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ABSTRACT

In this paper, we consider the existence of a graph under different constraints
on degrees and distances between vertices. What we are mainly interested in,
is to study the computational complexity of each problem and to consider
cases where the problem is solved in polynomial time or is proved to be NP-
complete.

The problems we basically study in this paper are variations of a well-
known problem in graph theory. Given a degree sequence (di,...,d,), the
problem asks us to prove the existence or non-existence of a graph satisfying
the sequence. This fundamental problem is known to be polynomial-time
solvable. The variations we consider are related to the degrees of the vertices.
For example we see the problem of realizing a simple graph with vy,... v,
vertices, and we need to check if there exists a graph such that for each i €
[1,n], the maximum degree in the neighborhood of v; to be d;. A different but
similar problem is when we check the minimum degree in the neighborhood of
a vertex.

Finally, what differs from the previous cases is the realization problem based
on vertex distance. The difference here is that we don’t have a sequence of
degrees, but a whole n x n matrix of non negative integers, and again the goal
is to find a graph that satisfies the matrix.

In all variations of the considered problems we present and analyze their
computational complexity that has been suggested in the recent related lit-
erature. We expose different restrictions under which the problems admit
computational dichotomy and we present algorithms that have been proposed
to deal with such constraints.
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CHAPTER

INTRODUCTION

1.1 Graph theory

In mathematics, graph theory is the study of graphs, which are mathe-
matical structures used to model pairwise relations between objects. A graph
in this context is made up of vertices (also called nodes or points) which are
connected by edges (also called arcs, links or lines).

The main definition of a graph is given below.

Definition 1.1. A graph is an ordered pair G = (V, E), where V is a set of
vertices (also called nodes or points) and E C {{z,y}|z,y € V,x # y} is a set
of edges (also called links or lines), which are unordered pairs of vertices (that
is, an edge is associated with two distinct vertices).

In general, graph theory is used to solve problems that can be represented
by a graph. One of the oldest and best-known problems in graph theory is the
seven Bridges of Konigsberg problem which was published in 1736 by Leonard
Euler and actually was the first paper in the history of graph theory. Since
then, everyday problems have been modeled in graphs in order to be solved
afterwards. Graph theory is now used in many sciences, such as chemistry,
physics or biology. Graph theory is also widely used in sociology as a way, for
example, to measure actors’ prestige or to explore rumor spreading, notably
through the use of social network analysis software. Under the umbrella of
social networks are many different types of graphs. Acquaintanceship and
friendship graphs describe whether people know each other. Influence graphs
model whether certain people can influence the behavior of others. Finally,
collaboration graphs model whether two people work together in a particular
way, such as acting in a movie together, etc.

Definition 1.2. Two vertices, let x and y, of a graph G are called adjacent
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when the edge that joins them exists.

The edge of a graph is denoted by e = (z,y), where z and y are the vertices
it connects and are called endpoints. The edges can be directed (asymmetric)
or undirected (symmetric). A distinction is made between undirected graphs,
where edges link two vertices symmetrically, and directed graphs, where edges
link two vertices asymmetrically. The definitions are given for greater preci-
sion.

Definition 1.3. A graph G = (V, E) is called directed if the set of edges E is
ordered, i.e. the edges have an orientation.

Definition 1.4. A graph G = (V, E) is called undirected if the edges have no
orientation. The edge (a,b) is identical to the edge (b,a), that is, there are no
ordered pairs.

Directed graph Undirected graph

Figure 1.1: Example of a directed graph and an undirected graph
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1.2 Computational complexity

The Complexity Theory is a key building block of algorithm analysis and
central domain of computer science. Historically, the English mathematician
Alan Turing is considered the ”"father of computer science”, thanks to his
enormous contribution to the field of the theory of computation during the
1930s, but also or artificial intelligence, thanks to the test Turing, which he
proposed in 1950. One way to experimentally determine whether one machine
has authentic cognitive abilities and can think. He finally gave the previously
informal concept of an algorithm a formal, mathematical formulation through
the Turing Machine.

As we said in the previous section, graph theory is used to solve problems
that can be represented by a graph. To solve these problems it is important to
have efficient algorithms. In computer science, the computational complexity
or simply complexity of an algorithm is the amount of resources required to
run it. Particular focus is given to computation time (generally measured by
the number of needed elementary operations) and memory storage require-
ments. The complexity of a problem is the complexity of the best algorithms
that allow solving the problem.

Definition 1.5. In mathematics and computer science, an algorithm is a finite
sequence of rigorous instructions, typically used to solve a class of specific
problems or to perform a computation.

We are mainly interested in the efficiency of the algorithm in terms of its
execution time. More simply we are interested in algorithms running fast.

Definition 1.6. The computational complexity or running time of a deter-
ministic turing machine M is the function f : N — N, where f(n) is the
mazimum number of steps that M can take, when given an input size n.

So the running time directly depends on the number of iterations of the
algorithm and on the size of the input. According to the asymptotic analysis
to calculate the computational complexity the fastest time is polynomial for
each size of the input O(n¢), for some ¢. In the diagram below we can see
different forms of algorithm running times, noting that an algorithm is effi-
cient when it has polynomial time and O(1) is the best, since has constant time.
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Running
time
complexity
in terms of
O(f(m)

Input size

Figure 1.2: Running time complexity

1.3 Graph realization problem

In order to be able to study the problem, it is necessary to give some useful
definitions that exist in graph theory. So we have that the degree of a vertex
of a graph is the number of edges that are incident to the vertex. The degree
of a vertex v is denoted deg(v) or degv. The maximum degree of a graph G
denoted by D(G), and the minimum degree of a graph, denoted by d(G), are
the maximum and minimum of its vertices’ degrees. The degree sequence of a
graph is a non-increasing degree sequence and is denoted (dy,...,d,), where
dy > - > dy.
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Figure 1.3: Vertex degrees example

In Figure [I.3] we can see an example of a simple, undirected graph G, in
which holds that deg(1) = 2,deg(2) = 3,deg(3) = 2,deg(4) = 1 and deg(5) =
2. This means that the maximum degree of the graph is 3, i.e. D(G) =
deg(2) = 3. Respectively, the minimum degree of the graph is 1, i.e. d(G) =
deg(4) = 1.

One of the oldest problems in graph theory is the DEGREE SEQUENCE
REALIZABILITY, where it is a decision problem.This problem has received a
great deal of attention in recent years, due to its importance in applications
such as wireless sensor networks and structural biology. Given a degree se-
quence (dy,...,d,) of positive integers, the problem asks whether there is an
undirected simple graph such that (di,...,d,) is the degree sequence of this
graph. A decision problem is a computational problem that can be posed as
a yes—no question and therefore in this case, we are asked to answer whether
there is one or more graphs that have the sequence of degrees given in the
problem.

The problem can be solved in polynomial time. One method to show this
uses the Havel-Hakimi algorithm [23| 26], constructing a special solution with
the use of a recursive algorithm. Alternatively, following the characterization
given by the Erdos-Gallai theorem [19], the problem can be solved by testing
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the validity of n inequalities.

(2,2,2) =

b C

The degree sequence A realization of the sequence

Figure 1.4: Example of graph realization problem

An example is given in Figure for convenience. Given a sequence of
positive integer degrees, we need to decide whether there is a simple undirected
graph that has this degree sequence. In the example there is indeed such a
graph as shown in the figure. The data we have from the sequence is that
we must have 3 vertices with degree 2. This graph is the complete K3 graph.
Obviously there are also sequences that we cannot represent with a graph.
If we had, for example, the sequence (4, 3,2), then there would be no graph,
since the sequence requires that we have only 3 vertices and one of them must
have degree 4. This is impossible since there are not that many vertices to
connect with the one that needs degree 4.

10



CHAPTER

EXTENSIONS OF GRAPH
REALIZATION PROBLEM

While the realizability problem of degree sequences has been studied for
different classes of graphs, there has been relatively work concerning the realiz-
ability of others types of information profiles, such as the vertex neighborhood
profiles. There are now many extensions and variations of this problem, such
as restrictions on degrees and distances between vertices. More specifically,
we have studied problems where we choose the maximum degree in vertex
neighborhood or the minimum degree and problems where we have a whole
n X n matrix, instead of a sequence of degrees. This paper focuses on studying
these problems.

2.1 Graph Realization of Distance Sets

In this chapter we study a different case of graph realization, called Distance
realization problem and defined as follows.

Definition 2.1. Given a n x n matriz D of non negative integers, find an
n-vertex weighted or unweighted graph G realizing D, i.e., whose inter vertex
distances satisfy distg(i,j) = D; j for every 1 <i < j < n (where distg(i, )
is the distance of vertices i and j in G ), or decide that no such realizing graph
exists.

What is the difference between weighted and unweighted graph?
e A weighted graph is a graph in which a number (the weight) is assigned
to each edge. Such weights might represent for example costs, lengths

or capacities, depending on the problem at hand.

11



2.2. Maximum Neighborhood Degree Realization
Chapter 2 Problem

e In an unweighted graph, all edges are equal and there’s no specific cost
associated with moving from one vertex to another.

The problem was studied for general weighted and unweighted graphs, as
well as for cases where the realizing graph is restricted to a specific family
of graphs such as trees, paths, bipartite graphs, cycles and others. Even
in this problem there are extensions and variations that have been studied.
More specifically when each entry in the matrix D can contain a range of
allowed values. We refer to this extension as Range Distance Realization (or
Range-DR). Limiting each range to at most k values results the problem k-
Range Distance Realization (or k-Range-DR). One more extension of Distance
Realization is when each entry D; ; of the matrix may contain an arbitrary set
of acceptable values for the distance between ¢ and j, for every 1 <i < j < n.
We refer to this extension as Set Distance Realization (or Set-DR). Limiting
each entry to at most k values, the problem k-Set Distance Realization (or
k-Set-DR) arises. [11]

The difference with the previous problems is that here the given profile is
an n x n matrix D such that each entry D; ; € NU {oo}, for 1 <i < j < n,
and D; ; = {0} for every 1 < i < n. A graph G = (V, E) is a realization of
D if distg(i,j) = D, j, for every 1 < i < j < n, where distg(i,j) denotes
the distance between i and j in G. Here, we are interested in two types
of realizing graphs, the unweighted Distance Realization and the weighted
Distance Realization.

Observe that an unweighted realizing graph is fully determined by D. The
edge (i,7) exists in the graph if and only if D; ; = 1. This means that every
edge of the realizing graph is of length 1. On the contrary in weighted Distance
Realization the edges of the realizing graph may have any positive integral
lengths.

2.2 Maximum Neighborhood Degree Realization
Problem

In this section we study a special case of information profiles, concerning
neighborhood degree. Such profiles are of theoretical interest in context of
social networks. The natural problem in this direction concern the maximum
degrees in the vertex neighborhoods. More specifically for each vertex i, let
d; denote the maximum vertex degree in ¢’s neighborhood. So we have that

12
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MAXNDEG(G) = (dy, . .. ,dy) is the maximum neighborhood degree profile of
G.

As before, so here too, we are concerned with the following central question.

Question 1. Given a sequence D = (dy,...,d,) of non-negative integers, is
there a simple graph with vertices v1,...,v, such that for every i € [1,n], the
mazximum degree in the neighborhood of v; is exactly d;?

To be able to study this problem and for simplicity, we will represent the
input vector D in a more compact form as o = (d;",...,d}"), where n; is a
non-negative integer for each 1 < ¢ <[ and

l
E n;=—mn
i=1

The graph G must contain exactly n; vertices whose maximum degree in
their neighborhood is d;. Moreover, we assume that d; > d;_1 > --- > d; > 1.
Note that d; cannot be zero because then we would have n; vertices with
maximum neighborhood degree equal to zero, i.e. we would have n; isolated
vertices, but then the graph would not be connected and we would treat them
separately.

There are two scenarios we study regarding the neighborhood of vertices.

e The first is the scenario of the closed neighborhoods, wherein a vertex
belongs to its own neighborhood.

e The second is the scenario of the open neighborhoods, wherein a vertex
is not counted in its own neighborhood.

13
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Figure 2.1: Max-neighboring-degree realization of profile:(i) o = (3%,2') with
respect to closed neighborhood, and (ii) o = (3%,22) with respect to open
neighborhood.

The graph in the Figure depicts a MAXNDEG realization of (3%,2!)
as MAXNDEG(a), MAXNDEG(b), MAXNDEG(c) and MAXNDEG(d) are all
equal to deg(a) = 3 and MAXNDEG(e) = deg(d) = 2. However, it is a
MAXNDEG™ realization of (32,22) because MAXNDEG ™ (b), MAXNDEG ™ (c)
and MAXNDEG™ (d) are all equal to deg(a) which is 3 and MAXNDEG™ (a) =
MAXNDEG™ (e) = deg(d) = 2.

For greater convenience and understanding we will now give some defini-
tions, which we will also need in our work.

2.2.1 Definitions and Notation

Let H be a simple undirected graph. We define all of the following.

e Denote by V(H) (respectively, E(H)) the vertex (respectively, edge) set
of H.
e For a vertex v € V(H), let degy(v) denote the degree of v in H.

e For a set W C V(H), denote by H[W] the subgraph of H induced by
the vertices of W.

e Foraset W C V(H) and a vertex v € V(H), denote by WUv and W\ v,
respectively, the sets W U {v} and W \ {v}.

14
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e Let Ny(v) = {u|(v,u) € E(H)} be the open neighborhood of v in H
and let Ny[v] = {v} U{u|(v,u) € E(H)} be the closed neighborhood of
vin H.

e For a vertex v € H, let MAXNDEGy(v) denote the maximum de-
gree among all the vertices in the closed neighborhood of v, and let
MAXNDEGy ~ (v) denote the maximum degree among all the vertices in
the open neighborhood of v.

We are now in a position to formally define the concept of realizable profiles.

Definition 2.2. Let o = (d?lv”-vd?l) be a profile satisfying di > dj—1 >
e >dy>0andletn=ny+ - +ny.

Definition 2.3. The profile o is said to be MAXNDEG realizable if there exists
an n-vertex graph G that for each i € [1,1] contains exactly n; vertices whose
MAXNDEG is d;. Equivalently, [{v € V(G) : MAXNDEG(v) = d;}| = n;.

Definition 2.4. The profile o is said to be MAXNDEG™ realizable if there
exists an n-vertex graph G that for each i € [1,1] contains exactly n; vertices
whose MAXNDEG™ is d;. FEquivalently, |[{v € V(G) : MAXNDEG™ (v) =

15
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2.3 Minimum Neighborhood Degree Realization
Problem

In this unit we introduce and study the minimum degree in vertex neigh-
borhood profile as it is one of the most common extensions of the classi-
cal degree profile to vertex neighboring degree profiles. Given a graph G =
(V, E), the min-degree of a vertex v € V', namely MINNDEG(v), is given by
min{deg(w)|w € N[v]}. Our input is again a sequence o = (d;",...,d}"),
where d;+1 > d; and each n; is a non-negative integer. For each vertex i,
we again define d; as the minimum vertex degree in i’s neighborhood. The
same realizability questions asked above for degree sequences can be posed for
minimum neighborhood degree profiles as well. This brings us to the following
central question of our work.

Question 2. Given a sequence D = (dy,...,d,) of positive integers. Is there
a graph G of size n such that the minimum degree in the neighborhood of the
i-th vertex in G is exactly equal to d;?

As in the maximum neighborhood degree, here too we will denote the
input D in a more compact form as o = (d;",...,d}"), where n;’s are positive
integers with Zizl n; = n. The profile o is said to be MINNDEG realizable
if there exists an n-vertex graph G such that |[{v € V(G) : MINNDEG(v) =
d;}| = n;, namely, G contains exactly n; vertices whose MINNDEG is d;, for
every i € [1,1].

We again define two types of neighborhood, the closed neighborhood and
the open neighborhood, with the difference that now we choose the minimum
degree of the vertices in the neighborhood. An example is given for better
understanding.

But first we note that as before, for the maximum degree, so here, the same
definitions and notations apply respectively.

16
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Figure 2.2: Min-neighboring-degree realization of profile:(i) o = (23, 1?) with
respect to closed neighborhood, and (ii) o = (2% 1) with respect to open
neighborhood.

The graph in the Figure depicts a MINNDEG realization of (23,12) as
MINNDEG(a), MINNDEG(b) and MINNDEG(c) are all equal to deg(b) = 2 and
MINNDEG(d) = MINNDEG(e) = deg(e) = 1. However, it is a MINNDEG™
realization of (2%, 1') because MINNDEG ™ (b), MINNDEG ™ (c), MINNDEG ™ (a)
and MINNDEG™ (e) are all equal to deg(c) which is 2 and MINNDEG™ (d) =
deg(e) = 1.

2.4 Related Work

Variations of these problems have been studied over the years, so it makes
sense that there are many works related to this work in the literature. So in
this section we mention a few similar works.

2.4.1 Graph Realization of Distance Sets

For example, an optimization variant of Distance Realization problem was
introduced in [24]. In this problem, a distance matrix D is given over a set
S of n vertices and the goal is to find a graph G including S, with possibly
auxiliary vertices, that realizes the given distance matrix of S. It is also shown
in [I8] that an optimal realization can have at most n* vertices, and therefore
there is a finite time algorithm to find an optimal realization. In [3] it is shown
that finding optimal realizations of distance matrices with integral entries is

17
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NP-complete.

Over the years, various heuristics for optimal realizations were considered
[31, B3]. Since optimal realization seems hard even to approximate, special
cases and other variations have been studied[21], [16]. Also special attention
has been given to the optimal distance realization problem where the realiz-
ing graph is a tree. An O(n?) time algorithm for optimal tree-realization is
described in [I7].

2.4.2 Maximum and Minimum Neighborhood Degree Realiza-
tion Problems

For both problems there is a large number of related questions, were consid-
ered in the literature, e.g., finding all the non -isomorphic graphs that realize
a given degree sequence D, counting all non-isomorphic realizing graphs of D,
sampling a random realization of D as uniformly as possible and determin-
ing the conditions under which a given D defines a unique realizing graph[10].
These realization questions are well-studied. Also degree realization with given
constraints on some vertex was studied in [27]. For parallel and distributed
realizations of degree sequences see [4] [5].

Graphic sequences were studied also on specific graph families, such as
trees (see [22]), bipartite graphs [14] [34], planar graphs [IJ, B0], split graphs
[25, 32], chordal, interval and perfect graphs [15].

The MAXNDEG and the MINNDEG realization problems have not been
explored so far. Neighborhood lists and neighborhood degree lists were con-
sidered in [2, I3]. In these profiles, each vertex ¢ is associated with the
list of degrees of all vertices in its neighborhood. A related problem is the
shotgun assembly problem [28], where the characteristic associated with the
vertex ¢ is some description of its neighborhood up to radius r. Several other
realization problems are mentioned in [8, [9].
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CHAPTER

(GRAPH REALIZATION OF
DISTANCE SETS

In this chapter we study a well-known problem in graph theory, called graph
realization of distance sets. We are interested in studying two types of realizing
graphs. More specifically the unweighted and weighted graphs. In unweighted
Distance Realization it is assumed that each edge of the realizing graphs is of
length 1. In weighted Distance Realization the edges of the realizing graph
may have any positive integer lengths.

Observe that an unweighted realizing graph is fully determined by D,
because the edge (i,j) exists in the graph if and only if D;; = 1. Is is
obvious that there is only one graph that can be the realizing graph. This
was observed by Hakimi and Yau [24], who provided a characterization for
distance realization by unweighted graphs, implying also a polynomial-time
algorithm for unweighted DR.

Hakimi and Yau [24] also studied weighted DR. They proved that the
necessary and sufficient condition for the realizability of a given matrix D
is that D is a metric. Moreover, they gave a polynomial time algorithm that
computes a realization for any given metric distance matrix. More specifically,
their algorithm constructs a minimum edge realizing graph whose edges are
necessary in every realization of D.

A natural extension of Distance Realization is when each entry in the dis-
tance matrix may contain a range of consecutive values instead of a single
value. Tamura et al. obtained necessary and sufficient conditions for the real-
izability of a range distance matrix by weighted graphs, generalizing the results
of [24] from precise to range specifications. A polynomial time algorithm for
weighted Range-DR was given in [29]. The unweighted version of Range-DR
was shown to be NP-hard in [12], where it was also shown that if the realizing
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Chapter 3

graph is required to be a tree, then both the unweighted and weighted versions
of Range-DR are NP-hard.

One of the main questions studied in this chapter involves the effect of
limiting the number of values in each entry of the matrix D. This question is
equally interesting for Set-DR and Range-DR. Given an integer k, we say that
the matrix D is a k-set distance matrix if |D; j| < kforevery 1 <i < j <n. A
distance matrix D is a k-range distance matrix if D; ; is a range that contains
at most k consecutive values for every 1 <i < j < n.

In this chapter we study the computational complexity of k-Set-DR and
k-Range-DR, as a function of k, in various graph families.

First of all, in [12] it is proved the hardness results for Range-DR by trees
and unweighted graphs reveals that 3-Range-DR is NP-hard over these graph
families, implying that 3-Set-DR is NP-hard as well. We modify the reductions
from [12] to show that 2-Range-DR is NP-hard for general unweighted graphs,
where precise realization is known to be polynomial [24]. For general weighted
graphs, it is already known that Range-DR is computationally easy[29]. On
the hardness side, we show that Set-DR is NP-hard for weighted stars already
with 6-set distance profiles. We obtain slightly tighter results for paths and
cycles, for which both unweighted and weighted Set-DR, are NP-hard already
with 5-set distance profiles. Our hardness results are based on reduction from
the 3 — COLORABILITY problem [I1]. However, the reductions are not similar.
More specifically, in the case of weighted stars, the possible colors of a vertex
are encoded in the distance matrix by possible edge weights. Also, in the case
of weighted and unweighted paths, the colors are encoded by vertices and their
location on the path. Finally, the hardness result for 5-Set-DR on the cycle is
obtained by a reduction from 5-Set-DR on the path.[11]

Definition 3.1. Suppose we have a graph G with n vertices, where there is at
most one edge between any two vertices. The goal is to color the graph so that
no two adjacent vertices are colored with the same color.

We also show that 2-Set-DR is polynomial time solvable for stars and paths.
Our realization algorithms are based on a reduction of the 2-SAT problem,
which can be solved in linear time[20]. The idea is to use one vertex ip as a
point of reference for all other vertices. A Boolean variable b; is associated
with each vertex j and determines which of the two values of D;; ; should be
used. The 2-SAT problem is constructed according to the rest of the entries of
D. Applying this approach for stars is rather straightforward, but it becomes
more complicated for paths.
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Chapter 3 3.1. Realizations by Unweighted General Graphs

3.1 Realizations by Unweighted General Graphs

For general graphs, recall that the range realization problem in weighted
graphs has a polynomial time algorithm. We show an NP-hardness result for
Range-DR by unweighted graphs, even for 2-range distance profiles.

Theorem 3.1. [I1] 2-Range-DR is NP-hard in unweighted general graphs

Proof. To be able to prove this theorem, we will use a reduction from the
3-coloring problem.

Ug
V1 V2 q
us Un+3
@
Vorig unss | VCOI
O—
us ><
O A Un+1
(2 V3 Uy
A 3-colorable graph A realization of D

Figure 3.1: An example of the reduction for n = 4. White, purple and green
correspond to nodes n + 1,n + 2 and n + 3, respectively

To begin with, we will consider a random graph G that is 3-colorable and
then we will try to construct a 2-range distance matrix D for n+ 3 vertices, i.e.
for the vertex set {ui,...,upy3}. For greater convenience, we will consider
for the initial n vertices the set Vi = {u1,...,u,}, as representing the
original vertices of the given graph G, and for the 3 additional vertices we will
consider the set Vio; = {Un+1,Unt2,Unt3}, as representing the three colors.
So the matrix can take the following values.

{1}, i=n+1,....,n+3, j=n+1,...,n+3
D .- {1,2}, i=1,...,n, j=n+1,...,n+3
Z’] {2,3}, 1<i<j<n, (vi,v5) ¢ E(G)
{3}, 1<i<j<n, (v,v;) € E(G)
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Chapter 3 3.1. Realizations by Unweighted General Graphs

Now we will show that the input G is 3-colorable if and only if D is realized
by an unweighted graph.

We first assume that G is 3-colorable. So we define the coloring function
as follows, = : V(G) — {1,...,3}. For the matrix D defined by G, we will
construct a realizing graph G’ as follows. We will start by creating a triangle
containing the color vertices i.e., Upy1, Unt2, Unt+3. Connect each original ver-
tex u; to the color vertex w,,(;). It is easily proved that G’ realizes D (see
Figure for an example).

For the other direction, we assume that there is an unweighted graph G’
which realizes the matrix D. For every two original vertices u; and u;, since
1 ¢ D, it follows that these two vertices u; and u; are not connected by an
edge. Therefore, certainly, every original vertex u; must be connected to at
least one of the three colored vertices. We define the color function of G as
follows. For every original vertex u;, let n + ¢, i.e. v.o, be some color vertex
connected to u;, and also let x(v;) = c¢. Since 1,2 ¢ D; ;, if any two vertices
v; and v; are connected by an edge in G, then their distance in G’ must be
at least 3. This makes us sure that none of the color vertices are connected
to both u; and u; (as this would make their distance 2). It follows that if
(vi,v;) € E(G), then v; and v; are assigned different colors.

O

In the next theorem we generalize the idea of theorem 3.1 from the 3-
coloring to the k-coloring and prove the NP-hardness of the Range-DR in
unweighted graphs. Also, it is proved that 2-Set-DR is NP-hard in unweighted
and weighted trees[11].

Theorem 3.2. [12] The unweighted distance-range realization problem DIST([
1,U) is NP-hard.

Proof. We will prove that the problem is NP-hard using a reduction from the
coloring problem.

22



Chapter 3 3.1. Realizations by Unweighted General Graphs

Vorig Veol
1 V2
V4 Q\
Vg n+k+1
vs SO
(%] >O//
Us
V4 V3 U1

Figure 3.2: An example of the reduction for n = 4. White, purple and green
correspond to nodes n + 1,n + 2 and n + 3, respectively.

Consider an instance (G, k) of the coloring problem, namely, an unweighted
undirected graph G and an integer k, where it is required to decide whether
G can be colored with k or fewer colors. Let D be a distance matrix for
n+ k + 1 vertices, i.e., {1,...,n+ k+ 1}. We define the first n vertices of D
Vorig = {1, ..., n}, as representing the original n vertices of the graph G, and
also we define the k vertices of D, Vo; = {n+1,...,n + k}, as representing
the colors, and we defined the last vertex n + k + 1 as coordinator.

First we will set some requirements on the colored vertices and the coor-
dinator. More specifically, let D, nik+1 = 1 (ie., all colored vertices with
the coordinator) for every 1 < [ < k and Dy4pn+r = 2 (ie., all the color
vertices between them) for every 1 <[ < r < k. This allows only one possible
realization for the subgraph induced by the vertices Vo, U{n+ k+ 1}, i.e., a
star rooted at n 4+ k£ + 1 and there are no edges between the leaves.

Then for the connection between the original vertices and the star, we
define the distance constraints as follows. Let D; ,4x+1 = 2 (i.e., all the orig
vertices with the coordinator) for every 1 < i < n and D; ,4; = [1,3] (i.e., the
orig with the colored vertices) for every 1 < [ < k. This forces each of the
original vertices to be connected to one (or more) of the color vertices, but
not to the coordinator.

Finally, we define the distance for every two original vertices 1 < i < j < n,
as follows
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Chapter 3 3.1. Realizations by Unweighted General Graphs

n+2 n+1
n+k+1
n+3 n+k

Figure 3.3: An example of the realization graph satisfying the distance con-
Straints, ie. Dn+l’n+k+1 =1 and Dn+l,n+r = 2.

{4 (vvy) € B(G)
Pii = { {2,4}, (Uiavj) ¢ E(Q)

Now it suffices to prove that the input G is k-colorable if and only if the
distance matrix D is realizable.

The first direction is when G is k-colorable. We define the colorsas 1,...,k
and let x : V(G) — {1,...,k} be the coloring function. Now for the matrix
D defined from G, construct a realizing graph G’ as follows. Start with a star
rooted at n—+k+ 1 with the k color vertices n+1,...,n+k as leaves. Connect
each original vertex i to the color vertex z(i). It is easy to verify that G’ is a
realization for the matrix D.

In the other direction, we assume that D has a realization G’. It is im-
portant to note that the constraints of D force the color vertices to form a
star rooted at n 4+ k + 1. Note also that each of the original vertices must be
connected to at least one of the leaves of the star. We will define a coloring
function for G’ as follows. For every original vertex i, let [ be some color vertex
connected to i, and let x(i) = [. Also the distance constraints defined for the
original vertices specify that if two original vertices ¢ and j are connected by
an edge in G, then their distance must be 4. This makes us sure that none
of the color vertices are connected to both ¢ and j, because this would make
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Chapter 3 3.2. Star Realizations

their distance 2, so ¢ and j would not be connected in G. It is easy to verify
that if (i,7) € F then i and j get different colors.

O]

3.2 Star Realizations

In this section we study Set-DR in stars. We show that there exists a
polynomial time algorithm that solves 2-Set-DR in stars and we present a
polynomial time algorithm that solves k-Range-DR. on weighted stars, for any
k. We also show that 6-Set-DR on weighted stars is NP-hard.[11]

We note that 2-Set-DR can be solved efficiently.

Theorem 3.3. [11] There exists a polynomial time algorithm for 2-Set-DR
on stars.

Proof. Assume that i is the center of the star. It follows that the weight of
any edge (i,7), for every i # j can be either d?,j or dl{j. Now we define a
Boolean variable z;, where xj=False if the weight of the edge (7, j) is dg’ ; and
xj=True if the weight is dl{j. The rest of the entries of D are used to create
a 2-SAT that is efficient if and only if there exists a star realization of D in
which ¢ is the center.

Consider two vertices j, k # i. Since there are two possible weights for the
edges (i, ) and (7, k) it is clear that there are 4 possible distances from j to k.

. d?,j + d?,k
o dj+diy,
[ ] d,i] + d’(l],k

b dzl,j + dzl,k

For each one of the above 4 options, check whether it equals d?,k or djlk
This induces a truth table on the variable x; and x; that can be represented
by at most two 2-SAT. Doing this for all pairs of vertices creates a 2-SAT that
contains at most O(n?) clauses by merging all the above mentioned clauses.

Suppose that there exists a star realization P of D with ¢ as a center. This
induces an assignment to the variables Boolean that satisfies the 2-SAT. On
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Chapter 3 3.2. Star Realizations

the other side, assume that the 2-SAT that is obtained by assuming that i is
the center is satisfiable. A satisfying assignment induces a star, which complies
with the profile.

Of course, since there are n candidates for the center vertex, we need to

run the above process n times. It is easy to verify that the total running time
is O(n?).

O
We note here that the running time for unweighted case can be improved

to O(n?).[11]
Theorem 3.4. [11] There ezists a polynomial time algorithm for k-Set-DR

on unweighted stars, for any k.

Proof. 1t is obvious that all distances in an unweighted star are either 1 or 2,
one may assume that D; ; C {1,2}, for every i # j.

Figure 3.4

The theorem follows due to the Theorem [B.3l O
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Chapter 3 3.2. Star Realizations

Now we show that the star realization problem is NP-hard for 6-Set-DR.[IT]

Theorem 3.5. [11] 6-Set-DR is NP-hard on weighted stars.

Proof. To be able to prove the theorem, we will use a reduction from the
3-coloring problem.

U1
V1 (D) Un+2
2
Uz
Un+1
us3 4
Uy Un+3

V4 V3

A 3-colorable graph A realization of D

Figure 3.5: An example of the reduction in the proof of Theorem for n = 4.
White, purple and green corresponds to the weights of the edges of the star.
Edges without a label are of weight 1.

First of all, we will consider a graph G, where V(G) = {v1,...,v,}. We
construct a distance matrix D on n + 3 vertices, denoted by {u1,...,unt3}.
Informally, the distance matrix is defined to force the vertex u,41 to be the
center of the star, while the other two vertices 42 and u,+3 must be two of
the leaves whose distance from the center is exactly 1. The rest of the vertices,
u1,..., U, that are associated with the n vertices vq,...,v, of G, are leaves
whose distance from the center is either 1,2 or 4. The idea is that distance 2°¢
is associated with the color ¢ (i.e., 0,1 or 2). The distances between these n
leaves is defined so as to assure us that the two endpoints of any edge of G are
associated with different colors, if a realization exists. More specifically, the 6-
set distance matrix D is defined as follows for any two indices 1 < i < j < n+3.
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Chapter 3 3.3. Path Realizations

( {37576}7 1, <n, (Ui,’l}j) GE(G)
(2,3,4,5,6,8), i, <n, (v;,v;) ¢ E(G)
D . {17274}7 1<n, j=n+l
1= {2,3,5), i<n, j=n+2n4+3
{1}, i=n+1 j=n+2,n+3
{2}, i=n+2, j=n+3

We will show that G is 3-colorable if and only if D is realizable by weighted
star.

We first suppose that G is 3-colorable and let z : V(G) — {0, 1,2} is the
coloring function of G. We will describe a star realization G’. First of all,
let up+1 be the center of the star. The two vertices un+2 and u,43 are leaves
such that w(unt1, Unt2) = w(upt1, unts) = 1. Next, for every i € {1,...,n},
if £(v;) = ¢, then w(upy1,u;) = 2%, Tt is easy to verify that G’ realizes D.
Moreover, we observe that the first requirement of D is satisfied, since x is a
3-coloring.

In the opposite direction, we consider that G’ is a star realization of D.
We notice that the above distance matrix makes sure that w42, Unt1, Unts
form a path with two edges of weight 1. So, u,+1 must be the center of the
star. We define a coloring = of V(G) according to the weights of the edges to
the center: z(v;) = logaw(un+1,u;). Hence, x is a proper 3-coloring, since the
firste requirement of D ensures that W (up41,ui) # w(unt1,u;) if (vi,v5) € E.
This is true because 2 =1+ 1, 4 =2 + 2 and 8 = 4 4+ 4 are not members of
3,5, 6 which are the possible distances between u; and u;. (See Figure O

In [12] it was shown that there exists a polynomial time algorithm that
solves the Range-DR on a given fixed weighted tree, assuming that non-integral
edges weights are allowed.

3.3 Path Realizations

In this section we study the realization of distance profiles by paths. We
first show that Range-DR is NP-hard in weighted and unweighted paths and
also show that Set-DR on paths is NP-hard, even on 5-set distance profiles. [11]

Before looking at the first theorem, it would be good to give a basic def-
inition that is used. In the mathematical field of graph theory, the term
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Chapter 3 3.3. Path Realizations

Hamiltonian path means that in a graph there is a path that passes through
each vertex exactly once. More formally the definition is given below.

Definition 3.2. A Hamiltonian path or traceable path is a path that visits
each vertex of the graph exactly once. A graph that contains a Hamiltonian
path is called a traceable graph. A graph is Hamiltonian-connected if for every
pair of vertices there is a Hamiltonian path between the two vertices.

Figure 3.6: An example of a traceable graph, as it contains a Hamiltonian
path, i.e. for instance the path1 -2 -8 -7 —-6 -5 —4 — 3.

Range-DR in weighted paths was shown to be NP-hard in [12] using a
reduction from the Linear Arrangement problem. However, this result also
applies to unweighted paths. It is important to note that the reduction con-
structs a matrix with unlimited ranges.|[11]

Theorem 3.6. [71] Range-DR is NP-hard in both weighted and unweighted
paths

Proof. We will prove the theorem using a reduction from Hamiltonian Path.
Given a graph G, construct the following distance matrix

AL n =1}, (v,v)) € B(G)
Di _{ {2,...,n—1}, (vi,vj) ¢ B(G)

So, if G has a Hamiltonian path, then this path induces a realization of D.
On the other hand, a realization of D corresponds to a Hamiltonian path in
G. O
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Next it turns out that the 5-Set-DR is NP-hard on paths.

Theorem 3.7. [11] 5-Set-DR is NP-hard in unweighted and weighted paths

Proof. To be able to prove the theorem, we will use a reduction from the
3-coloring problem.

V1 V2

Uy V3

A 3-colorable graph

ug U2 U1 us Uy Us Ug ug Ug ur u10 U1l U1 u13

OH-O0—O0—OH0—0—OHO—0O—0HO0—O0—0O+0

A realization of D

Figure 3.7: An example of the reduction in the proof of Theorem 3.5. White,
purple and green are colors 0,1 and 2, respectively. The location of full nodes
correspond of the full nodes correspond to the chosen colors.

First of all, we will consider a G where V(G) = {vy,...,v,}. We construct
a matrix D on 3n + 2 vertices , which we will denoted {ug,...,usn+1}. We
consider that the vertices us;_o, us;—1, us; represent the vertex v; in the original
graph and also the location of ugz;_s encoded the color of v;. Moreover the
vertices ug and us,y1 are the end-points of the path.
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Chapter 3 3.3. Path Realizations

uo UIn+1

More formally, for every x, we define T = [2/3]. The matrix is defined as
follows for any two vertices 0 < i < j < 3n + 1.

{3n + 1}, i=0,j=3n+1
{33—2,35—1,33}, 1 =0, 56{1,...,n}
{3n—3i+1,3n—3i+2,3n—3i+3}, i€{l,...,n}, j=3n+1
{172}’ 525
Dij=1¢ {3—9)+A:Ae{-2,-1,0,1,2}}, i<y, imod3#1

or jmod3 # 1

or (v;,v;) & E(G)
87— +A:Ae{-2,-1,1,2}}, 1<, i,7mod3 =1,

(vi, v5) € E(G)

We will show that the G is 3-colorable if and only if D is realizable using
an unweighted path.

Firstly, assume that G is 3-colorable and let  : V(G) — {1,...,3} be the
coloring function of G. We will consider a path realization as a placement of
the vertices on integral points from 0 to 3n + 1. Intuitively, ug is placed on
0 and ugp+1 is placed on 3n + 1. Now, for every i € {1,...,n}, if z(v;) = ¢
then wug;_o is placed at location 3i — 2 + ¢. So, the vertices uz;_1 and ug; are
placed at the two remaining free locations from {3: — 2,3i — 1,3i}. It is easy
to verify that P realizes D.

Now in the opposite direction, we consider that P is a path realization of
D. First of all, we must be sure that the distance between ug and usg,11 is
exactly 3n+ 1. Obviously, all the other distances are strictly less than 3n 4+ 1.
So, if a path realization exists, then we may assume without loss of generality
that wg is placed on 0 and ws,+1 is placed on 3n + 1. In the weighted case, it
follows that all other vertices are located at {1,...,3n}, which means that all
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edges are of unit length. Since the distances between ug;_s, us;—1 and us; are 1
or 2, for every i € {1,...,n}, these three nodes are forced to appear as a sub-
path of P consisting of two edges. Moreover, the required distances from wug
and usn+1 forces us;—o,us3;—1 and us; to be assigned to the three consecutive
positions 3i-2,3i-1,3i on the path. We will define a coloring x according to
the positions of {us;—2 : 7 € {1,...,n}}, ie., x(v;) = c if uz;_2 is located at
3i—2+c. Then x is a 3 coloring, since the last requirement of D ensures that
z(v;) # x(vj) if (vi,v;) € E.

O]

3.4 Cycle Realizations

Theorem 3.8. [11] There exists a polynomial time algorithm for 2-Set-DR
on weighted and unweighted cycles.

We start the section with a hardness proof that requires unlimited ranges.

But first we must note that the term Hamilton cycle means that in the
graph there is a cycle that visits each vertex once. More formally we will give
the definition as follows.

Definition 3.3. A Hamiltonian cycle, Hamiltonian circuit, vertex tour or
graph cycle is a cycle that visits each vertex exactly once. A graph that contains
a Hamiltonian cycle is called a Hamiltonian graph.

Theorem 3.9. [I1] Range-DR is NP-hard in both weighted and unweighted
cycles

Proof. We will prove the theorem using a reduction from Hamiltonian Cycle.
Given a graph G, construct the following distance matrix.

Dm.:{ {11 /;

n/2]}, (vi,v;) € E(G)
{2,...,]n/

}
1} (vi,v5) € E(G)

If G has a Hamiltonian cycle, then this cycle induces a realization of D.
On the other side, a realization of D corresponds to a Hamiltonian cycle in G.

O
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Figure 3.8: An example of a Hamiltonian graph, as it contains a Hamiltonian
cycle, i.e. for instance the cycle2 43 —+4—-5—-6—>7—-8 —>1— 2.

Now we show that 5-Set-DR on cycles is NP-hard, using the reduction from
the problem on paths, where the required end points of the paths are given in
the input. [11]

Theorem 3.10. [11|] 5-Set-DR is NP-hard in unweighted and weighted cycles

Proof. To be able to prove the theorem we will use a reduction from the
Set-DR. in unweighted paths.

Let D be a 5-set distance matrix and the required end-points of the path
are given in the input. We will add 3n vertices n+1, ..., 4n, unit weight edges
between ¢ and i + 1, for i € {n,...,4n — 1} and the unit weight edge (4n,1).
Now, given a matrix D with dimensions n X n, we construct a matrix D’ with
dimensions 4n x 4n, as follows.

D, ;, 1<i,5<n
;) min{(j — 1), (4n — 5 +14)}, n<i<j<din
WY {min{(j— §—1),(dn+1—j+ 8)}: d€ D;y, 1<i<n,
n<j<d4n

We assume without loss of generality that § € D;; ifand only if n—1— 6 €
D .

)
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Uy Up

Udn

u
U3n R

Figure 3.9: Realization of the reduction from the path realization to cycle. The
line between u; and u,, corresponds to the location of the original vertices.

The first direction is that D is realizable. Then, D’ is realizable by using a
cycle of total length 4n, where the vertices uq,...,u, are placed at positions
1,...,n as they are placed in the path realization. And each vertex wu;, for
every ¢ > n is placed at location 1.

The other direction is that D’ is realizable, and assume that u; and u,, are
placed at locations 1 and n on the cycle. It follows that each vertex wu;, for
every ¢ > n is located at ¢. In this case, D can be realized by the arc from 1
to n. O
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CHAPTER

MAXIMUM DEGREE IN VERTEX
NEIGHBORHOODS

In many application domains involving networks, it is common to view
vertex degrees as a central parameter, providing useful information concerning
the relative significance of each vertex with respect to the rest of the network.
Given an n-vertex graph G with adjacency Adj(G), its degree sequence is a
sequence consisting of its vertex degrees, DEG(G) = (dy,...,dy). So, given a
graph G or its adjacency matrix, it is easy to extract the degree sequence. A
sequence for which there exists a realization is called a graphic sequence[I0].
Havel and Hakimi [23] [26] designed an efficient algorithm that given a sequence
of integers computes a realizing graph, if such a graph exists.

4.1 Realizing maximum closed neighborhood degree
profiles

In this section we provide a characterization of MAXNDEG profiles. For
example, we discuss the uniform scenario of o = (d¥). We can easily observe
that a star graph K 4 is MAXNDEG realization of the profile (d4T!). By the
term K7 4 we mean the bipartite graph defined as follows.

Definition 4.1. In the mathematical field of graph theory, a bipartite graph
(or bigraph) is a graph whose vertices can be divided into two disjoint and
independent sets U and V', that is, every edge connects a vertex in U to one in
V. Vertex sets U and V are usually called the parts of the graph. Equivalently,
a bipartite graph is a graph that does not contain any odd-length cycles.

Now, we will show in the following lemma that, by identifying together
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vertices in different copies of K 4, it is possible to realize the profile (d¥),
whenever £k > d + 1.

Lemma 4.1. [10] For any positive integers d,k > 1, the profile o = (d¥) is
MAXNDEG realizable whenever k > d + 1. Also, we can always compute in
O(k) time a connected realization that has an independent set, let S, of size d
such that all vertices in S have degree at most 2, and at least two vertices in
S have degree 1.

Proof. Let a be the smallest integer such that £ < 2 4 a(d — 1). We con-
struct a caterpillar (A caterpillar is a tree in which all the vertices are within
distance one of a central path) T as follows. Firstly, take a path P =
(80, 815+ -+ Sa, Sa+1) of length a4+ 1. Connect each internal vertex s;,i € [1, al,
with a set of d — 2 new vertices, so that the degree of s; is d. It is important
to note that the MAXNDEG of each vertex v € T is d.

EDEDED EEDED EEDED

Figure 4.1: A caterpillar for d = 5 and a = 3. If Kk = 12, then r = 2 and we

merge (i)s},s3 and (ii)s?, s3.

If k = 2+ a(d — 1), then T is our required realizing graph. Now, if
k <2+ a(d—1), then a > 2 since k > d + 1. The "problem” now is that T
has too many vertices. Let r = 2 4 a(d — 1) — k denote the number of excess
vertices in T that need to be removed. Observe that r < d — 2 as otherwise
we could decrease a by 1. Now, the r vertices can be removed, if we take
any two distinct internal vertices s; and s; on P and let (s},...,s? ?) and
(3]1-, e ,s?_Q), respectively denote the neighbors of s; and s; not lying on P.
Now let G be the graph obtained by merging vertices sé and sg into a single
vertex for [ € [1,r]. Since the number of vertices was decreased by r, then G

contains exactly n vertices. The degree of vertices s1, s9, ..., S, remains d and
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the degree of all other vertices is at most 2, therefore MAXNDEG(v) = d for
every v € (G. So G is a realizing graph of the profile o.

Finally, in the graph G, the end points of P, i.e. sp and s4+1, have degree 1

and there are d — 2 other vertices, let (s},..., 5?72), that have degree bounded
by 2. So we set S to these d vertices. It is easy to observe that S is an
independent set and indeed the total time to compute it, is O(k). O

4.1.1 An incremental procedure for computing MaxNDeg re-
alizations

Algorithm 1: ADDLAYER (H, L, k, d).

1 Let the list L be (a1,a2,...,a4-1).
2 Add to H aset W = wyq,...,w of k new vertices.
3 case (k < d) do
4 Set count =k and i =d — 1.
5 while (count > 0) do
6 Let r = min{d — deg(a;), count}.
7 Add edges (aj, Weount—t) to H for t € [0,7 — 1].
8 Decrement ¢ by 1 and count by r.
9 end
10 foreach je[d—1,...,2,1] do
11 If deg(a;) = d then break them for loop.
12 If (j < i) then add edge (aj,a — i) to H.
13 If (j > i) then add an edge between a; and an arbitrary vertex
in N(a;)NW.
14 end
15 Set L to be prefix of (wq,wa, ..., wg,a1,a2,...,a;—1 of size d — 2.
16 end
17 case (k > d) do
18 Use Lemma [4.1{ to compute over independent set (W U {a;}) the
graph, say H, realizing the profile (d**1) such that degg(a;) = 1.
19 Add edges between a; and arbitrary d — deg(a) vertices in
{ag,...,ad_l}. B
20 Let by,...,bg—1 € H \ a1 be such that
1=degg(b1) <--- < degg(ba—1) < 2.
21 SetL:(bl,bQ,...,bd_g).

22 end
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Below we analyze the procedure ADDLAYER, that is very useful in building
graph realizations in a decreasing order of maximum degrees. Given a con-
nected graph H and integers d and k satisfying d < 2 and k < 1, the procedure
adds to H a set W of k new vertices such that MAXNDEG(w) = d for each
w € W. The pseudocode is given above for the procedure ADDLAYER.

e Procedure ADDLAYER[10]:
The input to procedure ADDLAYER(H, L, k,d) is a connected graph H

and a list L = (ai,...,aq—1) of vertices in H whose degree is bounded
above by d—1. First of all, to algorithm adds to H a set of k new vertices
W = wi,...,wk. So, the new vertices are connected to the vertices of

L and to themselves so as to ensure that MAXNDEG(w) = d for every
w € W. Now there are two different cases.

Firstly, we take the case k£ < d. In this case we add edges from ver-

tices in W to a subset of vertices from L such that those vertices in
L will have degree d and so will imply MAXNDEG(w) = d, Yw €
W. We consider two variables, count and ¢, respectively to k and
d — 1. The variable count holds the number of vertices in W that
still need to be connected to vertices in L. While count > 0 the
procedure does the following steps. Firstly, compute r = min{d —
deg(a;), count}, the maximum number of vertices in W that can be con-
nected to vertex a;. Secondly, connect a; to following r vertices in W,
L. Weount—(r—1)s Weount—(r—2)s - - - s Weount—1, Weount- And finally, decrease
count by r and 7 by 1.

Now, when count = 0 the vertices a;, aj+1, . ..,aq—1 are connected to at
least one vertex in W. It is clear that deg(aq—1) = deg(ag—2) = --- =
deg(a;y1) = d and deg(a;) < d. Since the input graph H was connected,
in the beginning of the execution deg(a;) > 1 and by connecting a; to
at least one vertex in W, more specifically to wy, its degree is increased
at least by one. Therefore, at most d — 2 edges need to be added to
a; to ensure us that its degree is exactly d. The procedure does the
following operation for each j € [d — 1,d — 2,...,2, 1] until deg(a;) = d.
If j < i then add edge (aj,a;) to H and if j > 4 then add an edge
between a; and an arbitrary neighbor of a; lying in W. Since deg(a;) =

deg(ajy1) = -+ = deg(ag—1) = d and deg(w) < 2,Vw € W, it follows
that MAXNDEG(w) = d,Yw € W. Finally, we set a new list L containing
the first d — 2 vertices in the sequence (w1, ws, ..., Wk, a1,a2,...,a;—1).

This can become since kK +7—1>d — 2 because d — i < k.
Now we take the case k > d. The procedure uses Lemmal[4.1] to compute
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over the independent set W U {a1} a graph realizing the profile (d**!)
(denoted H ), such that deg(a1) = 1. We note that in the beginning of
the execution, deg(ay) € [1,d—1] and it is increased by one by adding H
over the set WU{a;}. Therefore deg(ay) € [2,d]. To ensure deg(a1) = d,
at most d — 2 more edges need to be added to a;. Edges are added
between a; and any d — deg(ay) vertices in set {ag,as,...,aq—1}. This
makes us sure that every w € W has MAXNDEG(w) = d. By Lemmal[d.1]
H\{a1} contains an independent set of d—1 vertices, say by, ..., bg_1 such
that 1 = degp(b1) < -+ < degp(bg—1) < 2. In the end, the procedure
creates a new list L = (by,ba,...,b4_2).

It is obvious that the running time of procedure ADDLAYER is O(k+d).[10]

For greater understanding and convenience, we denote by Hq, Loid, Hnew
and L, respectively the graph and the list before and after the execution of
procedure ADDLAYER.

The next two lemmas result from the description of the algorithm.

Lemma 4.2. [10] Fach w € W satisfies MAXNDEG(w) = d and N(w) C
W U Lyg.

Lemma 4.3. [10]/ Each a € Ly \ Lnew satisfies degm,.,(a) < d and each
a € Lojg N Lypeyw satisfies degp,,., (a) < degp,,,(a) + 1.

The inheritance property We have shown above that given an independent
list of d — 1 vertices of degree at most d — 1 in a graph H, we can add k > 1
vertices to H such that the MAXNDEG of these k vertices is d. In order to use
this algorithm to add vertices of smaller MAXNDEG values we require that the
list Lpew, computed by procedure ADDLAYER, should satisfy the next three
constraints. First, the size of L., should be d — 2. Second, the vertices of
Ly should form an independent set and third, the vertices in L, should
have degree at most d — 2.

In order to make sure these constraints on L,,,,, we impose the constraint
that the list L is a valid list. Given formally the definition.

Definition 4.2. A list L = (aj,as,...,at) in a graph G is said to be valid
with respect to G if the following two conditions hold.

1. For each i € [1,t],deg(a;) < 1.

2. The vertices of L form an independent set in G.
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Lemma 4.4. [10] If the input list Lyq in procedure ADDLAYER is valid, then
the output list Lyeq is valid as well.

Proof. First of all, we take the case k < d—1. Let ¢ be the smallest index such
that vertices a;, a;y1,...,aq_1 are adjacent to some vertex of W in Hye,,. Note
that in the graph H,ey, w1 € W is a neighbor of a;. Moreover, to increase
the degree of a; to d, we connect a; to some or all vertices in ai,...,a;—1
and some or all neighbors of a;11,...,a4—1 lying in W. So the vertex set
W U {aq,...,a;—1} is independent in H,,,. Also its size is at least d — 1,
since we showed that k > d —i. Since the list Lyq = (a1, a2,...,a4-1) is valid
in the beginning of the execution of procedure ADDLAYER, it results that in
Hgpa, deg(aj) < j,Vj € [1,d—1]. So by Lemma[d.3] in Hyey we have deg(a;) <
Jj+1,Vj € [1,i—1]. Also by construction we have deg(w;) = 1 and the degree
of every vertex in W\ wy is at most 2. Since deg(a;) < j+1,Vj € [1,i—1], the
list (wy,...,wg,a1,...,a;—1) is valid and has length at least d — 1. Truncating
this to length d — 2 again gives us a valid list.

We now take the case £k > d. Note again that we use Lemma to
compute over the independent set WU{a1} a graph realizing the profile (d*+1).
Graph H[W U{a1}] contains an independent set {b1,...,bs_1} C W such that
deg(b1) = 1 and for j € [2,d—1],deg(bj) < 2. So, (b1,...,bg—2) is the required
valid list in Hjeqp- ]

In the next sentence, we summarize what we have said so far.

Proposition 4.1. For every integers d > 2,k > 1, and every connected graph
H containing a valid list L of size d — 1, procedure ADDLAYER adds to H in
O(k +d) time, a set W of k new vertices such that MAXNDEG(w) = d,Vw €
W. All the edges added to H lie in L x (W U L). Also degr(a) < d,Va € L
and the updated graph remains connected and contains a new valid list of size
d—2.

4.1.2 The main algorithm

We will present the main algorithm for computing the realizing graph using
procedure ADDLAYER.[10]

Let o = (d}",...,d") be any profile satisfying d; < n; — 1 and d; > 2.
The construction of a connected graph realizing o is as follows. We need the
Lemma to set G to be the graph realizing the profile (d;". Note that G
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contains an independent set, let W = {wq,ws, ..., wg}, which satisfies the
condition that the degree of the first two vertices is 1. Also the degree of the
other vertices is at most 2. Now, holds that L;_; = (w1, ws,...,wq,_,—1) and

recall that d;_; — 1 < d;. It is obvious that this list is valid.

Now, we note that Vi =1 — 1 to 1, make the following steps.

1. Execute procedure ADDLAYER (G, L;, n;,d;) on the valid list L; of size
d; — 1 to add a set of n; new vertices to G. The procedure returns a
valid list L;_q if size d; — 2.

2. Truncate the list L; 1 to contain only the first d; 1 — 1 vertices. The list
remains valid since any prefix of a valid list is always valid.

Algorithm 2: MAXNDEG realization of o = (d}",...,d}").
input : A sequence o = (d}",...,d") satisfying d; < n; — 1 and
dy > 2.
1 Initialize G to be the graph obtained from Lemma that realizes the
profile (d;").
2 Let L;_;1 be a valid list in G of size d;_1 — 1.
3 for (i=1—1to1)do
4 L;—1 — ADDLAYER(G, L;,n;, d;).
5 Truncate list L;_; to contain only the first d;_; — 1 vertices.

6 end
output: G.

Now, we will prove the correctness.[10]

Let V; be the set of vertices in graph initialized i step 1. For every i €
[1,1—1] let V; be the set of n; new vertices added to the graph in iteration i of
the for loop. Moreover Vi € [1,1] let G; denote the graph induced by vertices
ViU---UV,. The lemma below finally proves the correctness.

Lemma 4.5. [10] For every i € [1,1],G; is a MAXNDEG realization of profile
(d",...,d") and for every j € [i,1] andv € Vj,degg,(v) < MAXNDEGg, (v) =
d;.

Proof. In order to prove the claim, we use the inductions on the iterations of
the for loop. The main case is for index [, and using Lemma [4.1], we have that
degg,(v) < MAXNDEGg, (v) = d;, Vv € V). For the step which is inductive, we
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consider that the claim holds for ¢ + 1 and we prove the claim for i. Let any
vertex v in GG;. So, we have two different cases.

1. Vv € V; In this case we have that degq,(v) < MAXNDEGg,(v) = d; by
using Proposition [4.1}

2. Yv € Vj, where j > i For every vertex w € Ng,[v],degg,(w) < dj.
If w € V;, then we have already proved that degg,(w) < d;. There-
fore, we assume the case w € V41 U---U V. So, if w € L; partic-
ipates in procedure ADDLAYER (G, L;, n;,d;), and by Proposition
in the updated graph degg,(w) < d; < d;. Now, if w ¢ L;, the de-
gree of w is fixed in the " iteration and degg,(w) = degq,,,(w) <
MAXNDEGg,,, (v) = dj. So, MAXNDEG(v) remains fixed thanks to
iteration i and MAXNDEGg, (v) = MAXNDEGq,,, (v) = d;.

Since, for every j € [i,l], MAXNDEGq,(v) = d;, we take that G; is a
MAXNDEG realization of profile (d;", ..., d;"). O

The running time of the algorithm is O(3=}_, (n;+d;)) and this is optimal. [10]

Indeed, every connected graph realizing o must contain Q(ni+ng+---+ny)
edges, since the degrees of all vertices must not be zero. Moreover, the graph
must contain at least one vertex of each of the degrees di,ds, ..., d; and must
also have Q(d; + do + -+ + d;) edges. Any realizing graph must contain
Q(XL_,(ni + d;)) edges and the running time must be at least Q(>>F_, (n; +
d;)).

From what we have mentioned so far the following theorem follows.
Theorem 4.1. [10] There exists an algorithm where;

Given any profile o = (d}"', ..., d}") satisfying dy < ny—1 and dy > 2 computes
i optimal time a connected MAXNDEG realization of o.

4.1.3 A full characterization for MaxNDeg realizable profiles

In this subsection we will first see the necessary conditions for MAXNDEG
realizability.

Lemma 4.6. [10] A necessary condition for a profile o = (d",...,d") to
be MAXNDEG realizable is dj < n; — 1.
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Proof. We consider that o is MAXNDEG realizable by a graph G. So, G
must contain a vertex, let w, of degree d;. Since, d; is the maximum degree
in G, the MAXNDEG of all the d; + 1 vertices in N|w] must be d;. Therefore,
ny > d; + 1. O]

Now if we consider a profile o = (d}",...,d;") realizable by a connected
graph. If we take the case di = 1, then the graph must contain a vertex, let w,
of degree 1. And also the vertices in his closed neighborhood, i.e. N[v], must
have degree 1. It is easy to verify that the only realizable graph is a single
edge graph on two vertices, i.e. o = (12). Now, for d; > 2, then by Lemma
for any o to be realizable in this case we need that n; > d;+ 1. Moreover,
using the Theorem under these two conditions o is always realizable.

Theorem 4.2. [10] A profile o = (d}",...,d") is MAXNDEG realizable by
a connected graph if and only if one of the following holds.

1. di<n;—1anddy > 2 or

2. o= (1%),ie. dy =1.

Note that in the case where di = 1, then ny must be even, since the vertices
v with MAXNDEG(v) = 1 must form a disjoint union of exactly n;/2 edges.

Theorem 4.3. [10] A profile o = (d",...,d") is MAXNDEG realizable by
a general graph if and only if dj < n; — 1 and holds one of the following.

1. nq is even or

1. dy > 2.

4.2 Realizing maximum open neighborhood degree
profiles

This problem of open neighborhoods is not too different from the previous
problem of the closed neighborhoods and we can deal with it with similar
techniques. However, open neighborhoods have some technical issues. Note
that in the incremental algorithm we saw in the previous section, we use
both degree one as well as higher degree vertices of the partially constructed
graph to obtain a MAXNDEG realization. The number of degree one vertices
available to work with is smaller for a MAXNDEG profile. To handle this, we
modify our approach and introduce the pseudo-valid lists.[10]
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4.2.1 Pseudo-valid list

In this section we will first give some lemmas which are an extension of
Lemma[4.T]and Proposition[f.I|presented in the previous section for MAXNDEG
profiles.

Lemma 4.7. [10] For every positive integers d and k, the profile o = (d¥)
is MAXNDEG™ realizable whenever k > d+ 2. Also, we can compute in O(k)
time a connected realization that contains an independent set having, first, two
vertices of degree 1, and second, d — 2 other vertices of degree at most 2.

Proposition 4.2. For every integers d > 2,k > 1 and every connected graph
H containing a valid list L of size d — 1, procedure ADDLAYER adds to H a
set W of k new vertices such that MAXNDEG™ (w) = d,Yw € W, in O(k + d)
time. All the edges added to H lie in L x (W UL). Also, degr(a) < d,Va € L
and the updated graph remains connected and contains a new valid list of size
d—2.

It is necessary to note that the Proposition holds for the open neigh-
borhoods and can not be used to incrementally compute the realizations. For
example, for o = (dldlﬂ) unlike the scenario of MAXNDEG realization, there
is no MAXNDEG™ realization that contains a valid list. For this reason we
define pseudo-valid lists.

Definition 4.3. A list L = (a1, az,...,a:) in a graph H is said to be pseudo-
valid with respect to H if,

1. for each i € [1,t],deg(a;) = 2 and

2. the vertices of L form an independent set.

It is easy to verify that the only deviation that prevents L from being a
valid list is that deg(a;) = 2 instead of 1.

Lemma 4.8. [10] For every two integers d > d > 2, the profile o = (d¢,d")
is MAXNDEG™ realizable. Also, in O(d) time we can compute a connected
realization that contains a valid list of size d — 1.

Proof. We need to construct the graph G. So, we consider a vertex z and

connect it to d—1 other vertices vy, ...,v4_1. We consider now another vertex,
say y, and connect to vy,...,v;_;. Moreover connect z to the vertex y. In the
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graph G, we have that deg(z) = d, deg(y) = d and deg(v;) < 2,Vi € [1,d — 1].
Note that v4_; is not adjacent to ¥, since d < d, so deg(vq_1) = 1. It is easy to
verify that MAXNDEG™ (2) = d, MAXNDEG ™ (y) = d and MAXNDEG ™ (v;) =
d,¥i € [1,d—1]. Therefore, the list (vg—_1,...,v5_1,...,0v2,v1)isvalidin G. O

Lemma 4.9. [10] For every integer d > 2, the profile o = (d®=1) is
MAXNDEG™ realizable. Also, a connected realization that contains an in-
dependent set having d — 1 vertices of degree 2 can be computed in O(d) time.
However, none of the graphs realizing o can contain a vertex of degree 1.

Proof. We follow a similar construction for the graph G as in the previ-
ous lemma. We consider two vertex sets, let U = {u — 1,us} and W =
{wy,...,wg_1}. We add to G the edge (u1,us) and for every i € [1,d — 1],
add to G the edges (u1,w;) and (u2,w;). This procedure makes us sure that
deg(uy) = deg(uz) = d and deg(w;) = 2,Vi € [1,d — 1]. Now, the graph
G contains d + 1 vertices with MAXNDEG™ equal to d. Moreover, W is an
independent set of size d — 1 in G and deg(w;) = 2,Vw; € W.

Next, we consider any MAXNDEG™ realizing graph, say H, of o. The
graph H must contain two vertices, let x and y, of degree d, since a single
vertex of degree d in H makes us sure that MAXNDEG™ = d for at most d
vertices. We note that N[x] = N[y], since otherwise H will contain more than
d+ 1 vertices. So all the vertices other x and y are adjacent to both z and y.
Therefore, every vertex in H must have at least degree 2. O

In the next lemma we show that ADDLAYER outputs a valid list, even when
the input list is pseudo-valid.[10]

Lemma 4.10. [10] In procedure ADDLAYER the list Lyey is valid list, even
when the list Lyg is pseudo-valid and the parameter d satisfies d > 3.

Proof. We will use the proof of Lemma[4.4] We have again two different cases
depending on whether or not k < d. Firstly, we take the case k < d— 1. It is
valid from Lemma that (w1,...,wg,a1,...,a;—1) is a valid list of length at
least d — 1 when degp,,,(a1) = 1. We take the case when L4 is pseudo-valid
and degp,,,(a1) = 2. The list Lye, is still valid if & > 2 since the degree of
a1 in Hpey is at most 3 and the position in Ly, is 3 or greater. So the case
is k = 1. In this case ¢ = d — 1, since the only vertex w; belonging to W is
connected to ag_q in Algorithm Moreover, degp,,,(a4—1) = 2 and ag_; is
connected to vertex wi, so to makes us sure that deg(dg—1) = d. Since aq_1 is

never connected to vertex ay,degm,., (a1) = degp,,,(a1) = 2. This shows that
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the sequence (wy,...,wg,a—1,...,a;-1) = (w1,a1,...,aq-2) is a valid list of
length d — 1. Truncating it to length d — 2 results a valid sequence. In case
k > d, a|s degree does not play role, therefore the argument from Lemma
works as it is. O

Remark 4.1. The condition d > 3 is very important in Lemma because
in a pseudo-valid list all the vertices have degree exactly 2. However, procedure
ADDLAYER works only in the case when the degree of each vertex in the list
1s at most d — 1, which does not be true for a pseudo-valid list when d = 2.
Therefore, we give a different method for the profile (d*=',2F).

4.2.2 MaxNDeg realization of the profile o = (d¢t1, 2k)

The next lemmas shows that ¢ = (d%*1,2') is not MAXNDEG™ realizable
when d > 3, but ¢ = (d%*!,2%) is MAXNDEG™ realizable when d > 3 and
k > 2.[10]

Lemma 4.11. [10] For any integer d > 3, the profile o = (d%*1,2') is not
MAXNDEG™ realizable.

Proof. We first assume that ¢ is MAXNDEG™ realizable by a graph G. Also
we consider a vertex w € V(G), such that MAXNDEG™ (w) = 2. The graph
must contain at least 2 vertices, let x and y, of degree d, since a single vertex
of degree d can guarantee MAXNDEG™ of d for at most d vertices in the graph.
We take the next 2 cases.

1. N[z] = N[y| In this case the MAXNDEG™ of all vertices in N[z] =
Nly] is at least d > 3, since they are adjacent to one of the vertices
x or y. So, w ¢ NJz|, which implies that V(G) = N|z] U {w}, since
IN[z]| =d+ 1 and |V(G)| = d + 2. Moreover, w cannot be adjacent to
any vertex in N[z], because if w is adjacent to a vertex wg € N|z|, then
deg(wp) = 3, in contradiction to the assumption MAXNDEG™ (w) = 2.
Therefore, the only possibility left is that w is a singleton vertex, which
is a contradiction.

2. Niz] # Ny] In this case the vertex set of G is equal to N[zx]UN[y] since
his size must be at least d + 2 and is also at most |V (G)| = d + 2. This
means that all the vertices of G are adjacent to one of the vertices = or
y, which contradicts the fact that MAXNDEG™ (w) = 2, since deg(x) =
deg(y) =d > 3.
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O]

Lemma 4.12. [10] For any integers d > 3 and k > 2, the profile (d?*1,2F)
18 MAXNDEG™ realizable. Also, we can compute a connected realization in

O(d + k) time.

Proof. We have to construct the graph G. We consider a vertex u; and con-

nect it to d other vertices v1,...,vq. Next, consider another vertex us and
connect it to vertices va, ..., vy, and a new vertex vy41. Finally we take a path
(a1,as2,...,aq) on a = k—2 new vertices and connect a1 to vgy1. In the graph

holds that deg(u;1) = deg(uz) = d and deg(v;), deg(a;) < 2,Vi € [1,d + 1] and
j € [1,k—2]. Now, the vertices uj, us have maximum degree in their neighbor-
hood 2, so MAXNDEG™ (u1) = MAXNDEG ™ (ug) = 2, i.e. (22). Every vertex
v; is adjacent to ui, ug, Vi € [1,d+1], so its MAXNDEG ™ is d, i.e. (d9T!). And
the MAXNDEG™ of vertices on the path (ay,as, ..., aq) is 2, i.e. (2872), since
they have a neighbor of degree 2. O

4.2.3 The main algorithm

We give instructions for the construction of a graph realizing the profile
o= (d",....d") # (d71+1,21) that satisfies that d; < min{n;,n — 1} and
dy > 2, where n =mnq +---+n;. If o is equal to (d?l+1,2k) for any k > 2, we
use Lemma [£.12] to realize o.

If not, we realize the graph G differently as follows (see Algorithm [3[ below
for the pseudocode).

1. If n; > d; + 2, we use Lemma to initialize G to be a MAXNDEG™
realization of the profile (dl"l). Note that G contains an independent set,
let W = {wi,...,wg}, satisfying the case that the degree of the first 2

vertices is 1 and the degree of the remaining vertices is at most 2. We

consider L;_; to be the list (w1,...,wq,_,—1). It is obvious that this list
is valid.
2. If n; = d; 4+ 1, then a realization of (al?llJrl does not contains a valid

list. Therefore we use Lemma (1.9 to initialize G to be a MAXNDEG™
realization of the profile (d;ilﬂ) that contains a pseudo-valid list. We

showed that G contains an independent set, let W = {wy,wo, ..., wq4,—1},
such that degree of each w € W is 2. We set L;_1 to be the list
(wl, w2, ... 7wdl—1_1)'
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Chapter 4 4.2. Realizing maximum open neighborhood degree profiles

3. If n; = d;, then the sequence (dldl) is not realizable. Therefore we initial-
ize G to be the graph realization of (d;",d;—1) as obtained from Lemma
We consider L;_1 to be a valid list in G of size d;_1 — 1 and we
reduce n;_1 by 1, since G contain a vertex with MAXNDEG™ = d;_;.

Now, Vi ={l —1,...,1} we make the following steps.

1. We take as an input the valid list L; of size d; — 1 and execute procedure
ADDLAYER (G, L;,n;,d;) to add n; new vertices to G. The procedure
returns a valid list L;_q of size d; — 2.

2. Truncate list L; 1 to contain only the first d;_1 — 1 vertices. The list
now remains valid since it is a prefix of a valid list.

Correctness Let Vj be the set of vertices in graph G initialized in each
step of the 3 cases for the value of ng, i.e. in steps 6, 10 and 14, of Algorithm
For every i € [1,1 — 1], let V; be the set of new vertices added to graph G
in iteration ¢ of for loop. For every i € [1,[], let G; be the graph induced by
vertices V; U --- U V.

We note that if n; = d;, then the graph is initialized in the first step of
the case where n; = d;, i.e. in step 14, and contains n; + 1 vertices , of which
one vertex, let z has MAXNDEG™ (z) = d;_; and the other vertices have
MAXNDEG™ = d;. If n; = d;, then let Z = {z}, differently Z = (). We set
Vi=V\Z, V1=V, 1UZand V; = V;,Vi € [1,1 - 2]. So |Vi| = n;,Vi € [1,1].

In [I0] is given a Lemma which proves the correctness (we will omit it).
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Algorithm 3: MAXNDEG™ realization of o = (d}",...,d}").

(=~ T, B NV R CR

® =

10

11
12
13
14

15
16
17
18
19
20
21
22

input : A sequence o = (d}",...,d{") # (d;l“Ll, 21) satisfying dy > 2

and d; < min{n — 1,n;}.

if o= (dlle, 2k) for some k > 2 then

‘ Use Lemma to compute a realization G for profile o.
end
else

case n; > d; + 2 do
Let G be graph obtained from Lemma that realizes profile
(d).
Set L;_1 to be a valid list in G of size dj_; — 1.
nd
asen;=d;+1do
Let G be graph obtained from Lemma that realizes profile
().
Set L;_1 to be a pseudo-valid list in G of size d;_; — 1.
nd
ase n; = d; do
Let G be graph obtained from Lemma that realizes profile
(d", dpy).
Set L;_1 to be a valid list in G of size dj_; — 1.
Decrement n;_; by 1.
end
for (i=1—1to1) do
L;—1 — ADDLAYER (G, L;, n;, d;).
Truncate list L; 1 to contain only the first d;_; — 1 vertices.

a o

Q O

end

end
output: G.
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Chapter 4 4.2. Realizing maximum open neighborhood degree profiles

4.2.4 A full characterization for MaxNDeg ™ realizable profiles

At this point we will give some basic and sufficient conditions for a profile
to be MAXNDEG™ realizable.

Lemma 4.13. [1(] A necessary condition for the profile o = (d;",...,d}")
with n =mny + -+ +ny to be MAXNDEG™ realizable is dj < min{n;,n — 1}.

Proof. Consider that o is MAXNDEG™ realizable by a graph H. So there
exists at least 1 vertex, let u of degree d; in the graph. Thus, |N(u)| = d; and
|N[u]| = d; + 1, which means that the number of vertices in the graph with
MAXNDEG™ = d; must be at least d;, so n; > d;. Moreover, the number of
vertices in H, i.e. n, must be at least d; + 1. O

We suppose a profile o = (d;",...,d}") realizable by a graph G. If d; =1
then the realizing graph must contain a vertex, let x, such that each vertex
in N(x) has degree 1. Let deg(z) = d and vy, ...,vq be the neighbors of x.
Then deg(v1) = - -+ = deg(vqg) = 1. Therefore in this case the realizing graph
is a star k14 with MAXNDEG™ profile o = (d4,1'). Now, if d; > 2 then

by Lemma for o to be realizable, we need that d; < min{n;,n — 1}.
A.11]

Lemma [4.11{ makes us sure that ¢ must not be (d%*',2'), but we know that
o is always realizable.[10]

Theorem 4.4. [10] A profile o = (d,...,d{") # (d%F1,2Y) with n =
ny+---+n; is MAXNDEG™ realizable by a connected graph if and only if one
of the following holds.

1. dy < min{n;,n—1} and dy > 2 or
2. o= (d% 1) for some positive integer d > 1 or

3. o=(1%).

For general graphs holds the next theorem.

Theorem 4.5. [10)] A profile o is MAXNDEG™ realizable by a general graph
if and only if o can be split into two profiles o1 and oo such that both of the
following holds.

1. o1 has a connected MAXNDEG™ realization and

2. o9 =(12%) or o9 = (d%,12%%) for some integers d > 2,a > 0.
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Chapter 4 4.3. Counting the numbers of realizable sequences

4.3 Counting the numbers of realizable sequences

We denote CCON(n) and OCON(n) the number of length n sequences
that are MAXNDEG and MAXNDEG ™, respectively, realizable by a connected
graph. Also, we again denote as CGEN(n) and OGEN(n) the number of length
n sequences that are MAXNDEG and MAXNDEG ™, respectively, realizable by
a general graph. The following theorem summarizes the results. [10]

Theorem 4.6. [1(] For n > 5 holds that,

1. CCoN(n) =273
2. OCoN(n) =2""2 -1

3. CGEN(n) = w

4. [552] - [%52] < OGEN(n) <2771 -1

First of all, we note that there are (n — 1)™ sequences of length n on the
integers 1,...,n—1. We want to count the number of non-increasing sequences,
denoted by S,. Let f(i,j,k) be the number of non-increasing sequences of
length k on the integers i,...,j. So, by definition, we have that S,, = f(1,n—
1,n).

Proposition 4.3. f(i,j, k) = < K +]‘Z ! )

4.3.1 Connected graphs in the closed neighborhood profile

As we mentioned in Theorem o=(d",...,d}") € S, can be realized
with a connected graph in the closed neighborhood if and only if one of the
following holds.

en>3d <n—1landd; >2or
e n=2and o= (1%), ie. d; = 1.

Lemma 4.14. [1(] CCoN(2) =1 and CCoN(n) = 2" 3 ¥n > 3.

Proof. By the first part of characterization, we consider that n > 3 and let
d = d;. By the second part, the first d = 1 values in every realizable sequence
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Chapter 4 4.3. Counting the numbers of realizable sequences

must be d. The sequence of length n —d — 1 is non increasing on the numbers
2,...,d. By the definition of f, for ¢ = 2,j = d and kK = n —d — 1 and by
Proposition we have the number of such sequences.

f2,dn—d—1)= ( (n_siig)_+1d_2 ) - ( Z:S)

The value of d ranges from 2 to n — 1. So, the total number is

n—1
n—3
CCoN(n) :Z ( d—9 )
d=2
Now, we set ¢ = d — 2 and finally we have,
n—3
Y (") =r
1
i=0
O

Example 4.1. We give an example for the 4 and 8 MAXNDEG realizable
sequences of length 5 and 6 with connected graphs.

Length 5 : (4%),(3%),(3%,2), (2°).
Length 6 : (59),(49), (4°,3), (4°,2), (3%), (3%, 2), (34, 22), (29).

4.3.2 Connected graphs in the open neighborhood profile

As we mentioned in Theorem o=(d",...,d") € S, can be realized
with a connected graph in the open neighborhood if and only if one of the
following holds.

en=2and o= (1%)or
e n>3and o= ((n)" % 1), ie. astar graph, or
e n>3.d <nyd >2and o# ((n—2)""12h.

Lemma 4.15. [1()/] OCoN(2) =1,0C0N(3) = 2,0C0N(4) = 4 and OCON(n) =
2n=2 _1,V¥n > 5.
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Chapter 4 4.3. Counting the numbers of realizable sequences

In [I0] there is the proof of the Lemma but we will omit it. However,
as shown in the proof, it is easy to verify that OCON = 2 x CCoON. This is due
to the looser constraints.

Example 4.2. We give an example for the 7 and 15 MAXNDEG™ realizable
sequences of length 5 and 6 with connected graphs.

Length 5: (4%,9),Vi € {4,3,2,1},
(3%),(3%,2%),(2%).

(5°,4),Vi € {5,4,3,2,1},
(4%,4,7),Vi,j € {4,3,2},

(36)7 (357 2)7 (347 22)7 (337 23)7 (26>

Length 6 :

4.3.3 General graphs in the closed neighborhood profile

As we mentioned in Theorem o= (d",...,d") € S, can be realized

with a general connected graph in the closed neighborhood if and only if one
of the following holds.

en>2d <n—1landd; >2or
e n>2.d <n;—1and ny is even.

2n—1 + (_1)17,

Lemma 4.16. [1()] For every n > 2, CGEN(n) = 3

Proof. Tt is obvious that there are no realizable sequences of length 1. So
CGEN(1) = 0. Also, the only sequence of length 2 is (12) and so CGEN(2) = 1.
We now consider that n > 3. From Theorem [4.3]it results that a profile which
cannot be realized by a connected graph, then must contain an isolated edge.
Therefore, holds CGEN(n) = CCoN(n) + CGEN(n — 2). And, finally we get
that

CGEN(n) = CCoN(n) + CGEN(n — 2) = CGEN(n — 2) + 273,
The above claim holds for 2 different cases n = 1 and n = 2, since if we
substitute in the type we have (20 + (=1)!1)/3 = 0 and (2! 4 (-1)?)/3 =1
respectively. So, consider the case n—2 is correct and we will take, CGEN(n —

2) = (2773 + (—1)""2)/3. Finally, it results that
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CGEN(n) = (2" 3 + (=1)""2)/3 4+ 2"73 = (2" L 4+ (—=1)")/3.
O

Example 4.3. We give an example for the 5 and 11 MAXNDEG realizable
sequences of length 5 and 6 with general graphs.

Length 5: (4%),(3%),(3%,2),(2°), (23,12).

Length 6 : (55), (49), (4%,3), (4°,2), (39), (3%, 2), (3%, 22), (3%, 12), (29),
(24,12), (19).

4.3.4 General graphs in the open neighborhood profile

This case is more difficult to study and there is no exact value of OGEN(n).
The main problem is that no way has been found to avoid counting a sequence
more than once. For example, assume the sequence (35,22 1'). It can be
realized by a cycle of size 4 that is connected to a vertex of degree 1 and
the MAXNDEG™ sequence is (3%,22) and a star of size 4 and its MAXNDEG ™
sequence is (3%,11). The problem is that if we extract the star and count the
number of realizations for the other sequences would count more than once
sequences from which we can extract stars.

So, [10] describes a different strategy that controls the upper and lower

bounds of OGEN(n) and proves that [%1 —[254] < OGEN(n) <2771 —1.

Example 4.4. We give an example for the 9 and 21 MAXNDEG™ realizable
sequences of length 5 and 6 with general graphs.

Length 5: (4%4),Vi € {4,3,2,1},
3%),(3%,2%),(2°),(2°,1%),(2%,1%).

55.1),Vi € {5,4,3,2,1},

(
Length 6 : (
(44,,5), 4, j € {4,3,2),
(
(

39), (3°,2), (34,2), (31, 12), (33, 29),
33,2,12),(33,13), (29), (25, 1), (24,12), (19).
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CHAPTER

MINIMUM DEGREE IN VERTEX
NEIGHBORHOODS

In this chapter, we study again a graph realization problem that pertains
to degrees in vertex neighborhoods. More specifically, we study the minimum
degree in vertex neighborhood profile, which we denote it MINNDEG.

First of all, it is very important to give the necessary and sufficient condi-
tions for a profile o to be MINNDEG realizable.
Proposition 5.1. [7] A profile o = (d}",...,d") is MINNDEG realizable,
when the following necessary conditions hold.

di§n1+n2—|—-~-—|—ni—1,W€[l,l] (NCl)

nidy nodo nydy
d; < NC2
l_Ld1+1 +Ld2+1J+ —i_LdlﬁLlJ ( C)

And the sufficient condition is that
nidy nads n;d; .
d; < . , Vv 1,1

_Ld1+1J+Ld2+1J+ +Ldi+1J i€ [1,1] (SC)

We note that these conditions and the realizing graphs, when any exists,
can be all computed in polynomial time. [7]

For the special case of [ bounded by 3, it holds that the profile o is
MINNDEG realizable if and only if along with and the next condi-
tion is also satisfied.

nids
di+1

d do —
N2 |, ords+1<ny+no+ng—(1+] 2

dy < | J+Ld2+1 a 1) (NC3)
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Chapter 5 5.1. Realizations on acyclic graphs

Acyclic Realization : When the required graph is acyclic, then for any
sequence o holds that

l -1
$(o)=di +1+> (ni—1)(d; — 1)+ di(d; — 1)
=1 =1

Also, a sequence o is MINNDEG realizable by a tree if and only if both of
the following necessary conditions are true.

diy =1 and ¢(o) < n(o) (NC-Tree)

We recall here that n(o) = Zi‘:l n;. Observe that when we have the profile
(1), condition NC-Tree amounts to claiming that (1") is realizable for every
n > 2. Indeed, the star graph provides such a realization.

Now, if we want ¢(o) to be independent of d; and n; when [ > 1, but we
know that n; appears to n(o), then the condition NC-Tree can be rewritten as
(o) — Zﬁ:Q n; < ni. So, the left side is absolutely independent of d; and n;.
Therefore, for any sub-profile, say o’ = (d;", ..., d3?) of o can be realized if it
is expanded into a full profile o = (d}",...,d;") for which n; is large enough.
So, in a sense, these n; vertices are leaves or neighbors of leaves, and control
the realizability of the profile.[7]

5.1 Realizations on acyclic graphs

In this section we give a full characterisation for a profile to be realizable
by acyclic graphs.

5.1.1 The main algorithm

Proposition 5.2. [7] Any sequence o = (d",...,d}") satisfying di =1 and
(o) < n(o) is MINNDEG realizable over trees.

Proof. Let H be a star with a root r and d; leaves. Denote the first set of
d;+ 1 vertices as Xo. Holds that |Xo\ {r}| = d; > [ —1, since d; = 1. Now, we
separate Xg \ {r} into 2 different sets, let Z; and Zs of size [ — 1 and d; — [+ 1
respectively. We label the (i — 1) vertex in Z; as v;1,Vi € [2,1]. Note that
| Zo| > 1.
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Chapter 5 5.1. Realizations on acyclic graphs

The algorithm below builds H in [ rounds, ¢ = [,...,1. (See Algorithm
for pseudocode).

Corollary 5.1. Before the beginning of round i, we set the vertex v;1 to be
a leaf node in the partially constructed tree H and its neighbor v has always
degree at least d; > d;.

Now, we are ready to give the description of rounds of the algorithm.

Description of round i (i > 1) : Take the leaf v;; € Xg. Add n; — 1
new vertices, say v;2,...,;,, and connect each v;; to v;;j_1, for 2 < j < n,.
Let V; denote the set {v;1,...,v;p,}. Note that V; forms a simple path, as
we can see in the Figure Note also that by our corollary, the neighbor of
v;1 (other than v; 2 in H) had degree at least d;. So, we take the following
conditions.

1. All vertices in V; have degree d;.

2. All neighbors of vertices in V; have degree at least d;.

P ;

ui7ni

Figure 5.1: An example that realizes the description of round i.
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In order to ensure condition 1, we move on as follows: () Since the vertices
Vil,-.-,Vin;—1 have degree 2 in the H;, they are connected to d; — 2 new
vertices and (i7) the vertex v;,, is connected to d; — 1 new vertices. In the
process, we add n;(d; — 2) + 1 new vertices, and we denote them as A;.

In order to ensure condition 2, we connect each a € A; to d; — 1 new
vertices. Let B; be the set of these new vertices. Then, |B;| = |4;| - (d; — 1).

We need to compute the size of V; U A; U B;. So, we have that,

|VZ UA; U Bl| =n; + (nl(dl — 2) + 1) + (nz(dl — 2) + 1)(dZ — 1)
=n; +di(n;(d; —2) + 1)
= nz(dz — 1)2 + di

Description of round 1 : Add a set Yy of n(c) — ¢(o) new vertices to H.
We can observe that n(o) — ¢(o) > 0 thanks to the assumption. Connect the
root node 7 in H to each of the vertices in Yy. We need to prove that holds
[V(H)| = n(o).

l
V)] = X0l + S (Vi U4y UBi| — 1) + ¥
=2
l
=d +1+ z:[m(dz —1)2+d; — 1]+ n(o) — ¢(0)

=2
l -1
=d} +1+) (ni—1)(di —1)>+ > di(di — 1) + n(0) — ¢(0)
1=2 1=2

=n(o)

Correctness analysis Let V4 be the set V(H) \ Ul_,V;. Tt is obvious that
|Vi| = ni, Vi € [2,1]. Also, since |V (H)| = n(o) it results that |Vi| = n(o) —
2222 n; = ni. So, we need to show that Vu € V;, MINNDEG(u) = d;,Vi €
[1,]. Observe that the degrees of vertices in V;UA; don’t change after round 4,
so conditions 1 and 2 we saw before, continue to apply for every V;,Vi € [2,]].
This ensures us that for any u € V;, MINNDEG(u) = d;,Vi € [2,]]. We need
now analyse the set V;. More specifically, we have:

Vi = (X0 \ Uy {vi1}) UYoU(ULLy(Ai U Bi)) = {r}UZ2UYo U (31, (A; U By))

For 2 < ¢ <[ the set B; contains only leaves and each node in A; must
have a neighbor in B;. So, the vertices in U_,(A4; U B;) have MINNDEG = 1.
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Also, we need to check the vertices of {r} U Zs UY), of which the vertices in
Zo U Yy have already degree 1. However, 7 is adjacent to vertices with degree
1, in Zs, so MINNDEG(r) = 1.

O

Algorithm 4: Computing a tree MINNDEG realization for a profile o.

input : A sequence o = (d}",...,d}") satisfying d; = 1 and
n(0) > 6(0).

1 Initialize H to be a star with a root r and d; leaves.

2 Label the i'" leaf in H as v;1,Vi € [2,1].

3 fori=1to2 do

4 Add n; — 1 new vertices to H, namely v;2,...,V;n,.

5 Connect each v; ; to v; j—1,V2 < j < n;.

6 Add to H a set A; of n; - (d; —2) + 1 new vertices.

7 Connect each v; ;,V1 < j < mn; — 1, to d; — 2 isolated vertices in A;.

8 Connect v; p, to d; — 1 isolated vertices in A;.

9 Add to H a set B; of |A;] - (d; — 1) new vertices.

10 Connect each a € A; to d; — 1 isolated vertices in B;.

11 end

12 Add n(o) — ¢(0) new vertices to H as children of the root r.
output: H.

5.1.2 Tightness criterion

In this section, we want to show that the above construction is tight.
For example, a sequence is MINNDEG realizable by trees if and only if it is
realizable by the procedure we described in Proposition

Proposition 5.3. [7] For a sequence o = (d}",...,d{") satisfying di =1 a
necessary condition to be MINNDEG realizable over trees is ¢p(o) < n(o).

Proof. Take any profile o = (d;",...,d"), and let T be a MINNDEG tree
realization of the profile on V. Let r € V(T) be a vertex that satisfies
MINNDEG(r) = d;. Let also node r be the root of the graph T". Fori =1,...,1,
let V; = {v € V(T) | MINNDEG(v) = d;}. We can see that for every ¢ < [,
there exists at least one edge, denoted (y;, x;) € E(T), where y; is the parent
of x;, satisfying the next conditions. First of all, x; € V; and also none of the
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vertices in the tree path r — T y; lie in V;. These edges have a very important
role in the tight bound on ¢(o). We denote,

A = {x; | MINNDEG(y;) < d;, fori <},
B = {z; | MINNDEG(y;) > d;, fori<I}.

For every w € V(T), let C,, and GC,, denote the set of the children and
grand-children of w in T, respectively. Moreover, C4 = Uy ACy-

Now, we are able to define a function T' : V' — 2V (see Figure for an
example).

{r}uc,ugc,, w=r
F(w)=4¢ CuU(GCy\Ca), weA
GCw \ Ca, otherwise

Figure realizes the sub-tree which is caused by {w} UC, UGC,,, for any
vertex w.

) r(ls)

Figure 5.2: An example of a tree MINNDEG realization for the profile o =
(41,31,22,122). The number in every node denotes its MINNDEG. Also, the
edges (y1,71), (y2,22) and (y3, z3) are colored green, red and blue respectively.
Moreover, A = {z3} and B = {x1,z2}.
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Chapter 5 5.1. Realizations on acyclic graphs

Figure 5.3: I'(w) is the set of vertices in the blue line if w = r, in the red one,
if w € A and finally in the green line otherwise. Assuming that zq, z9 € A.

Next, we will use 2 claims in order to prove the Proposition [5.3

Claim 5.1. [7] T'(w)NT'(v) =0 for any v,w € V(T') such that v # w.

Proof. We first take the case v =7r. If w ¢ C, or w ¢ A, then the result holds.
However, if w € C,, then it is obvious that MINNDEG(r) > MINNDEG(w),
implying therefore that w ¢ A.

Now, we assume that we have any 2 vertices, let v #w € V(T)\ {r}. We
consider to the contrary that I'(v) N I'(w) contains a vertex, say z. Then z
must be a child of 1 of the vertices v or w and the corresponding node must
lie in A. We take the scenario that z € C, and w € A. Since z € C, C Ca,
then z ¢ GC, \ C4. So z cannot be a child of v, implying that z ¢ I'(v). So,
finally we have that I'(v) N I'(w) must be empty. O

Claim 5.2. [7] For anyv € V;, 1 <i <1, it is true the following,

di(di—l), ifve AUB
|F(“>‘Z{ (di— 12 ifvé {rlUAUB

Proof. We take a vertex v € V;, for any ¢ < [. We can see that each u € C,
must have degree at least d; and satisfy the condition |C,| > d; —1. Now, let z
be v's parent and z1, ..., 2 be the vertices in C, N A. Since zg is a progenitor
of z1,..., 2, then by definition of A U B, the MINNDEG of all the vertices
z0, 21, - - -, 2t must be distinct.
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Without loss of generality, we can consider that MINNDEG(z;) > --- >
MINNDEG(z1). So, by definition of A, holds that MINNDEG(z1) > d;. We
now define a new variable, let A = maxéZOMINNDEG(zj). Therefore, we have
deg(v) > A. Also, since A > MINNDEG(z;) > --- > MINNDEG(z1) > d,,
then we have that A > d; + t. Therefore,

o\ Al = deg(v) —t—1>A—t—1> (d; — 1) (5.1)

We now are able to consider 3 different cases according to v, i.e. whether
vliesin Aor Bor V\ ({r}UAUB).

1. fve A: By Equation we have |GC, \ Ca| > (d; — 1)? and |C,| >
d; — 1. Combined, we take that |T'(v)| = |GC, \ Ca| + |Cy| > di(d; — 1).

2. If v € B : Using the definition of B, we have that MINNDEG(zg) > d;.
So, MINNDEG(z;) > d;, for any j € [0,t]. Also, it holds that MINNDEG
of zp,...,z are distinct. Therefore, A > d; + (t + 1) and |C, \ 4| =
deg(v) —t > A —t > d;. Implying that |I'(v)| = |GC, \ Ca| > d;i(d; — 1).

3. Ifv¢g {rtUAUB : By Equation we have |GC, \ Ca| > (d; — 1)%.
This implies that |[['(v)| > (d; — 1)2.

And now the claim follows. O

We note that I'(r) contains at least di + 1 vertices, because the degrees of
r and of its children are at least d;. Now, we are able to prove the bound over
¢(o). For simplicity, we will denote the vertex r, as ;.

n(o) = [V(T)| = [0 (r !+Z > | \+Z!sz

i=1 UEV\{CE»L}

>dl+1+2 d—12+ZdZ o(0)

=1

The proof is complete now. ]
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Corollary 5.2. For a sequence o = (d}*, ..., d{") satisfying d; = 1 is MINNDEG
realizable over forests if holds ¢(o) < n(o).

Proof. If we have a sequence which is MINNDEG realizable as a forest, then
we can split it into 2 sub-sequences o1, ..., 0 corresponding to each of its
connected components. By Proposition we have that n(o;) > ¢(0y),Vi €
[1,k]. So, n(o) = Zle n(o;) > Zle (o) > ¢(o). It is easy to verify that
the last inequality follows from the definition of ¢. O

It is true that a tree always contains vertices of degree 1. So,by Corollary
and Proposition [5.2] and from this fact, results the following theorem.

Theorem 5.1. [7] A sequence o = (d}",...,d") is MINNDEG realizable over
acyclic graphs if and only if hold the following conditions.

1. di =1 and

2. ¢(o) < n(o).

5.2 Realizations in General graphs

In this section we will see some new definitions, so we need to define them
first, for our construction. Therefore, let G = (V, E) be any graph. For some
vertex v € V', we define leader(v) to be a vertex in N[v] of minimum degree
and if there is more than one choice we pick the leader arbitrarily. Note,
these arbitrarily chosen leaders need not be consistent across neighbors. For
example, it is possible that 2 vertices, let w and u, are the leaders of each
other. In other words, leader(u) € arg min{deg(v)|v € Nu|}.

Next, let o = (d}", ..., d}") be the minimum degree sequence of G. So, let
V; denote the set of those vertices in G whose minimum degree in the closed
neighborhood is d;, and then we have that |V;| = n;. Moreover, let L; be
the set of those vertices in G who are leaders of at least one vertex in Vj,
equivalently, L; = {leader(v)|v € V;} and denote by L = U!_, L; the set of all
the leaders in the graph. We can see that the sets Vi,..., V] form a partition
of the vertex set of G.

Now, we have to define the follower. So, a vertex v in G is said to be a
follower, if leader(v) # v. Let, F; = {v € VjJv # leader(v)} be the set of all
the followers in V;. Additionally, we need to define R = V' \ L. This is the set
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Chapter 5 5.2. Realizations in General graphs

of all the non leaders. Finally, we define F' = Uélei to be the set of all the
followers.

in Figure [5.4 we give an example for the definitions we talked about.

Figure 5.4: A MINNDEG realizable graph for the sequence o = (33, 2!, 12).

In Figure holds that MINNDEG(v;) = MINNDEG(v2) = deg(v1) = 1,
MINNDEG(v3) = deg(vy) = 2 and MINNDEG(v;) = 3, Vi € {4,5,6}. It is
obvious that leader(ve) = vy and leader(vs) = ve. So, ve is a leader and a
follower as well.

Our goal here is that there exist realizable sequences ¢ for which any graph
G realizing o and any leader function over G, the sets L and F' have non empty
intersection. For instance, assume the sequence in Figure o= (33,21,1?).
It is easy to verify that o has only 1 realizing graph and in it, the leader and
follower sets are non disjoint.[7]

So, we can sort the sequences that accept disjoint leader and follower sets
as follows.

Definition 5.1. A sequence o = (d}",...,d}") is said to admit a Disjoint
Leader — Follower (called DLF ) MINNDEG realization if there exists a graph
G realizing o and a leader function under which the sets L and F are mutually
disjoint, i.e., LN F = ().

Theorem 5.2. [7] For every o = (d}",...,d}") that is MINNDEG realizable
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Chapter 5 5.2. Realizations in General graphs

by a graph, let G, must be met the following necessary conditions.

d; < (inj) ~LVie L] (NC1)

(NC2)

: nid
SZLdJJ
j=1

Moreover, for every leader function defined over G and i <1, if L;N\V; # (),
then

i

nid;
d; < 29
- ZLdj-FlJ

J=1

Proof. Firstly, we give a lower bound on the size of the leader set L;. Note

that for every i € [1,[], holds |L;| > [dni-:-lw Next, we take a vertex a € L;.
i

Since |Na]| = d;+1, then the vertex a can be considered as leader for at most

d; + 1 vertices. This can verify that |L;| > So, since |L;| is integer, the
claim arises.

Proof of (NC1). Let w be any vertex in G such that deg(w) = d;. Then
w and all the neighbors of w must be contained in Uézl\/j, and so we take the
following,.

d—l—l

di +1=|N[w]| < Ui, V| :Z;:l”

And this proves the condition (NCIJ).

Proof of (NC2). We consider the case where w is a vertex in G such that
MINNDEG(w) = d;. Therefore, N[w] can not contain vertices of degree less
than d; and follows that N{w] N L; = 0, Vi < I. So, |[N[w]| < n — Zi;} |L;|.
Moreover, the degree of the vertex w must be at least d;. Finally, we take the
following.

d+1<|Nw \<n—Z|L|—nl+Z — L) <

d+1

If we consider the case n; < d;, then we have n; — 1 = LZZ,lfiJ and therefore

d; < Zl 1 Ld +1J Now if n; > d; + 1 then (Zlfrlll > d; and follows that L(le_llﬂ >
d;, because dl is integer.
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Proof of the last claim. We consider a vertex lying in L; N'V;, say w,
and we have that MINNDEG(w) = deg(w) = d;. Note that for any j < i, the
vertices in the set L; have degree strictly less than d;. We know that N[w]| can
not contain vertices of degree less than d;, so for every j < i, N{w]N L; = 0.
Moreover, vertices in V;41 U--- UV, can not be adjacent to any vertex in
{w} U (U;;lle), so we have that N[w] and Ué;le are both contained in

3‘:1‘/}'- Finally, we take the following.

4 . - o
di+1 = |N[w]| < Uy Vi|=|UZ Lil = nit 350 (i1 L) < it 32500 L s )

i id;
If n; < d;, then holds n; — 1 = n; — [d::— 1] = Ld:L+ 1J and therefore
. N
d; < S| .
- Zj*l Ldj +1

Now, if we consider the case n; > d; +1 <= n;-d; > d; - (di+1) <

. d
;l:+ ; > d;. Since d; is integral results Ld:h—i—zlj > d,.

O]

Theorem 5.3. [7] Every sequence o = (d;",...,d{") satisfying the sufficient
condition,

d;

IN

Z{d@fﬂij, vie L] (SC)
j=1 "/

is MINNDEG realizable. Also, we can compute a realizing graph, let G, and a
leader function defined over G that satisfies the condition L N F = ().

Proof. First of all, we will consider the most simple case, the realizability of
uniform sequences and after that, we will see the case of general sequences.

Uniform Sequences. Firstly, we assume the sequence o = (d"). If n >
d + 1, we can have a realization for the sequence o. We consider 2 integers,
let ¢ > 1 and r € [0,d], satisfying n = ¢ - (d + 1) — r. Next take a set, say A
of g vertices, namely a;, where i € [1,¢] and another set, say B of d, vertices,
namely b;;, where ¢ € [1,¢] and j € [1,d]. Connect each vertex a; to b1, ..., big.
Therefore, the vertices in A will have degree d and the vertices in B will have
in their neighborhood a vertex of degree exactly d.
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Chapter 5 5.2. Realizations in General graphs

Now, if » > 0, then we have to merge by ; with by;, Vj € [1, 7], thus decreasing
r vertices in B. Recall that by; and by; exists since 7 > 0 only when ¢ > 2.
So, |A| 4+ |B| = n and every vertex in A still has degree d. Thus we have the
following.

n+r n nd
A= 5 =T T and Bl = - 4] = [

| >d

The last step is to add edges between each pair of vertices in B in order to
make it a clique of size at least d. This entail that the vertices in set B will
have degree at least d. It is easy to verify that MINNDEG(v), Vv € AU B is
d. In our constructed graph the set A is the leader set, and the set B is the
follower set.

In the rest of proof, we will denote as GRAPH(n,d, A, B) a function that
returns the edges of the graph as constructed above whenever provided with
four parameters n,d, A, B satisfying n > d + 1, [A| = [ /5] and |B| = Ld-q—lJ

General Sequences. We take the case o = (d",...,d}"). First of all, we
consider that G is an empty graph. Our algorithm uses [ rounds. (Refer
to Algorithm ) In every round, we add to G a set V; of n; new vertices
and partition V; into 2 sets, let L; with size [ ;7] and R; with size L;lﬁlJ If
n; > d; +1, then we can solve this round by adding to G all the edges returned
by GRAPH(n;,d;, L;, R;). Note that if n; < d; + 1, then the set L; will contain
only one vertex, let a;. In this case, we need to add edges between a; and
all the vertices in R;. Moreover, we add edges between a; and any arbitrarily
chosen d; + 1 — n; vertices in U;<; ;. This can be possible since holds the

following.

i—1 —1
nidi
d1+1_nl:dz_L J<E E ‘RJ|
di +1 d+1
Jj=

After the [ rounds are completed, we finally add edges between each pair of
vertices in R = Uélei, in order to make it a clique.

Now, we are able to take bounds on the degree of vertices in L; and R;.

1. Every vertex in L; has degree d;. Note that we add edges to vertices
in L; only in the i** iteration of the for loop. If n; > d; + 1, then the
degree of each vertex in L; is d;. Now, if |L;| = 1 or n; < d; + 1, then
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Chapter 5 5.2. Realizations in General graphs

|R;| = n; — |Li| = n; — 1 and therefore the degree of the vertex a; € L;
is (ni—l)—{—(di—l—l—ni) =d;.

2. Every vertex in R; has degree at least d;. For every i € [1,1], if holds
that n; > d; + 1, then |R;| = [""di |, and even in the case n; < d; + 1,

di-i-l
we take |Ri| = n; — [Li| = ni — [5] = (Czlfrlﬂ So, we have that
IR =Y, |Ri| =L, [(Zfﬂ which is bounded below by d;. It is true

that every vertex in R is adjacent to at least 1 vertex in U;L; and since
|R| > d;, then the degree of vertices in R is at least d;.

Next, we show that for any vertex v € V;, MINNDEG(v) = d;, where
i € [1,1]. We will consider 2 cases.

e Ifv € L;, then MINNDEG(v) = d;, because every vertex in L; has degree
d; and is adjacent to only vertices in R which have degree at least d; > d;.

e If v € R;, then MINNDEG(v) = d;, also because every vertex in R;
is adjacent to at least 1 vertex in L; and N[v] is contained in the set
RU (Uj>iL;) and its vertices have degree at least d;.

The leader function over V constructs as follows. For every vertex v €
Ut_,L; we set leader(v) = v and for every v € R; we set leader(v) to be
any neighbor of v in L;. It is true that for every vertex in L = UézlLi =
{leader(v) | v € V'} is a leader of itself. So, the sets L and R which are leader
and follower respectively, must be disjoint.

O]

The following theorem is a consequence of the above results.

Theorem 5.4. [7] The sequence o = (dy?,d}") is MINNDEG realizable if and

only if dq < Lgllﬁllj and dy < Lgllffllj + ngﬁﬁj

Proof. We first assume that o is realizable. Then Theorem implies the
following.

1. ny > dy + 1 which implies d; < L"ldlj.

di+1
2 di=d < )+ L)
Finally, the converse follows from Theorem [5.3 O
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Algorithm 5: Computing a MINNDEG realization for a given special

g.

B W N =

© ® N o O

10

11
12
13

+1

input : A sequence o = (d;",...,d;") satisfying d; < 23':1 Lgﬂij for
J

every 1 <11 <.

Initialize G to be an empty graph.
fori=1tol do

Add to G a set V; of n; new vertices.
Partition V; in 2 sets L;, R; such that [L;[ = [ %5 ] and
|Ri| = [ ).
if (n; > d; +1or |L;| > 1) then
‘ Add to G all the edges returned by GRAPH(n;, d;, L;, R;).
end
if (|L;] = 1) then
Let a; be the only vertex in L;.
Connect a; to all vertices in R; and any arbitrary d; +1 — n;
vertices in Uj<; R;.
end

end

Add edges between each pair of vertices in R = U!_; R; to make it a
clique.

output: G.
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5.2.1 Sequences admitting disjoint Leader-Follower sets

Here, we will see a theorem that gives results on sequences admitting disjoint
Leader-Follower sets.

Theorem 5.5. [7] A sequence o = (d}",...,d{") is MINNDEG realizable by a
graph G having disjoint leader set, say L, and follower set, say F, with respect
to some leader function, if and only if, for every i € [1,1], d; < Z;:l L%J

Proof. First of all, we consider that there exists a leader function over G for
which L N F = (. Then, for every i € [1,1], L; C V;. This is true because if
for some i, there exists w € L; \ V;, then deg(w) = d; # MINNDEG(d;), which
implies that w is a leader and follower too. By Theorem and by the fact

that L; C V;, then d; < Z;ZIL(?;EJ, Vi € [1,1]. By Theorem [5.3| results the

converse claim.

5.2.2 MinNDeg realization of tri-sequences in general graphs

In this section, we will take the case when a sequence has only three dis-
tinct degrees. In the following theorem is given a complete characterization of
sequence o = (dy*,dy?, dy").

We will omit the proof of the Theorem but there is on [7].

Theorem 5.6. [7/ The necessary and sufficient conditions for a sequence
o=(d",...,d"), whenl =3, to be MINNDEG realizable, is the following.

1. di+1<n
2. doy+1<mn1+ng

9. dy < | ) + L) + L)

4. either dy < | ]+ (5] ords +1 < ma+na+ng — (14 [252])
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CHAPTER

CONCLUSIONS

6.1 Tables of Computational Complexity

In this section we summarize the results of computational complexity, for
the different problems and the different classes of graphs, many of which we
mentioned in the previous chapters. The results are taken from the literature

and are reported

exactly in the tables.

More specifically we give the results in separate tables based on the type
of graph, i.e. whether it is weighted or unweighted.

Table 6.1: Results for realization with unweighted graphs.

Graph family | Range-DR Set-DR

General 2-Range-DR is NP-hard[1T] 2-Set-DR is NP-hard[11]
1-Range-DR is polynomial[24] | 1-Set-DR is polynomial[24]

Tree 3-Range-DR is NP-hard[12] 2-Set-DR is NP-hard[11]
1-Range-DR is polynomial[24] | 1-Set-DR is polynomial[24]

Star Range-DR is polynomial [I1] Set-DR . is polynomial [11]

Path 2-Range-DR is polynomial[II] | 2-Set-DR is polynomial[lT]
Range-DR is NP-hard[11] 5-Set-DR is NP-hard[I1]

Cycle 2-Range-DR is polynomial[I1] | 2-Set-DR is polynomial[lT]
Range-DR is NP-hard[I1] 5-Set-DR is NP-hard[11]
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Table 6.2: Results for realization with weighted graphs.

Graph family | Range-DR Set-DR

General Range-DR is polynomial[29] Open problem

Tree 3-Range-DR is NP-hard[12] 2-Set-DR is NP-hard[11]
1-Range-DR is polynomial[6] | 1-Set-DR polynomial[6]

Star Range-DR is polynomial [IT] 2-Set-DR is polynomial[1]]

6-Set-DR is NP-hard|T1]

Path 2-Range-DR is polynomial[I1] | 2-Set-DR is polynomial[IT]
Range-DR is NP-hard[I1] 5-Set-DR is NP-hard[11]

Cycle 2-Range-DR is polynomial[I1] | 2-Set-DR is polynomial[IT]
Range-DR is NP-hard[11] 5-Set-DR is NP-hard[I1]

We also give below the complete characterization for the MAXNDEG real-
ization problem for both cases the closed and the open neighborhood.

Table 6.3: MAXNDEG realization.

Graph family | Characterization
General dy <n;y—1, dy >2orngis even [I0]
Connected d<n—1,d; >2oro=(1%) [10]

It is interesting to contrast the behavior of the MINNDEG and MAXNDEG
profiles. For general graphs, MINNDEG appears to be more difficult, since
it is non monotone when edges are added or deleted, while the MAXNDEG
profile is monotone. For trees, on the other hand, the realizability of the
MINNDEG profile depends only on the leaves and their parents, which sim-

plifies the analysis, but no a similar simplifying property was found for the
MAXNDEG profile.

At this point, we present the table for MINNDEG realization problem.
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Table 6.4: MAXNDEG™ realization.

Graph family

Characterization

General o can be split into two profiles o1 and oy such that

(i) o1 has a connected MAXNDEG™ realization, and

(i1) o9 = (12%) or o9 = (d?,12¢t1), for integers d > 2, a > 0 [10]
Connected d; <min{n;,n —1}, dy > 2 or o = (d%,1') or o = (1?)

o # (2 [

Table 6.5: MINNDEG realization.

Graph family

Characterization

General

Open problem

Acyclic

A sequence o can be MINNDEG realizable over trees if satisfies
(i) dy =1, and
(ii) ¢(0) < n(o) [1]

6.2 Open Problems

In the field of mathematics, theoretical computing is clearly a very impor-
tant field and there are many applications even in our everyday life. Therefore,
it stands to reason that there are many open problems that would be inter-

esting to study.

In chapter 3, we introduce and study the Set Distance Realization problem,
which is an extension of the Range Distance Realization problem. We study
the computational complexity of k-Set-DR. and k-Range-DR, as function of &,
in various graph families.

It is clear that there are still many open questions, including the following.

e Range-DR in weighted general graphs can be solved in polynomial time,
but the status of Set-DR is currently unclear.

e 3-Range-DR and 2-Set-DR are NP-hard in trees, but the status of the
2-Range-DR problem remains unsettled.

e For stars, the hardness of the k-Set-DR problem is unsettled for & =
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3,4,5.
e For paths and cycles the k-Set-DR problem is unsettled for k = 3, 4.

e The status of Range-DR for paths and cycles is an open problem.

In chapters 4 and 5, we study the MAXNDEG and MINNDEG realization
problems, which have similar logic but certainly MINNDEG seems to be more
difficult in the case of general graphs. So the next question arises, which is
also an open problem.

OPEN QUESTION. Does there exist a closed form characterization for real-
izing MINNDEG profiles for general graphs?
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