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ȺɈɉȷɅȽɆɇȽȺɆ 

 

ɄɟɩŰŬ əŬɘ ˊɎɜɤ Ŭˊ' ɧɚŬ, ɗŬ ɐɗŮɚŬ ɜŬ ŮɡɢŬɟɘůŰɐůɤ Űɞɜ ŪŮɧ ɔɘŬ Űɖ ŭɨɜŬɛɖ, Űɖɜ 

əŬɗɞŭɐɔɖůɖ əŬɘ Űɖɜ ŮɡɚɞɔɑŬ ɇɞɡ əŬɗ' ɧɚɖ Űɖ ŭɘɎɟəŮɘŬ Űɖɠ Ůəˊɧɜɖůɖɠ ŬɡŰɐɠ Űɖɠ 

ŭɘŬŰɟɘɓɐɠ. ȼ ˊɑůŰɖ ɛɞɡ, ɡˊɐɟɝŮ ˊɖɔɐ ɏɛˊɜŮɡůɖɠ əŬɘ ŬɜŰɞɢɐɠ, ŮɘŭɘəɎ ůŰɘɠ ˊɘɞ ŭɨůəɞɚŮɠ 

ůŰɘɔɛɏɠ ŬɡŰɐɠ Űɖɠ ˊɞɟŮɑŬɠ. 

ŪŬ ɐɗŮɚŬ Ůˊɑůɖɠ ɜŬ ŮɡɢŬɟɘůŰɐůɤ Űɖ ůɨɕɡɔɧ ɛɞɡ, ȯɜɜŬ ɀŬɟɑŬ ũɘɎɜɜɖ. ȼ ŬŭɘɎəɞˊɖ 

ɡˊɞůŰɐɟɘɝɐ Űɖɠ, ɖ əŬŰŬɜɧɖůɐ Űɖɠ əŬɘ ɖ ŬɔɎˊɖ Űɖɠ ɐŰŬɜ ŬɜŬɜŰɘəŬŰɎůŰŬŰŮɠ əŬŰɎ Űɖ 

ŭɘɎɟəŮɘŬ ŬɡŰɐɠ Űɖɠ ˊɞɟŮɑŬɠ. ȷɜɏɚŬɓŮ ɛŮɔɎɚɞ ɛɏɟɞɠ Űɞɡ ɞɘəɞɔŮɜŮɘŬəɞɨ ɓɎɟɞɡɠ, 

ŮˊɘŰɟɏˊɞɜŰɎɠ ɛɞɡ ɜŬ ŮˊɘəŮɜŰɟɤɗɩ ůŰɖɜ ŮɟɔŬůɑŬ ɛɞɡ, əŬɘ ɐŰŬɜ ˊɎɜŰŬ ŭɑˊɚŬ ɛɞɡ ůŮ əɎɗŮ 

ɓɐɛŬ, ˊɟɞůűɏɟɞɜŰɎɠ ɛɞɡ ŭɨɜŬɛɖ əŬɘ əɞɡɟɎɔɘɞ. ɉɤɟɑɠ Űɖɜ ŬɛɏɟɘůŰɖ ůŰɐɟɘɝɐ Űɖɠ, ŬɡŰɐ ɖ 

ŭɘŬŰɟɘɓɐ ŭŮɜ ɗŬ ŮɑɢŮ ɞɚɞəɚɖɟɤɗŮɑ. 

ŪŮɟɛɏɠ ŮɡɢŬɟɘůŰɑŮɠ ɞűŮɑɚɤ əŬɘ ůŰɞɜ əŬɗɖɔɖŰɐ ɛɞɡ, ȽɤɎɜɜɖ ɇůɞɨɚɞ, ɔɘŬ Űɖɜ əŬɗɞŭɐɔɖůɖ, 

Űɖɜ ɡˊɞůŰɐɟɘɝɖ əŬɘ Űɘɠ ˊɞɚɨŰɘɛŮɠ ůɡɛɓɞɡɚɏɠ Űɞɡ əŬɗô ɧɚɖ Űɖ ŭɘɎɟəŮɘŬ Űɖɠ Ůəˊɧɜɖůɖɠ Űɖɠ 

ŭɘŬŰɟɘɓɐɠ. ȼ ŮɛˊŮɘɟɑŬ əŬɘ ɖ ɔɜɩůɖ Űɞɡ, ɡˊɐɟɝŬɜ ŬɜŮəŰɑɛɖŰŮɠ ɔɘŬ Űɖɜ ŬɜɎˊŰɡɝɖ əŬɘ Űɖɜ 

ɞɚɞəɚɐɟɤůɖ ŬɡŰɐɠ Űɖɠ ŭɘŬŰɟɘɓɐɠ. ȼ ŮɛˊɘůŰɞůɨɜɖ ˊɞɡ ɛɞɡ ɏŭŮɘɝŮ əŬɘ ɞɘ ˊɟɞŰɟɞˊɏɠ Űɞɡ ɔɘŬ 

ŮˊɘůŰɖɛɞɜɘəɐ ŬəɟɑɓŮɘŬ əŬɘ əŬɘɜɞŰɞɛɑŬ, ŬˊɞŰɏɚŮůŬɜ ˊɖɔɐ ɏɛˊɜŮɡůɖɠ əŬɘ ŮɜɗɎɟɟɡɜůɖɠ. 

ɇɏɚɞɠ, ɗŬ ɐɗŮɚŬ ɜŬ ŮɡɢŬɟɘůŰɐůɤ Űɖɜ ɞɘəɞɔɏɜŮɘŬ əŬɘ Űɞɡɠ űɑɚɞɡɠ ɛɞɡ ɔɘŬ Űɖɜ ůɡɜŮɢɐ 

ɡˊɞůŰɐɟɘɝɖ əŬɘ əŬŰŬɜɧɖůɖ Űɞɡɠ. ȼ ˊŬɟɞɡůɑŬ əŬɘ ɞɘ ŮɜɗŬɟɟɨɜůŮɘɠ Űɞɡɠ ɡˊɐɟɝŬɜ 

əŬɗɞɟɘůŰɘəɞɑ ˊŬɟɎɔɞɜŰŮɠ ɔɘŬ Űɖɜ ŮˊɑŰŮɡɝɖ ŬɡŰɞɨ Űɞɡ ůŰɧɢɞɡ. 

 

ɀŮ ɓŬɗɘɎ ŮəŰɑɛɖůɖ əŬɘ Ůɡɔɜɤɛɞůɨɜɖ, 

ȸŬůɑɚŮɘɞɠ ɉŬɟɘɚɧɔɖɠ. 
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1.ȺȽɆȷũɋũȼ 

1.1 Ƀɟɘůɛɞɑ 

 

ȼ ɏɜɜɞɘŬ Űɖɠ ůɡɜɎɟŰɖůɖɠ 

ȰůŰɤ ȷ ɏɜŬ ɡˊɞůɨɜɞɚɞ Űɞɡ R, ɞɜɞɛɎɕɞɡɛŮ ˊɟŬɔɛŬŰɘəɐ ůɡɜɎɟŰɖůɖ ɛŮ ˊŮŭɑɞ ɞɟɘůɛɞɨ Űɞ 

ȷ ɛɘŬ ŭɘŬŭɘəŬůɑŬ ä , ɛŮ Űɖɜ ɞˊɞɑŬ əɎɗŮ ůŰɞɘɢŮɑɞ x ⱦ A ŬɜŰɘůŰɞɘɢɑɕŮŰŬɘ ůŮ ɏɜŬ ɛɧɜɞ 

ˊɟŬɔɛŬŰɘəɧ Ŭɟɘɗɛɧ y. ɇɞ y ɞɜɞɛɎɕŮŰŬɘ Űɘɛɐ Űɖɠ ä ůŰɞ x əŬɘ ůɡɛɓɞɚɑɕŮŰŬɘ ɛŮ ὼ. 

ɄɟɞəŮɘɛɏɜɞɡ ɜŬ ŮəűɟŬůŰŮɑ ɖ ŭɘŬŭɘəŬůɑŬ ŬɡŰɐ, ɔɟɎűŮŰŬɘ ɤɠ Ůɝɐɠ:  

ä: A  OR 

x  ɴ  ὼ 

ɇɞ ɔɟɎɛɛŬ x, ˊŬɟɘůŰɎɜŮɘ ɞˊɞɘɞŭɐˊɞŰŮ ůŰɞɘɢŮɑɞ Űɞɡ ȷ əŬɘ ɚɏɔŮŰŬɘ ŬɜŮɝɎɟŰɖŰɖ ɛŮŰŬɓɚɖŰɐ, 

Ůɜɩ Űɞ ɔɟɎɛɛŬ y, ˊŬɟɘůŰɎɜŮɘ Űɖɜ Űɘɛɐ Űɖɠ f ůŰɞ x əŬɘ ɚɏɔŮŰŬɘ ŮɝŬɟŰɖɛɏɜɖ ɛŮŰŬɓɚɖŰɐ. 

ɇɞ ˊŮŭɑɞ ɞɟɘůɛɞɨ ȷ Űɖɠ ůɡɜɎɟŰɖůɖɠ ä ůɡɛɓɞɚɑɕŮŰŬɘ ɛŮ Df . Ⱥɜɩ , Űɞ ůɨɜɞɚɞ ˊɞɡ ɏɢŮɘ ɔɘŬ 

ůŰɞɘɢŮɑŬ Űɞɡ Űɘɠ Űɘɛɏɠ Űɖɠ ä ůŮ ɧɚŬ ŰŬ x ⱦ A, ɚɏɔŮŰŬɘ ůɨɜɞɚɞ Űɘɛɩɜ Űɖɠ ä əŬɘ ůɡɛɓɞɚɑɕŮŰŬɘ 

ɛŮ ὃ. ȹɖɚŬŭɐ [1]: 

ὃ = { y | y = ὼ ɔɘŬ əɎˊɞɘɞ x ⱦ A}.  

 

ȷəɟɧŰŬŰŬ ůɡɜɎɟŰɖůɖɠ 

ȰůŰɤ ɛɑŬ ůɡɜɎɟŰɖůɖ ȡЎO Ὑ əŬɘ Ў ŭɘɎůŰɖɛŬ ɡˊɞůɨɜɞɚɞ Űɞɡ Ὑ. ɇɧŰŮ ɘůɢɨŮɘ ɧŰɘ: 

i. ȼ ůɡɜɎɟŰɖůɖ ä ˊŬɟɞɡůɘɎɕŮɘ ůŰɞ ὼ‭Ў (ɞɚɘəɧ) ɛɏɔɘůŰɞ, Űɞ ὼ  ɧŰŬɜ ɔɘŬ əɎɗŮ 

ˊɟŬɔɛŬŰɘəɧ Ŭɟɘɗɛɧ x ůŰɞ ŭɘɎůŰɖɛŬ Ў ɘůɢɨŮɘ: 

ὼ ὼ   

ȹɖɚŬŭɐ ɖ ὼ  ŮɑɜŬɘ ɖ ɛŮɔŬɚɨŰŮɟɖ Űɘɛɐ, ůɡɔəɟɘɜɧɛŮɜɖ ɛŮ ɞˊɞɘŬŭɐˊɞŰŮ Ɏɚɚɖ Űɘɛɐ Űɖɠ 

ůɡɜɎɟŰɖůɖɠ ůŰɞ ŭɘɎůŰɖɛŬ Ў əŬɘ ɚɏɔŮŰŬɘ ɖ ɛɏɔɘůŰɖ Űɘɛɐ Űɖɠ ä ůŰɞ ˊŮŭɑɞ ɞɟɘůɛɞɨ Űɖɠ Ў . [2, 

3] 



 

ȺɘəɧɜŬ 1 1: ɆɖɛŮɑŬ Űɞˊɘəɩɜ ɛŮɔɑůŰɤɜ 

 

ii.  ȼ ůɡɜɎɟŰɖůɖ ä ˊŬɟɞɡůɘɎɕŮɘ ůŰɞ ὼᶰЎ (ɞɚɘəɧ) ŮɚɎɢɘůŰɞ , Űɞ ὼ , ɧŰŬɜ ɔɘŬ əɎɗŮ 

ˊɟŬɔɛŬŰɘəɧ Ŭɟɘɗɛɧ x ůŰɞ ЎɘůɢɨŮɘ: 

ὼ ὼ   

ȹɖɚŬŭɐ ɖ ὼ  ŮɑɜŬɘ ɖ ɛɘəɟɧŰŮɟɖ Űɘɛɐ, ůɡɔəɟɘɜɧɛŮɜɖ ɛŮ ɞˊɞɘŬŭɐˊɞŰŮ Ɏɚɚɖ Űɘɛɐ Űɖɠ 

ůɡɜɎɟŰɖůɖɠ ůŰɞ ŭɘɎůŰɖɛŬ Ў əŬɘ ɚɏɔŮŰŬɘ ɖ ŮɚɎɢɘůŰɖ Űɘɛɐ Űɖɠ ä ůŰɞ ˊŮŭɑɞ ɞɟɘůɛɞɨ Űɖɠ 

Ў.[2,3] 

 

 

ȺɘəɧɜŬ 1 2: ɆɖɛŮɑŬ Űɞˊɘəɞɨ ŮɚŬɢɑůŰɞɡ 

 

iii.  ɇɞ (ɞɚɘəɧ) ɛɏɔɘůŰɞ əŬɘ Űɞ (ɞɚɘəɧ) ŮɚɎɢɘůŰɞ Űɖɠ  ŮɑɜŬɘ ŰŬ (ɞɚɘəɎ) ŬəɟɧŰŬŰŬ Űɖɠ ä. 

[2 ,4] 
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ȺɘəɧɜŬ 1 3: ɇɞˊɘəɧ ɛɏɔɘůŰɞ - Ƀɚɘəɧ ɛɏɔɘůŰɞ 

 

ũɘŬ ˊŬɟɎŭŮɘɔɛŬ, ɏůŰɤ ɖ ˊɞɚɡɤɜɡɛɘəɐ ůɡɜɎɟŰɖůɖ ȡ‌ȟ‍ᴼὙ. ɇɧŰŮ, ɡˊɎɟɢŮɘ ὼ, ὼ  ɴ

‌ȟ‍ ŰɏŰɞɘŬ ɩůŰŮ: ὼ ὼ ὓ əŬɘ  ὼ ὼ ά , ɔɘŬ əɎɗŮ ὼɴ ‌ȟ‍ . ɃˊɧŰŮ: 

¶ ȼ Űɘɛɐ ὼ ὓ ŮɑɜŬɘ ɖ ɛɏɔɘůŰɖ Űɘɛɐ Űɖɠ  ůŰɞ [Ŭ, ɓ]. 

¶ ȼ Űɘɛɐ Űɖɠ äὼ ά ŮɑɜŬɘ ɖ ŮɚɎɢɘůŰɖ Űɘɛɐ Űɖɠ ä ůŰɞ [Ŭ, ɓ]. [2] 

 

 

ȺɘəɧɜŬ 1 4: ɀɏɔɘůŰɖ əŬɘ ŮɚɎɢɘůŰɖ Űɘɛɐ 

 

 

ȼ ɏɜɜɞɘŬ Űɖɠ ˊŬɟŬɔɩɔɞɡ 

ȺɎɜ ȷ əŬɘ ȸ ŮɑɜŬɘ ŭɨɞ ůɖɛŮɑŬ ˊɎɜɤ ůŮ ɛɑŬ əŬɛˊɨɚɖ, 

ŰɧŰŮ ɖ ɔɟŬɛɛɐ ˊɞɡ ŮɜɩɜŮɘ ŰŬ ůɖɛŮɑŬ ȷ əŬɘ ȸ 

ɞɜɞɛɎɕŮŰŬɘ ɢɞɟŭɐ, Ůɜɩ ɖ ɔɟŬɛɛɐ ˊɞɡ ŰɏɛɜŮɘ Űɖɜ 



əŬɛˊɨɚɖ ɛɧɜɞ ůŰɞ ůɖɛŮɑɞ ȷ ɞɜɞɛɎɕŮŰŬɘ ŮűŬˊŰɞɛɏɜɖ ůŰɞ ȷ. [5]  ȺˊŮɘŭɐ ɛɑŬ əŬɛˊɨɚɖ ŭŮɜ 

ɏɢŮɘ ůŮ ɧɚŬ ŰŬ ůɖɛŮɑŬ Űɖɠ Űɖɜ ɑŭɘŬ əɚɑůɖ, ˊɟɞɐɚɗŮ ɖ ŬɜɎɔəɖ ˊɟɞůŭɘɞɟɘůɛɞɨ Űɖɠ 

ŮűŬˊŰɧɛŮɜɖɠ ɛɘŬɠ əŬɛˊɨɚɖɠ ůŮ ɏɜŬ ůɡɔəŮəɟɘɛɏɜɞ ůɖɛŮɑɞ ɛŮ Űɖɜ ɏɜɜɞɘŬ Űɖɠ ˊŬɟŬɔɩɔɞɡ. 

ȷɠ ɡˊɞɗɏůɞɡɛŮ ɧŰɘ əɘɜɞɨɛŬůŰŮ ˊɎɜɤ ůŮ ɛɘŬ 

əŬɛˊɨɚɖ Ŭˊɧ Űɞ ůɖɛŮɑɞ ȸ ůŰɞ ůɖɛŮɑɞ ȷ əŬɘ ůŰɞ 

ůɖɛŮɑɞ ȷ ɖ əɚɑůɖ ŬɚɚɎɕŮɘ əŬɘ ˊŬɟŬɛɏɜŮɘ 

ůŰŬɗŮɟɐ. ȺɎɜ ůɡɛɓŮɑ ŬɡŰɧ ŰɧŰŮ ɗŬ əɘɜɖɗɞɨɛŮ 

ˊɎɜɤ ůŰɖɜ ŮɡɗŮɑŬ ɔɟŬɛɛɐ ȷɇ, ŭɖɚŬŭɐ ůŰɖɜ 

ŮűŬˊŰɞɛɏɜɖ ůŰɞ ůɖɛŮɑɞ ȷ. ɃˊɧŰŮ ɖ əɚɑůɖ Űɖɠ 

əŬɛˊɨɚɖɠ ůŰɞ ůɖɛŮɑɞ ȷ ŮɑɜŬɘ ɖ ɑŭɘŬ ɛŮ Űɖɜ əɚɑůɖ 

Űɖɠ ŮűŬˊŰɞɛɏɜɖɠ ůŰɞ ůɖɛŮɑɞ ȷ. [5] 

ȰůŰɤ ɧŰɘ ˊŬɑɟɜɞɡɛŮ ŭɨɞ ůɖɛŮɑŬ ȷ(x1,y1) əŬɘ ȸ(x2,y2) ˊɎɜɤ ůŰɖ əŬɛˊɨɚɖ ώ Ὢὼ əŬɘ 

ɏůŰɤ ɧŰɘ əɘɜɞɨɛŬůŰŮ ˊɎɜɤ ůŰɖ əŬɛˊɨɚɖ ŬɡŰɐ 

Ŭˊɧ Űɞ ůɖɛŮɑɞ ȸ ˊɟɞɠ Űɞ ůɖɛŮɑɞ ȷ əŬɘ 

ŮˊɘɗɡɛɞɨɛŮ ɜŬ  ɡˊɞɚɞɔɘůɗŮɑ ɖ ˊŬɟɎɔɤɔɞɠ ůŰɞ 

ůɖɛŮɑɞ ȷ. [5] 

ȷɡŰɧ ůɖɛŬɑɜŮɘ ɧŰɘ Űɞ ůɖɛŮɑɞ ȷ ˊŬɟŬɛɏɜŮɘ 

ůŰŬɗŮɟɧ, Ůɜɩ Űɞ ůɖɛŮɑɞ ȸ əɘɜŮɑŰŬɘ əŬɘ 

ˊɚɖůɘɎɕŮɘ ˊɟɞɠ Űɞ ůɖɛŮɑɞ ȷ . ȳůɞ ˊɘɞ əɞɜŰɎ ŮɑɜŬɘ Űɞ ȸ ůŰɞ ȷ, Űɧůɞ əŬɚɨŰŮɟɖ ŮɑɜŬɘ ɖ 

ˊɟɞůɏɔɔɘůɖ ˊɞɡ ɗŬ ˊɎɟɞɡɛŮ.  

ȹɖɚŬŭɐ, B Ÿ A ɐ  

ɖ əɚɑůɖ Űɖɠ ŮɡɗŮɑŬɠ (ɢɞɟŭɐɠ) ȷȸ Ÿ əɚɑůɖ Űɖɠ ŮűŬˊŰɞɛɏɜɖɠ ȷɇ ɐ  

ὰὭά
ᴼ
‖‗ʚ„– …‛”‏ʙ‟΅  `= əɚɑůɖ Űɖɠ ŮűŬˊŰɞɛɏɜɖɠ ȷɇ . 

ȷɜ ˊŬɟŬŰɖɟɐůɞɡɛŮ ɛŮŰŬɝɨ ŭɨɞ ˊɞɚɨ əɞɜŰɘɜɩɜ ůɖɛŮɑɤɜ ˊɎɜɤ ůŰɖ əŬɛˊɨɚɖ, ɧˊɞɡ h ŮɑɜŬɘ 

ɏɜŬɠ Ŭɟɘɗɛɧɠ ˊɞɚɨ əɞɜŰɎ ůŰɞ ɛɖŭɏɜ, ɗŬ ŭɘŬˊɘůŰɩůɞɡɛŮ ɧŰɘ ɖ əɚɑůɖ Űɖɠ ŮɡɗŮɑŬɠ (ɢɞɟŭɐɠ) 

ȷȸ ŭɑɜŮŰŬɘ Ŭˊɧ Űɞɜ Ůɝɐɠ Űɨˊɞ: 

ʙ  

ʙ  
 =    ɐ 

          =  
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ɧˊɞɡ:   ŮɑɜŬɘ ɞ ɚɧɔɞɠ ɛŮŰŬɓɞɚɐɠ Űɖɠ ůɡɜɎɟŰɖůɖɠ Ὢὼ əŬɘ ŰŮɑɜŮɘ ůŮ ɏɜŬ ůɡɔəŮəɟɘɛɏɜɞ 

ɧɟɘɞ. Ƀ ɟɡɗɛɧɠ ɛŮŰŬɓɞɚɐɠ Űɖɠ ůɡɜɎɟŰɖůɖɠ ůŰɞ ůɖɛŮɑɞ x ɞɜɞɛɎɕŮŰŬɘ ˊŬɟɎɔɤɔɞɠ Űɖɠ 

ůɡɜɎɟŰɖůɖɠ əŬɘ ɞɟɑɕŮŰŬɘ ɤɠ Ůɝɐɠ: 

Ὢ ὼ ὰὭά
ᴼ

Ὢὼ Ὤ Ὢὼ

Ὤ
 

 

Ⱥˊɞɛɏɜɤɠ, ɖ ˊŬɟɎɔɤɔɞɠ ɛɘŬɠ ůɡɜɎɟŰɖůɖɠ ώ ὪὼŮɑɜŬɘ ɖ ůɡɜɎɟŰɖůɖ Ὢ ˊɞɡ ɖ ŰɘÕɐ Űɖɠ 

ůŮ əɎɗŮ x ɞɟɑɕŮŰŬɘ Ŭˊɧ Űɞɜ əŬɜɧɜŬ : 

 

Ὢ ὼ ὰὭά
ᴼ

Ὢὼ Ὤ Ὢὼ

Ὤ
 

 

 

ɧŰŬɜ ɡˊɎɟɢŮɘ ŬɡŰɧ Űɞ ɧɟɘɞ. ɇɞ ˊŮŭɑɞ ɞɟɘůɛɞɨ Űɖɠ f ǋŮɑɜŬɘ Űɞ ůɨɜɞɚɞ Űɤɜ ůɖɛŮɑɤɜ Űɞɡ 

ˊŮŭɑɞɡ ɞɟɘůɛɞɨ Űɖɠ f ɧˊɞɡ ɡˊɎɟɢŮɘ Űɞ Ůɜ ɚɧɔɤ ɧɟɘɞ. [5] 

 

ɆɡɜɗɐəŮɠ ɔɘŬ Űɖɜ ɨˊŬɟɝɖ ŮɚŬɢɑůŰɞɡ 

ȰɜŬ ůɖɛŮɑɞ x*, ůɖɛŮɑɞ ůŰɞ ɞˊɞɑɞ ɖ (x) ˊŬɟɞɡůɘɎɕŮɘ Űɞˊɘəɧ ŮɚɎɢɘůŰɞ, ɔɘŬ Űɞ ɞˊɞɑɞ ɘůɢɨŮɘ:  

ὼz Ὢὼ 

ɔɘŬ əɎɗŮ ůɖɛŮɑɞ xÍx*,   ůŰɖ ɔŮɘŰɞɜɘɎ Űɞɡ x*, ɞɜɞɛɎɕŮŰŬɘ ŬůɗŮɜɏɠ Űɞˊɘəɧ ŮɚɎɢɘůŰɞ. 

ȰɜŬ ůɖɛŮɑɞ x* , ůɖɛŮɑɞ ůŰɞ ɞˊɞɑɞ ɖ (x) ˊŬɟɞɡůɘɎɕŮɘ Űɞˊɘəɧ ŮɚɎɢɘůŰɞ, ɔɘŬ Űɞ ɞˊɞɑɞ ɘůɢɨŮɘ  

ὼz Ὢὼ 

ɔɘŬ əɎɗŮ ůɖɛŮɑɞ xÍx*,   ůŰɖ ɔŮɘŰɞɜɘɎ Űɞɡ x*, ɞɜɞɛɎɕŮŰŬɘ ɘůɢɡɟɧ Űɞˊɘəɧ ŮɚɎɢɘůŰɞ. 

ɀɘŬ ůɡɜɎɟŰɖůɖ ɛˊɞɟŮɑ ɜŬ ɏɢŮɘ ˊŮɟɘůůɧŰŮɟŬ Ŭˊɧ ɏɜŬ ŰɞˊɘəɎ ŮɚɎɢɘůŰŬ. ɇɞ Űɞˊɘəɧ ŮɚɎɢɘůŰɞ 

ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɖ ɛɘəɟɧŰŮɟɖ Űɘɛɐ Űɖɠ ŬɜŰɘəŮɘɛŮɜɘəɐɠ ůɡɜɎɟŰɖůɖɠ ɞɜɞɛɎɕŮŰŬɘ əŬɗɞɚɘəɧ 

ɐ ɔŮɜɘəɧ ɐ ŬˊɧɚɡŰɞ ŮɚɎɢɘůŰɞ əŬɘ ɔɘŬ Űɞ ŬɜŰɑůŰɞɘɢɞ ůɖɛŮɑɞ x zɘůɢɨŮɘ f(x)z < f(x) ɔɘŬ əɎɗŮ x 

ůŰɞ ˊŮŭɑɞ ɞɟɘůɛɞɨ Űɖɠ ůɡɜɎɟŰɖůɖɠ. Ƀɘ ŭɘŬűɞɟŮŰɘəɞɑ Űɨˊɞɘ ŮɚŬɢɑůŰɞɡ ˊŬɟɞɡůɘɎɕɞɜŰŬɘ 

ˊŬɟŬəɎŰɤ [6]:              



 

ȺɘəɧɜŬ 1 5:Ƀɘ ŭɘŬűɞɟŮŰɘəɞɑ Űɨˊɞɘ ŮɚŬɢɑůŰɤɜ 

 

ȷɜ ɡˊɞɗɏůɞɡɛŮ ɧŰɘ ɖ Ὢὼ ŮɑɜŬɘ ŭɨɞ űɞɟɏɠ ůɡɜŮɢɩɠ ŭɘŬűɞɟɑůɘɛɖ ŰɧŰŮ ɛˊɞɟŮɑ ɜŬ 

ŬˊɞŭŮɘɢɗɞɨɜ ůɡɜɗɐəŮɠ ɞɘ ɞˊɞɑŮɠ ɛˊɞɟɞɨɜ ɜŬ ŮɚŮɔɢɗɞɨɜ ˊɘɞ ŮɨəɞɚŬ ůɡɔəɟɘŰɘəɎ ɛŮ Űɞɡɠ 

ŬɜŬűŮɟɧɛŮɜɞɡɠ ɞɟɘůɛɞɨɠ. ɆŮ ŬɡŰɐ Űɖɜ ˊŮɟɑˊŰɤůɖ ɔɘŬ ɜŬ ˊŬɟɞɡůɘɎɕŮɘ ɖ Ὢὼ ɘůɢɡɟɧ 

Űɞˊɘəɧ ŮɚɎɢɘůŰɞ ůŰɞ ůɖɛŮɑɞ x zɘůɢɨɞɡɜ ɞɘ ŬəɧɚɞɡɗŮɠ ůɡɜɗɐəŮɠ: 

ȷɜŬɔəŬɑŮɠ ůɡɜɗɐəŮɠ: 

¶ ​Ὢὼ π 

¶ ίG* s ίᶅ 

ȽəŬɜɏɠ ůɡɜɗɐəŮɠ: 

¶ ​Ὢὼ π 

¶ ίG* sπ ,  ᶅ ί π  [6] 

ȺˊŮɘŭɐ ɖ ůɡɜɗɐəɖ ίG* sπ ŮɑɜŬɘ ŭɨůəɞɚɞ ɜŬ ŮɚŮɔɢɗŮɑ ɡˊɞɚɞɔɘůŰɘəɎ, ɔɑɜŮŰŬɘ ɢɟɐůɖ Űɖɠ 

ɘůɞŭɨɜŬɛɖɠ ŭɘŬŰɨˊɤůɖɠ ɧŰɘ ɞɘ ɘŭɞŰɘɛɏɠ Űɞɡ G* ŮɑɜŬɘ ɗŮŰɘəɏɠ. 

ȼ ůɡɜɗɐəɖ ​Ὢὼ π , ŭŮɜ ŮɝŬůűŬɚɑɕŮɘ Ŭˊɧ ɛɧɜɖ Űɖɠ Űɖɜ ɨˊŬɟɝɖ ŮɚŬɢɑůŰɞɡ. ɇŬ ůɖɛŮɑŬ 

ˊɞɡ Űɖɜ ɘəŬɜɞˊɞɘɞɨɜ ɞɜɞɛɎɕɞɜŰŬɘ ůŰɎůɘɛŬ ůɖɛŮɑŬ əŬɘ ɛˊɞɟɞɨɜ ɜŬ ŰŬɝɘɜɞɛɖɗɞɨɜ 

ˊŮɟŬɘŰɏɟɤ, ŮɝŮŰɎɕɞɜŰŬɠ Űɞɜ ȺůůɘŬɜɧ ˊɑɜŬəŬ. Ƀ ˊɑɜŬəŬɠ ŬɡŰɧɠ ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ: 

-ŪŮŰɘəɎ ɞɟɘůɛɏɜɞɠ, ɧˊɞɡ ɧɚŮɠ ɞɘ Űɘɛɏɠ Űɞɡ ŮɑɜŬɘ ɗŮŰɘəɏɠ: ɇɧŰŮ ɖ Ὢὼ, ˊŬɟɞɡůɘɎɕŮɘ 

ŮɚɎɢɘůŰɞ ůŰɞ x*. 
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-ȷɟɜɖŰɘəɎ ɞɟɘůɛɏɜɞɠ, ɧˊɞɡ ɧɚŮɠ ɞɘ Űɘɛɏɠ Űɞɡ ŮɑɜŬɘ ŬɟɜɖŰɘəɏɠ: ɇɧŰŮ ɖ Ὢὼ , ˊŬɟɞɡůɘɎɕŮɘ 

ɛɏɔɘůŰɞ ůŰɞ ůɖɛŮɑɞ x*. 

-ȰɢŮɘ ɘŭɘɞŰɘɛɏɠ ŬɛűɧŰŮɟɤɜ ˊɟɞůɐɛɤɜ: ɇɧŰŮ Űɞ ůɖɛŮɑɞ x* ɚɏɔŮŰŬɘ ůŬɔɛŬŰɘəɧ ůɖɛŮɑɞ. 

- ȷɧɟɘůŰɞɠ ɧˊɞɡ: ɏɢŮɘ ɘŭɘɞŰɘɛɏɠ ŬɛűɞŰɏɟɤɜ ˊɟɞůɐɛɤɜ əŬɘ ɛɖŭŮɜɘəɏɠ ɘŭɘɞŰɘɛɏɠ. [6] 

 

 

ȺɘəɧɜŬ 1 6: ȹɘŬűɞɟŮŰɘəɞɑ Űɨˊɞɘ ůŰɎůɘɛɤɜ ůɖɛŮɑɤɜ ɔɘŬ ɛɘŬ ůɡɜɎɟŰɖůɖ ŭɨɞ ɛŮŰŬɓɚɖŰɩɜ 

 

 

ȷɜɎˊŰɡɔɛŬ Taylor ɔɘŬ ůɡɜŬɟŰɐůŮɘɠ ɛɘŬɠ ɐ ˊɞɚɚɩɜ ɛŮŰŬɓɚɖŰɩɜ 

 

ũɘŬ ɛɘŬ ůɡɜɎɟŰɖůɖ ɛɘŬɠ ɛŮŰŬɓɚɖŰɐɠ Ὢὼ, ɖ Űɘɛɐ Űɖɠ ůŮ əɎˊɞɘɞ ɔŮɘŰɞɜɘəɧ ůɖɛŮɑɞ x ŭɑɜŮŰŬɘ 

Ŭˊɧ Űɖɜ ůŮɘɟɎ Taylor:  

Ὢὼ ῳὼ Ὢὼ Ὢᴂὼῳὼ Ὢᴂᴂὼ ῳὼ+é.+
Ȧ
Ὢ Ὧ+ é (1.1) 

ŮɑŰŮ Ŭˊɧ ɏɜŬ ˊŮˊŮɟŬůɛɏɜɞ ŬɜɎˊŰɡɔɛŬ, ɛŮ ɓɎůɖ Űɞɜ Űɨˊɞ Űɞɡ Taylor: 

Ὢὼ ῳὼ Ὢὼ Ὢᴂὼῳὼ Ễ
Ȧ
Ὢ Ὧ ῳὼ     (1.2) 

ɧˊɞɡ k ŮɑɜŬɘ əɎˊɞɘɞ ůɖɛŮɑɞ ůŰɞ ŭɘɎůŰɖɛŬ ɛŮŰŬɝɨ x əŬɘ ȹx, ŭɖɚŬŭɐ ŮɑɜŬɘ: k=x+cȹx,  

ɧˊɞɡ c ŮɑɜŬɘ ɓŬɗɛɤŰɧ ɛɏɔŮɗɞɠ ŰɏŰɞɘɞ ɩůŰŮ 0<c<1. [7] 

ɆŰɖ ɔŮɜɘəɐ ˊŮɟɑˊŰɤůɖ ɧˊɞɡ ɖ ůɡɜɎɟŰɖůɖ Ὢὼ ὪὼρȟὼςȟȢȢȟὼὲ  ŮɑɜŬɘ ůɡɜɎɟŰɖůɖ n-

ɛŮŰŬɓɚɖŰɩɜ, ŰɧŰŮ ůŰɖ ɔŮɘŰɞɜɘɎ Űɞɡ x ɖ ůɡɜɎɟŰɖůɖ Ὢὼ ῳὼ ŭɑɜŮŰŬɘ ůɨɛűɤɜŬ ɛŮ Űɖ 

ůɢɏůɖ: 

Ὣ = Ὢὼᶻ ὸῳὼὪὼz ὸῳ ȟὼz ὸῳ ȟȣȢȟὼz ὸῳὼ   (1.3) 



ɧˊɞɡ:  

ȹx: ɗŮɤɟŮɑŰŬɘ ɖ ɛŮŰŬɓɞɚɐ  əŬɘ x* = (x1* , x2* , é., xn*) Űɞ Ŭɟɢɘəɧ ůɖɛŮɑɞ 

Ŭˊɧ Űɖɜ ɘůɞŭɨɜŬɛɖ ɏəűɟŬůɖ:   Ὢὼ ῳὼ Ὣὸ ȿ᷉ Ὣρ ɧˊɞɡ Ὢὼ Ὣπ. 

ɇɧŰŮ ɔɘŬ Űɖɜ ůɡɜɎɟŰɖůɖ ɛɘŬɠ ɛŮŰŬɓɚɖŰɐɠ g(t) ɗŬ ɘůɢɨɞɡɜ ŰŬ ŬɜŬˊŰɨɔɛŬŰŬ Taylor (1.1) əŬɘ 

(1.2). ɀŮ ŬɡŰɧ Űɞ Űɟɧˊɞ ɘůɢɨŮɘ: 

Ὣρ Ὣπ Ὣ π Ὣ π Ễ
Ȧ
Ὣ π ȢȢ   (1.4)  ɐ 

Ὣρ Ὣπ Ὣ π Ὣ π Ễ
Ȧ
Ὣ Ὧ       (1.5) 

ɧˊɞɡ Űɞ k ˊŬɑɟɜŮɘ Űɘɛɐ ůŰɞ ŭɘɎůŰɖɛŬ 0<k<1 əŬɘ ȹx=1. [7] 

ũɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ Űɤɜ ŬɜŬˊŰɡɔɛɎŰɤɜ (1.4) əŬɘ (1.5) ŮɑɜŬɘ ŬˊŬɟŬɑŰɖŰɞ ɜŬ ɡˊɞɚɞɔɘůɗɞɨɜ 

ɞɘ ˊŬɟɎɔɤɔɞɘ  Űɖɠ Ὣὸ ɧŰŬɜ t 0 , ŭɖɚŬŭɐ ɜŬ ɡˊɞɚɞɔɘůŰɞɨɜ ɖ Ὣ ὸ, Ὣ , é , Ὣ ὸ 

ɔɘŬ  t 0. 

ɃˊɧŰŮ ɔɘŬ Ὣ ȿ᷉ Ὢὼ ὸῳὼ᷉t=0       (1.6) 

ȼ ɞɚɘəɐ ˊŬɟɎɔɤɔɞɠ Űɖɠ Ὢ ɛˊɞɟŮɑ ɜŬ ŮəűɟŬůŰŮɑ ɤɠ ˊɟɞɠ Űɘɠ ɛŮɟɘəɏɠ ˊŬɟŬɔɩɔɞɡɠ Űɖɠ Ŭˊɧ 

Űɖ ůɢɏůɖ: 

 

Ὠ

Ὠὸ
Ὢὼ ὸῳὼ

‬Ὢὼ ὸῳὼ

‬ὼ ὸῳὼ
 
Ὠὼ ὸῳὼ

Ὠὸ

‬Ὢὼ ὸῳὼ

‬ὼ ὸῳὼ
 
Ὠὼ ὸῳὼ

Ὠὸ
  ȣ  

     (1.7) 

 

ȳˊɞɡ ȹx ɗŮɤɟŮɑŰŬɘ ɤɠ ˊŬɟɎɛŮŰɟɞɠ əŬɘ ɧɢɘ ɛŮŰŬɓɚɖŰɐ əŬɘ ɘůɢɨŮɘ: 

 ,  ɔɘŬ i=1, 2, .., n (1.8) 

ȷɜ ŬɜŰɘəŬŰŬůŰŬɗɞɨɜ ɞɘ ůɢɏůŮɘɠ (1.7) əŬɘ (1.8) ůŰɖɜ (1.6) ŰɧŰŮ ɔɘŬ t 0  

Ὣ π ῳὼ ῳὼ Ễ ῳὼ    (1.9) 

ɐ ɡˊɧ ɛɞɟűɐ ŭɘŬɜɡůɛɎŰɤɜ Ὣ π ​Ὕ ῳὼ   (1.10),  ɧˊɞɡ ​Ὢ ɖ ɓɎɗɛɤůɖ Űɖɠ Ὢ: 
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​Ὢὼ ȣ    əŬɘ   ȹx=

ῳὼ
ῳὼ
ȢȢ
ῳὼ

    (1.11) 

 

ɀŮ Űɞɜ ŬɜŰɑůŰɞɘɢɞ Űɟɧˊɞ ɓɟɑůəŮŰŮ ɖ ŭŮɨŰŮɟɖ ˊŬɟɎɔɤɔɞɠ: 

Ὣ ὸ ȿ᷉
Ὠ

Ὠὸ
ȿὸ

π 
‬Ὢὼ ὸῳὼ

‬ὼ ὸῳὼ
 
Ὠὼ ὸῳὼ

Ὠὸ
  ȣ 

‬Ὢὼ ὸῳὼ

‬ὼ ὸῳὼ
 
Ὠὼ ὸῳὼ

Ὠὸ
 

 

ŪŮɤɟɩɜŰŬɠ Űɖɜ ɞɚɘəɐ ˊŬɟɎɔɤɔɞ ůŬɜ ɎɗɟɞɘůɛŬ Űɤɜ ɛŮɟɘəɩɜ ˊŬɟŬɔɩɔɤɜ Űɖɠ 

ˊɟɞɖɔɞɨɛŮɜɖɠ ɏəűɟŬůɖɠ əŬɘ əɎɜɞɜŰŬɠ ŬɟɘɗɛɖŰɘəɏɠ ˊɟɎɝŮɘɠ ˊɟɞəɨˊŰŮɘ: 

Ὣ π ῳὼ​Ὢὼῳὼ    (1.12) 

ɧˊɞɡ: 

​Ὢὼ

ȣ
ȣ

ȣ

       (1.13) 

ȼ ɏəűɟŬůɖ (1.13) ɞɜɞɛɎɕŮŰŬɘ Hessian ɛɐŰɟŬ , Ůɜɩ ɛŮ ŬɜŰɑůŰɞɘɢɞ Űɟɧˊɞ ɞɟɑɕŮŰŬɘ əŬɘ ɖ 

ɔŮɜɘəɐ ˊŬɟɎɔɤɔɞɠ Ὣ (0). [7] 

 

ȷɜŬɔəŬɑŮɠ ůɡɜɗɐəŮɠ ɔɘŬ Űɖɜ ɨˊŬɟɝɖ Űɞˊɘəɞɨ ŮɚŬɢɑůŰɞɡ 

ɉɟɖůɘɛɞˊɞɘɩɜŰŬɠ Űɞ ŬɜɎˊŰɡɔɛŬ Taylor ɛŮ ˊŮˊŮɟŬůɛɏɜɞ ŬɜɎˊŰɡɔɛŬ ŭŮɨŰŮɟɖɠ ˊŬɟŬɔɩɔɞɡ, 

ɛˊɞɟŮɑ ɜŬ ŬˊɞŭŮɘɢɗŮɑ ɛŮ ɎŰɞˊɞ ŬˊŬɔɤɔɐ, ɧŰɘ ɔɘŬ ɜŬ ŮɑɜŬɘ Űɞ x* Űɞˊɘəɧ ŮɚɎɢɘůŰɞ ˊɟɏˊŮɘ ɜŬ 

ɘůɢɨŮɘ ɧŰɘ: 

Ὢ ὼᶻ π 



ȼ ůɢɏůɖ ŬɡŰɐ ŬˊɞŰŮɚŮɑ Űɖɜ 1ɖ ŬɜŬɔəŬɑŬ ůɡɜɗɐəɖ ɔɘŬ Űɖɜ ɨˊŬɟɝɖ Űɞˊɘəɞɨ ŮɚŬɢɑůŰɞɡ.  

ȾɎɜɞɜŰŬɠ ɧɛɤɠ ɢɟɐůɖ Űɞɡ ŬɜŬˊŰɨɔɛŬŰɞɠ Taylor ɛŮ ˊŮˊŮɟŬůɛɏɜɞ ŬɜɎˊŰɡɔɛŬ ɛɏɢɟɘ 

ˊŬɟɎɔɤɔɞ ŰɟɑŰɖɠ ŰɎɝŮɤɠ, ŬˊɞŭŮɘəɜɨŮŰŬɘ ɧŰɘ ˊɟɏˊŮɘ ɜŬ ɘůɢɨŮɘ: 

Ὢ
ᶻ

π 

ȼ ůɢɏůɖ ŬɡŰɐ ŬˊɞŰŮɚŮɑ Űɖɜ ŭŮɨŰŮɟɖ ŬɜŬɔəŬɑŬ ůɡɜɗɐəɖ ɔɘŬ Űɖɜ ɨˊŬɟɝɖ ŮɚŬɢɑůŰɞɡ. [8] 

 

ȽəŬɜɏɠ ůɡɜɗɐəŮɠ ɔɘŬ Űɖɜ ɨˊŬɟɝɖ Űɞˊɘəɞɨ ŮɚŬɢɑůŰɞɡ 

ɀŮ ˊŬɟɧɛɞɘɞ Űɟɧˊɞ ɞɟɑɕɞɜŰŬɘ ɞɘ ɘəŬɜɏɠ ůɡɜɗɐəŮɠ ɔɘŬ Űɖɜ ɨˊŬɟɝɖ Űɞˊɘəɞɨ ŮɚŬɢɑůŰɞɡ ůŮ 

ůɡɜŬɟŰɐůŮɘɠ ɛɘŬɠ ɛŮŰŬɓɚɖŰɐɠ, ɧˊɤɠ ŬɜŬɔɟɎűɞɜŰŬɘ Ŭəɞɚɞɨɗɤɠ: 

¶ 1ɖ ɘəŬɜɐ ůɡɜɗɐəɖ:  

Ὢ ὼ π 

¶ 2ɖ ɘəŬɜɐ ůɡɜɗɐəɖ:  

Ὢ ὼ π 

ɀŮ ŬɜɎɚɞɔɞ Űɟɧˊɞ ŬˊɞŭŮɘəɜɨŮŰŬɘ əŬɘ ůŰɖɜ ˊŮɟɑˊŰɤůɖ əŬŰɎ Űɖɜ ɞˊɞɑŬ ɘůɢɨŮɘ: 

Ὢ ὼ π 

ȹɘŬűɞɟŮŰɘəɎ, Ŭɜ ɘůɢɨŮɘ ɧŰɘ: 

Ὢ ὼ π 

ŰɧŰŮ ɏɢɞɡɛŮ Űɖɜ ɨˊŬɟɝɖ ůɖɛŮɑɞɡ əŬɛˊɐɠ ůŰɞ ůɖɛŮɑɞ x.  

ũɘŬ Űɖɜ ˊŮɟɑˊŰɤůɖ ɧˊɞɡ Ὢ ὼ Ὢ ὼ Ὢ ὼ π  əŬɘ  Ὢ ὼ π ,ŰɧŰŮ Űɞ x ŮɑɜŬɘ 

Űɞˊɘəɧ ŮɚɎɢɘůŰɞ. ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ɧɛɤɠ ˊɞɡ Ὢ ὼ π , ŰɧŰŮ ɗŬ ˊɟɏˊŮɘ ɜŬ ŭɘŮɟŮɡɜɖɗɞɨɜ 

ɞɘ ˊŬɟɎɔɤɔɞɘ ɡɣɖɚɧŰŮɟɞɡ ɓŬɗɛɞɨ. [8] 

ɇɧŰŮ ɖ ˊɟɩŰɖ ɛɖ ɛɖŭŮɜɘəɐ ˊŬɟɎɔɤɔɞɠ ˊɟɏˊŮɘ ɜŬ ŮɑɜŬɘ ɎɟŰɘŬɠ ŰɎɝɖɠ ˊŬɟɎɔɤɔɞɠ, ɖ ɞˊɞɑŬ 

ɗŬ ˊɟɏˊŮɘ ɜŬ ŮɑɜŬɘ ɗŮŰɘəɐ ɩůŰŮ ɜŬ ɡˊɎɟɢŮɘ ŮɚɎɢɘůŰɞ. Ƀɘ ůɡɜɗɐəŮɠ ŬɡŰɏɠ, ɘůɢɨɞɡɜ ɔɘŬ Űɘɛɏɠ 

Űɞɡ x ůŰɞ ŭɘɎůŰɖɛŬ ɧˊɞɡ ɖ Ὢὼ ŮɑɜŬɘ ůɡɜŮɢɐɠ əŬɘ ɏɢŮɘ ůɡɜŮɢŮɑɠ ˊŬɟŬɔɩɔɞɡɠ. ɀŮ Űɞɜ 

Űɟɧˊɞ ŬɡŰɧ ɞɘ ɘəŬɜɏɠ ůɡɜɗɐəŮɠ ɛˊɞɟɞɨɜ ɜŬ ŭɘŬŰɡˊɤɗɞɨɜ ɤɠ Ůɝɐɠ: 

Ὢ ὼ Ὢ ὼ Ễ Ὢ ὼ π 

Ὢ ὼ π   , ɧˊɞɡ Ὧ ρ , ŬəɏɟŬɘɞɠ 
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ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ɧˊɞɡ ɘůɢɨŮɘ Ὢ ὼ π    əŬɘ Ὢ ὼ π  ŰɧŰŮ Űɞ ůɖɛŮɑɞ x ŮɑɜŬɘ 

ůɖɛŮɑɞ əŬɛˊɐɠ Űɖɠ ůɡɜɎɟŰɖůɖɠ. [8] 

 

ɄɑɜŬəŮɠ 

ȰɜŬɠ ˊɑɜŬəŬɠ ŮɑɜŬɘ ɛɘŬ ɞɟɗɞɔɩɜɘŬ ŭɘɎŰŬɝɖ ůŰɞɘɢŮɑɤɜ Űɖɠ ɛɞɟűɐɠ: 

ὥ ὥ Ễ ὥ
ὥ
ȢȢȢ

ὥ
ȢȢȢ

ȢȢȢ ὥ
ȢȢȢ

ὥ ὥ Ễ ὥ

 

 

Ƀ ˊŬɟŬˊɎɜɤ ˊɑɜŬəŬɠ ŬˊɞŰŮɚŮɑŰŬɘ Ŭˊɧ m ɔɟŬɛɛɏɠ əŬɘ n ůŰɐɚŮɠ, Ůɜɩ ˊŮɟɘɔɟɎűŮŰŬɘ ɤɠ ɏɜŬɠ  

ˊɑɜŬəŬɠ ɛŮ mxn ŭɘŬůŰɎůŮɘɠ. Ƀ ůɡɛɓɞɚɘůɛɧɠ Űɤɜ ůŰɞɘɢŮɑɤɜ Űɞɡ ˊɑɜŬəŬ ˊŬɟɘůŰɎɜŮŰŬɘ ɤɠ 

ὥ  ɧˊɞɡ Űɞ i ůɡɛɓɞɚɑɕŮɘ Űɖ ɔɟŬɛɛɐ Űɞɡ ˊɑɜŬəŬ əŬɘ Űɞ j Űɖ ůŰɐɚɖ Űɞɡ ˊɑɜŬəŬ. Ƀɘ ˊɑɜŬəŮɠ 

ůɡɛɓɞɚɑɕɞɜŰŬɘ ɛŮ əŮűŬɚŬɑŬ ɔɟɎɛɛŬŰŬ: ȷ, ȸ əŰɚ., Ůɜɩ ŰŬ ůŰɞɘɢŮɑŬ Űɞɡ ˊɑɜŬəŬ ɛŮ ɛɘəɟɎ 

ɔɟɎɛɛŬŰŬ: a, b əŰɚ. [9] 

ȹɨɞ ˊɑɜŬəŮɠ ȷ=(ὥ) əŬɘ ȸ=(ὦ) ɗŬ ŮɑɜŬɘ ɑůɞɘ əŬɘ ɗŬ ɔɟɎűŮŰŬɘ ɤɠ ȷ=ȸ, ŮɎɜ ɞɘ ˊɑɜŬəŮɠ 

ŮɑɜŬɘ ɑŭɘɤɜ ŭɘŬůŰɎůŮɤɜ əŬɘ ŰŬ ŬɜŰɑůŰɞɘɢŬ ůŰɞɘɢŮɑŬ Űɞɡɠ ŮɑɜŬɘ ɑůŬ. ȹɖɚŬŭɐ: 

ὥ = ὦ   ,   ɔɘŬ ɧɚŬ ŰŬ i , j 

ũɘŬ ˊŬɟɎŭŮɘɔɛŬ ɞɘ ˊɑɜŬəŮɠ ˊɞɡ Ŭəɞɚɞɡɗɞɨɜ ŮɑɜŬɘ ŭɘŬůŰɎůŮɤɜ 2x3: 

A=
           
          

   B= 
            
        Ѝ

 

      

ɇɞ ůŰɞɘɢŮɑɞ ‌  ˊɑɜŬəŬ ȷ ŮɑɜŬɘ Űɞ y, Ůɜɩ Űɞ ůŰɞɘɢŮɑɞ ‌   ŮɑɜŬɘ Űɞ a. ȼ ɘůɧŰɖŰŬ ȷ=ȸ Űɤɜ 

ŭɨɞ ˊɘɜɎəɤɜ ŬɜɎɔŮŰŬɘ ɞɡůɘŬůŰɘəɎ ůŮ ɏɝɘ ŮɝɘůɩůŮɘɠ: 

x=2 y=0 z=-1 

a=5 b=17 c=Ѝς 

Ⱥˊɑůɖɠ, ɏɜŬɠ ˊɑɜŬəŬɠ 1xn ɏɢŮɘ Űɖ ɛɞɟűɐ: 



ὦ
ὦ
ể
ὦ

 

 

əŬɘ ɞɜɞɛɎɕŮŰŬɘ ˊɑɜŬəŬɠ-ůŰɐɚɖ. ȺˊɘˊɟɧůɗŮŰŬ, ɡˊɎɟɢŮɘ Űɞ ŮɜŭŮɢɧɛŮɜɞ ɜŬ ɏɢɞɡɛŮ ɏɜŬɜ 

ˊɑɜŬəŬ-ůŰɞɘɢŮɑɞ, ŭɖɚŬŭɐ ɏɜŬɜ 1x1 ˊɑɜŬəŬ, ɧˊɤɠ ɔɘŬ ˊŬɟɎŭŮɘɔɛŬ ɞɘ ˊɑɜŬəŮɠ (8), (-6) əŰɚ. 

[9],[10].  

Ƀɘ ˊɑɜŬəŮɠ ˊɞɡ ɏɢɞɡɜ Űɞɜ ɑŭɘɞ Ŭɟɘɗɛɧ ɔɟŬɛɛɩɜ əŬɘ 

ůŰɖɚɩɜ ɞɜɞɛɎɕɞɜŰŬɘ ŰŮŰɟŬɔɤɜɘəɞɑ ˊɑɜŬəŮɠ, Ůɜɩ 

ɢŬɟŬəŰɖɟɑɕɞɜŰŬɘ Ŭˊɧ Űɖɜ əɨɟɘŬ əŬɘ ŭŮɡŰŮɟŮɨɞɡůŬ 

ŭɘŬɔɩɜɘɞ. ȾɨɟɘŬ ŭɘŬɔɩɜɘɞɠ ŮɑɜŬɘ ɖ ŭɘŬɔɩɜɘɞɠ Űɞɡ 

ˊɑɜŬəŬ ˊɞɡ ɝŮəɘɜɎŮɘ Ŭˊɧ ŮˊɎɜɤ ŬɟɘůŰŮɟɎ Űɞɡ ˊɑɜŬəŬ 

əŬɘ əŬŰŬɚɐɔŮɘ əɎŰɤ ŭŮɝɘɎ. ũɘŬ ɜŬ ŬɜɐəŮɘ ɏɜŬ ůŰɞɘɢŮɑɞ 

Űɞɡ ˊɑɜŬəŬ ůŰɖɜ əɨɟɘŬ ŭɘŬɔɩɜɘɞ ɗŬ ˊɟɏˊŮɘ ɞ ŭŮɑəŰɖɠ Űɖɠ ɔɟŬɛɛɐɠ əŬɘ Űɖɠ ůŰɐɚɖɠ ɜŬ ŮɑɜŬɘ 

ɑŭɘɞɠ. Ⱥɜɩ, ɖ ŭŮɡŰŮɟŮɨɞɡůŬ ŭɘŬɔɩɜɘɞɠ ɝŮəɘɜɎŮɘ Ŭˊɧ ˊɎɜɤ ŭŮɝɘɎ ˊɟɞɠ ŰŬ əɎŰɤ ŬɟɘůŰŮɟɎ əŬɘ 

ɘůɢɨŮɘ ɧŰɘ Űɞ ɎɗɟɞɘůɛŬ Űɖɠ ɔɟŬɛɛɐɠ əŬɘ Űɖɠ ůŰɐɚɖɠ Űɞɡ ˊɑɜŬəŬ ɗŬ ˊɟɏˊŮɘ ɜŬ ŮɑɜŬɘ ɑůɞ ɛŮ 

Űɞ ɜ+1, ɧˊɞɡ ɜ ɖ ŭɘɎůŰŬůɖ Űɞɡ ˊɑɜŬəŬ. 

 

ɄɟɎɝŮɘɠ ˊɘɜɎəɤɜ 

¶ ɄɟɧůɗŮůɖ ˊɘɜɎəɤɜ 

ȹɨɞ ˊɑɜŬəŮɠ ȷ əŬɘ ȸ ɛˊɞɟɞɨɜ ɜŬ ˊɟɞůŰŮɗɞɨɜ, ŬɟəŮɑ ɜŬ ɏɢɞɡɜ Űɘɠ ɑŭɘŮɠ ŭɘŬůŰɎůŮɘɠ. 

ȹɖɚŬŭɐ, ˊɟɞůɗɏŰɞɡɛŮ ŰŬ ŬɜŰɑůŰɞɘɢŬ ůŰɞɘɢŮɑŬ əŬɘ Űɞ ŬˊɞŰɏɚŮůɛŬ ˊɞɡ ˊɟɞəɨˊŰŮɘ ɏɢŮɘ 

Ůɝɑůɞɡ Űɘɠ ɑŭɘŮɠ ŭɘŬůŰɎůŮɘɠ əŬɘ ůɡɛɓɞɚɑɕɞɜŰŬɘ ɤɠ ȷ+ȸ [9]. ɆɡɜɞˊŰɘəɎ: 

ũɘŬ Űɞɡɠ mxn ˊɑɜŬəŮɠ ȷ=(ὥ) əŬɘ ȸ=(ὦ), ɞɟɑɕŮŰŬɘ: 

ȷ+ȸ = (ὧ)  ɧˊɞɡ  ὧ =ὥ  +ὦ  , ɔɘŬ ɧɚŬ ŰŬ i,j.  

ũɘŬ ˊŬɟɎŭŮɘɔɛŬ:  

ȰůŰɤ ɞɘ Ŭəɧɚɞɡɗɞɘ ŭɨɞ ˊɑɜŬəŮɠ: 
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A= 
ρ         ς
π     υ
σ          ρ 

        B=  
ρ            σ 
ς             υ
 π       τ 

 

 

ȺűŬɟɛɧɕɞɜŰŬɠ Űɖɜ ˊɟɎɝɖ Űɖɠ ˊɟɧůɗŮůɖɠ ˊɟɞəɨˊŰŮɘ ɧŰɘ:  

ρ          ς
π     υ
σ          ρ 

   
ρ            σ 
ς             υ
 π       τ 

ς             υ 
ς             π
 σ       σ 

      [10,11] 

 

ɀŮ Űɞɜ ɑŭɘɞ Űɟɧˊɞ ˊɟŬɔɛŬŰɞˊɞɘŮɑŰŬɘ əŬɘ ɖ ŬűŬɑɟŮůɖ ˊɘɜɎəɤɜ, ɛŮ Űɖ ŭɘŬűɞɟɎ ɧŰɘ 

ɡɚɞˊɞɘŮɑŰŬɘ ɖ ˊɟɎɝɖ Űɖɠ ŬűŬɑɟŮůɖɠ.  

 

¶ ȸŬɗɛɤŰɧ ũɘɜɧɛŮɜɞ: (ɄɞɚɚŬˊɚŬůɘŬůɛɧɠ Ůɜɧɠ Ŭɟɘɗɛɞɨ ɛŮ ˊɑɜŬəŬ) 

ȰɜŬɠ Ŭɟɘɗɛɧɠ ɚ ɛˊɞɟŮɑ ɜŬ ˊɞɚɚŬˊɚŬůɘŬůŰŮɑ ɛŮ ɏɜŬɜ ˊɑɜŬəŬ ȷ, ˊɞɚɚŬˊɚŬůɘɎɕɞɜŰŬɠ ŬˊɚɎ 

Űɞɜ Ŭɟɘɗɛɧ ɚ ɛŮ əɎɗŮ ůŰɞɘɢŮɑɞ Űɞɡ ˊɑɜŬəŬ. ɇɞ ŬˊɞŰɏɚŮůɛŬ ɏɢŮɘ Űɘɠ ɑŭɘŮɠ ŭɘŬůŰɎůŮɘɠ ɛŮ Űɞɜ 

ȷ əŬɘ ůɡɛɓɞɚɑɕŮŰŬɘ ɤɠ: ɚȷ. ȹɖɚŬŭɐ: 

ȺɎɜ ɚ|ɴR əŬɘ ȷ ŮɑɜŬɘ ɏɜŬɠ m x n ˊɑɜŬəŬɠ ȷ=(Á), ŰɧŰŮ ɞɟɑɕɞɡɛŮ ɚȷ= Ã ,     

ɧˊɞɡ: Ã=ɚÁ , ɔɘŬ ɧɚŬ ŰŬ i,j [9].  

Ⱥˊɑůɖɠ, ůɡɛɓɞɚɑɕɞɡɛŮ ɛŮ ïȷ Űɞɜ ˊɑɜŬəŬ (ï1)ȷ, ɞˊɧŰŮ ɛˊɞɟɞɨɛŮ ɜŬ ɛɘɚɎɛŮ əŬɘ ɔɘŬ 

ŬűŬɑɟŮůɖ ˊɘɜɎəɤɜ Ŭɜ ɞɟɑůɞɡɛŮ: 

ȷ - ȸ = ȷ + (-ȸ) 

ũɘŬ ˊŬɟɎŭŮɘɔɛŬ, Ŭɜ ɏɢɞɡɛŮ Űɞɡɠ ˊɟɞɖɔɞɨɛŮɜɞɡɠ ˊɑɜŬəŮɠ ȷ əŬɘ ȸ ɗŬ ˊɟɞəɨɣŮɘ: 

υὃ υ
ρ             ς 
π        υ
 σ             ρ 

 υ            ρπ 
π        ςυ
 ρυ              υ 

 

ὄ ρὄ
ρ              σ 
ς               υ
 π        τ 

 ρ         σ 
ς          υ
    π                τ 

 



Ⱥɜɩ: 

υὃ ςὄ
 υ            ρπ 
 π        ςυ
ρυ            υ 

ς             φ 
τ           ρπ
 π        ψ 

σ                τ
τ        συ
 ρυ            ρσ 

     [9,10,11]. 

 

ɀɖŭŮɜɘəɧɠ ˊɑɜŬəŬɠ: ɞɘ ˊɑɜŬəŮɠ ɛŮ mxn ŭɘŬůŰɎůŮɘɠ ɞɘ ɞˊɞɑɞɘ ɏɢɞɡɜ ɧɚŬ ŰŬ ůŰɞɘɢŮɑŬ Űɞɡɠ 

ɛɖŭŮɜɘəɎ. Ƀ ɛɖŭŮɜɘəɧɠ ˊɑɜŬəŬɠ ůɡɛˊŮɟɘűɏɟŮŰŬɘ ɧˊɤɠ əŬɘ Űɞ ɛɖŭɏɜ ůŰɞɡɠ Ŭɟɘɗɛɞɨɠ, 

ŭɖɚŬŭɐ:  

 ȷ+Ƀ=ȷ=Ƀ+ȷ. 

ȼ ɔŮɜɘəɐ ɛɞɟűɐ ȷ=(aij) ɓɞɖɗɎŮɘ ɜŬ ŬˊɞŭŮɘəɜɨɞɡɛŮ ŰɏŰɞɘɞɡ Ůɑŭɞɡɠ ɘŭɘɧŰɖŰŮɠ əŬɗɩɠ ɛŬɠ 

ŮˊɘŰɟɏˊŮɘ ɜŬ çˊŮɟɜɎɛŮè Ŭˊɧ ˊɟɎɝŮɘɠ ˊɘɜɎəɤɜ ůŮ ˊɟɎɝŮɘɠ Ŭɟɘɗɛɩɜ.  ũɘŬ Űɞ ˊɟɩŰɞ ůəɏɚɞɠ 

Űɖɠ ˊŬɟŬˊɎɜɤ ɘŭɘɧŰɖŰŬɠ ɘůɢɨŮɘ [9]: 

ȷ+Ƀ = (aij  + 0 ) [Ŭˊɧ Űɞɜ ɞɟɘůɛɧ Űɞɡ ŬɗɟɞɑůɛŬŰɞɠ ˊɘɜɎəɤɜ] 

=( aij)  [Ŭˊɧ Űɖɜ ɘŭɘɧŰɖŰŬ Űɞɡ Ŭɟɘɗɛɞɨ 0] 

= ȷ 

ȾŬŰô ŬɡŰɧ Űɞ Űɟɧˊɞ ŬˊɞŭŮɘəɜɨɞɜŰŬɘ əŬɘ ɞɘ ŮˊɧɛŮɜŮɠ ɘŭɘɧŰɖŰŮɠ ˊɟɎɝŮɤɜ, ɔɘŬ ɞˊɞɘɞɜŭɐˊɞŰŮ 

mxn ˊɑɜŬəŬ ȷ, ȸ, C əŬɘ Ŭɟɘɗɛɞɨɠ ɚ, ɛ ᶰȿὙ. 

 

i. (A+B)+C = A+(B+C)  [ˊɟɞůŮŰŬɘɟɘůŰɘəɐ ɘŭɘɧŰɖŰŬ]  

ii.  A+O = A     [ɨˊŬɟɝɖ ɞɡŭɏŰŮɟɞɡ ůŰɞɘɢŮɑɞɡ]  

iii.  A+(-A) = O    [ɨˊŬɟɝɖ ŬɜŰɑɗŮŰɞɡ ůŰɞɘɢŮɑɞɡ]  

iv. A+B = B+A   [ŬɜŰɘɛŮŰŬɗŮŰɘəɐ ɘŭɘɧŰɖŰŬ]  

v. ɚ(ȷ+ȸ) = ɚȷ+ȿɓ   [ŮˊɘɛŮɟɘůŰɘəɐ ɘŭɘɧŰɖŰŬ]  

vi. (ɚ+ɛ)ȷ = ɚȷ+ɛA    [ŮˊɘɛŮɟɘůŰɘəɐ ɘŭɘɧŰɖŰŬ]  

vii.  (ɚɛ)ȷ = ɚ(ɛȷ)  

viii.  1ȷ = ȷ [9]. 

ɀɞɜŬŭɘŬɑɞɠ ˊɑɜŬəŬɠ: ȳɚŬ ŰŬ ůŰɞɘɢŮɑŬ Űɖɠ əɨɟɘŬɠ ŭɘŬɔɤɜɑɞɡ ŮɑɜŬɘ ɑůŬ ɛŮ ɏɜŬ əŬɘ ɧɚŬ ŰŬ 

ɡˊɧɚɞɘˊŬ ŮɑɜŬɘ ɑůŬ ɛŮ ɛɖŭɏɜ. ũɘŬ ˊŬɟɎŭŮɘɔɛŬ: 
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Ὅ= 

ρ π Ễ π
π ρ ȢȢȢπ
ể ể Ệ ể
π π Ễ ρ

 

 

 

¶ ɄɞɚɚŬˊɚŬůɘŬůɛɧɠ ɄɘɜɎəɤɜ 

 

ɇɞ ɔɘɜɧɛŮɜɞ Ůɜɧɠ ˊɑɜŬəŬ-ɔɟŬɛɛɐ ɛŮ ɏɜŬɜ ˊɑɜŬəŬ-ůŰɐɚɖ, ɞɟɑɕŮŰŬɘ ɧˊɤɠ Űɞ ŮůɤŰŮɟɘəɧ 

ɔɘɜɧɛŮɜɞ: 

 

(ὥ  ὥ  ȢȢȢ  ὥ)  

ὦ
ὦ
ể
ὦ

= ὥὦ ὥὦ ȢȢȢὥὦ  В ὥὦ 

 

ɄɟɞəŮɘɛɏɜɞɡ ɜŬ ɔɑɜŮɘ ɞ ˊŬɟŬˊɎɜɤ ˊɞɚɚŬˊɚŬůɘŬůɛɧɠ, ɗŬ ˊɟɏˊŮɘ əŬɘ ɞɘ ŭɨɞ Ŭɟɢɘəɞɑ 

ˊɑɜŬəŮɠ ɜŬ ɏɢɞɡɜ Űɞɜ ɑŭɘɞ Ŭɟɘɗɛɧ ůŰɞɘɢŮɑɤɜ. ȷɚɚɘɩɠ ŭŮɜ ɔɑɜŮŰŬɘ ŬɡŰɧɠ ɞ 

ˊɞɚɚŬˊɚŬůɘŬůɛɧɠ. 

ũɘŬ ɜŬ ŮˊɘŰŮɡɢɗŮɑ ˊɞɚɚŬˊɚŬůɘŬůɛɧɠ ɛŮŰŬɝɨ ŭɨɞ ˊɘɜɎəɤɜ ȷ əŬɘ ȸ,  ɗŬ ˊɟɏˊŮɘ ɧůŮɠ ůŰɐɚŮɠ 

ɏɢŮɘ ɞ ˊɑɜŬəŬɠ ȷ ŰɧůŮɠ ɔɟŬɛɛɏɠ ɜŬ ɏɢŮɘ əŬɘ ɞ ˊɑɜŬəŬɠ ȸ. Ⱥˊɑůɖɠ, ɔɘŬ ɜŬ ɓɟŮɗŮɑ Űɞ ůŰɞɘɢŮɑɞ 

ὧ Űɞɡ ɔɘɜɞɛɏɜɞɡ ȷȸ, ˊɞɚɚŬˊɚŬůɘɎɕŮŰŬɘ ɖ i-ɔɟŬɛɛɐ Űɞɡ ˊɑɜŬəŬ ȷ ɛŮ Űɖɜ j-ůŰɐɚɖ Űɞɡ 

ˊɑɜŬəŬ ȸ [9,10,11]. 

ɆɨɛűɤɜŬ ɛŮ ŰŬ ˊɟɞŬɜŬűŮɟɧɛŮɜŬ ɘůɢɨŮɘ ɧŰɘ: 

ȺɎɜ ȷ=(aij) ŮɑɜŬɘ ɏɜŬɠ m x s ˊɑɜŬəŬɠ əŬɘ ȸ=(bij) ŮɑɜŬɘ ɏɜŬɠ s x n ˊɑɜŬəŬɠ, ŰɧŰŮ ɞɟɑɕɞɡɛŮ ɤɠ 

ɔɘɜɧɛŮɜɧ Űɞɡɠ Űɞɜ m x n ˊɑɜŬəŬ :  

AB= (cij), ɧˊɞɡ cij= ai1b1j + ai2b2j+é+aisbsj=В ὥ ὦ  , ɔɘŬ ɧɚŬ ŰŬ i , j [9] 

 

ũɘŬ ˊŬɟɎŭŮɘɔɛŬ: 

‌ ‍ ‎
   
‏ ‐ ‒

ρ    τ χ ρπ
ς    υ ψ ρρ
σ    φ ω ρς

=  



 

 
   ‌ρ ‍ς ‎σ        ‌τ ‍υ ‎φ    ‌χ ‍ψ ‎ω ‌ρπ ‍ρρ‎ρς

   
ρ‏ ‐ς ‒σ          ‏τ ‐υ ‒φ χ‏  ‐ψ ‒ω ρπ‏ ‐ρρ‒ρς

    

 

ɆŰɞ ˊŬɟŬˊɎɜɤ ˊŬɟɎŭŮɘɔɛŬ, ˊɞɚɚŬˊɚŬůɘɎɕŮŰŬɘ ɖ ˊɟɩŰɖ ɔɟŬɛɛɐ (Ŭ ɓ ɔ) Űɞɡ ˊɑɜŬəŬ ȷ 

ŭɘŬŭɞɢɘəɎ əŬɘ ɛŮ Űɘɠ ŰɏůůŮɟɘɠ ůŰɐɚŮɠ Űɞɡ ˊɑɜŬəŬ ȸ. ȰŰůɘ ˊɟɞəɨˊŰŮɘ ɖ ˊɟɩŰɖ ɔɟŬɛɛɐ Űɞɡ 

ˊɑɜŬəŬ ȷȸ.  ɆŰɖ ůɡɜɏɢŮɘŬ ŮˊŬɜŬɚŬɛɓɎɜŮŰŬɘ ɖ ɑŭɘŬ ŭɘŬŭɘəŬůɑŬ ɛŮ Űɖ ŭŮɨŰŮɟɖ ɔɟŬɛɛɐ (ŭ Ů 

ɕ).  ɃˊɧŰŮ, ɔɘŬ ɜŬ ɓɟŮɗŮɑ Űɞ ůŰɞɘɢŮɑɞ (2,3) Űɞɡ ȷȸ ˊɞɚɚŬˊɚŬůɘɎɕŮŰŬɘ ɖ 2
ɖ 

ɔɟŬɛɛɐ Űɞɡ 

ˊɑɜŬəŬ ȷ ɛŮ Űɖɜ 3
ɖ 

ůŰɐɚɖ Űɞɡ ˊɑɜŬəŬ ȸ [9]. 

ȷɜɎůŰɟɞűɞɠ ˊɑɜŬəŬɠ: Ƀ ŬɜɎůŰɟɞűɞɠ Ůɜɧɠ ˊɑɜŬəŬ ȷ, ɞ ɞˊɞɑɞɠ ůɡɛɓɞɚɑɕŮŰŬɘ ɛŮ ȷ
ɇ

, 

ˊɟɞəɨˊŰŮɘ ŮɎɜ ŭɘŬŰŬɢɗɞɨɜ ɞɘ ɔɟŬɛɛɏɠ Űɞɡ ˊɑɜŬəŬ ȷ ɤɠ ůŰɐɚŮɠ ɛŮ Űɖɜ ɑŭɘŬ ůŮɘɟɎ (ɞˊɧŰŮ 

ŬɡŰɧɛŬŰŬ ɞɘ ůŰɐɚŮɠ ɔɑɜɞɜŰŬɘ ɔɟŬɛɛɏɠ). ȰŰůɘ Űɞ ůŰɞɘɢŮɑɞ ˊɞɡ ɓɟɑůəŮŰŬɘ ůŰɖ ɗɏůɖ ij , ůŰɞɜ 

ŬɜɎůŰɟɞűɞ ɗŬ ˊɎɟŮɘ Űɖ ɗɏůɖ ji [9,10,11]. ũɘŬ ˊŬɟɎŭŮɘɔɛŬ: 

ȷ=
χ σ    τ 
ρ υ    φ

   Ą      ȸ = 
χ  ρ
σ  υ
τ  φ

 

 

1.2 ũɟŬɛɛɘəɐ ȷɜŬɕɐŰɖůɖ  

 

ȼ ɔɟŬɛɛɘəɐ ŬɜŬɕɐŰɖůɖ ŬˊɞŰŮɚŮɑ ůŰɞɘɢŮɘɩŭɖ ůŰɞɘɢŮɑɞ ůŰɘɠ ɛŮɗɧŭɞɡɠ ŮɚŬɢɘůŰɞˊɞɑɖůɖɠ. 

ɈˊɎɟɢŮɘ ɛŮɔɎɚɞ ˊɚɐɗɞɠ ɛŮɗɧŭɤɜ ŮɚŬɢɘůŰɞˊɞɑɖůɖɠ ɛŮ ɔɟŬɛɛɘəɐ ŬɜŬɕɐŰɖůɖ, ˊɞɡ 

ɢɟɖůɘɛɞˊɞɘɞɨɜ ɧɛɤɠ ŭɘŬűɞɟŮŰɘəɞɨɠ Űɟɧˊɞɡɠ ŬɜŮɨɟŮůɖɠ Űɖɠ ŭɘŮɨɗɡɜůɖɠ ŬɜŬɕɐŰɖůɖɠ. Ʉɘɞ 

ůɡɔəŮəɟɘɛɏɜŬ, əŬŰɎ Űɖɜ ɔɟŬɛɛɘəɐ ŬɜŬɕɐŰɖůɖ ŭɑɜŮŰŬɘ ɏɜŬ ůɖɛŮɑɞ Ůəəɑɜɖůɖɠ x(0), 

ŮɚɏɔɢɞɜŰŬɘ ŰŬ əɟɘŰɐɟɘŬ ŰŮɟɛŬŰɘůɛɞɨ əŬɘ ɞɟɑɕŮŰŬɘ ɛɑŬ ŭɘŮɨɗɡɜůɖ ŬɜŬɕɐŰɖůɖɠ s(k), ɩůŰŮ ɜŬ 

ˊɟŬɔɛŬŰɞˊɞɘɖɗŮɑ ɔɟŬɛɛɘəɐ ŬɜŬɕɐŰɖůɖ ůŰɖ ŭɘŮɨɗɡɜůɖ s(k). ɄɟŬɔɛŬŰɞˊɞɘɩɜŰŬɠ 

ŮɚŬɢɘůŰɞˊɞɑɖůɖ ɤɠ ˊɟɞɠ a(k)  Űɖɠ •ὥ =Ὢὼ ὥ ί , əŬɗɞɟɑɕŮŰŬɘ Űɞ ɜɏɞ ůɖɛŮɑɞ 

ɤɠ: ὼ ὼ ὥ ί  [6]. Ⱥˊɞɛɏɜɤɠ ɛŮ ɓɎůɖ Űɖ ŭɘŮɨɗɡɜůɖ ŬɜŬɕɐŰɖůɖɠ s, ɕɖŰŮɑŰŬɘ 
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ɜŬ ɓɟŮɗŮɑ a, ŰɏŰɞɘɞ ɩůŰŮ ɖ Űɘɛɐ Űɖɠ ůɡɜɎɟŰɖůɖɠ f(x+as) ɜŬ ŮɑɜŬɘ ɖ ŮɚɎɢɘůŰɖ. Ⱥűɧůɞɜ ŰŬ x 

əŬɘ s ŮɑɜŬɘ ůŰŬɗŮɟɎ, ɔɟɎűɞɡɛŮ: 

•ὥ Ὢὼ ὥί 

ȳˊɞɡ ɖ ˊŬɟɎɔɤɔɞɠ • ὥ  = ίὫὼ ὥίȢ 

ɈˊɎɟɢɞɡɜ ŬɟəŮŰɞɑ ɛɏɗɞŭɞɘ ŬɜŬɕɐŰɖůɖɠ ˊɞɡ ɢɟɖůɘɛɞˊɞɘɞɨɜ ŮɑŰŮ Űɘɛɏɠ ůɡɜɎɟŰɖůɖɠ əŬɘ Űɤɜ 

ˊŬɟŬɔɩɔɤɜ Űɞɡɠ ŮɑŰŮ ɛɏɗɞŭɞɘ ˊɞɡ ɢɟɖůɘɛɞˊɞɘɞɨɜ ɛɧɜɞ Űɘɠ Űɘɛɏɠ ůɡɜŬɟŰɐůŮɤɜ, ɧˊɤɠ ɔɘŬ 

ˊŬɟɎŭŮɘɔɛŬ ɖ ɛɏɗɞŭɞɠ Űɖɠ ŭɘɢɞŰɧɛɖůɖɠ, ɖ ɢɟɡůɐɠ Űɞɛɐ, ɖ Fibonacci əŬɘ ɖ Armijo [6]. 

 

ȼ ɛɏɗɞŭɞɠ Űɖɠ ŭɘɢɞŰɧɛɖůɖɠ 

ɀŮ Űɖɜ ŬɜŬɕɐŰɖůɖ Űɖɠ ŭɘɢɞŰɧɛɖůɖɠ, Ŭɜ ɡˊɞɗɏůɞɡɛŮ ɧŰɘ z ŮɑɜŬɘ ɛɑŬ ɗŮŰɘəɐ ˊɞůɧŰɖŰŬ ŰɧŰŮ 

ŮˊɘɚɏɔɞɡɛŮ ŰŬ ŮůɤŰŮɟɘəɎ ůɖɛŮɑŬ Űɖɠ z ɤɠ Ůɝɐɠ: 

 

X1 =     əŬɘ   X2=    

 

ȺɘəɧɜŬ 1 7: ȼ Ůˊɘɚɞɔɐ Űɤɜ ŮůɤŰŮɟɘəɩɜ ůɖɛŮɑɤɜ ůŰɖɜ ŬɜŬɕɐŰɖůɖ ŭɘɢɞŰɧɛɖůɖɠ 

ȳˊɤɠ ŬˊŮɘəɞɜɑɕŮŰŬɘ əŬɘ Ŭˊɧ Űɞ ˊŬɟŬˊɎɜɤ ůɢɐɛŬ, ɛŮ Űɖ ɛɏɗɞŭɞ ŭɘɢɞŰɧɛɖůɖɠ ɔɑɜŮŰŬɘ 

ˊɟɞůˊɎɗŮɘŬ ɜŬ ɢɤɟɘůŰɞɨɜ ŰŬ ŭɘŬůŰɐɛŬŰŬ ůŰɖ ɛɏůɖ.  

 

ȼ ɛɏɗɞŭɞɠ Űɖɠ ɢɟɡůɐɠ Űɞɛɐɠ 

ɀŮ Űɖ ɛɏɗɞŭɞ Űɖɠ ɢɟɡůɐɠ Űɞɛɐɠ, ŰŬ ůɖɛŮɑŬ x1 əŬɘ x2 ,ɛŮ x1 < x2 , ɘůŬˊɏɢɞɡɜ Ŭˊɧ ŰŬ ɎəɟŬ a 

əŬɘ b, ŭɖɚŬŭɐ: x1 - a= b - x2.  ɄɟɞűŬɜɩɠ ŰŬ ŮˊɧɛŮɜŬ ŭɘŬůŰɐɛŬŰŬ ɗŬ ŮɑɜŬɘ [a,x2 ] ŮɎɜ f2 > f1  



əŬɘ [x1 , b] ŮɎɜ f1 > f2 , ɛŮ Ůɨɟɞɠ d1 = x2-a = b-x1. ȷɜ Űɞ ɜɏɞ ŭɘɎůŰɖɛŬ ŮɑɜŬɘ Űɞ [a, x2] , ŰɧŰŮ 

Űɞ x1 ɗŬ ɢɟɖůɘɛɞˊɞɘɖɗŮɑ ɤɠ ŮɜŭɘɎɛŮůɞ ůɖɛŮɑɞ ɩůŰŮ ɜŬ ŬˊɞűŮɡɢɗŮɑ ɖ Ůə ɜɏɞɡ ŬˊɞŰɑɛɖůɖ 

Űɖɠ ůɡɜɎɟŰɖůɖɠ. ɆŮ ŬɡŰɐ Űɖɜ ˊŮɟɑˊŰɤůɖ ŰŬ x1, x3 ɗŮɤɟɞɨɜŰŬɘ ŮɜŭɘɎɛŮůŬ ůŰɞɘɢŮɑŬ ɛŮ a< x3 

< x1 < x2 . ɀŮ Űɞɜ ɑŭɘɞ Űɟɧˊɞ ɗŮɤɟɞɨɛŮ Űɘɠ ŬəɧɚɞɡɗŮɠ ŰɏůůŮɟɘɠ ŰŮŰɟɎŭŮɠ ŭɘŬŭɞɢɘəɎ ůɖɛŮɑŬ 

[12]. ȷɜŬɚɡŰɘəɎ: 

¶ [a, x1 , x2 , b] ɛŮ Ůɨɟɞɠ d= b-a əŬɘ b- x2 = x1 ï a ḳύ 

¶ [a, x3, x1, x2] ɛŮ Ůɨɟɞɠ d1= x2-a=d-w əŬɘ ɛŮ x3-a= x2 - x1 = d ï2w ɐ x3=b-2w 

¶ [a, x4, x3, x1], ɛŮ Ůɨɟɞɠ d2= w əŬɘ ɛŮ x4-a= x1 ï x3 = 3w ï d ɐ x4=a-d+3w 

¶ [a, x5, x4, x3], ɛŮ Ůɨɟɞɠ d3= d-2w əŬɘ ɛŮ x5-a= x3 ï x4  ɐ   x5= b+d-5w 

ɀŮ ɓɎůɖ ŰŬ ˊŬɟŬˊɎɜɤ ɘůɢɨŮɘ ɧŰɘ: d1+d2=x2-a+w=b-w-a+w=d əŬɘ d1=d2 + d3.  

ȺˊŬɔɤɔɘəɎ ůɖɛŬɑɜŮɘ ɧŰɘ: dk=dk+1 + dk+2. [12] 

ɆŰɖɜ  ˊŮɟɑˊŰɤůɖ ˊɞɡ ɞ ɚɧɔɞɠ ŬɜŬɔɤɔɐɠ Űɞɡ ŭɘŬůŰɐɛŬŰɞɠ ŬɓŮɓŬɘɧŰɖŰŬɠ r ˊɟɏˊŮɘ ɜŬ ŮɑɜŬɘ 

ůŰŬɗŮɟɧɠ, ŭɖɚŬŭɐ : 

d1=rd, 

d2 =r d1 = ὶd, 

d3=rd2= ὶd , é 

ɚɧɔɤ Űɖɠ ůɢɏůɖɠ dk=dk+1 + dk+2, ́ ɟɞəɨˊŰŮɘ ɧŰɘ: ὶ+r-1=0 ɛŮ r>0. 

ɆɡɜŮˊɎɔŮŰŬɘ ɧŰɘ: r=
Ѝ

πȢφρψ. Ƀ ɚɧɔɞɠ Űɞɡ r ŮɑɜŬɘ ɞ ɚɧɔɞɠ çɉɟɡůɐɠ Űɞɛɐɠè.  

 

ȼ ɛɏɗɞŭɞɠ Fibonacci 

ȼ ɛɏɗɞŭɞɠ Fibonacci ŭɘŬűɏɟŮɘ Ŭˊɧ Űɖ ɛɏɗɞŭɞ Űɖɠ çɉɟɡůɐɠ Űɞɛɐɠè ɔɘŬ ŭɨɞ ɚɧɔɞɡɠ. 

ȷɟɢɘəɎ, ɞ ɚɧɔɞɠ ŬɜŬɔɤɔɐɠ Űɞɡ ŭɘŬůŰɐɛŬŰɞɠ ŬɓŮɓŬɘɧŰɖŰŬɠ ŭŮɜ ŮɑɜŬɘ ůŰŬɗŮɟɧɠ, ŬɚɚɎ 

ŮɝŬɟŰɎŰŬɘ Ŭˊɧ Űɞɜ ŭŮɑəŰɖ Űɖɠ ŮˊŬɜɎɚɖɣɖɠ. Ⱥɜɩ ɞ Ŭɟɘɗɛɧɠ Űɤɜ ŮˊŬɜŬɚɐɣŮɤɜ, ˊɟɏˊŮɘ ɜŬ 

ŮɑɜŬɘ ɔɜɤůŰɧɠ Ŭˊɧ Űɖɜ Ŭɟɢɐ. ȼ ŬəɞɚɞɡɗɑŬ Ŭɟɘɗɛɩɜ ůŰɖɜ ɞˊɞɑŬ əɎɗŮ Ŭɟɘɗɛɧɠ ŮɑɜŬɘ ɑůɞɠ ɛŮ 

Űɞ ɎɗɟɞɘůɛŬ Űɤɜ ŭɨɞ ˊɟɞɖɔɞɨɛŮɜɤɜ ŮɑɜŬɘ ɔɜɤůŰɐ ɤɠ ŬəɞɚɞɡɗɑŬ Fibonacci [12,13]. ȼ 

ŬəɞɚɞɡɗɑŬ ŬɡŰɐ ɝŮəɘɜɎŮɘ ɛŮ Űɞɡɠ Ŭɟɘɗɛɞɨɠ: 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 

377, 610, 987, 1597, 2584, 4181 əŬɘ ůɡɜŮɢɑɕŮŰŬɘ Ůˊ ŬɧɟɘůŰɞ. ũɘŬ ˊŬɟɎŭŮɘɔɛŬ: 



31 

 

1+1=2 13+21=34 

1+2=3 21+34=55 

2+3=5 34+55=89 

3+5=8 55+89=144 

5+8=13 89+144=233 

8+13=21 144+233=377 

 

ɄŬɟŬŰɖɟɞɨɛŮ Ůˊɞɛɏɜɤɠ, ɧŰɘ əɎɗŮ Ŭɟɘɗɛɧɠ ŮɑɜŬɘ ɑůɞɠ ɛŮ Űɞ ɎɗɟɞɘůɛŬ Űɤɜ ŭɨɞ 

ˊɟɞɖɔɞɨɛŮɜɤɜ. MŮ ɛŬɗɖɛŬŰɘəɞɨɠ ɧɟɞɡɠ, ɖ ŬəɞɚɞɡɗɑŬ Fn Űɤɜ Ŭɟɘɗɛɩɜ Fibonacci ɞɟɑɕŮŰŬɘ 

Ŭˊɧ Űɞɜ ŬɜŬŭɟɞɛɘəɧ Űɨˊɞ:  

Ὂ  , ɛŮ Ὂ π ‖‌― Ὂ ρ 

Ƀ Űɨˊɞɠ ŬɡŰɧɠ ŬɜŬɚɨŮŰŬɘ əŬɘ ɞɘ Ŭɟɘɗɛɞɑ Fibonacci ŭɑɜɞɜŰŬɘ Ŭˊɧ Űɖɜ əɚŮɘůŰɐ ɛɞɟűɐ: 

Ὂ = 
Ѝ

, ɧˊɞɡ ű=
Ѝ

ρȢφρψπȣ 

ɄŬɟŬŰɖɟɞɨɛŮ ɧŰɘ ɞ ɚɧɔɞɠ ŬɜŬɔɤɔɐɠ Űɖɠ Fibonacci ˊɟɞůŮɔɔɑɕŮɘ Űɞɜ ůŰŬɗŮɟɧ ɚɧɔɞ Űɖɠ 

çɉɟɡůɐɠ Űɞɛɐɠè. [12,13]. 

 

ȼ ɛɏɗɞŭɞɠ Armijo 

ũɘŬ Űɞɜ ŰŮɟɛŬŰɘůɛɧ Űɖɠ ɔɟŬɛɛɘəɐɠ ŬɜŬɕɐŰɖůɖɠ, ŬɜŬˊŰɨɢɗɖəŮ ɏɜŬ ůɨɜɞɚɞ Ŭˊɧ ůɡɜɗɐəŮɠ, 

Űɞ ɞˊɞɑɞ ŭɘŬůűŬɚɑɕŮɘ Űɖ ɛŮɑɤůɖ Űɖɠ ůɡɜɎɟŰɖůɖɠ f ɛŮ ɧůɞ Űɞ ŭɡɜŬŰɧ ɛɘəɟɧ əɧůŰɞɠ ŬɚɚɎ 

əŬɘ Űɖɜ ɔŮɜɘəɐ ůɨɔəɚɘůɖ. Ƀ ůəɞˊɧɠ Űɖɠ ɔɟŬɛɛɘəɐɠ ŬɜŬɕɐŰɖůɖɠ ŮɑɜŬɘ ɖ ŮɨɟŮůɖ Ůɜɧɠ 

ɓɐɛŬŰɞɠ ὥ Űɞ ɞˊɞɑɞ ŭŮɜ ˊɚɖůɘɎɕŮɘ Űɖɜ ɛɘəɟɧŰŮɟɖ ŭɡɜŬŰɐ ɗŮŰɘəɐ Űɘɛɐ Űɞɡ ὥ. ȺɎɜ 

ɡˊɞɗɏůɞɡɛŮ ɧŰɘ Űɞ  ὥ ŮɑɜŬɘ ɖ ɛɘəɟɧŰŮɟɖ ɗŮŰɘəɐ Űɘɛɐ Űɞɡ ὥ ɔɘŬ Űɖɜ ɞˊɞɑŬ ɘůɢɨŮɘ: Ὢὼ

ὥὴ Ὢ  ŰɧŰŮ ɡˊɎɟɢŮɘ ɛɑŬ ɛŮɑɤůɖ Űɖɠ f Ŭɜ ὥ ᴼὥ. ɀɑŬ ůɡɜɗɐəɖ ɛɖ Ŭəɟɘɓɞɨɠ 

ɔɟŬɛɛɘəɐɠ ŬɜŬɕɐŰɖůɖɠ ŭŮɑɢɜŮɘ ɧŰɘ Űɞ ὥ ɗŬ ˊɟɏˊŮɘ ɜŬ ɞŭɖɔŮɑ ůŮ ɛŮɑɤůɖ Űɖɠ ŬɜŰɘəŮɘɛŮɜɘəɐɠ 

ůɡɜɎɟŰɖůɖɠ f ɖ ɞˊɞɑŬ ɡˊɞɚɞɔɑɕŮŰŬɘ Ŭˊɧ Űɖɜ ŬɜɘůɧŰɖŰŬ:  

• Ὢ Ὢ
 

Ὢɳὴ  , ɧˊɞɡ Ãᶰ πȟρ 



Ⱥˊɞɛɏɜɤɠ, ɖ ɛŮɑɤůɖ Űɖɠ ŬɜŰɘəŮɘɛŮɜɘəɐɠ ůɡɜɎɟŰɖůɖɠ f ɗŬ ˊɟɏˊŮɘ ɜŬ ŮɑɜŬɘ ŬɜɎɚɞɔɖ Űɞɡ 

ɛɐəɞɡɠ ɓɐɛŬŰɞɠ ὥ ɧůɞ əŬɘ ɛŮ Űɖɜ əŬŰŮɨɗɡɜůɖ ˊŬɟɎɔɤɔɞ Ὢɳὴ .  

ȼ ˊŬɟŬˊɎɜɤ ŬɜɘůɧŰɖŰŬ ɞɜɞɛɎɕŮŰŬɘ ůɡɜɗɐəɖ Armijo, ɧˊɞɡ Űɞ ŭŮɝɑ Űɖɠ ɛɏɚɞɠ ŮɑɜŬɘ ɛɘŬ 

ɔɟŬɛɛɘəɐ ůɡɜɎɟŰɖůɖ Űɞɡ a əŬɘ ůɡɛɓɞɚɑɕŮŰŬɘ ɛŮ ὰ . ȰɢŮɘ ŬɟɜɖŰɘəɐ əɚɑůɖ ὧ Ὢɳὴ , Ŭűɞɨ 

Ãᶰ πȟρ əŬɘ ŮəŰŮɑɜŮŰŬɘ ˊɎɜɤ Ŭˊɧ Űɞ ɔɟɎűɖɛŬ Űɖɠ ű ɔɘŬ ɛɘəɟɏɠ ɗŮŰɘəɏɠ Űɘɛɏɠ Űɞɡ a. ȼ 

ůɡɜɗɐəɖ ŮˊŬɟəɞɨɠ ɛŮɘɩůŮɤɠ ɡˊɞŭɖɚɩɜŮɘ ɧŰɘ Űɞ a ɔɑɜŮŰŬɘ ŬˊɞŭŮəŰɧ Õɧɜɞ ŮɎɜ • ὰ  

[14].  

1.3 ɇɞˊɘəɐ ȸŮɚŰɘůŰɞˊɞɑɖůɖ  

 

ɆŮ ˊɞɚɚɞɨɠ əɚɎŭɞɡɠ Űɖɠ ŮˊɘůŰɐɛɖɠ, ŰŬ ˊɟɞɓɚɐɛŬŰŬ ˊɞɡ ŰɑɗŮɜŰŬɘ ˊɟɞɠ Ůˊɑɚɡůɖ, 

ˊɟɞůˊŬɗɞɨɜ ɜŬ ŭɘŬŰɡˊɤɗɞɨɜ ɓɟɑůəɞɜŰŬɠ ɚɨůɖ ɛɏůɤ Űɖɠ ŮɨɟŮůɖɠ Űɞɡ ŮɚŬɢɑůŰɞɡ ɛɘŬɠ 

ůɡɜɎɟŰɖůɖɠ ˊɞɚɚɩɜ ɛŮŰŬɓɚɖŰɩɜ. Ƀ ŰɞɛɏŬɠ Űɖɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ɏɢŮɘ ɤɠ ŬɜŰɘəŮɑɛŮɜɞ Űɖɜ 

ŬɜɎˊŰɡɝɖ ɛŮɗɧŭɤɜ ɔɘŬ Űɞɜ ŮɜŰɞˊɘůɛɧ Űɤɜ ŮɚŬɢɑůŰɤɜ ɛɘŬɠ ůɡɜɎɟŰɖůɖɠ ˊɞɚɚɩɜ 

ɛŮŰŬɓɚɖŰɩɜ. ɈˊɎɟɢɞɡɜ ŭɘɎűɞɟŮɠ əŬŰɖɔɞɟɑŮɠ ˊɟɞɓɚɖɛɎŰɤɜ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ɧˊɤɠ: 

ůɡɜŮɢɐ ˊɟɞɓɚɐɛŬŰŬ, ŭɘŬəɟɘŰɎ ˊɟɞɓɚɐɛŬŰŬ əŬɘ ɛɘəŰɎ ˊɟɞɓɚɐɛŬŰŬ, Ůɜɩ əŬɗŮɛɑŬ Ŭˊɧ ŬɡŰɏɠ 

Űɘɠ əŬŰɖɔɞɟɑŮɠ ŮˊŮəŰŮɑɜŮŰŬɘ ůŮ ɡˊɞəŬŰɖɔɞɟɑŮɠ [15]. H ɛŬɗɖɛŬŰɘəɐ ɏəűɟŬůɖ Ůɜɧɠ 

ˊɟɞɓɚɐɛŬŰɞɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ŮɑɜŬɘ: 

 

ÍÉὲὪὼ , ɧˊɞɡ x ᶰὙ   

ɡˊɧ Űɞɡɠ ˊŮɟɘɞɟɘůɛɞɨɠ: 

¶ Ὣ ὼ π , i=1,..m 

¶ Ὤὼ π , j=1,..,n [16]. 

 

ɇɞ ˊɟɧɓɚɖɛŬ Űɖɠ Űɞˊɘəɐɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ŮɑɜŬɘ ɖ ŮɨɟŮůɖ Ůɜɧɠ ůɖɛŮɑɞɡ Űɞˊɘəɞɨ 

ŮɚŬɢɘůŰɞˊɞɘɖŰɐ ɐ Űɞˊɘəɞɨ ɛŮɔɘůŰɞˊɞɘɖŰɐ, ŰɏŰɞɘɞ ɩůŰŮ ɔɘŬ əɎɗŮ Ɏɚɚɞ ŭɘɎɜɡůɛŬ x: ɏůŰɤ S 

(ɧˊɞɡ S Ṓ Rn ) ˊɞɡ ɓɟɑůəŮŰŬɘ ŮɜŰɧɠ ɛɑŬɠ ˊŮɟɘɞɢɐɠ ɔɨɟɤ Ŭˊɧ Űɞ x* ŭɘɎɜɡůɛŬ (ɧˊɞɡ x* 

ˊŬɑɟɜŮɘ Űɘɛɏɠ ůŰɞɜ ɢɩɟɞ Rn ), ɜŬ ɘůɢɨŮɘ: 

     Ὢὼz  Ò Ὢὼ  ᶅx  ɴS 
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ȺɘəɧɜŬ 1 8: ɇɞˊɘəɐ ɓŮɚŰɘůŰɞˊɞɑɖůɖ: f(x*) Ò f(x)  ᶅx  ɴS 

 

 

ũŮɜɘəɧŰŮɟŬ, ɛɑŬ ɛɏɗɞŭɞ Űɞˊɘəɐɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ˊŬɟɎɔŮɘ ŬˊɞŰŮɚɏůɛŬŰŬ ˊɞɡ ŮɝŬɟŰɩɜŰŬɘ 

Ŭˊɧ ɏɜŬ Ŭɟɢɘəɧ ůɖɛŮɑɞ. Ƀɘ ˊŮɟɘůůɧŰŮɟŮɠ ɛɏɗɞŭɞɘ Űɞˊɘəɐɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ɓŬůɑɕɞɜŰŬɘ ůŰɖ 

ɚɞɔɘəɐ Űɖɠ əɚɑůɖɠ (gradient-based), ɞɘ ɞˊɞɑŮɠ ŮəɛŮŰŬɚɚŮɨɞɜŰŬɘ Űɘɠ ˊɚɖɟɞűɞɟɑŮɠ əɚɑůɖɠ ɔɘŬ 

ɜŬ ɓɟɞɡɜ Űɖ ɓɏɚŰɘůŰɖ ɚɨůɖ. Ƀɘ ɛɏɗɞŭɞɘ Űɞˊɘəɐɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ, Űɞˊɘəɐ əŬɘ əŬɗɞɚɘəɐ, 

ŭɘŬəɟɑɜɞɜŰŬɘ Űɧůɞ Ŭˊɧ ˊɚŮɞɜŮəŰɐɛŬŰŬ ɧůɞ əŬɘ Ŭˊɧ ɛŮɘɞɜŮəŰɐɛŬŰŬ. ȷəɞɚɞɨɗɤɠ 

ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ŰŬ ɓŬůɘəɧŰŮɟŬ ˊɚŮɞɜŮəŰɐɛŬŰŬ əŬɘ ɛŮɘɞɜŮəŰɐɛŬŰŬ Űɖɠ ɛŮɗɧŭɞɡ: 

ɄɚŮɞɜŮəŰɐɛŬŰŬ: 

¶ ȷˊɞŭɞŰɘəɐ ɛɏɗɞŭɞɠ ɔɘŬ Űɞɜ ŮɜŰɞˊɘůɛɧ ŮɨɟŮůɖɠ ŬəɟɞŰɎŰɞɡ  

¶ ȷɜŰɘɛŮŰɩˊɘůɖ ˊɟɞɓɚɖɛɎŰɤɜ ɛŮɔɎɚɖɠ əɚɑɛŬəŬɠ 

¶ ȷˊŬɘŰɞɨɜ ɛɘəɟɐ ɟɨɗɛɘůɖ ˊŬɟŬɛɏŰɟɤɜ ůŰɞ ˊɟɧɓɚɖɛŬ 

¶ Ɉɣɖɚɐ ŰŬɢɨŰɖŰŬ ůɨɔəɚɘůɖɠ 

ɀŮɘɞɜŮəŰɐɛŬŰŬ: 

¶ ȺɜŰɞˊɑɕɞɡɜ ɛɧɜɞ Űɞ Űɞˊɘəɧ ŬəɟɧŰŬŰɞ əŬɘ ɧɢɘ Űɞ ɞɚɘəɧ ɓɏɚŰɘůŰɞ 

¶ ȹŮɜ ˊŬɟɏɢɞɡɜ ˊɚɖɟɞűɞɟɑŬ ůɢŮŰɘəɎ ɛŮ Űɞ ˊɧůɞ əɞɜŰɎ ůŰɞ ɞɚɘəɧ ɓɏɚŰɘůŰɞ ɓɟɑůəŮŰŬɘ 

ɖ ŰɞˊɘəɎ ɓɏɚŰɘůŰɖ ɚɨůɖ 

¶ ȹɡůəɞɚŮɨɞɜŰŬɘ ɜŬ ɚɨůɞɡɜ ŭɘŬəɟɘŰɎ ˊɟɞɓɚɐɛŬŰŬ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ  



¶ ɄŮɟɑˊɚɞəɞɘ Ŭɚɔɧɟɘɗɛɞɘ 

¶ ȷɜŮˊŬɟəŮɑɠ ɧŰŬɜ ɡˊɎɟɢɞɡɜ ŬůɡɜɏɢŮɘŮɠ ůŰɖɜ ŮˊɘűɎɜŮɘŬ ůŰɖɜ ɞˊɞɑŬ ɡˊɞɚɞɔɑɕŮŰŬɘ ɖ 

əɚɑůɖ [17]. 

 

ɀɏɗɞŭɞɘ ɢɤɟɑɠ ˊŬɟŬɔɩɔɞɡɠ 

 

× Nelder Mead Method 

Ƀ Ŭɚɔɧɟɘɗɛɞɠ Nelder-Mead ɏɢŮɘ ůɢŮŭɘŬůŰŮɑ ɔɘŬ ɜŬ ŮˊɘɚɨŮɘ ˊɟɞɓɚɐɛŬŰŬ 

ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ, ɢɤɟɑɠ ˊŮɟɘɞɟɘůɛɞɨɠ Űɖɠ ŮɚŬɢɘůŰɞˊɞɑɖůɖɠ ɛɘŬɠ ŭŮŭɞɛɏɜɖɠ ɛɖ 

ɔɟŬɛɛɘəɐɠ ůɡɜɎɟŰɖůɖɠ f: Ὑ ᴼὙ.  ȼ ɛɏɗɞŭɞɠ ɢɟɖůɘɛɞˊɞɘŮɑ ɛɧɜɞ Űɘɛɏɠ ˊɞɡ 

ɓɟɑůəɞɜŰŬɘ ůŰɞ R əŬɘ ŭŮɜ 

ˊɟɞůˊŬɗŮɑ ɜŬ ůɢɖɛŬŰɑůŮɘ ɛɘŬ əŬŰɎ 

ˊɟɞůɏɔɔɘůɖ əɚɑůɖ ůŮ əɎˊɞɘɞ 

ůɖɛŮɑɞ Ŭˊɧ ŬɡŰɎ. ũɘô ŬɡŰɧ 

ɎɚɚɤůŰŮ ŬɜɐəŮɘ ůŰɖ ɔŮɜɘəɐ 

əŬŰɖɔɞɟɑŬ ɛŮɗɧŭɤɜ ɎɛŮůɖɠ 

ŬɜŬɕɐŰɖůɖɠ [18, 19, 20].  

ɇɞ ɔŮɤɛŮŰɟɘəɧ ˊɟɧŰɡˊɞ ůŰɞ ɞˊɞɑɞ 

ɓŬůɑɕŮŰŬɘ ŮɑɜŬɘ Űɞ simplex. O ɧɟɞɠ 

simplex ŭɖɚɩɜŮɘ ɏɜŬ ůɨɜɞɚɞ n+1 ɛɖ 

ůɡɜ-Ůˊɘˊɏŭɤɜ ůɖɛŮɑɤɜ ůŰɞ n-ŭɘɎůŰŬŰɞ ˊŮŭɑɞ ŬɜŬɕɐŰɖůɖɠ. Ⱥˊɞɛɏɜɤɠ ůŰɞ 

ŭɘůŭɘɎůŰŬŰɞ ɢɩɟɞ ŬˊŮɘəɞɜɑɕŮŰŬɘ ɛŮ Űɖ ɓɞɐɗŮɘŬ Ůɜɧɠ Űɟɘɔɩɜɞɡ, ůŰɞ Űɟɘɩɜ 

ŭɘŬůŰɎůŮɤɜ ɛŮ Űɖ ɓɞɐɗŮɘŬ Ůɜɧɠ ŰŮŰɟɎŮŭɟɞɡ, Ůɜɩ ůŮ ɢɩɟɞ ˊŮɟɘůůɧŰŮɟɤɜ 

ŭɘŬůŰɎůŮɤɜ ŭŮɜ ŮɑɜŬɘ ŭɡɜŬŰɐ ɖ ɞˊŰɘəɞˊɞɑɖůɖ [21]. 

Ƀ Ŭɚɔɧɟɘɗɛɞɠ Never-Mead ɧŰŬɜ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɔɘŬ ˊɟɧɓɚɖɛŬ ŮɚŬɢɘůŰɞˊɞɑɖůɖɠ 

ůŮ n ŭɘŬůŰɎůŮɘɠ ˊŮɟɘɔɟɎűŮŰŬɘ ɤɠ Ůɝɐɠ: 

1. Ɉˊɞɚɞɔɘůɛɧɠ Űɖɠ ŬɜŰɘəŮɘɛŮɜɘəɐɠ ůɡɜɎɟŰɖůɖɠ ůŮ n+1 ŰɡɢŬɑŬ ůɖɛŮɑŬ 

2. ɇŬɝɘɜɧɛɖůɖ Űɤɜ ůɖɛŮɑɤɜ Ŭˊɧ Űɞ əŬɚɨŰŮɟɞ ˊɟɞɠ Űɞ ɢŮɘɟɧŰŮɟɞ ŬɜɎɚɞɔŬ ɛŮ 

Űɖɜ Űɘɛɐ Űɖɠ ŬɜŰɘəŮɘɛŮɜɘəɐɠ ůɡɜɎɟŰɖůɖɠ Űɞɡ ŬɜŰɑůŰɞɘɢɞɡ ůɖɛŮɑɞɡ əɎɗŮ 

űɞɟɎ: 

Ὢὼ Ὢὼ ȢȢȢὪὼ  

ȺɘəɧɜŬ 1 9: ȺˊŬɜɎɚɖɣɖ Űɖɠ ɛŮɗɧŭɞɡ Nelder-

Mead ůŮ ŭɘůŭɘɎůŰŬŰɞ ɢɩɟɞ 
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3. Yˊɞɚɞɔɘůɛɧɠ Űɞɡ ὼ Űɞɡ əɏɜŰɟɞɡ ɓɎɟɞɡɠ ɧɚɤɜ Űɤɜ ůɖɛŮɑɤɜ ŮəŰɧɠ Ŭˊɧ Űɞ 

ɢŮɘɟɧŰŮɟɞ ὼ  

4. ȷɜɎəɚɖůɖ: ɡˊɞɚɞɔɘůɛɧɠ Űɞɡ ŬɜŬəɚɩɛŮɜɞɡ ůɖɛŮɑɞɡ: 

ὼ ὼ ‌ὼ ὼ  

ȺɎɜ Űɞ ŬɜŬəɚɩɛŮɜɞ ůɖɛŮɑɞ ŮɑɜŬɘ əŬɚɨŰŮɟɞ Ŭˊɧ Űɞ ŭŮɨŰŮɟɞ ɢŮɘɟɧŰŮɟɞ ŬɚɚɎ 

ŭŮɜ ŮɑɜŬɘ əŬɚɨŰŮɟɞ Ŭˊɧ Űɞ ˊɘɞ əŬɚɨŰŮɟɞ, ŭɖɚŬŭɐ:   Ὢὼ Ὢὼ

Ὢὼ , ŰɧŰŮ ŭɖɛɘɞɡɟɔŮɑŰŬɘ ɏɜŬ əŬɘɜɞɨɟɘɞ simplex ɧˊɞɡ ŬɜŰɘəŬɗɑůŰŬŰŬɘ Űɞ 

ɢŮɘɟɧŰŮɟɞ ůɖɛŮɑɞ ὼ  , ɛŮ Űɞ ŬɜŬəɚɩɛŮɜɞ ůɖɛŮɑɞ ὼ əŬɘ Űɞ ˊɟɧɓɚɖɛŬ 

ŮˊɘůŰɟɏűŮɘ ůŰɞ ɓɐɛŬ 2 [21]. 

 

 

ȺɘəɧɜŬ 1 10: ȷɜɎəɚɖůɖ ůŮ ŭɨɞ ŭɘŬůŰɎůŮɘɠ 

 

5. ȹɘŬůŰɞɚɐ: ŮɎɜ Űɞ ŬɜŬəɚɩɛŮɜɞ ůɖɛŮɑɞ ŮɑɜŬɘ Űɞ əŬɚɨŰŮɟɞ ɏɤɠ ŰɩɟŬ ŭɖɚŬŭɐ: 

Ὢὼ Ὢὼ  , ŰɧŰŮ ɡˊɞɚɞɔɑɕŮŰŬɘ Űɞ ůɖɛŮɑɞ ŭɘŬůŰɞɚɐɠ ὼ ὼ ‎ὼ

ὼ  . ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ˊɞɡ Űɞ ůɖɛŮɑɞ ŭɘŬůŰɞɚɐɠ ŮɑɜŬɘ əŬɚɨŰŮɟɞ Ŭˊɧ Űɞ 

ŬɜŬəɚɩɛŮɜɞ ůɖɛŮɑɞ, ŭɖɚŬŭɐ: Ὢὼ Ὢὼ  , ŭɖɛɘɞɡɟɔŮɑŰŬɘ ɏɜŬ ɜɏɞ 

simplex ŬɜŰɘəŬɗɘůŰɩɜŰŬɠ Űɞ ɢŮɘɟɧŰŮɟɞ ůɖɛŮɑɞ ὼ  ɛŮ ůɖɛŮɑɞ ŭɘŬůŰɞɚɐɠ 

ὼ əŬɘ Űɞ ˊɟɧɓɚɖɛŬ ŮˊɘůŰɟɏűŮɘ ůŰɞ ɓɐɛŬ 2, ŭɘŬűɞɟŮŰɘəɎ ůɡɜŮɢɑɕŮɘ ůŰɞ 

ɓɐɛŬ 6 [21]. 



 

ȺɘəɧɜŬ 1 11: ȹɘŬůŰɞɚɐ ůŮ ŭɨɞ ŭɘŬůŰɎůŮɘɠ 

 

 

6. ɆɡůŰɞɚɐ: ůŰɞ ůɖɛŮɑɞ ŬɡŰɧ ŮɑɜŬɘ ɓɏɓŬɘɞ ɧŰɘ ɘůɢɨŮɘ Ὢὼ Ὢὼ  əŬɘ 

ɡˊɞɚɞɔɑɕŮŰŬɘ Űɞ ůɖɛŮɑɞ ůɡůŰɞɚɐɠ ɤɠ Ůɝɐɠ:  ὼ ὼ ” ὼ ὼ . 

ȺɎɜ Űɞ ůɖɛŮɑɞ ůɡůŰɞɚɐɠ ŮɑɜŬɘ əŬɚɨŰŮɟɞ Ŭˊɧ Űɞ ɢŮɘɟɧŰŮɟɞ ůɖɛŮɑɞ, ŭɖɚŬŭɐ 

ɘůɢɨŮɘ  

Ὢὼ Ὢὼ  , ŰɧŰŮ ŭɖɛɘɞɡɟɔŮɑŰŬɘ ɏɜŬ ɜɏɞ simplex ŬɜŰɘəŬɗɘůŰɩɜŰŬɠ Űɞ 

ɢŮɘɟɧŰŮɟɞ ůɖɛŮɑɞ ὼ  ɛŮ Űɞ ůɖɛŮɑɞ ůɡůŰɞɚɐɠ ὼ əŬɘ Űɞ ˊɟɧɓɚɖɛŬ 

ŮˊɘůŰɟɏűŮɘ ůŰɞ ɓɐɛŬ 2, ŭɘŬűɞɟŮŰɘəɎ ůɡɜŮɢɑɕŮɘ ůŰɞ ɓɐɛŬ 7 [21]. 

 

 

ȺɘəɧɜŬ 1 12: ɆɡůŰɞɚɐ ůŮ ŭɨɞ ŭɘŬůŰɎůŮɘɠ 

 

7. Ɇɡɟɟɑəɜɤůɖ: ũɑɜŮŰŬɘ ŬɜŰɘəŬŰɎůŰŬůɖ ɧɚɤɜ Űɤɜ ůɖɛŮɑɤɜ ůŰɖ ůɢɏůɖ: 

ὼ ὼ „ὼ ὼ  ȟᶅ Ὥ ɴ   ςȟȢȢȢȟὲ ρ 

ŮəŰɧɠ Ŭˊɧ Űɞ əŬɚɨŰŮɟɞ ůɖɛŮɑɞ əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ Űɞ ˊɟɧɓɚɖɛŬ ŮˊɘůŰɟɏűŮɘ 

ůŰɞ ɓɐɛŬ 2. 
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ȺɘəɧɜŬ 1 13: Ɇɡɟɟɑəɜɤůɖ ůŮ ŭɨɞ ŭɘŬůŰɎůŮɘɠ 

 

Ƀɘ ůɡɜŰŮɚŮůŰɏɠ Ŭ, ɔ, ɟ əŬɘ ů ɏɢɞɡɜ Űɖɜ Ůɝɐɠ ŮɟɛɖɜŮɑŬ:  

Ŭ= ůɡɜŰŮɚŮůŰɐɠ ŬɜɎəɚŬůɖɠ ɛŮ Űɡˊɘəɐ Űɘɛɐ 1, 

ɔ= ůɡɜŰŮɚŮůŰɐɠ ŮˊɏəŰŬůɖɠ ɛŮ Űɡˊɘəɐ Űɘɛɐ 2, 

ɟ= ůɡɜŰŮɚŮůŰɐɠ ůɡɛˊɑŮůɖɠ ɛŮ Űɡˊɘəɐ Űɘɛɐ -1/2 əŬɘ  

ů= ůɡɜŰŮɚŮůŰɐɠ ůɡɟɟɑəɜɤůɖɠ ɛŮ Űɡˊɘəɐ Űɘɛɐ 1/2  [21]. 

Ƀ Ŭɚɔɧɟɘɗɛɞɠ Nelder-Mead ŭŮɜ ŮɑɢŮ ůɢŮŭɘŬůŰŮɑ ɔɘŬ ɜŬ ɛˊɞɟŮɑ ɜŬ ɢɟɖůɘɛɞˊɞɘɖɗŮɑ ůŮ 

ˊɟɞɓɚɐɛŬŰŬ ɛŮ ˊŮɟɘɞɟɘůɛɞɨɠ. ũɘŬ Űɞ ɚɧɔɞ ŬɡŰɧ ˊɟɞŰɎɗɖəŬɜ ɛŮŰɏˊŮɘŰŬ, ŭɘɎűɞɟɞɘ 

Űɟɧˊɞɘ ŮɘůŬɔɤɔɐɠ ˊŮɟɘɞɟɘůɛɩɜ ůŰɞɜ Ŭɚɔɧɟɘɗɛɞ. Ƀɘ ˊŮɟɘɞɟɘůɛɞɑ ŬɡŰɞɑ ˊŬɟɞɡůɘɎɕɞɜŰŬɘ 

Ŭəɞɚɞɨɗɤɠ, ɧˊɞɡ ὧȟ    ŰŬ əŬŰɩŰŮɟŬ ɧɟɘŬ Űɞɡ ɢɩɟɞɡ ŬɜŬɕɐŰɖůɖɠ əŬɘ ὧȟ  ŰŬ 

ŬɜɩŰŮɟŬ ɧɟɘŬ ŬɜŬɕɐŰɖůɖɠ [21]: 

¶ ȺɎɜ ɏɜŬ ůɖɛŮɑɞ ɓɟɑůəŮŰŬɘ ɏɝɤ Ŭˊɧ Űɞ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ, ŰɧŰŮ ŬɜŰɘəŬɗɑůŰŬŰŬɘ Ŭˊɧ 

Űɞ ůɖɛŮɑɞ  ὧȟ ρπ ůŰɖɜ ˊŮɟɑˊŰɤůɖ ˊɞɡ ˊŬɟŬɓɘɎɕŮɘ Űɞ əɎŰɤ ɧɟɘɞ ɐ ὧȟ  

 ρπ ůŰɖɜ ˊŮɟɑˊŰɤůɖ ˊɞɡ ˊŬɟŬɓɘɎɕŮɘ Űɞ Ɏɜɤ ɧɟɘɞ.  

¶ ɀɑŬ Űɟɞˊɞˊɞɑɖůɖ Űɞɡ ˊŬɟŬˊɎɜɤ ˊŮɟɘɞɟɘůɛɞɨ ŬɜŬűɏɟŮɘ ɧŰɘ ŮɎɜ ɏɜŬ ůɖɛŮɑɞ ŮɑɜŬɘ 

ɏɝɤ Ŭˊɧ Űɞ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ, ŬɚɚɎ Űɞ əɏɜŰɟɞ ɓɎɟɞɡɠ Űɞɡ simplex ὼ ŮɑɜŬɘ ɛɏůŬ 

ůŰɞ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ, ŰɧŰŮ Űɞ ůɖɛŮɑɞ ŬɜŰɘəŬɗɑůŰŬŰŬɘ Ŭˊɧ Űɞ ὧȟ  ᾀὼ

ὧȟ  ůŰɖɜ ˊŮɟɑˊŰɤůɖ ˊɞɡ ˊŬɟŬɓɘɎɕŮŰŬɘ Űɞ əɎŰɤ ɧɟɘɞ. ȷɜŰɑɗŮŰŬ, Ŭɜ ˊŬɟŬɓɘɎɕŮŰŬɘ 

Űɞ Ɏɜɤ ɧɟɘɞ ŰɧŰŮ ɘůɢɨŮɘ ὧȟ  ᾀὼ ὧȟ . ȽůɢɨŮɘ ɧŰɘ Űɞ z ŮɑɜŬɘ ɏɜŬɠ ŰɡɢŬɑɞɠ 

Ŭɟɘɗɛɧɠ Ŭˊɧ Űɞ ρπ ‘ʘ…‐― †‛ πȢυ. ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ˊɞɡ Űɞ əɏɜŰɟɞ ɓɎɟɞɡɠ ŮɑɜŬɘ 

ɏɝɤ Ŭˊɧ Űɞ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ ŰɧŰŮ ŮűŬɟɛɧɕŮŰŬɘ ɖ ˊɟɩŰɖ ɛɏɗɞŭɞɠ. 

¶ ȺɎɜ ɏɜŬ ůɖɛŮɑɞ ŮɑɜŬɘ ɏɝɤ Ŭˊɧ Űɞ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ əŬɘ Űɞ əɏɜŰɟɞ ɓɎɟɞɡɠ Űɞɡ 

simplex ὼ ŮɑɜŬɘ ɛɏůŬ, ŰɧŰŮ Űɞ ůɖɛŮɑɞ ŬɜŰɘəŬɗɑůŰŬŰŬɘ Ŭˊɧ Űɖ ɛɏůɖ Űɘɛɐ Űɞɡ 

ůɖɛŮɑɞɡ əŬɘ Űɞɡ əɏɜŰɟɞɡ ɓɎɟɞɡɠ. ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ɧˊɞɡ əŬɘ ɖ ɛɏůɖ Űɘɛɐ ŮɑɜŬɘ ɏɝɤ 



Ŭˊɧ Űɞ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ, ŰɧŰŮ ɚŬɛɓɎɜŮŰŬɘ ɡˊɧɣɘɜ ɖ çɛɏůɖ Űɘɛɐè Űɖɠ ɛɏůɖɠ Űɘɛɐɠ 

əŬɘ Űɞɡ əɏɜŰɟɞɡ ɓɎɟɞɡɠ. ȷɡŰɐ ɖ ŭɘŬŭɘəŬůɑŬ ŮˊŬɜŬɚŬɛɓɎɜŮŰŬɘ ɛɏɢɟɘɠ ɧŰɞɡ ɓɟŮɗŮɑ 

ůɖɛŮɑɞ ˊɞɡ ŭŮɜ ˊŬɟŬɓɘɎɕŮɘ Űɞɡɠ ˊŮɟɘɞɟɘůɛɞɨɠ. ŪŬ ˊɟɏˊŮɘ ɜŬ ŬɜŬűŮɟɗŮɑ ɧŰɘ ůŰɖɜ 

ˊŮɟɑˊŰɤůɖ ˊɞɡ Űɞ əɏɜŰɟɞ ɓɎɟɞɡɠ ŮɑɜŬɘ ɏɝɤ Ŭˊɧ Űɞ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ ŰɧŰŮ 

ŮűŬɟɛɧɕŮŰŬɘ ɖ ˊɟɩŰɖ ɛɏɗɞŭɞɠ. 

¶ ȰɜŬɠ Ɏɚɚɞɠ ˊŮɟɘɞɟɘůɛɧɠ ˊɞɡ ŮűŬɟɛɧůŰɖəŮ, ŮɑɜŬɘ ɞ ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ Űɖɠ 

ŬɜŰɘəŮɘɛŮɜɘəɐɠ ůɡɜɎɟŰɖůɖɠ ůŮ ɛɑŬ ɜɏŬ ůɡɜɎɟŰɖůɖ ŮəɗŮŰɘəɐɠ ɛɞɟűɐɠ, ɔɘŬ Űɘɠ 

ˊŮɟɘˊŰɩůŮɘɠ ɧˊɞɡ ɞɘ ŭɞəɘɛɏɠ ɔɑɜɞɜŰŬɘ ɏɝɤ Ŭˊɧ Űɞɜ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ. ɆŮ ŬɡŰɐ Űɖɜ 

ˊŮɟɑˊŰɤůɖ, ɖ ɜɏŬ ŮəɗŮŰɘəɐ ɛɞɟűɐ Űɖɠ ŬɜŰɘəŮɘɛŮɜɘəɐɠ ůɡɜɎɟŰɖůɖɠ, ɗŬ ŭɩůŮɘ Űɘɠ 

ɢŮɘɟɧŰŮɟŮɠ Űɘɛɏɠ Ŭˊɧ Űɖɜ ŬɜŰɘəŮɘɛŮɜɘəɐ ůɡɜɎɟŰɖůɖ. 

¶ ɇɏɚɞɠ, ɖ ůɡɜɎɟŰɖůɖ ˊɞɘɜɐɠ, ɧˊɞɡ ɖ ɛɞɟűɐ Űɖɠ ɔɑɜŮŰŬɘ ŬˊɚɞɨůŰŮɟɖ əŬɘ 

ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɔɘŬ ɜŬ ˊŬɑɟɜŮɘ ɛŮɔɎɚŮɠ Űɘɛɏɠ ůŮ ˊɟɞɓɚɐɛŬŰŬ ŮɚŬɢɘůŰɞˊɞɑɖůɖɠ, 

ɧŰŬɜ ɞ Ŭɚɔɧɟɘɗɛɞɠ əɘɜŮɑŰŬɘ ŮəŰɧɠ Űɞɡ ɢɩɟɞɡ ŬɜŬɕɐŰɖůɖɠ.  

 

× Brent Method 

ȼ ɛɏɗɞŭɞɠ Űɞɡ Brent ŮɑɜŬɘ ɏɜŬɠ ůɡɜŭɡŬůɛɧɠ Űɖɠ ɛŮɗɧŭɞɡ əŬɜɞɜɘəɐɠ ɣŮɡŭɞɨɠ ɐ 

ɣŮɡŭɞɨɠ ɗɏůɖɠ əŬɘ Űɖɠ ɛŮɗɧŭɞɡ ŭɘɢɞŰɧɛɖůɖɠ. ȷˊɞŰŮɚŮɑ ɛɘŬ ɞɟɘɞɗŮŰɖɛɏɜɖ ɛɏɗɞŭɞɠ, 

ˊɞɡ ůɡɜɐɗɤɠ ůɡɔəɚɑɜŮɘ ŰŬɢɨŰŮɟŬ Ŭˊɧ Űɘɠ ɛŮɗɧŭɞɡɠ ŭɘɢɞŰɧɛɖůɖɠ əŬɘ ɣŮɡŭɞɨɠ 

ɗɏůɖɠ. Ƀɘ ɛɏɗɞŭɞɘ ŭɘɢɞŰɧɛɖůɖɠ əŬɘ ɣŮɡŭɞɨɠ ɗɏůɖɠ, ŭŮɜ ɛˊɞɟɞɨɜ ɜŬ ɓɟɞɡɜ ɟɑɕŮɠ 

ˊɞɡ ŮɑɜŬɘ ŰɞˊɘəɎ ŮɚɎɢɘůŰŬ ɐ ɛɏɔɘůŰŬ, ŮˊŮɘŭɐ ŰŬ ŭŮůɛŮɡɛɏɜŬ ŰŮɚɘəɎ ůɖɛŮɑŬ ˊɟɏˊŮɘ 

ɜŬ ɏɢɞɡɜ ŭɘŬűɞɟŮŰɘəɎ ˊɟɧůɖɛŬ. ȾŬŰô ŬɡŰɧ Űɞ Űɟɧˊɞ ɖ ɛɏɗɞŭɞɠ Űɞɡ Brent, 

ŮɜůɤɛŬŰɩɜŮɘ ɛŬɕɑ ɛŮ Űɘɠ ɛŮɗɧŭɞɡɠ ɣŮɡŭɞɨɠ ɗɏůɖɠ əŬɘ ŭɘɢɞŰɧɛɖůɖɠ, ɛɑŬ ɛɏɗɞŭɞ 

ŮɨɟŮůɖɠ ɟɑɕŬɠ ŬɜŰɑůŰɟɞűɖɠ ŰŮŰɟŬɔɤɜɘəɐɠ ˊŬɟŮɛɓɞɚɐɠ. ȼ əɨɟɘŬ Ůˊɘˊɚɞəɐ Űɞɡ, 

ˊɟɞɏɟɢŮŰŬɘ Ŭˊɧ Űɞɡɠ əŬɜɧɜŮɠ ˊɞɡ ɢɟɖůɘɛɞˊɞɘŮɑ ɔɘŬ ɜŬ ŬˊɞűŬůɑůŮɘ ˊɞɘŬ ɛɏɗɞŭɞ 

ŮɨɟŮůɖɠ ɟɑɕŬɠ ɗŬ ɢɟɖůɘɛɞˊɞɘɐůŮɘ. ȼ ɛɏɗɞŭɞɠ ɚŮɘŰɞɡɟɔŮɑ ˊɟɞůŬɟɛɧɕɞɜŰŬɠ ɛɘŬ 

ŰŮŰɟŬɔɤɜɘəɐ ůɡɜɎɟŰɖůɖ ůŰɞ ŬɜŰɑůŰɟɞűɞ Űɖɠ ůɡɜɎɟŰɖůɖɠ, Ůɜɩ ɖ  ɟɑɕŬ Űɖɠ 

ůɡɜɎɟŰɖůɖɠ ˊɟɞůŮɔɔɑɕŮŰŬɘ ɞɟɑɕɞɜŰŬɠ Űɖɜ Ůɑůɞŭɞ Űɖɠ ŬɜŰɑůŰɟɞűɖɠ ˊɟɞůɏɔɔɘůɖɠ ůŰɞ 

ɛɖŭɏɜ [22]. 

ȷɜŬűɏɟŮŰŬɘ, ɧŰɘ ɖ ɛɏɗɞŭɞɠ Brent, ůɡɔəɚɑɜŮɘ ˊɎɜŰŬ ɧůɞ ɞɘ Űɘɛɏɠ Űɖɠ ůɡɜɎɟŰɖůɖɠ 

ŮɑɜŬɘ ɡˊɞɚɞɔɑůɘɛŮɠ ůŮ ɛɘŬ ŭŮŭɞɛɏɜɖ ˊŮɟɘɞɢɐ ˊɞɡ ˊŮɟɘɏɢŮɘ ɛɘŬ ɟɑɕŬ. ȹŮŭɞɛɏɜɞɡ Űɤɜ 

Űɟɘɩɜ ůɖɛŮɑɤɜ x1, x2, x3 ɖ ɛɏɗɞŭɞɠ ŰŬɘɟɘɎɕŮɘ ɛŮ Űɞ x ɤɠ ŰŮŰɟŬɔɤɜɘəɐ ůɡɜɎɟŰɖůɖ 

Űɞɡ y əŬɘ ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ Űɞɜ Űɨˊɞ ˊŬɟŮɛɓɞɚɐɠ [23]: 
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ὼ          

 

Ƀɘ ŮˊɧɛŮɜŮɠ ŮəŰɘɛɐůŮɘɠ ɟɑɕŬɠ, ɚŬɛɓɎɜɞɜŰŬɘ ɗɏŰɞɜŰŬɠ ɔɘŬ y=0: 

ὼ ὼ
ὖ

ὗ
 

 

ɧˊɞɡ: ὖ ὛὝὙ Ὕ ὼ ὼ ρ Ὑ ὼ ὼ   əŬɘ ὗ Ὕ ρ Ὑ

ρ Ὓ ρ 

 

ɛŮ Ὑḳ   ,  Ὓḳ   əŬɘ Ὕḳ   [23]. 

 

× Golden-section Method 

ȼ ŬɜŬɕɐŰɖůɖ ɢɟɡůɐɠ Űɞɛɐɠ ŮɑɜŬɘ ɛɘŬ ŰŮɢɜɘəɐ ɔɘŬ Űɖɜ ŮɨɟŮůɖ Ůɜɧɠ Ɏəɟɞɡ (ŮɚɎɢɘůŰɞ 

ɐ ɛɏɔɘůŰɞ) ɛɘŬɠ ůɡɜɎɟŰɖůɖɠ ɛɏůŬ ůŮ ɏɜŬ əŬɗɞɟɘůɛɏɜɞ ŭɘɎůŰɖɛŬ. ũɘŬ ɛɘŬ ŬɡůŰɖɟɎ 

ɛɞɜɞŰɟɞˊɘəɐ ůɡɜɎɟŰɖůɖ ɛŮ ɏɜŬ Ɏəɟɞ ɛɏůŬ ůŰɞ ŭɘɎůŰɖɛŬ, ɗŬ ɓɟŮɘ ŬɡŰɧ Űɞ Ɏəɟɞ, 

Ůɜɩ ɔɘŬ ɏɜŬ ŭɘɎůŰɖɛŬ ˊɞɡ ˊŮɟɘɏɢŮɘ ˊɞɚɚŬˊɚɎ ɎəɟŬ, ɗŬ ůɡɔəɚɑɜŮɘ ůŮ ɏɜŬ Ŭˊɧ ŬɡŰɎ. 

ȺɎɜ Űɞ ɛɧɜɞ Ɏəɟɞ ůŰɞ ŭɘɎůŰɖɛŬ ɓɟɑůəŮŰŬɘ ůŮ ɏɜŬ ɧɟɘɞ Űɞɡ ŭɘŬůŰɐɛŬŰɞɠ, ɗŬ 

ůɡɔəɚɑɜŮɘ ůŮ ŬɡŰɧ Űɞ ɞɟɘŬəɧ ůɖɛŮɑɞ. ȼ ɛɏɗɞŭɞɠ ɚŮɘŰɞɡɟɔŮɑ ˊŮɟɘɞɟɑɕɞɜŰŬɠ 

ŭɘŬŭɞɢɘəɎ Űɞ Ůɨɟɞɠ Űɘɛɩɜ ůŰɞ əŬɗɞɟɘůɛɏɜɞ ŭɘɎůŰɖɛŬ, ɔŮɔɞɜɧɠ ˊɞɡ Űɖɜ əŬɗɘůŰɎ 

ůɢŮŰɘəɎ Ŭɟɔɐ, ŬɚɚɎ ˊɞɚɨ ɘůɢɡɟɐ. ȼ ŰŮɢɜɘəɐ ŬɜŰɚŮɑ Űɞ ɧɜɞɛɎ Űɖɠ Ŭˊɧ Űɞ ɔŮɔɞɜɧɠ ɧŰɘ 

ɞ Ŭɚɔɧɟɘɗɛɞɠ ŭɘŬŰɖɟŮɑ Űɘɠ Űɘɛɏɠ ůɡɜɎɟŰɖůɖɠ ɔɘŬ ŰɏůůŮɟŬ ůɖɛŮɑŬ Űɤɜ ɞˊɞɑɤɜ ŰŬ 

ŰɟɑŬ ˊɚɎŰɖ ŭɘŬůŰɖɛɎŰɤɜ ŮɑɜŬɘ ůŰɖɜ ŬɜŬɚɞɔɑŬ ű:1:ű ɧˊɞɡ ű ŮɑɜŬɘ ɖ ɢɟɡůɐ Űɞɛɐ. 

ȷɡŰɏɠ ɞɘ ŬɜŬɚɞɔɑŮɠ ŭɘŬŰɖɟɞɨɜŰŬɘ ɔɘŬ əɎɗŮ ŮˊŬɜɎɚɖɣɖ əŬɘ ŮɑɜŬɘ ɛɏɔɘůŰŬ 

ŬˊɞŭɞŰɘəɏɠ. ȺəŰɧɠ Ŭˊɧ ŰŬ ɞɟɘŬəɎ ůɖɛŮɑŬ, ɧŰŬɜ ŬɜŬɕɖŰɎŰŮ ɏɜŬ ŮɚɎɢɘůŰɞ, Űɞ 

əŮɜŰɟɘəɧ ůɖɛŮɑɞ ŮɑɜŬɘ ˊɎɜŰŬ ɛɘəɟɧŰŮɟɞ ɐ ɑůɞ ɛŮ ŰŬ ŮɝɤŰŮɟɘəɎ ůɖɛŮɑŬ, 

ŭɘŬůűŬɚɑɕɞɜŰŬɠ ɧŰɘ ɏɜŬ ŮɚɎɢɘůŰɞ ˊŮɟɘɏɢŮŰŬɘ ɛŮŰŬɝɨ Űɤɜ ŮɝɤŰŮɟɘəɩɜ ůɖɛŮɑɤɜ. 

ȳŰŬɜ ŬɜŬɕɖŰŮɑŰŬɘ Űɞ ɛɏɔɘůŰɞ, ŰɧŰŮ ɘůɢɨŮɘ Űɞ ŬɜŰɑůŰɟɞűɞ [24]. ɆŰɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ 

ŮɨɟŮůɖɠ Ůɜɧɠ ɛɖŭŮɜɧɠ, Ŭɟəɞɨɜ ŭɨɞ ŬɝɘɞɚɞɔɐůŮɘɠ ůɡɜŬɟŰɐůŮɤɜ ɛŮ ŬɜŰɑɗŮŰɞ 

ˊɟɧůɖɛɞ ɔɘŬ Űɖɜ ŰɞˊɞɗɏŰɖůɖ ɟɑɕŬɠ, ůŮ ŬɜŰɑɗŮůɖ ɛŮ Űɖɜ ŬɜŬɕɐŰɖůɖ ŮɚŬɢɑůŰɞɡ ˊɞɡ 

ŬˊŬɘŰɞɨɜŰŬɘ ŰɟŮɘɠ Űɘɛɏɠ. 

ȼ ŬɜŬɕɐŰɖůɖ ɢɟɡůɐɠ Űɞɛɐɠ ŮɑɜŬɘ ɏɜŬɠ Űɟɧˊɞɠ ɔɘŬ Űɖɜ ůŰŬŭɘŬəɐ ɛŮɑɤůɖ Űɤɜ 

ŭɘŬůŰɖɛɎŰɤɜ ŮɜŰɞˊɘůɛɞɨ Űɞɡ ŮɚŬɢɑůŰɞɡ. ŪŬ ˊɟɏˊŮɘ ɜŬ ŬɜŬűŮɟɗŮɑ ůŰɞ ůɖɛŮɑɞ ŬɡŰɧ, 



ɧŰɘ ŬɜŮɝɎɟŰɖŰŬ Ŭˊɧ Űɞɜ Ŭɟɘɗɛɧ Űɤɜ ůɖɛŮɑɤɜ ˊɞɡ ɏɢɞɡɜ ŬɝɘɞɚɞɔɖɗŮɑ, Űɞ ŮɚɎɢɘůŰɞ 

ɓɟɑůəŮŰŬɘ ůŰɞ ŭɘɎůŰɖɛŬ ˊɞɡ ɞɟɑɕŮŰŬɘ Ŭˊɧ ŰŬ ŭɨɞ ůɖɛŮɑŬ, ŭɑˊɚŬ ůŰɞ ůɖɛŮɑɞ ɛŮ Űɖɜ 

ɛɘəɟɧŰŮɟɖ Űɘɛɐ ˊɞɡ ɏɢŮɘ ŬɝɘɞɚɞɔɖɗŮɑ ɛɏɢɟɘ ŮəŮɑɜɖ Űɖ ɢɟɞɜɘəɐ ůŰɘɔɛɐ. ɆŰɞ 

ˊŬɟŬəɎŰɤ ŭɘɎɔɟŬɛɛŬ ŬˊŮɘəɞɜɑɕŮŰŬɘ ɛɧɜɞ ɖ ŮɨɟŮůɖ Űɞɡ ŮɚŬɢɑůŰɞɡ, ɧˊɞɡ ŰŬ Ὢὼ 

ɓɟɑůəɞɜŰŬɘ ůŰɞɜ əŬŰŬəɧɟɡűɞ ɎɝɞɜŬ əŬɘ ɞ ɞɟɘɕɧɜŰɘɞɠ ɎɝɞɜŬɠ ŮɑɜŬɘ ɖ ˊŬɟɎɛŮŰɟɞɠ x. 

  

 

 

ȺɘəɧɜŬ 1 14: ȹɘɎɔɟŬɛɛŬ ŬɜŬɕɐŰɖůɖɠ ɢɟɡůɐɠ Űɞɛɐɠ 

 

ȳˊɤɠ ŭɘŬˊɘůŰɩɜŮŰŬɘ Ŭˊɧ Űɞ ˊŬɟŬˊɎɜɤ ŭɘɎɔɟŬɛɛŬ, ɖ Ὢὼ ɏɢŮɘ ŬɝɘɞɚɞɔɖɗŮɑ ůŰŬ 

ŰɟɑŬ ůɖɛŮɑŬ: x1, x2 əŬɘ x3, ɧˊɞɡ Űɞ f(2) ŮɑɜŬɘ ɛɘəɟɧŰŮɟɞ Ŭˊɧ Űɞ f(1) ɐ Űɞ f(3). 

ɃˊɧŰŮ, ɏɜŬ ŮɚɎɢɘůŰɞ ɓɟɑůəŮŰŬɘ ŬɜɎɛŮůŬ ůŰɞ ŭɘɎůŰɖɛŬ Ŭˊɧ ὼ ˊɟɞɠ ὼ. ȰˊŮɘŰŬ, ɗŬ 

ˊɟɏˊŮɘ ɜŬ ŭɘŮɟŮɡɜɖɗŮɑ ɖ ůɡɜɎɟŰɖůɖ ŬɝɘɞɚɞɔɩɜŰŬɠ Űɖɜ ůŮ ɛɘŬ ɜɏŬ Űɘɛɐ: ὼ. 

Ⱥˊɞɛɏɜɤɠ ŮɎɜ f(x4)=f4a, ŰɧŰŮ ɏɜŬ ŮɚɎɢɘůŰɞ ŮɜŰɞˊɑɕŮŰŬɘ ɛŮŰŬɝɨ ὼ əŬɘ ὼ əŬɘ ɖ ɜɏŬ 

ŰɟɘɎŭŬ ůɖɛŮɑɤɜ ɔɘŬ Űɖɜ ŮˊɧɛŮɜɖ Ŭɝɘɞɚɧɔɖůɖ, ɗŬ ŮɑɜŬɘ: x1, x2 əŬɘ x4.  

ȹɘŬűɞɟŮŰɘəɎ, Ŭɜ f(x4)=f4b, ŮˊɘɚɏɔŮŰŬɘ ɖ ŰɟɘɎŭŬ x2, x4 əŬɘ x3. ɀŮ ŬɡŰɧ Űɞ Űɟɧˊɞ 

ŭɖɛɘɞɡɟɔŮɑŰŬɘ ɏɜŬ ɜɏɞ ůŰŮɜɧŰŮɟɞ ŭɘɎůŰɖɛŬ ŬɜŬɕɐŰɖůɖɠ ˊɞɡ ˊŮɟɘɏɢŮɘ Űɞ ŮɚɎɢɘůŰɞ 

Űɖɠ ůɡɜɎɟŰɖůɖɠ.  

 

ɀɏɗɞŭɞɘ ɛŮ ˊŬɟŬɔɩɔɞɡɠ 

 

× Gradient Descent Method 
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Ƀ Gradient descent ŮɑɜŬɘ ɏɜŬɠ Ŭɚɔɧɟɘɗɛɞɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ˊɞɡ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ 

əŬŰɎ əɨɟɘɞ ɚɧɔɞ ɔɘŬ Űɖɜ ŮəˊŬɑŭŮɡůɖ 

ɛɞɜŰɏɚɤɜ ɛɖɢŬɜɘəɐɠ ɛɎɗɖůɖɠ əŬɘ 

ɜŮɡɟɤɜɘəɩɜ ŭɘəŰɨɤɜ. ɇŬ ŭŮŭɞɛɏɜŬ 

ŮəˊŬɑŭŮɡůɖɠ ɓɞɖɗɞɨɜ ŰŬ ɛɞɜŰɏɚŬ 

ɛɖɢŬɜɘəɐɠ ɛɎɗɖůɖɠ ɜŬ ŮəˊŬɘŭŮɡŰɞɨɜ, 

Ůɜɩ ɖ ůɡɜɎɟŰɖůɖ əɧůŰɞɡɠ ɛŮŰɟɎ ůŮ 

əɎɗŮ ŮˊŬɜɎɚɖɣɖ Űɖɜ ŬəɟɑɓŮɘɎ Űɖɠ ɔɘŬ 

ɜŬ ŮɜɖɛŮɟɩɜŮɘ Űɘɠ ˊŬɟŬɛɏŰɟɞɡɠ. ɀɏɢɟɘ ɖ ůɡɜɎɟŰɖůɖ ɜŬ ˊɚɖůɘɎůŮɘ ɐ ɜŬ ɔɑɜŮɘ ɑůɖ 

ɛŮ Űɞ ɛɖŭɏɜ, Űɞ ɛɞɜŰɏɚɞ ɛɖɢŬɜɘəɐɠ ɛɎɗɖůɖɠ ɗŬ ůɡɜŮɢɑůŮɘ ɜŬ ˊɟɞůŬɟɛɧɕŮɘ Űɘɠ 

ˊŬɟŬɛɏŰɟɞɡɠ Űɖɠ ɛɏɢɟɘ ɜŬ ŬˊɞűɏɟŮɘ Űɞ ɛɘəɟɧŰŮɟɞ ŭɡɜŬŰɧ ůűɎɚɛŬ. Ƀ əŬɚɨŰŮɟɞɠ 

Űɟɧˊɞɠ ɔɘŬ ɜŬ ɞɟɘůŰŮɑ Űɞ Űɞˊɘəɧ ŮɚɎɢɘůŰɞ ɛɘŬɠ ůɡɜɎɟŰɖůɖɠ, ŮɑɜŬɘ ɜŬ əɘɜɖɗɞɨɛŮ 

ˊɟɞɠ ɛɑŬ ŬɟɜɖŰɘəɐ əɚɑůɖ ɐ ɜŬ ŬˊɞɛŬəɟɡɜɗɞɨɛŮ Ŭˊɧ Űɖ ŭɘŬɓɎɗɛɘůɖ Űɖɠ 

ůɡɜɎɟŰɖůɖɠ ůŰɞ Űɟɏɢɞɜ ůɖɛŮɑɞ, ɩůŰŮ ɜŬ ŭɩůŮɘ Űɞ Űɞˊɘəɧ ŮɚɎɢɘůŰɞ Űɖɠ 

ůɡɜɎɟŰɖůɖɠ. Ⱥɜɩ, ɧŰŬɜ əɘɜɞɨɛŬůŰŮ ˊɟɞɠ ɛɘŬ ɗŮŰɘəɐ əɚɑůɖ ɐ ˊɟɞɠ Űɖ ŭɘŬɓɎɗɛɘůɖ 

Űɖɠ ůɡɜɎɟŰɖůɖɠ ůŰɞ Űɟɏɢɞɜ ůɖɛŮɑɞ, ɗŬ ɚɎɓɞɡɛŮ Űɞ Űɞˊɘəɧ ɛɏɔɘůŰɞ ŬɡŰɐɠ Űɖɠ 

ůɡɜɎɟŰɖůɖɠ. ɄɟɞəŮɘɛɏɜɞɡ ɜŬ ɛɎɗɞɡɛŮ Űɖɜ əɚɑůɖ ɛɘŬɠ ɔɟŬɛɛɐɠ Ŭˊɧ Űɖ gradient 

descent, ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɖ Ůɝɑůɤůɖ: Y=mX+c, ɧˊɞɡ Űɞ m ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɖɜ 

əɚɑůɖ Űɖɠ ŮɡɗŮɑŬɠ əŬɘ Űɞ c ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɘɠ Űɞɛɏɠ ůŰɞɜ ɎɝɞɜŬ y. ȷˊɧ Űɖɜ 

ˊŬɟŬˊɎɜɤ ŮɘəɧɜŬ, ˊŬɟŬŰɖɟŮɑŰŬɘ ɏɜŬ ůɖɛŮɑɞ Ůəəɑɜɖůɖɠ, Űɞ ɞˊɞɑɞ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ 

ɔɘŬ Űɖɜ Ŭɝɘɞɚɧɔɖůɖ Űɖɠ Ŭˊɧŭɞůɖɠ. ȷˊɧ ŬɡŰɧ Űɞ ůɖɛŮɑɞ Ůəəɑɜɖůɖɠ ɗŬ ŮɝŬɢɗŮɑ ɖ 

ˊɟɩŰɖ ˊŬɟɎɔɤɔɞɠ ɐ ɖ əɚɑůɖ əŬɘ ɏˊŮɘŰŬ ɗŬ ɢɟɖůɘɛɞˊɞɘɐůɞɡɛŮ ɛɘŬ ŮűŬˊŰɧɛŮɜɖ 

ɔɟŬɛɛɐ ɔɘŬ ɜŬ ɡˊɞɚɞɔɘůŰŮɑ ɖ ŬˊɧŰɞɛɖ əɚɑůɖ Űɖɠ. ȸɏɓŬɘŬ ɖ əɚɑůɖ ɔɑɜŮŰŬɘ ˊɘɞ 

ŬˊɧŰɞɛɖ ůŰɞ ůɖɛŮɑɞ Ůəəɑɜɖůɖɠ, ŬɚɚɎ ɧŰŬɜ ŭɖɛɘɞɡɟɔɞɨɜŰŬɘ ɜɏɞɘ ˊŬɟɎɛŮŰɟɞɘ ŰɧŰŮ ɖ 

ŬˊɧŰɞɛɖ əɚɑůɖ ɛŮɘɩɜŮŰŬɘ ůŰŬŭɘŬəɎ əŬɘ ůŰɞ ɢŬɛɖɚɧŰŮɟɞ ůɖɛŮɑɞ ˊɚɖůɘɎɕŮɘ Űɞ 

ɢŬɛɖɚɧŰŮɟɞ ůɖɛŮɑɞ, Űɞ ɞˊɞɑɞ əŬɘ ɞɜɞɛɎɕŮŰŬɘ ůɖɛŮɑɞ ůɨɔəɚɘůɖɠ. Ƀ ɓŬůɘəɧɠ ůŰɧɢɞɠ 

Űɖɠ əɚɑůɖɠ əŬɗɧŭɞɡ ŮɑɜŬɘ ɜŬ ŮɚŬɢɘůŰɞˊɞɘɐůŮɘ Űɖ ůɡɜɎɟŰɖůɖ əɧůŰɞɡɠ ɐ Űɞ ůűɎɚɛŬ 

ɛŮŰŬɝɨ ŬɜŬɛŮɜɧɛŮɜɞɡ əŬɘ ˊɟŬɔɛŬŰɘəɞɨ [25].  

ɈˊɎɟɢɞɡɜ ŰɟŮɘɠ Űɨˊɞɘ Ŭɚɔɞɟɑɗɛɤɜ ŮəɛɎɗɖůɖɠ: ɞ Batch gradient descent, ɞ  

Stochastic gradient descent əŬɘ ɞ Mini -batch gradient descent. Ƀ Ŭɚɔɧɟɘɗɛɞɠ Batch 

gradient descent, ŬɗɟɞɑɕŮɘ Űɞ ůűɎɚɛŬ ɔɘŬ əɎɗŮ ůɖɛŮɑɞ ůô ɏɜŬ ůŮŰ ŮəˊŬɑŭŮɡůɖɠ, 

ŮɜɖɛŮɟɩɜɞɜŰŬɠ Űɞ ɛɞɜŰɏɚɞ ɛɧɜɞ Ŭűɞɨ Ŭɝɘɞɚɞɔɖɗɞɨɜ ɧɚŬ ŰŬ ˊŬɟŬŭŮɑɔɛŬŰŬ 

ŮəˊŬɑŭŮɡůɖɠ. ȷɡŰɐ ɖ ɞɛŬŭɞˊɞɑɖůɖ ˊŬɟɏɢŮɘ ɡˊɞɚɞɔɘůŰɘəɐ Ŭˊɧŭɞůɖ, ɧɛɤɠ 



ɢɟŮɘɎɕŮŰŬɘ ɢɟɧɜɞ ŮˊŮɝŮɟɔŬůɑŬɠ ɔɘŬ ŰŬ ůɨɜɞɚŬ ŭŮŭɞɛɏɜɤɜ ŮəˊŬɑŭŮɡůɖɠ ɩůŰŮ ɜŬ 

ŬˊɞɗɖəŮɨůŮɘ ɧɚŬ ŰŬ ŭŮŭɞɛɏɜŬ ůŰɖ ɛɜɐɛɖ. Ⱥˊɑůɖɠ, ˊŬɟɎɔŮɘ ɚɘɔɧŰŮɟɞ ɗɧɟɡɓɞ əŬɘ 

ůŰŬɗŮɟɐ ůɨɔəɚɘůɖ [25,26]. 

Ƀ Ŭɚɔɧɟɘɗɛɞɠ Stochastic gradient descent, ŮəŰŮɚŮɑ ɛɘŬ ˊŮɟɑɞŭɞ ŮəˊŬɑŭŮɡůɖɠ ɔɘŬ 

əɎɗŮ ˊŮɟɑˊŰɤůɖ ɛɏůŬ ůŰɞ ůɨɜɞɚɞ ŭŮŭɞɛɏɜɤɜ əŬɘ ŮɜɖɛŮɟɩɜŮɘ Űɘɠ ˊŬɟŬɛɏŰɟɞɡɠ 

əɎɗŮ ˊŮɟɑˊŰɤůɖɠ əɎɗŮ űɞɟɎ. ȷɡŰɧ ˊɟɞůűɏɟŮɘ  ˊŮɟɘůůɧŰŮɟŮɠ ɚŮˊŰɞɛɏɟŮɘŮɠ ɔɘŬ Űɞ 

əɎɗŮ ˊŬɟɎŭŮɘɔɛŬ ŮəˊŬɑŭŮɡůɖɠ, ɧɛɤɠ ɛˊɞɟŮɑ ɜŬ ɞŭɖɔɐůŮɘ ůŮ ŬˊɩɚŮɘŮɠ ůŰɖɜ 

ɡˊɞɚɞɔɘůŰɘəɐ Ŭˊɧŭɞůɖ ŬɚɚɎ əŬɘ ůŮ ɗɞɟɡɓɩŭŮɘɠ əɚɑůŮɘɠ. ȺɑɜŬɘ ůɢŮŰɘəɎ ɔɟɐɔɞɟɞɠ 

ůŰɞɜ ɡˊɞɚɞɔɘůɛɧ əŬɘ ˊɘɞ ŬˊɞŰŮɚŮůɛŬŰɘəɧɠ ɔɘŬ ɛŮɔɎɚŬ ůɨɜɞɚŬ ŭŮŭɞɛɏɜɤɜ [25,26]. 

ɇɏɚɞɠ, ɞ Ŭɚɔɧɟɘɗɛɞɠ Mini-batch gradient descent ůɡɜŭɡɎɕŮɘ ůŰɞɘɢŮɑŬ əŬɘ Ŭˊɧ Űɘɠ 

ŭɨɞ ˊɟɞɖɔɞɨɛŮɜŮɠ ɛŮɗɧŭɞɡɠ. ɆɡɔəŮəɟɘɛɏɜŬ, ŭɘŬɢɤɟɑɕŮɘ Űɞ ůɨɜɞɚɞ Űɤɜ ŭŮŭɞɛɏɜɤɜ 

ůŮ ɛɘəɟɎ ɛŮɔɏɗɖ ˊŬɟŰɑŭɤɜ əŬɘ ŮəŰŮɚŮɑ ŮɜɖɛŮɟɩůŮɘɠ ůŮ əɎɗŮ ɛɑŬ Ŭˊɧ ŬɡŰɏɠ. ɀŮ 

ŬɡŰɧ Űɞ Űɟɧˊɞ ŮˊɘŰɡɔɢɎɜŮŰŬɘ ɛɘŬ ɘůɞɟɟɞˊɑŬ ɛŮŰŬɝɨ Űɖɠ ɡˊɞɚɞɔɘůŰɘəɐɠ 

ŬˊɞŰŮɚŮůɛŬŰɘəɧŰɖŰŬɠ Űɖɠ ˊŬɟŰɑŭŬɠ əŬɘ Űɖɠ ŰŬɢɨŰɖŰŬɠ Űɖɠ ůŰɞɢŬůŰɘəɐɠ əɚɑůɖɠ 

əŬɗɧŭɞɡ. ũŮɜɘəɧŰŮɟŬ ŮɑɜŬɘ ˊɘɞ ŬˊɞŭɞŰɘəɧɠ ɡˊɞɚɞɔɘůŰɘəɎ, Ůɜɩ ˊŬɟɎɔŮɘ ɛɑŬ ůŰŬɗŮɟɐ 

ůɨɔəɚɘůɖ əŬŰɎɓŬůɖɠ [25,26]. 

 

× Broyden Fletcher Goldfarb Shanno Method 

Ƀ Ŭɚɔɧɟɘɗɛɞɠ Broyden Fletcher Goldfarb Shanno (BFGS), ˊɐɟŮ ɞ ɧɜɞɛɎ Űɞɡ Ŭˊɧ 

ŰŬ ŰɏůůŮɟŬ ɎŰɞɛŬ ˊɞɡ Űɞɜ ŬɜŬəɎɚɡɣŬɜ: Broyden, Fletcher, Goldfarb əŬɘ Shanno. 

ȺɑɜŬɘ ɏɜŬɠ Ŭˊɧ Űɞɡɠ ˊɘɞ Ůɡɟɏɤɠ ɢɟɖůɘɛɞˊɞɘɞɨɛŮɜɞɡɠ Ŭɚɔɞɟɑɗɛɞɡɠ ŭŮɨŰŮɟɖɠ ŰɎɝɖɠ 

ɔɘŬ ŬɟɘɗɛɖŰɘəɐ ɓŮɚŰɘůŰɞˊɞɑɖůɖ əŬɘ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ůɡɜɐɗɤɠ ɔɘŬ Űɖɜ ˊɟɞůŬɟɛɞɔɐ 

Ŭɚɔɞɟɑɗɛɤɜ ɛɖɢŬɜɘəɐɠ ɛɎɗɖůɖɠ [27]. ȷˊɞŰŮɚŮɑ ŮˊɏəŰŬůɖ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ 

ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ Űɖɠ ɛŮɗɧŭɞɡ Newton, ɖ ɞˊɞɑŬ ɢɟɖůɘɛɞˊɞɘŮɑ ˊɑɜŬəŬ Hessian.  

ɇɞ ˊɟɧɓɚɖɛŬ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ 

ŮɑɜŬɘ ɖ ŮɚŬɢɘůŰɞˊɞɑɖůɖ Űɖɠ 

f(x), ɧˊɞɡ x ŮɑɜŬɘ ɏɜŬ 

ŭɘɎɜɡůɛŬ ůŰɖɜ Rn əŬɘ ɖ f ŮɑɜŬɘ 

ɛɘŬ ŭɘŬűɞɟɑůɘɛɖ ɓŬɗɛɤŰɐ 

ůɡɜɎɟŰɖůɖ. ȹŮɜ ɡˊɎɟɢɞɡɜ 

ˊŮɟɘɞɟɘůɛɞɑ ůŰɘɠ Űɘɛɏɠ ˊɞɡ 

ɛˊɞɟŮɑ ɜŬ ˊɎɟŮɘ Űɞ x. Ƀ 
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Ŭɚɔɧɟɘɗɛɞɠ ɝŮəɘɜɎ Ŭˊɧ ɛɘŬ Ŭɟɢɘəɐ ŮəŰɑɛɖůɖ ɔɘŬ Űɖ ɓɏɚŰɘůŰɖ Űɘɛɐ x0 əŬɘ ˊɟɞɢɤɟɎ 

ŮˊŬɜŬɚɖˊŰɘəɎ ɔɘŬ ɜŬ ˊɎɟŮɘ ɛɘŬ əŬɚɨŰŮɟɖ ŮəŰɑɛɖůɖ ůŮ əɎɗŮ ůŰɎŭɘɞ. ȼ əŬŰŮɨɗɡɜůɖ 

ŬɜŬɕɐŰɖůɖɠ ὴ ůŰɞ ůŰɎŭɘɞ k ŭɑɜŮŰŬɘ Ŭˊɧ Űɖ ɚɨůɖ Űɖɠ ŬɜɎɚɞɔɖɠ Ůɝɑůɤůɖɠ Newton: 

 

ὄὖ Ὢɳὼ  

ɧˊɞɡ:  

- Bk: ŮɑɜŬɘ ɛɘŬ ˊɟɞůɏɔɔɘůɖ ůŰɞɜ ȺůůɘŬɜɧ ˊɑɜŬəŬ, ɞ ɞˊɞɑɞɠ ŮɜɖɛŮɟɩɜŮŰŬɘ 

ŮˊŬɜŬɚɖˊŰɘəɎ ůŮ əɎɗŮ ůŰɎŭɘɞ 

- Ὢɳὼ : ŮɑɜŬɘ ɖ ˊŬɟɎɔɤɔɞɠ Űɖɠ ůɡɜɎɟŰɖůɖɠ ˊɞɡ ɡˊɞɚɞɔɑɕŮŰŬɘ ůŰɞ ὼ.  

 

ȰˊŮɘŰŬ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɛɘŬ ŬɜŬɕɐŰɖůɖ ɔɟŬɛɛɐɠ ˊɟɞɠ Űɖɜ əŬŰŮɨɗɡɜůɖ ὖ  ɔɘŬ ɜŬ 

ɓɟŮɗŮɑ Űɞ ŮˊɧɛŮɜɞ ůɖɛŮɑɞ ὼ  ɛŮ ŮɚŬɢɘůŰɞˊɞɑɖůɖ Ὢὼ ‎ὖ  ɛŮ ɔ>0.  

ɀŮ ɓɎůɖ Űɖ ůɡɜɗɐəɖ Newton, Űɞ ὄ  ŮɜɖɛŮɟɩɜŮŰŬɘ ɤɠ Ůɝɐɠ: 

 

` ὼ ὼ Ὢɳὼ Ὢɳὼ  

 

ȰɢɞɜŰŬɠ Ù ÆɳØ ÆɳØ  əŬɘ Ó Ø Ø , ŰɧŰŮ  ʐʋ  ɛ  ɘəŬɜɞˊɞɘŮɑ Űɖ 

ůɢɏůɖ:  

ɛ Ó Ù , ɧˊɞɡ ŮɑɜŬɘ əŬɘ ɖ Ůɝɑůɤůɖ Űɞɛɐɠ. 

 

× Newton Raphson Method 

ȼ ɛɏɗɞŭɞɠ Newton Raphson, ŮɑɜŬɘ ɏɜŬɠ Ŭɚɔɧɟɘɗɛɞɠ ŮɨɟŮůɖɠ ɟɑɕŬɠ ˊɞɡ ˊŬɟɎɔŮɘ 

ŭɘŬŭɞɢɘəɎ əŬɚɨŰŮɟŮɠ ˊɟɞůŮɔɔɑůŮɘɠ ůŰɘɠ ɟɑɕŮɠ ɛɘŬɠ ůɡɜɎɟŰɖůɖɠ ɛŮ ˊɟŬɔɛŬŰɘəɐ ŬɝɑŬ. 

ɂŮəɘɜɎ ɛŮ ɛɘŬ ůɡɜɎɟŰɖůɖ ɛɞɜɐɠ ɛŮŰŬɓɚɖŰɐɠ f ˊɞɡ ɞɟɑɕŮŰŬɘ ɔɘŬ ɛɘŬ ˊɟŬɔɛŬŰɘəɐ 

ɛŮŰŬɓɚɖŰɐ x, Űɖɜ ˊŬɟɎɔɤɔɞ Űɖɠ ůɡɜɎɟŰɖůɖɠ fǋ əŬɘ ɛɘŬ Ŭɟɢɘəɐ ŮɘəŬůɑŬ ὼ ɔɘŬ ɛɘŬ 

ɟɑɕŬ Űɖɠ f. ȺɎɜ ɖ ůɡɜɎɟŰɖůɖ ɘəŬɜɞˊɞɘŮɑ ŮˊŬɟəŮɑɠ ɡˊɞɗɏůŮɘɠ əŬɘ ɖ Ŭɟɢɘəɐ ŮɘəŬůɑŬ 

ŮɑɜŬɘ əɞɜŰɎ, ŰɧŰŮ:  

Ø Ø
ÆØ

ÆᴂØ
 

 

ɧˊɞɡ ŮɑɜŬɘ əŬɚɨŰŮɟɖ ˊɟɞůɏɔɔɘůɖ Űɖɠ ɟɑɕŬɠ Ŭˊɧ Űɞ ὼ.  



ȼ əŮɜŰɟɘəɐ ɘŭɏŬ ŮɑɜŬɘ ɜŬ ɝŮəɘɜɐůɞɡɛŮ ɛŮ ɛɘŬ Ŭɟɢɘəɐ ŮɘəŬůɑŬ, ůŰɖ ůɡɜɏɢŮɘŬ ɜŬ 

ˊɟɞůŮɔɔɑůɞɡɛŮ Űɖ ůɡɜɎɟŰɖůɖ ɛŮ Űɖɜ 

ŮűŬˊŰɞɛɏɜɖ Űɖɠ ɔɟŬɛɛɐ əŬɘ Űɏɚɞɠ, ɜŬ 

ɡˊɞɚɞɔɑůɞɡɛŮ Űɖɜ ŰɏɛɜɞɡůŬ x ŬɡŰɐɠ Űɖɠ 

ŮűŬˊŰɞɛɏɜɖɠ ɔɟŬɛɛɐɠ. ȷɡŰɐ ɖ Űɞɛɐ x ɗŬ ŮɑɜŬɘ 

ůɡɜɐɗɤɠ ɛɘŬ əŬɚɨŰŮɟɖ ˊɟɞůɏɔɔɘůɖ ůŰɖ ɟɑɕŬ 

Űɖɠ Ŭɟɢɘəɐɠ ůɡɜɎɟŰɖůɖɠ Ŭˊɧ Űɖɜ ˊɟɩŰɖ 

ŮɘəŬůɑŬ əŬɘ ɖ ɛɏɗɞŭɞɠ ɛˊɞɟŮɑ ɜŬ ŮˊŬɜŬɚɖűɗŮɑ. 

ȺɎɜ ɖ ŮűŬˊŰɞɛɏɜɖ ůŰɖɜ əŬɛˊɨɚɖ f(x)= xn, 

ŰɏɛɜŮɘ Űɞɜ ɎɝɞɜŬ x ůŰɞ ůɖɛŮɑɞ xn+1, ŰɧŰŮ ɖ 

əɚɑůɖ :  

 

Ὢᴂὼ   
 

  ,  ɔɘŬ ὼ  

 

ɗŬ ŰɟɞˊɞˊɞɘɖɗŮɑ ɤɠ Ůɝɐɠ:  

 

ὼ ὼ   

 

ŪŬ ˊɟɏˊŮɘ ɜŬ ŬɜŬűŮɟɗŮɑ, ɧŰɘ ɖ ɛɏɗɞŭɞɠ Newton-Raphson ŮɑɜŬɘ ŭɡɜŬŰɧ ɜŬ ŬˊɞŰɨɢŮɘ 

ůŮ ɞɟɘůɛɏɜŮɠ ˊŮɟɘˊŰɩůŮɘɠ. ȷɡŰɧ ɛˊɞɟŮɑ ɜŬ ůɡɛɓŮɑ ɧŰŬɜ: 

¶ ȼ Ŭɟɢɘəɐ Űɘɛɐ ὼ ŮɑɜŬɘ ˊɞɚɨ ɛŬəɟɘɎ Ŭˊɧ Űɖ ɟɑɕŬ ˊɞɡ ɞŭɖɔŮɑ ůŮ ɛɘŬ ŬˊɞəɚɑɜɞɡůŬ 

ŬəɞɚɞɡɗɑŬ ɐ ɛɘŬ ŭɘŬűɞɟŮŰɘəɐ ɟɑɕŬ [28].  

 

 

¶ ȼ ŮűŬˊŰɧɛŮɜɖ əɚɑůɖ ŮɑɜŬɘ ˊɞɚɨ ɛɘəɟɐ, ɧˊɞɡ fô(x) əɞɜŰɎ ůŰɞ 0 ɞŭɖɔŮɑ ůŮ ɛɘŬ 

ŬˊɞəɚɑɜɞɡůŬ ŬəɞɚɞɡɗɑŬ ɐ ůŮ ɛɘŬ ŬəɞɚɞɡɗɑŬ ˊɞɡ ůɡɔəɚɑɜŮɘ ˊɞɚɨ ŬɟɔɎ [28]. 
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¶ ȼ ŮűŬˊŰɧɛŮɜɖ ŮɑɜŬɘ ɞɟɘɕɧɜŰɘŬ, ɧˊɞɡ fô(x)=0 ɞˊɧŰŮ ɖ ŮűŬˊŰɞɛɏɜɖ ŭŮɜ ɗŬ 

ůɡɜŬɜŰɐůŮɘ ˊɞŰɏ Űɞɜ ɎɝɞɜŬ x [28]. 

 

ũŮɜɘəɧŰŮɟŬ, ɖ ɛɏɗɞŭɞɠ Newton- Raphson Űɘɠ ˊŮɟɘůůɧŰŮɟŮɠ űɞɟɏɠ ɚŮɘŰɞɡɟɔŮɑ ŮɎɜ ɖ 

Ŭɟɢɘəɐ ŮɘəŬůɑŬ ŮɑɜŬɘ ŬɟəŮŰɎ əŬɚɐ. ɈˊɎɟɢɞɡɜ ɧɛɤɠ ˊŮɟɘˊŰɩůŮɘɠ ɧˊɤɠ ŬɡŰɏɠ ˊɞɡ 

ˊɟɞŬɜŬűɏɟɗɖəŬɜ, ɧˊɞɡ ɛˊɞɟŮɑ ɜŬ ŬˊɞŰɨɢŮɘ. ȸɏɓŬɘŬ, ŬɡŰɧ ɛˊɞɟŮɑ ɜŬ ŬɚɚɎɝŮɘ Ŭɜ 

Ŭˊɚɩɠ ŬɚɚɎɝŮɘ ɖ Ŭɟɢɘəɐ ŮɘəŬůɑŬ [28]. 

 

× Adam Method 

ȼ ɛɏɗɞŭɞɠ Adam ŮɑɜŬɘ ɏɜŬɠ ˊɟɞůŬɟɛɞůŰɘəɧɠ Ŭɚɔɧɟɘɗɛɞɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ɟɡɗɛɞɨ 

ŮəɛɎɗɖůɖɠ ˊɞɡ ɢɟɖůɘɛɞˊɞɘŮɑ Űɖɜ ɞɟɛɐ əŬɘ Űɖɜ əɚɘɛɎəɤůɖ. Ƀ ɓŮɚŰɘůŰɞˊɞɘɖŰɐɠ ɏɢŮɘ 

ůɢŮŭɘŬůŰŮɑ ɔɘŬ ɜŬ ŮɑɜŬɘ əŬŰɎɚɚɖɚɞɠ ɔɘŬ ɛɖ ůŰŬɗŮɟɞɨɠ ůŰɧɢɞɡɠ əŬɘ ˊɟɞɓɚɐɛŬŰŬ ɛŮ 

ˊɞɚɨ ɗɞɟɡɓɩŭŮɘɠ ɐ ŬɟŬɘɏɠ əɚɑůŮɘɠ. ɄɏɟŬ Ŭˊɧ Űɖɜ ŬˊɞɗɐəŮɡůɖ Ůɜɧɠ ŮəɗŮŰɘəɎ 

ɛŮɘɞɨɛŮɜɞɡ ɛɏůɞɡ ɧɟɞɡ Űɤɜ ˊɟɞɖɔɞɨɛŮɜɤɜ ŰŮŰɟŬɔɤɜɘəɩɜ əɚɑůŮɤɜ ‡ὸ, ŭɘŬŰɖɟŮɑ 

ɏɜŬɜ ŮəɗŮŰɘəɎ ɛŮɘɞɨɛŮɜɞ ɛɏůɞ ɧɟɞ Űɤɜ ˊɟɞɖɔɞɨɛŮɜɤɜ əɚɑůŮɤɜ άὸ. ũɘŬ Űɞɜ 

ɡˊɞɚɞɔɘůɛɧ ŬɡŰɞɨ Űɞɡ əɘɜɞɨɛŮɜɞɡ ɛɏůɞɡ ɧɟɞɡ, ɘůɢɨŮɘ ɧŰɘ: 

 

Í ɼÍ ρ ɼ Ç 

Õ ɼÕ ρ ɼ Ç 

 



ɧ́ ɞɡ ά  əŬɘ ό  ŮɑɜŬɘ ɖ ɛɏůɖ Űɘɛɐ əŬɘ ɖ ŭɘŬəɨɛŬɜůɖ Űɖɠ əɚɑůɖɠ.   

ȳŰŬɜ ŰŬ ŭɨɞ ŬɡŰɎ ůŰɞɘɢŮɑŬ Ŭɟɢɘəɞˊɞɘɖɗɞɨɜ ɤɠ ɛɖŭŮɜɘəɎ ŭɘŬɜɨůɛŬŰŬ, ŰŬ ‍ əŬɘ ‍ 

ŰŮɑɜɞɡɜ ůŰɖɜ ɛɞɜɎŭŬ. Ƚůɢɨɞɡɜ ɞɘ ůɢɏůŮɘɠ: 

 

Í
Í

ρ  ɼ
 

Õ
Õ

ρ  ɼ
 

 

ɀɏůŬ Ŭˊɧ Űɖ ɢɟɐůɖ ŬɡŰɩɜ Űɤɜ ůɢɏůŮɤɜ əŬɘ Űɖɜ Ůɜɖɛɏɟɤůɖ Űɤɜ ˊŬɟŬɛɏŰɟɤɜ, 

ŭɑɜŮŰŬɘ ɞ əŬɜɧɜŬɠ Ůɜɖɛɏɟɤůɖɠ Adam ɞ ɞˊɞɑɞɠ ŬɜŬűɏɟŮɘ ɧŰɘ: 

 

ʃ ʃ   z Í   

 

ɧˊɞɡ:  ɼ πȢω ,  ɼ πȢωωω əŬɘ Űɞ ᶰ ρπ  [29,30]. 

ȼ ɛɏɗɞŭɞɠ Adam, ŮɑɜŬɘ ɏɜŬɠ Ŭˊɧ Űɞɡɠ əŬɚɨŰŮɟɞɡɠ ɓŮɚŰɘůŰɞˊɞɘɖŰɏɠ ůŮ  ůɨɔəɟɘůɖ 

ɛŮ Ɏɚɚɞɡɠ Ŭɚɔɞɟɑɗɛɞɡɠ ŬɚɚɎ ɢŬɟŬəŰɖɟɑɕŮŰŬɘ Űɧůɞ Ŭˊɧ ˊɚŮɞɜŮəŰɐɛŬŰŬ ɧůɞ əŬɘ 

Ŭˊɧ ɛŮɘɞɜŮəŰɐɛŬŰŬ. ɃɟɘůɛɏɜŬ Ŭˊɧ ŰŬ ˊɚŮɞɜŮəŰɐɛŬŰŬ ŮɑɜŬɘ ɧŰɘ ɞ Ŭɚɔɧɟɘɗɛɞɠ 

ɛˊɞɟŮɑ ɜŬ ɢŮɘɟɘůŰŮɑ ŬɟŬɘɏɠ ŭɘŬɓŬɗɛɑůŮɘɠ ůŮ ɗɞɟɡɓɩŭɖ ůɨɜɞɚŬ ŭŮŭɞɛɏɜɤɜ, ŬˊŬɘŰŮɑ 

ɚɑɔɖ ɛɜɐɛɖ ɞˊɧŰŮ ŮɑɜŬɘ əŬɘ ˊɘɞ ŬˊɞŭɞŰɘəɧɠ, ɚŮɘŰɞɡɟɔŮɑ ˊɘɞ ŬˊɞŰŮɚŮůɛŬŰɘəɎ ůŮ 

ɛŮɔɎɚŬ ůɨɜɞɚŬ ŭŮŭɞɛɏɜɤɜ, Ůɜɩ ˊŬɟɎɚɚɖɚŬ ɞɘ ˊɟɞŮˊɘɚŮɔɛɏɜŮɠ Űɘɛɏɠ ˊŬɟŬɛɏŰɟɤɜ 

ɚŮɘŰɞɡɟɔɞɨɜ ˊɘɞ ŬˊɞŭɞŰɘəɎ. ɆɖɛŬɜŰɘəɎ ɛŮɘɞɜŮəŰɐɛŬŰŬ ˊɞɡ ɏɢɞɡɜ ŭɘŬˊɘůŰɤɗŮɑ ŮɑɜŬɘ 

ɧŰɘ ɞ Ŭɚɔɧɟɘɗɛɞɠ ŭŮɜ ůɡɔəɚɑɜŮɘ ůŮ ɛɑŬ ɓɏɚŰɘůŰɖ ɚɨůɖ ɔɘŬ əɎˊɞɘɞɡɠ ŰɞɛŮɑɠ, ɡˊɎɟɢŮɘ 

Űɞ ŮɜŭŮɢɧɛŮɜɞ ɛŮɑɤůɖɠ ɓɎɟɞɡɠ, Ůɜɩ ŬɝɑɕŮɘ ɜŬ ůɖɛŮɘɤɗŮɑ ɧŰɘ ˊɘɞ ˊɟɧůűŬŰɞɘ 

Ŭɚɔɧɟɘɗɛɞɘ ɏɢɞɡɜ ŬˊɞŭŮɘɢɗŮɑ ˊɘɞ ŰŬɢɨŰŮɟɞɘ.  

 

× RMSprop Method 

ȼ ɛɏɗɞŭɞɠ RMSProp, ɚŮɘŰɞɡɟɔŮɑ ɡˊɞɚɞɔɑɕɞɜŰŬɠ Űɖɜ əɚɑůɖ Űɖɠ ůɡɜɎɟŰɖůɖɠ 

ŬˊɩɚŮɘŬɠ ůŮ ůɢɏůɖ ɛŮ Űɘɠ ˊŬɟŬɛɏŰɟɞɡɠ Űɞɡ ɛɞɜŰɏɚɞɡ əŬɘ ŮɜɖɛŮɟɩɜŮɘ Űɘɠ 

ˊŬɟŬɛɏŰɟɞɡɠ ůŰɖɜ ŬɜŰɑɗŮŰɖ əŬŰŮɨɗɡɜůɖ Űɖɠ əɚɑůɖɠ ɔɘŬ ɜŬ ŮɚŬɢɘůŰɞˊɞɘɐůŮɘ Űɖɜ 

ŬˊɩɚŮɘŬ. ɋůŰɧůɞ, Űɞ RMSProp ŮɘůɎɔŮɘ ɛŮɟɘəɏɠ ˊɟɧůɗŮŰŮɠ ŰŮɢɜɘəɏɠ ɔɘŬ Űɖ 

ɓŮɚŰɑɤůɖ Űɖɠ Ŭˊɧŭɞůɖɠ Űɖɠ ŭɘŬŭɘəŬůɑŬɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ. ȰɜŬ ɓŬůɘəɧ 
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ɢŬɟŬəŰɖɟɘůŰɘəɧ ŮɑɜŬɘ ɖ ɢɟɐůɖ Ůɜɧɠ əɘɜɞɨɛŮɜɞɡ ɛɏůɞɡ ɧɟɞɡ Űɤɜ ŰŮŰɟŬɔɤɜɘəɩɜ 

əɚɑůŮɤɜ ɔɘŬ Űɖɜ əɚɑɛŬəŬ Űɞɡ ɟɡɗɛɞɨ ŮəɛɎɗɖůɖɠ ɔɘŬ əɎɗŮ ˊŬɟɎɛŮŰɟɞ. ȷɡŰɧ ɓɞɖɗɎ 

ůŰɖ ůŰŬɗŮɟɞˊɞɑɖůɖ Űɖɠ ŭɘŬŭɘəŬůɑŬɠ ɛɎɗɖůɖɠ əŬɘ ůŰɖɜ Ŭˊɞűɡɔɐ ŰŬɚŬɜŰɩůŮɤɜ 

ůŰɖɜ ŰɟɞɢɘɎ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ [31]. Ƀ RMSProp ŭɘŬŰɖɟŮɑ Űɞɜ əɘɜɞɨɛŮɜɞ ɛɏůɞ ɧɟɞ 

Űɤɜ ŰŮŰɟŬɔɤɜɘəɩɜ əɚɑůŮɤɜ ɔɘŬ əɎɗŮ ɓɎɟɞɠ əŬɘ ŭɘŬɘɟŮɑ Űɖɜ əɚɑůɖ ɛŮ ŰŮŰɟŬɔɤɜɘəɐ 

ɟɑɕŬ Űɞɡ ɛɏůɞ ŰŮŰɟɎɔɤɜɞɡ.   ȽůɢɨŮɘ ɖ ůɢɏůɖ: 

 

ὉὫ ‍ὉὫ ρ ‍
ὅ‏

ὡ‏
 

ύ ύ  
–

ῴὫ
 
ὅ‏

ὡ‏
 

 

ȳˊɞɡ: 

Ⱥ[g]:ɞ ɛɏůɞɠ ɧɟɞɠ Űɤɜ ŰŮŰɟŬɔɤɜɘəɩɜ əɚɑůŮɤɜ 

: ŮɑɜŬɘ ɖ əɚɑůɖ Űɖɠ ůɡɜɎɟŰɖůɖɠ əɧůŰɞɡɠ ůŮ ůɢɏůɖ ɛŮ Űɞ ɓɎɟɞɠ 

n: ɟɡɗɛɧɠ ɛɎɗɖůɖɠ 

Beta (ɓ): ɛɏůɞɠ ɧɟɞɠ Űɖɠ əɘɜɞɨɛŮɜɖɠ ˊŬɟŬɛɏŰɟɞɡ (ˊɟɞŮˊɘɚŮɔɛɏɜɖ Űɘɛɐ Űɞ 0.9) 

ȼ ɛɏɗɞŭɞɠ RMSProp ŮɑɜŬɘ ɔɜɤůŰɐ ɔɘŬ Űɖɜ ɔɟɐɔɞɟɖ ŰŬɢɨŰɖŰŬ ůɨɔəɚɘůɖɠ əŬɘ ŬɡŰɧ 

ůɖɛŬɑɜŮɘ ɧŰɘ ɛˊɞɟŮɑ ɜŬ ɓɟŮɘ əŬɚɏɠ ɚɨůŮɘɠ ůŮ ˊɟɞɓɚɐɛŬŰŬ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ůŮ 

ɚɘɔɧŰŮɟŮɠ ŮˊŬɜŬɚɐɣŮɘɠ ůɡɔəɟɘŰɘəɎ ɛŮ Ɏɚɚɞɡɠ Ŭɚɔɞɟɑɗɛɞɡɠ. Ⱥˊɑůɖɠ, ɖ ɢɟɐůɖ Ůɜɧɠ 

əɘɜɖŰɞɨ ɛɏůɞɡ ɧɟɞɡ Űɤɜ ŰŮŰɟŬɔɤɜɘəɩɜ əɚɑůŮɤɜ ůŰɞ RMSprop, ɓɞɖɗɎ ůŰɖɜ 

ůŰŬɗŮɟɞˊɞɑɖůɖ Űɖɠ ŭɘŬŭɘəŬůɑŬɠ ŮəɛɎɗɖůɖɠ əŬɘ ůŰɖɜ Ŭˊɞűɡɔɐ ŰŬɚŬɜŰɩůŮɤɜ. ɀŮ 

ŬɡŰɧ Űɞ Űɟɧˊɞ ɖ ŭɘŬŭɘəŬůɑŬ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ŮɑɜŬɘ ɚɘɔɧŰŮɟɞ ŮˊɘɟɟŮˊɐɠ ůŮ 

ŬˊɞəɚɑůŮɘɠ. Ⱥˊɘˊɚɏɞɜ, ɏɢŮɘ ɚɘɔɧŰŮɟŮɠ ɡˊŮɟ-ˊŬɟŬɛɏŰɟɞɡɠ ˊɞɡ ŭɘŮɡəɞɚɨɜɞɡɜ Űɞɜ 

ůɡɜŰɞɜɘůɛɧ əŬɘ Űɖ ɢɟɐůɖ ůŰɖɜ ˊɟɎɝɖ. ɇɏɚɞɠ, Űɞ RMSprop ŬˊɞŭɑŭŮɘ əŬɚɎ ůŮ ɛɖ 

əɡɟŰɎ ˊɟɞɓɚɐɛŬŰŬ ˊɞɡ ɏɢɞɡɜ ˊɞɚɚŬˊɚɎ ŰɞˊɘəɎ ŮɚɎɢɘůŰŬ   əŬɘ ɔɟɐɔɞɟɖ ŰŬɢɨŰɖŰŬ 

ůɨɔəɚɘůɖɠ. ɆɡɛˊŮɟŬůɛŬŰɘəɎ, Űɞ RMSprop ŮɑɜŬɘ ɏɜŬɠ Ůɡɟɏɤɠ ɢɟɖůɘɛɞˊɞɘɞɨɛŮɜɞɠ 

Ŭɚɔɧɟɘɗɛɞɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ˊɞɡ ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ ŬˊɞŰŮɚŮůɛŬŰɘəɧɠ ɔɘŬ Űɖɜ 

ŮəˊŬɑŭŮɡůɖ ɛɘŬɠ ˊɞɘəɘɚɑŬɠ ɛɞɜŰɏɚɤɜ [32]. 

 

 

ɇŮɢɜɘəɏɠ Űɞˊɘəɐɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ 



 

Ƀɘ ŰŮɢɜɘəɏɠ ŬɜŬɕɐŰɖůɖɠ Űɞˊɘəɩɜ ŬəɟɞŰɎŰɤɜ, ˊɟɧəŮɘŰŬɘ ɔɘŬ ŮˊŬɜŬɚɖˊŰɘəɏɠ ɛŮɗɧŭɞɡɠ ˊɞɡ 

ɓŮɚŰɘɩɜɞɡɜ ůŰŬŭɘŬəɎ Űɖɜ Űɘɛɐ Űɖɠ ůŰɞɢŬůŰɘəɐɠ ůɡɜɎɟŰɖůɖɠ, ˊŬɟɎɔɞɜŰŬɠ ɛɘŬ ɓŮɚŰɘɤɛɏɜɖ 

ɚɨůɖ ŮűŬɟɛɧɕɞɜŰŬɠ əŬɜɧɜŮɠ ɛŮŰɎɓŬůɖɠ ˊɞɡ ɏɢɞɡɜ Űɖɜ ɛɞɟűɐ: 

ὼ ὼ  ‍  Ὠ  

 

ɧˊɞɡ Űɞ ɓ ŮɑɜŬɘ ɛɘŬ ɓŬɗɛɤŰɐ ˊŬɟɎɛŮŰɟɞɠ əɚɑɛŬəŬɠ əŬɘ 

d ɛɘŬ ŭɘŮɨɗɡɜůɖ ůŰɞ Ὑ   ŰɏŰɞɘŮɠ ɩůŰŮ: Ὢὼ

 Ὢὼ  ɔɘŬ ɞˊɞɘŬŭɐˊɞŰŮ ɛŮŰŬŰɧˊɘůɖ k.  

ȷɜɎɚɞɔŬ ɛŮ Űɘɠ ŮəŰɘɛɐůŮɘɠ Űɤɜ ˊŬɟŬɛɏŰɟɤɜ ɓ əŬɘ d ɞɘ 

ŰŮɢɜɘəɏɠ ŬɜŬɕɐŰɖůɖɠ ŭɘŬűɞɟɞˊɞɘɞɨɜŰŬɘ, Ůɜɩ ɞɘ 

ɛɏɗɞŭɞɘ ɢɤɟɑɕɞɜŰŬɘ ůŮ ŭɨɞ əŬŰɖɔɞɟɑŮɠ ŬɜɎɚɞɔŬ ɛŮ Űɞ 

Ŭɜ ɢɟɖůɘɛɞˊɞɘɞɨɜ ɐ ɧɢɘ Űɘɠ ˊŬɟŬɔɩɔɞɡɠ Űɖɠ 

ůɡɜɎɟŰɖůɖɠ. Ƀɘ ŭɨɞ ɓŬůɘəɏɠ ɛɏɗɞŭɞɘ ŮɑɜŬɘ: ɞɘ ɛɏɗɞŭɞɘ 

əɚɑůɖɠ əŬɘ ɞɘ ɛɏɗɞŭɞɘ ɎɛŮůɖɠ ŬɜŬɕɐŰɖůɖɠ. [33] 

 

ɀɏɗɞŭɞɘ əɚɑůɖɠ: 

¶ Ʉɚɏɞɜ ŬˊɧŰɞɛɖ əŬŰɎɓŬůɖ (Steepest descent): 

 

ȺɑɜŬɘ ɖ ŬˊɚɞɨůŰŮɟɖ ŰŮɢɜɘəɐ əɚɑůɖɠ, ůŰɖɜ ɞˊɞɑŬ ɖ ŭɘŮɨɗɡɜůɖ d ŮɑɜŬɘ ŬɜŰɑɗŮŰɖ ůŰɞ 

ŭɘɎɜɡůɛŬ əɚɑůɖɠ Ὢɳ  Űɖɠ ůɡɜɎɟŰɖůɖɠ f. ȼ ŭɘŬŭɘəŬůɑŬ ɓŬůɑɕŮŰŬɘ ůŰɞɜ əŬɜɧɜŬ əɑɜɖůɖɠ Űɞɡ 

ɜŮɟɞɨ ɔɘŬ Űɞɜ ɞˊɞɑɞ ɘůɢɨŮɘ ɧŰɘ: 

ὼ ὼ  ‍  ɳ Ὢὼ  

ȼ ɛŮŰŬəɑɜɖůɖ ŮɑɜŬɘ əɎɗŮŰɖ ůŰɖ ŭɘŮɨɗɡɜůɖ Űɖɠ 

ŰɟɏɢɞɡůŬɠ ɚɨůɖɠ ὼ  əŬɘ əɎɗŮ ŮˊɧɛŮɜɞ ůɖɛŮɑɞ ὼ  

ŮɑɜŬɘ ɖ ɗɏůɖ ŮɚŬɢɑůŰɞɡ Űɖɠ f, əŬŰɎ ɛɐəɞɠ Űɖɠ ŭɘŮɨɗɡɜůɖɠ 

ˊɞɡ ɞɟɑɕŮɘ ɖ əɚɑůɖ  ɳὪὼ . 

ɇɞ  ‍  ˊɟɞůŭɘɞɟɑɕŮŰŬɘ ɏŰůɘ ɩůŰŮ ɜŬ ŮɚŬɢɘůŰɞˊɞɘŮɑŰŬɘ ɖ f ůŰɞ ŮɡɗɨɔɟŬɛɛɞ ŰɛɐɛŬ ὼ

 ‍  ɳ Ὢὼ , ŭɖɚŬŭɐ: Ὣ‍ ὼ  ‍ ɳ Ὢὼ . 
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ɀŮɘɞɜɏəŰɖɛŬ ŬɡŰɐɠ Űɖɠ ɛŮɗɧŭɞɡ ŮɑɜŬɘ ɖ Ŭɟɔɐ ůɨɔəɚɘůɖ ɛŮ ɛɘəɟɎ əɎɗŮŰŬ ɓɐɛŬŰŬ. [33] 

 

¶ ɆɡɕɡɔŮɑɠ əɚɑůŮɘɠ (conjugate gradients): 

ɆŰɖ ɛɏɗɞŭɞ ŬɡŰɐ ɖ ˊɞɟŮɑŬ ŬɜŬɕɐŰɖůɖɠ ŮˊɘŰɡɔɢɎɜŮŰŬɘ ɧŰŬɜ ɖ ŭɘŮɨɗɡɜůɖ (d) ˊŬɟɎɔŮŰŬɘ ɤɠ 

ɔɟŬɛɛɘəɧɠ ůɡɜŭɡŬůɛɧɠ Űɞɡ ŭɘŬɜɨůɛŬŰɞɠ əɚɑůɖɠ ůŰɞ Űɟɏɢɞɜ ůɖɛŮɑɞ: ὼ ) əŬɘ ůŰɞ 

ˊɟɞɖɔɞɨɛŮɜɞ ůɖɛŮɑɞ: ὼ   ɤɠ Ůɝɐɠ:   

ὼ ὼ  ‍  ɳ Ὢὼ ‎  ɳ Ὢὼ  

ɇɞ  ‍  ˊɟɞůŭɘɞɟɑɕŮŰŬɘ ɛŮ ŮɚŬɢɘůŰɞˊɞɑɖůɖ Űɖɠ ɓɞɖɗɖŰɘəɐɠ ɏəűɟŬůɖɠ g(ɓ)=f(ὼ ). 

ɆŰɖ ɛɏɗɞŭɞ ŬɡŰɐ Ŭɜ ɖ ůɡɜɎɟŰɖůɖ ŮɑɜŬɘ ŰŮŰɟŬɔɤɜɘəɐɠ ɛɞɟűɐɠ, ŰɧŰŮ Űɞ ŬəɟɧŰŬŰɞ 

ŮɜŰɞˊɑɕŮŰŬɘ ůŮ n ɓɐɛŬŰŬ. [33] 

¶ ɀɏɗɞŭɞɠ Űɖɠ ŬˊɧŰɞɛɖɠ əŬɗɧŭɞɡ: 

 

ȼ ɛɏɗɞŭɞɠ Űɖɠ ŬˊɧŰɞɛɖɠ əŬɗɧŭɞɡ ɢŬɟŬəŰɖɟɑɕŮŰŬɘ Ŭˊɧ ˊɟɩŰɖɠ ŰɎɝɖɠ ɟɡɗɛɧ ůɨɔəɚɘůɖɠ. 

ȸŬůɘəɐ ˊɟɞɦˊɧɗŮůɖ ŬɡŰɐɠ Űɖɠ ɛŮɗɧŭɞɡ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ŮɑɜŬɘ ɖ ŭɡɜŬŰɧŰɖŰŬ 

ŬˊɞɗɐəŮɡůɖɠ əŬɘ ŬɜŰɘůŰɟɞűɐɠ Űɞɡ ŮůůɘŬɜɞɨ ɛɖŰɟɩɞɡ ᶯὪ Űɖɠ ůɡɜɎɟŰɖůɖɠ əɧůŰɞɡɠ. Ʉɘɞ 

ůɡɔəŮəɟɘɛɏɜŬ, ɖ ɛɏɗɞŭɞɠ Űɖɠ ŬˊɧŰɞɛɖɠ əŬɗɧŭɞɡ ŮɑɜŬɘ ɛɘŬ ŮˊŬɜŬɚɖˊŰɘəɐ ŭɘŬŭɘəŬůɑŬ 

ŮɨɟŮůɖɠ Ůɜɧɠ Űɞˊɘəɞɨ ŮɚŬɢɑůŰɞɡ ɛɘŬɠ ŭɘŬűɞɟɑůɘɛɖɠ ůɡɜɎɟŰɖůɖɠ. ɄɟɞəŮɘɛɏɜɞɡ ɜŬ 

ˊɟɞəɨɣŮɘ ɖ ŬɜŬŭɟɞɛɘəɐ ůɢɏůɖ Űɖɠ ɛŮɗɧŭɞɡ ɞɟɑɕŮŰŬɘ Űɞ ůɨůŰɖɛŬ [34]: 

ᾀ  Ὢɳᾀ ,  ɔɘŬ  z(t=0)=Ú  əŬɘ ɧˊɞɡ Æɳ ɞɟɑɕŮŰŬɘ Ŭˊɧ Űɖɜ Ůɝɑůɤůɖ: 

Ὢɳᾀ  Ὑ Ὑ Ὑɳ 

ɧˊɞɡ: 

ᶯ ᶯȟé , ᶯȟé ,  ɳ 2  ,  ɛŮ ᶯ  ȟ      əŬɘ    1Ὧ ὓ. 

 

ȼ ɚɨůɖ Űɞɡ ŭɡɜŬɛɘəɞɨ ůɡůŰɐɛŬŰɞɠ ůɡɜɘůŰɎ 

ŰɟɞɢɘɎ ᾀ(ὸ) Ḋ R O Ὑ  Ůˊɑ Űɖɠ ɞˊɞɑŬɠ ɖ 

ůɡɜɎɟŰɖůɖ Ὢ ŮɑɜŬɘ űɗɑɜɞɡůŬ. ɀŮ Ŭɟɢɘəɐ 

əŬŰɎůŰŬůɖ ῶ ɘůɢɨŮɘ ɧŰɘ: 

 



ᾀ  Ὢɳᾀ ᾀ᷆᷆ Ὢɳᾀ ᾀz   Ὢ Јᾀᴂ ὸ Ὢᾀ

Ὢᾀ  ᷆ᾀ †᷆Ὠ† Ὢᾀ  

 

ɀŮ Űɖ ɛɏɗɞŭɞ Euler ɞŭɖɔɞɨɛŬůŰŮ ůŰɖɜ ŬɜŬŭɟɞɛɘəɐ ůɢɏůɖ: 

Ú Ú ɿʐɳÆÚ  , Ú Ú  , 

ɧˊɞɡ n Űɞ ɧɜɞɛŬ Űɖɠ ŬəɞɚɞɡɗɑŬɠ əŬɘ ŭŰ Űɞ ɓɐɛŬ Űɖɠ ŭɘŬəɟɘŰɞˊɞɑɖůɖɠ.  

ȼ ˊŬɟŬˊɎɜɤ ɏəűɟŬůɖ ůɡɜɘůŰɎ Űɖ ŭɘŬŭɘəŬůɑŬ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ɛŮ Űɖ ɛɏɗɞŭɞ Űɖɠ ŬˊɧŰɞɛɖɠ 

əŬɗɧŭɞɡ. ɆŮ əɎɗŮ ŮˊŬɜɎɚɖɣɖ Űɖɠ ɛŮɗɧŭɞɡ, ɖ əŬŰŮɨɗɡɜůɖ ŬɜɑɢɜŮɡůɖɠ əŬɗɞɟɑɕŮŰŬɘ Ŭˊɧ Űɞ 

ŭɘɎɜɡůɛŬ Űɖɠ əɚɑůɖɠ Űɖɠ ůɡɜɎɟŰɖůɖɠ əɧůŰɞɡɠ. ȷˊɞŭŮɘəɜɨŮŰŬɘ ɧŰɘ ɔɘŬ ŮˊŬɟəɩɠ ɛɘəɟɧ ɓɐɛŬ 

ŭɘŬəɟɘŰɞˊɞɑɖůɖɠ ɖ ŬəɞɚɞɡɗɑŬ ůɡɔəɚɑɜŮɘ ŮɡůŰŬɗɩɠ ůŰɖ ɓɏɚŰɘůŰɖ əŬŰɎůŰŬůɖ: ὰὭάᾀ ᾀz .  

ɆŰɖ ŭɘŬŰɨˊɤůɖ ŬɡŰɐ Űɞ ɓɐɛŬ ɞɟɑɕŮŰŬɘ ŮɜɘŬɑŬ ɔɘŬ əɎɗŮ əɧɛɓɞ Űɞɡ ˊɚɏɔɛŬŰɞɠ əŬɘ ˊŬɟŬɛɏɜŮɘ 

ůŰŬɗŮɟɧ ůŮ əɎɗŮ ŮˊŬɜɎɚɖɣɖ Űɖɠ ɛŮɗɧŭɞɡ [34]. 

 

¶ ɀɏɗɞŭɞɠ  Limited-Memory BFGS (L-BFGS): 

Ƀɘ ɛɏɗɞŭɞɘ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ Limited-Memory BFGS Ŭɜɐəɞɡɜ ůŰɖɜ ɞɘəɞɔɏɜŮɘŬ ɛŮɗɧŭɤɜ 

quasi ï Newton. ɆŰɘɠ ɛŮɗɧŭɞɡɠ ŬɡŰɏɠ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɛɑŬ ˊɟɞůɏɔɔɘůɖ Űɖɠ əŬŰŮɨɗɡɜůɖɠ 

ŬɜɑɢɜŮɡůɖɠ Űɖɠ Newton ï Raphson ˊɟɞɠ Ŭˊɞűɡɔɐ Űɖɠ ŬɜŰɘůŰɟɞűɐɠ Űɞɡ ŮůůɘŬɜɞɨ ɛɖŰɟɩɞɡ 

Űɖɠ ůɡɜɎɟŰɖůɖɠ əɧůŰɞɡɠ Ὢ, ŭɘŬŰɖɟɩɜŰŬɠ ŰŬɡŰɧɢɟɞɜŬ ɡɣɖɚɧ ɟɡɗɛɧ ůɨɔəɚɘůɖɠ. ɇɞ L-

BFGS ŬˊɞɗɖəŮɨŮɘ ɛɧɜɞ ɛŮɟɘəɎ ŭɘŬɜɨůɛŬŰŬ ˊɞɡ ŬɜŰɘˊɟɞůɤˊŮɨɞɡɜ Űɖɜ ŮəɎůŰɞŰŮ 

ˊɟɞůɏɔɔɘůɖ, ŰŬ ɞˊɞɑŬ ŬɜŰɚɞɨɜŰŬɘ Ŭˊɧ ŬˊɞɗɖəŮɡɛɏɜŬ ŭŮŭɞɛɏɜŬ ɐ ɓɘɤɛŬŰɘəɐ ɔɜɩůɖ. Ʉɘɞ 

ůɡɔəŮəɟɘɛɏɜŬ, ɚɧɔɤ Űɖɠ ˊɟɞəɨˊŰɞɡůŬɠ ŬˊŬɑŰɖůɖɠ ɔɟŬɛɛɘəɐɠ ɛɜɐɛɖɠ, ɖ ɛɏɗɞŭɞɠ L-BFGS 

ŮɑɜŬɘ ɘŭɘŬɑŰŮɟŬ əŬŰɎɚɚɖɚɖ ɔɘŬ ˊɟɞɓɚɐɛŬŰŬ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ɛŮ ˊɞɚɚɏɠ ɛŮŰŬɓɚɖŰɏɠ. ȷɜŰɑ 

ɔɘŬ Űɞɜ ŬɜŰɑůŰɟɞűɞ ȺůůɘŬɜɧ , ŭɘŬŰɖɟŮɑ ɏɜŬ ɘůŰɞɟɘəɧ Űɤɜ ˊɟɞɖɔɞɨɛŮɜɤɜ m ŮɜɖɛŮɟɩůŮɤɜ 

Űɖɠ ɗɏůɖɠ x əŬɘ Űɖɠ əɚɑůɖɠ Ὢɳὼ, ɧˊɞɡ Űɞ ɛɏɔŮɗɞɠ ɘůŰɞɟɘəɞɨ m ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ ɛɘəɟɧ, 

ůɡɜɐɗɤɠ m<10 [34]. 

ȹŮŭɞɛɏɜɞɡ ɧŰɘ Űɞ L-BFGS ɏɢŮɘ ůɢŮŭɘŬůŰŮɑ ɔɘŬ ɜŬ ŮɚŬɢɘůŰɞˊɞɘŮɑ Űɘɠ ɞɛŬɚɏɠ ůɡɜŬɟŰɐůŮɘɠ 

ɢɤɟɑɠ ˊŮɟɘɞɟɘůɛɞɨɠ, ɞ Ŭɚɔɧɟɘɗɛɞɠ ˊɟɏˊŮɘ ɜŬ ŰɟɞˊɞˊɞɘɖɗŮɑ ɔɘŬ ɜŬ ɢŮɘɟɑɕŮŰŬɘ ůɡɜŬɟŰɐůŮɘɠ 

ˊɞɡ ˊŮɟɘɚŬɛɓɎɜɞɡɜ ɛɖ ŭɘŬűɞɟɞˊɞɘɐůɘɛŬ ůŰɞɘɢŮɑŬ ɐ ˊŮɟɘɞɟɘůɛɞɨɠ. ɀɘŬ ŭɖɛɞűɘɚɐɠ 

əŬŰɖɔɞɟɑŬ ŰɟɞˊɞˊɞɘɐůŮɤɜ ɞɜɞɛɎɕɞɜŰŬɘ ɛɏɗɞŭɞɘ ŮɜŮɟɔɞɨ ůɡɜɧɚɞɡ, ɛŮ ɓɎůɖ Űɖɜ ɏɜɜɞɘŬ Űɞɡ 
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ŮɜŮɟɔɞɨ ůɡɜɧɚɞɡ. ȼ ɘŭɏŬ ŮɑɜŬɘ ɧŰɘ ɧŰŬɜ ˊŮɟɘɞɟɑɕŮŰŬɘ ůŮ ɛɘŬ ɛɘəɟɐ ɔŮɘŰɞɜɘɎ Űɖɠ ŰɟɏɢɞɡůŬɠ 

ŮˊŬɜɎɚɖɣɖɠ, ɖ ůɡɜɎɟŰɖůɖ əŬɘ ɞɘ ˊŮɟɘɞɟɘůɛɞɑ ɛˊɞɟɞɨɜ ɜŬ Ŭˊɚɞˊɞɘɖɗɞɨɜ [34]. 

 

¶ ɀɏɗɞŭɞɠ David-Fletcher-Powell formula (DFP) 

ȼ ɛɏɗɞŭɞɠ DFPŮɑɜŬɘ ɡˊŮɨɗɡɜɖ ɔɘŬ Űɖɜ ŮɨɟŮůɖ Űɖɠ Ůɝɑůɤůɖɠ Űɞɛɐɠ ˊɞɡ ŮɑɜŬɘ ˊɘɞ əɞɜŰɎ 

ůŰɖɜ ŰɟɏɢɞɡůŬ ŮəŰɑɛɖůɖ əŬɘ ɘəŬɜɞˊɞɘŮɑ Űɖ ůɡɜɗɐəɖ əŬɛˊɡɚɧŰɖŰŬɠ. ȷˊɞŰŮɚŮɑ Űɖɜ ˊɟɩŰɖ 

ɛɏɗɞŭɞ ˊɞɡ ɔŮɜɑəŮɡůŮ Űɖ ɛɏɗɞŭɞ Űɖɠ ŭɘŬŰɞɛɐɠ ůŮ ɏɜŬ ˊɞɚɡŭɘɎůŰŬŰɞ ˊɟɧɓɚɖɛŬ. ȷɡŰɐ ɖ 

Ůɜɖɛɏɟɤůɖ ŭɘŬŰɖɟŮɑ Űɖ ůɡɛɛŮŰɟɑŬ əŬɘ Űɖ ɗŮŰɘəɐ ɓŮɓŬɘɧŰɖŰŬ Űɞɡ ȺůůɘŬɜɞɨ ˊɑɜŬəŬ. Ʉɘɞ 

ŬɜŬɚɡŰɘəɎ, ɛŮ ŭŮŭɞɛɏɜɞ ɏɜŬ ůɖɛŮɑɞ ὼᶰὙ, ɖ ɛɏɗɞŭɞɠ Űɞɡ Newton-Raphson ŭɖɛɘɞɡɟɔŮɑ 

Űɖɜ əŬŰŮɨɗɡɜůɖ ŬɜŬɕɐŰɖůɖɠ H(f, ὼ  ɛŮ ɓŬɗɛɧ f(ὼ  , ɧˊɞɡ H(f, ὼ  ŮɑɜŬɘ ɞ ȺůůɘŬɜɧɠ 

Űɖɠ f ůŰɞ ὼ. ɀŮ Űɖ ɛɏɗɞŭɞ ŬɡŰɐ ŬˊɞűŮɨɔŮŰŬɘ ɞ ŬˊŮɡɗŮɑŬɠ ɡˊɞɚɞɔɘůɛɧɠ Űɞɡ ȺůůɘŬɜɞɨ 

əŬɗɩɠ ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ ɛɧɜɞ Űɖɜ əɚɑůɖ ɡˊɞɚɞɔɑɕŮŰŬɘ ŭɘŬŭɞɢɘəɎ ɞ ŬɜŰɑůŰɟɞűɞɠ ȺůůɘŬɜɧɠ: 

grad f(ὼ .  

ȼ ɛɏɗɞŭɞɠ ŬəɞɚɞɡɗŮɑ ŰŬ ˊŬɟŬəɎŰɤ ɓɐɛŬŰŬ: 

- ȷɟɢɘəɞˊɞɑɖůɖ: ȺˊɘɚɏɔŮŰŬɘ ɏɜŬ ůɖɛŮɑɞ ὼ ˊɞɡ ˊɟɞůŮɔɔɑɕŮɘ Űɖ ɗɏůɖ Ůɜɧɠ Űɞˊɘəɞɨ 

ŮɚŬɢɑůŰɞɡ 

- Ʉɟɞůŭɘɞɟɘůɛɧɠ Űɞɡ ŭɘŬɜɨůɛŬŰɞɠ ɛŮŰŬŰɧˊɘůɖɠ ȹὼ: ŭɑɜɞɜŰŬɘ ὼ əŬɘ Ὠ əŬɘ ɏůŰɤ 

‗ ɖ Űɘɛɐ Űɞɡ ɚ ˊɞɡ ŮɚŬɢɘůŰɞˊɞɘŮɑ Űɖɜ f(ὼ ‗ Ὠ ). ɆŰɖ ůɡɜɏɢŮɘŬ ɞɟɑɕŮŰŬɘ ȹὼ

‗ Ὠ. 

- Ⱥɜɖɛɏɟɤůɖ ɔɘŬ Űɖ ɗɏůɖ Ůɜɧɠ Űɞˊɘəɞɨ ŮɚŬɢɑůŰɞɡ: ȳɟɘůŮ ὼ ὼ ῳὼ 

- ȰɚŮɔɢɞɠ ɘəŬɜɞˊɞɑɖůɖɠ Űɞɡ əɟɘŰɖɟɑɞɡ ŭɘŬəɞˊɐɠ 

- Ɉˊɞɚɞɔɘůɛɧɠ Űɖɠ ɜɏŬɠ əŬŰŮɨɗɡɜůɖɠ ŬɜŬɕɐŰɖůɖɠ [35] 

 

ɀɏɗɞŭɞɘ ɎɛŮůɖɠ ŬɜŬɕɐŰɖůɖɠ: 

Ƀɘ ŰŮɢɜɘəɏɠ ɎɛŮůɖɠ ŬɜŬɕɐŰɖůɖɠ ŮɑɜŬɘ ŮˊŬɜŬɚɖˊŰɘəɏɠ ŭɘŬŭɘəŬůɑŮɠ ˊɞɡ ŬɜŰɑ ɜŬ 

ɢɟɖůɘɛɞˊɞɘɞɨɜ ˊŬɟŬɔɩɔɞɡɠ ɐ ŬɟɘɗɛɖŰɘəɏɠ ˊɟɞůŮɔɔɑůŮɘɠ, ŮűŬɟɛɧɕɞɡɜ ɔŮɤɛŮŰɟɘəɎ ŬɜɎɚɞɔŬ 

Űɖɠ əɚɑůɖɠ, ŮɝŮɟŮɡɜɩɜŰŬɠ Űɞɜ ȺɡəɚŮɑŭŮɘɞ ɢɩɟɞ ůŮ n ɔɟŬɛɛɘəɎ ŬɜŮɝɎɟŰɖŰŮɠ ŭɘŮɡɗɨɜůŮɘɠ. 

Ƀɘ ˊŬɟɎɛŮɟɞɘ ‍  əŬɘ Ὠ  Űɖɠ ŭɘŬŭɘəŬůɑŬɠ ɛŮŰɎɓŬůɖɠ ŮˊɘɚɏɔɞɜŰŬɘ ɛŮ ɓɎůɖ Űɖ ůɢŮŰɘəɐ 

ŭɘɎŰŬɝɖ Űɤɜ Űɘɛɩɜ Űɖɠ ůɡɜɎɟŰɖůɖɠ ˊɎɜɤ ůŰŬ ůɖɛŮɑŬ ˊɞɡ ɞɟɑɕŮŰŬɘ əɎɗŮ űɞɟɎ Ŭˊɧ Űɞ 

ɔŮɤɛŮŰɟɘəɧ ŬɜɎɚɞɔɞ əŬɘ ɧɢɘ ɛŮ ɓɎůɖ Űɘɠ ɑŭɘŮɠ Űɘɠ Űɘɛɏɠ ůɡɜɎɟŰɖůɖɠ. [36] 



¶ ɀɏɗɞŭɞɠ əŬŰŮɟɢɧɛŮɜɞɡ Ŭˊɚɧəɞɡ: 

ȼ ɛɏɗɞŭɞɠ downhill simplex ŮɑɜŬɘ ɛɘŬ ɔŮɤɛŮŰɟɘəɐ ɛɏɗɞŭɞɠ ɔɘŬ Űɖɜ ŮˊɑŰŮɡɝɖ 

ŮɚŬɢɘůŰɞˊɞɑɖůɖɠ ůɡɜŬɟŰɐůŮɤɜ. ɇŬ ɓɐɛŬŰŬ ˊɞɡ ŬəɞɚɞɡɗŮɑ ɖ ɛɏɗɞŭɞɠ ŬɡŰɐ 

ˊŬɟɞɡůɘɎɕɞɜŰŬɘ Ŭəɞɚɞɨɗɤɠ: [36] 

i. ȺɜŰɞˊɑɕŮŰŬɘ ɖ əŬɚɨŰŮɟɖ əŬɘ ɖ ɢŮɘɟɧŰŮɟɖ əɞɟɡűɐ 

 

 

 

 

 

 

 

ii.  ũɑɜŮŰŬɘ ŬɜɎəɚŬůɖ ˊŮɟɑ Űɖɜ ɢŮɘɟɧŰŮɟɖ əɞɟɡűɐ [36] 

 

 

 

 

 

 

 

 

iii.  ɆŰɖɜ ˊŮɟɑˊŰɤůɖ Űɖɠ ŬɟɜɖŰɘəɐɠ əɚɑůɖɠ, ŰɧŰŮ ɔɑɜŮŰŬɘ ŮˊɏəŰŬůɖ əŬŰɎ ɛɐəɞɠ Űɖɠ 

ŬɜɎəɚŬůɖɠ, ˊɞɡ ɔɑɜŮŰŬɘ ŬˊɞŭŮəŰɐ ŮɎɜ Ὢ Ὢ [36] 
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iv. ɇɞ Ŭˊɚɧəɞ ˊŮɟɘəɡəɚɩɜŮɘ Űɞ ŬəɟɧŰŬŰɞ əŬɘ ɔɑɜŮŰŬɘ ůɡɛˊɑŮůɖ ŬɜŰɑɗŮŰŬ ůŰɖɜ 

ŭɘŮɨɗɡɜůɖ Űɖɠ ŬɜɎəɚŬůɖɠ, ŮɎɜ Ὢ Ὢ [36] 

 

 

 

 

 

 

 

 

v. ɄɟŬɔɛŬŰɞˊɞɘŮɑŰŬɘ ůɡɟɟɑəɜɤůɖ ˊŮɟɑ Űɖɜ əŬɚɨŰŮɟɖ əɞɟɡűɐ, ŮɎɜ Ὢ Ὢ [36] 

 

 

 

 

 

 

 

 

 

1.4 ȾŬɗɞɚɘəɐ ȸŮɚŰɘůŰɞˊɞɑɖůɖ 

 

ɆŰɞɢŬůŰɘəɏɠ ŰŮɢɜɘəɏɠ. 

 

ɆŮ ɞɟɘůɛɏɜŬ ˊɟɞɓɚɐɛŬŰŬ ɖ ɢɟɐůɖ ŬɜŬɚɡŰɘəɩɜ ɛŮɗɧŭɤɜ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ŭŮɜ ɞŭɖɔŮɑ 

ˊɎɜŰŬ ůŮ ɘəŬɜɞˊɞɘɖŰɘəɏɠ ɚɨůŮɘɠ ɐ ůŮ ɞɟɘůɛɏɜŮɠ ˊŮɟɘˊŰɩůŮɘɠ ŮɑɜŬɘ ŬŭɨɜŬŰɞɜ ɜŬ 

ŮűŬɟɛɞůŰɞɨɜ, Ŭűɞɨ ɗŬ ˊɟɏˊŮɘ ɜŬ ŮɑɜŬɘ ɔɜɤůŰɐ ɖ ŬɜŰɘəŮɘɛŮɜɘəɐ ůɡɜɎɟŰɖůɖ. ɆŰɘɠ 

ˊŮɟɘˊŰɩůŮɘɠ ˊɞɡ ɞɘ ŬɜŬɚɡŰɘəɞɑ ɛɏɗɞŭɞɘ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ŬŭɡɜŬŰɞɨɜ ɜŬ Ůˊɘɚɨůɞɡɜ 

ˊɟɞɓɚɐɛŬŰŬ, ŮűŬɟɛɧɕɞɜŰŬɘ ɞɘ ůŰɞɢŬůŰɘəɞɑ Ŭɚɔɧɟɘɗɛɞɘ. Ƀɘ ůŰɞɢŬůŰɘəɞɑ Ŭɚɔɧɟɘɗɛɞɘ ŭŮɜ 

ɢɟŮɘɎɕɞɜŰŬɘ ˊŮɟɘɔɟŬűɘəɐ ŬɜɎɚɡůɖ Űɤɜ ˊɟɞɓɚɖɛɎŰɤɜ ŬɚɚɎ ŮűŬɟɛɧɕɞɡɜ ɞɟɘůɛɏɜŮɠ ŰɡɢŬɑŮɠ 



ŭɘŬŭɘəŬůɑŮɠ ɔɘŬ ɜŬ ŮɜŰɞˊɑůɞɡɜ ɚɨůŮɘɠ əɞɜŰɎ ůŰɘɠ ɓɏɚŰɘůŰŮɠ ɚɨůŮɘɠ. Ƀɘ ɓŬůɘəɧŰŮɟɞɘ 

ůŰɞɢŬůŰɘəɞɑ Ŭɚɔɧɟɘɗɛɞɘ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ˊŬɟɞɡůɘɎɕɞɜŰŬɘ Ŭəɞɚɞɨɗɤɠ:  

× ɇɡɢŬɑŬ ŬɜŬɕɐŰɖůɖ 

ȼ ŰɡɢŬɑŬ ŬɜŬɕɐŰɖůɖ ŮɑɜŬɘ ɞ ˊɘɞ Ŭˊɚɧɠ ůŰɞɢŬůŰɘəɧɠ Ŭɚɔɧɟɘɗɛɞɠ, Ŭűɞɨ ɞ ůŰɧɢɞɠ Űɖɠ ŮɑɜŬɘ 

ɜŬ ŭɞəɘɛɎɕŮɘ ŰɡɢŬɑɞɡɠ ůɡɜŭɡŬůɛɞɨɠ Űɘɛɩɜ ɔɘŬ Űɘɠ ˊŬɟŬɛɏŰɟɞɡɠ Ůɘůɧŭɞɡ. ȼ ŬɜŰɘəŮɘɛŮɜɘəɐ 

ůɡɜɎɟŰɖůɖ Űɤɜ ˊɟɞɓɚɖɛɎŰɤɜ ɡˊɞɚɞɔɑɕŮŰŬɘ ɔɘŬ əɎɗŮ ůɡɜŭɡŬůɛɧ ˊɞɡ ˊɟɞəɨˊŰŮɘ əŬɘ ůŰɖ 

ůɡɜɏɢŮɘŬ ŮˊɘɚɏɔŮŰŬɘ ɞ ůɡɜŭɡŬůɛɧɠ ˊɞɡ ŭɑɜŮɘ Űɖ ɓɏɚŰɘůŰɖ ɚɨůɖ ůŰɞ ˊɟɧɓɚɖɛŬ. ȰɢŮɘ 

ŭɘŬˊɘůŰɤɗŮɑ ɧŰɘ ɖ ɛɏɗɞŭɞɠ Űɖɠ ŰɡɢŬɑŬɠ ŬɜŬɕɐŰɖůɖɠ ŭŮɜ ˊɟɞůŭɑŭŮɘ ŰŬ ŮˊɘɗɡɛɖŰɎ 

ŬˊɞŰŮɚɏůɛŬŰŬ əŬɘ ɔɘô ŬɡŰɧ Űɞ ɚɧɔɞ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ əɡɟɑɤɠ ɔɘŬ ůɡɔəɟɘŰɘəɞɨɠ ɚɧɔɞɡɠ. 

ɈˊɎɟɢŮɘ ɛɑŬ ˊŬɟŬɚɚŬɔɐ Űɖɠ ŰɡɢŬɑŬɠ ŬɜŬɕɐŰɖůɖɠ, ɖ ɞˊɞɑŬ ɞɜɞɛɎɕŮŰŬɘ çŰɡɢŬɑɞɠ 

ˊŮɟɑˊŬŰɞɠè. ɆŰɖɜ ŬɜŬɕɐŰɖůɖ ŬɡŰɐ ŮˊɘɚɏɔŮŰŬɘ ɏɜŬ Ŭɟɢɘəɧ ůɖɛŮɑɞ ŬɜŬɕɐŰɖůɖɠ əŬɘ ůŰɖ 

ůɡɜɏɢŮɘŬ ŰɡɢŬɑŬ ŬɜŬɕɖŰŮɑŰŬɘ ɏɜŬ ŭɘˊɚŬɜɧ ůɖɛŮɑɞ. ȼ ŭɘŬŭɘəŬůɑŬ ŬɡŰɐ ŮˊŬɜŬɚŬɛɓɎɜŮŰŬɘ ɔɘŬ 

ɧɚŮɠ Űɘɠ ŭɘŬůŰɎůŮɘɠ Ůɜɧɠ ˊɟɞɓɚɐɛŬŰɞɠ, ɛŮŰŬɓɎɚɚɞɜŰŬɠ Űɖɜ Űɘɛɐ Űɖɠ ˊŬɟŬɛɏŰɟɞɡ Ůɘůɧŭɞɡ. 

ȳɛɤɠ, əŬɘ ŬɡŰɧɠ ɞ Űɟɧˊɞɠ ŭŮɜ ɞŭɖɔŮɑ ůŰŬ ɓɏɚŰɘůŰŬ ŮˊɘɗɡɛɖŰɎ ŬˊɞŰŮɚɏůɛŬŰŬ [37]. 

× ȷɜŬɟɟɑɢɖůɖ ɚɧűɞɡ 

ɆŰɞɜ Ŭɚɔɧɟɘɗɛɞ ŬɜŬɟɟɑɢɖůɖɠ ɚɧűɞɡ, ɖ ŬɜŬɕɐŰɖůɖ ɝŮəɘɜɎŮɘ Ŭˊɧ ɏɜŬ ŰɡɢŬɑɞ ůɖɛŮɑɞ, ůŰɖ 

ůɡɜɏɢŮɘŬ ŮɝŮŰɎɕɞɜŰŬɘ ŰɡɢŬɑŬ ɔŮɘŰɞɜɘəɎ ůɖɛŮɑŬ əŬɘ əŬŰŬɚɐɔŮɘ ˊɟɞɠ Űɖɜ əŬŰŮɨɗɡɜůɖ ˊɞɡ 

ŮɜŰɞˊɑůŰɖəŮ ɖ ɓɏɚŰɘůŰɖ ɚɨůɖ. Ƀɘ ɡˊɞɣɐűɘŮɠ ɔŮɘŰɞɜɘəɏɠ ɚɨůŮɘɠ, ˊɟɞəɨˊŰɞɡɜ ɛŮ ɛɑŬ ɛɘəɟɐ 

ɛŮŰŬɓɞɚɐ Űɖɠ Űɘɛɐɠ ɛɘŬɠ ɐ ˊŮɟɘůůɧŰŮɟɤɜ ˊŬɟŬɛɏŰɟɤɜ Ůɘůɧŭɞɡ. ɇŬ ɛŮɘɞɜŮəŰɐɛŬŰŬ ŬɡŰɐɠ 

Űɖɠ ɛŮɗɧŭɞɡ ŮɑɜŬɘ ɧŰɘ ŮɝŬɟŰɎŰŬɘ ɎɛŮůŬ Ŭˊɧ Űɖɜ Ŭɟɢɘəɐ Ůˊɘɚɞɔɐ Űɖɠ ŰɡɢŬɑŬɠ ɚɨůɖɠ əŬɘ ɧŰɘ 

ɞŭɖɔŮɑŰŬɘ ˊɟɞɠ ɏɜŬ Űɞˊɘəɧ ŬəɟɧŰŬŰɞ Űɖɠ ůɡɜɎɟŰɖůɖɠ əŬŰŬɚɚɖɚɧŰɖŰŬɠ ůŰɞ ɞˊɞɑɞ əŬɘ 

ŮɔəɚɤɓɑɕŮŰŬɘ [37]. 

× Ʉɟɞůɞɛɞɘɤɛɏɜɖ ŬɜɧˊŰɖůɖ 

Ƀ Ŭɚɔɧɟɘɗɛɞɠ ˊɟɞůɞɛɞɘɤɛɏɜɖɠ ŬɜɧˊŰɖůɖɠ, ŬˊɞŰŮɚŮɑ ŮˊɏəŰŬůɖ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ 

ŬɜŬɟɟɑɢɖůɖɠ ɚɧűɞɡ [38]. ɆŮ ŬɡŰɐ Űɖ ɛɏɗɞŭɞ, ˊɟɞůɞɛɞɘɩɜŮŰŬɘ ɖ ŭɘŬŭɘəŬůɑŬ əŬŰɎ Űɖɜ 

ɞˊɞɑŬ ɏɜŬ ɡɚɘəɧ ɗŮɟɛŬɑɜŮŰŬɘ ɝŮˊŮɟɜɩɜŰŬɠ Űɖ ɗŮɟɛɞəɟŬůɑŬ Űɐɝɖɠ Űɞɡ, ɛɏɢɟɘɠ ɧŰɞɡ 

ŭɖɛɘɞɡɟɔɖɗŮɑ ɖ əɟɡůŰŬɚɚɘəɐ ŭɞɛɐ, ɖ ɞˊɞɑŬ ŮɚŬɢɘůŰɞˊɞɘŮɑ Űɖɜ ŮɜɏɟɔŮɘɎ Űɞɡ. ɆŰɖɜ 

ˊŮɟɑˊŰɤůɖ Űɖɠ ŬˊɧŰɞɛɖɠ ɣɨɝɖɠ, Űɞ ɡɚɘəɧ ŬˊɞəŰɎ ɛɑŬ Ɏɛɞɟűɖ ɛɎɕŬ əŬɘ ɖ ŮɜɏɟɔŮɘɎ Űɞɡ 

ɔɑɜŮŰŬɘ ɛŮɔŬɚɨŰŮɟɖ. ũɘŬ ɜŬ ŮˊɘŰŮɡɢɗŮɑ Ůˊɞɛɏɜɤɠ ɖ əɟɡůŰŬɚɚɘəɐ ɛɞɟűɐ, ɗŬ ˊɟɏˊŮɘ ɜŬ 

ŭɑɜŮŰŬɘ ɏɛűŬůɖ ůŰɞɜ ɏɚŮɔɢɞ Űɖɠ ŬɚɚŬɔɐɠ ɗŮɟɛɞəɟŬůɑŬɠ. ɆŰŬ ˊɟɞɓɚɐɛŬŰŬ Űɖɠ 

ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ŬɡŰɧ ůɡůɢŮŰɑɕŮŰŬɘ ɤɠ Ůɝɐɠ: Űɞ ŮˊɑˊŮŭɞ ŮɜɏɟɔŮɘŬɠ ŬɜŰɘůŰɞɘɢɑɕŮŰŬɘ ůŰɖɜ 

Űɘɛɐ Űɖɠ ůɡɜɎɟŰɖůɖɠ əŬŰŬɚɚɖɚɧŰɖŰŬɠ əŬɘ ɖ əɟɡůŰŬɚɚɘəɐ ŭɞɛɐ ůŰɞ ɞɚɘəɧ ŮɚɎɢɘůŰɞ. 

ȸŬůɘəɧ ůŰɞɘɢŮɑɞ ůô ŬɡŰɧɜ Űɞɜ Ŭɚɔɧɟɘɗɛɞ ŮɑɜŬɘ ɖ Ŭˊɞűɡɔɐ ůɨɔəɚɘůɖɠ ůŮ ɏɜŬ Űɞˊɘəɧ 



55 

 

ŮɚɎɢɘůŰɞ. Ʉɘɞ ŬɜŬɚɡŰɘəɎ, Ŭɜ ɖ ɔŮɘŰɞɜɘəɐ ɗɏůɖ ɞŭɖɔŮɑ ůŮ əŬɚɨŰŮɟɖ ɚɨůɖ ɔɑɜŮŰŬɘ Ŭɛɏůɤɠ 

ŭŮəŰɐ əŬɘ ɖ ŬɜŬɕɐŰɖůɖ ůɡɜŮɢɑɕŮŰŬɘ Ŭˊɧ ŮəŮɑɜɞ Űɞ ůɖɛŮɑɞ. ɇɞ ɑŭɘɞ ɗŬ ůɡɛɓŮɑ əŬɘ ůŰɖɜ 

ˊŮɟɑˊŰɤůɖ ˊɞɡ Űɞ ɔŮɘŰɞɜɘəɧ ůɖɛŮɑɞ ɞŭɖɔŮɑ ůŰɞ ɢŮɘɟɧŰŮɟɞ ůɖɛŮɑɞ, ŬɚɚɎ ůŰɖɜ ˊŮɟɑˊŰɤůɖ 

ŬɡŰɐ, ɖ ɗɏůɖ ɗŬ ɔɑɜŮɘ ŭŮəŰɐ ɚŬɛɓɎɜɞɜŰŬɠ ɡˊɧɣɘɜ ɛɑŬ ˊɘɗŬɜɧŰɖŰŬ. ȼ Űɘɛɐ ŬɡŰɐɠ Űɖɠ 

ˊɘɗŬɜɧŰɖŰŬɠ ŮɝŬɟŰɎŰŬɘ Ŭˊɧ Űɞ ˊɧůɞ ɢŮɘɟɧŰŮɟɖ ŮɑɜŬɘ ɖ ɚɨůɖ Ŭˊɧ Űɖɜ ŰɟɏɢɞɡůŬ ɓɏɚŰɘůŰɖ 

əŬɗɩɠ əŬɘ Ŭˊɧ Űɖɜ Űɘɛɐ ɛɘŬɠ ˊŬɟŬɛɏŰɟɞɡ ɖ ɞˊɞɑŬ ɛŮɘɩɜŮŰŬɘ ůŰŬŭɘŬəɎ ɛŮ Űɖɜ Ůɝɏɚɘɝɖ Űɞɡ 

Ŭɚɔɞɟɑɗɛɞɡ əŬɘ ˊɟɞůɞɛɞɘɎɕŮɘ Űɖɜ ɗŮɟɛɞəɟŬůɑŬ. ɃˊɧŰŮ ɧůɞ ɛɘəɟɧŰŮɟɖ ŮɑɜŬɘ ɖ Űɘɛɐ Űɖɠ 

ɗŮɟɛɞəɟŬůɑŬɠ, Űɧůɞ ɛɘəɟɧŰŮɟɖ ɗŬ ŮɑɜŬɘ əŬɘ ɖ ˊɘɗŬɜɧŰɖŰŬ Ŭˊɞŭɞɢɐɠ Űɖɠ ɢŮɘɟɧŰŮɟɖɠ ɚɨůɖɠ. 

ɀŮ ŬɡŰɧ Űɞ Űɟɧˊɞ ɞ Ŭɚɔɧɟɘɗɛɞɠ ɝŮəɘɜɎ ɛŮ ɛŮɔɎɚɞ ˊŮŭɑɞ ŬɜŬɕɐŰɖůɖɠ əŬɘ əŬŰŬɚɐɔŮɘ ůŰɖɜ 

ɓɏɚŰɘůŰɖ ˊŮɟɘɞɢɐ [37]. 

× ȷɜŬɕɐŰɖůɖ ɛŮ ŬˊŬɔɞɟŮɡɛɏɜŮɠ ɗɏůŮɘɠ 

ȼ ɛɏɗɞŭɞɠ ŬɡŰɐ ɢŬɟŬəŰɖɟɑɕŮŰŬɘ Ŭˊɧ Űɖ ŭɖɛɘɞɡɟɔɑŬ ɛɘŬɠ ɚɑůŰŬɠ ɛŮ ŬˊŬɔɞɟŮɡɛɏɜŮɠ ɗɏůŮɘɠ, 

ůŰɘɠ ɞˊɞɑŮɠ ŭŮɜ ŮˊɘŰɟɏˊŮŰŬɘ ɖ ɛŮŰɎɓŬůɖ, Ŭűɞɨ ɞɘ ɗɏůŮɘɠ ŬɡŰɏɠ ɏɢɞɡɜ ɐŭɖ ŮɝŮŰŬůŰŮɑ. ȼ 

ɚɑůŰŬ ŬɡŰɐ ɏɢŮɘ ůɡɔəŮəɟɘɛɏɜɞ ɛɐəɞɠ, ɞˊɧŰŮ ɖ ŮɘůŬɔɤɔɐ ɜɏɤɜ ɗɏůŮɤɜ ůŰɖ ɚɑůŰŬ ɏɢŮɘ ɤɠ 

ŬˊɞŰɏɚŮůɛŬ Űɖ ŭɘŬɔɟŬűɐ Ɏɚɚɤɜ ɗɏůŮɤɜ. ũɘŬ Űɞ ɚɧɔɞ ŬɡŰɧ ɗŬ ɐŰŬɜ ɤűɏɚɘɛɞ ɖ ɚɑůŰŬ ɜŬ 

ˊŮɟɘɏɢŮɘ ɞɚɧəɚɖɟŮɠ ɞɘəɞɔɏɜŮɘŮɠ ůɖɛŮɑɤɜ ɛŮ ůɡɔəŮəɟɘɛɏɜŮɠ ɘŭɘɧŰɖŰŮɠ. ȸɏɓŬɘŬ ɛŮ ŬɡŰɧ Űɞ 

Űɟɧˊɞ ɡˊɎɟɢŮɘ Űɞ ŮɜŭŮɢɧɛŮɜɞ ɜŬ ɛɖɜ ɡˊɎɟɝŮɘ ɛŮŰɎɓŬůɖ ůŮ əŬɚɏɠ ɗɏůŮɘɠ ˊɞɡ ŭŮɜ ɏɢŮɘ 

ŮˊɘůəŮűŰŮɑ ŬəɧɛŬ ɞ Ŭɚɔɧɟɘɗɛɞɠ. ɇɏɚɞɠ, ɜŬ ŬɜŬűŮɟɗŮɑ Űɞ ɔŮɔɞɜɧɠ ɧŰɘ ɞ Ŭɚɔɧɟɘɗɛɞɠ ŮɑɜŬɘ 

ŭɡɜŬŰɧɜ ɜŬ ŰŮɟɛŬŰɑůŮɘ ůŮ ɛɑŬ ɗɏůɖ ˊɞɡ ˊɘɗŬɜɧɜ ɜŬ ɛɖɜ ŮɑɜŬɘ ɖ əŬɚɨŰŮɟɖ ɗɏůɖ ˊɞɡ ɏɢŮɘ 

ŮˊɘůəŮűŰŮɑ [37].  

× ȺɝŮɚɘəŰɘəɞɑ Ŭɚɔɧɟɘɗɛɞɘ 

Ƀɘ ŮɝŮɚɘəŰɘəɞɑ Ŭɚɔɧɟɘɗɛɞɘ ŭɘŬűɏɟɞɡɜ Ŭˊɧ Űɘɠ ɡˊɧɚɞɘˊŮɠ ůŰɞɢŬůŰɘəɏɠ ɛŮɗɧŭɞɡɠ əŬɗɩɠ 

ŭɘŬŰɖɟɞɨɜ ɏɜŬ ůɨɜɞɚɞ ɗɏůŮɤɜ ŬɜŬɕɐŰɖůɖɠ ɔɘŬ Űɖɜ Ůˊɑɚɡůɖ Ůɜɧɠ ˊɟɞɓɚɐɛŬŰɞɠ 

ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ. Ƀ Ŭɚɔɧɟɘɗɛɞɠ ɝŮəɘɜɎ ɛŮ Űɞɜ ɡˊɞɚɞɔɘůɛɧ ŰɡɢŬɑɤɜ ɗɏůŮɤɜ əŬɘ ůŰɖ 

ůɡɜɏɢŮɘŬ Ŭəɞɚɞɡɗɞɨɜ ŮɜɏɟɔŮɘŮɠ ˊɞɡ ŮɝŮɚɑůůɞɡɜ Űɞ ɡˊɎɟɢɞɜ ůɨɜɞɚɞ ůŮ ɏɜŬ əŬɘɜɞɨɟɘɞ əŬɘ 

ŬɡŰɧ ŮˊŬɜŬɚŬɛɓɎɜŮŰŬɘ ɛɏɢɟɘ ɜŬ ɘəŬɜɞˊɞɘɖɗŮɑ ɛɑŬ ůɡɜɗɐəɖ ŰŮɟɛŬŰɘůɛɞɨ. Ƀɘ Ŭɚɔɧɟɘɗɛɞɘ 

ŬɡŰɞɑ ɛˊɞɟɞɨɜ ɜŬ Ŭˊɞűɨɔɞɡɜ Űɖɜ ˊŬɔɑŭŮɡůɖ ůŮ ɏɜŬ Űɞˊɘəɧ ɓɏɚŰɘůŰɞ əŬɘ ɔɘô ŬɡŰɧ Űɞ ɚɧɔɞ 

ɛˊɞɟɞɨɜ ɜŬ ɓɟɞɡɜ Űɘɠ ɞɚɘəɎ ɓɏɚŰɘůŰŮɠ ɚɨůŮɘɠ [37].  

ȹɨɞ Ŭɚɔɧɟɘɗɛɞɘ ŬɡŰɐɠ Űɖɠ əŬŰɖɔɞɟɑŬɠ ŮɑɜŬɘ ɞɘ ɔŮɜŮŰɘəɞɑ Ŭɚɔɧɟɘɗɛɞɘ əŬɘ ɖ ɓŮɚŰɘůŰɞˊɞɑɖůɖ 

ůɛɐɜɞɡɠ ůɤɛŬŰɘŭɑɤɜ. ɆŰɞɡɠ ɔŮɜŮŰɘəɞɨɠ Ŭɚɔɞɟɑɗɛɞɡɠ ɞɘ ˊŬɟɎɛŮŰɟɞɘ Ůɘůɧŭɞɡ ɞɜɞɛɎɕɞɜŰŬɘ 

ɔɞɜɑŭɘŬ, ɞ ůɡɜŭɡŬůɛɧɠ Űɞɡɠ ɔɘŬ Űɖ ŭɖɛɘɞɡɟɔɑŬ Ůɜɧɠ ŭɘŬɜɨůɛŬŰɞɠ ŬɜŬɕɐŰɖůɖɠ ɞɜɞɛɎɕŮŰŬɘ 

ɢɟɤɛɧůɤɛŬ, Ůɜɩ ɞ ˊɚɖɗɡůɛɧɠ ˊɞɡ ŮɝŮɚɑůůŮŰŬɘ ɛɏůŬ Ŭˊɧ Űɘɠ ŮˊŬɜŬɚɐɣŮɘɠ ɞɜɞɛɎɕɞɜŰŬɘ 

ɔŮɜɘɏɠ. ȼ ŭɘŬŭɘəŬůɑŬ ŬɟɢɑɕŮɘ ɛŮ Űɖ ŭɖɛɘɞɡɟɔɑŬ Ůɜɧɠ ŰɡɢŬɑɞɡ ůɡɜɧɚɞɡ ɢɟɤɛɞůɤɛɎŰɤɜ ˊɞɡ 



ŮɑɜŬɘ əŬɘ ɞ Ŭɟɢɘəɧɠ ˊɚɖɗɡůɛɧɠ əŬɘ əŬŰɎ Űɖ ŭɘɎɟəŮɘŬ Űɤɜ ɔŮɜɘɩɜ ɚŬɛɓɎɜɞɡɜ ɛɏɟɞɠ ɞɘ 

ŭɘŬŭɘəŬůɑŮɠ Űɖɠ Ůˊɘɚɞɔɐɠ ɢɟɤɛɞůɤɛɎŰɤɜ, Űɖɠ ŭɘŬůŰŬɨɟɤůɖɠ Űɤɜ ůɖɛŮɑɤɜ ɔɘŬ Űɖ 

ŭɖɛɘɞɡɟɔɑŬ ɕŮɨɔɞɡɠ ˊŬɘŭɘɩɜ əŬɘ Űɖɠ ɛŮŰɎɚɚŬɝɖɠ, ɧˊɞɡ ŭɖɛɘɞɡɟɔɞɨɜŰŬɘ əŬɘɜɞɨɟɘŮɠ 

ˊŮɟɘɞɢɏɠ ŬɜŬɕɐŰɖůɖɠ.  

Ƀ Ŭɚɔɧɟɘɗɛɞɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ůɛɐɜɞɡɠ ůɤɛŬŰɘŭɑɤɜ, ɓŬůɑɕŮŰŬɘ ůŮ ůɡɛˊŮɟɘűɞɟɏɠ ˊɞɡ 

ůɡɜŬɜŰɘɞɨɜŰŬɘ ůŰɖ űɨůɖ [39]. ɆɡɔəŮəɟɘɛɏɜŬ, əɎɗŮ ŭɘɎɜɡůɛŬ Ůɘůɧŭɞɡ ůŰɘɠ ˊŬɟŬɛɏŰɟɞɡɠ 

ɞɜɞɛɎɕŮŰŬɘ ůɤɛŬŰɑŭɘɞ, Ůɜɩ Űɞ ůɨɜɞɚɞ Űɤɜ ůɤɛŬŰɘŭɑɤɜ ɞɜɞɛɎɕŮŰŬɘ ůɛɐɜɞɠ. ȼ Ŭɟɢɐ Űɞɡ 

Ŭɚɔɞɟɑɗɛɞɡ ɔɑɜŮŰŬɘ ŰɡɢŬɑŬ, Ůɜɩ ŰŬ ůɤɛŬŰɑŭɘŬ ˊŬɟŬɛɏɜɞɡɜ ɡˊɞɣɐűɘŮɠ ɚɨůŮɘɠ əŬɗɩɠ 

əɘɜɞɨɜŰŬɘ ůŰɖɜ ŮˊɘűɎɜŮɘŬ. ȼ ɜɏŬ ɗɏůɖ Ůɜɧɠ ůɤɛŬŰɘŭɑɞɡ ůɛɐɜɞɡɠ ɡˊɞɚɞɔɑɕŮŰŬɘ Ŭˊɧ Űɖɜ 

ŰŬɢɨŰɖŰɎ Űɞɡ, əŬɗɩɠ ŮəŮɑɜɖ ŭɑɜŮɘ Űɧůɞ Űɖɜ əŬŰŮɨɗɡɜůɖ əɑɜɖůɖɠ Űɤɜ ůɤɛŬŰɘŭɑɤɜ, ɧůɞ əŬɘ 

Űɖɜ ŬˊɧůŰŬůɖ ɛŮŰŬəɑɜɖůɐɠ Űɞɡɠ. ȳɚŬ ŰŬ ůɤɛŬŰɑŭɘŬ ŬɝɘɞɚɞɔɞɨɜŰŬɘ ɛŮ ɓɎůɖ Űɖɜ 

ŬɜŰɘəŮɘɛŮɜɘəɐ ůɡɜɎɟŰɖůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ əŬɘ əŬɗɏɜŬ Ŭˊɧ ŬɡŰɎ ɔɜɤɟɑɕŮɘ Űɖɜ əŬɚɨŰŮɟɖ 

ɗɏůɖ ˊɞɡ ɏɢŮɘ ŮɜŰɞˊɘůŰŮɑ ɤɠ Űɖɜ ŰɟɏɢɞɡůŬ ŮˊŬɜɎɚɖɣɖ əŬɗɩɠ əŬɘ Űɖɜ əŬɚɨŰŮɟɖ ɗɏůɖ ˊɞɡ 

ɏɢŮɘ ɓɟŮɗŮɑ Ŭˊɧ ɞˊɞɘɞŭɐˊɞŰŮ ůɤɛŬŰɑŭɘɞ ůŰɖ ɔŮɘŰɞɜɘɎ Űɞɡ. 

 

 

ɇŮɢɜɘəɏɠ ŭɘŬůŰɖɛɎŰɤɜ. 

 

ȷɜ ɡˊɞɗɏůɞɡɛŮ ɧŰɘ ůŮ ɏɜŬ ŭɘɎůŰɖɛŬ [a,b] ɔɜɤɟɑɕɞɡɛŮ ɧŰɘ ɓɟɑůəŮŰŬɘ ɞ ŮɚŬɢɘůŰɞˊɞɘɖŰɐɠ x*, 

ŰɧŰŮ Űɞ ŭɘɎůŰɖɛŬ ŬɡŰɧ ɞɜɞɛɎɕŮŰŬɘ ŭɘɎůŰɖɛŬ ŬɓŮɓŬɘɧŰɖŰŬɠ.  

 

 

ȺɘəɧɜŬ 1 15: ɆɢɖɛŬŰɘəɐ ŬɜŬˊŬɟɎůŰŬůɖ Űɖɠ ŬɜŬɕɐŰɖůɖɠ ɛŮ ŭɘŬɛɏɟɘůɖ 

 

ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ˊɞɡ Űɞ ɛɐəɞɠ ŮɑɜŬɘ ɛɘəɟɧ, ŰɧŰŮ ɡˊɎɟɢŮɘ ɛɑŬ ˊɘɞ Ŭəɟɘɓɐ ŮəŰɑɛɖůɖ ɔɘŬ Űɖ 

ɗɏůɖ Űɞɡ ŮɚŬɢɑůŰɞɡ, ɖ ɞˊɞɑŬ ˊŮɟɘɔɟɎűŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ: 
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Ƀɘ ɛɏɗɞŭɞɘ ˊɞɡ ɢɟɖůɘɛɞˊɞɘɞɨɜ ŭɘŬůŰɐɛŬŰŬ ŬɓŮɓŬɘɧŰɖŰŬɠ, ŬˊŬɘŰɞɨɜ ɛɧɜɞ Űɞɜ ɡˊɞɚɞɔɘůɛɧ 

Űɘɛɩɜ Űɖɠ ůɡɜɎɟŰɖůɖɠ ůŰɞɢŮɨɞɜŰŬɠ ůŰɖ ůɡɟɟɑəɜɤůɖ Űɞɡ ŭɘŬůŰɐɛŬŰɞɠ ŬɓŮɓŬɘɧŰɖŰŬɠ ɩůŰŮ 

Űɞ ŮɚɎɢɘůŰɞ ɜŬ ŮɜŰɞˊɘůŰŮɑ ɛŮ ˊɟɞəŬɗɞɟɘůɛɏɜɖ ŬəɟɑɓŮɘŬ.   

ȰůŰɤ ŭɨɞ ɜɏŬ ůɖɛŮɑŬ Ø ʆɻʅ Ø ŰŬ ɞˊɞɑŬ ɓɟɑůəɞɜŰŬɘ ŮɜŰɧɠ Űɞɡ ŭɘŬůŰɐɛŬŰɞɠ [a,b], ŰɏŰɞɘŬ 

ɩůŰŮ ɜŬ ɘůɢɨŮɘ a < Ø<Ø < b.  ɇɧŰŮ ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ Űɘɛɏɠ Űɖɠ ůɡɜɎɟŰɖůɖɠ ÆØ  ʆɻʅ ÆØ  

ɤɠ Ůɝɐɠ: 

¶ ȺɎɜ ÆØ  ÆØ  ŰɧŰŮ Űɞ ɜɏɞ ŭɘɎůŰɖɛŬ ŬɓŮɓŬɘɧŰɖŰŬɠ ɗŬ ŮɑɜŬɘ Űɞ [a, Ø] 

¶ ȺɎɜ ÆØ  ÆØ  ŰɧŰŮ Űɞ ɜɏɞ ŭɘɎůŰɖɛŬ ŬɓŮɓŬɘɧŰɖŰŬɠ ɗŬ ŮɑɜŬɘ Űɞ [ ØȟÂ] 

¶ ȺɎɜ ÆØ  ÆØ  ŰɧŰŮ Űɞ ɜɏɞ ŭɘɎůŰɖɛŬ ŬɓŮɓŬɘɧŰɖŰŬɠ ɗŬ ŮɑɜŬɘ Űɞ [ØȟØ] [6]. 

 

 

 

 

ȺɘəɧɜŬ 1 16: ȷɜŬˊŬɟɎůŰŬůɖ Űɖɠ ůɡɟɟɑəɜɤůɖɠ Űɞɡ ŭɘŬůŰɐɛŬŰɞɠ ŬɓŮɓŬɘɧŰɖŰŬɠ 

 

ɈˊɎɟɢɞɡɜ ɛɏɗɞŭɞɘ ˊɞɡ ɢɟɖůɘɛɞˊɞɘɞɨɜ ŰŮɢɜɘəɏɠ ŭɘŬůŰɖɛɎŰɤɜ ŮɑɜŬɘ: ɖ Ŭˊɧŭɞůɖ ɛŮɗɧŭɞɡ, ɖ 

ŬɜŬɕɐŰɖůɖ ɑůɤɜ ŭɘŬůŰɖɛɎŰɤɜ, ɖ ŬɜŬɕɐŰɖůɖ ŭɘɢɞŰɧɛɖůɖɠ, ɖ ŬɜŬɕɐŰɖůɖ Fibonacci əŬɗɩɠ 

əŬɘ  ɖ ŬɜŬɕɐŰɖůɖ ɢɟɡůɐɠ Űɞɛɐɠ.  
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2. ɀȺŪɃȹɃȽ ɄɃȿȿȷɄȿɋɁ ȺȾȾȽɁȼɆȺɋɁ  

2.1 Pure random search  

Ƀ Ŭɚɔɧɟɘɗɛɞɠ çPure Random Searchè (PRS) ŮɑɜŬɘ ɞ ˊɟɩŰɞɠ Ŭɚɔɧɟɘɗɛɞɠ ůŰɞɢŬůŰɘəɐɠ 

ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ˊɞɡ Ůɘůɐɢɗɖ ˊɟɘɜ Ŭˊɧ ɞˊɞɘɞɜŭɐˊɞŰŮ ɔŮɜŮŰɘəɧ Ŭɚɔɧɟɘɗɛɞ Ŭˊɧ Űɞɜ Brooks 

[44,45]. Ƀ Ŭɚɔɧɟɘɗɛɞɠ ŬɡŰɧɠ, ůɡɜɘůŰɎŰŬɘ ůŰɖ ŭŮɘɔɛŬŰɞɚɖɣɑŬ ŬɜŮɝɎɟŰɖŰɤɜ ůɖɛŮɑɤɜ, 

ɞɛɞɘɧɛɞɟűŬ əŬŰŬɜŮɛɖɛɏɜɤɜ ůŰɞɜ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ [46]. ɆɡɔəŮəɟɘɛɏɜŬ, ɞ Ŭɚɔɧɟɘɗɛɞɠ 

PRS ŭɖɛɘɞɡɟɔŮɑ ŬɜŮɝɎɟŰɖŰŬ əŬŰŬɜŮɛɖɛɏɜŬ ůɖɛŮɑŬ ɛŮ ˊŮŭɑɞ ɞɟɘůɛɞɨ S. ȹɖɛɘɞɡɟɔɞɨɜŰŬɘ 

ůɖɛŮɑŬ ůɨɛűɤɜŬ ɛŮ Űɖɜ ɞɛɞɘɧɛɞɟűɖ əŬŰŬɜɞɛɐ, ɤůŰɧůɞ ɗŬ ɛˊɞɟɞɨůŮ ɜŬ ɢɟɖůɘɛɞˊɞɘɖɗŮɑ 

ɞˊɞɘŬŭɐˊɞŰŮ əŬŰŬɜɞɛɐ ˊɘɗŬɜɧŰɖŰŬɠ. ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ˊɞɡ ˊɚɖɟŮɑŰŬɘ ɏɜŬ əɟɘŰɐɟɘɞ 

ŭɘŬəɞˊɐɠ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ, ŰɧŰŮ Űɞ əŬɚɨŰŮɟɞ ůɖɛŮɑɞ Űɖɠ ŬəɞɚɞɡɗɑŬɠ ˊɞɡ ɏɢŮɘ ŭɖɛɘɞɡɟɔɖɗŮɑ 

ɛɏɢɟɘ ŮəŮɑɜɖ Űɖ ɢɟɞɜɘəɐ ůŰɘɔɛɐ, ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɤɠ ˊɟɞůɏɔɔɘůɖ ɔɘŬ Űɖ ɓɏɚŰɘůŰɖ ɚɨůɖ 

[47]. 

ȷəɞɚɞɡɗɑŬ ɓɖɛɎŰɤɜ Ŭɚɔɞɟɑɗɛɞɡ: 

ȸɐɛŬ 1ɞ:  

ȷɟɢɘəɞˊɞɑɖůɖ Űɞ ὼᶰ Ὓ  ůɨɛűɤɜŬ ɛŮ Űɞ ɛɏŰɟɞ ŭ ůŰɞ S. 

Ƀɟɘůɛɧɠ ŭŮɑəŰɖɠ ŮˊŬɜɎɚɖɣɖɠ k=0.  

ɃɟɑɕŮŰŬɘ ὣ ὣ Ὢὢ Ȣ  

ȸɐɛŬ 2ɞ:  

ȹɖɛɘɞɡɟɔɑŬ ὼ . 

Ƀɟɘůɛɧɠ ὣ Ὢὢ Ȣ 

Ⱥɜɖɛɏɟɤůɖ Űɞɡ əŬɚɨŰŮɟɞɡ ůɖɛŮɑɞɡ, ɛɏɢɟɘ ůŰɘɔɛɐɠ, ɤɠ Ůɝɐɠ: ὣ άὭὲὣ ȟὣ  

ȸɐɛŬ 3ɞ: 

ȺɎɜ ˊɚɖɟŮɑŰŬɘ ɏɜŬ əɟɘŰɐɟɘɞ ŭɘŬəɞˊɐɠ, ŰɧŰŮ ůŰŬɛŬŰɎ ɖ ŮəŰɏɚŮůɖ Ŭɚɔɞɟɑɗɛɞɡ. 

ȹɘŬűɞɟŮŰɘəɎ, ŬɡɝɎɜŮŰŬɘ Űɞ k əŬɘ ŮˊɘůŰɟɏűŮɘ ůŰɞ ɓɐɛŬ 1 [47,48]. 

ɇŬ ůɖɛŮɑŬ ὢ, ɧˊɞɡ k={0, 1, ..} ŮɑɜŬɘ ůɖɛŮɑŬ ŬɜŮɝɎɟŰɖŰŬ əŬɘ əŬŰŬɜɏɛɞɜŰŬɘ ˊŬɜɞɛɞɘɧŰɡˊŬ 

ůŰɞ S, ɛŮ Űɘɛɏɠ ŬɜŰɘəŮɘɛŮɜɘəɐɠ ůɡɜɎɟŰɖůɖɠ ˊɞɡ ɘəŬɜɞˊɞɘɞɨɜ Űɖ ůɢɏůɖ: ὣ Ὢὢ .  



ɄɚŮɞɜŮəŰɐɛŬŰŬ əŬɘ ɀŮɘɞɜŮəŰɐɛŬŰŬ ȷɚɔɞɟɑɗɛɞɡ PRS: 

ȰɜŬ Ŭˊɧ ŰŬ ůɖɛŬɜŰɘəɧŰŮɟŬ ˊɚŮɞɜŮəŰɐɛŬŰŬ Űɤɜ ɛŮɗɧŭɤɜ ŰɡɢŬɑŬɠ ŬɜŬɕɐŰɖůɖɠ, ŮɑɜŬɘ ɧŰɘ 

ɏɢɞɡɜ Űɖ ŭɡɜŬŰɧŰɖŰŬ ɜŬ ɚɨɜɞɡɜ ˊɟɞɓɚɐɛŬŰŬ ɛŮɔɎɚɖɠ əɚɑɛŬəŬɠ [49] əŬɘ ɧŰɘ 

ɢŬɟŬəŰɖɟɑɕɞɜŰŬɘ Ŭˊɧ ˊɟɞůŬɟɛɞůŰɘəɧŰɖŰŬ [50]. Ⱥˊɑůɖɠ, ŰŬ ɧɟɘŬ Űɞɡ ɢɩɟɞɡ ŬɜŬɕɐŰɖůɖɠ, ŭŮ 

ɢɟŮɘɎɕŮŰŬɘ ɜŬ ˊɟɞůŭɘɞɟɘůŰɞɨɜ ɛŮ ŬəɟɑɓŮɘŬ, Ůɜɩ ɛˊɞɟɞɨɜ ɜŬ ˊɟɞɔɟŬɛɛŬŰɘůŰɞɨɜ ɩůŰŮ ɜŬ 

Ůˊɘɚɨůɞɡɜ ˊɟɞɓɚɐɛŬŰŬ ˊŮɟɘɞɟɘůɛɏɜɤɜ ŬɜɘůɞŰɐŰɤɜ [50]. ɉŬɟŬəŰɖɟɘůŰɘəɧ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ 

PRS ŮɑɜŬɘ ɧŰɘ ɛˊɞɟŮɑ ɜŬ ŮűŬɟɛɞůŰŮɑ ůŮ ůɨɜɗŮŰŬ ˊɟɞɓɚɐɛŬŰŬ, Ŭűɞɨ ɓŬůɑɕŮŰŬɘ ůŮ 

ŬɝɘɞɚɞɔɐůŮɘɠ ůɡɜŬɟŰɐůŮɤɜ əŬɘ ɧɢɘ ůŮ ȺůůɘŬɜɎ əɟɘŰɐɟɘŬ Ŭɝɘɞɚɧɔɖůɖɠ [51]. ɇŬ ȺůůɘŬɜɎ 

əɟɘŰɐɟɘŬ, ɔɜɤůŰɎ əŬɘ ɤɠ ȺůůɘŬɜɏɠ ˊŬɟɎɔɤɔɞɘ, ŮɑɜŬɘ ɛŬɗɖɛŬŰɘəɎ ɛŮɔɏɗɖ ˊɞɡ 

ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůɡɜɐɗɤɠ ůŮ ˊɟɞɓɚɐɛŬŰŬ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ. ȷɡŰɎ ŰŬ əɟɘŰɐɟɘŬ ˊŬɟɏɢɞɡɜ 

ˊɚɖɟɞűɞɟɑŮɠ ůɢŮŰɘəɎ ɛŮ Űɞɜ ɟɡɗɛɧ ɛŮŰŬɓɞɚɐɠ Űɖɠ ůɡɜɎɟŰɖůɖɠ Ŭˊɧ əɎˊɞɘɞ ůɖɛŮɑɞ ůŰɞ 

ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ. ɆɡɔəŮəɟɘɛɏɜŬ, ɞɘ ȺůůɘŬɜɏɠ ˊŬɟɎɔɤɔɞɘ ˊŮɟɘɔɟɎűɞɡɜ Űɖɜ ˊɚŮɡɟɎ Űɖɠ 

əɚɑůɖɠ Űɖɠ ůɡɜɎɟŰɖůɖɠ əŬɘ Űɖɜ ŰŬɢɨŰɖŰŬ ɛŮ Űɖɜ ɞˊɞɑŬ ŬɡŰɐ ŬɚɚɎɕŮɘ. ȾŬŰɎ Űɖɜ Ůˊɑɚɡůɖ 

ˊɟɞɓɚɖɛɎŰɤɜ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ, ɞɘ ȺůůɘŬɜɏɠ ˊŬɟɎɔɤɔɞɘ ɛˊɞɟɞɨɜ ɜŬ ɢɟɖůɘɛɞˊɞɘɖɗɞɨɜ ɔɘŬ 

ɜŬ ŮɜŰɞˊɑůɞɡɜ ŰŬ əɟɑůɘɛŬ ůɖɛŮɑŬ, ɧˊɤɠ ŰŬ ŰɞˊɘəɎ ŮɚɎɢɘůŰŬ ɐ ŰɞˊɘəɎ ɛɏɔɘůŰŬ, əŬɘ ɜŬ 

əŬɗɞŭɖɔɐůɞɡɜ Űɞɜ Ŭɚɔɧɟɘɗɛɞ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ˊɟɞɠ Űɖɜ əŬŰŮɨɗɡɜůɖ Űɞɡ ɓɏɚŰɘůŰɞɡ 

ŬˊɞŰŮɚɏůɛŬŰɞɠ. Ƀɘ ȺůůɘŬɜɏɠ ˊŬɟɎɔɤɔɞɘ ŮɑɜŬɘ ůɖɛŬɜŰɘəɏɠ ůŰɖɜ ˊɟɞůɏɔɔɘůɖ Űɤɜ ɓɏɚŰɘůŰɤɜ 

ɚɨůŮɤɜ ůŮ ˊɟɞɓɚɐɛŬŰŬ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ, ŬɚɚɎ ŬˊŬɘŰɞɨɜ ˊɚɖɟɞűɞɟɑŮɠ ɔɘŬ Űɘɠ ˊŬɟŬɔɩɔɞɡɠ 

Űɖɠ ůɡɜɎɟŰɖůɖɠ ůŰɞ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ. ɆŮ ŬɜŰɑɗŮůɖ, ɞ Ŭɚɔɧɟɘɗɛɞɠ PRS ɓŬůɑɕŮŰŬɘ ůŮ 

ŬɝɘɞɚɞɔɐůŮɘɠ ůɡɜŬɟŰɐůŮɤɜ, ɧɢɘ ůŮ ȺůůɘŬɜɎ əɟɘŰɐɟɘŬ. ȷɡŰɧ Űɞ əŬɗɘůŰɎ əŬŰɎɚɚɖɚɞ ɔɘŬ Űɖɜ 

Ůˊɑɚɡůɖ ˊɞɚɡəɟɘŰɖɟɘŬəɩɜ ˊɟɞɓɚɖɛɎŰɤɜ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ɧˊɞɡ ɡˊɎɟɢɞɡɜ ˊɞɚɚɎ 

ŬɜŰɘəɟɞɡɧɛŮɜŬ əɟɘŰɐɟɘŬ ˊɞɡ ˊɟɏˊŮɘ ɜŬ ɚɖűɗɞɨɜ ɡˊɧɣɖ əŬŰɎ Űɖɜ Ůˊɘɚɞɔɐ Űɤɜ ɚɨůŮɤɜ. 

Ⱥˊɑůɖɠ, ɞɘ ɛɏɗɞŭɞɘ ŰɡɢŬɑŬɠ ŬɜŬɕɐŰɖůɖɠ ɛˊɞɟɞɨɜ ɜŬ əɤŭɘəɞˊɞɘɖɗɞɨɜ əŬɘ ɜŬ ŮűŬɟɛɞůŰɞɨɜ 

ůŮ ˊɞɚɚɩɜ əŬŰɖɔɞɟɘɩɜ ˊɟɞɓɚɐɛŬŰŬ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ [51]. 

ȺəŰɧɠ ɧɛɤɠ Ŭˊɧ ŰŬ ˊɚŮɞɜŮəŰɐɛŬŰŬ ˊɞɡ ɢŬɟŬəŰɖɟɑɕɞɡɜ Űɖɜ PRS ɛɏɗɞŭɞ, ɡˊɎɟɢɞɡɜ əŬɘ 

ɞɟɘůɛɏɜŬ ɛŮɘɞɜŮəŰɐɛŬŰŬ ˊɞɡ ɗŬ ˊɟɏˊŮɘ ɜŬ ŬɜŬűŮɟɗɞɨɜ. ȷɟɢɘəɎ, ɏɜŬ ɓŬůɘəɧ 

ɛŮɘɞɜŮəŰɐɛŬŰŬ ˊɞɡ Űɖɜ ɢŬɟŬəŰɖɟɑɕŮɘ ŮɑɜŬɘ ɞ ɛŮɔɎɚɞɠ Ŭɟɘɗɛɧɠ ŭɞəɘɛɩɜ ˊɞɡ ɡɚɞˊɞɘŮɑ ɩůŰŮ 

ɜŬ ˊɟɞůŬɟɛɞůŰŮɑ ůŮ əɎɗŮ Ůɑŭɞɡɠ ˊɟɧɓɚɖɛŬ, Űɞ ɞˊɞɑɞ ɧɛɤɠ ŮˊɘűɏɟŮɘ ˊɘɗŬɜɎ ɚɎɗɖ [50]. 

Ⱥˊɑůɖɠ, ɡˊɎɟɢɞɡɜ ˊɞɚɚɏɠ ŭɘŬəɡɛɎɜůŮɘɠ ɛŮŰŬɝɨ Űɤɜ ŮəŰŮɚɏůŮɤɜ, Ŭűɞɨ ɞɘ ŬɜŬɕɖŰɐůŮɘɠ 

ŮɑɜŬɘ ŰɡɢŬɑŮɠ əŬɘ ɔɟɐɔɞɟŮɠ [52]. ɄŬɟɎɚɚɖɚŬ, ŮɎɜ Űɞ ˊɚŬɑůɘɞ ŭŮɘɔɛŬŰɞɚɖɣɑŬɠ ŮɑɜŬɘ ɛŮɔɎɚɞ, 

ŰɧŰŮ  ɖ ɛɏɗɞŭɞɠ Űɖɠ ŰɡɢŬɑŬɠ ŭŮɘɔɛŬŰɞɚɖɣɑŬɠ ɛˊɞɟŮɑ ɜŬ ɛɖɜ ŮɑɜŬɘ ˊɟŬəŰɘəɐ [53]. ɇɏɚɞɠ, 

ɡˊɎɟɢɞɡɜ əŬɘ ɎɚɚŬ ŭɨɞ ůɖɛŬɜŰɘəɎ ɛŮɘɞɜŮəŰɐɛŬŰŬ Űɖɠ ɛŮɗɧŭɞɡ ˊɞɡ ɗŬ ˊɟɏˊŮɘ ɜŬ ɚɖűɗɞɨɜ 
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ɡˊɧɣɘɜ. Ƀ Ŭɚɔɧɟɘɗɛɞɠ PRS ŬˊŬɘŰŮɑ Űɞɜ ɏɚŮɔɢɞ Űɖɠ ůɡɜɎɟŰɖůɖɠ Ŭɝɘɞɚɧɔɖůɖɠ ůŮ ˊɞɚɚɎ 

ůɖɛŮɑŬ Űɞɡ ɢɩɟɞɡ ŬɜŬɕɐŰɖůɖɠ. ȷɡŰɧ ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ ˊɞɚɨ ɢɟɞɜɞɓɧɟɞ əŬɘ ŭŬˊŬɜɖɟɧ, 

ŮɘŭɘəɎ Ŭɜ ɖ ůɡɜɎɟŰɖůɖ Ŭɝɘɞɚɧɔɖůɖɠ ŮɑɜŬɘ ˊɞɚɨˊɚɞəɖ ɐ Ŭəɟɘɓɐ ůŰɞɜ ɡˊɞɚɞɔɘůɛɧ Űɖɠ. 

Ⱥˊɞɛɏɜɤɠ, ɖ ŬɜɎɔəɖ ɔɘŬ ˊɞɚɚɏɠ əɚɐůŮɘɠ ɛˊɞɟŮɑ ɜŬ ŬˊɞŰŮɚɏůŮɘ ɏɜŬ ůɖɛŬɜŰɘəɧ 

ɛŮɘɞɜɏəŰɖɛŬ, ŮɘŭɘəɎ ůŮ ˊŮɟɘˊŰɩůŮɘɠ ɧˊɞɡ ɞɘ ˊŮɟɘɞɟɘůɛɞɑ ůŰɞɜ Ŭɟɘɗɛɧ Űɤɜ ŬɝɘɞɚɞɔɐůŮɤɜ 

ŮɑɜŬɘ ůɖɛŬɜŰɘəɞɑ. ȾɚŮɑɜɞɜŰŬɠ, ɖ ɛɏɗɞŭɞɠ PRS ŭɘŬəɟɑɜŮŰŬɘ Ŭˊɧ Űɖɜ ŰɡɢŬɑŬ ŭŮɘɔɛŬŰɞɚɖɣɑŬ 

əŬɘ Űɘɠ ŰɡɢŬɑŮɠ ŬɜŬɕɖŰɐůŮɘɠ. ȷɡŰɧ ůɖɛŬɑɜŮɘ ɧŰɘ ɖ ůɨɔəɚɘůɖ ˊɟɞɠ Űɞɜ ˊɟŬɔɛŬŰɘəɧ ŮɚɎɢɘůŰɞ 

Űɖɠ ůɡɜɎɟŰɖůɖɠ Ŭɝɘɞɚɧɔɖůɖɠ ŮɑɜŬɘ ˊɘɗŬɜɧ ɜŬ ɢɟŮɘɎɕŮŰŬɘ ˊɞɚɚɏɠ ŮˊŬɜŬɚɐɣŮɘɠ əŬɘ 

ŮɝŬɘɟŮŰɘəɐ Űɨɢɖ. ɈˊɎɟɢɞɡɜ ɗŮɤɟɐɛŬŰŬ ůɨɔəɚɘůɖɠ ˊɞɡ ŮɝŮŰɎɕɞɡɜ Űɖ ůɨɔəɚɘůɖ Űɖɠ 

ɛŮɗɧŭɞɡ PRS, ŬɚɚɎ ŭŮɜ ɡˊɎɟɢŮɘ Ůɔɔɨɖůɖ ɧŰɘ ɗŬ ɓɟŮɗŮɑ Űɞ ˊɟŬɔɛŬŰɘəɧ ŮɚɎɢɘůŰɞ ůŮ ɏɜŬ 

ɚɞɔɘəɧ ɢɟɞɜɘəɧ ŭɘɎůŰɖɛŬ. ȷɡŰɧ ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ ˊɟɧɓɚɖɛŬ ůŮ ˊɟŬəŰɘəɏɠ ŮűŬɟɛɞɔɏɠ, ɧˊɞɡ 

ɞ ɢɟɧɜɞɠ ŮɑɜŬɘ ˊŮɟɘɞɟɘůɛɏɜɞɠ əŬɘ ɖ ŬəɟɑɓŮɘŬ ŮɑɜŬɘ əɟɑůɘɛɖ. 

 

2.2 ȼ ɛɏɗɞŭɞɠ Multistart  

ȼ ɛɏɗɞŭɞɠ ɄɞɚɚŬˊɚɐɠ Ⱥəəɑɜɖůɖɠ (Multistart) ŮɑɜŬɘ ɛɑŬ Ŭˊɧ Űɘɠ ŬˊɚɞɨůŰŮɟŮɠ ɛŮɗɧŭɞɡɠ 

əŬɗɞɚɘəɐɠ ŮɚŬɢɘůŰɞˊɞɘɐůŮɤɠ. ɆŮ əɎɗŮ ŮˊŬɜɎɚɖɣɖ ŬɡŰɐɠ Űɖɠ ɛŮɗɧŭɞɡ ˊŬɟɎɔŮŰŬɘ ɛɑŬ ɚɨůɖ, 

ɖ ɞˊɞɑŬ ŮɑɜŬɘ ɏɜŬ Űɞˊɘəɧ ŮɚɎɢɘůŰɞ. ȼ əŬɚɨŰŮɟɖ ɚɨůɖ ŬɜɎɛŮůŬ ůŮ ŬɡŰɏɠ ˊɞɡ ɏɢɞɡɜ 

ˊɟɞəɨɣŮɘ əŬŰɎ Űɖ ŭɘɎɟəŮɘŬ Űɤɜ ŮˊŬɜŬɚɐɣŮɤɜ ŬˊɞŰŮɚŮɑ Űɖɜ ŰŮɚɘəɐ ɏɝɞŭɞ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ 

[54].  

ɇŬ ɓɐɛŬŰŬ ˊɞɡ ŬəɞɚɞɡɗŮɑ ɖ ɛɏɗɞŭɞɠ Multistart ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ˊŬɟŬəɎŰɤ: 

ȰůŰɤ ɧŰɘ ɡˊɎɟɢŮɘ ɛɘŬ ŭɘŬŭɘəŬůɑŬ ŮɚŬɢɘůŰɞˊɞɑɖůɖɠ ˊɞɡ ɝŮəɘɜɎ Ŭˊɧ ɏɜŬ Ŭɟɢɘəɧ ůɖɛŮɑɞ x 

ˊɞɡ ŬɜɐəŮɘ ůŰɞɜ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ S. ɀŮŰɎ Ŭˊɧ Űɖɜ ŮəŰɏɚŮůɖ Űɖɠ ŭɘŬŭɘəŬůɑŬɠ, űŰɎɜɞɡɛŮ 

ůŮ ɏɜŬ ůɖɛŮɑɞ L, Űɞ ɞˊɞɑɞ ŬˊɞŰŮɚŮɑ Űɞ ŮɚɎɢɘůŰɞ Űɖɠ ůɡɜɎɟŰɖůɖɠ ˊɞɡ ˊɟɞůˊŬɗɞɨɛŮ ɜŬ 

ŮɚŬɢɘůŰɞˊɞɘɐůɞɡɛŮ. ɆŰɞ ˊɚŬɑůɘɞ ŬɡŰɧ, Űɞ Ŭɟɢɘəɧ ůɖɛŮɑɞ x ůɡɛɓɞɚɑɕŮŰŬɘ ɤɠ x  ɴS əŬɘ Űɞ 

ŰŮɚɘəɧ ŮɚɎɢɘůŰɞ ůɖɛŮɑɞ L ůɡɛɓɞɚɑɕŮŰŬɘ ɤɠ L(x). ɃˊɧŰŮ: 

ȸɐɛŬ 1ɞ : 

ŪɏůŮ ɉ* = ɲ. ɇɞ ůɨɜɞɚɞ ɉ* ŬɜŰɘˊɟɞůɤˊŮɨŮɘ ɧɚŬ ŰŬ ŰɞˊɘəɎ ŮɚɎɢɘůŰŬ ˊɞɡ ɗŬ 

ŬɜŬəŬɚɡűɗɞɨɜ Ŭˊɧ Űɖ ɛɏɗɞŭɞ. 

ȸɐɛŬ 2ɞ : 



Ⱥˊɘɚɞɔɐ ɛŮ ɞɛɞɘɧɛɞɟűɖ ŭŮɘɔɛŬŰɞɚɖɣɑŬ Ůɜɧɠ ůɖɛŮɑɞɡ ὼ ɴ  Ὓ. 

ȸɐɛŬ 3ɞ : 

ȷɜŬɕɐŰɖůɖ Ůɜɧɠ Űɞˊɘəɞɨ ŮɚŬɢɑůŰɞɡ x*, ŭɖɚŬŭɐ :  x*=L(x) 

ȸɐɛŬ 4ɞ : 

ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ɧˊɞɡ ὼ ɵ  ὢ  z ŰɧŰŮ: 

ŪɏůŮ  ᶻN    z᷾ ὼz  

ȸɐɛŬ 5ɞ : 

ȷɜ ɘůɢɨŮɘ Űɞ əɟɘŰɐɟɘɞ ŰŮɟɛŬŰɘůɛɞɨ ŰɧŰŮ ŭɘŬəɞˊɐ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ. 

ȹɘŬűɞɟŮŰɘəɎ ɛŮŰŬɓŬɑɜŮɘ ůŰɞ ȸɐɛŬ 2. 

Ʉɘɞ ůɡɔəŮəɟɘɛɏɜŬ, ɖ ɛɏɗɞŭɞɠ ˊɞɚɚŬˊɚɐɠ Ůəəɑɜɖůɖɠ ɝŮəɘɜɎŮɘ Ŭˊɧ ŰɡɢŬɑŬ ůɖɛŮɑŬ Űɞɡ 

ɢɩɟɞɡ ŬɜŬɕɐŰɖůɖɠ, ŰŬ ɞˊɞɑŬ ɞɜɞɛɎɕɞɜŰŬɘ ůɖɛŮɑŬ Ůəəɑɜɖůɖɠ. ȷɜɎɚɞɔŬ ɛŮ Űɞɜ Űɨˊɞ Űɖɠ 

ŬɜŰɘəŮɘɛŮɜɘəɐɠ ůɡɜɎɟŰɖůɖɠ, ɖ ɛɏɗɞŭɞɠ ŮˊŬɜŬɚŬɛɓɎɜŮŰŬɘ ŮɜŰɞˊɑɕɞɜŰŬɠ ŰɞˊɘəɎ ŮɚɎɢɘůŰŬ 

ůŰɞ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ, ŰŬ ɞˊɞɑŬ ŬɜŰɘəŬɗɑůŰŬŰŬɘ əɎɗŮ űɞɟɎ Ŭˊɧ Űɞ ŮˊɧɛŮɜɞ ɓɏɚŰɘůŰɞ 

ŰɞˊɘəɎ ŮɚɎɢɘůŰɞ. ȼ ŭɘŬŭɘəŬůɑŬ ŰŮɟɛŬŰɑɕŮɘ ɧŰŬɜ ɘəŬɜɞˊɞɘɖɗŮɑ əɎˊɞɘɞ əɟɘŰɐɟɘɞ ŰŮɟɛŬŰɘůɛɞɨ 

[54]. 

 

ɄɚŮɞɜŮəŰɐɛŬŰŬ əŬɘ ɀŮɘɞɜŮəŰɐɛŬŰŬ ȷɚɔɞɟɑɗɛɞɡ Multistart  

ȼ ɛɏɗɞŭɞɠ ˊɞɚɚŬˊɚɐɠ Ůəəɑɜɖůɖɠ ŭŮɜ ɗŮɤɟŮɑŰŬɘ ŬˊɞŰŮɚŮůɛŬŰɘəɐ, əŬɗɩɠ ɡˊɎɟɢŮɘ 

ŮɜŭŮɢɧɛŮɜɞ ɏɜŬ ɓɏɚŰɘůŰɞ Űɞˊɘəɧ ŮɚɎɢɘůŰɞ, ɜŬ ŮɜŰɞˊɘůŰŮɑ ˊŬɟŬˊɎɜɤ Ŭˊɧ ɛɑŬ űɞɟɎ ůŰɞ 

ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ [54,55]. ȼ ˊŮɟɑˊŰɤůɖ ŬɡŰɐ ɗŬ ɛˊɞɟɞɨůŮ ɜŬ ŬˊɞűŮɡɢɗŮɑ ŮɎɜ ɡˊɐɟɢŮ 

Űɟɧˊɞɠ ŬɜŬɔɜɩɟɘůɖɠ Űɤɜ ɐŭɖ ɡˊŬɟɢɧɜŰɤɜ ůɖɛŮɑɤɜ ůŰɖɜ ˊŮɟɘɞɢɐ ˊɟɞůɏɚəɡůɖɠ [56]. ȼ 

ˊŮɟɘɞɢɐ ˊɟɞůɏɚəɡůɖɠ Ůɜɧɠ Űɞˊɘəɞɨ ŮɚŬɢɑůŰɞɡ ŮɑɜŬɘ ɛɘŬ ˊŮɟɘɞɢɐ Űɞɡ ɢɩɟɞɡ ŬɜŬɕɖŰɐůŮɤɠ, 

ŰɏŰɞɘŬ ɩůŰŮ Ŭˊɧ ɞˊɞɘɞŭɐˊɞŰŮ ůɖɛŮɑɞ Űɖɠ əŬɘ Ŭɜ ɝŮəɘɜɐůŮɘ ɛɘŬ ɛɏɗɞŭɞɠ Űɞˊɘəɐɠ 

ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ, ɗŬ əŬŰŬɚɐɝŮɘ ůŰɞ ɑŭɘɞ Űɞˊɘəɧ ŮɚɎɢɘůŰɞ. ȼ ˊŮɟɘɞɢɐ ˊɟɞůɏɚəɡůɖɠ  ̈́Űɞɡ 

Űɞˊɘəɞɨ ŮɚŬɢɑůŰɞɡ ὼᶻ ɞɟɑɕŮŰŬɘ ɤɠ Ůɝɐɠ [57]: 

ὃ ὼ ‭ Ὓȟὒὼ  ὼᶻ,      (2.1) 

ɧˊɞɡ: 

S: ɞ ɢɩɟɞɠ ŬɜŬɕɐŰɖůɖɠ,  
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L(x): Űɞ ŮɚɎɢɘůŰɞ ůɖɛŮɑɞ ɛɘŬɠ ŭɘŬŭɘəŬůɑŬɠ Űɞˊɘəɐɠ ŮɚŬɢɘůŰɞˊɞɑɖůɖɠ L  , ɔɘŬ ὼ ɴ  Ὓ. 

ȷɜ ɞ ɢɩɟɞɠ S ˊŮɟɘɏɢŮɘ z ŰɞˊɘəɎ ŮɚɎɢɘůŰŬ, ŰɧŰŮ Ŭˊɧ Űɖɜ ůɢɏůɖ (2.1) ˊɟɞəɨˊŰŮɘ ɧŰɘ: 

ẕ ὃ  Ὓ      (2.2)     

ȷɜ ůɡɛɓɞɚɘůŰŮɑ ɛŮ m(A) Űɞ ɛɏŰɟɞ Lebesgue Űɤɜ  ̈ʟ́ Ὑ, ŰɧŰŮ ŮˊŮɘŭɐ ɞɘ ˊŮɟɘɞɢɏɠ 

ˊɟɞůŮɚəɨůŮɤɜ ŮɑɜŬɘ ɛŮŰŬɝɨ Űɞɡɠ ɝɏɜŮɠ ɗŬ ɘůɢɨŮɘ: 

άὛ В άὃ    (2.3) 

ȷɜ ɏɜŬ ůɖɛŮɑɞ ὼ ɴ  Ὓ ɚŬɛɓɎɜŮŰŬɘ ŭŮɘɔɛŬŰɞɚɖˊŰɘəɎ ɛŮ ɞɛɞɘɧɛɞɟűɖ əŬŰŬɜɞɛɐ , ŰɧŰŮ ɖ 

ˊɘɗŬɜɧŰɖŰŬ ɜŬ ŬɜɐəŮɘ ůŰɖɜ ˊŮɟɘɞɢɐ ΅ Űɞ ůɖɛŮɑɞ x ŭɑɜŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ: 

ὴ     (2.4) 

ȷɜ ůŰɞ S ɚɖűɗɞɨɜ ŭŮɘɔɛŬŰɞɚɖˊŰɘəɎ Ⱦ ůɖɛŮɑŬ, ŰɧŰŮ ɖ ˊɘɗŬɜɧŰɖŰŬ ɧŰɘ ŰɞɡɚɎɢɘůŰɞɜ  ɏɜŬ 

ůɖɛŮɑɞ Ŭˊɧ  

ŬɡŰɎ ɓɟɑůəŮŰŬɘ ůŰɖɜ ˊŮɟɘɞɢɐ ˊɟɞůɏɚəɡůɖɠ ŭɑɜŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ: 

ὴᶰὃ  ρ  ρ     ρ  ρ ὴ        (2.5) 

ȷˊɧ Űɖ ůɢɏůɖ (2.5) ɔɑɜŮŰŬɘ ŬɜŰɘɚɖˊŰɧ ɧŰɘ əŬɗɩɠ Űɞ Ⱦ ɛŮɔŬɚɩɜŮɘ, ɖ ˊɘɗŬɜɧŰɖŰŬ ɜŬ 

ɞŭɖɔɖɗɞɨɛŮ ůŮ ɏɜŬ ůɖɛŮɑɞ ˊɞɡ ɜŬ ɞŭɖɔɐůŮɘ ůŰɞ ŮɚɎɢɘůŰɞ i ŰŮɑɜŮɘ ůŰɞ 1. ȯɟŬ ɖ ɛɏɗɞŭɞɠ 

ˊɞɚɚŬˊɚɐɠ Ůəəɑɜɖůɖɠ ŮɑɜŬɘ ůŮ ɗɏůɖ ɜŬ ŬɜŬəŬɚɨɣŮɘ ɧɚŬ ŰŬ ŮɚɎɢɘůŰŬ ůŰɞɜ ɢɩɟɞ 

ŬɜŬɕɐŰɖůɖɠ [57]. Ⱥˊɑůɖɠ ůɖɛŬɜŰɘəɧ ɛŮɘɞɜɏəŰɖɛŬ Űɖɠ ɛŮɗɧŭɞɡ ŮɑɜŬɘ ɞ ɢɟɧɜɞɠ ˊɞɡ 

ŬˊŬɘŰŮɑŰŬɘ ɔɘŬ Űɖɜ ŮɨɟŮůɖ Űɞɡ ɓɏɚŰɘůŰɞɡ Űɞˊɘəɞɨ ŮɚŬɢɑůŰɞɡ, Ŭűɞɨ ɗŬ ˊɟɏˊŮɘ ɜŬ ŮɚŮɔɢɗŮɑ 

ɏɜŬ ůɨɜɞɚɞ Ŭˊɧ ůɖɛŮɑŬ ůŰɞ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ. ŪŬ ˊɟɏˊŮɘ Ůˊɑůɖɠ ɜŬ ŬɜŬűŮɟɗŮɑ,  ɧŰɘ 

ŬɜɎɚɞɔŬ ɛŮ Űɖɜ Ŭɟɢɘəɐ əŬŰŬɜɞɛɐ Űɤɜ ůɖɛŮɑɤɜ ůŰɞ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ, ŮɝŬɟŰɎŰŬɘ Ŭɜ ɗŬ 

ɡˊɎɟɝŮɘ ŮˊɘŰɡɢɐɠ ŬɜŬɕɐŰɖůɖɠ Űɞˊɘəɞɨ ŮɚŬɢɑůŰɞɡ. ɆɡɔəŮəɟɘɛɏɜŬ, ɧŰŬɜ ɖ Ŭɟɢɘəɐ ˊɞůɧŰɖŰŬ 

əŬŰŬɜɞɛɐɠ Űɤɜ ůɖɛŮɑɤɜ ŮɑɜŬɘ ɛŮɔɎɚɖ, ŰɧŰŮ ŮɑɜŬɘ ɓɏɓŬɘɞ ɧŰɘ ɗŬ ŮɜŰɞˊɘůŰŮɑ Űɞ ɓɏɚŰɘůŰɞ  

Űɞˊɘəɧ ŮɚɎɢɘůŰɞ. ȷɜŰɑɗŮŰŬ, ůŰɖɜ ˊŮɟɑˊŰɤůɖ ˊɞɡ ŭɞɗŮɑ ɛɘəɟɧ ˊɚɐɗɞɠ ůɖɛŮɑɤɜ, ŰɧŰŮ ŭŮɜ 

ŮɑɜŬɘ ɓɏɓŬɘɞ ɧŰɘ ɗŬ ŮɜŰɞˊɘůŰŮɑ Űɞ Űɞˊɘəɧ ŮɚɎɢɘůŰɞ. ɇɏɚɞɠ, ɡˊɎɟɢŮɘ əŬɘ Űɞ ŮɜŭŮɢɧɛŮɜɞ Űɞɡ 

Ůɔəɚɤɓɘůɛɞɨ ůŮ ŰɞˊɘəɎ ŮɚɎɢɘůŰŬ, ɧˊɞɡ ɖ ɛɏɗɞŭɞɠ ɗŮɤɟŮɑ ɧŰɘ Űɞ Űɞˊɘəɧ ŮɚɎɢɘůŰɞ 

ɓɟɑůəŮŰŬɘ ůŮ ɏɜŬ ůɡɔəŮəɟɘɛɏɜɞ ůɖɛŮɑɞ Űɞɡ ɢɩɟɞɡ ŬɜŬɕɐŰɖůɖɠ, ŮɔəɚɤɓɑɕŮŰŬɘ ůŰɖɜ ˊŮɟɘɞɢɐ 

ŬɡŰɐ  əŬɘ ˊɟɞůˊŬɗŮɑ ŮˊŬɜŬɚɖˊŰɘəɎ ɜŬ ŮɜŰɞˊɑůŮɘ Űɞ ɓɏɚŰɘůŰɞ Űɞˊɘəɧ ŮɚɎɢɘůŰɞ ůŮ ŮəŮɑɜɖ 

Űɖɜ ˊŮɟɘɞɢɐ. 



ȺəŰɧɠ ɧɛɤɠ Ŭˊɧ ŰŬ ɛŮɘɞɜŮəŰɐɛŬŰŬ ˊɞɡ ˊɟɞŬɜŬűɏɟɗɖəŬɜ, ɖ ɛɏɗɞŭɞɠ ɢŬɟŬəŰɖɟɑɕŮŰŬɘ əŬɘ 

Ŭˊɧ ˊɚŮɞɜŮəŰɐɛŬŰŬ. ɆɡɔəŮəɟɘɛɏɜŬ, ɧˊɤɠ ŬˊɞŭŮɑɢɗɖəŮ əŬɘ Ŭˊɧ Űɖ ůɢɏůɖ (2.5) ˊɞɡ 

ˊɟɞŬɜŬűɏɟɗɖəŮ, ɖ ɛɏɗɞŭɞɠ ˊɞɚɚŬˊɚɐɠ Ůəəɑɜɖůɖɠ ŮɑɜŬɘ ɘəŬɜɐ ɜŬ ŮɜŰɞˊɑůŮɘ ɧɚŬ ŰŬ 

ŮɚɎɢɘůŰŬ ůô ɏɜŬ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ S. Ⱥˊɑůɖɠ, ůŮ ɛŮɔɎɚɞ Ŭɟɢɘəɧ Ŭɟɘɗɛɧ əŬŰŬɜɞɛɐɠ 

ůɖɛŮɑɤɜ, ɖ ɛɏɗɞŭɞɠ ŮɑɜŬɘ ɓɏɓŬɘɞ ɧŰɘ ɗŬ ŮɜŰɞˊɑůŮɘ Űɞ ɓɏɚŰɘůŰɞ Űɞˊɘəɧ ŮɚɎɢɘůŰɞ. 

                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                               

ɇŮɢɜɘəɏɠ ȷɟɢɘəɞˊɞɑɖůɖɠ 

 

ɆŰɖ ɓŮɚŰɘůŰɞˊɞɑɖůɖ, ɡˊɎɟɢɞɡɜ ŭɘɎűɞɟŮɠ əŬŰŬɜɞɛɏɠ ˊɞɡ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ɔɘŬ Űɖɜ 

ˊŮɟɘɔɟŬűɐ əŬɘ Űɖɜ ŮɝŮɟŮɨɜɖůɖ Űɞɡ ɢɩɟɞɡ ŬɜŬɕɐŰɖůɖɠ. ȼ Ůˊɘɚɞɔɐ Űɖɠ əŬŰɎɚɚɖɚɖɠ 

əŬŰŬɜɞɛɐɠ ŮɝŬɟŰɎŰŬɘ Ŭˊɧ Űɞɡɠ Ůɝɐɠ ˊŬɟɎɔɞɜŰŮɠ: Űɘɠ ŬˊŬɘŰɐůŮɘɠ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ, Űɞɜ 

Űɨˊɞ Űɤɜ ˊŬɟŬɛɏŰɟɤɜ əŬɘ Űɞɜ Űɟɧˊɞ ˊɞɡ ɞɟɑɕɞɜŰŬɘ ɞɘ ˊŬɟɎɛŮŰɟɞɘ ůŰɞ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ 

Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ.  Ƀɘ ˊɘɞ ɔɜɤůŰɏɠ əŬŰŬɜɞɛɏɠ ŮɑɜŬɘ ɞɘ Ůɝɐɠ: 

  

Ƀɛɞɘɧɛɞɟűɖ əŬŰŬɜɞɛɐ: ɆŰɖɜ ɞɛɞɘɧɛɞɟűɖ əŬŰŬɜɞɛɐ, əɎɗŮ Űɘɛɐ ůŰɞ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ 

ɏɢŮɘ ɑůɖ ˊɘɗŬɜɧŰɖŰŬ Ůˊɘɚɞɔɐɠ. ȼ əŬŰŬɜɞɛɐ ůɡɜɐɗɤɠ ůɡɛɓɞɚɑɕŮŰŬɘ ɛŮ U(a,b), ɧˊɞɡ a,b 

ŮɑɜŬɘ ɞɘ Űɘɛɏɠ ůŰŬ  ŭɨɞ ɎəɟŬ. ȼ ůɡɜɎɟŰɖůɖ ˊɡəɜɧŰɖŰŬɠ ˊɘɗŬɜɧŰɖŰŬɠ Űɖɠ ůɡɜŮɢɞɨɠ 

ɞɛɞɘɧɛɞɟűɖɠ əŬŰŬɜɞɛɐɠ ŮɑɜŬɘ: 

ρ

Â Á
 ȟÁ Ø Â

  π ȟ    Ø Á ÏÒ Ø Â
 

 

ɀɑŬ ůɡɜɎɟŰɖůɖ f(x) əŬɚŮɑŰŬɘ ůɡɜɎɟŰɖůɖ ˊɡəɜɧŰɖŰŬɠ ˊɘɗŬɜɞŰɐŰɤɜ ůŰɞ ŭɘɎůŰɖɛŬ  a Ø

Â , ŮɎɜ ˊɚɖɟɞɑ ŭɨɞ əɟɘŰɐɟɘŬ: 

¶ Ὢὼ π  ɔɘŬ əɎɗŮ x ɛŮŰŬɝɨ a əŬɘ b 

 

¶ ɇɞ ůɡɜɞɚɘəɧ ŮɛɓŬŭɧ əɎŰɤ Ŭˊɧ Űɖɜ əŬɛˊɨɚɖ ɛŮŰŬɝɨ a əŬɘ b ŮɑɜŬɘ 1.0  [58]. 

 



65 

 

ȾŬɜɞɜɘəɐ əŬŰŬɜɞɛɐ: ȼ əŬɜɞɜɘəɐ əŬŰŬɜɞɛɐ ŮɑɜŬɘ ɖ ˊɘɞ ůɖɛŬɜŰɘəɐ Ŭˊɧ ɧɚŮɠ Űɘɠ 

əŬŰŬɜɞɛɏɠ ˊɘɗŬɜɞŰɐŰɤɜ. ŪŮɤɟŮɑŰŬɘ ůɖɛŬɜŰɘəɐ ůŰɞɡɠ Ŭɚɔɞɟɑɗɛɞɡɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ, 

əŬɗɩɠ ɓŬůɑɕŮŰŬɘ ůŰɖ ůŰɞɢŬůŰɘəɐ ŬɜŬɕɐŰɖůɖ ɧˊɤɠ ɔɘŬ ˊŬɟɎŭŮɘɔɛŬ ɞ ɔŮɜŮŰɘəɧɠ Ŭɚɔɧɟɘɗɛɞɠ. 

ȼ ůɡɜɎɟŰɖůɖ ˊɡəɜɧŰɖŰŬɠ ˊɘɗŬɜɞŰɐŰɤɜ ɛɘŬɠ əŬɜɞɜɘəɐɠ ŰɡɢŬɑŬɠ ɛŮŰŬɓɚɖŰɐɠ ŭɑɜŮŰŬɘ Ŭˊɧ 

Űɖɜ ůɢɏůɖ: 

Ὢὼ
Ѝ
Ὡ    , Њ ὼ Њ   (2.6) 

ɧˊɞɡ ů ŮɑɜŬɘ ɖ Űɡˊɘəɐ Ŭˊɧəɚɘůɖ əŬɘ ɛ Űɞ ɛɏůɞ. 

ȼ ɔɟŬűɘəɐ ˊŬɟɎůŰŬůɖ ɏɢŮɘ ůɢɐɛŬ əŬɛˊɎɜŬɠ əŬɘ ŮɑɜŬɘ ůɡɛɛŮŰɟɘəɐ ɤɠ ˊɟɞɠ Űɞ ɛ. 

 

ȷɜ ŬɡɝɖɗŮɑ Űɞ ɛɏůɞ (ɛ), ŰɧŰŮ ɛŮŰŬŰɞˊɑɕŮŰŬɘ ɖ əŬɛˊɨɚɖ ˊɟɞɠ ŰŬ ŭŮɝɘɎ. Ⱥɜɩ, Ŭɜ ŬɡɝɖɗŮɑ ɖ 

Űɡˊɘəɐ Ŭˊɧəɚɘůɖ  (ů) , ŰɧŰŮ çˊɚŬŰŬɑɜŮɘè ɖ əŬɛˊɨɚɖ [58]. 

 

   

 

 



ȷˊɞŭɞŰɘəɐ əŬŰŬɜɞɛɐ: ȼ ŬˊɞŭɞŰɘəɐ əŬŰŬɜɞɛɐ ˊŬɟɞɡůɘɎɕŮɘ ɡɣɖɚɐ ˊɘɗŬɜɧŰɖŰŬ ɔɘŬ ɛɘəɟɏɠ 

Űɘɛɏɠ əŬɘ ɛŮɘɩɜŮŰŬɘ ŮəɗŮŰɘəɎ əŬɗɩɠ ɞɘ Űɘɛɏɠ ŬɡɝɎɜɞɜŰŬɘ. 

ȸɐŰŬ-əŬŰŬɜɞɛɐ: ȼ   ɓɐŰŬ-əŬŰŬɜɞɛɐ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ůŰɖ ɓŮɚŰɘůŰɞˊɞɑɖůɖ ɔɘŬ Űɖ 

ɛɞɜŰŮɚɞˊɞɑɖůɖ əŬɘ Űɖɜ Ůˊɘɚɞɔɐ ˊŬɟŬɛɏŰɟɤɜ ˊɞɡ ˊŮɟɘɞɟɑɕɞɜŰŬɘ ůŮ ɏɜŬ ůɡɔəŮəɟɘɛɏɜɞ 

ŭɘɎůŰɖɛŬ [58].  

ȾŬŰŬɜɞɛɐ ŬˊɞŰɟɞˊɐɠ: ȺɑɜŬɘ ɛɘŬ ɛɏɗɞŭɞɠ ˊɞɡ ŮˊɘɢŮɘɟŮɑ ɜŬ ɓɟŮɘ ŰŬ ŰɞˊɘəɎ ŮɚɎɢɘůŰŬ, 

ɝŮəɘɜɩɜŰŬɠ ŬɜŬɕɖŰɐůŮɘɠ Ŭˊɧ ŭɘɎűɞɟŬ ůɖɛŮɑŬ ůŰɞ ɢɩɟɞ. Ⱥɜɩ Ɏɚɚɞɘ Ŭɚɔɧɟɘɗɛɞɘ 

ɢɟɖůɘɛɞˊɞɘɞɨɜ ɛɘŬ ůɡɔəŮəɟɘɛɏɜɖ ɞɛɞɘɧɛɞɟűɖ əŬŰŬɜɞɛɐ ɔɘŬ ɜŬ ŭɖɛɘɞɡɟɔɐůɞɡɜ ŰŬ ŬɟɢɘəɎ 

ůɖɛŮɑŬ Ůəəɑɜɖůɖɠ, ɞ Ŭɚɔɧɟɘɗɛɞɠ ŬˊɞŰɟɞˊɐɠ ŮˊɘŰɟɏˊŮɘ Űɖɜ ŮɡɏɚɘəŰɖ ŬɚɚŬɔɐ Űɖɠ əŬŰŬɜɞɛɐɠ 

ɛŮŰɎ Ŭˊɧ əɎɗŮ Űɞˊɘəɐ ŬɜŬɕɐŰɖůɖ. ȷɡŰɧ ɏɢŮɘ ůŬɜ ŬˊɞŰɏɚŮůɛŬ ɜŬ ɛŮɘɩɜŮŰŬɘ ɖ ˊɘɗŬɜɧŰɖŰŬ 

ɜŬ ŭŬˊŬɜɩɜŰŬɘ ˊɞɚɚɏɠ Űɞˊɘəɏɠ ŬɜŬɕɖŰɐůŮɘɠ ůŮ ˊŮɟɘɞɢɏɠ ɧˊɞɡ ŮɑɜŬɘ ŬˊɑɗŬɜɞ ɜŬ ɓɟŮɗɞɨɜ 

ɜɏŬ ŰɞˊɘəɎ ŮɚɎɢɘůŰŬ . Ʉɘɞ ůɡɔəŮəɟɘɛɏɜŬ, ɞ Ŭɚɔɧɟɘɗɛɞɠ ŬˊɞŰɟɞˊɐɠ ŬəɞɚɞɡɗŮɑ ŰŬ 

ˊŬɟŬəɎŰɤ ɓɐɛŬŰŬ: ȷɟɢɘəɎ, ŭɖɛɘɞɡɟɔŮɑ ɏɜŬ ůɖɛŮɑɞ y ůŰɞɜ ɢɩɟɞ K, ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ ɛɘŬ 

ɞɛɞɘɧɛɞɟűɖ əŬŰŬɜɞɛɐ əŬɘ ůŰɖ ůɡɜɏɢŮɘŬ ɛŮŰŬůɢɖɛŬŰɑɕŮɘ Űɞ y ůô ɏɜŬ ɜɏɞ ůɖɛŮɑɞ u ˊɞɡ ɗŬ 

ɢɟɖůɘɛɞˊɞɘɖɗŮɑ ɤɠ Ŭɟɢɘəɧ ůɖɛŮɑɞ ɔɘŬ Űɘɠ Űɞˊɘəɏɠ ŬɜŬɕɖŰɐůŮɘɠ. Ƀ  ɛŮŰŬůɢɖɛŬŰɘůɛɧɠ ŬɡŰɧɠ 

ɔɑɜŮŰŬɘ ɔɘŬ ɜŬ ˊɟɞůˊŬɗɐůŮɘ ɞ Ŭɚɔɧɟɘɗɛɞɠ ɜŬ ŮˊɘůəŮűɗŮɑ ˊŮɟɘɞɢɏɠ ɏɚɝɖɠ ˊɞɡ ɛˊɞɟŮɑ ɜŬ ɛɖɜ 

ɏɢɞɡɜ ŬɜɘɢɜŮɡɗŮɑ Ŭˊɧ ˊɟɞɖɔɞɨɛŮɜŬ ŭŮɑɔɛŬŰŬ. ȰˊŮɘŰŬ, ɔɘŬ əɎɗŮ ˊɟɞɖɔɞɨɛŮɜɞ ŮˊɘůəŮűɗɏɜ 

ůɖɛŮɑɞ z, Űɞ ůɖɛŮɑɞ y ŬˊɞɛŬəɟɨɜŮŰŬɘ Ŭˊɧ Űɞ z. ȼ ůɡɜɞɚɘəɐ ŬˊɞŰɟɞˊɐ ˊɞɡ ŬůəŮɑŰŬɘ ůŰɞ y, 

ŮɑɜŬɘ ɖ ůɡɜɞɚɘəɐ ŮˊɑŭɟŬůɖ Ŭˊɧ əɎɗŮ ˊɟɞɖɔɞɨɛŮɜɞ ůɖɛŮɑɞ ŬˊɞŰɟɞˊɐɠ [59]. 

ȼ Ŭˊɩɗɖůɖ ˊɞɡ Űɞ ůɖɛŮɑɞ z ŬůəŮɑ ůŰɞ ůɖɛŮɑɞ y ŭŮɑɢɜŮɘ Űɖɜ əŬŰŮɨɗɡɜůɖ Ŭˊɧ Űɞ ůɖɛŮɑɞ y 

ˊɟɞɠ Űɞ ůɖɛŮɑɞ z, əŬɘ ɖ ɏɜŰŬůɐ Űɖɠ Ŭˊɩɗɖůɖɠ, ˊɞɡ ůɡɛɓɞɚɑɕŮŰŬɘ ɤɠ ȹ(r), ŮɝŬɟŰɎŰŬɘ 

ŬˊɞəɚŮɘůŰɘəɎ Ŭˊɧ Űɖɜ ŬˊɧůŰŬůɖ ɛŮŰŬɝɨ Űɞɡ z əŬɘ Űɞɡ y, ˊɞɡ ůɡɛɓɞɚɑɕŮŰŬɘ ɤɠ r=d(z,y). 

ɈˊɎɟɢɞɡɜ ˊɞɚɚɏɠ Ůˊɘɚɞɔɏɠ ɔɘŬ Űɖ ůɡɜɎɟŰɖůɖ ȹ(r), ŬɚɚɎ ɚŬɛɓɎɜɞɡɛŮ ɡˊɧɣɖ ɛɧɜɞ Űɘɠ 

ˊŮɟɘˊŰɩůŮɘɠ ɧˊɞɡ ɖ Ŭˊɩɗɖůɖ ŮɑɜŬɘ ɔɟŬɛɛɘəɐ.  

. 

ῳὶ
‌ ‍ὶ ȟὭὪ π ὶ ὶ

πȟὭὪ ὶ ὶ
 (2.7) 

 

ɧˊɞɡ ɓ=‌ὶϳ  ‖‌―  π ‌ ὶ . 

 

Tɞ ůɖɛŮɑɞ y ŬˊɤɗŮɑŰŬɘ ůŰɞ ůɖɛŮɑɞ u ˊɞɡ ŭɑɜŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ: 

ό όώȟᾀ ώ ῳὶ      (2.8) 

Ƀɘ ˊŮɟɘɞɟɘůɛɞɑ ůŰŬ Ŭ əŬɘ ɓ ŬˊŮɜŮɟɔɞˊɞɘɞɨɜŰŬɘ ɔɘŬ ŭɨɞ ɚɧɔɞɡɠ:  
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- ɄɟɩŰɞɜ ŮɔɔɡɩɜŰŬɘ ɧŰɘ ɖ Ŭˊɩɗɖůɖ ŭŮɜ ɡˊŮɟɓŬɑɜŮɘ Űɞ ὶ əŬɘ 

- ȹŮɨŰŮɟɞɜ ɔɘŬŰɑ Ŭɜ Űɞ y' əŬɘ Űɞ y'' ŮɑɜŬɘ ŭɨɞ ůɖɛŮɑŬ ŰɏŰɞɘŬ ɩůŰŮ:  

 ÒᴂÄÚȟÙᴂ ÒᴂᴂÄÚȟÙᴂᴂ   (2.9)  ŰɧŰŮ:   ȿόώȟᾀȿ ȿόώȟᾀȿ  (2.10)   

[59]. 

 

2.3 ɇŮɢɜɘəɏɠ ŰŮɟɛŬŰɘůɛɞɨ  

Ƀɘ Ŭɚɔɧɟɘɗɛɞɘ, ɏɢɞɡɜ ůɢŮŭɘŬůŰŮɑ ɔɘŬ ɜŬ ɓɟɑůəɞɡɜ Űɞ əŬɗɞɚɘəɧ ŮɚɎɢɘůŰɞ ɏˊŮɘŰŬ Ŭˊɧ əɎˊɞɘɞ 

Ŭɟɘɗɛɧ ŮˊŬɜŬɚɐɣŮɤɜ. ȳɛɤɠ, ɔɘŬ ɜŬ ŭɞɗŮɑ ɛɑŬ ɘəŬɜɞˊɞɘɖŰɘəɐ ɚɨůɖ Ŭˊɧ Űɞɜ Ŭɚɔɧɟɘɗɛɞ, ɗŬ 

ˊɟɏˊŮɘ ɞ Ŭɚɔɧɟɘɗɛɞɠ ɜŬ ŰŮɟɛŬŰɑɕŮɘ ɛŮŰɎ Ŭˊɧ əɎˊɞɘɞ ɢɟɞɜɘəɧ ŭɘɎůŰɖɛŬ ɛŮ ɓɎůɖ əɎˊɞɘŬ 

əɟɘŰɐɟɘŬ. ɇŬ ɔŮɜɘəɧŰŮɟŬ əɟɘŰɐɟɘŬ ŰŮɟɛŬŰɘůɛɞɨ ŮɑɜŬɘ: 

- ȾŬɗɞɟɘůɛɏɜɞ ˊɚɐɗɞɠ ŬˊɞŰɘɛɐůŮɤɜ Űɖɠ ůɡɜɎɟŰɖůɖɠ: 

ɆŰɞ əɟɘŰɐɟɘɞ ŬɡŰɧ, ɞ Ŭɚɔɧɟɘɗɛɞɠ ŰŮɟɛŬŰɑɕŮɘ ɧŰŬɜ ɏɢŮɘ ˊɟŬɔɛŬŰɞˊɞɘɐůŮɘ ɏɜŬ 

ˊɟɞəŬɗɞɟɘůɛɏɜɞ Ŭɟɘɗɛɧ ŬˊɞŰɘɛɐůŮɤɜ Űɖɠ ŬɜŰɘəŮɘɛŮɜɘəɐɠ ůɡɜɎɟŰɖůɖɠ. ȷɡŰɧ 

ɛˊɞɟŮɑ ɜŬ ɔɑɜŮɘ ŮɑŰŮ ɔɘŬŰɑ ɏɢɞɡɛŮ ˊŮɟɘɞɟɘůɛɏɜɞɡɠ ˊɧɟɞɡɠ əŬɘ ɗɏɚɞɡɛŮ ɜŬ 

ˊŮɟɘɞɟɑůɞɡɛŮ Űɞɜ Ŭɟɘɗɛɧ Űɤɜ ŬˊɞŰɘɛɐůŮɤɜ, ŮɑŰŮ ɔɘŬŰɑ ɞ Ŭɚɔɧɟɘɗɛɞɠ ɏɢŮɘ ůɡɔəɚɑɜŮɘ 

ůŮ ɛɘŬ ɘəŬɜɞˊɞɘɖŰɘəɐ ɚɨůɖ ɛŮŰɎ Ŭˊɧ ŬɟəŮŰɏɠ ŬˊɞŰɘɛɐůŮɘɠ. 

- ɄɟɞəŬɗɞɟɘůɛɏɜɞɠ Ŭɟɘɗɛɧɠ ɓɖɛɎŰɤɜ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ: 

ɆŰɞ əɟɘŰɐɟɘɞ ŬɡŰɧ ɞ Ŭɚɔɧɟɘɗɛɞɠ ŰŮɟɛŬŰɑɕŮɘ Ŭűɞɨ ŮəŰŮɚɏůŮɘ ɏɜŬɜ ˊɟɞəŬɗɞɟɘůɛɏɜɞ 

Ŭɟɘɗɛɧ ɓɖɛɎŰɤɜ. ȾɎɗŮ ɓɐɛŬ ŬɜŰɘůŰɞɘɢŮɑ ůŮ ɛɘŬ ŬˊɞŰɑɛɖůɖ Űɖɠ ŬɜŰɘəŮɘɛŮɜɘəɐɠ 

ůɡɜɎɟŰɖůɖɠ ɐ ůŮ ɛɘŬ ɛŮŰŬɓɞɚɐ Űɖɠ ɚɨůɖɠ. ȷɡŰɧ Űɞ əɟɘŰɐɟɘɞ ŮɑɜŬɘ ůɡɜɐɗɤɠ 

ɢɟɐůɘɛɞ ɔɘŬ ɜŬ ˊŮɟɘɞɟɑůŮɘ Űɞɜ ɢɟɧɜɞ ŮəŰɏɚŮůɖɠ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ əŬɘ ɜŬ ŭɘŬůűŬɚɑůŮɘ 

ɧŰɘ ŭŮɜ ŮəŰŮɚŮɑŰŬɘ ɔɘŬ ˊɎɟŬ ˊɞɚɚɎ ɓɐɛŬŰŬ. 

ɇŬ ɛŮɘɞɜŮəŰɐɛŬŰŬ Űɤɜ ŭɨɞ ˊɟɞɖɔɞɨɛŮɜɤɜ ŰŮɢɜɘəɩɜ ŰŮɟɛŬŰɘůɛɞɨ ŮɑɜŬɘ ɧŰɘ ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ 

ŭɨůəɞɚɞ ɜŬ ˊɟɞɓɚɏɣɞɡɛŮ ˊɧŰŮ ɗŬ ɓɟŮɗŮɑ ɖ ɓɏɚŰɘůŰɖ ɚɨůɖ. ȷɜ əŬɗɞɟɑůɞɡɛŮ ɏɜŬ 

ˊŮˊŮɟŬůɛɏɜɞ ˊɚɐɗɞɠ ŬˊɞŰɘɛɐůŮɤɜ ɐ ɓɖɛɎŰɤɜ, ɛˊɞɟŮɑ ɜŬ ɛɖɜ ŮɑɜŬɘ ŬɟəŮŰɧ ɔɘŬ ɜŬ 

űŰɎůɞɡɛŮ ůŰɖɜ əŬɚɨŰŮɟɖ ɚɨůɖ, ɐ ŬɜŰɑɗŮŰŬ, ɜŬ ŮɑɜŬɘ ɡˊŮɟɓɞɚɘəɎ ˊɞɚɨ, ˊɟɞəŬɚɩɜŰŬɠ 

ŬɜŮˊɘɗɨɛɖŰɖ əŬŰŬɜɎɚɤůɖ ˊɧɟɤɜ. Ⱥˊɑůɖɠ, ŬɡŰɏɠ ɞɘ ŰŮɢɜɘəɏɠ ŭŮɜ ŮɑɜŬɘ ˊɎɜŰŬ 

ˊɟɞůŬɟɛɞůŰɘəɏɠ, ŭɖɚŬŭɐ ŭŮɜ ɛˊɞɟɞɨɜ ɜŬ ˊɟɞůŬɟɛɞůŰɞɨɜ ŬɡŰɧɛŬŰŬ ůŰɖɜ Ůɝɏɚɘɝɖ Űɞɡ 

Ŭɚɔɞɟɑɗɛɞɡ ɐ Űɖɜ ˊɞɚɡˊɚɞəɧŰɖŰŬ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ.  

ȰɜŬ Ŭˊɧ ŰŬ əɡɟɘɧŰŮɟŬ ɗɏɛŬŰŬ Űɤɜ ůŰɞɢŬůŰɘəɩɜ ɛŮɗɧŭɤɜ ŮɑɜŬɘ ŰŬ əɟɘŰɐɟɘŬ ŰŮɟɛŬŰɘůɛɞɨ 

Űɞɡɠ. Ƀɘ ɛɏɗɞŭɞɘ ŬɡŰɐɠ Űɖɠ əŬŰɖɔɞɟɑŬɠ ˊɟɞůˊŬɗɞɨɜ ɜŬ ŮɜŰɞˊɑůɞɡɜ Űɞ əŬɗɞɚɘəɧ ŮɚɎɢɘůŰɞ 



ɛŮŰɎ Ŭˊɧ ɏɜŬɜ ɞɟɘůɛɏɜɞ Ŭɟɘɗɛɧ ŮˊŬɜŬɚɐɣŮɤɜ. ɄɟɞəŮɘɛɏɜɞɡ ɜŬ ɡˊɎɟɝŮɘ ŮˊɘŰɡɢɐɠ 

ŮəŰɏɚŮůɖ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ ŭɑɜɞɜŰŬɠ ŬˊɞŰŮɚɏůɛŬŰŬ, ɏɢɞɡɜ ŬɜŬˊŰɡɢɗŮɑ ŭɘɎűɞɟɞɘ əŬɜɧɜŮɠ 

ŰŮɟɛŬŰɘůɛɞɨ, ˊɞɡ ůŰɧɢɞ ɏɢɞɡɜ Űɖ ŭɘŬŰɐɟɖůɖ Űɖɠ ˊɘɗŬɜɧŰɖŰŬɠ Űɞɡ ŮˊɘŰɡɢɞɨɠ 

ŬˊɞŰŮɚɏůɛŬŰɞɠ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ, ŬɚɚɎ əŬɘ Űɖ ɛŮɑɤůɖ Űɞɡ ɡˊɞɚɞɔɘůŰɘəɞɨ əɧůŰɞɡɠ. ɀŮ 

ɓɎůɖ Űɖ ɓɘɓɚɘɞɔɟŬűɑŬ, ɏɢɞɡɜ ŬɜŬˊŰɡɢɗŮɑ ŭɘɎűɞɟɞɘ əŬɜɧɜŮɠ ɧˊɤɠ Űɞɜ Zielinski [60] , Betro 

et al [61], Rinnooy Kan [62], Hart  [63]. 

ɇŬ əɟɘŰɐɟɘŬ Űɤɜ Rinnooy Kan, Boender əŬɘ Zielinski  

ɀŮ ɓɎůɖ Űɞ əɟɘŰɐɟɘɞ ŰŮɟɛŬŰɘůɛɞɨ Űɞɡ Kan, ŮɎɜ ɔɘŬ Űɖɜ ŮɨɟŮůɖ w ŮɚŬɢɑůŰɤɜ ɏɢɞɡɜ ɔɑɜŮɘ t 

Űɞˊɘəɏɠ ŬɜŬɕɖŰɐůŮɘɠ, ŰɧŰŮ ɛɘŬ ŮəŰɑɛɖůɖ ɔɘŬ Űɞ ˊɚɐɗɞɠ Űɤɜ Űɞˊɘəɩɜ ŮɚŬɢɑůŰɤɜ Űɖɠ 

ůɡɜɎɟŰɖůɖɠ ˊŮɟɘɔɟɎűŮŰŬɘ Ŭˊɧ Űɖɜ Ŭəɧɚɞɡɗɖ ůɢɏůɖ: 

ύ   (2.11) 

ɆŮ ˊɞɚɡŭŮɘɔɛŬŰɘəɏɠ ɛŮɗɧŭɞɡɠ əŬɗɞɚɘəɐɠ ŮɚŬɢɘůŰɞˊɞɘɐůŮɤɠ, ɧˊɞɡ ˊɟŬɔɛŬŰɞˊɞɘɞɨɜŰŬɘ 

ŮˊŬɜŬɚŬɛɓŬɜɧɛŮɜŮɠ ŰɡɢŬɑŮɠ ŭɘŬŭɘəŬůɑŮɠ əŬɘ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ Ŭˊɧ ŰŬ ŭŮɑɔɛŬŰŬ ůɡɜɗɏŰɞɡɜ 

ɛɘŬ ŮəŰɑɛɖůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ˊɞɡ ɛŮɚŮŰɞɨɛŮ, Űɞ t ůŰɖɜ ˊŬɟŬˊɎɜɤ ůɢɏůɖ 

ŬɜŰɘəŬɗɑůŰŬɜŰŬɘ Ŭˊɧ Űɞ ůɨɜɞɚɞ Űɤɜ ŭŮɘɔɛŬŰɞɚɖɣɘɩɜ ˊɞɡ ɏɢŮɘ ˊɟŬɔɛŬŰɞˊɞɘɐůŮɘ ɞ 

Ŭɚɔɧɟɘɗɛɞɠ. ɆɡɔəŮəɟɘɛɏɜŬ ŭɘŬəɧˊŰŮŰŬɘ ɧŰŬɜ ɘůɢɨŮɘ: ύ  ύ       (2.12) 

əŬɘ əɎɜɞɜŰŬɠ ɞɟɘůɛɏɜŮɠ ˊɟɎɝŮɘɠ ŬɜɘůɧŰɖŰŬɠ, ɘůɢɨŮɘ ɧŰɘ:  ὸ ςύ σύ ς    (2.13). 

ȷˊɧ Űɖɜ Ŭɜɑůɤůɖ ˊɟɞəɨˊŰŮɘ ɧŰɘ ɞ Ŭɟɘɗɛɧɠ Űɤɜ Űɞˊɘəɩɜ ŮɚŬɢɘůŰɞˊɞɘɐůŮɤɜ ɗŬ ˊɟɏˊŮɘ ɜŬ 

ŮɑɜŬɘ ŬɜɎɚɞɔɞɠ Űɞɡ ŰŮŰɟŬɔɩɜɞɡ Űɤɜ ŮɚŬɢɑůŰɤɜ ˊɞɡ ɏɢɞɡɜ ɓɟŮɗŮɑ, ɩůŰŮ ɜŬ ůŰŬɛŬŰɐůŮɘ ɞ 

Ŭɚɔɧɟɘɗɛɞɠ. ũɘŬ ˊŬɟɎŭŮɘɔɛŬ Ŭɜ ɏɢɞɡɜ ɓɟŮɗŮɑ 1000 ŮɚɎɢɘůŰŬ, ɗŬ ŬˊŬɘŰɖɗɞɨɜ 10^6 Ůˊɘˊɚɏɞɜ 

ůɖɛŮɑŬ əŬŰɎ Űɖɜ ŭɘɎɟəŮɘŬ Űɤɜ ˊɟɧůɗŮŰɤɜ Űɞˊɘəɩɜ ŮɚŬɢɘůŰɞˊɞɘɐůŮɤɜ.  

 

Ƀ əŬɜɧɜŬɠ Űɞɡ ŭɘˊɚɎůɘɞɡ əɞɡŰɘɞɨ (double box) 

ɇŬ ŰɛɐɛŬŰŬ Űɞɡ ɢɩɟɞɡ ŬɜŬɕɖŰɐůŮɤɠ ˊɞɡ ŭŮɜ ɏɢɞɡɜ əŬɚɡűɗŮɑ Ŭˊɧ Űɘɠ Űɞˊɘəɏɠ 

ŮɚŬɢɘůŰɞˊɞɘɐůŮɘɠ ˊɞɡ ɏɢɞɡɜ ŬɜŬəŬɚɡűɗŮɑ ŮɑɜŬɘ ˊɞɚɨ ůɖɛŬɜŰɘəɧ ɜŬ ŰŬ ɔɜɤɟɑɕɞɡɛŮ. ɆŰɖɜ 

ˊŮɟɑˊŰɤůɖ ˊɞɡ Űɞ ŰɛɐɛŬ ŬɡŰɧ ŮɑɜŬɘ ɛɘəɟɧ, ŰɧŰŮ ɖ ɛɏɗɞŭɞɠ əŬɗɞɚɘəɐɠ ŮɚŬɢɘůŰɞˊɞɘɐůŮɤɠ 

ɛˊɞɟŮɑ ɜŬ ŰŮɟɛŬŰɘůŰŮɑ. ɆŰɞ ŮɜŭŮɢɧɛŮɜɞ ˊɞɡ Űɞ ˊɞůɞůŰɧ Űɖɠ ˊŮɟɘɞɢɐɠ  ŬɜŬɕɖŰɐůŮɤɠ ŭŮɜ 

ɏɢŮɘ əŬɚɡűɗŮɑ ɡˊɞɚɞɔɑɕŮŰŬɘ Ŭˊɧ Űɖɜ ˊɞůɧŰɖŰŬ [64]: 

Ὗ ρ В    (2.14) 
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ɧˊɞɡ:  

- w , ŮɑɜŬɘ ɞ Ŭɟɘɗɛɧɠ Űɤɜ Űɞˊɘəɩɜ ŮɚŬɢɑůŰɤɜ ˊɞɡ ɏɢɞɡɜ ŬɜŬəŬɚɡűɗŮɑ 

-  , ˊɟɞůŮɔɔɑɕŮŰŬɘ ŬůɡɛˊŰɤŰɘəɎ Ŭˊɧ Űɞɜ ɚɧɔɞ     

- ,  ɧˊɞɡ:  

-  ὸ , Űɞ ˊɚɐɗɞɠ Űɤɜ ŮűŬɟɛɞɔɩɜ Űɖɠ ɛŮɗɧŭɞɡ Űɞˊɘəɐɠ ŮɚŬɢɘůŰɞˊɞɘɐůŮɤɠ ˊɞɡ 

ɞŭɐɔɖůŬɜ ůŰɞ Űɞˊɘəɧ ŮɚɎɢɘůŰɞ ὼᶻ əŬɘ  

- ɇ , ɞ ůɡɜɞɚɘəɧɠ Ŭɟɘɗɛɧɠ ŮűŬɟɛɞɔɩɜ Űɖɠ Űɞˊɘəɐɠ ŮɚŬɢɘůŰɞˊɞɘɐůŮɤɠ. 

ɆɡɛˊŮɟŬůɛŬŰɘəɎ, ɖ ˊɞůɧŰɖŰŬ U ŭɑɜŮŰŬɘ Ŭˊɧ Űɞɜ Űɨˊɞ [64]: 

 

Ὗ ρ В    (2.15) 

 

ȺˊŮɘŭɐ ůŮ əɎɗŮ ŮˊŬɜɎɚɖɣɖ ɖ ˊɞůɧŰɖŰŬ Ὗ ɏɢŮɘ Űɘɛɐ ɑůɖ ɛŮ Űɞ ɛɖŭɏɜ əŬɘ В ὸ Ὕ , ɖ 

Ůɝɑůɤůɖ (2.15) ŭŮɜ ɛˊɞɟŮɑ ɜŬ ɢɟɖůɘɛɞˊɞɘɖɗŮɑ ɔɘŬ Űɖɜ ˊɟɞůɏɔɔɘůɖ Űɞɡ ŰɛɐɛŬŰɞɠ Űɞɡ ɢɩɟɞɡ 

ŬɜŬɕɖŰɐůŮɤɠ ˊɞɡ ŭŮɜ ɏɢŮɘ ŬəɧɛŬ əŬɚɡűɗŮɑ. ũɘŬ Űɞ ɚɧɔɞ ŬɡŰɧ, ɢɟŮɘɎɕŮŰŬɘ ɏɜŬɠ 

ɛŮɔŬɚɨŰŮɟɞɠ ɢɩɟɞɠ ŬɜŬɕɖŰɐůŮɤɠ Ὓ ˊɞɡ ˊŮɟɘɏɢŮɘ Űɞɜ Ŭɟɢɘəɧ ɢɩɟɞ S, ɏŰůɘ ɩůŰŮ ɜŬ ɘůɢɨŮɘ: 

Ὓ ς άὛ  (2.16) 

əŬɘ ɏɜŬɜ ɛɞɜŬŭɘəɧ (əŬɘ ɣŮɨŰɘəɞ) Űɞˊɘəɧ ŮɚɎɢɘůŰɞ ˊɞɡ ɗŮɤɟŮɑŰŬɘ ɧŰɘ ɡˊɎɟɢŮɘ ůŰɖɜ ˊŮɟɘɞɢɐ 

΅ Ὓ Ὓ. ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ŬɡŰɐ, ɞ ɧɔəɞɠ Űɖɠ ˊŮɟɘɞɢɐɠ ˊɟɞůŮɚəɨůŮɤɠ ɔɘŬ Űɞ ŮɚɎɢɘůŰɞ 

ŮɑɜŬɘ: ά΅ άὛ. Ⱥˊɞɛɏɜɤɠ ɘůɢɨŮɘ ɧŰɘ [64]: 
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ɆŰɖɜ Ůɝɑůɤůɖ (2.17) ɖ ˊɞůɧŰɖŰŬ , ˊɟɞůŮɔɔɑɕŮŰŬɘ Ŭˊɧ Űɖɜ ˊɞůɧŰɖŰŬ , ɧˊɞɡ ɖ 

ˊɞůɧŰɖŰŬ ɇ ŮɑɜŬɘ ɞ ůɡɜɞɚɘəɧɠ Ŭɟɘɗɛɧɠ ŮűŬɟɛɞɔɩɜ Űɖɠ ɛŮɗɧŭɞɡ Űɞˊɘəɐɠ ŬɜŬɕɖŰɐůŮɤɠ 

ůŰɞɜ ɢɩɟɞ Ὓ.  ɃˊɧŰŮ ɖ ˊɞůɧŰɖŰŬ Ὗ ŭɑɜŮŰŬɘ Ŭˊɧ Űɖɜ Ůɝɑůɤůɖ [64]: 

Ὗ ρ ςВ      (2.18) 

 

ɆŮ əɎɗŮ ŮˊŬɜɎɚɖɣɖ, Ɂ ůɖɛŮɑŬ ůɡɚɚɏɔɞɜŰŬɘ ɞɛɞɘɧɛɞɟűŬ ŰɡɢŬɑŬ ůŰɞ ɢɩɟɞ Ὓ əŬɘ 

ŬˊɞɟɟɑˊŰɞɜŰŬɘ ůɖɛŮɑŬ ˊɞɡ ŭŮɜ Ŭɜɐəɞɡɜ ůŰɞ ɢɩɟɞ S. ȰůŰɤ ɧŰɘ ɛŮŰɎ Ŭˊɧ k ŮˊŬɜŬɚɐɣŮɘɠ ɞ 

ůɡɜɞɚɘəɧɠ Ŭɟɘɗɛɧɠ Űɤɜ ůɖɛŮɑɤɜ ˊɞɡ ɏɢɞɡɜ ɚɖűɗŮɑ ůŰɞ ɢɩɟɞ Ὓ ŮɑɜŬɘ ὓ  əŬɘ Ŭˊɧ ŬɡŰɎ ŰŬ 

kN ɓɟɑůəɞɜŰŬɘ ůŰɞ ɢɩɟɞ S. ȼ ˊɞůɧŰɖŰŬ ‏  ɏɢŮɘ ɛɘŬ ɛɏůɖ Űɘɛɐ ‏ В  ɖ ,‏

ɞˊɞɑŬ ŰŮɑɜŮɘ ůŰɖɜ ˊɞůɧŰɖŰŬ  əŬɗɩɠ ɞ ɛŮŰɟɖŰɐɠ ŮˊŬɜŬɚɐɣŮɤɜ k ŰŮɑɜŮɘ ůŰɞ ɎˊŮɘɟɞ. 

ȼ ŭɘŬəɨɛŬɜůɖ Űɖɠ ɑŭɘŬɠ ˊɞůɧŰɖŰŬɠ ŭɑɜŮŰŬɘ Ŭˊɧ Űɞɜ Űɨˊɞ [64]: 

„ ‏ ‏ ‏     (2.19) 

 

ɖ  ɞˊɞɑŬ ŰŮɑɜŮɘ ůŰɞ ɛɖŭɏɜ əŬɗɩɠ Űɞ k  ŰŮɑɜŮɘ ůŰɞ ɎˊŮɘɟɞ əŬɘ ŮɑɜŬɘ ˊŮɟɘůůɧŰŮɟɞ ɞɛŬɚɎ 

ɛŮŰŬɓŬɚɚɧɛŮɜɖ Ŭˊɧ Űɖɜ ɛɏůɖ Űɘɛɐ, ɞˊɧŰŮ əŬɘ ˊɘɞ əŬŰɎɚɚɖɚɖ ɔɘŬ ɜŬ ɢɟɖůɘɛɞˊɞɘɖɗŮɑ ɔɘŬ 

Űɞɜ ůɢɖɛŬŰɘůɛɧ Ůɜɧɠ əɟɘŰɖɟɑɞɡ ŰŮɟɛŬŰɘůɛɞɨ. ȼ əŬɗɞɚɘəɐ ɛɏɗɞŭɞɠ ŮɚŬɢɘůŰɞˊɞɑɖůɖɠ 

ŰŮɟɛŬŰɑɕŮŰŬɘ ɧŰŬɜ ɘůɢɨɞɡɜ ɞɘ ůɡɜɗɐəŮɠ [64]: 

‏ ¶ „   ‏

¶ „ ‏ ὴ„  (2.20)                                    ‏

ɧˊɞɡ: 

-  „  ůŰɖɜ ŮˊŬɜɎɚɖɣɖ ˊɞɡ ‏ ɖ Űɘɛɐ Űɖɠ ŭɘŬəɡɛɎɜůŮɤɠ Űɖɠ ˊɞůɧŰɖŰŬɠ ‏

ɓɟɏɗɖəŮ Űɞ ŰŮɚŮɡŰŬɑɞ Űɞˊɘəɧ ŮɚɎɢɘůŰɞ əŬɘ 

- p: ŮɑɜŬɘ ɛɑŬ ˊɞůɧŰɖŰŬ ůŰɞ ŭɘɎůŰɖɛŬ (0,1) əŬɘ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ůŬɜ ɏɜŬɠ 

ůɡɛɓɘɓŬůɛɧɠ ŬɜɎɛŮůŬ ůŮ ɛɘŬ ŮɝŬɜŰɚɖŰɘəɐ ŬɜŬɕɐŰɖůɖ (pĄ0) əŬɘ ůŮ ɛɘŬ ŬɜŬɕɐŰɖůɖ 

ɓŮɚŰɘůŰɞˊɞɘɖɛɏɜɖ ɔɘŬ ŰŬɢɨŰɖŰŬ (pĄ1). ȼ ˊɟɞŰŮɘɜɧɛŮɜɖ ɚɨůɖ ɔɘô ŬɡŰɐɜ Űɖɜ 

ˊŬɟɎɛŮŰɟɞ ŮɑɜŬɘ ɖ Űɘɛɐ 0.5. 

Ƀ Ŭɚɔɧɟɘɗɛɞɠ Űɖɠ ɛŮɗɧŭɞɡ Űɞɡ ŭɘˊɚɎůɘɞɡ əɞɡŰɘɞɨ əŬɘ ɛŮ Űɖ ɢɟɐůɖ Űɖɠ ɛŮɗɧŭɞɡ Multistart 

ŮɑɜŬɘ ɞ Ůɝɐɠ [64]: 

ȸɐɛŬ 1ɞ : 
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ȷɟɢɘəɎ ɗɏŰɞɡɛŮ Ŭ=0 

ȸɐɛŬ 2ɞ : 

ȹŮɘɔɛŬŰɞɚɖɣɑŬ N ůɖɛŮɑɤɜ ɛŮ Űɖɜ ŭɘŬŭɘəŬůɑŬ ˊɞɡ ŭɘŬŰɡˊɩɗɖəŮ ˊɟɞɖɔɞɡɛɏɜɤɠ. 

ȸɐɛŬ 3ɞ : 

Ɉˊɞɚɞɔɘůɛɧɠ Űɖɠ ˊɞůɧŰɖŰŬɠ: „  .‏

ȸɐɛŬ 4ɞ : 

ȺəŰɏɚŮůɖ ɛɘŬɠ ŮˊŬɜɎɚɖɣɖɠ Űɖɠ ŭɘŬŭɘəŬůɑŬɠ əŬɗɞɚɘəɐɠ ŮɚŬɢɘůŰɞˊɞɑɖůɖɠ ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ 

ŰŬ ůɖɛŮɑŬ ˊɞɡ ŮɚɐűɗɖůŬɜ ˊɟɞɖɔɞɡɛɏɜɤɠ. ȷɜɎɚɞɔŬ ɛŮ Űɖ ɢɟɖůɘɛɞˊɞɘɞɨɛŮɜɖ ɛɏɗɞŭɞ 

(Multistart, TMLSL əŰɚ.), ŬɡŰɎ ŰŬ ůɖɛŮɑŬ ɛˊɞɟɞɨɜ ɜŬ ɢɟɖůɘɛɞˊɞɘɖɗɞɨɜ ůŬɜ ůɖɛŮɑŬ 

ŮəəɘɜɐůŮɤɠ Űɞˊɘəɐɠ ŮɚŬɢɘůŰɞˊɞɘɐůŮɤɠ ɐ ɜŬ ŮɘůŬɢɗɞɨɜ ůŮ əɎˊɞɘŬ ɞɛɎŭŬ. 

ȸɐɛŬ 5ɞ : 

ȷɜ ɓɟŮɗŮɑ ŰɞɡɚɎɢɘůŰɞɜ ɏɜŬ ɜɏɞ ŮɚɎɢɘůŰɞ, ɗɏůŮ ‌ ὴ„  .əŬɘ ɛŮŰɎɓŬůɖ ůŰɞ ɓɐɛŬ 2 ‏

ȸɐɛŬ 6ɞ : 

ɇŮɟɛŬŰɘůɛɧɠ Ŭɜ ‏ „ „ əŬɘ ‏ ‏ ‌ , ŭɘŬűɞɟŮŰɘəɎ ɛŮŰɎɓŬůɖ ůŰɞ ɓɐɛŬ 2. 

 

 

Ƀ əŬɜɧɜŬɠ Űɖɠ ɞɛɞɘɞɔɏɜŮɘŬɠ: 

 

ȷɡŰɐ ɖ ŰŮɢɜɘəɐ ŰŮɟɛŬŰɘůɛɞɨ űŬɑɜŮŰŬɘ ɜŬ ŬˊɞŭɑŭŮɘ əŬɚɨŰŮɟŬ ůŮ ɛɘŬ ɛŮɔɎɚɖ ɔəɎɛŬ 

ɛŮɗɧŭɤɜ əŬɗɞɚɘəɐɠ əŬɘ Űɞˊɘəɐɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ. Ƀ ŰŮɟɛŬŰɘůɛɧɠ ɛˊɞɟŮɑ ɜŬ ŮˊɘŰŮɡɢɗŮɑ ɛŮ 

ˊɞɚɚɞɨɠ Űɟɧˊɞɡɠ [65, 66]. 

 

ɃɛɞɘɞɔɏɜŮɘŬ ɄɞůɞŰɐŰɤɜ: 

 

¶ ȷˊɞɗɐəŮɡůɖ Űɤɜ ŮɚŬɢɑůŰɤɜ ůŮ ɏɜŬ ˊɑɜŬəŬ əŬŰŬɚɚɖɚɧŰɖŰŬɠ 

¶ Ɉˊɞɚɞɔɘůɛɧɠ Űɞɡ ŬɗɟɞɑůɛŬŰɞɠ S Űɤɜ Űɘɛɩɜ Űɞɡ ˊɑɜŬəŬ ůŮ əɎɗŮ ŮˊŬɜɎɚɖɣɖ 

¶ ȰɚŮɔɢɞɠ Űɖɠ ŭɘŬűɞɟɎɠ Űɤɜ ˊɞůɞŰɐŰɤɜ S ůŮ n ŮˊŬɜŬɚɐɣŮɘɠ ɛŮ əɎˊɞɘŬ ˊɞɚɨ ɛɘəɟɐ 

Űɘɛɐ 

ȽůɢɨŮɘ ɧŰɘ: 



‏ В Ὢ В Ὢ   (2.21) 

ɧˊɞɡ: 

NP: ɞ ˊɚɖɗɡůɛɧɠ  

t: ɞɘ ɔŮɜɘɏɠ 

O əŬɜɧɜŬɠ ŰŮɟɛŬŰɘůɛɞɨ ŰŮɟɛŬŰɑɕŮŰŬɘ ŮɎɜ ‏  ɴ(ɧˊɞɡ ᶰ ʘ’‌‟ “‛‗ʞ ‘―‖”ʝ‟ ‌”―—‘ʝ‟ ) 

ɔɘŬ ɏɜŬɜ ˊɟɞəŬɗɞɟɘůɛɏɜɞ Ŭɟɘɗɛɧ ŮˊŬɜŬɚɐɣŮɤɜ [40, 68]. 

 

 

ɃɛɞɘɞɔɏɜŮɘŬ ɄɞůɞŰɐŰɤɜ ůŰɞ ŰŮŰɟɎɔɤɜɞ: 

 

ȼ ɞɛɞɘɞɔɏɜŮɘŬ ˊɞůɞŰɐŰɤɜ ůŰɞ ŰŮŰɟɎɔɤɜɞ,  ŭɘŬűɏɟŮɘ Ŭˊɧ Űɖɜ ɞɛɞɘɞɔɏɜŮɘŬ ˊɞůɞŰɐŰɤɜ ůŰɞɜ 

ɡˊɞɚɞɔɘůɛɧ Űɖɠ  ŭɘŬűɞɟɎɠ Űɤɜ ˊɞůɞŰɐŰɤɜ, ɧˊɞɡ ŮɑɜŬɘ Ůɘɠ Űɞ ŰŮŰɟɎɔɤɜɞ. ȽůɢɨŮɘ ɖ ůɢɏůɖ: 

 

‏ В Ὢ  В Ὢ     (2.22) 

O əŬɜɧɜŬɠ ŰŮɟɛŬŰɘůɛɞɨ ŰŮɟɛŬŰɑɕŮŰŬɘ, ŮɎɜ ‏  ɴɔɘŬ ɏɜŬɜ ˊɟɞəŬɗɞɟɘůɛɏɜɞ Ŭɟɘɗɛɧ Űɤɜ 

ɀ ŮˊŬɜŬɚɐɣŮɤɜ [40, 68]. 

 

ɃɛɞɘɞɔɏɜŮɘŬ ŮɚŬɢɑůŰɤɜ: 

 

ɆŮ ŬɡŰɧɜ Űɤɜ əŬɜɧɜŬ ŰŮɟɛŬŰɘůɛɞɨ ɡˊɞɚɞɔɑɕŮŰŬɘ Űɞ əŬɚɨŰŮɟɞ ŮɚɎɢɘůŰɞ ůŮ əɎɗŮ 

ŮˊŬɜɎɚɖɣɖ əŬɘ ɛŮŰɎ ŮɚɏɔɢŮŰŬɘ ŮɎɜ ˊŬɟŬɛɏɜŮɘ ɑŭɘɞ ɔɘŬ n ŮˊŬɜŬɚɐɣŮɘɠ. ȽůɢɨŮɘ ɧŰɘ:  

 

Ὢ Ὢ   (2.23)  əŬɘ 

 

‌  ɴ (2.24),  

ɧˊɞɡ  ɴ ɛɑŬ ˊɞɚɨ ɛɘəɟɐ ɗŮŰɘəɐ Űɘɛɐ, ɧˊɤɠ ɔɘŬ ˊŬɟɎŭŮɘɔɛŬ ᶰ ρπ 

 

ȷɜ ŬɡŰɐ ɖ ŭɘŬűɞɟɎ ŮɑɜŬɘ ɛɖŭɏɜ ɔɘŬ ɏɜŬɜ ˊɟɞəŬɗɞɟɘůɛɏɜɞ Ŭɟɘɗɛɧ ŮˊŬɜŬɚɐɣŮɤɜ kmax, 

ŰɧŰŮ ɖ ɛɏɗɞŭɞɠ ŰŮɟɛŬŰɑɕŮŰŬɘ [40, 68]. 

 

ɀŮɘəŰɐ ɞɛɞɘɞɔɏɜŮɘŬ: 
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ȷɡŰɧɠ ɞ əŬɜɧɜŬɠ ŰŮɟɛŬŰɘůɛɞɨ ŮɑɜŬɘ ɞ ůɡɜŭɡŬůɛɧɠ Űɤɜ ˊŬɟŬˊɎɜɤ Űɨˊɤɜ ɞɛɞɘɞɔɏɜŮɘŬɠ. Ƀ 

ŰŮɟɛŬŰɘůɛɧɠ Űɖɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ŮˊɘŰɡɔɢɎɜŮŰŬɘ ɧŰŬɜ ŮˊŬɚɖɗŮɨŮŰŬɘ ɞˊɞɘŬŭɐˊɞŰŮ ůɡɜɗɐəɖ 

ɞɛɞɘɞɔɏɜŮɘŬɠ ɛŮ ůɡɜɏˊŮɘŬ ɓŮɚŰɑɤůɖ Űɖɠ ŰŬɢɨŰɖŰŬɠ. ȹŮɜ ˊɟɞŰŮɑɜŮŰŬɘ ɔɘŬ ɞˊɞɘŬŭɐˊɞŰŮ 

ɛɏɗɞŭɞ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ əŬɗɩɠ ɛˊɞɟŮɑ ɜŬ ɔɑɜŮɘ ˊɟɧɤɟɞɠ ŰŮɟɛŬŰɘůɛɧɠ. Ⱥˊɞɛɏɜɤɠ ɘůɢɨɞɡɜ 

ɞɘ ŬəɧɚɞɡɗŮɠ ŭɨɞ ůɢɏůŮɘɠ [40, 68]: 

 

¶ Ὢ Ὢ   (2.25) 

‏ ¶ В Ὢ В Ὢ    (2.26) 

ɛŮ ůɡɜɗɐəɖ ŰŮɟɛŬŰɘůɛɞɨ: 

 ‌  ɴ (2.27) 

ɧˊɞɡ  ɴ ɛɑŬ ˊɞɚɨ ɛɘəɟɐ ɗŮŰɘəɐ Űɘɛɐ. 

 

2.4 ɇɞˊɞɔɟŬűɘəɏɠ ŰŮɢɜɘəɏɠ  

 

ȼ ɛɏɗɞŭɞɠ MLSL 

ȼ ɛɏɗɞŭɞɠ Multilevel Single Linkage Clustering (MLSL) ˊɟɞůˊŬɗŮɑ ɜŬ ŮɜŰɞˊɑůŮɘ ɧɚŬ ŰŬ 

ŰɞˊɘəɎ ŮɚɎɢɘůŰŬ ůŰɞ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ, ɝŮəɘɜɩɜŰŬɠ Űɞˊɘəɐ ɓŮɚŰɘůŰɞˊɞɑɖůɖ Ŭˊɧ 

ŮˊɘɚŮɔɛɏɜŬ ůɖɛŮɑŬ Űɞɡ ɢɩɟɞɡ. ɆɨɛűɤɜŬ ɛŮ Űɞɜ Ŭɚɔɧɟɘɗɛɞ, ŰŬ ɓɐɛŬŰŬ ˊɞɡ ɡɚɞˊɞɘɞɨɜŰŬɘ 

ˊŮɟɘɔɟɎűɞɜŰŬɘ Ŭəɞɚɞɨɗɤɠ [57]: 

ȷɟɢɘəɞˊɞɑɖůɖ: 

-ɃɟɑɕŮŰŬɘ Űɞ ˊɚɐɗɞɠ Űɤɜ ůɖɛŮɑɤɜ çɀè ˊɞɡ ɗŬ ɚŬɛɓɎɜɞɜŰŬɘ ŰɡɢŬɑŬ ŬɚɚɎ ɞɛɞɘɧɛɞɟűŬ ůŮ 

əɎɗŮ ŮˊŬɜɎɚɖɣɖ. 

- ȾŬɗɞɟɑɕŮŰŬɘ ɏɜŬɠ Ŭɟɘɗɛɧɠ ‎‭ πȟρ ɞ ɞˊɞɑɞɠ ɞɟɑɕŮɘ Űɞ ˊɞůɞůŰɧ Űɤɜ ůɖɛŮɑɤɜ ˊɞɡ ɗŬ 

ŭɘŬŰɖɟɞɨɜŰŬɘ ůŰɞ ŭŮɑɔɛŬ ůŮ əɎɗŮ ŮˊŬɜɎɚɖɣɖ. 

- ȹɖɛɘɞɡɟɔŮɑŰŬɘ ůɨɜɞɚɞ ɉ* ůŰɞ ɞˊɞɑɞ ɗŬ ŬˊɞɗɖəŮɨɞɜŰŬɘ ŰŬ ŰɞˊɘəɎ ŮɚɎɢɘůŰŬ Űɖɠ əɎɗŮ 

ŮˊŬɜɎɚɖɣɖɠ. ɆŰɖɜ Ŭɟɢɐ Űɞ ůɨɜɞɚɞ ŬɡŰɧ ɗŬ ŮɑɜŬɘ əŮɜɧ. 

- ȷɟɢɘəɞˊɞɑɖůɖ ɛŮŰɟɖŰɐ ŮˊŬɜŬɚɐɣŮɤɜ ɛŮ k=0. 

ȸɐɛŬ 1ɞ : 



ũɑɜŮŰŬɘ ŰɡɢŬɑŬ Ůˊɘɚɞɔɐ Űɤɜ ůɖɛŮɑɤɜ ɀ əŬɘ ˊɟɞůŰɑɗŮɜŰŬɘ ůŰɞ ůɨɜɞɚɞ Űɤɜ ŭŮɘɔɛɎŰɤɜ. 

ȸɐɛŬ 2ɞ : 

ȹɖɛɘɞɡɟɔɑŬ Ůɜɧɠ ůɡɜɧɚɞɡ ŭŮɘɔɛɎŰɤɜ ɛŮ Űɖ ɢɟɐůɖ Űɤɜ ůɖɛŮɑɤɜ ‎Ϸ Ŭˊɧ Űɞ Ŭɟɢɘəɧ ŭŮɑɔɛŬ, 

ɛŮ Űɖɜ ɢŬɛɖɚɧŰŮɟɖ ůɡɜŬɟŰɖůɘŬəɐ Űɘɛɐ. 

ȸɐɛŬ 3ɞ : 

-Ⱥəəɑɜɖůɖ Űɖɠ ɛŮɗɧŭɞɡ Űɞˊɘəɐɠ ŮɚŬɢɘůŰɞˊɞɑɖůɖɠ Ŭˊɧ əɎɗŮ ůɖɛŮɑɞ ὼ ůŰɞ ɜɏɞ ŭŮɑɔɛŬ, 

ŮəŰɧɠ əŬɘ ŮɎɜ ɡˊɎɟɢŮɘ ůɖɛŮɑɞ ὼ ůŰɞ ŭŮɑɔɛŬ ŰɏŰɞɘɞ ɩůŰŮ: 

Ὢὼ   Ὢὼ   əŬɘ ᴁὼ ὼ  ὶ  (2.28) 

ȼ ŬˊɧůŰŬůɖ ὶ ŭɑɜŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ: 

ὶ “Ⱦ „άὛῲρ
 

  (2.29) 

ɧˊɞɡ: 

Á n, ŮɑɜŬɘ ɖ ŭɘɎůŰŬůɖ Űɖɠ ŬɜŰɘəŮɘɛŮɜɘəɐɠ ůɡɜŬɟŰɐůŮɤɠ 

Á ů, ŮɑɜŬɘ ɛɑŬ ůŰŬɗŮɟɎ ɛŮ ůɡɜɐɗŮɘɠ Űɘɛɏɠ 2,4 əŰɚ. 

Á m(S), ŮɑɜŬɘ Űɞ ɛɏŰɟɞ Lebesgue Űɞɡ ɢɩɟɞɡ ŬɜŬɕɐŰɖůɖɠ S 

Á ũ, ŮɑɜŬɘ ɖ ůɡɜɎɟŰɖůɖ ũ(n) ˊɞɡ ɞɟɑɕŮŰŬɘ Ŭˊɧ Űɞɜ Űɨˊɞ: 

ῲὲ ᷿ ὸ ὩὼὴὸὨὸ  (2.30) 

-Ʉɟɞůɗɐəɖ Űɤɜ ɜɏɤɜ Űɞˊɘəɩɜ ŮɚŬɢɑůŰɤɜ ˊɞɡ ɗŬ ɓɟŮɗɞɨɜ ůŰɞ ɉ*. 

ȸɐɛŬ 4ɞ : 

ɇɞ əɟɘŰɐɟɘɞ ŰŮɟɛŬŰɘůɛɞɨ ˊɞɡ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ůŰɖ ɛɏɗɞŭɞ MLSL ŮɑɜŬɘ Űɞɡ Rinnooy Kan. 

ɆɨɛűɤɜŬ ɛŮ Űɞ əɟɘŰɐɟɘɞ ŬɡŰɧ, ůŮ əɎɗŮ ŮˊŬɜɎɚɖɣɖ k ŮəŰɘɛɎŰŬɘ ɖ ˊɞůɧŰɖŰŬ: 

ύ  (2.31) 

ɧˊɞɡ w ɞ Ŭɟɘɗɛɧɠ Űɤɜ Űɞˊɘəɩɜ ŮɚŬɢɑůŰɤɜ ˊɞɡ ɏɢɞɡɜ ɓɟŮɗŮɑ Ŭˊɧ Űɖ ɛɏɗɞŭɞ, Ůɜɩ ɞ 

Ŭɚɔɧɟɘɗɛɞɠ ŰŮɟɛŬŰɑɕŮɘ ɧŰŬɜ: 

ύ ύ   (2.32) 

ɀɧɚɘɠ ɖ ɛɏɗɞŭɞɠ ŰŮɟɛŬŰɑůŮɘ, ŮˊɘůŰɟɏűŮɘ Űɞ ůɖɛŮɑɞ y ɛŮ Űɖɜ ɢŬɛɖɚɧŰŮɟɖ ůɡɜŬɟŰɖůɘŬəɐ 

Űɘɛɐ ůŬɜ Űɞ ɞɚɘəɧ ŮɚɎɢɘůŰɞ Űɖɠ ŬɜŰɘəŮɘɛŮɜɘəɐɠ ůɡɜɎɟŰɖůɖɠ, ůŰɞ ůɨɜɞɚɞ X* [ 57].  
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ȼ ɛɏɗɞŭɞɠ TMLSL 

  

ȼ ɛɏɗɞŭɞɠ TMLSL ŮɑɜŬɘ ˊŬɟɧɛɞɘŬ ɛŮ Űɖɜ ɛɏɗɞŭɞ MLSL, ɛŮ Űɖ ŭɘŬűɞɟɎ ɧŰɘ ɔɘŬ ɜŬ 

ŬˊɞűŬůɑůŮɘ Ŭɜ ɏɜŬ ůɖɛŮɑɞ ˊɟɏˊŮɘ ɜŬ ŮɜŰŬɢɗŮɑ ůŮ əɎˊɞɘŬ ɞɛɎŭŬ, əŬŰŬůəŮɡɎɕŮɘ ɏɜŬɜ 

Űɞˊɞɚɞɔɘəɧ ɔɟɎűɞ əŬɘ ɓɟɑůəŮɘ ŰŬ ŰɞˊɞɚɞɔɘəɎ ŮɚɎɢɘůŰŬ ˊɞɡ ɡˊɎɟɢɞɡɜ ůŮ ŬɡŰɧɜ. ɆɨɛűɤɜŬ 

ɛŮ Űɞɜ Ŭɚɔɧɟɘɗɛɞ, ŰŬ ɓɐɛŬŰŬ ˊɞɡ ɡɚɞˊɞɘɞɨɜŰŬɘ ˊŮɟɘɔɟɎűɞɜŰŬɘ Ŭəɞɚɞɨɗɤɠ [57]: 

ȷɟɢɘəɞˊɞɑɖůɖ: 

-ȾŬɗɞɟɘůɛɧɠ Űɞɡ Ŭɟɘɗɛɞɨ Ɂ Űɤɜ ŭŮɘɔɛɎŰɤɜ ˊɞɡ ɗŬ ɚŬɛɓɎɜɞɜŰŬɘ ůŮ əɎɗŮ ŮˊŬɜɎɚɖɣɖ. 

-ȾŬɗɞɟɘůɛɧɠ Űɖɠ ˊŬɟŬɛɏŰɟɞɡ g (g<N), Űɞɡ Ŭɟɘɗɛɞɨ Űɤɜ əɞɜŰɘɜɧŰŮɟɤɜ ɔŮɘŰɧɜɤɜ ɔɘŬ Űɖɜ 

ŮɨɟŮůɖ Űɤɜ ŰɞˊɞɔɟŬűɘəɩɜ ŮɚŬɢɑůŰɤɜ.  

- ᶻ  ɲ, Űɞ ůɨɜɞɚɞ ɛŮ ŰŬ ŰɞˊɘəɎ ŮɚɎɢɘůŰŬ ˊɞɡ ŬɜŬəŬɚɨˊŰŮɘ ɞ Ŭɚɔɧɟɘɗɛɞɠ. 

-  ,ɲ ɧˊɞɡ ɇ ŮɑɜŬɘ Űɞ ůɨɜɞɚɞ Űɤɜ ŭŮɘɔɛɎŰɤɜ ˊɞɡ ɗŬ ɚŬɛɓɎɜɞɜŰŬɘ ŰɡɢŬɑŬ ůŮ əɎɗŮ 

ŮˊŬɜɎɚɖɣɖ. 

-k=0 , ɞ ɛŮŰɟɖŰɐɠ Űɤɜ ŮˊŬɜŬɚɐɣŮɤɜ [57]. 

ȹŮɘɔɛŬŰɞɚɖɣɑŬ: 

Á    ɲ

Á k=k+1 

Á Ⱥɜɖɛɏɟɤůɖ Űɖɠ əɟɑůɘɛɖɠ əŬŰɎůŰŬůɖɠ ὶ 

Á ũɘŬ i=1, é , N ŮˊŬɜɏɚŬɓŮ 

-ŰɡɢŬɑŬ ŭŮɘɔɛŬŰɞɚɖɣɑŬ Ůɜɧɠ ůɖɛŮɑɞɡ ὼᶰὛȢ 

-Ὢ Ὢὼ  

-Ὕ Ὕ᷾ ὼȟὪ  

Á ɇɏɚɞɠ ȺˊŬɜŬɚɐɣŮɤɜ [57] 

ȹɖɛɘɞɡɟɔɑŬ ɔɟɎűɞɡ: 

-ȹɖɛɘɞɡɟɔɑŬ Ůɜɧɠ Űɞˊɞɚɞɔɘəɞɨ ɔɟɎűɞɡ G ɛŮ Űɖ ɢɟɐůɖ Űɤɜ ůɖɛŮɑɤɜ ɇ əŬɘ ɉ* Ŭˊɧ ŰŬ 

ůɨɜɞɚŬ. 

-ȺɨɟŮůɖ Űɤɜ ŰɞˊɞɔɟŬűɘəɩɜ ŮɚŬɢɑůŰɤɜ ůŰɞɜ ɔɟɎűɞ G. 

Ƀ ɡˊɞɚɞɔɘůɛɧɠ ŰɞˊɞɔɟŬűɘəɩɜ ŮɚŬɢɑůŰɤɜ ɔɑɜŮŰŬɘ ɤɠ Ůɝɐɠ: 



Á ũɘŬ əɎɗŮ ůɖɛŮɑɞ x ɓɟɑůəɞɜŰŬɘ ɞɘ əɞɜŰɘɜɧŰŮɟɞɘ ɔŮɑŰɞɜŮɠ (g), ɛŮ Űɖ ɢɟɐůɖ Űɖɠ 

ȺɡəɚŮɑŭŮɘŬɠ ŬˊɧůŰŬůɖɠ. 

Á ɇɞ ůɖɛŮɑɞ ŬɡŰɧ ɗŮɤɟŮɑŰŬɘ ŰɞˊɞɔɟŬűɘəɧ ŮɚɎɢɘůŰɞ Ŭɜ ɏɢŮɘ ɢŬɛɖɚɧŰŮɟɖ 

ůɡɜŬɟŰɖůɘŬəɐ Űɘɛɐ ůŮ ůɢɏůɖ ɛŮ ɧɚɞɡɠ Űɞɡɠ ɡˊɧɚɞɘˊɞɡɠ ɔŮɑŰɞɜŮɠ. ɆŰɖɜ ˊŮɟɑˊŰɤůɖ 

ˊɞɡ Űɞ ůɖɛŮɑɞ x ɏɢŮɘ ɗŮɤɟɖɗŮɑ ŰɞˊɞɔɟŬűɘəɧ ŮɚɎɢɘůŰɞ, ɗŮɤɟŮɑŰŬɘ ůŬɜ ůɖɛŮɑɞ 

ɏɜŬɟɝɖɠ Űɖɠ Űɞˊɘəɐɠ ɛŮɗɧŭɞɡ ŮɚŬɢɘůŰɞˊɞɘɐůŮɤɠ Ŭɜ əŬɘ ɛɧɜɞ Ŭɜ ŭŮɜ ɡˊɎɟɢŮɘ ůŮ 

ŬəŰɑɜŬ ɛɘəɟɧŰŮɟɖ Ŭˊɧ ὶ əɎˊɞɘɞ Ɏɚɚɞ ůɖɛŮɑɞ y, ŰɏŰɞɘɞ ɩůŰŮ Ὢώ Ὢὼ [57].  

Á ȼ ŬˊɧůŰŬůɖ ὶ ɡˊɞɚɞɔɑɕŮŰŬɘ ɤɠ Ůɝɐɠ: 

 

ὶ “ Ⱦ ῲρ άὛ„
 

    (2.33) 

(Ƀɘ ˊŬɟɎɛŮŰɟɞɘ Űɖɠ ˊŬɟŬˊɎɜɤ ůɢɏůɖɠ ŮɑɜŬɘ ɑŭɘɞɘ ɛŮ Űɖɠ ɛŮɗɧŭɞɡ MLSL) 

-ȾɎɗŮ ŰɞˊɞɔɟŬűɘəɧ ŮɚɎɢɘůŰɞ ɗŮɤɟŮɑŰŬɘ ůɖɛŮɑɞ ɏɜŬɟɝɖɠ Űɖɠ ɛŮɗɧŭɞɡ Űɞˊɘəɐɠ 

ŮɚŬɢɘůŰɞˊɞɑɖůɖɠ, ůŰɖɜ ˊŮɟɑˊŰɤůɖ ˊɞɡ ŭŮɜ ɡˊɎɟɢŮɘ Ɏɚɚɞ ůɖɛŮɑɞ ůŮ ŬˊɧůŰŬůɖ ɛɘəɟɧŰŮɟɖ 

Űɞɡ ὶ ˊɞɡ ɜŬ ŮɑɜŬɘ ɢŬɛɖɚɧŰŮɟɖ ůɡɜŬɟŰɖůɘŬəɐ Űɘɛɐ Ŭˊɧ ŬɡŰɧ. 

-ȺəŰɏɚŮůɖ ɛŮɗɧŭɞɡ Űɞˊɘəɐɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ Ŭˊɧ əɎɗŮ ůɖɛŮɑɞ ˊɞɡ ɗŮɤɟŮɑŰŬɘ ůɖɛŮɑɞ 

ɏɜŬɟɝɖɠ əŬɘ ˊɟɞůɗɐəɖ Űɤɜ Űɞˊɘəɩɜ ŮɚŬɢɑůŰɤɜ ˊɞɡ ɗŬ ɓɟŮɗɞɨɜ ůŰɞ ůɨɜɞɚɞ ŮɚŬɢɑůŰɤɜ ɉ* 

[57]. 

ȰɚŮɔɢɞɠ: 

ɇɞ əɟɘŰɐɟɘɞ ŰŮɟɛŬŰɘůɛɞɨ ˊɞɡ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ůŰɖ ɛɏɗɞŭɞ TMLSL ŮɑɜŬɘ ɑŭɘɞ ɛŮ ŬɡŰɧ Űɖɠ 

ɛŮɗɧŭɞɡ MLSL ˊɞɡ ˊɟɞŬɜŬűɏɟɗɖəŮ: əɟɘŰɐɟɘɞ Űɞɡ Rinnooy Kan. 

ȷɜ Űɞ əɟɘŰɐɟɘɞ ŰŮɟɛŬŰɘůɛɞɨ ɘůɢɨŮɘ, ɖ ɛɏɗɞŭɞɠ ŰŮɟɛŬŰɑɕŮŰŬɘ. ȹɘŬűɞɟŮŰɘəɎ ɛŮŰŬɓŬɑɜŮɘ ůŰɞ 

ɓɐɛŬ Űɖɠ ŭŮɘɔɛŬŰɞɚɖɣɑŬɠ [57]. 

 

 

H ɛɏɗɞŭɞɠ MinFinder  

 

ȼ ɛɏɗɞŭɞɠ MinFinder ŬˊɞŰŮɚŮɑ ɏɜŬ ŮɟɔŬɚŮɑɞ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ˊɞɡ ɓɞɖɗɎ Űɞɡɠ ŮɟŮɡɜɖŰɏɠ 

ɜŬ ɓɟɑůəɞɡɜ Űɘɠ ɓɏɚŰɘůŰŮɠ ɚɨůŮɘɠ ůŮ ˊɟɞɓɚɐɛŬŰŬ ˊɞɡ ŬˊŬɘŰɞɨɜ Űɖ ɛŮɑɤůɖ Űɖɠ ůɡɜɎɟŰɖůɖɠ 

ůŮ ŮɚɎɢɘůŰɖ Űɘɛɐ. ɀŮ Űɖ ɢɟɐůɖ Űɖɠ MinFinder, ŮˊɘŰɡɔɢɎɜŮŰŬɘ ɖ Ůɝɞɘəɞɜɧɛɖůɖ ˊɧɟɤɜ əŬɘ ɖ 

ŮˊɑŰŮɡɝɖ ŬˊɞŭɞŰɘəɩɜ ɚɨůŮɤɜ. Ƀ ůəɞˊɧɠ Űɖɠ MinFinder ŮɑɜŬɘ ɜŬ ɓɟɑůəŮɘ ɧɚŬ ŰŬ ŮɚɎɢɘůŰŬ 
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ɛɘŬɠ ůɡɜɎɟŰɖůɖɠ əŬɗɩɠ əŬɘ Űɞ ŮɚɎɢɘůŰɞ (Űɞˊɘəɧ ɐ əŬɗɞɚɘəɧ) ɛɘŬɠ ůɡɜɎɟŰɖůɖɠ 

ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ. 

 

H ɛɏɗɞŭɞɠ ŬɡŰɐ ɔɘŬ ɜŬ ŬˊɞűŬůɑůŮɘ Ŭɜ ɏɜŬ ůɖɛŮɑɞ ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ ůɖɛŮɑɞ ŮəəɘɜɐůŮɤɠ 

ɛŮɗɧŭɞɡ Űɞˊɘəɐɠ ŮɚŬɢɘůŰɞˊɞɘɐůŮɤɠ, ɢɟɖůɘɛɞˊɞɘŮɑ ŭɨɞ űɎůŮɘɠ. ɆŰɖɜ ˊɟɩŰɖ űɎůɖ 

ŮɚɏɔɢŮŰŬɘ Ŭɜ Űɞ ůɖɛŮɑɞ ɓɟɑůəŮŰŬɘ ůŰɖɜ ˊŮɟɘɞɢɐ ˊɟɞůŮɚəɨůŮɤɠ əɎˊɞɘɞɡ ɐŭɖ ŮɡɟŮɗɏɜŰɞɠ 

ŮɚŬɢɑůŰɞɡ. ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ˊɞɡ ŭŮɜ ɘůɢɨŮɘ ɖ ɡˊɧɗŮůɖ ŬɡŰɐ, ŰɧŰŮ Űɞ ůɖɛŮɑɞ ŮɚɏɔɢŮŰŬɘ Ŭɜ 

ɓɟɑůəŮŰŬɘ ůŰɖɜ ɑŭɘŬ ˊŮɟɘɞɢɐ ˊɟɞůŮɚəɨůŮɤɠ ɛŮ əɎˊɞɘɞ Ŭˊɧ ŰŬ ɡˊɧɚɞɘˊŬ ůɖɛŮɑŬ Űɞɡ 

ŭŮɑɔɛŬŰɞɠ. ȷɜ əŬɛɑŬ Ŭˊɧ Űɘɠ ˊŬɟŬˊɎɜɤ ɡˊɞɗɏůŮɘɠ ŭŮɜ ɘůɢɨŮɘ, ŰɧŰŮ Űɞ ůɖɛŮɑɞ ɛˊɞɟŮɑ ɜŬ 

ɗŮɤɟɖɗŮɑ ɤɠ ůɖɛŮɑɞ ŮɜɎɟɝŮɤɠ ɛŮɗɧŭɞɡ Űɞˊɘəɐɠ ŮɚŬɢɘůŰɞˊɞɘɐůŮɤɠ. ŪŬ ˊɟɏˊŮɘ ɜŬ 

ŬɜŬűŮɟɗŮɑ ɧŰɘ əŬɘ ůŰɘɠ ŭɨɞ ˊŮɟɘˊŰɩůŮɘɠ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ŭɘŬűɞɟŮŰɘəɏɠ Űɡˊɘəɏɠ 

ŬˊɞůŰɎůŮɘɠ. ɆɨɛűɤɜŬ ɛŮ Űɞɜ Ŭɚɔɧɟɘɗɛɞ, ŰŬ ɓɐɛŬŰŬ ˊɞɡ ɡɚɞˊɞɘɞɨɜŰŬɘ ˊŮɟɘɔɟɎűɞɜŰŬɘ 

Ŭəɞɚɞɨɗɤɠ [57]: 

 

ȷɟɢɘəɞˊɞɑɖůɖ: 

- ȾŬɗɞɟɘůɛɧɠ Űɖɠ ˊŬɟŬɛɏŰɟɞɡ Ɂ, Ŭɟɘɗɛɧɠ Űɤɜ ŭŮɘɔɛɎŰɤɜ ˊɞɡ ɗŬ ɚŬɛɓɎɜɞɜŰŬɘ ůŮ 

əɎɗŮ ŮˊŬɜɎɚɖɣɖ. 

- ȹɖɛɘɞɡɟɔɑŬ Űɞɡ ůɡɜɧɚɞɡ  ᶻ ůŰɞ ɞˊɞɑɞ ŰɞˊɞɗŮŰɞɨɜŰŬɘ ŰŬ ŰɞˊɘəɎ ŮɚɎɢɘůŰŬ ˊɞɡ 

ŬɜŬəŬɚɨˊŰŮɘ ɞ Ŭɚɔɧɟɘɗɛɞɠ. ȷɟɢɘəɎ ɘůɢɨŮɘ ɧŰɘ: ὢᶻ .ɲ 

- Ὕ ,ɲ ɧˊɞɡ ɇ ŮɑɜŬɘ ɏɜŬ ůɨɜɞɚɞ ůŰɞ ɞˊɞɑɞ ŰɞˊɞɗŮŰɞɨɜŰŬɘ ŭŮɑɔɛŬŰŬ Űɖɠ 

ŬɜŰɘəŮɘɛŮɜɘəɐɠ ůɡɜŬɟŰɐůŮɤɠ, ɧˊɤɠ ŬɡŰɎ ɚŬɛɓɎɜɞɜŰŬɘ ůŮ əɎɗŮ ŮˊŬɜɎɚɖɣɖ Űɞɡ 

Ŭɚɔɞɟɑɗɛɞɡ. 

- ὠ ,ɲ ɧˊɞɡ V ˊŮɟɘɏɢŮɘ ůŮ əɎɗŮ ŮˊŬɜɎɚɖɣɖ ŰŬ ɡˊɞɣɐűɘŬ ůɖɛŮɑŬ ŮəəɘɜɐůŮɤɠ ɔɘŬ 

Űɞˊɘəɐ ŮɚŬɢɘůŰɞˊɞɑɖůɖ. 

ȸɐɛŬ 1ɞ : 

- ȹŮɘɔɛŬŰɞɚɖɣɑŬ Ɂ ůɖɛŮɑɤɜ Ŭˊɧ Űɞɜ ɢɩɟɞ ŬɜŬɕɖŰɐůŮɤɠ ɛŮ ŰɡɢŬɑɞ Űɟɧˊɞ, 

ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ Űɞ ůɢɐɛŬ Űɞɡ ŭɘˊɚɎůɘɞɡ əɞɡŰɞɨ əŬɘ ˊɟɞůɗɐəɖ Űɤɜ ŬɡŰɩɜ Űɤɜ 

ůɖɛŮɑɤɜ ůŰɞ ůɨɜɞɚɞ ɇ. 

- ũɘŬ əɎɗŮ ὼɴ  Ὕ  ȺˊŬɜɏɚŬɓŮ  

¶ ȷɜ Űɞ x ŭŮɜ ŮɑɜŬɘ ŬˊɞɟɟɘˊŰɏɞ ŰɧŰŮ 

  * ŪɏůŮ ὠ ὠ ᷾  ὼ 

¶ ɇɏɚɞɠ ȷɜ 

- ɇɏɚɞɠ ŮˊŬɜɎɚɖɣɖɠ 



ȸɐɛŬ 2ɞ : 

-ȷɜ 
ȿȿ

 ɇɧŰŮ 

¶ ´ άὭὲὔ ȟρππ. ȷɡŰɐ ɖ ŬɚɚŬɔɐ ůŰɞɜ Ŭɟɘɗɛɧ Űɤɜ 

ŭŮɘɔɛɎŰɤɜ ˊɞɡ ɚŬɛɓɎɜŮɘ ɞ Ŭɚɔɧɟɘɗɛɞɠ ɔɑɜŮŰŬɘ ɛŮ ůəɞˊɧ ɜŬ 

ŬɜŬɔəŬůŰŮɑ ɞ Ŭɚɔɧɟɘɗɛɞɠ ɜŬ əɎɜŮɘ əŬɚɨŰŮɟɖ ɏɟŮɡɜŬ ůŰɞ ɢɩɟɞ S, 

ɔɘŬŰɑ ɧˊɤɠ ˊŬɟŬŰɖɟɐɗɖəŮ ˊŮɘɟŬɛŬŰɘəɎ ɞ Ŭɚɔɧɟɘɗɛɞɠ ŰŮɑɜŮɘ ɜŬ 

ŬˊɞɟɟɑɣŮɘ ˊɞɚɚɎ Ŭˊɧ ŰŬ ŭŮɑɔɛŬŰŬ ˊɞɡ ɚŬɛɓɎɜŮɘ ůŮ əɎɗŮ 

ŮˊŬɜɎɚɖɣɖ, ůŰŮɟɩɜŰŬɠ ɛŮ ŬɡŰɧ Űɞ Űɟɧˊɞ ɜŬ əɎɜŮɘ əŬɚɨŰŮɟɖ ɏɟŮɡɜŬ. 

- ɇɏɚɞɠ ȷɜ 

ȸɐɛŬ 3ɞ: 

 -ũɘŬ əɎɗŮ ●ɴ ╥ ŮˊŬɜɏɚŬɓŮ 

¶ ȷɜ x ŭŮɜ ɗŮɤɟŮɑŰŬɘ ŬˊɞɟɟɘˊŰɏɞ ůɖɛŮɑɞ ŰɧŰŮ 

*Ⱥəəɑɜɖůɖ ɛɘŬɠ ɛŮɗɧŭɞɡ Űɞˊɘəɐɠ ŬɜŬɕɖŰɐůŮɤɠ ώ ὒὼ, ɧˊɞɡ y 

ŮɑɜŬɘ Űɞ ŮɜŰɞˊɘůɛɏɜɞ Ŭˊɧ Űɖ ɛɏɗɞŭɞ Űɞˊɘəɧ ŮɚɎɢɘůŰɞ. 

*Ɉˊɞɚɞɔɘůɛɧɠ Űɖɠ Űɡˊɘəɐɠ ŬˊɞůŰɎůŮɤɠ ὶ əɎɜɞɜŰŬɠ ɢɟɐůɖ Űɖɠ 

ŮɝɘůɩůŮɤɠ: 

►◄ ╜
ȿ●░ ╛●░ȿ

╜

░

 

*ȷɜ ◐  ɵὢᶻŰɧŰŮ 

ŪɏůŮ ╧ᶻ ╧ᶻ᷾ ◐ 

*ɇɏɚɞɠ ȷɜ 

 - ɇɏɚɞɠ ȷɜ 

 - ɇɏɚɞɠ ŮˊŬɜɎɚɖɣɖɠ 

 - ȷɜ Űɞ əɟɘŰɐɟɘɞ ŰŮɟɛŬŰɘůɛɞɨ Űɞɡ ŭɘˊɚɎůɘɞɡ əɞɡŰɘɞɨ ɘəŬɜɞˊɞɘŮɑŰŬɘ, ŰɧŰŮ 

¶ ȹɘŬəɞˊɐ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ 

 - ȷɚɚɘɩɠ 

 - ɀŮŰɎɓŬůɖ ůŰɞ ȸɐɛŬ 1 

 

ɆŰɞɜ ˊŬɟŬˊɎɜɤ Ŭɚɔɧɟɘɗɛɞ ɔɘŬ ɜŬ ɗŮɤɟɖɗŮɑ ɏɜŬ ůɖɛŮɑɞ x ɤɠ ŬˊɞɟɟɘˊŰɏɞ, ɗŬ ˊɟɏˊŮɘ ɜŬ 

ɘůɢɨŮɘ ŰɞɡɚɎɢɘůŰɞɜ ɛɑŬ Ŭˊɧ Űɘɠ ŮˊɧɛŮɜŮɠ ůɡɜɗɐəŮɠ: 
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1. ɇɞ ůɖɛŮɑɞ x ɗŬ ˊɟɏˊŮɘ ɜŬ ŮɑɜŬɘ ŬɟəŮŰɎ əɞɜŰɎ ůŮ əɎˊɞɘɞ Űɞˊɘəɧ ŮɚɎɢɘůŰɞ ˊɞɡ ɏɢŮɘ 

ɐŭɖ ɓɟŮɗŮɑ, ɏůŰɤ Űɞ ůɖɛŮɑɞ z, əŬɘ Űɞ əɟɘŰɐɟɘɞ Űɖɠ ˊŬɟŬɔɩɔɞɡ ɜŬ ɘůɢɨŮɘ ŬɜɎɛŮůŬ 

ůŰŬ ŭɨɞ ŬɡŰɎ ůɖɛŮɑŬ. ȹɖɚŬŭɐ: 

ὼ ᾀ Ὢɳᾀ π 

 ŪŮɤɟɞɨɛŮ ˊɤɠ Űɞ ůɖɛŮɑɞ x ŮɑɜŬɘ əɞɜŰɎ ůŰɞ Űɞˊɘəɧ ŮɚɎɢɘůŰɞ z Ŭɜ ɘůɢɨŮɘ ɖ ůɢɏůɖ: 

   ȿὼ ᾀȿ άὭὲȟ  ᾀ ᾀȟ ᾀᶰὢᶻȟᾀᶰὢᶻ 

2. ɇɞ ůɖɛŮɑɞ x ɜŬ ŮɑɜŬɘ əɞɜŰɎ ůŮ ɏɜŬ Ɏɚɚɞ ůɖɛŮɑɞ y ɛŮ ώᶰὠ əŬɘ Űɞ əɟɘŰɐɟɘɞ Űɖɠ 

ˊŬɟŬɔɩɔɞɡ ŬɜɎɛŮůŬ ůŰŬ ŭɨɞ ŬɡŰɎ ůɖɛŮɑŬ ɜŬ ɘůɢɨŮɘ. ŪŮɤɟɞɨɛŮ ˊɤɠ ŰŬ ŭɨɞ ŬɡŰɎ 

ůɖɛŮɑŬ ɗŬ ŮɑɜŬɘ əɞɜŰɎ Ŭɜ ɘůɢɨŮɘ: 

ȿὼ ώȿ ὶ  [14]. 

 

2.5 ȼ ɛɏɗɞŭɞɠ MinCenter 

ȼ ɛɏɗɞŭɞɠ MinCenter ɓŬůɑɕŮŰŬɘ ůŰɖ əŬɗɞɚɘəɐ ɓŮɚŰɘůŰɞˊɞɑɖůɖ Multistart. ȼ ɛɏɗɞŭɞɠ 

ˊɞɚɚŬˊɚɩɜ ŮəəɘɜɐůŮɤɜ ɝŮəɘɜɎŮɘ ɏɜŬɜ ɓŮɚŰɘůŰɞˊɞɘɖŰɐ Űɞˊɘəɐɠ ŬɜŬɕɐŰɖůɖɠ Ŭˊɧ 

ŭɘŬűɞɟŮŰɘəɎ ŰɡɢŬɑŬ ůɖɛŮɑŬ əŬɘ ŬˊɞŭɑŭŮɘ Űɞ ɢŬɛɖɚɧŰŮɟɞ ŬɜŬəŬɚɡűɗɏɜ əŬɗɞɚɘəɧ ŮɚɎɢɘůŰɞ.  

ɇŬ əɨɟɘŬ ɓɐɛŬŰŬ Űɖɠ ŭɘŬŭɘəŬůɑŬɠ ˊɞɚɚŬˊɚɩɜ ŮəəɘɜɐůŮɤɜ ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ˊŬɟŬəɎŰɤ [68]: 

 

1. ȸɐɛŬ ȷɟɢɘəɞˊɞɑɖůɖɠ 

i. ȳɟɘůŮ ɤɠ M Űɞɜ ůɡɜɞɚɘəɧ Ŭɟɘɗɛɧ ŭŮɘɔɛɎŰɤɜ. 

ii.  ȳɟɘůŮ ØᶻȟÙᶻ  ɤɠ Űɞ Űɞˊɘəɧ ŮɚɎɢɘůŰɞ. ȷɟɢɘəɞˊɞɑɖůɖ Űɞɡ  Ùᶻ ůŮ ɛɘŬ ɛŮɔɎɚɖ 

Űɘɛɐ. 

2. ȸɐɛŬ ȹŮɘɔɛŬŰɞɚɖɣɑŬɠ 

i. ũɘŬ i = 1 é M ŮˊŬɜɎɚŬɓŮ 

¶ ȹŮɑɔɛŬ ůɖɛŮɑɞɡ xi  ɴS 

¶  yi = LS (xi), ɧˊɞɡ Űɞ  LS(x) ŮɑɜŬɘ ɛɘŬ Űɞˊɘəɐ ŭɘŬŭɘəŬůɑŬ 

ŬɜŬɕɐŰɖůɖɠ. 

¶  ȺɎɜ  Ù Ùᶻ  ŰɧŰŮ  Øᶻ ØȟÙᶻ Ù 

ii.  ɇɏɚɞɠ ŮˊŬɜɎɚɖɣɖɠ 

 



ȼ ɜɏŬ ɛɏɗɞŭɞɠ MinCenter, ŬɜŰɘəŬɗɘůŰɎ Űɞ ɓɐɛŬ Űɖɠ ŭŮɘɔɛŬŰɞɚɖɣɑŬɠ Űɖɠ Multistart ɛŮ Űɖ 

ɢɟɐůɖ əŮɜŰɟɞŮɘŭɩɜ ˊɞɡ əŬŰŬůəŮɡɎɕɞɜŰŬɘ ɛŮ ɞɛŬŭɞˊɞɑɖůɖ K-means. ɇŬ ɓɐɛŬŰŬ Űɞɡ 

Ŭɚɔɞɟɑɗɛɞɡ  K-means ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ˊŬɟŬəɎŰɤ [68]:  

 

1. ȺˊŬɜɎɚŬɓŮ 

a. Ὓ  ȟὮ ρȢȢὑ 

b. ũɘŬ əɎɗŮ  ŭŮɑɔɛŬ ὼ ŮˊŬɜɎɚŬɓŮ 

¶ ȳɟɘůŮ  Ὦᶻ  άὭὲ Ὀὼȟὧ ȟ ɧˊɞɡ Ὦᶻ ŮɑɜŬɘ Űɞ əɞɜŰɘɜɧŰŮɟɞ əɏɜŰɟɞ ɔɘŬ Űɞ 

ŭŮɑɔɛŬ ὼ. 

¶ ȳɟɘůŮ Ὓz ὛὮz᷾ ὼ  

c. ɇɏɚɞɠ ŮˊŬɜɎɚɖɣɖɠ 

d. ũɘŬ əɎɗŮ əɏɜŰɟɞ ὧ ŮˊŬɜɎɚŬɓŮ 

¶ ȳɟɘůŮ ὓ ʋ ɻʍʅʃʈʝʏ ʐʖʉ ʎʐʋʅʔʀʚʖʉ ʎʐʋ Ὓ 

¶ ȺɜɖɛɏɟɤůŮ ὧ 

ὧ
ρ

ὓ
ὼ 

e. ɇɏɚɞɠ ŮˊŬɜɎɚɖɣɖɠ 

       2.  ɇŮɟɛŬŰɘůɛɧɠ ɧŰŬɜ ὧ ŭŮɜ ŬɚɚɎɕŮɘ ˊɚɏɞɜ. 

 

ɇŬ ŮəŰɘɛɩɛŮɜŬ əŮɜŰɟɞŮɘŭɐ, ŮɜɘůɢɨɞɜŰŬɘ ɛɏůɤ Űɖɠ K-means əŬɘ ɏŰůɘ ˊɟɞůŰɑɗŮɜŰŬɘ ɜɏŬ 

ŭŮɑɔɛŬŰŬ ŬɚɚɎ ɔɘŬ ˊɟɞəŬɗɞɟɘůɛɏɜɞ Ŭɟɘɗɛɧ ŮˊŬɜŬɚɐɣŮɤɜ. ȷűɞɨ ŭɖɛɘɞɡɟɔɖɗɞɨɜ ŰŬ 

əŮɜŰɟɞŮɘŭɐ, ŮűŬɟɛɧɕŮŰŬɘ ɛɑŬ ŭɘŬŭɘəŬůɑŬ Ŭˊɧɟɟɘɣɖɠ ɛŮ ůəɞˊɧ Űɖ ɛŮɑɤůɖ Űɤɜ əŮɜŰɟɞŮɘŭɩɜ. 

ȾŬŰɎ Űɖ ŭɘŬŭɘəŬůɑŬ Ŭˊɧɟɟɘɣɖɠ, ŬűŬɘɟɞɨɜŰŬɘ Ŭˊɧ Űɞ ůɨɜɞɚɞ Űɤɜ əɏɜŰɟɤɜ, ŰŬ ůɖɛŮɑŬ ˊɞɡ 

ɏɢɞɡɜ ˊɞɚɚɞɨɠ ɔŮɑŰɞɜŮɠ ůŮ ɛɘŬ ˊɟɞəŬɗɞɟɘůɛɏɜɖ ŬəŰɑɜŬ. Ƀ Ŭɚɔɧɟɘɗɛɞɠ, əŬŰɎ Űɞɜ ɞˊɞɑɞ 

ŬˊɞɟɟɑˊŰɞɜŰŬɘ ŰŬ əŮɜŰɟɞŮɘŭɐ, ˊŬɟɞɡůɘɎɕŮŰŬɘ Ŭəɞɚɞɨɗɤɠ [68]: 

 

1. ȳɟɘůŮ ɤɠ C Űɞ ůɨɜɞɚɞ Űɤɜ əɏɜŰɟɤɜ. 

2. ȳɟɘůŮ R = ɲ  Űɞ ŬˊɞŰɏɚŮůɛŬ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ Ŭˊɧɟɟɘɣɖɠ. 

3. ȳɟɘůŮ $ = άὭὲ ȿȿὧ ὧȿȿ 

4. ȳɟɘůŮ F > 1, ɛɑŬ ŭɘˊɚɐ Űɘɛɐ. 

5. ȳɟɘůŮ . ρ, ɏɜŬɜ ŬəɏɟŬɘɞ Ŭɟɘɗɛɧ. 
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6. ũɘŬ əɎɗŮ əɏɜŰɟɞ ὧ ŮˊŬɜɎɚŬɓŮ 

a. ȳɟɘůŮ N = 0 

b. ũɘŬ əɎɗŮ əɏɜŰɟɞ ὧȟὭ Ὦ ŮˊŬɜɎɚŬɓŮ 

¶ ȺɎɜ ὧ᷆  ὧ᷆  Ò FὈ  ŰɧŰŮ N = N + 1 

c. ɇɏɚɞɠ ŮˊŬɜɎɚɖɣɖɠ 

d. ȺɎɜ N < ὔ ŰɧŰŮ R = R ᷾  ὧ 

7. ɇɏɚɞɠ ŮˊŬɜɎɚɖɣɖɠ 

8. ȺˊɏůŰɟŮɣŮ R 

 

ɀŮ ɓɎůɖ ŰŬ ˊŬɟŬˊɎɜɤ, ŭɖɛɘɞɡɟɔɐɗɖəŮ ɖ ɜɏŬ ɛɏɗɞŭɞɠ MinCenter, Űɖɠ ɞˊɞɑŬɠ ɞ 

Ŭɚɔɧɟɘɗɛɞɠ, ˊŬɟɞɡůɘɎɕŮŰŬɘ ˊŬɟŬəɎŰɤ [67]: 

 

1. ȸɐɛŬ Ŭɟɢɘəɞˊɞɑɖůɖɠ. 

a. ȳɟɘůŮ Űɞ M ɤɠ Űɞɜ Ŭɟɘɗɛɧ Űɤɜ ŭŮɘɔɛɎŰɤɜ. 

b. ȳɟɘůŮ (ὼᶻȟώᶻ) ɤɠ Űɞ Űɞˊɘəɧ ŮɚɎɢɘůŰɞ . ȷɟɢɘəɞˊɞɑɖůɖ Űɞɡ  ώᶻ  ɛŮ ɛɑŬ 

ɛŮɔɎɚɖ Űɘɛɐ. 

c. ȳɟɘůŮ ɤɠ K Űɞɜ Ŭɟɘɗɛɧ Űɤɜ ɞɛɎŭɤɜ, ɧˊɞɡ K < M. 

d. ȳɟɘůŮ ɤɠ +  Űɞɜ Ŭɟɘɗɛɧ Űɤɜ ŮˊŬɜŬɚɐɣŮɤɜ ɔɘŬ Űɞɜ Ŭɚɔɧɟɘɗɛɞ  K-

means. 

e. ȳɟɘůŮ C = {} ɤɠ Űɞ ůɨɜɞɚɞ Űɤɜ əŬŰŬůəŮɡŬůɛɏɜɤɜ əɏɜŰɟɤɜ. 

2. ȸɐɛŬ əŬŰŬůəŮɡɐɠ. 

a. ũɘŬ i = 1..+  ŮˊŬɜɎɚŬɓŮ. 

¶ ȹŮɑɔɛŬ M ůɖɛŮɑɤɜ Ŭˊɧ Űɖɜ ŬɜŰɘəŮɘɛŮɜɘəɐ ůɡɜɎɟŰɖůɖ S 

={ὼȟὼȟȢȢȢȢȟὼ }  

¶ Ⱥɜɖɛɏɟɤůɖ Űɤɜ əɏɜŰɟɤɜ C ɛŮ Űɞ ůŮŰ S, ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ K-means. 

b. ɇɏɚɞɠ ŮˊŬɜɎɚɖɣɖɠ 

3. ȹɖɛɘɞɡɟɔɑŬ Űɞɡ ůɡɜɧɚɞɡ R Ŭˊɧ Űɞ C ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ Űɞɜ Ŭɚɔɧɟɘɗɛɞ Ŭˊɧɟɟɘɣɖɠ. 

4. ȸɐɛŬ Ŭɝɘɞɚɧɔɖůɖɠ. 

a. ũɘŬ i = 1é|R| ŮˊŬɜɎɚŬɓŮ 

¶ ȳɟɘůŮ ὼ Ὑ 

¶ ώ ὒὛὼ). Where LS(x) is a local search procedure. 

¶ ȺɎɜ ώ ώ z†ʝ†‐  ὼᶻ ὼȟώᶻ ώ 



b. ɇɏɚɞɠ ŮˊŬɜɎɚɖɣɖɠ 

 

ɄɚŮɞɜŮəŰɐɛŬŰŬ ï ɀŮɘɞɜŮəŰɐɛŬŰŬ Ŭɚɔɞɟɑɗɛɞɡ MinCenter  

  

ɆŰɖ ɛɏɗɞŭɞ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ "MinCenter", ɖ Ůəəɑɜɖůɖ Űɤɜ Űɞˊɘəɩɜ ŬɜŬɕɖŰɐůŮɤɜ 

ŭɘŮɝɎɔŮŰŬɘ ɛŮ ɓɎůɖ ŬɜŰɘˊɟɞůɩˊɞɡɠ ŭŮɘɔɛɎŰɤɜ ŬɜŰɑ ɔɘŬ ŰŬ ŭŮɑɔɛŬŰŬ Űɖɠ Ŭɟɢɘəɐɠ 

əŬŰŬɜɞɛɐɠ. ȷɡŰɧ ɏɢŮɘ ɤɠ ŬˊɞŰɏɚŮůɛŬ ɜŬ ɛŮɘɩɜɞɜŰŬɘ ɞɘ əɚɐůŮɘɠ Űɖɠ ŬɜŰɘəŮɘɛŮɜɘəɐɠ 

ůɡɜɎɟŰɖůɖɠ, ɖ ɞˊɞɑŬ ŬˊɞŰŮɚŮɑ ůɖɛŬɜŰɘəɧ ˊŬɟɎɔɞɜŰŬ ŰŬɢɨŰɖŰŬɠ. ɋůŰɧůɞ, ɖ ɛɏɗɞŭɞɠ 

ˊŬɟɞɡůɘɎɕŮɘ ŭɨɞ ɛŮɘɞɜŮəŰɐɛŬŰŬ. ɄɟɩŰɞɜ, ŬˊŬɘŰŮɑŰŬɘ ɢɟɞɜɞɓɧɟɞɠ ŮɜŰɞˊɘůɛɧɠ Űɤɜ Ŭɟɢɘəɩɜ 

ŬɜŰɘˊɟɞůɩˊɤɜ ˊɟɘɜ Ŭˊɧ Űɖɜ ɏɜŬɟɝɖ Űɤɜ Űɞˊɘəɩɜ ɓŮɚŰɘůŰɞˊɞɘɐůŮɤɜ. ȹŮɨŰŮɟɞɜ, ˊɞɚɚŬˊɚɏɠ 

Űɞˊɘəɏɠ ŬɜŬɕɖŰɐůŮɘɠ ɛˊɞɟŮɑ ɜŬ ɞŭɖɔɐůɞɡɜ ůŮ ɑŭɘŮɠ ůɡɜŬɟŰɖůɘŬəɏɠ Űɘɛɏɠ ɧˊɞɡ 

ŮɜŭŮɢɞɛɏɜɤɠ ɜŬ ˊɟɞɏɟɢɞɜŰŬɘ Ŭˊɧ Űɖɜ ɑŭɘŬ ɔŮɘŰɞɜɘɎ Űɞɡ ŮɡəɚŮɑŭŮɘɞɡ ɢɩɟɞɡ. ũɘŬ ɜŬ 

ŬɜŰɘɛŮŰɤˊɘůŰɞɨɜ ŬɡŰɎ ŰŬ ˊɟɞɓɚɐɛŬŰŬ, ɡɘɞɗŮŰŮɑŰŬɘ ɛɘŬ ŰŮɢɜɘəɐ ɧˊɞɡ ɡˊɞɚɞɔɑɕŮŰŬɘ ɖ 

ŮɡəɚŮɑŭŮɘŬ ŬˊɧůŰŬůɖ ɛŮŰŬɝɨ Űɤɜ əɞɜŰɘɜɩɜ ŬɜŰɘˊɟɞůɩˊɤɜ əŬɘ ŮˊɘɚɏɔŮŰŬɘ ɛɧɜɞ ɏɜŬɠ Ŭˊɧ 

ŬɡŰɞɨɠ, ɛŮ Űɞɡɠ ɡˊɧɚɞɘˊɞɡɠ ɜŬ ŬˊɞɟɟɑˊŰɞɜŰŬɘ. ɀŮ ŬɡŰɧɜ Űɞɜ Űɟɧˊɞ, ŮˊɘŰɡɔɢɎɜŮŰŬɘ 

Ůˊɘˊɚɏɞɜ ɓŮɚŰɑɤůɖ Űɖɠ ŰŬɢɨŰɖŰŬɠ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ. 

 

2.6 ɄŮɘɟŬɛŬŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ 

 

ɆŰɞɜ ɄɑɜŬəŬ 1: çɆɡɔəɟɘŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ Űɤɜ ɛŮɗɧŭɤɜ Multistart, TMLSL əŬɘ GTC ɛŮ 

Űɖ ɢɟɐůɖ Űɞɡ əɟɘŰɐɟɘɞɡ ŰŮɟɛŬŰɘůɛɞɨ Űɞɡ ŭɘˊɚɞɨ əɞɡŰɘɞɨè ˊɞɡ ŬəɞɚɞɡɗŮɑ, ˊŬɟɞɡůɘɎɕɞɜŰŬɘ 

ůɡɔəɟɘŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ ŬɜɎɛŮůŬ ůŰɘɠ ɛŮɗɧŭɞɡɠ Multistart, TMLSL əŬɘ GTC. ɆŰɖɜ 

ˊɟɩŰɖ ůŰɐɚɖ ŬɜŬűɏɟɞɜŰŬɘ ɞɘ ůɡɜŬɟŰɐůŮɘɠ ɔɘŬ əɎɗŮ ɛɑŬ ɛɏɗɞŭɞ, Ůɜɩ ůŮ əɎɗŮ ɛɏɗɞŭɞ 

ɔɑɜŮŰŬɘ ůɨɔəɟɘůɖ Űɤɜ Űɘɛɩɜ MIN, FC əŬɘ GC ɧˊɞɡ: 

- ɀȽɁ: ˊŮɟɘɏɢŮɘ Űɞɜ ɛɏůɞ ɧɟɞ Űɤɜ ŮɚŬɢɑůŰɤɜ ˊɞɡ ɓɟɏɗɖəŬɜ 

- FC: ˊŮɟɘɏɢŮɘ Űɞɜ ɛɏůɞ Ŭɟɘɗɛɧ ůɡɜŬɟŰɖůɘŬəɩɜ əɚɐůŮɤɜ ˊɞɡ ɢɟŮɘɎůŰɖəŬɜ 

- GC: ŬɜŬˊŬɟɘůŰɎ Űɞɜ Ŭɟɘɗɛɧ Űɤɜ əɚɐůŮɤɜ ˊɟɞɠ Űɖɜ ˊŬɟɎɔɤɔɞ Űɖɠ ůɡɜŬɟŰɐůŮɤɠ 

ɄɑɜŬəŬɠ 1:ɆɡɔəɟɘŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ Űɤɜ ɛŮɗɧŭɤɜ Multistart, TMLSL əŬɘ GTC ɛŮ Űɖ 

ɢɟɐůɖ Űɞɡ əɟɘŰɐɟɘɞɡ ŰŮɟɛŬŰɘůɛɞɨ Űɞɡ ŭɘˊɚɞɨ əɞɡŰɘɞɨ. 

 MULTISTART  TMLSL  GTC 

ɆɈɁȷɅɇȼɆȼ MIN  FC GC MIN  FC GC MIN  FCX GC 
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CAMEL  6 5503 5503 6 3415 2583 6 844 1705 

RASTRIGIN  49 19593 19593 49 24123 12380 49 4449 5090 

SHUBERT 400 577738 577738 400 358623 252033 400 31674 59044 

HANSEN 527 612015 612015 527 811679 592733 527 82572 10920 

GRIEWANK2  529 1765175 1765175 528 1929165 1726632 529 103244

5 

1140113 

GKLS(3,30) 29 302853 302853 28 191867 102373 28 75363 206788 

GKLS(3,100) 97 7492103 7492103 91 6683608 4583920 97 416089

7 

5663373 

GKLS(4,100) 95 8629052 8629052 78 1226934

2 

8237461 96 256448

0 

3878680 

GUILIN(10,200) 200 3351391 3351391 200 3470206 3234820 200 208442

5 

2538444 

GUILIN(20,100) 100 1906288 1906288 100 1915478 1902730 100 862284 866943 

Test2N(4) 16 19424 19424 16 3821 1684 16 2403 3165 

Test2N(5) 32 30607 30607 32 8953 6288 32 7294 19390 

Test2N(6) 64 34840 34840 64 54555 24366 64 18928 38555 

Test2N(7) 128 117953 117953 128 88750 45229 128 39344 115102 

GOLDSTEIN  4 5391 5391 4 4606 3836 4 3433 3770 

BRANIN  3 1856 1856 3 1007 614 3 804 969 

HARTMAN3  3 3509 3509 3 2014 1715 3 2738 2875 

HARTMAN6  2 3903 3903 2 912 663 2 2949 3088 

SHEKEL5 5 22128 22128 5 6434 5358 5 6558 6946 

SHEKEL7 7 30702 30702 6 14617 14617 7 8589 9140 

SHEKEL10 10 36838 36838 9 18447 15628 10 20226 21597 

 

 

ȷˊɧ ŰŬ ˊŮɘɟɎɛŬŰŬ ˊɞɡ ˊɟŬɔɛŬŰɞˊɞɘɐɗɖəŬɜ ŭɘŬˊɘůŰɩɜŮŰŬɘ ɧŰɘ ɖ ɛɏɗɞŭɞɠ GTC ŭŮɜ ŭɘŬɗɏŰŮɘ 

Űɘɠ ŬŭɡɜŬɛɑŮɠ Űɤɜ ŰŮɢɜɘəɩɜ ɞɛŬŭɞˊɞɑɖůɖɠ  ůŮ ɧŰɘ ŬűɞɟɎ Űɖɜ Ŭˊɧɟɟɘɣɖ ůɖɛŮɑɤɜ. ɃˊɧŰŮ, 

ɛŮ Űɖɜ Űɡˊɘəɐ ŬˊɧůŰŬůɖ ˊɞɡ ɢɟɖůɘɛɞˊɞɘŮɑ ŬɚɚɎ əŬɘ ɛŮ Űɞ əɟɘŰɐɟɘɞ Űɖɠ ˊŬɟŬɔɩɔɞɡ, 

ŮɛűŬɜɑɕŮŰŬɘ ɜŬ ŮɑɜŬɘ ˊɘɞ ŬˊɞŭɞŰɘəɐ Ŭˊɧ ŬɡŰɏɠ, əŬɗɩɠ ŬˊŬɘŰŮɑ ɛɘəɟɧŰŮɟɞ ɢɟɧɜɞ əŬɘ 

ɛɘəɟɧŰŮɟɞ Ŭɟɘɗɛɧ ůɡɜŬɟŰɖůɘŬəɩɜ ŬˊɞŰɘɛɐůŮɤɜ.  



ũɘŬ Űɖɜ ɡɚɞˊɞɑɖůɖ Űɖɠ ɛŮɗɧŭɞɡ Minfinder, ŭɖɛɘɞɡɟɔɐɗɖəŮ ɏɜŬ ɚɞɔɘůɛɘəɧ ůŮ ANSI C++ 

ůŰɞ ɞˊɞɑɞ ɞ ɢɟɐůŰɖɠ ɛˊɞɟŮɑ ɜŬ əɤŭɘəɞˊɞɘɐůŮɘ Űɖɜ ŬɜŰɘəŮɘɛŮɜɘəɐ ůɡɜɎɟŰɖůɖ. ɆŮ ŬɡŰɧ Űɞ 

ɚɞɔɘůɛɘəɧ, ɞ ɢɟɐůŰɖɠ ˊŬɟɏɢŮɘ Űɖɜ ŬɜŰɘəŮɘɛŮɜɘəɐ ůɡɜɎɟŰɖůɖ əŬɘ Űɖɜ ˊŬɟɎɔɤɔɧ Űɖɠ ůŮ ɏɜŬ 

ŬɟɢŮɑɞ ɞɟɑɕɞɜŰŬɠ ɛɘŬ ůŮɘɟɎ Ŭˊɧ ůɡɜŬɟŰɐůŮɘɠ əŬɘ ɛɏůɤ Ůɜɧɠ ɓɞɖɗɖŰɘəɞɨ ŮɟɔŬɚŮɑɞɡ, 

ŭɖɛɘɞɡɟɔŮɑŰŬɘ Űɞ ŰŮɚɘəɧ ŮəŰŮɚɏůɘɛɞ ŬɟɢŮɑɞ. ɇɞ ŰŮɚɘəɧ ŬɟɢŮɑɞ ŭɘŬɗɏŰŮɘ ɛɘŬ ůŮɘɟɎ Ŭˊɧ 

ˊŬɟŬɛɏŰɟɞɡɠ, ˊɞɡ ŬűɐɜŮɘ Űɞ ɢɟɐůŰɖ ɜŬ ˊŮɘɟŬɛŬŰɘůŰŮɑ.  ɆŰɞɜ ɄɑɜŬəŬ 2 çȷˊɞŰŮɚɏůɛŬŰŬ 

Űɖɠ ɛŮɗɧŭɞɡ Minfinder ɛŮ Űɖ ɢɟɐůɖ Űɞɡ əɟɘŰɐɟɘɞɡ ŰŮɟɛŬŰɘůɛɞɨ Űɞɡ ŭɘˊɚɞɨ əɞɡŰɘɞɨè, 

ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ Űɖɠ ɛŮɗɧŭɞɡ Minfinder  ůŮ ɛɘŬ ůŮɘɟɎ Ŭˊɧ ůɡɜŬɟŰɐůŮɘɠ 

ŭɞəɘɛɐɠ ɛŮ Űɖɜ ɢɟɐůɖ Űɞɡ əɟɘŰɐɟɘɞɡ ŰŮɟɛŬŰɘůɛɞɨ Űɞɡ ŭɘˊɚɞɨ əɞɡŰɘɞɨ.  

ɄɑɜŬəŬɠ 2:ȷˊɞŰŮɚɏůɛŬŰŬ Űɖɠ ɛŮɗɧŭɞɡ Minfinder ɛŮ Űɖ ɢɟɐůɖ Űɞɡ əɟɘŰɐɟɘɞɡ ŰŮɟɛŬŰɘůɛɞɨ 

Űɞɡ ŭɘˊɚɞɨ əɞɡŰɘɞɨ 

 MINFINDER  

ɆɈɁȷɅɇȼɆȼ MIN  FC GC 

CAMEL  6 1598 2187 

RASTRIGIN  49 1723 2975 

SHUBERT 400 17204 41849 

HANSEN 527 60916 94382 

GRIEWANK2  529 1035094 1190595 

GKLS(3,30) 29 67541 105006 

GKLS(3,100) 96 1871681 2905475 

GKLS(4,100) 98 3763131 7677290 

GUILIN(10,200) 200 1467845 1512665 

GUILIN(20,100) 100 646213 668183 

Test2N(4) 16 953 1612 

Test2N(5) 32 1850 4827 

Test2N(6) 64 5133 29252 

Test2N(7) 128 29908 160805 

GOLDSTEIN  4 2197 2364 

BRANIN  3 498 604 

HARTMAN3  3 1581 1737 

HARTMAN6  2 1090 1194 

SHEKEL5 5 7144 7365 
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SHEKEL7 7 17125 17377 

SHEKEL10 10 21551 21661 

 

ɆŰɖ ůɡɜɏɢŮɘŬ ŬəɞɚɞɡɗŮɑ ɏɜŬɠ ˊɑɜŬəŬɠ ɛŮ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ ɛɘŬɠ ɜɏŬɠ ɛŮɗɧŭɞɡ 

ɞɛŬŭɞˊɞɑɖůɖɠ ɛŮ ůəɞˊɧ Űɖɜ ŬɜŰɘɛŮŰɩˊɘůɖ Űɖɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ (ɓɚ.: ɄɑɜŬəŬɠ 1: 

çȷˊɞŰŮɚɏůɛŬŰŬ Űɖɠ ɛŮɗɧŭɞɡ Multistartè). Ʉɘɞ ůɡɔəŮəɟɘɛɏɜŬ, ɔɘŬ əɎɗŮ ůɨɛˊɚŮɔɛŬ 

ŭɖɛɘɞɡɟɔŮɑŰŬɘ ɏɜŬɠ ŬɜŰɘˊɟɧůɤˊɞɠ ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ Űɖ ɛɏɗɞŭɞɠ Kmeans əŬɘ ɏˊŮɘŰŬ ɞ 

Ŭɟɘɗɛɧɠ Űɤɜ ůɡɛˊɚŮɔɛɎŰɤɜ ɛŮɘɩɜŮŰŬɘ ɛŮ Űɖ ŭɘŬŭɘəŬůɑŬ Ŭˊɧɟɟɘɣɖɠ. ȼ ɛɏɗɞŭɞɠ ˊɞɡ 

ˊɟɞŰŮɑɜŮŰŬɘ ɏɢŮɘ ɞɟɘůɛɏɜɞɡɠ ˊŮɟɘɞɟɘůɛɞɨɠ ɧˊɤɠ Űɞ ɔŮɔɞɜɧɠ ɧŰɘ ůŰɖɟɑɕŮŰŬɘ ůŮ ɛŮɔɎɚɞ 

ɓŬɗɛɧ Ŭˊɧ Űɞɜ Ŭɚɔɧɟɘɗɛɞ Kmeans əŬɘ ɧŰɘ ɖ ŭɘŬŭɘəŬůɑŬ ɛˊɞɟŮɑ ɜŬ ŭɘŬɟəɏůŮɘ ˊɞɚɨ ůŮ 

ˊɟɞɓɚɐɛŬŰŬ ɡɣɖɚɧŰŮɟɖɠ əɚɑɛŬəŬɠ.  

ɄɑɜŬəŬɠ 3:ȷˊɞŰŮɚɏůɛŬŰŬ Űɖɠ ɛŮɗɧŭɞɡ Multistart 

ɆɈɁȷɅɇȼɆȼ ɀ=100 ɀ=200 ɀ=100, Rejection 

B2 4518 8849 4472 

Easom 943 1949 933 

Bf1 4508 9300 4469 

Bf2 3750 7621 3666 

Branin 1948 3855 1938 

Camel 2669 4983 2502 

CM4 5714 11783 5644 

CM8 7341(0.33) 14813(0.60) 7289(0.33) 

DIFFPOWER10 123729 248924 121012 

ELP4 1203 2474 1158 

ELP8 1721 3395 1652 

ELP16 2789 5485 2252 

EXP4 3646 7063 3609 

EXP8 3723 7447 3651 

EXP16 3835 7486 3310 

GKLS250 1486 2928 1426 

GKLS350 1030(0.97) 2007 913(0.87) 

GKLS3100 1020(0.77) 2005 1018(0.77) 



GRIEWANK2  3131(0.70) 6197(0.97) 3048(0.70) 

GREWANK10 10449 20763 10226 

HANSEN 2482 4997 2422 

HARTMAN3  2911 5753 2868 

HARTMAN6  3825 7875 3787 

POTENTIAL3  5237 10784 5178 

POTENTIAL5  11594 22331 10127 

POTENTIAL10  20361 40592 5089(0.70) 

RASTRIGIN  2345 4731 2242(0.93) 

SHEKEL5 3852 7841 3730 

SHEKEL7 3951 7149 3885 

SHEKEL10 3982 6987 3890 

SINU4 3317 6624 3246 

SINU8 4883 10015 4791 

SINU16 8731 17005 8692 

TEST2n4 3258 6608 3216 

TEST2n5 3565 7128 3534 

TEST2n6 3804(0.90) 7790 3850(0.90) 

TEST2n7 4203(0.83) 8501(0.97) 4155(0.77) 

TOTAL  281454(0.93) 562038(0.98) 259160(0.92) 

 

ɄɑɜŬəŬɠ 4:ɇŬ ŬˊɞŰŮɚɏůɛŬŰŬ Űɖɠ ˊɟɞŰŮɘɜɧɛŮɜɖɠ ɛŮɗɧŭɞɡ ɛŮ Űɖ Ⱦ=100 əɏɜŰɟŬ 

ɆɈɁȷɅɇȼɆȼ ɀ=100 ɀ=200 

B2 4073 3886 

Easom 830 782 

Bf1 4046 3864 

Bf2 3346 3153 

Branin 1699 1623 

Camel 2338 2237 

CM4 4434 4043 

CM8 3084(0.63) 1819(0.50) 
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DIFFPOWER10 26726 17980 

ELP4 971 908 

ELP8 601 338 

ELP16 139 100 

EXP4 2764 2522 

EXP8 1564 943 

EXP16 245 179 

GKLS250 1337 1275 

GKLS350 911(0.93) 777(0.83) 

GKLS3100 939(0.97) 796(0.97) 

GRIEWANK2  2812(0.77) 2684(0.70) 

GREWANK10 1812 1152(0.80) 

HANSEN 2210 2077 

HARTMAN3  2400 1993 

HARTMAN6  2707 2369 

POTENTIAL3  1246 714 

POTENTIAL5  752 664 

POTENTIAL10  1621(0.23) 1045(0.10) 

RASTRIGIN  2016 1917 

SHEKEL5 3520 3116 

SHEKEL7 3515 3113 

SHEKEL10 3586 3237 

SINU4 2548 2268 

SINU8 2121 1624 

SINU16 546 358 

TEST2n4 2436 2198 

TEST2n5 2186(0.97) 1840(0.97) 

TEST2n6 2648(0.80) 2300(0.83) 

TEST2n7 2469(0.77) 2173(0.73) 

TOTAL  103198(0.95) 84067(0.93) 
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3. ȼ ɀȺŪɃȹɃɆ CONTROLLED RANDOM SEARCH  

3.1 ȸŬůɘəɏɠ Ŭɟɢɏɠ  

ȼ ɛɏɗɞŭɞɠ Controlled Random Search (CRS) ŮɑɜŬɘ ɏɜŬɠ Ŭɚɔɧɟɘɗɛɞɠ ˊɞɡ ɓŬůɑɕŮŰŬɘ ůŮ ɏɜŬɜ 

ˊɚɖɗɡůɛɧ Ŭˊɧ ɚɨůŮɘɠ əŬɘ ɏɢŮɘ ŮűŬɟɛɞůŰŮɑ ůŮ ˊɞɚɚɎ ˊɟɞɓɚɐɛŬŰŬ [41]. Ƀ Ŭɚɔɧɟɘɗɛɞɠ CRS 

ŭŮɜ ɏɢŮɘ ŬˊŬɟŬɑŰɖŰɖ ˊɟɞɦˊɧɗŮůɖ ɖ ůɡɜɎɟŰɖůɖ ɜŬ ŮɑɜŬɘ ˊŬɟŬɔɤɔɑůɘɛɖ. Ƀɛɞɑɤɠ ɡˊɎɟɢɞɡɜ 

əŬɘ Ɏɚɚɞɘ Ŭɚɔɧɟɘɗɛɞɘ ˊɞɡ ŭŮɜ ŬˊŬɘŰɞɨɜ Űɖɜ ˊŬɟŬɔɤɔɘůɘɛɧŰɖŰŬ Űɖɠ ůɡɜɎɟŰɖůɖɠ ɧˊɤɠ ŮɑɜŬɘ 

ɞ ũŮɜŮŰɘəɧɠ ȷɚɔɧɟɘɗɛɞɠ (Genetic Algorithm -GA) [69],  ɖ ȹɘŬűɞɟɘəɐ Ⱥɝɏɚɘɝɖ (Differential 

Evolution -DE) [40], ɞ Ŭɚɔɧɟɘɗɛɞɠ Nelder-Mead [18], ɞ Ŭɚɔɧɟɘɗɛɞɠ Brent Method [21] 

əŬɘ ɖ ɛɏɗɞŭɞɠ Golden-section Method [24]. 

Ƀ Ŭɚɔɧɟɘɗɛɞɠ Controlled Random Search (CRS) ŬˊɞŰŮɚŮɑ ɛɘŬ ɛɏɗɞŭɞ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ 

ˊɞɡ ŮəɛŮŰŬɚɚŮɨŮŰŬɘ ɏɜŬɜ ˊɚɖɗɡůɛɧ ůɖɛŮɑɤɜ ůŰɞɜ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ ɛŮ ůŰɧɢɞ Űɖɜ 

ˊɟɞůɏɔɔɘůɖ Űɞɡ ɓɏɚŰɘůŰɞɡ ŬˊɞŰŮɚɏůɛŬŰɞɠ ůŮ ɏɜŬ ˊɟɧɓɚɖɛŬ. ȾɎɗŮ ůɖɛŮɑɞ ŬɜŰɘˊɟɞůɤˊŮɨŮɘ 

ɛɘŬ ˊɘɗŬɜɐ ɚɨůɖ, əŬɘ ɖ ŮəŰɑɛɖůɐ Űɞɡ ɓŬůɑɕŮŰŬɘ ůŰɖɜ ŬɜŰɘəŮɘɛŮɜɘəɐ ůɡɜɎɟŰɖůɖ. ȾŬŰɎ Űɖ 

ŭɘɎɟəŮɘŬ əɎɗŮ ŮˊŬɜɎɚɖɣɖɠ, ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ ůɡɜŰŮŰŬɔɛɏɜŮɠ Ůɜɧɠ ɜɏɞɡ ůɖɛŮɑɞɡ ůŮ ůɢɏůɖ 

ɛŮ ŰŬ ɡˊɧɚɞɘˊŬ. ɆŰɖ ůɡɜɏɢŮɘŬ, ɔɑɜŮŰŬɘ ɏɚŮɔɢɞɠ ɔɘŬ Űɞ Ŭɜ Űɞ ɜɏɞ ůɖɛŮɑɞ ɏɢŮɘ ɛɘəɟɧŰŮɟɖ 

ůɡɜŬɟŰɖůɘŬəɐ Űɘɛɐ Ŭˊɧ Űɞ ůɖɛŮɑɞ ɛŮ Űɖɜ ɡɣɖɚɧŰŮɟɖ Űɘɛɐ ůŰɞ ůɨɜɞɚɞ Űɤɜ ŭŮɘɔɛɎŰɤɜ. ɆŮ 

ˊŮɟɑˊŰɤůɖ ɗŮŰɘəɐɠ ŮˊɘɓŮɓŬɑɤůɖɠ, Űɞ ůɖɛŮɑɞ ɛŮ Űɖɜ ɡɣɖɚɧŰŮɟɖ Űɘɛɐ ŬɜŰɘəŬɗɑůŰŬŰŬɘ Ŭˊɧ Űɞ 

ɜɏɞ ůɖɛŮɑɞ. ȼ Ůˊɘɚɞɔɐ Űɞɡ ɜɏɞɡ ůɖɛŮɑɞɡ ɓŬůɑɕŮŰŬɘ ůŰɖ ůɡɜŬɟŰɖůɘŬəɐ Űɘɛɐ, əŬɗɩɠ ɞ 

ůŰɧɢɞɠ ŮɑɜŬɘ ɖ ŮɨɟŮůɖ ŮɚŬɢɑůŰɞɡ Űɖɠ ŬɜŰɘəŮɘɛŮɜɘəɐɠ ůɡɜɎɟŰɖůɖɠ. ɇɞ ɜɏɞ ůɖɛŮɑɞ, ŮɎɜ 

ˊɟɞůűɏɟŮɘ ɛŮɘɤɛɏɜɖ Űɘɛɐ, ůɡɛɓɎɚɚŮɘ ůŰɖɜ ˊɘɗŬɜɧŰɖŰŬ ŮɨɟŮůɖɠ ɓɏɚŰɘůŰɖɠ ɚɨůɖɠ. ȾŬŰɎ 

Űɖɜ Ůɝɏɚɘɝɖ, ɞ Ŭɚɔɧɟɘɗɛɞɠ ůɡɔəɚɑɜŮɘ ˊɟɞɠ ˊŮɟɘɞɢɏɠ ɢŬɛɖɚɧŰŮɟɤɜ ůɡɜŬɟŰɖůɘŬəɩɜ Űɘɛɩɜ, 

ŬɜŬɕɖŰɩɜŰŬɠ Űɞ ɓɏɚŰɘůŰɞ ůɖɛŮɑɞ. ȼ ŬˊɞŰŮɚŮůɛŬŰɘəɧŰɖŰŬ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ ŮɝŬɟŰɎŰŬɘ Ŭˊɧ 

ˊŬɟŬɛɏŰɟɞɡɠ, ɧˊɤɠ ɞ Ŭɟɘɗɛɧɠ Űɤɜ Ŭɟɢɘəɩɜ ůɖɛŮɑɤɜ əŬɘ ɖ ˊɞɚɡˊɚɞəɧŰɖŰŬ Űɖɠ 

ŬɜŰɘəŮɘɛŮɜɘəɐɠ ůɡɜɎɟŰɖůɖɠ. Ƀ Ŭɚɔɧɟɘɗɛɞɠ ŮˊɘŭɘɩəŮɘ ɜŬ ŮɝŮɟŮɡɜɐůŮɘ Űɞɜ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ 

əŬɘ ɜŬ ŮɜŰɞˊɑůŮɘ ˊɘɗŬɜɏɠ ɓɏɚŰɘůŰŮɠ ɚɨůŮɘɠ ɛŮůɞɚŬɓɩɜŰŬɠ ůɡɜŮɢɧɛŮɜɖ ˊɟɞůŬɟɛɞɔɐ Űɤɜ 

ůɖɛŮɑɤɜ [70]. 

 

3.2 ȼ ɛɏɗɞŭɞɠ Controlled random search  

ȼ ɛɏɗɞŭɞɠ Controlled Random Search (CRS) ŬˊɞŰŮɚŮɑ ɛɘŬ ŭɘŬŭɘəŬůɑŬ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ 

ˊɞɡ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɔɘŬ Űɖɜ ŮɨɟŮůɖ Űɞɡ ŮɚŬɢɑůŰɞɡ (ɐ ɛŮɔɑůŰɞɡ) ɛɘŬɠ ůɡɜɎɟŰɖůɖɠ, ɢɤɟɑɠ 



Űɖɜ ŬɜɎɔəɖ ɔɜɩůɖɠ Űɤɜ ˊŬɟŬɔɩɔɤɜ Űɖɠ. Ƀ Ŭɚɔɧɟɘɗɛɞɠ CRS ɝŮəɘɜɎ ɛŮ ɏɜŬɜ Ŭɟɢɘəɧ 

ˊɚɖɗɡůɛɧ N ůɖɛŮɑɤɜ ůŰɞɜ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ, ɧˊɞɡ əɎɗŮ ůɖɛŮɑɞ ŬɜŰɘůŰɞɘɢŮɑ ůŮ ɛɘŬ ˊɘɗŬɜɐ 

ɚɨůɖ. ȾŬŰɎ Űɖ ŭɘɎɟəŮɘŬ əɎɗŮ ŮˊŬɜɎɚɖɣɖɠ, ɡˊɞɚɞɔɑɕɞɜŰŬɘ ɞɘ ůɡɜŰŮŰŬɔɛɏɜŮɠ Ůɜɧɠ ɜɏɞɡ 

ůɖɛŮɑɞɡ ůɢŮŰɘəɧ ˊɟɞɠ ŰŬ ɡˊɧɚɞɘˊŬ. ȰˊŮɘŰŬ, ɔɑɜŮŰŬɘ ɏɚŮɔɢɞɠ ɔɘŬ Űɞ Ŭɜ Űɞ ɜɏɞ ůɖɛŮɑɞ ɏɢŮɘ 

ɛɘəɟɧŰŮɟɖ ůɡɜŬɟŰɖůɘŬəɐ Űɘɛɐ Ŭˊɧ Űɞ ůɖɛŮɑɞ ɛŮ Űɖɜ ɡɣɖɚɧŰŮɟɖ Űɘɛɐ ůŰɞ ůɨɜɞɚɞ Űɤɜ 

ŭŮɘɔɛɎŰɤɜ. ȷɜ ɘůɢɨŮɘ, Űɞ ůɖɛŮɑɞ ɛŮ Űɖɜ ɡɣɖɚɧŰŮɟɖ Űɘɛɐ ŬɜŰɘəŬɗɑůŰŬŰŬɘ Ŭˊɧ Űɞ ɜɏɞ ůɖɛŮɑɞ. 

Ƀ ɚɧɔɞɠ ˊɞɡ ŮˊɘɚɏɔŮŰŬɘ Űɞ ɜɏɞ ůɖɛŮɑɞ ɛŮ ɓɎůɖ Űɖ ůɡɜŬɟŰɖůɘŬəɐ Űɘɛɐ ŮɑɜŬɘ ɖ ŬɜŬɕɐŰɖůɖ 

Űɞɡ ŮɚŬɢɑůŰɞɡ Űɖɠ ŬɜŰɘəŮɘɛŮɜɘəɐɠ ůɡɜɎɟŰɖůɖɠ. ȰɜŬ ɜɏɞ ůɖɛŮɑɞ ɛŮ ɛɘəɟɧŰŮɟɖ Űɘɛɐ 

ůɡɜŮɘůűɏɟŮɘ ůŰɖɜ ŮɨɟŮůɖ ɓɏɚŰɘůŰɖɠ ɚɨůɖɠ. ȾŬŰɎ Űɖɜ Ůɝɏɚɘɝɖ, ɞ Ŭɚɔɧɟɘɗɛɞɠ ůɡɔəɚɑɜŮɘ 

ˊɟɞɠ Űɘɠ ˊŮɟɘɞɢɏɠ ɛŮ ɢŬɛɖɚɧŰŮɟŮɠ ůɡɜŬɟŰɖůɘŬəɏɠ Űɘɛɏɠ, ŬɜŬɕɖŰɩɜŰŬɠ Űɞ ɓɏɚŰɘůŰɞ ůɖɛŮɑɞ. 

ɀŮ Űɖ ɛɏɗɞŭɞ CRS ŮˊɘŭɘɩəŮŰŬɘ ɖ ŭɖɛɘɞɡɟɔɑŬ Ůɜɧɠ Ŭɚɔɞɟɑɗɛɞɡ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ, ˊɞɡ ɜŬ 

ŮɑɜŬɘ ŬˊɞŭɞŰɘəɧɠ əŬɘ Ŭəɟɘɓɐɠ ůŮ ŭɘɎűɞɟŬ ˊɟɞɓɚɐɛŬŰŬ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ, ɢɤɟɑɠ Űɖɜ ŬɜɎɔəɖ 

ɔɘŬ ˊŬɟŬɔɩɔɞɡɠ Űɖɠ ŬɜŰɘəŮɘɛŮɜɘəɐɠ ůɡɜɎɟŰɖůɖɠ. ɆɡɔəŮəɟɘɛɏɜŬ, ɞɘ ůɢŮŭɘŬůŰɏɠ Űɖɠ 

ɛŮɗɧŭɞɡ CRS ŮˊɘŭɑɤəŬɜ: 

¶ ȺɝŮɟŮɨɜɖůɖ Űɞɡ ɢɩɟɞɡ ŬɜŬɕɐŰɖůɖɠ: ȼ CRS ɏɢŮɘ ůŬɜ ůŰɧɢɞ ɜŬ ŮɝŮɟŮɡɜɐůŮɘ 

ŬˊɞŰŮɚŮůɛŬŰɘəɎ Űɞɜ ɢɩɟɞ Űɤɜ ˊɘɗŬɜɩɜ ɚɨůŮɤɜ ůŮ ɏɜŬ ˊɟɧɓɚɖɛŬ əŬɘ ɛŮ ŬɡŰɧ  Űɞ 

Űɟɧˊɞ ŮˊɘŰɡɔɢɎɜŮŰŬɘ ɖ Ŭɝɘɞɚɧɔɖůɖ ɧɚɤɜ Űɤɜ ůɖɛŮɑɤɜ Űɞɡ ˊɚɖɗɡůɛɞɨ. 

¶ ȺɨɟŮůɖ ɓɏɚŰɘůŰɤɜ ɚɨůŮɤɜ: Ƀ ůŰɧɢɞɠ ŮɑɜŬɘ ɖ ůɨɔəɚɘůɖ ˊɟɞɠ Űɘɠ ˊŮɟɘɞɢɏɠ Űɞɡ 

ɢɩɟɞɡ ŬɜŬɕɐŰɖůɖɠ ˊɞɡ ˊŮɟɘɏɢɞɡɜ Űɘɠ ŮɚɎɢɘůŰŮɠ Űɘɛɏɠ Űɖɠ ŬɜŰɘəŮɘɛŮɜɘəɐɠ 

ůɡɜɎɟŰɖůɖɠ. ɀŮ Űɖ ůɡɜŮɢɐ ŭɖɛɘɞɡɟɔɑŬ əŬɘ Ŭɝɘɞɚɧɔɖůɖ ɜɏɤɜ ůɖɛŮɑɤɜ, ɞ 

ˊɚɖɗɡůɛɧɠ ůŰɟɏűŮŰŬɘ ˊɟɞɠ Űɖ ɓɏɚŰɘůŰɖ ɚɨůɖ. 

¶ ɄɟɞůŬɟɛɞɔɐ Űɤɜ ůɖɛŮɑɤɜ: ɀɏůɤ Űɖɠ ŮˊŬɜŬɚŬɛɓŬɜɧɛŮɜɖɠ ŭɘŬŭɘəŬůɑŬɠ 

Ŭɝɘɞɚɧɔɖůɖɠ əŬɘ ŬɜŰɘəŬŰɎůŰŬůɖɠ ůɖɛŮɑɤɜ, ɖ ɛɏɗɞŭɞɠ ˊɟɞůŬɟɛɧɕŮɘ ŰŬ ůɖɛŮɑŬ Űɞɡ 

ˊɚɖɗɡůɛɞɨ ɛŮ ůəɞˊɧ Űɖ ůɨɔəɚɘůɖ ˊɟɞɠ Űɘɠ ɓɏɚŰɘůŰŮɠ ɚɨůŮɘɠ. 

 

Ƀ Ŭɚɔɧɟɘɗɛɞɠ Űɖɠ ɛŮɗɧŭɞɡ CRS ˊŬɟɞɡůɘɎɕŮŰŬɘ ˊŬɟŬəɎŰɤ [57]: 

ȷɟɢɘəɞˊɞɑɖůɖ: 

Á ŪɏůŮ Űɖɜ ˊŬɟɎɛŮŰɟɞ Ɂ ˊɞɡ əŬɗɞɟɑɕŮɘ ŰŬ ŭŮɑɔɛŬŰŬ Űɖɠ ŬɜŰɘəŮɘɛŮɜɘəɐɠ ůɡɜɎɟŰɖůɖɠ 

ˊɞɡ ɗŬ ɚɖűɗɞɨɜ ɛŮ Űɖɜ Ůəəɑɜɖůɖ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ. Ɇɡɜɐɗɤɠ ŭɑɜŮŰŬɘ ɖ Űɘɛɐ Ɂ=25n, 

ŭɘɧŰɘ ɏɜŬɠ ɛŮɔɎɚɞɠ Ŭɟɘɗɛɧɠ Ŭɟɢɘəɩɜ ůɖɛŮɑɤɜ Ɂ ɛˊɞɟŮɑ ɜŬ ůɖɛŬɑɜŮɘ ŮɡɟɨŰŮɟɖ 

ŮɝŮɟŮɨɜɖůɖ Űɞɡ ɢɩɟɞɡ ŬɜŬɕɐŰɖůɖɠ. ȼ ůɢɏůɖ Ɂ=25n ŮɑɜŬɘ ůɢŮŭɘŬůɛɏɜɖ ɔɘŬ ɜŬ 

ŮɝŮɟŮɡɜɐůŮɘ ŬˊɞŰŮɚŮůɛŬŰɘəɎ Űɞɜ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ ůŮ ˊɟɞɓɚɐɛŬŰŬ ɛŮɔɎɚɖɠ 
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ŭɘɎůŰŬůɖɠ n. ɆŮ ˊɟɞɓɚɐɛŬŰŬ ɧˊɞɡ ɖ ŭɘɎůŰŬůɖ ŮɑɜŬɘ ɛŮɔɎɚɖ, ɛɘŬ ŰɏŰɞɘŬ ůɢɏůɖ 

ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ ˊɘɞ ŬˊɞŰŮɚŮůɛŬŰɘəɐ.  

Á ŪɏůŮ ůŰɖɜ ˊŬɟɎɛŮŰɟɞ ‐́ ɞɡ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ůŰɞ əɟɘŰɐɟɘɞ ŰŮɟɛŬŰɘůɛɞɨ Űɖɠ 

ɛŮɗɧŭɞɡ, ɛɘŬ ɛɘəɟɐ ɗŮŰɘəɐ Űɘɛɐ. 

Á ȹɖɛɘɞɡɟɔɑŬ Űɞɡ ůɡɜɧɚɞɡ   ὼȟὼȟȢȢȢȟὼ , ɚŬɛɓɎɜɞɜŰŬɠ Ɂ ŰɡɢŬɑŬ ŭŮɑɔɛŬŰŬ 

ůŰɞ ɢɩɟɞ S. 

 

ȰɚŮɔɢɞɠ: 

Á ɈˊɞɚɧɔɘůŮ ŰŬ ůɖɛŮɑŬ ὼ ὥὶὫάὥὼὪὼ əŬɘ ὼ  ɛŮ Űɘɠ 

ŬɜŰɑůŰɞɘɢŮɠ ůɡɜŬɟŰɖůɘŬəɏɠ Űɞɡɠ Űɘɛɏɠ: 

Ὢ άὥὼὪὼ , ɧˊɞɡ ὼɴ Ὕ əŬɘ Ὢᶰ  , ɧˊɞɡ ὼɴ Ὕ 

Á ȷɜ ȿὪ Ὢ ȿ ‐ , ɛŮŰɎɓŬůɖ ůŰɞ ɓɐɛŬ ȺɚŬɢɘůŰɞˊɞɑɖůɖ. 

 

Ɂɏɞ ůɖɛŮɑɞ: 

Á Ⱥˊɘɚɞɔɐ ɛŮ ŰɡɢŬɑɞ Űɟɧˊɞ Űɞɡ ůɡɜɧɚɞɡ  ͯ ὼ ȟὼ ȟȢȢȢȟὼ  Ŭˊɧ Űɞ Ŭɟɢɘəɧ 

ůɨɜɞɚɞ ɇ. 

Á Ɉˊɞɚɞɔɘůɛɧɠ Űɞɡ əŮɜŰɟɞɥŭɞɨɠ G Ŭˊɧ Űɖ ůɢɏůɖ: 

Ὃ
ρ

ὲ
ὼὝ 

Á ȹɖɛɘɞɡɟɔɑŬ ŭɞəɘɛŬůŰɘəɞɨ ůɖɛŮɑɞɡ:ὼͯ ςὋ ὼ  

Á ȷɜ ὼͯɵ Ὓ  Ὢὼͯ Ὢ   ŰɧŰŮ ŮəŰɏɚŮůɖ əŬɘ ˊɎɚɘ Űɞɡ ɓɐɛŬŰɞɠ Ɂɏɞ ůɖɛŮɑɞ. 

 

Ⱥɜɖɛɏɟɤůɖ: 

Á Ὕ Ὕ᷾ ὼͯ ὼ  

Á ɀŮŰɎɓŬůɖ ůŰɞ ɓɐɛŬ ȰɚŮɔɢɞɠ. 

 

ȺɚŬɢɘůŰɞˊɞɑɖůɖ: 

Á ὼᶻ ὰέὧὥὰὛὩὥὶὧὬὼ. ȼ ɏəűɟŬůɖ ͼὰέὧὥὰὛὩὥὶὧὬὼͼ, ŬɜŬűɏɟŮŰŬɘ ůŮ ɛɘŬ 

ŭɘŬŭɘəŬůɑŬ Űɞˊɘəɐɠ ŬɜŬɕɐŰɖůɖɠ ˊɞɡ ŮəŰŮɚŮɑŰŬɘ ɔɘŬ Űɞ ůɖɛŮɑɞ x ɛŮ ůəɞˊɧ Űɖɜ 

ŮɨɟŮůɖ ɛɘŬɠ əŬɚɨŰŮɟɖɠ ɚɨůɖɠ ůŰɞ ˊɚŬɑůɘɞ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ. ȼ 

ɘŭɏŬ Űɖɠ Űɞˊɘəɐɠ ŬɜŬɕɐŰɖůɖɠ ŮɑɜŬɘ ɜŬ ɓŮɚŰɘɤɗŮɑ ɖ ŰɟɏɢɞɡůŬ ɚɨůɖ, ŮɝŮŰɎɕɞɜŰŬɠ Űɘɠ 

ɔŮɘŰɞɜɘəɏɠ Űɖɠ Űɘɛɏɠ ůŰɞ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ. 



Á ȺˊɘůŰɟɞűɐ Űɞɡ ůɖɛŮɑɞɡ ὼᶻ ůŬɜ Űɞ ŮɜŰɞˊɘůɛɏɜɞ Űɞˊɘəɧ ŮɚɎɢɘůŰɞ. 

 

3.3 ɄŬɟŬɚɚŬɔɏɠ Űɖɠ ɛŮɗɧŭɞɡ Controlled Random Search 

 

ȼ ɛɏɗɞŭɞɠ Controlled Random Search (CRS) ɏɢŮɘ ŮɝŮɚɘɢɗŮɑ əŬɘ ŰɟɞˊɞˊɞɘɖɗŮɑ ůŮ ŭɘɎűɞɟŮɠ 

ˊŬɟŬɚɚŬɔɏɠ ɔɘŬ ɜŬ ŬɜŰŬˊɞəɟɘɗŮɑ ůŮ ŭɘɎűɞɟŮɠ ŬˊŬɘŰɐůŮɘɠ əŬɘ ˊɟɞəɚɐůŮɘɠ Űɖɠ 

ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ. ȾɎɗŮ ˊŬɟŬɚɚŬɔɐ ˊɟɞůűɏɟŮɘ ɓŮɚŰɘɩůŮɘɠ ůŰɞ Ŭɟɢɘəɧ CRS, 

ˊɟɞůŬɟɛɧɕɞɜŰŬɠ Űɖ ůŰɟŬŰɖɔɘəɐ ŬɜŰɘəŬŰɎůŰŬůɖɠ, Űɖ ŭɘŬŭɘəŬůɑŬ Ŭɝɘɞɚɧɔɖůɖɠ ɐ Űɞɡɠ 

əŬɜɧɜŮɠ ŰŮɟɛŬŰɘůɛɞɨ ɔɘŬ ɜŬ ŮˊɘŰɨɢŮɘ əŬɚɨŰŮɟɖ Ŭˊɧŭɞůɖ ůŮ ŭɘɎűɞɟŬ ˊɟɞɓɚɐɛŬŰŬ 

ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ. 

ɀɑŬ ˊŬɟŬɚɚŬɔɐ Űɖɠ ɛŮɗɧŭɞɡ CRS ˊɟŬɔɛŬŰɞˊɞɘɐɗɖəŮ Ŭˊɧ Űɞɡɠ Kaelo əŬɘ Ali  (2006) [71]. 

Ʉɘɞ ůɡɔəŮəɟɘɛɏɜŬ, ŰɟɞˊɞˊɞɑɖůŬɜ Űɖɜ Ŭɟɢɘəɐ ɛɏɗɞŭɞ CRS ɛŮ ŰɏůůŮɟɘɠ ŭɘŬűɞɟŮŰɘəɞɨɠ 

Űɟɧˊɞɡɠ ɞɟɑɕɞɜŰŬɠ ŰɏůůŮɟɘɠ ɜɏŮɠ ŮəŭɧůŮɘɠ Űɖɠ ɛŮɗɧŭɞɡ. ɆŰɖɜ ˊɟɩŰɖ ɏəŭɞůɖ 

ŰɟɞˊɞˊɞɘɐɗɖəŮ ɖ ŭɘŬŭɘəŬůɑŬ ŭɖɛɘɞɡɟɔɑŬɠ Űɤɜ ŭɞəɘɛŬůŰɘəɩɜ ůɖɛŮɑɤɜ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ 

CRS, ŮɘůɎɔɞɜŰŬɠ ɛɘŬ ɜɏŬ ŰŮɢɜɘəɐ Űɞˊɘəɐɠ ɛŮŰɎɚɚŬɝɖɠ, ɆɡɔəŮəɟɘɛɏɜŬ, ɧŰŬɜ ɏɜŬ 

ŭɞəɘɛŬůŰɘəɧ ůɖɛŮɑɞ ˊɞɡ ˊŬɟɎɔŮŰŬɘ Ŭˊɧ Űɖ ɛɏɗɞŭɞ CRS ŬˊɞŰɡɔɢɎɜŮɘ ɜŬ ŬɜŰɘəŬŰŬůŰɐůŮɘ Űɞ 

Űɟɏɢɞɜ ɢŮɘɟɧŰŮɟɞ ůɖɛŮɑɞ, ɖ Űɞˊɘəɐ ɛŮŰɎɚɚŬɝɖ ŭɖɛɘɞɡɟɔŮɑ ɏɜŬ ŭŮɨŰŮɟɞ ŭɞəɘɛŬůŰɘəɧ ůɖɛŮɑɞ 

ˊɞɡ ŮɝŮɟŮɡɜɎ Űɖɜ ˊŮɟɘɞɢɐ ɔɨɟɤ Ŭˊɧ Űɞ Űɟɏɢɞɜ əŬɚɨŰŮɟɞ ůɖɛŮɑɞ, ŬɜŰŬɜŬəɚɩɜŰŬɠ Űɞ ˊɟɩŰɞ 

ŭɞəɘɛŬůŰɘəɧ ůɖɛŮɑɞ ɛɏůɤ ůɡɜŰŮŰŬɔɛɏɜɤɜ [71]. ɆŰɖ ŭŮɨŰŮɟɖ ˊŬɟŬɚɚŬɔɐ, ŮˊŮəŰŮɑɜŮŰŬɘ ɖ 

Ŭɟɢɘəɐ ɛɏɗɞŭɞɠ ˊɟɞůɗɏŰɞɜŰŬɠ ɏɜŬ ůɨůŰɖɛŬ  ˊɘɗŬɜɞŰɘəɐɠ ˊɟɞůŬɟɛɞɔɐɠ ɔɘŬ Űɖ ŭɖɛɘɞɡɟɔɑŬ 

ŭɞəɘɛŬůŰɘəɩɜ ůɖɛŮɑɤɜ. ȷɜŰɑ ɜŬ ɢɟɖůɘɛɞˊɞɘŮɑ ůŰŬɗŮɟɏɠ ˊɘɗŬɜɧŰɖŰŮɠ, ɖ ɛɏɗɞŭɞɠ 

ˊɟɞůŬɟɛɧɕŮɘ ŭɡɜŬɛɘəɎ ŬɡŰɏɠ Űɘɠ ˊɘɗŬɜɧŰɖŰŮɠ ɓɎůŮɘ Űɖɠ Ŭˊɧŭɞůɖɠ Űɤɜ ůɢɖɛɎŰɤɜ. ȷɟɢɘəɎ, 

ɞ Ŭɚɔɧɟɘɗɛɞɠ ŬɜŬɗɏŰŮɘ ɑůŮɠ ˊɘɗŬɜɧŰɖŰŮɠ ůŰŬ ŭɨɞ ůɢɐɛŬŰŬ əŬɘ əŬŰɎ Űɖ ŭɘɎɟəŮɘŬ Űɖɠ 

ŮəŰɏɚŮůɖɠ, ɞɘ ˊɘɗŬɜɧŰɖŰŮɠ ŮɜɖɛŮɟɩɜɞɜŰŬɘ ɛŮ ɓɎůɖ Űɖɜ Ŭˊɧŭɞůɖ Űɤɜ ůɢɖɛɎŰɤɜ. ɇɞ ůɢɐɛŬ 

ˊɞɡ ɗŬ ŮˊɘűɏɟŮɘ əŬɚɨŰŮɟŬ ŬˊɞŰŮɚɏůɛŬŰŬ, ɚŬɛɓɎɜŮɘ ɡɣɖɚɧŰŮɟɖ ˊɘɗŬɜɧŰɖŰŬ ɔɘŬ Űɖ 

ŭɖɛɘɞɡɟɔɑŬ ɜɏɤɜ ŭɞəɘɛŬůŰɘəɩɜ ůɖɛŮɑɤɜ. ȷɡŰɐ ɖ ˊɟɞůŬɟɛɞɔɐ ůŰɞɢŮɨŮɘ ůŰɖ ɓŮɚŰɑɤůɖ Űɖɠ 

Ŭˊɧŭɞůɖɠ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ Ůɜɩ ˊɟɞůŬɟɛɧɕŮŰŬɘ ŭɡɜŬɛɘəɎ ůŮ ŭɘŬűɞɟŮŰɘəɎ ˊɟɞɓɚɐɛŬŰŬ 

ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ. ȼ Ůˊɘɚɞɔɐ ɛŮŰŬɝɨ Űɤɜ ůɢɖɛɎŰɤɜ ɔɑɜŮŰŬɘ ˊɚɏɞɜ ɛŮ əŬŰŮɡɗɡɜɧɛŮɜɞ 

Űɟɧˊɞ, ɓŬůɘɕɧɛŮɜɞ ůŰɖɜ Ŭˊɧŭɞůɖ Űɞɡɠ ůŮ əɎɗŮ ŮˊŬɜɎɚɖɣɖ [71]. ȼ ŰɟɑŰɖ Űɟɞˊɞˊɞɑɖůɖ 

ŮɘůɎɔŮɘ ɛɑŬ Űɞˊɘəɐ ŰŮɢɜɘəɐ ɖ ɞˊɞɑŬ ɞɜɞɛɎɕŮŰŬɘ Űɞˊɘəɐ ɛŮŰɎɚɚŬɝɖ, ˊŬɟɏɢɞɜŰŬɠ ɏɜŬɜ ˊɘɞ 

ŬɜɗŮəŰɘəɧ əŬɘ ŬˊɞŭɞŰɘəɧ Ŭɚɔɧɟɘɗɛɞ. ɇɏɚɞɠ, ɖ ŰɏŰŬɟŰɖ ɏəŭɞůɖ ŭŮɜ ˊŮɟɘɚŬɛɓɎɜŮɘ Űɞˊɘəɐ 
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ŰŮɢɜɘəɐ, ŬɚɚɎ ŭɖɛɘɞɡɟɔŮɑ ŭɞəɘɛŬůŰɘəɎ ůɖɛŮɑŬ ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ ɛɘŬ ˊɘɗŬɜɞŰɘəɐ əŬŰŬɜɞɛɐ 

[71].  

ɀɑŬ Ɏɚɚɖ Űɟɞˊɞˊɞɑɖůɖ Űɖɠ ɛŮɗɧŭɞɡ CRS, ˊŬɟɞɡůɘɎɕŮŰŬɘ ůŰɞ Ɏɟɗɟɞ Űɤɜ ɇůɞɨɚɞɡ əŬɘ 

ȿŬɔŬɟɐ (2005) [72] ɧˊɞɡ ˊŬɟɞɡůɘɎɕŮŰŬɘ ɞ Ŭɚɔɧɟɘɗɛɞɠ Genetically Controlled Random 

Search (GCRS). Ƀ Ŭɚɔɧɟɘɗɛɞɠ ŬɡŰɧɠ ůɡɜŭɡɎɕŮɘ Űɖ ɛɏɗɞŭɞ ŮɚŮɔɢɧɛŮɜɖɠ ŰɡɢŬɑŬɠ 

ŬɜŬɕɐŰɖůɖɠ (CRS) ɛŮ Űɖ ɔŮɜŮŰɘəɐ Ůɝɏɚɘɝɖ, ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ Űɖ ɔɟŬɛɛŬŰɘəɐ Ůɝɏɚɘɝɖ ɔɘŬ Űɖ 

ŭɖɛɘɞɡɟɔɑŬ əɩŭɘəŬ ůŮ ɞˊɞɘŬŭɐˊɞŰŮ ɔɚɩůůŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ. Ƀ Ŭɚɔɧɟɘɗɛɞɠ 

ˊŮɟɘɚŬɛɓɎɜŮɘ ŰŬ ɓɐɛŬŰŬ Ŭɟɢɘəɞˊɞɑɖůɖɠ, Űɖ ŭɘŬŭɘəŬůɑŬ Ůɝɏɚɘɝɖɠ ɛŮ ɢɟɐůɖ ɔŮɜŮŰɘəɩɜ 

ɚŮɘŰɞɡɟɔɘɩɜ, Űɖ ɛɏɗɞŭɞ Űɞɡ ŰɞɡɟɜɞɡɎ ɔɘŬ Űɖɜ Ůˊɘɚɞɔɐ ɢɟɤɛɞůɤɛɎŰɤɜ, Űɘɠ ŰŮɢɜɘəɏɠ 

ɛŮŰɎɚɚŬɝɖɠ əŬɘ ɔɟŬɛɛŬŰɘəɐɠ Ůɝɏɚɘɝɖɠ ɔɘŬ Űɖ ŭɖɛɘɞɡɟɔɑŬ ŭɞəɘɛŬůŰɘəɩɜ ůɖɛŮɑɤɜ. ȼ 

ɛɏɗɞŭɞɠ GCRS ůɡɜŭɡɎɕŮɘ Űɖ ɔŮɜŮŰɘəɐ Ůɝɏɚɘɝɖ ɛŮ Űɖɜ ŰɡɢŬɑŬ ŬɜŬɕɐŰɖůɖ ɔɘŬ Űɖɜ ŮɨɟŮůɖ 

Űɞɡ əŬɗɞɚɘəɞɨ ŮɚɎɢɘůŰɞɡ Ůɜɧɠ ˊɞɚɡŭɘɎůŰŬŰɞɡ ɢɩɟɞɡ ůŰɞ ˊɚŬɑůɘɞ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ CRS. ȼ 

ŭɘŬŭɘəŬůɑŬ ɝŮəɘɜɎ ɛŮ Űɖɜ ŰɡɢŬɑŬ ŭɖɛɘɞɡɟɔɑŬ ɛɘŬɠ Ŭɟɢɘəɐɠ ɔŮɜŮɎɠ ůɖɛŮɑɤɜ əŬɘ ůŰɖ 

ůɡɜɏɢŮɘŬ, ŮˊɘəŮɜŰɟɩɜŮŰŬɘ ůŰɖ ɓŮɚŰɘůŰɞˊɞɑɖůɖ Űɤɜ ɚɨůŮɤɜ ɛŮ Űɖ ɢɟɐůɖ ɔŮɜŮŰɘəɩɜ 

ŰŮɢɜɘəɩɜ. ȾŬŰɎ Űɖɜ ŭɘɎɟəŮɘŬ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ, ŮˊɘɚɏɔɞɜŰŬɘ əŬɘ ŮɜɖɛŮɟɩɜɞɜŰŬɘ ŰŬ ůɖɛŮɑŬ 

ˊɞɡ ˊŬɟɞɡůɘɎɕɞɡɜ Űɘɠ ŮɚɎɢɘůŰŮɠ əŬɘ ɛɏɔɘůŰŮɠ Űɘɛɏɠ Űɖɠ ŬɜŰɘəŮɘɛŮɜɘəɐɠ ůɡɜɎɟŰɖůɖɠ. ɆŰɖ 

ůɡɜɏɢŮɘŬ, ˊŬɟɎɔŮŰŬɘ ɏɜŬ ɜɏɞ ŭɞəɘɛŬůŰɘəɧ ůɖɛŮɑɞ əŬɘ ŮűŬɟɛɧɕŮŰŬɘ ɖ ŭɘŬŭɘəŬůɑŬ GRS, ɔɘŬ 

ɜŬ ŮɝŮɟŮɡɜɐůŮɘ Űɞɜ ɢɩɟɞ Űɤɜ ɚɨůŮɤɜ ɔɨɟɤ Ŭˊɧ ŬɡŰɧ. ȼ Ůɝɏɚɘɝɖ Űɤɜ ɔŮɜŮŰɘəɩɜ 

ɢŬɟŬəŰɖɟɘůŰɘəɩɜ ɛŮ ŭɘŬůŰŬɨɟɤůɖ əŬɘ ɛŮŰɎɚɚŬɝɖ ůɡɜŮɘůűɏɟŮɘ ůŰɖ ɓŮɚŰɑɤůɖ Űɤɜ ɚɨůŮɤɜ. 

ɆŮ ˊŮɟɑˊŰɤůɖ ˊɞɡ ɖ ŭɘŬűɞɟɎ ɛŮŰŬɝɨ Űɤɜ ŮɚɎɢɘůŰɤɜ əŬɘ ɛɏɔɘůŰɤɜ Űɘɛɩɜ ŮɑɜŬɘ ˊɞɚɨ ɛɘəɟɐ, 

ɖ ɛɏɗɞŭɞɠ ɛŮŰŬɓŬɑɜŮɘ ůŮ ɏɜŬ ɓɐɛŬ Űɞˊɘəɐɠ ŬɜŬɕɐŰɖůɖɠ ɔɘŬ ɜŬ ŮɝŬůűŬɚɑůŮɘ Űɖɜ ŮɨɟŮůɖ 

Ŭəɟɘɓɞɨɠ Űɞˊɘəɐɠ ŮɚŬɢɑůŰɞɡ. ɆŰɞ Ɏɟɗɟɞ ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ůɡɔəɟɑůŮɘɠ Ŭˊɧŭɞůɖɠ ɛŮ ɎɚɚŮɠ 

ɛŮɗɧŭɞɡɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ, ŮˊɘŭŮɘəɜɨɞɜŰŬɠ Űɖɜ ŬˊɞŰŮɚŮůɛŬŰɘəɧŰɖŰŬ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ [72]. 

 

3.4 ȼ Űɟɞˊɞˊɞɘɖɛɏɜɖ ɛɏɗɞŭɞɠ Controlled Random Search  

ɆŰɘɠ ŰŮɢɜɘəɏɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ɛɏɢɟɘ ůŰɘɔɛɐɠ, ůɡɜɖɗɑɕŮŰŬɘ ɜŬ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɏɜŬɠ 

ˊɟɞəŬɗɞɟɘůɛɏɜɞɠ Ŭɟɘɗɛɧɠ ŮˊŬɜŬɚɐɣŮɤɜ ɤɠ əŬɜɧɜŬɠ ŰŮɟɛŬŰɘůɛɞɨ Űɖɠ ɛŮɗɧŭɞɡ. ȾɎˊɞɘŮɠ 

űɞɟɏɠ ɧɛɤɠ ɞ əŬɜɧɜŬɠ ŬɡŰɧɠ,  ŬˊŬɘŰŮɑ ɛŮɔɎɚɞ Ŭɟɘɗɛɧ əɚɐůŮɤɜ Űɤɜ ůɡɜŬɟŰɐůŮɤɜ. ũɘô ŬɡŰɧ 

Űɞ ɚɧɔɞ ŮɛˊɜŮɡůɛɏɜɞɘ Ŭˊɧ Űɞ Ɏɟɗɟɞ Űɞɡ ɇůɞɨɚɞɡ (2008) [73], ŭɖɛɘɞɡɟɔɐɗɖəŮ ɞ əŬɜɧɜŬɠ 

ŰŮɟɛŬŰɘůɛɞɨ ˊɞɡ ˊŬɟɞɡůɘɎɕŮŰŬɘ Ŭəɞɚɞɨɗɤɠ: 

 



ɆŮ əɎɗŮ ŮˊŬɜɎɚɖɣɖ k, ɡˊɞɚɞɔɑɕŮŰŬɘ ɖ ŭɘŬəɨɛŬɜůɖ s(k) Űɖɠ ˊɞůɧŰɖŰŬɠ Ὢ . 

ȺɎɜ ɖ ŰŮɢɜɘəɐ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ŭŮɜ əŬŰŬűɏɟŮɘ ɜŬ ɓɟŮɘ ɛɘŬ ɜɏŬ ŮəŰɑɛɖůɖ Űɞɡ ɔŮɜɘəɞɨ 

ŮɚŬɢɑůŰɞɡ ɔɘŬ əɎˊɞɘŮɠ ŮˊŬɜŬɚɐɣŮɘɠ, ŰɧŰŮ ŮɑɜŬɘ ˊɘɗŬɜɧ ɜŬ ɏɢŮɘ ŬɜŬəŬɚɡűɗŮɑ Űɞ ɔŮɜɘəɧ 

ŮɚɎɢɘůŰɞ. 

ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ŬɡŰɐ ɞ Ŭɚɔɧɟɘɗɛɞɠ  ˊɟɏˊŮɘ ɜŬ ŰŮɟɛŬŰɘůŰŮɑ. ɃˊɧŰŮ ɞ Ŭɚɔɧɟɘɗɛɞɠ 

ŰŮɟɛŬŰɑɕŮɘ ɧŰŬɜ: 
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Ƀ ɧɟɞɠ Ὧ  ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɖɜ ŰŮɚŮɡŰŬɑŬ ŮˊŬɜɎɚɖɣɖ ɧˊɞɡ ŮɜŰɞˊɑůŰɖəŮ ɏɜŬ ɜɏɞ ɔŮɜɘəɧ 

ŮɚɎɢɘůŰɞ [70]. 

 

ȾŬɗɩɠ ɖ ɛɏɗɞŭɞɠ ɓɟɑůəŮɘ ɛɑŬ ɢŬɛɖɚɧŰŮɟɖ ŮəŰɑɛɖůɖ ɔɘŬ Űɞ ɔŮɜɘəɧ ŮɚɎɢɘůŰɞ ŮɑŰŮ ůŰɖɜ 

ˊŮɟɑˊŰɤůɖ ˊɞɡ Űɞ ɔŮɜɘəɧ ŮɚɎɢɘůŰɞ ɏɢŮɘ ɐŭɖ ɓɟŮɗŮɑ, ɛŮɘɩɜŮŰŬɘ ůɡɜŮɢɩɠ ɛŮ Űɞ ɢɟɧɜɞ. 

ȺˊŮɘŭɐ ɖ ˊɞůɧŰɖŰŬ ŬɡŰɐ ŮɑɜŬɘ ˊɎɜŰŬ ɗŮŰɘəɐ, əŬɗɩɠ ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɖ ŭɘŬűɞɟɎ Űɤɜ Űɘɛɩɜ 

Űɖɠ ŬɜŰɘəŮɘɛŮɜɘəɐɠ ůɡɜɎɟŰɖůɖɠ ɛŮŰŬɝɨ ŭɨɞ ŭɘŬŭɞɢɘəɩɜ ŮəŰɘɛɐůŮɤɜ, ɛˊɞɟŮɑ ɜŬ 

ɢɟɖůɘɛɞˊɞɘɖɗŮɑ ɤɠ ɏɜŬ əɟɘŰɐɟɘɞ ɔɘŬ ɜŬ ŬɜŬɔɜɤɟɑůɞɡɛŮ ˊɧŰŮ ɖ ɛɏɗɞŭɞɠ ˊɟɞůŮɔɔɑɕŮɘ Űɞ 

ŮɚɎɢɘůŰɞ. ȳůɞ ɛɘəɟŬɑɜŮɘ ɖ ŭɘŬűɞɟɎ ŬɡŰɐ, Űɧůɞ ˊɘɞ əɞɜŰɎ ɓɟɘůəɧɛŬůŰŮ ůŰɞ ŮɚɎɢɘůŰɞ Űɖɠ 

ůɡɜɎɟŰɖůɖɠ. ɃˊɧŰŮ, ŬˊɞŰŮɚŮɑ ɛɘŬ əŬɚɐ ɡˊɞɣɐűɘŬ ɚɨůɖ ɔɘŬ ɢɟɐůɖ ůŰŬ əɟɘŰɐɟɘŬ 

ŰŮɟɛŬŰɘůɛɞɨ. ȺɎɜ Űɞ ɔŮɜɘəɧ ŮɚɎɢɘůŰɞ ɏɢŮɘ ɐŭɖ ɓɟŮɗŮɑ, ɖ ɛɏɗɞŭɞɠ ŭŮɜ ŮɑɜŬɘ ˊɚɏɞɜ ůŮ ɗɏůɖ 

ɜŬ ɓɟŮɘ ɛɘŬ ɜɏŬ ŮəŰɑɛɖůɖ əŬɘ ɖ ˊɞůɧŰɖŰŬ ɗŬ ŰŮɑɜŮɘ ˊɟɞɠ Űɞ ɛɖŭɏɜ. ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ŬɡŰɐ 

ɧŰŬɜ ɖ ˊɞůɧŰɖŰŬ ˊɏůŮɘ əɎŰɤ Ŭˊɧ ɏɜŬ əŬŰɩűɚɘ, ɛˊɞɟɞɨɛŮ ɜŬ ŭɘŬəɧɣɞɡɛŮ Űɖɜ ŮəŰɏɚŮůɖ 

Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ. ȼ Űɘɛɐ ˊɞɡ ɛˊɞɟŮɑ ɜŬ ɞɟɘůɗŮɑ ɤɠ əŬŰɩűɚɘ, ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ ɏɜŬ əɚɎůɛŬ 

Űɖɠ Űɘɛɐɠ Űɖɠ s(k) Ŭˊɧ Űɖɜ ŰŮɚŮɡŰŬɑŬ űɞɟɎ ˊɞɡ ɓɟɏɗɖəŮ ɛɘŬ ɜɏŬ ŮəŰɑɛɖůɖ ɔɘŬ Űɞ ɔŮɜɘəɧ 

ŮɚɎɢɘůŰɞ. ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ɧɛɤɠ ˊɞɡ ŮˊɘɗɡɛɞɨɛŮ ɜŬ ŮˊɘŰɟɏɣɞɡɛŮ ůŰɞɜ Ŭɚɔɧɟɘɗɛɞ ɜŬ 

ůɡɜŮɢɑůŮɘ ɔɘŬ ˊɞɚɚɏɠ ɔŮɜɘɏɠ, ŬɡŰɧ Űɞ əɚɎůɛŬ ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ ɛɘəɟɧ (ˊɢ. 0.25). ȺɎɜ ɧɛɤɠ 

ɗɏɚɞɡɛŮ ɜŬ ůŰŬɛŬŰɐůŮɘ ˊɘɞ ɎɛŮůŬ, ɛɑŬ ŮəŰɑɛɖůɖ Űɞɡ əɚɎůɛŬŰɞɠ ɗŬ ɛˊɞɟɞɨůŮ ɜŬ ŮɑɜŬɘ Űɞ 

0.75. ūɡůɘəɎ, ɖ Űɘɛɐ 0,5 ŬˊɞŰŮɚŮɑ ɛɑŬ ůɡɛɓɘɓŬůŰɘəɐ ɚɨůɖ ɛŮŰŬɝɨ Űɤɜ ŭɨɞ ˊɟɞɖɔɞɨɛŮɜɤɜ 

Űɘɛɩɜ [70].  

Ⱥˊɑůɖɠ, ˊɟŬɔɛŬŰɞˊɞɘɐɗɖəŮ Űɟɞˊɞˊɞɑɖůɖ Űɖɠ ɛŮɗɧŭɞɡ ɔɘŬ Űɖ ŭɖɛɘɞɡɟɔɑŬ ˊɘɞ 

ŬˊɞŰŮɚŮůɛŬŰɘəɩɜ ŭɞəɘɛŬůŰɘəɩɜ ůɖɛŮɑɤɜ ɔɘŬ Űɖ ɛɏɗɞŭɞ ŮɚŮɔɢɧɛŮɜɖɠ ŰɡɢŬɑŬɠ ŬɜŬɕɐŰɖůɖɠ. 

ȼ Űɟɞˊɞˊɞɑɖůɖ Űɖɠ ɛŮɗɧŭɞɡ ˊŬɟɞɡůɘɎɕŮŰŬɘ ˊŬɟŬəɎŰɤ [70]:  
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1. ɈˊɞɚɧɔɘůŮ Űɞ əŮɜŰɟɞɥŭɞɨɠ G: 

 

Ὃ В ᾀὝ  

2. ŪɏůŮ: Ὃ Ὃ ᾀ  

3. ɈˊɞɚɧɔɘůŮ ɏɜŬ ŭɞəɘɛŬůŰɘəɧ ůɖɛŮɑɞ ᾀͯ Ὃ ᾀὝ  

 

ȼ Űɟɞˊɞˊɞɑɖůɖ ˊɞɡ Ůɘůɐɢɗɖ ůŰɖ ɛɏɗɞŭɞ ˊɟɞůŬɟɛɧɕŮɘ Űɖ ŭɖɛɘɞɡɟɔɑŬ ŭɞəɘɛŬůŰɘəɩɜ 

ůɖɛŮɑɤɜ ɛŮ ůŰɧɢɞ Űɖ ɓŮɚŰɑɤůɖ Űɖɠ Ŭˊɧŭɞůɖɠ Űɖɠ ɛŮɗɧŭɞɡ ůŮ ˊɟɞɓɚɐɛŬŰŬ 

ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ, ɆɡɔəŮəɟɘɛɏɜŬ, ˊɟɞůŰɑɗŮŰŬɘ ɏɜŬ ŭɘɎɜɡůɛŬ ᾀ  ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ 

ŮɚɎɢɘůŰɞ ůɖɛŮɑɞ, ŮɜɘůɢɨɞɜŰŬɠ ɏŰůɘ Űɖɜ ŭɘŬŭɘəŬůɑŬ ɜŬ ŮůŰɘɎůŮɘ ůŮ ˊŮɟɘɞɢɏɠ ˊɞɡ ˊɘɗŬɜɧɜ 

ˊŮɟɘɏɢɞɡɜ Űɘɠ ˊɟŬɔɛŬŰɘəɏɠ ŮɚɎɢɘůŰŮɠ Űɘɛɏɠ Űɖɠ ůɡɜɎɟŰɖůɖɠ. Ⱥˊɘˊɚɏɞɜ, ɖ ɢɟɐůɖ Ůɜɧɠ 

ŭɞəɘɛŬůŰɘəɞɨ ůɖɛŮɑɞɡ ᾀͯ, ɡˊɞɚɞɔɘůɛɏɜɞ ɛŮ ɓɎůɖ Űɞɜ əŮɜŰɟɞɥŭɧ : G əŬɘ Űɞ ᾀὝ , ɓɞɖɗɎ 

ůŰɖ ŭɖɛɘɞɡɟɔɑŬ ŬˊɞŰŮɚŮůɛŬŰɘəɧŰŮɟɤɜ ŭɞəɘɛŬůŰɘəɩɜ ůɖɛŮɑɤɜ. ȼ Űɟɞˊɞˊɞɑɖůɖ ŬɡŰɐ 

ůŰɞɢŮɨŮɘ ůŰɖ ɔɟɖɔɞɟɧŰŮɟɖ ůɨɔəɚɘůɖ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ əŬɘ ůŰɖɜ ŮɝŮɟŮɨɜɖůɖ Űɞɡ ɢɩɟɞɡ 

ŬɜŬɕɐŰɖůɖɠ ɛŮ ɛŮɔŬɚɨŰŮɟɖ ŬəɟɑɓŮɘŬ.  

                                                                                                                                                                                                                                                                                                                                                                                                                                                                 

3.5 ɄŮɘɟŬɛŬŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ 

 

ɇŬ ˊŮɘɟɎɛŬŰŬ ˊɞɡ ŭɘŮɝɐɢɗɖůŬɜ, ˊɟŬɔɛŬŰɞˊɞɘɐɗɖəŬɜ ŰɟɘɎɜŰŬ űɞɟɏɠ, ɧˊɞɡ əɎɗŮ űɞɟɎ 

ɢɟɖůɘɛɞˊɞɘɐɗɖəŬɜ ŭɘŬűɞɟŮŰɘəɎ seeds ɔɘŬ Űɞɜ ɔŮɜɜɐŰɞɟŬ ŰɡɢŬɑɤɜ Ŭɟɘɗɛɩɜ. ȺɑɜŬɘ 

ůɖɛŬɜŰɘəɧ ɜŬ ŬɜŬűŮɟɗŮɑ ɧŰɘ ɖ ɛɏɗɞŭɞɠ Űɞˊɘəɐɠ ŬɜŬɕɐŰɖůɖɠ çlocalsearch(x)è ˊɞɡ 

ɢɟɖůɘɛɞˊɞɘɐɗɖəŮ ůŰŬ ˊŮɘɟɎɛŬŰŬ, ɐŰŬɜ ɛɘŬ ˊŬɟŬɚɚŬɔɐ Űɞɡ BFGS Űɞɡ Powell [40]. ɆŰŬ 

ˊŮɘɟɎɛŬŰŬ ɛŮŰɟɐɗɖəŬɜ ŭɨɞ Űɘɛɏɠ: ɞ ɟɡɗɛɧɠ Ŭˊɧɟɟɘɣɖɠ ůŰɞ ɓɐɛŬ çNew_PointèəŬɘ 

ůɡɔəŮəɟɘɛɏɜŬ ŰŬ ůɖɛŮɑŬ ˊɞɡ ŭɖɛɘɞɡɟɔɐɗɖəŬɜ ŮəŰɧɠ Űɞɡ ˊŮŭɑɞɡ Űɘɛɩ Űɖɠ ůɡɜɎɟŰɖůɖɠ əŬɘ 

ɞ ɛɏůɞɠ Ŭɟɘɗɛɧɠ əɚɐůŮɤɜ ůɡɜɎɟŰɖůɖɠ ˊɞɡ ŬˊŬɘŰɐɗɖəŬɜ.  

ɇŬ ˊŮɘɟŬɛŬŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ůŰɞɜ ˊɑɜŬəŬ ˊɞɡ ŬəɞɚɞɡɗŮɑ (ɓɚ.: ɄɑɜŬəŬɠ 

5: çɆɡɔəɟɘŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ ŭɘŬűɞɟŮŰɘəɩɜ Ůəŭɞɢɩɜ Űɖɠ CRS ůŮ ɛɘŬ ůŮɘɟɎ Ŭˊɧ 

ůɡɜŬɟŰɐůŮɘɠè). Ʉɘɞ ŬɜŬɚɡŰɘəɎ [70]: 

Á ȼ ůŰɐɚɖ FUNCTION ŬɜŬűɏɟŮŰŬɘ ůŰɞ ɧɜɞɛŬ Űɖɠ ůɡɜɎɟŰɖůɖɠ ůŰɧɢɞɡ.  

Á ȼ ůŰɐɚɖ CRS-R ŬɜŰɘůŰɞɘɢŮɑ ůŰɞɜ ɟɡɗɛɧ Ŭˊɧɟɟɘɣɖɠ ɔɘŬ Űɖ ɛɏɗɞŭɞ CRS. 



Á ȼ ůŰɐɚɖ NEWCRS-R ŮɛűŬɜɑɕŮɘ Űɖɜ ɑŭɘŬ ɛɏŰɟɖůɖ ɔɘŬ Űɖɜ ŰɟɏɢɞɡůŬ ɛɏɗɞŭɞ. 

Á ȼ ůŰɐɚɖ CRS-C ŬɜŬˊŬɟɘůŰɎ Űɞɜ ɛɏůɞ Ŭɟɘɗɛɧ əɚɐůŮɤɜ ůɡɜɎɟŰɖůɖɠ ɔɘŬ Űɖ ɛɏɗɞŭɞ 

CRS.  

Á ȼ ůŰɐɚɖ NEWCRS-C ŬɜŬűɏɟŮŰŬɘ ůŰɞɜ ɛɏůɞ Ŭɟɘɗɛɧ əɚɐůŮɤɜ ůɡɜɎɟŰɖůɖɠ ɔɘŬ Űɖɜ 

ˊɟɞŰŮɘɜɧɛŮɜɖ ɛɏɗɞŭɞ.  

 

ɄɑɜŬəŬɠ 5:ɆɡɔəɟɘŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ ŭɘŬűɞɟŮŰɘəɩɜ Ůəŭɞɢɩɜ Űɖɠ CRS ůŮ ɛɘŬ ůŮɘɟɎ Ŭˊɧ 

ůɡɜŬɟŰɐůŮɘɠ. 

FUNCTION  CRS-R CRS-C NEWCRS-R NEWCRS-C 

BF1 1.37% 2523 0.00% 1689 

BF2 1.33% 2506 0.17% 1569 

BRANIN 16.00% 2014 9.13% 851 

CAMEL 1.67% 2235 0.20% 1487 

EASOM 51.03% 591 11.43% 635 

EXP2 3.03% 1290 0.70% 644 

EXP4 2.67% 4688 0.00% 1302 

EXP8 2.77% 16,453 0.00% 2601 

EXP16 4.00% 47,400 0.00% 5207 

EXP32 7.70% 93,520 0.00% 10,414 

EXP64 18.80% 135,638 0.00% 13,602 

EXP100 38.53% 129,327 0.00% 14,506 

GKLS250 3.87% 1784 0.27% 1684 

GKLS350 6.43% 3881 0.03% 2088 

GOLDSTEIN 3.60% 2154 0.70% 1829 

GRIEWANK2 1.20% 2503 0.03% 2742 

GUILIN550 8.33% 9129 0.00% 25,333 

GUILIN1050 9.63% 30,806 0.00% 10,561 

HANSEN 47.60% 2643 4.03% 1736 

HARTMAN3 9.97% 3009 6.13% 1331 

HARTMAN6 13.37% 13,615 0.00% 6091 

RASTRIGIN 9.17% 2130 1.33% 2986 

ROSENBROCK 0.00% 59,024 0.00% 15,719 
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SHEKEL5 4.73% 8974 0.00% 2967 

SHEKEL7 3.70% 8606 0.00% 3236 

SHEKEL10 2.73% 9264 0.00% 3479 

SINU4 3.90% 6525 0.00% 2889 

SINU8 5.10% 21,561 0.00% 4946 

SINU16 8.43% 62,194 0.00% 9539 

SINU32 14.40% 135,986 0.00% 18,456 

TEST2N4 24.57% 10,198 0.00% 3756 

TEST2N5 34.17% 20,850 0.00% 4806 

TEST2N6 42.50% 43,290 0.00% 6075 

TEST2N7 50.37% 92,658 0.00% 7005 

TEST30N3 24.10% 4011 0.00% 5691 

TEST30N4 27.30% 7432 0.00% 8579 

TOTAL  13.67% 1,000,412 0.86% 208,031 

 

ɆɨɛűɤɜŬ ɛŮ Űɞɜ ˊŬɟŬˊɎɜɤ ˊɑɜŬəŬ, ɜɏŬ ɛɏɗɞŭɞɠ CRS ɏɢŮɘ ɢŬɛɖɚɧŰŮɟɞ ɟɡɗɛɧ Ŭˊɧɟɟɘɣɖɠ 

(0.86% ɏɜŬɜŰɘ 13.67%), ɡˊɞŭɖɚɩɜɞɜŰŬɠ ɧŰɘ ŬˊɞɟɟɑˊŰŮɘ ɚɘɔɧŰŮɟŮɠ ɚɨůŮɘɠ əŬŰɎ Űɖ ŭɘɎɟəŮɘŬ 

Űɖɠ ŮəŰɏɚŮůɐɠ Űɖɠ. ɄŬɟɎɚɚɖɚŬ, ɖ ɜɏŬ ɛɏɗɞŭɞɠ CRS ŮˊɘŰɡɔɢɎɜŮɘ Űɞ ɑŭɘɞ ŮˊɑˊŮŭɞ Ŭˊɧŭɞůɖɠ 

ɛŮ ɛɘəɟɧŰŮɟɞ ůɡɜɞɚɘəɧ Ŭɟɘɗɛɧ əɚɐůŮɤɜ ůɡɜɎɟŰɖůɖɠ (208,031 ɏɜŬɜŰɘ 1,000,412). ȷɡŰɧ 

ɡˊɞŭŮɘəɜɨŮɘ ɧŰɘ ɖ ɜɏŬ ɛɏɗɞŭɞɠ CRS ŮɑɜŬɘ ˊɘɞ ŬˊɞŭɞŰɘəɐ Ŭˊɧ Űɖɜ ˊɟɞɖɔɞɨɛŮɜɖ ɛɏɗɞŭɞ, 

əŬɗɩɠ ˊŬɟɎɔŮɘ ɚɘɔɧŰŮɟŮɠ ŬˊɞɟɟɑɣŮɘɠ əŬɘ ŬˊŬɘŰŮɑ ɚɘɔɧŰŮɟŮɠ əɚɐůŮɘɠ ůɡɜɎɟŰɖůɖɠ ɔɘŬ Űɖɜ 

ŮˊɑŰŮɡɝɖ Űɤɜ ŬˊɞŰŮɚŮůɛɎŰɤɜ. Ʉɘɞ ůɡɔəŮəɟɘɛɏɜŬ: 

¶ ȼ ɛŮɑɤůɖ Űɞɡ ɟɡɗɛɞɨ Ŭˊɧɟɟɘɣɖɠ ɡˊɞŭŮɘəɜɨŮɘ ɧŰɘ ɖ ɜɏŬ ɛɏɗɞŭɞɠ ŮɑɜŬɘ ˊɘɞ 

ŬˊɞŰŮɚŮůɛŬŰɘəɐ ůŰɞɜ Űɟɧˊɞ ˊɞɡ ŮəŰɘɛɎ Űɘɠ ɚɨůŮɘɠ əŬɘ ŬˊɞűŮɨɔŮɘ Űɘɠ ŬˊɞɟɟɑɣŮɘɠ 

ˊɞɡ ɛˊɞɟŮɑ ɜŬ ɞŭɖɔɐůɞɡɜ ůŮ əŬəɐ ůɨɔəɚɘůɖ. 

¶ ȼ ɛŮɑɤůɖ Űɞɡ ɛɏůɞɡ Ŭɟɘɗɛɞɨ əɚɐůŮɤɜ ůɡɜɎɟŰɖůɖɠ ɡˊɞŭŮɘəɜɨŮɘ ɧŰɘ ɖ ɜɏŬ ɛɏɗɞŭɞɠ 

ŮˊɘŰɡɔɢɎɜŮɘ Űɖ ɓɏɚŰɘůŰɖ ɚɨůɖ ɛŮ ɚɘɔɧŰŮɟŮɠ ŬˊŬɘŰɞɨɛŮɜŮɠ ŮəŰŮɚɏůŮɘɠ Űɖɠ 

ŬɜŰɘəŮɘɛŮɜɘəɐɠ ůɡɜɎɟŰɖůɖɠ, ˊɟɎɔɛŬ ˊɞɡ ŮɑɜŬɘ ŮˊɘɗɡɛɖŰɧ ɔɘŬ ɞɘəɞɜɞɛɑŬ ɢɟɧɜɞɡ əŬɘ 

ˊɧɟɤɜ. 

ũŮɜɘəɧŰŮɟŬ, ɖ ɜɏŬ ɛɏɗɞŭɞɠ CRS űŬɑɜŮŰŬɘ ɜŬ ɏɢŮɘ ɓŮɚŰɘɤɗŮɑ ůŮ ůɢɏůɖ ɛŮ Űɖɜ ˊɟɞɖɔɞɨɛŮɜɖ 

ɏəŭɞůɖ, ˊŬɟɏɢɞɜŰŬɠ əŬɚɨŰŮɟɖ Ŭˊɧŭɞůɖ əŬɘ ŬˊɞŰŮɚɏůɛŬŰŬ ɛŮ ɚɘɔɧŰŮɟɖ ɡˊɞɚɞɔɘůŰɘəɐ 

ˊɞɚɡˊɚɞəɧŰɖŰŬ. 



ɇɏɚɞɠ, ˊŬɟɞɡůɘɎɕŮŰŬɘ ɛɘŬ ůŰŬŰɘůŰɘəɐ ůɨɔəɟɘůɖ ɛŮŰŬɝɨ Űɖɠ ɛŮɗɧŭɞɡ CRS əŬɘ Űɖɠ 

ˊɟɞŰŮɘɜɧɛŮɜɖɠ ɛŮɗɧŭɞɡ, ɧˊɤɠ űŬɑɜŮŰŬɘ ůŰɖɜ Ŭəɧɚɞɡɗɖ ŮɘəɧɜŬ: 

 

 

 

 

 

ɆɨɛűɤɜŬ ɛŮ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ, ɖ ɜɏŬ ɛɏɗɞŭɞɠ ůɢŮŭɧɜ ŮɝŬűŬɜɑɕŮɘ Űɞɜ ɟɡɗɛɧ Ŭˊɧɟɟɘɣɖɠ ůŮ 

əɎɗŮ ůɡɜŬɟŰɖůɘŬəɐ ŭɞəɘɛɐ. ȷɡŰɧ ŮɑɜŬɘ ɛɑŬ ŬˊɧŭŮɘɝɖ ɧŰɘ ɞ ɜɏɞɠ ɛɖɢŬɜɘůɛɧɠ ˊɞɡ 

ˊɟɞŰŮɑɜŮŰŬɘ ɔɘŬ Űɖ ŭɖɛɘɞɡɟɔɑŬ ɜɏɞɡ ůɖɛŮɑɞɡ ŮɑɜŬɘ ˊɘɞ Ŭəɟɘɓɐɠ Ŭˊɧ Űɞɜ ˊŬɟŬŭɞůɘŬəɧ 

Űɟɧˊɞ. Ⱥˊɑůɖɠ, ɖ ɜɏŬ ɛɏɗɞŭɞɠ ŬˊŬɘŰŮɑ ɚɘɔɧŰŮɟŮɠ əɚɐůŮɘɠ ůɡɜɎɟŰɖůɖɠ Ŭˊɧ Űɖɜ CRS ɛɏɗɞŭɞ 

əŬɘ ŬɡŰɧ ŬˊŮɘəɞɜɑɕŮŰŬɘ Ŭˊɧ Űɘɠ ŬɜŰɑůŰɞɘɢŮɠ ůŰɐɚŮɠ əŬɘ Űɖ ůŰŬŰɘůŰɘəɐ ůɨɔəɟɘůɖ. ȸɏɓŬɘŬ, 

ŬɡŰɧ ŬˊŮɘəɞɜɑɕŮŰŬɘ əŬɘ ůŰɖɜ Ŭəɧɚɞɡɗɖ ŮɘəɧɜŬ [70]: 

 

 

ɆŮ ˊɘɞ ŬˊŬɘŰɖŰɘəɎ ˊɟɞɓɚɐɛŬŰŬ, ɖ ˊɟɞŰŮɘɜɧɛŮɜɖ ɛɏɗɞŭɞɠ űŬɑɜŮŰŬɘ ɜŬ ŮˊɘŰɡɔɢɎɜŮɘ Űɞɜ 

ůŰɧɢɞ ɛŮ ɚɘɔɧŰŮɟŮɠ ŬˊŬɘŰɞɨɛŮɜŮɠ əɚɐůŮɘɠ ůɡɜɎɟŰɖůɖɠ ůŮ ůɨɔəɟɘůɖ ɛŮ Űɖɜ Ŭɟɢɘəɐ. Ƀ 

ůɡɜŭɡŬůɛɧɠ Űɞɡ əŬɜɧɜŬ ŰŮɟɛŬŰɘůɛɞɨ ɛŮ Űɖ ɓŮɚŰɘɤɛɏɜɖ ŰŮɢɜɘəɐ ŭɖɛɘɞɡɟɔɑŬɠ ɜɏɞɡ ůɖɛŮɑɞɡ 
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ɞŭɖɔŮɑ ůŮ ˊɘɞ ɔɟɐɔɞɟɞ əŬɘ Ŭəɟɘɓɏɠ ŰŮɟɛŬŰɘůɛɧ Űɖɠ ɛŮɗɧŭɞɡ, ŮˊɘŰɟɏˊɞɜŰɎɠ Űɖɠ ɜŬ 

ŮˊɘŰɡɔɢɎɜŮɘ əŬɚɨŰŮɟɖ Ŭˊɧŭɞůɖ. 

ȺˊɘˊɟɧůɗŮŰŬ, ɛŮŰɟɐɗɖəŮ ɞ ɢɟɧɜɞɠ ŮəŰɏɚŮůɖɠ ɔɘŬ əɎɗŮ ůɡɜŬɟŰɖůɘŬəɐ ŭɞəɘɛɐ əŬɘ 

əŬŰŬɢɤɟɐɗɖəŬɜ ůŰɞɜ Ŭəɧɚɞɡɗɞ ˊɑɜŬəŬ: ɄɑɜŬəŬɠ 6: çɉɟɞɜɘəɏɠ ůɡɔəɟɑůŮɘɠè  [70]: 

 

ɄɑɜŬəŬɠ 6:ɉɟɞɜɘəɏɠ ůɡɔəɟɑůŮɘɠ 

FUNCTION  CRS-TIME  NEWCRS-TIME  DIFF 

BF1 0.168 0.154 8.33% 

BF2 0.180 0.154 14.44% 

BRANIN 0.209 0.138 33.97% 

CAMEL 0.165 0.141 14.55% 

EASOM 0.165 0.151 8.48% 

EXP2 0.165 0.143 13.33% 

EXP4 0.228 0.152 33.33% 

EXP8 0.629 0.187 70.27% 

EXP16 3.142 0.299 90.48% 

EXP32 14.364 1.082 92.47% 

EXP64 60.861 3.932 93.54% 

EXP100 144.794 9.386 93.52% 

GKLS250 0.592 0.593 -0.17% 

GKLS350 0.658 0.599 8.97% 

GOLDSTEIN 0.191 0.163 14.66% 

GRIEWANK2 0.174 0.166 4.60% 

GUILIN550 0.475 0.529 -11.37% 

GUILIN1050 1.524 0.453 70.28% 

HANSEN 0.217 0.292 -34.56% 

HARTMAN3 0.21 0.163 22.38% 

HARTMAN6 0.514 0.262 49.03% 

RASTRIGIN 0.168 0.16 4.76% 

ROSENBROCK 5.31 0.584 89.00% 

SHEKEL5 0.321 0.203 36.76% 

SHEKEL7 0.302 0.218 27.81% 



SHEKEL10 0.325 0.271 16.62% 

SINU4 0.283 0.206 27.21% 

SINU8 0.897 0.369 58.86% 

SINU16 4.775 1.448 69.68% 

SINU32 24.413 8.999 63.14% 

TEST2N4 0.389 0.19 51.16% 

TEST2N5 0.733 0.209 71.49% 

TEST2N6 1.714 0.256 85.06% 

TEST2N7 4.326 0.264 93.90% 

TEST30N3 0.222 0.203 8.56% 

TEST30N4 0.324 0.239 26.23% 

TOTAL  274.127 32.958 87.98% 

 

ɆɡɔəŮəɟɘɛɏɜŬ: 

Á ȼ ůŰɐɚɖ CRS-TIME ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɞɜ ɛɏůɞ ɢɟɧɜɞ ŮəŰɏɚŮůɖɠ Űɖɠ Ŭɟɢɘəɐɠ 

ɛŮɗɧŭɞɡ CRS. 

Á ȼ ůŰɐɚɖ NEWCRS-TIME ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɞɜ ɛɏůɞ ɢɟɧɜɞ ŮəŰɏɚŮůɖɠ Űɖɠ 

ˊɟɞŰŮɘɜɧɛŮɜɖɠ ɛŮɗɧŭɞɡ.  

Á ȼ ůŰɐɚɖ DIFF ŮɑɜŬɘ ɞ ɡˊɞɚɞɔɘůɛɏɜɞɠ ˊɞůɞůŰɘŬɑɞɠ ŭɘŬűɞɟɎ ɛŮŰŬɝɨ Űɤɜ 

ˊɟɞŬɜŬűŮɟɗɏɜŰɤɜ ůŰɖɚɩɜ. 

 

ȳˊɤɠ ɔɑɜŮŰŬɘ ŬɜŰɘɚɖˊŰɧ, ɖ ˊɟɞŰŮɘɜɧɛŮɜɖ ɛɏɗɞŭɞɠ ŬˊŬɘŰŮɑ ɛɘəɟɧŰŮɟɞ ɢɟɧɜɞ ŮəŰɏɚŮůɖɠ ůŮ 

ůɨɔəɟɘůɖ ɛŮ Űɖɜ Ŭɟɢɘəɐ ɛɏɗɞŭɞ, Ůɜɩ ɖ ɛŮɔɎɚɖ ŭɘŬűɞɟɎ Űɞɡɠ űŬɑɜŮŰŬɘ ůŰŬ ɛŮɔɎɚŬ 

ˊɟɞɓɚɐɛŬŰŬ. ɆŰɖɜ Ŭəɧɚɞɡɗɖ ŮɘəɧɜŬ, ˊŬɟɞɡůɘɎɕŮŰŬɘ ɔɟŬűɘəɎ ɞ ɛɏůɞɠ ɢɟɧɜɞɠ ŮəŰɏɚŮůɖɠ 

Űɤɜ ŭɨɞ ɛŮɗɧŭɤɜ ɔɘŬ Űɞ ˊɟɧɓɚɖɛŬ EXP ɔɘŬ ŭɘɎűɞɟɞ Ŭɟɘɗɛɧ ŭɘŬůŰɎůŮɤɜ [70]. 
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4. ȼ ȹȽȷūɃɅȽȾȼ ȺɂȺȿȽȾɇȽȾȼ ɀȺŪɃȹɃɆ  

4.1 ȸŬůɘəɏɠ Ŭɟɢɏɠ  

Ƀ Ŭɚɔɧɟɘɗɛɞɠ çDifferential Evolutionè (ȹɘŬűɞɟɘəɐɠ Ⱥɝɏɚɘɝɖɠ) ŮɑɜŬɘ ɏɜŬɠ Ŭɚɔɧɟɘɗɛɞɠ 

ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ˊɞɡ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɔɘŬ Űɖɜ Ůˊɑɚɡůɖ ˊɟɞɓɚɖɛɎŰɤɜ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ. 

ȹɖɛɘɞɡɟɔɐɗɖəŮ Ŭˊɧ Űɞɡɠ Rainer Storn əŬɘ Kenneth Price Űɞ 1995 [74]. Ƀ Kenneth V. 

Price, ŮɑɜŬɘ əŬɗɖɔɖŰɐɠ ůŰɞ Department of Electrical and Computer Engineering ůŰɞ 

Montana State University. ȺɑɜŬɘ ɔɜɤůŰɧɠ ɔɘŬ Űɖɜ ɏɟŮɡɜɎ Űɞɡ ůŰɞɜ ŰɞɛɏŬ Űɖɠ ŮɝŮɚɘəŰɘəɐɠ 

ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ əŬɘ ɏɜŬɠ Ŭˊɧ Űɞɡɠ ˊɟɤŰɞˊɧɟɞɡɠ ˊɞɡ ŬɜɏˊŰɡɝŬɜ Űɞɜ Ŭɚɔɧɟɘɗɛɞ DE. 

ɆɡɜŮɟɔɎůŰɖəŮ ɛŮ Űɞɜ Rainer Storn, ɏɜŬɠ Ŭˊɧ Űɞɡɠ ůɖɛŬɜŰɘəɧŰŮɟɞɡɠ ŮɟŮɡɜɖŰɏɠ ůŰɞɜ ŰɞɛɏŬ 

Űɖɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ əŬɘ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ DȺ, ɞ ɞˊɞɑɞɠ ůɡɜɏɓŬɚŮ ůɖɛŬɜŰɘəɎ ůŰɖ ŭɘɎŭɞůɖ 

əŬɘ Űɖɜ ŮűŬɟɛɞɔɐ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ ůŮ ŭɘɎűɞɟɞɡɠ ŰɞɛŮɑɠ. ȾŬɘ ɞɘ ŭɨɞ ŮˊɘůŰɐɛɞɜŮɠ, ɏɢɞɡɜ 

ůɡɔɔɟɎɣŮɘ ˊɞɚɚɏɠ ŮˊɘůŰɖɛɞɜɘəɏɠ ŮɟɔŬůɑŮɠ  ˊɞɡ ŬůɢɞɚɞɨɜŰŬɘ ɛŮ Űɖ ɓŮɚŰɘůŰɞˊɞɑɖůɖ əŬɘ 

Űɞɡɠ Ŭɚɔɞɟɑɗɛɞɡɠ Ůɝɏɚɘɝɖɠ [75,76,77,78]. 

Ƀ Ŭɚɔɧɟɘɗɛɞɠ Differential Evolution (DE) ŬɜɐəŮɘ ůŰɖɜ əŬŰɖɔɞɟɑŬ Űɤɜ ŮɝŮɟŮɡɜɖŰɘəɩɜ 

Ŭɚɔɞɟɑɗɛɤɜ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ. ȿŮɘŰɞɡɟɔŮɑ ɓŬůɘɕɧɛŮɜɞɠ ůŮ ɏɜŬɜ ˊɚɖɗɡůɛɧ ŬŰɧɛɤɜ 

(ŭɘŬɜɡůɛɎŰɤɜ) əŬɘ ɞ ůŰɧɢɞɠ Űɞɡ ŮɑɜŬɘ ɜŬ ɓɟŮɘ Űɞɜ ůɡɜŭɡŬůɛɧ ˊŬɟŬɛɏŰɟɤɜ ˊɞɡ 

ŮɚŬɢɘůŰɞˊɞɘŮɑ ɛɘŬ ůɡɜɎɟŰɖůɖ əɧůŰɞɡɠ ɐ ɛɑŬ ŬɜŰɘəŮɘɛŮɜɘəɐ ůɡɜɎɟŰɖůɖ. Ƀ Ŭɚɔɧɟɘɗɛɞɠ DE, 

ɓŬůɑɕŮŰŬɘ ůŮ ɞɟɘůɛɏɜŮɠ ɓŬůɘəɏɠ Ŭɟɢɏɠ əŬɘ ŭɘŬŭɘəŬůɑŮɠ. ȷəɞɚɞɨɗɤɠ ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ɞɘ 

ɓŬůɘəɏɠ Ŭɟɢɏɠ Űɖɠ ɛŮɗɧŭɞɡ: 

ȹɖɛɘɞɡɟɔɑŬ Ʉɚɖɗɡůɛɞɨ: 

- ɃɟɑɕŮŰŬɘ ɞ Ŭɟɢɘəɧɠ ˊɚɖɗɡůɛɧɠ Űɤɜ ɚɨůŮɤɜ ˊɞɡ ɚɏɔŮŰŬɘ P. 

- ȾɎɗŮ ɚɨůɖ ŬɜŬˊŬɟɑůŰŬŰŬɘ Ŭˊɧ ɏɜŬ ŭɘɎɜɡůɛŬ Ŭɟɘɗɛɩɜ. 

Ɉˊɞɚɞɔɘůɛɧɠ ȾɧůŰɞɡɠ: 

- ũɘŬ əɎɗŮ ɚɨůɖ ůŰɞɜ ˊɚɖɗɡůɛɧ P, ɡˊɞɚɞɔɑɕŮŰŬɘ Űɞ əɧůŰɞɠ, ŭɖɚŬŭɐ ɛɘŬ ŬɟɘɗɛɖŰɘəɐ 

Űɘɛɐ ˊɞɡ ˊŮɟɘɔɟɎűŮɘ Űɖɜ Ŭˊɧŭɞůɖ Űɖɠ ɚɨůɖɠ. 

ȹɘŬűɞɟɘəɐ ɀŮŰɎɚɚŬɝɖ (Mutation): 

- ȺˊɘɚɏɔɞɜŰŬɘ ŰɟɑŬ ŰɡɢŬɑŬ ɎŰɞɛŬ Ŭˊɧ Űɞɜ ˊɚɖɗɡůɛɧ P. 



- ɈˊɞɚɞɔɑɕŮŰŬɘ ɖ ŭɘŬűɞɟɎ ɛŮŰŬɝɨ Űɤɜ ˊɟɞŰɨˊɤɜ əŬɘ Űɤɜ Ɏɚɚɤɜ ŭɨɞ ŬŰɧɛɤɜ ɔɘŬ 

əɎɗŮ ˊŬɟɎɛŮŰɟɞ Űɞɡ ŭɘŬɜɨůɛŬŰɞɠ 

- ȼ ŭɘŬűɞɟɎ ɔɘŬ əɎɗŮ ˊŬɟɎɛŮŰɟɞ ˊɞɚɚŬˊɚŬůɘɎɕŮŰŬɘ ɛŮ ɏɜŬɜ Ŭɟɘɗɛɧ ˊɞɡ ɚɏɔŮŰŬɘ F 

(ůɡɜŰŮɚŮůŰɐɠ əɚɘɛɎəɤůɖɠ). 

- ɇɞ ŬˊɞŰɏɚŮůɛŬ ŬɡŰɩɜ Űɤɜ ˊɞɚɚŬˊɚŬůɘŬůɛɩɜ ŭɖɛɘɞɡɟɔŮɑ ɏɜŬ ɜɏɞ ŭɘɎɜɡůɛŬ ˊɞɡ 

ɚɏɔŮŰŬɘ  V (ɔɘŬ ɜɏŬ ɚɨůɖ). 

ȹɘŬůŰŬɡɟɤɛɏɜɞɠ ȰɚŮɔɢɞɠ (Crossover): 

- ɆɡɔəɟɑɜŮŰŬɘ əɎɗŮ ůŰɞɘɢŮɑɞ Űɞɡ ŭɘŬɜɨůɛŬŰɞɠ V, ɛŮ Űɞ ŬɜŰɑůŰɞɘɢɞ ůŰɞɘɢŮɑɞ Űɞɡ 

Ŭɟɢɘəɞɨ ŭɘŬɜɨůɛŬŰɞɠ Űɞɡ ůŰɧɢɞɡ. 

- ȷɜ Űɞ ůŰɞɘɢŮɑɞ Űɞɡ V ŮɑɜŬɘ əŬɚɨŰŮɟɞ Ŭˊɧ Űɞ ŬɜŰɑůŰɞɘɢɞ ůŰɞɘɢŮɑɞ Űɞɡ ůŰɧɢɞɡ, ŰɧŰŮ 

ŬˊɞɗɖəŮɨŮŰŮ, Ŭɚɚɘɩɠ ŬɜŰɘəŬɗɑůŰŬŰŬɘ ɛŮ Űɞ ůŰɞɘɢŮɑɞ Űɞɡ ůŰɧɢɞɡ. 

Ⱥˊɘɚɞɔɐ: 

- ɆɡɔəɟɑɜŮŰŬɘ ɖ ɜɏŬ ɚɨůɖ V ɛŮ Űɖɜ ˊŬɚɘɎ ɚɨůɖ ůŰɞɜ ˊɚɖɗɡůɛɧ. 

- ȷɜ ɖ V ŮɑɜŬɘ əŬɚɨŰŮɟɖ Ŭˊɧ Űɖɜ ˊŬɚɘɎ ɚɨůɖ, ŰɧŰŮ ŬɜŰɘəŬɗɑůŰŬŰŬɘ ɖ ˊŬɚɘɎ ɚɨůɖ ɛŮ 

Űɖɜ V. 

- ȺˊŬɜŬɚŬɛɓɎɜŮŰŬɘ ŬɡŰɐ ɖ ŭɘŬŭɘəŬůɑŬ ɔɘŬ ˊɞɚɚɏɠ ŮˊŬɜŬɚɐɣŮɘɠ ɐ ɔɘŬ əɎˊɞɘɞ 

əɟɘŰɐɟɘɞ ůŰŬɗŮɟɞɨ ůɖɛŮɑɞɡ [79]. 

ȷɡŰɏɠ ɞɘ Ŭɟɢɏɠ ŮˊɘŰɟɏˊɞɡɜ ůŰɞɜ Ŭɚɔɧɟɘɗɛɞ DE ɜŬ ɓŮɚŰɘůŰɞˊɞɘŮɑ ŬɟɘɗɛɖŰɘəɏɠ ůɡɜŬɟŰɐůŮɘɠ 

əɧůŰɞɡɠ ŮɨɟŮůɖɠ Űɖɠ ɓɏɚŰɘůŰɖɠ ɚɨůɖɠ. 

Ƀ DE ŮɑɜŬɘ ɘŭɘŬɑŰŮɟŬ ŬˊɞŰŮɚŮůɛŬŰɘəɧɠ ůŮ ˊɟɞɓɚɐɛŬŰŬ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ɧˊɞɡ ɞ ɢɩɟɞɠ 

ŬɜŬɕɐŰɖůɖɠ ŮɑɜŬɘ ɛɖ ɔɟŬɛɛɘəɧɠ əŬɘ ŭŮɜ ɡˊɎɟɢɞɡɜ əŬɜɧɜŮɠ ˊɞɡ ɜŬ ɞŭɖɔɞɨɜ ůŮ ŬɜŬɚɡŰɘəɏɠ 

ɚɨůŮɘɠ. Ɇɡɜɐɗɤɠ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ůŮ ˊɟɞɓɚɐɛŬŰŬ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ɧˊɞɡ ɖ ůɡɜɎɟŰɖůɖ 

əɧůŰɞɡɠ ŭŮɜ ŮɑɜŬɘ ŭɘŬűɞɟɑůɘɛɖ ɐ ŭɘŬəɟɘŰɘəɐ. ȰɢŮɘ ŮűŬɟɛɞůŰŮɑ ɛŮ ŮˊɘŰɡɢɑŬ ůŮ ˊɞɚɚɞɨɠ 

ŰɞɛŮɑɠ, ůɡɛˊŮɟɘɚŬɛɓŬɜɞɛɏɜɖɠ Űɖɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ˊŬɟŬɛɏŰɟɤɜ ɛɖɢŬɜɘəɐɠ ɛɎɗɖůɖɠ əŬɘ 

ɜŮɡɟɤɜɘəɩɜ ŭɘəŰɨɤɜ [76,70,81], əŬɗɩɠ əŬɘ ůŮ ɓɘɞɚɞɔɘəɏɠ [82,83,84] əŬɘ ɞɘəɞɜɞɛɘəɏɠ 

ŮűŬɟɛɞɔɏɠ [85, 86]. 
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4.2  Ƀ Ŭɚɔɧɟɘɗɛɞɠ DE  

Ƀ ɓŬůɘəɧɠ Ŭɚɔɧɟɘɗɛɞɠ Űɖɠ ȹɘŬűɞɟɘəɐɠ Ⱥɝɏɚɘɝɖɠ (DE) ŬəɞɚɞɡɗŮɑ ŰŬ ˊŬɟŬəɎŰɤ ɓɐɛŬŰŬ 

[40]: 

1. ȳɟɘůŮ Űɞ ɛɏɔŮɗɞɠ Űɞɡ ˊɚɖɗɡůɛɞɨ NP Ó 4, ůɡɜɐɗɤɠ NP = 10n, ɧˊɞɡ Űɞ n ŮɑɜŬɘ ɖ 

ŭɘɎůŰŬůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ Ůɘůɧŭɞɡ. 

2. ȳɟɘůŮ Űɖɜ ˊɘɗŬɜɧŰɖŰŬ ŭɘŬůŰŬɨɟɤůɖɠ CR ůŰɞ ŭɘɎůŰɖɛŬ [0, 1]. ɀɘŬ Űɡˊɘəɐ Űɘɛɐ ɔɘŬ 

ŬɡŰɐɜ Űɖɜ ˊŬɟɎɛŮŰɟɞ ŮɑɜŬɘ 0,9. 

3. ȳɟɘůŮ Űɞ ɓɎɟɞɠ ŭɘŬűɞɟɘəɐɠ ɛŮŰɎɚɚŬɝɖɠ F ůŰɞ ŭɘɎůŰɖɛŬ [0, 2]. ɀɘŬ Űɡˊɘəɐ Űɘɛɐ 

ɔɘŬ ŬɡŰɐɜ Űɖɜ ˊŬɟɎɛŮŰɟɞ ŮɑɜŬɘ 0,8. 

4. ȷɟɢɘəɞˊɞɑɖůɖ ɧɚɤɜ Űɤɜ ɛŮɚɩɜ Űɞɡ ˊɚɖɗɡůɛɞɨ ůŰɞɜ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ. ɇŬ ɛɏɚɖ 

Űɞɡ ˊɚɖɗɡůɛɞɨ ɞɜɞɛɎɕɞɜŰŬɘ çˊɟɎəŰɞɟŮɠè. 

5. ȺˊŬɜɎɚŬɓŮ ŰŬ ŬəɧɚɞɡɗŬ ɓɐɛŬŰŬ ɛɏɢɟɘ ɜŬ ŮəˊɚɖɟɤɗŮɑ ɏɜŬ əɟɘŰɐɟɘɞ 

ůŰŬɛŬŰɐɛŬŰɞɠ: 

(a) ũɘŬ i = 1 . . . NP, əɎɜŮ ŰŬ ŬəɧɚɞɡɗŬ: 

i. ȳɟɘůŮ Űɞ x ɤɠ Űɞɜ ˊɟɎəŰɞɟŬ i. 

ii. ȺˊɏɚŮɝŮ ŰɡɢŬɑŬ ŰɟŮɘɠ ˊɟɎəŰɞɟŮɠ a, b, c. 

iii. ȺˊɏɚŮɝŮ ɏɜŬ ŰɡɢŬɑɞ ŭŮɑəŰɖ R Ŭˊɧ Űɞ ůɨɜɞɚɞ {1,.., n}, ɧˊɞɡ n ŮɑɜŬɘ ɖ 

ŭɘɎůŰŬůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ. 

iv. ɈˊɞɚɧɔɘůŮ Űɞ ŭɘɎɜɡůɛŬ ŭɞəɘɛɐɠ ώ ώȟώȟȢȢȢȟώ  ɤɠ Ůɝɐɠ: 

v. ũɘŬ j = 1,én  əɎɜŮ ŰŬ ŬəɧɚɞɡɗŬ: 

A. ȳɟɘůŮ ɏɜŬ ŰɡɢŬɑɞ Ŭɟɘɗɛɧ ὶ ůŰɞ ŭɘɎůŰɖɛŬ [0, 1]. 

B. ȷɜ ὶ< CR ɐ j = R, ŰɧŰŮ ώ ‌ Ὂ ὦ ὧ   Ŭɚɚɘɩɠ ώ ὼ 

vi. ȺɎɜ ɖ Űɘɛɐ Űɖɠ ůɡɜɎɟŰɖůɖɠ Ὢώ Ὢὼ ŰɧŰŮ ɗɏůŮ  x = y. 

vii. ɇɏɚɞɠ ŮˊŬɜɎɚɖɣɖɠ 

     (b)ɇɏɚɞɠ ŮˊŬɜɎɚɖɣɖɠ 



6. ȺˊɏůŰɟŮɣŮ Űɞɜ ˊɟɎəŰɞɟŬ ˊɞɡ ɏɢŮɘ Űɞ ɢŬɛɖɚɧŰŮɟɞ əɧůŰɞɠ Ὢὼ  ůŰɞɜ 

ˊɚɖɗɡůɛɧ,          ɤɠ Űɖ ɓɏɚŰɘůŰɖ ɚɨůɖ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ. 

 

4.3 ɄɟɞŰŮɘɜɧɛŮɜŮɠ ŭɘŬűɞɟɞˊɞɘɐůŮɘɠ  

O Ŭɚɔɧɟɘɗɛɞɠ DE ŰŮɟɛŬŰɑɕŮŰŬɘ ɧŰŬɜ ŮˊɘŰɡɔɢɎɜŮŰŬɘ ɏɜŬ ˊɟɞəŬɗɞɟɘůɛɏɜɞ Ŭɟɘɗɛɧ 

ŮˊŬɜŬɚɐɣŮɤɜ. ȷɡŰɧ ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ ŮɝŬɘɟŮŰɘəɎ ŬɜŮˊŬɟəɏɠ ůŮ ɞɟɘůɛɏɜŬ ˊɟɞɓɚɐɛŬŰŬ, Ůɜɩ 

ůŮ ɎɚɚŬ ɛˊɞɟŮɑ ɜŬ ɞŭɖɔɐůŮɘ ůŮ ˊɟɧɤɟɞ ŰŮɟɛŬŰɘůɛɧ. ȹɖɚŬŭɐ, ůŰɞɜ ŰŮɟɛŬŰɘůɛɧ ˊɟɘɜ ɓɟŮɗŮɑ 

Űɞ ůɡɜɞɚɘəɧ ŮɚɎɢɘůŰɞ. ɆŰɞ ɏɟɔɞ Űɞɡ Ali  əŬɘ Űɞɡ Tºrn [87] , ˊɟɞŰŮɑɜŮŰŬɘ ɏɜŬ ŭɘŬűɞɟŮŰɘəɧ 

əɟɘŰɐɟɘɞ ŰŮɟɛŬŰɘůɛɞɨ, ŭɖɚŬŭɐ ɜŬ ŰŮɟɛŬŰɑɕŮŰŬɘ ɧŰŬɜ ɘůɢɨŮɘ ɖ ůɢɏůɖ: 

Ὢ  Ὢ ‭   (4.1) 

ɧˊɞɡ: 

- Ὢ ȡ ŬɜŬűɏɟŮŰŬɘ ůŰɖɜ Űɘɛɐ Űɖɠ ůɡɜɎɟŰɖůɖɠ əɧůŰɞɡɠ Űɞɡ ɢŮɘɟɧŰŮɟɞɡ ŬŰɧɛɞɡ ůŰɞɜ 

ˊɚɖɗɡůɛɧ 

- Ὢ ȡ ŬɜŬűɏɟŮŰŬɘ ůŰɖɜ Űɘɛɐ Űɖɠ ůɡɜɎɟŰɖůɖɠ əɧůŰɞɡɠ Űɞɡ əŬɚɨŰŮɟɞɡ ŬŰɧɛɞɡ ůŰɞɜ 

ˊɚɖɗɡůɛɧ.   

- ɖ ˊŬɟɎɛŮŰɟɞɠ ⱦ : ŮɑɜŬɘ ɏɜŬɠ ɛɘəɟɧɠ ɗŮŰɘəɧɠ Ŭɟɘɗɛɧɠ ˊɞɡ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɔɘŬ Űɖɜ 

ˊɟɞůɏɔɔɘůɖ Űɖɠ ŬɚɚŬɔɐɠ ůŰɖ ɛɏůɖ Űɘɛɐ Űɖɠ ůɡɜɎɟŰɖůɖɠ əɧůŰɞɡɠ ˊɞɡ ɢɟŮɘɎɕŮŰŬɘ 

ɔɘŬ ɜŬ ŬˊɞűŬůɑůɞɡɛŮ Ŭɜ ɞ Ŭɚɔɧɟɘɗɛɞɠ ˊɟɏˊŮɘ ɜŬ ŰŮɟɛŬŰɘůŰŮɑ. 

ɆŰɞ ˊɟɞŰŮɘɜɧɛŮɜɞ əɟɘŰɐɟɘɞ ŰŮɟɛŬŰɘůɛɞɨ, ɡˊɞɚɞɔɑɕŮŰŬɘ ɖ ɛɏůɖ Űɘɛɐ Űɖɠ ůɡɜɎɟŰɖůɖɠ 

əɧůŰɞɡɠ Űɞɡ ˊɚɖɗɡůɛɞɨ ůŮ əɎɗŮ ŮˊŬɜɎɚɖɣɖ. ȺɎɜ ŬɡŰɐ ɖ Űɘɛɐ ŭŮɜ ŬɚɚɎɕŮɘ ůɖɛŬɜŰɘəɎ ɔɘŬ 

ɏɜŬɜ ŮˊŬɜŬɚŬɛɓŬɜɧɛŮɜɞ Ŭɟɘɗɛɧ ŮˊŬɜŬɚɐɣŮɤɜ, ŰɧŰŮ ɞ Ŭɚɔɧɟɘɗɛɞɠ ŮɜŭɏɢŮŰŬɘ ɜŬ ɛɖɜ 

ŬɜŬəŬɚɨɣŮɘ ɏɜŬ ɜɏɞ ɔŮɜɘəɧ ŮɚɎɢɘůŰɞ əŬɘ ɜŬ ŰŮɟɛŬŰɑůŮɘ.  ɆɡɜŮˊɩɠ, ůŮ əɎɗŮ ɔŮɜɘɎ t, 

ɛŮŰɟɘɏŰŬɘ ɖ ˊɞůɧŰɖŰŬ Ŭˊɧ Űɖ ůɢɏůɖ [40]: 

‏ В Ὢ В Ὢ   (4.2) 

ɛŮ əŬɜɧɜŬ ŰŮɟɛŬŰɘůɛɞɨ ˊɞɡ ɞɟɑɕŮŰŬɘ: ‏  ɴ, ɔɘŬ ɏɜŬɜ ˊɟɞəŬɗɞɟɘůɛɏɜɞ Ŭɟɘɗɛɧ ɔŮɜŮɩɜ 

ɀ. 

ɇɞ ŭɘŬűɞɟɘəɧ ɓɎɟɞɠ ˊɞɡ ˊɟɞŰɎɗɖəŮ ŬɟɢɘəɎ ůŰɞɜ Ŭɚɔɧɟɘɗɛɞ DE ɐŰŬɜ ɛɘŬ ůŰŬŰɘəɐ Űɘɛɐ, 

ˊɟɎɔɛŬ ˊɞɡ ůɖɛŬɑɜŮɘ ɧŰɘ ŬˊŬɘŰŮɑŰŬɘ əɎˊɞɘŬ ɟɨɗɛɘůɖ ɔɘŬ ɜŬ ɓɟŮɘ Űɞ ɔŮɜɘəɧ ŮɚɎɢɘůŰɞ ůŮ 
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əɎɗŮ ůɡɜɎɟŰɖůɖ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ. Ƀ Ali ə.Ɏ. [87] ˊɟɧŰŮɘɜŬɜ ɏɜŬɜ ɛɖɢŬɜɘůɛɧ 

ˊɟɞůŬɟɛɞɔɐɠ ɔɘô ŬɡŰɐɜ Űɖɜ ˊŬɟɎɛŮŰɟɞ, ɏŰůɘ ɩůŰŮ ɞ Ŭɚɔɧɟɘɗɛɞɠ ɜŬ ŬɜŬɕɖŰɎ ůŮ 

ɛŮɔŬɚɨŰŮɟɞɡɠ ɢɩɟɞɡɠ ůŰɘɠ ˊɟɩŰŮɠ ɔŮɜɘɏɠ əŬɘ ɜŬ ŮˊɘəŮɜŰɟɩɜŮŰŬɘ ˊŮɟɘůůɧŰŮɟɞ ůŰɘɠ 

ɛŮŰŬɔŮɜɏůŰŮɟŮɠ ɔŮɜɘɏɠ. Ƀ ɛɖɢŬɜɘůɛɧɠ ŬɡŰɧɠ ŮəűɟɎɕŮŰŬɘ ɤɠ Ůɝɐɠ: 

Ὂ
άὥὼὰ ȟρ ȟ        ὭὪ ρ

άὥὼ ὰ ȟ   ρ ȟέὸὬὩὶύὭίὩ
       (4.3) 

 

Ƀ ůŰɞɢŬůŰɘəɧɠ ɛɖɢŬɜɘůɛɧɠ ˊɞɡ ˊɟɞŰŮɑɜŮŰŬɘ ŮəűɟɎɕŮŰŬɘ ɤɠ Ůɝɐɠ [40]: 

Ὂ ς Ὑ       (4.4) 

ɧˊɞɡ Űɞ  Ὑ ɴ πȟρ ŮɑɜŬɘ ɏɜŬɠ ŰɡɢŬɑɞɠ Ŭɟɘɗɛɧɠ. Ƀ ˊɟɞŰŮɘɜɧɛŮɜɞɠ ɛɖɢŬɜɘůɛɧɠ, ɧˊɤɠ əŬɘ ɖ 

ŰɡɢŬɘɧŰɖŰŬ ˊɞɡ ŮɘůɐɔŬɔŮ ɖ ɛɏɗɞŭɞɠ DE, ɗŬ ŮˊɘŰɟɏˊŮɘ ɛɘŬ əŬɚɨŰŮɟɖ ŮɝŮɟŮɨɜɖůɖ Űɞɡ ɢɩɟɞɡ 

ŬɜŬɕɐŰɖůɖɠ Űɖɠ ŬɜŰɘəŮɘɛŮɜɘəɐɠ ůɡɜɎɟŰɖůɖɠ əŬɘ ɗŬ ɓɞɖɗɎ ůŰɖɜ ŮɨɟŮůɖ ɛŮ ɛŮɔŬɚɨŰŮɟɖ 

ŬəɟɑɓŮɘŬ əŬɘ ŰŬɢɨŰɖŰŬ Űɞɡ ɔŮɜɘəɞɨ ŮɚɎɢɘůŰɞɡ.  

ɄɟɞəŮɘɛɏɜɞɡ ɜŬ ɓŮɚŰɘɤɗŮɑ ɖ Ŭˊɧŭɞůɖ Űɖɠ ɛŮɗɧŭɞɡ ȹɘŬűɞɟɞˊɞɘɖɛɏɜɖɠ Ⱥɝɏɚɘɝɖɠ (DE) 

ɏɢɞɡɜ ŬɜŬˊŰɡɢɗŮɑ ŭɘɎűɞɟŮɠ ˊŬɟŬɚɚŬɔɏɠ ˊɞɡ ɡɘɞɗŮŰɞɨɜ ŭɘɎűɞɟŮɠ ůŰɟŬŰɖɔɘəɏɠ. Ƀɘ ŬɚɚŬɔɏɠ  

ˊɞɡ  ɔɑɜɞɜŰŬɘ ŭɘŬűɞɟɞˊɞɘɞɨɜ Űɞɜ Űɟɧˊɞ Ůˊɘɚɞɔɐɠ Űɞɡ ŭɘŬɜɨůɛŬŰɞɠ Űɞɡ ɔɞɜɏŬ, Űɞɜ Ŭɟɘɗɛɧ 

Űɤɜ ŭɘŬɜɡůɛŬŰɘəɩɜ ŭɘŬűɞɟɩɜ ˊɞɡ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬ əŬɘ Űɞɜ Űɟɧˊɞ əŬɗɞɟɘůɛɞɨ Űɤɜ 

ŭɘŬɜɡůɛɎŰɤɜ ůŰɖ űɎůɖ Űɖɠ ŭɘŬůŰŬɨɟɤůɖɠ. Ȱɢɞɡɜ ˊɟɞŰŬɗŮɑ ŬɟəŮŰɏɠ ŭɘŬűɞɟŮŰɘəɏɠ 

ůŰɟŬŰɖɔɘəɏɠ DE əŬɘ əŬŰŮɡɗɡɜŰɐɟɘŮɠ ɔɟŬɛɛɏɠ ɔɘŬ Űɖɜ ŮűŬɟɛɞɔɐ Űɞɡɠ ůŮ ŭɘɎűɞɟŬ 

ˊɟɞɓɚɐɛŬŰŬ Ŭˊɧ Űɞɡɠ Price əŬɘ Storn [88].  ɀŮɟɘəɏɠ Ŭˊɧ Űɘɠ ŭɘŬűɞɟɞˊɞɘɐůŮɘɠ 

ŬɜŬűɏɟɞɜŰŬɘ Ŭəɞɚɞɨɗɤɠ: 

¶ ȹɘŬűɞɟɞˊɞɑɖůɖ ɛŮŰŬɝɨ Űɤɜ ŬŰɧɛɤɜ: DE/rand/1/exp 

¶ ȹɘŬűɞɟɞˊɞɑɖůɖ ɀŮŰŬɝɨ ȷŰɧɛɤɜ əŬɘ Űɞɡ ȾŬɚɨŰŮɟɞɡ ȷŰɧɛɞɡ: DE/best/1/exp 

¶ ɆɡɜŭɡŬůɛɧɠ ȹɘŬűɞɟɞˊɞɑɖůɖɠ ɛŮŰŬɝɨ ȷŰɧɛɤɜ əŬɘ ȹɘŬűɞɟɞˊɞɑɖůɖɠ ɛŮŰŬɝɨ ȷŰɧɛɞɡ 

əŬɘ Űɞɡ ȾŬɚɨŰŮɟɞɡ ȷŰɧɛɞɡ: DE/rand-to-best/1/exp 

¶ ȹɘŬűɞɟɞˊɞɑɖůɖ ɛŮŰŬɝɨ Űɞɡ ɇɟɏɢɞɜŰɞɠ ȷŰɧɛɞɡ əŬɘ Ⱥɜɧɠ ɇɡɢŬɑɞɡ ȷŰɧɛɞɡ: 

DE/current-to-rand/1/exp 



ȼ ɔŮɜɘəɐ ůɖɛŮɘɞɚɞɔɑŬ DE/x/y/z, ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɛŮ ůəɞˊɧ Űɞɜ ŭɘŬɢɤɟɘůɛɧ Ŭˊɧ Űɞ ůɨɜɞɚɞ 

Űɤɜ ˊŬɟŬɚɚŬɔɩɜ. ɇɞ x ŬɜŬűɏɟŮŰŬɘ ůŰɖ ɛɏɗɞŭɞ Ůˊɘɚɞɔɐɠ Űɞɡ ŭɘŬɜɨůɛŬŰɞɠ ɔɞɜɏŬ, ŭɖɚŬŭɐ 

Űɖ ɛɏɗɞŭɞ ɛŮŰɎɚɚŬɝɖɠ, Űɞ y ɡˊɞŭŮɘəɜɨŮɘ Űɞɜ Ŭɟɘɗɛɧ Űɤɜ ŭɘŬɜɡůɛŬŰɘəɩɜ ŭɘŬűɞɟɩɜ əŬɘ Űɞ 

z ɡˊɞŭŮɘəɜɨŮɘ Űɖ ůŰɟŬŰɖɔɘəɐ ŭɘŬůŰŬɨɟɤůɖɠ Űɤɜ ŭɘŬɜɡůɛɎŰɤɜ [89]. ɄŬɟŬəɎŰɤ ŬəɞɚɞɡɗŮɑ 

ɛɑŬ ůɨɜŰɞɛɖ ˊŮɟɘɔɟŬűɐ ɔɘŬ əŬɗŮɛɑŬ Ŭˊɧ Űɘɠ ˊŬɟŬˊɎɜɤ ŭɘŬűɞɟɞˊɞɘɐůŮɘɠ: 

 

ȹɘŬűɞɟɞˊɞɑɖůɖ ɛŮŰŬɝɨ Űɤɜ ŬŰɧɛɤɜ: DE/rand/1/exp 

ȷɡŰɐ ɖ ůŰɟŬŰɖɔɘəɐ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɔɘŬ Űɖ ŭɖɛɘɞɡɟɔɑŬ ɜɏɤɜ ɚɨůŮɤɜ ɛŮ Űɖ ɢɟɐůɖ ŰɡɢŬɑɤɜ 

ŬŰɧɛɤɜ. ȾɎɗŮ ɜɏŬ ɚɨůɖ ˊŬɟɎɔŮŰŬɘ Ŭˊɧ Űɖ ŭɘŬűɞɟɎ ɛŮŰŬɝɨ ŭɨɞ ŰɡɢŬɑɤɜ ŬŰɧɛɤɜ Űɞɡ 

ˊɚɖɗɡůɛɞɨ, ˊɞɚɚŬˊɚŬůɘŬůɛɏɜɖ ɛŮ ɏɜŬ ůɡɔəŮəɟɘɛɏɜɞ ůŰŬɗŮɟɧ ˊŬɟɎɔɞɜŰŬ ɓɐɛŬŰɞɠ. 

ɆɨɛűɤɜŬ ɛŮ Űɖ ůŰɟŬŰɖɔɘəɐ, ŬˊɞŭɑŭɞɜŰŬɘ əŬɚɎ ŬˊɞŰŮɚɏůɛŬŰŬ ɧŰŬɜ ɞɘ ůŰɟŬŰɖɔɘəɏɠ ˊɞɡ 

ɢɟɖůɘɛɞˊɞɘɞɨɜ ɛŮɗɧŭɞɡɠ Űɨˊɞɡ çbestè ɔɘŬ Űɖɜ Ůˊɘɚɞɔɐ ɔɞɜɏɤɜ, ŬˊɞŰɡɔɢɎɜɞɡɜ.   

Ƀ ɡˊɞɚɞɔɘůɛɧɠ Űɞɡ ɛŮŰŬɚɚŬɔɛɏɜɞɡ ŭɘŬɜɨůɛŬŰɞɠ  ὺᴆ ɔɑɜŮŰŬɘ ɛŮ ɓɎůɖ Űɖɜ ůɢɏůɖ: 

ὺᴆ= ὼᴆ & ὼᴆ ὼᴆ 

ȽůɢɨŮɘ ɧŰɘ  Ὥ Ὥ Ὥ Ὥᶰπȟȣȟὔὖ ρ əŬɘ ὭȟὭȟὭ ŰɡɢŬɑŬ. 

ɄɟɞŰŮɑɜŮŰŬɘ ɞɘ ŭɞəɘɛɏɠ ɔɘŬ Űɖ ɟɨɗɛɘůɖ Űɤɜ ˊŬɟŬɛɏŰɟɤɜ ɜŬ ɝŮəɘɜɐůɞɡɜ ɛŮ Űɘɠ Űɘɛɏɠ: F=0.7 

, CR=0.5 [90]. 

 

ȹɘŬűɞɟɞˊɞɑɖůɖ ɀŮŰŬɝɨ ȷŰɧɛɤɜ əŬɘ Űɞɡ ȾŬɚɨŰŮɟɞɡ ȷŰɧɛɞɡ: DE/best/1/exp 

ɆŮ ŬɡŰɐ Űɖ ůŰɟŬŰɖɔɘəɐ Űɞ ŭɘɎɜɡůɛŬ ɛŮ Űɖɜ əŬɚɨŰŮɟɖ Űɘɛɐ Űɖɠ ŬɜŰɘəŮɘɛŮɜɘəɐɠ ůɡɜɎɟŰɖůɖɠ 

ůŰɞɜ ŰɟɏɢɞɜŰŬ ˊɚɖɗɡůɛɧ   ( ὼ ᴆ ), ŮˊɘɚɏɔŮŰŬɘ ɤɠ ŭɘɎɜɡůɛŬ ɔɞɜɏŬɠ.  ȷɡŰɧ ůɡɜɐɗɤɠ, 

ɞŭɖɔŮɑ ůŮ ɛɘŬ ˊɘɞ ɔɟɐɔɞɟɖ ůɨɔəɚɘůɖ ˊɟɞɠ Űɖ ɓɏɚŰɘůŰɖ ɚɨůɖ. ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ŬɡŰɐ Űɞ 

ɛŮŰŬɚɚŬɔɛɏɜɞ ŭɘɎɜɡůɛŬ ɡˊɞɚɞɔɑɕŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ: 

ὺᴆ=( ὼ ᴆ & ὼᴆ ὼᴆ 

ȽůɢɨŮɘ ɧŰɘ Ὥ Ὥ Ὥᶰπȟȣȟὔὖ ρ əŬɘ ὭȟὭ ŰɡɢŬɑŬ [18]. 

 

ɆɡɜŭɡŬůɛɧɠ ȹɘŬűɞɟɞˊɞɑɖůɖɠ ɛŮŰŬɝɨ ȷŰɧɛɤɜ əŬɘ ȹɘŬűɞɟɞˊɞɑɖůɖɠ ɛŮŰŬɝɨ ȷŰɧɛɞɡ 

əŬɘ Űɞɡ ȾŬɚɨŰŮɟɞɡ ȷŰɧɛɞɡ: DE/rand-to-best/1/exp 
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ɆŮ ŬɡŰɐɜ Űɖ ůŰɟŬŰɖɔɘəɐ, ůɡɜŭɡɎɕɞɜŰŬɘ ɞɘ ŭɨɞ ˊɟɞɖɔɞɨɛŮɜŮɠ ˊɟɞůŮɔɔɑůŮɘɠ rand əŬɘ best. 

Ƀɘ ɜɏŮɠ ɚɨůŮɘɠ ˊŬɟɎɔɞɜŰŬɘ ɛŮ Űɖ ŭɘŬűɞɟɎ ɛŮŰŬɝɨ Ůɜɧɠ ŰɡɢŬɑɞɡ ŬŰɧɛɞɡ əŬɘ Űɞɡ əŬɚɨŰŮɟɞɡ 

ŬŰɧɛɞɡ, ˊɞɚɚŬˊɚŬůɘŬůɛɏɜɖ ɛŮ ɏɜŬɜ ˊŬɟɎɔɞɜŰŬ ɓɐɛŬŰɞɠ. ȼ ůɢɏůɖ ˊɞɡ ɡˊɞɚɞɔɑɕŮŰŬɘ Űɞ 

ɛŮŰŬɚɚŬɔɛɏɜɞ ŭɘɎɜɡůɛŬ ŮɑɜŬɘ ɖ Ŭəɧɚɞɡɗɖ: 

ὺᴆ=ɔ ὼ ᴆ ρ ɾὼᴆ Ὂ ὼᴆ ὼᴆ 

ȽůɢɨŮɘ ɧŰɘ: Ὥ Ὥ Ὥ Ὥᶰπȟȣȟὔὖ ρ əŬɘ ὭȟὭȟὭ ŰɡɢŬɑŬ ŮˊɘɚŮɔɛɏɜŬ. 

ɇɞ ‎ɴ πȟρ ŮɚɏɔɢŮɘ Űɖɜ ŬˊɚɖůŰɑŬ Űɞɡ ŰŮɚŮůŰɐ ɛŮŰɎɚɚŬɝɖɠ.  

ȷɜ ɔ=0 ŰɧŰŮ ŬɡŰɐ ɖ ůŰɟŬŰɖɔɘəɐ ŰŬɡŰɑɕŮŰŬɘ ɛŮ Űɖɜ ˊɟɞůɏɔɔɘůɖ rand, Ůɜɩ ɧůɞ ˊɘɞ əɞɜŰɎ ůŰɞ 

1 ŮɑɜŬɘ ɖ Űɘɛɐ Űɞɡ ɔ, Űɧůɞ ˊɘɞ ɎˊɚɖůŰɖ ɔɑɜŮŰŬɘ ɖ ŭɘŬŭɘəŬůɑŬ ŬɜŬɕɐŰɖůɖɠ.  

ȷɜ ɔ=1, ŰɧŰŮ ɖ ůŰɟŬŰɖɔɘəɐ ŰŬɡŰɑɕŮŰŬɘ ɛŮ Űɖɜ best [90]. 

ȹɘŬűɞɟɞˊɞɑɖůɖ ɛŮŰŬɝɨ Űɞɡ ɇɟɏɢɞɜŰɞɠ ȷŰɧɛɞɡ əŬɘ Ⱥɜɧɠ ɇɡɢŬɑɞɡ ȷŰɧɛɞɡ: DE/current -

to-rand/1/exp 

ɆŮ ŬɡŰɐɜ Űɖ ůŰɟŬŰɖɔɘəɐ, ɖ ŭɘŬűɞɟɞˊɞɑɖůɖ ɔɑɜŮŰŬɘ ɛŮŰŬɝɨ Űɞɡ ŰɟɏɢɞɜŰɞɠ ŬŰɧɛɞɡ əŬɘ Ůɜɧɠ 

ŰɡɢŬɑɞɡ Ɏɚɚɞɡ ŬŰɧɛɞɡ. Ʉɘɞ ůɡɔəŮəɟɘɛɏɜŬ, ɢɟɖůɘɛɞˊɞɘŮɑ Űɞ Űɟɏɢɞɜ ɎŰɞɛɞ Űɞɡ ůɡɜɧɚɞɡ ɤɠ 

ɏɜŬɜ Ŭˊɧ Űɞɡɠ ɔɞɜŮɑɠ ůŰɖ ŭɖɛɘɞɡɟɔɑŬ ɜɏɤɜ ŬŰɧɛɤɜ, Ůɜɩ Űɞ Ɏɚɚɞ ɎŰɞɛɞ ŮˊɘɚɏɔŮŰŬɘ ŰɡɢŬɑŬ 

Ŭˊɧ Űɞ ůɡɜɞɚɘəɧ ˊɚɖɗɡůɛɧ. ȷɡŰɐ ɖ ůŰɟŬŰɖɔɘəɐ ŬˊɞůəɞˊŮɑ ůŰɞɜ ůɡɜŭɡŬůɛɧ Űɖɠ 

ŮɝŮɟŮɨɜɖůɖɠ Űɞɡ ŰɟɏɢɞɜŰɞɠ ŬŰɧɛɞɡ ɛŮ Űɖɜ ŰɡɢŬɘɧŰɖŰŬ ˊɞɡ ŮɘůɎɔŮɘ ɖ Ůˊɘɚɞɔɐ Ůɜɧɠ ŰɡɢŬɑɞɡ 

Ɏɚɚɞɡ ŬŰɧɛɞɡ, ɛŮ ůəɞˊɧ Űɖɜ Ŭɨɝɖůɖ Űɖɠ ˊɞɘəɘɚɑŬɠ əŬɘ Űɖɠ ŮɝŮɟŮɨɜɖůɖɠ Űɞɡ ɢɩɟɞɡ 

ŬɜŬɕɐŰɖůɖɠ. ȷɡŰɧ ŮˊɘŰɟɏˊŮɘ ůŰɞɜ Ŭɚɔɧɟɘɗɛɞ ɜŬ ŮɝŮɟŮɡɜɐůŮɘ ɜɏŮɠ ˊŮɟɘɞɢɏɠ Űɞɡ ɢɩɟɞɡ 

ŬɜŬɕɐŰɖůɖɠ.  

 

4.4 ɄŮɘɟŬɛŬŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ 

 

ɇŬ ˊŮɘɟɎɛŬŰŬ ˊɞɡ ŭɘŮɝɐɢɗɖůŬɜ, ˊɟŬɔɛŬŰɞˊɞɘɐɗɖəŬɜ ŰɟɘɎɜŰŬ űɞɟɏɠ, ɧˊɞɡ əɎɗŮ űɞɟɎ 

ɢɟɖůɘɛɞˊɞɘɐɗɖəŬɜ ŭɘŬűɞɟŮŰɘəɎ seeds ɔɘŬ Űɞɜ ɔŮɜɜɐŰɞɟŬ ŰɡɢŬɑɤɜ Ŭɟɘɗɛɩɜ ůŮ əɎɗŮ 

ŭɞəɘɛŬůŰɘəɐ ůɡɜɎɟŰɖůɖ. Ƀɘ ˊŬɟɎɛŮŰɟɞɘ ˊɞɡ ɢɟɖůɘɛɞˊɞɘɐɗɖəŬɜ ůŰŬ ˊŮɘɟɎɛŬŰŬ űŬɑɜɞɜŰŬɘ 

ůŰɞɜ Ŭəɧɚɞɡɗɞ ˊɑɜŬəŬ [40]: 

 

ɄŬɟɎɛŮŰɟɞɘ ɇɘɛɐ 



NP 10n 

F 0.8 

CR 0.9 

M 20 

 ɴ ρπ 

 

 

ɇŬ ˊŮɘɟŬɛŬŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ůŰɞɡɠ ˊɑɜŬəŮɠ ˊɞɡ Ŭəɞɚɞɡɗɞɨɜ (ɄɑɜŬəŬɠ 

7: çɄŮɘɟɎɛŬŰŬ ɛŮ Űɞɜ əŬɜɧɜŬ ŰŮɟɛŬŰɘůɛɞɨ Aliè, ɄɑɜŬəŬɠ 8: çɄŮɘɟɎɛŬŰŬ ɛŮ Űɞɜ 

ˊɟɞŰŮɘɜɧɛŮɜɞ əŬɜɧɜŬ ŰŮɟɛŬŰɘůɛɞɨè ). ȼ ŮɟɛɖɜŮɑŬ Űɤɜ ůŰɖɚɩɜ Űɞɡ ˊɑɜŬəŬ ŬɜŬűɏɟŮŰŬɘ 

ˊŬɟŬəɎŰɤ [40]: 

 

¶ ȼ ůŰɐɚɖ Function: ŬɜŬűɏɟŮŰŬɘ ůŰɞ ɧɜɞɛŬ Űɖɠ ůɡɜɎɟŰɖůɖɠ ůŰɧɢɞɡ. 

¶ ȼ ůŰɐɚɖ Static: ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɖ ůŰŬŰɘəɐ Űɘɛɐ Űɞɡ ˊŬɟɎɔɞɜŰŬ F (F = 0.8). 

¶ ȼ ůŰɐɚɖ Ali : ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɞɜ ɛɖɢŬɜɘůɛɧ ˊɞɡ ŭɑɜŮŰŬɘ Ŭˊɧ Űɖ ůɢɏůɖ 4.3. 

¶ ȼ ůŰɐɚɖ Proposed: ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɖɜ ˊɟɞŰŮɘɜɧɛŮɜɖ ŭɘŬŭɘəŬůɑŬ ˊɞɡ ŭɑɜŮŰŬɘ Ŭˊɧ 

Űɖɜ  ůɢɏůɖ 4.4. 

 

ȷˊɧ ŰŬ ˊŮɘɟɎɛŬŰŬ ˊɞɡ ˊɟŬɔɛŬŰɞˊɞɘɐɗɖəŬɜ, ˊŬɟŬŰɖɟɐɗɖəŮ ɧŰɘ ɞɘ ŭɨɞ ˊɟɞŰŮɘɜɧɛŮɜŮɠ 

ˊŬɟŬɚɚŬɔɏɠ ɛŮɘɩɜɞɡɜ ůŮ ɛŮɔɎɚɞ ɓŬɗɛɧ Űɞɜ Ŭɟɘɗɛɧ əɚɐůŮɤɜ Űɤɜ ůɡɜŬɟŰɐůŮɤɜ, Ůɜɩ ŭŮɜ 

ŮˊɖɟŮɎɕɞɡɜ ůɖɛŬɜŰɘəɎ Űɖ ɛɏůɖ Ŭˊɧŭɞůɖ Űɖɠ ɛŮɗɧŭɞɡ, əŬɗɩɠ ˊŬɟŬɛɏɜŮɘ ɡɣɖɚɐ ůŮ ɧɚŮɠ 

Űɘɠ ˊŮɟɘˊŰɩůŮɘɠ (ɓɚ.: ɄɑɜŬəŬɠ 7, ɄɑɜŬəŬɠ 8). 

 

ɄɑɜŬəŬɠ 7:ɄŮɘɟɎɛŬŰŬ ɛŮ Űɞɜ əŬɜɧɜŬ ŰŮɟɛŬŰɘůɛɞɨ Ali  

FUNCTION  STATIC  ALI  PROPOSED 

BF1 1142 1431 847 

BF2 1164 1379 896 

BRANIN 984 816 707 

CM4 3590 7572 2079 

CAMEL 1094 18849 685 
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EASOM 1707 2014 1327 

EXP2 532 323 449 

EXP4 2421 1019 1494 

EXP8 15750 3670 5632 

EXP16 160031 15150 21416 

EXP32 320039 152548 77936 

GKLS250 784 944 614 

GKLS2100 772 1531 599(0.97) 

GKLS350 1906(0.93) 3263 1275(0.93) 

GKLS3100 1883 3539 1373 

GOLDSTEIN 988 818 769 

GRIEWANK2 1299(0.97) 1403 883(0.93) 

HANSEN 2398 2968 1400 

HARTMAN3 1448 836 1050 

HARTMAN6 9489(0.97) 4015(0.97) 4667(0.80) 

POTENTIAL3 90027 89776 21824 

POTENTIAL4 120387(0.97) 120405(0.33) 45705(0.97) 

POTENTIAL5 150073 150104 83342 

RASTRIGIN 1246 1098(0.93) 871 

ROSENBROCK4 6564 9695 4499 

ROSENBROCK8 44240 72228 13959 

ROSENBCROK16 160349(0.90) 160538(0.60) 53594 

SHEKEL5 5524 3810 3057(0.83) 

SHEKEL7 5266 3558 2992(0.87) 



SHEKEL10 5319 3379 3076 

TEST2N4 4200 1980 2592 

TEST2N5 7357 2957 4055 

TEST2N6 12074 4159 5836 

TEST2N7 18872 5490 7904 

SINU4 3270 1855 2216 

SINU8 23108 6995 8135 

SINU16 160092 36044 30943 

SINU32 213757(0.70) 160536(0.53) 83369(0.80) 

TEST30N3 1452 1732 959 

TEST30N4 1917 2287 1378 

TOTAL  1564515(0.97) 1062714(0.96) 506404(0.98) 

 

ɄɑɜŬəŬɠ 8:ɄŮɘɟɎɛŬŰŬ ɛŮ Űɞɜ ˊɟɞŰŮɘɜɧɛŮɜɞ əŬɜɧɜŬ ŰŮɟɛŬŰɘůɛɞɨ 

FUNCTION  STATIC  ALI  PROPOSED 

BF1 996 1124 889 

BF2 926 1026 816 

BRANIN 878 900 730 

CM4 1148(0.70) 1991 1103 

CAMEL 1049 904(0.93) 846 

EASOM 447 448 446 

EXP2 470 461 467 

EXP4 915 903 892 

EXP8 1797 3558 1796 

EXP16 3578 7082 3521 
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EXP32 7082 14125 7022 

GKLS250 498 576 493 

GKLS2100 533 884(0.97) 515 

GKLS350 823 1130(0.93) 814(0.97) 

GKLS3100 858 1495(0.97) 829(0.93) 

GOLDSTEIN 945 993 915 

GRIEWANK2 947 921 826 

HANSEN 2104 1949 1479 

HARTMAN3 1017 1005 952 

HARTMAN6 4679(0.90) 3744(0.97) 3128(0.87) 

POTENTIAL3 21473 2284 8197 

POTENTIAL4 44191(0.43) 3098(0.33) 24659(0.97) 

POTENTIAL5 75910 3443 52664 

RASTRIGIN 841 994 777 

ROSENBROCK4 4934 7192 3300 

ROSENBROCK8 29583 49696 10907 

ROSENBCROK16 160349 160538(0.60) 38315 

SHEKEL5 4389(0.97) 4266 2839(0.83) 

SHEKEL7 3905 3685 2668 

SHEKEL10 4049 3548 2629 

TEST2N4 2785 2275 2221 

TEST2N5 4481 3170 3122 

TEST2N6 6852 4286 4296 

TEST2N7 11971 5701 6267 



SINU4 2322 1987 1755 

SINU8 9990 6156 5113 

SINU16 6892 3628(0.97) 16905 

SINU32 7235(0.80) 7438(0.83) 7218 

TEST30N3 1033 1098 951 

TEST30N4 1355 1444 1285 

TOTAL  432610(0.98) 321166(0.96) 224567(0.99) 

 

ɆŰɞ ŭɘɎɔɟŬɛɛŬ ˊɞɡ ŬəɞɚɞɡɗŮɑ (ɓɚ. ȹɘɎɔɟŬɛɛŬ 1: çɇɞ ŬˊɞŰɏɚŮůɛŬ Űɖɠ ɢɟɐůɖɠ Űɞɡ ɜɏɞɡ 

ůɢɐɛŬŰɞɠ ɔɘŬ Űɞ ŭɘŬűɞɟŮŰɘəɧ ɓɎɟɞɠè), ˊŬɟɞɡůɘɎɕŮŰŬɘ ɔɟŬűɘəɎ ɞ ɛɏůɞɠ Ŭɟɘɗɛɧɠ əɚɐůŮɤɜ 

Űɤɜ ůɡɜŬɟŰɐůŮɤɜ ROSENBROCK4, ROSENBROCK8 əŬɘ ROSENBROCK16. ɀŮ ɓɎůɖ 

Űɞ ůɢɐɛŬ, ˊŬɟŬŰɖɟŮɑŰŬɘ ůɡɔəɟɘŰɘəɎ ɖ ŮˊɑŭɟŬůɖ Űɖɠ ˊɟɞŰŮɘɜɧɛŮɜɖɠ ɛŮɗɧŭɞɡ.   

 

ȹɘɎɔɟŬɛɛŬ 1:ɇɞ ŬˊɞŰɏɚŮůɛŬ Űɖɠ ɢɟɐůɖɠ Űɞɡ ɜɏɞɡ ůɢɐɛŬŰɞɠ ɔɘŬ Űɞ ŭɘŬűɞɟŮŰɘəɧ ɓɎɟɞɠ 

 

 

ɄŬɟɎɚɚɖɚŬ ůŰɞ ȹɘɎɔɟŬɛɛŬ 2: çɆɢŮŭɘɎɔɟŬɛɛŬ əɚɐůŮɤɜ ůɡɜŬɟŰɐůŮɤɜ ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ 

Űɘɠ ŭɨɞ ŰɟɞˊɞˊɞɘɐůŮɘɠè, ŮɑɜŬɘ ŮɛűŬɜɏɠ ɧŰɘ ɞ ůɡɜŭɡŬůɛɧɠ Űɤɜ ŭɨɞ ŰɟɞˊɞˊɞɘɐůŮɤɜ ˊɞɡ 
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ˊɟɞŰɎɗɖəŬɜ, ɛŮɑɤůŮ Ŭəɧɛɖ ˊŮɟɘůůɧŰŮɟɞ Űɞɜ ɛɏůɞ Ŭɟɘɗɛɧ əɚɐůŮɤɜ Űɤɜ ůɡɜŬɟŰɐůŮɤɜ ˊɞɡ 

ŬˊŬɘŰɞɨɜŰŬɘ ɔɘŬ Űɞɜ ŮɜŰɞˊɘůɛɧ Űɞɡ əŬɗɞɚɘəɞɨ ŮɚɎɢɘůŰɞɡ.  

 

ȹɘɎɔɟŬɛɛŬ 2: ɆɢŮŭɘɎɔɟŬɛɛŬ əɚɐůŮɤɜ ůɡɜŬɟŰɐůŮɤɜ ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ Űɘɠ ŭɨɞ 

ŰɟɞˊɞˊɞɘɐůŮɘɠ 

 

 

ũɘŬ ɜŬ ŬˊɞŭŮɘɢɗŮɑ ˊɧůɞ ŬˊɞŰŮɚŮůɛŬŰɘəɏɠ ŮɑɜŬɘ ɞɘ ŰɟɞˊɞˊɞɘɐůŮɘɠ, ůŰɞ ȹɘɎɔɟŬɛɛŬ 3: 

çɆɡɔəɟɑůŮɘɠ ɢɟɧɜɞɡ ɔɘŬ ɛɘŬ ˊɞɘəɘɚɑŬ ůɡɜŬɟŰɐůŮɤɜ ŭɞəɘɛɐɠè,  ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ɞɘ 

ůɡɜɞɚɘəɞɑ ɢɟɧɜɞɘ ɔɘŬ 30 ŭɘŬűɞɟŮŰɘəɏɠ ŮəŰŮɚɏůŮɘɠ ůŮ ɏɜŬɜ ɡˊɞɚɞɔɘůŰɐ I7 ɛŮ LINUX 

DEBIAN əŬɘ 16GB ɛɜɐɛɖ. ȰɔɘɜŮ ůɨɔəɟɘůɖ Űɖɠ Ŭɟɢɘəɐɠ ɛŮɗɧŭɞɡ ɛŮ Űɞ əɟɘŰɐɟɘɞ 

ŰŮɟɛŬŰɘůɛɞɨ ALI, Űɞɜ ˊɟɞŰŮɘɜɧɛŮɜɞ əɟɘŰɐɟɘɞ ŰŮɟɛŬŰɘůɛɞɨ əŬɘ Űɞɜ ˊɟɞŰŮɘɜɧɛŮɜɞ əɟɘŰɐɟɘɞ 

ŰŮɟɛŬŰɘůɛɞɨ ɛŬɕɑ ɛŮ Űɞ ˊɟɞŰŮɘɜɧɛŮɜɞ ůɢɐɛŬ ɓŬɟɨŰɖŰŬɠ. ȺɑɜŬɘ űŬɜŮɟɧ ɧŰɘ ɞɘ 

ˊɟɞŰŮɘɜɧɛŮɜŮɠ ŰɟɞˊɞˊɞɘɐůŮɘɠ ɛŮɘɩɜɞɡɜ ůɖɛŬɜŰɘəɎ ɧɢɘ ɛɧɜɞ Űɞɜ Ŭɟɘɗɛɧ Űɤɜ ŬˊŬɘŰɞɨɛŮɜɤɜ 

əɚɐůŮɤɜ ůɡɜŬɟŰɐůŮɤɜ, ŬɚɚɎ əŬɘ Űɞɜ ɢɟɧɜɞ ˊɞɡ ŬˊŬɘŰŮɑŰŬɘ ɔɘŬ Űɖɜ ŮəŰɏɚŮůɖ.  

 



ȹɘɎɔɟŬɛɛŬ 3:ɆɡɔəɟɑůŮɘɠ ɢɟɧɜɞɡ ɔɘŬ ɛɘŬ ˊɞɘəɘɚɑŬ ůɡɜŬɟŰɐůŮɤɜ ŭɞəɘɛɐɠ 

 

 

 

ũɘŬ Űɖɜ ůɨɔəɟɘůɖ Űɞɡ ˊɟɞŰŮɘɜɧɛŮɜɞɡ ůɢɐɛŬŰɞɠ  ɓŬɟɨŰɖŰŬɠ Űɖɠ ŭɘŬűɞɟɘəɐɠ Ůɝɏɚɘɝɖɠ ɛŮ Űɘɠ 

ɎɚɚŮɠ ŭɨɞ ɛŮɗɧŭɞɡɠ, ɢɟɖůɘɛɞˊɞɘɐɗɖəŮ ɖ ůŰŬŰɘůŰɘəɐ ŭɞəɘɛɐ Wilcoxon signed-rank. ɇŬ 

ŬˊɞŰŮɚɏůɛŬŰŬ ŬɡŰɐɠ Űɖɠ ůŰŬŰɘůŰɘəɐɠ ŭɞəɘɛɐɠ űŬɑɜɞɜŰŬɘ ůŰɞ ȹɘɎɔɟŬɛɛŬ 4: 

çȷˊɞŰŮɚɏůɛŬŰŬ ůɨɔəɟɘůɖɠ ɛŮɗɧŭɤɜè. 

 

ȹɘɎɔɟŬɛɛŬ 4:ȷˊɞŰŮɚɏůɛŬŰŬ ůɨɔəɟɘůɖɠ ɛŮɗɧŭɤɜ 
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5. ȸȺȿɇȽɆɇɃɄɃȽȼɆȼ ɆɀȼɁɃɈɆ ɆɋɀȷɇȽȹȽɋɁ 

5.1 ȸŬůɘəɏɠ Ŭɟɢɏɠ - ȽůŰɞɟɘəɎ ůŰɞɘɢŮɑŬ 

 

Ƀ Ŭɚɔɧɟɘɗɛɞɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ůɛɐɜɞɡɠ ůɤɛŬŰɘŭɑɤɜ (Particle Swarm Optimization-PSO) 

ˊɟɤŰɞŮɛűŬɜɑůŰɖəŮ Űɞ 1995 Ŭˊɧ Űɞɡɠ ŮɟŮɡɜɖŰɏɠ James Kennedy əŬɘ Russell Eberhart [91]. 

ȺɛˊɜŮɡůɛɏɜɞ Ŭˊɧ Űɖɜ əɞɘɜɤɜɘəɐ ůɡɛˊŮɟɘűɞɟɎ Űɤɜ ˊŰɖɜɩɜ əŬɘ Űɤɜ ɣŬɟɘɩɜ, ɞ PSO 

ŬɜŬˊŰɨɢɗɖəŮ ɤɠ ɏɜŬɠ Ŭɚɔɧɟɘɗɛɞɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ɓŬůɘůɛɏɜɞɠ ůŰɞ ůɡɚɚɞɔɘəɧ ɏɟɔɞ. ɆŰɞɜ 

PSO, ɏɜŬɠ Ŭɟɘɗɛɧɠ "ůɤɛŬŰɘŭɑɤɜ" ŬɜŬˊŬɟɘůŰɞɨɜ ŭɡɜɖŰɘəɏɠ ɚɨůŮɘɠ ůŮ ɏɜŬ ˊɟɧɓɚɖɛŬ 

ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ. ɇŬ ůɤɛŬŰɑŭɘŬ əɘɜɞɨɜŰŬɘ ůŰɞɜ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ Űɖɠ ɓɏɚŰɘůŰɖɠ ɚɨůɖɠ ɛŮ 

ɓɎůɖ Űɖɜ ŮɛˊŮɘɟɑŬ Űɞɡɠ əŬɘ Űɖ ůɡɜŮɟɔŬůɑŬ ɛŮ ɎɚɚŬ ůɤɛŬŰɑŭɘŬ. ȼ ɘŭɏŬ ˊɑůɤ Ŭˊɧ Űɞɜ PSO, 

ŮɑɜŬɘ ɧŰɘ ŰŬ ůɤɛŬŰɑŭɘŬ ɛˊɞɟɞɨɜ ɜŬ "ɛɎɗɞɡɜ" Ŭˊɧ Űɖɜ ŮɛˊŮɘɟɑŬ Űɞɡɠ əŬɘ ɜŬ ůɡɔəɚɑɜɞɡɜ 

ˊɟɞɠ Űɖɜ ɓɏɚŰɘůŰɖ ɚɨůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ. ȾɎɗŮ ůɤɛŬŰɑŭɘɞ ɏɢŮɘ ɛɘŬ ɗɏůɖ 

əŬɘ ɛɘŬ ŰŬɢɨŰɖŰŬ, ɞɘ ɞˊɞɑŮɠ ˊɟɞůŬɟɛɧɕɞɜŰŬɘ ɓɎůŮɘ Űɖɠ Ŭˊɧŭɞůɖɠ Űɞɡɠ. Ƀɘ ŮˊŬɜŬɚɐɣŮɘɠ 

Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ ŮˊɘŰɟɏˊɞɡɜ ůŰŬ ůɤɛŬŰɑŭɘŬ ɜŬ ŮɝŮɟŮɡɜɞɨɜ Űɞɜ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ əŬɘ ɜŬ 

ɓɟɑůəɞɡɜ ɓɏɚŰɘůŰŮɠ ɚɨůŮɘɠ [92]. 

Ƀɘ ɓŬůɘəɏɠ Ŭɟɢɏɠ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ PSO ŮɑɜŬɘ ɞɘ Ůɝɐɠ: 

¶ Ɇɛɐɜɞɠ ɆɤɛŬŰɘŭɑɤɜ: ɆŰɞɜ PSO, ŬɜŬˊŬɟɑůŰŬɜŰŬɘ ɚɨůŮɘɠ ɤɠ "ůɤɛŬŰɑŭɘŬ" ˊɞɡ 

Ŭɜɐəɞɡɜ ůŮ ɏɜŬ ůɛɐɜɞɠ. ȾɎɗŮ ůɤɛŬŰɑŭɘɞ ɏɢŮɘ ɛɘŬ ɗɏůɖ əŬɘ ɛɘŬ ŰŬɢɨŰɖŰŬ.  

¶ Ⱥɜɖɛɏɟɤůɖ ɇŬɢɨŰɖŰŬɠ: ȾɎɗŮ ůɤɛŬŰɑŭɘɞ ŬɜŬɜŮɩɜŮɘ Űɖ ɗɏůɖ Űɞɡ ɓɎůŮɘ Űɖɠ 

ŰŬɢɨŰɖŰɎɠ Űɞɡ əŬɘ Űɖɠ əŬɚɨŰŮɟɖɠ ɗɏůɖɠ ˊɞɡ ɏɢŮɘ ɓɟŮɘ ˊɟɞůɤˊɘəɎ (Űɞˊɘəɐ) əŬɘ ɖ 

ɞˊɞɑŬ ɏɢŮɘ ɓɟŮɗŮɑ Ŭˊɧ ɧɚɞ Űɞ ůɛɐɜɞɠ (əŬɗɞɚɘəɐ). 

¶ ȸɏɚŰɘůŰɞ ɆŰɧɢɞ: Ɇəɞˊɧɠ Űɞɡ PSO ŮɑɜŬɘ ɜŬ ɓɟŮɘ Űɖɜ əŬɚɨŰŮɟɖ ɗɏůɖ ˊɞɡ ɛˊɞɟŮɑ ɜŬ 

ˊɎɟŮɘ əɎɗŮ ůɤɛŬŰɑŭɘɞ, əŬɘ əŬŰɎ ůɡɜɏˊŮɘŬ, Űɞ ɞɚɘəɧ ŮɚɎɢɘůŰɞ Űɖɠ ůɡɜɎɟŰɖůɖɠ. 

¶ Ⱥɜɖɛɏɟɤůɖ ɇŬɢɨŰɖŰŬɠ əŬɘ Ūɏůɖɠ: ȾŬŰɎ Űɖɜ ŮəŰɏɚŮůɖ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ, ɞɘ 

ŰŬɢɨŰɖŰŮɠ əŬɘ ɞɘ ɗɏůŮɘɠ Űɤɜ ůɤɛŬŰɘŭɑɤɜ ŮɜɖɛŮɟɩɜɞɜŰŬɘ ɓɎůŮɘ Űɤɜ ˊŬɟŬˊɎɜɤ 

Ŭɟɢɩɜ [93]. 

ȷˊɧ Űɖ ŭɖɛɘɞɡɟɔɑŬ Űɞɡ, ɞ PSO ɏɢŮɘ ŮɝŮɚɘɢɗŮɑ əŬɘ ɏɢŮɘ ŮűŬɟɛɞůŰŮɑ Ůɡɟɏɤɠ ůŮ ˊɞɚɚɞɨɠ 

ŰɞɛŮɑɠ, ůɡɛˊŮɟɘɚŬɛɓŬɜɞɛɏɜɤɜ Űɖɠ űɡůɘəɐɠ [94,95], Űɖɠ ɢɖɛŮɑŬɠ [96,97], Űɖɠ ɘŬŰɟɘəɐɠ 

[98,99], Űɖɠ ɞɘəɞɜɞɛɑŬɠ [100] ə.Ɏ. Ƀ PSO ůɡɜŮɢɑɕŮɘ ɜŬ ŬˊɞŰŮɚŮɑ ɏɜŬ ŮɟɔŬɚŮɑɞ 



ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ɛŮ ŬɝɘɞůɖɛŮɑɤŰɖ ɘůɢɨ əŬɘ ŮɡŮɚɘɝɑŬ əŬɘ ɖ ɏɟŮɡɜŬ ůɡɜŮɢɑɕŮɘ ɜŬ Űɞɜ 

ŮɝŮɚɑůůŮɘ ɔɘŬ ɜŬ ŬɜŰŬˊɞəɟɘɗŮɑ ůŮ ɜɏŮɠ ˊɟɞəɚɐůŮɘɠ əŬɘ ŮűŬɟɛɞɔɏɠ.  

5.2  Ƀ Ŭɚɔɧɟɘɗɛɞɠ PSO 

Ƀ ɓŬůɘəɧɠ Űɟɧˊɞɠ ɚŮɘŰɞɡɟɔɑŬɠ Űɞɡ PSO ŮɑɜŬɘ ɖ ɢɟɐůɖ Ůɜɧɠ ůɡɜɧɚɞɡ Ŭˊɧ ůɤɛŬŰɑŭɘŬ ˊɞɡ 

əɘɜɞɨɜŰŬɘ ůŮ ɏɜŬɜ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ ɚɨůŮɤɜ. ȾɎɗŮ ůɤɛŬŰɑŭɘɞ ŬɜŬˊŬɟɘůŰɎ ɛɘŬ ˊɘɗŬɜɐ 

ɚɨůɖ ůŰɞ ˊɟɧɓɚɖɛŬ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ. ȾŬŰɎ Űɖɜ ŮəŰɏɚŮůɖ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ, əɎɗŮ 

ůɤɛŬŰɑŭɘɞ əɘɜŮɑŰŬɘ ŮɜŰɧɠ Űɞɡ ɢɩɟɞɡ  ŬɜŬɕɐŰɖůɖɠ ɛŮ ɓɎůɖ ŭɨɞ ɓŬůɘəɏɠ Ŭɟɢɏɠ: 

- ɇɖɜ ˊɟɞůɤˊɘəɐ Űɞɡ ŮɛˊŮɘɟɑŬ: ȾɎɗŮ ůɤɛŬŰɑŭɘɞ ɏɢŮɘ ɏɜŬ "ŬŰɞɛɘəɧ əŬɚɨŰŮɟɞ" ˊɞɡ 

ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɖɜ əŬɚɨŰŮɟɖ ɚɨůɖ ˊɞɡ ɏɢŮɘ ɓɟŮɘ ɛɏɢɟɘ ůŰɘɔɛɐɠ ůŰɞɜ ɢɩɟɞ 

ŬɜŬɕɐŰɖůɖɠ. ɇɞ ůɤɛŬŰɑŭɘɞ əɘɜŮɑŰŬɘ ˊɟɞɠ ŬɡŰɐ Űɖɜ əŬɚɨŰŮɟɖ Űɞɡ ɚɨůɖ. 

- ɇɖ ůɡɚɚɞɔɘəɐ ŮɛˊŮɘɟɑŬ: ɇŬ ůɤɛŬŰɑŭɘŬ ŬɚɚɖɚɞŮˊɘŭɟɞɨɜ ɛŮŰŬɝɨ Űɞɡɠ əŬɘ 

ŮˊɖɟŮɎɕɞɜŰŬɘ Ŭˊɧ Űɘɠ əŬɚɨŰŮɟŮɠ ɚɨůŮɘɠ ˊɞɡ ɏɢɞɡɜ ɓɟŮɗŮɑ Ŭˊɧ ɎɚɚŬ ůɤɛŬŰɑŭɘŬ ůŰɞɜ 

ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ. ȷɡŰɧ  ɓɞɖɗɎ ůŰɖ ůɨɔəɚɘůɖ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ ˊɟɞɠ Űɖ ɓɏɚŰɘůŰɖ 

ɚɨůɖ. 

ȾŬɗɩɠ ɞ PSO ŮəŰŮɚŮɑŰŬɘ, ŰŬ ůɤɛŬŰɑŭɘŬ ůɡɜŮɟɔɎɕɞɜŰŬɘ əŬɘ ŮɝŮɟŮɡɜɞɨɜ Űɞɜ ɢɩɟɞ 

ŬɜŬɕɐŰɖůɖɠ ɛŮ ůəɞˊɧ ɜŬ ɓɟɞɡɜ Űɖɜ əŬɚɨŰŮɟɖ ŭɡɜŬŰɐ ɚɨůɖ. Ƀ Ŭɚɔɧɟɘɗɛɞɠ ůɡɜŮɢɩɠ 

ŮɜɖɛŮɟɩɜŮɘ Űɘɠ ɗɏůŮɘɠ Űɤɜ ůɤɛŬŰɘŭɑɤɜ ɛŮ ɓɎůɖ Űɖɜ ŮɛˊŮɘɟɑŬ Űɞɡɠ əŬɘ Űɖɜ ŮɛˊŮɘɟɑŬ Űɞɡ 

ůɡɜɧɚɞɡ.  

ɄŬɟŬəɎŰɤ ŬəɞɚɞɡɗŮɑ ŬɜŬɚɡŰɘəɎ ɞ Ŭɚɔɧɟɘɗɛɞɠ PSO [43]:  

1. ȷɟɢɘəɞˊɞɑɖůɖ: 

a. Ƀɟɘůɛɧɠ iter = 0 (ɛŮŰɟɖŰɐɠ ŮˊŬɜŬɚɐɣŮɤɜ). 

b. Ƀɟɘůɛɧɠ Űɞɡ Ŭɟɘɗɛɞɨ Űɤɜ ůɤɛŬŰɘŭɑɤɜ m. 

c. Ƀɟɘůɛɧɠ Űɞɡ ɛɏɔɘůŰɞɡ ŮˊɘŰɟŮˊɧɛŮɜɞɡ Ŭɟɘɗɛɞɨ ŮˊŬɜŬɚɐɣŮɤɜ ὭὸὩὶ. 

d. ɇɡɢŬɑŬ Ŭɟɢɘəɞˊɞɑɖůɖ Űɤɜ ɗɏůŮɤɜ m ůɤɛŬŰɘŭɑɤɜ ὼȟὼȟȣὼ  ɛŮ Űɖɜ 

ˊɟɞɦˊɧɗŮůɖ ɧŰɘ əɎɗŮ ὼ ŬɜɐəŮɘ ůŰɞ ɢɩɟɞ S C Ὑ . 

e. ɇɡɢŬɑŬ Ŭɟɢɘəɞˊɞɑɖůɖ Űɤɜ ŰŬɢɡŰɐŰɤɜ Űɤɜ m ůɤɛŬŰɘŭɑɤɜ ό, ό, é ό, ɛŮ 

Űɖɜ ˊɟɞɦˊɧɗŮůɖ ɧŰɘ əɎɗŮ ό ŬɜɐəŮɘ ůŰɞ ɢɩɟɞ S C Ὑ  . 
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f. ũɘŬ əɎɗŮ i =1...m, ɞɟɘůɛɧɠ ὴ= ὼ. ɇŬ ŭɘŬɜɨůɛŬŰŬ ὴ ŮɑɜŬɘ ɞɘ əŬɚɨŰŮɟŮɠ 

ŮɜŰɞˊɘůɛɏɜŮɠ Űɘɛɏɠ ɔɘŬ əɎɗŮ ůɤɛŬŰɑŭɘɞ i. 

g. Ƀɟɘůɛɧɠ ὴ = arg άὭὲȢȢὪὼ . 

2. ȰɚŮɔɢɞɠ ŰŮɟɛŬŰɘůɛɞɨ.  

ȰɚŮɔɢɞɠ Ŭɜ ŰŬ əɟɘŰɐɟɘŬ ŰŮɟɛŬŰɘůɛɞɨ ɏɢɞɡɜ ɘəŬɜɞˊɞɘɖɗŮɑ. ȷɜ ɜŬɘ, ŰɧŰŮ ůŰŬɛŬŰɎ ɖ 

ŭɘŬŭɘəŬůɑŬ. 

3. ũɘŬ i=1..m ŮˊŬɜɎɚŬɓŮ 

a. Ⱥɜɖɛɏɟɤůɖ Űɖɠ ŰŬɢɨŰɖŰŬɠ ό ɤɠ ɛɘŬ ůɡɜɎɟŰɖůɖ Űɤɜ ό, ὴ əŬɘ ὴ    

b. Ⱥɜɖɛɏɟɤůɖ Űɖɠ ɗɏůɖɠ ὼ  = ὼ   + ό . 

c. ɃɟɑɕɞɡɛŮ ɏɜŬ ŰɡɢŬɑɞ Ŭɟɘɗɛɧ ὶɴ [0, 1]. ȷɜ Űɞ ὶ ὴ  ŰɧŰŮ ŮəŰŮɚŮɑŰŬɘ ɖ  

ŭɘŬŭɘəŬůɑŬ Űɞˊɘəɐɠ ŬɜŬɕɐŰɖůɖɠ ɔɘŬ Űɖ ɗɏůɖ ὼ ὒὛὼ   

d. ȷɝɘɞɚɧɔɖůɖ Űɖɠ əŬŰŬɚɚɖɚɧŰɖŰŬɠ Űɞɡ ůɤɛŬŰɘŭɑɞɡ i , Ὢὼ  

e. ȺɎɜ Ὢὼ Ὢὴ  ŰɧŰŮ ὴ ὼ 

4. ɇɏɚɞɠ ŮˊŬɜɎɚɖɣɖɠ 

5. Ƀɟɘůɛɧɠ ὴ ὥὶὫάὭὲɴȢȢὪὼ  

6. Ƀɟɘůɛɧɠ iter=iter+1. 

7. ȺˊɘůŰɟɞűɐ ůŰɞ ȸɐɛŬ 2.  

 

5.3 ɄŬɟŬɚɚŬɔɏɠ Űɖɠ ɛŮɗɧŭɞɡ PSO 

Ƀ Ŭɚɔɧɟɘɗɛɞɠ ȸŮɚŰɘůŰɞˊɞɑɖůɖɠ ɛŮ Ɇɛɐɜɞɠ ɆɤɛŬŰɘŭɑɤɜ (PSO) ɏɢŮɘ ŮɝŮɚɘɢɗŮɑ əŬɘ 

ˊŬɟŬɚɚŬɔŮɑ əŬŰɎ Űɖɜ ŭɘɎɟəŮɘŬ Űɤɜ ɢɟɧɜɤɜ ɔɘŬ Űɖɜ ŬɜŰɘɛŮŰɩˊɘůɖ ŭɘŬűɞɟŮŰɘəɩɜ ŬɜŬɔəɩɜ 

əŬɘ ˊɟɞɓɚɖɛɎŰɤɜ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ. ɃɟɘůɛɏɜŮɠ Ŭˊɧ Űɘɠ ˊɘɞ ŭɖɛɞűɘɚŮɑɠ ˊŬɟŬɚɚŬɔɏɠ əŬɘ 

ŮˊŮəŰɎůŮɘɠ Űɞɡ PSO ˊŮɟɘɚŬɛɓɎɜɞɡɜ [101]: 

 

Directionally Driven Self-Regulating Particle Swarm Optimization (DDSRPSO) 



Ƀ Tanweer əŬɘ ɞɘ ůɡɜŮɟɔɎŰŮɠ Űɞɡ, Űɞ 2015, ́ ɟɧŰŮɘɜŬɜ ɏɜŬ ɜɏɞ Ŭɚɔɧɟɘɗɛɞ ɛŮ Űɞ ɧɜɞɛŬ 

"Directionally Driven Self-Regulating Particle Swarm Optimization" (DDSRPSO) [102]. 

ȷɡŰɧɠ ɞ Ŭɚɔɧɟɘɗɛɞɠ ůɡɜɏɓŬɚɚŮ ůŰɖɜ ŬɜɎˊŰɡɝɖ ŭɨɞ ɜɏɤɜ ˊɟɞůŮɔɔɑůŮɤɜ ɛɎɗɖůɖɠ, əŬɘ 

ůɡɔəŮəɟɘɛɏɜŬ, ůŰɖ ůŰɟŬŰɖɔɘəɐ Ůɜɖɛɏɟɤůɖɠ əŬŰŮɨɗɡɜůɖɠ əŬɘ ůŰɖ ůŰɟŬŰɖɔɘəɐ ŬɜŮɝɎɟŰɖŰɖ 

Ŭˊɧ ˊŮɟɘůŰɟɞűɏɠ. ɋůŰɧůɞ, ŬˊɞŰŮɚŮɑ ɛɘŬ ɓŮɚŰɘɤɛɏɜɖ ˊŬɟŬɚɚŬɔɐ Űɖɠ ɛŮɗɧŭɞɡ Self-

Regulating Particle Swarm Optimization (SRPSO). Ƀ DDSRPSO ɢɤɟɑɕŮɘ Űɞ ɛɏɔŮɗɞɠ Űɞɡ 

ˊɚɖɗɡůɛɞɨ ůŮ ŰɟŮɘɠ ɞɛɎŭŮɠ ɓɎůŮɘ Űɖɜ ˊɟɞůŬɟɛɞɔɐ Űɤɜ ůɤɛŬŰɘŭɑɤɜ. Ƀɘ ɞɛɎŭŮɠ ŬɡŰɏɠ 

ŮɑɜŬɘ:  ɖ ɞɛɎŭŬ Űɤɜ ñeliteò (əŬɚɨŰŮɟŬ ůɤɛŬŰɑŭɘŬ), ɖ ɞɛɎŭŬ Űɤɜ əŬəɩɠ Ůˊɘŭɘɞɟɗɤɛɏɜɤɜ 

ůɤɛŬŰɘŭɑɤɜ (ɢŮɘɟɧŰŮɟɞ ůɤɛŬŰɑŭɘɞ) əŬɘ ŰŬ ɡˊɧɚɞɘˊŬ ůɤɛŬŰɑŭɘŬ. ɇŬ ůɤɛŬŰɑŭɘŬ Űɖɠ ɞɛɎŭŬɠ 

Űɤɜ ñeliteò Ŭəɞɚɞɡɗɞɨɜ Űɖɜ ɑŭɘŬ ůŰɟŬŰɖɔɘəɐ ɛŮ Űɞ SRPSO, əŬɘ ɖ ɓŮɚŰɑɤůɖ ŮˊɘŰɡɔɢɎɜŮŰŬɘ 

ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ ɛɘŬ ɞɛɎŭŬ ñeliteò  (əŬɚɨŰŮɟŬ ůɤɛŬŰɑŭɘŬ) ɔɘŬ Űɖɜ ŮˊɑŰŮɡɝɖ 

əŬŰŮɡɗɡɜŰɘəɩɜ ŮɜɖɛŮɟɩůŮɤɜ. ɆŰɖɜ ˊŮɟɑˊŰɤůɖ Űɤɜ ɢŮɘɟɧŰŮɟɤɜ ůɤɛŬŰɘŭɑɤɜ, ɞɘ ůɡɔɔɟŬűŮɑɠ 

ɗŮɤɟɞɨɜ ɧŰɘ Ŭəɞɚɞɡɗɞɨɜ Űɖɜ əŬɗɞɚɘəɐ əŬŰŮɨɗɡɜůɖ ŬɜŬɕɐŰɖůɖɠ, əŬɘ ɖ ŰŬɢɨŰɖŰŬ Űɞɡ 

SRPSO ŰɟɞˊɞˊɞɘŮɑŰŬɘ ɤɠ Ůɝɐɠ. 

ὠ ‫ ὠz ὧ ὶzᶻὰὴ ὼ  (1) 

ɧˊɞɡ: 

- ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɞ ɡˊɞŭŮɘɔɛŬŰɘəɧ ɓɎɟɞɠ ŬŭɟɎɜŮɘŬɠ Űɞɡ SRPSO ɔɘŬ ɜŬ ,‫ 

ŮˊɘŰŮɡɢɗŮɑ Ŭɟɔɐ əɑɜɖůɖ ůŰɘɠ ŬɚɚŬɔɏɠ Űɖɠ ŰŬɢɨŰɖŰŬɠ. 

- ὰὴ, ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɖ ɛɏůɖ Űɘɛɐ Űɤɜ Űɟɘɩɜ əŬɚɨŰŮɟɤɜ ŮˊɘŭɟɩɜŰɤɜ ůɤɛŬŰɘŭɑɤɜ 

Ŭˊɧ Űɖɜ ɞɛɎŭŬ Űɤɜ ñeliteò. 

- ὴ , ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɞ əŬɚɨŰŮɟɞ ɔŮɜɘəɧ ůɤɛŬŰɑŭɘɞ ˊɞɡ ɏɢŮɘ ŮˊɘŰŮɡɢɗŮɑ ɏɤɠ 

ůŰɘɔɛɐɠ ůŮ t ɔŮɜɘɏɠ. 

- k, ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɞɜ Ŭɟɘɗɛɧ Űɤɜ ůɤɛŬŰɘŭɑɤɜ Ŭˊɧ Űɖɜ ɞɛɎŭŬ Űɤɜ ɢŮɘɟɧŰŮɟɤɜ 

ůɤɛŬŰɘŭɑɤɜ. 

ɇŬ ɡˊɧɚɞɘˊŬ ůɤɛŬŰɑŭɘŬ ŮəŰŮɚɞɨɜ ŮɑŰŮ Űɖ ůŰɟŬŰɖɔɘəɐ SRPSO ɔɘŬ Űɖɜ ŬɡŰɞ-ŬɜŬɔɜɩɟɘůɖ 

Űɖɠ ɔŮɜɘəɐɠ əŬŰŮɨɗɡɜůɖɠ ŬɜŬɕɐŰɖůɖɠ ŮɑŰŮ Űɖ ůŰɟŬŰɖɔɘəɐ ŬɜŬɚɚɞɑɤŰɖɠ ˊŮɟɘůŰɟɞűɐɠ ɔɘŬ 

Űɖɜ ɏɟŮɡɜŬ Űɖɠ ɘŭɘɧŰɖŰŬɠ Űɖɠ ˊŮɟɘůŰɟɞűɘəɐɠ ŬɜŰɑůŰŬůɖɠ ůŰɞ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ. ȼ 

ůŰɟŬŰɖɔɘəɐ ŬɜŮɝɎɟŰɖŰɖ Ŭˊɧ ˊŮɟɘůŰɟɞűɏɠ ɓŬůɑɕŮŰŬɘ ůŰɞɜ ɡˊɞɚɞɔɘůɛɧ Űɞɡ əɏɜŰɟɞɡ ɓɎɟɞɡɠ, 

Űɞ ɞˊɞɑɞ ˊɟɞəɨˊŰŮɘ Ŭˊɧ ŰɟɑŬ ůɖɛŮɑŬ: Űɖɜ ŰɟɏɢɞɡůŬ ɗɏůɖ Űɤɜ ůɤɛŬŰɘŭɑɤɜ, Űɖɜ əŬɚɨŰŮɟɖ 

ˊɟɞůɤˊɘəɐ ɗɏůɖ Űɞɡɠ əŬɘ Űɖɜ əŬɚɨŰŮɟɖ ɔŮɜɘəɐ ɗɏůɖ. ɆŰɖɜ SRPSO, Űɞ əɏɜŰɟɞ ɓɎɟɞɡɠ 
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ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɔɘŬ Űɞɜ ɡˊɞɚɞɔɘůɛɧ ɛɘŬɠ ɜɏŬɠ ɗɏůɖɠ Űɤɜ ůɤɛŬŰɘŭɑɤɜ, ɖ ɞˊɞɑŬ ŬɟɔɧŰŮɟŬ 

ɞŭɖɔŮɑ ůŰɖɜ ɛɖ Ůˊɑɔɜɤůɖ Űɤɜ əŬɚɨŰŮɟɤɜ ɔŮɜɘəɩɜ ɗɏůŮɤɜ. ɆŰɖ DD-SRPSO, ɖ ŬɡŰɧ-

ŬɜŬɔɜɩɟɘůɖ Űɤɜ ůɤɛŬŰɘŭɑɤɜ ɔɘŬ Űɘɠ ɔŮɜɘəɏɠ əŬŰŮɡɗɨɜůŮɘɠ ŬɜŬɕɐŰɖůɖɠ ˊŬɑɕŮɘ əɡɟɑŬɟɢɞ 

ɟɧɚɞ ɩůŰŮ ŰŬ ůɤɛŬŰɑŭɘŬ ɜŬ ŮɑɜŬɘ ŮɜɐɛŮɟŬ ɔɘŬ Űɘɠ ɔŮɜɘəɏɠ əŬŰŮɡɗɨɜůŮɘɠ ŬɜŬɕɐŰɖůɖɠ. 

ὴᴆ ὢᴆ ὧ ὶzἆ ὴᴆ ὢᴆ    (2) 

ὴᴆ ὢᴆ ὧ ὶzὴᴆὴᴆ ὢᴆ   (3) 

Ὃᴆ

ᴆ ᴆ ᴆ

ὭὪὴᴆ ρ

ᴆ ᴆ

ὭὪὴᴆ π

τ        

ȳˊɞɡ: 

- Ὃ: ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɞ əɏɜŰɟɞ ɓɎɟɞɡɠ, Űɞ ɞˊɞɑɞ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɔɘŬ Űɖɜ Ůˊɘɚɞɔɐ Űɞɡ 

ůŰɞɢŬůŰɘəɞɨ ůɖɛŮɑɞɡ Űɤɜ ůɤɛŬŰɘŭɑɤɜ ὢᴆ ůŰɖɜ ɡˊŮɟ-ůűŬɑɟŬ ῷ ὋᴆȟὋᴆ ὢᴆ , 

- ὴᴆ ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɖɜ ˊɟɞůɤˊɘəɐ əŬɚɨŰŮɟɖ ɗɏůɖ Űɤɜ ůɤɛŬŰɘŭɑɤɜ i ůŰɘɠ t ŮˊŬɜŬɚɐɣŮɘɠ, 

- ὴᴆ ɞɟɑɕŮɘ Űɖɜ ˊŬɔəɧůɛɘŬ əŬɚɨŰŮɟɖ ɗɏůɖ Űɤɜ ůɤɛŬŰɘŭɑɤɜ i 

- ὴᴆ ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɖɜ ŬɡŰɞŬɜŰɑɚɖɣɖ Űɤɜ ůɤɛŬŰɘŭɑɤɜ ɛŮ əɞɘɜɤɜɘəɐ ɔɜɩůɖ (ὴᴆ ρ) 

əŬɘ ɢɤɟɑɠ əɞɘɜɤɜɘəɐ ɔɜɩůɖ (ὴᴆ π ), ɛŮ ὶ, ὶ ŰɡɢŬɑɞɡɠ Ŭɟɘɗɛɞɨɠ ɛŮŰŬɝɨ (0,1) 

- Űɞ ůɨɛɓɞɚɞ ṧ : ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɖɜ ˊɟɧůɗŮůɖ ɛŮŰŬɝɨ Űɤɜ ŭɨɞ ŮˊɘɚŮɔɛɏɜɤɜ 

ɢŬɟŬəŰɖɟɘůŰɘəɩɜ. Ⱥˊɞɛɏɜɤɠ, ɖ Ůɝɑůɤůɖ (2) ŭɖɚɩɜŮɘ ɧŰɘ ɖ ɜɏŬ ŰŬɢɨŰɖŰŬ Űɞɡ ůɤɛŬŰɘŭɑɞɡ i 

ůŰɖɜ ŮˊɧɛŮɜɖ ŮˊŬɜɎɚɖɣɖ ὴ ᴆ ɡˊɞɚɞɔɑɕŮŰŬɘ ˊɟɞůɗɏŰɞɜŰŬɠ Űɖɜ ˊɞůɧŰɖŰŬ ὧ ὶz ůŰɖ 

ŭɘŬűɞɟɎ ɛŮŰŬɝɨ Űɖɠ əŬɚɨŰŮɟɖɠ ɗɏůɖɠ ὴᴆ əŬɘ Űɖɠ ŰɟɏɢɞɡůŬɠ ɗɏůɖɠ ὢ. 

ɃˊɧŰŮ, ɖ Űɟɞˊɞˊɞɑɖůɖ Űɖɠ Ůɝɑůɤůɖɠ ɏɢŮɘ ɤɠ Ůɝɐɠ: 

ὠ ᴆ ‫ ὠzᴆ Ὄ ὋȟᴆὋᴆ ὢᴆ ὢᴆ     (5) 

ȳˊɞɡ ὠ ᴆ ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɖɜ Ůɜɖɛɏɟɤůɖ Űɖɠ ɜɏŬɠ ɗɏůɖɠ əŬɘ Űɖɠ ŰŬɢɨŰɖŰŬɠ Űɤɜ 

ůɤɛŬŰɘŭɑɤɜ ůŰɖɜ ŮˊɧɛŮɜɖ ŮˊŬɜɎɚɖɣɖ (t+1) əŬɘ Űɖɜ ŰɟɏɢɞɡůŬ ŰŬɢɨŰɖŰŬ Űɤɜ ůɤɛŬŰɘŭɑɤɜ. 

 

Bisection PSO (BPSO) ï ɄŬɟŬɚɚŬɔɐ ɆɤɛŬŰɘŭɑɞɡ ɛŮ ȹɘɢɞŰɧɛɖůɖ PSO: 



ȼ ŰŮɢɜɘəɐ Bisection PSO (BPSO)  Ůɘůɐɢɗɖ Ŭˊɧ Űɞɡɠ Kennedy əŬɘ Eberhart [103]. ɆŰɖɜ 

BPSO, ɞ ɢɩɟɞɠ ŬɜŬɕɐŰɖůɖɠ ɢɤɟɑɕŮŰŬɘ ɔɘŬ əɎɗŮ ŭɘɎůŰŬůɖ ɛŮ ɓɎůɖ Űɞ ɓɏɚŰɘůŰɞ ůɤɛŬŰɑŭɘɞ 

ˊɞɡ ɓɟɑůəŮŰŬɘ ůŰɞ əɏɜŰɟɞ. ɀŮŰɎ Űɖɜ Ŭɟɢɘəɞˊɞɑɖůɖ, ɖ Ŭɝɘɞɚɧɔɖůɖ Űɖɠ 

ˊɟɞůŬɟɛɞůŰɘəɧŰɖŰŬɠ əŬɘ Űɞ ɓɏɚŰɘůŰɞ ůɖɛŮɑɞ ŬɜŬɕɐŰɖůɖɠ ŮˊŮɝŮɟɔɎɕɞɜŰŬɘ ɓɎůŮɘ Űɖɠ 

ŭɘŬɑɟŮůɖɠ Űɞɡ ɢɩɟɞɡ ŬɜŬɕɐŰɖůɖɠ [104]. ȷɜ ɞ ɢɩɟɞɠ ŬɜŬɕɐŰɖůɖɠ ŭɘŬɘɟŮɑŰŬɘ ůŰŬ ŭɨɞ, ŰɧŰŮ 

ŰŬ ůɤɛŬŰɑŭɘŬ ŭɘŬɘɟɞɨɜŰŬɘ ůŮ ˊɞɚɚɏɠ ɔŮɜɘɏɠ ɛŮ ɓɎůɖ Űɖ ŭɘŬɑɟŮůɖ Űɞɡ ɢɩɟɞɡ ŬɜŬɕɐŰɖůɖɠ. 

ȹɘŬűɞɟŮŰɘəɎ, ŬəɞɚɞɡɗŮɑŰŬɘ ɖ ůɡɛɓŬŰɘəɐ ɛɏɗɞŭɞɠ PSO ɢɤɟɑɠ ŭɘŬɑɟŮůɖ Űɞɡ ɢɩɟɞɡ 

ŬɜŬɕɐŰɖůɖɠ. 

ὠ ὡ ὠz ὧ ὶzᶻὴ ὢ ὅ ὶzᶻὴ ὢ (6) 

ὼ ὼ ὠ   (7) 

 

ȳˊɞɡ: 

- ‫  , ŬɜŰɘˊɟɞůɤˊŮɨŮɘ  Űɖ ɔɟŬɛɛɘəɐ űɗɑɜɞɡůŬ ŬŭɟɎɜŮɘŬ (LDW) 

- ὴ  , ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɞɜ ˊɟɞůɤˊɘəɧ əŬɚɨŰŮɟɞ ˊŬɟɎɔɞɜŰŬ Űɞɡ ůɤɛŬŰɘŭɑɞɡ i Űɖɠ 

ŭɘɎůŰŬůɖɠ d ůŰɘɠ t ŮˊŬɜŬɚɐɣŮɘɠ 

- ὴ , ɞɟɑɕŮɘ Űɖɜ ˊŬɔəɧůɛɘŬ əŬɚɨŰŮɟɖ ɗɏůɖ ˊɞɡ ɏɢŮɘ ŮˊɘŰŮɡɢɗŮɑ ɛɏɢɟɘ ůŰɘɔɛɐɠ ůŰɘɠ t 

ŮˊŬɜŬɚɐɣŮɘɠ 

- ὢ , ŬɜŬˊŬɟɘůŰɎ Űɖ ɗɏůɖ Űɞɡ ŰɟɏɢɞɜŰɞɠ ůɤɛŬŰɘŭɑɞɡ i 

 

Dispersed PSO (DPSO) ï ɄŬɟŬɚɚŬɔɐ ɛŮ ŭɘŬůəɞɟˊɘůɛɏɜɖ ŰŬɨŰɘůɖ: 

ɀɑŬ Ɏɚɚɖ ɛɏɗɞŭɞɠ ˊɞɡ ˊɟɞŰɎɗɖəŮ ɔɘŬ ɜŬ ɓŮɚŰɘɤɗŮɑ ɖ ŰŬɢɨŰɖŰŬ ůɨɔəɚɘůɖɠ Űɖɠ PSO ɛŮ Űɖ 

ɢɟɐůɖ Űɞɡ ůɡɜŰŮɚŮůŰɐ ŭɘɎɢɡůɖɠ ůŰɖɜ ˊŬɟɎɛŮŰɟɞ, ŬɜŰɑ ɜŬ ŮɑɜŬɘ ɖ əŮɜŰɟɘəɐ ɧˊɤɠ ůŰɖɜ PSO 

ŮɑɜŬɘ ɖ ɛɏɗɞŭɞɠ DPSO [105].  Ʉɘɞ ůɡɔəŮəɟɘɛɏɜŬ, ůŰɖɜ PSO ɧɚŬ ŰŬ ůɤɛŬŰɑŭɘŬ əɘɜɞɨɜŰŬɘ 

ˊɟɞɠ ɛɘŬ əŬɚɨŰŮɟɖ Űɘɛɐ (Gbest) əŬɘ ŮɝŬɘŰɑŬɠ ŬɡŰɞɨ, Űɞ ɎŰɞɛɞ ɛŮ Űɖɜ əŬɚɨŰŮɟɖ Ůˊɑŭɞůɖ 

ˊɞɡ əɟŬŰɎ Űɖɜ  əŬɚɨŰŮɟɖ Űɘɛɐ ɔɑɜŮŰŬɘ ŬˊŬɟŬŰɐɟɖŰɞ. ɄɟɞəŮɘɛɏɜɞɡ ɜŬ ɓŮɚŰɘɤɗŮɑ ŬɡŰɧ, 

ŮɘůɎɔŮŰŬɘ ɖ ŭɘŬůəɞɟˊɘůɛɏɜɖ PSO ɛŮ ɏɜŬ ŭŮɑəŰɖ ˊɞɡ əɟŬŰɎ Űɖ ŭɘŬűɞɟɎ Ŭˊɧŭɞůɖɠ ɛŮŰŬɝɨ 

Űɖɠ əŬɚɨŰŮɟɖɠ , Űɖɠ ɢŮɘɟɧŰŮɟɖɠ əŬɘ Űɖɠ ŰɟɏɢɞɡůŬɠ Űɘɛɐɠ Űɤɜ ůɤɛŬŰɘŭɑɤɜ. Ƀ ɓŬɗɛɧɠ Űɤɜ 

ɡˊɞɚɞɔɘůɛɏɜɤɜ Űɘɛɩɜ ˊɟɞůŬɟɛɞůŰɘəɧŰɖŰŬɠ ŬɜŬˊŬɟɑůŰŬŰŬɘ ɤɠ Ůɝɐɠ: 
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ὋὶὥὨὩὸ    (8) 

ȳˊɞɡ: 

ὋὶὥὨὩὸ, ˊɟɞůŭɘɞɟɑɕŮŰŬɘ ɤɠ ɞ ɚɧɔɞɠ Űɖɠ ŭɘŬűɞɟɎɠ ɛŮŰŬɝɨ Űɞɡ ŬɟɘɗɛɖŰɐ Űɞɡ ɢŮɘɟɧŰŮɟɞɡ 

Ὢ ὸ  əŬɘ Űɞɡ ŰɟɏɢɞɜŰɞɠ ůɤɛŬŰɘŭɑɞɡ Ὢὼ ὸ  ˊɟɞɠ Űɖ ŭɘŬűɞɟɎ ɛŮŰŬɝɨ Űɞɡ 

ɢŮɘɟɧŰŮɟɞɡ ůɤɛŬŰɘŭɑɞɡ Ὢ ὸ əŬɘ Űɞɡ əŬɚɨŰŮɟɞɡ ůɤɛŬŰɘŭɑɞɡ Ὢ ὸ.  

ɀŮ Űɖ ɓɞɐɗŮɘŬ Űɖɠ ůɢɏůɖɠ ὋὶὥὨὩὸ, ɖ ˊŬɟɎɛŮŰɟɞɠ ɞɟɑɕŮŰŬɘ Ůə ɜɏɞɡ ɤɠ Ůɝɐɠ: 

ὅ ὸ ὅ ὅ ὅ ὋὶὥὨὩὸ    (99) 

ɧˊɞɡ: 

ὅ  əŬɘ ὅ  , ŭɨɞ ůŰŬɗŮɟɞɑ Ŭɟɘɗɛɞɑ 

ȷɡŰɐ ɖ ˊŬɟɎɛŮŰɟɞɠ ŮɘůɎɔŮɘ Űɖɜ ɏɜɜɞɘŬ Űɖɠ çŮəɛŮŰɎɚɚŮɡůɖɠè, ɔɘŬ ŰŬ ɎŰɞɛŬ ɛŮ Űɖɜ 

əŬɚɨŰŮɟɖ Ŭˊɧŭɞůɖ, Ůɜɩ ŰŬɡŰɧɢɟɞɜŬ ˊŮɟɘɔɟɎűŮɘ Űɞ ɡɣɖɚɧ ˊɞůɞůŰɧ ŮɝŮɟŮɨɜɖůɖɠ, ɧŰŬɜ 

ŮɜŰɞˊɑɕɞɜŰŬɘ ŰŬ ɎŰɞɛŬ ɛŮ Űɘɠ ɢŮɘɟɧŰŮɟŮɠ Űɘɛɏɠ. ȰˊŮɘŰŬ ɞɘ ɚɨůŮɘɠ ˊŮɟɜɞɨɜ ůŰɖ ŭɘŬŭɘəŬůɑŬ 

Űɖɠ ɛŮŰɎɚɚŬɝɖɠ, ɧˊɞɡ ŰŬ ɎŰɞɛŬ ˊɞɡ ŮˊɘɚɏɔɞɜŰŬɘ ŮɑɜŬɘ ɞɛɞɘɧɛɞɟűŬ ŰɡɢŬɑŬ, ˊɟɞəŮɘɛɏɜɞɡ ɜŬ 

ŬˊɞűŮɡɢɗŮɑ ɖ ˊɟɧɤɟɖ ůɨɔəɚɘůɖ. ȼ ůŰɟŬŰɖɔɘəɐ ɛŮŰɎɚɚŬɝɖɠ ŮɜůɤɛŬŰɩɜŮŰŬɘ ɛŮ Űɖɜ PSO 

ɔɘŬ ɜŬ ɓŮɚŰɘɩůŮɘ Űɖɜ Űɞˊɘəɐ ɘəŬɜɧŰɖŰŬ ŬɜŬɕɐŰɖůɖɠ ɛŮŰŬɝɨ Űɤɜ ůɤɛŬŰɘŭɑɤɜ, ɛŮ ɏɜŬɜ 

ůɡɜɗŮŰɘəɧ ˊŬɟɎɔɞɜŰŬ Űɘɛɩɜ ɓɎůŮɘ Ůɜɧɠ ŰɡɢŬɑɞɡ Ŭɟɘɗɛɞɨ ˊɞɡ ɘəŬɜɞˊɞɘŮɑ Űɞ əŬŰɩűɚɘ (0,5). 

ȼ Ůɝɑůɤůɖ Űɖɠ ůŰɟŬŰɖɔɘəɐɠ ɛŮŰɎɚɚŬɝɖɠ ˊŮɟɘɔɟɎűŮŰŬɘ ɤɠ Ůɝɐɠ: 

ὠ ὸ
πȢυὢὼ ὢὶὭὪὶ πȢυ

πȢυὢὼ ὢὶ „‐  ‏―‌•‛”‐†―‖ʙ  “‐”ʚ“†–„‫
   (100) 

 

ȳˊɞɡ: 

ὶȟὶ ŮɑɜŬɘ ŰɡɢŬɑɞɘ Ŭɟɘɗɛɞɑ ɛŮŰŬɝɨ (0 ,1). ɆŮ əɎɗŮ ɓɐɛŬ Űɤɜ ŮˊŬɜŬɚɐɣŮɤɜ ůɡɛɛŮŰɏɢŮɘ 

ɛɧɜɞ ɛɑŬ ɛŮŰŬɓɚɖŰɐ ŭɘŬŭɘəŬůɑŬ ɛŮŰɎɚɚŬɝɖɠ. ȼ ɛŮŰŬɓɚɖŰɐ ŬɡŰɐ, ŮɚɏɔɢŮɘ Űɞ ˊɧůɞ ůɡɢɜɎ 

ůɡɛɓŬɑɜŮɘ ɖ ɛŮŰɎɚɚŬɝɖ, ˊɧůɞ ŬˊɞŰŮɚŮůɛŬŰɘəɐ ŮɑɜŬɘ əŬɘ ˊɞɘɞ ɛɏɟɞɠ Űɞɡ ˊɚɖɗɡůɛɞɨ 

ŮˊɖɟŮɎɕŮŰŬɘ. 

 

Compact PSO (CPSO)- ɄŬɟŬɚɚŬɔɐ ɛŮ ůɡɛˊɡəɜɤɛɏɜɖ ŰŬɨŰɘůɖ: 



ȼ ˊɟɞůɏɔɔɘůɖ ŬɡŰɐ ɚŮɘŰɞɡɟɔŮɑ ůŮ ɢɩɟɞɡɠ ɛɜɐɛɖɠ, ɧˊɞɡ ɞɘ ŬˊŬɘŰɐůŮɘɠ Űɖɠ ɛɜɐɛɖɠ ŮɑɜŬɘ 

ŮɚɎɢɘůŰŮɠ, ɧˊɤɠ ůɡɛɓŬɑɜŮɘ ůŮ ŮɜůɤɛŬŰɤɛɏɜŬ ůɡůŰɐɛŬŰŬ ɐ ůŮ ˊŮɟɘɓɎɚɚɞɜŰŬ ɛŮ 

ˊŮɟɘɞɟɘůɛɏɜɞɡɠ ˊɧɟɞɡɠ. ɆŰɖ ɛɏɗɞŭɞ cPSO, ŬɟɢɘəɞˊɞɘŮɑŰŬɘ ɏɜŬ ȹɘɎɜɡůɛŬ ȹɘŬŰɎɟŬɝɖɠ (PV) 

ŬɜŰɑ ɔɘŬ Űɞɜ ˊɚɖɗɡůɛɧ ůɛɐɜɞɡɠ PSO, əŬɘ ɞ ˊɚɖɗɡůɛɧɠ Űɞɡ ŬˊɞŰŮɚŮɑŰŬɘ Ŭˊɧ ŭɡŬŭɘəɎ 

ŭɘŬɜɨůɛŬŰŬ [106]. ȽůɢɨŮɘ ɖ ůɢɏůɖ: 

ὖὠ ‘„  (43) 

ȳˊɞɡ: 

ɛ, ů ŮɑɜŬɘ ɞ ɛɏůɞɠ ɧɟɞɠ əŬɘ ɖ Űɡˊɘəɐ Ŭˊɧəɚɘůɖ Űɤɜ ɛŮŰŬɓɚɖŰɩɜ ůɢŮŭɘŬůɛɞɨ ˊɞɡ ɗŬ 

əŬŰŬůəŮɡŬůŰɞɨɜ ůŰɘɠ ŮˊŬɜŬɚɐɣŮɘɠ cPSO əŬɘ t ŮɑɜŬɘ ɞ Ŭɟɘɗɛɧɠ Űɖɠ ŰɟɏɢɞɡůŬɠ ŮˊŬɜɎɚɖɣɖɠ. 

ɀŮŰɎ Űɖɜ Ŭɟɢɘəɞˊɞɑɖůɖ Űɞɡ PV, Űɞ cPSO ŬɟɢɘəɞˊɞɘŮɑ Űɞ ɛ[i], ů[i] ɧˊɞɡ Űɞ i ŮɑɜŬɘ ɞ 

Ŭɟɘɗɛɧɠ Űɖɠ ɛŮŰŬɓɚɖŰɐɠ. ɆŰɖ ůɡɜɏɢŮɘŬ , ɞɘ ɗɏůŮɘɠ Űɞɡ ˊɟɞůɤˊɘəɞɨ əŬɚɨŰŮɟɞɡ əŬɘ Űɞɡ 

əŬɗɞɚɘəɞɨ əŬɚɨŰŮɟɞɡ  əŬɗɞɟɑɕɞɜŰŬɘ Ŭˊɧ Űɞ ŭɘɎɜɡůɛŬ PV. ɇɡɢŬɑŮɠ ɔŮɜŮɏɠ ɗɏůŮɤɜ əŬɘ 

ŰŬɢɡŰɐŰɤɜ ůɤɛŬŰɘŭɑɤɜ ŭɖɛɘɞɡɟɔɞɨɜŰŬɘ əŬɘ ŮɜɖɛŮɟɩɜɞɜŰŬɘ ɤɠ Ůɝɐɠ: 

ὠ ᶮὠ ᶮὟ ὖ ὼ Ὗɲ ὢ ὢ   (101) 

ὢ ‎ὢ ‎ὠ      (102) 

ȳˊɞɡ: 

- ᶮȟɲ ȟɲ , ŮɑɜŬɘ ɞɘ ˊŬɟɎɛŮŰɟɞɘ ɟɨɗɛɘůɖɠ Űɖɠ ɛŮŰŬ-ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ Űɞɡ Ŭɟɘɗɛɞɨ 

Űɤɜ ůɤɛŬŰɘŭɑɤɜ 

- ὟȟὟ , ŮɑɜŬɘ ůŰŬɗŮɟɏɠ 

- ὢ  , ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɖɜ əŬɚɨŰŮɟɖ ɚɨůɖ ˊɞɡ ɏɢŮɘ ɓɟŮɗŮɑ ɛɏɢɟɘ ŮəŮɑɜɖ Űɖ ůŰɘɔɛɐ 

ůŰɘɠ  ŮˊŬɜŬɚɐɣŮɘɠ 

- d, ɞɘ ŭɘŬůŰɎůŮɘɠ 

- ὢ , ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɖɜ ŰɟɏɢɞɡůŬ ɗɏůɖ ůɤɛŬŰɘŭɑɞɡ ɔɘŬ d ŭɘɎůŰŬůɖ ůŮ t 

ŮˊŬɜŬɚɐɣŮɘɠ. 

ɀŮŰɎ Ŭˊɧ ŬɡŰɎ ŰŬ ɓɐɛŬŰŬ, ŰŬ ůɤɛŬŰɑŭɘŬ ɜɘəɖŰɐ əŬɘ ɢŬɛɏɜɞɡ (əŬɚɨŰŮɟɞ, ɢŮɘɟɧŰŮɟɞ) ɏɢɞɡɜ 

ɡˊɞɚɞɔɘůŰŮɑ Ŭˊɧ ŰŬ ŭɖɛɘɞɡɟɔɞɨɛŮɜŬ ὢ  Ůɜɩ  Űɞ ὖ  ŮɜɖɛŮɟɩɜŮŰŬɘ ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ Űɞ 

ȹɘɎɜɡůɛŬ ȹɘŬŰɎɟŬɝɖɠ (PV). 

ȼ Ůɜɖɛɏɟɤůɖ Űɤɜ ɛŮŰŬɓɚɖŰɩɜ ůɢŮŭɘŬůɛɞɨ Űɖɠ ŮˊɧɛŮɜɖɠ ɔŮɜɘɎɠ ɤɠ Ůɝɐɠ: 



125 

 

‘ Ὥ ‘Ὥ ύὭὲὲὩὶὭ ὰέίὩὶὭ    (103) 

„ Ὥ ὩὭ ‘ Ὥ ‘ Ὥ ύὭὲὲὩὶ Ὥ ὰέίὩὶ Ὥ    (104) 

 

- ὔ, ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɞɜ ˊɚɖɗɡůɛɧ Ůɘəɞɜɘəɞɨ ɛŮɔɏɗɞɡɠ 

- Ὡ , əŬɗɞɟɑɕŮɘ Űɖɜ ŮəɗŮŰɘəɐ Űɘɛɐ ůŮ t ŮˊŬɜŬɚɐɣŮɘɠ 

- ύὭὲὲὩὶὭ‖‌―ὰέίὩὶὭ , ŬɜŰɘˊɟɞůɤˊŮɨɞɡɜ ŰŬ ůɤɛŬŰɑŭɘŬ ɜɘəɖŰɐ əŬɘ ɢŬɛɏɜɞɡ ůŮ 

əɎɗŮ ŮˊŬɜɎɚɖɣɖ. Ƀɘ Űɘɛɏɠ ŬɡŰɏɠ ɓɞɖɗɞɨɜ ŰŬ ŰɟɏɢɞɜŰŬ ůɤɛŬŰɑŭɘŬ ɜŬ 

ŮɜɖɛŮɟɩɜɞɜŰŬɘ ɛŮ Űɞɜ ɜɘəɖŰɐ Űɖɠ ŮˊŬɜɎɚɖɣɖɠ ŮɎɜ ɏɢŮɘ Űɖɜ əŬɚɨŰŮɟɖ ŬɝɑŬ Ŭˊɧ Űɖɜ 

ˊɟɞɖɔɞɨɛŮɜɖ əŬɚɨŰŮɟɖ Űɘɛɐ. 

 

5.4 ɄɟɞŰŮɘɜɧɛŮɜŮɠ ŭɘŬűɞɟɞˊɞɘɐůŮɘɠ  

 

ɆɨɛűɤɜŬ ɛŮ Űɞɡɠ Shi əŬɘ Eberhat [107],  ɞɘ ɡɣɖɚɏɠ Űɘɛɏɠ  Űɞɡ ůɡɜŰŮɚŮůŰɐ  ŬŭɟɎɜŮɘŬɠ 

ɞŭɖɔɞɨɜ ůŮ əŬɚɨŰŮɟɖ ŮɝŮɟŮɨɜɖůɖ Űɖɠ ˊŮɟɘɞɢɐɠ ŬɜŬɕɐŰɖůɖɠ, Ůɜɩ ɞɘ ɛɘəɟɏɠ Űɘɛɏɠ 

ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ɔɘŬ Űɖɜ əŬɚɨŰŮɟɖ Űɞˊɘəɐ ɏɟŮɡɜŬ ɔɨɟɤ Ŭˊɧ ˊŮɟɘɞɢɏɠ ɛŮ ɔŮɜɘəɧ ŮɚɎɢɘůŰɞ. 

ȼ Űɘɛɐ Űɞɡ ůɡɜŰŮɚŮůŰɐ ŬŭɟɎɜŮɘŬɠ ɝŮəɘɜɎ ɛŮ ɛŮɔɎɚŮɠ Űɘɛɏɠ əŬɘ ɛŮɘɩɜŮŰŬɘ ɛŮ Űɖɜ 

ŮˊŬɜɎɚɖɣɖ. ɆŰɖɜ ɛŮɚɏŰɖ ˊɞɡ ˊɟŬɔɛŬŰɞˊɞɘɐɗɖəŮ, ˊɟɞŰŮɑɜŮŰŬɘ ɛɘŬ ɜɏŬ ŰŮɢɜɘəɐ ɔɘŬ Űɖɜ 

ˊŬɟɎɛŮŰɟɞ Űɖɠ ŬŭɟɎɜŮɘŬɠ ɛɏůŬ Ŭˊɧ ŰɟŮɘɠ ŭɘŬűɞɟɞˊɞɘɐůŮɘɠ. ɄŬɟŬəɎŰɤ Ŭəɞɚɞɡɗɞɨɜ 

ŬɜŬɚɡŰɘəɎ ɞɘ ŰɟɞˊɞˊɞɘɐůŮɘɠ ˊɞɡ ɡɚɞˊɞɘɐɗɖəŬɜ: 

 

1ɖ Űɟɞˊɞˊɞɑɖůɖ: Ɉˊɞɚɞɔɘůɛɧɠ Űɖɠ ŬŭɟɎɜŮɘŬɠ 

 

‫ πȢυ
ὶ

ς
 

 

ɧˊɞɡ r ɏɜŬɠ ŰɡɢŬɑɞɠ Ŭɟɘɗɛɧɠ ˊɞɡ ŬɜɐəŮɘ ůŰɞ ŭɘɎůŰɖɛŬ [0,1].  

ŪŬ ˊɟɏˊŮɘ ɜŬ ŬɜŬűŮɟɗŮɑ ɧŰɘ ŬɡŰɧɠ ɞ ɡˊɞɚɞɔɘůɛɧɠ Űɖɠ ŬŭɟɎɜŮɘŬɠ  ůŰɞɡɠ ˊɑɜŬəŮɠ ɛŮ ŰŬ 

ˊŮɘɟŬɛŬŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ ɗŬ ɞɜɞɛɎɕŮŰŬɘ Ƚ1. 

 



2ɖ Űɟɞˊɞˊɞɑɖůɖ: ũɟŬɛɛɘəɎ ɛŮŰŬɓŬɚɚɧɛŮɜɖ ŬŭɟɎɜŮɘŬ (ŮɚɎɢɘůŰɖ ɏəŭɞůɖ) 

 

ɆŮ ŬɡŰɐ Űɖ ˊŮɟɑˊŰɤůɖ ɖ ůɢɏůɖ ˊɞɡ ˊɟɞŰŮɑɜŮŰŬɘ ŮɑɜŬɘ ɖ Ůɝɐɠ: 

 

‫
ὭὸὩὶὭὸὩὶ

ὭὸὩὶ
‫ ‫ ‫  

 

ɧˊɞɡ ‫  ŮɑɜŬɘ ɖ ŮɚɎɢɘůŰɖ Űɘɛɐ Űɖɠ ŬŭɟɎɜŮɘŬɠ əŬɘ ‫  ɖ ɛɏɔɘůŰɖ Űɘɛɐ ɔɘŬ Űɖɜ ŬŭɟɎɜŮɘŬ.  

ȷɡŰɧɠ ɞ ɡˊɞɚɞɔɘůɛɧɠ Űɖɠ ŬŭɟɎɜŮɘŬɠ ɗŬ ɞɜɞɛɎɕŮŰŬɘ Ƚ2 ůŰɞɡɠ ˊɑɜŬəŮɠ ɛŮ ŰŬ ˊŮɘɟŬɛŬŰɘəɎ 

ŬˊɞŰŮɚɏůɛŬŰŬ. 

 

3ɖ Űɟɞˊɞˊɞɑɖůɖ: ɄɟɞŰŮɘɜɧɛŮɜɖ ŰŮɢɜɘəɐ 

 

ɆŮ ŬɡŰɐ Űɖ ˊŮɟɑˊŰɤůɖ ɞ ɡˊɞɚɞɔɘůɛɧɠ Űɖɠ ŬŭɟɎɜŮɘŬɠ ˊŮɟɘɚŬɛɓɎɜŮɘ Űɞɜ Ŭɟɘɗɛɧ Űɤɜ 

ŮˊŬɜŬɚɐɣŮɤɜ ɧˊɞɡ ɖ ɛɏɗɞŭɞɠ əŬŰŬűɏɟɜŮɘ ɜŬ ɓɟŮɘ ɏɜŬ ɜɏɞ ŮɚɎɢɘůŰɞ. ɆŰɘɠ ˊɟɩŰŮɠ 

ŮˊŬɜŬɚɐɣŮɘɠ əŬɘ ɧŰŬɜ ɖ ɛɏɗɞŭɞɠ ˊɟɏˊŮɘ ɜŬ ŮɝŮɟŮɡɜɐůŮɘ ˊŮɟɘůůɧŰŮɟɞ Űɖɜ ˊŮɟɘɞɢɐ ɏɟŮɡɜŬɠ, 

ɖ ŬŭɟɎɜŮɘŬ ɗŬ ŮɑɜŬɘ ɛŮɔɎɚɖ. ȳŰŬɜ ɖ ɛɏɗɞŭɞɠ ˊɟɏˊŮɘ ɜŬ ŮˊɘəŮɜŰɟɤɗŮɑ ůŮ ɏɜŬ ŮɚɎɢɘůŰɞ, ŰɧŰŮ 

ɖ ŬŭɟɎɜŮɘŬ ɗŬ ɛŮɘɤɗŮɑ. ũɘŬ ŬɡŰɧ Űɞɜ ɚɧɔɞ, ůŮ əɎɗŮ ŮˊŬɜɎɚɖɣɖ iter, ɛŮŰɟɎŰŬɘ ɖ ˊɞůɧŰɖŰŬ:  

 

‏ Ὢ Ὢ  

 

 

ɆŰŬ ˊɟɩŰŬ ɓɐɛŬŰŬ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ, ŬɡŰɐ ɖ ˊɞůɧŰɖŰŬ ɗŬ ŬɚɚɎɕŮɘ Ŭˊɧ ŮˊŬɜɎɚɖɣɖ ůŮ 

ŮˊŬɜɎɚɖɣɖ ɛŮ ɔɟɐɔɞɟɞ ɟɡɗɛɧ, əŬɘ ůŮ əɎˊɞɘɞ ůɖɛŮɑɞ, ŭŮɜ ɗŬ ŬɚɚɎɕŮɘ ˊɚɏɞɜ ɛŮ Űɞɜ ɑŭɘɞ 

ɟɡɗɛɧ ɐ ɗŬ ɔɑɜŮɘ ɛɖŭŮɜɘəɐ. ũɘŬ Űɞ ɚɧɔɞ ŬɡŰɧ, ɞɟɑɕɞɡɛŮ ůŰɞ ‏  ɤɠ Ůɝɐɠ: 

 

‒
ρȟ‏ π

πȟ‏―‌•‛”‐†―‖ʗ
 

 

ɉɟɖůɘɛɞˊɞɘɩɜŰŬɠ ŬɡŰɐɜ Űɖɜ ˊŬɟŬŰɐɟɖůɖ, ŭɖɛɘɞɡɟɔɞɨɜŰŬɘ ŭɨɞ Ůˊɘˊɚɏɞɜ ɛŮŰɟɘəɏɠ ˊɞɡ 

ŭɑɜɞɜŰŬɘ Ŭˊɧ Űɘɠ ŬəɧɚɞɡɗŮɠ ůɢɏůŮɘɠ: 
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- Ὓ  = В ‒    əŬɘ 

-  ὅ ‒  

ɃˊɧŰŮ, ɞ ɡˊɞɚɞɔɘůɛɧɠ Űɖɠ ŬŭɟɎɜŮɘŬɠ ůɨɛűɤɜŬ ɛŮ ŰŬ ˊŬɟŬˊɎɜɤ ɡˊɞɚɞɔɑɕŮŰŬɘ ɤɠ Ůɝɐɠ: 

 

‫ ‫
ὭὸὩὶ

ὅ
‫ ‫  

 

ȷɡŰɧɠ ɞ ɛɖɢŬɜɘůɛɧɠ ɗŬ ɞɜɞɛɎɕŮŰŬɘ IP ůŰɞɡɠ ˊɑɜŬəŮɠ ɛŮ ŰŬ ˊŮɘɟŬɛŬŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ. 

 

 

5.5 ɄŮɘɟŬɛŬŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ 

 

ũɘŬ ɜŬ ŬɝɘɞɚɞɔɐůɞɡɛŮ Űɖɜ ŮˊɑŭɟŬůɖ Űɤɜ ˊɟɞŰŮɘɜɧɛŮɜɤɜ ŰɟɞˊɞˊɞɘɐůŮɤɜ ůŰɖɜ Ŭɟɢɘəɐ 

ɛɏɗɞŭɞ, ˊɟŬɔɛŬŰɞˊɞɘɐɗɖəŮ ɛɘŬ ůŮɘɟɎ ˊŮɘɟŬɛɎŰɤɜ ůŮ ŭɘɎűɞɟŮɠ ůɡɜŬɟŰɐůŮɘɠ ŭɞəɘɛɐɠ. ȳɚŬ 

ŰŬ ˊŮɘɟɎɛŬŰŬ ŭɘŮɜŮɟɔɐɗɖəŬɜ 30 űɞɟɏɠ ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ ŭɘŬűɞɟŮŰɘəɐ ɔŮɜɜɐŰɟɘŬ ŰɡɢŬɑɤɜ 

Ŭɟɘɗɛɩɜ əɎɗŮ űɞɟɎ. Ƀ əɩŭɘəŬɠ ɡɚɞˊɞɘɐɗɖəŮ ůŮ ANSI C++, Ůɜɩ ɢɟɖůɘɛɞˊɞɘɐɗɖəŮ ɖ 

ůɡɜɎɟŰɖůɖ drand48() ɔɘŬ Űɖɜ ˊŬɟŬɔɤɔɐ Űɤɜ ŰɡɢŬɑɤɜ Ŭɟɘɗɛɩɜ. ɇɏɚɞɠ, ɖ ɛɏɗɞŭɞɠ Űɞˊɘəɐɠ 

ŬɜŬɕɐŰɖůɖɠ ˊɞɡ ɢɟɖůɘɛɞˊɞɘɐɗɖəŮ ɐŰŬɜ ɖ BFGS. ȳɚŮɠ ɞɘ ˊŬɟɎɛŮŰɟɞɘ ˊɞɡ 

ɢɟɖůɘɛɞˊɞɘɐɗɖəŬɜ ůŰŬ ŭɘŮɜŮɟɔɖɗɏɜŰŬ ˊŮɘɟɎɛŬŰŬ ˊŮɟɘɚŬɛɓɎɜɞɜŰŬɘ ůŰɞɜ Ŭəɧɚɞɡɗɞ ˊɑɜŬəŬ  

(ɓɚ. ɄɑɜŬəŬɠ 9: çɇɘɛɏɠ ɔɘŬ Űɘɠ ˊŬɟŬɛɏŰɟɞɡɠ Űɤɜ ˊŮɘɟŬɛŬŰɘəɩɜ ˊŬɟŬɛɏŰɟɤɜè): 

 

ɄɑɜŬəŬɠ 9:ɇɘɛɏɠ ɔɘŬ Űɘɠ ˊŬɟŬɛɏŰɟɞɡɠ Űɤɜ ˊŮɘɟŬɛŬŰɘəɩɜ ˊŬɟŬɛɏŰɟɤɜ 

Parameter Value 

m 100 

ὭὲὸὩὶ 100 

ὴ 0.05 

ὧ 1.0 

ὧ 1.0 

‫  0.4 

‫  0.9 

 ɸ 0.001 



Ὧ  15 

 

 

ɇŬ ˊŮɘɟɎɛŬŰŬ ŬɝɘɞɚɧɔɖůŬɜ Űɧůɞ Űɞɜ ŬɜŰɑəŰɡˊɞ Űɖɠ ɜɏŬɠ ɛŮɗɧŭɞɡ ɡˊɞɚɞɔɘůɛɞɨ Űɖɠ 

ŬŭɟɎɜŮɘŬɠ ɧůɞ əŬɘ Űɞɡ əɟɘŰɖɟɑɞɡ ɔɘŬ Űɖɜ Ŭˊɞűɡɔɐ Űɞˊɘəɩɜ ŮɚŬɢɑůŰɤɜ, əŬɗɩɠ əŬɘ Űɞɡ ɜɏɞɡ 

əŬɜɧɜŬ ŰŮɟɛŬŰɘůɛɞɨ. ɇŬ ŬˊɞŰŮɚɏůɛŬŰŬ ŬɡŰɩɜ Űɤɜ ˊŮɘɟŬɛɎŰɤɜ əŬŰŬɔɟɎűɖəŬɜ ůŮ 

ɝŮɢɤɟɘůŰɞɨɠ ˊɑɜŬəŮɠ, ˊɟɞəŮɘɛɏɜɞɡ ɜŬ ŮɑɜŬɘ ˊɘɞ Ůɨəɞɚɞ ɜŬ ŬɜŬɚɡɗŮɑ ɖ ŮˊɑŭɟŬůɖ əɎɗŮ 

ɛŮŰŬɓɞɚɐɠ ɝŮɢɤɟɘůŰɎ. 

ũɘŬ əɎɗŮ əɟɘŰɐɟɘɞ ŰŮɟɛŬŰɘůɛɞɨ, ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ŭɨɞ ˊɑɜŬəŮɠ: ɞ ˊɟɩŰɞɠ ˊŮɟɘɏɢŮɘ 

ˊŮɘɟɎɛŬŰŬ ɛŮ Űɞ ůɢŮŰɘəɧ əɟɘŰɐɟɘɞ ŰŮɟɛŬŰɘůɛɞɨ ɢɤɟɑɠ Űɖ ŭɘŬŭɘəŬůɑŬ Ŭˊɧɟɟɘɣɖɠ Űɖɠ əɚɑůɖɠ, 

əŬɘ ɞ ŭŮɨŰŮɟɞɠ ˊɑɜŬəŬɠ ˊŮɟɘɏɢŮɘ ˊŮɘɟɎɛŬŰŬ ɛŮ Űɖ ŭɘŬŭɘəŬůɑŬ Ŭˊɧɟɟɘɣɖɠ Űɖɠ əɚɑůɖɠ 

ŮɜŮɟɔɞˊɞɘɖɛɏɜɖ. Ƀɘ Ŭɟɘɗɛɞɑ ůŰŬ əŮɚɘɎ Űɞɡ ˊɑɜŬəŬ ŬɜŰɘˊɟɞůɤˊŮɨɞɡɜ Űɞɜ ɛɏůɞ Ŭɟɘɗɛɧ 

əɚɐůŮɤɜ ůɡɜɎɟŰɖůɖɠ. ɇɞ əɚɎůɛŬ ůŮ ˊŬɟɏɜɗŮůɖ ɡˊɞŭɖɚɩɜŮɘ Űɞ ˊɞůɞůŰɧ Űɤɜ ŮəŰŮɚɏůŮɤɜ 

ɧˊɞɡ ɓɟɏɗɖəŮ Űɞ əŬɗɞɚɘəɧ ŮɚɎɢɘůŰɞ. ȼ ŬˊɞɡůɑŬ ŬɡŰɩɜ Űɤɜ əɚŬůɛɎŰɤɜ ůɖɛŬɑɜŮɘ ɧŰɘ Űɞ 

əŬɗɞɚɘəɧ ŮɚɎɢɘůŰɞ ŬɜŬəŬɚɨűɗɖəŮ ůŮ əɎɗŮ ŮəŰɏɚŮůɖ (ŮˊɘŰɡɢɑŬ 100%). ɇŬ ˊŮɘɟŬɛŬŰɘəɎ 

ŬˊɞŰŮɚɏůɛŬŰŬ ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ Űɞ əɟɘŰɐɟɘɞ ŰŮɟɛŬŰɘůɛɞɨ Űɖɠ Ⱥɝɑůɤůɖɠ: ὥ ,ɴ  

ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ůŰɞɡɠ ˊɑɜŬəŮɠ: ɄɑɜŬəŬɠ 10: çɄŮɘɟɎɛŬŰŬ ɛŮ Űɞɜ əŬɜɧɜŬ ŰŮɟɛŬŰɘůɛɞɨ Ali 

ɢɤɟɑɠ ɏɚŮɔɢɞ Űɖɠ əɚɑůɖɠè əŬɘ  ɄɑɜŬəŬɠ 11: çɄŮɘɟɎɛŬŰŬ ɛŮ Űɞɜ əŬɜɧɜŬ ŰŮɟɛŬŰɘůɛɞɨ Ali ɛŮ 

Űɞɜ ɏɚŮɔɢɞ Űɖɠ əɚɑůɖɠ ŮɜŮɟɔɞˊɞɘɖɛɏɜɞè. ɇŬ ˊŮɘɟŬɛŬŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ ɔɘŬ Űɞɜ ȹɘˊɚɧ 

ɄɑɜŬəŬ ŰŮɟɛŬŰɘůɛɞɨ Űɖɠ Ⱥɝɑůɤůɖɠ: „ „ , ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ůŰɞɡɠ ˊɑɜŬəŮɠ: ɄɑɜŬəŬɠ 

12: çɄŮɘɟɎɛŬŰŬ ɛŮ Űɞɜ ŭɘˊɚɧ əŬɜɧɜŬ ŰŮɟɛŬŰɘůɛɞɨ ɢɤɟɑɠ ɏɚŮɔɢɞ Űɖɠ əɚɑůɖɠè əŬɘ ɄɑɜŬəŬɠ 

13: çɄŮɘɟɎɛŬŰŬ ɛŮ Űɞɜ ŭɘˊɚɧ əŬɜɧɜŬ ŰŮɟɛŬŰɘůɛɞɨ ɛŮ Űɞɜ ɏɚŮɔɢɞ Űɖɠ əɚɑůɖɠ 

ŮɜŮɟɔɞˊɞɘɖɛɏɜɞè. ɇɏɚɞɠ, ɔɘŬ Űɞ ˊɟɞŰŮɘɜɧɛŮɜɞ əɟɘŰɐɟɘɞ ŰŮɟɛŬŰɘůɛɞɨ, ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ 

ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ůŰɞɡɠ ɑ́ɜŬəŮɠ: ɄɑɜŬəŬɠ 14: çɄŮɘɟɎɛŬŰŬ ɛŮ Űɞɜ ˊɟɞŰŮɘɜɧɛŮɜɞ əŬɜɧɜŬ 

ŰŮɟɛŬŰɘůɛɞɨ ɢɤɟɑɠ Űɞɜ ɏɚŮɔɢɞ Űɖɠ əɚɑůɖɠè əŬɘ ɄɑɜŬəŬɠ 15: çɄŮɘɟɎɛŬŰŬ ɛŮ Űɞɜ 

ˊɟɞŰŮɘɜɧɛŮɜɞ əŬɜɧɜŬ ŰŮɟɛŬŰɘůɛɞɨ ɛŮ Űɞɜ ɏɚŮɔɢɞ Űɖɠ əɚɑůɖɠ ŮɜŮɟɔɞˊɞɘɖɛɏɜɞè. Ⱥˊɘˊɚɏɞɜ, 

ŰŬ boxplots ɔɘŬ ŰŬ ˊɟɞŰŮɘɜɧɛŮɜŬ əɟɘŰɐɟɘŬ ŰŮɟɛŬŰɘůɛɞɨ ɢɤɟɑɠ əŬɘ ɛŮ Űɞɜ ɏɚŮɔɢɞ Űɖɠ əɚɑůɖɠ 

Űɖɠ Ⱥɝɑůɤůɖɠ: ᴁὼ ᾀᴁ ὶ  ᷈ŮɘəɞɜɑɕɞɜŰŬɘ ůŰŬ ŭɘŬɔɟɎɛɛŬŰŬ: ȹɘɎɔɟŬɛɛŬ 5: çɇɡˊɘəɐ 

Ŭˊɧəɚɘůɖ Űɤɜ əɚɐůŮɤɜ ůɡɜɎɟŰɖůɖɠ ɔɘŬ Űɞɡɠ əŬɜɧɜŮɠ ŰŮɟɛŬŰɘůɛɞɨ ɢɤɟɑɠ ɏɚŮɔɢɞ Űɖɠ 

əɚɑůɖɠè əŬɘ ȹɘɎɔɟŬɛɛŬ 6: çɇɡˊɘəɐ Ŭˊɧəɚɘůɖ Űɤɜ əɚɐůŮɤɜ ůɡɜɎɟŰɖůɖɠ ɔɘŬ Űɞɡɠ əŬɜɧɜŮɠ 

ŰŮɟɛŬŰɘůɛɞɨ ɛŮ ɏɚŮɔɢɞ Űɖɠ əɚɑůɖɠè ŬɜŰɑůŰɞɘɢŬ. ɇŬ ˊŬɟŬˊɎɜɤ ŬˊɞŰŮɚɏůɛŬŰŬ ɞŭɖɔɞɨɜ ůŮ 

ɛɘŬ ůŮɘɟɎ ˊŬɟŬŰɖɟɐůŮɤɜ: 
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1. ȼ ɛɏɗɞŭɞɠ PSO ŮɑɜŬɘ ɛɘŬ ŬɜɗŮəŰɘəɐ ɛɏɗɞŭɞɠ, əŬɘ ŬɡŰɧ ŮɑɜŬɘ ŮɛűŬɜɏɠ Ŭˊɧ Űɞ ɡɣɖɚɧ 

ˊɞůɞůŰɧ ŮˊɘŰɡɢɑŬɠ ůŰɞɜ ŮɜŰɞˊɘůɛɧ Űɞɡ əŬɗɞɚɘəɞɨ ŮɚɎɢɘůŰɞɡ, ˊŬɟɧɚɞ ˊɞɡ ɞ 

Ŭɟɘɗɛɧɠ Űɤɜ ůɤɛŬŰɘŭɑɤɜ ˊɞɡ ɢɟɖůɘɛɞˊɞɘɐɗɖəŮ ɐŰŬɜ ůɢŮŰɘəɎ ɢŬɛɖɚɧɠ (100). 

2. ȼ ˊɟɞŰŮɘɜɧɛŮɜɖ ɛɏɗɞŭɞɠ ɡˊɞɚɞɔɘůɛɞɨ Űɖɠ ŬŭɟɎɜŮɘŬɠ, ɧˊɤɠ ɞɟɑɕŮŰŬɘ ůŰɖɜ 

Ⱥɝɑůɤůɖ: ‫ ‫ ‫ ‫  , ŮˊɘŰɡɔɢɎɜŮɘ ɛɘŬ ůɖɛŬɜŰɘəɐ 

ɛŮɑɤůɖ ůŰɞɜ Ŭɟɘɗɛɧ Űɤɜ əɚɐůŮɤɜ ɛŮŰŬɝɨ 11 əŬɘ 25%, ŬɜɎɚɞɔŬ ɛŮ Űɞ əɟɘŰɐɟɘɞ 

ŰŮɟɛŬŰɘůɛɞɨ ˊɞɡ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ. ɋůŰɧůɞ, ɖ ˊŬɟɞɡůɑŬ Űɞɡ ɛɖɢŬɜɘůɛɞɨ Ůɚɏɔɢɞɡ 

Űɖɠ əɚɑůɖɠ Űɖɠ Ⱥɝɑůɤůɖɠ: ᴁὼ ᾀᴁ ὶ  ᷈,  ŬəɡɟɩɜŮɘ ɞˊɞɘɞŭɐˊɞŰŮ əɏɟŭɞɠ Űɖɠ 

ɛŮɗɧŭɞɡ, əŬɗɩɠ Űɞ əɟɘŰɐɟɘɞ Ŭˊɧɟɟɘɣɖɠ ɛŮɘɩɜŮɘ ůɖɛŬɜŰɘəɎ Űɞɜ Ŭɟɘɗɛɧ Űɤɜ 

əɚɐůŮɤɜ ŬɜŮɝɎɟŰɖŰŬ Ŭˊɧ Űɞ ɛɖɢŬɜɘůɛɧ ɡˊɞɚɞɔɘůɛɞɨ Űɖɠ ŬŭɟɎɜŮɘŬɠ ˊɞɡ 

ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ. 

3. Ƀ ɛɖɢŬɜɘůɛɧɠ Ŭˊɞűɡɔɐɠ Űɞˊɘəɩɜ ɓŮɚŰɘůŰɞˊɞɘɐůŮɤɜ Űɞɡ Ůɚɏɔɢɞɡ Űɖɠ əɚɑůɖɠ 

ɛŮɘɩɜŮɘ ŭɟŬůŰɘəɎ Űɞɜ ŬˊŬɘŰɞɨɛŮɜɞ Ŭɟɘɗɛɧ əɚɐůŮɤɜ ɔɘŬ əɎɗŮ əɟɘŰɐɟɘɞ 

ŰŮɟɛŬŰɘůɛɞɨ, ŭɘŬŰɖɟɩɜŰŬɠ ŰŬɡŰɧɢɟɞɜŬ Űɞ ˊɞůɞůŰɧ ŮˊɘŰɡɢɑŬɠ Űɖɠ ɛŮɗɧŭɞɡ ůŮ 

ŮɝŬɘɟŮŰɘəɎ ɡɣɖɚɎ ŮˊɑˊŮŭŬ. 

4. ɇɞ ˊɟɞŰŮɘɜɧɛŮɜɞ əɟɘŰɐɟɘɞ ŰŮɟɛŬŰɘůɛɞɨ ŮɑɜŬɘ ůɖɛŬɜŰɘəɎ ŬɜɩŰŮɟɞ Ŭˊɧ ŰŬ ɎɚɚŬ ŭɨɞ 

ɛŮ ŰŬ ɞˊɞɑŬ ɏɔɘɜŮ ɖ ůɨɔəɟɘůɖ. Ⱥˊɘˊɚɏɞɜ, Ŭɜ Űɞ əɟɘŰɐɟɘɞ ŰŮɟɛŬŰɘůɛɞɨ ůɡɜŭɡŬůŰŮɑ 

ɛŮ Űɞɜ ɛɖɢŬɜɘůɛɧ Ŭˊɞűɡɔɐɠ Űɞˊɘəɩɜ ɓŮɚŰɘůŰɞˊɞɘɐůŮɤɜ, Űɞ əɏɟŭɞɠ ůŰɞɜ Ŭɟɘɗɛɧ 

Űɤɜ əɚɐůŮɤɜ ŬɡɝɎɜŮŰŬɘ ŬəɧɛŬ ˊŮɟɘůůɧŰŮɟɞ. 

ũɘŬ ɜŬ ŮˊɘŭŮɑɝɞɡɛŮ Űɞ ŬɜŰɑəŰɡˊɞ Űɖɠ ˊɟɞŰŮɘɜɧɛŮɜɖɠ ɛŮɗɧŭɞɡ ŰŮɟɛŬŰɘůɛɞɨ, 

ˊɟŬɔɛŬŰɞˊɞɘɐɗɖəŮ ɏɜŬ ŮˊɘˊɟɧůɗŮŰɞ ˊŮɑɟŬɛŬ. ɆɡɔəŮəɟɘɛɏɜŬ, ˊɟŬɔɛŬŰɞˊɞɘɐɗɖəŬɜ 

ˊŮɘɟɎɛŬŰŬ ɛŮ Űɖ ůɡɜɎɟŰɖůɖ SINU (ɔɜɤůŰɐ əŬɘ ɤɠ ůɡɜɎɟŰɖůɖ sinusoidal) ˊɟɞəŮɘɛɏɜɞɡ ɜŬ 

ɛŮŰɟɖɗŮɑ ɖ ŬˊɞŭɞŰɘəɧŰɖŰɎ Űɖɠ, ɔɘŬ Űɘɛɏɠ Ŭˊɧ n = 2 ɏɤɠ n = 32. ũɘŬ ɧɚŮɠ ŬɡŰɏɠ Űɘɠ Űɘɛɏɠ, 

ŭɞəɘɛɎůŰɖəŬɜ əŬɘ ɞɘ ŰɟŮɘɠ ŰŮɢɜɘəɏɠ ŰŮɟɛŬŰɘůɛɞɨ. ɆŰɖɜ ˊŮɟɑˊŰɤůɖ ŬɡŰɐ, Űɞ 'n' ŬɜŬűɏɟŮŰŬɘ 

ůŰɖ ŭɘɎůŰŬůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ, ŭɖɚŬŭɐ ůŰɞ ˊɚɐɗɞɠ Űɤɜ ɎɔɜɤůŰɤɜ ɛŮŰŬɓɚɖŰɩɜ. ɇɞ 

ŬˊɞŰɏɚŮůɛŬ ŬɡŰɞɨ Űɞɡ ˊŮɘɟɎɛŬŰɞɠ ŬˊŮɘəɞɜɑɕŮŰŬɘ ɔɟŬűɘəɎ ůŰɞ ȹɘɎɔɟŬɛɛŬ 7: çɄŮɘɟɎɛŬŰŬ 

ɛŮ Űɖ ůɡɜɎɟŰɖůɖ SINU ɔɘŬ ɛɘŬ ůŮɘɟɎ Ŭˊɧ ŭɘŬůŰɎůŮɘɠ ˊɟɞɓɚɖɛɎŰɤɜ Ŭˊɧ n = 2 ɏɤɠ n = 

32è. ȷɡŰɧ Űɞ ɔɟɎűɖɛŬ ŭŮɑɢɜŮɘ ɧŰɘ ɖ ɛɏɗɞŭɞɠ Űɞɡ ŭɘˊɚɞɨ əɞɡŰɘɞɨ ŮɑɜŬɘ ůɖɛŬɜŰɘəɎ ŬɜɩŰŮɟɖ 

Ŭˊɧ Űɖ ɛɏɗɞŭɞ Ali, ŬɚɚɎ, űɡůɘəɎ, ɖ ɜɏŬ ˊɟɞŰŮɘɜɧɛŮɜɖ ɛɏɗɞŭɞɠ Ůˊɘˊɚɏɞɜ ɛŮɘɩɜŮɘ Űɞɜ 

ŬˊŬɘŰɞɨɛŮɜɞ Ŭɟɘɗɛɧ əɚɐůŮɤɜ ůɡɜɎɟŰɖůɖɠ. Ⱥˊɘˊɚɏɞɜ, ɞ ŬɜŰɑəŰɡˊɞɠ Űɖɠ ŮűŬɟɛɞɔɐɠ Űɞɡ 

ɛɖɢŬɜɘůɛɞɨ Ŭˊɧɟɟɘɣɖɠ ɓŬůɘůɛɏɜɞɡ ůŰɖɜ əɚɑůɖ Űɖɠ Ⱥɝɑůɤůɖɠ: ᴁὼ ᾀᴁ ὶ  ᷈ ŮɘəɞɜɑɕŮŰŬɘ 

ɔɟŬűɘəɎ ůŰɞ ȹɘɎɔɟŬɛɛŬ 8: çɄŮɘɟɎɛŬŰŬ ɛŮ Űɞɜ ˊɟɞŰŮɘɜɧɛŮɜɞ əŬɜɧɜŬ ŰŮɟɛŬŰɘůɛɞɨ ɛŮ 



ɏɚŮɔɢɞ Űɖɠ əɚɑůɖɠ əŬɘ ɢɤɟɑɠ ɏɚŮɔɢɞ Űɖɠ əɚɑůɖɠè, ɧˊɞɡ Űɞ ˊɟɞŰŮɘɜɧɛŮɜɞ əɟɘŰɐɟɘɞ 

ŰŮɟɛŬŰɘůɛɞɨ ŮűŬɟɛɧɕŮŰŬɘ ůŮ ɛɘŬ ůŮɘɟɎ Ŭˊɧ ůɡɜŬɟŰɐůŮɘɠ ŭɞəɘɛɐɠ ɛŮ Űɞɜ ɏɚŮɔɢɞ Űɖɠ əɚɑůɖɠ 

əŬɘ ɢɤɟɑɠ Űɞɜ ɏɚŮɔɢɞ Űɖɠ əɚɑůɖɠ. 

 

ɄɑɜŬəŬɠ 10:ɄŮɘɟɎɛŬŰŬ ɛŮ Űɞɜ əŬɜɧɜŬ ŰŮɟɛŬŰɘůɛɞɨ Ali  ɢɤɟɑɠ ɏɚŮɔɢɞ Űɖɠ əɚɑůɖɠ 

FUNCTION  I1 I2 I3 IP 

BF1 24929 22874 18739 22088 

BF2 24043 22254 17172 20743 

BRANIN 17691 16205 13397 12471 

CM4 20117 22568 26867 14941 

CAMEL 19474 17813 14461 13492 

EASOM 13327 13106 9969 9212 

EXP2 6339 8243 7853 3501 

EXP4 7816 10066 10900 4458 

EXP8 8667 10937 13126 4761 

EXP16 8748 11402 15754 5098 

EXP32 9567 12323 18189 5471 

GKLS250 10907 12562 9673 8552 

GKLS2100 12960 13403 9930 9541 

GKLS350 15410(0.97) 14722 10542 9298 

GKLS3100 16639 14495 10412 13075(0.97) 

GOLDSTEIN 20437 22877 16410 8935 

GRIEWANK2 27620 24230 18473 20133 

HANSEN 21513 20279 16326 15046 

HARTMAN3 16233 17152 12305 6511 

HARTMAN6 47038 48947 46852 23431 

POTENTIAL3 31684 32175 36930 24463 

POTENTIAL4 184602 181231 168962 129267 

POTENTIAL5 74508 70519 76890 54042 

RASTRIGIN 23574 20865 15596 16198 

ROSENBROCK4 145178 161136 160341 129891 
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ROSENBROCK8 95290 97035 96687 80408 

ROSENBCROK16 118614 116454 115122 97004 

SHEKEL5 27458 27088 25927 18036 

SHEKEL7 27521 27271 25967 18805 

SHEKEL10 29699(0.97) 28082 25511 20823 

TEST2N4 26740 27050 22905 19495 

TEST2N5 20243(0.97) 20290 17729 16024(0.97) 

TEST2N6 33118 33366 30118 25235(0.93) 

TEST2N7 23266(0.90) 22804 21294 18218(0.90) 

SINU4 17035 20487 18971 11079 

SINU8 22827 27176 27732 12379 

SINU16 31055 35998 42984 15692 

SINU32 44736(0.97) 51624 82114 25991 

TEST30N3 18733 20119 17803 17543 

TEST30N4 20348 22191 20679 20085 

TOTAL  1365704(0.99) 1399419 1367612 1001436(0.99) 

 

ɄɑɜŬəŬɠ 11:ɄŮɘɟɎɛŬŰŬ ɛŮ Űɞɜ əŬɜɧɜŬ ŰŮɟɛŬŰɘůɛɞɨ Ali  ɛŮ Űɞɜ ɏɚŮɔɢɞ Űɖɠ əɚɑůɖɠ 

ŮɜŮɟɔɞˊɞɘɖɛɏɜɞ 

FUNCTION  I1 I2 I3 IP 

BF1 9709 8918 9531 10932 

BF2 10196 9588 9089 10730 

BRANIN 10718 9597 9813 9501 

CM4 6242 7503 12531 6985 

CAMEL 10422 9306 8491 9624 

EASOM 11565 11366 8497 8196 

EXP2 3364 4443 4558 1926 

EXP4 3558 4767 6023 2122 

EXP8 3716 4787 7753 2186 

EXP16 3784 5076 9696 2211 

EXP32 4137 5698 11379 2323 



GKLS250 5917 7080 7517 5273 

GKLS2100 6843 8261 7449 7296 

GKLS350 6845 8076 7833 5881(0.97) 

GKLS3100 10290(0.93) 10187 7828 8066(0.97) 

GOLDSTEIN 7977 9035 8505 4381 

GRIEWANK2 12567 12222 12000 12037 

HANSEN 13441 13360 11876 10818 

HARTMAN3 9758 9548 8123 4114 

HARTMAN6 12893(0.90) 12889(0.93) 22309 10126(0.93) 

POTENTIAL3 17912 16420 21904 15969 

POTENTIAL4 73629 64886 95707 67084 

POTENTIAL5 40585 35239 47807 33661 

RASTRIGIN 11305 10101 11141 10046 

ROSENBROCK4 18115 21919 38407 43093 

ROSENBROCK8 12869 14192 31923 25405 

ROSENBCROK16 12096 13023 38486 23165 

SHEKEL5 10347 11466 14446 11802 

SHEKEL7 11511 10521 13944 10399 

SHEKEL10 10834 10842 13785 12253 

TEST2N4 11133 10869 12161 11546 

TEST2N5 10923(0.97) 10315 10868 11072(0.97) 

TEST2N6 12331(0.97) 12345 14123 15652 

TEST2N7 11342(0.93) 11354 12118 12370(0.93) 

SINU4 7724 9845 12294 6575 

SINU8 8468 10969 18122 5382 

SINU16 9334 13213 31589 9294 

SINU32 13290 17502(0.97) 
63111(0.9

7) 
14959 

TEST30N3 12675 12954 12472 12482 

TEST30N4 13964 14903 14999 15389 

TOTAL  494119(0.9 504585(0.9 720208(0. 502326(0.99
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9) 9) 99) ) 

 

ɄɑɜŬəŬɠ 12:ɄŮɘɟɎɛŬŰŬ ɛŮ Űɞɜ ŭɘˊɚɧ əŬɜɧɜŬ ŰŮɟɛŬŰɘůɛɞɨ ɢɤɟɑɠ ɏɚŮɔɢɞ Űɖɠ əɚɑůɖɠ 

FUNCTION  I1 I2 I3 IP 

BF1 6807 6866 6712 6757 

BF2 6102 6150 6057 6207 

BRANIN 4551 4596 4470 4435 

CM4 9814 10101 9580 9342 

CAMEL 5055 5202 4897 5004 

EASOM 2975 2788 3014 3000 

EXP2 4436 4541 4377 4543 

EXP4 5443 5562 5331 5290 

EXP8 5682 5754 5614 5504 

EXP16 5707 5799 5638 5526 

EXP32 5871 5797 5769 5659 

GKLS250 3973 3906 3971 3921 

GKLS2100 4009 3862 4073 3958 

GKLS350 4558 3965 4525(0.97) 4266 

GKLS3100 4701(0.87) 4266 4361(0.90) 4465 

GOLDSTEIN 10259 9145 7945 7625 

GRIEWANK2 5932 6194 5700 5915 

HANSEN 6386 6260 5688(0.97) 5874 

HARTMAN3 4681 4694 4625 4675 

HARTMAN6 14245 14091 13793 13825 

POTENTIAL3 7219 7206 7532 7234 

POTENTIAL4 38053 37924 38421 38897 

POTENTIAL5 15196 14459 15708 15358 

RASTRIGIN 5915 5797 5944(0.83) 5844 

ROSENBROCK4 91574 101485 117512 76367 

ROSENBROCK8 66648 61974 58831 41591 

ROSENBCROK16 62029 54550 63406 55800 



SHEKEL5 9119 10271(0.97) 8975 8538 

SHEKEL7 9197 9831 9638 8732 

SHEKEL10 10417 10449 9373 9721(0.90) 

TEST2N4 8512 8272 8884 7992 

TEST2N5 5793 5704 5511(0.90) 5515 

TEST2N6 9797(0.93) 9731 9657(0.83) 9666(0.97) 

TEST2N7 6435(0.80) 6659 6713(0.77) 5990(0.87) 

SINU4 7567 7774 7334 7063 

SINU8 9882 10083 9643 9331 

SINU16 12750 12947 12569 12207 

SINU32 20164 21112 19684(0.90) 19239 

TEST30N3 6388 7942 5934 5855 

TEST30N4 7611 9251 6385 8284 

TOTAL  531453(0.99) 532690(0.99) 543794(0.98) 475015(0.99) 

 

ɄɑɜŬəŬɠ 13:ɄŮɘɟɎɛŬŰŬ ɛŮ Űɞɜ ŭɘˊɚɧ əŬɜɧɜŬ ŰŮɟɛŬŰɘůɛɞɨ ɛŮ Űɞɜ ɏɚŮɔɢɞ Űɖɠ əɚɑůɖɠ 

ŮɜŮɟɔɞˊɞɘɖɛɏɜɞ 

FUNCTION  I1 I2 I3 IP 

BF1 3296 3038 3063 3003 

BF2 2922 2762 2863 2845 

BRANIN 2562 2641 2538 2564 

CM4 3569 4277 2944 3230 

CAMEL 2646 2854 2467 2577 

EASOM 2490 2390 2479 2464 

EXP2 2377 2489 2261 2315 

EXP4 2456 2669 2282 2389 

EXP8 2429 2671 2268 2385 

EXP16 2358 2569 2227 2326 

EXP32 2337 2533 2248 2312 

GKLS250 2394 2535 2274 2321 

GKLS2100 2384 2511 2267 2333 
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GKLS350 2492 2410 2212 2339 

GKLS3100 2800(0.90) 2708 2648(0.83) 2571 

GOLDSTEIN 3161 3701 3166 2799 

GRIEWANK2 3910 4520 3543 3641 

HANSEN 4409 4268 3755 4325 

HARTMAN3 2423 2518 2374 2425 

HARTMAN6 3913 4390 4199(0.93) 3700 

POTENTIAL3 3951 4093 4482 4021 

POTENTIAL4 18555 19559 19506 18691 

POTENTIAL5 8771 8397 9677 9154 

RASTRIGIN 3111 3244(0.97) 3031 3146 

ROSENBROCK4 9729 12980 11453 8587 

ROSENBROCK8 4987 6738 4688 5512 

ROSENBCROK16 4410 5939 4553 4002 

SHEKEL5 3906 4095 3203 3495 

SHEKEL7 3119 3965 2950 3528 

SHEKEL10 3497(0.97) 4464 3142(0.97) 3353 

TEST2N4 3468(0.97) 4059 4167 3881(0.93) 

TEST2N5 3318(0.97) 3786 2926(0.90) 3157(0.97) 

TEST2N6 4523(0.93) 5046(0.93) 5537(0.83) 4066(0.97) 

TEST2N7 3364(0.80) 4191(0.90) 4183(0.80) 3315(0.87) 

SINU4 3173 3807 2610 3004 

SINU8 3055 3742 2592 2857 

SINU16 3160 3746 3854 3290 

SINU32 6613 7377 6327 6450 

TEST30N3 5129 6367 5605 4451 

TEST30N4 5649 6441 6074 5543 

TOTAL  162816(0.99) 182490(0.99) 164638(0.98) 158367(0.99) 

 



ɄɑɜŬəŬɠ 14:ɄŮɘɟɎɛŬŰŬ ɛŮ Űɞɜ ˊɟɞŰŮɘɜɧɛŮɜɞ əŬɜɧɜŬ ŰŮɟɛŬŰɘůɛɞɨ ɢɤɟɑɠ Űɞɜ ɏɚŮɔɢɞ Űɖɠ 

əɚɑůɖɠ. 

FUNCTION  I1 I2 I3 IP 

BF1 5305 5326 5240 5209 

BF2 4760 4841 4750 4856 

BRANIN 3599 3703 3520 3443 

CM4 7674 7835 7430 7057 

CAMEL 3996 4131 3864 3825 

EASOM 2370 2292 2425 2478 

EXP2 3528 3613 3455 3675 

EXP4 4292 4350 4178 4020 

EXP8 4579 4632 4515 4278 

EXP16 4576 4637 4505 4236 

EXP32 4692 4771 4588 4296 

GKLS250 3105 3065 3115 3024 

GKLS2100 3193 3049 3193 3099 

GKLS350 3308 3000 3560 3401 

GKLS3100 2935(0.97) 2777 3158(0.83) 3088 

GOLDSTEIN 5534 5595 5332 5265 

GRIEWANK2 4225 4332 4413 4489 

HANSEN 3865 3762 3824 3769 

HARTMAN3 3724 3770 3714 3705 

HARTMAN6 11901(0.97) 11829(0.97) 11386 10573 

POTENTIAL3 5910 5850 6134 6501 

POTENTIAL4 30880 30570 31180 30682 

POTENTIAL5 12021 11643 12521 13475 

RASTRIGIN 4583 4595 4625 4360 

ROSENBROCK4 58299 61266 55759 35517 

ROSENBROCK8 31778 30888 30989 22055 

ROSENBCROK16 32719 30503 30957 24478 

SHEKEL5 6806 7047(0.97) 6636 6233 
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SHEKEL7 6807 7001 6626 6270 

SHEKEL10 6774 6987 6583 6534 

TEST2N4 6111 6127 5909 5893 

TEST2N5 4455(0.97) 4558 4372(0.97) 4271(0.93) 

TEST2N6 7446(0.97) 7419 7218(0.87) 7122(0.93) 

TEST2N7 4992(0.90) 5057 4888(0.83) 4680(0.90) 

SINU4 5948 6043 5750 5229 

SINU8 7965 8095 7778 6963 

SINU16 10121 10252 9968 9219 

SINU32 16093 16509 15663 14478 

TEST30N3 4331 4953 4230 3957 

TEST30N4 6290 6341 4288 4717 

TOTAL  361490(0.99) 363013(0.99) 352239(0.99) 310420(0.99) 

 

ɄɑɜŬəŬɠ 15:ɄŮɘɟɎɛŬŰŬ ɛŮ Űɞɜ ˊɟɞŰŮɘɜɧɛŮɜɞ əŬɜɧɜŬ ŰŮɟɛŬŰɘůɛɞɨ ɛŮ Űɞɜ ɏɚŮɔɢɞ Űɖɠ 

əɚɑůɖɠ ŮɜŮɟɔɞˊɞɘɖɛɏɜɞ 

FUNCTION  I1 I2 I3 IP 

BF1 2276 2379 2266 2250 

BF2 2157 2274 2098 2191 

BRANIN 2132 2178 2051 2170 

CM4 3098 3717 2538 2791 

CAMEL 2198 2335 1974 2058 

EASOM 2007 2011 2031 2084 

EXP2 1952 2030 1842 1861 

EXP4 2046 2266 1877 1909 

EXP8 1990 2240 1849 1879 

EXP16 1944 2110 1828 1838 

EXP32 1953 2126 1859 1867 

GKLS250 1982 2079 1850 1900 

GKLS2100 1983 2064 1859 1891 



GKLS350 1882 1944 1793 1831 

GKLS3100 1898 1909(0.97) 1850(0.83) 1833(0.83) 

GOLDSTEIN 2523 2670 2110 2164 

GRIEWANK2 2893 2885 2791 2681 

HANSEN 2766 2879 2731 2804 

HARTMAN3 1988 2093 1949 2015 

HARTMAN6 3366 3871(0.97) 2767 3133 

POTENTIAL3 3312 3487 3613 3892 

POTENTIAL4 15392 16390 16223 17497 

POTENTIAL5 7109 7104 7732 8477 

RASTRIGIN 2591 2648 2474 2732 

ROSENBROCK4 8023 12179 4433 6025 

ROSENBROCK8 4376 6081 2721 3314 

ROSENBCROK16 3643 4954 2746 2485 

SHEKEL5 2849 3296 2274 2390 

SHEKEL7 2696 3294 2262 2283 

SHEKEL10 2624 3251 2338(0.93) 2359 

TEST2N4 2536 2637 2427 2782 

TEST2N5 2266(0.97) 2336(0.97) 2163(0.90) 2342(0.90) 

TEST2N6 2724(0.93) 2832 2694(0.80) 3133(0.90) 

TEST2N7 2283(0.80) 2370 2279(0.80) 2585(0.90) 

SINU4 2789 3245 2228 2436 

SINU8 2601 3151 2233 2348 

SINU16 2721 3086 2443 2624 

SINU32 4652 5135 4086 4089 

TEST30N3 3031 3349 3007 2562 

TEST30N4 3747 3797 3250 3237 

TOTAL  126999(0.99) 142682(0.99) 115539(0.98) 122742(0.99) 
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ȹɘɎɔɟŬɛɛŬ 5:ɇɡˊɘəɐ Ŭˊɧəɚɘůɖ Űɤɜ əɚɐůŮɤɜ ůɡɜɎɟŰɖůɖɠ ɔɘŬ Űɞɡɠ əŬɜɧɜŮɠ ŰŮɟɛŬŰɘůɛɞɨ 

ɢɤɟɑɠ ɏɚŮɔɢɞ Űɖɠ əɚɑůɖɠ 

 

 

ȹɘɎɔɟŬɛɛŬ 6:ɇɡˊɘəɐ Ŭˊɧəɚɘůɖ Űɤɜ əɚɐůŮɤɜ ůɡɜɎɟŰɖůɖɠ ɔɘŬ Űɞɡɠ əŬɜɧɜŮɠ ŰŮɟɛŬŰɘůɛɞɨ 

ɛŮ ɏɚŮɔɢɞ Űɖɠ əɚɑůɖɠ 

 

 



ȹɘɎɔɟŬɛɛŬ 7:ɄŮɘɟɎɛŬŰŬ ɛŮ Űɖ ůɡɜɎɟŰɖůɖ SINU ɔɘŬ ɛɘŬ ůŮɘɟɎ Ŭˊɧ ŭɘŬůŰɎůŮɘɠ 

ˊɟɞɓɚɖɛɎŰɤɜ Ŭˊɧ n = 2 ɏɤɠ n = 32 

. 

 

ȹɘɎɔɟŬɛɛŬ 8:ɄŮɘɟɎɛŬŰŬ ɛŮ Űɞɜ ˊɟɞŰŮɘɜɧɛŮɜɞ əŬɜɧɜŬ ŰŮɟɛŬŰɘůɛɞɨ ɛŮ ɏɚŮɔɢɞ Űɖɠ əɚɑůɖɠ 

əŬɘ ɢɤɟɑɠ ɏɚŮɔɢɞ Űɖɠ əɚɑůɖɠ 

 

 

 

5.6 ɆɡɛˊŮɟɎůɛŬŰŬ 

 

ɆɡɛˊŮɟŬůɛŬŰɘəɎ ůŰɖɜ ŮɜɧŰɖŰŬ ŬɡŰɐ, ˊŬɟɞɡůɘɎůŰɖəŬɜ ŰɟŮɘɠ ɜɏŮɠ ŰɟɞˊɞˊɞɘɐůŮɘɠ Űɖɠ 

ɛŮɗɧŭɞɡ PSO ɔɘŬ Űɞɜ ŮɜŰɞˊɘůɛɧ Űɞɡ ɔŮɜɘəɞɨ ŮɚɎɢɘůŰɞɡ ůɡɜŮɢɩɜ əŬɘ ŭɘŬűɞɟɑůɘɛɤɜ 

ůɡɜŬɟŰɐůŮɤɜ. ȼ ˊɟɩŰɖ Űɟɞˊɞˊɞɑɖůɖ ŮˊɘŭɘɩəŮɘ Űɖɜ ŬɚɚŬɔɐ Űɞɡ ɡˊɞɚɞɔɘůɛɞɨ Űɖɠ 
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ŰŬɢɨŰɖŰŬɠ Űɞɡ ˊɚɖɗɡůɛɞɨ ɔɘŬ ɜŬ ˊɟɞəŬɚɏůŮɘ ɛŮɔɎɚŮɠ ŬɚɚŬɔɏɠ ɧŰŬɜ ɖ ɛɏɗɞŭɞɠ ŬɜŬɕɖŰɎ 

ůɡɜŮɢɩɠ ɜɏŬ ŰɞˊɘəɎ ŮɚɎɢɘůŰŬ əŬɘ ɛɘəɟɏɠ ŬɚɚŬɔɏɠ ɧŰŬɜ ŮˊɘəŮɜŰɟɩɜŮŰŬɘ ůŮ ɛɘŬ ŮɚˊɘŭɞűɧɟŬ 

ˊŮɟɘɞɢɐ Ůɜɧɠ ɔŮɜɘəɞɨ ŮɚɎɢɘůŰɞɡ. ȼ ŭŮɨŰŮɟɖ Űɟɞˊɞˊɞɑɖůɖ ˊŮɟɘɞɟɑɕŮɘ Űɞɜ Ŭɟɘɗɛɧ Űɤɜ 

Űɞˊɘəɩɜ ŬɜŬɕɖŰɐůŮɤɜ ɛɏůɤ Ůɜɧɠ ŬůɡɛˊŰɤŰɘəɞɨ əɟɘŰɖɟɑɞɡ ˊɞɡ ɓŬůɑɕŮŰŬɘ ůŰɖɜ ˊŬɟɎɔɤɔɞ. 

ȼ ŰɟɑŰɖ Űɟɞˊɞˊɞɑɖůɖ ŮɘůɎɔŮɘ ɏɜŬ ɜɏɞ əɟɘŰɐɟɘɞ ŰŮɟɛŬŰɘůɛɞɨ ɓŬůɘůɛɏɜɞ ůŰɖɜ ˊŬɟŬŰɐɟɖůɖ 

ɧŰɘ ɖ ɛɏɗɞŭɞɠ ŭŮɜ ɗŬ ŮɑɜŬɘ ůŮ ɗɏůɖ ɜŬ ŬɜɘɢɜŮɨůŮɘ ɏɜŬ ɜɏɞ ŮɚɎɢɘůŰɞ Ŭˊɧ əɎˊɞɘŬ ŮˊŬɜɎɚɖɣɖ 

əŬɘ ɏˊŮɘŰŬ. Ƀɘ ˊɟɞŰŮɘɜɧɛŮɜŮɠ ŰɟɞˊɞˊɞɘɐůŮɘɠ ŮűŬɟɛɧůŰɖəŬɜ ŮɑŰŮ ɛɑŬ-ɛɑŬ ŮɑŰŮ ɧɚŮɠ ɛŬɕɑ ůŮ 

ůɡɜŭɡŬůɛɧ. ɇŬ ˊŮɘɟŬɛŬŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ ɏŭŮɘɝŬɜ ɧŰɘ ɞɘ ŰɟɞˊɞˊɞɘɐůŮɘɠ ɛŮɘɩɜɞɡɜ 

ůɖɛŬɜŰɘəɎ Űɞɜ Ŭɟɘɗɛɧ Űɤɜ əɚɐůŮɤɜ ůɡɜɎɟŰɖůɖɠ Ŭəɧɛɖ əŬɘ ɧŰŬɜ ŭŮɜ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŮ 

ůɡɜŭɡŬůɛɧ. Ⱥˊɘˊɚɏɞɜ, ɖ ˊɟɩŰɖ Űɟɞˊɞˊɞɑɖůɖ ɛŮɘɩɜŮɘ Űɞɜ Ŭɟɘɗɛɧ Űɤɜ ŬˊŬɘŰɞɨɛŮɜɤɜ 

əɚɐůŮɤɜ ŬɚɚɎ ɛɧɜɞ ɧŰŬɜ Űɞ əɟɘŰɐɟɘɞ ɔɘŬ Űɖɜ Ŭˊɞűɡɔɐ Űɞˊɘəɩɜ ŮɚŬɢɑůŰɤɜ ŭŮɜ ŮɑɜŬɘ 

ˊŬɟɧɜ. ɇɏɚɞɠ, ɞɘ ŰɟɞˊɞˊɞɘɐůŮɘɠ ŭŮɜ ɛŮɘɩɜɞɡɜ Űɖɜ ɘəŬɜɧŰɖŰŬ Űɖɠ ɛŮɗɧŭɞɡ PSO ɜŬ 

ŮɜŰɞˊɑůŮɘ Űɞ ůɡɜɞɚɘəɧ ŮɚɎɢɘůŰɞ Űɖɠ ůɡɜɎɟŰɖůɖɠ ůŰɧɢɞɡ. 
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6. ɄȷɅȷȿȿȼȿȺɆ ɇȺɉɁȽȾȺɆ  

6.1 ɄɟɞɔɟŬɛɛŬŰɘůɛɧɠ ɛŮ ɜɐɛŬŰŬ ï ɓŬůɘəɏɠ Ŭɟɢɏɠ  

 

Ƀɘ ůɨɔɢɟɞɜŮɠ ŬˊŬɘŰɐůŮɘɠ ůŰɞɜ ŰɞɛɏŬ Űɖɠ ˊɚɖɟɞűɞɟɘəɐɠ ŭɘŬɛɞɟűɩɜɞɡɜ ɏɜŬ ˊŮɟɘɓɎɚɚɞɜ 

ɧˊɞɡ ɖ ŬɜɎɔəɖ ɔɘŬ ŬˊɞŰŮɚŮůɛŬŰɘəɐ ɢɟɐůɖ Űɤɜ ˊɧɟɤɜ ŮɑɜŬɘ ɞɡůɘŬůŰɘəɐ. Ƀ ŰŬɡŰɧɢɟɞɜɞɠ 

ˊɟɞɔɟŬɛɛŬŰɘůɛɧɠ ŮˊɘŰɟɏˊŮɘ Űɖɜ ŮəŰɏɚŮůɖ ˊɞɚɚɩɜ ŮɟɔŬůɘɩɜ ŰŬɡŰɧɢɟɞɜŬ, 

ŮəɛŮŰŬɚɚŮɡɧɛŮɜɞɠ ŰŬ ˊɞɚɡˊɨɟɖɜŬ əŬɘ ˊɞɚɡɜɖɛŬŰɘəɎ ůɡůŰɐɛŬŰŬ. ȷɜŰɑ ɜŬ ˊŮɟɘɛɏɜɞɡɜ ɞɘ 

ŮűŬɟɛɞɔɏɠ Űɖɜ ɞɚɞəɚɐɟɤůɖ ɛɘŬɠ ŮɟɔŬůɑŬɠ ˊɟɘɜ Ŭɟɢɑůɞɡɜ Űɖɜ ŮəŰɏɚŮůɖ ɛɘŬɠ Ɏɚɚɖɠ, ɞ 

ŰŬɡŰɧɢɟɞɜɞɠ ˊɟɞɔɟŬɛɛŬŰɘůɛɧɠ ŮˊɘŰɟɏˊŮɘ Űɖɜ ŬˊɞŰŮɚŮůɛŬŰɘəɐ Ŭɝɘɞˊɞɑɖůɖ Űɤɜ ˊɧɟɤɜ Űɞɡ 

ůɡůŰɐɛŬŰɞɠ. ɆŰɞɜ ŰŬɡŰɧɢɟɞɜɞ ˊɟɞɔɟŬɛɛŬŰɘůɛɧ, ɡˊɎɟɢɞɡɜ ŭɨɞ ɓŬůɘəɎ ůŰɞɘɢŮɑŬ 

ŮəŰɏɚŮůɖɠ: ɞɘ ŭɘŮɟɔŬůɑŮɠ əŬɘ ŰŬ ɜɐɛŬŰŬ [108].  

ɀɑŬ ŭɘŮɟɔŬůɑŬ ŭɘŬɗɏŰŮɘ Űɞ ŭɘəɧ Űɖɠ ˊŮɟɘɓɎɚɚɞɜ ŮəŰɏɚŮůɖɠ, Ŭűɞɨ ŭɘŬɗɏŰŮɘ ɏɜŬ ˊɚɐɟŮɠ, 

ɘŭɘɤŰɘəɧ ůɨɜɞɚɞ ɓŬůɘəɩɜ ˊɧɟɤɜ ŮəŰɏɚŮůɖɠ əŬɘ əɡɟɑɤɠ Űɞ ŭɘəɧ Űɖɠ ɢɩɟɞ ɛɜɐɛɖɠ. Ƀɘ 

ŭɘŮɟɔŬůɑŮɠ ůɡɢɜɎ ŬɜŰɘɛŮŰɤˊɑɕɞɜŰŬɘ ɤɠ ůɡɜɩɜɡɛɞ Űɤɜ ˊɟɞɔɟŬɛɛɎŰɤɜ ɐ Űɤɜ ŮűŬɟɛɞɔɩɜ. 

ȳɛɤɠ ŬɡŰɧ ˊɞɡ ɓɚɏˊɞɡɜ ɞɘ ɢɟɐůŰŮɠ ɤɠ ɛɑŬ ŮűŬɟɛɞɔɐ ůɡɜɐɗɤɠ ŮɑɜŬɘ ɏɜŬ ůɨɜɞɚɞ 

ůɡɜŮɟɔŬɕɧɛŮɜɤɜ ŭɘŮɟɔŬůɘɩɜ. ũɘŬ ɜŬ ŭɘŮɡəɞɚɡɜɗŮɑ ɖ ŮˊɘəɞɘɜɤɜɑŬ ɛŮŰŬɝɨ Űɤɜ ŭɘŮɟɔŬůɘɩɜ, 

ŰŬ ˊŮɟɘůůɧŰŮɟŬ ɚŮɘŰɞɡɟɔɘəɎ ůɡůŰɐɛŬŰŬ ɡˊɞůŰɖɟɑɕɞɡɜ Űɖɜ ŮˊɘəɞɘɜɤɜɑŬ ɛŮŰŬɝɨ Űɤɜ 

ŭɘŮɟɔŬůɘɩɜ ɧˊɤɠ ŮɑɜŬɘ ɞɘ ɡˊɞŭɞɢɏɠ. ȳˊɤɠ ɞɘ ŭɘŮɟɔŬůɑŮɠ, ɏŰůɘ əŬɘ ŰŬ ɜɐɛŬŰŬ ˊŬɟɏɢɞɡɜ ɏɜŬ 

ˊŮɟɘɓɎɚɚɞɜ ŮəŰɏɚŮůɖɠ, ŬɚɚɎ ɖ ŭɖɛɘɞɡɟɔɑŬ Ůɜɧɠ ɜɐɛŬŰɞɠ ŬˊŬɘŰŮɑ ɚɘɔɧŰŮɟɞɡɠ ˊɧɟɞɡɠ Ŭˊɧ 

ɧŰɘ ɖ ŭɖɛɘɞɡɟɔɑŬ ɛɘŬɠ ŭɘŮɟɔŬůɑŬɠ [108].  

ɇŬ ɜɐɛŬŰŬ ɡˊɎɟɢɞɡɜ ɛɏůŬ ůŰɘɠ ŭɘŮɟɔŬůɑŮɠ. ȾɎɗŮ ŭɘŮɟɔŬůɑŬ ɏɢŮɘ ŰɞɡɚɎɢɘůŰɞɜ ɏɜŬ ɜɐɛŬ. ɇŬ 

ɜɐɛŬŰŬ ŭɘŮɟɔŬůɘɩɜ ŭɘŬɗɏŰɞɡɜ ŭɘɎűɞɟŬ ɢŬɟŬəŰɖɟɘůŰɘəɎ ˊɞɡ ŰŬ əŬɗɘůŰɞɨɜ ɘəŬɜɎ ɜŬ 

ŮəŰŮɚɞɨɜ ˊɞɚɚŬˊɚɏɠ ŮɟɔŬůɑŮɠ ˊŬɟɎɚɚɖɚŬ əŬɘ ɜŬ ɛɞɘɟɎɕɞɜŰŬɘ ˊɧɟɞɡɠ. ɇŬ ɜɐɛŬŰŬ ɏɢɞɡɜ 

ɏɜŬ ɜɐɛŬ əŬŰɎůŰŬůɖɠ Űɖɠ ŮəŰɏɚŮůɖɠ, ˊɞɡ ˊŮɟɘɚŬɛɓɎɜŮɘ Űɖɜ ŰɟɏɢɞɡůŬ əŬŰɎůŰŬůɖ Űɞɡ 

ɜɐɛŬŰɞɠ, ɧˊɤɠ Űɞ Ŭɜ ɓɟɑůəŮŰŬɘ ůŮ ŮəŰɏɚŮůɖ, ůŮ ŬɜŬɛɞɜɐ ɐ ɛˊɚɞəŬɟɘůɛɏɜɞ. Ⱥˊɑůɖɠ, əɎɗŮ 

ɜɐɛŬ ɏɢŮɘ ɛɘŬ ůŰɞɑɓŬ ŬˊɞɗɐəŮɡůɖɠ, ɧˊɞɡ ŬˊɞɗɖəŮɨɞɜŰŬɘ ɞɘ Űɞˊɘəɏɠ ɛŮŰŬɓɚɖŰɏɠ əŬɘ ŰŬ 

ŭŮŭɞɛɏɜŬ Űɤɜ ůɡɜŬɟŰɐůŮɤɜ əŬŰɎ Űɖɜ ŮəŰɏɚŮůɖ. Ⱥˊɘˊɚɏɞɜ, ŰŬ ɜɐɛŬŰŬ ɏɢɞɡɜ ůŰŬŰɘəɐ 

ŬˊɞɗɐəŮɡůɖ ŬɜɎ ɜɐɛŬ ɔɘŬ Űɘɠ Űɞˊɘəɏɠ ɛŮŰŬɓɚɖŰɏɠ, ŮˊɘŰɟɏˊɞɜŰŬɠ Űɖ ŭɘŬɢŮɑɟɘůɖ Űɤɜ 

ɛŮŰŬɓɚɖŰɩɜ ˊɞɡ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ Ŭˊɧ Űɞ əɎɗŮ ɜɐɛŬ. ɄŬɟɎɚɚɖɚŬ, ɧɚŬ ŰŬ ɜɐɛŬŰŬ ɛɘŬɠ 

ŭɘŮɟɔŬůɑŬɠ ɏɢɞɡɜ ˊɟɞůˊɏɚŬůɖ ůŰɖ ɛɜɐɛɖ əŬɘ Űɞɡɠ ˊɧɟɞɡɠ Űɖɠ ŭɘŮɟɔŬůɑŬɠ, ɧˊɤɠ ŰŬ 



ŬɜɞɘɢŰɎ ŬɟɢŮɑŬ əŬɘ Űɞɡɠ ɢŮɘɟɘůŰɏɠ ůɡůəŮɡɩɜ, ɧˊɞɡ ɛɞɘɟɎɕɞɜŰŬɘ ŬɡŰɞɨɠ Űɞɡɠ ˊɧɟɞɡɠ 

ɛŮŰŬɝɨ Űɞɡɠ [109].  

ɇŬ ɜɐɛŬŰŬ ˊɟɞůűɏɟɞɡɜ ˊɞɚɚɎ ˊɚŮɞɜŮəŰɐɛŬŰŬ ůŰɞɜ ˊɟɞɔɟŬɛɛŬŰɘůɛɧ, ŰŬ ɞˊɞɑŬ 

ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ˊŬɟŬəɎŰɤ: 

¶ ɀɘəɟɧ Overhead ȹɖɛɘɞɡɟɔɑŬɠ: 

ȼ ŭɖɛɘɞɡɟɔɑŬ ɛɘŬɠ ɜɏŬɠ ŭɘŮɟɔŬůɑŬɠ ŬˊŬɘŰŮɑ ˊɞɚɚɞɨɠ ˊɧɟɞɡɠ əŬɘ ɢɟɧɜɞ, əŬɗɩɠ ˊɟɏˊŮɘ ɜŬ 

ŭɖɛɘɞɡɟɔɖɗŮɑ ɏɜŬ ɜɏɞ ɢɩɟɞ ŭɘŮɡɗɨɜůŮɤɜ Ŭˊɧ Űɖɜ Ŭɟɢɐ. ȷɜŰɑɗŮŰŬ, ŰŬ ɜɐɛŬŰŬ 

ɢɟɖůɘɛɞˊɞɘɞɨɜ Űɞ ɑŭɘɞ ɢɩɟɞ ŭɘŮɡɗɨɜůŮɤɜ Űɖɠ ɡˊɎɟɢɞɡůŬɠ ŭɘŮɟɔŬůɑŬɠ, əɎŰɘ ˊɞɡ ŮɑɜŬɘ ˊɞɚɨ 

ˊɘɞ ŬˊɞŭɞŰɘəɧ əŬɘ ɔɟɐɔɞɟɞ. 

¶ ũɟɐɔɞɟɖ ɀŮŰɎɓŬůɖ Ⱥɚɏɔɢɞɡ: 

ȼ ŮɜŬɚɚŬɔɐ ŮəŰɏɚŮůɖɠ ɛŮŰŬɝɨ ŭɘŮɟɔŬůɘɩɜ ŮɑɜŬɘ Ŭɟɔɐ əŬɘ ŬˊŬɘŰŮɑ ˊɞɚɨ ɢɟɧɜɞ. ȷɜŰɑɗŮŰŬ, ɖ 

ŮɜŬɚɚŬɔɐ ɛŮŰŬɝɨ ɜɖɛɎŰɤɜ Űɖɠ ɑŭɘŬɠ ŭɘŮɟɔŬůɑŬɠ ŮɑɜŬɘ ˊɞɚɨ ˊɘɞ ɔɟɐɔɞɟɖ, ŮˊŮɘŭɐ ŰŬ ɜɐɛŬŰŬ 

ɛɞɘɟɎɕɞɜŰŬɘ Űɞɜ ɑŭɘɞ ɢɩɟɞ ɛɜɐɛɖɠ. 

¶ ȷˊɞŭɞŰɘəɧɠ ȹɘŬɛɞɘɟŬůɛɧɠ Ʉɧɟɤɜ: 

ɇŬ ɜɐɛŬŰŬ ɛɘŬɠ ŭɘŮɟɔŬůɑŬɠ ɛɞɘɟɎɕɞɜŰŬɘ Űɞɡɠ ɑŭɘɞɡɠ ˊɧɟɞɡɠ (ɛɜɐɛɖ, ŬɟɢŮɑŬ ə.ɚˊ.), əɎŰɘ 

ˊɞɡ əɎɜŮɘ Űɞɜ ŭɘŬɛɞɘɟŬůɛɧ Űɤɜ ŭŮŭɞɛɏɜɤɜ əŬɘ Űɤɜ ˊɧɟɤɜ ˊɞɚɨ ˊɘɞ ŬˊɞŭɞŰɘəɧ. ȷɡŰɧ 

ůɖɛŬɑɜŮɘ ɧŰɘ ɧɚŬ ŰŬ ɜɐɛŬŰŬ ɛˊɞɟɞɨɜ ɜŬ ɢɟɖůɘɛɞˊɞɘɞɨɜ Űɘɠ ɑŭɘŮɠ ɛŮŰŬɓɚɖŰɏɠ əŬɘ ŭŮŭɞɛɏɜŬ, 

ɢɤɟɑɠ Űɖɜ ŬɜɎɔəɖ ˊɟɞůŰŬůɑŬɠ ɛŮŰŬɝɨ Űɞɡɠ. 

¶ ɇŬɢɨŰɖŰŬ ȹɖɛɘɞɡɟɔɑŬɠ əŬɘ ɇŮɟɛŬŰɘůɛɞɨ: 

ȺɑɜŬɘ ˊɘɞ ɔɟɐɔɞɟɞ ɜŬ ŭɖɛɘɞɡɟɔɐůŮɘɠ ɐ ɜŬ ŰŮɟɛŬŰɑůŮɘɠ ɏɜŬ ɜɐɛŬ ɛɏůŬ ůŮ ɛɘŬ ɡˊɎɟɢɞɡůŬ 

ŭɘŮɟɔŬůɑŬ, ˊŬɟɎ ɜŬ ŭɖɛɘɞɡɟɔɐůŮɘɠ ɐ ɜŬ ŰŮɟɛŬŰɑůŮɘɠ ɛɘŬ ɜɏŬ ŭɘŮɟɔŬůɑŬ. 

¶ ȷˊɞŭɞŰɘəɐ ȺˊɘəɞɘɜɤɜɑŬ: 

ȼ ŮˊɘəɞɘɜɤɜɑŬ ɛŮŰŬɝɨ Űɤɜ ɜɖɛɎŰɤɜ ŮɑɜŬɘ ˊɘɞ ŬˊɞŭɞŰɘəɐ, əŬɗɩɠ ɧɚŬ ŰŬ ɜɐɛŬŰŬ ɏɢɞɡɜ 

ɎɛŮůɖ ˊɟɧůɓŬůɖ ůŰɞɜ ɑŭɘɞ ɢɩɟɞ ɛɜɐɛɖɠ. 

¶ ȷˊɚɧŰɖŰŬ ůŰɞɜ ɄɟɞɔɟŬɛɛŬŰɘůɛɧ: 

ɇɞ ɛɞɜŰɏɚɞ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ ɛŮ ɜɐɛŬŰŬ ŮɑɜŬɘ ŬˊɚɞɨůŰŮɟɞ, ŮˊŮɘŭɐ ɧɚŬ ŰŬ ɜɐɛŬŰŬ ɏɢɞɡɜ 

ˊɟɧůɓŬůɖ ůŰɞɜ ɑŭɘɞ ɢɩɟɞ ɛɜɐɛɖɠ əŬɘ ŭŮɜ ɢɟŮɘɎɕŮŰŬɘ ɜŬ ŭɘŬɢŮɘɟɑɕŮůŬɘ ɝŮɢɤɟɘůŰɞɨɠ ɢɩɟɞɡɠ 

ɛɜɐɛɖɠ. 

¶ ɆɡɜŭɡŬůɛɧɠ ɄŬɟŬɚɚɖɚɑŬɠ əŬɘ ɆŮɘɟɘŬəɐɠ ȺəŰɏɚŮůɖɠ: 

ɇŬ ɜɐɛŬŰŬ ˊɟɞůűɏɟɞɡɜ ɏɜŬɜ əŬɚɧ ůɡɜŭɡŬůɛɧ ˊŬɟŬɚɚɖɚɑŬɠ (ɔɘŬ əŬɚɨŰŮɟɖ Ŭˊɧŭɞůɖ) əŬɘ 

ůŮɘɟɘŬəɐɠ ŮəŰɏɚŮůɖɠ, ŮˊɘŰɟɏˊɞɜŰŬɠ Ůɨəɞɚɞ ˊɟɞɔɟŬɛɛŬŰɘůɛɧ əŬɘ ŬˊɞŭɞŰɘəɐ ŮəŰɏɚŮůɖ 

[109]. 
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ɇŬ POSIX Threads, ɔɜɤůŰɎ əŬɘ ɤɠ Pthreads, ŮɑɜŬɘ ɏɜŬ ˊɟɧŰɡˊɞ API ˊɞɡ ŭɖɛɘɞɡɟɔɐɗɖəŮ 

ɔɘŬ ɜŬ ˊŬɟɏɢŮɘ ɏɜŬɜ Ůɜɞˊɞɘɖɛɏɜɞ əŬɘ űɞɟɖŰɧ Űɟɧˊɞ ŭɘŬɢŮɑɟɘůɖɠ ɜɖɛɎŰɤɜ ůŮ ɚŮɘŰɞɡɟɔɘəɎ 

ůɡůŰɐɛŬŰŬ ůɡɛɓŬŰɎ ɛŮ Űɞ POSIX (Portable Operating System Interface). ɇŬ Pthreads 

ŭɖɛɘɞɡɟɔɐɗɖəŬɜ ɔɘŬ ɜŬ ŬɜŰɘɛŮŰɤˊɑůɞɡɜ Űɘɠ ŭɡůəɞɚɑŮɠ űɞɟɖŰɧŰɖŰŬɠ ˊɞɡ ˊɟɞɏəɡˊŰŬɜ Ŭˊɧ 

Űɘɠ ŭɘŬűɞɟŮŰɘəɏɠ ɡɚɞˊɞɘɐůŮɘɠ ɜɖɛɎŰɤɜ Ŭˊɧ Űɞɡɠ əŬŰŬůəŮɡŬůŰɏɠ ŮˊŮɝŮɟɔŬůŰɩɜ. ɀŮ Űɖɜ 

əŬɗɘɏɟɤůɖ Ůɜɧɠ əɞɘɜɧɢɟɖůŰɞɡ ˊɟɞŰɨˊɞɡ, ŰŬ Pthreads ŮˊɘŰɟɏˊɞɡɜ Űɖɜ ŬɜɎˊŰɡɝɖ 

ɚɞɔɘůɛɘəɞɨ ˊɞɡ ɛˊɞɟŮɑ ɜŬ ŮəŰŮɚŮɑŰŬɘ ŬˊɟɧůəɞˊŰŬ ůŮ ŭɘŬűɞɟŮŰɘəɏɠ ˊɚŬŰűɧɟɛŮɠ əŬɘ 

ɚŮɘŰɞɡɟɔɘəɎ ůɡůŰɐɛŬŰŬ [109].   

ȸŬůɘəɧ ɢŬɟŬəŰɖɟɘůŰɘəɧ Űɤɜ POSIX Threads, ŮɑɜŬɘ ˊɤɠ ŭŮɜ ŬˊŬɘŰɞɨɜ ɝŮɢɤɟɘůŰɧ ɢɩɟɞ 

ŭɘŮɡɗɨɜůŮɤɜ, ɛŮ ŬˊɞŰɏɚŮůɛŬ ɜŬ ɏɢɞɡɜ ŰŬɢɨŰŮɟɖ ŭɖɛɘɞɡɟɔɑŬ əŬɘ ŮɜŬɚɚŬɔɐ ŮəŰɏɚŮůɖɠ. 

Ⱥˊɑůɖɠ, ɓŮɚŰɘɩɜɞɡɜ Űɖɜ Ŭˊɧŭɞůɖ, ŮˊɘŰɟɏˊɞɜŰŬɠ Űɖɜ ˊŬɟɎɚɚɖɚɖ ŮəŰɏɚŮůɖ ŮɟɔŬůɘɩɜ ůŮ 

ˊɞɚɡˊɨɟɖɜŬ ůɡůŰɐɛŬŰŬ, ɔŮɔɞɜɧɠ ˊɞɡ ɛˊɞɟŮɑ ɜŬ ŬɡɝɐůŮɘ ůɖɛŬɜŰɘəɎ Űɖɜ ŬˊɞŭɞŰɘəɧŰɖŰŬ 

Űɤɜ ŮűŬɟɛɞɔɩɜ. ɄŬɟɎɚɚɖɚŬ, ˊɟɞůűɏɟɞɡɜ ŬˊɚɧŰɖŰŬ ůŰɞɜ ůɡɔɢɟɞɜɘůɛɧ, ˊɞɡ ŭɘŮɡəɞɚɨɜɞɡɜ 

Űɖɜ ŬůűŬɚɐ ŭɘŬɢŮɑɟɘůɖ Űɤɜ əɞɘɜɩɜ ˊɧɟɤɜ ɛŮŰŬɝɨ Űɤɜ ɜɖɛɎŰɤɜ. ɇŬ ɜɐɛŬŰŬ, ɛɞɘɟɎɕɞɜŰŬɘ 

Űɞɜ ɑŭɘɞ ɢɩɟɞ ŭɘŮɡɗɨɜůŮɤɜ, ŮˊɘŰɟɏˊɞɜŰŬɠ Űɖɜ ɎɛŮůɖ ˊɟɧůɓŬůɖ ůŰɘɠ ɑŭɘŮɠ ɛŮŰŬɓɚɖŰɏɠ əŬɘ 

ŭŮŭɞɛɏɜŬ, əɎŰɘ ˊɞɡ ɓŮɚŰɘɩɜŮɘ Űɖɜ ŬˊɞŭɞŰɘəɧŰɖŰŬ Űɖɠ ŮˊɘəɞɘɜɤɜɑŬɠ ɛŮŰŬɝɨ Űɞɡɠ. ɇɏɚɞɠ, Űɞ 

ˊɟɧŰɡˊɞ POSIX ŮɝŬůűŬɚɑɕŮɘ űɞɟɖŰɧŰɖŰŬ, ŮˊɘŰɟɏˊɞɜŰŬɠ ůŰɞɜ əɩŭɘəŬ ˊɞɡ ɔɟɎűŮŰŬɘ ɔɘŬ 

ɏɜŬ ůɨůŰɖɛŬ ɜŬ ɛŮŰŬűŮɟɗŮɑ əŬɘ ɜŬ ŮəŰŮɚŮůŰŮɑ ůŮ ɎɚɚŬ ůɡůŰɐɛŬŰŬ ˊɞɡ ɡˊɞůŰɖɟɑɕɞɡɜ Űɞ 

POSIX, ɢɤɟɑɠ ůɖɛŬɜŰɘəɏɠ ŰɟɞˊɞˊɞɘɐůŮɘɠ [109,110]. 

ɋůŰɧůɞ ɖ ŬɜɎˊŰɡɝɖ ˊɞɚɡɜɖɛŬŰɘəɞɨ əɩŭɘəŬ, ɛˊɞɟŮɑ ɜŬ ŮɑɜŬɘ ˊɘɞ ůɨɜɗŮŰɖ, əŬɗɩɠ ŬˊŬɘŰŮɑ 

ŭɘŬɢŮɑɟɘůɖ Űɞɡ ůɡɔɢɟɞɜɘůɛɞɨ əŬɘ Ŭˊɞűɡɔɐ ˊɟɞɓɚɖɛɎŰɤɜ. Ⱥˊɑůɖɠ, ŮˊŮɘŭɐ ŰŬ ɜɐɛŬŰŬ 

ɛɞɘɟɎɕɞɜŰŬɘ Űɞɜ ɑŭɘɞ ɢɩɟɞ ŭɘŮɡɗɨɜůŮɤɜ, ɏɜŬ ůűɎɚɛŬ ůŮ ɏɜŬ ɜɐɛŬ ɛˊɞɟŮɑ ɜŬ ŮˊɖɟŮɎůŮɘ 

Űɖɜ əŬŰɎůŰŬůɖ ɧɚɤɜ Űɤɜ ɜɖɛɎŰɤɜ Űɖɠ ŭɘŮɟɔŬůɑŬɠ, ŬɡɝɎɜɞɜŰŬɠ Űɖɜ ˊɘɗŬɜɧŰɖŰŬ əɟɑůɘɛɤɜ 

ůűŬɚɛɎŰɤɜ. ɇɏɚɞɠ, ůŮ ɛɞɜɞˊɨɟɖɜŬ ůɡůŰɐɛŬŰŬ, ɖ ɢɟɐůɖ ˊɞɚɡɜɖɛŬŰɘəɞɨ 

ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ ɛˊɞɟŮɑ ɜŬ ɛɖɜ ˊɟɞůűɏɟŮɘ ůɖɛŬɜŰɘəɐ ɓŮɚŰɑɤůɖ ůŰɖɜ Ŭˊɧŭɞůɖ, əŬɗɩɠ 

ɛɧɜɞ ɏɜŬ ɜɐɛŬ ɛˊɞɟŮɑ ɜŬ ŮəŰŮɚŮɑŰŬɘ əɎɗŮ űɞɟɎ. ũŮɜɘəɧŰŮɟŬ, ŰŬ POSIX Threads ŬˊɞŰŮɚɞɨɜ 

ɏɜŬ ɘůɢɡɟɧ ŮɟɔŬɚŮɑɞ ɔɘŬ Űɖɜ ɡɚɞˊɞɑɖůɖ ˊŬɟɎɚɚɖɚɤɜ ŮűŬɟɛɞɔɩɜ, ˊɟɞůűɏɟɞɜŰŬɠ 

ŬˊɞŭɞŰɘəɧŰɖŰŬ, ɓŮɚŰɘɤɛɏɜɖ Ŭˊɧŭɞůɖ əŬɘ űɞɟɖŰɧŰɖŰŬ, Ŭɜ əŬɘ ŬˊŬɘŰɞɨɜ ˊɟɞůŮəŰɘəɐ 

ŭɘŬɢŮɑɟɘůɖ ɔɘŬ Űɖɜ Ŭˊɞűɡɔɐ ˊɟɞɓɚɖɛɎŰɤɜ ˊɞɚɡɜɖɛŬŰɘəɞɨ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ [109,110].  

 

 



6.2 ɄɟɞɔɟŬɛɛŬŰɘůɛɧɠ ɛŮ OpenMPI 

 

ɇɞ Message Passing Interface (MPI) ŮɑɜŬɘ ɛɘŬ ŭɘŮˊŬűɐ ˊɟɞɔɟɎɛɛŬŰɞɠ ŮűŬɟɛɞɔɐɠ ˊɞɡ 

ɞɟɑɕŮɘ ɏɜŬ ɛɞɜŰɏɚɞ ˊŬɟɎɚɚɖɚɞɡ ɡˊɞɚɞɔɘůɛɞɨ, ɧˊɞɡ əɎɗŮ ˊŬɟɎɚɚɖɚɖ ŭɘŮɟɔŬůɑŬ ɏɢŮɘ Űɖ 

ŭɘəɐ Űɖɠ Űɞˊɘəɐ ɛɜɐɛɖ əŬɘ ŰŬ ŭŮŭɞɛɏɜŬ ˊɟɏˊŮɘ ɜŬ ɛɞɘɟɎɕɞɜŰŬɘ ɟɖŰɎ, ˊŮɟɜɩɜŰŬɠ ɛɖɜɨɛŬŰŬ 

ɛŮŰŬɝɨ Űɤɜ ŭɘŮɟɔŬůɘɩɜ.  ȼ ɢɟɐůɖ Űɞɡ MPI ŮˊɘŰɟɏˊŮɘ ůŰŬ ˊɟɞɔɟɎɛɛŬŰŬ ɜŬ əɚɘɛŬəɩɜɞɜŰŬɘ 

ˊɏɟŬ Ŭˊɧ Űɞɡɠ ŮˊŮɝŮɟɔŬůŰɏɠ əŬɘ Űɖɜ əɞɘɜɧɢɟɖůŰɖ ɛɜɐɛɖ Ůɜɧɠ ɛɧɜɞ ɡˊɞɚɞɔɘůŰɘəɞɨ 

ŭɘŬəɞɛɘůŰɐ, ůŰɖɜ əŬŰŬɜŮɛɖɛɏɜɖ ɛɜɐɛɖ əŬɘ Űɞɡɠ ŮˊŮɝŮɟɔŬůŰɏɠ ˊɞɚɚɩɜ ɡˊɞɚɞɔɘůŰɘəɩɜ 

ŭɘŬəɞɛɘůŰɩɜ ůɡɜŭɡŬůŰɘəɎ. ȰɜŬɠ ˊŬɟɎɚɚɖɚɞɠ əɩŭɘəŬɠ MPI ŬˊŬɘŰŮɑ ɞɟɘůɛɏɜŮɠ ŬɚɚŬɔɏɠ 

Ŭˊɧ Űɞɜ ůŮɘɟɘŬəɧ əɩŭɘəŬ, əŬɗɩɠ ˊɟɞůŰɑɗŮɜŰŬɘ əɚɐůŮɘɠ ůɡɜɎɟŰɖůɖɠ MPI ɔɘŬ Űɖɜ 

ŮˊɘəɞɘɜɤɜɑŬ ŭŮŭɞɛɏɜɤɜ əŬɘ ŰŬ ŭŮŭɞɛɏɜŬ ˊɟɏˊŮɘ ɛŮ əɎˊɞɘɞ Űɟɧˊɞ ɜŬ ŭɘŬɘɟŮɗɞɨɜ ɛŮŰŬɝɨ 

Űɤɜ ŭɘŮɟɔŬůɘɩɜ [111].  

ȰɜŬ Ŭˊɧ ŰŬ ůɖɛŬɜŰɘəɧŰŮɟŬ ˊɚŮɞɜŮəŰɐɛŬŰŬ Űɞɡ MPI ŮɑɜŬɘ ɖ űɞɟɖŰɧŰɖŰŬ. ɇɞ MPI ɏɢŮɘ 

ɡɚɞˊɞɘɖɗŮɑ ɔɘŬ ˊɞɚɚɏɠ ŬɟɢɘŰŮəŰɞɜɘəɏɠ ɛŮ əŬŰŬɜŮɛɖɛɏɜɖ ɛɜɐɛɖ, ˊɟɎɔɛŬ ˊɞɡ ůɖɛŬɑɜŮɘ ɧŰɘ 

ɞɘ ɢɟɐůŰŮɠ ŭŮɜ ɢɟŮɘɎɕŮŰŬɘ ɜŬ Űɟɞˊɞˊɞɘɞɨɜ Űɞɜ ˊɖɔŬɑɞ əɩŭɘəŬ ɧŰŬɜ ɛŮŰŬűɏɟɞɡɜ ŮűŬɟɛɞɔɏɠ 

ůŮ ŭɘŬűɞɟŮŰɘəɏɠ ˊɚŬŰűɧɟɛŮɠ ˊɞɡ ɡˊɞůŰɖɟɑɕɞɡɜ Űɞ ˊɟɧŰɡˊɞ MPI. Ⱥˊɘˊɚɏɞɜ, ɖ ɡɚɞˊɞɑɖůɖ 

Űɞɡ MPI ŮɑɜŬɘ ůɡɜɐɗɤɠ ɓŮɚŰɘůŰɞˊɞɘɖɛɏɜɖ ɔɘŬ Űɞ ɡɚɘəɧ ůŰɞ ɞˊɞɑɞ ŰɟɏɢŮɘ. Ƀɘ ɡɚɞˊɞɘɐůŮɘɠ 

Ŭˊɧ Űɞɡɠ ˊɟɞɛɖɗŮɡŰɏɠ ɛˊɞɟŮɑ Ůˊɑůɖɠ ɜŬ ŮɑɜŬɘ ɓŮɚŰɘůŰɞˊɞɘɖɛɏɜŮɠ ɔɘŬ Űɘɠ ŮɔɔŮɜŮɑɠ 

ŭɡɜŬŰɧŰɖŰŮɠ Űɞɡ ɡɚɘəɞɨ, ŮˊɘŰɡɔɢɎɜɞɜŰŬɠ ɏŰůɘ ɡɣɖɚɐ Ŭˊɧŭɞůɖ. ɇɞ MPI ŮɑɜŬɘ ůɢŮŭɘŬůɛɏɜɞ 

ɔɘŬ ɡɣɖɚɐ Ŭˊɧŭɞůɖ ůŮ ɛŬɕɘəɎ ˊŬɟɎɚɚɖɚŮɠ ɛɖɢŬɜɏɠ əŬɘ ůɡůŰɐɛŬŰŬ. ȼ ɓŬůɘəɐ ɡɚɞˊɞɑɖůɖ 

Űɞɡ MPI-1 ˊŮɟɘɚŬɛɓɎɜŮɘ ˊŮɟɘůůɧŰŮɟŮɠ Ŭˊɧ 100 əŬɗɞɟɘůɛɏɜŮɠ ɟɞɡŰɑɜŮɠ, ˊɟɞůűɏɟɞɜŰŬɠ 

ˊɚɞɨůɘŬ ɚŮɘŰɞɡɟɔɘəɧŰɖŰŬ ɔɘŬ Űɖɜ ŬɜɎˊŰɡɝɖ ˊŬɟɎɚɚɖɚɤɜ ŮűŬɟɛɞɔɩɜ. ɆɡɜɞɚɘəɎ, Űɞ MPI 

ˊŬɟɏɢŮɘ ɛɘŬ Űɡˊɞˊɞɘɖɛɏɜɖ, űɞɟɖŰɐ əŬɘ ŬˊɞŭɞŰɘəɐ ɚɨůɖ ɔɘŬ Űɖɜ ŬɜɎˊŰɡɝɖ ˊŬɟɎɚɚɖɚɤɜ 

ŮűŬɟɛɞɔɩɜ ůŮ ŭɘɎűɞɟŮɠ ŬɟɢɘŰŮəŰɞɜɘəɏɠ ůɡůŰɖɛɎŰɤɜ, əŬɚɨˊŰɞɜŰŬɠ Űɘɠ ŬɜɎɔəŮɠ Űɧůɞ Űɤɜ 

ˊɟɞɔɟŬɛɛŬŰɘůŰɩɜ ɧůɞ əŬɘ Űɤɜ ɢɟɖůŰɩɜ [112]. 

ɇɞ ñOpen Source High Performance Computingò ɐ Ŭɚɚɘɩɠ çɈˊɞɚɞɔɘůɛɧɠ Ɉɣɖɚɐɠ 

ȷˊɧŭɞůɖɠ ȷɜɞɘɢŰɞɨ ȾɩŭɘəŬè ŬɜŬűɏɟŮŰŬɘ ůŮ ɡˊɞɚɞɔɘůŰɘəɞɨɠ ˊɧɟɞɡɠ əŬɘ Ŭɚɔɞɟɑɗɛɞɡɠ ˊɞɡ 

ŮɑɜŬɘ ŭɘŬɗɏůɘɛɞɘ ůŰɞ əɞɘɜɧ əŬɘ ɛˊɞɟɞɨɜ ɜŬ Űɟɞˊɞˊɞɘɖɗɞɨɜ ŮɚŮɨɗŮɟŬ Ŭˊɧ ɞˊɞɘɞɜŭɐˊɞŰŮ. ȼ 

Ŭˊɧŭɞůɖ ŮɑɜŬɘ çɡɣɖɚɐè, ŮˊŮɘŭɐ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ˊɞɚɡˊɨɟɖɜɞɘ əŬɘ ˊɞɚɡŮˊŮɝŮɟɔŬůŰɘəɞɑ 

ɡˊɞɚɞɔɘůŰɏɠ, əŬɗɩɠ əŬɘ ˊɟɞɖɔɛɏɜɞɘ Ŭɚɔɧɟɘɗɛɞɘ ɔɘŬ Űɖɜ Ůˊɑɚɡůɖ ˊɞɚɨˊɚɞəɤɜ 

ˊɟɞɓɚɖɛɎŰɤɜ. ɇɞ  Open MPI, ůɡɜŭɡɎɕŮɘ Űɖɜ ŰŮɢɜɞɔɜɤůɑŬ, Űɘɠ ŰŮɢɜɞɚɞɔɑŮɠ əŬɘ Űɞɡɠ 

ˊɧɟɞɡɠ Ŭˊɧ ɧɚɖ Űɖɜ əɞɘɜɧŰɖŰɎ Űɞɡ, ˊɟɞůűɏɟɞɜŰŬɠ ˊɚɖɗɩɟŬ ˊɚŮɞɜŮəŰɐɛŬŰŬ ɧˊɤɠ: 
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¶ ȺɡŮɚɘɝɑŬ: Űɞ Open MPI ŮɑɜŬɘ ŮɡɏɚɘəŰɞ əŬɘ ɛˊɞɟŮɑ ɜŬ ˊɟɞůŬɟɛɞůŰŮɑ ůŮ ŭɘɎűɞɟŮɠ 

ŬɜɎɔəŮɠ əŬɘ ˊŮɟɘɓɎɚɚɞɜŰŬ.  

¶ ȷˊɧŭɞůɖ: ȼ ůɡɜŮɢɐɠ ŬɜɎˊŰɡɝɖ əŬɘ ɓŮɚŰɑɤůɖ Űɞɡ Open MPI Ŭˊɧ ɛɘŬ ŮɡɟŮɑŬ 

əɞɘɜɧŰɖŰŬ, ůɖɛŬɑɜŮɘ ɧŰɘ ɛˊɞɟŮɑ ɜŬ ˊŬɟɏɢŮɘ ɡɣɖɚɐ Ŭˊɧŭɞůɖ ůŮ ˊɞɘəɑɚŮɠ ŮűŬɟɛɞɔɏɠ 

əŬɘ ˊŮɟɘɓɎɚɚɞɜŰŬ. 

¶ ȾɞɘɜɧŰɖŰŬ: ȼ ůɡɛɛŮŰɞɢɐ Űɧůɞ ŬəŬŭɖɛŬɥəɩɜ ɧůɞ əŬɘ Űɤɜ ɓɘɞɛɖɢŬɜɘəɩɜ ŮŰŬɑɟɤɜ 

ůŰɖɜ ŬɜɎˊŰɡɝɖ əŬɘ ůɡɜŰɐɟɖůɖ Űɞɡ Open MPI, ůɖɛŬɑɜŮɘ ɧŰɘ ɡˊɎɟɢŮɘ ɛɘŬ ŮɡɟŮɑŬ əŬɘ 

ŮɜŮɟɔɐ əɞɘɜɧŰɖŰŬ ˊɞɡ ɛˊɞɟŮɑ ɜŬ ˊŬɟɏɢŮɘ ɡˊɞůŰɐɟɘɝɖ əŬɘ Ůˊɑɚɡůɖ ˊɟɞɓɚɖɛɎŰɤɜ. 

¶ ȹɘŬɗŮůɘɛɧŰɖŰŬ: ɇɞ Open MPI ŮɑɜŬɘ ŭɤɟŮɎɜ ɔɘŬ ɢɟɐůɖ, əŬɗɘůŰɩɜŰŬɠ Űɞ ˊɟɞůɘŰɧ 

ɔɘŬ ɞɟɔŬɜɘůɛɞɨɠ əŬɘ ŮɟŮɡɜɖŰɘəɎ ŮɟɔŬůŰɐɟɘŬ ɛŮ ˊŮɟɘɞɟɘůɛɏɜɞɡɠ ˊɧɟɞɡɠ. 

¶ ȷɝɘɞˊɘůŰɑŬ: ȼ ŮɜŮɟɔɐ ůɡɜŰɐɟɖůɖ əŬɘ ɡˊɞůŰɐɟɘɝɖ Ŭˊɧ Űɖɜ əɞɘɜɧŰɖŰŬ ŭɘŬůűŬɚɑɕŮɘ 

ɧŰɘ Űɞ Open MPI ˊŬɟɏɢŮɘ ŬɝɘɧˊɘůŰɖ ɚŮɘŰɞɡɟɔɑŬ ůŮ ˊɞɘəɑɚŬ ˊŮɟɘɓɎɚɚɞɜŰŬ əŬɘ 

ŮűŬɟɛɞɔɏɠ [113]. 

 

6.3  ɄŬɟɎɚɚɖɚŮɠ ŰŮɢɜɘəɏɠ ˊɞɚɚŬˊɚɩɜ ŮəəɘɜɐůŮɤɜ  

 

ȼ ˊŬɟɎɚɚɖɚɖ ɓŮɚŰɘůŰɞˊɞɑɖůɖ ŬˊɞŰŮɚŮɑ ɛɑŬ ůɖɛŬɜŰɘəɐ ˊɟɞůɏɔɔɘůɖ ůŰɞɜ ŰɞɛɏŬ Űɖɠ 

Ůˊɑɚɡůɖɠ ˊɟɞɓɚɖɛɎŰɤɜ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ əŬɘ ŮűŬɟɛɧɕŮŰŬɘ ůŮ ɏɜŬ Ůɡɟɨ űɎůɛŬ ŮűŬɟɛɞɔɩɜ, 

ɧˊɤɠ ɔɘŬ ˊŬɟɎŭŮɘɔɛŬ ůŰɖ ɓŮɚŰɘůŰɞˊɞɑɖůɖ Űɤɜ ˊŬɟŬɛɏŰɟɤɜ ɛɞɜŰɏɚɤɜ ɛɖɢŬɜɘəɐɠ ɛɎɗɖůɖɠ 

[114,115,116,117] ůŰɖ ůɢŮŭɑŬůɖ əŬɘ ůŰɖ ɓŮɚŰɘůŰɞˊɞɑɖůɖ ůɡůŰɖɛɎŰɤɜ Ůɚɏɔɢɞɡ  

[118,119,120],  ůŰɖ ŭɘŬɢŮɑɟɘůɖ ŮɜɏɟɔŮɘŬɠ əŬɘ ˊɧɟɤɜ [121,122,123,124] əŬɗɩɠ əŬɘ ůŮ 

ˊɟɞɓɚɐɛŬŰŬ ˊɞɡ Ŭűɞɟɞɨɜ Űɖɜ ŬŮɘűɧɟɞ ŬɜɎˊŰɡɝɖ əŬɘ ůŰɖɜ Ůɜɑůɢɡůɖ Űɖɠ ɓɘɤůɘɛɧŰɖŰŬɠ 

[125,126,127].  

ȷɝɘɞˊɞɘɩɜŰŬɠ ˊŬɟɎɚɚɖɚŬ ˊɞɚɚɞɨɠ ɡˊɞɚɞɔɘůŰɘəɞɨɠ ˊɧɟɞɡɠ, ɖ ˊŬɟɎɚɚɖɚɖ ɓŮɚŰɘůŰɞˊɞɑɖůɖ 

ŮˊɘŰɟɏˊŮɘ Űɖɜ ŰŬɡŰɧɢɟɞɜɖ ŮəŰɏɚŮůɖ ˊɞɚɚɩɜ Ŭɚɔɞɟɑɗɛɤɜ, Űɖɜ ŮˊɑŰŮɡɝɖ ŰŬɢɨŰŮɟɖɠ 

ůɨɔəɚɘůɖɠ əŬɘ ɓŮɚŰɘɤɛɏɜɖɠ Ŭˊɧŭɞůɖɠ. ɄŬɟɎɚɚɖɚŬ, ɖ Ŭɝɘɞˊɞɑɖůɖ ˊɞɚɚŬˊɚɩɜ ˊɧɟɤɜ 

ŮˊɘŰɟɏˊŮɘ Űɖɜ ŬɜŰɘɛŮŰɩˊɘůɖ ŮɝŬɘɟɏůŮɤɜ əŬɘ ůűŬɚɛɎŰɤɜ ɛŮ ɛŮɔŬɚɨŰŮɟɖ 

ŬˊɞŰŮɚŮůɛŬŰɘəɧŰɖŰŬ, Ůɜɩ ɖ  ɛŮɔŬɚɨŰŮɟɖ ɡˊɞɚɞɔɘůŰɘəɐ ɘůɢɨ ɔɘŬ Űɖɜ ŮəŰɏɚŮůɖ 

ˊŮɟɘůůɧŰŮɟɤɜ ŭɞəɘɛɩɜ ɐ Űɖ ɢɟɐůɖ ˊɘɞ ˊɞɚɨˊɚɞəɤɜ ɛɞɜŰɏɚɤɜ ɞŭɖɔŮɑ ůŮ ɓŮɚŰɘɤɛɏɜɖ 

Ŭˊɧŭɞůɖ [128].  ūɡůɘəɎ, ɖ ŭɘŬŭɘəŬůɑŬ ŬɡŰɐ ŬˊŬɘŰŮɑ Űɖɜ ŬɜɎˊŰɡɝɖ əŬŰɎɚɚɖɚɤɜ 

Ŭɚɔɞɟɑɗɛɤɜ əŬɘ ŰŮɢɜɘəɩɜ ˊɞɡ ɜŬ ŮˊɘŰɟɏˊɞɡɜ Űɖɜ ŬˊɞŰŮɚŮůɛŬŰɘəɐ ŭɘŬɢŮɑɟɘůɖ əŬɘ 



ŮəɛŮŰɎɚɚŮɡůɖ Űɤɜ ŭɘŬɗɏůɘɛɤɜ ˊɧɟɤɜ. ȾɎɗŮ Ŭɚɔɧɟɘɗɛɞɠ ˊŬɟɎɚɚɖɚɖɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ 

ŬˊŬɘŰŮɑ ɛɘŬ ůɡɜŮəŰɘəɐ ůŰɟŬŰɖɔɘəɐ ɔɘŬ Űɖ ŭɘŬɜɞɛɐ Űɞɡ űɞɟŰɑɞɡ ŮɟɔŬůɑŬɠ ɛŮŰŬɝɨ Űɤɜ 

ŭɘŬɗɏůɘɛɤɜ ˊɧɟɤɜ, əŬɗɩɠ əŬɘ ɏɜŬɜ ŬˊɞŭɞŰɘəɧ Űɟɧˊɞ ůɡɚɚɞɔɐɠ əŬɘ Ŭɝɘɞɚɧɔɖůɖɠ Űɤɜ 

ŬˊɞŰŮɚŮůɛɎŰɤɜ. 

ȸŬůɘəɏɠ ɛɏɗɞŭɞɘ ˊŬɟɎɚɚɖɚɖɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ˊɞɡ ɢɟɖůɘɛɞˊɞɘɞɨɜŰŬɘ ůŮ ˊɚɖɗɩɟŬ 

ŮűŬɟɛɞɔɏɠ ɚɧɔɤ Űɤɜ ɘŭɘŬɘŰŮɟɞŰɐŰɤɜ Űɞɡɠ əŬɘ Űɤɜ ɞűŮɚɩɜ ˊɞɡ ˊɟɞůűɏɟɞɡɜ ŮɑɜŬɘ ɖ 

Particle Swarm Optimization (PSO), ɖ Multistart əŬɘ ɖ Differential Evolution (DE). ȼ PSO 

ŮɑɜŬɘ ɛɑŬ ŮɡɏɚɘəŰɖ ɛɏɗɞŭɞɠ ŮɛˊɜŮɡůɛɏɜɖ Ŭˊɧ Űɖ ůɡɛˊŮɟɘűɞɟɎ Űɤɜ ůɛɐɜɤɜ ůŰɖ űɨůɖ, ɖ 

ɞˊɞɑŬ ŮűŬɟɛɧɕŮɘ ɏɜŬ ůɨɜɞɚɞ Ŭˊɧ ŬŰɞɛɘəɎ ůɤɛŬŰɑŭɘŬ ˊɞɡ ŬɜŬɕɖŰɞɨɜ Űɖ ɓɏɚŰɘůŰɖ ɚɨůɖ 

ɛɏůɤ ůɡɜŮɟɔŬůɑŬɠ əŬɘ ŬɚɚɖɚŮˊɑŭɟŬůɖɠ. ȼ Multistart ŬˊɞŰŮɚŮɑ ɛɑŬ Ŭˊɚɐ əŬɘ 

ŬˊɞŰŮɚŮůɛŬŰɘəɐ ɛɏɗɞŭɞ Ůəəɑɜɖůɖɠ ˊɞɚɚŬˊɚɩɜ Űɞˊɘəɩɜ Ŭɚɔɞɟɑɗɛɤɜ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ Ŭˊɧ 

ŭɘŬűɞɟŮŰɘəɎ ůɖɛŮɑŬ Űɞɡ ɢɩɟɞɡ ŬɜŬɕɐŰɖůɖɠ. ɇɏɚɞɠ, ɖ DE ŮɑɜŬɘ ɛɑŬ ˊɞɚɨ ŬˊɞŰŮɚŮůɛŬŰɘəɐ 

ŮɝŮɚɘəŰɘəɐ ɛɏɗɞŭɞɠ ˊɞɡ ɛɘɛŮɑŰŬɘ Űɖ űɡůɘəɐ Ůɝɏɚɘɝɖ, ŮűŬɟɛɧɕɞɜŰŬɠ ɚŮɘŰɞɡɟɔɑŮɠ 

ɛŮŰɎɚɚŬɝɖɠ, ŭɘŬůŰŬɨɟɤůɖɠ əŬɘ Ůˊɘɚɞɔɐɠ ůŮ ɏɜŬ ˊɚɖɗɡůɛɧ ɚɨůŮɤɜ ɔɘŬ Űɖɜ ŬɜŬɕɐŰɖůɖ Űɖɠ 

ɓɏɚŰɘůŰɖɠ. ɀŮ Űɖ ɢɟɐůɖ ŬɡŰɩɜ Űɤɜ ɛŮɗɧŭɤɜ, ɖ ˊŬɟɎɚɚɖɚɖ ɓŮɚŰɘůŰɞˊɞɑɖůɖ ɛˊɞɟŮɑ ɜŬ 

ŮˊɘŰɨɢŮɘ ŰŬɢɨŰŮɟɖ ůɨɔəɚɘůɖ əŬɘ ɓŮɚŰɘɤɛɏɜɖ Ŭˊɧŭɞůɖ ůŮ ˊɞɚɨˊɚɞəŬ ˊɟɞɓɚɐɛŬŰŬ 

ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ. 

 

 

6.4 ɄŬɟɎɚɚɖɚɖ ŰŮɢɜɘəɐ DE  

 

ȼ ɀɏɗɞŭɞɠ ȹɘŬűɞɟɘəɐɠ Ⱥɝɏɚɘɝɖɠ (Differential Evolution Method -DE)  ˊɟɞŰɎɗɖəŮ ŬɟɢɘəɎ 

Ŭˊɧ Űɞɜ Storn [129] əŬɘ ɏˊŮɘŰŬ ŰɟɞˊɞˊɞɘɐɗɖəŮ ůŮ ŭɘɎűɞɟŮɠ ŮɟŮɡɜɖŰɘəɏɠ ŮɟɔŬůɑŮɠ 

[130,131,132]. ɇŬ ɓŬůɘəɎ ɓɐɛŬŰŬ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ DE ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ˊŬɟŬəɎŰɤ: 

1. Ⱥɑůɞŭɞɠ: 

Ŭ. ɇɞ ɛɏɔŮɗɞɠ Űɖɠ ˊɚɖɗɡůɛɘŬəɐɠ ɞɛɎŭŬɠ ὔὖ τ. ɇŬ ɛɏɚɖ ŬɡŰɐɠ Űɖɠ ɞɛɎŭŬɠ 

ɞɜɞɛɎɕɞɜŰŬɘ ˊɟɎəŰɞɟŮɠ.  

ɓ. ȼ ˊɘɗŬɜɧŰɖŰŬ ŭɘŬůŰŬɨɟɤůɖɠ ὅὙɴ πȟρȢ 

ɔ. ɇɞ ŭɘŬűɞɟɘəɧ ɓɎɟɞɠ Ὂᶰπȟς. 

2. Ȱɝɞŭɞɠ: 

Ŭ. Ƀ ˊɟɎəŰɞɟŬɠ ὼ  ɛŮ Űɖɜ ɢŬɛɖɚɧŰŮɟɖ Űɘɛɐ Űɖɠ ůɡɜɎɟŰɖůɖɠ Ὢὼ . 

3. ȷɟɢɘəɞˊɞɑɖůɖ ɧɚɤɜ Űɤɜ ˊɟŬəŰɧɟɤɜ ůŰɞ S. 
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4. ȳůɞ ŰŬ əɟɘŰɐɟɘŬ ŰŮɟɛŬŰɘůɛɞɨ ŭŮɜ ɏɢɞɡɜ ŮˊɘŰŮɡɢɗŮɑ ŮˊŬɜɎɚŬɓŮ 

Ŭ. ũɘŬ i=1 é NP ŮˊŬɜɎɚŬɓŮ 

i. ȺˊɏɚŮɝŮ ɤɠ x Űɞɜ ˊɟɎəŰɞɟŬ i 

ii.  ȺˊɏɚŮɝŮ ŰɡɢŬɑŬ ŰɟŮɘɠ ˊɟɎəŰɞɟŮɠ a,b,c ɛŮ Űɖɜ ɘŭɘɧŰɖŰŬ ɧŰɘ ὥ ὦȟὦ ὧȟὧ

ὥ. 

iii.  ȺˊɏɚŮɝŮ ɛɑŬ ŰɡɢŬɑŬ ɗɏůɖ R Ŭˊɧ Űɞ ůɨɜɞɚɞ {1,2,é, n}. 

iv. ȹɖɛɘɞɡɟɔɑŬ ŭɘŬɜɨůɛŬŰɞɠ ώ ώȟώȟȣȟώ  ɛŮ Űɖɜ Ŭəɧɚɞɡɗɖ ŭɘŬŭɘəŬůɑŬ 

v. ũɘŬ Ὦ ρȟȣȟὲŮˊŬɜɎɚŬɓŮ 

Ŭ. ȳɟɘůŮ ὶᶰπȟρ ɏɜŬɜ ŰɡɢŬɑɞ Ŭɟɘɗɛɧ 

ɓ. ȺɎɜ ὶ ὅὙʙὮ Ὑȟ†ʝ†‐ώ ‌ Ὂ ὦ ὧ  ŭɘŬűɞɟŮŰɘəɎ ώ ὼ 

vi. ȺɎɜ ώɴ Ὓ  əŬɘ Ὢώ Ὢὼ tŰɧŰŮ x=y 

vii. ɇɏɚɞɠ ŮˊŬɜɎɚɖɣɖɠ 

ɓ. ɇɏɚɞɠ ŮˊŬɜɎɚɖɣɖɠ 

      5.ɇɏɚɞɠ ŮˊŬɜɎɚɖɣɖɠ 

 

ɆŰɖɜ ˊɟɞŰŮɘɜɧɛŮɜɖ ŭɘŬŭɘəŬůɑŬ, ɞ ˊɚɖɗɡůɛɧɠ Űɤɜ ˊɟŬəŰɧɟɤɜ ŭɘŬɘɟŮɑŰŬɘ ůŮ N ŬɜŮɝɎɟŰɖŰŬ 

ůɡɜŮɢɐ ŰɛɐɛŬŰŬ, ɧˊɞɡ əɎɗŮ ŰɛɐɛŬ ɞɜɞɛɎɕŮŰŬɘ ɜɖůɑ. ɄŬɟŬŭŮɑɔɛŬŰɞɠ ɢɎɟɖ, Ŭɜ ɡˊɎɟɢɞɡɜ 

10 ˊɟɎəŰɞɟŮɠ əŬɘ 2 ɜɖůɘɎ, ŰɧŰŮ ɞɘ ˊɟɎəŰɞɟŮɠ 1ï5 ŬɜŬŰɑɗŮɜŰŬɘ ůŰɞ ɜɖůɑ 1 əŬɘ ɞɘ ˊɟɎəŰɞɟŮɠ 

6ï10 ůŰɞ ɜɖůɑ 2. ɆŮ əɎɗŮ ɜɖůɑ, ɖ ŭɘŬŭɘəŬůɑŬ Űɖɠ ŭɘŬűɞɟɘəɐɠ Ůɝɏɚɘɝɖɠ ˊɟŬɔɛŬŰɞˊɞɘŮɑŰŬɘ 

ŬɜŮɝɎɟŰɖŰŬ, Ůɜɩ ɗŬ ˊɟɏˊŮɘ ɜŬ ɡˊɎɟɢŮɘ ɛɖɢŬɜɘůɛɧɠ ɔɘŬ ŮˊɘəɞɘɜɤɜɑŬ ɛŮŰŬɝɨ Űɤɜ ɜɖůɘɩɜ, 

əŬɗɩɠ əŬɘ əŬŰɎɚɚɖɚɞɠ ɛɖɢŬɜɘůɛɧɠ ɔɘŬ Űɞɜ ŰŮɟɛŬŰɘůɛɧ Űɖɠ ůɡɜɞɚɘəɐɠ ŭɘŬŭɘəŬůɑŬɠ. Ƀ 

ˊɟɞŰŮɘɜɧɛŮɜɞɠ Ŭɚɔɧɟɘɗɛɞɠ ˊŬɟɞɡůɘɎɕŮŰŬɘ ˊŬɟŬəɎŰɤ [133]:  

1. Ⱥɑůɞŭɞɠ: 

a. Ƀɘ ˊŬɟɎɛŮŰɟɞɘ NP, CR, F. 

b. ȼ ŬəɏɟŬɘŬ ˊŬɟɎɛŮŰɟɞɠ  N, ˊɞɡ ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɞɜ Ŭɟɘɗɛɧ Űɤɜ ɜɖůɘɩɜ. 

c. ȼ ŬəɏɟŬɘŬ ˊŬɟɎɛŮŰɟɞɠ NR, ˊɞɡ ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɞ ɟɡɗɛɧ ŭɘŬůˊɞɟɎɠ. 

d. ȼ ŬəɏɟŬɘŬ ˊŬɟɎɛŮŰɟɞɠ  NI , ˊɞɡ ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɞɜ Ŭɟɘɗɛɧ Űɤɜ ɜɖůɘɩɜ ˊɞɡ 

ˊɟɏˊŮɘ ɜŬ ŰŮɟɛŬŰɑůɞɡɜ ɔɘŬ ɜŬ ŰŮɟɛŬŰɘůŰŮɑ ɖ ůɡɜɞɚɘəɐ ŭɘŬŭɘəŬůɑŬ. 

2. Ȱɝɞŭɞɠ: 

a. Ƀ ˊɟɎəŰɞɟŬɠ x_best ɛŮ Űɖɜ ɢŬɛɖɚɧŰŮɟɖ Űɘɛɐ Űɖɠ ůɡɜɎɟŰɖůɖɠ f(x_best). 

3. ȷɟɢɘəɞˊɞɑɖůɖ ɧɚɤɜ Űɤɜ ˊɟŬəŰɧɟɤɜ ůŰɞ S. 

4. ȳɟɘůŮ Űɖɜ ɛŮŰŬɓɚɖŰɐ iter=1 



5. ũɘŬ i=1, é, N ŮˊŬɜɎɚŬɓŮ ˊŬɟɎɚɚɖɚŬ 

a. ȺəŰɏɚŮůŮ ɔɘŬ əɎɗŮ ɜɖůɑ Űɞ ɓɐɛŬ 4Ŭ Űɞɡ ɓŬůɘəɞɨ Ŭɚɔɞɟɑɗɛɞɡ DE 

6. ɇɏɚɞɠ ŮˊŬɜɎɚɖɣɖɠ 

7. ȺɎɜ ὭὸὩὶάέὨὔ π , ŮűŬɟɛɞɔɐ Űɞɡ ɛɖɢŬɜɘůɛɞɨ ŭɘɎŭɞůɖɠ ůŰŬ ɜɖůɘɎ. ȼ 

ˊɟɞŮˊɘɚŮɔɛɏɜɖ Űɘɛɐ ˊɞɡ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ůŰŬ ˊŮɘɟɎɛŬŰŬ ŮɑɜŬɘ ɖ ˊŮɟɑˊŰɤůɖ "1 ˊɟɞɠ 1". 

8. ȳɟɘůŮ iter=iter+1 

9. ȺɎɜ ɞ əŬɜɧɜŬɠ ŰŮɟɛŬŰɘůɛɞɨ ŭŮɜ ŮɑɜŬɘ ɏɔəɡɟɞɠ, ŰɧŰŮ ˊɐɔŬɘɜŮ ůŰɞ ɓɐɛŬ 5. 

10. ȺűɎɟɛɞůŮ Űɖ ŭɘŬŭɘəŬůɑŬ Űɖɠ Űɞˊɘəɐɠ ŬɜŬɕɐŰɖůɖɠ ůŰɞ ὼ . ȼ ŭɘŬŭɘəŬůɑŬ Űɞˊɘəɐɠ 

ŬɜŬɕɐŰɖůɖɠ ˊɞɡ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ůŰɖɜ ˊɟɞŰŮɘɜɧɛŮɜɖ ɛɏɗɞŭɞ ŮɑɜŬɘ ɖ ˊŬɟŬɚɚŬɔɐ BFGS 

Űɞɡ Powell  [134]. 

 

ɀɖɢŬɜɘůɛɧɠ ȹɘɎŭɞůɖɠ: 

 

ȾŬŰɎ Űɖ ŭɘɎɟəŮɘŬ Űɞɡ ɛɖɢŬɜɘůɛɞɨ ŭɘɎŭɞůɖɠ, ɞɘ əŬɚɨŰŮɟŮɠ Űɘɛɏɠ Űɤɜ ɜɖůɘɩɜ ŭɘŬŭɑŭɞɜŰŬɘ 

ůŰŬ ɡˊɧɚɞɘˊŬ ŬɜŰɘəŬɗɘůŰɩɜŰŬɠ Űɘɠ ɢŮɘɟɧŰŮɟŮɠ Űɘɛɏɠ Űɞɡɠ. ɈˊɎɟɢɞɡɜ ɞɘ ŬəɧɚɞɡɗŮɠ 

ˊŮɟɘˊŰɩůŮɘɠ ŭɘɎŭɞůɖɠ: 

ȰɜŬ ˊɟɞɠ ɏɜŬ. ɆŮ ŬɡŰɐɜ Űɖɜ ˊŮɟɑˊŰɤůɖ, ɏɜŬ ŰɡɢŬɑɞ ɜɖůɑ ɗŬ ůŰŮɑɚŮɘ ůŮ ɏɜŬ Ɏɚɚɞ ŰɡɢŬɑŬ 

ŮˊɘɚŮɔɛɏɜɞ ɜɖůɑ Űɖɜ əŬɚɨŰŮɟɖ Űɘɛɐ Űɞɡ. 

ȰɜŬ ˊɟɞɠ Ɂ. ɆŮ ŬɡŰɐɜ Űɖɜ ˊŮɟɑˊŰɤůɖ, ɏɜŬ ŰɡɢŬɑɞ ɜɖůɑ ɗŬ ůŰŮɑɚŮɘ Űɖɜ əŬɚɨŰŮɟɐ Űɞɡ Űɘɛɐ 

ůŮ ɧɚŬ ŰŬ ɎɚɚŬ ɜɖůɘɎ. 

Ɂ ˊɟɞɠ ɏɜŬ. ɆŮ ŬɡŰɐɜ Űɖɜ ˊŮɟɑˊŰɤůɖ, ɧɚŬ ŰŬ ɜɖůɘɎ ɗŬ ŮɜɖɛŮɟɩůɞɡɜ ɏɜŬ ŰɡɢŬɑŬ 

ŮˊɘɚŮɔɛɏɜɞ ɜɖůɑ ɔɘŬ Űɖɜ əŬɚɨŰŮɟɖ Űɘɛɐ Űɞɡɠ. 

Ɂ ˊɟɞɠ Ɂ. ȳɚŬ ŰŬ ɜɖůɘɎ ɗŬ ŮɜɖɛŮɟɩůɞɡɜ ɧɚŬ ŰŬ ɎɚɚŬ ɜɖůɘɎ ɔɘŬ Űɖɜ əŬɚɨŰŮɟɖ Űɘɛɐ Űɞɡɠ. 

 

ȾŬɜɧɜŬɠ ŰŮɟɛŬŰɘůɛɞɨ: 

ɆŰɞɜ ˊɟɞŰŮɘɜɧɛŮɜɞ əɟɘŰɐɟɘɞ ŰŮɟɛŬŰɘůɛɞɨ, ɏɜŬ Ŭˊɚɧ əɟɘŰɐɟɘɞ ŮɚɏɔɢŮŰŬɘ ɝŮɢɤɟɘůŰɎ ůŮ əɎɗŮ 

ɜɖůɑ. ũɘŬ əɎɗŮ ɜɖůɑ i, ɖ ŭɘŬűɞɟɎ: 

‏ ȟ‏ Ὢȟ  

ɛŮŰɟɘɏŰŬɘ ůŮ əɎɗŮ ŮˊŬɜɎɚɖɣɖ k ɧˊɞɡ : 

Ὢȟ ȟ ŮɑɜŬɘ ɖ əŬɚɨŰŮɟɖ Űɘɛɐ Űɖɠ ůɡɜɎɟŰɖůɖɠ ˊɞɡ ŮɜŰɞˊɑɕŮŰŬɘ ůŰɞ ɜɖůɑ i ůŰɖɜ ŮˊŬɜɎɚɖɣɖ 

k. ȺɎɜ  ‏  ɴɔɘŬ ŰɞɡɚɎɢɘůŰɞɜ M ŭɘŬŭɞɢɘəɏɠ ŮˊŬɜŬɚɐɣŮɘɠ, ŰɧŰŮ ˊɘɗŬɜɧŰŬŰŬ Űɞ ɜɖůɑ i ɗŬ 

ˊɟɏˊŮɘ ɜŬ ŰŮɟɛŬŰɑůŮɘ Űɖɜ Ůɝɏɚɘɝɖ Űɞɡ ˊɚɖɗɡůɛɞɨ. ɆŰɖɜ ˊɟɞŰŮɘɜɧɛŮɜɖ ŰŮɢɜɘəɐ, ŮɎɜ ɖ 
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ˊɞůɧŰɖŰŬ Űɖɠ ˊŬɟŬˊɎɜɤ Ůɝɑůɤůɖɠ ɘůɢɨŮɘ ɔɘŬ ˊŮɟɘůůɧŰŮɟŬ Ŭˊɧ NI ɜɖůɘɎ, ŰɧŰŮ ɞ ůɡɜɞɚɘəɧɠ 

Ŭɚɔɧɟɘɗɛɞɠ ŰŮɟɛŬŰɑɕŮɘ. 

 

6.5 ɄŬɟɎɚɚɖɚɖ ŰŮɢɜɘəɐ PSO  

 

ɆŰɞɜ ŰɞɛɏŬ Űɖɠ ˊŬɔəɧůɛɘŬɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ, ɏɢɞɡɜ ŬɜŬˊŰɡɢɗŮɑ ŭɘɎűɞɟŮɠ ŰŮɢɜɘəɏɠ ɔɘŬ Űɞɜ 

ŮɜŰɞˊɘůɛɧ Űɞɡ əŬɗɞɚɘəɞɨ ŮɚɎɢɘůŰɞɡ. ɀɑŬ Ŭˊɧ Űɘɠ ˊɘɞ ŭɘŬŭŮŭɞɛɏɜŮɠ ŰŮɢɜɘəɏɠ ˊŬɔəɧůɛɘŬɠ 

ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ŮɑɜŬɘ ɖ ŰŮɢɜɘəɐ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ůɛɐɜɞɡɠ ůɤɛŬŰɘŭɑɤɜ ɐ Ŭɚɚɘɩɠ Particle 

Swarm Optimization -PSO. Ƀ ɓŬůɘəɧɠ Ŭɚɔɧɟɘɗɛɞɠ ˊŬɟɞɡůɘɎɕŮŰŬɘ ˊŬɟŬəɎŰɤ: 

 

1. ȸɐɛŬŰŬ ȷɟɢɘəɞˊɞɑɖůɖɠ 

a. ȳɟɘůŮ iter=0 

b. ȳɟɘůŮ  m Űɞ ůɡɜɞɚɘəɧ Ŭɟɘɗɛɧ Űɤɜ ůɤɛŬŰɘŭɑɤɜ 

c. ȳɟɘůŮ ὭὸὩὶ Űɞɜ ɛɏɔɘůŰɞ Ŭɟɘɗɛɧ Űɤɜ ŮˊɘŰɟŮˊɧɛŮɜɤɜ ŮˊŬɜŬɚɐɣŮɤɜ ɔɘŬ 

Űɞɜ ůŮɘɟɘŬəɧ Ŭɚɔɧɟɘɗɛɞ 

d. ȷɟɢɘəɞˊɞɑɖůɖ ŰɡɢŬɑɤɜ ɗɏůŮɤɜ Űɤɜ ůɤɛŬŰɘŭɑɤɜ ὼȟὼȟȣȟὼ. Oɘ Ŭɟɢɘəɏɠ 

ɗɏůŮɘɠ ˊɟɏˊŮɘ ɜŬ ŮɑɜŬɘ ŮɜŰɧɠ Űɞɡ ˊŮŭɑɞɡ ɞɟɘůɛɞɨ Űɖɠ ůɡɜɎɟŰɖůɖɠ ůŰɧɢɞɡ. 

e. ɇɡɢŬɑŬ Ŭɟɢɘəɞˊɞɑɖůɖ Űɤɜ ŰŬɢɡŰɐŰɤɜ όȟόȟȣȟό  . 

f. ũɘŬ i=1ém ŮˊŬɜɎɚŬɓŮ ὴ ὼ  . ɇɞ ŭɘɎɜɡůɛŬ ὴ ŬɜŰɘˊɟɞůɤˊŮɨŮɘ Űɖɜ 

əŬɚɨŰŮɟɖ ɗɏůɖ Űɞɡ ůɤɛŬŰɘŭɑɞɡ i. 

g. ȳɟɘůŮ ὴ ὥὶὫάὭὲᶰȢȢὪὼ  

 

2. ȸɐɛŬŰŬ Ⱥɚɏɔɢɞɡ ɇŮɟɛŬŰɘůɛɞɨ. ɄɟŬɔɛŬŰɞˊɞɘŮɑŰŬɘ ɞ ɏɚŮɔɢɞɠ Űɞɡ əɟɘŰɖɟɑɞɡ 

ŰŮɟɛŬŰɘůɛɞɨ ɔɘŬ Űɞɡɠ ůŮɘɟɘŬəɞɨɠ Ŭɚɔɞɟɑɗɛɞɡɠ. ȷɜ ŰŬ əɟɘŰɐɟɘŬ ŰŮɟɛŬŰɘůɛɞɨ ŮɑɜŬɘ 

Ŭɚɖɗɐ, ŰɧŰŮ ɖ ɛɏɗɞŭɞɠ ŰŮɟɛŬŰɑɕŮɘ. 

3. ũɘŬ i=1..m ŮˊŬɜɎɚŬɓŮ 

a. ɈˊɞɚɧɔɘůŮ Űɖɜ ŰŬɢɨŰɖŰŬ ό ɤɠ Űɞ ůɡɜŭɡŬůɛɧ Űɤɜ ŭɘŬɜɡůɛɎŰɤɜ ό, ὴ əŬɘ 

ὴ  

b. ȳɟɘůŮ Űɖ ɜɏŬ ɗɏůɖ ɔɘŬ Űɞ ůɤɛŬŰɑŭɘɞ ɤɠ: ὼ ὼ ό 

c. ɈˊɞɚɧɔɘůŮ Űɖɜ ὪὼȿὭ Űɞɡ ůɤɛŬŰɘŭɑɞɡ əɎɜɞɜŰŬɠ ɢɟɐůɖ Űɖɠ ŬɜŰɘəŮɘɛŮɜɘəɐɠ 

ůɡɜɎɟŰɖůɖɠ f(x). 



d. ȺɎɜ Ὢὼ ὪὴȿὭ, ŰɧŰŮ ὴ ὼ 

4. ɇɏɚɞɠ ŮˊŬɜɎɚɖɣɖɠ 

5. ȳɟɘůŮ ὴ ὥὶὫάὭὲᶰȢȢὪὼ  

6. ȳɟɘůŮ iter=iter+1 

7. ȺˊɏůŰɟŮɣŮ ůŰɞ ɓɐɛŬ 2 

 

ȼ ˊɟɞŰŮɘɜɧɛŮɜɖ ɛɏɗɞŭɞɠ ɓŬůɑɕŮŰŬɘ ůŰɖɜ ŬɜŬˊŬɟɎůŰŬůɖ Űɞɡ ˊɟɞɓɚɐɛŬŰɞɠ ɤɠ ɏɜŬ ůɛɐɜɞɠ 

ůɤɛŬŰɘŭɑɤɜ, ɧˊɞɡ əɎɗŮ ůɤɛŬŰɑŭɘɞ ŬɜŰɘˊɟɞůɤˊŮɨŮɘ ɛɘŬ ɡˊɞɣɐűɘŬ ɚɨůɖ ůŰɞɜ ȺɡəɚŮɑŭŮɘɞ 

ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ. ȾŬŰɎ Űɖ ŭɘɎɟəŮɘŬ Űɖɠ ŭɘŬŭɘəŬůɑŬɠ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ, ŰŬ ůɤɛŬŰɑŭɘŬ 

əɘɜɞɨɜŰŬɘ ůŰɞɜ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ ɛŮ ɓɎůɖ Űɖɜ ŬŰɞɛɘəɐ Űɞɡɠ ŮɛˊŮɘɟɑŬ əŬɗɩɠ əŬɘ ɛŮ ɓɎůɖ 

Űɘɠ əɞɘɜɤɜɘəɏɠ Űɞɡɠ ŬɚɚɖɚŮˊɘŭɟɎůŮɘɠ. ɉɟɖůɘɛɞˊɞɘɩɜŰŬɠ ŬɡŰɏɠ Űɘɠ ŭɨɞ Ůˊɘɟɟɞɏɠ, ŰŬ 

ůɤɛŬŰɑŭɘŬ ˊɟɞůŬɟɛɧɕɞɡɜ Űɘɠ ŰŬɢɨŰɖŰɏɠ Űɞɡɠ əŬɘ Űɘɠ ɗɏůŮɘɠ Űɞɡɠ əŬŰɎ Űɘɠ ŮˊŬɜŬɚɐɣŮɘɠ Űɞɡ. 

Ƀ Ŭɚɔɧɟɘɗɛɞɠ ˊɞɡ ˊɟɞŰŮɑɜŮŰŬɘ ˊŬɟɞɡůɘɎɕŮŰŬɘ ˊŬɟŬəɎŰɤ [135]:  

 

1. ȳɟɘůŮ ɤɠ ὔ Űɞɜ ɛɏɔɘůŰɞ Ŭɟɘɗɛɧ ɛɞɜɎŭɤɜ ˊŬɟɎɚɚɖɚɖɠ ŮˊŮɝŮɟɔŬůɑŬɠ 

2. ȳɟɘůŮ ɤɠ ὔ  Űɞɜ Ŭɟɘɗɛɧ Űɤɜ ŮˊŬɜŬɚɐɣŮɤɜ, ɛŮŰɎ Ŭˊɧ Űɘɠ ɞˊɞɑŮɠ əɎɗŮ ɛɞɜɎŭŬ 

ŮˊŮɝŮɟɔŬůɑŬɠ ɗŬ ůŰŮɑɚŮɘ ŰŬ əŬɚɨŰŮɟɎ Űɖɠ ůɤɛŬŰɑŭɘŬ ůŰɘɠ ɡˊɧɚɞɘˊŮɠ ɛɞɜɎŭŮɠ 

ŮˊŮɝŮɟɔŬůɑŬɠ 

3. ȳɟɘůŮ ɤɠ ὔ  Űɞɜ Ŭɟɘɗɛɧ Űɤɜ ɛŮŰŬəɘɜɖɗɏɜŰɤɜ ůɤɛŬŰɘŭɑɤɜ ɛŮŰŬɝɨ Űɤɜ 

ˊŬɟɎɚɚɖɚɤɜ ɛɞɜɎŭɤɜ ŮˊŮɝŮɟɔŬůɑŬɠ. 

4. ȳɟɘůŮ Ⱦ=0 Űɞɜ Ŭɟɘɗɛɧ Űɖɠ ŮˊŬɜɎɚɖɣɖɠ 

5. ũɘŬ j=1,é,N ŮˊŬɜɎɚŬɓŮ ˊŬɟɎɚɚɖɚŬ 

a. ȺəŰɏɚŮůŮ ɛɘŬ ŮˊŬɜɎɚɖɣɖ Űɞɡ Ŭɚɔɞɟɑɗɛɞɡ PSO ˊɞɡ ˊŮɟɘɔɟɎűŮŰŬɘ ůŰɞɜ 

ɓŬůɘəɧ Ŭɚɔɧɟɘɗɛɞ  ůŰɖ ɛɞɜɎŭŬ ŮˊŮɝŮɟɔŬůɑŬɠ j.  

b. ȺɎɜ K mod ὔ=0, ŰɧŰŮ: 

i. ȿɎɓŮ ŰŬ əŬɚɨŰŮɟŬ ὔ  ůɤɛŬŰɑŭɘŬ Ŭˊɧ Űɞɜ Ŭɚɔɧɟɘɗɛɞ j. 

ii.  ɀŮŰɎŭɤůŮ ŬɡŰɎ ŰŬ ὔ  ůɤɛŬŰɑŭɘŬ ůŰɘɠ ɡˊɧɚɞɘˊŮɠ ɛɞɜɎŭŮɠ 

ŮˊŮɝŮɟɔŬůɑŬɠ ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ əɎˊɞɘɞ ůɢɐɛŬ ɛŮŰɎŭɞůɖɠ ˊɞɡ ɗŬ 

ŬɜŬɚɡɗŮɑ ůŰɖ ůɡɜɏɢŮɘŬ. 

c. ɇɏɚɞɠ Ŭɜ. 

 

6. ɇɏɚɞɠ ŮˊŬɜɎɚɖɣɖɠ 

7. Ⱥɜɖɛɏɟɤůɖ Ⱦ=Ⱦ+1 
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8. ȰɚŮɔɢɞɠ Űɞɡ ˊɟɞŰŮɘɜɧɛŮɜɞɡ əŬɜɧɜŬ ŰŮɟɛŬŰɘůɛɞɨ. ȷɜ ɞ əŬɜɧɜŬɠ ŰŮɟɛŬŰɘůɛɞɨ ŮɑɜŬɘ 

ɏɔəɡɟɞɠ, ŰɧŰŮ ɛŮŰŬɓŮɑŰŮ ůŰɞ ɓɐɛŬ 5. 

a. ɇŮɟɛŬŰɘůɛɧɠ əŬɘ ŬɜŬűɞɟɎ Űɖɠ əŬɚɨŰŮɟɖɠ Űɘɛɐɠ Ŭˊɧ ɧɚŮɠ Űɘɠ ɛɞɜɎŭŮɠ 

ŮˊŮɝŮɟɔŬůɑŬɠ. ȺűŬɟɛɞɔɐ ɛɘŬɠ ŭɘŬŭɘəŬůɑŬɠ Űɞˊɘəɐɠ ŬɜŬɕɐŰɖůɖɠ ůŰɖɜ 

ŮɜŰɞˊɘůɛɏɜɖ Űɘɛɐ ɔɘŬ ɜŬ ɓŮɚŰɘɤɗŮɑ  Űɞ ŮɜŰɞˊɘůɛɏɜɞ əŬɗɞɚɘəɧ ŮɚɎɢɘůŰɞ. 

ɆŰɞ ˊɟɞŰŮɘɜɧɛŮɜɞ Ŭɚɔɧɟɘɗɛɞ ɢɟɖůɘɛɞˊɞɘɐɗɖəŮ ɛɘŬ ŭɘŬŭɘəŬůɑŬ Űɞˊɘəɐɠ 

ŬɜŬɕɐŰɖůɖɠ ˊɞɡ ŮɑɜŬɘ ɛɘŬ ˊŬɟŬɚɚŬɔɐ Űɖɠ BFGS Űɞɡ Powell [134]. 

 

6.6 ȷɜŰɘəŮɘɛŮɜɘəɏɠ ɆɡɜŬɟŰɐůŮɘɠ 

 

ɆŰŬ ˊŮɘɟɎɛŬŰŬ ˊɞɡ ˊɟŬɔɛŬŰɞˊɞɘɐɗɖəŬɜ, ɢɟɖůɘɛɞˊɞɘɐɗɖəŬɜ ůɡɔəŮəɟɘɛɏɜŮɠ ŬɜŰɘəŮɘɛŮɜɘəɏɠ 

ůɡɜŬɟŰɐůŮɘɠ ˊɞɡ ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ˊŬɟŬəɎŰɤ (ɄɑɜŬəŬɠ 16: çȷɜŰɘəŮɘɛŮɜɘəɏɠ ůɡɜŬɟŰɐůŮɘɠ 

ˊɞɡ ɢɟɖůɘɛɞˊɞɘɐɗɖəŬɜè) : 

 

ɄɑɜŬəŬɠ 16:ȷɜŰɘəŮɘɛŮɜɘəɏɠ ůɡɜŬɟŰɐůŮɘɠ ˊɞɡ ɢɟɖůɘɛɞˊɞɘɐɗɖəŬɜ 

ȳɜɞɛŬ ɇɨˊɞɠ ɀɏɔŮɗɞɠ 

Cigar 
Ὢὼ ὼ ρπ ὼ 

n=10 

Bf1 
Ὢὼ ὼ ςὼ

σ

ρπ
ÃÏÓσ“ὼ ÃÏÓτ“ὼ

χ

ρπ
 

n=2 

Bf2 
Ὢὼ ὼ ςὼ

σ

ρπ
ÃÏÓσ“ὼ ÃÏÓτ“ὼ

σ

ρπ
 

n=2 

Branin 
Ὢὼ ὼ

ρ

ρπ
ÃÏÓ υ“ὼ  

n=2 

CM4 
Ὢὼ ὼ

ρ

ρπ
ÃÏÓ υ“ὼ  

n=4 

Camel 
Ὢὼ τὼ ςȢρὼ

ρ

σ
ὼ ὼὼ τὼ τὼ 

n=2 

Discus10 
Ὢὼ ρπὼ ὼ 

n=10 

Eason Ὢὼ ÃÏÓὼ ÃÏÓὼ ÅØÐ ὼ “ ὼ “  n=2 

Exp 
Ὢὼ ÅØÐπȢυ ὼ ȟρ ὼ ρ 

n=4 , 16, 64 



Griewank2 
Ὢὼ ρ

ρ

ςππ
ὼ

ÃÏÓ ὼ

Ὥ
 

n=2 

Gkls[94] Ὢὼ ὋὯὰίὼȟὲȟύ  n=2, 3 

Hansen 
Ὢὼ ὭÃÏÓὭ ρὼ Ὥ ὮÃÏÓὮ ρὼ

Ὦ 

n=2 

Hartman 3 
Ὢὼ ὧÅØÐ ὥ ὼ ὴ  

n=3 

Hartman 6 
Ὢὼ ὧÅØÐ ὥ ὼ ὴ  

n=6 

Potential[95] ὠ ὶ τɴ
„

ὶ

„

ὶ
 n=3, 5 

Rastrigin Ὢὼ ὼ ὼ ÃÏÓρψὼ ÃÏÓ ρψὼ  n=2 

Rosenbrock 
Ὢὼ ρππὼ ὼ ὼ ρ  

n=4, 8 

Shekel 5 
Ὢὼ

ρ

ὼ ὥ ὼ ὥ ὧ
 

n=4 

Shekel 7 
Ὢὼ

ρ

ὼ ὥ ὼ ὥ ὧ
 

n=4 

Shekel 10 
Ὢὼ

ρ

ὼ ὥ ὼ ὥ ὧ
 

n=4 

Sinu 
Ὢὼ ςȢυ ÓÉÎὼ ᾀ ίὭὲυὼ ᾀ   

n=4 , 8 

Test2n 
Ὢὼ

ρ

ς
ὼ ρφὼ υὼ 

n=4, 5, 6, 7 

Test30n ρ

ρπ
ίὭὲ σ“ὼ ὼ ρ ρ ίὭὲ σ“ὼ

ὼ ρ ρ ίὭὲ ς“ὼ  

n=3, 4 

 

6.7 ɄŮɘɟŬɛŬŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ 

 

ɄŬɟɎɚɚɖɚɖ ŰŮɢɜɘəɐ DE 
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ũɘŬ ɜŬ ŬɝɘɞɚɞɔɖɗŮɑ ɖ Ŭˊɧŭɞůɖ Űɖɠ Űɟɞˊɞˊɞɘɖɛɏɜɖɠ ɏəŭɞůɖɠ Űɖɠ ŰŮɢɜɘəɐɠ Űɖɠ ŭɘŬűɞɟɘəɐɠ 

Ůɝɏɚɘɝɖɠ, ŭɘŮɝɐɢɗɖůŬɜ ˊŮɘɟɎɛŬŰŬ ůŰŬ ɞˊɞɑŬ ɞ Ŭɟɘɗɛɧɠ Űɤɜ ˊŬɟɎɚɚɖɚɤɜ ɛɞɜɎŭɤɜ 

ɡˊɞɚɞɔɘůɛɞɨ ˊɞɘəɑɚɚɞɡɜ Ŭˊɧ 1 ɏɤɠ 10. ɉɟɖůɘɛɞˊɞɘɐɗɖəŮ ɖ ŭɤɟŮɎɜ ŭɘŬɗɏůɘɛɖ ɓɘɓɚɘɞɗɐəɖ 

OpenMP ɔɘŬ Űɖɜ ˊŬɟŬɚɚɖɚɞˊɞɑɖůɖ, əŬɘ ɖ ɛɏɗɞŭɞɠ ˊɟɞɔɟŬɛɛŬŰɑůŰɖəŮ ůŮ ANSI C++ ɛɏůŬ 

ůŰɞ ˊŬəɏŰɞ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ OPTIMUS ˊɞɡ ŮɑɜŬɘ ŭɘŬɗɏůɘɛɞ Ŭˊɧ Űɞ 

https://github.com/itsoulos/OPTIMUS (ˊɟɞůˊŮɚɎůŰɖəŮ ůŰɘɠ 4 ȽŬɜɞɡŬɟɑɞɡ 2023). ȳɚŬ ŰŬ 

ˊŮɘɟɎɛŬŰŬ ˊɟŬɔɛŬŰɞˊɞɘɐɗɖəŬɜ ůŮ ɏɜŬɜ ŮˊŮɝŮɟɔŬůŰɐ AMD Ryzen 5950X ɛŮ 128 GB 

ɛɜɐɛɖ RAM əŬɘ ɚŮɘŰɞɡɟɔɘəɧ ůɨůŰɖɛŬ Debian Linux. ŪŬ ˊɟɏˊŮɘ ɜŬ ŬɜŬűŮɟɗŮɑ Ůˊɑůɖɠ, ɧŰɘ 

ɧɚŬ ŰŬ ˊŮɘɟɎɛŬŰŬ ŭɘŮɜŮɟɔɐɗɖəŬɜ 30 űɞɟɏɠ ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ ŭɘŬűɞɟŮŰɘəɧ ůˊɧɟɞ ɔɘŬ Űɞɜ 

ŰɡɢŬɑɞ ɔŮɜɜɐŰɞɟŬ əɎɗŮ űɞɟɎ əŬɘ ŬɜŬűɏɟɗɖəŬɜ ɞɘ ɛɏůŮɠ Űɘɛɏɠ. Ƀɘ Űɘɛɏɠ Űɤɜ ˊŬɟŬɛɏŰɟɤɜ 

ˊɞɡ ɢɟɖůɘɛɞˊɞɘɐɗɖəŬɜ ůŰɞɜ Ŭɚɔɧɟɘɗɛɞ DE űŬɑɜɞɜŰŬɘ ůŰɞɜ ɄɑɜŬəŬ 17: çɇɘɛɏɠ 

ˊŬɟŬɛɏŰɟɤɜè, Ůɜɩ ɖ ˊŬɟɎɛŮŰɟɞɠ F (ŭɘŬűɞɟɘəɧ ɓɎɟɞɠ) ɡˊɞɚɞɔɑůŰɖəŮ ɤɠ: 

 

Ὂ ς Ὑ , ɧˊɞɡ Ὑᶰπȟρ ŰɡɢŬɑɞɠ Ŭɟɘɗɛɧɠ. 

 

ɄɑɜŬəŬɠ 17:ɇɘɛɏɠ ˊŬɟŬɛɏŰɟɤɜ 

ɄŬɟɎɛŮŰɟɞɘ ɇɘɛɐ 

NP 200 ˊɟɎəŰɞɟŮɠ 

Propagation 1- ˊɟɞɠ -1 ɛɏɗɞŭɞ 

ὔ  5 ŮˊŬɜŬɚɐɣŮɘɠ 

ὔ 2 ɜɖůɘɎ 

CR 0.9 ɔɘŬ Űɖɜ ˊɘɗŬɜɧŰɖŰŬ ŭɘŬůŰŬɨɟɤůɖɠ 

M 15 ŮˊŬɜŬɚɐɣŮɘɠ 

 ɴ ρπ 

 

Ⱥˊɘˊɚɏɞɜ, ˊɟŬɔɛŬŰɞˊɞɘɐɗɖəŬɜ Ůˊɘˊɚɏɞɜ ˊŮɘɟɎɛŬŰŬ ɔɘŬ ɜŬ ŭɘŬˊɘůŰɤɗŮɑ ŮɎɜ ɡˊɐɟɢŮ 

ŭɘŬűɞɟɞˊɞɑɖůɖ ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ Űɘɠ ŭɘŬűɞɟŮŰɘəɏɠ ŰŮɢɜɘəɏɠ ŭɘɎŭɞůɖɠ. ɉɟɖůɘɛɞˊɞɘɐɗɖəŬɜ 

10 ɜɐɛŬŰŬ ŮˊŮɝŮɟɔŬůɑŬɠ. ɆŮ əɎɗŮ ɜɐɛŬ ŮˊŮɝŮɟɔŬůɑŬɠ, ɧˊɤɠ əŬɘ ˊɟɘɜ, ɞ ˊɚɖɗɡůɛɧɠ əɎɗŮ 

ɜɖůɘɞɨ ŬˊɞŰŮɚɞɨɜŰŬɜ Ŭˊɧ 20 ˊɟɎəŰɞɟŮɠ. ɇŬ ŬˊɞŰŮɚɏůɛŬŰŬ Ŭˊɧ ŬɡŰɎ ŰŬ ˊŮɘɟɎɛŬŰŬ 

űŬɑɜɞɜŰŬɘ ůŰɞɜ Ŭəɧɚɞɡɗɞ ˊɑɜŬəŬ (ɄɑɜŬəŬɠ 18: çɄŮɘɟɎɛŬŰŬ ɔɘŬ Űɖɜ ˊɟɞŰŮɘɜɧɛŮɜɖ ɛɏɗɞŭɞ 

ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ ŭɘŬűɞɟŮŰɘəɏɠ Ůˊɘɚɞɔɏɠ ɔɘŬ Űɖ ɛɏɗɞŭɞ ŭɘɎŭɞůɖɠ. Ƀ Ŭɟɘɗɛɧɠ Űɤɜ ɜɖɛɎŰɤɜ 



ŮˊŮɝŮɟɔŬůɑŬɠ ɞɟɑůŰɖəŮ ůŮ 10. Ƀɘ Ŭɟɘɗɛɞɑ ůŰŬ əŮɚɘɎ ŬɜŰɘˊɟɞůɤˊŮɨɞɡɜ Űɞɜ ɛɏůɞ Ŭɟɘɗɛɧ 

əɚɐůŮɤɜ ůɡɜɎɟŰɖůɖɠ ɔɘŬ əɎɗŮ ŭɞəɘɛŬůŰɘəɐ ůɡɜɎɟŰɖůɖè):  

 

ɄɑɜŬəŬɠ 18:ɄŮɘɟɎɛŬŰŬ ɔɘŬ Űɖɜ ˊɟɞŰŮɘɜɧɛŮɜɖ ɛɏɗɞŭɞ ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ ŭɘŬűɞɟŮŰɘəɏɠ 

Ůˊɘɚɞɔɏɠ ɔɘŬ Űɖ ɛɏɗɞŭɞ ŭɘɎŭɞůɖɠ. Ƀ Ŭɟɘɗɛɧɠ Űɤɜ ɜɖɛɎŰɤɜ ŮˊŮɝŮɟɔŬůɑŬɠ ɞɟɑůŰɖəŮ ůŮ 10. 

Ƀɘ Ŭɟɘɗɛɞɑ ůŰŬ əŮɚɘɎ ŬɜŰɘˊɟɞůɤˊŮɨɞɡɜ Űɞɜ ɛɏůɞ Ŭɟɘɗɛɧ əɚɐůŮɤɜ ůɡɜɎɟŰɖůɖɠ ɔɘŬ əɎɗŮ 

ŭɞəɘɛŬůŰɘəɐ ůɡɜɎɟŰɖůɖ 

ɆɈɁȷɅɇȼɆȼ 1 ɄɅɃɆ 1 1 ɄɅɃɆ Ɂ Ɂ ɄɅɃɆ 1 Ɂ ɄɅɃɆ Ɂ 

BF1 4887 4259 4209 2792 

BF2 4577 4021 3917 2691 

BRANIN 3895 3378 3307 2382 

CIGAR10 1875 1874 1871 1873 

CM4 2243 (0.97) 2173 2136 (0.97) 2030 

DISCUS10 1807 1810 1808 1809 

EASOM 1791 1790 1791 1789 

ELP10 29944 42025 22876 19117 

EXP4 1806 1807 1811 1806 

EXP16 1830 1829 1828 1824 

EXP64 1838 1838 1838 1836 

GKLS250 1818 1812 1810 1802 

GKLS350 2195 2163 2109 2011 (0.97) 

GRIEWANK2 4208 3620 3514 2445 (0.80) 

POTENTIAL3 5598 4445 4353 2521 

POTENTIAL5 8620 7475 7025 3374 

HANSEN 9242 6075 6181 3135 

HARTMAN3 2883 2664 2593 2207 

HARTMAN6 4877 (0.97) 4327 (0.83) 4362 (0.80) 2834 (0.90) 

RASTRIGIN 3707 3213 2870 2220 (0.90) 

ROSENBROCK4 9473 8294 7883 7084 

ROSENBROCK8 20654 24470 15919 19272 

SHEKEL5 5065 (0.80) 7556 5386 (0.93) 4456 (0.70) 

SHEKEL7 6996 7207 (0.90) 6488 (0.93) 4493 (0.80) 
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SHEKEL10 7283 6812 (0.93) 6440 3916 (0.73) 

SINU4 4434 4204 4020 2796 (0.97) 

SINU8 4523 5386 4605 3341 (0.90) 

TEST2N4 6834 5777 5625 3609 (0.97) 

TEST2N5 8050 6695 (0.97) 6647 4179 (0.73) 

TEST2N6 9175 7770 (0.93) 7660 4522 (0.53) 

TEST2N7 9760 9259 (0.77) 9081 5200 (0.57) 

TEST30N3 2994 2814 2653 2210 

TEST30N4 3031 2797 2700 2107 

ɆɈɁɃȿɃ 
197913 

(0.99) 

201649 

(0.98) 

167316 

(0.98) 

129683 

(0.91) 

 

ȷˊɧ ŰŬ ˊŮɘɟŬɛŬŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ, űŬɑɜŮŰŬɘ ɧŰɘ ŭŮɜ ɡˊɐɟɢŬɜ ůɖɛŬɜŰɘəɏɠ ŬɚɚŬɔɏɠ ůŰɞɜ 

ůɡɜɞɚɘəɧ Ŭɟɘɗɛɧ əɚɐůŮɤɜ ůɡɜɎɟŰɖůɖɠ ŮəŰɧɠ Ŭˊɧ Űɖɜ ˊŮɟɑˊŰɤůɖ ɛɘŬɠ ŭɘɎŭɞůɖɠ "N ůŮ N". 

ɈˊɐɟɝŮ ɛɘŬ ůɖɛŬɜŰɘəɐ ɛŮɑɤůɖ Űɤɜ əɚɐůŮɤɜ ůɡɜɎɟŰɖůɖɠ, ŬɚɚɎ əŬɘ ɛɘŬ ɛŮɑɤůɖ Űɖɠ 

ŬɝɘɞˊɘůŰɑŬɠ Űɤɜ ŰŮɢɜɘəɩɜ Ŭˊɧ 99% ůŮ 91%. ȷɡŰɧ ɛˊɞɟŮɑ ɜŬ ɞűŮɑɚŮŰŬɘ ůŰɞ ɔŮɔɞɜɧɠ ɧŰɘ, 

ɚɧɔɤ Űɖɠ ŬɜŰŬɚɚŬɔɐɠ Űɤɜ əŬɚɨŰŮɟɤɜ əɧůŰɤɜ ɛŮŰŬɝɨ ɧɚɤɜ Űɤɜ ɜɖůɘɩɜ, ɞ ůɡɜɞɚɘəɧɠ 

ˊɚɖɗɡůɛɧɠ ŮɔəɚɤɓɑůŰɖəŮ ůŮ ŰɞˊɘəɎ ŮɚɎɢɘůŰŬ.  

Ⱥˊɑůɖɠ, ɖ ˊɟɞŰŮɘɜɧɛŮɜɖ ɛɏɗɞŭɞɠ ůɡɔəɟɑɗɖəŮ ɛŮ Űɖɜ Ŭɟɢɘəɐ ɛɏɗɞŭɞ ŭɘŬűɞɟɘəɐɠ Ůɝɏɚɘɝɖɠ 

əŬɘ ŭɨɞ ˊŬɟŬɚɚŬɔɏɠ Ŭˊɧ Űɖ ůɢŮŰɘəɐ ɓɘɓɚɘɞɔɟŬűɑŬ, ŬɜŬűŮɟɧɛŮɜŮɠ ɤɠ DERL əŬɘ DELB. Ƀɘ 

ɛɏɗɞŭɞɘ DERL əŬɘ DELB ŮɑɜŬɘ ˊŬɟŬɚɚŬɔɏɠ Űɖɠ ɛŮɗɧŭɞɡ ŭɘŬűɞɟɘəɐɠ Ůɝɏɚɘɝɖɠ əŬɘ 

ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɔɘŬ Űɖɜ ŮɨɟŮůɖ Űɖɠ ɓɏɚŰɘůŰɖɠ ɚɨůɖɠ ůŮ ˊɟɞɓɚɐɛŬŰŬ ɛŮ ůɡɜŮɢŮɑɠ 

ɛŮŰŬɓɚɖŰɏɠ. ɆɡɔəŮəɟɘɛɏɜŬ, ɖ ɛɏɗɞŭɞɠ DERL (Differential Evolution with Random 

Localization) ŮɘůɎɔŮɘ Űɖɜ ɏɜɜɞɘŬ Űɖɠ ŰɡɢŬɑŬɠ Űɞˊɘəɞˊɞɑɖůɖɠ. ɆŮ ŬɡŰɐ Űɖɜ ˊŬɟŬɚɚŬɔɐ, 

ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɏɜŬɠ ŰɡɢŬɑɞɠ ˊŬɟɎɔɞɜŰŬɠ ɔɘŬ Űɖ ŭɖɛɘɞɡɟɔɑŬ ɜɏɤɜ ɚɨůŮɤɜ, ɛŮ ůŰɧɢɞ Űɖ 

ɓŮɚŰɑɤůɖ Űɖɠ ŮɝŮɟŮɨɜɖůɖɠ Űɞɡ ɢɩɟɞɡ ŬɜŬɕɐŰɖůɖɠ əŬɘ Űɖɜ Ŭˊɞűɡɔɐ Űɞˊɘəɩɜ ɓɏɚŰɘůŰɤɜ. ȼ 

ɛɏɗɞŭɞɠ DELB ((Differential Evolution with Local Best), ŮɑɜŬɘ ɛɘŬ Ɏɚɚɖ ˊŬɟŬɚɚŬɔɐ Űɖɠ 

ŭɘŬűɞɟɘəɐɠ Ůɝɏɚɘɝɖɠ, ɖ ɞˊɞɑŬ ŮˊɘəŮɜŰɟɩɜŮŰŬɘ ůŰɖɜ ŮəɛŮŰɎɚɚŮɡůɖ Űɞˊɘəɩɜ ɓɏɚŰɘůŰɤɜ 

ɚɨůŮɤɜ. ȷɡŰɐ ɖ ˊɟɞůɏɔɔɘůɖ ɢɟɖůɘɛɞˊɞɘŮɑ ˊɚɖɟɞűɞɟɑŮɠ Ŭˊɧ Űɘɠ əŬɚɨŰŮɟŮɠ ɚɨůŮɘɠ ˊɞɡ 

ɏɢɞɡɜ ɓɟŮɗŮɑ ŰɞˊɘəɎ ůŰɞɜ ˊɚɖɗɡůɛɧ, ˊɟɞəŮɘɛɏɜɞɡ ɜŬ əŬɗɞŭɖɔɐůŮɘ Űɖ ŭɘŬŭɘəŬůɑŬ 

ŬɜŬɕɐŰɖůɖɠ ˊɟɞɠ ɓŮɚŰɘɤɛɏɜŮɠ ɚɨůŮɘɠ. 



ɇŬ ŬˊɞŰŮɚɏůɛŬŰŬ Ŭˊɧ ŬɡŰɐɜ Űɖ ůɨɔəɟɘůɖ űŬɑɜɞɜŰŬɘ ůŰɞɜ ɄɑɜŬəŬ 19: çɆɨɔəɟɘůɖ Űɖɠ 

ˊɟɞŰŮɘɜɧɛŮɜɖɠ ɛŮɗɧŭɞɡ ɏɜŬɜŰɘ Ɏɚɚɤɜ ˊŬɟŬɚɚŬɔɩɜ Űɖɠ ŰŮɢɜɘəɐɠ ŭɘŬűɞɟɘəɐɠ Ůɝɏɚɘɝɖɠè.  

 

ɄɑɜŬəŬɠ 19:Ɇɨɔəɟɘůɖ Űɖɠ ˊɟɞŰŮɘɜɧɛŮɜɖɠ ɛŮɗɧŭɞɡ ɏɜŬɜŰɘ Ɏɚɚɤɜ ˊŬɟŬɚɚŬɔɩɜ Űɖɠ ŰŮɢɜɘəɐɠ 

ŭɘŬűɞɟɘəɐɠ Ůɝɏɚɘɝɖɠ 

ɆɈɁȷɅɇȼɆȼ 
ɄɅɃɇȺȽɁȺɇȷ

Ƚ 

ȷɅɉȽȾ

ȼ DE 
DERL DELB 

BF1 4887 5516 2881 5319 

BF2 4577 5555 2895 5405 

BRANIN 3895 5656 2857 4830 

CIGAR10 1875 88396 66161 58460 

CM4 2243 (0.97) 9107 3856 6014 

DISCUS10 1807 87657 55722 49014 

EASOM 1791 7879 7225 14934 

ELP10 299444 33371 9345 39890 

EXP4 1806 6027 2638 4142 

EXP16 1830 26194 25117 11740 

EXP64 1838 26497 27831 18346 

GKLS250 1818 3800 1983 3706 

GKLS350 2195 6206 2901 5027 

GRIEWANK2 4208 6365 3325 6165 

POTENTIAL3 5598 82933 111496 44592 

POTENTIAL5 8620 24118 61694 46557 

HANSEN 9242 18470 7123 12212 

HARTMAN3 2883 4655 2205 4124 

HARTMAN6 4877 (0.97) 15488 5343 7215 

RASTRIGIN 3707 6362 3102 5704 

ROSENBROCK4 9473 16857 6679 10411 

ROSENBROCK8 20654 56445 17198 22939 

SHEKEL5 5065 (0.80) 13079 5224 8167 

SHEKEL7 6996 12409 4994 8093 



159 

 

SHEKEL10 7283 13238 5240 8822 

SINU4 4434 8977 3828 6052 

SINU8 4523 28871 9318 10157 

TEST2N4 6834 10764 4529 7331 

TEST2N5 8050 15568 5917 8969 

TEST2N6 9175 21185 7613 10648 

TEST2N7 9760 28411 9492 12252 

TEST30N3 2994 4965 2758 4693 

TEST30N4 3031 5123 2688 5153 

ɀȺɆȼ ɇȽɀȼ 197913 (0.99) 706144 491178 477083 

 

ȳˊɤɠ űŬɑɜŮŰŬɘ, ɖ ˊɟɞŰŮɘɜɧɛŮɜɖ ŰŮɢɜɘəɐ ɡˊŮɟŰŮɟŮɑ ůɖɛŬɜŰɘəɎ ɏɜŬɜŰɘ Űɤɜ Ɏɚɚɤɜ 

ŰɟɞˊɞˊɞɘɐůŮɤɜ Űɖɠ ɛŮɗɧŭɞɡ Űɖɠ ŭɘŬűɞɟɘəɐɠ Ůɝɏɚɘɝɖɠ. ȷɡŰɧ ɞűŮɑɚŮŰŬɘ əɡɟɑɤɠ ůŰɖ 

ŭɘŬűɞɟŮŰɘəɐ ŰŮɢɜɘəɐ ɡˊɞɚɞɔɘůɛɞɨ Űɞɡ ŭɘŬűɞɟɘəɞɨ ɓɎɟɞɡɠ, ŬɚɚɎ əŬɘ ůŰɖɜ ˊɟɞŰŮɘɜɧɛŮɜɖ 

ɛɏɗɞŭɞ ŰŮɟɛŬŰɘůɛɞɨ. ȼ ŰŮɢɜɘəɐ ɡˊɞɚɞɔɘůɛɞɨ Űɞɡ ŭɘŬűɞɟɘəɞɨ ɓɎɟɞɡɠ əŬŰɎ əɨɟɘɞ ɚɧɔɞ 

əŬŰɧɟɗɤůŮ ɜŬ ˊŬɟɏɢŮɘ ɛɘŬ əŬɚɨŰŮɟɖ ŬɜŬɕɐŰɖůɖ Űɞɡ ɢɩɟɞɡ ŬɜŬɕɐŰɖůɖɠ, Ůɜɩ ɖ ɜɏŬ 

ɛɏɗɞŭɞɠ ŰŮɟɛŬŰɘůɛɞɨ ŰŮɟɛɎŰɘůŮ Űɖ ɛɏɗɞŭɞ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ ůŰɞɜ əŬŰɎɚɚɖɚɞ ɢɟɧɜɞ. 

Ⱥˊɘˊɚɏɞɜ, ŬɡŰɐ ɖ ɜɏŬ ŰŮɢɜɘəɐ ŰŮɟɛŬŰɘůɛɞɨ ŰɟɞˊɞˊɞɘɐɗɖəŮ ɔɘŬ ɜŬ ɚŮɘŰɞɡɟɔŮɑ əŬɚɎ əŬɘ ůŮ 

ˊŮɟɘɓɎɚɚɞɜŰŬ ˊŬɟɎɚɚɖɚɞɡ ɡˊɞɚɞɔɘůɛɞɨ. 



Ⱥˊɘˊɚɏɞɜ, ˊɟŬɔɛŬŰɞˊɞɘɐɗɖəŮ ɛɘŬ ůŰŬŰɘůŰɘəɐ ůɨɔəɟɘůɖ ɔɘŬ Űɖɜ ˊɟɞŰŮɘɜɧɛŮɜɖ ɛɏɗɞŭɞ əŬɘ 

ŭɘŬűɞɟŮŰɘəɞɨɠ Ŭɟɘɗɛɞɨɠ ɜɖɛɎŰɤɜ ŮˊŮɝŮɟɔŬůɑŬɠ, əŬɘ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ůŰɞ 

ȹɘɎɔɟŬɛɛŬ 9: çɆŰŬŰɘůŰɘəɐ ůɨɔəɟɘůɖ ɔɘŬ Űɖɜ ˊɟɞŰŮɘɜɧɛŮɜɖ ɛɏɗɞŭɞ əŬɘ ŭɘŬűɞɟŮŰɘəɞɨɠ 

Ŭɟɘɗɛɞɨɠ ɜɖɛɎŰɤɜè. Ⱥˊɘˊɚɏɞɜ, ůɡɛˊŮɟɘɚɐűɗɖəŮ ɛɘŬ ůŰŬŰɘůŰɘəɐ ůɨɔəɟɘůɖ ɔɘŬ ŰŬ 

ŬˊɞŰŮɚɏůɛŬŰŬ Űɖɠ ˊɟɞŰŮɘɜɧɛŮɜɖɠ ɛŮɗɧŭɞɡ ɏɜŬɜŰɘ Űɤɜ Ɏɚɚɤɜ ˊŬɟŬɚɚŬɔɩɜ Űɖɠ ɛŮɗɧŭɞɡ 

DE əŬɘ Űɞ ŬɜŰɑůŰɞɘɢɞ ɔɟɎűɖɛŬ űŬɑɜŮŰŬɘ ůŰɞ ȹɘɎɔɟŬɛɛŬ 10: çɆŰŬŰɘůŰɘəɐ ůɨɔəɟɘůɖ ɔɘŬ ŰŬ 

ŬˊɞŰŮɚɏůɛŬŰŬ Űɖɠ ˊɟɞŰŮɘɜɧɛŮɜɖɠ ɛŮɗɧŭɞɡ ɏɜŬɜŰɘ ŭɘŬűɞɟŮŰɘəɩɜ ˊŬɟŬɚɚŬɔɩɜ Űɖɠ ɛŮɗɧŭɞɡ 

DEè. 

 

ȹɘɎɔɟŬɛɛŬ 9:ɆŰŬŰɘůŰɘəɐ ůɨɔəɟɘůɖ ɔɘŬ Űɖɜ ˊɟɞŰŮɘɜɧɛŮɜɖ ɛɏɗɞŭɞ əŬɘ ŭɘŬűɞɟŮŰɘəɞɨɠ 

Ŭɟɘɗɛɞɨɠ ɜɖɛɎŰɤɜ. 

 

 

ȹɘɎɔɟŬɛɛŬ 10:ɆŰŬŰɘůŰɘəɐ ůɨɔəɟɘůɖ ɔɘŬ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ Űɖɠ ˊɟɞŰŮɘɜɧɛŮɜɖɠ ɛŮɗɧŭɞɡ 

ɏɜŬɜŰɘ ŭɘŬűɞɟŮŰɘəɩɜ ˊŬɟŬɚɚŬɔɩɜ Űɖɠ ɛŮɗɧŭɞɡ DE 
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ɄŬɟɎɚɚɖɚɖ ŰŮɢɜɘəɐ PSO 

 

ȾɎɗŮ ˊŮɑɟŬɛŬ ŮəŰŮɚɏůŰɖəŮ 30 űɞɟɏɠ ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ ŭɘŬűɞɟŮŰɘəɞɨɠ ŰɡɢŬɑɞɡɠ Ŭɟɘɗɛɞɨɠ 

əɎɗŮ űɞɟɎ. ũɘŬ Űɖɜ ˊŬɟŬɚɚɖɚɞˊɞɑɖůɖ ɢɟɖůɘɛɞˊɞɘɐɗɖəŮ ɖ ŭɤɟŮɎɜ ŭɘŬɗɏůɘɛɖ ɓɘɓɚɘɞɗɐəɖ 

OpenMP [136], Ůɜɩ ɖ ɔɚɩůůŬ ˊɟɞɔɟŬɛɛŬŰɘůɛɞɨ ˊɞɡ ɢɟɖůɘɛɞˊɞɘɐɗɖəŮ ɐŰŬɜ ANSI C++ 

əŬɘ Űɞ ˊŬəɏŰɞ ɓŮɚŰɘůŰɞˊɞɑɖůɖɠ OPTIMUS, Űɞ ɞˊɞɑɞ ŮɑɜŬɘ ŭɘŬɗɏůɘɛɞ ŭɤɟŮɎɜ ůŰɖ 

ŭɘŮɨɗɡɜůɖ https://github.com/itsoulos/OPTIMUS (ˊɟɞůˊŮɚɎůŰɖəŮ ůŰɘɠ 3 ɀŬɟŰɑɞɡ 2023), 

ɢɟɖůɘɛɞˊɞɘɐɗɖəŮ. Ƀɘ ˊɘɞ əɟɑůɘɛŮɠ ˊŬɟɎɛŮŰɟɞɘ Űɖɠ ˊɟɞŰŮɘɜɧɛŮɜɖɠ ɛŮɗɧŭɞɡ ŬɜŬűɏɟɞɜŰŬɘ 

ůŰɞɜ ɄɑɜŬəŬ 20:  çɄŬɟɎɛŮŰɟɞɘ Űɖɠ ˊɟɞŰŮɘɜɧɛŮɜɖɠ ɛŮɗɧŭɞɡè: 

 

ɄɑɜŬəŬɠ 20:ɄŬɟɎɛŮŰɟɞɘ Űɖɠ ˊɟɞŰŮɘɜɧɛŮɜɖɠ ɛŮɗɧŭɞɡ 

ɄŬɟɎɛŮŰɟɞɘ ȺɟɛɖɜŮɑŬ ɇɘɛɐ 

M ȷɟɘɗɛɧɠ ůɤɛŬŰɘŭɑɤɜ 200 

ὭὸὩὶ MɏɔɘůŰɞɠ Ŭɟɘɗɛɧɠ ɔŮɜŮɩɜ 200 

ὧ ũɜɤůŰɘəɐ ˊŬɟɎɛŮŰɟɞɠ ɔɘŬ PSO 1.0 

ὧ ɄŬɟɎɛŮŰɟɞɠ əɞɘɜɤɜɘəɐɠ ɛɎɗɖůɖɠ ɔɘŬ Űɖɜ PSO 1.0 

ὔ  ɆɡɢɜɧŰɖŰŬ ŬɜŰŬɚɚŬɔɐɠ ůɤɛŬŰɘŭɑɤɜ 15 

‭ ɀɘəɟɐ Űɘɛɐ ˊɞɡ ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ůŰɞɜ əŬɜɧɜŬ ŰŮɟɛŬŰɘůɛɞɨ ρπ 

ὔ  ȷɟɘɗɛɧɠ ŮˊŬɜŬɚɐɣŮɤɜ ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ əŬɜɧɜŬ 

ŰŮɟɛŬŰɘůɛɞɨ 

15 

 

ũɘŬ ɜŬ ŬɝɘɞɚɞɔɖɗŮɑ ɖ ŮˊɑŭɟŬůɖ Űɖɠ ŮəŰɏɚŮůɖɠ Űɖɠ ɛŮɗɧŭɞɡ ůŮ ˊŬɟɎɚɚɖɚŮɠ ɛɞɜɎŭŮɠ 

ŮˊŮɝŮɟɔŬůɑŬɠ, ŭɘŮɜŮɟɔɐɗɖəŮ ɏɜŬ ŬəɧɛŬ ˊŮɑɟŬɛŬ ůŰɞ ɞˊɞɑɞ ŬɡɝɐɗɖəŮ ɞ Ŭɟɘɗɛɧɠ Űɤɜ 

ˊŬɟɎɚɚɖɚɤɜ ɛɞɜɎŭɤɜ ŮˊŮɝŮɟɔŬůɑŬɠ Ŭˊɧ ɏɜŬ ɏɤɠ ŭɏəŬ əŬɘ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ 

ˊŬɟɞɡůɘɎɕɞɜŰŬɘ ůŰɞɜ ɄɑɜŬəŬ 21: çȷˊɞŰŮɚɏůɛŬŰŬ Űɞɡ ˊŮɘɟɎɛŬŰɞɠ ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ Űɖɜ 

ˊɟɞŰŮɘɜɧɛŮɜɖ ɛɏɗɞŭɞ. ɇɞ ůɢɐɛŬ ŭɘɎŭɞůɖɠ ɞɟɑůŰɖəŮ ůŮ 1 ˊɟɞɠ 1 əŬɘ ɖ Űɘɛɐ Űɞɡ NP 

ɞɟɑůŰɖəŮ ůŮ 5. ɆŰŬ ŭɘŮɜŮɟɔɖɗɏɜŰŬ ˊŮɘɟɎɛŬŰŬ, ɞ Ŭɟɘɗɛɧɠ Űɤɜ ˊŬɟɎɚɚɖɚɤɜ ɛɞɜɎŭɤɜ 

ŮˊŮɝŮɟɔŬůɑŬɠ ˊɞɘəɑɚɚɞɜŰŬɜ Ŭˊɧ 1 ɏɤɠ 10è.  

 



ɄɑɜŬəŬɠ 21:ȷˊɞŰŮɚɏůɛŬŰŬ Űɞɡ ˊŮɘɟɎɛŬŰɞɠ ɢɟɖůɘɛɞˊɞɘɩɜŰŬɠ Űɖɜ ˊɟɞŰŮɘɜɧɛŮɜɖ ɛɏɗɞŭɞ. 

ɇɞ ůɢɐɛŬ ŭɘɎŭɞůɖɠ ɞɟɑůŰɖəŮ ůŮ 1 ˊɟɞɠ 1 əŬɘ ɖ Űɘɛɐ Űɞɡ NP ɞɟɑůŰɖəŮ ůŮ 5. ɆŰŬ 

ŭɘŮɜŮɟɔɖɗɏɜŰŬ ˊŮɘɟɎɛŬŰŬ, ɞ Ŭɟɘɗɛɧɠ Űɤɜ ˊŬɟɎɚɚɖɚɤɜ ɛɞɜɎŭɤɜ ŮˊŮɝŮɟɔŬůɑŬɠ 

ˊɞɘəɑɚɚɞɜŰŬɜ Ŭˊɧ 1 ɏɤɠ 10. 

ȹɃȾȽɀȷɆɇȽȾȺɆ 

ɆɈɁȷɅɇȼɆȺȽɆ 

ɁȽ = 1 ɁȽ = 2 ɁȽ = 4  ɁȽ = 5 ɁȽ = 10 

BF1 12625 11660 9984 10315 6666 

BF2 13108 11600 10363 9403 6964 

BRANIN 8574 6953 5412 5170 4141 

CIGAR10 40274 40180 39763 38887 21291 

CM4 11512 12019 12203 12339 9910 

DISCUS10 37848 26044 13211 10989 4171 

EASOM 4608 3927 3660 3513 3110 

ELP10 23436 26469 14268 11100 7462 

EXP4 9062 9691 9678 9596 9431 

EXP16 22408 15608 18025 21307 21991 

EXP64 40238 40177 39856 39731 24234 

GKLS250 8070 7809 7225 6853 5591 

GKLS350 10696 11488 10578 10095 7279 

GRIEWANK2 11064 10681 9127 8926 5604 

POTENTIAL3 12876 5568 5018 4756 4333 

POTENTIAL5 38377 4905 4455 4221 4016 

HANSEN 12467 5067 4340 4031 3518 

HARTMAN3 10018 10263 10162 9711 8234 

HARTMAN6 15082 9816 7212 7194 5935 

RASTRIGIN 9286 9432 6227 5974 4254 

ROSENBROCK4 25120 20084 16454 12244 7574 

ROSENBROCK8 38577 25195 22531 18508 9587 

SHEKEL5 15409 14112 8574 7898 4948 

SHEKEL7 14989 13800 9227 8717 5050 

SHEKEL10 15085 14662 10268 8229 4871 

SINU4 12298 12997 13172 12842 10316 

SINU8 15500 15475 16442 16375 12732 
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TEST2N4 14520 15043 12346 9769 4566 

TEST2N5 14801 16097 12358 9440 4813 

TEST2N6 17444 16224 9103 7855 4410 

TEST2N7 22780 20330 12699 9773 4243 

TEST30N3 7814 7967 7010 6382 5014 

TEST30N4 8014 7683 6568 6317 5090 

ɆɈɁɃȿɃ 573980 479026 397519 368460 251349 

 

ɆŰɖ ůɡɜɏɢŮɘŬ, ˊŬɟɞɡůɘɎɕŮŰŬɘ ɏɜŬ ŭɘɎɔɟŬɛɛŬ box plot, ɔɘŬ Űɞ ˊŮɑɟŬɛŬ ŬɡŰɧ ůŰɞ ȹɘɎɔɟŬɛɛŬ 

11: çȹɘɎɔɟŬɛɛŬ əɞɡŰɘɩɜ ɔɘŬ Űɖ ůɨɔəɟɘůɖ ɛŮŰŬɝɨ ŭɘŬűɞɟŮŰɘəɞɨ Ŭɟɘɗɛɞɨ ɛɞɜɎŭɤɜ 

ŮˊŮɝŮɟɔŬůɑŬɠ. ȼ ɛɏɗɞŭɞɠ ŭɘɎŭɞůɖɠ ɞɟɑůŰɖəŮ ůŮ 1 ˊɟɞɠ 1è. Ⱥˊɑůɖɠ, ŭɘŮɜŮɟɔɐɗɖəŮ ɏɜŬ ŰŮůŰ 

Friedman ɔɘŬ ɜŬ ˊɟɞůŭɘɞɟɘůŰɞɨɜ ŮɎɜ ɡˊɐɟɢŬɜ ůɖɛŬɜŰɘəɏɠ ŭɘŬűɞɟɏɠ ůŰɘɠ ɓŬɗɛɞɚɞɔɑŮɠ Űɤɜ 

əɚɐůŮɤɜ ůɡɜɎɟŰɖůɖɠ ůŮ ˊɏɜŰŮ ŮˊŬɜŬɚŬɛɓŬɜɧɛŮɜɞɡɠ Ŭɟɘɗɛɞɨɠ ɛɞɜɎŭɤɜ (NI = 1, 2, 4, 5 

əŬɘ 10) əŬɘ ŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ űŬɑɜɞɜŰŬɘ ůŰɞ ȹɘɎɔɟŬɛɛŬ 12: çȹɘŮɜŮɟɔɐɗɖəŮ ɏɜŬ ŰŮůŰ 

Friedman ɔɘŬ ɜŬ əŬɗɞɟɘůŰŮɑ ŮɎɜ ɡˊɐɟɢŬɜ ůɖɛŬɜŰɘəɏɠ ŭɘŬűɞɟɏɠ ůŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ Űɤɜ 

əɚɐůŮɤɜ ůɡɜɎɟŰɖůɖɠ ůŮ ˊɏɜŰŮ ŮˊŬɜŬɚŬɛɓŬɜɧɛŮɜɞɡɠ Ŭɟɘɗɛɞɨɠ ɛɞɜɎŭɤɜ (Ni = 1, 2, 4, 5 

əŬɘ 10). ɇɞ Friedman Chisquare ɐŰŬɜ 94.38 ɛŮ 4 ɓŬɗɛɞɨɠ ŮɚŮɡɗŮɟɑŬɠ, ɡˊɞŭŮɘəɜɨɞɜŰŬɠ ɛɘŬ 

ůɖɛŬɜŰɘəɐ ŭɘŬűɞɟɎ ɛŮŰŬɝɨ Űɤɜ ɞɛɎŭɤɜ (p < 0.0001)è.   

 

ȹɘɎɔɟŬɛɛŬ 11:ȹɘɎɔɟŬɛɛŬ əɞɡŰɘɩɜ ɔɘŬ Űɖ ůɨɔəɟɘůɖ ɛŮŰŬɝɨ ŭɘŬűɞɟŮŰɘəɞɨ Ŭɟɘɗɛɞɨ 

ɛɞɜɎŭɤɜ ŮˊŮɝŮɟɔŬůɑŬɠ. ȼ ɛɏɗɞŭɞɠ ŭɘɎŭɞůɖɠ ɞɟɑůŰɖəŮ ůŮ 1 ˊɟɞɠ 1 

 

 

 

ȹɘɎɔɟŬɛɛŬ 12:ȹɘŮɜŮɟɔɐɗɖəŮ ɏɜŬ ŰŮůŰ Friedman ɔɘŬ ɜŬ əŬɗɞɟɘůŰŮɑ ŮɎɜ ɡˊɐɟɢŬɜ 

ůɖɛŬɜŰɘəɏɠ ŭɘŬűɞɟɏɠ ůŰŬ ŬˊɞŰŮɚɏůɛŬŰŬ Űɤɜ əɚɐůŮɤɜ ůɡɜɎɟŰɖůɖɠ ůŮ ˊɏɜŰŮ 



ŮˊŬɜŬɚŬɛɓŬɜɧɛŮɜɞɡɠ Ŭɟɘɗɛɞɨɠ ɛɞɜɎŭɤɜ (Ni = 1, 2, 4, 5 əŬɘ 10). ɇɞ Friedman Chisquare 

ɐŰŬɜ 94.38 ɛŮ 4 ɓŬɗɛɞɨɠ ŮɚŮɡɗŮɟɑŬɠ, ɡˊɞŭŮɘəɜɨɞɜŰŬɠ ɛɘŬ ůɖɛŬɜŰɘəɐ ŭɘŬűɞɟɎ ɛŮŰŬɝɨ Űɤɜ 

ɞɛɎŭɤɜ (p < 0.0001). 

 

 

 

ȷˊɧ ŰŬ ˊŮɘɟŬɛŬŰɘəɎ ŬˊɞŰŮɚɏůɛŬŰŬ ˊɟɞəɨˊŰŮɘ ɧŰɘ o ŭɘˊɚŬůɘŬůɛɧɠ Űɤɜ ˊŬɟɎɚɚɖɚɤɜ 

ɛɞɜɎŭɤɜ ŮˊŮɝŮɟɔŬůɑŬɠ ůɢŮŭɧɜ ɛŮɘɩɜŮɘ ůŰɞ ɐɛɘůɡ Űɞɜ ŬˊŬɘŰɞɨɛŮɜɞ ɢɟɧɜɞ ŮəŰɏɚŮůɖɠ ůŮ 

ˊŮɟɘůůɧŰŮɟŮɠ ˊŮɟɘˊŰɩůŮɘɠ. 

ȾŬŰɎ Űɖ ŭŮɨŰŮɟɖ ůŮɘɟɎ ˊŮɘɟŬɛɎŰɤɜ ɢɟɖůɘɛɞˊɞɘɐɗɖəŬɜ ŭɘŬűɞɟŮŰɘəɏɠ ŮəŭɧůŮɘɠ Űɖɠ 

ůɡɜɎɟŰɖůɖɠ GKLS ɔɘŬ ŭɘŬůŰɎůŮɘɠ Ŭˊɧ ŭɨɞ ɏɤɠ ˊɏɜŰŮ. ɆŮ əɎɗŮ ŭɘɎůŰŬůɖ 

ɢɟɖůɘɛɞˊɞɘɐɗɖəŬɜ ŭɏəŬ ŭɘŬűɞɟŮŰɘəɎ ˊŬɟŬŭŮɑɔɛŬŰŬ Űɖɠ ůɡɜɎɟŰɖůɖɠ ɔɘŬ ɜŬ ɏɢɞɡɛŮ ɛɘŬ 

ŬůűŬɚɐ ŮəŰɑɛɖůɖ Űɧůɞ Űɖɠ Ŭˊɧŭɞůɖɠ Űɖɠ ɛŮɗɧŭɞɡ ɧůɞ əŬɘ Űɖɠ ˊɘɗŬɜɐɠ ɛŮɑɤůɖɠ Űɞɡ 

ɢɟɧɜɞɡ ŮəŰɏɚŮůɖɠ əŬɗɩɠ ŬɡɝɎɜɞɜŰŬɘ ɞɘ ˊŬɟɎɚɚɖɚŮɠ ɛɞɜɎŭŮɠ ŮˊŮɝŮɟɔŬůɑŬɠ. Ƀ ɛɏůɞɠ 

ɢɟɧɜɞɠ ŮəŰɏɚŮůɖɠ ɔɘŬ ŭɘŬűɞɟŮŰɘəɏɠ ŭɘŬůŰɎůŮɘɠ Űɖɠ ůɡɜɎɟŰɖůɖɠ GKLS əŬɘ ɔɘŬ 

ŭɘŬűɞɟŮŰɘəɞɨɠ Ŭɟɘɗɛɞɨɠ ɛɞɜɎŭɤɜ ŮˊŮɝŮɟɔŬůɑŬɠ ŮɛűŬɜɑɕŮŰŬɘ ɔɟŬűɘəɎ ůŰɞ ȹɘɎɔɟŬɛɛŬ 13: 

çɀɏůɞɠ ɢɟɧɜɞɠ ŮəŰɏɚŮůɖɠ ɔɘŬ Űɖ ůɡɜɎɟŰɖůɖ GKLS. ȼ ŭɘɎůŰŬůɖ Űɖɠ ůɡɜɎɟŰɖůɖɠ 

ˊɞɘəɑɚɚŮɘ Ŭˊɧ ŭɨɞ ɏɤɠ ˊɏɜŰŮè. ȳˊɤɠ űŬɑɜŮŰŬɘ, ɞ ɢɟɧɜɞɠ ŮəŰɏɚŮůɖɠ ɛŮɘɩɜŮŰŬɘ ɔɟɐɔɞɟŬ ɛŮ 

Űɖɜ Ŭɨɝɖůɖ Űɤɜ ˊŬɟɎɚɚɖɚɤɜ ɛɞɜɎŭɤɜ ŮˊŮɝŮɟɔŬůɑŬɠ ůŮ ɧɚŬ ŰŬ ˊŬɟŬŭŮɑɔɛŬŰŬ Űɖɠ 

ůɡɜɎɟŰɖůɖɠ. 
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ȹɘɎɔɟŬɛɛŬ 13:ɀɏůɞɠ ɢɟɧɜɞɠ ŮəŰɏɚŮůɖɠ ɔɘŬ Űɖ ůɡɜɎɟŰɖůɖ GKLS. ȼ ŭɘɎůŰŬůɖ Űɖɠ 

ůɡɜɎɟŰɖůɖɠ ˊɞɘəɑɚɚŮɘ Ŭˊɧ ŭɨɞ ɏɤɠ ˊɏɜŰŮ 

 

 

Ⱥˊɘˊɚɏɞɜ, ɛŮŰɟɐɗɖəŮ ɞ ɛɏůɞɠ Ŭɟɘɗɛɧɠ əɚɐůŮɤɜ ůɡɜɎɟŰɖůɖɠ ɔɘŬ əɎɗŮ ˊŮɟɑˊŰɤůɖ əŬɘ ŰŬ 

ŬˊɞŰŮɚɏůɛŬŰŬ ŬɜŬˊŬɟɑůŰŬɜŰŬɘ ɔɟŬűɘəɎ ůŰɞ ȹɘɎɔɟŬɛɛŬ 14: çɀɏůɞɠ Ŭɟɘɗɛɧɠ əɚɐůŮɤɜ 

ůɡɜɎɟŰɖůɖɠ ɔɘŬ ŭɘɎűɞɟŮɠ ˊŮɟɘˊŰɩůŮɘɠ Űɖɠ ůɡɜɎɟŰɖůɖɠ GKLSè. ȳˊɤɠ űŬɑɜŮŰŬɘ, ɞ ɢɟɧɜɞɠ 

ŮəŰɏɚŮůɖɠ ɛŮɘɩɜŮŰŬɘ ɔɟɐɔɞɟŬ ɛŮ Űɖɜ Ŭɨɝɖůɖ Űɤɜ ˊŬɟɎɚɚɖɚɤɜ ɛɞɜɎŭɤɜ ŮˊŮɝŮɟɔŬůɑŬɠ ůŮ 

ɧɚŬ ŰŬ ˊŬɟŬŭŮɑɔɛŬŰŬ Űɖɠ ůɡɜɎɟŰɖůɖɠ. 

 

ȹɘɎɔɟŬɛɛŬ 14:ɀɏůɞɠ Ŭɟɘɗɛɧɠ əɚɐůŮɤɜ ůɡɜɎɟŰɖůɖɠ ɔɘŬ ŭɘɎűɞɟŮɠ ˊŮɟɘˊŰɩůŮɘɠ Űɖɠ 

ůɡɜɎɟŰɖůɖɠ GKLS. 

 

 

Ⱥˊɑůɖɠ, ŭɘŬˊɘůŰɩɗɖəŮ ˊɤɠ ɖ Ŭɨɝɖůɖ Űɞɡ Ŭɟɘɗɛɞɨ Űɤɜ ˊŬɟɎɚɚɖɚɤɜ ɛɞɜɎŭɤɜ 

ŮˊŮɝŮɟɔŬůɑŬɠ ɛŮɘɩɜŮɘ Űɞɜ Ŭɟɘɗɛɧ Űɤɜ ŬˊŬɘŰɞɨɛŮɜɤɜ əɚɐůŮɤɜ ůɡɜɎɟŰɖůɖɠ, ŮɘŭɘəɎ ɔɘŬ Űɘɠ 

ɢŬɛɖɚɏɠ  ŭɘŬůŰɎůŮɘɠ Űɤɜ ˊŮɟɘˊŰɩůŮɤɜ: Gkls2 əŬɘ Gkls3. ɋůŰɧůɞ, Űɞ ˊɘɞ ŮɜŭɘŬűɏɟɞɜ 

ůɖɛŮɑɞ ŬɡŰɐɠ Űɖɠ ůŮɘɟɎɠ ˊŮɘɟŬɛɎŰɤɜ ŮɑɜŬɘ ɖ ɘəŬɜɧŰɖŰŬ Űɖɠ ˊɟɞŰŮɘɜɧɛŮɜɖɠ ŰŮɢɜɘəɐɠ ɜŬ 



ŮɜŰɞˊɑɕŮɘ Űɞɜ əŬɗɞɚɘəɧ ŮɚɎɢɘůŰɞ ɧůɞ ŬɡɝɎɜŮŰŬɘ ɞ Ŭɟɘɗɛɧɠ Űɤɜ ˊŬɟɎɚɚɖɚɤɜ ɛɞɜɎŭɤɜ 

ɡˊɞɚɞɔɘůɛɞɨ. ȷɡŰɐ ɖ ɘəŬɜɧŰɖŰŬ ŬˊŮɘəɞɜɑɕŮŰŬɘ ɔɟŬűɘəɎ ůŰɞ ȹɘɎɔɟŬɛɛŬ 15: çɃ ɛɏůɞɠ ɧɟɞɠ 

ŮˊɘŰɡɢɑŬɠ ůŰɖɜ ŮɨɟŮůɖ Űɞɡ əŬɗɞɚɘəɞɨ ŮɚɎɢɘůŰɞɡ ɔɘŬ ŭɘŬűɞɟŮŰɘəɏɠ ˊŮɟɘˊŰɩůŮɘɠ Űɖɠ 

ůɡɜɎɟŰɖůɖɠ Gklsè. 

 

 

ȹɘɎɔɟŬɛɛŬ 15:Ƀ ɛɏůɞɠ ɧɟɞɠ ŮˊɘŰɡɢɑŬɠ ůŰɖɜ ŮɨɟŮůɖ Űɞɡ əŬɗɞɚɘəɞɨ ŮɚɎɢɘůŰɞɡ ɔɘŬ 

ŭɘŬűɞɟŮŰɘəɏɠ ˊŮɟɘˊŰɩůŮɘɠ Űɖɠ ůɡɜɎɟŰɖůɖɠ Gkls 
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ɄȷɅȷɅɇȼɀȷ ȷô ï ɄȺȽɅȷɀȷɇȽȾȺɆ ɆɈɁȷɅɇȼɆȺȽɆ 

Ƀɘ ˊŮɟɘɔɟŬűɏɠ Űɤɜ ůɡɜŬɟŰɐůŮɤɜ ŭɞəɘɛɐɠ ˊɞɡ ɢɟɖůɘɛɞˊɞɘɐɗɖəŬɜ ůŰŬ ˊŮɘɟɎɛŬŰŬ ŮɑɜŬɘ ɞɘ 

Ůɝɐɠ: 

¶ Bf1 (Bohachevsky 1) ůɡɜɎɟŰɖůɖ. 

ȼ ůɡɜɎɟŰɖůɖ ɞɟɑɕŮŰŬɘ ɤɠ Ůɝɐɠ:  

ὼ ὼ ςὼ ÃÏÓσ“ὼ ὧέίτ“ὼ   ,  

ɧˊɞɡ ὼɴ ρππȟρππ.  ȼ Űɘɛɐ Űɞɡ əŬɗɞɚɘəɞɨ ŮɚɎɢɘůŰɞɡ ŮɑɜŬɘ 0,0. 

¶ Bf2 (Bohachevsky 2) ůɡɜɎɟŰɖůɖ. 

ȼ ůɡɜɎɟŰɖůɖ ɞɟɑɕŮŰŬɘ ɤɠ Ůɝɐɠ:  

ὼ ὼ ςὼ ÃÏÓσ“ὼ ÃÏÓτ“ὼ  , 

ɧˊɞɡ ὼɴ υπȟυπ. ȼ Űɘɛɐ Űɞɡ əŬɗɞɚɘəɞɨ ŮɚɎɢɘůŰɞɡ ŮɑɜŬɘ 0,0. 

¶ Branin  ɆɡɜɎɟŰɖůɖ.  

ȼ ůɡɜɎɟŰɖůɖ ɞɟɑɕŮŰŬɘ Ŭˊɧ: 

ὼ ὼ
υȢρ

τ“
ὼ

υ

“
ὼ φ ρπρ

ρ

ψ“
ÃÏÓὼ ρπ 

 ɛŮ -5 ὼ ρπ ȟ   0 ὼ ρυ.  

ɇɞ əŬɗɞɚɘəɧ ŮɚɎɢɘůŰɞ ŮɑɜŬɘ 0.397887 ɧˊɞɡ ὼɴ ρπȟρπ.  ȼ ŮɚɎɢɘůŰɖ Űɘɛɐ Űɖɠ 

əŬɗɞɚɘəɐɠ ŮɑɜŬɘ -0.397386. 

¶ CM ůɡɜɎɟŰɖůɖ. 

ȼ Cosine Mixture ůɡɜɎɟŰɖůɖ ŭɑɜŮŰŬɘ Ŭˊɧ Űɖɜ Ůɝɑůɤůɖ:  

ὼ ὼ
ρ

ρπ
ὧέίυ“ὼ  

ɧˊɞɡ ὼɴ ρȟρ  .  ũɘŬ ŰŬ ˊŮɘɟɎɛŬŰŬ ɢɟɖůɘɛɞˊɞɘɐɗɖəŮ ɔɘŬ n=4. 

¶ Camel ůɡɜɎɟŰɖůɖ.  

ȼ ůɡɜɎɟŰɖůɖ ŭɑɜŮŰŬɘ Ŭˊɧ Űɖɜ Ůɝɑůɤůɖ: 



ὼ τὼ ςȢρὼ ὼ ὼὼ τὼ τὼ ,     ɧˊɞɡ ὼɴ υȟυ  

¶ Easom ůɡɜɎɟŰɖůɖ. 

ȼ ůɡɜɎɟŰɖůɖ ŭɑɜŮŰŬɘ Ŭˊɧ Űɖɜ Ůɝɑůɤůɖ: 

ὼ ÃÏÓὼ ÃÏÓὼ Ὡὼὴὼ “ ὼ “ ,     ɧˊɞɡ ὼɴ

ρππȟρππ. 

¶ Exponential ůɡɜɎɟŰɖůɖ. 

ȼ ůɡɜɎɟŰɖůɖ ɞɟɑɕŮŰŬɘ ɤɠ Ůɝɐɠ: 

ὼ ὩὼὴπȢυ ὼ  

ɔɘŬ   -1 ὼ  ρ. 

ɇɞ əŬɗɞɚɘəɧ ŮɚɎɢɘůŰɞ ŮɜŰɞˊɑɕŮŰŬɘ ůŰɞ x* =(0,0,é,0) ɛŮ Űɘɛɐ -1. ɆŰŬ ˊŮɘɟɎɛŬŰŬ 

ɢɟɖůɘɛɞˊɞɘɐɗɖəŮ ɖ ůɡɜɎɟŰɖůɖ ɛŮ n= 2,4,8,16,32. 

¶ Goldstein and Price ůɡɜɎɟŰɖůɖ. 

ȼ ůɡɜɎɟŰɖůɖ ŭɑɜŮŰŬɘ Ŭˊɧ Űɖɜ Ůɝɑůɤůɖ: 

ὼ  ρ ὼ ὼ ρ  

ρω ρτὼ σὼ ρτὼ φὼὼ σὼ    

σπ ςὼ σὼ   

ρψ σςὼ ρςὼ τψὼ σφὼὼ ςχὼ  

ɧˊɞɡ ὼɴ ςȟς Ȣ ɇɞ əŬɗɞɚɘəɧ ŮɚɎɢɘůŰɞ ŮɜŰɞˊɑɕŮŰŬɘ ůŰɞ x* =(0,-1) ɛŮ Űɘɛɐ 3.0. 

¶ Griewank2 ůɡɜɎɟŰɖůɖ.  

ȼ ůɡɜɎɟŰɖůɖ ŭɑɜŮŰŬɘ Ŭˊɧ: 

ὼ  ρ В ὼ Б ,   ὼɴ ρππȟρππ. 

ɇɞ əŬɗɞɚɘəɧ ŮɚɎɢɘůŰɞ ŮɜŰɞˊɑɕŮŰŬɘ ůŰɞ x* =(0,0,é,0) ɛŮ Űɘɛɐ 0. 
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¶ Gkls ůɡɜɎɟŰɖůɖ. 

ὼ ὋὯὰίὼȟὲȟύ ,  

ŮɑɜŬɘ ɛɘŬ ůɡɜɎɟŰɖůɖ ɛŮ w ŰɞˊɘəɎ ŮɚɎɢɘůŰŬ,  ˊŮɟɘɔɟɎűŮŰŬɘ ɛŮ ὼɴ ρȟρ  əŬɘ Űɞ n ŮɑɜŬɘ 

ɗŮŰɘəɧɠ ŬəɏɟŬɘɞɠ Ŭɟɘɗɛɧɠ ŬɜɎɛŮůŬ Ŭˊɧ Űɞ 2 əŬɘ Űɞ 100. ɇɞ əŬɗɞɚɘəɧ ŮɚɎɢɘůŰɞ ŮɑɜŬɘ -1 əŬɘ 

ůŰŬ ˊŮɘɟɎɛŬŰŬ ɢɟɖůɘɛɞˊɞɘɐɗɖəŮ ɔɘŬ n= 2, 3 əŬɘ w=50 , 100. 

¶ Hansen ůɡɜɎɟŰɖůɖ.  

ὼ  В Ὥ ὧέίὭ ρὼ Ὥ В Ὦ ὧέίὮ ρὼ Ὦ,       ὼɴ ρπȟρπ. 

¶ Hartman 3 ɆɡɜɎɟŰɖůɖ. 

ȼ ůɡɜɎɟŰɖůɖ ŭɑɜŮŰŬɘ Ŭˊɧ: 

ὼ ὧ Ὡὼὴ  ὥ ὼ ὴ  

ɛŮ Øɴ πȟρ  əŬɘ 

Ŭ =  

σ ρπσπ
πȢρ ρπσυ
σ ρπσπ
πȢρ ρπσυ

   ,     c= 

ρ
ρȢς
σ
σȢς

   əŬɘ     p= 

πȢσφψωπȢρρχπȢςφχσ
πȢτφωωπȢτσψχπȢχτχ
πȢρπωρπȢψχσςπȢυυτχ
πȢπσψρυπȢυχτσπȢψψςψ

 

 

¶ Hartman 6 ůɡɜɎɟŰɖůɖ. 

Ὢὼ   ὧ Ὡὼὴ ὥ ὼ ὴ  

ɛŮ Øɴ πȟρ     əŬɘ 

a =  

ρπ σ ρχ σȢυ ρȢχ ψ
πȢπυρπ ρχ πȢρ ψ ρτ
σ σȢυ ρȢχ ρπ ρχ ψ
ρχ ψ πȢπυρππȢρ ρτ

 ,        c= 

ρ
ρȢς
σ
σȢς

         əŬɘ 



p=  

πȢρσρςπȢρφωφπȢυυφωπȢπρςτπȢψςψσπȢυψψφ
πȢςσςωπȢτρσυπȢψσπχπȢσχσφπȢρππτπȢωωωρ
πȢςστψπȢρτυρπȢσυςςπȢςψψσπȢσπτχπȢφφυπ
πȢτπτχπȢψψςψπȢψχσςπȢυχτσπȢρπωρπȢπσψρ

 

 

¶ Potential ůɡɜɎɟŰɖůɖ. 

ȼ ɛɞɟɘŬəɐ ŭɘŬɛɧɟűɤůɖ ˊɞɡ ŬɜŰɘůŰɞɘɢŮɑ ůŰɞ əŬɗɞɚɘəɧ ŮɚɎɢɘůŰɞ Űɖɠ ŮɜɏɟɔŮɘŬɠ Űɤɜ ŬŰɧɛɤɜ 

Ɂ ˊɞɡ ŬɚɚɖɚɞŮˊɘŭɟɞɨɜ ɛɏůɤ Űɞɡ ŭɡɜŬɛɘəɞɨ Lennard-Jones ɢɟɖůɘɛɞˊɞɘŮɑŰŬɘ ɤɠ Ŭ 

ŭɞəɘɛŬůŰɘəɐ ˊŮɟɑˊŰɤůɖ Ůŭɩ. ȼ ůɡɜɎɟŰɖůɖ ˊɞɡ ˊɟɏˊŮɘ ɜŬ ŮɚŬɢɘůŰɞˊɞɘɖɗŮɑ ŭɑɜŮŰŬɘ Ŭˊɧ: 

ὠ ὶ τɴ
„

ὶ

„

ὶ
 

ɆŰŬ ŰɟɏɢɞɜŰŬ ˊŮɘɟɎɛŬŰŬ ɛŮɚŮŰɐɗɖəŬɜ ŰɟŮɘɠ ŭɘŬűɞɟŮŰɘəɏɠ ˊŮɟɘˊŰɩůŮɘɠ: Ɂ=3, 4, 5, 6, 10. 

¶ Rastrigin ůɡɜɎɟŰɖůɖ. 

ȼ ůɡɜɎɟŰɖůɖ ŭɑɜŮŰŬɘ Ŭˊɧ:   

Ὢὼ ὼ ὼ  ÃÏÓρψὼ   ÃÏÓρψὼ  ,   x ᶰ ρȟρ  

ɇɞ əŬɗɞɚɘəɧ ŮɚɎɢɘůŰɞ ɓɟɑůəŮŰŬɘ ůŰɞ x* = (0,0) ɛŮ Űɘɛɐ -2.0. 

¶ Rosenbrock ůɡɜɎɟŰɖůɖ. 

Ὢὼ ρππὼ ὼ ὼ ρ  

  əŬɘ -30 Ø σπ. 

ɇɞ əŬɗɞɚɘəɧ ŮɚɎɢɘůŰɞ ɓɟɑůəŮŰŬɘ ůŰɞ x*=(0,0,..,0) ɛŮ f(x*)=0. ɆŰŬ ˊŮɘɟɎɛŬŰŬ 

ɢɟɖůɘɛɞˊɞɘɐɗɖəŮ Űɞ  n=4 , 8, 16. 

¶ Shekel 7 ůɡɜɎɟŰɖůɖ. 

Ὢὼ   
ρ

ὼ ὥ ὼ ὥ ὧ
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ɧˊɞɡ x ᶰπȟρπ  əŬɘ     

Ŭ= 

ở

Ở
Ở
Ở
ờ

τ τ τ τ
ρ ρ ρ ρ
ψ ψ ψ ψ
φ φ φ φ
σ χ σ χ
ς ω ς ω
υ σ υ σỢ

ỡ
ỡ
ỡ
Ỡ

 ,    c=

ở

Ở
Ở
Ở
ờ

πȢρ
πȢς
πȢς
πȢτ
πȢτ
πȢφ
πȢσỢ

ỡ
ỡ
ỡ
Ỡ

. 

ɇɞ əŬɗɞɚɘəɧ ŮɚɎɢɘůŰɞ ŮɑɜŬɘ: -10.342378. 

¶ Shekel 5 ůɡɜɎɟŰɖůɖ. 

Ὢὼ   
ρ

ὼ ὥ ὼ ὥ ὧ
 

ɧˊɞɡ x ᶰπȟρπ  əŬɘ     

Ŭ= 

τ τ τ τ
ρ ρ ρ ρ
ψ ψ ψ ψ
φ φ φ φ

 ,      c =

ở

Ở
Ở
Ở
ờ

πȢρ
πȢς
πȢς
πȢτ
πȢτ
πȢφ
πȢσỢ

ỡ
ỡ
ỡ
Ỡ

. 

ȼ ŮɚɎɢɘůŰɖ Űɘɛɐ Űɖɠ əŬɗɞɚɘəɐɠ ŮɑɜŬɘ -10.107749. 

¶ Shekel 10 ůɡɜɎɟŰɖůɖ. 

Ὢὼ   
ρ

ὼ ὥ ὼ ὥ ὧ
 

 

ɧˊɞɡ x ᶰπȟρπ  əŬɘ     



Ŭ= 

ở

Ở
Ở
Ở
Ở
Ở
Ở
ờ

τ τ τ τ
ρ ρ ρ ρ
ψ ψ ψ ψ
φ φ φ φ
σ χ σ χ
ς ω ς ω
υ υ σ σ
ψ ρ ψ ρ
φ ς φ ς
χ σȢφ χ σȢφỢ

ỡ
ỡ
ỡ
ỡ
ỡ
ỡ
Ỡ

 ,      c =

ở

Ở
Ở
Ở
Ở
Ở
Ở
ờ

πȢρ
πȢς
πȢς
πȢτ
πȢτ
πȢφ
πȢσ
πȢχ
πȢυ
πȢφỢ

ỡ
ỡ
ỡ
ỡ
ỡ
ỡ
Ỡ

. 

ɇɞ əŬɗɞɚɘəɧ ŮɚɎɢɘůŰɞ ŮɑɜŬɘ -10.536410. 

¶ Sinusoidal ůɡɜɎɟŰɖůɖ.  

ȼ ůɡɜɎɟŰɖůɖ ŭɑɜŮŰŬɘ Ŭˊɧ: 

Ὢὼ  ςȢυ ίὭὲὼ ᾀ  ίὭὲυὼ ᾀ  

 

ɧˊɞɡ 0Ø ʌ. 

ɇɞ əŬɗɞɚɘəɧ ŮɚɎɢɘůŰɞ ɓɟɑůəŮŰŬɘ ůŰɞ x*= (2.09435, 2.09435, é , 2.09435) ɛŮ f(x*) =-3.5. 

ɆŰŬ ˊŮɘɟɎɛŬŰŬ ɢɟɖůɘɛɞˊɞɘɐɗɖəŮ ɔɘŬ n=4, 8, 16, 32 əŬɘ z=  əŬɘ ŮəűɟɎɕɞɜŰŬɘ Ŭˊɧ Űɘɠ 

ˊŬɟŬəɎŰɤ ůɡɜŬɟŰɐůŮɘɠ SINU4, SINU8, SINU16 əŬɘ SINU32. 

¶ Test2N ůɡɜɎɟŰɖůɖ.  

ȼ ůɡɜɎɟŰɖůɖ ŭɑɜŮŰŬɘ Ŭˊɧ Űɖɜ Ůɝɑůɤůɖ: 

Ὢὼ
ρ

ς
ὼ  ρφὼ υὼ 

ɧˊɞɡ ὼᶰ υȟυȢ 

ȼ ůɡɜɎɟŰɖůɖ ɏɢŮɘ 2n ůŰɞ əŬɗɞɟɘůɛɏɜɞ Ůɨɟɞɠ əŬɘ ůŰŬ ˊŮɘɟɎɛŬŰŬ ɢɟɖůɘɛɞˊɞɘɐɗɖəŬɜ ɔɘŬ  

n=4, 5, 6, 7. Ƀɘ ŬɜŰɑůŰɞɘɢŮɠ Űɘɛɏɠ Űɞɡ əŬɗɞɚɘəɞɨ ŮɚŬɢɑůŰɞɡ ŮɑɜŬɘ -156.664663 ɔɘŬ n=4 , -

195.830829 ɔɘŬ n=5, -234.996994 ɔɘŬ n=6 əŬɘ -274.163160 ɔɘŬ n=7. 
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¶ Test30N ůɡɜɎɟŰɖůɖ.  

ȼ ůɡɜɎɟŰɖůɖ ŭɑɜŮŰŬɘ Ŭˊɧ Űɖɜ ůɢɏůɖ: 

Ὢὼ

 
ρ

ρπ
ίὭὲσ“ὼ ὼ ρ ρ ίὭὲσ“ὼ  ὼ ρ ρ ίὭὲς“ὼ  

 

ɧˊɞɡ ὼɴ ρπȟρπ, ɛŮ ŰɞˊɘəɎ ŮɚɎɢɘůŰŬ 30n ůŰɞɜ ɢɩɟɞ ŬɜŬɕɐŰɖůɖɠ. ɆŰŬ ˊŮɘɟɎɛŬŰŬ 

ɢɟɖůɘɛɞˊɞɘɐɗɖəŮ ɔɘŬ n=3,4 [40, 41, 42, 43]. 


