equation becomes By o S(G.r)(y) ©
(GoFoG)(g)o(Go F)(,B;). For the composition S(G.r)(y) © (G o F o G)(g), we have the com-
mutative diagram

B(GoF)(x

(GoFoGoF)X) —<2% (GoF)(X)

ﬁ(GoFong)\[ \[G(g)

s0, G o B(GoF)(x) = B(GoF)(y) © (G o F o G)(g), and the left side of the equation becomes ay o
G(g) o B(GoF)(v) © (G o F)(ﬁ)}l). For the composition S(G.r)(x) © (G © F)(ﬁ)_(l), we have the com-
mutative diagram

Bx

(G o F)(X) > X

BiGor) 3} )\[ \[ﬁ}l

(GoFoGoF)X) —— (G o F)(X)

B(GoF)(X)

17
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50, B(Gor)(x) © (G o F)(By") = Bx' © By = L(Gor)(x). and then By o G(g) o 1(Gor)(x) = By © G(g).
which proves that F is full.

3) Let D be an object in . Because Bp : (F o G)(D) — D is an isomorphism, we have that
F(G(D)) = D, so F is essentially surjective. [

Before we move on to abelian categories, we define the notion of adjoint functors between two

categories

Definition 1.1.26. Let ¢, ¢’ be two categories and L: € — €', R: €’ — % be two functors. The
pair (L, R) is a pair of adjoint functors if their exists a natural isomorphism n: €°P x ¢’ — Ab
defined as follows:

n: Homg (=, R(-)) — Homg (L(-),-)

This means that for every pair of objects C € €, D € €’ there exists an isomorphism
ne,p: Homey (C, R(D)) — Home (L(C), D)

such that for every morphism f: C — C’ in ¢ and every morphism g: D — D’ in €, the following
diagrams are commutative

Hom (C7, R(D)) —=-2% Homy (L(C”), D)
Homcg(f,R(D))l lHommL(f),D)
Homy (C, R(D)) —<2—% Homg (L(C), D)

Homy (C, R(D)) —<2—% Homy (L(C), D)
Homcg(C,R(g))l lHom@(L(C),g)
Hom (C, R(D")) —=2% Homy (L(C), D’)

1.2 Abelian categories

The notion of a category is general enough to have a rich theory on its own. However, in what concerns
us, we would like to enrich our categories by giving an additional structure. Abelian categories
provide the appropriate framework for doing homological algebra. Abelian categories come up often
in algebra and geometry, an important example being the category of left R-modules of a ring R. We
start giving the definition of preadditive categories, leading to the definition of additive categories.
Once we have defined abelian categories, we will present, without proof, since this goes beyond
the scope of this thesis, some fundamental lemmas and theorems about them. In this section we
follow [9], [10], [13], [14], [18] and [20].

18
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Definition 1.2.1. A category % is called preadditive (or Ab-category) if for every two objects X, Y € €
the set Homy (X, Y) is an abelian group where the operation is the addition:

+: Homy (X, Y) X Homg (X, Y) — Homy (X, Y), (f.8) — f +g
and the composition of morphisms in € is bilinear, that is

Vf, fl,fg S Hom(g(X, Y),Vg, g1, 82 € Hom%»(Y, Z).‘
go(fi+fo)=gofi+gofo and fo(gi +g2) =fogi+ fogo

It is natural, since we have introduced preadditive categories, to define a specific type of functor,
the so called additive functor, between them.

Definition 1.2.2. Let ¥ and Z be two preaddtive categories.

(1) A covariant functor F : € — & is called an additive_functor if for every two ohjects X,Y € € the
map

Fxy : Homg (X, Y) = Homg(F(X), F(Y))
is a group homomorpshim, that is:
Vf,g € Homg(X,Y) : F(f +g) = F(f) + F(g)

(2) A contravariant functor F : € — 2 is called an additive _functor if for every two objects X, Y € €
the map

Fxy : Homg(X,Y) — Homg(F(Y), F(X))
is a group homomorpshim, that is:

Vf,8 € Homy(X.,Y) : F(f +g) = F(f) + F(g)

Definition 1.2.3. Let ¥ be an abelian category and fi: X1 — Y, fo: Xo — Y be two morphisms.
The pullback of fi and f> consists of an object P together with two morphisms pi: P — X; and
p2: P — Xo, suchthat fi o p1 = fa o pa, that is, the diagram

Py x

L L

Xg ——> Y
f2
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is commutative and the following universal property holds: for every other ohject P’ and morphisms
pi: PP — Xi and p},: P — X, where fi o p| = f3 o pl,, there exists a unique morphisma: P’ — P
such that p} = p1 o @ and p;, = ps o a, that is, the diagram

is commutative.

Dually, we have the notion of a pushout of two morphisms.

Definition 1.2.4. Let &/ be an abelian category and f; : X — Y and fo : X — Y2 be two morphisms.
The pushout of f; and f; consists of an object P together with two morphisms p; : Y1 — P and
p2 1 Y — Ps, suchthat p; o fi = po o fo, that is, the diagram

Xi)”l

le 2

)@ﬁ)p

is commutative and the following universal property holds: for every other object P’ and morphisms
py Y1 — P andp) : Yo — P, wherep) o fi = p, o f5, there exists a unique morphisma : P — P’
such that p} = @ o py and p;, = a o pa, that is, the diagram

Xng

le 2

is commutative.

Definition 1.2.5. Let ¢ be a category and {X;};c; a family of objects in €. The coproduct of the
Jamily {X;} ey is a pair (X, i;)jc; where:
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(1) X e ¥

(2) ij : X; — X, j € J,is afamily of morphisms in ¢ such that the following universal property holds:
Jor every pair (Y, fj)jcs, whereY € ¢ and f; : X; — X is a family of morphisms, there exists a
unique morphism f : X — Y suchthat f oi; = f;,Vj € J, i.e. the following diagram is commuta-
tive

X; —» x
fj\L ).(//E!f
Y
Dually, we have the notion of the coproduct.
Definition 1.2.6. Let ¢ be a category and {X;}jc; in €. The product of the family {X} je; is a pair
(X, pj)jes where:
(1) X e ¥

(2) pj : X = X;,j €J, is a family of morphisms in ¢ such that the following universal property
holds: for every pair (Y, fj)jcs. whereY € ¢ and f; : Y — X; is a family of morphisms, there
exists a unique morphism f : Y — X such thatp; o f = f;,Vj € J, i.e. the following diagram is

commutative
Ell
y -27s x
pi
N !

The object X is denoted by []c; Xj.

Remark 1.2.7. (1) The product and coproduct, if they exist, are unique up to a unique isomorphism
because they are solutions to a universal problem. Hence, for a family of objects {X;};c; we
denote the product by [] X;, and the coproduct by [[ X;. Their existence depends on the

JjeJ JjeJ
category.

(2) The pull-back and push-out, if they exist, are unique up to a unique isomorphism because they
are solutions to a universal problem.

Example 1.2.8. (1) In the category of sets the coproduct is the disjoint union and the product is the
cartesian product.
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(2) In the category of groups the coproduct is the free product of groups and the product is the direct
product of groups.

(3) In the category of left R-modules over a ring R, the coproduct coincides with the product of left
R-modules, if the family of modules if finite.

Definition 1.2.9. A category ¥ is called additive if:

(1) it is preadditive,
(2) there exists the zero object,
(3) for every two objects X and Y in € their coproduct X & Y exists.

Proposition 1.2.10. Let F : ¥ — 2 be an additive functor between additive categories. Thern:

(1) F preserves monomorphisms, epimorphisms and isomorphisms,
(2) F preserves the zero object,

(3) F preserves coproducts of finitely many objects.

Before we proceed with the definition of an abelian category, it is necessary to introduce kernels
and cokernels.

Definition 1.2.11. Let ¢ be a category and f : X — Y a morphismin €.

(1) The kernel of the morphism f is pair (K, k), where K is an ohject of ¢ and k : K — X is morphism
in ¢ such that f o k = 0 and the following universal property holds: for every pair (K’, k') where
K is an object of ¢ and k' : K’ — X is a morphism of € such that f o k' = 0 there exists a unique
morphismg : K/ — K suchthatk’ = k o g, i.e. the following diagram is commutative

K—*% v x Sy
PN

| k'
|

’

(2) The cokernel of the morphism f is a pair (C, c¢), where C is an object in ¢ andc : Y — C is a
morphism in ¢ sutch that ¢ o g = 0 and the following universal property holds:
for every pair (C’, ¢’) where C is an object of € and ¢’ : Y — C’ is a morphism of € such that
¢’ o f = 0 there exists a unique morphism g : C — C’ such that ¢’ = g o ¢, i.e. the following
diagram is comunutative
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C/

, A
¢ g
f |

X > Y > C

C

Definition 1.2.12. A category C is called pre-abelian if it is additive with kernels and cokernels.

In what follows, we fix an additive category % .

Remark 1.2.13. (1) The kernel and cokernel of a morphism don’t always exist. Their existance
depends on the category. However, since they are defined as solutions of a universal problem,,
they are unique up to isomorphism.

(2) If the kernel and the cokernel of a morphism f : X — Y exist, then ker(f) is a monomorphism
and coker( f) is an epimorphism.

From the above Remark 1.2.13 we are led to the following definition.

Definition 1.2.14. Let ¥ be a pre-abelian category. The objects K, C and the morphisms k, ¢ on the
pairs (K., k) and (C,c), will be denoted by Ker(f), Coker(f) and ker(f), coker(f) respectively.

Remark 1.2.15. Let f : X — Y be a morphism with a kernel and a cokernel. We present a construc-
tion of an important morphism.

Suppose that ker(f) has a cokernel and coker(f) has a kernel. We denote the cokernel of ker(f)
by (I,i), where I = Coker(k) = Coker(Ker(f)) and i = Coker(k) = Coker(Ker(f)), and the kernel
of Coker(f) by (J, j), where J = Ker(c) = Ker(Coker(f)) and j = Ker(c) = Ker(Coker(f)). Since
f ok =0, f factors through the I = Coker(k), that is, there exists a unique morphism @ : [ — Y
such that f = @ oi. However, 0 =co f =coa@oi. Since i is an epimorphism, we have that
¢ o a = 0, which means that a is factored through the kernel of c, that is, there exists a unique
morphism f : I — J, or f : Coker(k) — Ker(c), or f : Coker(Ker(f)) — Ker(Coker(f)). such that,
a=Jo ? Therefore, the morphism f can be expressed as the composition

f =qol = J o 7 o1l
The above morphisms fit into the following commutative diagram

k s X S %Y c

a7
ll ///:I TJ (1.1)

Coker(k) --%!- - Ker(c)

K

a

The morphism f : Coker(k) — Ker(c) is called the induced (parallel) morphism of f.
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Definition 1.2.16. Amorphism f : X — Y is called strict ifits induced (parallel) morphism f : Coim(f) —
Im(f) is an isomorphism.
We are now in position to give the definition of an abelian category.

Definition 1.2.17. A category </ is called abelian if:

(1) it is additive
(2) every morphism has a kernel and a cokernel,
(3) every monomorphism is the kernel of its cokernel,

(4) every epimorphism is the cokernel of its kernel.

Remark 1.2.18. (1) There is an equivalent way to define abelian categories. One can replace (2) and
(3) of Definition 1.2.17 by demanding that every morphism is strict. The following proposition
essentialy proves one direction.

(2) Every abelian, and in general every pre-abelian cateogory, has pull-backs and push-outs.

Proposition 1.2.19. Let &/ be an abelian category. Then every morphism is strict.

Proof. Let f : X — Y be a morphism in an abelian category .2/. By the construction in Remark 1.2.15
we have the commutative diagram

K

> X

Y
//<(
a - .
\Li ///a TJ

Coker(k) -- éy!' - Ker(c)

First we prove that @ is a monomorphism. Let ¢1, ¢o : Z — Coker(Ker(f)) be two morphisms
such that @ o ¢; = @ o 3. We will show that ¢; = ¢2. We set o := ¢; — ¢2 and then @ o o = 0.
We consider the pullback of i and o. Then there exist an object W, a morphism 7 : W — Z and a
morphism 7 : W — X such that the following diagram is commutative

7 1

; — Coker(Ker(f))

We compute,
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fo;r:a/oion':a/oo'orz[)orz()

Therefore, from the universal property of the cokernel, there exists a unique morphism w : W — K
such that 7 = k o w, i.e, the following diagram is commutative

—T>Z

w
3!// lﬂ l{r
// w
X
K—* v x

L% Coker(Ker(f))

Since i is the cokernel of k, we have thati o £k = 0. But
ocgort=ion=iokow=0o0w=0

so 0 ot = (. Since i is a monomorphism, then 7 is an epimorphism, thus o = 0, which means
that ¢; = ¢2. This implies that @ is a monomorphism. Since i is an epimorphism, we have that
Coker(a) = Coker(f). The morphism « is a monomorphism, thus, from the third axiom of an abelian
category, it is the kernel of its cokernel. This means that « is the kernel of the cokernel of f. In
addition, j is also the kernel of the cokernel of f. Consequently, since the kernel is unique up to
isomorphism, we have that 7 is an isomorphism. [ |

By Proposition 1.2.19 we have the following useful characterizations of monomorphisms, epimor-
phisms, and isomorphisms.

Proposition 1.2.20. Let &/ be an abelian category and f : X — Y a morphism in «/. Thern:

(1) f is a monomorphism <= Ker(f) =0
(2) f is an epimorphism <= Coker(f) =0
(3) f is an isomorphism <= f is a monomorphism and an epimorphism

Remark 1.2.21. The third part of the above Proposition 1.2.20, is not neccesarily true if </ is not
abelian. For instance, in a quasi-abelian category, (3) does not hold, despite the fact that they have
kernels and cokernels and some extra properties.

Definition 1.2.22. Let ./ be an abelian category and f : X — Y be a morphism in <.

(1) We callimage of the morphism f the pair (Im(f), im(f)), wherelm(f) = Ker(Coker(f)) andim(f) :
Im(f) — Y, whereim = j in Remark 1.2.15, in diagram ( 1.1).
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(2) We call coimage of the morphism f the pair (Coim( f), coim(f)), where Coim(f) = Coker(Ker(f))
and coim(f) : X — Coim(f), where coim(f) = i in Remark 1.2.15, in diagram ( 1.1).

Remark 1.2.23. Let o/ be an abelian categoryand f : X — Y and g : ¥ — Z two morphisms in 7,
such that g o f = 0. Consider the following diagram

xJyy_$y7

We want to define the notion of exactness at the "position" Y. Since we work in an abelian category,
the induced morphism of f is an isomorphism, hence we have the factorization f = coim(f) o 7 o
im(f), where coim(f): X — Im(f) and im(f): Im(f) — Y are defined up to isomorphism, hence we
may define coim(f) as coim(f) in Definition 1.2.22. Therefore we can factor f through its image as
such

X ! yY —5 z
i:coimk{ /l:'im(f)

Im ()

Wehave g o f = g o @ o i = (, and because i is an epimorphism we get g o @ = (. As a result @ can
be factored through the kernel of g, that is, there exists a unique morphism /4 : Im(f) — Ker(g) such
that @ = Ker(g) o h. Thus we have the commutative diagram

N

and since @ = im(f) is a monomorphism, it follows that / is a monomorphismi.e. Im(f) is a subobject
of Ker(f). The morphism # is called the canonical map from Im(f) to Ker(g).

Definition 1.2.24. Let &/ be an abelian category. We say that the sequence
S g
X —Y —Z

is exact at Y, if the canonical map h : Im(f) — Ker(g) is an isomorphism.
If we have a sequence

fn,71> Xn fn> Xn+1 o

-1
> X"
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we say that it is exact, if it is exact at every X", n € Z.

Notation 1.2.25. If.«/ is an abelian category then:

(1) if we have a sequence of the form
0—sx Ly

then the morphism f is a monorphism, i.e. the sequence is exact at X,

(2) if we have a sequence of the form
y L5z —0

then the morphism f is an epimorphism, i.e. the sequence is exact at Z.

Definition 1.2.26. Let o/ and % be two abelian categories and F: o/ — 9 be an covariant additive
functor. Then F is called exact if for every short exact sequence

00— X sy _8y7__ o

in &/ we have that
F(g)

0 — FX) ~ 5 Fv) £ pz) — 0

is a short exact sequence in 9. Respectively, we have the definition of exactness for a contravariant
additive functor.

Remark 1.2.27. The following are some important results in abelian categories. We present them
without giving a proof.

Theorem 1.2.28 (Mitchell Embedding Theorem). Let &/ be a small abelian category. Then there exist
a unitary ring R and a fully faithfull exact functor F : o/ — R-Mod.

Proof. For the proof, we refer the reader to [13, Chapter IV, Section 7]. [ |

Lemma 1.2.29 (5-Lemma). Let </ be an abelian category. Consider the following exact commutative
diagram in </

X > Xo > Xo > X4 > X5
\Lfl \LfQ \Lfs \Lﬂ; \sz)
i > Yo > Y3 > Yy > Y5

If the morphisms f», f4 are isomorphisms, the morphism f; is an epimorphism and the morphism f5 is
a monomorphism, then the morphism f3 is an isomorphism.
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Proof. For the proof, we refer the reader to [10, Chapter XII, Section 3]. [ ]

Lemma 1.2.30 (Snake Lemma). Let.«/ be an abelian category. Consider the following exact commu-
tative diagram in < .

X1 > X9 > X3 > 0

1n £ 1

0 > Y Yy Y3

~
~

There exists a morphism 0 : Ker(f3) — Coker(f1) which makes the following sequence exact

Ker(f1) —— Ker(fo) —> Ker(f3) i) Coker(f;) —— Coker(fo) ——> Coker(f3)

In addition, if the morphism X; — Xs is a monomorphism, the morphism Ker(f;) — Ker(f2) is also
a monomorphism, and if the morphism Yo — Y3 is an epimorphism, then the morphism Coker(f3) —
Coker( f3) is also an epimorphism. By these assumptions the initial diagram becomes

and the above exact sequence can be extended to the exact sequence

0 — Ker(f1) —> Ker(fa) —— Ker(f3) L} Coker(f;) ——> Coker(fa) ——> Coker(f3) —> 0
The morphism 0 is called a connecting morphism.

Proof. For the proof, we refer the reader to [20, Chapter 1, Section 1.3]. [ ]

1.3 Localization

In this section, we discuss the notion of the localization of category . On one hand, the localization
of an arbitrary category is itself important. On the other hand, in its full generality, we can run into
some set theoretic problems. Therefore it is reasonable to focus on localization of categories such as
abelian and triangulated categories, imposing several conditions ensuring that the localization exists
and has an accessible description. In this section we closely follow [12].
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1.3.1 Localization of categories

The main idea for the localization of an arbitrary category %, is that we want to "invert" a class
of morphisms S, that is, creating a new category %[S ~11 in which these inverted morphisms are

isomorphisms. We present only the uniqueness, up to isomorphism, of this new category. We refer
the reader to [12] for the construction in general.

Definition 1.3.1. Let 4 be a category and S a class of morphisms of €. The localization of € with

respect to S is category denoted by €[ S~'] along with a functor Q: € — %€ [S~!] such that the following
are true:

(1) the morphism Q(s) is an isomorphism for every s € S,

(2) the following universal property holds: for every category & and functor F: € — 2, such that F(s)
is an isomorphism for every s € S, there exists a unique functor G: €[S™'] — 2 which makes the
following diagram commutative

¢ —L£ 59
o] %

€[]

Theorem 1.3.2. Let ¢ be a category and S a subclass of Homy. Then there exists a category €[ S™']
and a_functor Q : € — €[S™'] such that:

(1) Q(s) is an isomorphism for every s € S,

(2) for every category & and functor F : € — 2 such that F(s) is an isomorphism for every s € S,

there exists a unique _functor G : €[S™'] — 2 suchthat F = G o Q, that is, the following diagram
is commutative

¢ —L£
Ql /3/!/2;‘(

AN
The category €'[S™'] is unique up to equivalence of categories.

Proof. For the construction of the category €[S ~1] we refer the reader to [12]. Here we will prove the
uniqueness. Let (%7, Q) and (¢, Q') be two pairs which satisfy the universal property (2). Then
there exist unique functors G : 4’ — ¢” and H : € — ¢’ suchthatQ’ = GoQandQ = H o Q’
respectively. Therefore we have the commutative diagram
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(g//

By combining the above equalities we have Q' = G o Q =G o Ho Q' = (G o H) o Q' and Q =
HoQ' =HoGoQ = (HoG) o Q. So we get the following commutative diagrams

¢ —2 ¢ —2L g
legr legr
o o’
GoH HoG
@’ @

From the universal property we have that H o G = 1¢» and G o H = 1¢». Thus we have that H and G
are isomorphic. [ |

1.3.2 Localization classes of morphisms

As we have stated before, the localization of a category % with respect to an arbitrary subclass S of
Homy, always exists. However, set theoretic problems can arise. In addition, in most cases, we can
give little to none information about the localization €’ [S™'] in the completely general case. In order
to build a rich theory, we introduce the notion of a localizing class of a category, which permits a
better description of the morphisms of €'[S~!].

Definition 1.3.3. Let ¥ be a category and S a class of morphisms in 4. The class S is called a
localizing class if:

(LC1) For every X in %, the morphism 1x is in S,

(LC2) Ifs,t € Sthensot € S,

(LC3.a) For every pair of morphisms f € Homg ands € S, there exist morphisms g € Homy andt € §
such thats o g = f o t, i.e. the following square is commutative

K-‘-31L
|

[\‘I/ \LS
M—— L
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(LC3.b) For every pair of morphisms f € Homy and s € S, there exist morphisms g € Homy andt € §
suchthats o g = f o t, i.e. the following square is commutative

_g_ —_—

™~

K <
A

~
Y

<
=

S

(LC4) If f, g : M — N are morphisms, then there exists a morphisms € S suchthats o f = s o g if
and only if there exists a morphismt € S such that f ot = g o t.

Remark 1.3.4. If S is a localizing class in % then it is also a localizing class in 7.

The following proposition explains why it is convenient to work with localizing classes. It provides
a way to give a better description of morphisms in the localization ’[S ~1]. For the proof, we refer the
reader to [12].

Proposition 1.3.5. Let € be a category, S a localizing class of € and Q : € — €[S™'] the localization
functor. Then every morphism in €' [S~'] can be written as Q(f) o Q(s)~!, where f € Homy ands € S,
orQ(1)~' o Q(g), where g € Homg andt € S.

Another advantage of working with localizing classes is that it helps to visualize the morphisms in
the localization with diagrams. Therefore we have the following definition.

Definition 1.3.6. Let % be a category and S a localizing class of € .
(1) A diagram of the form
N
M N

where s € S, is called a left roof between the objects M and N, and is denoted by (s, f) ors/f.

(2) A diagram of the form

2N

M N

wheret € S, is called a right roof between the objects M and N, and is denoted by (g, t) or g/t.
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We use the symbol ~ to indicate that this morphismis in S.

Remark 1.3.7. By switching from % to ¢°P, we go from left roofs to right roofs and vice versa. So it
is enough to study the left roofs alone.

Definition 1.3.8. Let
L K
AN SN
M N M N

be two left roofs. They are called equivalent if there exist an object H and morphisms p : H — L and
q: H— Ksuchthats o p =t o g € §, i.e. the following diagram is commutative

L
AN
M H N
~ J/q /(
PN
K
Remark 1.3.9. According to the above Definition 1.3.8, if two left roofs are equivalent, then the

morphism Q(p o s) = Q(p) o Q(s) is an isomorphism in €[S~']. Since Q(s) is an isomorphism,
then Q(p) is also an isomorphism. Furthermore Q(g) is also an isomorphism. Therefore we have

O(f) o)™ =0(f)o0(p)o0(p)toQ(s)™ ' =0Q(fop)oQ(sop)!=
Q(goq)oQ(tog)™ =0(g) c0(g) 0 Q(q) ™t 0 O(1)™ = 0(g) o O(1)*

Lemma 1.3.10. The relation in Definition 1.3.8 of left roofs is an equivalence relation.

Proof. Reflexive: Let
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it follows that every left roof is equivalent to itself.

Symmetric: Let

M%L\];N M)/K\g/‘N

be two left roofs which are equivalent. Therefore there exist an object H and morphisms p : H — L
andg : H — L,suchthat fop =gogandsop =togq,i.e. the following diagram is commuta-
tive

Clearly, from the commutative diagram

we have that the relation is symmetric.

Transitive: Let
L K H
M N M N M N
be three left roofs and
L
S px / T \
M H N
N A \ i /
K
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be two equivalences of left roofs, where s o p =fog € Sandu ov =t or € §. Consider the mor-
phisms sop: H - Mandtor :(Q — M. Sincet or € S, from (LC3.a), there exist an object R
and morphisms z : R - Hand a : R — Q such that z € § and the following diagram is commuta-
tive

R—= 0
L
H —op? M
Now, consider the morphisms » ;= goz: R — Kandc :=r oa : R — K. Then we have that

tob=togoz=sopoz=toroa=toc

Therefore, from (LC4), we have that there exists an object 7 and a morphism w : T — R such that
bow=cow. Wedefinex :=pozowandy :=voaow. Then

SOX=SO0pozZowW=1t0gqoZoOwW=1t0obowW=f0COW=10FOQOW=UOVOAOW=UOY
Moreover, since s o p,z, w € S, weget s ox = u oy € S. In addition
hoy=hovoaow=goroaow=gocow=gobow=gogozow=fopozow=fox

i.e. the following diagram is commutative

which implies that the left roofs

AN Ny

are equivalent.

Dually, we can define the equivalence of two right roofs.
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Definition 1.3.11. Let
L K
NG N
M N M N

be two right roofs. They are called equivalent if there exist an object H and morphisms p : L — H
andq : K — H suchthatp os = g ot € §, i.e. the following diagram is commutative

i,
N

Remark 1.3.12. By switching from % to ¢°P, if we have two left roofs in 4" which are equivalent, we
obtain two right roofs in ¥°P which are equivalent.

Lemma 1.3.13. The above relation of right roofs is an equivalence relation.

Proof. The proof is dual to the proof using left roofs. [

Notation 1.3.14. If (s, f) is a left roof, then we denote its equivalence class by [s, f]. Respectively, if
(g, 1) is a right roof, we denote its equivalence class by [g, t].

Remark 1.3.15. Let
L K
M N N P

From (LC3.a) there exists an object U and morphisms u : U — L in S and & : U — K such that
f ou =to h,ie. the following diagram is commutative

7 N
u - N\ h
7 N
7~ N

NN
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Hence we arrive at the following definition of the composition of two left roofs.

Definition 1.3.16. Let
L K
SN N
M N N P

We define the composition of the abouve left roofs to be the left roof

U
s y \gjh
M P

Proposition 1.3.17. The equivalence class of the composition of two left roofs is independent of the
choice of U, u and h from the previous Definition 1.3.16.

Proof. Let

L K
M N N P
be two left roofs and

U

7 N
u - N\ h

k/ 7 ~ N \,i

L K

/ \f‘ / &
M N P
be their composition. For a start, we will prove it for the class of the left roof
L

2N

M N

Let
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be another left roof which is equivalent to the first one, i.e. there exist an object V and morphisms
v:V > L v :V —> L' suchthats ov = s" oV’ € § and the diagram

L
SN
M \% N
x lv,/
sl f/
L/
is commutative. Then there exist an object U’ and morphisms v/ : U’ — L, h’ : U’ — K such that

f/ou’" = h ot,ie. the diagram

U’
7 N
u N
7 N
Paad N

k! A
L’ K
SN N
M N P
is commutative. Hence we have the composition which is the left roof
U/
S,Ou/ ﬁh/
L’ P

By applying (LC3.a) to the right roofs

L L
NG AN
\% u v U’

it follows that there exist objects W, W/, and morphisms w : W >V e S,a: W - U,w : W —
V e Sand a’ : W — U’ such that the following diagrams are commutative
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I I
W~ ~lu ow~ N\Lu’
~

AN
Vv Y5 L Vv Y

Now, by applying (LC3.a) to the left roof

\%
V( N
w’ w
there exist an object R and morphisms r : R - W and ' : R —» W’ € S, such that the following
square is commutative
,
R-"—>Ww
|
r’~ ~\LW
'
W ——>V
w
Notice that
souoagor=sovowor=gsovow or =sovowor =s"ouoa or €8
because s o v, w, r € §S. In addition,
tohoaor=fouoaor=fovowor=jfouow or =f ouwoa or =toh’oa or

Therefore from (LC4), there exists an object 0 and morphisms g : 0 — R, with g € S, such that

hoaorogqg=~h oda or’ og. We consider now the morphisms b :=aorogqg: Q — U and b’ :=
a’ or’ oq:Q — U’, and then we notice that

e souob=souoaoroqg=souoa orog=s"ou ob €S

egohob=gohold
Consequently we have the commutative diagram
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U
sou Th \gih
M 0 P
s ou’ N i ' /go(h’
U’

from which it follows that the right roofs

U U
SIV \gjh S’V Y !
M P N P

are equivalent. It remains to prove the statement for the class of the left roof on the right. In this
direction, consider the left roof

K/
N
N P
which is equivalent to the initial left roof on the right
K
N
N P

By the definition of equivalence, there exist an object V and morhisms v : V — K and v’ : V — K,
such thatt ov =t o v’ € §, i.e. the following diagram is commutative

T,
%

By applying (LC3.a) to the diagram
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<

U---»V
M:N ~|tov
o
L—>N

which implies that the composition of the left roofs

AN AN

N P

is the left roof
U
sy Yvoa
M P

Similarly, by applying (LC3.a) to the diagram

Vv

\Lv’oz"

L T> K’
we have the following commutative diagram

40



Chapter 1 1.3. Localization

Hence the composition of the left roofs

L K
SN N
M N N P
is the left roof

U

sou \g/"ov’oa

P

Since g o v o a = g’ o v’ o a, the above left roofs, i.e. the compositions

U U
s;y ﬁvoa SV \g/(ov’ou
M P M P
are the same, which completes the proof. [ |

Dually, we have the composition of two right roofs, and it can be proved that it is well defined.

Definition 1.3.18. Let

M%L\ZN N%K\g/‘P

be two left roofs. We define the composition of the above left roofs, to be the map from the cartesian
product of the two equivalence classes of the left roofs, to the equivalence class of the composition.

Remark 1.3.19. From the Proposition 1.3.17, the composition which is defined in the above Defini-
tion 1.3.18 is well defined.
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Proposition 1.3.20. The composition of the equivalence classes of left roofs is associative.

Proof. Let

N N N

be representatives of left roofs. By applying (LC3.a) to the above left roofs, we have the commutative
diagram

w
W/// \\\m
7 N
X Y
x .7 Sk y .7 AN}
‘. N //~ \\
g Nk o
\% Z

AN N N

The composition of the first and the second left roof is the left roof

On the other hand, the composition of the second and the third left roof is the left roof

Y

uoy Y}‘l

N Q
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and then its composition with the first left roof is the left roof

w
soxV Y){lom
M 0

This completes the proof of the proposition, since the two compositions produce the same left roofs. =m

Definition 1.3.21. We define the identity morphism of an object M € ¥, the equivalence class of
the left roof

M

AN\

M M

and the above left roof is denoted by 1,,.

Definition 1.3.22. We define the category whose objects are the objects of <7, which we denote by
€ Sl and the set of morphisms between two ohjects M and N is the equivalence class of all the left roofs
between M and N. That is

. Ob(‘gé) = Ob(%),
. Hom%)é (M, N) ={[s, f1 | where (s, f) is a left roof between X andY },
o 1y in%ﬂé is defined as 1p; := [1p/10m].

We define the category chr dually.

From the above discussion the following Lemma is straightforward.

Lemma 1.3.23. The categories %é and 6 are isomorphic.

Proof. The proof follows from the above analysis. [ |

Remark 1.3.24. From the above Lemma 1.3.23, we will use the symbol %5 to denote either of the
above two categories. An isomorphism of the categories ‘(aﬂé and %Sr can be defined as follows:

o Ob(%ﬂsl) — Ob(%5), M — M,

e Homg: (M, N) — Homer (M, N). [s, f] = [f s].
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We proceed by defining a functor from % to %s as such:

1) Ob(%) — Ob(%s), M — M
) Homg (M, N) — Homg (M, N), f: M — N — [y, f]

Lemma 1.3.25. Themap Q : ¥ — %s which is defined above, is indeed a_functor.
Proof. For the proof we refer the reader to [12, Chapter 1, Section 1, Paragraph 3, p. 18] . [

This functor Q will serve as the localization functor of %5, Q of €, which is what we are aiming to
prove.

Lemma 1.3.26. Lets : M — N € S. Then Q(s) is an isomorphism in €.

Proof. We compose the representative of Q(s)

from the right, with the equivalence class of the left roof

SN

N M

and we end up with the following commutative diagram

Therefore the composition is given by the equivalence class of the left roof

M

\
/
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Hence, the equivalence class of the left roof

is a right inverse of Q(s). On the other hand, by composing from the right with the equivalence class
of the left roof

M
N
N M
we obtain the commutative diagram
M
7 N\
M M
N SN

from the commutative diagram
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N
VR
N N
hence the equivalence class of the left roof
M
N
N M
is a right inverse of Q(s). [

We are now in a position to construct the localization €’ [S™!] of a category ¥ with respect to a
localizing class S. Essentially, we will show that the category 45 along with the functor Q : € — s
satisfy the axioms of Definition 1.3.1. Before we proceed with prove an auxiliary lemma.

Lemma 1.8.27. Let F : ¥ — 2 be a functor and S a localizing class in ¥ such that F(s) is an
isomorphism in &, for every s € S. Then the map

L
SN [ Fs ) = FUD o PTG > FN)
M N

is constant on equivalence classes.

Proof. Let
K

N A

M N
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be two left roofs which are equivalent. Then there exist U € ¥ and morphisms u : U — L and
v:U — K, wheres ou =t ov €S, such that the following diagram is commutative

o
LA

Since s o u € S, then F(s o u) is an isomorphism, and because F(s) is an isomorphism, we also have
that F(u) is an isomorphism. Similarly, F(v) is also an isomorphism. Therefore we have that

sou=tov = F(sou)=F(tov) = F(s)oF(u)=F(t)o F(v)

and
fou=gov = F(fou)=F(gov) = F(f)oF(u)=F(g)oF(v)

However, we have that (F(s) o F(u))™! = (F(t) o F(v))™' = Fu) ' o F(s)™' = Fv)"' o F(r)~'.
Hence we have

F(f) o F(s)™' = F(f) o F(f) o Fu)™' o F(s)™" = F(g) o F(v) o F(v)™" o F(1)™' = F(g) o F(1)'
or
F(f) o F(s)™ = F(g) o F(n)™!

which proves the Lemma. u

We are now able to prove the main theorem of this section

Theorem 1.3.28. The pair (%s, Q), just like it was defined in this section, is the localization of the
category ¢ with respect to the localizing class S.

Proof. For a start, we will prove that the diagram

¢ L5 9
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is commutative and that the pair (%5, Q) satisfies the universal property of the localization. Let
M € 6s. Then (G o Q)(M) = G(Q(M)) = G(M) = F(M). Letnow f : M — N be a morphism in % .

M
Then we have G(Q(f)) = G 1)% \’; = F(f) o F(1y)™' = F(f) o 1pmy = F(f).
M N

Hence G o Q = F. It is left to prove that the pair (%5, Q) satisfies the universal property of the
localization. Let H : ¥s — & be a functor such that H o Q = F. Then H(M) = F(M) = G(M), for
every M € 6s. Now, let ¢ : M — N be a morphism in %5 which is represented by the left roof

M%L\];N

Then we have that ¢ = Q(f) o Q(s)~!' and we compute

H(¢) = H(Q(f) o Q(s)™") = H(Q(f)) o H(Q(5)™") = H(Q(f)) o H(Q(s)) ™ = F(f) o F(s)™" =
G(Q(f)) o G(Q(s) ™" = G(¢)

Therefore G = H, which proves the theorem. [ |

With a slight change of notation, from the last Theorem 1.3.28 we prove that s = ¢ [S7'].

Lemma 1.3.29. Let

L;
2N
M N

be left roofs which represent the morphisms ¢; : M — N, for1 < i < nin€[S™']. Then there exist an
object L € €, a morphisms € S and morphisms g; : L — N in ¢, such that the left roofs

L
AN
M N
represent the morphisms ¢;, forevery1l < i < n.

Proof. We will prove this Lemma by induction on n, which is the number of the left roofs.
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n = 1: Trivial.

Induction hypothesis: Suppose that n > 1 and that there exist an object K € %, a morphism s € S
and morphisms #; : K — N, where 1 <i < n — 1, such that

SN

M N

which represent the morphisms ¢;, forevery 1 <i <n — 1.

Inductive step: From (LC3.a) there exist an object U and morphisms 4 : U - K € Sand u’ : U —
L, such that the following diagram is commutative

U _L‘l_> L,
¢
K —t) M

Lets :=tou=s,0ou" : U— M € S. Then the diagram

BN,
A

is commutative, hence the left roofs

are represented by the left roofs
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that is, from the morphisms ¢;, for every 1 < i < n — 1. In addition, from the commutative diagram

Ly
% T"\hj
M U N
x H /fn(ou’
U

it follows that the left roof

U
M N

is represented by the morphism ¢,,. Therefore by setting L := U, and g; := h;,for1 <i < n — 1and

gn = fn o u’ we have proved the claim. [

Remark 1.3.30. One can think the above Lemma 1.3.29 as being the reduction of fractions to a
common denominator but with left roofs. From the duality of left and right roofs, the above Lemma
is also true for right roofs.

1.3.3 Localization of subcategories

One might naturally wonder if there exists a relation between the localization of a subcategory & of a
given category %, with the localization of the category % . In this direction, let ¥ be a category and ¥
a full subcategory of %. Let also S be a localizing class of % and we suppose that S := S N Homgy is
a localizing class of 2. Then, we can define a functor F : .@[Sél] — €[S'] as follows:

° Ob(@[S;jl]) — Ob(%[S7']), where M — M

L

L
[ ] Hom@[s—@1](M, N) — Hom%)[s—l](M, N), where ]% \f‘ = j% \f‘
M N

M N

Proposition 1.3.31. Let % be a category and Z a full subcategory of €. Let also S be a localizing class
of ¢ and suppose that:

(1) S = S N Homgy is a localizing class of 9
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(2) for every morphisms : N —» M, withs € S and M € 9, there exist a morphismu : P — N, such
thatsou € Sand P € 9

Then the functor F : .@[S;jl] — F[S7Y is_fully faithfull.

Proof. Let M, N € 9. We need to prove that the map Hom@[s 11(M, N) = Homgg-11(M, N) is a
bijection. We first prove that is one to one. Let

2N N

M N

be two left roofs that represent two morphisms in Z[S ;] . From the above functor, they also represent
two right roofs in ¢’[S~']. Then, the two right roofs are equivalent, hence there exist U € ¢ and
morphisms u : U — Landv : U — K, suchthats ou =t ou € § and the diagram

M %iu\f( N
D%

is commutative. From the second part of our hypothesis, there exist V € Z and morphismw : V — U
suchthat s ou ow =1t ov ow € §. Therefore we have the commutative diagram

AN
N

From the last diagram if follows that the left roofs that we started with are equivalent, hence they
represent the same morphism in Z[S ;] To prove that it is onto, let

N

M N

51



Chapter 1 1.3. Localization

be a left roof which represents the morphism ¢ in Homeg-1) (M, N). From the second part of our
assumption, there exist object U € Z and morphism u : U — L € § such that s o u € S. Therefore
we have the commutative diagram

/T\
'\H/

Hence, the two left roofs

L U
M N M N

are equivalent, which means that they represent the same morphism ¢. In addition the second left
roof determines a morphism from M to N in Z[S7; '], whose image from the map Hom g s- (M N) —

Homy(g-11(M, N) is ¢. This means that this map is onto. [

Remark 1.3.32. Under the assumptions of the Proposition 1.3.31, we may regard @[S;] as a full
subcategory of € [S™!].

1.3.4 Localization of abelian categories

It is natural to turn our interest in the localization of additive and abelian categories. Our main focus
is to prove that the localization of an additive category 2# with respect to a localizing class S has an
additive, respectively abelian, structure and the localization functor is additive, respectively exact.
We fix and additive category &/ and a localizing class S in /. Note that (LC4) can be replaced with
the following:

(LC4) Let f : M — N be a morphism in &/. Then there exists s € § such that s o f = 0 if and
only if there exists ¢t € S such that f ot = 0.

Lemma 1.8.33. Let M, N € &/ and ¢, ¢ € Hom_s-1)(M, N). Then, there exists an object L and
morphisms s € S and f, g : L — M, such that these morphisms are represented by the left roofs

M%L\ZN M%L\g/‘N

52



Chapter 1 1.3. Localization

Then the morphism M — N, which is determined by the left roof

L

N

M N

depends only from the morphisms ¢ and , i.e., it is independent of L, and their representatives s, f
and g.

Proof. For the proof we refer to [12, Lemma 2.1.1]. [ |

The above Lemma 1.3.33 implies that we have a well defined binary operation in </ [S~!] which
allows us to add two morphisms. In particular, let M, N € o/ and ¢, ¢ : M — N be two morphisms
in o7 [S!]. From the above Lemma there exist L € &/ and morphisms f, g : L — Nands : L — M,
where s € §, such that the morphisms ¢ and ¢ are represented by the left roofs

L L
SN N
M N M N
Then we define the bilinear operation in the equivalence class of left roofs as follows:

Homﬁ[sq](M, N) X HomM[SJ](M, N) g Homﬂ[sq](M, N)
(6. ¢) — ¢+ ¢

where ¢ +  is the morphism represented by the left roof
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then O is the identity in Hom[s-17(M, N). In addition if ¢ is a morphism in Hom ;s-1(M, N)

represented by the left roof
L
SN
M N

then the left roof
L
/ y
M N
is the opposite of ¢. Therefore the set &7 [S™!](M, N) has the structure of an abelian group. The zero

object of &/ coincides with the zero object of &/[S~!]. Lastly by defining the defining the direct sum
of two objects M, N € 2/[S™!] to be the direct sum M @ N in ./, we have the following Proposition.

Proposition 1.3.34. Let &/ be an additive category and S a localizing class in </ . Then the localization

</ [S™1] is additive.

Proof. The sketch of the proof is given from the above discussion. For more details we refer to [12, pp.
28-34] [ ]

Therefore, from the above, we have the following Theorem.

Theorem 1.3.35. Let </ be an additive category and S a localizing class in o/ . There exist an additive
category <7 [S™'] and an additive functor Q: o/ — /[S™'] such that:

(1) Q(s) is an isomorphism for every s € S.

(2) For any additive category 9% and additive functor F: &/ — 98 such that F(s) is an isomorphism for
every s € S, there exists a unique additive functor G: o/[S™'] — % such that F = G o Q, that is,
the diagram

o —E 5 »
o] %

A[S71

In addition, the category </ [S™'] is unique up to isomorphism.

Proof. From Proposition 1.3.34 and the discussion before that, it is enough to show the existence of
the functor Q : &/ — &/[S™'] and the universal property holds. Let f, g : M — N be two morphisms
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in 7. Then the morphisms Q(f), Q(g) in o7 [S™!] are represented by the left roofs
M
M N M N

Hence the morphism Q(f) + Q(g) is represented by the left roof

M

7 N

M N

This implies that Q(f) + Q(g) = Q(f + g), which means that the localization functor Q : & —
2/ [S~!] is additive. For the universal property, let % be and abelian category and F : &/ — %
be an additive functor such that F(s) is an isomorphism for every s € S. Then from Theorem 1.3.2
there exists a unique functor G : &/[S™!] — % such that F = G o Q. We have to prove that it is
additive. For every M € & we have that G(M) = F(M). In addition, for every morphism ¢ : M — N
which is represented by the left roof

M%L\f(N

we have that G(¢) = F(f) o F(s)~!. Now, let ¢, : M — N be two morphisms in </[S~!]. From
Lemma 1.3.29 they are represented by the left roofs

AN N

Then the morphism ¢ + i is represented by the left roof

L
/ \fJ(rg
s
M N
Therefore we have that

G(p+y)=F(f+g) oF(s) ' =F(f)oF(s) ' +F(g) o F(s)™' = G(¢) + G(¥)

which means that G is additive. The proof of the uniqueness is identical to that of Theorem 1.3.2,
therefore it is omitted. [ |
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The following two Lemmas provide a characterization of zero morphisms in localizations.

Lemma 1.3.36. Let ¢ : M — N be a morphism in </ [S~'] represented by the left roof

L
AN
M N
Then the following are equivalent:

(1) ¢ = 0.
(2) There existst € S suchthat f ot = 0.

(3) There existst € S suchthatt o f = 0.
Proof. We will only show that (1) &= (2) since (1) <= (3) is dual.

(1) = (2): Suppose that ¢ = 0. Then 0 = Q(f) o Q(s)~' and Q(f) = 0. Therefore the left roof

L
N
L N

represents the zero morphism in Hom J&7[571](L, N). The zero morphism between L and N is

represented by the left roof
L
A N
L N

Hence, the above two roofs are equivalent, which means that there exist an object U € &/ and a
morphism ¢t : U — L such that the diagram

L
A TN
L U N
\ lt /'
~ 0
L
is commutative. This implies that f o ¢t = 0.
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(2) = (1): Suppose that there exists t € S such thatt o f = 0. Then we have that Q(f) o Q(¢) =
0. This implies that Q(f) = 0 and ¢ = Q(f) o Q(s)™! = 0. n

We focus now on abelian categories, so let &/ be an abelian category and S be a localizing class of

47 In the rest of this section, we will show that the localization </ [S~!] is also an abelian category.
We first prove that any morphism in o/ [S ~1] has kernel and cokernel.

Lemma 1.3.37. Let ¢ : M — N be a morphism in </ [S™']. Then ¢ has a kernel and a cokernel.

Proof. Let

MyLXN

be a representative of ¢. Then we have ¢ = Q(s)™! o Q(f). Since Q(s)~! is an isomorphism, then
x : K = M isakernel in &/ [S™!] if and only if x is a kernel of Q( f) in </ [S~!]. Since ¢/ is abelian, let
k : K —» M be the kernel of f. We claim thatx := Q(k) : K —» Misakernelof O(f). Lety : P > M
be a morphism in .7 [S~!] such that Q(f) o ¢ = 0. If

U
AN
P M
is a representative of i, then we have that ¢ = Q(g) o Q(¢)"'. We compute

0=0(f) oy =0(f)oQ(g) o Q)™ =0(fog)oQ(n)!
and since Q(#) is an isomorphism, it follows that Q(f o g) = 0. Hence, from Lemma 1.3.29, there

exists a morphism v : V — U € §, such that f o g o v = 0. This means that g o v factors uniquely
through the kernel k : K — M of f, i.e. there exists w : W — K such that k o w = g o v. Therefore

Q(k ow) = Q(g ov) = Q(k) o Q(w) = Q(g) 0 Q(v) = Q(g) = Q(k) o Q(w) 0 Q(»)~!
Consequently we have that
¥ =0() 00" =0(k)oQw) o Q) 0 Q)7 =x00(w) o Q(v) o (1)~
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which implies that ¥ factors through K. It remains to show that this factorization is unique. Let
¥ = x o @ = x o Bbe two factorizations of iy through K. Then x o (a@ — 8) = 0. Since k is a monomor-
phism, then x is also a monomorphism since Q is additive, thus @ — 8 = 0 = a = . Dually, in the
opposite category of <7 [S~!], we can prove that i has a cokernel. [

From Remark 1.2.15, for the morphism ¢ we have the commutative diagram

Ker(¢) —— M —2
al %TB

Coim(¢) — Im(¢)

ye)

s Coker(¢)

To prove that &7 [S~!] is abelian, it remains to show that ¢ is an isomorphism. This is proved in the
following Lemma.

Lemma 1.3.38. The morphism ¢ is an isomorphism.

Proof. Let

P%L\{‘M

be a left roof which is a representative of ¢. Therefore we have that ¢ = Q(f) o Q(s)~!. Since . is
abelian, from Remark 1.2.15 we have the commutative diagram

Ker(f) o) > L 2(/) > M 2() > Coker(f)

Q(a)l TQ(b)

Coim(f) W Im(f)

From Lemmal.3.37 we have that Q(k) : Ker(f) — L is a kernel of Q(f), and Q(c) : C — Coker(f)
is a cokernel of Q(f). Therefore Q(a) : L — Coim(f) is a coimage and Q(b) : Im(f) — N is an
image of Q(f). Since ¢ = Q(f) o Q(s)~!, we can assume that Q(c) : N — Coker(f) is a cokernel of
¢ : M — N, that is, we can let Coker(¢) = Coker(f) and p = Q(c). By using the same argument,
we have that Q(b) : Im(f) — N is a kernel of p : N — Coker(¢), that is, we can set Im(¢) = Im(f)
and 8 = (Q(b)). Finally, since ¢ = Q(f) o Q(s)~!, the morphism Q(s) o Q(k) : Ker(f) — M is a
kernel of ¢, thus we can let Ker(¢) = Ker(f) and x = Q(s) o Q(k). Analogously, we have that Q(«) o
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Q(s)~! : M — Coim(f) is a cokernel of x, thus we can let Coim(¢) = Coim(f)anda = Q(a) o Q(s)~'.
Then we have that

Q(f)eQ(s) ' =¢=pogoa=0(b)o¢oQ(a)oQ(s)”"

Q(b) o ¢ o Q(a) = Q(f) = Q(b) o f o Q(a)

Because Q(b) is a monomorphism, we have that ¢ o Q(a) = Q(f) o Q(a). However, since Q(a) is an
epimorphism, it follows that ¢ = Q(f), which completes the proof. [ ]

Using the last two Lemmas, Lemma 1.3.37 and Lemma 1.3.38 we may prove one of our main
results which is the following

Theorem 1.3.39. Let &/ be an abelian category and S a localizing class in «/. Then the localization
7 [S7'] is also an abelian category. In addition, the localization functor Q : &/ — </[S™'] is exact.

Proof. We only need to prove that Q is exact, since the first part is proved in the previous two Lemmas,
Lemma 1.3.37 and Lemma 1.3.38. Let

M-—LynN_S5p
be an exact sequence in /. We need to show that the sequence

M Q(f)>N Q(g)>P

is exact in «/[S7!]. Clearly, we have that Q(g) o Q(f) = 0 since Q is additive. From the proof of
the previous two Lemmas, if i : Im(f) — N is the image of f, then Q(i) : Im(f) — N is the image
of Q(f). Also, if k : Ker(g) — N is the kernel of g, then Q(k) : Ker(g) — N is the kernel of Q(g).
Therefore, the exactness of the second sequence comes from the exactness of the first one. [

In the context of abelian categories, there exists an important class of subcategories of .o/ called
thick subcategories.

Definition 1.3.40. Let </ be an abelian category. A non trivial full subcategory % of </ is called thick,
if for every short exact sequence

0—> M —3 M — M" — 0

in o/, we have that M € A ifandonly if M', M" € A.

Remark 1.3.41. A thick subcategory of an abelian category always contains the zero object due to
the following short exact sequence
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1R

~
=
~
o
~
o

where N € 4.

Lemma 1.3.42. Let &/ be an abelian category and % a thick subcategory of </ . Then:

(1) A is a strictly full subcategory of <7,

(2) £ is an abelian category,

(3) any subogject and every quotient-object M € A is in A,

(4) any extension of any two objects in A is in 4.

Proof. (1) Let M € Zandi : N —» M be an isomorphism. Then

2

3)

“4)

is a short exact sequence, hence N € A.

Let M, N € 9. Then we have the short exact sequence

0O—M —F MSN — N — 0

in &/. Therefore M @ N is in A, hence £ is additive. Let now f : M — N be a morphism in
2. Then f is also a morphism in 7, therefore its kernel, cokernel, image and coimage are in .27 .
Since £ is thick, all of the above objects are also in 4. In addition, they represent the kernel,
cokernel, image, and coimage of f in %. This means that the canonical map of f in 7 is also the
canonical map of f in %, and this proves the second part of the lemma.

Let M € % and M’ be a subobject of M in /. Then we have the short exact sequence

0 —M — M —> M —0
in «/. Since 4 is thick, it follows that M’ and M"’ are also in 4.

Let

0 > M’ > M > M"” > 0
be a short exact sequence in </, where M’, M"" € %. Then M is an extension of M’ by M. =
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The following Lemma gives a characterization of thick subcategories.

Lemma 1.3.43. Let &/ be an abelian category and S a localizing class of </. Let also A be the full
subcategory of &/ whose objects are isomorphic to the zero object in /[S7'], i.e. # = Ker(Q) = {B €
2/ | Q(B) = 0}. Then £ is thick.

Proof. Let

0 > M’ > M > M” > 0
be a short exact sequence in 7. Since the localization functor Q : &/ — 7/ [S™!] is exact, then
0 — 0(M') — QM) — Q(M") —> 0

is a short exact sequence in .7 [S™!]. If now M € %, then Q(M) = 0. Due to exactness M’, M"" € 2,
hence Q(M’) = Q(M") = 0. Converssly, if M’, M € %, we have that Q(M’') = Q(M"") = 0, and
again from exactness we have Q(M) = 0. Therefor M € %, which means that & is thick. [

Definition 1.3.44. Let </ be an abelian category and A a thick subcategory of «/. We define Sy to
be the class of all morphisms f : M — N in </ such that Ker(f) and Coker(f) are in 4.

Lemma 1.3.45. The class S 4 defined above, is a localizing class in <7 .

Proof. We refer the reader to [12, Lemma 2.2.5] for the proof, since it is long but not that difficult. =

Lemma 1.3.46. Let &/ be an abelian category and % a thick subcategory of «/. Let also Sz be the
localizing class defined in 1.3.44. Then 2 is the thick subcategory whose objects the ohjects of .o/
which are isomorphic to the zero object in </ [S;gl].

Proof. Let M € 9. The kernel and cokernel of the morphism M — 0, is M and 0 respectively.
Therefore the morphism M — 0isin Sg, and M = 0 in &/ [S,Zgl]' On the other hand, suppose that
M = 0in &/ [S;;]. Then the identity morphism of M, which has the left roof

PN

M M

has to be isomorphic to the zero morphism, whose representative is the left roof
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\
/

M M

This means that there exists a morphism u : U — M such that the diagram

/ N\
Y4

R T—X

is commutative and u € S%. Therefore it follows that u is the zero morphism, which means that
Coker(u#) = M, hence M € A. [

Definition 1.3.47. We denote the localization of [Sé}] with &7 | % and we call it the quotient category
of & with respect to the thich subcategory 4.

By Theorem 1.3.39, the quotient category &7 /% is abelian and the quotient functor Q: &/ — </ /%
F
is exact and is universal for exact functors &/ — %, where % is abelian such that F (%) = 0.

Proposition 1.3.48. Let &/ be an abelian category and %, € two thick subcategories of &/. Then:

(1) the full subcategory % N € is a thick subcategory of < .

(2) the natural functor /% N € — & |F if fully faithful.

Proof. For the proof we refer the reader to [12, Proposition 2.2.6]. [ ]

1.4 Triangulated Categories

Triangulated categories play an important role in modern mathematics. The notion of a triangulated
category was introduced independently from Puppe, in [15], and Verdier, in [19]. The first wanted
to study the stable homotopy category, and the second the derived category of an abelian category.
Just as Verdier showed, a basic example of a triangulated category is the derived category D(27) of
an abelian category /. By definition a triangulated category is not necessarily abelian, therefore
we can not have a notion of exactness, since the existence of kernels and cokernels can not be
guaranteed. Instead of s.e.s, in triangulated categories we have the class of distinguished triangles
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which play the role of s.e.s in abelian categories. One can divide this section in two parts. In
the first part, we give the definition of a triangulated category and we present some basic results
concerning them. Next we present the localization of triangulated categories, where we prove that the
localization of a triangulated category with respect to a localizing class, with some extra properties, is
also a triangulated category. We conclude the first part by discussing triangulated subcategories of
triangulated categories. The second part is about the derived category of an abelian category. We start
by giving the definition of the category of complexes and then passing on to the homotopic category of
complexes of an abelian category. We close the second part with the definition of the derived category
and present some basic results about them. We will closely follow Milicic notes [12].

1.4.1 Definition of triangulated categories

In this subsection we begin by giving the definition of a triangulated category. We then present func-
tors between triangulated categories that preserve their triangulated structure, called triangulated
functors. We introduce the notion of cohomology in triangulated categories through cohomological
functors, thereby generalizing the classical notion of cohomology in abelian categories.

Definition 1.4.1. Let .7 be an additive category and ¥ : . — 7 an additive functor which is an
automorphism. The functor ¥ is called the suspension (translation, shift) functor of 7.

Notation 1.4.2. If X € 7, we also write X [n] instead of X" (X), forn € Z.

Definition 1.4.3. Let . be an additive category.

(1) A triangle in 7 is a diagram of the _form

X —Y —7Z—> 3(X)
A triangle can also be represented by the diagram

Z

X ——7Y

Justifying the name "triangle” for the above diagram. We write [1] to indicate that the morphism is
of the formZ — X(X).

(2) A morphism of triangles is a commutative diagram of the form
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Chapter 1
X S Y s Z > Z(X)
\Lu v \Lw \Lz(u)
X’ > Y’ A > 2(X7)

A morphism of triangles is called an isomorphism of triangles if the vertical morphisms are
isomorphisms.

Definition 1.4.4. A category .7 is called a triangulated category if it is additive and. it is equipped
with a suspension functor and a class of triangles called distinguished triangles which satisfy the

following axioms
(TR1.a) Every triangle isomorphic to a distinguished triangle is a distinguished triangle.

(TR1.b) For every object X € 7 the triangle

X 25 X — 50— 3%(X)

is a distinguished triangle.

(TR1.¢) Every morphism f : X — Y in .7 can be embedded in a distinguished triangle

X s Y 4 > 2(X)

(TR2) The triangle

x Lysy 857 1y sx

is distinguished if and only if the triangle

Yy —f sz " vy =29 sy

\
l4

~

is distinguished.

(TR3) Let
X s Y s Z s 3(X)
M\L v \Lz(u)
X —Y — 7 — 2(X)
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be a diagram in .7 where the rows are distinguished triangles and the first square is commutative.
Then their exists a morphismw : Z — Z’ such that the following commutative diagram

X s Y 4 > 2(X)

|

|
ul v \Vw \Lz(u)
X’ Sy’ A s $(X)

is a morphism of triangles.

(TR4) Letf : X > Y,g:Y - Zandh : X — Z be morphisms in 7 such thath = g o f. Let also

f

X vy S5 77 s 2(X)
| L H
X -y bey —s 5(X)

}

5 X’ > X(Y)

E\
N:N

Y

be a diagram in .7 where the the first column is commutative. Then the above diagram can be
completed to the commutative diagram

N

X vy 25 77 s 2(X)
|

h b ¥
X 4 > Y’ > Z(X)

|

[
y 237z <y x s S(Y)
Lo b
7 -ty -2y X -y 2(Z)

where the cone triangle
7 sy Yy xr s %(Z)

is distinguished

Remark 1.4.5. (1) The axiom (TR2) is called the rotation of triangles axiom. Because it is an "if
and only if' statement, that means we can also rotate the triangle "counterclockwise". Therefore
we also have an equivalent of the (TR2) axiom which is the following:

The triangle
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is distinguished if and only if the triangle

_y-1
sz — By x L,y

is distinguished.

(2) The axiom (TR4) is also called the octahedral axiom. This name comes from the fact that the
involved triangles in the diagram can be arranged to form an octahedron in three dimensions.

Definition 1.4.6. Let 9, 7’ be two triangulated categories and F : . — 7’ be an additive _functor.

The functor F is called graded if the functor F' o ¥ is naturally isomorphic to the functor X o F.

Let F : 9 — 7’ be a graded functor between triangulated categories and n : F o ¥ — X o F be

a natural isomorphism between F o X and X o F. If

X 1sy £y z -ty sx)

is a distinguished triangle in .7, by applying F we get the diagram

F(x) L pyy 290 pz) 22 ps(x)) —2 S(F(X))

Consequently, we get the triangle

F(x) —Y s pryy —28 s pzy) 2P0 s R (x))

Let
X S Y > Z » 2(X)
M\L v w \Lz(u)
X — Y — 7 —3 3(X)

be a morphism of triangles in .7. By applying F we get the commutative diagram

nx

F(X) > F(Y) > F(Z) — F(E(X)) — Z(F(X))

o 1ro 1row lrew) {zFw)

F(X') — F(Y') — F(Z') — F(Z(X')) = Z(F(X))
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and by combining the last two squares we get the morphism of triangles

F(X) — F(Y) > F(Z) > L(F(X))

Fl | 1ro 1rom {zFa

F(X') — F(Y') —> F(Z') — Z(F(X))

If the initial morphism of triangles is an isomorphism, then clearly the one induced from F is also an
isomorphism since F' is additive.

Definition 1.4.7. Let  and .7’ be two triangulated categories and F : 7 — 7’ be a graded func-
tor. The functor F is called exact, or in more modern terminology triangulated functor, if it maps
distinguished triangles to distinguished triangles. Explicitly, if for any distinguished triangle (1.2), the
triangle (1.3) is distinguished.

Definition 1.4.8. Let 7 and 7’ be two triangulated categories and F, G : . — 7’ be two exact

functors. A natural transformationw : F — G of functors is called a graded morphism if the diagram

F(2(X)) —X5 S(F(X))

wxool lE(wx)

G(EX)) —5 Z(G(X))

nG.x

is commutative forall X € 7.

Remark 1.4.9. If we have a distinguished triangle

X —Y —Z—>3(X)

then by the above Definition 1.4.8, we get the following commutative diagram

F(X) F(Y) > F(Z) — F(E(X)) — Z(F(X))

wX\L \Lwy \sz \L‘UZ(X ) \LZ (wx)

G(X) > G(Y) > G(Z2) — G(E(X)) — Z(G(X))

~

By combining the last two squares we get the following commutative diagram

F(X) — F(Y) > F(Z) > L(F(X))

ox | o Iz BN

G(X) — G(Y) > G(2) > Z(G(X))
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Since F' and G are exact functors, the last morphism is a morphism of distinguished triangles.

Remark 1.4.10. If 7 is a triangulated category, then its opposite category .7 °P can be eqquiped with
a natural triangulated structure. We define the shift functor on .7°P to be inverse of the shift functor
Y of 7. Also, if

x JLsy S5z 1y yx)

is a distinguished triangle in .7, we declare the triangle

g S -7 (h)

Z S Y s X > 2(Z)

to be a distinguished triangle in .7°P.

Proposition 1.4.11. The category 7 °P with the above shift functor and class of distinguished triangles,
is a triangulated category.

Proof. For the proof we refer to [12, Proposition 1.2.1]. [ ]

Remark 1.4.12. If

x Lysy Sy 7 hyyx

is a distinguished triangle, then we have the following diagram

Z(f)

-1

v X vy &8 vz 1

Lemma 1.4.13. Let

x Lsy Sy 7z M"yyx

be a distinguished triangle. Then any two consecutive compositions of the triangle is O, i.e.
gof=hof=foh=0
Proof. From (TR2) it is enough to prove that g o f = 0. Consider the diagram

X=—=X—">0— 2Z(X)

L |

x Lyy 257 1y yx)
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From (TR1) the lines are distinguished triangles, therefore from (TR3) there exists a morphism u :
0 — Z such that the following diagram is commutative

X=—X—30—33(X)

T

\I/
x Lyy 857 hysix

~

Since the middle square is commutative, we have that g o f = u o (X — 0). However u is the zero
morphism, hence g o f = 0. [

Remark 1.4.14. Let .7 be a triangulated category and ./ an abelian category. Letalso F :  — &/
be an additive functor. For every distinguished triangle

x JLsy S5z 1y yx)

from the previous Lemma 1.4.13, we havethatgo f =0 = F(go f) =0 = F(g) o F(f) = 0. Also,
from the diagram

7! (h) f

S X Y S 7 h =(f)

> T(X) — 5 -

we get the diagram

L FERO py PO gy F@ L p  FB) sy FEO

of objects is <7

Definition 1.4.15. Let .7 be a triangulated category and &/ be an abelian category. An additive
functor F : 7 — & is called a cohomological functor if for every distinguished triangle

x Lyy Sy 7 1y sx)

the sequence

Fx) =L pyy 29 p(z)

is exact in 7. In particular, the sequence
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L FERO ey PO pyy P gy O gy FEO)

is exact in <7 .

Remark 1.4.16. Let f : X — Y be a morphism in .7. Then, for every object U € .7, there exists
an induced morphism f, : Hom# (U, X) — Hom 4 (U, Y), which is defined as f.(¢) = f o ¢, where ¢
is a morphism of the form ¢ : U — X, and f* : Hom# (Y, U) — Hom (X, U), which is defined as
f*(¥) = ¥ o f, where ¢ is a morphism of the form ¢ : ¥ — U. Let

x Lsy 2y 7 hysix

be a distinguished triangle and U an object of .7. Then f, g and h induce morphisms, particularly
group homomorphisms, of abelian groups and thus we get the following sequences

- — Hom (U, X) —5 Hom7(U. ¥) % Hom (U, Z) —" Hom (U, £(X)) =3 - .-

2P Hom s (5(X), U) =S Homa (Z, U) =5 Hom s (Y, U) —L% Hom g (X, U) — - - -

The following proposition proves that the above sequences are exact sequences of abelian groups.

Proposition 1.4.17. LetU € 7. Then:

(1) The functor Hom4 (U, —): . — Ab is a homological functor,

(2) The functor Homg (-, U): .7°P — Ab is a cohomological functor.

Proof. We will prove the first part since the proof of the second part is dual using the rotation axiom.
It is enough to prove that Im(f.) = Ker(g.). Since Hom (U, —) is additive functor we have that
Im(f.) € Ker(g.). For the other inclusion, let u : U — Y be a morphism in Ker(g,), i.e. g.(u) = 0 =
g o u = 0. Consider the diagram

<

U=—U—30—>3 (V)

-
8>Z

where the middle square is commutative and the rows are distinguisded triangles. By rotating the
triangles we get the diagram

x L

~
h<

> 2(X)
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~

(U) —— Z(U)

-Z(f)

~

Z(X) > Z(Y)

From (TR3) we can complete it to the following commutative diagram

S(U) —Y 3(U)

0

\L :Z(v)
<

Z

2(X)

~

-2(f)

> Z(Y)

~

and by rotating the triangles we have the following morphism of triangles

= U —>0— (V)

L e

sY 55 7 — 5 3(X)

><<—Q

Therefore we have constructed a morphism v : U — X such that u = f o v = f,(v), which means
that u € Im(f.). [

The following Lemma is the analogue of the 5-Lemma 1.2.29 in abelian categories.

Lemma 1.4.18 (Five lemma for triangulated categories). Let

> Z > 2(X)

F e

> Z > Z(X)

X
-
X/

v ~
N

be a morphism of distinguised triangles where two of the morphisms u, v and w are isomorphisms.
Then the third one is also an isomorphism.

Proof. By rotating the triangles we can assume that # and v are isomorphisms, and by applying the
the functor Hom #(Z’, —) we get the following commutative diagram

Homg#(Z’, X) — Homg(Z',Y) — Homgz(Z’, Z) — Homg(Z’, (X)) — Homg(Z’, 2(Y))

\Lu* \Lv* \Lw* \LZ () \LZ (vs)

Homg(Z’, X’) — Homg4(Z',Y’) — Homg(Z', Z") — Homg(Z’, £(X)) — Homgo(Z', 2(Y))
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where the lines are exact and all maybe except the morphism w,, are isomorphisms. From the five
lemma for abelian categories we have that w. is an isomorphism. Therefore there exists a morphism
a : Z' — Zsuchtthat w.(a@) = w o @ = 1z. Now by applying the functor Homg(—, Z) to the original
diagram, we the following commutative diagram

Homg(Z(Y’), Z) ——> Homg(2(X’), Z) ——> Homy(Z’, Z) —— Homgy(Y’, Z) —— Homgy (X', Z)

lzw) lzw*) \Lw* \Lv* lu*

Homg(Z(Y), Z) —— Homg(2(X), Z) ——> Homgy(Z, Z) —— Homgy(Y, Z) —— Homgy(X, Z)

where the lines are exact and all maybe except the morphism w”*, are isomorphisms. Again, from
the five lemma for abelian categories we have that there exists a morhism 8 : Z’ — Z such that
w*(B) = Bow = 1z. Hence we have that 8 = o (wo a) = (8 o w) o @ = @, which means that w
is an isomorphism. [ |

Remark 1.4.19. Let f : X — Y be a morhpism in .7 and consider the following diagram

et
~
~

> Z > 2(X)

s 7/ 2(X)

e
~
h<

~

where the first square is commutative. From (TR3) we can complete the above diagram in the following
morphism of triangles

x L

X

~

N <——
\<—§ N

> 2(X)

> 2(X)

Y

> Y
\
7

f

~

From the five lemma for triangulated categories we have that w is an isomorphism, hence the object
Z is unique up to isomorphism but not up to unique isomoprhism, since in general there are many
isomorphisms w making the above diagram commutative.

Definition 1.4.20. The object Z in the above Remark 1.4.19 is called the cone of the morphism f.

Lemma 1.4.21. Let

X S Y 4 > Z(X)
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be a triangle in 7 . If two of its vertices are isomorphic to the zero object, then its third is also isomorphic

to the zero object.

Proof. The proof is straightforward and is left to the reader.
Lemma 1.4.22. Let

x Lsy 257 1y sx

be a distinguished triangle. The following are equivalent:

(1) f is an isomorphism,

2 Z = 0.

Proof. Consider the following commutative diagram

X — 00— 2(X)

X
| bl 1
X > Z

> Z(X)

(1) = (2) : Suppose that f is an isomorphism. Then the first and second vertical morphisms are
isomporhisms and from the five lemma for triangulated categories 1.4.18 the morphism 0 — Z is

also an isomorphism, hence Z = 0.

(2) = (1) : Suppose that Z = 0. Then the first and third vertical morphisms are isomorphisms and
from the five lemma for triangulated categories 1.4.18 f : X — Y is also an isomorphism. [

The following Proposition is an improvement of the axiom (TR3).

Proposition 1.4.23. Let

x Lsy S2sz7 ysx) aad x Lsy

’

7 s v(x)

be two distinguished triangles andv : Y — Y’ be a morphism. Then we get the following diagram

x Lsy S5z 15
\Lu v \Lw \Lz(u)
, S , & h ’
x Lyy sz s sx)
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and the following are equivalent:

(1) g ovo f=0,
(2) there exists a morphismu : X — X’ such that the first square is commutative, i.e. v o f = f o u,

(3) there exists a morphism w : Z — Z’ such that the second square is commutative, i.e. w o g =
g ov,

(4) there exist a morphismu : X — X’ and a morphismw : Z — Z’ such that the diagram is commu-
tative,ie. vo f = fouandwo g = g’ ov.

Furthermore, if the above properties are satisfied and also Hom 7 (X, Z’[-1]) = 0, then the morphisms
u and w are unique.

Proof. (1) = (2): From Proposition 1.4.17 we have the exact sequence

Hom (X, Z'[-1]) —— Hom #(X, X') —X Hom 7 (X, ¥Y") =55 Hom »(X, Z)

Then, if gi(vo f) = g’ ovo f =0, we have that v o f € Ker(g.) and because the above sequence
is exact we have that v o f € Im(f/). Hence there exists a morphism u : X — X’ such thatv o f =
fl(u) = f’ o u. In addition if Hom # (X, Z’[-1]) = 0, then the morphism u is unique because f; is a
group monomorphism.

(2) = (1): If there exists such morphism u then we have g’ ovo f =g o f"ou=00u = 0.
(1) = (3): Suppose that g’ o v o f = 0. Then again from Proposition 1.4.17 we have the exact

sequence

Hom 7 (X[1], Z') — Homz(Z, Z') ——5 Hom (Y, Z') —L Hom (X", Z')

Therefore, since f*(g’ ov) = g’ ov o f = 0, and because the above sequence is exact, therefore
also exact at Hom# (Y, Z’), there exists a morhpism w : Z — Z’ such that g*(w) = wo g = g’ o v,
Furthermore, if Hom (X, Z’[-1]) = 0 then the morphism w is unique since then g* is a group
monomorphism.

(3) = (1): Ifthere exists such morphism w, then we have thatg’ ovo f =wogo f=wo 0 =0.
(2) = (4): Immediate from (TR3).

(4 = (2)): Immediate. [
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Corollary 1.4.24. Let
x Lsy £z 5x)

be a distinguished triangle such that Hom(X, Z[-1]) = 0. Then:

(1) If

x Lyy sz My sx)

is another distinguished triangle based on f : X — Y, there exists a unique isomorphismu: Z — 7’
such that the diagram

Xf> 8

Y
Y

y 7 55 3(X)
s H
)

/ 7 s s (x)

g
X >

is an isomorphism of triangles.

@2 I

is another distinguished triangle, then i’ = h.

Proof. For the proof, we refer the reader to [12, Lemma 1.4.6] [ ]

1.4.2 Localization of triangulated categories

Previously in this chapter we studied the localization of a category with respect to a localizing class. We
then considered the localization of additive and abelian categories, and undere certain assumptions
we showed that their localizations are additive and abelian respectively. In the same spirit, here now
show that the localization of a triangulated category with respect to a localizing class which "respects"
the triangulated structure of the category, is a triangulated category.

Definition 1.4.25. Let .7 be a triangulated category. A localizing class S of 7 is called compatible
with the triangulated structure if:

(1) For every morphism s in .7 we have thats € § & X(s) € S,

(2) The diagram
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X S Y y Z > 2(X)
ol |
X — Y —3 7 —3 (X))

where the lines are distinguished triangles, the first square is commutative and s € S, can be
completed to the morphism of triangles

X S Y s Z s 2(X)
ool
X —3 Y —3 7 — X(X)

where p € S.

Remark 1.4.26. Let .7 be a triangulated category, and let S be a localizing class compatible with the
triangulation, and let Q : 7 — .7[S™!] be the quotient functor. Then for every s € S we have that
(Q o Z)(s) = Q(X(s)) is an isomorphism. Therefore, from the universal property of the localization,
the functor Q o ¥ factors uniquely through .7 [S~!], that is, there exists a unique additive functor
s : 7[5! —» Z[S7!] which makes the following diagram commutative

T —: 57
Q\L lQ

T[571] = T8

Clearly the functor g is an automorphism of the localization .7 [S~!]. In the following, by abuse of
notation, we will also use the symbol X for the functor 2g.

In order to have a triangulated structure in the localization .7 [S~!] of a triangulated category .7
with respect to a localizing class S compatible with the triangulated structure, we need to define the
distinguished triangles, in .7 [S71]

Definition 1.4.27. A triangle

X > Y > Z > 2(X)
in 7[S™'] is distinguished if there exists a distinguished triangle

U sV s W > 2(U)
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in 7 and an isomorphism of triangles

N(TQ
S
o
\vn
B

in 7[S71].

Theorem 1.4.28. Let 7 be a triangulated category and S a localizing class compatible with the trian-
gulated structure. The category .7 [S™'] is triangulated and the localization functor Q : 7 — F[S7']

is exact.
Proof. We will first prove that the localization .7 [S~!] is a triangulated category.

e (TR1) Let f : X — Y be a morphism in .7 [S~!]. Then f is represented by the left roof

U
AN
X Y
where s € S. Since .7 is triangulated, there exists a distinguished triangle

8

U s Y 25 vV 25 (V)

with base g : U — Y. Consider the diagram

Q(g) Sy o) % Qo(w)

5 > 2(U)
H ‘ lz(Q(s»
0w 10, 00 1 E(Q0)e(w)
V4 V4

1% s 2(X)

U
Q(S)\L
X

which is an isomorphism of triangles in 7 [§ ~1]. Therefore the triangle

¥ I Ly , y ZQWI0MW, 5oy

is a distinguished triangle in .7 [S~!] with base f : X — Y.

e (TR2) Immediate from the definition of distinguished triangles in .7 [S™!].
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e (TR3) Without the loss of generality, we can assume that both distinguished triangles came from
distinguished triangles in .7, i.e. in the following diagram

x o) oy 0(g) Ny Q(h) s 3(X)
lc» l«// lms) (1.4)
X’ Q(f)> v’ Q(g)> 77 Q(h)> S(X)

the rows are distinguished triangles in .7 S ~1] and the first square is commutative. The mor-
phisms ¢ and i are represented by the left roofs

U Vv
X X’ Y Y’
thus we have the commutative diagram
S
X —>Y
s~ ~lt
U 14
u \LV
’ f’ ’
X —>Y
Consider now the morphisms fos: U — Y and ¢ : V — Y. Since § is a localizing class, the
diagram
Vv
i~
U——Y
fos
can be completed to the diagram
U ——v
R
U——=Y
fos

in 7. On the other hand, from the commutative diagram
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U
X U’ X’
s\ A‘I’

ot’ H
U/

we have that the top left roof is equivalent to the bottom left roof of the above diagram. Hence
we can choose as a representative of ¢ the left roof

U/
SV \uit’
X X’

and the above rectangular diagram becomes

x Ly

ol

U’ a N 74 (1.5)

wl |

X’?Y’

where f o s ot/ = a o t, i.e. the top square is commutative in .7. By just changing the symbols
for the objects and the morphisms, we can assume that our initial diagram (1.5) was

x L5y

T

U——=V (1.6)
X’ T> Y
where the top square is commutative in .7. We have that ¢ = Q(u) o Q(s) ' and ¥ = Q(v) o
Q(t)~!, therefore from the commutativity of the top square of the diagram (1.6) we get o Q(f) =
O(f’) o ¢, that is
Qu) o QN7 0 Q(f) = Q(f’) © Qu) o Q(s)~*

Therefore we have that
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Q(v) 0 Q(1)~" 0 O(f) 0 Q(s) = Q(f") o Q(u)

However, from the commutativity of the top square of the diagram (1.6), we get that Q(f) o
O(s) = Q(f o 5) = Q(t 0 a) = Q1) o Q(a), hence Q(v) o Q(a) = Q(f’) o Q(u), i.e. the bottom
square is commutative in .7 [S™!]. Hence there exists a morhpism r : U” — U, where r € S,
such that the following square is commutative

AN

U UN Yl

N A

This implies that the top left roof is equivalent to the bottom left roof. In particular we have that
roaor = f"ouor. Since the diagram

AT

U// X/

%r

sor ‘

U//

is commutative in .7, that is, one representative of ¢ is the left roof

U
SIV Ytr
X X’
we can replace the original diagram (1.5) with the diagram

XL)Y

sorT~ NT’

U’ aor> 1% (1.7)

wor | I

XI?Y/
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where the top and bottom squares are commutative. By changing again the symbols for the
objects and morphisms, without the loss of generality, we can assume that the diagram that we

started with, the diagram (1.5) ,was

AN
—

<
~

©
~

(1.8)

N\(:—Q
%(T<

a
fl 5
where the top and bottom squares are commutative in 7. Let

U—4sv 4 > 2(U)

be a distinguished triangle in .7 with base a : U — V. Then the above rectangular diagram
(1.8) can be considered to be a part of the following diagram

X sy —£85 7 My vx)

s |~ i~ le(s)

U—2sv s W s 2(U) (1.9)

™
=
~
"3
OQ‘
a
N
=
~
™
—~
g
N—"

where the lines are distinguished triangles in .7. From (LT2) there exists a morphism p : W —
Z, where p € S, which completes the top part of the above diagram (1.9) to a morphism of
triangles in .7. Now, from (TR3), there exists a morphism w : W — Z’ which completes the
bottom part of the above diagram (1.9) to a morphism of triangles in .7. Hence we get the
commutative diagram

X s Y s Z > 2(X)
S|~ t|~ P~ ~\LZ(S)
Uu——=V s W > Z(U)
u v lw \Lz(u)
x Ly sz M y(x

where all the squares are commutative. Let x : Z — Z’ be a morphism in .7 [S~!] which is
represented by the left roof
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N

Z z’'

Then the above diagram (1.4) can be considered as a morphism of distinguished triangles in
T[5! as such

X o) Sy Q(g) S 7 Q(h) s X(X)
l‘p l’” l [peo
’ ’ h

e (TR4)Let¢ : X — Yand y : Y — Z be two morphisms in .7 [S~!] with representatives the left
roofs

U Vv
SN N
X Y Y Z
respectively. Their composition is the diagram

w
s 7 S
N

e M
U \%
f ~
X Y Z

and is represented by the left roof

From the commutative diagram

U
SN,
X w Y
I
W
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we have that the top left roof is equivalent to the bottom left roof. This means that ¢ can also
be represented by the left roof

w
s c;s/ YAS’
X Y

Again, just like we did for the proof of (TR3), by changing the symbols for the objects and
morphisms, we can assume that:

(1) the morphism ¢ : X — Y can be represented by the left roof

SV \fos'

X Y

(2) the morphism ¢ : ¥ — Z can be represented by the left roof

Vv
AN
Y Z
(3) the compositionx = ¢ o ¢ : X — Z is given by the diagram

U

7 L
Xt
U 14
N ~
X Y Z
and therefore can be represented by the left roof

U
/ gof’
X

Z

Let h := g o f"and W = Z. Since .7 is triangulated we can construct through (TR4) an octahe-

dral diagram, which is determined by the morphisms f”, g and 4, i.e. we have the commutative
diagram
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v-Lsv w550
| e
U S W SV > Z(U)
b b e
v—Ssw—vu > Z(V)

> > > Z(W')

in 7. The image of the above diagram through the localization functor Q is a diagram of the
same form. Consider the initial diagram for the assumptions of (TR4), that is, the diagram

X > Y > 7' > 2(X)
|l H
X —==7Z—Y > 2(X)
b o
y Yy 7z s x' — s 5(y)
in 7. The top part can be extended to the diagram
x —2 sy % s T(X)
(s) Q) TZ(Q(S))
v-2 y . W > 3(U)
0(g) lQ(u’) H
5 5 1}; sV > Z(U)
Q(s) H lZ(Q(S))
3(/ s Z > Y’ > 2(X)

where the top and bottom squares in the first column are commutative in .7 [S™!] by construc-
tion. The middle row is the morphism of distinguished triangles from the octahedral axiom.
Since we have already proved (TR3) for .7 [S~!], we can complete the first and last row of the
above diagram with the morphisms @ : W — Z’ and 8 : V' — Y’ to the following diagram
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x —2 sy \ 7/ s 2(X)
o(s) (1) TZ(Q(S))
v-2 y s W — s S(U)

0(g) o) H
U y W y \\//' > Z(U)
0(s) H B lZ(Q(S))
3(/ ~ Z P 1\//' > 2(X)

in .7 [S~!] where all the rows are morphisms of triangles. Since the five lemma for triangulated
categories is independet of (TR4), we have that the morphisms a and § are isomorphisms in
7 [S7!]. Doing the same thing to the middle row

X

~

Z—3Y — 5(X)

X
L o
Y

Yy gz X — 3(Y)

~
~

we can complete the above diagram to the diagram

X —~37z Sy’ s 2(X)
() B Tz
v-2"w sV > 2(U)

o) o) ()
v _2e, . U s 5 (V)
o) 2(0(5))
y Y 7 NG , 26/)

By using the same argument again, that is, because of the commutativity of the first square
in the last row, and since we have already proved (TR3), there exists a morphism y : X’ — U’
which completes the previous diagram into the diagram
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X —~37z Sy’ s 2 (X)
0(s) B Tecoesn
v-2"sw sV > 2(U)

o(f") o) =(f7)
y 2@ > W 3 U N EE/)
o) Y 2(Q(s))
y Yy 7 . X . T(Y)

Again, since the five lemma for triangulated categories is independent of (TR4), y is an isomor-
phism in J[S7!]. Letu := BoQu')oa,v:=y0Q(W)op tand w := Z(a) o Q(w’) o y~ L.
Then, from the commutative diagram

I CA N LU I TV NS
IR
z Sy’ > X' s 2(Z)

we get that the second row is a distinguished triangle in .7 [S ~11. In conclusion, by combining
all of the above, we get the octahedral diagram

¢

X S Y A > Z(X)
R C

X =37z S Y’ > Z(X)

I
Y L7 s X s 3(Y)
Lol

Z Y — X W>Z(lZ’)

Therefore .7 [S~!] is a triangulated category.

For the exactness of the localization functor Q, if

X —Y —Z—>3(X)
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is a distinguished triangle in .7, then immediately we have that the triangle

0x) 2% o) 29 o(z) 25 s(0(x))

is distinguished in .7 [S7!]. |

Theorem 1.4.29. Let 7 and 95 be two triangulated categories and F : 77 — 95 an exact functor.
Let also S be a localizing class in 7; compatible with the triangulated structure such that, if s € S, then
F(s) is an isomorphism in Z. Then there exists a unique functor Fs : 7 [S™'] — Z such that the
Jollowing diagram is commutative

A
Ql \
AR > T

3IFs

Proof. The existence of an additive functor Fs such that F = Fg o Q, comes from Theorem ??. So, it
is left to prove that Fy is exact. For a start, we have that X o Fg o Q =X o Fand Fs o X o Q = Fg o
Q o X = F o X, which implies that the functors X o Fg o Q and Fs o £ o Q are naturally isomorphic.
Let n be a natural isomorphism of the functors F o ¥ and X o F. Then, for every object X € 77, the
morphism 5y : (F o £)(X) — (X o F)(X) is an isomorphism. Also, for every morphism f : X —» Y
in 7] the following square is commutative

(F o 2)(X) -3 (2 o F)(X)
(FoZ)(f)l l(EoF)(f)
(F o %) —5> (Zo A)()

Since the objects of 7] are the same with the objects of .71 [S _1], we have the isomorphisms 77x :
(Fs 0 2)(X) — (Z o Fg)(S). In addition, if ¢ : X — Y is a morphism in .7;[S7'], let

X% &‘Y

be a left roof that is a representative of ¢. Thus, we get the following commutative diagrams
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(F o 2)(U) -5 (2 o F)(U) (F o 2)(U) -5 (2 o F)(U)
(Foz><s)l l(zoFxs) (FoZ)(g)l l(zw)(g)
(F 0 £)(X) —> (£ 0 F)(X) (FoZ)(Y) —> (Eo F)(Y)

and the equalities (Z o F)(s) ony = nx o (F o Z)(s), (X o F)(g) ony = gy o (£ o F)(g). From the
first equality we have that

(ZoF)(s)onu =nxo (FoZXZ)(s) = (ZoFsoQ)(s)onu =nxo (FsoQoZX)(s) =
(2o F)(Q(s) onu =nx o (Fs o X o Q)(S) = (X o Fs)(Q(s)) onu = nx o (Fs o Z)(Q(s)) =
nu o (Fs o 2)(Q(s))™ = (Fs o £)(Q(s)™) o nx

Therefore

ny o (Fs 0 Z)(¢) =1y o (Fs o £)(Q(g) 0 Q(s)™" =y o (Fs 0 £)(Q(g)) © (Fs 0 Z)(Q(s)7") =
(T o F5)(Q(g) onu o (Fs 0 £)(Q(s)™") = (X 0 Fs)(Q(g)) o (T o Fs)(Q(s)™) onx =
(T o F5)(Q(g) o Q(s)™") o mx = (Z o Fs)(¢) o nx

which implies that the following diagram is commutative

(3 o Fg)(X) 229 (56 Fg)(¥)

" [

(Fs o Z)(X) =oFe) (Fs o Z)(Y)
Hence X o Fg = Fg o X, which implies that Fg is graded. It is left to prove that Fs sends distinguished
triangles from .73 [S!] to distinguished triangles in 5. Let
f g

x Ly Sy 7 1y yx)

be a distinguished triangle in .7; [ S -1. By definition, there exists a distinguished triangle

U % s W > Z(U)

in .77 and an isomorphism of triangles

U SV > W > 2(U)
la b lc \Lz(a)
X % s Z s 2(X)
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in 71[S™']. Applying Fs to the above diagram and since Fs is graded, we obtain the commutative
diagram

Fs(U) — Fs(V) — Fs(W) —— 2(U) —~— $(Fs(U))

rst@ Fs) rs s L@@

7
Fs(X) — Fs(Y) — Fs(Z2) — Fs(£(X)) — Z(Fs(X))
Combining the last two squares into one yields the isomorphism of triangles

F(U) >V > Fs(W) — Z(F(U))

Fst@ lFs(b) s {zEs@)

Fs(X) — Fs(Y) — Fs(Z) — Fs(2(X))

in %. Since F is exact, the top triangle is a distinguished triangle in .7;. Therefore the bottom triangle
is also a distinguished triangle, hence Fy is exact. [ |

Remark 1.4.30. Let .7°P be the opposite category of a category 7 and S a localizing class of 7.
We know that S is also a localizing class of .7 °P. Aslo, there exists an isomorphism of categories a :
T[S~ — Z[S7]°P. From its construction and from Theorem 1.4.29, we have that a is additive.

Theorem 1.4.31. The functora : TP[S™'] — 2[S~!]° is an isomorphism of triangulated categories.

Proof. The proof follows from the above analysis. |

Proposition 1.4.32. Let .7 be a triangulated category, let </ be an abelian category, and letF : 9 —
& be a cohomological functor. Let also S be a localizing class of 7 compatible with the triangulated
structure, such that if s € S, then F(s) is an isomorphism. Then there exists a unique functor Fys :
T8 '] = & such that the following diagram is commutative

|

TS > o

Also the functor Fs is a cohomological functor.

Proof. The existence of an additive fucntor Fgs : 7 [S™!] — & such that F = Fs o Q, comes from
Theorem 1.3.35. So it is left to prove that Fs is a cohomological functor. Let
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X —Y —Z—53(X)

be a distinguished triangle in .7 [S~!]. By definition, there exists a distinguished triangle

U sV 4 > Z(U)

in 7 and an isomorphism of triangles

U >V 4 > Z(U)
N
X s Y s Z > 2(X)

in .7 [S~!]. By applying Fs to the above diagram we get the commutative diagram

F(U) > F(V) > F(W)

Irs@ Fs) rs

Fs(X) — Fs(Y) — Fs(2)

Since F is a cohomological functor, we have that the top row is exact in .«/. Therefore, immediately,
the bottom row is also exact, hence Fg is a cohomological functor. [ |

1.4.3 Triangulated subcategories

This subsection presents the definitions of triangulated subcategories and their localization, which
provide a framework for studying substructures and quotient constructions in triangulated categories.

Let 7 be a triangulated category and .7’ a full subcateogry of .7 such that:

(TS1) 0 € 7,
(TS2) for every X, Y in .77, we have that X @ Y is in .7,
(TS3) for every X,Y € 7, we have that X is in .’ & (Z£(X)) isin 7’

(TS4) for all X,Y in 7’ and for every morphism f : X — Y, there exists an object Z in .7’ such
that the triangle

X —>Y —Z7Z —3 3(X)
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is a distinguished triangle in 7.

Immediately we see that .7’ is additive. Furthermore, the triangles in .7’ with vertices that are objects
in 7 define a triangulated structure in .7, that is, .7’ is a triangulated category.

Definition 1.4.33. The above category .7’ is called a _full triangulated subcategory of 7 .

Proposition 1.4.34. Let 7 be a triangulated category, and let S a localizing class of 7 compatible
with its triangulated structure, and let 7’ be a full triangulated subcategory of 7. Suppose that:

(1) S = 8 N Mor(7”) is a localizing class of 7,

(2) for every morphisms : Y — X in S and X in .7, there exists a morphism u : Z — Y such that
sou€e SandZisin J’.

Then S 7 is compatible with the triangulated structure of 7', and 7’ [S }1,] is a full triangulated sub-
category of 7 [S71].

Proof. Clearly S 7 is compatible with the triangulated structure of .7. Therefore the natural inclusion
of 7’ in 7 induces an exact functor ¢ : . ’[S}l,] — 7[S7']. The functor ¢ is the identity on the
objects, and from Theorem 1.3.31 is fully faithful. Therefore we have that .7’'[S ;,] is a full additive
subcategory of .7 [S™!]. It is left to prove that .7 ’[S;] is a full triangulated subcategory of .7 [S™'].
Let

X S Y A > Z(X)

be a distinguished triangle in .7’ [S _71] Then it is a distinguished triangle in .7 [S~!], since ¢ is an
exact functor. On the other hand, if

X —Y —Z—>3(X)

is a distinguished triangle in .7[S~!] whose vertices are objects of .7 ’[S}l,], then there exists a
distinguished triangle

X

~
~
~
N
N
~

2(X)

in 7’[S ‘91,]. Hence we have the diagram

X S Y A > Z(X)

X s Y A > 2(X)
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whose first square is commutative. The above diagram can be completed to the isomorphism of
triangles

X > Y >

X > Y

> 2(X)

> 2(X)

N —N

~

in .7 [S7!]. Since J'[S }1/] is a full subcategory, the above is an isomorphism of triangles in .7’ [S _71,]
Therefore we have shown that the top triangle is a distinguished triangle in .7[S }1] [ ]

1.4.4 The category of complexes

Our goal for the rest of this chapter is to define the derived category of an abelian category. Derived
categories provide one of the most typical examples of triangulated categories. We start by defining the
category of complexes of an abelian category and then move on the homotopy category of complexes.
The derived category is obtained from the localization of the homotopic category of complexes with
respect to the class of quasi-isomorphisms in the abelian category.

Definition 1.4.35. Let </ be an abelian category. A graded <7 -object is a family X* = {X"},cz of
objects of «7. The ohject X" is called the homogenous component of degree n of X°.

Definition 1.4.36. Let X* and Y* be two graded </ -objects and n € Z. With Hom? (X*®, Y*) we denote
the set of all the graded morphisms of degree p, i.e.
Hom”(X*, Y*) = {{f"}nezlf" € Hom(X", Y"*P)}
Definition 1.4.37. Let o/ be an additive category.
(1) A cochain complex of </ -objects is a pair (X°®, dx), which consists of the graded </ -ohject X* and

the graded morphism dx € Hom'(X*, X*) such that d’;{_l o d%y = 0. The morphismdy is called the
differential of the cochain complex.

(2) A chain complex of </ -ohjects is a pair (X°, dx), which consists of the the graded <7 -object X* and
the graded morphism dx € Hom™!(X*, X*) such that dy o d;l(_l = 0. The morphism dx is called
the differential of the chain complex.

Remark 1.4.38. Chain and cochain comlexes can be represented by the following diagrams respec-
tively

X X
n

d d
+1
> n+1 . >Xn >Xn—1H"'
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1 dx 1
)X"_ )X" )X"+ — ...

In what follows, the term complex is used to denote a cochain complex.

Definition 1.4.39. Let (X°, dx) and (Y*, dy) be two complexes of <7-objects. A chain map f :
(X*, dx) — (Y*, dy) is a graded morphism f € Hom’(X*, Y*) such that

f*o d’;{l = dl’}_l o f"lvnez
i.e. the following diagram is commutative

-1
dy, dy,

...—>X”l—1 X >Xn

l n-1 J/ n l n-1
dn—l dn

— Y Y

Remark 1.4.40. The composition of two chain maps f*: X* — Y* and g*: Y* — Z°® is defined as
gu o f.: X* > 7°* = {gp o fp}pEZ'

We are now in a position to define the category of complexes of an additive category <7

Definition 1.4.41. Let &/ be an additive category. The category which has as objects complexes of
4 -ohjects and as morphisms chain maps between complexes of </ -ohjects is called the category of
chain complexes and is denoted by C(</).

Definition 1.4.42. Let X* and Y* be two comlexes of </-ohjects. We denote by Homc () (X*®, Y*) the
abelian group of all chain maps from X*® toY*.

Definition 1.4.43. Let ./ be an additive category and C(<7) the category of complexes of o/ . We define
the functor . : C(«/) — C(&/) which maps a complex X*® to the complex %(X*), where (X*)" = X"*!
and dg(X,) = —d;‘{l, Vn € Z, and every chain map f : X* — Y* to the chain map Z(f) : Z(X*) —
2(Y*), where Z(f)* = ™', Vn € Z.

Remark 1.4.44. The functor ¥ is an automorphism of the category of complexes C(./). This auto-
morphism will play the role of the shift functor in the homotopy category of comlexes, which will be
defined later, and together with a class of distinguished triangles, will give the homotopic category its
triangulated structure. Therefore, mimicking the notion of the shift functor of triangulated categories,
most of the times we will write X*[p] instead of writing X7 (X*), where X*® is the complex X* shifted
to the left p times.

Remark 1.4.45. The trivial complex
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~
o
~
o
~
o
N

is the zero object of C(.&7).

Definition 1.4.46. Let X* andY* be two complexes. We define the complexX® @ Y*, where (X*®* @ Y*)P =
XP & YP and d}i'@y- = d)’z ® d}e XP®YP — XPHL @ YPtl Vp € Z. We call the complex X* @ Y*
the direct sum of the complexes X* and Y*.

Remark 1.4.47. Since in Definition 1.4.46 we have a direct sum, we have the following canonical
morphisms

1) ix: X* > X" a@Y",
@iy Y > X @Y",
@) px: X"@Y" > X°,

4 py : X*®Y* > Y°,

From Remarks 1.4.47 and 1.4.45, and from Definition 1.4.46, we have the following Lemma.

Lemma 1.4.48. The category C(&) is additive.
Proof. For the details of the proof, we refer the reader to [12, Lemma 1.1.1]. [ ]

Since </ and C(«/) are additive categories we can define an additive functor between them.

Definition 1.4.49. Let o/ be an additive category. We define the functor C : &/ — C(<f) where
X, n=20
cx)ym=¢" and d =0
(%) {0, n# 0 €0
forallX € &, and

f, p=0

)y = {0’ o

for every morphism f : X - Y in4/.

Lemma 1.4.50. The functor C : &/ — C(&) is fully faithfull.

Proof. For the proof we refer the reader to [12][Lemma 1.1.2] [ |
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Remark 1.4.51. From Lemma 1.4.50 the additive category &/ is isomorphic to the full subcategory
of C(«7) whose objects are the complexes X*, where X? = 0, for p # 0.

We are interested in subcategories of C(.2/) which contain particular types of complexes. Therefore
we have the following definition.
Definition 1.4.52. Let X* be a complex.
(1) the complex X* is called bounded from below, if there exists ny € Z such that X" = 0, for every

n < ng. We denote with C™ (&) the full subcategory of C(2/) whose objects are the bounded from
below complexes.

(2) the complex X° is called bounded from above, if there exists ny € Z such that X" = 0, for every
n > ng. We denote with C* (<) the full subcategory of C(«7) whose objects are the bounded from
above complexes.

(3) the complex X* is called bounded, if it is bounded from below and from above. We denote with
CP(4) the full subcategory of C(27) whose objects are the bounded complexes.

Remark 1.4.53. The categories C™ (<), C* (/) and CP(%/) are invariant under for the action of the
translation functor, and they are also additive.

Notation 1.4.54. In the following, we will denote any of the above three cateogories that we defined
in Definition 1.4.52 by C* (/).

Let & be an additive category. We will now give a relation between C(%7) and C(</°P).
Definition 1.4.55. We define the functort : C(&7)%® — C(4/°P) as follows:

e for every complex X* € C(&7), we define the complex ((X*) € C(«/°P), where:
(X)) = XP, foreveryp € Z
df’(x) S U(X®)P - (X%)PH, d;(p_l X Pl 5 X7P, foreveryp € Z
e for every chain map f°* : X* — Y* we define ((f*):
()P =fP.Y P - XP, foreveryp €Z,in o/
Remark 1.4.56. We compute

- p-1_ ep-l  po
df(X)OL(f)p:f popr :de of p 1=L(f)P+lodf(Y),foreverypeZ

Hence ¢(f) is a chain map from ¢(Y*®) to ¢(X®) in C(«/°P). We can easily verify that: : C(&/) — C(2/°P)
is an isomorphism of categories. Therefore, via ¢, there are induced isomorphisms of categories
CH ()P — C(°P), C(&°P) — C*(&7)°P, and C°()°P — CP(/°P)
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Notation 1.4.57. We will denote with the same symbol X the shift functors of C(«7) and C(&/°P).

We can see that:

T(«(X®)) = «(Z7H(X")), for every X® € C(«)
() = «(Z7H(f*)), for every f*: X® — Y*

ie.,
Yor=tox !

1.4.5 Homotopies

Homotopy plays a crucial role in Homological Algebra. In this section we introduce the notion of
homotopy and we define the homotopic category of complexes of an additive category. For the rest of
this section, let & be an additive category.

Definition 1.4.58. Let f* : X* — Y* be a chain map in C(«/). We say that the chain map f* is
homotopic to zero, if there exists h* € Hom ' (X*, Y*) such that:

f*=dyoh®+ h®ody, or
ff=diton™ + " ody,VneZ

Diagrammatically:

n-1 n
d xn dy >Xn+1 S .

e
hn+1 / \|/ el
/ dg” 1

s yn-l Y" 4 syntl v

\\/

The morphism h*® is called a homotopy.

Notation 1.4.59. We will denote with Ht(X*®, Y*) the set of all chain maps in Homc () (X*®, Y*) which
are homotopic to zero.

Lemma 1.4.60. The set Ht(X®, Y*) is a subgroup of the abelian group Homc ) (X*®, Y*)

Proof. For a start, we have that 0° € Ht(X®, Y°) by choosing h* = 0°. Let now f°, g°* € Ht(X*, Y*®).
Then there exist homotopies h°, k* such that f* = dy o h®* + h® o dx and g°* = dy o k* + k°® o dx.
By combining the above we have f* + ¢g* = dy o h* + h®* odx + dy o k®* + k®* o dx = dy(h* + k°) +
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(h* + k°®) o dx, thatis, f* + g° is homotopic to zero. This means that Ht(X*®, Y*) is closed under ad-
dition. Finally, if f* € Ht(X®, Y*), then —f° € Ht(X®, Y*), because —f°* = dy o (—-h®) + (—h®) o dy.
This implies that — f* is homotopic to zero. Consequently Ht(X*®, Y*) is a subgroup of Homc¢ ) (X*®, Y*).

|

Next we define when two chain maps are homotopic.

Definition 1.4.61. Two chain maps f°* : X* — Y* and g°* : X* — Y* are called homotopic, if f°* —
g°® € Ht(X"*, Y*), that is, there exists a chain map h*® such that
=gt =dytoh™ + K" o dy, or

f*—g*=dyoh®+h®ody

Diagrammatically:
dyt dy
e ——y xn-l ' y xntl N
I I
7 7/
// //
I I
1
gn—l fn—l hn/// n hn+/// gn+1 fn+1
// //
// //
K dn—l k/ dn
— Y Y
i s yn 1 s yn S Yn+1 S

We denote that two chain maps f* : X* — Y* and g* : X* — Y* are homotopic by f* ~ g°.

Lemma 1.4.62. Homotopy induces an equivalence relation in Homc .7 (X*®, Y*).

Proof. Reflexive: Let f* : X* — Y* be a chain map. Obviously f* ~ f°, by choosing #°* = 0°.

Symmetric: Let f°, g* : X* — Y* be two chain maps such that f* ~ g°*. Then, by definition, there
exists 1* € Hom™!(X*, Y*) such that f* — g* = dy o h* + h* o dy. By choosing —h* we have that
g* — f* =dy o (-h®) + (-h*) o dx, which is equivalen to g* ~ f°.

Transitive: Let f°, g°, h* : X* — Y* be chain maps sucht that f* ~ g*®* and g* ~ h°®. Then there exist
chain maps z°* and w* such that f* — g* = dy o z* + z* odyx and g* — h* = dy o w* + w*® o dx. By
combining the above equations we have f°* — h®* = dy o (z* — w®) + (z* — w*®) o dx, which means
that f* ~ h°. [

Lemma 1.4.63. Let X°, Y* and Z°® be complexes and f* : X* — Y*, g* : Y* — Z°® two chain maps. If
f* or g® is homotopic to zero, then so is g* o f*.
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Proof. Suppose that f* is homotopic to zero. There there exists a homotopy A* € Hom™}(X*, Y*) such
that
f.ZdyOh+hOdy

Therefore g* o f* = g*ody o h®* + g* o h®* ody = dy o0 g* o h* + g* o h* o dx, whereg® o h* € Hom™*

(X°®,Z®). Hence g°® o h* is a homotopy, so g° o f* € Ht(X*,Y*). We use the same argument if
g® € Ht(Y*, Z°). [

We now proceed to the definition of the homotopy category of complexes of an additive category <.

Definition 1.4.64. Let o/ be an additive category. We define the category K(<7) as such:

e [ts objects are cochain complexes

e The set of morphisms between two complexes X* and Y* is defined to be:

Homk () (X®,Y*) := Homc () (X*,Y*) /HE(X®, Y*)

e The composition of two chain maps f* : X* — Y* and g*® : Y* — Z° is defined to be:

o : HomK(p{)(X., Y*) x HomK(Q/)(Y°, Z°%) — HomK(Q/)(X., Z%)
(f*.8") > g o f*
justas in C().

Remark 1.4.65. Let X°, Y* and Z° be complexes. From Lemma 1.4.63, the composition (g°, f*) —
g* o f* from Hom () (X®, Y*) X Homg () (Y®, Z°) to Homy () (X*®, Z*) defines a biadditive map

HomK(gj)(X.,Y') X HomK(ﬂ) (Y.,Z.) g HomK(ﬂ)(X', Z')

such that the following diagram is commutative

Homc(p{)(Y°, Z°%) X Homc(py)(X°, Yy — Homc(p/)(X°, Z*)

! !

Homc () (Y®, Z°) X Homg () (X®, Y*) —— Homg () (X®, Z°)

This implies that the composition in the Definition 1.4.64 is well defined.

Lemma 1.4.66. For any additive category </, the homotopy category K(&7) is additive.
Proof. For more details we refer the reader to [12, Lemma 1.3.3]. [ |
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The following is an important technical lemma that will be used in the following.

Lemma 1.4.67. Let f* : X* — Y* be a chain map. Then the following are equivalent:

(1) f* ~0°,
@ Z(f%) ~ 0%

Proof. (1) = (2): Let f* ~ 0°. Then there exists a homotopy & € Hom™!(X*, Y*) such that f =

dy o h + h o dy. In particular, & can be considered as a family of morphisms h" : X* — Y"1,
Therefore, we can consider /4 as a morphism k € Hom™}(X(X*), £(Y*)), and then Z(f)" = f"*! =
dp o h"*t + p*2 o gt = —dg(_;) o k" — k"1 o dy, x» for every n € Z. This means that (f*) ~0°
with homotopy —k. Diagrammatically

dnfl fn
. y xn-l X ' Xy xntl SR N
// //
n s 1 s
J/fnl ]j/// d;l{ hni/// J/ n+1
e e
)\/ n+1 - n
_”%Yn—l dy >YI’I,)< dY >Yn+1%
and
—dn fn
> xn X > Xn+1 X N Xn+2 >
7 7
n+1 n /// hn+2_kn+1 ///
[ Y = e
// //
7 7
// ///
7 -
n K —dy n+1 « _dlr}ﬂ n+2
> Y > Y > Y N
(2) = (1) : The proof is similar to that of (1) = (2). [

Remark 1.4.68. From the above, the shift functor defines a group isomorphism
Homg () (X®, Y*) = Homg () (2(X*), 2(Y*®)), and therefore an automorphism of K(<7).

Notation 1.4.69. By abuse of notation, the induced automorphism of K(./) will be denoted again by
2.

Definition 1.4.70. Let </ be an additive category.

(1) We define the full subcategory of bounded from below chain complexes of K(</), and we
denote it by K~ (<),
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(2) We define the full subcategory of bounded from above chain complexes of K(</), and we
denote it by K* (),

(3) We define the full subcategory of bounded chain complexes of K(</), and we denote it by
Kb (o).

Notation 1.4.71. As we did for the category of complexes, we will denote any of the above three
categories by K* (<), when* = —, +, b

Remark 1.4.72. Any of the above three categories are additive and invariant under the shift functor
z.

Definition 1.4.73. Let </ be an additive category. We define the functor Il : C(&/) — K(&) as:

e Ob(K(&#)) — Ob(K(&)), X* — II(X®) = X*
e Homc(x)(X®, Y*) — Homk()(X®, Y*), f* — [f°]
Remark 1.4.74. The functor II is additive and commutes with direct sums.

Definition 1.4.75. From the functors C : &/ — C(«) and Il : C(&) — K(&), we define the functor
K=IIoC: & — K(&).

Lemma 1.4.76. The functor K is fully faithfull.

Proof. For the proof, we refer the reader to [12, Lemma 1.3.5]. [ ]

Corollary 1.4.77. From the above Lemma, there exists an isomorphism of categories from <f to the full
subcategory of K(«7), whose objects are the complexes X* where X" = 0, for everyn # 0.

1.4.6 Cohomology

We are now ready to define the cohomological functors, which play a crucial role in the study of the
homotopy category of complexes. In what follows, the category <7 will be an abelian category.

Definition 1.4.78. Let &/ be an abelian category and X°* a complex in C(<7). For every n € N, we
define the functor H : C(&) — &/ as follows:

e H'(X®) = Ker(df()/lm(dg’(‘l),for every X* € C().

e Every chain map f*: X* — Y* in C(&/), where f"(Ker(dy)) C Ker(dy) and f"(lm(d;‘(_l)) c
Im(d;}’l), induces a morphism
H"(X*): H'(X®*) —» H*(Y®)
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For every n € Z, the functors H" are called cohomological functors.
Remark 1.4.79. (1) The functors H" are additive, for every n € Z,
(2) We have that:
) H'(2(X") = Ker(d )
i) H"(Z(f)) = H"™ ().

Therefore from the above, we have that H” = H? o £", for every n € Z. So it is enough to study
the functor H? : C(&) — 7.

[Im(dgel) = Ker(dy™h)/Im(dy) = H™1(X*),

Lemma 1.4.80. Let f°, ¢g* : X* — Y* be two chain maps which are homotopic. Then H"(f*) = H"(g*).

Proof. From Remark 1.4.79, it is enough to prove that H(f*) = H%(g®). Let 1* be a homotopy of f*
and g*. Then, by definition , we have that f — g° = d;l oh® + hlo dg]{. Hence the restriction of
79 — g% to the kernel of dg)( is equal to the morphism d;l oh% ie. f0- g0|Ker(d§> = d;l o hY. This

means that Im(f? — g% c Im(d;l), which implies that f° — ¢° induces a unique morphism from
Ker(dg)() to HO(Y*) = Ker(dg)/lm(dgl). This leads to the fact that HY(f*) — HO(g®*) = HO(f* — g°) :
HO(x*) — H(y*®) is the zero morphism. [

Remark 1.4.81. For every n € Z, the functor H" : C(«/) — & induces a functor H" : K(&/) — .
These functors are also additive and we have that H” = H? o ¥", for every n € Z.

In our effort to define the homotopy category of an additive category, we introduce the notion of the
cone of a chain map, which plays an important role in the development of the theory.

Remark 1.4.82. Let f*: X* — Y* be a chain map in C(«/). We define the graded object C} as follows:
Ch=X""®Y" neZ

Then we have that

d"+1 odh = —d§+2 0 . _d;l(+1 0 _ d;l(+2 o d;z{+1 0 _ 00
Cf Cf fn+2 d;z-'-l fn+1 d)rf _fn+2 o d;’t{+1 + d)r£+1 o fn+1 d)ri+1 o d;} 0 0
which implies that dc, is a differential and the pair (C%, dc,) is a complex in C*(</).

Definition 1.4.83. The complex defined in Remark 1.4.82 is called the cone of the chain map f°.

(1) Diagrammatically, the complex (C}, dc,) is expressed by the following diagram

dnfl

dn
."Hxn@yn—lixn+1@ynl>xn+2@yn+l_>.”
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(2) Consider now the graded morphism i} 1Y

inclusion of Y” in C ; = X"*1 @ Y". Then we have

n n -yt 0 0 0 n+1 n

which means that iy : Y* — C} is a chain map in C*(&).

- C}, where i? = dyn : Y — C?, n € Z,i.e. the

(3) Analogously, we define the graded morphism p ¢ : C} — X(X°®),where ps := pxns1 : C? — X"l g
€ Z, i.e. the projection of Cj"r = X" @ Y" to X"*1. Then we have

_dn+1 0
Py ode, = (L 0) ( Fi d?) = (=dg™ 0) =dsex o pf VneZ

that is, p? : C} — X(X) is a chain map in C*(&).
(4) In addition, we have that
0
n+l o ln = (Lyn+ 0 =0
Py oif = (Ixnz 0) lyn

Lemma 1.4.84. Let f* : X* — Y* be a chain map in C*(«). Then the sequence

HO(i}) Ho(p})
HO(y*) — HO(C) —> HO(X*)
is exact.

Proof. Consider CY, = X! @ Y?, the subcomplex Im(d%) ® Y°, and the morphism
A 0 0 0 d 0
X _ — X . y0 0 0 0
(0 1Y0) (fO 1YU) (_fo 0) XYY - Im(dy) BY

1X0 0

0 0

zero morphism from X° P Y? to the quotient object Im(dg)() ® Y° by Im(d(_:}). Hence the morphisms
.

dy 0 0 0
0 1yo 9 1y0

induce the same morphism from X° @ Y to Im(dg)() @ YO/Im(dal). Thus we have (0 @ YO)Im(dEE) =
i f
Im(dg)() ® Y°. We compute
Ker(dg.) N (Im(dy) @ Y°) = Ker(d., N (0D Y°) +Im(dg.,) = (0D Ker(dy) +Im(d(CH)™)
f f f

Clearly, the above morphism is equal to the composition —d¥,. o ( ) Therefore, it induces the
"

Hence Ker(HO(p})) = Im(HO(i})). [ |
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1.4.7 Standard triangles

To give a triangulated structure in the homotopy category of complexes, we need to define the distin-
guished triangles. The first step is the following definition.

Definition 1.4.85. Let o/ be an additive category and f°* : X* — Y* be a chain map in C*(<7). The
diagram

x* Loy I oop 5 nxe) (1.10)

is called the standard triangle in C* (<) attached to f°.

Lemma 1.4.86. Let
xo Ly ye

ul lv. (1.11)

Xp— 1y

be a diagram in C*(&/), which is commutative up to homotopy, meaning that there is a homotopy
v® o f* Then there exists a chain map w*® : C} — Cg such that the following diagram is commutative

ife Dye

. Y. C. > E(X.)
l l \sz) (1.12)
e Cg > Z(XD)

Proof. From the hypothesis, we have that v* o f* ~ g°* o u®, so there exists a homotopy 4* : X* — Y°,
such that g® o u® + v* o f* = d;ﬁ o h* + h* o d5,. We define a graded morphism w* : C} — Cg as

un+1 0
w' = ( ) , VYn € Z. We compute

hn+1 P
dh o W = —d;‘('*l'l 0 1 0 _ _d;l(—:Q o yhtl 0
Cq gn+1 dlr}l _hn+1 ph gn+1 o Mn+1 _ le o hn+1 le oy
un+2 0 _dn+1 0 1
= (_hn+2 Vn+1) (fn)il d;}) = W't o dg,f, VYn € Z

Hence, dcg ow =wodc +» which means that w is a chain map. In addition, we have

n+1l
e 2] v e

that is, u o py = p, o w. This implies that the last square of the previous diagram is commutative.
Finally, by choosing & = 0, the first square of the above diagram is commutative by hypothesis. =
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We now make some observations that will be useful in what follows.

Remark 1.4.87. (1) Let f* : X* — Y* be a chain map, and i} Yt - C} the canonical morphism.

Then we can define the cone of i}, which we denote by D}, and then D; =y*l o C? =yt @ xt!
@ Y", Vn € Z, and the differentials are

_dn+l 0 0
don = [ OY Lot o
D;’:— l-n+1 den| — X

f lyna fr+l dy
_fn+1
Now, we define the graded morphism a : Z(X®) — D} as| 1xn+1 |, Vn € Z, and we compute
0
_dn+1 0 0 _fn+1 dn+1 o fn+1 fn+2 o dn—l
Y Y X
dpnoa=| 0  —dgt 0 || Lxmn —dit —dit

lyn  f"* dp 0 0 0
_ fn+2 n+1
- (—1xn+2 ° dX

n+1l

a o g(X.), Vn € Z

This means that «a is a chain map.

(2) Analogously, we define 3 : D} — X(X®*)aspB = (O lyns1 0), Vn € Z, and we compute

-t 00

Aoy 0B = (0 —dgt 0)=(0 Ly O)f 0 —dg" 0|=p""od}, VneZ
1 n+1l fl’l+1 d”
Y Y

This means that g is also a chain map.

Lemma 1.4.88. Thechainmap«a : X(X*) — D s defined in Remark 1.4.87 is an isomorphism in K(%7).

Proof. For a start, we have

_fn+1
ﬂn oa" = (0 1xn+1 0) 1X"+1 = ].Xn+1, Vn eZ
0

hence ° o a@* = 1y(x+). On the other hand, we define the graded morhism A° : D} — D}., which is
of degree -1, as

1Yn
ht = 0
0

o O O
o O O
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We compute

—dy 0 0 \[0 0 1ys\ (0 O lywa)[-dp*' 0 0

0 -di 0 |[0o o0 0 +{0 0 0 0 —d¥t 0=

lyn  f" dyt™J\0 0 00 0 )J\lywn [ a
0 0 —di lynsn  frH1 d” 1Yn+1 f"+1 0 Iynsi 0O 0 0 f*L o
00 0]+| 0 1xn+1 0= 0 Iywr 0 |=[0 1w Of=
00 13 0 Lyn 0 0 1ys) \0 0 0

1Dn—a OE" Vn eZ

This means that the composition a® o §° : D}. — D}. is homotopic to the identity chain map, which
completes the proof. [

Lemma 1.4.89. The following diagram is commutative up to homotopy.

[ fo . -y o
v L o = sxn) =5 5(r)
ire H Ui o l Di e
Proof. The proof is straightforward and left to the reader. [

1.4.8 The homotopy category of complexes

In this section, we prove that the homotopy category of complexes of an abelian category is a trian-
gulated category. We begin by defining the distinguished triangles in K(.«).

Definition 1.4.90. Let &/ be an additive category, and let K*(o/) be the homotopy category of com-
plexes, and let ¥ be the shift functor of K*(«7). A triangle

X*— Yy — Z° — 3(X")

in K*(&) is called distinguished if it is isomorphic to the image, under the projection _functor C*(«) —
K(f) of a standard triangle in K* (7).

The proof that K*(.&7) is a triangulated category proceeds in several steps.

Remark 1.4.91. By definition, the axioms (TR1.a) and (TR1.c) are immediate. The following lemma
proves (TR1.b).
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Lemma 1.4.92. Let X°* be a complex. Then the cone CIX of the identity chain map of X* is isomorphic
to the zero object in K* (7).

Proof. Consider the complexC*® = C IX_ = X(X°®) @ X°, and the graded morphism of degree -1 h®: C IX.
0 1xn
0 O

—

CIX‘, defined as A" = ( ) , Vn € Z. We compute

-d% 0 )\ (0 1xn 0 Iyna) (=d%! 0
n-1 n n+l n o_ X X X X —
dew” o W'+ Mo de (1Xn d;-l) (0 0 ) " (0 0 ) (1Xn+1 d")

X
0 -d% 1xn+1 0

X X _ 1n
(O 1Xn) + ( 0 1xn+1) = 1C., Vn € Z

Therefore we proved that dc o h + h o dc = 1¢-, and since 1g.. ~ 0°, we have that C* = 0° in K* ().
This means that the diagram

Xt — X* > 0° > T(X*)
[
X*==Xx"—C, > 2(X*)

is commutative in K*(«), and the vertical arrows are isomorphisms. Because the bottom row is a
standard triangle, then also the top row is a standard triangle. [ |

We proceed with the proof of the rest of the axioms.

Lemma 1.4.93. Let o/ be an additive category and K* (/) be the homotopy category of complexes,
together with the translation functor X defined in Notation 1.4.69 and the class of distinguished triangles
in Definition 1.4.90. Then the axiom (TR2) of a triangulated category in Definition 1.4.3 is true for K* (7).

Proof. We prove (TR2). Let

xe Ly ye &y ze b

 2(X*)

be a distinguished triangle in K*(.«/). By definition, there exists a standard triangle

U. (1/.> V. lll) Co pﬂ) Z(U.)

a
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such that its image in K*(&) is isomorphic to the previous triangle. This means that we have the
commutative diagram

. Y. g . h. > Z(X.)
l L l- [
liaye c* [Pac] )

in K*(«). From Lemma 1.4.88 and 1.4.89, the image of the triangle

o foy on Py vy 29 v

is isomorphic to the image of a standard triangle in K*(%7). Hence, it is a distinguished triangle in
K*(«/) and the diagram

Y. g. Z. h' Z(X.) L Z(Y‘)

l l Jre Jron

Ve [ige] C:l Pa* > Z(U.) -2([a® ]): E(U.)

is an isomorphism of triangles in K*(&/). Since the bottom row is a distinguished triangle, the top
row is also a distinguished triangle from (TR1.a), so the triangle

& 8 N 7 h* Z(X.) L) Z(Y.)
is distinguished. Conversely, suppose that
i h* Z(f*)

y* —5 3 7¢

> (X)) — Z(Y°)

is a distinguished triangle in K*(%7). By definition, there exists a standard triangle

U‘ (1"> V. lo > C(.]/ p(1/> Z(UQ)
such that its image in K*(.%/) is isomorphic with the above triangle, that is, there exists an isomor-
phism of triangles

h* Z(X.) =X(f° ): Z(Y.)

\Lu . L Lz (1.13)

Ue [a] y Ve y C* [Pa] S (U*)
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in K*(7). Consider now the chain map X7 %(e°®) : 272(U*) — X~2(V*), and the standard triangle

I 2(a*) is=2(a*) Px-2(a*)

EAUY) " EAVY) T ey —— o ZTHUY)

More specifically,

Soriny =2 U @I (V) = U @V Vel
and the differential is
_dn+1 0 _dn_l O
n — 2_2(U') — u - B .
dCz—Z(a-) 2—2(ao)n+1 dZ‘Q(V‘)) (a,n—l d‘r}L—Q) dZ (e VneZ

Consequently C;m = C;[2] and

7% ([a*]) 272 ([iqe]) oy X 2([Pas])

s2(e) S pooqyey 2 WDy yooeny Z Pl 5oy

is a distinguished triangle in K*(.2). By applying 72 to the above isomorphism of triangles (1.13),
we obtain the distinguished triangle

5-2(y*) =2 52(2°) 22 (h*) -1(x%) —EL(f) 51(r*)

By applying the above argument multiple times we get that

s-1(x*) *Z’l(f'); s1(y*) *2’1(8'); s-1(Z°%) —Z'l(h‘); x*

-x"1(g*) ->-1(h*) f

Z_l(Y') —— 2 2—1(20) 'S sy

_y-1 . .
size) =Dy xe Ty > Z°

x* Ly Ky 70 My vxY

are all distinguished triangles in K*(.2/). Thus we have completed the proof of (TR2) [ ]

We proceed with the proof of (TR3).

Lemma 1.4.94. Let &/ be an additive category and K*(«/) be the homotopy category of complexes,
together with the translation functor X defined in Notation 1.4.69 and the class of distinguished triangles
in Definition 1.4.90. Then the axiom (TR3) of a triangulated category in Definition 1.4.3 is true_for K* (7).
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Proof. Let
X* > Y* > Z° > 2(X°)
X3 > Y > Z3 > 2(X7)

be a diagram in K*(.%7) where the lines are distinguished triangles and the first square is commutative.
Then there exist standard triangles

Us =5 ve > C, s 2(U*)

and

> 2(U3)

such that their images in K(.2/) are isomorphic to the above distinguished triangles. Therefore there
exist chain maps u*: U* — U] and v*: V* — V? such that the image of the diagram

U* — V* — C5, — X(U")
| e
Ut — Vi — Cy — I(U})

in K(&), is isomorphic with the above diagram. In particular, the first square is commutative up to

homotopy. From Lemmal.4.86 there exists a chain map w*: C;, — Cé such that the diagram

Ut — V* — Cf — Z(U°)
ol e e
Uy — Vi — Cp — X(U)

is commutative up to homotopy. This implies that there exists a chain map Z* — Z7 which completes
the diagram at the start of the proof to the commutative diagram

X. L] > ZO > Z(X.)

| L "

> Y
X — Y, — Z) — (X))

It is left to prove (TR4). However, before we do that, we first prove an auxiliary lemma which
provides a characterization of distinguished triangles in K* ().
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Lemma 1.4.95. Let f°: X* — Y* be a morphism in K*(&/) and a*: X* — Y* a chain map which
represents f*. Then the following are equivalent:

(1) The triangle

X > Y > Z° > 2(X*®)
is distinguished,

(2) There exists a morphismu®: Z* — C, such that the diagram

> Z° > 2(X*)

b

> Y. i(l'] > C. [pa']> Z(X.)

a

is an isomorphism of triangles.
Proof. (1) = (2) : The image of the standard triangle

X > Y* > Co

o7

> 2(X*)

is a distinguished triangle in K*(&). Therefore we have the diagram

x* —L 5y y 7° X (X?)
xo L i

S ye [“']>C' [p"]\Z(X'

where both rows are distinguished triangles and the first square is commutative in K*(.27). Since we
have already prove (TR3), the above diagram can be completed to the following commutative diagram

Xo f > o Zc 2 ( X.)

xt —L 5y
In addition, from Lemma 1.4.18 this does not depend on the octahedral axiom, therefore this mor-
phism is an isomorphism.

[Pac]

‘Z(X)

(2) = (1) : From the definition of the distinguished triangles in K*(.%7), it is immediate. [
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We proceed with the proof of (TR4).

Lemma 1.4.96. Let o/ be an additive category and K* (/) be the homotopy category of complexes,
together with the translation functor X defined in Notation 1.4.69 and the class of distinguished triangles
in Definition 1.4.90. Then the axiom (TR4) of a triangulated category in Definition 1.4.3 is true for K* ().

Proof. Let f*: X* —» Y*, g*:Y* —» Z® and h*: X* — Z°*, where h* = g°* o f* be three morphisms
K*(&7). Consider the diagram

x Ly > 78— T(X")
H 2 H
h *(X*)

et
L[]

~

— N
°

~

~

.

~

1
‘ \LZ(J‘")

Y — 20— X —— 2(Y°)

where the lines are distinguished triangles and the left squares are commutative. From Lemma 1.4.95,
there exist chain maps a*: X* — Y*, b*: Y* — Z® and ¢*: X* — Z°, where ¢* = b°® o ¢°, such that
the triangles

AN

x* Ly — 70— 5(x7)
vy £ z0 — xp — 210
X* Mz sy 3 (X"

are isomorphic to the images of the standard triangles

X' Ly vy —5 0 — 2(XY)
Y. b'> Z. > Cl: > Z(Y.)
X' <5 70— € — I(X*)

respectively, and the isomorphisms are induced by the chain maps 1x., lys and 1z.. Therefore the
above diagram is isomorphic to the image of the diagram

X. a.> Y. ia/'> C; pu'> E(X.)
X '

\ Lee C* pl"> E(Xo)

C

A >
a'\L H X(a®)
o b \L
Z >

y* 2 c; 2 w(re)
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where the squares on the left are commutative. In the proof of Lemma 1.4.86, we have shown that
the morphisms u®: C; — C¢Z and v*: C2 — C,; are given by

1xn+1 0 a"” 0
n _— n _—
u —( 0 b") and v —( 0 g , YneZ

and they complete the above diagram to the commutative diagram

X a S ye ia'> C pa'> Z(Xo)
X.

y* Ly ze 2 ¢

To prove (TR4), it is enough to prove the following claim:
Claim: The triangle

I4
(:I.4 u® > iu' > C. Pu* > Z(C:l)

. . Z(iga)oppe
c: u > Ce. v e (i )Pb> $(C?)
Ce

Proof of Claim: It is enough to complete the diagram

(i, e )oppe
C:l u > Cz Ly® > C,: Pue > Z(C;)
to the diagram
. . Z 'uo ] .
Co—4 5 cr ¥y o kP 5 )

b H

Cy —4 s — o s(c)

which is commutative up to homotopy, and the morphism w*® induces a morphism in K*(.27). Then
the image of the first row in K* (%) is a triangle which is isomorphic to the image of a standard triangle
in K*(&), i.e. a distinguished triangle. As complexes, C; and C;, are defined as

C,=x(y)®z*
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C:=2(CHBC: =2*2(X)Pz(r)Bz(xHD 2z

with differentials

_dn+1 0

dg‘b = n‘-zi—l n

bl
w20 0 0
o :(—dgjfl 0 ): —a"? —dyt? 0 o0
Cmlumt an | T igme 0 =¥l 0
0 bn+1 Cn+1 d%

From the above complexes, we can define a chain map w* : C; — Cj, which is of degree zero, as

0 0
w' = 1Y5+1 8 ,VneZ
0 1%
and then we have
0 0
lynsz 0 -dt 0
Wn+1 ° dn — Y ( Y1 )
Co 0 0 bt d;
O 1zn+1
0 0
1
_ —d;}* 0
0 0
bn+1 d%
dy? 0 0 0\/ 0 0
_|=a™? a0 0 f[lyen O
Lz 0 —d;l;ll off o o
0 bt "t ar 0 12
z z
=di ow",VneZ
Now we have, Vn € Z
0 0
1 n+2 0 0 O 1 n+10 O 0 0
n n _ X Y _ _ _ c\n n
PuWo=1 0 dywa 0 0) 0o of" (1Yn+1 o) - (1Yn+1) (yner 0) = 2(a)" o pj
0 0
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The last computation yields that the third square of the above diagram is commutative. We now show
that the middle square is commutative up to homotopy. We compute

0 0 0 0
lynen O | (a™ 0 0 0
n no_ .n _ Y _
L ( 0 1Zn) Ins 0
0 0 0 0
a0 0 0
a 0 0 1Xn+1 O
0 1zn 0 1zn
0 0
an+1 0
B —1xn+1 0 ’ Vn € Z
0 0
Consider now the chain map 4°* : C; — C}, which is defined as
1xn+1 0
0 0
n_
h" = 0 0 ,VneZzZ
0 0
Then we have
et 0 0 0\ [lyns1 O Iynez 0
wtl on s ogntl o |—a™t —dp 0 0 0 0 0 Off(-dxt 0
de, oW+ W"ode =1 0 -4 0 0 o|"| o o]l an
0 b " d%_l 0 0 0 0
dn+1 0 _dn+1 0
X X
_ |-t o] 00
B 1xn+1 O 0 0
0 0 0 0
0 0
_an+1 0
h 1xn+1 0 ’ VnEZ
0 0

Hence,

dc,oh+hodc,=i,—wov
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which means that w o v ~ i,,. It is left to show that w is an isomorphism in K*(). We define the
chain map 6° : C;, — Cj as follows:

0 1 n+1 an+1 O
n _ Y
0 _(0 o 1Zn),Vnez
Then we compute
9n+1 dn _ 0 1Yn+2 an+2 0 _an+2 _d;z,+1 0 0
Cp 0 0 0 1zn+1 1Xn+2 0 _d;l(+1 0
0 bn+1 cn+1 an
Z
0 —d;}“ —a”+2 o d;z(+1 0
= 0 bn+1 Cn+1 d%

_ 0 _d¥+1 _d;l]+1 oan+1 0

0 bn+1 bn+1 o an+1 d%
—di*t 0\ (0 lywa @™t 0
pr+t o az)\0 0 0 1zn

0 0 0 0 0 0
grown = [0 Tym @t 0\ fysn 0 0 dywn 00|
“o o0 0 1zl 0 0] f0 0 0 07}

0 1z/ \0 0 0 1z

1xn+1

0
0
0

,VneZzZ

o O O O
o O O O
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we have
gt 0 0 0 \(0 0 lywa O
a1l om o ontl g |—a@™t —=dyp 0 0o l1lo 0 0 o
de, exi+xode, =1y . 0 -a o |loo o of?
0o o " dytJ\o 0 0 0
0 0 lyme O\[d¥? 0 0 0 0 0 d¥t 0\ [lxae2 0 -digtt 0
00 0 O0ff=a"? —dy*™* 0 0] _10 0 =™ 0| | 0 0 0 0]_
00 0 Offlxyme 0 —d% Of (OO 0 O 0o 0 0 0]
oo o o\ o ot b ogn 00 0 0 0o 0 0 0
1xn+2 0 0 O
_ . n+l
Y VA

0 0 lgunn O
0 0 0 0

Hence we have that dcs o x* + x* o dcs = 1¢c; — w o 6°, which means that w® o 8* ~ 1¢s. Thus we
proved that w induces an isomorphism in K*(.&/), which completes the proof of the claim. [ |
We are now in a position to prove the following Theorem.

Theorem 1.4.97. Let </ be an additive category. The additive category K(.&/), equipped with the trans-
lation functor in Remark 1.4.69 and the distinguished triangles in Definition 1.4.90, is a triangulated
category.

Proof. By combining Remark 1.4.91 and Lemmas 1.4.92, 1.4.93, 1.4.94, 1.4.95 and 1.4.96 we have

the result. n

1.4.9 The homotopy category of an abelian category

In this section, we shift our focus to abelian categories. Unless otherwise stated .7 will be an abelian
category.

Theorem 1.4.98. The functor H’ : K*(«/) — < is a cohomological functor

Proof. We have to prove that for any distinguished triangle

x* Ly &y 70 My v(xY

in K*(&/), the sequence
HO(r®) — HO(Z%) — HO(Z(X*))
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is exact in /. Let a® : X* — Y* be a chain map, which is a representative of f*, and

Xo a > Y. lg > Co

> Z(X°)

be the standard triangle of the chain map a°®. Then we have the isomorphism of triangles
XO f > . 8 . h* Z ( X.

x+ 1

> la Pa* \ Z(X.

in K*(&/), where the bottom triangle is the image of the top triangle in K*(«/). Thus we get the
diagram

HO(re) — 2y Hogze) T o (xey)

O(ige)

Ho(ye) 0 s po(ey Py pyocsxe))

in &/, where the vertical arrows are isomorphisms. Therefore, it is enough to show that the bottom
row is exact. However, this is proved in Lemma 1.4.84, and this completes the proof. [ |

We now have the following Corollary.
Corollary 1.4.99. Let

x° f)Y‘ g>Z. h*

> Z(X°)
be a distinguished triangle in K*(«/). Then the sequence

Hr H H
Dy Hr(xt) S ey D ey BB ey

is exact in <7 .

Proof. The proof follows from the above Theorem. [ |

Definition 1.4.100. The above exact sequence is called the long exact sequence of cohomology
associated to the triangle

X. > Y. > Z. h‘) Z(XQ)
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Let &7 °P be the opposite category of <. Then the functors H" : K(&/) — &, n € Z induce functors
from K(7)°P to o/, which we denote again by H".

Remark 1.4.101. If
xo Ly £y 70 My vxY

is a distinguished triangle in K(%7)°P, then the triangle

g AN

yye —L xe =2

Z.

> 2(Z°)
is a distinguished in K(&7). Therefore, we have the long exact sequence

Cee S HY(X®) & H7 (Y*) M) H™ (X*) M} H L (Z®) —— % ...

If we see the above sequence as a sequence in .2/ °P, we obtain the exact sequence

coo —— HY(Z%) M) H™(Y*) M) HY(Z*) —— H" 1 (X*) —— -

Therefore we can consider H° as a cohomological functor from K(.27)°P to .27°P.

1.4.10 Quasi-isomorphisms

In this section, let &7 be an abelian category and K*(.2) be the homotopy category of complexes with
its triangulated structure. In order to construct the derived category we need a localizing clas in
K(«7). This localizing class consists of chain maps called quasi-isomorphism.

Definition 1.4.102. A chain map f°* : X* — Y* in C*(&) is called a quasi-isomorphism, if H"(f*) :
H*(X*) — H"(Y®) is an isomorphism for any n € Z.

Remark 1.4.103. Let 7 be an abelian category and f* a quasi-isomorphism, and g* be a chain map.
If f* ~ g°, then H"(f*) = H"(g®), Vn € Z, hence g° is also a quasi-isomorphism. As a convention we
will say that a chain map is a quasi-isomorphism in K*(.&), if all of its representatives are quasi-
isomorphisms.

Notation 1.4.104. We denote by S* the class of all quasi-isomorphism in K* (/).

Definition 1.4.105. A chain complex X*® in K*(«/) is called acyclic if H"(X®) = 0, Vn € Z.

The following provides a criterion for when a chain map is a quasi-isomorphism.

Lemma 1.4.106. Let f*: X* — Y* be a chain map in K*(«7). The following are equivalent:

118



Chapter 1 1.4. Triangulated Categories

(1) f* is a quasi-isomorphism,
(2) the cone of f* is acyclic.

Proof. (1) = (2): Let

x* L

> Y* > Z° > 2(X°)
be a distinguished triangle with base f*. From Corollary 1.4.99, we obtain the long exact sequence

n . Hn(f.) niye n ) n+1 . Hn+1(f.) n+lye
s HI(X®) = H(YY) ———> HN(Z) ——— HI(X) —— = () ———

Since f* is a quasi-isomorphism, then H"(f*) and H"*!(f*) are isomorphisms, hence H"*(Z*) =
0, Vn € Z. This implies that Z° is acyclic.

(2) = (1): Suppose that Z°* is acyclic. Again, we have the long exact sequence

n . Hn(f.) n . n . n+l . Hn+1(f.) n+l .
o H(X®) ——— HM(Y*) —— H(Z%) ——— H™(X®) ——— ™) —— -

We have that H*(Z*) = H"*1(Z*) = 0, hence H"(f*) is an isomorphism for every n € Z. By definition,
this implies that f* is a quasi-isomorphism. [

In our effort to define the derived category, we first prove that the class of quasi-isomorphisms S*,
is a localizing class of K*(&/).

Proposition 1.4.107. The class S* of quasi-isomorphisms of K*(«) is a localizing class compatible
with the triangulated structure of K* ().

Proof. We will first show that S* is a localizing class.

(LC1) Let s°, t* be quasi-isomorphisms. Then by definition H"(s*) and H"(#*) are isomorphisms
for every n € Z. This implies that H"(s* o t*) = H"(s®*) o H"(¢*) is an isomorphism for every n € Z,
hence s* o ¢* is a quasi-isomorphism. Therefore s* o t* € §*.

(LC2) Immediate since 15 is a quasi-isomorphism.

(LC3.a) Consider the diagram

.
I
X e
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We can embed s°® to the distinguished triangle

X. s* > Y. i > U. r*

> Z(X°)

From Lemma 1.4.106 we have that U® is acyclic. By rotating the above triangle, we obtain the
distinguished triangle
.o . —¥(s*
Y. L > U. P > Z(X.) M Z(Y.)

In addition, we can embed the composition i® o f*® in a distinguished triangle

4

YA Of.> U* > Ve u.> Z(Z.)

therefore we obtain the commutative diagram
Z.

|

Y.

From (TR3) the above diagram can be completed to the commutative diagram

i*of*

s U* sV — 37

!

Ut —— (X°) 7 )

4

ze s e y Ve — 5 3(2%)
r| H I i
Y s U* > S(X*) ——> Z(Y*)

i* p* -%(s*)

where both rows are distinguished triangles. Since U* is acyclic, from Lemma 1.4.106, we have that
u® is a quasi-isomorphism. Therefore, by applying the functor £~! and by setting W* := V*[-1], t* :=
u®[-1] and g* := —v*[-1], we obtain the commutative diagram

we L z°

oL

X. SH. Ya
where s°, t* € S*.

(LC3.b) Analogously, consider the diagram

X. s® ) Y.

i
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We can embed the morphism s° to a distinguished triangle

xSy Sy pr 2y 5(x)

From Lemma 1.4.1086, since s* quasi-isomorphism, we have that U*® is acyclic. By rotating the above
triangle, we obtain the distinguished triangle

—pel-1 . .
vrf-1] 2 xe s sye T s @rl-1))
In addition, we can embed the chain map —f*® o p*[-1]: U*[-1] — Z° to a distinguished triangle

Uef-1] L e 2 sy s s ur-1))

Therefore we have the commutative diagram

-p*l-1] RN i

U*[-1] y X Sy N
L |
Uel-1] 2L ge e s U*

From (TR3) the above diagram can be completed to the commutative diagram

-p*[-1] 5" i*

U*[-1] G Sy s U
H b I H
U. [_1] _.f op [_1; Z. t* > V. > U.

From Lemma 1.4.106, since U*® is acyclic, we have that ¢°* is a quasi-isomorphism. Therefore the
middle square completes the diagram at the start to the commutative diagram

XO % Y.
fﬂl lg.
Z. tﬁ V.
where s°, * € S*.
(LC4) Let f*: X* — Y*. We have to prove that s®* o f* = 0, for some s* € S*, ifand only if f* o * = 0,

for some t* € S*.
(=) : Suppose that there exists s* € §* such that s* o f* = 0. Consider the diagram

_12(X')

> L(X*) —— X(X°)

0
I l B

Y* > Z° — U* > X(Y*°)
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where the first triangle is obtained from the distinguished triangle with base 1x. after we have rotated
it, and the second triangle is the distinguished triangle with base s*. From (TR3) the above diagram
can be completed to the commutative diagram

X ' 0 y B(X%) 2 w(x0)
f'l l \L—v’ lw‘)
Y* 5 Z* — U* — X(Y*)

N 1

Therefore, from the last commutative square of the above diagram, we have that f* = p°*[-1] o
v*[-1]. Since s°® is a quasi-isomorphism, we have that U® is acyclic. Hence, by considering the
triangle

x+ LU pepoq) y Ve — s B(x)

with base v*[—1], we have that ¢° is a quasi-isomorphism. In addition, from Remark 1.4.16, we have
that v*[—1] o ¢* = 0. Thus we have f*® o ¢t* = p°*[-1] o v*[-1] 0o #* = 0.
(&) : Suppose now that f* o t* = 0 and consider the diagram

X. t* > Y. u® > V. > Z(X.)
L |
0. H Z. _ Z. % 0.
where the first row is a distinguished triangle with base ¢*, and the second row is the distinguished

triangle with base 1. after we have rotated it. From (TR3), the above triangle can be completed to
the commutative diagram

pQIERARN CRNUAING L BN 0.6

S

Hence we have that f* = v® o 4u®. Since ¢° is a quasi-isomorphism, the complex V* is acyclic.
Consider now the triangle

ve Yy ze S we 5 2V

with base v*. From Lemma 1.4.106 we have that s°® is a quasi-isomorphism. In addition, again from
Lemma 1.4.106 we have that s* o v* = 0, hence s* o f* = s* o v* o u® = 0.

It remains to prove that the localizing class S§* is compatible with the triangulated structure of K(.&/).
(LT1) By definition, the localizing class S* is invariant under the suspension functor X.
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(LT2) Consider the morphism of triangles

X — Y — 7 — (2%

s’l t* u® \LZ(S.)
\

2(X?)

b
.

N
~
L]
~
N
— e
~

For every n € Z, we obtain the commutative diagram

Hn(Xo) — Hn(yo) — Hn(Zo) — Hn+1(Xo) — Hn+1(Yo)

Hn(so)\L \LHn(t-) \LHn(uo) \LHn+1 (S.) \LHn+1(lo)

H(X]) — HY(Y?) — H™(Z}) — H™ (X)) — H™ (YY)

Since H"(s*), H"(¢*), H™*1(s*), H"*1(¢*) are isomorphisms, because s* and ¢* are quasi-isomorphisms,
from the five lemma, we obtain that H"(u#*) is an isomorphism for every n € Z. This implies that u*®
is a quasi-isomorphism. ]

We are now in a position to give the definition of the derived category of an abelian category. In
what follows, let &/ be an abelian category and C*(%7) be the category of complexes and K*(&7) be
the homotopy category of complexes. From Theorem 1.4.97 the category K* (&) is triangulated. Let
also S* be the class of all quasi-isomorphism of K*(«).

Definition 1.4.108. Let &/ be an abelian category and K(<7) the homotopy category of complexes.
The localization of K(<7) at the class of quasi-isomorphisms S* is called the derived category of the
abelian category </, and is denoted by D (7).

From the theory that we have developed so far, the following Theorem summarizes the triangulated
structure of the derived category D(.«) and the localizing functor Q: K(/) — D(%)

Theorem 1.4.109. Let o/ be an abelian category and D (<) its derived category. Then:

(1) D(&) is a triangulated category.
(2) The suspension functor is induced by the shift of complexes:

2:D(#) - D(«), X' E(X%), dypy = —dt

(3) The class of distinguished triangles is the image under the localization functor of the distinguished
triangles in K(27).
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(4) The localization functor
0:D(«) — D(«)

sends complexes and chain maps to their images in D(<7), and inverts quasi-isomorphisms.
Remark 1.4.110. Let & be an abelian category. Just like with C(&/) and K(&), we define the
following subcategories of D(.%7).
(1) We define the full subcategory of bounded from below complexes of D™ (&), and we denote it
by D(«),

(2) We define the full subcategory of bounded from above complexes of D(%7), and we denote it
by D* (),

(3) We define the full subcategory of bounded complexes of D(.<7), and we denote it by D?(.%7).

Remark 1.4.111. By definition, the cohomological functor H’: K*(.27) — .2/ maps quasi-isomorphisms
to isomorphisms. Therefore from Theorem 1.4.32, there exists an induced cohomological functor from
D*(«/) to 7. By abuse of notation, we will denote this functor again by H". In particular, let

x° f}Y' g>Z. h

= E(XY)
be a distinguished in D*(.«/). Then the long sequence

HI’L L] H}’I, .
coo—— HY(X®) L) H™(Y*) &) HY(Z*) —— H™ L (X)) —— -
is exact in /. Just like in K*(&), the above sequence is called the long exact sequence of coho-
mology associated to the distinguished triangle
I g h

x* Ly Sy 70 My y(x

Therefore we have the canonical functors
C(o) - K'(«) — D' ()

In addition, every morphism s* € S* induces an isomorphism in D*(.«7). From Definition 1.3.1, the
~ -1

above functor factors through the localization C* (&) [S* ], that is, we have the following commutative

diagram

C() — Ki(A)

J !

C()[S] — D'()
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Theorem 1.4.112. The functor t: C*(&7)[S*] — D*(&) is an isomorphism of categories.

Proof. The functor ¢ acts as the identity on objects. Let now X°, Y'* be two complexes and f*, g*: X* —
Y* two homotopic chain maps.

Claim: O(f*) = Q(g*).

Proof of the claim: Applying part of the proof from Lemma 1.4.86 to the diagram

X'L}Y'

X.?Yl

which is commutative up to homotopy, we have the existence of a chain map u*: C} - C ;, such that
the diagram

ye s o

is commutative in C*(«), and u°® is defined as

n 1xn+1 0

u = (—hn+1 1yn) , VneZ

where the chain maps ip+: Y* — Cf andige: Y* — Cé’, come from the diagram (1.4.86). Therefore, by
applying again part of the proof of the Lemma 1.4.86 for the commutative diagram

i
y* — C;

[

Yt —— Cg
La
we have the existence of a chain map v*: D} — Dj such that the diagram

P

D}—)Y'

D;
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commutes in C* (), and v* is defined as

1yn+1 0 O
vi=| 0 lyns1 0 |, VReEZ
0 _hn+1 1Y"

where the chain maps plff. : D} — Y*® and v*: D} — Dy again come from the diagram (1.4.86). We
compute
lyn+ 0 0
,Bg oy = (0 1yn+1 0) 0 1yna 0 |= (O 1xn+1 0) = ,3;1(
0 _hn+1 1Y"

that is, B o v = B} in C*(&/). Therefore B3[~1] o v*[~1] = B}[~1] and O(Bs[-11) o Q(v*[-1]) =
Q(ﬂ}[—l]). From Lemma 1.4.88, the chain maps ,8}[—1]: D}[—l] — X*® and Bg[-1]: Dg[-1] —
X*® are isomorphisms in K(%7), hence also quasi-isomorphisms. This implies that Q(,B}[—l]) and

Q(ﬂ;,[—l]) are isomorphisms in C*(&/ )[S*~‘1]. From the proof of the Lemma 1.4.88, we have that

ﬁ}[—l] o af}[—l] = lx- and Bg[-1] o ag[-1] = 1x-. Therefore

0(B3[-11) o Q(a}[-1]) = 1x- = O(a}[-1]) = Q(B}[-1])7"
and
0(By[-1D) 0 O(a3[-1]) = 1x» = QO(a3[-1] = Q(Bz[-1D)7"
By combining the above we have that Q(v*[-1]) o Q(a}[—l]) = Q(ag[-1]). From the proof of the

Lemma 1.4.89, the diagram

Z(X.) _E(f‘): Z(Y.)

"}‘l /
Cf

is commutative in C*(.2). By applying the functor £~! and changing the signs of the chain maps we
obtain the diagram

xo —L sy

-1
af[ ]l %f.[—ll

D3[-1]
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which is commutative in C*(%). Hence we have the factorization f°® = —plff[—l] o a/}[—l]. Respec-
tively we have g° = —p;f[—l] o ag[—1]. Thus we compute
O(f*) = -0(p;, [-1]) © Q(a}[-1])

-Q(p;, [-11) ° Q(v*[-1]) o Q(a}[-1])

-0(p;, [-11) o Q(ag[-1])

0(g")

This means that the natural quotinent functor 0 : (o) - C(o )[LST’:l] factors through K*(7),
i.e. the following diagram is commutative

() ——— K ()

L T

C* () [S1] ——— D*()

where the square and left triangle are commutative. Since C*(/) — K*(&7) is the identity on objects,
and it is also onto on morphisms, the right triangle is also commutative. In addition, ¢ maps quasi-
isomorphisms to isomorphisms, so it also factors through D*(&7), i.e. the following diagram is
commutative

K'(o) —2— D*(/)

| N

D*(of) — s C*()[S]

From the universal property of the localization, we have that ¢ o ¢y = 1p«(). Now, by combining the
above, we have the commutative diagram

CH (o) —— K" (o) —2— D"(«)

A

C*()[§Y] —— D* (o) —L— C*()[5" 1]
Again, from the universal property of the localization, we have that ¢ o ¢ = 1p«(u). [
1.4.11 Truncation functors

Truncation functors in the derived category of an abelian category allow us to isolate portions of a
complex above or below a given degree, producing new complexes that retain part of the original
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structure. They play a fundamental role in the construction of 7-structures that will be discussed in
the next chapter, and in defining cohomology objects in derived categories.

Definition 1.4.113. Let &/ be an abelian category and A® a complex of </. We define the complex
1<, (A*®) as follows:

AP, p<n
T<n(A®)P = {Ker(d}), p=n
0, p>n

Let i® : 7<,(A®) — A°® be the canonical injection. The following result is immediate from the defi-
nition.

Lemma 1.4.114. The morphism HP(i) : HP(7<,(A®)) — HP(A®) is an isomorphisms for p < n, and 0
Jorp > n.

Proof. The proof is immediate from the above Definition 1.4.113 and is left to the reader. [ |

Let B® be a complex and f* : A* — B® a chain map. Then it is true that d" o f" = f"*! o d",
hence f"(Ker(d")) € Ker(d"). This means that the chain map f* induces a chain map 7<,(f*) :
T<n(A®) — 7<,(B®). Then it is easy to see that the functor 7<, : C(&/) — C(&) is additive.

Suppose now that f°, g* : A* — B* are two homotopic chain maps, thatis, f —g =d o h + h o d.
Then 7<,(f°®) and 7<,(g®) are also homotopic via the restriction of the homotopy of f* and g°. This
means that 1<, induces a functor 7<, : K(&) — K(&). Obviously, we have

. H(f*), p<n
H (r<u(f*)) = {
0, p>n
By combining the above with Lemma 1.4.114 we have that if f* : A* — B*® is a quasi-isomorphism,
then 7<,(f*) is also a quasi-isomorphism. This means that 7, induces a functor 7, : D(&) —

D().

Definition 1.4.115. Let &/ be an abelian category and A® a complex in «/. We define the complex
T>n(A*®) as:

0, p<n
Tsn(A®)P =< Coker(d"™™Y), p=n
A", p>n

Let ¢* : A®* — 75,(A*®) be the canonical projection. Then we have the following result.
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Lemma 1.4.116. The morphismHP(¢°®) : HP(A®) — HP(15,(A*)) is an isomorphism for p > n, and 0
Sforp < n.

Proof. The proof is immediate from the above Definition 1.4.115 and is left to the reader. [

Remark 1.4.117. Let B® be a complex and f* : A* — B® a chain map. Then d" ! o f" 1 = f* o
d" 1, hence f"(Im(d" 1)) C Im(d""'). This means that f* induces a chain map 7s,(f*) : C(&) —
C(.«/), and the functor 7>, : C(&) — C(&) is additive.

Suppose now that f°*, g* : A* — B® are two homotopic chain maps, i.e., there exists a graded mor-
phism A°® : A®* — B® of degree -1, such that f* — ¢g* = d o h + h o d. Then, 75,(f°*) and 75,(g°*) are
also homotopic via the induced homotopy between f* and g°. This means that 75, : C(&/) — C(«)
induces a functor 75, : K(&/) — K(&). Immediately we have

HP(f®), pzn

HP (72,(f*)) = {0 b<n

So, by combining the above with Lemma 1.4.116, we have thatif f* : A* — B®is a quasi-isomorphism,
then 75, (f*) is also a quasi-isomorphism.

Definition 1.4.118. The functors T<y, T>,: D(&/) — D(&) are called the truncation functors of
D().

Remark 1.4.119. The natural functor K™ (/) — K() induces the functor D™ (&) — D(&/). In
addition, the localizing class S~! consists of all the morphisms in § which lie in K™ (7). Let now
X*, Y* be two chain complexes, where X* is bounded from above, and s°* : Y* — X*® is a quasi-
isomorphism. Since X°® is bounded from above, there exists n € Z such that H”(X®*) = 0, Vp >
n. In addition, because s* is a quasi-isomorphism, we also have H”(Y®*) = 0, Vp > n. So, from
Lemma 1.4.114,i* : 7<,(Y*) — Y*is a quasi-isomorphism, which makes s°® o i® : 7,(Y*) — X* also
an quasi-isomorphism. Hence we arrive to the following Proposition.

Proposition 1.4.120. The natural functors D™ (<) — D(&/) and D* (&) — D(&), are_ fully faithfull.

Proof. The proof follows from the above analysis and from Proposition 1.3.31 [ |

Remark 1.4.121. Immediately, from the above proposition, we have that D™ (<) and D* (&) are full
subcategories of D().

Theorem 1.4.122. The isomorphismt : D(&7)°? — D(&7°P) induces an isomorphism ¢ : D*(&)°P —
D™ («7°P), 1 : D™(&7)°? — D*(&/°P) and ¢ : D°P(o7)°P — DP(a7°P).

Proof. For the proof we refer the reader to [12][Theorem 3.4.6.] [ |
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Remark 1.4.123. The full subcategories D (.27), D*(.«7) and D~ (/) are invariant under the functors
T<n and 7s,. Therefore they induce respective truncation functors which we denote with the same
symbol.

Notation 1.4.124. We denote by D* : &/ — D*(&/) the composition of the functors C : o — K* (&)
and Q : K* (&) —» D*"(&).

Theorem 1.4.125. The functor D* : &/ — D*(&/) is fully faithfull.
Proof. 1-1: Let X,Y € o/ and f: X — Y be a morphism in /. Then H’(D(f)) = f and the map
Hom, (X, Y) — Homp(y)(D(X), D(Y)) is injective.

onto: Let ¢ : D(M) — D(N) be a morphism in D* (%) and suppose that

X.
K f°
D(M) D(N)
is a representative, where s* : X* — D(M) is a quasi-isomorphism. Then H?(X®) = 0, Vp # 0.

Hence, from Lemma 1.4.114, i* : 7<o(X®) — X° is a quasi-isomorphism. By setting Y'* = 70(X°®),
the diagram

SN

D(M) y* D(N)

*oi® H
y*

is commutative. This means that ¢ has a representative a left roof with X” = 0, Vp > 0. Thus we
have the commutative diagram

s X1 s x0 s x! 5 0

~

o —
~
o

\
4

~
=2
N
o

>0 —> -

for a representative F¥ of the homotopic class of f°. Obviously, all the homotopies from X*® to D(N)
are 0, so FU is unique. In addition, F is zero restricted to Im(d)}l), because FY o d)}l = (0 and
due to the fact that it factors through the zero morphism. This means that F° factors through
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HO(F) : HO(X*) — N, and H°(F) = H°(f*) = H%(¢) o H%(s®). From the above, the diagram

< i \f D(N)
N Js /HO(<¢>

D(M)

D(M)

is commutative. So ¢ = D(H"(¢)), which proves the statement. [

1.4.12 Short exact sequences and distinguished triangles

In this subsection we discus the relationship between short exact sequences in an abelian category
o/ and the distinguished triangles in the homotopy category of complexes K(.27).

Let &/ be an abelian category. Then the category C*(.2/) is also abelian. Let

qo

Py Ly 7o 50

0 > X°
be a short exact sequence in C*(«) and
N iy

Py
Xt ==Y — C, — (X"

a distinguished triangle with base f°. Let m*®* : Z(X°®) @ Y* — Z° be the graded morphism which is
the composition of the natural projection g : X(X°®) @ Y* — Y* with the chain map g* : Y* — Z°.
We compute Vn € Z
_dn+1 0
mn+1 o déf — (0 gn+1) (fn}il d)r£+1) — (gn+1 o fn+1 gn+1 ° dlr;) — (0 d% o gn) —
3o (0 g") = dyom

i.e. m® is a chain map. In addition we have that m*® o i ;= g*. From Lemma 1.4.86, in the commuta-
tive diagram

Xt = X°*
[
O

we can glue the chain map w*® : €7 — C} which is defined by

w' = (IX(')1+1 ]9”) VnezZ
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Clearly w* is a monomorphism, and
Im(w") = X" 1 @ Im(f") = X" @ Ker(g") = Ker(m™"), Vn e Z

This means that the sequence

0— ¢ 250 25 20— 0

is a short exact sequence in C*(%7).

From Lemma 1.4.92, C7 = 0%in K*(«), and so H"(CIX) = 0, Yn € Z. Consequently, from the long
exact sequence of cohomology of the above short exact sequence, we have that H” (m®) : HP (C}) —
H?”(Z°®) is an isomorphism for all n € Z. Thus we have proved the following result.

Lemma 1.4.126. The chain map m*® : C} — Z° is a quasi-isomorphism.

The proofs of the following results are straightforward. For more details we refer the reader to [12,
Lemma 3.5.1]

Proposition 1.4.127. Let

00— x* Ly &y ze vy

be a short exact sequence in C(<7). Then its image under the functor C(«/) — D(&/) is a distinguished
triangle

X. [f ]> Y. > Z. > z(x.)

inD(&).
Dually, if we have again a short exact sequence

0 —> x* Ly ye & 7o

~
o

we can consider the standard triangle

yo s 70 By o0 5y wye)

By considering the morphism k® : X* — Y* @ X71(Z*) = C¢[—1] to be the composition of f* : X* —
Y* with the canonical injection we have the following result

Lemma 1.4.128. The chainmap k* : X* — Cg[-1] is a quasi-isomorphism.
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1.4.13 The distinguished triangle of truncations

In this subsection, we consider the distinguished triangle associated to a truncation of a complex. It
allows us to decompose a complex providing a more concrete way to study it.

Let X* be a complex and n € Z. Consider the short exact sequence

0 — 7n(X®) —> X* —3 0° —> 0.

By definition we have that

0, p<n
QF =1{Coim(d"), p =
XP, p>n

Therefore H*(Q®) = 0, Vp < n and H”(X*) = HP(Q®), Vp = n. Consider the canonical projection
0° > 75,41(0°) = T5,41(X°®), i.e. the commutative diagram

o — 0 — Coim(d}) — X"l 5 x5

| !

>0 5 0 > Coker(dy) — X2 —— -+

we get that the above chain map is a quasi-isomorphism.

From Proposition 1.4.127, we have the distinguished triangle

Ton(X%) =25 X — 0° — Z(1<0(X7)

in D(&7). From the above discussion, the complex Q° is isomorphic to 75,4+1(X®). Thus we get the
distinguished triangle

Ten(X?) = X* = T (X7) — E(ren(X*)
The above distinguished triangle proves the existence part of the following Proposition.

Proposition 1.4.129. Forevery complexX® andn € Z, there exists a unique chainmap h® : 75,+1(X*) —
2(1<n(X*®)) such that the triangle

Ton(X%) = X0 Ty 1 (X)L B(12, (X))

is distinguished in D(<7).
Proof. For more details we refer the reader to [12][Proposition 3.6.1.] [ |
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Remark 1.4.130. The proof of the uniqueness of the above Proposition comes from Lemma 1.4.24.

Lemma 1.4.131. Let X*, Y* be two complexes such that XP = 0, Vp > nandY? =0, Vp < n. Then
Homp () (X®, Y*) =0

Proof. Let ¢ € Homp () (X®, Y*), with a representative

N

Since H? (X*®) = 0, Vp > n and s°® is a quasi-isomorphism, we have that H?(Z®) = 0, Vp > n. Hence
i*: 7<y-1(Z°) — Z° is a quasi-isomorphism. By setting U® := 7.,,_1(Z°®), we obtain the commutative

diagram
Z.
SN
X. U. Y.
s'k H /f'(oi'
U.
This means that ¢ has as a representative a left roof with ZP = 0, Vp > n. Therefore, f* = 0° [

1.4.14 Exact sequences and distinguished triangles

In this subsection we discus the relationship between short exact sequences in an abelian category
&/ and the distinguished triangles in the derived category D (7).

Let o/ be an abelian category and

0—L23smMm 23N —0
a short exact sequence in «/. Then, from Proposition 1.4.127, we have the distinguished triangle

D) 2L pmy 2%y p(vV) —— $(D(L))

in D*(«/). Therefore we have the following Proposition.
Proposition 1.4.132. There exists a unique morhpism h such that

D D
D(L) —L%5 by =25 pv) —"— £(D(L))
is a distinguished triangle in D* (7).
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Proof. The uniquenes of 4 comes from Lemma 1.4.24 and from Lemma 1.4.131. [
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CHAPTER

I-STRUCTURES, HRS-TILTING AND
QuAsI-ABELIAN CATEGORIES

This chapter is dedicated to the basic tools which play an important role in Bridgeland’s paper,
namely ¢-structures, Hapel, Reiten and Smalg tilting (HRS-tilting for short), and quasi-abelian cate-
gories. Apart from playing a crucial role in the theory of stability conditions on triangulated categories,
they were developed independently and have found applications in Representation Theory, Algebraic
Geometry and Homological Algebra. In the first section we develop the theory of ¢-structures, pre-
senting some fundamental properties. At the end we introduce the notion of the Grothendieck group
of an abelian and a triangulated category. The second section is dedicated to HRS-tilting. We outline
the basic theory, and provide a way to construct 7-structures in the bounded derived category of an
abelian category provided that we have a torsion pair in the abelian category. The third and final
section of this chapter is about quasi-abelian categories. They are close to being abelian categories,
however they have less structure. Nevertheless, they come up naturally Bridgeland’s theory and play
an important role. This chapter follows [1], [7], [12] and [17].

2.1 1-structures

In this section, we present the main theory of ¢-structures. They were introduced by Beilinson,
Bernstein and Deligne in [1], in their effort to study perverse sheaves. 7-structures are the right tool
for finding abelian categories inside triangulated categories. In the first section we give the definition
of a t-structure and present some basic results about them. Next, we shift our focus to a special of
t-structures called bounded ¢-structures, which play a crucial role in Bridgelands paper. Last but
not least, we give the definition of the Grothendieck group of an abelian and a triangulated category
and show some basic results. Throughout this section we closelly follow Milicic’s notes [12].
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2.1.1 Truncations on derived categories

In this subsection, we make some observations about a pair of categories that are defined from the
cohomological functors of the bounded derived category of an abelian category.

Definition 2.1.1. Let &/ be an abelian category and D = D*(.2/). We define the full subcategory 7 ="
of 7, which consists of the complexes X* such that HP (X®) = 0, for p < n. Respectively we define
T =", Then, we have that 7 <" = ¥7"(7=%) and 72" = "(729). It is also true that

. C ySn—l C ag<n C y§n+1 c .-

. D an—l D 92n - g2n+1 D .-

For reference: 7 >" and .7 >" are called the truncation categories of D*().

For the pair (.7=0, 720) in Definition 2.1.1, based on theory of derived categories developed in
Chapter ??, we can prove the following:

o 750 c 3 1(7% and 72" > =-1(720),
e Hom4 (70, 2-1(72%),

e for every X in .7, there exists a distinguished triangle

Y — X —> Z — 3(Y)

such thatY € 7<0and Z € =~1(.729).

The proofs are omitted and for details we refer the reader to [12, Chapter 4, Section 1, Subsection 1]

2.1.2 t-structures

Formalizing the observations of subsection 2.1.1 we arrive naturally at the concept of a ¢-structure.
In this section, we give the definition of a 7-structure and present some basic results.

Definition 2.1.2. Let J be a triangulated category. A t-structure in .7 is a pair of full subcategories
(720, 720) with the_following properties:

t1) 79 c 27 1(7% and 720 2 =~1(729),
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(t2) Hom (7=, 2-1(72%)) = 0,

(t3) for every X in 7, there exists a distinguished triangle

Y s X s Z > 2(Y)

suchthatY € 7<% and Z € ~1(7329).

Notation 2.1.3. If .7 is a triangulated category and (.7 =°, 72%) is a t-structure in .7, we define:

o TSN .— an(gsO)’
o T2 .— ZZn(QZO)’
o Flmnl = gzmn gsn

Definition 2.1.4. Let .7 be a triangulated category and (.7 =°, 72%) at-structure in 7. The heart of
the t-structure is the subcategory 7= n 729,

Example 2.1.5. The subcategories .7 <0, 720 of D*(&7) of subsection 2.1.1 give rise to a t-structure,
(the canonical t-structure) in D* (/) with heart equivalent to < .

Our main goal in this section is to prove that the heart of a ¢-structure in a triangulated category
is an abelian category. In the following, unless otherwise stated, .7 will be a triangulated category,
(79, 720 g t-structure in .7 and ./ its heart.

The following lemma will be useful in what follows.

Lemma 2.1.6. Letn,m € Z, X € <" andY € .7>™. Then Hom(X,Y) = 0.

Proof. By definition we have that

N
N
IA
3
L
N
N
IA
S
N
N
S
L
N

and

... D an—l D yZn - r7n—1

v}

Since X € .7=", there exists an object X’ € .7 =Y such that X = X"(X’), and since Y € .72"*! there
exists an object Y’ € 72! such that £"*!(Y’) = Y. Therefore Hom(X, Y) = Hom(Z™"(X’), "1 (Y")) =
Hom(X’,Y’) = 0. ]

In the following Remark we present an important construction.
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Remark 2.1.7. Let n € Z. Then, from (TR3), for every object X in .7 there exists a distinguished
triangle

TM(A) — T(X) — Z"(B) — "N(Y)

where X*(A) € 7<% and X"(B) € .7=!. By rotating the triangle 3n times, we get the distinguished
triangle

A—>X — B —3 ()

whereY € <" and Z € 72", Let f : X — Y be a morphism in .7 and

C—>Y—3D—>3(C)

be a distinguished triangle, where C € <" and D € 2n+1 Then we get the diagram

A—3> X —3 B —> 35(A)

C—>Y—3D—33(C)

From Lemma 2.1.6, since A € 7=" and D € .72"*!, we have that Hom(A, D) = 0. Therefore we

have that (A —» D) o f o (Y — D) = 0 and thus, from Proposition1.4.23, there exist morphisms
¢ : A — Candy : B — D such that the following diagram is commutative

~

> B > 2(A)
|
ly | 5(¢)
- v

> D > 2(C)

~

SRS
"'<<T><

In addition, since A € 7 =" and D[-1] € .72"*2, we have that Hom(A4, D[-1]) = 0, thus these mor-
phisms are unique. We apply the above situation when X = Y and f = 1x. Then there exist unique
morphisms o : A — Cand 8 : B — D, such that the following diagram is commutative

A
C

X —3 B— %(A)

b e

X —3 D —3 3(0)

\
4
\
4

140



Chapter 2 2.1. t-structures

Respectively, there exist unique morphisms y : C — A and 6 : D — B, such that the following dia-
gram is commutative

C —3X—3D —3 3(C)
N I T
A—3 X —3 B—3 3(A)

The composition of the above morphisms of triangles is the commutative diagram

A—3 X —3 B—3 Y(A)
VO(X\L H o8 [s0ew
A S X > B > 2(A)

and due to uniqueness, we getthaty o @ = 14 and 6 o § = 1p. Analogously, we have thata o y = 1¢
and 8o d = 1p. Thus we have that ¢ and B are isomorphisms and, y and ¢ are their inverses.
Therefore the objects A and B are unique up to unique isomorphism. This leads, for every object X
in .7, to chose these objects A and B, and we denote them by 7<,(X) and 7s,4+1(X) respectively. If
now f : X — Y is a morphism in .7, from the above, we get the following morphism of distinguished
triangles.

T<n(X) —> X — 1op11(X) — Z(1<0(X))
¢>\L lf lw lzw)
T<n(Y) —=> Y —— 15011 (Y) — Z(1<4(Y))

where the morphisms ¢ and ¢ are unique, and we denote them by 7<, (f) and 7s,+1(f) respectively.

From the above Remark 2.1.7 we present the following Lemma.

Lemma 2.1.8. There exist functors 1<, : J — J<"and 1s, : .7 — =" such that:

(1) 1<, : T — T="is aright adjoint to the natural inclusion 7 <" — 7,

(2) Tsp : T — T>"is aleft adjoint to the natural inclusion .7 >" — 7.

Proof. Their existence comes from Remark 2.1.7. It is left to prove the part that has to do with the
adjoint functors. Let X € 7 =". Then we have the distinguished triangle
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X=—X —50— %(X)

which satisfies the above conditions of Remark 2.1.7. Then we have the morphism of distinguished
triangles

X X >0 > 2(X)

[P A R

T<n(Y) —= Y — 125041 (Y) — Z(1<n(Y))

where the morphism f comes from Remark 2.1.7. Since ¢ is uniquely determined by f, there is a one
to one and onto correspondence from Hom(X, Y) to Hom(X, 7<,(Y)), where f maps to ¢. Therefore
T<n is a right adjoint of the natural inclusion functor %, <— 7. The proof of (2) is omitted since it
is dual to that of (1). ]

Remark 2.1.9. Obviously we have the natural morphisms i : 7<,(X) —» X and p : X — 75,(X),
which are called the truncation morphisms.

Definition 2.1.10. The functors 1<, and T, are called the truncation functors of the t-structure

( e730 320).

Lemma 2.1.11. For every object X in 7 we have the distinguished triangle
Ten(X) —= X — Topa1(X) == Z(r<n(X))

where the morphism q is unique.

Proof. This result is immediate from the proof of Lemma 2.1.8 and from Proposition 1.4.23. [ |

Definition 2.1.12. The above distinguished triangle is called the truncation distinguished triangle
of X.

Next we presenet some Lemmas without proof, about the behaviour of the truncation functors with
the shift functor %, and about some properties of the trunctation functors. For the details of the
proofs, we refer the reader to [12, Lemma 1.2.6 - Lemma 1.2.12].

Lemma 2.1.13. For every n € Z we have that

(1) T<pn © Z = Z O T<n+l,

(2) T>n © X =2X2o0 T>n+l-
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The following Lemma gives a description of the truncation subcategories associated to a ¢-structure

Lemma 2.1.14. Let X be an object in 7. Then:

(1) The following are equivalent:

W) X e T=",
(i) i : T7<n(X) — X is an isomorphism,

(itY) T>p1(X) =0,
(2) The following are equivalent:

(i) X € T>",
(i) p: X — 15,(X) is an isomorphism,
(iii) 7<,-1(X) =0,

Lemma 2.1.15. Let

X > Y > Z > 2(X)
be a distinguished triangle in 7. Then

(1) IfX,Z € T=", thenY € T=",

2 X,Z e T=", thenY € =",

Lemma 2.1.16. Letn € Z. Then

(1) The subcategories 7 =" and .7 =", are additive subcategories of 7,

(2) The functors 1<, : J — <" and 1, : J — J>" are additive.

From the first part of the above Lemma we get the following.

Lemma 2.1.17. The heart </ of a t-structure (7 =9, 72%) is an additive category.

Next, we present some lemmas, without proof, about the composition of the truncations functors.

Lemma 2.1.18. Letm, n € Z, withm < n. Then:
(1) T<m © T<p = T<n © T<m = T<ms
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(2) Tom © Top = T2p © Tom = Top.
Lemma 2.1.19. Letm, n € Z, wherem < n. Then <y, © Tep = Tep © T<y, = 0.

Lemma 2.1.20. Let m,n € Z, where m > n, and X € 7. Then (T<my © Tsp)(X), (Tsn © T<n)(X) €
Flnm]

Remark 2.1.21. Let X € 7. Then we have the truncation morphisms
Tem(X) == X —5 12(X)

From Lemma 2.1.8, the composition p o i : T<,;,(X) — 75,(X) factors uniquely through (7>, © 7<;;)(X),
that is, we have the commutative diagram

Tem(X) —22 150(X)

L

TZn(TSm) (X)

where the vertical arrow is a truncation morphism. From Lemma 2.1.20, 75, (7<(X)) € .7=". There-
fore, from Lemma 2.1.8, the morphism 75, (7<,» (X)) — 75,(X) factors uniquely through 7<,,(7>,(X)),
that is, the following square is commutative

Tem(X) — 225 7.(X)

! T

Ton(Tem(X)) —5= Tam(T20(X))

and the vertical arrows are truncation morphisms.

Lemma 2.1.22. Let m,n € Z, such that m > n, and X € 7. Then there exists a unique morphism
¢ Ton(T<m(X)) = T<m(t:n(X)), such that the following diagram is commutative

p

Tem(X) —— X > Tan(X)
TZn(TSm(X)) +> TSm(TZn(X))

In addition, the morphism ¢ is an isomorphism.
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Proof. We already have the existence of the morphism ¢ from Remark 2.1.21, so it is left to show that
it is an isomorphism. Let & : 7<;-1(X) — X be a truncation morphism from Remark 2.1.9. Then,
from Lemma 2.1.8, the morphism #/ factors uniquely through 7<,,(X), i.e., the following diagram is
commutative

Ten1(X) —15 X

oA

TSm(X)

where g : 7<,,(X) — X is also a truncation morphism. The above morphisms fit into the following

diagram

Ten1(X) =L 10m(X) — Ton(tem(X)) — (t2n-1(X))

|k |

TSn—l(X) > X > TZn(X) —> Z(TSn—l(X))
b | [
Tem(X) —5— X S Tome1(X) —— Z(7<m(X))

where the squares in the first column are commutative and the first row is a truncation distinguished
triangle from Lemma 2.1.20. The other two rows are also truncation distinguished triangles. From
(TR4), the above diagram can be completed to the octahedral diagram

Ten1(X) —L3 100(X) — 1on(Tem(X)) —— (r2n-1(X))

| i y |

Ten1(X) — 21— X S Top(X) ——— Z(1<n1(X))
b | ; s
Tem(X) LB ‘e S Tome1(X) ——— Z(1m(X))

! | | !

TZn(TSm(X)) — TSn(X) — 72m+1(X) — Z(TZn(TSm(X)))

By examining the middle square of the first row, we have that the morphism 75, (7<; (X)) — 75,(X)
is the composition of ¢ with the truncation moprhism 7<,,(7>,(X)) — 75,(X). Hence we have the
morphism of triangles
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Ton(T<m)(X) — T20(X) — Tomi1(X) — (120 (17<m(X)))

0| | =@

T<m(T2n (X)) ——= Ton-1 — Tom1(X) — Z(T<m(120(X)))

where the first row is the last row of the above octahedral diagram, and the second row is the
truncation distinguished triangle from Lemma 2.1.20. Since the identity maps are isomorphisms,
from the five lemma for triangulated categories, Lemma 1.4.18, we have that ¢ is also an isomorphism.

[ ]

Remark 2.1.23. The morphism ¢ : 75, (T<mu(X)) N T<m(T>n (X)) induce natural isomorphisms 7, ©
Tam = Tam © Top and Ty © Ty = T<m © Tsp. Therefore we just proved the following Lemma.

Lemma 2.1.24. Letm,n € Z, where m > n. Then the functors Ts, © T<;;, and T<,, © T>, are naturaly
isomorphic.

One can generalize the notion of cohomology to triangulated categories under the existence of
t-structures. In this direction, we give the following definition.

Definition 2.1.25. We define a functor H° : 7 — <7, by
HY(X) := 7<0(120(X)) = T20(7<0(X))

for every object X € 7.

Remark 2.1.26. It follows from Lemma 2.1.16 that the functor H is additive.

In our attempt to prove that the heart of a -structure is an abelian category, we proceed by proving
that it has kernels and cokernels.

Lemma 2.1.27. Let f : X — Y be a morphism in the heart of the t-structure (.7 =°, 72°). Let also

x Lsy 7 53X

be a distinguished triangle, where Z is the cone of f. ThenZ € (1,01,

Proof. By rotating the distinguished triangle, we get the distinguished triangle
Yy g g g g g g
Y — Z — I(X) — Z(Y)
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First, we prove that Z € .7=0. Obviously ¥ € .7=°. Since X € 7=, we have that X(X) € =L
From the inclusion .7="! ¢ 7=0, we have that X(X) € 7=, Hence from Lemma 2.1.15 we have
that Z € 7=, Now we prove that Z € .72~!. We have that X,Y € 729 so Z(X) € 72", How-
ever, 7271 D 720 therefore (X),Y € 72!, and from Lemma 2.1.15, we have that Z € .7>~!. By
combining the above, we have shown that Z € 70 n 72-1 = 7I[-1.0], [ |

We proceed with the construction of kernels and cokernels. From Lemma 2.1.15 we have that
> 12) € 7101 We define

K := HY(Z71(2)) = 1<0(m20(X)) = 7<0(Z7(2)) € &
and
C = HY(Z) = 120(7<0(2)) = 720(2) € o
In addition, we have the natural morphisms
k: K=102"%2) - 2(2) - X
and
c: Y —>Z->19(X)=C

which will be denoted by k and ¢ respectively. From Lemma 2.1.11, we have the truncation distin-
guished triangle

t<0(27(2) — THZ) — =1 (T7H(2) — E(1<0(27H(2)))

By definition, we have that K = 7<q(271(Z)). Since, 751(271(Z)) = 2 H(159(Z)) = Z7(C). In
other words, we just proved the following Lemma.

Lemma 2.1.28. The triangles

K — 21(2) — =71(C) — Z(K)

and

> 1(K) > Z > C > K
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are distinguished triangles, and the morphisms that appear are truncation morphisms.

Lemma 2.1.29. Let f : X — Y be a morphism in of

(1) The pair (K, k) isakernelof f : X — Y,

(2) The pair (C, c) is a cokernelof f : X — Y.
Proof. (1) By definition we have the diagram
k
K—s3slz —sx Ly

Since consecutive compositions in a distinguished triangle are zero, we have that

fok=fol[XZ2Z2) > X)o(K>ZHZ)]=[foEZ) > X)]o(K > 22) =
=00 (K> 2 5Z) =0

From Lemma 2.1.28, we have the distinguished triangle
K — 2 42) — 27H(C) —> 2(K)
We have that 271(C) € 72! and £71(C) € Z22. Therefore, for every U € 7Y, we get that

Hom(U, £71(C)) = Hom(U, X7%(Z)) = 0. From the long exact cohomology sequence of the above
triangle we have

0 = Hom(U, £~1(C)) — Hom(U, K) — Hom(U, £~1(Z)) —> Hom(U, £71(C)) = 0

Therefore the morphism (K — X71(Z)), : Hom(U, K) 5 Hom(U, ~1(Z)) is an isomorphism.
Consider now the triangle

X —SY —7Z — 3(X)

and the long exact sequence that accompanies it

S — Hom(U, =-1(Y)) — Hom(U, =-(Z)) — Hom(U, X) L% Hom(U, ¥) — - - -
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Since U € 7<% and 27 1(Y) € 72!, from Lemma 2.1.6, we conclude that Hom(U, 271 (Y)) = 0.
Furthermore, from Lemma 2.1.28, we have the exact sequence

0 — Hom(U, K) —* Hom(U, X) —L5 Hom(U, Y)

It is left to show the universal property of the kernel. So, let j : A — X be a morphism in <7,
such that f o j = 0. Then f.(j) = 0, and due to the exactness of the above sequence, we have
that j = k.(i) = k o i for some morphism i : A — K. Therefore the pair (K, k) is a kernel of f.

(2) The proof is omitted since it is dual to that of 1. [ |

In order to finish the proof that the heart of a 7-structure is abelian, we need to prove that the
parallel morphism of a morphism is an isomorphism. We proceed with this proof.

Let J be the cone of the cokernel ¢ : Y — C. Then we have the distinguished triangle

Yy — C > J > Z(Y)

and from Lemma 2.1.27 we have that J € 77101, In particular J € 727! = £(.72%). Thus there
exists an object I € 72, such that J = %(I). Consider now the natural morphism

y sz %y
N

c

and the distinguished triangle with base the morphism f

x Lyy Sy 7 "y sx)

where Z = cone(f). Then the diagram

-X(f)

y —S 5z 5 5x) > 2(Y)

| ) |

y ——>C > 2(1) > 2(Y)

- |
9 -3(i)

z s C > 22(K) ——= 2(2)

149



Chapter 2 2.1. t-structures

since, the squares in the first column are commutative, can be completed through the octahedral
axiom to the commutative diagram

h -Z(f)

Y > Z > (X)) ——— Z(Y)
|
| b e ]
i ~
Y -~ C > () — Z(Y)
|
~ Q\V ) v
Z s C > X3(K) ——— 2(2)

’ l H i

£(x) -2 > B(1) ----- > T2(K) --*-= TX(X)

Now, the first row is the distinguished triangle with base f rotated from (TR2), the second row is
the distinguished triangle which we defined above, and the third row is the distinguished triangle
from Lemma 2.1.28 with the truncation morphism i : K[1] — Z after it has been rotated from (TR2).
Therefore, in the last row of the octahedral diagram, we have w = X(h) o (—-X(i)) = —XZ(h) o Z(i) =
—%(h o i) = —=X2(k). By rotating the distinguished triangle in the last row three times, we get the
distinguished triangle

X —“ 3 s (k) —&)

> 2(X)

Since X, K € o/ and X € 7=, we get %(K) € 7=7! ¢ .7=0. Therefore, from Lemma 2.1.15 we
have that / € 7=, We have already shown that I € .72°, therefore we conclude that I € &/ =
729 n 7=0, By rotating the last triangle, we get the distinguished triangle

K—5 x Y51 —3 %K)

Consider now the isomorphism of triangles

K=Ky x U5 1 9% 3(K)
S N
K X3 x 5 1 =% 3(K)

and then the triangle
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K s X 2] > 2(K)

is distinguished, that is, I = cone(k). From Lemma 2.1.15, the pair (/, u) is a cokernel of k. Respec-
tively, from the distinguished triangle

Yy —< 5 C s 3 (1) —2)

> 2(Y)
we have that the pair (I, p) is a kernel of ¢. Also, from the commutativity of the square

5(x) — 5(v)

wl |

() W Z(Y)

we have that f = p o u. From the last we conlude that Coim(f) = Im(f) = I. Therefore we proved
the following theorem.

The following important theorem provides a bridge between the triangulated category .7 and the
heart & of a t-structure. It allows us to recover the usual notion of cohomology within a purely
triangulated setting.

Theorem 2.1.30. The heart of a t-structure in a triangulated category is an abelian category.

Theorem 2.1.31. The functor H’ : 7 — </ is a cohomolical functor.

Proof. We need to prove that for every distinguished triangle

x Lsy 2y 7 tysx

the sequence

HO() L o) S o (z)

is exact in 7. We will prove the statement for 4 separate occasions before proving it in its generality.
e X,Y,Z € 720 Let U € &/. Then we have the exact sequence
Hom(U, 2~ %(Z)) — Hom(U, X) L} Hom(U,Y) SLLEN Hom(U, Z)
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Since, U € .7=" and £71(Z) € 72!, we have that Hom(U, £~!(Z)) = 0, and the above exact
sequence becomes

0 — Hom(U, X) - Hom(U, ¥) —¥ Hom(U, 2)
However, from Lemma 2.1.14, we have that

Hom (U, H’(X)) = Hom (U, H°(X)) = Hom 7 (U, 7<0(120(X))) = Hom (U, 7<o(X)) =
= Hom (U, X)

by the definition of the functor H. Respectively, we have
Hom,, (U, HY(Y)) = Homz (U, Y) and Hom (U, H°(Z)) = Hom (U, Z)
Hence, the above exact sequence becomes

0 —3 Hom(U, HY(X)) 2L Hom(U. HO(Y)) =2 Hom(U, HO(2))

which is exact, since the functor Hom(U, —) is cohomological. Therefore the sequence

0 0
HO(x) ——0y Ho(y) 80 Ho(z)

is also exact. (This follows from Yoneda’s Lemma which is also used in the sequel). 1
e X,Y,Z € 750 Similar argument to the first part of the proof.
e Zec 720 Let W e =", Then Hom(W, X 1(Z)) = 0, since 7' (Z) € 7=!. Therefore, we

have the exact sequence

0 = Hom(W, -1(Z)) — Hom(W, X) —L5 Hom(W, ¥) — Hom(W, Z) = 0
which implies that f. is an isomorphism. Consider now the commutative diagram

re () =2 o)

! !

e
X 7 Y

IFor the statement and the proof of Yoneda’s Lemma we refer the reader to [13, Chapter IV, Section 2, Lemma 2.1 |
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where the verical arrows are truncation morphisms. By applying the functor Hom(W, —) to the
last diagram, we get the commutative diagram

Hom(W, 7<_1(X)) —"2 Hom(W, 7<_1(Y))

! !

Hom(W, X) > Hom(W, Y)

Due to adjointness, the vertical arrows are isomorphisms. Since this happens for arbitrary W,
the morphism 7<_1(f) : 7<—1(X) — 7<_1(Y) is an isomorphism, since we have shown that f, is
an isomorphism. Consider now the diagram

e (X)) —— x Ly

and the composition ¢ = f o i. Then we get the octahedral diagram

T (X) —— X > 0(X) — Z(r<_1(X))
[ l H
Te1(X) —— Y > T0(Y) — Z(1<-1(X))
VT T
X Sy y 7 s 2(X)
| | H l
>0 — T>0(Y) > Z > Z(120(X))

The first row is truncation distinguished triangle of X, the second row is truncation distin-
guished triangle of Y, where we have replaced 7<_1(Y) with its isomorphic 7<_1(X), and lastly,
the third row is the distinguished triangle with base f. The distinguished triangle of the last
row has all of its objects in .72° and thus we can use 1. By applying the functor H° to the last
two rows of the above octahedral diagram, we get the commutative diagram

0
HO(X) Wy oy — 8 oy

l l H

0 ———— H%(r20(X)) —5——> H(r20(Y)) —5——— H(2)
H"(720(f)) H"(720(g))
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where the first two vertical arrows are the induced truncation morphisms. By the definition of
the functor H°, these morphisms are isomorphisms, because X,Y € &/ 79N 720 = X,Y ¢

729 Thus 150(X) and 7s( are isomorphisms, which leads to that H?(75((X)) and H%(7s(Y))
are isomorphisms. Therefore the sequence

0 0
HO(x) -0y Ho(y) 80 Ho(z)

is exact in the heart 7.

e X ¢ 759 Let W € Z=!. Then Hom(X, W) = Hom(X[1], W) = 0, since X[1] € .7=<!. There-
fore, from Proposition 1.4.17, we have the exact sequence

0 = Hom(X[1], W) — Hom(Z, W) -2 Hom(Y, W) — Hom(X, W) = 0
hence g* is an isomorphism. Consider now the commutative diagram

Y;)Z

! !

1Y) — 121(2)
By applying the contravariant functor Hom(—, W), we get the commutative diagram

Hom(51(2)) 2255 Hom(rs1(Y), W)

| !

Hom(Z, W) T> Hom(Y, W)

From adjointness Lemma 2.1.8, the vertical arrows are isomorphisms. Since W is an arbitrary

object in .7=!, the morphism 751(g) : 7s1(Y) — 751(Z) is an isomorphism. Consider now the
diagram

y 257 25 0,(2)

d

from which we obtain the octehedral diagram
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y 2(X) — Ly w(y)

P

d -Z(i)

Y ———— 11(2) —— Z(1<0(Y)) — Z(¥)

: | [

q -Z(j)

Z ——— 121(2) ——— X(1<0(2)) — 2(2)

h l f“”

S(X) —y S(r0(Y) —2Ls S(r0(2) — 2Ly 32(X)

The first row is the distinguished triangle with base f, after it has been rotated. The second
row is the truncation distinguished triangle of Y after we have substituted 7>1(Y) with 7<_1(Z),
by using the above isomorphism, and after we have rotated it. The third row is truncation
distinguished triangle of Z after we have rotated it. The morphisms i : 7<o(¥Y) — Y and j :
7<0(Z) — Z are the canonical truncation morphisms. By rotating the distinguished triangle of
the last row three times, we get the distinguished triangle

X — 17.0(Y) —= 120(2) —% 2(X)

whose vertices are in .7 =<0, Therefore we can apply the second part of the proof. Consider now
the commutative diagram

X — 10(Y) — 1<0(Z2) — 2(X)

Cb b

X sy —5 sz " s y(x)

where the first row is the above distinguished triangle, and the second row is the distinguished
triangle with base f. From the octahedral axiom, we have that the above diagram is a morphism
of triangles (last column of the octehedral diagram). By applying the functor HO to the last
diagram, we get the commutative diagram

HO(X) — H(720(Y)) — H(720(Z)) — 0

| ! !

HO () 0 Hory 8 oz

where the second and the third vertical arrows are induced from the truncation morphisms.
Now, by the definition of H, these arrows are isomorphisms, hence the sequence
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HO(X) Ho(f); HO(Y) Ho(g); HO(Z)

is exact.

e General case: Consider the diagram

roo(X) — x Ly

Then we have the octehedral diagram

T<0(X) —= X — 121(X) — Z(1<0(X))

| ol |

7<0(X) —Y — W > Z(1<0(X))
R
X > Y > Z > 2(X)
Ll l

>1(X) — W > Z > 2(r21(X))

The first row is the truncation distinguished triangle of X. The second and third rows are the
distinguished triangles with base ¢ and f respectively. From the fourth part of the proof we
have that X € .7=C, hence the distinguished triangle of the second row gives the following exact
sequence

HO (120 (X)) —s ogyy @ powy —5 g

In addition, we have that ¢ = f o i and H(i) : H(7<¢(X)) — HY(X) are isomorphisms. There-
fore we have the exact sequence

0 HO(N) o HOWw) (10
HY(X) —— H'(¥Y) —— H'(W) —— 0

Particularly HO(u) is an epimorphism. However, by rotating the triangle of the last row, we get
the distinguished triangle

W — Z — E(121(X)) — (W)
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where X(751(X)) € 729, From the third part of the proof, we have the exact sequence

HO
0 —— HOW) —5 HO(X) —— HO(E(r21(X)))
Particularly HO(u) is a monomorphism. From the middle square of the octahedral diagram

Yy LS5 W

| b

Y — 7

we have that g = v o u, so H%(g) = H°(v) o H%(x) and Ker(H°(g)) = Ker(H%(u)). Therefore the
sequence

HO(X) Ho(f) HO(Y) Ho(g) HO(Z)

is exact, and thus we have completed the proof.

The next Lemma establishes a relationship between distinguished triangles in .7 and short exact
sequences in 7.

Lemma 2.1.32. Let

f g

0 > X > Y > Z

~
o

be a short exact sequence in «/. Then, the cone of f : X — Y is isomorphic to Z, and we have the
distinguished triangle

X —3Y —57Z—335(X)

Proof. Let

bt
~
~
~
a
~

2(X)
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be the distinguished triangle with base the morphism f. Since f is a monomorphism we have
that Ker(f) = 0, and from the arguments of the proof of Lemma 2.1.29, we have that H=*(C) = 0.
Therefore, from Lemma 2.1.27, we have that C € /. In addition, the pair (C, &) is a cokernel of f.
On the other hand, since the above sequence is exact, the pair (Z, g) is also a cokernel of f. Therefore,
there exists an isomorphism j : Z — C, suchthat = j o g. Thus we have the commutative diagram

S g

y =55 7 X0 sx)

y 5 ¢ 55 5(x)

X

X

~.

\
4
LN
4

where all the vertical arrows are isomorphisms, hence the above diagram is an isomorphim of trian-
gles. Since the bottom row is a distinguished triangle, so is the top row. [ |

The proofs of the following Lemmas and Corollary are rather technical, therefore we refer the reader
to [12, Lemma 1.2.21 - Lemma 1.2.23] for details.

Lemma 2.1.833. LetX € J,n € Zandi : 7<, — X, q : X — 75,(X) be truncation morphisms. Then

(1) HP (i) : HP (1<, (X)) — HP(X) is an isomorphism for p < n, and HP (1<,,(X)) = 0, for p > n,
(2) H?(q) : HP(X) — HP(15,(X)) is an isomorphism for p > n, and H? (t5,(X)) = 0, for p < n.

Corollary 2.1.34. Letn € Z. Then:

(1) ifX € T=", then H*(X) = 0 for p > n,
(2) ifX € T2", then H*(X) = 0 for p < n.
Lemma 2.1.85. Letn € Z and X € 7 such that H?(X) = 0 forall p € Z. Then:

(1) if X € T=", thenX € T=P, forallp € Z,

(2) ifX € T>", thenX € TP, forallp € Z.

2.1.3 Nondegenerate and bounded 7-structures

In this section, we study nondegenerate and bounded f-structures. In Bridgeland’s paper, bounded
t-structures play a crucial role, since they appear naturally under the existence of slicings. We give
their definition, and present some basic results.

Lemma 2.1.36. Let .7 be a triangulated category and (7=, 72%) a t-structure in .7. Then the
following are equivalent:
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(1) N 7" ={0} and (" T>" = {0},

nez nez

(2) forallX € 7, ifH?(X) = 0, forallp € Z, then X = 0.

Proof. (1) = (2): Let X € 7, such that HP(X) = 0, for all p € Z. Consider the truncation distin-
guished triangle

7<0(X) —> X — 71(X) — Z(1<0(X))

From Lemma 2.1.33, we have that H? (7<o(X)) = HP(7>1(X)) = 0, for all p € Z. Therefore, from
Lemma 2.1.35, we have that 7<o(X) € 7=P and 151(X) € 7>P, for all p € Z. By assumption, we
have that 7<o(X) = 7>1(X) = 0. By rotating the triangle, we have that X is isomorphic to the cone
of the morphism 0 — 0. From (TR1.b), we have that X = 0.

(2) = (1) : Let X € J=P, for all p € Z. From Lemma 2.1.14, we have that 7s,.1(X) = 0, for
all p € Z. Hence HP*Y(X) = 7241 (12p+1(X))[p + 1] = 75p41(X) = 0, for all p € Z. Therefore, by
assumption, X = 0, and thus, () Ob(.7)=" = {0}. Let now X € .7=P, for all p € Z. Then, from

nez
Lemma 2.1.14, we have that 7<,,_1(X) = 0, for all p € Z. Hence X = 0 from the assumption. Thus

N Ob(J)=" = {0}. n

nez

Definition 2.1.37. A t-structure is called nondegenerate, if it satisfies one of the two equivalent
conditions of Lemma 2.1.36.
The importance of nondegenerate ¢-structures is clear from the following Theorem.
Theorem 2.1.38. Let (.72°, 720) be a nondegenerate t-structure. Then:
(1) a morphism f : X — Y in  is an isomorphism if and only if H*(f) : H*(X) — H™(Y) is an
isomorphism in the heart <7,

(2) foreveryn € Z, T =" is the full subcategory of .7 consisting of ohjects X such that HP (X) = 0, for
allp > n,

(3) for everyn € Z, T >" is the full subcategory of .7 consisting of ohjects X such that HP (X) = 0, for
alp < n.

Proof. (1) (=): Clearly, if f is an isomorphism, then H”(f) is also an isomorphism, for all p € Z.

(<): Suppose now that H? (f) : HP(X) — HP(Y) is an isomorphism, for all p € Z. Consider the
distinguished triangle
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x Lsy —s 75351

with base f. The long exact cohomology sequence of the above distinguished triangle is

coe ——3 HP(X) L(f)> HP(Y) —— HP(Z) ——— HPYL(X) m HPHL (YY) —— -

Since H”( f) is an isomorphism for all p € Z, then H?(Z) = 0 for all p € Z. Since the ¢-structure
is nondegenerate, we have that Z = 0, hence f is an isomorphism, because the cone of f is zero.

(2) (=): From Corollary 2.1.34, since X € .7 =", we have that H?(X) = 0, for all p € Z.

(&): Suppose that H?(X) = 0, for all p € Z. We will show that X € .7 =", From Corollary 2.1.34,
Emorphism HP(X) — HP(15,+1(X)) is anisomorphism. forall p > n. In particular H? (75,+1(X))
= 0, for all p > n. On the other hand, from Lemma 2.1.33, we have that H? (15,+1(X)) = 0, for
all p < n. Therefore HP (75,4+1(X)) = 0, for all p € Z. From the first part of the proof we have
that 1,+1(X) = 0. From the distinguished triangle

T<n(X) —> X — Topi1(X) — Z(7<n(X))
and from Lemma 1.4.22, the morphism 7<,(X) — X is an isomorphism, hence X € .7 =",
(3) The proof is omitted since it is similar to that of 2. [ |

Lemma 2.1.39. Let (7=°, 729) be a t-structure in .7. Then the following are equivalent:

(1) Y g%"=J and ( T2" = 7,
nez nez

(2) the t-structure is nondegenerate, and for every X € .7, HP(X) = 0, VpZ except for finitely many
p € Z.

Proof. (1) = (2): We will first show that the ¢-structure is nondegenerate. Let X € 7, such that
HP(X) = 0, for all p € Z. From the assumption, there exist n, m € Z, such that X € 7" and
X € 73", From Lemma 2.1.35, we have that X € .7=<" N 7", In particular X € 75"l and X ¢
729, Therefore Hom(X, X) = 0, thus X = 0. Consequently, from Lemma 2.1.36, the -structure is
nondegenerate. Let now X be an arbitrary object in .7. Then, X € 7" and X € . >", for some
n,m € Z. From Corollary 2.1.34, HP(X) = 0 for p > n and p < m. Hence HP(X) # 0, for finitely
many p € Z.

(2) = (1): Let X € 7. From the assumption, there exists n € Z,, such that H?(X) = 0, for all
|p| > n. From Lemma 2.1.33 we have that HP (7<_, (X)) = 0, and H?(75,(X)) = 0, for all p € Z.
Since the #-structure is nondegenerate, we have that 7<_,,(X) = 75,(X) = 0. From Lemma 2.1.14,
X e 72"l and X € 71, n
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Definition 2.1.40. A nondegenerate t-structure is called bounded, if it satisfies one of the two equiv-
alent conditions of the Lemuna 2.1.39.

Let .7 be a triangulated category and (7=, .72%) a nondegenerate ¢-structure in .7. Let also .7
be the full subcategory of .7 whose objects are those X, such that H? (X) # 0, for finitely many p € Z.
Clearly .7 is a strictly full subcategory of .7. Let

X S Y A > Z(X)

be a distinguished triangle, and suppose that two of its vertices are in .7 b Then, from the long exact
cohomology sequence of the above distinguished triangle, we have that the third vertex is also in .7 b,
Hence .7? is a triangulated subcategory of .7. Let now X € .7, Then, from Lemma 2.1.33, we have
that 7<,,(X) and 7s,(X) are in .7, for all p € Z. Therefore (7 n 720, 7% n 7=9) is a t-structure
in .7”. The truncation and cohomological functors are the restrictions of the ones in .7. Also, from
the above, this 7-structure is bounded. Hence we have the following definition.

Definition 2.1.41. The triangulated subcategory 7" of 7 is called the subcategory of cohomologi-
cally bounded objects of 7.

2.1.4 Induced /-structures

In this subsection we provide a criterion ensuring that a full triangulated subcategory of a triangulated
category inherits a ¢-structure, relative to the ¢-structure of the triangulated category.

Let € be a full triangulated subcategory of .7 and (.7 =Y, 72Y) a t-structure in .7. Clearly, the
inclusion functor ¥ < .7 is exact. We define

¢V =¢nT<0 and ¢€*° = ¢ n 7>
Lemma 2.1.42. Let % be a full triangulated subcategory of .7 . Then, the following are equivalent

(1) (¢=°, €=°) is at-structure in €,

(2) For the truncation functor t<g in .7, we have 7<o(%¢) C €.
(3) For the truncation functor Tsq in .7, we have 75¢(%) C €.
Proof. (2) = (1): We will prove that (¢=°, €=9).

(t1) Since % is invariant under the shift functor, we have that
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¢l =31 @) =N N T =¢nT> cEn T cE>
and
¢l =32 =N (T =FnT2¢n TV 2E°

(#2) Immediate.

(t3) We need to prove that for every X € ¥, there exists a distinguished triangle

A—>X —3» B—>3 3(A)

where A € €< and B € €. If 1<o(X) € €. we define A := 7-((X). Since % is a triangulated
subcategory of .7, there exists B € ¢ such that

7<0(X) —> X —> B — Z(1<0(X))

is a distinguished triangle. Clearly 7<o(X) € ¥ N .7=0 = ¢€=<0, and B = 7.1(X) € 7. Therefore,
Be ¥ n.T2 = €% If now 150(X) € €, then 27 (150(X)) € €. We define B = 27! (159(Z(X))).
We can easily see, from Lemma 2.1.14, that X~ (75¢(Z(X))) is isomorphic to 751 (X) in .7. Hence,

t<0(X) —> X —> B — Z(1<0(X))

is a distinguished triangle in 7. Because % is a triangulated subcategory of .7, there exists A € ¢
such that

A—>X —» B—>3 3(A)

is a distinguished triangle in ¥. From the later, we get that A = 7.o(X) € 7=, hence A € ¥ N
T=0 = €=<0. On the other hand B = 751(X) € 92!, soB € € n 72! = ¢=1.

(3) = (1): Similar to the proof of (2) = (1).

(1) = (2), (3): Now, if (=9, €=") is a t-structure in €, then from the construction of the truncation
functor in .7, we can construct them so that they leave % invariant. [ |

Definition 2.1.43. If the pair (¢<°, =) as defined at the beginning of this section is a t-structure,
then it is called the induced t-structure in %.

Remark 2.1.44. If the ¢-structure in ¥4 is induced, then its heart 4 is a full triangulated subcat-
egory of <7, which is the heart of the ¢-structure in 7. In addition, the truncation functors and
cohomological functors are isomorphic with the restrictrions of them in .7.
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2.1.5 Extensions in the heart

Extensions in the heart of a t-structure are fundamental because the heart <7 is an abelian category,
and the notion of extensions allows us to study exact sequences, cohomology, etc. In this direction,
let .7 be a triangulated category and (.7 =, .72%) a ¢-structure in .7 with heart .«7. We have shown
that <7 is an abelian category. By definition Hom(X,Y) = Hom# (X, Y), for every X,Y € /.

Definition 2.1.45. Let

0 > Y > X > Z

~
o

be a short exact sequence in €. The object X is called the extension of Z by Y.

Definition 2.1.46. Two extensions Z and Z’ of X by Y are called equivalent, if there exists a morphism
a : Z — Z’ such that the following diagram is commutative

0—Y —3Z—3X —30
[
0 —Y —3272 — X —30

Remark 2.1.47. From Lemma 1.2.29 we have that « is an isomorphism. Therefore the equivalence
of extensions is an equivalence relation in the set of all extensions.

Definition 2.1.48. We denote with Ext/(X, Y) the set of all extensions of X by Y.

Remark 2.1.49. We will show that for any two objects X, Y € .7 there exists a bijection Ext(X, Y) —
Hom(X, Y). In this direction,let

be a short exact sequence in 7. Then, from Lemma 2.1.32, we have the distinguished triangle

Yy 37 Py x 2y 5(v)

in.7. Clearly Y € 7<% and X € .72%. Hence, £7!(X) € 72!, This means that Hom(Y, =7 1(X)) = 0
and the morphism ¢ is unique. Let now Z’ be an equivalent extension of X by Y, and @ : Z — Z’ be
the respective morphism. Then we have the distinguished triangle

’ ’

y sz P x 2 sy
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and the diagram

Yy vz Py x 5
T
Yy Y57 Ly x Ly 5(y)

where the first square is commutative. From (TR3), the above square can be completed to following
morphism of triangles

¢

y ‘57z -Lsx 2y 5
|
| e,
. ’ v ’
y “y 7 P x 2 sy
Thus, we have the commutative diagram
0— v —5z-2yx-L50
| el

0 >Y — 7' > X > 0

in o/, andweget 8 o p = p’ o @ = p. Since p is an epimorphism we have that 8 = 1x, which implies
that ¢ = ¢’. Therefore ¢ depends only from the equivalnce class of the extension of X by Y. Therefore
we can define a map Ext/(X,Y) —» Hom# (X, Z(Y)). We claim that this map is one-to-one and onto.
Indeed, for the one-to-one part, let

and

be two extensions which induce the same morphism ¢ : X — X(Y). Then, the respective distin-
guished triangles are

Yy -7 Py x 2 sy

and
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> X > 2(Y)

and we have the diagram

y vz Py x s

X -2 %(v)

~

~

where the last square is commutative. The above diagram can be completed to the morphism of
triangles

0—Y —>Z—>X—0
[
0—Y—>2Z — X —0

which means that the extensions are equivalent. Now, for the onto part, let ¢ : X — X(Y) be a
morphism in 7. The latter morphism can be embedded to the distinguished triangle

Ce-1
slx) — Py s U s X

By rotating the triangle, we get the distinguished triangle

y Ly u s x 2y s(v)

for some U € 7. From Lemma 2.1.15 we have that U € &/, and from Lemma 2.1.28 the morphism
f is a monomorphism and g is the cokernel of f. Therefore the sequence

f

0 sy Ly py -8

> X > 0

165



Chapter 2 2.1. t-structures

is exact and U is an extension of Y from X. Immediately, the latter extension determines the morphism
¢ : X — Z(X).

Remark 2.1.50. Let X,Y € €,iy : Y —» X @Y the canonical injection and px : X ®Y — X the
canonical projection. Then we have the short exact sequence
0— Y25 x0r 25 x —50
Definition 2.1.51. The above short exact sequence is called the split extension of X by Y.
Remark 2.1.52. The equivalecne class of the above extension corresponds to the zero morphism from

X to Y[1].

2.1.6 Cohomological length

The cohomological length of an object measures the number of nonzero cohomology objects in the
heart. It provides a way to measure the complexity of an object with respect to a #-structure. Via co-
homological length we can relate properties of objects in the triangulated category to exact sequences
in the heart.

Definition 2.1.53. Let (.7 =Y, .72%) be a bounded t-structure in .7 . For every ohjectX € 7, we define:
£(X) = Card{p € Z | HP(X) # 0}

and we call in the cohomological length of X.

Remark 2.1.54. Since we have a bounded ¢-structure, therefore a nondegenerate one, if £(X) = 0
then X = 0 from Lemma 2.1.36.

Lemma 2.1.55. Let X € 7 with {(X) > 0. Then there exists p € Z, such that for the distinguished
triangle

TSp(X) — X — 72p+1(X) — Z(TSp(X))
we have that {(1<, (X)) = £(X) - 1.

Proof. Because £(X) > 0, there exists n € Z such that H"*'(X) # 0 and H?(X) = 0, forall p > n + 1.
Therefore, from Lemma 2.1.33 we have that H?(¢) : HP(X) — H?”(7s,41(X)) is an isomorphism for
all p > n + 1, and HP (15,41(X)) = 0, for all p < n. In particular, we have that

166



Chapter 2 2.1. t-structures

0 p*Fn+1

HP (2241 (X)) = {Hm X mme

and £(Tsp+1(X)) = 1. By letting ¥ = 75,.1(X)[n + 1], we get that H?(Y) = HP*"*1(15,.1(X)) = 0, for
p # 0andY € /. On the other hand, from Lemma 2.1.33, the morphism H” : H” (1,(X)) — HP(X)
is an isomorphism for p < n, and H? (7<,,(X)) = 0 for p > n. Consequently, H? (7<,(X)) # 0, which
implies that p < n and H”(X) # 0. Hence, {(7<,(X)) = {(X) — 1. [

In the following, we present a splitting result.

Let X,Y € €, where ¢ is the heart of the t-structure (.7=°, .72%). Then X € .75 and Y[-n] €
=", for every n € N. Therefore, from (#2) we have that Hom(X, 2~1(Y)) = 0, for every n € N. Clearly
Hom#(X,Y) = Homg (X, Y), and from Remark 2.1.49 we have that Hom 7 (X, 2(Y)) = Exty(X,Y). In
this section, we will study .7 with the following extra assumptions:

(1) the t-structure (.7=0, .729) is bounded,
(2) forevery X,Y € ¥, Homg (X, Y[n]) = 0, for every n > 1.

Lemma 2.1.56. Let X € . Then

X = @ H(X)[-p]

PEZ
Proof. We will use induction on the length £(X) of X.

n = 1: Immediate.

Induction hypothesis: Suppose that the statement is true for n, that is, suppose that £(X) = n + 1.

Induction step From Lemma 2.1.55, there exists p such that {(7<,(X)) = n and £(15,41(X)) = 1.
Therefore, there exists an object ¥ € .2/, such that 7. ,.1(X) = Y[-p — 1], hence, the morphism
h : Tsps1 = 7<p(X)[1] induces the morhpism h[p + 1] : ¥ — 7<,(X)[p + 1]. On the other hand,
since HY (1<, (X)) [p + 2] = HI*P*2(7.,(X)) # 0, we have that p + ¢ + 2 < p = g < —2. From the
induction hypothesis, we have that 7<,(X)[p + 2] = @ HP'*2(X)[—q] = P H *P*2(X)[—q].

qg<-2 qg<-2
Hence, Homg (Y, 7<,(X)[p + 2]) = €p Homz (Y, H=P*P*2(X)[gq]) = 0. From latter we have that
q=2
h = 0, and from Lemma 2.1.33, we get X = 7<,(X) & 7-1(X) = P H?(X)[—q]. [ |
qeEZ

Corollary 2.1.57. If.</ is a hereditary abelian category (i.e. gldim(</) < 1), thenVX € D?(«) : X
@ HP(X)[-pl.

PEZ

IR
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2.1.7 Grothendieck groups

We turn now interest into Grothendieck groups. The stability functions that Bridgeland defines in
his paper, have domain a Grothendieck group. We start by defining the Grothendieck group of an
abelian category.

Definition 2.1.58. Let &/ be an abelian category and G(</) be the free abelian group generated by
isomorphism classes of objects of <. Let .4 be the subgroup of §(.«/), which is generated by elements
[X] = [Y] = [Z] for every short exact sequence

0 > X > Y > Z

~
o

in «/. The quotient G(7)/./ is called the Grothendieck group of the abelian category </, and is
denoted by Ko ().

For every object X € &7, we denote its respective class by [X] in Ko(«).

Remark 2.1.59. Let us see two immediate observations from the definition. For a start, from the
short exact sequence

we get that [0] — [0] — [0] = [0] € .47, which means that [0] = 0 in Ko(2/). Now, if X, Y are ojbects
of &7 such that X = Y, we have the short exact sequence

0 > X > Y

~
o
~
o

so [Y] = [X] + [0] = [X] = [Y] in Ko(&).

Remark 2.1.60. Let G be an abelian group and ¢ : Iso(«/) — G a map, where Iso(%) is the collection
of all isomorphism classes of objects of <7, such that for every short exact sequence

0 > X > Y > Z > 0

we have that ¢(Y) = ¢(X) + ¢(Z). From the universal property of the free abelian groups, there exists
a unique group homomorhpism ¢, : G — §(&) such that the following diagram is commutative

o L\){ G
i£ 7,
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From the above, ¢ is zero for every element of the subgroup .#". Therefore, we get a unique group
homomorphism from Kq (%) to G, which we denote again with the letter ¢.

Lemma 2.1.61. Let .o/ and % be two abelian categories, and F : o/ — % an exact functor. Then, the
functor F induces a group homomorphism Ko(F) : Ko(&) — Ky(%), which is defined as

Ko(F)([X]) = [F(X)], forevery X € <.

Proof. We have the natural map ¢ : &/ — Kg(%), which is defined by ¢(X) = [F(X)], so, it is left to
show that the induced map on the Grothendieck groups is nullified for every element of .#". From
the above remark, ¢ can be extended to a unique group homomorphism from §(.&) to Ko(%#). Since
for every short exact sequence

0 > X > Y > Z > 0

in o/, by applying the functor F which is exact, we get the short exact sequence
0 — F(X) —> F(Y) —> F(Z) —> 0

in 4, and we have that [F(Y)] = [F(X)] + [F(Z)], hence, ¢(Y) = ¢(X) + ¢(Z). From the latter we
have that ¢ is zero for every element of ./4". |

The following is an important Lemma for the rest of this section, which is called Euler’s principle.

Lemma 2.1.62 (Euler’s Principle). Let &/ be an abelian category and

~
o
~
<

o
~
>

—
~

> X"

~
o
~

a bounded cochain complex in </ . Then

2 (=DP[XP] = X (=DP[HP(X*)]

PEZ PEZ
in Ko(7).

Proof. We will use induction on the length of the complex. Obviously, for n = 0, [X] = [H°(X*)]. For
the induction step, consider the complex

~
o
~
et
o
>
~
<
—
>
N
>
~
bt
3
~
o
~
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The stupid truncation o<, _1(X*) is the complex

dl dn72

dO
s 0 y x0 Xy yl Xy oo Xy xn-l v g — .

We have that H? (0<,_1(X®)) = HP(X®), for p # n — 1, n, and H" ' (0<,_1(X*)) = Coker(d;}_Q), plus
H"(0<;-1(X*®)) = 0. From the induction hypothesis, we have that

n—1
DUEDPIXP] = Y (~DP [oep1 (X))
p=0

PEZ

= Z(—l)p[Hp(O'Sn—l(X.))]
PEL

n—1

= Z(—l)p[H”(X')] + (=1)"""[Coker(dy?)]
p=0
Now, from the short exact sequences

0 — Im(d;‘(‘Q) y xn-1 > Coker(d;’(‘z) — 0

0 — Im(d%?) — Ker(dy ') — H*™! — 0
0 — Ker(di!) — X1 — Im(dy™!) — 0
0 — Im(dy™!) — X" — H*(X")

we get
[X"'] = [Im(d?)] + [Coker(d%2)]
[Ker(d% D] = [Im(a¥% ] + [H*1(X*)]
(X" = [Ker(d%™H)] + [Im(d¥ )]
[X"] = [Im(dy™ "] + [H"(X)]

From the first equation we have:

[X"'] = [Im(d?)] + [Coker(d )] = [Coker(d%™?)] = [X"!] - [Im(d%™1)]

= [X"1 — {[Ker(ax™H] - [H"H(X")]}
= [X"7'] — [Ker(dx )] + [H"™H(X")]
= [Im(@x H] + [H"1(X")]

= [

X"] + [H™H(XM)] - [H"(X")]
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By combining the above we have:

n—1
DEDPIXP] = Y (=DPIXP] + (-1)"[X"]
pr=0

PEZ
n-2
= Z(—D”[HP(X')] + (=1)""![Coker(d¥ )] + (-1)"[X"]
p=0
n-2
= Z(—l)”[H”(X')] + (DX + (DM HTHX)] - (DTN + (D)X
p=0
n-1
= Z(—D”[HP(X')] + (“D)"HHTHX)] + (CDMHTX)] + (DX + (D" [X7
p=0
= > EDPIHP(X)] + (D" X" = (=D)"[X"] = D (1P [HP(X*)] .
p=0 PEZ
Corollary 2.1.63. Let o/ be an abelian category and
0— X' —> X* — > X" — 0

an exact sequence in <. Then

2 (=Dr[xr] =0

PEZ
in Ko (7).

Next, since we have defined the Grothendieck group of an abelian category, we will give the defini-
tion of the Grothendieck group of a triangulated category and present some basic results.

Definition 2.1.64. Let .7 be a triangulated category and G(7) the free abelian group generated by
isomorphism classes of objects of 7. Let .# be the subgroup of G(.7), which is generated by elements
[X] = [Y] = [Z] for every distinguished triangle

X —3Y —57Z—>3 5(X)

in 7. The quotient G(.7)/.# is called the Grothendieck group of the triangulated category 7, and it
is denoted by Ko(.7). For ever ohject X € .7, we denote its respective class by [ X] in Ko(7).
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Remark 2.1.65. Let f : X — Y be an isomorphism. Then, since its cone is 0, we have the distin-
guished triangle

X s Y 50 > Z(X)

Therefore the element [Y] — [X] — [0] is in .#, hence [X] = [Y] in K(7). Analogously, if X, Y € .7,
we have the distinguished triangle

X — XY — Y — 2(X)
in 7, hence the triplet X @ [Y] — [X] = [Y] isin.#,so [X @ Y] = [X] + [Y] in K(Z). Also [0] =0
in Ko().

Lemma 2.1.66. Let .77 and % be two triangulated categories, and F : 9, — J5 an exact functor.
Then, the functor F induces a group homomorphism Ky (F) : Ko(Z1) — Ko(%) which is defined as

Ko(F)([X]) = [F(X)], forevery X € 7
Proof. The proof is similar with the one on abelian categories so me omit it. [

We can easily check that the suspension functor automatically induces actions on the Grothendieck
groups.

Lemma 2.1.67. Let 7 be a triangulated category and X € 7. Then
[ZP(X)] = (-DP[X].p e Z

We turn our interest to the Grothendieck group of triangulated categories which are equiped with
a bounded ¢-structure. So, in this direction, let .7 be a triangulated category and (.7 <0, .729) a
bounded ¢-structure in .7 with heart 7. Letalsot : &/ < .7 be the natural inclusion functor. Work-
ing similarly, the natural inclusion functor induces a group homomorphism ¢ : Ko(&) — Ky(7),
which is defined as ¢([X]) = [¢«(X)], X € .

Lemma 2.1.68. Let X be a cohomologically bounded object of 7. Then

[X] = 2 (-=DP[«(HP(X))]

PEZ

Proof. We will use induction on the cohomological length of X. For a start, if £(X) = 1, then

X = ((HP(X))[-p], for some p € Z. Then we have that [X] = [«(HP(X))[-p]] = (-1)7P[«(HP(X))]

= Y (-1)P[«(HP(X))]. Let now X be an arbitrary object of 7. Then we have the truncation distin-
PEZ

guished triangle
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TSq(X) — X — T2p+1(X) — Z(TSq(X))

Consequently, [X] = [1<,(X)] + [12p+1(X)]. for every p € Z. Without loss of generality, we can
choose p such that {(7<,(X)), {(T>p+1) < £(X). From the induction hypothesis, the statement is
true for 7<,(X) and 7,41 (X). Hence, we have that

[X] = 2 (=D[e(H(7<p(X)))] + Z( D[e(H (72 p+1(X)))]

A

In addition, we have

2 (=De(H) (r<p(X))] = X (=D [«(H?(X))] and ZZ(—l)q[t(Hq)(szn(X))] = qu(—l)[L(H‘I(X))]
qe =

q€Z q<p

By combining the above we get that [X] = Y, (=1)7[¢«(HY(X))] in Ko(7). [
qEZ

We will now construct a group homomorphism from Kg(.7) to Kg(&), provided that .7 is equiped
with a bounded #-structure. Let

X —Y —Z—>3(X)
be a distinguished triangle in .7. Then we have long exact cohomology sequence of groups

L — HPTH(X) — HP(X) — HP(Y) — HP(Z) — HPH () — -

which can be considered as an exact sequence in the heart of the t-structure /. Since the ¢-
structure is bounded, only finite amount of cohomology groups are non zero. From Lemma 2.1.33,
we get that Z (-DP[HP(Y)] = Z (-DP[HP(X)] + X (-1)P[HP(Z)] in K(&/). Therefore the map
pEZ
X Y (- 1)”[H”(X)] from 7 to KO(M) induces a group homomorphism ¢ : Ko(7) — Ko(&).
PEZ

Theorem 2.1.69. The natural group homomorphism ¢ : Ko(2/) — Ko(7), with [X] — [«(X)], is a

group isomorphism. Its inverse is the group homomorphism y : Ko(7) — Ko(&) defined as [X] +—
2 (=DP[HP(X)].

pEZ

Proof. By the definition of ¢ and y, we immediately get that ¥ o ¢ = lk(y). On the other hand, (¢ o
V)([X]) = ¢ ([X]) = ¢( ZZ(—l)”[H”(X)]) = ZZ(—l)p¢([H”(X)]) = ZZ(—l)”[L(H”(X))] = [X].
pe pE peE
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Remark 2.1.70. From the above Theorem, we can deduce that we can identify the Grothendieck
groups of triangulated categories with the Grothendieck groups of the hearts of bounded ¢-structures.
As an application of the above Theorem, we have the following Corollary.

Corollary 2.1.71. Let </ be an abelian category. Then
Ko(#) = Ko(D"(#))

Proof. From Example 2.1.5, consider the standard -structure 7 =0 = {X* € D?(&)|H!(X*) = 0, for i >
o} and 750 = {X* € D’(&7)|H(X*®) = 0, for i < 0} in the bounded derived category D”(.<7), of an
abelian category /. Obviously the standard ¢-structure is bounded. By applying the above Theorem
for the triangulated category D?(%7) and the heart of the bounded ¢-structure (.7 =°, .720) o/, we
have that Ko(2/) = Ko(D?(%)). |

2.2 HRS-tilting

The theory of HRS-tilting was introduced in order to systematically construct new abelian categories
inside a triangulated category. In representation theory, this construction arose from the study of
tilting modules and torsion pairs, where it provides a powerful method for producing and comparing
different abelian hearts associated to a fixed derived category. The first part of this section is dedicated
to the construction of a ¢-structure in the bounded derived category .« of an abelian category <7, if
we have a torsion pair (7, F) in /. Next, we investigate an important construction which is defined
in the first subsection. In this section we follow [7].

2.2.1 t-structures and torsion pairs

In this subsection we present how a torsion pair in an abelian catetgory </, can induce a f-structure
in the bounded derived category D°(.«7) of .«7.

Definition 2.2.1. Let (T, F) be a pair of full subcategories closed under morphisms of </. The pair
(7, F) is called a torsion pair if:

(1) Hom(T, F)

0, foreveryT € Tand F € 7,

(2) for every X € of there exists a short exact sequence

0 — t(X) — X — X/t(X) — 0
wheret(X) € Tand X/t(X) € F.
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The subcategory 7T is called the torsion class, and the subcategory ¥ is called the torsion free class.
IfT € T, then it is called a torsion object, and if F € JF, then it is called torsion free object.

Remark 2.2.2. (1) For every torsion pair (.7, %) in & it is true that:

(@) if X € & and Hom(T, X) = Oforevery T € T, then F € &,
(i) if X € &/ and Hom(X, F) = O for every F € &, then X € 7.

(2) The full subcategories T and J are closed under extensions, subobjects and quotient objects.
Proposition 2.2.3. Let &/ be an abelian category and (T, F) a torsion pair in </ . Let also

T = {X* e D*(&) | H(X®) = 0 fori > 0, H(X*) € T}
720 = {X* e D*(&) | H(X*) = 0 fori < -1, H}(X*) € F}

Then the pair (7=9, 729 is a t-structure in D°(«7)

Proof. Firstly, we will show that Hom(X*®, Y*) = 0, for every X* € <Y and Y* € 72!, where 72! =
{X' e DP() | H(X*) = 0fori < 0, HO(X) € ff}. We assume, for the sake of contradiciton, that
Hom(X*®,Y*) # 0, for some X* € =0 and Y* € 72!, that is, there exists a f* : X* — Y*, such that
f* # 0. Then f*° can be represented from the right roof

K

where s°® is quasi-isomorphism. Hence, since s°® is a quasi-isomorphsim, the complexes Y* and Z°*
have the same cohomology, which means that Z* € 72!, So f* is a chain map, not homotopic to
zero. From the truncation functors we have the following morphism of triangles

To0(X*) —55 X — 1 (X*) — S(r<0(X*))

L e

7<0(Z2%) — Z° — 1:1(Z°) — Z(1<0(Z2%))

for some cochain map h®. From the assumption, 7s1(X®) is acyclic, i.e., H (7-1(X*)) = 0, for every
i € Z. Hence 7-1(X) = 0 and u°® is an isomorphism in DP(.7). In particular, 7<o(f*) # 0 in KP(2).
By using the truncations, we get the morphism of triangles
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o (1<0(X*) — 7<0(X*) —= HO(X®) — Z(0(r<(X*)))

[
\LO’(Tso(f')) \Lfso(f') o \L

T (120(2%)) — T20(Z*) = H(Z*) — Z(0(r<0(Z")))
for some morphism %°*. Now, since o (7<o(Z*)) is acyclic, p* is an isomorphism in D°(.). In addition,
because H(X*) € T and H°(Z*) = HO(Y*) € 7, we have that 4 = 0. This means that 7<o(f*) = 0,

which is a contradiction. The second axiom is immediate. For the third axiom, let X* = (X, d;) €
DP(7). Since (T, F) is a torsion pair in 7, we have the short exact sequence

0 — 1(HO(x*)) —55 HO(X®) —Z5 HO(X*)/1(HO(X*)) — 0
where 1(H°(X*)) € T and H%(X*)/t(H°(X*)) € J. From the pullback of the diagram

t(HO(X*))

|z

Ker(dg)() — HO(Xx*)

we have the commutative diagram

<— o

u

0 —> Im(dy") > 1(HY(X*)) ——— 0

’

Sm—e

S =5

0 — Im(dy!) ——— Ker(d%) S HO(X*) —— 0
HO(X®)/t(HO(X*)) == HO(X*)/t(H°(X*))

o <&—
o &—

of short exact sequences. Let d;(l =1 o p be the canonical decomposition of d;(l through its image
Im(d;(l), and d;(1 = u” o p. We define the subcomplex X’* of X*, whose objects are X" = Xi,fg‘
i<-1,X%=Eand X' =0, for i > 0, and whose differentials are dég, = dé(, fori < -1, d;(,l = d;(l
and d;'(, = 0, for i > 0. From our construction we have that X € .7=<Y. Let now X”’* be the quotient
complex X°*/X’®. Thus we get the distinguished triangle
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X’ S XN' S X s Z(X/-)

in DP(.&7). It is left to prove that X”’* € .7>!. By construction we have that H(X”*) = 0, for i > 0.
Furthermore we have X0 = XY/E and X”! = X!, hence we have a commutative diagram

0 — E<— X" — X%E — 0

Lol

0 — 00— X' =—=Xx'——0

Therefore HO(X"’*) = Ker(gl;ﬁ() = Ker(d%)/E =~ HO(X*)/t(H°(X*)) € F. [

Corollary 2.2.4. Let &/ be an abelian category and (T, F) a torsion pair in <. Then:

(1) thecategory % = {X' e DP(«) | H(X*) =0, fori # 0, -1, HO(X*) € T, H"}(X*) ¢ 9’} is abelian,
(2) The pair (X, Y), where X = F[1] and Y = T are subcategories of 4, is a torsion pair in 4,

(3) ForX,Y € % we have
Home(%)(X, Y[I’l]) = Home(M)(X, Y[n]),forn =0,1

Proof. Since the heart of a ¢-structure is abelian, from Proposition 2.2.3 the first part is true. From
Remark 3.1.17. in [1], the third part is also straightforward. It is left to prove the second part. Clearly
X = F[1] and Y = T are subcategories of . If X € X and Y € ‘é then X = F[1] for some F € &.

Furthermore we have Homgy(X, Y) = Homps (. (F[1],Y) = Ext,, L(F,Y) = 0, which | proves the first
part from the definition of a torion pair. Let now Z* € 4. First we show that Z°® = Z* in Db(d ), for
some Z*, where Z*% = 0, fori # 0, 1. Since H(Z*) = 0fori > 0, we have that Z* = 7-((Z*) in DP(&).

Let U*® be the subcomplex of 7<((Z*) defined as U° = 0, U~ = Im(d~2), U’ = Z, for i < 2, with the
induced differentials. Because U* is acyclic we have that Z° = 7<0(Z*)/U® = Z* in D°(&). 1t is also
true that Z = 0, fori # 0, 1. Let now Z°* € 4. We can assume, without the loss of generality, that
Z' =0, fori = 0, —=1. Then, the following commutative diagram is an exact sequence in %

F—> 0 —> H7Y(Z") > 0 >0 —
RS
e A >0 —
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which represents an exact sequence in A

0 > X > Z° > Y*

~
o

where X* € X and Y* € Y. Hence (X, Y) is a torsion pair in 4. [

Remark 2.2.5. We will use the following notatation as far as the last Corollary 2.2.4 is concerned. Let
&/ be an abelian category and (7, F) a torsion pair in /. Then ®(<7; (T, F)) = (£; (X, Y)), where
2 is the category of the first part, and (X, Y) is the torsion pair of the second part.

2.2.2 Tilting torsion classes

Let &/ be an abelian category and (7, J) a torsion pair in /. In this section we will apply the
construction ® to a particular class of torsion pairs.

Definition 2.2.6. A torsion class 7 is called tilting torsion class if it is a cogenerator of <, that is,
forevery X € o, there exist Ty € T and a monomorphism uy : X — Tx. Dually, a torsion free class F
is called a cotilting torsion free class if it is a generator of </, that is, for every X € </, there exists
Fx € ¥ and an epimorphism vy : Fx — X.

Proposition 2.2.7. Let </ be an abelian category, (T, F) atorsion pairin ./, and consider ®(<7; (T, F)).
Then:

(1) T is a tilting torsion class if and only if Y is a cotilting torsion free class,

(2) F is a cotilting torsion free class if and only if X is a tilting torsion class.

Progf. (1) (=): Suppose that T is a tilting torsion class and let X* € 2. We can assume, without
loss of generality, that X! = 0, fori # 0, —1. Since 7 is a tilting torsion class, hence a cogenerator
of &7, there exists a monomorphism uyx : X -1 5 T,, for some Ty € T. Furthermore, because T
is closed under quotient objects, we get the short exact sequence

0 s x-1 K

> To > T > 0

where Ty, 71 € T. Hence we have the distinguished triangle

X — Ty — T, —Ls 5(x)

in DP(.¢7). Thend™'[1] o f € Hompp () (T1, X°[1]) = Exti{(Tl, XY). Let now

0 s X0 s E > Ty s 0

be the corresponding short exact sequence. From the above, we get the commutative diagram
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a1 o
X0y pn g L yop
|
| . % |
0 U\ \,. v o oyl d~'[1] 0
X > X > X [1] —— X[1]

in DP(A), for some g € Hompe () (E, X*), whose existence comes from (TR3). Firstly, we will
show that £ € Y. We have the following commutative diagram

0 s X1 s To > T 5 0

e |

1
0 s X0 s E s Ty > 0

By assumption, we have that HO(X*®) = Coker(d;(l) € 7. However, T is closed under quotient
objects, therefore Im(e) € T. Consequently, because Coker(e) = Coker(d;(l), wegetE € T =1Y.
It is left to show that g is an epimorphism. In this direction, let Y* € % and h € Homg(X*, Y*),
such that 7 o g = 0. Consider the torsion exact sequence

00— (¥ =23 v* Ly yours) — 0

where #(Y°®) € X = F[1] and Y*/t(Y*) € Y=T. Since hou = hogou =0, there exists a
unique morphism /' : X~ ![1] — Y*, such that & = i’ o v. Because 7 is an epimorhpism in
% we have
hWofor=hovog=hog=0

hence i’ o f = 0. In addition, 8o i’ € Home(ﬂ)(X‘l[l], Y*/t(Y®)) = Ext;/}(X‘l, Y*/1(Y*)) =
0 From the above, there exists 4’ : X~![1] — Y*® such that 4’ = a o h’/, hence 0 = h’ o f =
a o h' o f. Now, because @ is a monomorphism in % we get h”’ o f = 0. By applying the
Homps ) (—, 1(¥*)) functor to the distinguished triangle

Ty — Ty —L X71[1] = 3(Tp)

we get that there exists a unique morphism A" : Ty[1] — #(Y*), such that h”" = I’ o w. How-
ever, Hompy (. (To[1], 1(Y*)) = Homps () (To, t(Y*)[-1]) = 0, since Tp € T and #(Y*)[-1] € F.
Consequently, &’ = 0 which implies that 4 = 0, hence g is an epimorhism.

(&): Dual to (=).

(2) The proof is omitted since it is dual to that of 1. [ ]

Let .« be an abelian category and (7, &) a torsion pair in &7, and ®(«; (T, ¥F)) = (B; (X, Y)). [1]
proves some general results not concerning the setting of HRS. Applying the results of [1] in the
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particular situation of HRS, it follows that there exists an exact functor G: D?(«/) — D?(«/) sucht
that G| is the canonical inclusion # — D’ (/).

In the above context, suppose that 7T is a tilting torsion class. We will construct an exact functor
G : D°(#) — DP(«/) when % has enough projectives, and an exact functor F : DP(«/) — DP(%)
when &/ has enough projectives. In this direction, let 2% be the subcategory of projective objects
in . Then we have an equivalence of triangulated categories K™-°( %) 5 D°(#). Since T is
a tilting torsion class in &7, Y is cotilting torsion free class in %, from Proposition 2.2.7. In the
case where % has enough projectives, we have 2P C Y = .7, hence we have the inclusion functor
K=P(22) — K™P(&7). Consider now the restriction of Q : K(«7) — D(7) in K—P(.«), which gives
an exact functor K~P(,, %) — DP(A). Thus we get the functor G : DP(&/) — DP(%).

Working dually, we can construct the functor F : D(&7) — DP(%).

Theorem 2.2.8. Let &/ be an abelian category and (T, F) a torsion pair in </ likke above, where T is a
tilting torsion class. Then:

(1) if % has enough projectives, then the functor G : D°(«/) — DP(2%) is an equivalence of triangulated
categories, and G| 4 is the identity functor of 4,

(2) if o has enough injectives, then the functor F : DP(«/) — DP(2) is an equivalence of triangulated
categories, and F| . is the identity functor of 4.

Proof. (1) From Proposition 3.1.16 in [1], it is enough to prove that for every B, B’ € % the induced
morphism G, : Homps () (B, B'[n]) — Hompp () (B, B’[n]) is a bijection, for every n € Z. From
Proposition 3.1.17, the above is true for n < 1, and if G,,_1is a bijection, then G, is an injection.
The above is true even without the assumption in [1] (that is, the category </ has enough injec-
tives). We will use induction on n. So, it is left to prove that G, is surjective. In this direction, let

B, B’ € # and f € Homps (B, B'[n]). Therefore f can be represented by the right roof

X
2
B B'[n

for some X* € DP(@), f € Homks () (B, X*), and quasi-isomorphism s°. Hence, there exist Y* €

]

DP(«7), where Y! € T for every i, and a quasi-isomorphism * : X* — Y*. Consider now the
morphism which is represented by the right roof

Fe re c®
2N
B B'[n
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where F =t* o f*and s* = t* o s*. Now, from the commutative diagram

X.
f. \Lt. N s°
Bl sy = pin
=
Y.

we have that the two right roofs are equivalent. Therefore, f € Hompp () (B, B'[n]), where
G.(f) = f. Consequently, G, is surjective.

(2) The proof is omitted since it is dual to that of (1). [ ]

Let G : DP(#) — DP(«) be the equivalnce of triangulated categories from the Theorem 2.2.8.
Let also (X, Y) be the torsion pair in 4, which is induced from the torsion pair (7, F) in /. By
construction, G(X) = F[1] and G(Y) = T. In the following Proposition, we describe the inverse
process.

Proposition 2.2.9. Let o/ be an abelian category and (7, F) a torsion pair in &/ as above, where T is
a tilting torsion class, and ®(</; (T, F)) = (£, (X, Y)). Then:

(1) if % has enough projectives, then
O(#; (X, ) = (;(T.3))
(2) if & has enough injectives, then
O(#; (X, ) = (;(T,3))
Proof. (1) Suppose that ®(%; (X, Y)) = (&’; (T', F’)). By definition
o’ ={X*eD’(«)|H(X*) € X and H™}(X*) € Y, H'(X*) = 0,i # 0,1}
and T’ = Y[1], 3" = X. From Theorem 3.3 in [1], we have the equivalence of triangulated cate-

gories G : DP(#) — DP(«), where G(X) = F[1] and G(Y) = T. We will show that its restriction
to &7’ is an equivalence of categories. Let X’ € o/’. Then, we have the distinguished triangle

U .4 >V > Z(U)
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in DP(%), where U € 7" and V € F’. By applying G, we get the distinguished triangle

GU) — G(X) —> G(V) — Z(G(V))

in DP(.7). From the last distinguished triangle, we get the long exact cohomology sequence
o= HTHG(V)) — H(G(U)) — H(G(X)) — H(G(V)) — H*H(GWU) — -+

Since G(U) € T[1] and G(V) € F[1], then H(G(X’)) = 0, for i # —1, so G(X’) € </[1]. From
the later, we get that the functor G|, : &’ — &/[1] is fully faithfull. It is left to show that it
dense. Let X € &/. Then we have the distinguished triangle

H(X)[1] — X[1] — (X/t(X))[1] —= Z((X)[1])

where #(X) € Tand V € F. We choose now U € Y, where G(U) = t(X)[1], and V € F’, where
G(V) = (X/t(X))[1]. Because G is dense, there exists a morphism w’ € Hompp (4 (V, U[1]),
such that G(w’) = w. Thus, we get the distinguished triangle

U—3 X' —> Vs ()

in DP(%), for some X’ € D°(%). From the long exact cohomology sequence of the above triangle,
we again have that X’ € ./’. Applying G to the above triangle we have the commutative diagram

GU) — G(X') —— G(V) —— G(U[1])

H I H H

1(X)[1] — X[1] — (X/1(X)[1] — 1(X)[2]
which yields that # is an isomorphism. Therefore, G|, is dense.
(2) The proof is omitted since it is dual to that of (1). [ ]

Remark 2.2.10. In this context, if ®(/; (T, F)) = (£; (X, Y)), then there exists an equivalence of
categories o/’ — o/ which induces equivalences of (sub)categories T’ ~ T and F’ ~ T.

2.3 Quasi-abelian categories

In the third and last section of this chapter, we provide an introduction to the fundamental concepts
of quasi-abelian categories. They were introduced by Schneiders in [17]. They provide the necessary
concept for categories where kernels and cokernels, however not all morphisms are strict leading to
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weaker notions of exactness. Quasi-abelian categories arise naturally in functional analysis and in
categories of topological vector spaces, where many important examples fail to be abelian but still
retain enough structure to carry a meaningful homological theory. Here, we present basic definitions
and properties of quasi-abelian categories. For this section we follow [17].

Definition 2.3.1. A pre-abelian category </ is an additive category with kernels and cokernels.

In what follows the notions of strict epimorphisms and strict monomorphisms will be crucial.
Strict monomorphisms coincide with kernels and strict epimorphisms coincide with cokernels.

Proposition 2.3.2. For any morphism f : X — Y,

(1) the canonical morphism Ker(f) — X is a strict monomorphism,

(2) the canonical morphismY — Coker(f) is a strict epimorphism.

Proof. Ifi : Ker(f) — X is the canonical morphism and j : X — Coim(i), it is enough to prove that
coker(i) = j. Leti’ : K — X be a morphism such that i’ o j = 0. Then we have foi =k o joi =
k o 0 = 0. Therefore, from the universal property of the kernel of f, there exists a unique morphism
g : K — Ker(f) such that i’ = i o g. The above fit into the following commutative diagram

Ker(f) L yx 1 Ly
3!gi j' lj /
K Coim(f)

Definition 2.3.3. A pre-abelian category </ is called quasi-abelian if:

(QA) In the following pullback diagram

E—1sF

T 1

El fH F/

if the morphism f is a strict epimorphism, then the morphism f’ is a strict epimorphism.

(QA*) In the following pushout diagram
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if the morphism f is a strict monomorphism, then the morphism f’ is a strict monomorphism.

Remark 2.3.4. We can give an equivalent definition of a quasi-abelian category, without the notions
of strict monomorphisms and strict epimorphisms, but with kernels and cokernels. Therefore we
have the following equivalent definition.

Definition 2.3.5. A pre-abelian category < is called quasi-abelian if:

(QA) Pull-back diagrams preserve cokernels. That is, in the pull-back diagram

if f is a cokernel, then f’ is also a cokernel.

(QA*) Push-out diagrams preserve kernels. That is, in the push-out diagram

L

.

if f is a kernel, then f’ is also a kernel.

Until the end of this section, <7 will be a quasi-abelian category.

Proposition 2.3.6. Let f : X — Y be a morphism in <.

(1) In the canonical decomposition of f through its coimage

Coim(f)

X f Sy
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J is a strict epimorphism and k is a monomorphism. Furthermore, for every decomposition of f of
the form

where m is a monomorphism, there exists a unique morphisim h’ : Coim(f) — I" making the
following diagram

Coim(f)

commutative.

(2) Dually, in the canonical decomposition of f through its image

X sy
™~

Im(f)

k. is an epimorphism and j. is a strict monomorphism. Furthermore, for every decomposition of f
of the form

1
N

where e is an epimorphism, there exists a unique morphisim h’ : I — Im(f) making the following
diagram
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commutative.

Proof. 1) Leti : Ker(f) — E be the kernel of f. Since j is the cokernel of i, it is a strict epimorphism.
It is left to show that k is a monomorphism. Letx : X — Coim(f) be a morphism such that k o x = 0.
We will show that x = 0. Consider the following pullback digram

E ;) Coim(f)

T

x — s x

Since &/ is a quasi-abelian category, j’ is a strict epimorphism. Furthermore we have f o x’ =
kojox=koxoj =00 =0, and thus, from the universal property of the kernel of f, there
exists a unique morphism x” : X’ — Ker(f) such thati o x” = x’. We also have x o j' = jox’ =
joiox” =0o0x"” =0orxo j =0, and since j’ is an epimorphism, we have that x = 0.

For the second part, since m is a monomorphism, and from m o hoi = f oi = (, we have that
h o i = 0. In addition, since j is the cokernel of i, there exists a unique morphism 4’ : Coim(f) — I*
suchthath’ o j = h. Fromtheequality f = f @ koj=moh=moh’oj=koj=moh oj,
and since j is an epimorphism we have k = m o /', [

Proposition 2.3.7. The class of strict epimorphisms (strict monomorphisms) in a quasi-abelian category
is closed under composition.

Proof. Let f : X — Y and g : ¥ — Z be two strict epimorphisms. We denote by i : Ker(f) — X,
ig : Ker(g) — Y and igor : Ker(g o f) — X the natural inclusions of each kernel respectively. Since
g o foigy =0, from the universal property of the kernel of g, there exists a unique morhpism
h : Ker(g o f) — Ker(g) such that f o iz r = ig o h, i.e., the following diagram is commutative

8

Ker(g) s >Y

A
3k, Foigor
|

Ker(g o f)

> Z

Obviously from the above, the following square is commutative

X;)Y

igOfT le

Ker(g o f) —— Ker(g)
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We will show that it is a pullback. Let @ : W — X and 8 : W — Ker(g) be two morphisms such
that f oa = ig o f. Thenwe have g o f oa = goig o =00 B = 0. Therefore, from the universal
property of the kernel of g o f, there exists a unique morphism y : W — Ker(g o f) such that a =
igof © 7, i.e., the following diagram is commutative

Ker(g o f) —Ly x —5L 5 7

Since ig o hoy = foigroy=foa =i, of wehave thati, o hoy =i, o, and since i, is a
monomorphism we get 7 o ¥ = . Hence, the following diagram is commutative

iSOfT igT

Ker(g o f) L} Ker(g)

and it is indeed a pullback. Since & is a quasi-abelian category and f is a strict epimorphism, &
is also a strict epimorphism. To conclude, it is enough to show that g o f = coker(igor). Clearly,
g © f oigor = 0. To prove the universal property, let# : X — H be a morphism such that 7 o igor =
0. Since g o f oiy = 0, from the universal property of the kernel of g o f. there exists a unique
morphism z : Ker(f) — Ker(g o f) such thatis = iz o z, i.e., the following square is commutative

Ker(g o f) il > X gof s> 7
N
iz ! .
l Y
Ker(f)

Therefore 1 o iy =1 0igor 0z =00z =0. Because f is the cokernel of if, there exists a unique
morphism ¢t : ¥ — H such thatt = t’ o f, i.e., the following diagram is commutative
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lf \ b \
Ker(f) > X 5

Therefore t’ o ig 0o h =1 o f oligor =1 0igr = 0, and because / is an epimorphism, we gett’ o iy =
0. Now, because g is the cokernel of iy, there exists a unique morphism "’ : Z — H such that
t' =1t" o g, i.e., the following diagram is commutative

Ker(g) s >Y

So we have 1" o go f =t o f =t. It is left to prove that t/ is unique. Let’s assume that there
exists another morphism s : Z — Hsuchthatso go f =¢t. Thent” ogo f=t=so0go f=t=
t” ogo f=s0go fandsince g o f is an epimorphism we have that t” = s which concludes the
proof. [ |

Proposition 2.3.8. In a quasi-abelian category if

Y
f g

is a commutative diagram and g o f is a strict epimorphism, then g is a strict epimorphism. Also, if
g o f is a strict monomorphism, then f is a stric monomorphism.

Proof. We will show it for the case when g o f is a strict epimorphism. The other one is a dual. Also,
we will you use the morphisms and the diagramms from the previous proof. We will show first that
the diagram

X & Ker(g) M} Y
g

(1X’O)l

X—f)Z

gO
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1 1
is a pullback. Becausego(l_f) = (g O)O(if) =go f and (gof)o((;() =(gof 0)0(8() =
g g
g o folx = go fthe above square is commutative. Let « : W — X and 8 : W — Y be two mor-
phisms suchthatg o foa =go . Thengo (B - foa)=gof—-gofoa=gof—-gop=0.
Therefore, from the universal property of the kernel of g, there exists a unique morphism # : W —

Ker(g) such that iz o h = § — f o . We define the morphism (a

h) : W — X & Ker(g). We see that

a

I R N

i ):foa/+igoh=,8. It remains to show

: W — X & Ker(g) is unique. By contradiction, let’s assume that it is not

that the morphism (Z

unique and let (;i) : W — X & Ker(g) be a morphism such that (1x 0) (f}) = cand (f ig) (f}) = 8.

From the first equation we have that 1x o x = « = x = @. From the second equation we get that
fox+igoy=B= foa+igoy=F=igoy=8~-foa=igoy=i,ohand since i, is a
monomorphism we have y = h. It is left to prove that g is the cokernel of i;. Clearly g o i, =
0. Let z : ¥ — K be a morphism such that z oi;z = 0. Then z o f oigr =z0igoh=00h=0
and since g o f is the cokernel of iy.r, there exists a unique morphism z’ : Z — K such that
zof=7ogof=>zo0f-7ogof=0=>(z-20g)of=0 Also(z—-2 0g)oi, =0 be-
cause (z — 7' 0g)oig=0=zo0ig -7 0gois =0-27 00 =0. Therefore we have (z — 7' o g) o
f+(z—2o0goig=0=(z-2 0og) (lf zf) is an epimorphism we have that

g g
z—7 og=0= z =17 og. Using the same argument from the last proof, since g is an epimorphism,

we have uniqueness of 7’. |

) = 0 and because

Definition 2.3.9. A sequence
f g
X —Y —Z

where g o f = 0 is called strictly exact (respectively strictly coexact) if f (respectively g) is a strict
morphism and the canonical morphism Im(f) — Ker(g) is an isomorphism.

In general, a sequence

X! X2

fl> f2>”‘ fn_l> xn
where fi*l o fi =0 fori =1,2,..,n - 1, is called a strictly exact (respectively strictly coexact)
sequence if every subsequence

i S i1 ST e
X > X > X
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is strictly exact for everyi = 1, 2, ..., n — 2.

Proposition 2.3.10. Let &/ be a quasi-abelian category. Then:

(1) The sequence

00— x JLsy 2.1)

is strictly exact if and only if f is a monomorphism,

(2) The sequence

x sy o 2.2)

is strictly exact if and only if f is a strict epimorphism,

(3) The sequence

00— x —JLyy_58

> Z (2.3)

is strictly exact if and only if the pair (X, f) is a kernel of g,

(4) The sequence

0 s X vy 237 s 0

is strictly exact if and only if the pair (X, f) is a kernel of f and the pair (Z, g) is a cokernel of f

Proof. (1) For the forward direction, since (2.1) is strictly exact, we have that Im(0 — X) = Ker(f).

@)

However, the morphism 0 — X is the zero morphism, hence Im(0 — X) = 0, which implies that
Ker(f) = 0, and since 2/ is quasi-abelian, hence additive, the morphism f is a monomorphism.
For the converse, suppose that f is a monomorphism and we will show that 0 — X is strict and
Im(0 — X) = Ker(f). The morphism 0 — X is strict. In addition f is a monomorphism, hence
Ker(f) = 0. In addition, since Im(0 — X), we have that Im(0 — X) = Ker(f).

For the forward direction, since (2.2) is strictly exact, the morphism f is strict and Im(f) =
Ker(Y — 0). However Ker(Y — 0) =Y, therefore Im(f) = Y. Because f is strict, we have that
Coim(f) = Im(f), which implies that Coim(f) = Y, which completes the proof.

For the other direction, suppose that f is a strict epimorphism. For a start, we will show that
Im(f) = Ker(Y — 0). The morphism is f is an epimorphism since it is also a strict epimorphism,
therefore Im(f) = Y. HoweverKer(Y — 0) = Y, hence Im(f) = Ker(Y — 0). To prove that f is
strict, it is enough to prove that Coim(f) = Im(f). We know that Im(f) = Y. However, since
f is a strict epimorphism, then Coim(f) =Y, hence Im(f) = Y = Coim(f), which implies that
Im(f) = Coim(f).
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(3) For the forward direction, suppose that (2.3) is strictly exact. Then we have that

0—s x L5y

is strictly exact, therefore f is a monomorphism. In addition
X —Y —7Z7

is strictly exact, therefore f is strict and Im(f) = Ker(f). Since f is a monomorphism, we
have that Ker(f) = 0. Therefore we have that Coim(f) = Coker(Ker(f)) = Coker(0 — X) = X.
However Coim(f) = Im(f), because f is strict. This implies that X = Ker(g), hence the pair
(X, f) is a kernel of g.

For the converse, suppose that the pair (X, f) is a kernel of g. Then f is a monomorphism
since it is a kernel, therefore Ker(f) = 0 and Im(f) = X. In addition Ker(g) = X, hence Im(f) =
Ker(g). Itis left to prove that f is strict. We have that Coim(f) = Coker(Ker(f)) = Coker(0 — X).
Therefore, from the above we have Coim(f) = Im(f).

(4) The proof is straightforward by combining part (3) of the proof and its dual. [

Since in quasi-abelian categories we have two notions of exactness, it is logical to expect to have
more than one notion of a exact functors. In this section we study these functors. For a start, we
focus on left exactness.

Definition 2.3.11. Let F : & — % be an additive functor.

(1) It is called left exact if for every strictly exact sequence

0 —>E —3E—3E"—>30

in &, the sequence
0 —> F(E') — F(E) — F(E")

is a strictly exact sequence in .7,

(2) It is called strongly left exact if for every strictly exact sequence

0—> E — E—>E" —>0

in &, the sequence
0 — F(E') —> F(E) — F(E”") — 0

is a strictly exact sequence in .7,
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(3) It is called regular if it maps strict morphisms to strict morphisms, and regularizing if it maps
any morphism to a strict morphism.

Remark 2.3.12. (1) A functor F is left exact if and only if it preserves kernels of strict morphisms.

(2) A functor F is strongly left exact if and only if it preserves kernels of morphisms (not necessarily
strict epimorphisms).

Definition 2.3.13. Let F : & — % be an additive functor. Consider the chain complex

0 > E’ > E > E”

and its image from the functor F

0 — F(E) s F(E) > F(E")

We introduce four notions of left exactness depending on the exactness of the above two chain complexes,
which are shown in the following table.

F s F(S)

LL left exact strictly exact strictly exact

LR left exact | strictly exact | strictly coexact

RL left exact | strictly coexact | strictly exact

RR left exact | strictly coexact | strictly coexact

The following proposition gives a characterization of the above functors.

Proposition 2.3.14. Let &, . be quasi-abelian categories and F: & — % be an additive functor.
Then:

(1) F is LL left exact if and only if F is strongly left exact,
(2) F is LR left exact if and only if F is strongly left exact and regularizing,
(3) F is RL left exact if and only if F is left exact,

(4) F if RR left exact if and only if F is left exact and regular.

Analogously, we have the notion of right exact functors.
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Definition 2.3.15. Let F: & — % be an additive functor.

(1) It is called right exact if for every strictly coexact sequence

0 > E’ > £ > E” > 0

in &, the sequence

F(E') — F(E) — F(E"") —> 0
is strictly (co)exact in .7,

(2) It is called strongly right exact if for every strictly coexact sequence

E’ > E > E” > 0

in &, the sequence

F(E') —> F(E) —> F(E”) —> 0
is a strongly exact sequence in % .

Remark 2.3.16. (1) A functor F is right exact if it preserves kernels of strict monomorphisms,
(2) A functor F is strongly right exact if it preserves cokernels of morphisms (not necessarily strict).

Definition 2.3.17. Let &, .% be quasi-abelian categories and F: & — % be an additive functor.

(1) It is called exact if for every strictly (co)exact sequence

0 — E —3 E—3E' —>0

in &, the sequence

0 — F(E') — F(E) —> F(E") —> 0
is strictly (co)exact in .7,
(2) It is called strictly exact if for every strictly exact sequence
E' — E — E”

in &, the sequence

F(E') — F(E) — F(E")
is a strictly exact sequence in %,

(3) It is called strongly exact if it is strictly exact and strictly coexact.
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Lastly, before we move on to the next chapter, we give a characterization of quasi-abelian categories

Theorem 2.3.18. An additive category </ is quasi-abelian if and onlyif there exist abelian categories
A1, A, and fully faithful embeddings &/ C &/} and &/ C /5 such that:

(1) IfA — E is a monomorphismin o/, withE € o, then A € &/ also.

(2) IfE — B is an epimorphism in o/ with E € </, then B € </ also.
Proof. For the proof we refer to [17, Lemma 1.2.34] [ |

For more information, details and proofs, we refer to [17].
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CHAPTER

BRIDGELAND STABILITY CONDITIONS

This chapter is dedicated to Bridgelands’s theory of stability conditions developed in [2]. Similar
notions of stability have been introduced from A.King in [8], and from A.Rudakov in [16]. For the
purposes of this chapter we will use a less general, relative relative to that in the papers of King and
Rudakov, notion of stability in abelian categories. Our main goal is to prove the main Theorem of [2]
which is the following

Theorem 3.0.1. Let 7 be a triangulated category. For each connected component ¥ C Stab(.7)
there are a linear subspace V(X) ¢ Homz(Ky(.7), C), with a well-defined linear topology, and a local
homeomorphism % : ¥ — (X) which maps a stability condition (Z, &) to its central charge Z.

After making some assumptions about the triangulated category .7, we have the following Corollary

Theorem 3.0.2. Suppose that .7 is numerically finite. For each connected component X C Stab_y (7))
there are a subspaceV(X) ¢ Homz(Kg(7), C) and a local homeomorphism % : ¥ — V(Z) which maps
a stability condition to its central charge Z. In particular ¥ is a finite-dimensional complex manifold,
with dimensionn = rank(A4 (9)).

3.1 Stability Functions and the Harder-Narasimhan Filtrations

We begin this section by giving some basic definitions, which are all generalizations of concepts from
algebraic geometry, to a categorical context.

Definition 3.1.1. Let </ be an abelian category. A stability function on </ is a group homomorphism
Z: Ko(&f) - C
such that every non-zero ohject E of <f lies in the upper half of the complex plane H, where
H={ré™ | r>0and0 < ¢ < 1}
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Definition 3.1.2. Let o/ be an abelian category and Z : K(&/) — C a stability function on /. The
phase of a non-zero object E of <f is defined to be

H(E) = ~arg(Z(E)) € [0, 1]

The map ¢ : Ob(2/) — [0, 1] allows one to order the non-zero objects of an abelian .27

Definition 3.1.3. Let &/ be an abelian category and Z : K(«/) — C a stability function on &/. A
non-zero object E of </ is called semistable if for every non-zero subgject of A C E we have

¢(A) < ¢(E)
Remark 3.1.4. One could also define an object to be semistable if for every non-zero quotient £ - B
we have

¢(E) < ¢(B)

We will use both of them in what follows.

Definition 3.1.5. Let &/ be an abelian category and Z : K(&/) — C a stability function on &/. A
Harder-Narasimhan filtration of a non-zero ohject E of </ is a finite sequence of subohjects

O=EycE,Cc---CE, 1 CE,=E
where the factors F; = E;/E;_1 are semistable objects and

¢(F1) > ¢(F2) > -+ - > ¢(Fy)

A stability function is said to have the Harder-Narasimhan property if every non-zero object of </
has a Harder-Narashmiman filtration.

Remark 3.1.6. 1. From now on we will write HN-filtration instead of Harder-Narasimhan filtration.
2. The fact that an object might be semistable or not depends on the stability function.

Lemma 3.1.7. Let o/ be an abelian category and Z : K(&/) — C be a stability function on /. The
H-N filtration of an object, if it exists, is unique up to isomorphism.

Proof. We will first show that if E, F' are two semistable objects and f : E — F is a non-zero mor-
phism, then ¢(E) < ¢(F). Consider the canonical decomposition of the morphism f:
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! T

Coim(f) % Im(f)

The image Im(f) is a subobject of F because the morphism Im(f) — F is a kernel of f. Since F
is semistable, we have that ¢(Im(f)) < ¢(F). Dually, the coimage Coim(f) is a quotient object of E
because the morphism E — Im(f) is a cokernel of f. Again, because E is semistable, we have that
#(E) < ¢(Coim(f)). Since Coim(f) = Im(f), we get that ¢(Coim(f)) = ¢(Im(f)). Therefore we have

¢(E) < ¢(Coim(f)) = ¢(Im(f)) < ¢(F) = ¢(E) < ¢(F) =

The next proposition provides some conditions for the H-N filtration to exist. However, before we
proceed, we give the definition of a maximally destabilizing quotient, which will help us with the proof.

Definition 3.1.8. Let &/ be an abelian category and Z : K(«/) — C a stability function on /. For an
object E, a maximally destabilizing quotient (mdq for short) is a non-zero quotient object E - B,
where for every other non-zero quotien E - B’ we have that ¢(B’) > ¢(B). The equality holds only
when E -» B’ factors through E - B.

Proposition 3.1.9. Let o/ be an abelian category and Z : K(2/) — C be a stability function on </
which satisfies the following conditions:

(1) There is no infinite sequence of subobjects
-CEjy1 CE;jC---CEy CEy
such that ¢(E ;1) > ¢(E;) for allj,
(2) There is no infinite sequence of quotient objects
Ei » Ey > -+« —>» E; » Ej;1 —» -

where ¢(E ;) > ¢(E ;1) for allj.

Proof. We will first show the existence of some auxiliary objects. Let E be a non-zero object of <.
Then E will either be semistable or not. If E is not semistable , by definition, there exists a non-
zero subobject E1 C E, such that ¢(E;) > ¢(E). Again, the object E; will either be semistable or
not. If E; is not semistable, then by definition, there exists a non-zero subobject E; C E1, such that
¢(E2) > ¢(E1). By continuing this process, we get the following sequence of subobjects
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-CEj.nCE;jC---CEyCE CE

From the first condition of the proposition, the above sequence has to stop at some j. By letting
A := E;, we proved that for every non-zero object E of &7, there exists a non-zero semistable subobject
of A C E, such that ¢(A) > ¢(E), where the equality holds only when E is semistable, and then
A = E. Dually, by using the second condition, we have that for every non-zero object E of <7, there
exists a non-zero semistable quotient object E - B, such that ¢(E) > ¢(B), and again the equality
is true only when E is semistable, where again £ = B.

It will be crucial to prove that mdgs always exist. However, before we do that, we will first prove
that for every non-zero object E in o/ where E —» B is a mdq, then B is semistable and ¢(E) > ¢(B).
Let B -» B’ be a quotient object of B. Then B’ is also a quotient object of E, and since B is a mdqg, we
have that ¢(B) < ¢(B’), which proves that B is semistable. In addition, the identity map E — E is a
mdg, hence by definition, since E - B is a quotient object of E, we have that ¢(E) > ¢(B).

We now prove the existence of mdgs. If E is semistable, then the identity map is a mdq. Indeed, if
E - B is a quotient object of E, then we have that ¢(E) < ¢(B). If E is not semistable, then we have
the short exact sequence

0 > A > E > E’ > 0

where A C E is a non-zero subobject of E which is semistable, and we have that ¢(A) > ¢(E) >
¢(E’). The inequalities are strict since E is not semistable.

Claim: If E -» B is a mdq of E’, then the induced quotient object E - B is a mdq of E.

Proof: Let E —-» B’ be a quotient of E where B’ is semistable. We have to prove that ¢(B’) > ¢(B).
Suppose, for contradiction, that ¢(B’) < ¢(B). Since E’ —-» B is a mdq, we have that ¢(E’) > ¢(B).
By combining the above inequality with the last one, we have that

$(A) > ¢(E) > ¢(E') 2 ¢(B) 2 ¢(B') = ¢(A) > ¢(B')

Since A, B’ are semistable, there is no morphism A — B’. This means that the morphism E —-» B’
factors through E’, hence ¢(E’) < ¢(B’) < ¢(B) = ¢(E’) < ¢(B), which is a contradiction.

By doing the same thing but for E’ now, we end up with an infinite sequence of quotient objects of E,
which has to stop from the second condition of the proposition. This proves that mdgs always exist.

Let now E be a non-zero object of o7. If E is semistable, trivially 0 C E is a H-N filtration. If E is
not semistable, consider the short exact sequence

0 > E’ > E > B > 0

where E -» B is amdqgand ¢(E’) > ¢(E), where the inequality is strict because E is not semistable.
Suppose the E’ - B’ is a mdg. Considering the push-out of E/ — E along E’ — B’, we have the
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following exact commutative diagram

-

o
~
>
~
~
o

~

(3.1)

c:
4
w4
e R4 o
e

Since £ -» Bis amdgand E —» Q is a quotient object of E, we have that ¢(Q) > ¢(B). In addition,
since ¢(B’) = ¢(Q), we have that ¢(B’) > ¢(B). By repeating this process for the object E’, we have
the infinite sequence of subobjects

.CE'cE-lc...cE'cE'=E

where ¢(E?) > ¢(E'~1). The above sequence, from the first condition, has to terminate, and since the
factors E'/E'~! are semistable with decreasing phase, we obtain a H-N filtration. [ |

3.2 Slicings

In this section, we give the definition of a slicing which is a generalization of a ¢-structure. However,
before we do that, and to be compatible with Bridgeland’s notation, we present some known definitions
from previous sections of the thesis.

Definition 3.2.1. Let .7 be a triangulated category. A t-structure on 7 is a full subcategory .F of T
such that:

1. F[1] c &,

2. forevery E € .7, there exists a distinguished triangle

F s E s G > F[1]

suchthat F € % and G € .+, where #* is defined as
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F+ ={G € 7| Homs(F,G) =0, VF € .F}

Example 3.2.2. With respect to the notation of Definition 3.2.1, if & is an abelian category and D? (.7
is the bounded derived category of .¢7, then the standard ¢-structure on D? (&) is the following:

F ={X* e D’(&) | H(X®) = 0,i > 0}

Remark 3.2.3. Let .7 be a triangulated category and .# a f-structure on .7. If the t-structure is
bounded,then .# is purely determined by its heart, as we have seen. In fact, it is the extension-
closed subcategory which is generated by /[ j], for all j € Z,, where 7 is the heart of the bounded

t-structure .#. The following lemma gives a characterization of bounded z-structures from their

hearts.

Lemma 3.2.4. Let .7 be a triangulated category and </ an additive subcategory of 7. Then <f is the
heart of a bounded t-structure if and only if:

(1) ifky > ko, where k1, ko € Z, then Hom 7 (A[k1], A[k2]) = 0, for every A, B € <7,

(2) for every non-zero object E of .7, there exists a finite sequence of integers
ki > ko >--->k,
and a collection of distinguished triangles

0:E0

0 em 1)

1 1 1

\A/ \A/ NS
1 2

where A; € /[k;], forall j.

Proof. (=): Let (759, 729) be a bounded t-structure on .7 with heart & = .70 n 720, Let
ki, ko € Z be such that k; > ko, and let A, B € o/. Then we have that A[k;] € Z57% and
Blks] € >7%2. Since ki > ko, we have —k; < —ko, and then, since Hom (7", 72" = 0,
Vn < m, it follows that Hom s (A[k1], B[k2]) = 0. Now, since the t-structure (=0, 720) is
bounded, the number of non-zero cohomology objects H*(E) € </ is finite, VE € .7. There-
fore, for every non-zero E € 7, there exist integers m < M such that H(E) = 0, Vi < M and
Vi > M. To construct the filtration we use the truncation functors 7,. Let the non-zero coho-
mology objects of E appear in the indices k1, ko, - - - , k,, where k,, < k,,—1 < - -- < k1. We define
inductively objects of .7 as follows

EU = 07 El = TS—kl(E)aEQ = TS—kQ(E)’ e ’En = TS—kn(E)
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Since VI € Z we have a natural morphism 7<_x, , — 7<_k,, then when evaluated at E, gives rise
to a sequence of distinguished triangles

E;_q > E; > Ay > Er1[1]

By construction the cone A; of E;_; — E; coincides with the k;-cohomology object of E shifted by
[-k;], that is A; = H¥(E)[—k;], VI. By definition of the heart </ of the t-structure (7=, 729),
we have that H¥ (E) € 7, hence each A; € </ [—k;].

(&): Suppose that (1) and (2) hold. We define full subcategories of .7 as follows:
TV ={E€ T |kj=20,Vj} and T2 ={E € T |k; <0V}

Then we have obviously that T<[1] ¢ 70, Let X € 7=V and Y € 72!, Then X is constructed
from the shifted copy <7[I] of the heart, where [ > 0 and Y is constructed from the shifted
cope < [r], where r < —1, so [ > r. Since, by (1), we have that Hom (&7 [I], &/[r]) = 0, since
[ > r. Applying induction on the length of the filtration (2), and using the above observation, it
follows that Hom #(X, T) = 0. Hence Hom5(.7=0, 720) = 0. Finally let E € .7, and consider
the filtration given in (2). We set X := E;, where k; is the smallest positive integer in the finite
set {k1, ko, - - - , kn}. Then we have non-zero morphism X — FE which induces a distinguished
triangle

X —SE—>Y —> X[1]

Observe that by construction X € .7 <0 and using the filtration in (2) it follows that Y € . 21
Hence (.7<9, 72Y) is a t-structure, which is clearly bounded, since the filtration (2) is finite. By
construction, it follows that .o = 750 n 720, n

The above Lemma gives the motivation for the definition of a slicing.

Definition 3.2.5. Let .7 be a triangulated category. A slicing &2 of .7 is a collection of full additive
subcategories () of 7, for every ¢ € R, such that:

(s1) Z(p+ 1) = P(¢)[1], forevery ¢ € R,

(s2) Hom (A1, A2) = 0, for ever ¢1 > ¢ and A; € P (¢;).

(s3) for every non zero ohject E of .7, there exists a finite sequence of real numbers
¢1 > 2 > > Pp

and a collection of distinguished triangles
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0=FE > E9 > e > En1 > En = E

N SP%

where A; € Z(¢;). forallj. This condition is called the Harder-Narasimhan filtration (HN-filtration).

Lemma 3.2.6. The HN-filtration in Definition 3.2.5 is unique.

Proof. Note that, VA € #(> ¢) and VB € H(< ¢), we have that Hom 7 (A, B) = 0. This follows from
the orthogonality condition of the slicing and induction on the length of the HN-filtration. Similarly
we have Hom 7 (A, B[—-1]) = 0. Assume now that he non-zero object £ admits another filtration with
corresponding phases ¢; and corresponding semistable factors A;. Denote by ¢. the maximum phase
of the first HN-filtration and by ¢, the maximum phase of the second filtration. We assume that
#1 > ¢} . Then the existence of the second filtration shows that E € &(< ¢]). Since there exists
a morphism E; — E where E; € Z(¢), the orthogonality induction shows that Hom#(E1, E) = 0
because ¢ > ¢/. This is a contradiction since there exists a non-zero morphism E£; — E. Therefore,
using also the dual argument interchanging the roles of ¢; and ¢}, we have that ¢; = ¢|. At this
stage we have the triangles

where E| € #(¢1) and F| € & (< ¢1). Since Hom#(Eq, F]) = 0 = Homz(Ey, F{[-1]), the mor-
phism E; — E factors uniquely through E]. Dually, interchanging the roles of the Ej, F], the
morphism E] — E factors uniquely through E.

Claim: We have that £; = E] via a unique isomorphism.

Proof: By the above remarks there exists a morphism @ : E; — E] such that u’ o @ = u, and
@ the unique morphism factorizing u. Dually there exists a unique morphism g : E{ — E1, such
that u o § = u’. Since u o (8 o @) = u, uniqueness gives f o @ = Id, and dually @ o 8 = Id. Hence
a: E; 5 E] is the unique isomorphism such that u’ o @ = u.

Since E; = E] in a compatible way, by the above triangles, we also have F; = F|. The object F
has a HN-filtration of length n» — 1. Hence the above analysis can be repeated and induction on n

gives that ¢; = ¢; and A; = A}, Vi. Hence the HN-filtrations give the same phases and isomorphic
semistable factors. |

Definition 3.2.7. Let .7 be a triangulated category and & a slicing of .7 . For every non-zero object E
of 7 we define
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$H(E) = ¢1 and ¢, (E) = ¢,

where ¢1, ¢,, come from (s3) of the definition of a slicing.
If the slicing & is clear from the context, we will write ¢* (E) and ¢~ (E), instead ofgbfﬂ (E) and ¢ ,(E)
respectively.

Remark 3.2.8. Clearly, from the definition of a slicing, we have that
¢~ (E) < ¢*(E)

The equality holds when E € £(¢), for some ¢ € R.

Definition 3.2.9. Let .7 be a triangulated category and & a slicing of .7. For every interval I of R,
we define Z(I) to be the extension-closed subcategory of 7 which is generated by the subcategories

P(¢p), forevery ¢ € I.

Example 3.2.10. If [ = (a, b), then & ((a, b)) consists of the zero obhjects of 7 together with the
non-zero objects E such that

a<¢ (E) <¢*(E) <b

Lemma 3.2.11. Let .7 be a triangulated category, a slicing & of 7 and I an interval with length at
most one. If

A—>E —3 B —> A[l]

is a distinguished triangle where A, E, B € (1), and are non-zero, then we have the following in-
equalities:

¢ (A) < ¢*(E) and ¢ (E) < ¢7(B)

Proof. We will prove only the first inequality, since the second one is proved dually. We can assume,
without the loss of generality, that I = [z, ¢ + 1], for some ¢t € R. For A, from the definition of a slicing,
there exists a sequence of distinguished triangles of the form

0 = Ao o> Apl — > A=A

AT [1]

1 1 1

N N S N
1 2

Cn
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where C; € &(¢;), for all j. Since we have a distinguished triangle

0 > Ay > Cq > 0

it follows that the map A; — C1 is an isomorphism. Thus we have a morphism f : C; — A which
is the composition of the morphisms

C1 > A > Ag > > Ap-1 —> A

and is non-zero. Suppose, for contradiction, that ¢; > ¢*(E). Then from (s2) of Definition 3.2.5 we
have that Hom #(C1, E) = 0. By applying the functor Hom 5 (C1, —) to the distinguished triangle

A—> E— B — A[l]
we get the long exact cohomology sequence

-+ — Homz(Cy, B[-1]) — Homz(C1, A) — Homy(C1, E) — - -

Since Hom 7 (C1, E) = 0 the group homomorphism Hom #(Cy, B[-1]) — Hom 4 (Cy, A) is an epimor-
phism, hence the morphism f factors through B[—1]. In addition, since B € & (I) = Z([t,t + 1]) we
have that B[-1] € £([¢t,t — 1]) from (s1). Since now there exists a non-zero morphism C; — B[-1],
from (s2) we can not have ¢; > t, so ¢; < t. Therefore we have shown that ¢*(E) < ¢ < t which
implies that ¢*(E) < ¢. This is a contradiction since ¢*(E) > t. [ |

Lemma 3.2.12. Let .7 be a triangulated category and & a slicing of 7. Then & (> ¢) is a bounded
t-structure in 7 .

Proof. We set 7= := Z(> ) and T2 := P(< ), so 7= is the full subcategory of .7 generated
by extensions of objects in & (y) for any ¢ > ¢, and .7 ! is the full subcategory of .7 generated by
extensions of objects in & () for any ¢ < ¢.

e Let A € .75 and B € 72!, Then, by definition A admits a HN-filtration with phases y; > ¢,
and B admits an HN-filtration with phases ¢; < ¢. Since y; > ¥, we have that Hom 7 (% (¢;)
, Z(¥;)) = 0. Since A is constructed by objects having phases which are greater than those
of B, by induction on the length of the filtrations it follows that Hom#(A, B) = 0. Hence
Hom 4 (7<0, 721 = 0.

e By definition of the slicing &2, we have that Z(y)[1] = (¥ + 1). ThenifA € P (> ¢) = T=°,
the object A[1] is an extension of objects of (¢ + 1). Since ¢ + 1 > ¢ > ¢, it follows that
A[l] € Z(> ¢) = 7=, Hence 7=°[1] ¢ 7=0,
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e Let £ € 7. Then E has an HN-filtration as in Lemma 3.2.6. We set k to be the largest index
such that ¢ > ¢, and if no such index exists we set £, = 0. Then E} is an iterated extension
of the semistable factors A, Ag, - - - , Ag, all of which have phases greater that ¢. This means
that E; € Z(> ¢) = .7=". Considering the triangle with base the induced morphism E; — E

Ey > E > B > Ex[1]

it follows that B is an iterated extension of the semistable factors Ag41, - - - , A,. By the defini-
tion of k, we have that ¢ > ¢r+1 and then all phases in the HN-filtration of B are less or equal
than ¢. Therefore B € & (< ¢) = .7=!. Setting A = Ej, we have a distinguished triangle

A—>E—3%B—>3 A[l]

where A € 7= and B € 72!, Hence (7=°, 729) is a t-structure. Observe that its heart is
d =P, ¢+ 1]).

Finally, we have to show that (.7 =9, .72%) is bounded. It suffices to show that, for some n € Z,
we have that E € =" N 72", for any object E. Consider the HN-filtration of E, where ¢* =
¢1> P >--+->¢, =¢ . Then 7" = P(> ¢ —n) and T>" = (< ¢ + n + 1). Then for
any E € 7, we choose a sufficiently large integer n such that ¢ —n < ¢ (E) and ¢ + n +
1 > ¢*(E). This choice of n implies that E € (> ¢ —n) = 7" and E € (< p+n+1) =
=7 Hence the t-structure (.7=°, .72Y) is bounded. [ |

Remark 3.2.13. Let .7 be a triangulated category and & a slicing of .7. Then for every ¢ € R, the
pairs (Z(> ¢), P (< ¢)) and (L (= ¢), P (< ¢)) are orthogonal, with respect to Hom, subcategories
of . In addition, the categories (> ¢) and & (> ¢), and one can prove that they define ¢-structures
in 7. Note that if for real numbers ¢, y we have ¢ > ¢, then X (> ¢) C Z(> ) and L (= ¢) C
P (> ). The hearts of the t-structures L (> ¢) and L (> ¢) are, by definition, the subcategories
P((p, ¢ + 1]) and L([¢, ¢ + 1)) respectively, for ¢ € R. Thus we have the definition of the heart of
a slicing & of 7.

Definition 3.2.14. Let .7 be a triangulated category and &2 a slicing of 7. We define the heart of
the slicing & to be the abelian subcategory

2((0,1])

If we have a slicing &, the next Lemma characterizes the subcategories &?([), where the length of
the interval / C R is less than 1.

Lemma 3.2.15. Let & be a slicing of a triangulated category 7. For any interval I C R of length
< 1, the full subcategory & (1) C .7 is quasi-abelian. The strict short exact sequences in &2 (1) are in
one-to-one correspondence with the triangles in 7 all of whose vertices are objects of & (I)
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Proof. Assume for definiteness that I = (a, b) with 0 < b — a < 1. The other cases are proved with
similar arguments. By applying Theorem 2.3.18 to the embeddings #((a, b)) ¢ #((a, a + 1]) and
P((a, b)) c Z([b -1,b)), and Lemma 3.2.11 [ |

Using the notion of a strict subobject in a quasi-abelian category, we introduce the notion of a
skewed stability function

Definition 3.2.16. A skewed stability function on a quasi-abelian category </ is a group homomor-
phism Z : Kg(«/) — C such that there is a strict half-plane

H,={re'™® |r>0anda<p<a+1} cC

defined by some a € R, such that Z(E) € H, for all non-zero ohjects E € <.

3.3 Stability Conditions

In this section we give the definition of a Bridgeland Stability Condition on a triangulated category
and show its relation to f-structures.

Definition 3.3.1. Let .7 be a triangulated category. A stability condition on 7 is apairo = (Z, &),

where
Z:Ko(J)—>C

is a group homomorphism and & is a slicing of 7, such that for every non-zero object E of 7 then
Z(E) = m(E)e'™®

for somem(E) € R,.

The group homomorphism Z is called the central charge of the stability condition.

Lemma 3.3.2. Let 7 be a triangulated category and o = (Z, &?) a stability condition on 7. Then for

every ¢ € R the subcategory & (¢) is an abelian category.

Proof. We use that V¢ € R, the full subcategory Z((¢, ¢ + 1]) is an abelian category, being the
heart of a ¢-structure on 7. In particular Z((¢ — 1, ¢]) is an abelian category. Observe that
P(p) c (¢ — 1, ¢]) := o, and it suffices to show that & (¢) is closed under kernels and cokernels
in /. [We use that any full additive subcategory of an abelian category which is closed under kernels
and cokernels is abelian]. So let f : &/ — B be a morphism between objects of #(¢) C &/. We
have to show that the kernel K = Ker(f) and the cokernel C = Coker(f) in &/, belong to Z(¢).
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We use the construction of the kernel and cokernel of a morphism in the heart of a general ¢-
structure. Recall that every non-zero E € &/ has a maximum phase ¢*(E) and a minimum phase
¢~ (E) uniquely determined by the HN-filtration. Since &/ = Z((¢ — 1, ¢]), we also havethat ¢ — 1 <
¢ (E) < ¢*(E) < ¢. Since A, B € P(¢), we have that ¢*(A) = ¢~ (A) = ¢ and ¢"(B) = ¢ (B) = ¢.
We have to show that ¢*(K) = ¢ (K) = ¢ (if K # 0). Since ) € £(¢), we assume from now on that
K # 0. Consider the canonical analysis of the morphism f : A — B in &/

N AN AN
1/

where K = Ker(f), C = Coker(f), and I = Im(f), all computed in «/. Since K € &/, we have that
¢*(K) satisfies ¢ (K) < ¢. Indeed, if ¢ (K) > ¢, then using that Hom(Z(¢), Z($)) = 0, for ¢ > ¢,
it would follow that the inclusion K <— A is zero. Equivalently K = 0 and this is not the case.

Claim: ¢~ (K) > (¢).

0 —=» K X

~
o

Proof of claim: Suppose that ¢~ (K) < ¢, and let K - § be the last factor in the HN-filtration of K,
S being a semistable object of phase ¢ (K) = ¢ < ¢. The phase of A € & (¢) C & is ¢. As above
the image I < B of f has the property that ¢* (/) < ¢ nad ¢~ (/) > ¢. Since

0 > K > A > 1 > 0

is a short exact sequence in 7, the central charge Z satisfies Z(A) = Z(K) + Z(I). If any semistable
factor of the HN-filtration of K or of /, had phase less than ¢, the Z(K) and Z(/) would necessarily
lie in the region of the complex plane which corresponds to phases < ¢. Then in order for theri sum
Z(A) to lie exactly on the ray with phase ¢, both Z(K) and Z (/) either should be zero or must lien
on the same ray of the phase ¢. As a consequence Z(K) must have phase ¢, which implies that
¢~ (K) > ¢ and therefore ¢*(K) = ¢ = ¢~ (K), i.e K € P (¢).

A dual argument, working with the short exact sequence

0 > 1 > B > C > 0

in o7, shows that C € & (¢). We infer that &(¢) is closed under kernels and cokernels in the abelian
category 7, hence &(¢) is abelian. [ ]

Definition 3.3.3. Let 7 be a triangulated category and o = (Z, &) a stability condition on .7. For
every ¢ € Z:

(1) the non-zero objects of & (¢$) are called semistable in o of phase ¢,

(2) the simple objects of & (¢) are said to be stable.

207



Chapter 3 3.3. Stability Conditions

We continue by giving further definitions concerning a stability condition.

Definition 3.3.4. Let 7 be a triangulated category and o = (Z, &”) a stability condition on 7. Then,
for every non-zero ohject E of 7 we define:

(1) the semistable factors of E, to be the ohjects A; from (s3) of Definition 3.2.5,

(2) the mass of E to be the real number m,(E) = Y, |Z(A;)|
i

Remark 3.3.5. (1) The definition of the semistable objects is good, by Lemma 3.2.6 the decomposi-
tion of (s3) in the definition of a slicing is unique up to isomorphism. We define ¢ (E) := ¢7,(E).
Then we have ¢ (E) < ¢7 (E) and the equality holds whenever E is semistable in 0. We will
often drop the stability condition o and write just ¢*(E) if it is clear from the context.

(2) From the triangle inequality, one has that ms(E) = 2 |Z(A;)| > |Z(E)|. Again, if the stability

4
condition ¢ is clear from the context, we will usually drop it and just write m(E).

The following proposition gives the relation between stability conditions and z-structures on a
triangulated category.

Proposition 3.3.6. To give a stability condition on a triangulated category 7 is equivalent to giving a
bounded t-structure on 7 and a stability function on its heart with the HN property.

Proof. (=): Assume that o = (Z, &) is a given stability condition on 7. We set & = Z((0, 1])
and then we know that &/ since it appears as the heart of a bounded ¢-structure on .7, by Lemma
3.2.4. We check the conditions of the Lemma. First note that by the properties of the slicing &
we have Hom(Z(#1), Z(¢2)) = 0, V1 > ¢2. Now let A, B € &7, so A and B have phases in (0, 1].
Consider the objects A[k1] and B[k2] for k1 > k5. Then by the properties of the slicing we have that
Alk1] € P((k1, k1 + 1]) and Blks] € L ((ko, ko + 1]). Clearly, since k1 > ko, the smallest possible
phase for A[k1] is k1 and the largest possible phase for B[k2] is ko + 1. Since ki > ko + 1, we
have, by the properties of the slicing &2, that Hom(A[k1], B[k2]) = 0. By the properties of the
slicing &, it follows that every non-zero object E has a finite filtration with factors A; € &?(¢;) where
¢1 > ¢o > -+ - > ¢,. Then for small € , we have that some suitable shifts of A; lie in <7 [k;], by taking
k; to be the largest integer that is less than ¢; — € [using that Z(¢ + k) = Z($)[k], if an object has
phase ¢, we search for an integer k; such that ¢; — k; € [0, 1] and the above choice of k; does the job].
The above constructed finite sequence of shifted factors from .o/ gives rise to the required filtration
for the existence of a bounded #-structure in Lemma 3.2.4, with heart /. The stability function on
</ is given by restricting Z to Ky(.2/). This works, since any non-zero object E of </ has HN-filtration
with phase in (0, 1] and linearity of Z shows that Z(E) lies in the upper semi-half plane. Finally
and non-zero E € </, as an object of .7, has a unique (by Lemma 3.2.6) HN-filtration in .7. Since
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E € Z((0, 1]), its semistable factors must have phases in (0, 1] and therefore they form semistable
objects in &7. So Z|k,(«) is a stability function satisfying the HN-property in .27.

(&): Assume that a heart &/ of a bounded ¢-structure on .7 is give, together with a stability
function Z satisfying the HN-property. First we define the slicing &: V¢ € (0, 1], set Z(¢) to be
the category of semistable objects in &/ with respect to Z with phase ¢. Then, V¢ € R we have that
P(¢p + n) = P(¢)[n], using that any X € R can be written as x = ¢ + n, ¢ € 0, 1]). The first two
axioms of slicing for & are satisfied by construction.

o LetE € H(¢1) and F € P (¢2), where @1 > ¢o. If ¢1, ¢o € (0, 1], then Hom(E, F) = Hom (E, F) =
0, as semistable objects in the abelian category <7. If ¢1, ¢2 lie in different intervals, then, by
the properties of f-structures, we have that Hom(%7 [k1], &/ [k2]) = 0, Vk1 > ko so also in this
case orthogonality holds.

e Finally, for every non-zero E € .7, consider the cohomology objects H!(E) € ./ with respect
to a given t-structure. Since each H!(E) has a unique HN-filtration in ./ with respect to Z,
and all cohomology objects H(E) are zero, except of finitely many of them, we may refine
the HN-filtration of E to an HN-filtration on T as follows. Let n; be the integers such that
the cohomology objects of E are non-zero, and set C; := H" (E)[-n;], j = 1,2,--- , k. These
objects are included in a sequence of triangles

E;j 4 > Ej > C; > Ej_1[1] (3.2)

where Eg = 0, Ex + E, and E; is the j-th truncation with respect to the given -structure. For
each j =1, --- ,k, let S{, Sé, cee, anj be the semistable factors in &/ with phases ¢(S{) >
¢(Sé) > > ¢(anj). Since S{ € &, their phases in .7 are by construction ¢(S{) + n;. Using
the octahedral axiom, we can insert the filtration with the above semistable factors in 7 into
the triangles (3.2), giving rise to the required HN-filtration in .7: for any short exact sequence
in the heart &7 of the form

0 > A > N > C > 0

and a given filtration of 27, the octahedral axiom can be used to construct the corresponding
filtration of B involving also the semistable factors of A and C. Iterating this construction: com-
bining the filtration coming from the 7-structure and the cohomology objects with the filtration
of the heart of the induced by the stability function, we arrive at the filtration we are looking
for in 7. Note that the rising filtration has semistable factors, say A, Ao, - - - , A,;, where
each A; € mathscrP(¢), and the phases are ¢; = ¢(S£) + nj, so the remain strictly decreasing.
The orthogonality of homs i both filtrations, implies that the resulting HN-filtration on .7 is
unique. [ ]
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We say that an abelian category </ is Noetherian if for every X € &/, any ascending chain of
subobjects stabilizes, that is, if
XcXjcXygC:---

then there exists n € Z such that X,, = X,;; = - - - . Respectively, it is called Artinian if for every
X € ¢/, any descending chain of subobjects stabilizes, that is, if

XO>XiD>2X9D:---

then there exists n € N such that X,, = X,+1 = - - -. Now, if &/ is both Noetherian and Artinian,
the it is called of finite length. By using strict monomorphisms and strict epimorphisms we can
define strict subobjects and strict quotient objects in quasi-abelian categories. Therefore we have the
following definitions.

Definition 3.3.7. Let &/ be a quasi-abelian category and A, B, E € <.

(1) The object A is strict subobject of E if there exists a strict monomorphismi : A — E, and we
denote it by A C E. We will also denote E A the cokernel of e.

(2) The object B is a strict quotient of E if there exists a strict epimorphism E — B, and we denote it
by E - B.

(3) The category </ is called Noetherian if for every E € of every ascending chain of strict subobjects
stabilizes.

(4) The category </ is called Artinian if for every E € &/ every descending chain of strict subobjects
stabilizes.

(5) The category </ is called of finite length if it is Noetherian and Artinian.

We proceed with a definition which will allows us to build a richer theory about stability conditions.

Definition 3.3.8. A slicing & of a triangulated category .7 is locally-finite if there exists a real
number 11 > 0 such that for all t € R the quasi-abelian category Z((t — n,t + 1)) € 7 is of finite
length. A stability condition (Z, £?) is locally-finite if the slicing & is.

3.4 The space of stability conditions

Let 7 be a triangulated category and denote by Slice(.7) the set of locally-finite slicings of .7 and by
Stab(.7) the set of locally-finite stability conditions of .7. Our main goal in this section is to define
topologies on the above spaces. These topologies do not depend on the locally-finite condition.

Before we start equipping Slice(.7") and Stab(.7") with topologies, we need to introduce the notion
of a generalized metric.
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Definition 3.4.1. Let X be a set and d: X x X — [0, oo]. The function d is called a generalized
metric if for every x, y, z € X the following conditions hold:

(1) d(x,y) =0,

2 d(x,y) =0 = x =y,
(3) d(x,y) = d(y, x).

(4) d(x,z) <d(x,y) +d(y, 2)

Remark 3.4.2. Note that the definition of a generalized metric is the same as the definition of a metric,
except that it can also take the value co.

Proposition 3.4.3. Let .7 be a triangulated category and Slice(.7) the set of all locally-finite slicings
of 7. The function

d : Slice(J) x Slice(7) — [0, 0]
d(2,2) = JSup {185, (E) = 6 ,(E)l, 167,(E) = ¢3,(E)|} € [0, o]

is a generalised metric on Slice(.7).

Proof. (1) For any two slicings &, 2 € Slice(.7) we have that d(£?, 2) > 0 since it is the supremum
of non-negative real numbers.

(2) Let & € Slice(.7). Then

d(2,2) = sup {|pH(E) — ¢H(E), |¢*,(E) — ¢*,(E)|}
0+EeT
= sup {|0], 0]}
0+EecT
=0

For the converse, let &, 2 € Slice(7) such that d(&, 2) = 0. We need to prove that & =
2. This means that we have to show that Z(¢) = 2(¢),V¢p € R. Let ¢ e Rand 0 # E €
P(¢). Wehave d(P, 2) =0 = suppupes {16,(E) — ¢ ,(E), [¢7,(E) — ¢4, (E)|} = 0, which
implies that [¢7,(E) — ¢,,(E)| = 0and ¢7,(E) — ¢3,(E)| = 0, hence ¢ ,(E) = ¢, (E) and ¢7,(E) =
¢, (E). This means that 0 # E € 2(¢), thus we have &(¢) C 2(¢4). The reverse inclusion is
proved via a similar argument.
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(8) Let &, 2 € Slice(.7). We have
d(2,2) = sup {l¢,(E) — ¢ ,(E)l, 1¢1,(E) - ¢%,(E)|}
0+EecT
= sup {l¢5(E) - ¢ ,(E), [¢5,(E) — ¢7,(E)|}
0+EecT

=d(2, )

(4) Let &, # € Slice(7). Then we have

d(P, %) = S {lp 5 (E) — ¢, (E). |¢%,(E) — ¢3,(E)|}
= S {l¢ H(E) = ¢ (E) + ¢ 5(E) — ¢ ,(E)|, |97,(E) — ¢%,(E) + ¢4 (E) — ¢3,(E)|}
< s {lp 5 (E) — ¢ (E)|+|p H(E) — ¢ ,(E), |65,(E) — ¢, (E)|+|¢%,(E) — ¢2,(E)|}
< sup {lpLH(E) — ¢,(E), l¢5,(E) — ¢%,(E)}
0+EcT
+ sup {9 L(E) — ¢, (E)|, |65 (E) — ¢3,(E)|}

0+EcT
d( 2, 9) + d(2, R)

for every 2 € Slice(.7). |

The above metric can have another description which is given by the following lemma.

Lemma 3.4.4. The metric in Proposition 3.4.3 is also given by
d(Z,2) =inf {e € Ryg | Z(¢p) C P([¢p — €, ¢ + €]) forallp € R}

Proof. Letd = d' (P, 2) =inf {e € Rsg | 2(¢p) € P([¢p — €, d + €]), V¢ € R}. We will prove that
d = d’. We star by showing that d(<, 2) < d'(¥, 2). From the definition of d(<?, 2), we have to
prove that [¢,(E) — ¢, (E)| < d'(#, 2)and |¢7,(E) - ¢3,(E)| < d'(P, 2),forevery E € 7. Since
2 is a slicing of .7, let

0=E’9\” PE e By Ep ——— B, = E
1 1 1

AN AN
Al/ Ag/ An/

where A; € 2(¢;) are the semistable factors of E for all j, be the HN-filtration of £ with respect to 2.
Then by definition we have that ¢, (E) = ¢2(A1) and ¢7,(E) = ¢2(A,). Hence ¢7,(A;) < ¢2(A;) +
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d'(Z,2) and ¢,(A;) > ¢2(A;) + d'. However ¢7,(E) < max{¢,(A;)} and ¢,(E) > min{p,(A:)}.
Therefore we have that ¢7,(E) < ¢3,(E) + d’ and ¢_,(E) > ¢,(E) — d’, which proves the first in-

equality. The inequality d’(Z2, 2) < d(Z?, 2) is straighforward. [ |
Consider the inclusion of sets
Stab(.7) C Slice(.7) x Homz(Ky(7), C)
We would like to define a topology on Stab(.7), by defining a topology on Slice(.7) x Homz(Ky(.7), C).
We have already defined a topology on Slice(.7) via Proposition 3.4.3, so we need to equip the
Homz(Ko(7), C) with a topology. For every o = (Z, &) € Stab(.7), we define a function
-l : Homz(Ko(.7), C) — [0, o]

which sends a group homomorphism U : K¢(7) — C to

|U(E)|
|Z(E)|

IUllo := sup {

E is semistable in 0'}

Lemma 3.4.5. The function |||, is a norm, hence the pair (Homz(Ky(9), C), ||I‘ll»-) is a normed
complex vector space for every stability condition o = (Z, ).

Proof. Let o = (Z, &) be a stability condition.

(1) Let U,V : Ko(Z) — C be two group homomorphisms. We need to show that ||[U + V|, <
Ul + |V]|o. We compute

(U + V)(B)]
U + V]s = {— E is semistable in o
7 1Z(E)]
E)+ V(E
= {M E is semistable in (7}
|Z(E)|
|UCE)| + [V(E)I , . .
< E is semistable in o
1Z(E)|
U(E V(E
p{| ()| + V(E)] E is semistableino‘}
|Z(E)|  |Z(E)]
\UE)| | .. . . VE)| | .. . .
< sup E is semistable in o + sup E is semistable in o
|Z(E)| |Z(E)|
= [Ulle + IVlle
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(2) Let U : Kg(.7) — C be a group homomorphism and z € C. We compute

|(zU)(E)|
IzU||& = sup {— E is semistable in o
v |Z(E)|
U(E
= sup {lz (E)] E is semistable in a’}
|Z(E)|
U(E
{M E is semistable in (r}
|Z(E)|
U(E
= |z| sup {' (E)| E is semistable in 0'}
|Z(E)|
= |zllIlUll &+

(38) For the one direction if U is the zero group homomorphism then have

{IU(E)I
p

Ul = E is semistable in o-}

|Z(E)|
0
= sup { 101 E is semistable in (r}
|Z(E)|
= sup {0 | E is semistable in o}
=0

On the other hand, suppose that we have ||U||, = 0 for some group homomorphism U : Ky(T) — C.
We will prove that U is the zero group homomorphism. Since the supremum of the non-negative

E

|Z(E;|| is zero, the for every o-—semistable object we have that |U(E)| = 0, hence U(E) = 0.
It remains to show that U(E) = 0 for all the non-o-semistable stable objects of 7. Let E be a non-
o-semistable object. From its HN-filtration, since its semistable factors all vanish under U, we have

that U(E) = 0. m

quantities

The function |||, is a norm, not necessarily finite, in the complex vector space Homz(K (7)), C).
We proceed by defining a basis for our topology. Define

Bo(o) = {t:= (W, D) | W - Z||» < sin(re) and d(2, D) < €} C Stab(7)

To get a better grasp of the definition, note that if ||Z — W||, < sin(me) then for all semistable objects
E of o, the phase of W(FE) differs from the phase of Z(E) by less than €. Before we prove that as
o varies, the subsets B¢ (o) for a basis for our topology, we will need to prove the following crucial
lemma.

Lemma 3.4.6. If 7 = (W, 2) € B.(0) then there exist constants k;, i € Z, such that
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killUlle < IUll- < k2llUll&

forevery U € Homz(Ky(.7), C).

Proof. First, before we proceed with the general case, note that for every stability condition o =

(Z, &) on .7, and every real number 0 < n < 5 We have that

Ul
cos(nn)

|U(E)| < 1Z(E)|

for every non-zero object E € .7 which satisfies ¢7 (E) — ¢, (E) < n, and for every group homo-
morphism U : Ko(7) —» C. Now consider the general case. It is true that d(£, 2) < € and
IW — Z||~ < sin(me). Hence we can apply the above inequality with U := Z — W and n = 2¢ to
obtain

sin(me)

IW(E) — Z(E)| < cos(21)

|Z(E)|

for every semistable object E € 7. Therefore there exists a constant k > 0 such that |Z(E)| <
k|W(E)| for every semistable objects E € 7. Now, for every group homomorphism U : Ky(7) — C,
by applying the above inequality again and combining it with the previous result, we have that
IU|l+ < k2||U||o. The other inequality follows from similar arguments. [

Consider the space Stab(.7"), with the topology generated by the basis of open sets B (o). Let
be a connected component of Stab(.7), and V(X) the subspace

V(Z) := {U € Homz(Ko(7), C) | |Ulle < o} € Homz(Ko(7), C)
With the above notation we can state and prove the first part of the first main result of Bridgeland’s
paper.

Theorem 3.4.7. Let 7 be a triangulated category. For each connected component ¥ C Stab(.7) there
exist a linear subspace V(X) € Homz(Ky(.9), C), with a well-defined linear topology, and a continuous
map Z : ¥ — V(X) which maps a stability condition (Z, &) to its central charge Z.

Proof. From Lemma 3.4.6 we have that V() is locally constant on Stab(.7") and thus constant on
2. Also, if o = (Z, &) € £ then Z € V(). In addition, for every o € X, the function ||-||, defines a
norm on V(X), and by Lemma 3.4.6, all these norms are equivalent. [ |
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To complete the proof of Theorem 3.0.1, It remains to show that the map Z is a local homeomor-
phism, which will be proved in the next section. In this direction, the following proves that % is at
least locally injective.

Lemma 3.4.8. Leto = (Z, &) andt = (Z, 2) be two stability conditions on 7 with the same central
charge Z, such thatd(¥?, 2) < 1. Theno = 7.

Proof. Suppose for contradiction that o # 7. Then, since they have the same central charge Z, there

exists a ¢ € R such that Z(¢) \ 2(¢) #+ 0 = 3TE € Z(¢) \ 2(¢).

(1) If E € 2(> ¢),then from our hypothesis d(<, 2) < 1 we have that E € 2((¢, ¢ + 1)). This
contradicts the fact that o and 7 have the same central charge.

(2) If E € 2(< ¢) then the argument is similar to (1).

B) IfE € 2((¢ — 1, ¢ + 1)), then there exists a distinguished triangle

A—>E—3B—> A[l]

where A € 2(¢, ¢ + 1) and B e 2((¢ — 1, ¢]). If A € LP(< ¢), then A € P((¢ — 1, ¢]), thus
we have the same contradiction as in (1). Hence, there exists 0 # C € (), with ¥ > ¢ and
a non-zero morphism f : C — A which factors via B[-1] as E € &(¢). The above fit into the
following commutative diagram.

However, B[-1] € 2((¢ — 2, ¢ — 1]) € Z((¢ — 3, ¢]), therefore g = 0, which is a contradiction.
|

3.5 Deformations of stability conditions

Our main goal in this section is to complete the proof of the first main result, that is, to prove that
the map Z : ¥ — V() is a local homeomorphism. This will be done by proving a result that allows
us to lift deformations of the central charge Z of a stability condition o = (Z, &) to deformations of
stability conditions.
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Theorem 3.5.1. Let o = (Z, &) be a locally-finite stability condition on a triangulated category 7 .
Then there exist a ey > 0 such that if0 < € < g and W : K(7) — Z is a group homomorphism satis-

Jying
IW(E) — Z(E)| < sin(re)|Z(E)|

for every semistable object E € 7 in o, then there exists a locally-finite stability conditiont = (W, 2)
on J suchthatd(Z, 2) < e.

After what was said in the previous section, the above theorem will be enough to prove the first

main result. Note that from Lemma 3.4.6, if we assume that ¢ < > then the stability condition

1
7 of the above theorem is unique. To proceed, it will be enough to assume that ¢y < — and that

each of the quasi-abelian categories & ((t — 4e€g, t + 4€y)) has finite length. Since 2((t — €,t + €)) C
P((t — 2¢,t + 2¢)) for every t, the stability condition 7 is locally-finite. The proof of the theorem will
be broken down into several steps. We begin by giving an auxiliary definition.

Definition 3.5.2. Let 7 be a triangulated category. A thin subcategory of 7 is a _full subcategory of
the form #((a, b)) € 7 wherea, b € R suchthat0) < b — a < 1 — 2¢, where € is as in the conditions
of Theorem 3.5.1.

Lemma 3.5.3. Let E be a W-semistable object in some thin subcategory &/ C .7, andy = Y (E). Then
E e Z2((W—-¢e€ ¢ +e¢).

Proof. There exists a short exact sequence

0 > A > E > B > 0

in &/ such that A € &(¢) and B € ¥ (< ¢). Since E is W-semistable, we have that ¥ (A) < y(E).
However, from the above, we have that Y (A) € (¢ — €, ® + €). Hence ¢ < ¢ + €. From similar
arguments we obtain that ¢ (E) > ¢ — €. [ |

Definition 3.5.4. Let of = &?((a, b)) be a thin subcategory 7. A non-zero ohject E € </ is called
enveloped by <7 ifa + € < Yy(E) < b — €.

The above definition gives rise to the following lemma which provides a notion of semistability
without a particular choice of a thin subcategory.
Lemma 3.5.5. Let E € .7 be an object which is enveloped be thin subcategories # and ¢ of 7. Then
E is W-semistable in € if and only if it is W-semistable in A.
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Proof. From Lemma 3.5.3 we can assume that E is enveloped by the thin subcategory & ((¢(E) —
€, Y (E) + €)). Therefore it is enough to prove it for the case where % C ¥, and from the "symmetry of
the situation", we can assume that Z = #((a, b)) and € = Z((a, ¢)) for real numbers a < b < c.
For the one direction, if E is W-semistable in % then it is also W-semistable in %, since any strict
short sequence in 4 is also a strict short exact sequence in €. For the converce, suppose that E is
"unstable" in ¥ such that there exists a strict short exact sequence in ¢

0 > A > E > B > 0

with ¥ (A) > ¢ (E) > ¢(B). Then, from Lemma 3.2.11, we have that ¢*(A) < ¢*(E), and since E €
A, we have that A € Z. In addition, there exists a short exact sequence

0 > B1 > B > B > 0

where By € #([b, ¢)) and By € #. Because E is enveloped by %, we have that Y (E) < b — € <
¥ (B1). Now, consider the following commutative diagram of short exact sequences

Bs > 0
H
0 ? ? > Ba > 0

o
O— F—HR—»<—o
OCé—Wé—mé&—np4&—o

Then from Lemma 3.2.11 again, we have that ¢*(K) < ¢*(E). Therefore

0 > K > E > Bo > 0

is a short exact sequence in #. However ¢ (K) > /(E), hence E is not W-semistable in Z. [

To prove Theorem 3.5.1 we have to show that the pair (W, 2) defines a stability condition on
. In this direction, for every ¥ € R, we define 2(¢) € .7 to be the full additive subcategory of
7 consisting of the zero objects of .7 together with those objects E € 7 which are W-semistable of
phase ¥ in some thin enveloping subcategory &?(a, b). The following lemma proves the first axiom of
Definition 3.3.1.
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Lemma 3.5.6. IfE € 2(y1) and F € 2(y2) and 1 > Yo thenHom 4 (E, F) = 0.

Proof. Suppose, for contradiction, that Hom#(E, F) # 0. Therefore there exists a non-zero map

+
f + E — F. From Lemma 3.5.3, we have that /1 — 2 < 2¢. Leta = Y1ty
abelian subcategory & = & ((a, a + 1]) € .7 which contains E and F. The short exact sequences

1
— 5 and consider the

0 —> Ker(f) — E —— Im(f) — 0
0 — Im(f) —> F —— Coker(f) —> 0

lie in the abelian category /. From Lemmas 3.2.11 and 3.5.3 we have that Ker(f) € & ((a, Y1 + €))
and Coker(f) € Z((Y2 — €,a + 1])) and Im(f) € L ((¥1 — €, Y2 + €)). For small enough ¢, say € <
1/8, there exists a thin subcategory of .7 enveloping E in which the first sequence is a strict short
exact sequence, and similarly a thin subcategory enveloping F' in which the second sequence is a
strict short exact sequence. However, the objects £ and F are W-semistable in every enveloping
category, it follows that ¥1 < ¥ (Im(f)) < ¥9, a contradiction. [

Next we want to prove that HN-filtrations always exist. In order to do that, we first prove the
following Lemma.

Lemma 3.5.7. Let & = Z((a, b)) C 7 be a thin subcategory of finite length. Then every non-zero
obhject of Z((a + 2¢, b — 4¢€)) has a finite HN-filtration whose factors are W-semistable objects of </
which are enveloped by <7 .

Proof. The proof is similar to that of Proposition 3.1.9, when we replace subobjects by strict subobjects
and quotients by strict quotients. In the following we provide the necessary changes. The chain
conditions still hold because ./ has finite length. If an object £ € &(a + 2¢, b — 4€¢) has a HN-
filtration with W-semistable factors Fy, Fy, - - - , F,, then ¢ (Fy) > ¢ (E) > a + €. Since there exists
a non-zero morphism F; — E, by applying Lemma 3.5.3 we have that /(F;) < b — 3¢. This means
that the factors of E are enveloped by . To prove the existence of HN-filtrations, it is enough their
existence in the class ¢ which is defined to be the class of all non-zero objects E € &((a, b — 4¢)),
where every non-zero strict quotient £ —-» B in &/ satisfies the condition (B) > a + €. That is
because the class ¢ contains all non-zero objects of Z((a + 2¢, b — 4¢)), by Lemma 3.2.11. From
the diagram (3.1) and Lemma 3.2.11 we have that if

0 > E’ > E > B > 0

is a strict short exact sequence in </, where E » Bisamdgand E € ¥4, the E’ € 4. Therefore the
induction step in the Proposition 3.1.9 stays within the class ¢4. Therefore we have to show that every
object in ¢4 has an mdqg. Before we proceed with the induction step, it will be useful to prove the
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existence of mdgs to a larger class of objects . which contains every non-zero object E € &/ with
W(E) < b — 3¢, such that every non-zero quotient £ - B in & satisfies (B) > a + €. If E € 4 and
the non-zero strict quotient E - E’ satisfies Y/ (E) > ¢(E’), then E’ € 7. Let E € 7 and we will
prove that ¢*(E) < ¢(E) + €. Suppose, for contradiction, that ¢*(E) > ¢(E) + €. Then there exists
a strict short exact sequence

0 > A > E > E’ > 0

where A € P (> Y(E) + €) and E’ € (W (E) + €). Then we have that y(A) > ¥ (E) > y(E’). We
will prove that if £/ » B is an mdq for E’, then the composition £ - B is an mdq for E. In this
direction, if E » B’ is a W-semistable quotient in </, where ¢(B’) < ¥(B), then ¥(B’) < Y (E).
Therefore by Lemma 3.5.3 we have that ¢*(B’) < ¢ (E) + €. This means that Hom, (A, B’) = 0,
which implies that £ —-» B’ factors through E’. By combining Lemmas 3.5.3 and 3.2.11, and the
inequalities ¢ (E) < ¥ (E) + € and Y (E) < b — 3¢, we have that every W-semistable strict subobject
of E is enveloped by .o/ .To conclude the proof that E has an mqgd, we apply the argument of Proposition
3.1.9. This is feasible since by the definition of the class .77, every W-semistable strict quotient of E
is also enveloped in /. Hence we can apply Lemma 3.5.6 [ |

Now, for each real number ¢ we define 2(> t) to be the full extension-closed subcategory of .7
generated by the subcategories 2(y) for ¢y > t. We also define the full subcategories 2(< t) and
2(t) similarly. To conclude with the proof of the existence of the HN-filtrations, we have to prove the
following Lemma.

Lemma 3.5.8. The category 2 (> t) is a t-structure in 7.

Proof. We have to show that for every E € .7 there exists a distinguished triangle

A s E > B > Z(A)

where A € 2 > and B € 2(< t). From Lemmas 3.5.3 and 3.5.7, we have that #(s) c 2(> t) for
s>t+e€and HP(s) c Z(<1t) for s <t — €. Therefore we can restrict ourselves to the case where
E € Z((t — e,t + €)). The object E also belongs in the category & ((t — 3¢, t + 5¢)), which has finite
length by the assumptions the Theorem 3.5.1. By applying Lemma 3.5.7 we have a HN-filtration of £
which concludes the proof. [ |

In order to finish the proof of Theorem 3.5.1, we have to show that every non-zero object of .7
has a finite filtration by objects of the subcategories 2(y). However, it is enough to prove this
for objects in each of the full subcategories 2((¢,t + 0)) = 2(> t) N 2(< t + §), since then we can
concatenate this filtrations and obtain a filtration in 2(¢). In order to prove this, we embed the
category 2((¢,t + 6)) in the finite-length, quasi-abelian subcategory &2 ((t — 3¢, t + 5e + §)) and we
apply Lemma 3.5.7.
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In order to proceed with the proof of Corollary 3.0.2, we first need to introduce some definitions

Definition 3.5.9. A triangulated category 7 is linear over a field K if the morphisms of .7 have the
structure of a vector space over K, with respect to which the composition is bilinear.

Definition 3.5.10. A triangulated category 7 which is linear over a field K is of finite type if for
every pair of objects E, F € .7 the vector space (P Hom(E, F[i]) is finite dimensional. In this case

l
the free abelian group A (.7) = Ko(.7)/Ko(.7)* is called the numerical Grothendieck group of .7 .
Then 7 is called numerically finite if the group .7 has finite rank.

Definition 3.5.11. Let .7 be of finite type over a field. A stabilitly conditiono = (Z, &) in 7 is called
numerical if the central charge Z: Ky(.7) factors through the quotient group .4 (7). The space of all
numerical conditions is denoted by Stab_y (7).

The proof of Bridgeland’s Corollary 3.0.2 comes from applying the above Definitions 3.5.9, 3.5.10
and 3.5.11, and by applying Theorem 3.0.1. Since .7 is numerically finite the numerical Grothendieck
group 4 (7) has finite rank, that is, there exists n € N such that 4 (.7) = Z". This implies
that Homz(A4(7), C) = C". Therefore by applying Theorem 3.0.1, every connected component
¥ C Stab_4(2) is locally homeomorphic to a linear subspace V(X). This yields that ¥ is a com-
plex manifold.

221



Chapter 3 3.5. Deformations of stability conditions

222



CHAPTER

APPLICATIONS

In this chapter we present some applications of Bridgeland’s theory of stability conditions in Algebraic
Geometry. In general, the computation of Stab(.7) presents significant difficulties. It has been proved
that the bounded derived category of coherent sheaves over a surface is nonempty. Here we focus on
smooth projective curves over C. We omit the proofs, as they lie beyond the scope of this Thesis.

Let X be a smooth projective curve over C. We denote with D?(X) the bounded derived category
of coherent sheaves of X and let Stab(X) be the space of locally-finite stability conditions of D?(X).
In [2] Bridgeland proves the following proposition

Proposition 4.0.1. The generalised metric space Stab(.7) carries a right action of the group GL" (2, R),
the universal covering space of GL* (2, R) = {A € GL(2,R) | |A| > 0}, and a left action by isometries
of the group Aut(.7) of exact autoequivalences of 7. These two actions commute.

Proof. For the proof, we refer the reader to [2]. [

Now, let g(X) be the genus of the curve X. Then we have the following Theorem

Theorem 4.0.2. Let X be a smooth projective curve over C. Then we have:

e Ifg(X) = 0, then Stab(X) = C2. (Bridgeland)
e Ifg(X) =1, then Stab(X) = C x H. (Bridgeland)

e Ifg(X) > 1, thenStab(X) = C x H. (Macri)
where H is the upper-half complex plane.

Proof. In [2] Bridgeland proved the cases for g(X) = 0, 1 and Macri in [11] proved the cases for
g(X) > 1. [
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O Tom Bridgeland to 2007, BAéne v epyaocia [2], €xoviag wg kivntpo epyaoieg tou Michael Dou-
glas ot Oswpnuiky Puoiky), PALne yia apddsiypa v epyaoia [4], avapopika pe pepbpdveg Dirichlet
(Dirichlet branes ) D-branes) oe ouvduaopo pe v eikaocia Opoloyikng Katormtpikrg Zuppetpiag (H-
omological Mirror Symmetry) tou Kontsevich ot ®swpia Xopdov (String Theory), elofjyaye v évvola
T0U ywpou ouvdnkwv euotadeiag (space of stability conditions) Stab(.7) piag tpiyoviopévng katnyopiag
7, xat angdee 6t 0 xwpog Stab(.7) éxet ) Hopur evég pyadikou moAurttuypatog (complex manifold).
'Extote, 0 Xopog ouvOnkaov guotabeig Stab(.7) piag tpryeviopévng katmyopiag 7, diadpapatidet onpa-
VKO pOAo oty AdyeBpikr) Tewpetpia, ornou yia napddeypa 7 eivatl n mapayouevr katnyopia (derived
category) D?(cohX) twv coherent sheaves uriepdve piag Asiag ripoBoAiknig nowiAotmtag (smooth pro-
jective variety X), oun @swopia Avanapactdosmv, orou 7 gival i tapayopev katnyopia D’ (/) pag
aBsAavig Katyopiag &/ avanapactdcemv piag Qapetpag 1 yevikotepa piag dAyeBpag, xkAm. O ku-
PLOTEPOG AOYO0G eival OTl 0 X®OPog ouvOnkwv euotdBelag pag £podialetl pe vEoug AETIOTEPOUSG XWOPOUG
napaperpev (moduli spaces) otn pedétn pag mowkAotntag 1 aiyebpag.

O kuUptlog okortog g Metammtuyiakng AlatpiBrig €ival va mapouotdcel, £€Xoviag @G Paciko odnyo v ep-
yaoia [2], pa eoayeoyn oty dewpia 10V X©pev cuvOnkev euctabelag pag tptyoviopévng Katnyopiag,
avaAuoviag KAIO01eG aro Ti§ EPAPHOYEG TG. L€ AUTO 10 MAaiolo, ornpaviiko polo otnv avaiuon tng doprng
1OV X0pwv ouvOnkev euctdbeiag Sradpapatiler ) Sewpia wwv t-structures , BAéne v epyaoia [1], n Sew-
pia Tilting, BAéne tnv epyaocia [7], kat n dewpia tov Quasi-abelian katnyopiov, BAtne v epyaoia [17],
1a Baoikd otokeia v onoiwv Sa avaduBouv ot Alatpibr).
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t-structure, 138
bounded, 161
induced #-structure, 162
nondegenerate, 159
truncation functor, 142

additive
pre-abelian, 183

category, 9

abelian, 24
Artinian, 210
Noetherian, 210
of finite length, 210
quotient category, 62
thick, 59

additive, 22

category of cochain complexes, 93
subcategory of bounded chain

complexes, 100

subcategory of bounded from above

chain complexes, 100

subcategory of bounded from below

chain complexes, 99
derived, 123
opposite, 11
preadditive, 19

quasi-abelian, 183
skeletally small, 16
small, 16
subcategory, 10
full, 11
triangulated, 64
linear over a field, 221
numerically finite, 221
of finite type, 221
categoryd
pre-abelian, 23
central charge, 206
chain map, 93
cone, 101
homotopy, 96
cochcain map
homotopic, 97
cohomological length, 166
coimage, 26
cokernel, 22
complex, 92
acyclic, 118
bounded, 95
bounded from above, 95
bounded from below, 95
chain complex, 92



cochain complex, 92 Harder-Narasimhan filtration, 196
coproduct, 20 heart, 139
cotilting torsion free class, 178
image, 25

differential, 92 kernel, 22

enveloped, 217

exact, 26

extension, 163
equivalent, 163

localization, 29
localizng class, 30
long exact cohomology sequence, 117

split extension, 166 mass, 208
the collection of all equivalence classes, maximally destabilizing quotient, 197
163 morphism, 9
bimorphism, 12
functor, 13 connecting, 28

equivalence of categories, 15 epimorphism, 11
strongly left exact, 191 graded, 92
additive, 19 induced (parallel), 23

graded, 66 isomorphism, 12
adjoint functors, 18 monomorphism, 11
cohomological, 69, 101 morphism of triangles, 63
contravariant, 13 isomorphism of triangles, 64
covariant, 13 strict, 24
essentialy surjective, 15 strict epimorphism, 183
exact, 193 strict monomorphism, 183

faithfull, 14
forgetful, 14

full, 14
isomorphism, 15
left exact, 191
regular, 192 object, 9
regularizing, 192

natural transformation, 15

graded morphism, 67

natural isomorphism, 15
numerical Grothendieck group, 221

cone, 72
stongly exact, 193 initial, 11
strictly exact, 193 strict quotient, 210
suspension, 63 strict subobject, 210
terminal, 11
generalized metric, 211 zero, 11
graded object, 92
Grothendieck group phase, 196
abelian category, 171 product, 21
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pullback, 19
pushout, 20

quasi-isomorphism, 118

roof
composition, 36
equivalent, 32
identity class, 43
left roof, 31
right roof, 31

semistable, 196
semistable factors, 208
sequence, 26
strictly coexact, 189
strictly exact, 189
slicing, 6, 201
locally-finite, 6, 210
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stability condition, 6, 206
numerical, 221
stability function, 195
skewed stability function, 206
stable, 207
subcategory
thin, 217

tilting torsion class, 178
torsion class, 175
torsion free class, 175
torsion object, 175
torsion pair, 174
triangle, 63
distinguished, 105
distinguished triangle, 64
truncation distinguished triangle, 142
standard triangle, 103
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