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Introduction

The lack of an exact theory of statistical inference dictates the acceptance of asymptotic methods as

legitimate solutions concerning inference problems of Statistics and Econometrics. About the Generalized

Linear Model, the econometric bibliography suggests two alternative size corrections of the size of the

t and F tests. These size corrections are based either on Edgeworth corrections of critical values or on

the Cornish-Fisher corrections of testing statistics. Using the exact distributions Student-t and F instead

of the corresponding asymptotic distributions (Normal and chi-squared) we find approximations which

are ”locally exact” , i.e., that they reduce to the exact distributions for a sufficient simplification of the

model. In applied econometrics research most interesting economic phenomena can be described formally

using the mathematical formalism of the Generalized Linear Model, whose Variance-Covariance matrix of

stochastic terms is non-scalar. The econometric model which arises is estimated using the Generalized

Least Squares method and its validity is the statistical significance of the its parameters tested by the

t and F econometric test. In the framework of this Doctoral Thesis, a general mathematical expression

of the Generalized Linear Model is given, whose regressors may be stochastic. About the special cases

of the aforementioned model, Nagar, 1959 type refined asymptotic theory is used in order to derive size

correction formulae of the small sample t and F econometric tests. Specifically, this doctoral thesis is

concerned with the implementation of refined asymptotic size-correction techniques for the following

special cases of the Generalized Linear Model:

1. The Linear Model with Heteroskedastic and Autocorrelated Disturbances, which is presented

in chapters 1 and 2 (Proof are given in Appendix A). This specific model is a mixture of the

heteroskedasticity and autocorrelation problems, and suggests a process for the estimation of the

autocorrelation and heteroskedasticity parameters, as well as a process for the correction of these

econometric problems. Moreover, an experimental procedure is presented in section 2.6 for a

single-equation model with heteroskedastic and autocorrelated error terms.

2. The Generalized Model with panel data, which is presented in chapters 3 and 4 (Proof are given in

Appendix B). The basic assumption of this model is that the economic behaviour parameters are

the same for all economic agents, and this differentiates this model from the autocorrelated SUR

model (see Parks, 1967) which studies the causes of different economic behaviours.

3. A Special Case of The Generalized Linear Model with Panel Data, which is presented in chapters 5

and 6 (Proof are given in Appendix C). This model is a special case of the Generalized Model with

panel data.
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Lastly, Lemmas and theorems from the existing bibliography used in all three models of this doctoral

thesis are presented in section Useful Results.

Notational Convensions

Throughout this Thesis, we use the tr,vec,⊗, and matrix differentiation notation as defined in Dhrymes,

1978, and for any two indices i,j, we denote Kronecker’s delta as δi j. Moreover, any n ×m matrix L with

elements li j is denoted as

L = [(li j)i=1,...,n; j=1,...,m],

with obvious modifications for vectors and square matrices. If li j are ni × m j matrices, then L is the∑
i ni ×

∑
j m j partioned matrix with submatrices the li j’s. The matrices

PX = X(X′X)−1X′,

P̄X = IT − X(X′X)−1X′

denote the orthogonal projectors into the spaces spanned by the columns of the matrix X and its orthogonal

complement, respectively. For any stochastic quantity (scalar, vector, or matrix) we use the symbols E(·)

and V(·) to denote the expectation and variance-covariance operators, respectively. Finally, we write N

for the standard normal distribution function; t(I) and χ(I) for the student-t and chi-square distribution

functions, respectively, with I degrees of freedom; F(I,J) for the F-distribution function with I and J

degrees of freedom. In this thesis we use the notation proposed by Abadir and Magnus, 2002 with minor

modifications properly clarified mathematics.

In this thesis to denote the accuracy of our stochastic approximations we use the order ω(·) as follows:

“Let (S, ∥ · ∥), be a finite dimensional normed linear space and J a given set of indices, which, without loss

of generality, can be taken equal to the open interval (0,1). A collection xτ (τ ∈ J) of random elements of S

is said to be defined on the probability space (Ω,A,P) if all the mappings xτ are measurable.

Let xτ (τ ∈ J) be a collection of random elements of (S, ∥ · ∥) defined on a probability space (Ω,A,P).

Given a q > 0, we say that xτ is of order ω(q) as τ→ 0, and we write xτ = ω(q), if there exists 0 < ϵ < ∞,

such that

P(∥xτ∥ > (− ln τ)ϵ) = o(τq) as τ→ 0. (1)

If equation (1) holds for all q > 0, then we write xτ = ω(∞).” (Magdalinos, 1992)



Chapter 1

The Linear Model with Heteroskedastic and Autocorrelated

Disturbances

1.1 Introduction

Most of the single-equation econometric specifications in both applied and theoretical research can be

expressed in the form of the generalized normal linear regression model, provided that certain assumptions

are made about the structure of the error covariance matrix. Some of the disturbance specifications, most

frequently used in both applied and theoretical econometrics, are the AR(1), the heteroskedastic, and the

seemingly-unrelated-regressions structures of disturbances. The volume of theoretical and applied work

published in those areas can be attributed to this fact. Also, in order to cope with more complex economic

phenomena, in many cases, econometricians have focused on models with random errors which are generated

by a mixture of various disturbance specifications, such as models of seemingly unrelated regressions

with autocorrelated errors (see, e.g., Parks, 1967), or models with mixed heteroskedastic-autoregressive

disturbances, which can be estimated by using the heteroskedasticity-autocorrelation consistent (HAC)

estimators of the error covariance matrix (see, inter alia, White, 1980, MacDonald and MacKinnon, 1985,

Newey and West, 1987). In this chapter the normal linear regression model is presented, in which the

disturbances are specified as a mixed heteroskedastic-autoregressive process. In particular, we examine the

mixture of a stationary first-order autoregressive process with autocorrelation coefficient ρ, and a linear

heteroskedastic specification of the form var(ut) = z′tς, where ς is a vector of heteroskedasticity parameters

(Amemiya, 1977). From the viewpoint of theoretical econometrics, a lot of effort has been devoted, up till

now, to the construction of estimators of ς and ρ in econometric models with error terms that are either

heteroskedastic or autoregressive, respectively. Thus, in the linear model with heteroskedastic variances,

var(ut) = z′tς, some of the most frequently used estimators of ς, described in Subsections 1.3.1 and 1.3.3,

are the least squares or Goldfeld-Quandt estimator, the generelized least squares or Amemiya estimator,

the iterative Amemiya estimator, and the maximum likelihood estimator. Moreover, in the linear model

with AR(1) errors, some of the most frequently used estimators of ρ, described in Subsection 1.3.2, are

the least squares estimator, the Durbin-Watson estimator, the generalized least squares estimator, the

Prais-Winsten estimator, and the maximum likelihood estimator. However, although there are many

estimators of ς and ρ in models with exclusively heteroskedastic or exclusively autoregressive disturbances,

respectively, according to our knowledge, no procedure has ever been proposed for the estimation of

parameters ς and ρ in order to facilitate the theoretical investigation of linear models with a mixed
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heteroskedastic-autoregressive specification of the disturbances. Our purpose, in this chapter, is to derive

such an estimation procedure.

When a linear heteroskedastic specification is combined with a stationary first-order autoregressive

process in order to generate the disturbances in a generalized normal linear regression model, the

heteroskedastic variances, var(ut) = σ2
t /(1 − ρ

2), are functions of the first-order autocorrelation coefficient,

ρ. Due to this fact, the use of the standard estimators results in estimated heteroskedasticity parameters

which are functions of the first-order autocorrelation coefficient. This means that, although the parameters

ς and ρ are theoretically identified, they cannot be properly distinguished by any of the estimators

ς̂ and ρ̂ used in applied research. To account for this, a reparameterization of the model is being

introduced, in which the heteroskedasticity parameter vector is ς∗ = ς(1− ρ2)1/2. The use of this alternative

parameterization results in a multi-step estimation procedure that enables us to effectively distinguish,

from a theoretical viewpoint, the estimation of the heteroskedasticity parameters from the estimation of

the first-order autocorrelation coefficient. Such a distinction is extremely useful whenever a researcher

is interested in constructing an adjusted generalized linear model with disturbances that are exclusively

heteroskedastic or exclusively autoregressive, in order to examine certain distributional properties of the

estimators of ς and ρ, respectively.

1.2 The Model

Consider the linear regression model

y = Xβ + σu (1.1)

where

y is a T × 1 vector of observations on the dependent variable,

X is a T × n matrix of observations on n exogenous regressors,

β is a n × 1 vector of unknown structural parameters, and

σu (σ is a positive scalar) is a Tx1 vector of unobserved stochastic disturbances.

Assumption 1. The following assumptions hold:

1. The random vector u is distributed as N(0,Ω−1), where Ω is a T×T positive definite and symmetric

matrix.

2. The matrix of the regressors has full column rank, i.e.,

r(X) = n. (1.2)
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3. The regressors are non-stochastic. The results of this Thesis would also be valid if the regressors

were stochastic, yet uncorrelated with the errors, i.e.,

E(X′u) = 0, (1.3)

but in such a case the proofs would be a little more complicated.

1.2.1 The random vector u

Let ut be the t-th element of the T× 1 random vector u. The element ut satisfies the following relationship:

ut = σtu∗t (t = 1, . . . ,T), (1.4)

where u∗t is the t-th element of a T × 1 random vector u∗ and σt (t = 1, . . . ,T) are positive scalars,

uncorrelated with elements u∗t.

The elements of the random vector u∗ are generated by a stationary, first order autoregressive AR(1)

stochastic process of the form

u∗t = ρu∗t−1 + εt; 0 < |ρ| < 1 (t = 2, . . . ,T), (1.5)

where

u∗t ∼ N(0, 1/(1 − ρ2)) (1.6)

and εt are independent N(0, 1) random variables, i.e.,

E(εt εt′ ) = δtt′ =


1, if t=t′

0, if t,t′
, (1.7)

where δtt′ denotes Kronecker’s delta.

The time-series u∗t (t = 1, . . . ,T) is a stationary AR(1) stochastic process provided that

u∗1 = (1 − ρ2)−1/2ε1 (for t = 1). (1.8)

It is straightforward that

E(u∗u′∗) =
R

(1 − ρ2)
, (1.9)

where

R = [(ρ|t−t′ |)t,t′=1,...,T] (1.10)

is a T × T positive definite and symmetric matrix.
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Equations (1.4), (1.5), (1.6), (1.9) and (1.10) imply the following results:

E(ut) = E(σtu∗t) = σt E(u∗t) = 0, (1.11a)

E(u2
t ) = E(σ2

t u2
∗t) = σ

2
t E(u2

∗t) =
σ2

t

(1 − ρ2)
, (1.11b)

E(ut ut′ ) = E(σtu∗t σt′u∗t′ ) = σtσt′ E(u∗t u∗t′ ) =
σtσt′ρ|t−t′ |

(1 − ρ2)
, (1.11c)

for any t , t′. Note that if t = t′ then (1.11c) implies (1.11b).

1.2.2 The specification of σt (t = 1, . . . ,T)

Let x′t (t = 1, . . . ,T) be the rows of the T × n matrix X of the regressors in model (1.1), and let yt,ut be

the t-th elements of the T × 1 vectors y,u, respectively. Moreover, let z′t be the rows of a T ×m matrix Z

of observations on a set of m exogenous variables, some of which may be regressors too, i.e., they may

belong to the matrix X.

Further, let

ς ∈ Fs = Rm
\ {0}, (0 is the m × 1 zero vector) (1.12)

be a m × 1 vector of unknown parameters. Then, the parameters σt (t = 1, . . . ,T) in (1.4) are assumed to

satisfy the linear functions

σ2
t = z′tς (t = 1, . . . ,T), (1.13)

where

z′t = (zt1, zt2, . . . , ztm) (1.14)

is a vector with elements the t-th observations on the m exogenous variables: z1 ≡ 1 (∀t) z2, . . . , zm and

ς =



ς1

ς2

...

ςm


(1.15)

is a m × 1 non-zero vector of unknown parameters (see Hildreth and Houck, 1968, Nonlinear Methods in

Econometrics, 1972, Amemiya, 1977).

1.2.3 The specification of Ω

The elements of the T × T matrix Ω are functions of the (m + 1) × 1 vector

γ = (ρ, ς′)′, (1.16)

where ρ is the autocorrelation coefficient and ς ∈ Rm
\ {0}.
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The t-th diagonal element of Ω−1 is σ2
t /(1 − ρ

2) [see (1.11b)], and the (t, t′)-th off diagonal element of

Ω−1 is σtσt′ρ|t−t′ |/(1 − ρ2), [see (1.11c)].

Thus, the T × T matrix Ω−1 can be analytically written as follows:

Ω−1 =
1

(1 − ρ2)



σ2
1 σ1σ2ρ σ1σ3ρ2 . . . σ1σTρT−1

σ2σ1ρ σ2
2 σ2σ3ρ . . . σ2σTρT−2

. . .
...

σTσ1ρT−1 σTσ2ρT−2 . . . σ2
T


. (1.17)

Define the T × T diagonal matrix

Σ = diag(σ2
1, σ

2
2, ....., σ

2
T) =



σ2
1 0 . . . 0

0 σ2
2 . . . 0

...
...

. . .
...

0 0 . . . σ2
T


, (1.18)

which implies that

Σ
1/2 = diag(σ1, σ2, ....., σT) =



σ1 0 . . . 0

0 σ2 . . . 0
...

...
. . .

...

0 0 . . . σT


, (1.19)

and

Σ = Σ
1/2Σ

1/2. (1.20)

Then by using (1.9), (1.10), (1.17) and (1.19) we can write

Ω−1 = Σ
1/2[R/(1 − ρ2)]Σ1/2. (1.21)

Let D be a T × T band matrix whose (t, t′)-th element is 1 if |t − t′| = 1 and 0 elsewhere. Also, let ∆ be

a T × T matrix with 1 in the (1, 1)-st and (T,T)-th positions and 0’s elsewhere. Then,

[R/(1 − ρ2)]−1 = (1 + ρ2)IT − ρD − ρ2∆ (1.22)

=



1 −ρ . . . 0

−ρ 1 + ρ2 . . . 0
...

...
. . .

...

. . . −ρ 1 + ρ2
−ρ

. . . 0 −ρ 1


. (1.23)
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Then by combining (1.21) and (1.22) we can write the T × T matrix Ω as follows:

Ω = Σ−
1/2[(1 + ρ2)IT − ρD − ρ2∆]Σ−1/2 , (1.24)

where

Σ−
1/2 = diag(1/σ1, 1/σ2, ....., 1/σT) =



1
σ1

0 . . . 0

0 1
σ2

. . . 0
...

...
. . .

...

0 0 . . . 1
σT


. (1.25)

1.2.4 Identification and estimation of the parameters

Let γ̂ = (ρ̂, ς̂′)′ be any consistent estimator of the parameter vector γ = (ρ, ς′)′. For any function f = f (γ)

we can write f̂ = f (γ̂). The feasible GLS estimators of β and σ are

β̂ = (X′Ω̂X)−1X′Ω̂y (1.26)

and

σ̂ = [(y − Xβ̂)′Ω̂(y − Xβ̂)/(T − n)]1/2 . (1.27)

From (1.17) it is straightforward that the parameters σ and σt (t = 1, . . . ,T) cannot be distinguished,

that is the parameters σ and ς cannot be simultaneously identified without the restriction σ = 1, under

which the estimate Ω̂−1 is supposed to be accurate, up to a multiplicative factor. This is not true in

small samples, and a reasonable method to account for this is to use the feasible GLS estimate of σ̂ from

(1.27) to compute the traditional t and F test statistics. This method is meaningless from the estimation

viewpoint, but its success in improving the size corrections must be the only criterion to judge its validity.

1.2.5 Regularity conditions

Let Ωi, Ωi j, etc. denote the T × T matrices of first-, second- and higher-order derivatives of the elements

of Ω with respect to the elements of the (m + 1) × 1 parameter vector γ = (ρ, ς′)′.

Moreover, for any estimator γ̂ of γ, define the (m + 2) × 1 vector δ with elements

δ0 =
σ̂2
− 1
τ

; δρ =
ρ̂ − ρ

τ
; δςi =

ς̂i − ςi

τ
(i = 1, . . . ,m) (1.28)

where τ = 1
√

T
is the asymptotic scale of our expansions.

The size corrections derived in this Doctoral Thesis are based on the following regularity conditions:

(1) The elements of Ω and Ω−1 are bounded for all T, all ρ ∈ (−1, 1), and all vectors ς ∈ Fs = Rm
\ {0}.

Moreover, the matrices

A = X′ΩX/T, F = XX′/T, Γ = Z′Z/T, (1.29)

converge to non-singular limits as T→∞.
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(2) Up to the fourth order, the partial derivatives of the elements of Ω with respect to the elements of

γ = (ρ, ς1, . . . , ςm)′ are bounded for all T, all ρ ∈ (−1, 1), and all vectors ς ∈ Fs = Rm
\ {0}.

(3) The estimators ρ̂ and ς̂ are even functions of u, and they are functionally unrelated to the parameter

vector β, i.e., they can be written as functions of X, Z, and σu only.

(4) The vector δ admits a stochastic expansion of the form

δ = d1 + τd2 + ω(τ2), (1.30)

where the order of magnitude ω(·) defined in the Notational Convensions, has the same operational

properties as the order O(·), and the expectations

E(d1d′1), E(d1 +
√

Td2) (1.31)

exist and have finite limits as T→∞.

Discussions on the Regularity Conditions:

The first two regularity conditions imply that the n × n matrices

Ai = X′ΩiX/T, Ai j = X′Ωi jX/T, Ai j
∗ = X′ΩiΩ−1Ω jX/T (1.32)

are bounded and therefore the Taylor series expansion of β is a stochastic expansion (Magdalinos, 1992).

Since the parameters ρ and ς = (ς1, . . . , ςm)′ are functionally unrelated to β, regularity condition (3) is

satisfied for a wide class of estimators ρ̂ and ς̂ including the maximum likelihood estimators and the

simple and iterative estimators based on the regression residuals (Breusch, 1980, Rothenberg, 1984a).

Note that we need not assume that the estimators ρ̂ and ς̂ are asymptotically efficient. Also, notice that

the regularity conditions (1) through (4) are satisfied by all the estimators of ρ and ς examined in the

next section.

1.2.6 Definition of parameters

Define the scalars λ0, κ0, λ0ρ, κρ, λρρ, the m × 1 vectors λ0ς, κς, λρς, and the m × m matrix Λςς as

follows: 
λ0 λ0ρ λ′0ς

λ0ρ λρρ λ′ρς

λ0ς λρς Λςς

 = E(d1d′1);


κ0

κρ

κς

 = E(d1 +
√

Td2). (1.33)

Also define the (m + 1) × 1 vectors λ, κ and the (m + 1) × (m + 1) matrix Λ as follows:

λ =

λ0ρ

λρς

 ; κ =

κρκς
 ; Λ =

λρρ λ′ρς

λρς Λςς

 . (1.34)
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1.2.7 Alternative model specification

Denote by σ2
∗t the variance of ut, i.e. [see (1.11b)],

σ2
ut
= σ2

∗t = var(ut) =
σ2

t

1 − ρ2 , (1.35)

which implies that the standard deviation of ut is

σut = σ∗t =
σt

(1 − ρ2)1/2
. (1.36)

Also, denote by σ∗tt′ the covariance of ut and ut′ , i.e. [see (1.11c)],

σ∗tt′ = cov(ut, ut′ ) =
σtσt′

(1 − ρ2)
ρ|t−t′ |

=
σt

(1 − ρ2)1/2

σt′

(1 − ρ2)1/2
ρ|t−t′ | = [see(1.36)]

= σ∗tσ∗t′ρ
|t−t′ |. (1.37)

Further, define the m × 1 non-zero vector ς∗ = (ς1∗, . . . , ςm∗)′ as follows

ς∗ =
ς

(1 − ρ2)
=⇒ ς∗i =

ςi

(1 − ρ2)
, (i = 1, . . . ,m). (1.38)

Then, by combining (1.13), (1.35) and (1.38) we find that

σ2
∗t =

σ2
t

1 − ρ2 = z′t[ς/(1 − ρ
2)] = z′tς∗, (t = 1, . . . ,T). (1.39)

Moreover, by combining (1.13), (1.35) and (1.39) we find that

σ2
t = σ

2
∗t(1 − ρ

2) = z′tς∗(1 − ρ
2) (1.40)

and

ς = ς∗(1 − ρ2) =⇒ ςi = ς∗i(1 − ρ2), (i = 1, . . . ,m), (1.41)

where ς∗ ∈ Fs = Rm
\ {0}.

Moreover, define T × 1 random vector u∗∗, the t-th element of which is

u∗∗t =
ut

σ∗t
=

ut
σt

(1−ρ2)1/2

= (1 − ρ2)1/2 ut

σt
= (1 − ρ2)1/2u∗t. (1.42)
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Then, since u∗t ∼ N(0, 1/(1 − ρ2)) (t = 1, . . . ,T), the following results hold:

E(u∗∗t) = E((1 − ρ2)1/2u∗t) = (1 − ρ2)1/2 E(u∗t) = 0, (1.43)

E(u2
∗∗t) = E((1 − ρ2)u2

∗t) = (1 − ρ2) E(u2
∗t) = (1 − ρ2)/(1 − ρ2) = 1. (1.44)

Equation (1.9) and (1.10) imply that

E(u∗∗tu∗∗t′ ) = E((1 − ρ2)1/2u∗t(1 − ρ2)1/2u∗t′ ) = (1 − ρ2) E(u∗tu∗t′ )

= (1 − ρ2)
ρ|t−t′ |

(1 − ρ2)
= ρ|t−t′ |, (1.45)

i.e., we can write more compactly that

E(u∗∗) = 0 and E(u∗∗u∗∗) = R. (1.46)

Finally, since u∗∗t−1 = (1 − ρ2)1/2u∗t−1, by combining (1.5) and (1.42) we find that

u∗∗t = (1 − ρ2)1/2u∗t = (1 − ρ2)1/2(ρu∗t−1 + εt)

= ρ[(1 − ρ2)1/2u∗t−1] + (1 − ρ2)1/2εt

= ρu∗∗t−1 + ε∗t , (1.47)

where the random variables

ε∗t = (1 − ρ2)1/2εt (1.48)

are independently distributed as N(0, (1 − ρ2)). Equation (1.47) implies that the elements of the random

vector u∗∗ are generated by a stationary, first-order autoregressive (AR(1)) stochastic process with

autocorrelation coefficient ρ.

1.2.8 Alternative representation of the matrices Ω−1 and Ω

By combining (1.17), (1.35), and (1.36) we find that

Ω−1 =



σ2
∗1 σ∗1σ∗2ρ σ∗1σ∗3ρ2 . . . σ∗1σ∗TρT−1

σ∗2σ∗1ρ σ2
∗2 . . .

...

σ∗T−1σ∗1ρT−2 . . . . . . σ∗T−1σ∗Tρ

σ∗Tσ∗1ρT−1 . . . . . . σ2
∗T


. (1.49)
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Moreover, define the (T × T) matrix

Σ∗
1/2 = diag(σ∗1, σ∗2, . . . , σ∗T) = [see (1.36)]

=
1

(1 − ρ2)1/2
diag(σ1, σ2, . . . , σT) =

1
(1 − ρ2)1/2

Σ
1/2 (1.50)

=
1

(1 − ρ2)1/2



σ1 0 . . . 0

0 σ2 . . . 0
...

...
. . .

...

0 0 . . . σT


=



σ∗1 0 . . . 0

0 σ∗2 . . . 0
...

...
. . .

...

0 0 . . . σ∗T


. (1.51)

Also, define accordingly the (T × T) matrix

Σ∗
−1/2 = diag(1/σ∗1, 1/σ∗2, . . . , 1/σ∗T) = [see (1.36)]

= (1 − ρ2)1/2 diag(1/σ1, 1/σ2, . . . , 1/σT) = (1 − ρ2)1/2Σ−
1/2 (1.52)

= (1 − ρ2)1/2



1
σ1

0 . . . 0

0 1
σ2

. . . 0
...

...
. . .

...

0 0 . . . 1
σT


=



1
σ∗1

0 . . . 0

0 1
σ∗2

. . . 0
...

...
. . .

...

0 0 . . . 1
σ∗T


. (1.53)

Note that

Σ
1/2 = (1 − ρ2)1/2Σ∗

1/2 (1.54)

and

Σ−
1/2 =

1
(1 − ρ2)1/2

Σ∗
−1/2 (1.55)

Then, (1.21) and (1.54) imply that

Ω−1 =

[
1

(1 − ρ2)1/2
Σ

1/2

]
R
[

1
(1 − ρ2)1/2

Σ
1/2

]
= Σ∗

1/2RΣ∗
1/2. (1.56)

Further, (1.24) and (1.55) imply that

Ω =

[
1

(1 − ρ2)1/2
Σ∗
−1/2

]
[(1 + ρ2)IT − ρD − ρ2∆]

[
1

(1 − ρ2)1/2
Σ∗
−1/2

]
=

1
(1 − ρ2)

Σ∗
−1/2[(1 + ρ2)IT − ρD − ρ2∆]Σ∗−

1/2. (1.57)
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1.2.9 Estimation strategy

Denote by LS, GL, IG, ML the least squares, generalized least squares, iterative GLS and maximum

likelihood estimation methods, respectively. Also, denote by β̂I any consistent estimator of β in model

(1.1), indexed by I (I=S, GL, IG, ML).

The discussion above suggests the following 7 steps of an estimation strategy:

Step 1: Estimate model (1.1) using the β̂I estimator. Then, the corresponding residual vector:

ûI = y − β̂IX =
[
(ût(I))t=1,...,T

]
(1.58)

is a consistent predictor of the disturbance vector u.

Step 2: Use one of the consistent estimators given in Subsection 1.3.1 in order to estimate the parameter

vector ς∗ = (ς∗1, . . . , ς∗m)′. Then, estimate matrix Σ−1/2
∗ as

Σ̂−1/2
∗ = diag(1/σ̂u1 , . . . , 1/σ̂uT ), (1.59)

where

σ̂ut =
(
z⊤t.ς̂∗

)1/2
∀ t = 1, . . . ,T. (1.60)

Step 3: Estimate the heteroskedasticity-corrected residuals

û∗I = Σ̂
−1/2
∗ ûI =

[
(û∗t(I))t=1,...,T

]
, (1.61)

where

û∗t(I) =
ût(I)

σ̂ut

∀ t = 1, . . . ,T, (1.62)

and ûI is the predictor of u estimated by (1.58).

Step 4: Use one of the consistent estimators given in Subsection 1.3.2 in order to calculate an initial

estimate ρ̂∗ of the autocorrelation coefficient ρ.

Step 5: Use (1.41) and the consistent estimators ς̂∗ and ρ̂∗ in order to estimate the parameter vector ς as

ς̂ = ς̂∗(1 − ρ̂2
∗ ) =⇒ ς̂i = ς̂∗i(1 − ρ̂2

∗ ) ∀ i = 1, . . . ,m. (1.63)

Then, estimate matrix Σ−1/2 as

Σ̂−1/2 = diag(1/σ̂1, . . . , 1/σ̂T), (1.64)

where

σ̂t =
(
z⊤t.ς̂

)1/2
∀ t = 1, . . . ,T. (1.65)
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Alternatively, ς can be estimated via the following asymptotically equivalent process:

(i) Use the initial estimator ρ̂∗ in order to transform model (1.1) into the autoregression-corrected

model

yH = XHβ + uH, (1.66)

where the elements of vector uH =
[
(uHt)t=1,...,T

]
are purely heteroskedastic disturbances, given

by the following formulae:

uH1 = (1 − ρ̂2
∗ )

1/2u1, uHt = ut − ρ̂∗ut−1 ∀ t = 2, . . . ,T. (1.67)

(ii) Use one of the consistent estimators given in Subsection 1.3.1 in order to estimate the parameter

vector ς, and then estimate matrix Σ−1/2 via (1.64) and (1.65).

Although from the estimation viewpoint (1.63) is perfectly adequate as a consistent estimator of ς,

the estimator ς̂ based on the residuals of model (1.66) enables the researcher to find the finite-sample

distributional properties of any consistent estimator of ς in Subsection 1.3.1.

Step 6: Premultiply model (1.1) by Σ̂−1/2 given in (1.64), in order to derive heteroskedasticity-corrected

model

yAR = XARβ + uAR, (1.68)

where the elements of vector uAR =
[
(uARt)t=1,...,T

]
are purely autoregressive disturbances, given by

the following formula:

uARt = ut/σ̂t ∀ t = 1, . . . ,T, (1.69)

where σ̂t are given in (1.65). Then, use one of the consistent estimators given in Subsection 1.3.2 in

order to estimate the autocorrelation coefficient ρ. The estimator ρ̂ based on the residuals of model

(1.68) enables the researcher to find the finite-sample distributional properties of any consistent

estimator of ρ in Subsection 1.3.2.

Step 7: Use the estimators Σ̂−1/2 and ρ̂ from Steps 5 and 6, respectively, in order to calculate the estimator

Ω̂ = Σ̂−1/2[(1 + ρ̂2)IT − ρ̂D − ρ̂2∆]Σ̂−1/2, (1.70)

which can be used for the feasible generalized least squares estimation of model (1.1).
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1.3 Asymptotically efficient estimators of γ = (ρ, ς′)′

1.3.1 Estimators of ς∗ = (ς∗1, . . . , ς∗m)′

Some of the most frequently used estimators of ς∗ in applied econometric research are:

1. The least squares (LS) or Goldfeld and Quandt, 1965 (GQ) estimator

ς̂∗LS = ς̂∗GQ =

( T∑
t=1

ztz′t

)−1( T∑
t=1

ztû2
(LS)t

)
, (1.71)

where û(LS)t = yt − x′tβ̂LS and β̂LS is the least squares estimator pf β.

2. The generelized least squares (GL) or Amemiya, 1977 (A) estimator

ς̂∗GL = ς̂∗A =

( T∑
t=1

(z′tς̂∗GQ)−2ztz′t

)−1 T∑
t=1

(
ztς̂∗GQ

)−2

ztû2
(LS)t. (1.72)

3. The iterative generalized least squares (IG) or iterative Amemiya (IA) estimator

ς̂∗IG = ς̂∗IA =

( T∑
t=1

(z′tς̂∗I−1)−2ztz′t

)−1 T∑
t=1

(
z′tς̂∗I−1

)−2

ztû2
(i−1)t, (1.73)

where û(I−1)t = yt − xtβ̂i−1 and ς̂∗I−1 and β̂I−1 (I = 2, . . .) denote the estimator of ς∗ and the feasible

GLS estimator of β taken from the previous iteration. Note that for the first iteration ς̂∗1 = ς̂∗A.

4. The maximum likelihood (ML) estimator, ς̂∗ML, which can be obtained by maximising the log-

likelihood function

L(β, ς∗) = −1/2
T∑

t=1

log(z′tς∗) − 1/2
T∑

t=1

(yt − x′tβ)2/(z′tς∗). (1.74)

1.3.2 Estimators of ρ

Some of the most frequently used estimators of ρ in applied econometric research are:

1. The least squares (LS) estimator

ρ̂∗LS =

T∑
t=2

û(LS)∗∗tû(LS)∗∗t−1/
T∑

t=1

(
û(LS)∗∗t

)2

, (1.75)

where û(LS)∗∗t = û(LS)
t /σ̂(GQ)

∗t = û(LS)
t /(z′tς̂∗GQ)1/2 are the least squares residuals.

2. The Durbin and Watson, 1950, 1951 (DW) estimator, which is computed via the DW-statistic

approximation as

ρ̂DW = 1 −
(

DW
2

)
, (1.76)

where DW is the Durbin-Watson statistic.
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3. The generalized least squares (GL) estimator

ρ̂∗GL =

T∑
t=2

û(GL)∗∗tû(GL)∗∗t−1/
T∑

t=1

(
û(GL)∗∗t

)2

, (1.77)

where û(GL)∗∗t = û(GL)
t /σ̂(A)

∗t = û(GL)
t /(z′tς̂∗A)

1/2 are the generalized least squares residuals after correcting

model (1.1) for both the problems by using any asymptotically efficient estimators of ς∗ and ρ.

4. The Prais and Winsten, 1954 estimator ρ̂∗PW, which, together with the PW estimator β̂PW minimises

the sum of squared GL residuals.

5. The maximum likelihood (ML) estimator, ρML, which satisfies a cubic equation with coefficients

defined in terms of the ML residuals in the heteroskedasticity-corrected regression model (1.68) (see

Beach and MacKinnon, 1978).

1.3.3 Estimators of ς = (ς1, . . . , ςm)′

By using (1.41) we can calculate the following estimators of ς:

ς̂GQ = (1 − ρ̂2
LS)ς̂∗GQ, (1.78)

ς̂A = (1 − ρ̂2
GL)ς̂∗A, (1.79)

ς̂IA = (1 − ρ̂2)ς̂∗IA, (1.80)

ς̂ML = (1 − ρ̂2)ς̂∗ML, (1.81)

where ρ̂ is any asymptotically efficient estimator of ρ.



Chapter 2

Small-Sample size corrections of the t and F tests of the Linear

Model with Heteroskedastic and Autocorrelated Disturbances

2.1 Introduction

In this chapter we present the analytical forms of the Edgeworth and Cornish-Fisher size corrections of the

t and F tests in the Linear Model with Heteroskedastic and Autocorrelated Disturbances. The purpose of

this chapter is the creation of functional formulae for the calculation of corrections using quantities already

calculated during the estimation process, presented in the previous chapter. Indeed, the formulae given in

Theorems (1) and (2) are a considerable improvement compared to the formulae in Rothenberg, 1984b,

Rothenberg, 1988 and Magee, 1989 and they simplify the calculation of Cornish-Fisher and Edgeworth

corrections in the case of the linear model with disturbance terms which are a mixture of autocorrelation

and heteroskedasticity.

2.2 t-test

Let e0 be a known scalar and e be a known n × 1 vector. To test the null hypothesis

e′β − e0 = 0 (2.1)

against one-sided alternatives we use the statistic

t = (e′β̂ − e0)/[σ̂2e′(X′Ω̂X)−1e]1/2. (2.2)

We define the (m + 1) × 1 vector l and the (m + 1) × (m + 1) matrix L as follows:

l = [(li)i=1,...,m+1], L = [(li)i, j=1,...,m+1], (2.3)

where

li = e′GAiGe/e′Ge, li j = e′GCi jGe/e′Ge, (2.4)

G = (X′ΩX/T)−1, Ci j = Ai j
∗
− 2AiGA j + Ai j/2, (2.5)
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and the matrices Ai, Ai j and Ai j
∗ are defined in the equation (1.32). The corrected critical value, using

the Edgeworth approximation of the t distribution is given by

tα∗ = tα +
τ2

2
[p1 + p2tα2]tα, (2.6)

(see Edgeworth, 1903). Moreover, the corrected statistic from the Cornish Fisher approximation of the t

distribution is given by

t∗ = t −
τ2

2

[
p1 + p2t2

]
t, (2.7)

(see, inter alia, Cornish and Fisher, 1937, Fisher and Cornish, 1960, Hill and Davis, 1968). In order to

correct either the critical value or the t-statistic the required correction quantities p1, p2 are given by the

following Proposition.

Proposition 1. The quantities p1, p2, required for the calculation of both the Edgeworth corrected critical

values of the t distribution, and the Cornish-Fisher corrected t-statistic are:

p1 = trΛL +
l′Λl

4
+ l′(κ +

λ
2

) − κ0 +
λ0 − 2

4
(2.8)

p2 =
l′Λl − 2l′λ + λ0 − 2

4
(2.9)

2.3 F-test

Let H be a r × n known matrix with rank(H) = r and h be a known r × 1 vector. The test of the null

hypothesis

Hβ − h = 0 (2.10)

can be based on the Wald statistic

w = (Hβ̂ − h)′[H(X′Ω̂X/T)−1H′]−1(Hβ̂ − h)/σ̂2. (2.11)

We define the (m + 1) × 1 vector c and the (m + 1) × (m + 1) matrices C, D as follows:

c = [(tr AiP)i=1,...,m+1], C = [(tr Ci jP)i, j=1,...,m+1] and D = [(tr Di jP)i, j=1,...,m+1] (2.12)

where matrices Ai and Ci j are defined in the equations (1.32), (2.5), respectivelly, and

P = GQG, Q = H′(HGH′)−1H, Di j = AiPA j/2. (2.13)

The corrected critical value, using the Edgeworth approximation of the F distribution is given by

Fα∗ = Fα + τ2 [
q1 + q2Fα

]
Fα, (2.14)
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(see Edgeworth, 1903). Moreover, the corrected statistic from the Cornish Fisher approximation of the F

distribution is given by

F = F − τ2(q1 + q2F)F, (2.15)

(see, inter alia, Cornish and Fisher, 1937, Fisher and Cornish, 1960, Hill and Davis, 1968).

In order to correct either the critical value or the F-statistic the required correction quantities q1, q2

are given by the following Proposition.

Proposition 2. The quantities q1, q2, required for the calculation of both the Edgeworth corrected critical

values of the F distribution and the Cornish-Fisher corrected F-statistic are:

q1 = ξ1/r + (r − 2)/2, q2 = ξ2/(r + 2) − r/2, (2.16)

where

ξ1 = tr[Λ(C +D)] − c′Λc/4 + c′κ + r[c′λ/2 − κ0 − (r − 2)λ0/4] (2.17)

ξ2 = tr (ΛD) + [c′Λc − (r + 2)(2c′λ − rλ0)]/4. (2.18)

2.4 Comparison of the t and F tests

We have that

H = e′, h = e0, r = 1. (2.19)

Let

k = e/(e′Ge)1/2, (2.20)

Equations (2.13), (2.19) and (2.20) we find

Q = H′(HGH′)−1H = e(e′Ge)−1e′ = kk′

and (2.21)

P = GQG = Gkk′G.

From equations (2.3), (2.4), (2.5), (2.12), (2.20) and (2.21) we get the following results:

li = e′GAiGe/e′Ge = kGAiGk = tr kGAiGk = tr AikGGk = tr AiP (2.22a)

li j = e′GCi jGe/e′Ge = kGCi jGk = tr kGCi jGk = tr Ci jkGGk = tr Ci jP (2.22b)
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Using equations

p1 =

m+1∑
i=1

m+1∑
j=1

λi j(li j +
1
4

lil j) +
m+1∑
i=1

li(κi +
1
2
λi0) +

1
4
λ0 − κ0 −

1
2
, (2.23)

p2 =
1
4

(
m+1∑
i=1

m+1∑
j=1

λi jlil j − 2
m+1∑
i=1

liλi0 + λ0) −
1
2

(2.24)

and

h1 =

m+1∑
i=1

m+1∑
j=1

λi j(tr Ci jP) −
1
4

m+1∑
i=1

m+1∑
j=1

λi j[(tr AiP)(tr A jP) − 2(tr AiPA jP)] +

+

m+1∑
i=1

(κi +
r
2
λi0)(tr AiP) − r(κ0 +

r − 2
4
λ0)

=

m+1∑
i=1

m+1∑
j=1

λi j(li j +
1
4

lil j) +
m+1∑
i=1

li(κi +
1
2
λi0) +

1
4
λ0 − κ0, (2.25)

h2 =
1
4

m+1∑
i=1

m+1∑
j=1

λi j(tr AiP)(tr A jP) +
1
2

m+1∑
i=1

m+1∑
j=1

λi j(tr AiPA jP)

−
r + 2

2

m+1∑
i=1

λi0(tr AiP) +
r(r + 2)

4
λ0)

=
1
4

(
m+1∑
i=1

m+1∑
j=1

λi jlil j − 2
m+1∑
i=1

liλi0 + λ0), (2.26)

We can prove that

q1 = h1 −
1
2
= p1, q2 =

h2

3
−

1
2
= p2, (2.27)

(see Symeonides, 1991). Therefore, the corrected critical value, using the Edgeworth approximation of the

t distribution is

t∗α/2 = tα/2 +
τ2

2
(p1 + p2t2

α/2)tα/2, (2.28)

and the corrected critical value, using the Edgeworth approximation of the F distribution is

Fα∗ = Fα + τ2(q1 + q2Fα)Fα, (2.29)

Using equations (2.27) (2.28), (2.29), and given that t2
α/2 = Fα we have that

(t∗α/2)2 = [tα/2 +
τ2

2
(p1 + p2t2

α/2)tα/2]2

= t2
α/2 + 2

τ2

2
(p1 + p2t2

α/2)t2
α/2 +O(τ4)

= Fα + τ2(q1 + q2Fα)Fα +O(τ4) = Fα∗ +O(τ4). (2.30)
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2.5 Theorems

Theorem 1. Vectors l, c and matrices L, C, D, in equations (2.3) and (2.12) can be calculated by the

following formulae:

l =



[∑n
κ1=1

∑n
κ2=1

[
1
T

(∑T
t′=1

∑T
t=1 xκ1tωtt′ρxt′κ2

)
pκ2κ1

]]
[∑n

κ1=1
∑n
κ2=1

[
1
T

(∑T
t′=1

∑T
t=1 xκ1tωtt′1xt′κ2

)
pκ2κ1

]]
...[∑n

κ1=1
∑n
κ2=1

[
1
T

(∑T
t′=1

∑T
t=1 xκ1tωtt′mxt′κ2

)
pκ2κ1

]]


. (2.31)

li j =

[ n∑
κ1=1

n∑
κ2=1

[ 1
T

( T∑
r=1

T∑
m=1

T∑
t′=1

T∑
t=1

xκ1tωtt′ iω
t′mωmr jxrκ2

)
pκ2κ1

]]

−2
n∑

κ1=1

[ n∑
κ2=1

n∑
d2=1

n∑
d1=1

[( T∑
t′=1

T∑
t=1

1
T

xκ1tωtt′ ixt′d1

)
gd1d2

( T∑
t′=1

T∑
t=1

1
T

xd2tωtt′ jxt′κ2

)
pκ2κ1

]]

+
1
2

n∑
κ1=1

n∑
κ2=1

[ 1
T

( T∑
t′=1

T∑
t=1

xκ1tωtt′ i jxt′κ2

)
pκ2κ1

]
, (2.32)

where

L = [(li j)i, j=(ρ,1,...,m)]. (2.33)

c =



[∑n
κ1=1

∑n
κ2=1

[
1
T

(∑T
t′=1

∑T
t=1 xκ1tωtt′ρxt′κ2

)
pκ2κ1

]]
[∑n

κ1=1
∑n
κ2=1

[
1
T

(∑T
t′=1

∑T
t=1 xκ1tωtt′1xt′κ2

)
pκ2κ1

]]
...[∑n

κ1=1
∑n
κ2=1

[
1
T

(∑T
t′=1

∑T
t=1 xκ1tωtt′mxt′κ2

)
pκ2κ1

]]


. (2.34)

ci j =

[ n∑
κ1=1

n∑
κ2=1

[ 1
T

( T∑
r=1

T∑
m=1

T∑
t′=1

T∑
t=1

xκ1tωtt′ iω
t′mωmr jxrκ2

)
pκ2κ1

]]

−2
n∑

κ1=1

[ n∑
κ2=1

n∑
d2=1

n∑
d1=1

[( T∑
t′=1

T∑
t=1

1
T

xκ1tωtt′ ixt′d1

)
gd1d2

( T∑
t′=1

T∑
t=1

1
T

xd2tωtt′ jxt′κ2

)
pκ2κ1

]]

+
1
2

n∑
κ1=1

n∑
κ2=1

[ 1
T

( T∑
t′=1

T∑
t=1

xκ1tωtt′ i jxt′κ2

)
pκ2κ1

]
, (2.35)

where

C = [(ci j)i, j=(ρ,1,...,m)]. (2.36)
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di j =
1
2

n∑
κ1=1

[ n∑
κ2=1

n∑
d2=1

n∑
d1=1

[( T∑
t′=1

T∑
t=1

1
T

xκ1tωtt′ ixt′d1

)
pd1d2

( T∑
t′=1

T∑
t=1

1
T

xd2tωtt′ jxt′κ2

)
pκ2κ1

]]
, (2.37)

where

D = [(di j)i, j=(ρ,1,...,m)]. (2.38)

Theorem 2. Given the hypotheses of model (1.1) and for each asymptotically efficient estimator of ρ and

ς, the parameters (1.33) are:

λ0 = 2 − 2a′ lim
T→∞

2ς
[(

1 + ρ2

1 − ρ2

(
1 + ρ2

1 − ρ2 −
1

1 − ρ2 (ρ2l + ρ2(T−l+1))
)

−
1

1 − ρ2 (ρ2l + ρ2(T−l+1)) −
T+1∑
t=2

ρ
ρ|t−l|+|l−t+1|

1 − ρ2 −

T−1∑
t=0

ρ
ρ|t−l|+|l−t−1|

1 − ρ2

)
l=1,...,T

]

−2O(τ2)a′ lim
T→∞
ς

[(
− 2

[ (1 + ρ2)ρ
1 − ρ2 −

ρ

1 − ρ2 (ρ2l
− ρ2T−2l+2) −

T−1∑
t=1

ρ|t−l|+|l−t−1|
])

l=1,...,T

]
+a′Λςςa +O(τ4). (2.39)

κ0 = −1 + lim
T→∞

(
− tr ς

[( T∑
t′=1

T∑
t=1

r∗tt′
[ zti

σt
2 +

z′ti
σt′

2

][ρ|t−l|+|l−t′ |

1 − ρ2

])
l=1,...,T, i=1,...,m

])
− a′κς + tr ĀΛςς

−O(τ4) lim
T→∞

[
− (α/2ρα)[2(ρ2

− nα) + α tr BARΓAR + tr AARBARΓARBAR]] +O(τ2)
]

+a′ρς lim
T→∞
ς

[(
− 2

[ (1 + ρ2)ρ
1 − ρ2 −

ρ

1 − ρ2 (ρ2l
− ρ2T−2l+2) −

T−1∑
t=1

ρ|t−l|+|l−t−1|
])

l=1,...,T

]
. (2.40)

λ0ρ = −a′ lim
T→∞
ς

[(
− 2

[ (1 + ρ2)ρ
1 − ρ2 −

ρ

1 − ρ2 (ρ2l
− ρ2T−2l+2) −

T−1∑
t=1

ρ|t−l|+|l−t−1|
])

l=1,...,T

]
+O(τ2). (2.41)

λ0ς = lim
T→∞

2ς
[(

1 + ρ2

1 − ρ2

(
1 + ρ2

1 − ρ2 −
1

1 − ρ2 (ρ2l + ρ2(T−l+1))
)
−

1
1 − ρ2 (ρ2l + ρ2(T−l+1))

−

T+1∑
t=2

ρ
ρ|t−l|+|l−t+1|

1 − ρ2 −

T−1∑
t=0

ρ
ρ|t−l|+|l−t−1|

1 − ρ2

)
l=1,...,T

]

−O(τ2) lim
T→∞
ς

[(
− 2

[ (1 + ρ2)ρ
1 − ρ2 −

ρ

1 − ρ2 (ρ2l
− ρ2T−2l+2) −

T−1∑
t=1

ρ|t−l|+|l−t−1|
])

l=1,...,T

]
−Λςςa. (2.42)

λρρ = lim
T→∞

E(ρ1
2) = α. (2.43)

λρς = lim
T→∞
ς

[(
− 2

[ (1 + ρ2)ρ
1 − ρ2 −

ρ

1 − ρ2 (ρ2l
− ρ2T−2l+2) −

T−1∑
t=1

ρ|t−l|+|l−t−1|
])

l=1,...,T

]
. (2.44)
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For the GQ estimator of ς, matrix Λςς can be estimated as

Λςς = 2B̄Γ̄HB̄. (2.45)

For the A, IA and ML estimators of ς matrix Λςς can be estimated as

Λςς
A = 2ḠH. (2.46)

Also, depending on the estimator of ρ being used we get:

κLS = −[(n + 3)ρ + (c1 − 2n)/2ρ], (2.47)

where c1 = α tr BARΓAR + tr AAR tr BARΓAR tr BAR.

κGL = κPW = κLS − αc2/2ρ + (c1 − αn)/2ρ, (2.48)

where c2 = α tr FARGAR.

κML = κPW + ρ = κGL + ρ. (2.49)

κDW = κLS + 1. (2.50)

Also, depending on the estimator of ς being used we get:

For the GQ estimator of ς, κς expressed as

κς = −B̄ξH, (2.51)

where B̄ = (Z′Z/T)−1. For the A estimator of ς, κ can be estimated as

κς = −ḠHξH1 − 4ḠH

m∑
i=1

[ĀHςi gH i − (Z′ΩHςiΩH
−1Z/T)b̄i (2.52)

where ĀHςi = Z′ΩHςiΩH
−1Z/T, ḡi is the i-th column of matrix ḠH and b̄i is the i-th column of matrix B̄H.

For IA and ML estimators of ς we have that

κς = −ḠHξH2. (2.53)
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2.6 Experimental Procedure of The Linear Model with Heteroskedastic and Autocorre-

lated Disturbances

In this section we will theoretically describe an experimental procedure which could be used in order

to investigate the performance of various size corrections of the t- and F-tests in the case of the linear

model with heteroskedasticity and autocorrelation in the disturbances. The performance of various size

corrections of t- and F-tests can be measured as the difference between the true and the nominal size of

the corrected tests.

For the simulation we consider a four-parameter linear model as follows:

yt = β1xt1 + β2xt2 + β3xt3 + β4xt4 + σut, (t = 1, . . . ,T), (2.54)

where β j the parameters to be estimated and xt1 = 1 ∀t. We considered sample sizes of T(15, 20, 30)

observations.

For the error term we assume that

E(ut) = 0, σut
2 = var(ut) =

σt
2

1 − ρ2 = z′tς∗ = z′t[ς/(1 − ρ
2)] (2.55)

where

z′t = (1, xt2, xt3, zt4), ς = (ς1, ς2, ς3, ς4). (2.56)

It is clear that, given the vectors z′t (t = 1, . . . ,T) the variances σut
2, and consequently the intensity of the

considered mixture of heteroskedasticity and autocorrelation, depend on the values of the coordinates of

the vector ς and the parameter ρ. Multicollinearity describes a situation in which different variables reflect

related variation, where the A is the coefficient which states the intensity of multicollinearity between any

two interpretative variables except the constant.

Each combination of the values of the parameters ρ, ς, and A constitutes a point of the experimental

space which we try to make representative of the parameter space defined by the sets of possible values of

the parameters ρ, ς, and A.

For this purpose we considered six values of the vector ς

ς′(1) = (ς1, 0, 0, 0), ς′(2) = (ς1, 1, 0, 0), ς′(3) = (ς1, 0, 0, 1)

ς′(4) = (ς1, 1, 1, 0), ς′(5) = (ς1, 1, 0, 1), ς′(6) = (ς1, 1, 1, 1), (2.57)

six values of the parameter ρ

ρ = ±0.1, ρ = ±0.5, ρ = ±0.9, (2.58)

and four values of the coefficient which states the intensity of multicollinearity between any two interpreta-

tive variables except the constant, i.e., (A = 0.0, 0.1, 0.5, 0.9). At each experimental point the value of the

vector of the parameters ς is determined in a manner described in more detail below. Combining the values
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of the parameters ρ, ς and A, we can create our experimental space, which consists of 144 points. The

experimental space we use is representative of all the combinations of heteroscedasticity, autocorrelation,

and multicollinearity that can be encountered in applied econometric research. It contains points showing

high, moderate, low, or no multicollinearity, and autocorrelation combined with heteroscedasticity. The

cases ρ = 0 and ρ = 1 will not be studied experimentally because if ρ = 0 there is no autocorrelation

to be examined and if ρ = 1 the AR(1) process is not stationary. The cases ς′ = (ς1, 0, 0, 0) will be

studied experimentally because we are interested in investigating the consequences of the Edgeworth and

Cornish-Fisher corrections of the t and F tests in the case where the error term is homoscedastic. The

cases A = 0 are very rare in applied research but will be studied experimentally because they give us

information on the behavior of the Edgeworth and Cornish-Fisher corrections of the t and F tests in the

”ideal” case in which there is no multicollinearity and the regressors are linearly independent.

For each combination of the values of the parameters ρ, ς and A, a matrix of explanatory variables can

be created as follows: Using some random number generator, we can generate T independent observations

for the four independent N(0, 1) pseudorandom numbers ζt1, ζt2, ζt3, ζt4 (t = 1, . . . ,T). Following McDonald

and Galarneau, 1975 (p.409) we can construct the elements xt j, of the matrix of explanatory variables, X ,

using the following relations:

xt j = 1 (t = 1, . . . ,T and j = 1)

and (2.59)

xt j = (1 − A)1/2ζt j +
√

Aζt1 (t = 1, . . . ,T and j = 2, 3, 4),

from which it follows that the correlation coefficient between any two explanatory variables, excluding the

constant, is A. We must note that the matrix X can be accepted and used by the experiment under the

assumption that the matrix (X′X) can be inverted. If the matrix X is rejected, the procedure must be

repeated until we obtain a matrix X such that the matrix (X′X) is invertible. Since the variance σt
2 for

each observation of the stochastic term ut is given by equation (2.55), it follows that the calculation of all

σt
2 (t = 1, . . . ,T) requires the knowledge of the matrix Z with z′t = (zt1, zt2, zt3, zt4) rows. From equation

(2.56) it is clear that the first three columns of matrices Z and X are identical. To construct the fourth

column of the Z matrix we generate T independent N(0, 1) pseudorandom observations. Consequently,

for every X matrix we also made a Z one. We must note that the matrix Z is accepted and used by the

experiment under the assumption that the matrix (Z′Z) can be inverted. If the matrix Z is rejected the

procedure is repeated until we obtain a matrix Z such that the matrix (Z′Z) is invertible.

Each pair of matrices X and Z, created for a given combination of the values of the parameters ρ, ς,

and A, can be used in 10.000 replications of the experiment. For each of these replications we construct a

vector y. Next we will describe the construction of each of these 10.000 vectors.

Without loss of generality, our interest will be limited to the study of the case with σt
2
≥ 1 (t = 1, . . . ,T).

(Cases with 0 < σt
2 < 1 are handled by using the inverse of σt

2 instead of σt
2 for all t). For this purpose,
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for each replication of the experiment, we must create an error term vector u with elements ut, such that

var(ut) = σt
2
≥ 1 (t = 1, . . . ,T). (2.60)

However, from equation (2.55) it is understood that, given the vector z′t, the relation z′tς ≥ 1 is not

satisfied for every vector ς. This problem can be solved as follows: First, we assumed that the vector ς is

of the form ς′ = (0, ς2, ς3, ς4), therefore

σt
∗ = z′tς =

4∑
j=2

zt jς j (t = 1, . . . ,T). (2.61)

Then we set σmin = min σt
∗ (t = 1, . . . ,T) and calculated the first coordinate of the vector ς as ς1 = 1−σmin,

getting ς′ = (1 − σmin, ς2, ς3, ς4). Since zt1 = 1 (t = 1, . . . ,T), from (2.61) we get:

σt
2 = z′tς =

4∑
j=1

zt jς j = 1 − σmin + σt
∗
≥ 1 (t = 1, . . . ,T). (2.62)

The calculation of the first coordinate of the vector ς as ς1 = 1−σmin ensures us that all the variances σt
2 will

be greater than or equal to 1. However, it creates serious problems by increasing the effect of the constant zt1

in shaping the value of σt
2 and consequently minimazing the intensity of the problem of heteroskedasticity.

Consequently, in order to be able to combine the existence of significant heteroskedasticity with variances

σt
2
≥ 1, we set an upper limit to the value of the first coordinate of the vector ς. Specifically, since the

coordinates ς2, ς3 and ς4 take values of 0 or 1, we decided to discard each vector ς for which the coordinate

ς1 is greater than or equal to 4 and to repeat the entire process initiating from the creation of the matrix

X until the calculation of vector ς which satisfies equation (2.62). Having calculated the variances σt
2
≥ 1

from equation (2.62) it is very easy to construct a vector of heteroskedastic and autocorrelated error terms,

u.

Using random numbers we can construct T for N(0, 1/(1−ρ2)) numbers u∗t (t = 1, . . . ,T). The elements

ut of the error vector, u can be constructed using the relation:

ut = σtu∗t, σt =
√
σt

2 (t = 1, . . . ,T), (2.63)

from which it follows that the variance of each ut is equal to σt
2
≥ 1.

Knowing the vector u we can create the vector of the dependent variable, y, with elements, yt, using

equation (2.54) where β j are the parameters of the model to be estimated. From Theorem 5 of Breusch,

1980 p. 336, and taking into account that the t and F statistics arise as special cases of the Wald statistic,

it follows that the distributions of the t and F statistics for testing hypotheses (2.1) and (2.10) do not

depend on the true values of the parameters β j ( j = 1, . . . , 4) of model (2.54), when the null hypothesis is

true. Since the study of the actual size of a test is done under the assumption that the null hypothesis

is true, it is clear that the results of the experiment do not depend on the values of the parameters
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β j ( j = 1, . . . , 4). So, we can set β j = 0 ( j = 1, . . . , 4). Thus, we simplified the computational procedure of

the experiment, while our results did not lose their generality. Setting β j = 0 ( j = 1, . . . , 4) in equation

(2.54) we get

yt = σut (t = 1, . . . , 20), (2.64)

from which we calculated the elements of the vectors y of the dependent variable for each of the 10.000

replications of the experiment, given the matrix of exogenous variables.

Since β j = 0 ( j = 1, . . . , 4) the null hypotheses of the tests are:

β1 = 0, β2 = 0, β3 = 0, β4 = 0, (2.65)

and the null hypothesis of the F test is:

Hβ = h, where H =


0 1 0 0

0 0 1 0

0 0 0 1

 and h =


0

0

0

 . (2.66)

Using the matrix of regressors, X, the matrix Z and the 10.000 different vectors of the dependent

variable, y, created for each of the 144 points of the experimental space, at each we can construct 10.000

replications of the procedure that is described below .

1. We estimate model (2.54) using the OLS estimator:

β̂OLS =

 20∑
t=1

xtx′t


−1 20∑

t=1

xtyt. (2.67)

Then, we calculate the OLS residuals:

ûOLS = y − β̂OLSX =
[
(ût(OLS))t=1,...,T

]
. (2.68)

2. We can use one of the consistent estimators given in Subsection 1.3.1 in order to estimate the parameter

vector ς∗ = (ς∗1, . . . , ς∗m)′. Then, we can estimate matrix Σ−1/2
∗ as

Σ̂−1/2
∗ = diag(1/σ̂u1 , . . . , 1/σ̂uT ), (2.69)

where

σ̂ut =
(
z⊤t.ς̂∗

)1/2
∀ t = 1, . . . ,T. (2.70)

3. We can estimate the heteroskedasticity-corrected residuals

û∗OLS = Σ̂
−1/2
∗ ûOLS =

[
(û∗t(OLS))t=1,...,T

]
, (2.71)
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where

û∗t(OLS) =
ût(OLS)

σ̂ut

∀ t = 1, . . . ,T, (2.72)

and ûOLS is the predictor of u estimated by (6.4).

4. We can use one of the consistent estimators given in Subsection 1.3.2 in order to calculate an initial

estimate ρ̂∗ of the autocorrelation coefficient ρ.

5. We can use equation (1.41) and the consistent estimators ς̂∗ and ρ̂∗ in order to estimate the parameter

vector ς as

ς̂ = ς̂∗(1 − ρ̂2
∗ ) =⇒ ς̂i = ς̂∗i(1 − ρ̂2

∗ ) ∀ i = 1, . . . ,m. (2.73)

Then, we can estimate matrix Σ−1/2 as

Σ̂−1/2 = diag(1/σ̂1, . . . , 1/σ̂T), (2.74)

where

σ̂t =
(
z⊤t.ς̂

)1/2
∀ t = 1, . . . ,T. (2.75)

Alternatively, ς can be estimated via the following asymptotically equivalent process:

(i) We can use the initial estimator ρ̂∗ in order to transform model (2.54) into the autoregression-

corrected model

yH = XHβ + uH, (2.76)

where the elements of vector uH =
[
(uHt)t=1,...,T

]
are purely heteroskedastic disturbances, given by

the following formulae:

uH1 = (1 − ρ̂2
∗ )

1/2u1, uHt = ut − ρ̂∗ut−1 ∀ t = 2, . . . ,T. (2.77)

(ii) Then, we can use one of the consistent estimators given in Subsection 1.3.1 in order to estimate

the parameter vector ς, and the matrix Σ−1/2 via (2.74) and (2.75).

Although from the estimation viewpoint the estimator (2.73) is perfectly adequate as a consistent

estimator of ς, the estimator ς̂ based on the residuals of model (2.76) enables the researcher to find the

finite-sample distributional properties of any consistent estimator of ς in Subsection 1.3.1.

6. We can premultiply model (2.54) by Σ̂−1/2 given in (2.74), in order to derive heteroskedasticity-corrected

model

yAR = XARβ + uAR, (2.78)

where the elements of vector uAR =
[
(uARt)t=1,...,T

]
are purely autoregressive disturbances, given by the

following formula:

uARt = ut/σ̂t ∀ t = 1, . . . ,T, (2.79)
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where σ̂t are given in (2.75). Then, we can use one of the consistent estimators given in Subsection

1.3.2 in order to estimate the autocorrelation coefficient ρ. The estimator ρ̂ based on the residuals of

model (2.78) enables the researcher to find the finite-sample distributional properties of any consistent

estimator of ρ in Subsection 1.3.2.

7. We can use the estimators Σ̂−1/2 and ρ̂ from Steps 5 and 6, respectively, in order to calculate the

estimator

Ω̂ = Σ̂−1/2[(1 + ρ̂2)IT − ρ̂D − ρ̂2∆]Σ̂−1/2, (2.80)

which can be used for the feasible generalized least squares estimation of model (2.54).

From this estimation strategy we calculate residuals that are exclusively autocorrelated and residuals that

are exclusively heteroscedastic in order to calculate the estimate of the parameters ρ and ς, respectively.

Then we can calculate the feasible GLS estimator

β̂ = (X′Ω̂X)−1X′Ω̂y (2.81)

of the parameter vector β of model (2.54). Then, using Cornish-Fisher corrected t statistic t∗ = t −
τ2

2

[
p1 + p2t2

]
t and Cornish-Fisher corrected F statistic F̂ = F−τ2(q1+q2F)F we can test the null hypotheses

Having at our disposal the estimators of the parameter ρ and the vector ς but also the GLS estimators of

the parameters of the model (2.54) and using the corrected statistic from the Cornish Fisher approximation

of the normal distribution that givens by and the corrected statistic from the Cornish Fisher approximation

of the F distribution that givens by we calculate the values of the t and F statistics as well as the values of

locally exact according to Cornish -Fisher corrected t and F statistics for testing hypotheses (2.65) and

(2.66) against the alternative hypotheses

β j > 0 or β j < 0 ( j = 1, . . . , 4) (2.82)

and

Hβ , h, (2.83)

respectively, where the matrix H and the vector h are defined in equation (2.66). Let IT−n(·), iT−n(·) be the

distribution and density functions, respectively, of a t-random variable with T − n d.o.f. Also, let ta be

the α% critical value of the t-distribution. Then, under the null hypothesis e′β − e0 = 0, the distribution

function of the t-statistic admits an Edgeworth expansion of the form:

Pr (t ≤ ξ) = IT−n(ξ) −
τ2

2
(p1 + p2ξ

2)ξit−n(ξ) +O(τ3). (2.84)

Moreover, let Fr
T−n(·), f r

T−n(·) be the distribution and density functions, respectively, of a F-random

variable with r and T − n d.o.f. Also, let Fa be the upper α% critical value of the F-distribution. Then,

under the null hypothesis Hβ − h = 0, the distribution function of the F-statistic admits an Edgeworth
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expansion of the form:

Pr (F ≤ ξ) = Fr
T−n(ξ) − τ2(q1 + q2ξ

2)ξ f r
T−n(ξ) +O(τ3). (2.85)

Concluding our reference to the method of calculating the various statistics and the corresponding

significance levels, we consider it appropriate to emphasize that we use one-sided alternative hypotheses

(2.82) for two reasons: First, because the t-test for each of the hypotheses (2.65) against two-sided

alternative hypotheses is a special case of F test, and secondly, because the Edgeworth expansions of

the t-Student density functions are not symmetric about zero and therefore the level of significance

corresponding to the corrected critical value of the usual t statistic for t = t0 is generally different from the

corresponding significance level for t = −t0. The procedure we have just described can be replicated 10000

times at each of the 144 points of the experimental space. By using the values of these statistics and the

density functions of the t-Student and F distribution respectivelly, we can calculate the corresponding

p-values.More specifically, we can calculate the significance level of the t statistic (see (2.7)) under the

assumption that it is distributed according to the t-Student and the significance level of the F statistic

under the assumption that it is distributed according to the F distribution. Furthermore, the significance

levels of the locally exact Cornish-Fisher corrected t and F statistics can be calculated under the assumption

that they follow the t-Student and F distributions, respectively. At this point it should be noted that

the Cornish-Fisher corrected F statistic (see (2.15)) may admit negative values, and in such a case we

have a major problem given that the Cornish-Fisher corrected F statistic (see (2.15)) is assumed to be

distributed as an F variable.

All that remains is the calculation of the significance levels corresponding to the Edgeworth corrected

critical values of the t and F statistics. First, we will calculate the values of the Edgeworth expansions of

the distribution functions of t and F statistics in terms of t-Student (see (2.84)) and of the F (see (2.85))

distribution, respectively, for the specific values of these statistics. The required significance levels for

the F, and positive t statistics are equal to the values of the Edgeworth expansions of the distribution

functions of these statistics.

From the performance of random experiments concerning the case of linear regression model with

autocorrelation AR(1) as well as the case of the linear regression model with heteroskedasticity we deduced

the following: The performance of various t and F test forms is affected either from the specializations

of vector ς or from the theorized values of parameter A. About parameter ρ, locally exact Edgeworth

size corrections of t and F test are preferable for the t and F tests for small and intermediary values of

ρ(e.g. ρ = ±.1 orρ = ±.5). In both experiments, locally exact Cornish-Fisher size corrections of t and F

tests are preferable to the respective locally exact Edgeworth corrections in almost every point of the

parameter space. Finally, for the t and F tests with a mixture of autocorrelation and heteroskedasticity,

we expect that the locally exact Edgeworth corrections to be preferable for A, ς as well as small and

intermediary values of ρ. Also, we expect Cornish-Fisher corrections to verify their theoretical advantages

over Edgeworth corrections on average.



Chapter 3

The Generalized Linear Model with Panel Data

3.1 The Model

Seemingly Unrelated Regressions (S.U.R.) model is a special case of the Generalized Least Squares (GLS)

model and refers to the case in which the disturbances of a system of equations are contemporaneously

correlated. In this case, regression coefficients in all equations are better estimated simultaneously, because

these estimators are at least asymptotically more efficient than those obtained by an equation-by-equation

application of least squares. Zellner, 1962 proposed a method of estimating seemingly unrelated regressions.

He assumed that the disturbances in each equation are not autocorrelated but the disturbances of two

different equations are contemporaneously correlated. Using the theory proposed by Zellner, 1962 about

S.U.R., this chapter is concerned with the Generalized Model with Panel Data, i.e., a combination of

correlated cross-sectional data with autoregressive time-series, which describe the individual behavior

both across time and across individuals and is described by a system of M regression equations, of form

(3.1), examined bellow.

3.1.1 Generalized Linear Model with Panel Data

Consider a Panel system of M contemporaneously regression equations of the form:

yµ = Xµβ + σuµ, (3.1)

where

yµ is a T × 1 vector of observations on the µ-th dependent variable;

Xµ is a T × n matrix of observations on n exogenous variables of µ-th unit ;

β is a n × 1 vector of unknown structural parameters;

and

σuµ (σ > 0) is a Tx1 vector of unobserved stochastic disturbances.

The model can be written as 

y1

y2

...

yM


=



X1

X2

...

XM


β + σ



u1

u2

...

uM


. (3.2)
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More compactly, the model can be written as

y = Xβ + σu, (3.3)

where

y =



y1

y2

...

yM


, X =



X1

X2

...

XM


, u =



u1

u2

...

uM


(3.4)

and

E(uu′) = Ω−1. (3.5)

Assumption 2. The following assumptions hold:

1. The random vector u is distributed as a N(0,Ω−1), where Ω is MT ×MT positive definite and

symmetric partitioned matrix;

2. The matrix Xµ of the regressors has full column rank, i.e.

r(Xµ) = n; (3.6)

3. The regressors are non-stochastic. The results of this thesis would also be valid if the regressors

were stochastic, yet uncorrelated with the errors, i.e.,

E(X′µu) = 0, (3.7)

but in such a case the proofs would be a little more complicated.

3.1.2 Autoregressive extension of the Generalized Linear Model with Panel Data

Let utµ be the t-th observation of the random vector uµ of the µ-th equation. Then, we assume the

autoregressive scheme:

utµ = ρu(t−1)µ + εtµ ; 0 < |ρµ| < 1 (t = 2, . . . ,T; µ = 1, . . . ,M), (3.8)

where the random variables εtµ satisfy the conditions:

For t , 1 or t′ , 1,

E(εtµ) = 0 (t = 1, . . . ,T; µ = 1, . . . ,M), (3.9)

E(εtµεt′µ′ ) = δtt′σµµ′ =


σµµ′ if t=t′; µ, µ′ = 1, . . . ,M,

0 if t,t′; µ, µ′ = 1, . . . ,M,
, (3.10)
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where δtt′ is Kronecker’s delta. For t′ = t = 1 and µ, µ′ = 1, . . . ,M, E(εtµεt′µ′ ) becomes

E(ε1µε1µ′ ) = σµµ′ (1 − ρµ2)1/2(1 − ρµ′2)1/2/(1 − ρµρµ′ ) (3.11)

(see Parks, 1967).

The time series utµ , (t = 1, . . . ,T; µ = 1, . . . ,M) is stationary provided that

u1µ = (1 − ρµ2)1/2ε1µ, for t = 1. (3.12)

Equations (3.8) and (3.12) imply that, for all t = 1, . . . ,T and µ, µ′ = 1, . . . ,M, the disturbances utµ satisfy

the following conditions

E(utµ) = 0, (3.13a)

E(u2
tµ) = σµµ/(1 − ρ2

µ), (3.13b)

E(utµ utµ′ ) = σµµ′/(1 − ρµρµ′ ). (3.13c)

Note that if µ = µ′ then (3.13c) implies (3.13b).

Let ε′t (t = 1, . . . ,T) be the rows of the T ×M matrix E (i.e. εt are the columns of E′). Also, let εµ

(µ = 1, . . . ,M) be the columns of E (i.e. ε′µ are the rows of E′). So,

E =


ε′1
...

ε′T

 = [(ε′t)t=1,...,T]; E = [ε1, . . . , εM] = [(εµ)µ=1,...,M]. (3.14)

Then, equations (3.9) and (3.10) imply that

E(εtεt′) =


E(εt1εt1) . . . E(εt1εtM)

...
...

E(εtMεt1) . . . E(εtMεtM)

 =

σ11 . . . σ1M

...
...

σM1 . . . σMM

 (3.15)

= [(σµµ′ )µ,µ′=1,...,M] = Σ, (3.16)

which is a (M ×M) matrix of contemporaneous covariances between the t-th elements of any two

random variables εµ and ε′µ.

Similarly for any random vector εµ it holds that

E(εµ) = 0, (3.17a)
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E(εµεµ′) =


E(ε1µε1µ) . . . E(ε1µεTµ)

...
...

E(εTµε1µ) . . . E(εTµεTµ)

 = [(δtt′σµµ)t,t′=1,...,T] = σµµIT. (3.17b)

Moreover, for any two random vectors εµ, εµ′ (µ , µ′, µ, µ′ = 1, . . . ,M)

E(εµ εµ′ ′) = [(δtt′σµµ′ )t,t′=1,...,T] = σµµ′IT. (3.17c)

Define the (TM × 1) vector

ε = vec(E) =


ε1
...

εM

 . (3.18)

Then,

E(ε) = 0 (3.19a)

and

E(εε′) =


σ11IT . . . σ1MIT

...
...

σM1IT . . . σMMIT

 = [(σµµ′IT)µ,µ′=1,...,M] = Σ ⊗ IT. (3.19b)

3.1.3 Representation of the Generalized Linear Model with Panel Data

Define the (T × T) matrix (see Parks, 1967)

Pµ =



(1 − ρµ2)−1/2 0 . . . 0

(1 − ρµ2)−1/2ρµ 1 . . . 0
...

(1 − ρµ2)−1/2ρµT−1 . . . 1


. (3.20)

The inverse of Pµ is

Pµ−1 =



(1 − ρµ2)1/2 0 . . . 0

−ρµ 1 0 . . . 0

0 −ρµ 1 . . . 0
...

...
. . .

0 0 . . . −ρµ 1


. (3.21)

Then, equation (3.8) implies that

uµ = Pµεµ. (3.22)

By using equation (3.22), model (3.1) can be written as

yµ = Xµβ + Pµεµ. (3.23)
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Define the (TM × TM) block diagonal matrix P as

P =


P1 . . . O

. . .

O . . . PM

 . (3.24)

The inverse of matrix P is

P−1 =


P1
−1 . . . O

. . .

O . . . PM
−1

 . (3.25)

Then, since

u = Pε, (3.26)

model (3.3) can be written as

y = Xβ + Pε. (3.27)

Obviously,

E(u) = E(Pε) = P E(ε) = 0 (3.28a)

and

E(uu′) = Ω−1 = E(Pεε′P′) = P E(εε′)P′ = P(Σ ⊗ IT)P′ (3.28b)

=


σ11P1P′1 . . . σ1MP1P′M

...
...

σM1PMP′1 . . . σMMPMP′M

 . (3.28c)

The TM × TM block diagonal matrix

P = [(δµµ′Pµ)µ,µ′=1,...,M] (3.29)

and the T × T matrix

Rµµ′ =
1

1 − ρµρµ′



1 ρµ′ . . . ρµ′T−1

ρµ
. . .

...
...

ρµT−1 . . . 1


. (3.30)

As in equation (3.22) consider the T × 1 vectors yµ∗ and the T × n matrices Xµ∗ with non-autocorrelated

elements, satisfying the following relations:

yµ∗ = Pµ−1yµ, Xµ∗ = Pµ−1Xµ, (3.31)



38 Chapter 3 The Generalized Linear Model with Panel Data

and define the MT × 1 vector y∗ and MT × n matrix X∗ as follows:

y∗ =


y1∗

...

yM∗

 , X∗ =


X1∗

...

XM∗

 . (3.32)

Then, premultiplying each regression in equation (3.1) by Pµ−1 we can derive the following model with

non-autocorrelated error terms:

Pµ−1yµ = Pµ−1Xµβ + Pµ−1uµ ⇒

yµ∗ = Xµ∗β + εµ (3.33)

(see Zellner, 1962, Zellner, 1963 Zellner and Huang, 1962, Zellner and Theil, 1962). Alternatively, by

premultiplying (3.3) by the matrix P−1 defined in (3.25) we take

P−1y = P−1Xβ + P−1u⇒

y∗ = X∗β + ε, (3.34)

where y∗ = P−1y, ε = P−1u, X∗ = P−1X.

3.1.4 The specification of Ω

The elements of the T × T matrix Ω are functions of the (M +M2) × 1 vector

γ = (ρ′, ς′)′ , (3.35)

where ρ = (ρ1, . . . , ρM)′ is the T × 1 vector of autocorrelation coefficients and ς = vec(Σ−1) ∈ RM2
−

Ω

where

Ω

is the subspace of RM2 in which Σ is not positive definite. Ω can be written as

Ω = P′−1(Σ−1
⊗ IT)P−1. (3.36)

Define, for any two indexes µ, µ′ = 1, . . . ,M, the composite index

((µµ′) = µ +M(µ′ − 1))(µµ′)=1,...,M2 , (3.37)

It can be easily seen that the (µµ′)-th element of vector ς denoted as ς(µµ′), is actually the ((µ, µ′)-th

element of matrix Σ−1, denoted as σµµ′ .
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3.1.5 Vectorization of the Model

The system of equations (3.31) or (3.32) can be seen as the outcome of vectorizing the following model:

Y∗ = ZB + E, (3.38)

which can be defined as in the S.U.R. model.

In the generalized linear model with panel data, the columns bµ (µ = 1, . . . ,M) of the (k×M) parameter

matrix B obey the restrictions:

bµ =Ψµβ, (3.39)

where Ψµ are (k × n) known matrices and β is a (n × 1) vector of unknown parameters to be estimated.

Define the (Mk × n) matrix Ψ as

Ψ =



Ψ1

Ψ2

...

ΨM


(3.40)

By vectorizing model (3.38) we take

y∗ = X∗β + ε (3.41)

where

y∗ = vec(Y∗), ε = vec(E)

and

X∗ = (IM ⊗ Z)Ψ = [(δµµ′Z)µµ′ ] · [(Ψµ)µ] =


 M∑
µ=1

δµµ′ZΨµ


µ

 = [(ZΨµ)µ]

=


ZΨ1

...

ZΨ1

 =


X1∗

...

XM∗

 . (3.42)

By partitioning y∗ and ε according to X∗ in (3.42), model (3.41) can be decomposed as follows:


y1∗

...

yM∗

 =


X1∗

...

XM∗

β +

ε1
...

εM

 , (3.43)

where Xµ∗ (µ = 1, . . . ,M) are (T × n) matrices.

Note that:

Y∗ is a (T ×M) matrix, X∗ is a (TM × n) matrix, X∗′X∗ is a (n × n) matrix, Ψ is a (Mk × n) matrix and

Ψ(X∗′X∗)−1X∗′ is a (Mk ×MT) matrix.
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3.1.6 Identification and estimation of the parameters

Let γ̂ = (ρ̂, ς̂′)′ be any consistent estimator of the parameter vector γ. For any function f = f (γ) we can

write f̂ = f (γ̂). The feasible GLS estimator σ is

σ̂ = [(y − Xβ̂)′(P̂′GL
−1(Σ̂−1

GL ⊗ IT)P̂−1
GL)(y − Xβ̂)/(MT − n)]1/2. (3.44)

It is straightforward that the parameters σ and γ cannot be simultaneously identified without the

restriction σ = 1, under which the estimate Σ̂ is supposed to be accurate, up to a multiplicative factor.

This is not true in small samples, and a reasonable method to account for this is to use the feasible GLS

estimate of σ̂ from (3.44) in order to compute the traditional t and F test statistics. This method is

meaningless from the estimation viewpoint, but its success in improving the size corrections must be the

only criterion to judge its validity.

3.1.7 Regularity conditions

Denote as Ωi, Ωi j, etc., the MT ×MT matrices of first-, second-, and higher-order derivatives of the

elements of Ω with respect to the elements of the (M+M2)× 1 vector of nuisance parameters γ = (ρ′, ς′)′.

Moreover, for any estimator γ̂ of γ, define the (1 +M +M2) × 1 vector δ with elements

δ0 =
σ̂2
− 1
τ

; δρµ =
ρ̂µ − ρµ
τ

; δς(µ,µ′ ) =
ς̂(µµ′) − ς(µµ′)

τ
(3.45)

where µ = 1, . . . ,M, (µµ′) = 1, . . . ,M2 and τ = 1
√

T
is the ”asymptotic scale” of our expansions.

The suggested size corrections are based on the following

Regularity Conditions:

(1) The elements of matrices Ω and Ω−1 are bounded for all T, for all vectors ρ with elements ρµ ∈ (−1, 1),

and for all vectors ς ∈ Fs = Rm
\ {0}. Moreover, the matrices

A = X′ΩX/T, F = XX′/T, Γ = Z′Z/T (3.46)

converge to non-singular limits as T→∞.

(2) Up to the fourth order, the partial derivatives of the elements of Ω with respect to the elements of ρ

and ς, are bounded for all T, for all vectors ρ with elements in interval (−1, 1), and for all vectors

ς ∈ Fs.

(3) The estimators ρ̂ and ς̂ are even functions of u, and they are functionally unrelated to the parameter

vector β, i.e., they can be written as functions of X, Z and u only.
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(4) The vector δ admits a stochastic expansion of the form

δ =


δ0

[(δρµ )µ=1,...,M]′

[(δς(µµ′ ) )(µµ′)=1,...,M2 ]′

 (3.47)

= d1 + τd2 + ω(τ2), (3.48)

where the order of magnitude ω(·), defined in Notational Convensions, has the same operational

properties as the order O(·), and the expectations

E(d1d′1), E(d1 +
√

Td2) (3.49)

exist and have finite limits as T→∞.

Discussions on the Regularity Conditions:

The first two regularity conditions imply that the n × n matrices

Ai = X′ΩiX/T, Ai j = X′Ωi jX/T, Ai j
∗ = X′ΩiΩ−1Ω jX/T (3.50)

are bounded, and therefore the Taylor series expansion of β is a stochastic expansion (see Magdalinos, 1992).

Since the parameters ρ = (ρ1, . . . , ρµ)′ and ς = (ς1, . . . , ςm)′ are functionally unrelated to β, regularity

condition (3) is satisfied for a wide class of estimators ρ̂ and ς̂ including the maximum likelihood estimators

and the simple and iterative estimators based on the regression residuals (see Breusch, 1980, Rothenberg,

1984a). Note that we need not assume that the estimators ρ̂ and ς̂ are asymptotically efficient. Also,

notice that the regularity conditions (1) through (4) are satisfied by all the estimators of ρ and ς examined

in the next section. Some of the estimators of the elements ρµ(µ=1,...,M) of the vector ρ, are the least squares

(LS), Durbin-Watson (DW), generalized least squares (GL), Prais-Winsten (PW) and maximum likelihood

(ML) estimators. The elements of vector ς = vec(Σ−1) can be estimated by

ς̂ = vec[(Y∗ − ZB̂)′(Y∗ − ZB̂)/T]−1, (3.51)

where B̂ is any consistent estimator of the parameter matrix B in the regression model (3.38).
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3.1.8 Definition of parameters

Finally, define the scalars λ0, κ0, the M × 1 vectors λρ, κρ, the M2
× 1 vectors λς, the M ×M matrix Λρ,

the M2
×M matrix Λρς, and the M2

×M2 matrix Λςς, as follows:

Λ∗ =


λ0 λρ

′ λς
′

λρ Λρ Λρς
′

λς Λρς Λς

 = E(d1d′1); κ∗ =


κ0

κρ

κς

 = E(d1 +
√

Td2). (3.52)

We partition matrix Λ∗ and vector κ∗ as follows:

λ0 λ′

λ Λ

 and

κ0

κ

 . (3.53)

Equation (3.52) and (3.53) imply that

λ =

λρλρς
 , κ =

κρκς
 , Λ =

Λρ Λ′ρς

Λρς Λς

 , (3.54)

and Λ is a (M×M2)× (M×M2) matrix and λ, κ are ((M×M2)× 1) vectors. The elements of Λ∗ and κ∗ in

equations (3.52), (3.53), and (3.54) can be interpreted as ”measures” of the accuracy of the expansions of

σ̂2, ρ̂µ and ς̂(µµ′) around the true values of the corresponding parameters.

3.1.9 A 3-step Estimation Process

Denote by LS, GL, IG, ML the least squares, generalized least squares, iterative GLS, and maximum

likelihood estimation methods, respectively. Also, denote by β̂I any consistent estimator of β in the

model (3.1), indexed by I (I=LS, GL, IG, ML). The discussion above suggests the following 3 steps of an

estimation strategy:

• Step 1: Single equation estimation of autoregressive parameters ρµ

ûµ(I) = yµ − Xµβ̂(I)

ρ̂µ(I) =

∑T
t=2 ûtµ(I) û(t−1)µ(I)∑T

t=2 û2
(t−1)µ(I)

(3.55)

• Step 2: Transform model (3.1) to obtain estimations of contemporaneous covariances σµµ′

i. Transorm the model in order to cancel out first-order autoregression

P̂−1
µ yµ = P̂−1

µ Xµβ + P̂−1
µ Pµεµ

or

yµ∗ = Xµ∗β + εµ∗ . (3.56)
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ii. Estimate (3.56) via (I) to obtain the estimators β̂∗I and the residuals

ε̂µ∗ = yµ∗ − Xµ∗β̂∗I . (3.57)

iii. Estimate covariances by

σ̂µµ′ =
ε̂∗µ
′ε̂∗µ
T

(3.58)

to obtain Σ̂(I).

• Step 3: Aitken estimation of (3.3) by using Ω̂.

Since,

Ω−1 = P(Σ ⊗ IT)P′ ⇒

Ω̂ = P̂′−1(Σ̂−1
I ⊗ IT)P̂−1 . (3.59)

and

β̂GLS = (X′Ω̂X)−1X′Ω̂y

= [X′(P̂−1)′(Σ̂−1
(I) ⊗ IT)P̂−1X]−1X′[(P̂−1)′(Σ̂−1

(I) ⊗ IT)P̂−1]y

= [X∗′(Σ̂−1
(I) ⊗ IT)P̂−1X∗]−1X′∗(Σ̂

−1
(I) ⊗ IT)y∗ . (3.60)

3.2 Asymptotically efficient estimators of ρ and B

3.2.1 Estimators of ρ

Some of the most frequently used estimators of ρ in applied econometric research are:

1. The least squares (LS) estimator

ρ̃µ =
T∑

t=2

ũtµũ(t−1)µ/
T∑

t=1

(
ũtµ

)2
, (3.61)

where ũtµ are the LS residuals in the regression model (3.1).

2. The Durbin-Watson (DW) estimator, which is computed via the DW-statistic approximation as

ρ̂DW = 1 −
(

DW
2

)
(3.62)

3. The generalized least squares (GL) estimator

ρ̂µ =
T∑

t=2

ûtµû(t−1)µ/
T∑

t=1

(
ûtµ

)2

, (3.63)

where ûtµ are the GL residuals in the regression model (3.1).
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4. The Prais and Winsten, 1954 estimator ρ̂PW
µ , which, together with the PW estimator β̂PW

µ minimises

the sum of squared GL residuals.

5. The maximum likelihood (ML) estimator, ρ̂ML
µ , which satisfies a cubic equation with coefficients

defined in terms of the ML residuals in the regression model (3.1) (see Beach and MacKinnon, 1978).

3.2.2 Estimators of B

Some of the most frequently used estimators of B in applied econometric research are:

1. The unrestricted least squares (UL) estimator

B̂(UL) = (Z′Z)−1Z′Y∗. (3.64)

2. The restricted least squares (RL) estimator

vec
(
B̂(RL)

)
=Ψ(X′∗X∗)

−1X′∗y∗. (3.65)

3. The The generalized least squares (GL) estimator

vec
(
B̂(GL)

)
=Ψ[X′∗(Σ̂

−1
I ⊗ IT)X∗]−1X′∗(Σ̂

−1
I ⊗ IT)y∗, (3.66)

where Σ̂−1
I is the UL or RL estimator of Σ−1.

4. The iterative generalized least squares (IG) estimator B̂(IG) which is computed by the iterative

implementation of GL estimator.

5. The maximum likelyhood (ML) estimator B̂(ML) which can be computed by iterating the GL

estimation process up to convergence (Dhrymes, 1971).
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Size Corrected Test Statistics

4.1 Introduction

This chapter specifies the analytical forms of the Edgeworth and Cornish-Fisher size corrections of the t

and F tests in the Generalized Linear Model with Panel Data. For this purpose, we calculate some useful

quantities.

4.2 t-test

Let eo be a known scalar and let e be a known n × 1 vector. To test the null hypothesis

H0 : e′β − e0 = 0 (4.1)

for one-sided alternative hypotheses we use the statistic

t = (e′β̂ − e0)/[σ̂2e′(X′Ω̂X)−1e]1/2. (4.2)

We define the ((M +M2) × 1) vector l and the ((M +M2) × (M +M2)) matrix L as follows:

l =
[
[(lρµ )µ=1,...,M]′, [(lς(µµ′ ) )(µµ′)=1,...,M2 ]′

]′
, (4.3)

L =

 [(lρµρµ′ )µ,µ′=1,...,M]
[
(lρµς(νν′ ) )µ=1,...,M; (νν′)=1,...,M2

][
(lς(νν′ )ρµ )(νν′)=1,...,M2; µ=1,...,M

] [
(lς(µµ′ )ς(νν′ ) )(µµ′)=1,...,M2; (νν′)=1,...,M2

] , (4.4)

where the elements of vector l and matrix L are defined as follows:

lρµ = h′GAρµGh,

lς(µµ′ ) = h′GAς(µµ′ ) Gh,

lρµρµ′ = h′GCρµρµ′Gh,

lρµς(νν′ ) = h′GCρµς(νν′ ) Gh, (4.5)

lς(νν′ )ρµ = h′GCς(νν′ )ρµGh,

lς(µµ′ )ς(νν′ ) = h′GCς(µµ′ )ς(νν′ ) Gh,
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where G = A−1 = (X′ΩX/T)−1 is a (n × n) matrix, h = e/(e′Ge)1/2 is a (n × 1) vector and

Cρµρµ′ = Aρµρµ′
∗
− 2AρµGAρµ′ + Aρµρµ′ /2,

Cρµς(νν′ ) = Aρµς(νν′ )
∗
− 2AρµGAς(νν′ ) + Aρµς(νν′ )/2, (4.6)

Cς(µµ′ )ς(νν′ ) = Aς(µµ′ )ς(νν′ )
∗
− 2Aς(µµ′ ) GAς(νν′ ) + Aς(µµ′ )ς(νν′ )/2,

with the obvious adjustments for Cς(νν′ )ρµ . Matrices Ai, Ai j and Ai j
∗ are defined in the equation (3.50).

The corrected critical value, using the Edgeworth approximation of the t distribution is given by

tα∗ = tα +
τ2

2
[p1 + p2tα2]tα, (4.7)

(see Edgeworth, 1903). Moreover, the corrected statistic from the Cornish Fisher approximation of the t

distribution is given by

t∗ = t −
τ2

2

[
p1 + p2t2

]
t, (4.8)

(see, inter alia, Cornish and Fisher, 1937, Fisher and Cornish, 1960, Hill and Davis, 1968). In order to

correct either the critical value or the t-statistic the required correction quantities p1, p2 are given by the

following Proposition.

Proposition 3. The quantities p1, p2, required for the calculation of both the Edgeworth corrected critical

values of the t distribution, and the Cornish-Fisher corrected t-statistic are:

p1 = trΛL +
l′Λl

4
+ l′(κ +

λ
2

) − κ0 +
λ0 − 2

4
(4.9)

p2 =
l′Λl − 2l′λ + λ0 − 2

4
(4.10)

4.3 The Wald and F Tests

Let H be a r × n known matrix with rank(H) = r and let h0 be a known r × 1 vector. The test of the null

hypothesis

H0 : Hβ − h0 = 0 (4.11)

is based in Wald statistic

w = (Hβ̂ − h0)′[H(X′Ω̂X/T)−1H′]−1(Hβ̂ − h0)/σ̂2, (4.12)

or on the degrees-of-freedom-adjusted F statistic

F = (Hβ̂ − h0)′[H(X′Ω̂X/T)−1H′]−1(Hβ̂ − h0)/rσ̂2. (4.13)
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Define the (n × n) matrix G and the (n × n) matrix Ξ as follows:

G = A−1 and Ξ = GQG, (4.14)

where

A = X′ΩX/T and Q = H′(HGH′)−1H. (4.15)

Next, define the (M +M2) × 1 vector c and the (M +M2) × (M +M2) matrices C, D as follows:

c =
[
[(cρµ )µ=1,...,M]′, [(cς(µµ′ ) )(µµ′)=1,...,M2 ]′

]′
, (4.16)

C =

 [(cρµρµ′ )µ,µ′=1,...,M]
[
(cρµς(νν′ ) )µ=1,...,M; (νν′)=1,...,M2

][
(cς(νν′ )ρµ )(νν′)=1,...,M2; µ=1,...,M

] [
(cς(µµ′ )ς(νν′ ) )(µµ′)=1,...,M2; (νν′)=1,...,M2

] (4.17)

and

D =

 [(dρµρµ′ )µ,µ′=1,...,M]
[
(dρµς(νν′ ) )µ=1,...,M; (νν′)=1,...,M2

][
(dς(νν′ )ρµ )(νν′)=1,...,M2; µ=1,...,M

] [
(dς(µµ′ )ς(νν′ ) )(µµ′)=1,...,M2; (νν′)=1,...,M2

] , (4.18)

where the elements of the vector c and of the matrices C, D are defined as follows:

cρµ = tr(AρµΞ),

cρµρµ′ = tr(Cρµρµ′Ξ),

cρµς(νν′ ) = tr(Cρµς(νν′ )Ξ),

cς(µµ′ ) = tr(Aς(µµ′ )Ξ), (4.19)

cς(µµ′ )ς(νν′ ) = tr(Cς(µµ′ )ς(νν′ )Ξ),

dρµρµ′ = tr(Dρµρµ′Ξ),

dς(µµ′ )ς(νν′ ) = tr(Dς(µµ′ )ς(νν′ )Ξ),

dρµς(νν′ ) = tr(Dρµς(νν′ )Ξ),

where

Dρµρµ′ =
AρµΞAρµ′

2
,

Dρµς(νν′ ) =
AρµΞAς(νν′ )

2
, (4.20)

Dς(µµ′ )ς(νν′ ) =
Aς(µµ′ )ΞAς(νν′ )

2
,

with the obvious adjustments for cς(νν′ )ρµ , dς(νν′ )ρµ and Dς(νν′ )ρµ .

The corrected critical value, using the Edgeworth approximation of the F distribution is given by

Fα∗ = Fα + τ2 [
q1 + q2Fα

]
Fα, (4.21)
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(see Edgeworth, 1903). Moreover, the corrected statistic from the Cornish Fisher approximation of the F

distribution is given by

F = F − τ2(q1 + q2F)F, (4.22)

(see, inter alia, Cornish and Fisher, 1937, Fisher and Cornish, 1960, Hill and Davis, 1968). In order to

correct either the critical value or the F-statistic the required correction quantities q1, q2 are given by the

following Proposition.

Proposition 4. The quantities q1, q2, required for the calculation of both the Edgeworth corrected critical

values of the F distribution and the Cornish-Fisher corrected F statistic are:

q1 = ξ1/r + (r − 2)/2, q2 = ξ2/(r + 2) − r/2, (4.23)

where

ξ1 = tr[Λ(C +D)] − c′Λc/4 + c′κ + r[c′λ/2 − κ0 − (r − 2)λ0/4] (4.24)

ξ2 = tr (ΛD) + [c′Λc − (r + 2)(2c′λ − rλ0)]/4. (4.25)

4.4 Theorems

Theorem 3. Vectors l, c and matrices L, C, D, in equations (4.3), (4.4), (4.5), (4.6), (4.16),(4.17),(4.18),

(4.19) and (4.20) can be calculated as follows:

(i) The Cρµρµ′ matrix

Cρµρµ′ =

M∑
i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σiκσl jX′i Rρµ
iκ[σκlRκl − 2XκGX′l /T]Rρµ′

l jX j/T

+

M∑
i=1

M∑
j=1

σi jX′i Rρµρµ′
i jX j/2T. (4.26)

(ii) The Dρµρµ′ matrix

Dρµρµ′ =

M∑
i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σiκσl jX′i Rρµ
iκXκΞX′l Rρµ′

l jX j/2T2. (4.27)

(iii) The Cς(µµ′ )ς(νν′ ) matrix

Cς(µµ′ )ς(νν′ ) = σµ′νBµν′ − 2Bµµ′GBνν′ . (4.28)

(iv) The Dς(µµ′ )ς(νν′ ) matrix

Dς(µµ′ )ς(νν′ ) = Bµµ′ΞBνν′/2. (4.29)
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(v) The Cρµς(νν′ ) matrix

Cρµς(νν′ ) =

M∑
i=1

M∑
κ=1

σiκX′i Rρµ
iκ[σκνRκν − 2XκGX′ν/T]Rνν′Xν′/T

+X′νRρµ
νν′Xν′/2T. (4.30)

(vi)

(vii) The Dρµς(νν′ ) matrix

Dρµς(νν′ ) = AρµΞAς(νν′ )/2

=

M∑
i=1

M∑
j=1

σi jX′i Rρµ
i jX jΞX′νR

νν′Xν′/2T2. (4.31)

(viii) The Cς(νν′ )ρµ matrix

Cς(νν′ )ρµ =

M∑
l=1

M∑
j=1

σl jX′νR
νν′ [σν′lRν′l − 2Xν′GX′l /T]Rρµ

l jX j/T

+X′νRρµ
νν′Xν′/2T. (4.32)

(ix) The Dς(νν′ )ρµ matrix

Dς(νν′ )ρµ =

M∑
i=1

M∑
j=1

σi jX′νR
νν′Xν′ΞX′i Rρµ

i jX j/2T2 (4.33)

(x) The µ-th element of the ((M +M2) × 1) vector l is

lρµ =

M∑
i=1

M∑
j=1

σi jh′GX′i Rρµ
i jX jGh/T, (4.34)

where

h =
e

(e′Ge)1/2
. (4.35)

(xi) Similarly the (µ, µ′)-th element of the ((M +M2) × (M +M2)) matrix L is

lρµρµ′ =
M∑

i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σiκσl jh′GX′i Rρµ
iκ[σκlRκl − 2XκGX′l /T]Rρµ′

l jX jGh/T

+

M∑
i=1

M∑
j=1

σi jh′GX′i Rρµρµ′
i jX jGh/2T. (4.36)
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(xii) The µ-th element of the ((M +M2) × 1) vector c is

cρµ =

M∑
i=1

M∑
j=1

σi j tr(X′i Rρµ
i jX jΞ/T). (4.37)

(xiii) The (µ, µ′)-th element of the ((M +M2) × (M +M2)) matrix C is

cρµρµ′ =
M∑

i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σiκσκlσ
l j tr(X′i Rρµ

iκRκlRρµ′
l jX jΞ)/T

−2
M∑

i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σiκσl j tr(X′i Rρµ
iκXκGX′l Rρµ′

l jX jΞ)/T2

+

M∑
i=1

M∑
j=1

σi j tr(X′i Rρµρµ′
i jX jΞ)/2T. (4.38)

(xiv) The (µ, µ′)-th element of the ((M +M2) × (M +M2)) matrix D is

dρµρµ′ =
M∑

i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σiκσl j tr(X′i Rρµ
iκXκΞX′l Rρµ′

l jX jΞ)/2T2. (4.39)

(xv) The (µµ′)-th element of the ((M +M2) × 1) vector l is

lς(µµ′ ) = h′GX′µRµµ′Xµ′Gh/T. (4.40)

(xvi) Similarly the ((µµ′), (νν′))-th element of the ((M +M2) × (M +M2)) matrix L is

lς(µµ′ )ς(νν′ ) = σµ′νh′GX′µRµν′Xν′Gh/T − 2h′GX′µRµµ′Xµ′GX′νR
νν′Xν′Gh/T2. (4.41)

(xvii) The (µµ′)-th element of the ((M +M2) × 1) vector c is

cς(µµ′ ) = tr(X′µRµµ′Xµ′Ξ)/T. (4.42)

(xviii) The ((µµ′), (νν′))-th element of the ((M +M2) × (M +M2)) matrix C is

cς(µµ′ )ς(νν′ ) = σµ′ν tr(X′µRµν′Xν′Ξ)/T − 2(tr(X′µRµµ′Xµ′GX′νR
νν′Xν′Ξ)/T2. (4.43)

(xix) The ((µµ′), (νν′)-th element of the ((M +M2) × (M +M2)) matrix D is

dς(µµ′ )ς(νν′ ) = tr(X′µRµµ′Xµ′ΞX′νR
νν′Xν′Ξ)/2T2. (4.44)
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(xx) Similarly the (µ, (νν′))-th element of the ((M +M2) × (M +M2)) matrix L is

lρµς(νν′ ) =

M∑
i=1

M∑
κ=1

σiκh′GX′i Rρµ
iκ[σκνRκν − 2XκGX′ν/T]Rνν′Xν′Gh/T

+h′GX′νRρµ
νν′Xν′Gh/2T. (4.45)

(xxi) The (µ, (νν′))-th element of the ((M +M2) × (M +M2)) matrix C is

cρµς(νν′ ) =

M∑
i=1

M∑
κ=1

σiκσκν tr(X′i Rρµ
iκRκνRνν′Xν′Ξ)/T

−2
M∑

i=1

M∑
κ=1

σiκ tr(X′i Rρµ
iκXκGX′νR

νν′Xν′Ξ)/T2

+ tr(X′νRρµ
νν′Xν′Ξ)/2T. (4.46)

(xxii) The (µ, (νν′))-th element of the ((M +M2) × (M +M2)) matrix D is

dρµς(νν′ ) =

M∑
i=1

M∑
j=1

σi j tr(X′i Rρµ
i jX jΞX′νR

νν′Xν′Ξ)/2T2. (4.47)

(xxiii) The ((νν′), µ)-th element of the ((M +M2) × (M +M2)) matrix L is

lς(νν′ )ρµ =

M∑
l=1

M∑
j=1

σl jh′GX′νR
νν′ [σν′lRν′l − 2Xν′GX′l /T]Rρµ

l jX jGh/T

+h′GX′νRρµ
νν′Xν′Gh/2T. (4.48)

(xxiv) The ((νν′), µ)-th element of the ((M +M2) × (M +M2)) matrix C is

cς(νν′ )ρµ =

M∑
l=1

M∑
j=1

σl jσν′l tr(X′νR
νν′Rν′lRρµ

l jX jΞ)/T

−2
M∑

l=1

M∑
j=1

σl j tr(X′νR
νν′Xν′GX′l Rρµ

l jX jΞ)/T2

+ tr(X′νRρµ
νν′Xν′Ξ)/2T. (4.49)

(xxv) The ((νν′), µ)-th element of the ((M +M2) × (M +M2)) matrix D is

dς(νν′ )ρµ =

M∑
i=1

M∑
j=1

σi j tr(X′νR
νν′Xν′ΞX′i Rρµ

i jX jΞ)/2T2. (4.50)
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Theorem 4. Given the assumptions of model (3.1), for each asymptotically efficient estimator of ρ and ς,

the parameters (3.52) are:

(i)

λ0 = lim
T→∞

E(σ0
2) = 0. (4.51)

(ii)

λρ = lim
T→∞

E(σ0d1ρ) = 0. (4.52)

(iii)

λς = lim
T→∞

E(σ0d1ς) = 0. (4.53)

(iv)

Λς = (Σ−1
⊗ Σ−1)N(Σ−1

⊗ Σ−1). (4.54)

(v)

κ0 = tr[Σ−1(∆GL − ∆I)]/M + n/M (I=UL, RL, GL, IG, ML ). (4.55)

(vi)

κς = vec[(M + K + 1)Σ−1
− Σ−1∆IΣ−1]. (4.56)

(vii)

κρµ = −[ρµ(3 + n) + (2n − c1)/2ρµ]. (4.57)

(viii)

κρµ
GL = κρµ

LS
− (1 − ρµ2)c2/2ρµ + [c1 − (1 − ρµ2)n]/2ρµ. (4.58)

(ix)

κρµ
DW = κρµ

LS + 1. (4.59)

(x)

Λςρ = Λ′ρς = 0. (4.60)



Chapter 5

A Special Case of The Generalized Linear Model with Panel Data

5.1 The Model

The Generalized Model with data that are cross-sectional heteroskedastic and AR(1) time series is a

special case of the Generalized Linear Model with Panel Data (3.1).

5.1.1 The Model

Consider a system of M regression equations, of which the typical µ-th (µ = 1, . . . , M) equation is

yµ = Xµβ + σuµ, (5.1)

where

yµ is a T × 1 vector of observations on the µ-th dependent variable;

Xµ is a T × n matrix of observations on κ exogenous variables of µ-th unit ;

β is a n × 1 vector of unknown structural parameters;

and

σuµ (σ > 0) is a T × 1 vector of unobserved stochastic disturbances.

The model can be written as 

y1

y2

...

yM


=



X1

X2

...

XM


β + σ



u1

u2

...

uM


. (5.2)

More compactly, the model can be written as

y = Xβ + σu, (5.3)

where

y =



y1

y2

...

yM


, X =



X1

X2

...

XM


, u =



u1

u2

...

uM


(5.4)
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and

E(uu′) = [(δµµ′Ωµ
−1)µ,µ′=1,...,M]. (5.5)

Assumption 3. The following assumptions hold:

1. The random vector u is distributed as a N(0,Ω−1) random variable, where Ω is MT ×MT positive

definite and symmetric partitioned matrix;

2. The matrix Xµ of the regressors has full column rank, i.e.

r(Xµ) = n; (5.6)

3. The regressors are non-stochastic. The results of this thesis would also be valid if the regressors

were stochastic, yet uncorrelated with the errors, i.e.,

E(X′µu) = 0, (5.7)

but in such a case the proofs would be a little more complicated.

5.1.2 Autoregressive extension of the Special Case

Let utµ be the t-th observation of the random vector uµ of the µ-th equation. Then, we assume the

autoregressive scheme:

utµ = ρu(t−1)µ + εtµ; −1 < ρµ < 1 (t = 2, . . . ,T;µ = 1, . . . ,M), (5.8)

where the random variables εtµ satisfy the conditions:

E(εtµ) = 0 (t = 1, . . . ,T;µ = 1, . . . ,M), (5.9)

E(εtµεt′µ′ ) = δtt′δµµ′σµµ′ =


σµµ if t = t′;µ = µ′,

0 if t , t′ or µ , µ′,
(5.10)

where δtt′ and δµµ′ are Kronecker’s delta. (see Parks, 1967).

In addition to assumption ρµ ∈ (˘1, 1), stationarity of AR(1) processes (5.8) implies the following

relationships on the initial conditions of the disturbances

u1µ = (1 − ρµ2)−1/2ε1µ (5.11)

These relationships imply that, for all t = 1, . . . ,T and µ, µ′ = 1, . . . ,M, the disturbances utµ satisfy the

following conditions

E(utµ) = 0 (5.12a)
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E(u2
tµ) = σµµ/(1 − ρµ2) = σuµ

2 (5.12b)

E(utµ utµ′ ) = Cov(utµ utµ′ ) = 0 for µ′ , µ (5.12c)

E(utµ ut′µ) = ρ|t−t′ |
µ σuµ

2 for t , t′ (5.12d)

E(utµ ut′µ′ ) = 0 for µ′ , µ (5.12e)

Let ε′t (t = 1, . . . ,T) be the rows of the T ×M matrix E (i.e. εt are the columns of E′). Also, let ε′µ
(µ = 1, . . . ,M) be the columns of E (i.e. εµ are the rows of E′). So,

E =


ε
′

1
...

ε
′

T

 = [(ε
′

t)t=1,...,T]; E = [ε1, . . . , εM] = [(εµ)µ=1,...,M]. (5.13)

Then, (5.9) and (5.10) imply that

E(εtε
′

t) =


E(εt1εt1) . . . E(εt1εtM)

...
...

E(εtMεt1) . . . E(εtMεtM)

 =

δttδ11σ11 . . . δttδ1Mσ1M

...
...

δttδM1σM1 . . . δttδMMσMM

 =

σ11 . . . 0
...

...

0 . . . σMM

 = Σ, (5.14)

which is a (M ×M) matrix of contemporaneous covariances between the t-th elements of any two random

variables εµ and ε′µ.

Similarly for any random vector εµ it holds that

E(εµ) = 0 (5.15a)

E(εµε
′

µ) =


E(ε1µε1µ) . . . E(ε1µεTµ)

...
...

E(εTµε1µ) . . . E(εTµεTµ)

 =

δµµδ11σµµ . . . δµµδ1Tσµµ

...
...

δµµδT1σµµ . . . δµµδTTσµµ

 = [(δtt′σµµ)t,t′=1,...,T] = σµµIT.

(5.15b)

Moreover, for any two random vectors εµ, ε
′

µ′ (µ , µ′, µ, µ′ = 1, . . . ,M)

E(εµ ε
′

µ′ ) = [(δtt′δµµ′σµµ′ )t,t′=1,...,T] = 0. (5.15c)

Define the (TM × 1) vector

ε = vec(E) =


ε1

...

εM

 . (5.16)

Then,

E(ε) = 0 (5.17a)
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and

E(εε′) =


σ11IT . . . 0
...

...

0 . . . σMMIT

 = [(δµµ′σµµ′IT)µ,µ′=1,...,M] = Σ ⊗ IT. (5.17b)

5.1.3 Representation of the Special Case

Define the (T × T) matrix (see Parks, 1967)

Pµ =



(1 − ρµ2)−1/2 0 . . . 0

(1 − ρµ2)−1/2ρµ 1 . . . 0
...

(1 − ρµ2)−1/2ρµT−1 . . . 1


. (5.18)

The inverse of Pµ is

Pµ−1 =



(1 − ρµ2)1/2 0 . . . 0

−ρµ 1 0 . . . 0

0 −ρµ 1 . . . 0
...

...
. . .

0 0 . . . −ρµ 1


. (5.19)

Then, equation (5.8) implies that

uµ = Pµεµ. (5.20)

By using equation (5.20), model (5.1) can be written as

yµ = Xµβ + Pµεµ. (5.21)

Define the (TM × TM) block diagonal matrix P as

P =


P1 . . . O

. . .

O . . . PM

 . (5.22)

The inverse of matrix P is

P−1 =


P1
−1 . . . O

. . .

O . . . PM
−1

 . (5.23)

Then, since

u = Pε, (5.24)
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model (5.3) can be written as

y = Xβ + Pε (5.25)

Obviously,

E(u) = E(Pε) = P E(ε) = 0 (5.26a)

and

E(uu′) = Ω−1 = E(Pεε′P′) = P E(εε′)P′ = P(Σ ⊗ IT)P′ (5.26b)

=


σ11P1P′1 . . . O

...
...

O . . . σMMPMP′M

 (5.26c)

The TM × TM block diagonal matrix P = [(δµµ′Pµ)µ,µ′=1,...,M] and the T × T

Rµµ =
1

1 − ρµ2



1 ρµ . . . ρµT−1

ρµ
. . .

...
...

ρµT−1 . . . 1


. (5.27)

As in equation (5.20) consider the T×1 vectors yµ∗ and the T×n matrices Xµ∗ with non-autocorrelated

elements, satisfying the following relations:

yµ∗ = Pµ−1yµ, Xµ∗ = Pµ−1Xµ, (5.28)

and define the MT × 1 vector y∗ and MT × n matrix X∗ as follows:

y∗ =


y1∗

...

yM∗

 , X∗ =


X1∗

...

XM∗

 . (5.29)

Then, premultiplying each regression equation of the form (5.1) by Pµ−1 we can derive the following

model with non-autocorrelated error terms:

Pµ−1yµ = Pµ−1Xµβ + Pµ−1uµ ⇒

yµ∗ = Xµ∗β + εµ (5.30)

(see Zellner, 1962, Zellner, 1963 Zellner and Huang, 1962, Zellner and Theil, 1962). Alternatively, by

premultiplying (5.3) by the matrix P−1 defined in (5.23) we take

P−1y = P−1Xβ + P−1u⇒

y∗ = X∗β + ε, (5.31)
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where y∗ = P−1y, ε = P−1u, X∗ = P−1X.

5.1.4 The specification of Ω

The elements of the T × T matrix Ω are functions of the 2M × 1 vector

γ = (ρ′, ς′)′ (5.32)

where ρ = [(ρµ)µ=1....,M] is the T × 1 vector of autocorrelation coefficients and ς = [(σµµ)µµ=1,...,M] =

[(σµ−2)µ=1,...,M]. It can be easily seen that the (µ)-th element of vector ς denoted, as σµµ, is actually the

(µ, µ)-th element of matrix Σ−1. Ω can be written as

Ω = P′−1(Σ−1
⊗ IT)P−1, (5.33)

5.1.5 Vectorization of the Model

The system of equations (5.28) or (5.29) can be seen as the outcome of vectorizing the following model:

Y∗ = ZB + E, (5.34)

which can be defined as in the S.U.R. model. In the generalized linear model with panel data, the columns

bµ (µ = 1, . . . ,M) of the (k ×M) parameter matrix B obey the restrictions:

bµ =Ψµβ, (5.35)

where Ψµ are (k × n) known matrices and β is a (n × 1) vector of unknown parameters to be estimated.

Define the (Mk × n) matrix Ψ as follows:

Ψ =



Ψ1

Ψ2

...

ΨM


(5.36)

By vectorizing model (5.34) we take

y∗ = X∗β + ε, (5.37)

where

y∗ = vec(Y∗), ε = vec(E), and X∗ = (IM ⊗ Z)Ψ. (5.38)
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In the special case, the columns bµ(µ=1,...,M) of the (k ×M) parameter matrix B obey the restrictions:

bµ =Ψµβ, (5.39)

where Ψµ are (k × n) known matrices and β is a (n × 1) vector of unknown parameters to be estimated.

Define the (Mk × n) matrix Ψ as

and

X∗ = (IM ⊗ Z)Ψ = [(δµµ′Z) µµ′] · [(Ψµ′ ) µ′]

=


ZΨ1

...

ZΨ1

 =


X1∗

...

XM∗

 . (5.40)

By partitioning y∗ and ε according to X∗ in (5.38), model (5.34) can be decomposed as follows:


y1∗

...

yM∗

 =


X1∗

...

XM∗

β +

ε1
...

εM

 , (5.41)

where Xµ∗ (µ = 1, . . . ,M) are (T × n) matrices.

Note that:

Y∗ is a (T ×M) matrix, X∗ is a (MT × n) matrix, X′

∗X∗ is a (n × n) matrix, Ψ is a (Mk × n) matrix and

Ψ(X′

∗X∗)−1X′

∗ is a (Mk ×MT) matrix.

5.1.6 Identification and estimation of the parameters

Let γ̂ = (ρ̂, ς̂′)′ be any consistent estimator of the parameter γ. For any function f = f (γ) we can write

f̂ = f (γ̂). The feasible GLS estimator σ is

σ̂ = [(y − Xβ̂)′(P̂′
−1
GL(Σ̂−1

GL ⊗ IT)P̂−1
GL)(y − Xβ̂)/(MT − n)]1/2, (5.42)

From (5.20) it is straightforward that the parameters σ and σt (t = 1, . . . ,T) cannot be distinguished,

that is the parameters σ and s cannot be simultaneously identified without the restriction σ = 1, under

which the estimate Ω̂−1 is supposed to be accurate, up to a multiplicative factor. This is not true in

small samples, and a reasonable method to account for this is to use the feasible GLS estimate of σ̂ from

(5.33) in order to the traditional t and F test statistics. This method is meaningless from the estimation

viewpoint, but its success in improving the size corrections must be the only criterion to judge its validity.
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5.1.7 Regularity conditions

Denote as Ωi, Ωi j, etc., the MT×MT matrices of first-, second- and higher-order derivatives of the elements

of Ω with respect to the elements of the (M +M) × 1 vector of nuisance parameters γ = (ρ′, ς′)′.

Moreover, for any estimator γ̂ of γ, define the (1 +M +M) × 1 vector δ with elements

δ0 =
σ̂2
− 1
τ

; δρµ =
ρ̂µ − ρµ
τ

; δσµµ =
σ̂µµ − σµµ

τ
(5.43)

where µ = 1, . . . ,M and τ = 1
√

T
is the ”asymptotic scale” of our expansions.

The suggested size corrections are based on the following

Regularity Conditions:

(1) The elements of matrices Ω and Ω−1 are bounded for all T, all vectors ρ with elements ρµ ∈ (−1, 1),

and all vectors ς ∈ Fs = Rm
\ {0}. Moreover, the matrices

A = X′ΩX/T, F = XX′/T, Γ = Z′Z/T (5.44)

converge to non-singular limits as T→∞.

(2) Up to the fourth order, the partial derivatives of the elements of Ω with respect to the elements of ρ

and ς, are bounded for all T, all vectors ρ with elements in interval (−1, 1) and all vectors ς ∈ Fs.

(3) The estimators ρ̂ and ς̂ are even functions of u, and they are functionally unrelated to the parameter

vector β, i.e., they can be written as functions of X, Z and u only.

(4) The vector δ admits a stochastic expansion of the form

δ =


δ0

[(δρµ )µ=1,...,M]′

[(δσµµ )µµ=1,...,M]′


= d1 + τd2 + ω(τ2) (5.45)

where the order of magnitude ω(·) defined in Notational Convensions, has the same operational

properties as the order O(·), and the expectations

E(d1d′1), E(d1 +
√

Td2) (5.46)

exist and have finite limits as T→∞.
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Discussions on the Regularity Conditions:

The first two regularity conditions imply that the n × n matrices

Ai = X′ΩiX/T, Ai j = X′Ωi jX/T, Ai j
∗ = X′ΩiΩ−1Ω jX/T (5.47)

are bounded, and therefore the Taylor series expansion of β is a stochastic expansion (see Magdalinos,

1992). Since the parameters ρ = (ρ1, . . . , ρµ)′ and ς = [(σµµ)µµ=1,...,M]′ are functionally unrelated to β,

regularity condition (3) is satisfied for a wide class of estimators ρ̂ and ς̂ including the maximum likelihood

estimators and the simple and iterative estimators based on the regression residuals [see Breush (1980);

Rothenberg (1984a)]. Note that we need not assume that the estimators ρ̂ and ς̂ are asymptotically

efficient. Also, notice that the regularity conditions (1) through (4) are satisfied by all the estimators of ρ

and ς examined in the next section.

5.1.8 Definition of parameters

Finally, define

the scalars λ0, κ0, the M × 1 vectors λρ, κρ,, the M2
× 1 vectors λς, the M ×M matrix Λρ;

the M2
×M matrix Λρς, the M2

×M2 matrix Λςς, as follows:

Λ∗ =


λ0 λρ

′ λς
′

λρ Λρ Λρς
′

λς Λρς Λς

 = E(d1d′1); κ∗ =


κ0

κρ

κς

 = E(d1 +
√

Td2) (5.48)

We partition matrix Λ∗ and vector κ∗ as follows:

λ0 λ′

λ Λ

 and

κ0

κ

 (5.49)

where

λ =

λρλρς
 , κ =

κρκς
 , Λ =

Λρ Λ′ρς

Λρς Λς

 , (5.50)

and Λ is a (M×M2)× (M×M2) matrix and λ, κ are ((M×M2)× 1) vectors. The elements of Λ∗ and κ∗ in

equations (5.47), (5.48) and (5.49) can be interpreted as ”measures” of the accuracy of the expansions of

σ̂2, ρ̂µ and σ̂(µµ) around the true values of the corresponding parameters.
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5.1.9 3-step Estimation

Denote by LS, GL, IG, ML the least squares, generalized least squares, iterative GLS and maximum

likelihood estimation methods, respectively. Also, denote by β̂I any consistent estimator of β in model

(5.1), indexed by I (I=S, GL, IG, ML).

The discussion above suggests the following 3 steps of an estimation strategy:

• Step 1: Single equation estimation of autoregressive parameters ρµ

ûµ(I) = yµ − Xµβ̂(I)

ρ̂µ(I) =

∑T
t=2 ûtµ(I) û(t−1)µ(I)∑T

t=2 û2
(t−1)µ(I)

(5.51)

• Step 2: Transform model (5.1) to obtain estimations of contemporaneous covariances σµµ′

i Transform the model in order to cancel out first-order autoregression

P̂−1
µ yµ = P̂−1

µ Xµβ + P̂−1
µ Pµεµ

or

yµ∗ = Xµ∗β + εµ∗ . (5.52)

ii Estimate (5.52) via (I) to obtain the estimators β̂∗I and the residuals

ε̂∗µ = yµ∗ − Xµ∗β̂(I) . (5.53)

iii Estimate covariances by

σ̂µµ =
ε̂∗′µ ε̂

∗
µ

T − n
. (5.54)

to obtain Σ̂(I).

• Step 3: Aitken estimation of (5.3) by using Ω̂.

Since,

Ω−1 = P(Σ ⊗ IT)P′ ⇒

Ω̂ = P̂′−1(Σ̂−1
I ⊗ IT)P̂−1 . (5.55)

and

β̂GLS = (X′Ω̂X)−1X′Ω̂y

= [X′P̂′−1(Σ̂−1
(I) ⊗ IT)P̂−1X]−1X′[P̂′−1(Σ̂−1

(I) ⊗ IT)P̂−1]y

= [X
′

∗(Σ̂
−1
(I) ⊗ IT)P̂−1X∗]−1X

′

∗(Σ̂
−1
(I) ⊗ IT)y∗ . (5.56)
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5.2 Asymptotically efficient estimators of ρ and B

5.2.1 Estimators of ρ

Some of the most frequently used estimators of ρ in applied econometric research are:

1. The least squares (LS) estimator

ρ̃µ =
T∑

t=2

ũtµũ(t−1)µ/
T∑

t=1

(
ũtµ

)2
, (5.57)

where ũtµ are the LS residuals of regression model (5.1).

2. The Durbin-Watson (DW) estimator, which is computed via the DW-statistic approximation as

ρ̂DW = 1 −
(

DW
2

)
. (5.58)

3. The generalized least squares (GL) estimator

ρ̂µ =
T∑

t=2

ûtµû(t−1)µ/
T∑

t=1

(
ûtµ

)2

, (5.59)

where ûtµ are the GL residuals after correcting model (5.1).

4. The Prais-Winston (1954) estimator ρ̂PW
µ , which, together with the PW estimator β̂PW

µ minimises

the sum of squared GL residuals.

5. The maximum likelihood (ML) estimator, ρ̂ML
µ , which satisfies a cubic equation with coefficients

defined in terms of the (heteroskedasticity corrected) ML residuals in the (heteroskedasticity

corrected) regression model (5.1) [see Beach and Mac Kinnon (1978)].

5.2.2 Estimators of B

Some of the most frequently used estimators of B in applied econometric research are (Symeonides et al.,

2016)

1. The unrestricted least squares (UL) estimator

B̂(UL) = (Z′Z)−1Z′Y∗. (5.60)

2. The restricted least squares (RL) estimator

vec(B̂(RL)) =Ψ(X′∗X∗)
−1X′∗y∗. (5.61)
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3. The The generalized least squares (GL) estimator

vec(B̂(GL)) =Ψ[X′∗(Σ̂
−1
I ⊗ IT)X∗]−1X′∗(Σ̂

−1
I ⊗ IT)y∗, (5.62)

where Σ̂−1
I is the UL or RL estimator of Σ−1.

4. The iterative generalized least squares (IG) estimator B̂(IG) is computed by the iterative implementa-

tion of GL estimator.

5. The maximum likelyhood (ML) estimator B̂(ML) can be computed computed by the iterating the GL

estimation process up to convergence (Dhrymes, 1971).



Chapter 6

Size Corrected Test Statistics

6.1 Introduction

This chapter specifies the analytical forms of the Edgeworth and Cornish-Fisher size corrections of the t

and F tests in the Special Case of The Generalized Linear Model with Panel Data. For this purpose, we

calculate some useful quantities.

6.2 t-test

Let eo be a known scalar and let e be a known n × 1 vector.To test the null hypothesis

H0 : e′β − e0 = 0 (6.1)

for one-sided alternative hypotheses we use the statistic

t = (e′β̂ − e0)/[σ̂2e′(X′Ω̂X)−1e]1/2. (6.2)

We define the ((M +M) × 1) vector l and the ((M +M) × (M +M)) matrix L as follows:

l =

 [(lρµ )µ=1,...,M]′

[(l(µµ))(µµ)=1,...,M]′

 (6.3)

and

L =

 [(lρµρµ′ )µ,µ′=1,...,M]
[
(lρµ(νν))µ=1,...,M; (νν)=1,...,M

][
(l(νν)ρµ )(νν)=1,...,M; µ=1,...,M

] [
(l(µµ)(νν))(µµ)=1,...,M; (νν)=1,...,M

] (6.4)

where the elements of vector l and matrix L are defined as follows:

lρµ = h′GAρµGh,

l(µµ) = h′GA(µµ)Gh,

lρµρµ′ = h′GCρµρµ′Gh,

lρµ(νν) = h′GCρµ(νν)Gh, (6.5)

l(νν)ρµ = h′GC(νν)ρµGh,

l(µµ)(νν) = h′GC(µµ)(νν)Gh,
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and G = A−1 = (X′ΩX/T)−1 is a (n × n) matrix, h = e/(e′Ge)1/2 is a (n × 1) vector, and

Cρµρµ′ = Aρµρµ′
∗
− 2AρµGAρµ′ + Aρµρµ′ /2,

Cρµ(νν) = Aρµ(νν)
∗
− 2AρµGA(νν) + Aρµ(νν)/2, (6.6)

C(µµ)(νν) = A(µµ)(νν)
∗
− 2A(µµ)GA(νν) + A(µµ)(νν)/2,

with the obvious adjustments for Cςνρµ . Matrices Ai, Ai j and Ai j
∗ are defined in the equation (5.47). The

corrected critical value, using the Edgeworth approximation of the t distribution is given by

tα∗ = tα +
τ2

2
[p1 + p2tα2]tα, (6.7)

(see Edgeworth, 1903). Moreover, the corrected statistic from the Cornish Fisher approximation of the t

distribution is given by

t∗ = t −
τ2

2

[
p1 + p2t2

]
t, (6.8)

(see, inter alia, Cornish and Fisher, 1937, Fisher and Cornish, 1960, Hill and Davis, 1968). In order to

correct either the critical value or the t-statistic the required correction quantities p1, p2 are given by the

following Proposition.

Proposition 5. The quantities p1, p2, required for the calculation of both the Edgeworth corrected critical

values of the t distribution, and the Cornish-Fisher corrected t-statistic are:

p1 = trΛL +
l′Λl

4
+ l′(κ +

λ
2

) − κ0 +
λ0 − 2

4
(6.9)

p2 =
l′Λl − 2l′λ + λ0 − 2

4
(6.10)

6.3 The Wald and F Tests

Let H be a r × n known matrix of rank(H) = r and let h0 be a known r × 1 vector. The test of the null

hypothesis

H0 : Hβ − h0 = 0 (6.11)

we use the Wald statistic

w = (Hβ̂ − h0)′[H(X′Ω̂X/T)−1H′]−1(Hβ̂ − h0)/σ̂2. (6.12)

or the degrees-of-freedom-adjusted F statistic

F = (Hβ̂ − h0)′[H(X′Ω̂X/T)−1H′]−1(Hβ̂ − h0)/rσ̂2. (6.13)
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Define the (n × n) matrix G and the (n × n) matrix Ξ as follows

G = A−1 and Ξ = GQG, (6.14)

where

A = X′ΩX/T and Q = H′(HGH′)−1H. (6.15)

Next, define the (M +M) × 1 vector c and the (M +M) × (M +M) matrices C, D as follows:

c =

 [(cρµ )µ=1,...,M]′

[(c(µµ))(µµ)=1,...,M]′

 , (6.16)

C =

 [(cρµρµ′ )µ,µ′=1,...,M]
[
(cρµ(νν))µ=1,...,M; (νν)=1,...,M

][
(c(νν)ρµ )(νν)=1,...,M; µ=1,...,M

] [
(c(µµ)(νν))(µµ)=1,...,M; (νν)=1,...,M

] (6.17)

and

D =

 [(dρµρµ′ )µ,µ′=1,...,M]
[
(dρµ(νν))µ=1,...,M; (νν)=1,...,M

][
(d(νν)ρµ )(νν)=1,...,M; µ=1,...,M

] [
(d(µµ)(νν))(µµ)=1,...,M; (νν)=1,...,M

] (6.18)

where the elements of matrices C, D and vector c are defined as follows:

cρµ = tr(AρµΞ),

cρµρµ′ = tr(Cρµρµ′Ξ)

cρµ(νν) = tr(Cρµ(νν)Ξ)

c(µµ) = tr(A(µµ)Ξ), (6.19)

c(µµ)(νν) = tr(C(µµ)(νν)Ξ)

dρµρµ′ = tr(Dρµρµ′Ξ),

d(µµ)(νν) = tr(D(µµ)(νν)Ξ),

dρµ(νν) = tr(Dρµ(νν),Ξ)

where

Dρµρµ′ =
AρµΞAρµ′

2
,

Dρµ(νν) =
AρµΞA(νν)

2
, (6.20)

D(µµ)(νν) =
A(µµ)ΞA(νν)

2
,

with the obvious adjustments for c(νν)ρµ , d(νν)ρµ and D(νν)ρµ .

The corrected critical value, using the Edgeworth approximation of the F distribution is given by

Fα∗ = Fα + τ2 [
q1 + q2Fα

]
Fα, (6.21)
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(see Edgeworth, 1903). Moreover, the corrected statistic from the Cornish Fisher approximation of the F

distribution is given by

F = F − τ2(q1 + q2F)F, (6.22)

(see, inter alia, Cornish and Fisher, 1937, Fisher and Cornish, 1960, Hill and Davis, 1968). In order to

correct either the critical value or the F-statistic the required correction quantities q1, q2 are given by the

following Proposition.

Proposition 6. The quantities q1, q2, required for the calculation of both the Edgeworth corrected critical

values of the F distribution and the Cornish-Fisher corrected F statistic are:

q1 = ξ1/r + (r − 2)/2, q2 = ξ2/(r + 2) − r/2, (6.23)

where

ξ1 = tr[Λ(C +D)] − c′Λc/4 + c′κ + r[c′λ/2 − κ0 − (r − 2)λ0/4] (6.24)

ξ2 = tr (ΛD) + [c′Λc − (r + 2)(2c′λ − rλ0)]/4. (6.25)

6.4 Theorems

Theorem 5. The vectors l, c and the matrices L, C, D, can be calculated as follows:

(i) The Cρµρµ′ matrix is

Cρµρµ′ = δµµ′σ
µ′µ′X′µRρµ

µµRµµRρµ′
µ′µ′Xµ′/T − 2σµµσµ

′µ′X′µRρµ
µµXµGX′µ′Rρµ′

µ′µ′Xµ′/T2

+δµµ′σ
µµX′µRρµρµ

µµXµ/2T. (6.26)

(ii) The Dρµρµ′ matrix is

Dρµρµ′ = σµµσµ
′µ′X′µRρµ

µµXµΞX′µ′Rρµ′
µ′µ′Xµ′/2T2. (6.27)

(iii) The C(µµ)(νν) matrix is

C(µµ)(νν) = δµνσµµBµµ − 2BµµGBνν. (6.28)

(iv) The D(µµ)(νν) matrix is

D(µµ)(νν) = BµµΞBνν/2. (6.29)

(v) The Cρµ(νν) matrix is

Cρµ(νν) = δµνX′µRρµ
µµXµ/T − 2σµµX′µRρµ

µµXµGX′νR
ννXν/T2

+δµνX′νRρµ
ννXν/2T. (6.30)
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(vi) The Dρµ(νν) matrix is

Dρµ(νν) = σ
µµX′µRρµ

µµXµΞX′νR
ννXν/2T2. (6.31)

(vii) The C(νν)ρµ matrix is

C(νν)ρµ = δµνX′µRρµ
µµXµ/T − 2σµµX′νR

ννXνGX′µRρµ
µµXµ/T2

+δµνX′νRρµ
νν′Xν/2T. (6.32)

(viii) The D(νν)ρµ matrix is

D(νν)ρµ = σµµX′νR
ννXνΞX′µRρµ

µµXµ/2T2. (6.33)

(ix) The µ-th element of the ((M +M) × 1) vector l is

lρµ = σµµh′GX′µRρµ
µµXµGh/T, (6.34)

where

h =
e

(e′Ge)1/2
. (6.35)

(x) Similarly, the (µµ)-th element of the ((M +M) × (M +M)) matrix L is

lρµρµ′ = δµµ′σ
µ′µ′h′GX′µRρµ

µµRµµRρµ′
µ′µ′Xµ′Gh/T − 2σµµσµ

′µ′h′GX′µRρµ
µµXµGX′µ′Rρµ′

µ′µ′Xµ′Gh/T2

+δµµ′σ
µµh′GX′µRρµρµ

µµXµGh/2T. (6.36)

(xi) The µ-th element of the ((M +M) × 1) vector c is

cρµ = σµµ tr(X′µRρµ
µµXµΞ/T). (6.37)

(xii) The (µµ)-th element of the ((M +M) × (M +M)) matrix C is

cρµρµ′ = δµµ′σ
µ′µ′ tr(X′µRρµ

µµRµµRρµ′
µ′µ′Xµ′Ξ/T) − 2σµµσµ

′µ′ tr(X′µRρµ
µµXµGX′µ′Rρµ′

µ′µ′Xµ′Ξ/T2)

+δµµ′σ
µµ tr(X′µRρµρµ

µµXµΞ/2T). (6.38)

(xiii) The (µ, µ′)-th element of the ((M +M) × (M +M)) matrix D is

dρµρµ′ = σµµσµ
′µ′X′µRρµ

µµXµΞX′µ′Rρµ′
µ′µ′Xµ′/2T2. (6.39)

(xiv) The (µµ)-th element of the ((M +M) × 1) vector l is

l(µµ) = h′GX′µRµµXµGh/T. (6.40)
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(xv) Similarly, the ((µµ), (νν))-th element of the ((M +M) × (M +M)) matrix L is

l(µµ)(νν) = δµνσµµh′GX′µRµµXµGh/T − 2h′GX′µRµµXµGX′νR
ννXνGh/T2. (6.41)

(xvi) The (µµ′)-th element of the ((M +M) × 1) vector c is

c(µµ) = tr(X′µRµµXµΞ/T). (6.42)

(xvii) The ((µµ), (νν))-th element of the ((M +M) × (M +M)) matrix C is

c(µµ)(νν) = δµνσµµ tr(X′µRµµXµΞ)/T − 2 tr(X′µRµµXµGX′νR
ννXνΞ/T2). (6.43)

(xviii) The ((µµ), (νν)-th element of the ((M +M) × (M +M)) matrix D is

d(µµ)(νν) = tr(X′µRµµXµΞX′νR
ννXνΞ/2T2). (6.44)

(xix) Similarly, the (µ, (νν))-th element of the ((M +M) × (M +M)) matrix L is

lρµ(νν) = h′G
[
δµνX′µRρµ

µµXµ/T − 2σµµX′µRρµ
µµXµGX′νR

ννXν/T2 + δµνX′νRρµ
ννXν/T

]
Gh. (6.45)

(xx) The (µ, (νν))-th element of the ((M +M) × (M +M)) matrix C is

cρµ(νν) = δµν tr(X′µRρµ
µµXµΞ/T)

−2σµµ tr(X′µRρµ
µµXµΞX′νR

ννXνΞ/2T2)

+δµν tr(X′νRρµ
ννXνΞ/2T). (6.46)

(xxi) The (µ, (νν))-th element of the ((M +M) × (M +M)) matrix D is

dρµ(νν) = σµµ tr(X′µRρµ
µµXµΞX′νRρµ

ννXνΞ/2T2). (6.47)

(xxii) The ((νν), µ)-th element of the ((M +M) × (M +M)) matrix L is

l(νν)ρµ = h′G
[
δµνX′µRρµ

µµXµ/T − 2σµµX′νR
ννXνGX′µRρµ

µµXµ/T2 + δµνX′νRρµ
νν′Xν/2T

]
Gh. (6.48)

(xxiii) The ((νν), µ)-th element of the ((M +M) × (M +M)) matrix C is

c(νν)ρµ = δµν tr(X′µRρµ
µµXµΞ/T)

−2σµµ tr(X′νR
ννXνGX′µRρµ

µµXµΞ/T2)

+δµν tr(X′νRρµ
νν′XνΞ/2T). (6.49)
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(xxiv) The ((νν), µ)-th element of the ((M +M) × (M +M)) matrix D is

d(νν)ρµ = σµµ tr(X′νR
ννXνΞX′µRρµ

µµXµΞ/2T2). (6.50)

Theorem 6. Given the asssumptions of model (5.1), for each asymptotically efficient estimator of ρ and ς,

the parameters (5.48) are:

(i)

λ0 = lim
T→∞

E(σ0
2) = 0. (6.51)

(ii)

λρ = lim
T→∞

E(σ0d1ρ) = 0. (6.52)

(iii)

λς = lim
T→∞

E(σ0d1ς) = 0. (6.53)

(iv)

Λς = Σ−2. (6.54)

(v)

κ0 = tr[Σ−1(∆GL − ∆I)]/M + n/M (I=UL, RL, GL, IG, ML ). (6.55)

(vi)

κς = [((M + K + 1)σii
− σiidii

Iσii)i=1,...,M]. (6.56)

(vii)

κρµ = −[ρµ(3 + n) + (2n − c1)/2ρµ]. (6.57)

(viii)

κρµ
GL = κρµ

LS
− (1 − ρµ2)c2/2ρµ + [c1 − (1 − ρµ2)n]/2ρµ. (6.58)

(ix)

κρµ
DW = κρµ

LS + 1. (6.59)

(x)

Λςρ = Λ′ρς = 0. (6.60)
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Lemmas

Lemma UR.1. I. Let Xτ, Yτ, (τ ∈ J) be two conformable collections of square random matrices. If

X−1
τ ,Yτ are of order ω(q) for some positive integer q, then outside a set of probability o(p),

(Xτ + τYτ)−1 =

p∑
i=0

(−τ)iDiX−1
τ + τ

p+1ω(p), (UR.1)

When the quantity of interest is a more complicated function of the data, stochastic expansions can

be based on the Taylor expansion of the function. Let Γ,Λ be subsets of some finite-dimensional

vector spaces and consider the collection of random elements

zτ = γ + τpω(q) ∈ Γ (p, q > 0) (UR.2)

and the collection of nonrandom elements

λτ = λ + o(1) ∈ Λ (UR.3)

Given any function f : Γ×Λ→ S, we write fκ(x− γ, λτ) for the κ-order term of the Taylor expansion

of the function f (x, λτ) around the point (γ, λτ).

II. Consider a measurable function

f : Γ ×Λ→ S (UR.4)

and assume that, for some integer s ≤ 2, all the partial derivatives (with respect to Γ) of orders s

and less exist and are continuous in a neighborhood of (γ, λ) ∈ Γ × Λ. Then, given the collections

(UR.2) and (UR.3) we have

f (zτ, λτ) =
m−1∑
κ=0

fκ(zτ − γ, λτ) + τpmω(q) (UR.5)

for all m ≥ s − 1, (see Magdalinos, 1992, Corollary 1, Corollary 2).

Lemma UR.2. If x is a N(0,Σ) vector, and A, B, C are symmetric constant matrices, then

E(x′Ax) = tr AΣ,

E(x′Axx′Bx) = tr AΣ tr BΣ + 2(tr AΣBΣ), (UR.6)

E(x′Axx′Bxx′Cx) = tr AΣ tr BΣ tr CΣ + 2 tr AΣ(tr BΣCΣ)

+2 tr BΣ(tr AΣCΣ) + 2 tr CΣ(tr AΣBΣ) + 8(tr AΣBΣCΣ), (UR.7)

(see Magnus and Neudecker, 1979).
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Lemma UR.3. If V is a T × 1 matrix, the rows of which are independent N(0,C) vectors and A is a

confomable matrix, then we have:

E(V ′AV) = (tr A)C, E(VAV ′) = (tr CA)IT,

E(VAV) = A′C, E(V ′AV ′) = CA′, (UR.8)

E(V ′VAV ′V) = T(tr CA)C + T(T + 1)CAC, (UR.9)

(Magdalinos, 1983, page 263 Lemma E.1).

We define the GLS estimator of β when the matrix Ω is known.

β̄ = (X′ΩX)−1X′Ωy (UR.10)

By using the Theorem of Basu (Rothenberg, 1984a, Rothenberg, 1984b) and the definitions (1.26) and

(UR.10), we can show that γ̂ and β̂ − β̄ the distribute independently from the β̄

Lemma UR.4. Applies that

β̂ = β + τσ(b + τb∗) (UR.11)

where

b =
√

T(β̄ − β)/σ, b∗ = T(β̂ − β̄)/σ. (UR.12)

In addition, the following apply:

b = GX′Ωu/
√

T, b ∼ N(0,G), where G = (X′ΩX/T)−1

and (UR.13)

b∗ = ĜX′Ω̂Mu, where M = I − X(X′ΩX)−1X′Ω.

Proof of Lemma UR.4. substituting equations (1.25) and (1.26) in the equation (UR.10) we find

β̂ = (X′Ω̂X)−1X′Ω̂(Xβ + σu) = β + (X′Ω̂X)−1X′Ω̂σu (UR.14)

and

β̄ = (X′ΩX)−1X′Ω(Xβ + σu) = β + (X′ΩX/T)−1X′Ωσu. (UR.15)

Using (1.29) and substituting (UR.14) and (UR.15) in definitions (UR.13), we find:

i.

b =
√

T(β̄ − β)/σ =
√

T(X′ΩX/T)−1X′Ωσu/σ =
√

T(X′ΩX/T)−1X′Ωu/T

= (X′ΩX)−1X′Ωu/
√

T = GX′Ωu/
√

T, (UR.16)
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where

G = (X′ΩX/T)−1 = A−1. (UR.17)

From the assumptions of model (1.1) we have that

u ∼ N(0,Ω−1). (UR.18)

From equation (UR.16), and since b and b3 are odd functions of u we have

E(b) = GX′ΩE(u)/
√

T = 0 hence E(b3) = 0. (UR.19)

Furthermore, by using equations (UR.16), (UR.17) and (UR.18) we find

Cov(b) = E(bb′) = E(GX′Ωuu′ΩXG/T) = GX′ΩE(uu′)ΩXG/T = GX′ΩΩ−1ΩXG/T

= GX′ΩXG/T = G(X′ΩX/T)G = GG−1G = G = A−1. (UR.20)

It follows that

b ∼ N(0,G), where G = A−1 = (X′ΩX/T)−1 (UR.21)

ii.

b∗ = T(β̂ − β̄)/σ = T[β + (X′Ω̂X)−1X′Ω̂σu − β − (X′ΩX)−1X′Ωσu]/σ

= T[(X′Ω̂X)−1X′Ω̂u − (X′Ω̂X)−1(X′Ω̂X)(X′ΩX)−1X′Ωu]

= T[(X′Ω̂X)−1X′Ω̂[I − X(X′ΩX)−1X′Ω]u] = T(X′Ω̂X)−1X′Ω̂Mu

= (X′Ω̂X/T)−1X′Ω̂Mu = ĜX′Ω̂Mu, (UR.22)

where

Ĝ = (X′Ω̂X/T)−1 = Â−1, Â = X′Ω̂X/T and M = I − X(X′ΩX)−1X′Ω. (UR.23)

From the definitions of b and b∗ and the definition of τ we find that τσb = β̄ − β and τ2σb∗ = β̂ − β̄.

Therefore we have

τσb + τ2σb∗ = τσ(b + τb∗) = β̄ − β + β̂ − β̄ = β̂ − β =⇒ β̂ = β + τσ(b + τb∗), (UR.24)

(see Symeonides, 1991, lemma B.1).

□



Useful Results 77

The following matrices are defined:

r = ρ2 where |r| < 1,

tr R = T =⇒ tr R/T = 1,

tr R2/T =
1 + ρ2

1 − ρ2 + o(T−1),

tr R3/T =
1 + ρ4

(1 − ρ2)2 + o(T−1), (UR.25)

E = ∆R =⇒ tr E = 2,

Z = R∆R =⇒ tr Z = 2
1 − ρ2T

1 − ρ2 ,

X = (∆R)2 = E2 =⇒ tr X = 2(1 + ρ2(T−1)),

trΘ = 2
[
Tρ2(T−1) +

1 − ρ2T

1 − ρ2

]
,

Φ = (∆R)3 = ∆R(∆R)2 = EX =⇒ trΦ = 2(1 + 3ρ2(T−1)),

Ψ = ∆R3 =⇒ trΨ =
2

1 − ρ2 + o(T−1), (UR.26)

(see Symeonides, 1991, lemmas Γ.1,Γ.2 and Γ.5).

Theorems

Theorem UR.1. Isserlis’ Theorem or Wick’s probability Theorem is a formula that allows one to compute

higher-order moments of the multivariate normal distribution in terms of its covariance matrix.

E[ X1X2X3X4 ] = E[X1X2] E[X3X4] + E[X1X3] E[X2X4] + E[X1X4] E[X2X3]. (UR.27)
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Notational Conventions

The Model

Lemma A.1. Define the T × T matrices R∗, R∗ρ, R∗ρρ as follows:

R∗ = [R/(1 − ρ2)]−1, R∗ρ =
∂R∗
∂ρ

, R∗ρρ =
∂2R∗
∂ρ2 . (A.1)

Then,

R∗ρ = 2ρIT −D − 2ρ∆, (A.2)

and

R∗ρρ = 2(IT − ∆). (A.3)

Proof of Lemma A.1. Equations (1.22) and (A.1) imply that

R∗ = (1 + ρ2)IT − ρD − ρ2∆, (A.4)

where IT is the identity matrix, D is a matrix with elements 1 if |i − j| = 1 and 0 elsewhere, and ∆ is a

matrix with elements 1 in (1,1)-st and (T,T)-th position and 0 elsewhere.

The following results hold:

i. Using equation (A.4), the first order derivative of R∗ is

R∗ρ =
∂R∗
∂ρ
=
∂
∂ρ

[(1 + ρ2)IT − ρD − ρ2∆]

= 2ρIT −D − 2ρ∆. (A.5)

ii. Using equation (A.5), the second order derivative of R∗ is

R∗ρρ =
∂2R∗
∂ρ2 =

∂
∂ρ

(
∂R∗
∂ρ

)
=

∂
∂ρ

(2ρIT −D − 2ρ∆)

= 2IT − 2∆

= 2(IT − ∆). (A.6)
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□

Lemma A.2. Define the T × T matrices

R∗ j = R∗ρ + jρ∆, R∗ j j = R∗ρρ + j∆ ( j = 1, 2). (A.7)

Then,

R∗ρ = R∗1 − ρ∆ = R∗2 − 2ρ∆, (A.8)

and

R∗ρρ = R∗11 − ∆ = R∗22 − 2∆. (A.9)

Proof of Lemma A.2. Equation (A.7) implies that

R∗ρ = R∗ j − jρ∆ (A.10)

and

R∗ρρ = R∗ j j − j∆. (A.11)

For j = 1, the following results hold:

i.

R∗ρ = R∗1 − ρ∆, (A.12)

ii.

R∗ρρ = R∗11 − ∆. (A.13)

For j = 2, the following results hold:

i.

R∗ρ = R∗2 − 2ρ∆, (A.14)

ii.

R∗ρρ = R∗22 − 2∆. (A.15)

□

Lemma A.3. The (t, t′)-th element of the T × T matrix R∗ is

r∗tt′ = δtt′ + ρ
2δtt′ (1 − δ1t − δtT) − ρ(δt(t′+1) + δ(t+1)t′ ). (A.16)

Proof of Lemma A.3. The following results hold:

i. The (t, t′)-th element of matrix IT is δtt′ , i.e., it is Kronecker’s delta.
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ii. The (t, t′)-th element of the T × T band matrix D equals 1 if |t − t′| = 1 and it equals zero otherwise.

Therefore, the (t,t’)-th element of matrix D is

δt(t′+1) + δ(t+1)t′ . (A.17)

iii. The T × T matrix ∆ has 1 in the (1, 1)-st and (T,T)-th position and zero’s elsewhere. Therefore, the

(t,t’)-th element of matrix ∆ is

δ1tδtt′ + δTtδtt′ . (A.18)

Equation (A.4) implies that

R∗ = (1 + ρ2)IT − ρD − ρ2∆. (A.19)

By using the results (i.), (ii.) and (iii.), we can write the (t, t′)-th element r∗tt′ of the T × T matrix R∗ as

follows:

r∗tt′ = (1 + ρ2)δtt′ − ρ(δt(t′+1) + δ(t+1)t′ ) − ρ2(δ1tδtt′ + δTtδtt′ )

= δtt′ + ρ
2(δtt′ − δ1tδtt′ − δTtδtt′ ) − ρ(δt(t′+1) + δ(t+1)t′ )

= δtt′ + ρ
2δtt′ (1 − δ1t − δTt) − ρ(δt(t′+1) + δ(t+1)t′ ). (A.20)

□

Lemma A.4. Confirmation of equation (1.23)

Proof of Lemma A.4. Lemma A.3 implies the following results:

i. Elements on the principal diagonal:t = t′. equation (A.20) implies that

r∗tt = δtt + ρ
2δtt(1 − δ1t − δTt) − ρ(δt(t+1) + δ(t+1)t)

= 1 + ρ2(1 − δ1t − δTt) (A.21)

(1) For t = 2, . . . ,T − 1, δ1t = 0 and δTt = 0, and equation (A.21) implies that

r∗tt = 1 + ρ2 (t = 2, . . . ,T − 1) (A.22)

(2) For t = 1, δ1t = δ11 = 1 and δTt = δT1 = 0, and equation (A.21) implies that

r∗11 = 1 + ρ2(1 − 1 − 0) = 1 (A.23)

(3) For t = T, δ1t = δ1T = 0 and δTt = δTT = 1, and equation (A.21) implies that

r∗TT = 1 + ρ2(1 − 0 − 1) = 1 (A.24)
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ii. Elements on the lower secondary diagonal: t = t′ + 1. Equation (A.16) implies that

r∗tt′ = r∗(t′+1)t′

= δ(t′+1)t′ + ρ
2δ(t′+1)t′ (1 − δ1(t′+1) − δT(t′+1)) − ρ(δ(t′+1)(t′+1) + δ(t′+1+1)t′ )

= −ρ. (A.25)

iii. Elements on the upper secondary diagonal: t = t′ − 1. Equation (A.16) implies that

r∗tt′ = r∗(t′−1)t′

= δ(t′−1)t′ + ρ
2δ(t′−1)t′ (1 − δ1(t′−1) − δT(t′−1)) − ρ(δ(t′−1)(t′+1) + δ(t′−1+1)t′ )

= −ρ. (A.26)

iv. Lower off-diagonal elements: t = t′ + j ( j ≥ 2). Equation (A.16) implies that, for j ≥ 2,

r∗tt′ = r∗(t′+ j)t′

= δ(t′+ j)t′ + ρ
2δ(t′+ j)t′ (1 − δ1(t′+ j) − δT(t′+ j)) − ρ(δ(t′+ j)(t′+1) + δ(t′+ j+1)t′ )

= 0. (A.27)

v. Upper off-diagonal elements: t = t′ − j ( j ≥ 2). Equation (A.16) implies that, for j ≥ 2,

r∗tt′ = r∗(t′− j)t′

= δ(t′− j)t′ + ρ
2δ(t′− j)t′ (1 − δ1(t′− j) − δT(t′− j)) − ρ(δ(t′− j)(t′+1) + δ(t′− j+1)t′ )

= 0. (A.28)

□

Lemma A.5. The (t, t′)-th element of the T × T matrix Ω is

ωtt′ = r∗tt′σt
−1σt′

−1, (A.29)

where r∗tt′ is defined in equation (A.16).

Proof of Lemma A.5. Equations (1.22), (1.24) and (A.1)—or (1.24), (A.19)—imply that

Ω = Σ−
1/2R∗Σ−

1/2. (A.30)

Let σtt′ be the (t, t′)-th element of matrix Σ. Further, let σ∗tt
′ be the (t, t′)-th element of matrix Σ−1, and

σ∗tt
′

= (σtt′ )
1/2 be the (t, t′)-th element of matrix Σ−1/2.
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Equation (1.25) implies that the (t, t′)-th element of the T × T diagonal matrix Σ−1/2 is

σ∗
tt′ = δtt′

1
σt
= δtt′σt

−1, (A.31)

which implies that

Σ−
1/2 = [(σ∗tt

′

)t,t′=1,...,T] (A.32a)

= [(δtt′σt
−1)t,t′=1,...,T]. (A.32b)

Let ωtt′ be the (t, t′)-th element of the T × T matrix Ω, i.e.,

Ω = [(ωtt′ )t,t′=1,...,T]. (A.33)

Since r∗tt′ is the (t, t′)-th element of the T × T matrix R∗, equations (A.30), (A.32a) and (A.33) imply that

Ω = [(ωtt′ )t,t′=1,...,T]

= [(δtt∗σt
−1)t,t∗=1,...,T][(r∗t∗t′∗ )t∗,t′∗=1,...,T][(δt′∗t′σt′∗

−1)t′∗,t′=1,...,T]

=

[( T∑
t∗=1

T∑
t′∗=1

δtt∗︸︷︷︸
t∗=t

δt′∗t′︸︷︷︸
t′∗=t′

r∗t∗t′∗σt
−1σt′

−1
)

t,t′=1,...,T

]

= [(r∗tt′σt
−1σt′

−1)t,t′=1,...,T], (A.34)

which implies that

ωtt′ = r∗tt′σt
−1σt′

−1. (A.35)

□

Lemma A.6. The following results hold:

ω11 =
1
σ1

2 , ωTT =
1
σT

2 , ωtt = (1 + ρ2)
1
σt

2 (t = 2, . . . ,T − 1)

ωtt′ = −ρ
1

σtσt′
for t = t′ + 1 and t = t′ − 1, (A.36)

ωtt′ = 0 for t = t′ + j and t = t′ − j ( j ≥ 2)︸                                 ︷︷                                 ︸
(t′<t=3,...,T or t<t′=3,...,T)

.

Proof of Lemma A.6. Lemmas A.4 and A.5 imply the following results:

i. (a) For t = 2, . . . ,T − 1, equations (A.22) and (A.35) imply that

ωtt = (1 + ρ2)
1
σt

2 . (A.37)
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(b) For t = 1, equations (A.23) and (A.35) imply that

ω11 =
1
σ1

2 . (A.38)

(c) For t = T, equations (A.24) and (A.35) imply that

ωTT =
1
σT

2 . (A.39)

ii. For the lower secondary diagonal: t = t′ + 1. Equations (A.25) and (A.35) imply that

ωtt′ = −ρ
1

σtσt′
. (A.40)

iii. For the upper secondary diagonal: t = t′ − 1. Equations (A.26) and (A.35) imply that

ωtt′ = −ρ
1

σtσt′
. (A.41)

iv. Lower off-diagonal elements of Ω : t = t′ + j ( j ≥ 2). Equations (A.27) and (A.35) imply that

ωtt′ = 0 (t′ < t = 3, . . . ,T). (A.42)

v. Upper off-diagonal elements of Ω : t = t′ − j ( j ≥ 2). Equations (A.28) and (A.35) imply that

ωtt′ = 0 (t < t′ = 3, . . . ,T). (A.43)

□

Lemma A.7. The T × T matrix Ω can be written as follows:

Ω =



1
σ1

2 −ρ 1
σ1σ2

. . . 0

−ρ 1
σ1σ2

(1 + ρ2) 1
σ2

2 −ρ 1
σ2σ3

. . .
. . . −ρ 1

σT−1σT

0 . . . −ρ 1
σT−1σT

1
σT2


. (A.44)

Proof of Lemma A.7. The proof follows by using Lemma A.6. □

Lemma A.8. Let r∗tt′ρ and r∗tt′ρρ be the first- and second- order derivatives of r∗tt′ with respect to the

parameter ρ, i.e.,

r∗tt′ρ =
∂r∗tt′
∂ρ

, r∗tt′ρρ =
∂2r∗tt′
∂ρ2 . (A.45)

The following results hold:

r∗tt′ρ = 2ρδtt′ (1 − δ1t − δTt) − (δt(t′+1) + δ(t+1)t′ ),
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r∗tt′ρρ = 2δtt′ (1 − δ1t − δTt). (A.46)

Proof of Lemma A.8. Equation (A.16) implies that

r∗tt′ρ =
∂r∗tt′
∂ρ

= 2ρδtt′ (1 − δ1t − δTt) − (δt(t′+1) + δ(t+1)t′ ). (A.47)

Equation (A.47) implies that

r∗tt′ρρ =
∂2r∗tt′
∂ρ2 =

∂
∂ρ

(
∂r∗tt′
∂ρ

)
=
∂
∂ρ

(r∗tt′ρ)

= 2δtt′ (1 − δ1t − δTt). (A.48)

□

Lemma A.9. Let R∗ρ be the first-order derivative of the T × T matrix R∗ with respect to ρ. Then, R∗ρ can

be analytically written as follows:

R∗ρ =



0 −1 . . . 0

−1 2ρ −1

−1 2ρ
. . .

. . .
. . . −1

0 . . . −1 0


. (A.49)

Proof of Lemma A.9. Lemma A.8 implies the following results:

i. Elements on the principal diagonal t = t′. Equation (A.47) implies that

r∗ttρ = 2ρδtt(1 − δ1t − δTt) − (δt(t+1) + δ(t+1)t)

= 2ρ(1 − δ1t − δTt). (A.50)

(a) For t = 2, . . . ,T − 1, δ1t = 0 and δTt = 0 and equation (A.50) implies that

r∗ttρ = 2ρ, (t = 2, . . . ,T − 1). (A.51)

(b) For t = 1, δ1t = δ11 = 1 and δTt = δT1 = 0, and equation (A.50) implies that

r∗11ρ = 2ρ(1 − 1 − 0) = 0. (A.52)

(c) For t = T, δ1t = δ1T = 0 and δTt = δTT = 1, and equation (A.50) implies that

r∗TTρ = 2ρ(1 − 0 − 1) = 0. (A.53)
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ii. Elements on the lower secondary diagonal t = t′ + 1. Equation (A.47) implies that

r∗tt′ρ = r∗(t′+1)t′ρ

= 2ρδ(t′+1)t′ (1 − δ1(t′+1) − δT(t′+1)) − (δ(t′+1)(t′+1) + δ(t′+1+1)t′ )

= −1. (A.54)

iii. Elements on the upper secondary diagonal t = t′ − 1. Equation (A.47) implies that

r∗tt′ρ = r∗(t′−1)t′ρ

= 2ρδ(t′−1)t′ (1 − δ1(t′−1) − δT(t′−1)) − (δ(t′−1)(t′+1) + δ(t′−1+1)t′ )

= −1. (A.55)

iv. Lower off-diagonal elements: t = t′ + j ( j ≥ 2). Equation (A.47) implies that, for ( j ≥ 2),

r∗tt′ρ = r∗(t′+ j)t′ρ

= 2ρδ(t′+ j)t′ (1 − δ1(t′+ j) − δT(t′+ j)) − (δ(t′+ j)(t′+1) + δ(t′+ j+1)t′ )

= 0. (A.56)

v. Upper off-diagonal elements: t = t′ − j ( j ≥ 2). Equation (A.47) implies that, for ( j ≥ 2),

r∗tt′ρ = r∗(t′− j)t′ρ

= 2ρδ(t′− j)t′ (1 − δ1(t′− j) − δT(t′− j)) − (δ(t′− j)(t′+1) + δ(t′− j+1)t′ )

= 0. (A.57)

Equation (A.41) follows immediately from the results (i.) through (v.). □

Lemma A.10. Let R∗ρρ be the second-order derivative of the T × T matrix R∗ with respect to ρ. Then,

R∗ρρ can be analytically written as follows:

R∗ρρ =



0 0 . . . 0

0 2 0 . . . 0

0 0 2
. . .

. . .
. . .

0 . . . 0 0


. (A.58)

Proof of Lemma A.10. Lemma A.8 implies the following results:
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i. Elements on the principal diagonal t = t′. Equation (A.48) implies that

r∗ttρρ = 2δtt(1 − δ1t − δTt)

= 2(1 − δ1t − δTt). (A.59)

(a) For t = 2, . . . ,T − 1, δ1t = 0 and δTt = 0 and equation (A.59) implies that

r∗ttρρ = 2, (t = 2, . . . ,T − 1). (A.60)

(b) For t = 1, δ1t = δ11 = 1 and δTt = δT1 = 0, and equation (A.59) implies that

r∗11ρρ = 2(1 − 1 − 0) = 0. (A.61)

(c) For t = T, δ1t = δ1T = 0 and δTt = δTT = 1, and equation (A.59) implies that

r∗TTρρ = 2(1 − 0 − 1) = 0. (A.62)

ii. Elements on the lower secondary diagonal t = t′ + 1. Equation (A.48) implies that

r∗tt′ρρ = r∗(t′+1)t′ρρ

= 2δ(t′+1)t′ (1 − δ1(t′+1) − δT(t′+1))

= 0. (A.63)

iii. Elements on the upper secondary diagonal t = t′ − 1. Equation (A.48) implies that

r∗tt′ρρ = r∗(t′−1)t′ρρ

= 2δ(t′−1)t′ (1 − δ1(t′−1) − δT(t′−1))

= 0. (A.64)

iv. Lower off-diagonal elements: t = t′ + j ( j ≥ 2). Equation (A.48) implies that, for ( j ≥ 2),

r∗tt′ρρ = r∗(t′+ j)t′ρρ

= 2δ(t′+ j)t′ (1 − δ1(t′+ j) − δT(t′+ j))

= 0. (A.65)

v. Upper off-diagonal elements: t = t′ − j ( j ≥ 2). Equation (A.48) implies that, for ( j ≥ 2),

r∗tt′ρρ = r∗(t′− j)t′ρρ

= 2δ(t′− j)t′ (1 − δ1(t′− j) − δT(t′− j)) = 0. (A.66)
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Equation (A.58) follows immediately from the results (i.) through (v.). □

Lemma A.11. Let ωtt′ρ, ωtt′ρρ be the first- and second-order derivatives of ωtt′ with respect to the parameter

ρ, i.e.,

ωtt′ρ =
∂ωtt′

∂ρ
, ωtt′ρρ =

∂2ωtt′

∂ρ2 . (A.67)

The following results hold:

ωtt′ρ = r∗tt′ρσt
−1σt′

−1, (A.68a)

ωtt′ρρ = r∗tt′ρρσt
−1σt′

−1, (A.68b)

where r∗tt′ρ and r∗tt′ρρ are defined in equation (A.46).

Proof of Lemma A.11. Equation (1.13) implies that σt is functionally unrelated to the parameter ρ.

Therefore, Lemma A.5 and equation (A.45) imply the following results:

ωtt′ρ =
∂ωtt′

∂ρ
=
∂
∂ρ

(r∗tt′σt
−1σt′

−1) =
(
∂r∗tt′
∂ρ

)
σt
−1σt′

−1

= r∗tt′ρσt
−1σt′

−1. (A.69)

ωtt′ρρ =
∂2ωtt′

∂ρ2 =
∂2

∂ρ2 (r∗tt′σt
−1σt′

−1) =
(
∂2r∗tt′
∂ρ2

)
σt
−1σt′

−1

= r∗tt′ρρσt
−1σt′

−1. (A.70)

□

Lemma A.12. Let Ωρ, Ωρρ be the first-and second order derivatives of the T × T matrix Ω with respect

to ρ, i.e.,

Ωρ =
∂Ω
∂ρ
, Ωρρ =

∂2Ω
∂ρ2 . (A.71)

The following results hold:

Ωρ = Σ−
1/2R∗ρΣ−

1/2,

Ωρρ = Σ−
1/2R∗ρρΣ−

1/2, (A.72)

where R∗ρ =
∂R∗
∂ρ

, and R∗ρρ =
∂2R∗
∂ρ2 .

Proof of Lemma A.12. Equation (1.13) implies that the elements σ∗tt
′

= δtt′σt
−1 of the T × T matrix Σ−1/2

are functionally unrelated to the parameter ρ. Therefore, equation (A.30) implies the following results:

i. The first order derivative of the T × T matrix Ω with respect to ρ is

Ωρ =
∂Ω
∂ρ
=
∂
∂ρ

(Σ−1/2R∗Σ−
1/2) = Σ−1/2

(
∂R∗
∂ρ

)
Σ−

1/2 = Σ−
1/2R∗ρΣ−

1/2. (A.73)
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ii. The second order derivative of the T × T matrix Ω with respect to ρ is

Ωρρ =
∂2Ω
∂ρ2 =

∂2

∂ρ2 (Σ−1/2R∗Σ−
1/2) = Σ−1/2

(
∂2R∗
∂ρ2

)
Σ−

1/2 = Σ−
1/2R∗ρρΣ−

1/2. (A.74)

□

Lemma A.13. The T × T matrices Ωρ and Ωρρ can be analytically written as follows:

Ωρ =



0 −
1

σ1σ2
0

−
1

σ1σ2
2ρ 1

σ2
2 −

1
σ2σ3

. . .
. . .

. . .

−
1

σT−2σT−1
2ρ 1

σT−1
2 −

1
σT−1σT

0 −
1

σT−1σT
0


. (A.75)

Ωρρ =



0 0 . . . 0

0 2 1
σ2

2 0
. . .

. . .
. . .

0 0 0 2 1
σT−1

2 0

0 0 . . . 0 0


. (A.76)

Proof of Lemma A.13. Since,

Ωρ = [(ωtt′ρ)t,t′=1,...,T], Ωρρ = [(ωtt′ρρ)t,t′=1,...,T]. (A.77)

the proof of equations (A.75) and (A.76) follows by combining Lemma A.11 with Lemmas A.9 and A.10,

respectively. □

Lemma A.14. Let x′t and z′t be the t-th rows of the T × n matrix X and the T ×m matrix Z, respectively.

The following results hold:

X′X =
T∑

t=1

xtx′t, Z′Z =
T∑

t=1

ztz′t. (A.78)

Proof of Lemma A.14. Since x′t and z′t be the t-th rows of the T × n matrix X and the T ×m matrix Z,

respectively, xt and zt are the t-th columns of the matrices X′ and Z′, respectively, i.e., we can write that

X =



x′1
x′2
...

x′T


, Z =



z′1
z′2
...

z′T


, X′ =

[
x1, x2, · · · , xT

]
, Z =

[
z1, z2, · · · , zT

]
. (A.79)
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Therefore,

X′X =
[
x1, x2, · · · , xT

]


x′1
x′2
...

x′T


=

T∑
t=1

xtx′t. (A.80)

Similarly,

Z′Z =
[
z1, z2, · · · , zT

]


z′1
z′2
...

z′T


=

T∑
t=1

ztz′t. (A.81)

□

Lemma A.15. Let σtt be the (t, t)-th diagonal element of the T × T diagonal matrix Σ−1, i.e., by using

equation (1.18) we write that

σtt = σt
−2 =

1
σt

2 . (A.82)

Moreover, let σi
tt, σi j

tt be the first-and second-order derivatives of σtt with respect to the element of the

m × 1 non-zero vector ς = (ς1, . . . , ςm)′, i.e.,

σi
tt =

∂σtt

∂ςi
, σi j

tt =
∂σtt

∂ςiς j
. (A.83)

The following results hold:

σi
tt = −

zti

σt
4 ,

σi j
tt =

2ztizt j

σt
6 . (A.84)

Proof of Lemma A.15. Equation (1.13) and (A.82) imply that

σtt = (z′tς)
−1. (A.85)

Further, since Σ−1 = diag(σtt), equation (A.85) implies that

Σ−1 =



(z′1ς)
−1 . . . 0

0 (z′2ς)
−1 . . . 0

0 0
. . . 0

0 0 . . . (z′Tς)
−1


. (A.86)
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Let zti be the i-th element of the 1 ×m row vector z′t i.e., zti is the (t,i)-th element of the T ×m matrix

Z.

Equations (A.83) and (A.85) imply the following results:

i. The first order derivative of σtt with respect to the element of the m × 1 non-zero vector ς is

σi
tt =

∂(z′tς)
−1

∂ςi
=

∂
∂ςi

( 1
(z′tς)

)
= −

zti

(z′tς)2 = [see (1.13)]

= −
zti

σt
4 . (A.87)

ii. The second order derivative of σtt with respect to the element of the m × 1 non-zero vector ς is

σi j
tt =

∂2(z′tς)
−1

∂ςi∂ς j
=

∂
∂ς j

(∂(z′tς)
−1

∂ςi

)
= [see (A.87)]

=
∂
∂ς j

(
−

zti

(z′tς)2

)
= −zti

∂
∂ς j

( 1
(z′tς)2

)
= −zti

[
−

2zt j(z′tς)
(z′tς)4

]
=

2ztizt j

(z′tς)3

=
2ztizt j

σt
6 . (A.88)

□

Lemma A.16. Define the scalars

σti =
∂σt

∂ςi
, σti j =

∂2σt

∂ςi∂ς j
. (A.89)

The following results hold:

σti =
zti

2σt
, σti j = −

ztizt j

4σ3
t

. (A.90)

Proof of Lemma A.16. Equation (1.13) implies that

σt = (z′tς)
1/2. (A.91)

By combining equations (A.89) and (A.91), we find the following results:

σti =
∂
∂ςi

[(z′tς)
1/2] =

1
2

(z′tς)
−1/2 ∂
∂ςi

(z′tς) =
1
2

1
(z′tς)

1/2
zti

=
zti

2σt
. (A.92)
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σti j =
∂2

∂ςi∂ς j
[(z′tς)

1/2] =
∂
∂ς j

[
∂
∂ςi

(z′tς)
1/2
]
= [see (A.92)]

=
∂
∂ς j

( zti

2σt

)
=

zti

2
∂
∂ς j

( 1
σt

)
= [see (A.91)]

=
zti

2
∂
∂ς j

[(z′tς)
−1/2] =

zti

2

(
−

1
2

)
(z′tς)

−3/2 ∂
∂ς j

(z′tς)

= −
zti

4
1

(z′tς)
3/2

zt j

= −
ztizt j

4σ3
t

. (A.93)

□

Lemma A.17. Define the scalars

(σt
3)i =

∂σ3
t

∂ςi
, (σt

3)i j =
∂2σ3

t

∂ςi∂ς j
. (A.94)

The following results hold:

(σt
3)i =

3
2
σtzti, (σt

3)i j =
3ztizt j

4σt
. (A.95)

Proof of Lemma A.17. Equation (A.91) implies that

σ3
t = (z′tς)

3/2. (A.96)

By combining equations (A.94) and (A.96) we find the following results:

(σt
3)i =

∂
∂ςi

[(z′tς)
3/2] =

3
2

(z′tς)
1/2 ∂
∂ςi

(z′tς) = [see (A.91)]

=
3
2
σtzti. (A.97)

(σt
3)i j =

∂2

∂ςi∂ς j
[(z′tς)

3/2] =
∂
∂ς j

[
∂
∂ςi

[(z′tς)
3/2]

]
= [see (A.97)]

=
∂
∂ς j

(
3
2
σtzti) =

3zti

2
∂
∂ς j

(σt) = [see (A.89)]

=
3zti

2
σt j = [see (A.92)]

=
3zti

2
zt j

2σt

=
3ztizt j

4σt
. (A.98)

□
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Lemma A.18. Define the scalar

σtt′ =
1

σtσt′
, (A.99)

and let σi
tt′ , σi j

tt′ be the first- and second-order derivatives of σtt′ with respect to the elements of the m× 1

non-zero vector ς = (ς1, . . . , ςm)′, i.e.,

σi
tt′ =

∂σtt′

∂ςi
, σi j

tt′ =
∂2σtt′

∂ςi∂ς j
. (A.100)

The following results hold:

σi
tt′ = −

1
2σtσt′

[ zti

σt
2 +

zt′i

σt′
2

]
, σi j

tt′ =
1

4σtσt′

[3ztizt j

σt
4 +

3zt′izt′ j

σt′
4 +

ztizt′ j + zt′izt j

σt
2σt′

2

]
. (A.101)

Proof of Lemma A.18. Equations (A.99) and (A.100) imply the following results:

i. First order derivative of σtt′ with respect to the elements of the m × 1 non-zero vector ς is

σi
tt′ =

∂
∂ςi

( 1
σtσt′

)
= −

1
(σtσt′ )2

∂
∂ςi

(σtσt′ )

= −
1

σt
2σt′

2

[
σt
∂
∂ςi

(σt′ ) + σt′
∂
∂ςi

(σt)
]
= [see (A.89)]

= −
1

σt
2σt′

2

[
σtσt′i + σt′σti

]
[see Lemma (A.16), and equation (A.89)]

= −
1

σt
2σt′

2

[
σt

zt′i

2σt′
+ σt′

zti

2σt

]
= −

zt′i

2σt′
3σt
−

zti

2σt
3σt′

= −
1

2σtσt′

[ zti

σt
2 +

zt′i

σt′
2

]
. (A.102)

ii. Second order derivative of σtt′ with respect to the elements of the m × 1 non-zero vector ς is

σi j
tt′ =

∂2

∂ςi∂ς j

( 1
σtσt′

)
=

∂
∂ς j

[
∂
∂ςi

( 1
σtσt′

)]
=

∂
∂ς j

[
−

zt′i

2σt′
3σt
−

zti

2σt
3σt′

]
= −

zti

2
∂
∂ς j

( 1
σ3

t σt′

)
−

zt′i

2
∂
∂ς j

( 1
σ3

t′σt

)
. (A.103)
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To calculate (A.103), we must compute the following intermediate results:

(a) First we calculate the following quantity:

∂
∂ς j

( 1
σ3

t σt′

)
= −

1
(σt

3σt′ )2

∂
∂ς j

(σt
3σt′ )

= −
1

σt
6σ2

t′

[
σt

3 ∂
∂ς j

(σt′ ) + σt′
∂
∂ς j

(σt
3)
]

= [see (A.89) and (A.94)]

= −
1

σt
6σ2

t′
[σt

3σt′ j + σt′ (σt
3) j]

= [see Lemmas (A.16) and (A.17), Equations (A.92) and (A.97), respectively.]

= −
1

σt
6σ2

t′

[
σt

3 zt′ j

2σt′
+ σt′

3
2
σtzt j

]
= −

3zt j

2σt
5σt′
−

zt′ j

2σt
3σt′

3
. (A.104)

(b) Similarly, we find that [by interchanging indices t, t′].

∂
∂ς j

( 1
σtσt′

3

)
= −

3zt′ j

2σt′
5σt
−

zt j

2σt
3σt′

3
. (A.105)

Equations (A.103) (A.104) and (A.105) imply that

σi j
tt′ = −

zti

2

[
−

3zt j

2σt
5σt′
−

zt′ j

2σt
3σt′

3

]
−

zt′i

2

[
−

3zt′ j

2σt′
5σt
−

zt j

2σt
3σt′

3

]
=

3ztizt j

4σt
5σt′
+

ztizt′ j

4σt′
3σt

3 +
3zt′izt′ j

4σtσt′
5 +

zt′izt j

4σt
3σt′

3

=
1

4σtσt′

[3ztizt j

σt
4 +

3zt′izt′ j

σt′
4 +

ztizt′ j + zt′izt j

σt
2σt′

2

]
. (A.106)

□

Lemma A.19. Confirmation of the results in Lemma A.18.

Proof of Lemma A.19. For t = t′, Lemma A.18 implies the following results:

σi
tt′ = −

1
2σt

2

[ zti

σt
2 +

zti

σt
2

]
= −

1
2σt

2

[2zti

σt
2

]
= −

zti

σt
4 = [see Lemma (A.15)]

= σi
tt. (A.107)
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σi j
tt′ =

1
4σt

2

[3ztizt j

σt
4 +

3ztizt j

σt
4 +

ztizt j + ztizt j

σt
4

]
=

1
4σt

2

[8ztizt j

σt
4

]
=

2ztizt j

σt
6 = [see Lemma (A.15)]

= σi j
tt. (A.108)

□

Lemma A.20. The (t, t′)-th element of the T × T matrix Ω can be written as

ωtt′ = r∗tt′σtt′ , (A.109)

where r∗tt′ and σtt′ are defined in equations (A.16) and (A.99), respectively.

Proof of Lemma A.20. The proof follows by combining Lemma A.5 and (A.99). □

Lemma A.21. Let ωtt′i, ωtt′i j be the first- and second-order derivatives of ωtt′ with respect to the elements

of the m × 1 non-zero vector ς = (ς1, . . . , ςm)′, i.e.,

ωtt′i =
∂ωtt′

∂ςi
, ωtt′i j =

∂2ωtt′

∂ςi∂ς j
. (A.110)

The following results hold:

ωtt′i = r∗tt′σi
tt′ , ωtt′i j = r∗tt′σi j

tt′ . (A.111)

where σi
tt′ and σi j

tt′ are defined in equation (A.101).

Proof of Lemma A.21. Equation (1.13) implies that σt is functionally unrelated to the parameter ρ.

Therefore, Lemma A.5 and equations (A.99) and (A.100) imply the following results:

ωtt′i =
∂ωtt′

∂ςi
=

∂
∂ςi

(r∗tt′σt
−1σt′

−1) = r∗tt′
∂
∂ςi

( 1
σtσt′

)
= r∗tt′

∂σtt′

∂ςi

= r∗tt′σi
tt′ . (A.112)

ωtt′i j =
∂2ωtt′

∂ςi∂ς j
=

∂2

∂ςi∂ς j
(r∗tt′σt

−1σt′
−1) = r∗tt′

∂2

∂ςi∂ς j

( 1
σtσt′

)
= r∗tt′

∂2σtt′

∂ςi∂ς j
= r∗tt′σi j

tt′ . (A.113)
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□

Lemma A.22. Let Ωςi , Ωςiς j be the first- and second-order derivatives of the T × T matrix Ω with respect

to the elements of the m × 1 non-zero vector ς = (ς1, . . . , ςm)′, i.e.,

Ωςi =
∂Ω
∂ςi

, Ωςiς j =
∂2Ω
∂ςi∂ς j

. (A.114a)

The matrices Ωςi and Ωςiς j can be analytically written as follows:

Ωςi =



−
z1i
σ1

4 −ρσi
12 0

−ρσi
21
−(1 + ρ2) z2i

σ2
4 −ρσi

23

. . .
. . .

. . .

−ρσ(T−1)(T−2)
i −(1 + ρ2) z(T−1)i

σ4
(T−1)

−ρσi
(T)(T−1)

0 −ρσ(T)(T−1)
i −

zTi

σ4
T


, (A.114b)

where

σt(t±1)
i = −

1
2σtσt±1

( zti

σ2
t

+
z(t±1)i

σ2
t±1

)
(A.114c)

and

Ωςiς j =



2z1iz1 j

σ6
1

−ρσ12
i j 0

−ρσ21
i j (1 + ρ2) 2z2iz2 j

σ6
2

−ρσ23
i j

. . .
. . .

. . .

−ρσ(T−1)(T−2)
i j (1 + ρ2) 2z(T−1)iz(T−1) j

σ6
(T−1)

−ρσ(T)(T−1)
i j

0 −ρσ(T)(T−1)
i j

2zTizTj

σ6
T


, (A.114d)

where

σt(t±1)
i j = −

1
4σtσ(t±1)

[3ztizt j

σ4
t

+
3z(t±1)iz(t±1) j

σ4
t±1

+
ztiz(t±1) j + zt jz(t±1)i

σ2
t σ

2
t±1

]
. (A.114e)

Proof of Lemma A.22. Lemmas A.4, A.6, A.15, A.18, A.20, and A.21 imply the following results:

I. First-order derivatives

i. 1. For t = 2, . . . ,T − 1, equations (A.22), (A.37), (A.84), (A.109), (A.111) imply that

ωtti = (1 + ρ2)σtt
i (A.115a)

= −(1 + ρ2)
zti

σ4
t

. (A.115b)

2. For t = 1, equations (A.23), (A.38), (A.84), (A.109), (A.111) imply that

ω11i = 1 · σ11
i (A.116a)
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= −
z1i

σ4
1

. (A.116b)

3. For t = T, equations (A.24), (A.39), (A.84), (A.109), (A.111) imply that

ωTTi = 1 · σTT
i (A.117a)

= −
zTi

σ4
T

. (A.117b)

ii. For the lower secondary diagonal t = t′ + 1. Equations (A.25), (A.40), (A.101), (A.109), and

(A.111) imply that

ωtt′i = −ρσ
tt′
i = −ρσ

t(t−1)
i = −ρ

[
−

1
2σtσt′

( zti

σ2
t

+
zt′i

σ2
t′

)]
(A.118a)

= [and since t′ = t − 1] =
ρ

2σtσt−1

( zti

σ2
t

+
zt−1i

σ2
t−1

)
. (A.118b)

iii. For the upper secondary diagonal t = t′ − 1. Equations (A.26), (A.41), (A.101), (A.109), and

(A.111) imply that

ωtt′i = −ρσ
tt′
i = −ρσ

t(t+1)
i = −ρ

[
−

1
2σtσt′

( zti

σ2
t

+
zt′i

σ2
t′

)]
(A.119a)

= [and since t′ = t + 1] =
ρ

2σtσt+1

( zti

σ2
t

+
zt+1i

σ2
t+1

)
. (A.119b)

iv. Lower off-diagonal elements: t = t′ + j ( j ≥ 2). Equations (A.27) and (A.111) imply that

ωtt′i = 0 (t′ < t = 3, . . . ,T). (A.120)

v. Upper off-diagonal elements: t = t′ − j ( j ≥ 2). Equations (A.28) and (A.111) imply that

ωtt′i = 0 (t < t′ = 3, . . . ,T). (A.121)

II. Second-order derivatives

i. 1. For t = 2, . . . ,T − 1, equations (A.22), (A.37), (A.84), (A.109), (A.111) imply that

ωtti j = (1 + ρ2)σtt
i j (A.122a)

= (1 + ρ2)
2ztizt j

σ6
t

. (A.122b)

2. For t = 1, equations (A.23), (A.38), (A.84), (A.109), (A.111) imply that

ω11i j = 1 · σ11
i j (A.123a)
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=
2z1iz1 j

σ6
1

. (A.123b)

3. For t = T, equations (A.24), (A.39), (A.84), (A.109), (A.111) imply that

ωTTij = 1 · σTT
ij (A.124a)

=
2zTizTj

σ6
T

. (A.124b)

ii. For the lower secondary diagonal t = t′ + 1 (and since t′ = t − 1). Equations (A.25), (A.40),

(A.101), (A.109), and (A.111) imply that

ωtt′i j = −ρσ
tt′
i j = −ρσ

t(t−1)
i j = −ρ

[ 1
4σtσt′

(3ztizt j

σ4
t

+
3zt′izt′ j

σ4
t′
+

ztizt′ j + zt jzt′i

σ2
t σ

2
t′

)]
(A.125a)

= −
ρ

4σtσt−1

[3ztizt j

σ4
t

+
3z(t−1)iz(t−1) j

σ4
t−1

+
ztiz(t−1) j + zt jz(t−1)i

σ2
t σ

2
t−1

]
. (A.125b)

iii. For the upper secondary diagonal t = t′ − 1 (and since t′ = t + 1). Equations (A.26), (A.41),

(A.101), (A.109), and (A.111) imply that

ωtt′i j = −ρσi j
tt′ = −ρσi j

t(t+1) = −ρ
[ 1
4σtσt′

(3ztizt j

σt
4 +

3zt′izt′ j

σt′
4 +

ztizt′ j + zt jzt′i

σt
2σt′

2

)]
(A.126a)

= −
ρ

4σtσt+1

[3ztizt j

σt
4 +

3z(t+1)iz(t+1) j

σt+1
4 +

ztiz(t+1) j + zt jz(t+1)i

σt
2σt+1

2

]
. (A.126b)

iv. Lower off-diagonal elements:t = t′ + j ( j ≥ 2). Equations (A.27) and (A.111) imply that

ωtt′i j = 0 (t′ < t = 3, . . . ,T). (A.127)

v. Upper off-diagonal elements:t = t′ − j ( j ≥ 2). Equations (A.28) and (A.111) imply that

ωtt′i j = 0 (t < t′ = 3, . . . ,T). (A.128)

□
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Lemma A.23. Let Ωρςi be the second-order derivatives of the T × T matrix Ω with respect to ρ and the

elements of m × 1 non-zero vector ς = (ς1, . . . , ςm)′, i.e.,

Ωρςi =
∂2

∂ρ∂ςi
. (A.129)

The T × T matrix Ωρςi can be analytically written as

Ωρςi =



0 −σi
12 0

−σi
21
−2ρ z2i

σ2
4 −σi

23

−σi
32 . . .

. . .
. . .

−σi
(T−1)(T−2)

−2ρ z(T−1)i

σ(T−1)
4 −σi

(T)(T−1)

0 −σi
(T)(T−1) 0


, (A.130a)

where

σi
t(t±1) = −

1
2σtσt±1

( zti

σ2
t

+
z(t±1)i

σ2
t±1

)
. (A.130b)

Proof of Lemma A.23. Equations (A.75) and (A.99)

i. 1. For t = 2, . . . ,T − 1, the t-th diagonal element of the T × T matrix Ωρ is

ωttρ = 2ρ
1
σt

2

= 2ρσtt. (A.131)

2. For t = 1, the diagonal element of matrix Ωρ is

ω11ρ = 0. (A.132)

3. For t = T, the diagonal element of matrix Ωρ is

ωTTρ = 0. (A.133)

ii. For the lower secondary diagonal t = t′ + 1 (and since t′ = t − 1). The (t,t’)-th element of Ωρ is

ωtt′ρ = −
1

σtσt′
(A.134a)

= −σtt′ (A.134b)

−σt(t−1) (A.134c)

= ωt(t−1)ρ. (A.134d)
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iii. For the upper secondary diagonal t = t′ − 1 (and since t′ = t + 1). The (t,t’)-th element of Ωρ is

ωtt′ρ = −
1

σtσt′
(A.135a)

= −σtt′ (A.135b)

−σt(t+1) (A.135c)

= ωt(t+1)ρ. (A.135d)

iv. Lower off-diagonal elements:t = t′ + j ( j ≥ 2). The (t,t’)-th element of Ωρ is

ωtt′ρ = 0 (t′ < t = 3, . . . ,T). (A.136)

v. Upper off-diagonal elements:t = t′ − j ( j ≥ 2). The (t,t’)-th element of Ωρ is

ωtt′ρ = 0 (t < t′ = 3, . . . ,T). (A.137)

I. Derivatives of the diagonal elements of Ωρ with respect to the elements of the m × 1 non-zero vector

ς = (ς1, . . . , ςm)′. Equation (1.13) implies that σt is functionally unrelated to the parameter ρ.

Therefore, Lemma A.15 implies the following results:

i. 1. For t = 2, . . . ,T − 1, equations (A.83), (A.84) and (A.131) imply that

ωttρi =
∂2ωtt

∂ρ∂ςi
=

∂
∂ςi

(
∂ωtt

∂ρ

)
=

∂
∂ςi

ωttρ =
∂
∂ςi

(2ρσtt) = 2ρ
∂σtt

∂ςi
(A.138a)

= 2ρσi
tt (A.138b)

= −2ρ
zti

σt
4 . (A.138c)

2. For t=1, equation (A.132) implies that

ω11ρi =
∂2ω11

∂ρ∂ςi
= 0. (A.139)

3. For t=T, equation (A.133) implies that

ωTTρi =
∂2ωTT

∂ρ∂ςi
= 0. (A.140)

Moreover, Lemma A.18 implies the following results:

ii. For the lower secondary diagonal t = t′ + 1. Equations (A.100), (A.101), (A.134a) and (A.134b)

imply that, since t′ = t − 1,

ωtt′ρi =
∂2ωtt′

∂ρ∂ςi
=

∂
∂ςi

(
∂ωtt′

∂ρ

)
=

∂
∂ςi

ωtt′ρ =
∂
∂ςi

(−σtt′ ) =
∂
∂ςi

(−σt(t−1)) (A.141a)
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= −σi
t(t−1) (A.141b)

=
1

2σtσ(t−1)

[ zti

σt
2 +

z(t−1)i

σ2
t−1

]
. (A.141c)

iii. For the upper secondary diagonal t = t′−1. Equations (A.100), (A.101), (A.134a), and (A.134b),

imply that, since t′ = t + 1,

ωtt′ρi =
∂2ωtt′

∂ρ∂ςi
=

∂
∂ςi

(
∂ωtt′

∂ρ

)
=

∂
∂ςi

ωtt′ρ =
∂
∂ςi

(−σtt′ ) =
∂
∂ςi

(−σt(t+1)) (A.142a)

= −σi
t(t+1) (A.142b)

=
1

2σtσ(t+1)

[ zti

σt
2 +

z(t+1)i

σt+1
2

]
. (A.142c)

iv. Lower off-diagonal elements:t = t′ + j ( j ≥ 2). Equation (A.136) implies that

ωtt′ρi = 0. (A.143)

v. Upper off-diagonal elements:t = t′ − j ( j ≥ 2). Equation (A.137) implies that

ωtt′ρi = 0. (A.144)

□

Lemma A.24. Let Ai, Ai j be the first and second-order derivatives of the T × T matrix A with respect to ρ

and the elements of m × 1 non-zero vector ς = (ς1, . . . , ςm)’ ,i.e.,

Ai = X′ΩiX/T = [(aκ1κ2i)κ1,κ2=1,...,n] =
[( 1

T

T∑
t′=1

T∑
t=1

xκ1tωtt′ ixt′κ2

)
κ1,κ2=1,...,n

]
. (A.145)

Ai j = X′Ωi jX/T = [(aκ1κ2i j)κ1,κ2=1,...,n] =
[( 1

T

T∑
t′=1

T∑
t=1

xκ1tωtt′ i jxt′κ2

)
κ1,κ2=1,...,n

]
. (A.146)

Proof of Lemma A.24.

Ai = X′ΩiX/T = 1
T [(xκ1t)κ1=1,...,n, t=1...T] · [(ωtt′ i)t,t′=1,...,T] · [(xt′κ2 )t′=1,...,T, κ2=1,...,n]

=

[( 1
T

T∑
t′=1

T∑
t=1

xκ1tωtt′ ixt′κ2

)
κ1,κ2=1,...,n

]
. (A.147)

Ai j = X′Ωi jX/T = 1
T [(xκ1t)κ1=1,...,n, t=1...T] · [(ωtt′ i j)t,t′=1...T] · [(xt′κ2 )t′=1,...,T, κ2=1,...,n]

=

[( 1
T

T∑
t′=1

T∑
t=1

xκ1tωtt′ i jxt′κ2

)
κ1,κ2=1,...,n

]
. (A.148)

□
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Lemma A.25. By combining (1.21) and (A.114b) we have that

A∗i j = X′ΩiΩ−1Ω jX/T = [(a∗κ1κ2i j)κ1,κ2=1,...,n] =
[( 1

T

T∑
r=1

T∑
m=1

T∑
t′=1

T∑
t=1

xκ1tωtt′ iω
t′mωmr jxrκ2

)
κ1,κ2=1,...,n

]
.

(A.149)

Proof of Lemma A.25.

A∗i j = X′ΩiΩ−1Ω jX/T = 1
T [(xκ1t)κ1=1,...,n, t=1...T] · [(ωtt′ i)t,t′=1...T]

· [(ωt′m)t′,m=1...T] · [(ωmr j)m,r=1...T] · [(xrκ2 )r=1,...,T, κ2=1,...,n]

=

[( 1
T

T∑
r=1

T∑
m=1

T∑
t′=1

T∑
t=1

xκ1tωtt′ iω
t′mωmr jxrκ2

)
κ1,κ2=1,...,n

]
. (A.150)

□

Lemma A.26. By combining (A.145), (A.146),(A.149) and (2.5) we have that

Ci j = A∗i j − 2AiGA j + Ai j/2

=

[( 1
T

T∑
r=1

T∑
m=1

T∑
t′=1

T∑
t=1

xκ1tωtt′ iω
t′mωmr jxrκ2

)
κ1,κ2=1,...,n

]

−2
[[ n∑

d2=1

n∑
d1=1

( T∑
t′=1

T∑
t=1

1
T

xκ1tωtt′ ixt′d1

)
gd1d2

( T∑
t′=1

T∑
t=1

1
T

xd2tωtt′ jxt′κ2

)]
κ1,κ2=1,...,n

]

+
1
2

[( 1
T

T∑
t′=1

T∑
t=1

xκ1tωtt′ i jxt′κ2

)
κ1,κ2=1,...,n

]
. (A.151)

Proof of Lemma A.26.

Ci j = A∗i j − 2AiGA j + Ai j/2

= [(a∗κ1κ2 )κ1,κ2=1,...,n] − 2[(aκ1d1i) κ1, d1 = 1, . . . ,n][(gd1d2
)d1,d2=1,...,n][(ad2κ2 j)d2,κ2=1,...,n]

+ 1
2 [(aκ1κ2i j)κ1,κ2=1,...,n]

=

[( 1
T

T∑
r=1

T∑
m=1

T∑
t′=1

T∑
t=1

xκ1tωtt′ iω
t′mωmr jxrκ2

)
κ1,κ2=1,...,n

]

−2
[( n∑

d2=1

n∑
d1=1

aκ1d1 gd1d2
ad2κ2

)
κ1,κ2=1,...,n

]

+
1
2

[( 1
T

T∑
t′=1

T∑
t=1

xκ1tωtt′ i jxt′κ2

)
κ1,κ2=1,...,n

]

=

[( 1
T

T∑
r=1

T∑
m=1

T∑
t′=1

T∑
t=1

xκ1tωtt′ iω
t′mωmr jxrκ2

)
κ1,κ2=1,...,n

]

−2
[[ n∑

d2=1

n∑
d1=1

( T∑
t′=1

T∑
t=1

1
T

xκ1tωtt′ ixt′d1

)
gd1d2

( T∑
t′=1

T∑
t=1

1
T

xd2tωtt′ jxt′κ2

)]
κ1,κ2=1,...,n

]
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+
1
2

[( 1
T

T∑
t′=1

T∑
t=1

xκ1tωtt′ i jxt′κ2

)
κ1,κ2=1,...,n

]
. (A.152)

□

Lemma A.27. Using (A.145) and (2.13) we have

Di j = AiPA j/2 =
1
2

[( n∑
d1=1

n∑
d2=1

( 1
T

T∑
t′=1

T∑
t=1

xκ1tωtt′ ixt′d1

)
pd1d2

( 1
T

T∑
t′=1

T∑
t=1

xd2tωtt′ jxt′κ2

))
κ1,κ2=1,...,n

]
. (A.153)

Proof of Lemma A.27.

Di j = AiPA j/2 =
1
2

[( 1
T

T∑
t′=1

T∑
t=1

xκ1tωtt′ ixt′d1

)
κ1,d1=1,...,n

]
[(pd1d2

)d1,d2=1,...,n]
[( 1

T

T∑
t′=1

T∑
t=1

xd2tωtt′ jxt′κ2

)
κ1,κ2=1,...,n

]

=
1
2

[( n∑
d1=1

n∑
d2=1

( 1
T

T∑
t′=1

T∑
t=1

xκ1tωtt′ ixt′d1

)
pd1d2

( 1
T

T∑
t′=1

T∑
t=1

xd2tωtt′ jxt′κ2

))
κ1,κ2=1,...,n

]
. (A.154)

□

Lemma A.28. By using equations (A.145), (A.152) and (A.153) we have that

tr AiP =
n∑

κ1=1

n∑
κ2=1

[ 1
T

( T∑
t′=1

T∑
t=1

xκ1tωtt′ ixt′κ2

)
pκ2κ1

]
, (A.155)

tr Ci jP =

[ n∑
κ1=1

n∑
κ2=1

[ 1
T

( T∑
r=1

T∑
m=1

T∑
t′=1

T∑
t=1

xκ1tωtt′ iω
t′mωmr jxrκ2

)
pκ2κ1

]]

−2
n∑

κ1=1

[ n∑
κ2=1

n∑
d2=1

n∑
d1=1

[( T∑
t′=1

T∑
t=1

1
T

xκ1tωtt′ ixt′d1

)
gd1d2

( T∑
t′=1

T∑
t=1

1
T

xd2tωtt′ jxt′d3

)
pκ2κ1

]]

+
1
2

n∑
κ1=1

n∑
κ2=1

[ 1
T

( T∑
t′=1

T∑
t=1

xκ1tωtt′ i jxt′κ2

)
pκ2κ1

]
. (A.156)

tr Di jP =
1
2

n∑
κ1=1

[ n∑
κ2=1

n∑
d2=1

n∑
d1=1

[( T∑
t′=1

T∑
t=1

1
T

xκ1tωtt′ ixt′d1

)
pd1d2

( T∑
t′=1

T∑
t=1

1
T

xd2tωtt′ jxt′κ2

)
pκ2κ1

]]
. (A.157)

Proof of Lemma A.28.

AiP = 1
T [(xκ1t)κ1=1,...,n, t=1,...,T] · [(ωtt′ i)t,t′=1,...,T]

· [(xt′κ2 )κ2=1,...,n, t′=1,...,T][(pκ2r)κ2,r=1,...,n]

=

[( n∑
κ2=1

[ 1
T

T∑
t′=1

T∑
t=1

xκ1tωtt′ ixt′κ2

]
pκ2r

)
κ1,r=1,...,n

]
⇒ (A.158)



104 Appendix A

tr AiP =
[ n∑
κ1=1

n∑
κ2=1

[ 1
T

( T∑
t′=1

T∑
t=1

xκ1tωtt′ ixt′κ2

)
pκ2κ1

]]
. (A.159)

Ci jP =

[( 1
T

T∑
r=1

T∑
m=1

T∑
t′=1

T∑
t=1

xκ1tωtt′ iω
t′mωmr jxrκ2

)
κ1,κ2=1,...,n

]
· [(pκ2l)κ2,l=1,...,n]

−2
[[ n∑

d2=1

n∑
d1=1

( T∑
t′=1

T∑
t=1

1
T

xκ1tωtt′ ixt′d1

)
gd1d2

( T∑
t′=1

T∑
t=1

1
T

xd2tωtt′ jxt′κ2

)]
κ1,κ2=1,...,n

]
· [(pκ2l)κ2,l=1,...,n]

+
1
2

[( 1
T

T∑
t′=1

T∑
t=1

xκ1tωtt′ i jxt′κ2

)
κ1,κ2=1,...,n

]
· [(pκ2l)κ2,l=1,...,n]

=

[(
1
T

n∑
κ2=1

( T∑
r=1

T∑
m=1

T∑
t′=1

T∑
t=1

xκ1tωtt′ iω
t′mωmr jxrκ2

)
pκ2l

)
κ1,l=1,...,n

]

−2
[( n∑
κ2=1

[ n∑
d2=1

n∑
d1=1

( T∑
t′=1

T∑
t=1

1
T

xκ1tωtt′ ixt′d1

)
gd1d2

( T∑
t′=1

T∑
t=1

1
T

xd2tωtt′ jxt′κ2

)]
pκ2l

)
κ1,l=1,...,n

]

+
1
2

[( n∑
κ2=1

( 1
T

T∑
t′=1

T∑
t=1

xκ1tωtt′ i jxt′κ2

)
pκ2l

)
κ1,l=1,...,n

]
. (A.160)

tr(Ci jP) = tr
[(

1
T

n∑
κ2=1

( T∑
r=1

T∑
m=1

T∑
t′=1

T∑
t=1

xκ1tωtt′ iω
t′mωmr jxrκ2

)
pκ2l

)
κ1,l=1,...,n

]

−2 tr
[( n∑
κ2=1

[ n∑
d2=1

n∑
d1=1

( T∑
t′=1

T∑
t=1

1
T

xκ1tωtt′ ixt′d1

)
gd1d2

( T∑
t′=1

T∑
t=1

1
T

xd2tωtt′ jxt′κ2

)]
pκ2l

)
κ1,l=1,...,n

]

+ tr
1
2

[( n∑
κ2=1

( 1
T

T∑
t′=1

T∑
t=1

xκ1tωtt′ i jxt′κ2

)
pκ2l

)
κ1,l=1,...,n

]

=

n∑
κ1=1

(
1
T

n∑
κ2=1

( T∑
r=1

T∑
m=1

T∑
t′=1

T∑
t=1

xκ1tωtt′ iω
t′mωmr jxrκ2

)
pκ2κ1

)

−2
n∑

κ1=1

( n∑
κ2=1

[ n∑
d2=1

n∑
d1=1

( T∑
t′=1

T∑
t=1

1
T

xκ1tωtt′ ixt′d1

)
gd1d2

( T∑
t′=1

T∑
t=1

1
T

xd2tωtt′ jxt′κ2

)]
pκ2κ1

)

+
1
2

n∑
κ1=1

( n∑
κ2=1

( 1
T

T∑
t′=1

T∑
t=1

xκ1tωtt′ i jxt′κ2

)
pκ2κ1

)
. (A.161)

Di jP = AiPA jP/2 =
1
2

[( n∑
d1=1

n∑
d2=1

( 1
T

T∑
t′=1

T∑
t=1

xκ1tωtt′ ixt′d1

)
pd1d2

( 1
T

T∑
t′=1

T∑
t=1

xd2tωtt′ jxt′κ2

))
κ1,κ2=1,...,n

]
· [(pκ2l)κ2,l=1,...,n]

=
1
2

[( n∑
κ2=1

( n∑
d1=1

n∑
d2=1

( 1
T

T∑
t′=1

T∑
t=1

xκ1tωtt′ ixt′d1

)
pd1d2

( 1
T

T∑
t′=1

T∑
t=1

xd2tωtt′ jxt′κ2

))
pκ2l

)
κ1,l=1,...,n

]
. (A.162)
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tr(Di jP) =
1
2

tr
[( n∑
κ2=1

( n∑
d1=1

n∑
d2=1

( 1
T

T∑
t′=1

T∑
t=1

xκ1tωtt′ ixt′d1

)
pd1d2

( 1
T

T∑
t′=1

T∑
t=1

xd2tωtt′ jxt′κ2

))
pκ2l

)
κ1,l=1,...,n

]

=
1
2

n∑
κ1=1

[ n∑
κ2=1

n∑
d2=1

n∑
d1=1

[( T∑
t′=1

T∑
t=1

1
T

xκ1tωtt′ ixt′d1

)
pd1d2

( T∑
t′=1

T∑
t=1

1
T

xd2tωtt′ jxt′κ2

)
pκ2κ1

]]
. (A.163)

□

Proof of Theorem 1. I. For t-test it holds that H = e′ where e is a n × 1 known vector. So by setting

H = e′ we have

Q = Qt = H′(HGH′)−1H = e(e′Ge)−1e′ = kk′ (A.164)

where k = e/(e′Ge)1/2.

Therefore,

P = Pt = GQG = Gee′G/e′Ge = Gkk′G. (A.165)

Using definition (2.4) and Lemma A.28 we have that

i. For i = (ρ, 1, . . . ,m) the following results hold:

li = e′GAiGe/e′Ge = kGAiGk = tr kGAiGk = tr AikGGk = tr AiP⇒

li = tr AiP⇒

li =
[ n∑
κ1=1

n∑
κ2=1

[ 1
T

( T∑
t′=1

T∑
t=1

xκ1tωtt′ ixt′κ2

)
pκ2κ1

]]
. (A.166)

l = [(li)i=(ρ,1,...,m)] =



lρ

l1
...

lm



=



[∑n
κ1=1

∑n
κ2=1

[
1
T

(∑T
t′=1

∑T
t=1 xκ1tωtt′ρxt′κ2

)
pκ2κ1

]]
[∑n

κ1=1
∑n
κ2=1

[
1
T

(∑T
t′=1

∑T
t=1 xκ1tωtt′1xt′κ2

)
pκ2κ1

]]
...[∑n

κ1=1
∑n
κ2=1

[
1
T

(∑T
t′=1

∑T
t=1 xκ1tωtt′mxt′κ2

)
pκ2κ1

]]


. (A.167)
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ii. For i, j = (ρ, 1, . . . ,m) the following results hold:

li j = e′GCi jGe/e′Ge = kGCi jGk = tr kGCi jGk = tr Ci jkGGk = tr Ci jP⇒

li j = tr Ci jP⇒

li j =

[ n∑
κ1=1

n∑
κ2=1

[ 1
T

( T∑
r=1

T∑
m=1

T∑
t′=1

T∑
t=1

xκ1tωtt′ iω
t′mωmr jxrκ2

)
pκ2κ1

]]

−2
n∑

κ1=1

[ n∑
κ2=1

n∑
d2=1

n∑
d1=1

[( T∑
t′=1

T∑
t=1

1
T

xκ1tωtt′ ixt′d1

)
gd1d2

( T∑
t′=1

T∑
t=1

1
T

xd2tωtt′ jxt′κ2

)
pκ2κ1

]]

+
1
2

n∑
κ1=1

n∑
κ2=1

[ 1
T

( T∑
t′=1

T∑
t=1

xκ1tωtt′ i jxt′κ2

)
pκ2κ1

]
. (A.168)

L = [(li j)i, j=(ρ,1,...,m)]. (A.169)

II. For F-test, H , e′ therefore QF , Qt ⇒ PF , Pt.

Let H a known r × n matrix with rank r < n. Matrix G is a n × n positive definite and symmetric.

Consequently, matrix HGH′ is a r × r positive definite and symmetric i.e.,

HGH′ = (HGH′)′
d
> 0. (A.170)

Equation (A.170) implies that matrix (HGH′)−1 is positive define and symmetric matrix i.e.,

(HGH′)−1 d
> 0 which implies that matrix (HGH′)−1 is positively semi-defined matrix i.e.,

(HGH′)−1 d
≥ 0. (A.171)

Equation (A.171) implies that for the n × n matrix Q we have

QF = H′(HGH′)−1H
d
≥ 0, (A.172)

and for the matrix P we have

PF = GQG = G′QG
d
≥ 0. (A.173)

Let λi the eigenvalues of the matrix P by the equation (A.173) we have that λi ≥ 0 (i = 1, . . . ,n). We

set the n× r matrix V = G1/2H′ where G1/2 is a positive definite and symmetric matrix like G. The projector

in the space created by the columns of the matrix V is

PV = V(V ′V)−1V ′ = G1/2H′(HG1/2G1/2H′)−1HG1/2 = G1/2H′(HGH′)−1HG1/2 = G1/2QG1/2. (A.174)
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Since, PVV = V(V ′V)−1V ′V = V, the columns of V are the eigenvectors of PV . Hence, by using the

definition (2.13), we find that

P = GQG = G1/2(G1/2QG1/2)G1/2 = G1/2PVG1/2. (A.175)

Since G is a symmetric, positive definite, and non-singular matrix the same holds for G1/2. Therefore,

rank(P) = rank(PV) i.e.,

rank(P) = rank(G1/2PVG1/2) = rank(PV). (A.176)

However, matrix PV is idempotent matrix and its rank is equal to its trace.

rank PV = tr PV = tr V(V ′V)−1V ′ = tr Ir = r⇒ (A.177)

rank P = r. (A.178)

By using the relations λi ≥ 0 (i = 1, . . . ,n) and rank P = r we conclude that r of eigenvalues of the matrix

P are positive and the remaining n− r are equal to 0. Let L a n× n diagonal matrix and let eigenvalues λi

be the elements of matrix P. Also, let W be a n × n diagonal matrix whose columns are the normalized

eigenvectors wi of matrix P. By using the Theorem of spectral analysis, matrix P can be write as follows:

P =WLW′ =

n∑
i=1

λiwiw′i =
r∑

i=1

λiwiw′i . (A.179)

Using definition (2.12) and Lemma A.28 we have

i. The i-th element of vector c is

ci = = tr AiP⇒

ci =

[ n∑
κ1=1

n∑
κ2=1

[ 1
T

( T∑
t′=1

T∑
t=1

xκ1tωtt′ ixt′κ2

)
pκ2κ1

]]
. (A.180)

c = [(ci) i = (ρ, 1, . . . ,m)] =



cρ

c1

...

cm



=



[∑n
κ1=1

∑n
κ2=1

[
1
T

(∑T
t′=1

∑T
t=1 xκ1tωtt′ρxt′κ2

)
pκ2κ1

]]
[∑n

κ1=1
∑n
κ2=1

[
1
T

(∑T
t′=1

∑T
t=1 xκ1tωtt′1xt′κ2

)
pκ2κ1

]]
...[∑n

κ1=1
∑n
κ2=1

[
1
T

(∑T
t′=1

∑T
t=1 xκ1tωtt′mxt′κ2

)
pκ2κ1

]]


. (A.181)
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ii. The (i,j)-th element of matrix C is

ci j = tr Ci jP⇒

ci j =

[ n∑
κ1=1

n∑
κ2=1

[ 1
T

( T∑
r=1

T∑
m=1

T∑
t′=1

T∑
t=1

xκ1tωtt′ iω
t′mωmr jxrκ2

)
pκ2κ1

]]

−2
n∑

κ1=1

[ n∑
κ2=1

n∑
d2=1

n∑
d1=1

[( T∑
t′=1

T∑
t=1

1
T

xκ1tωtt′ ixt′d1

)
gd1d2

( T∑
t′=1

T∑
t=1

1
T

xd2tωtt′ jxt′κ2

)
pκ2κ1

]]

+
1
2

n∑
κ1=1

n∑
κ2=1

[ 1
T

( T∑
t′=1

T∑
t=1

xκ1tωtt′ i jxt′κ2

)
pκ2κ1

]
. (A.182)

C = [(ci j)i, j=(ρ,1,...,m)]. (A.183)

iii. The (i,j)-th element of matrix D is

di j = tr Di jP⇒

di j =
1
2

n∑
κ1=1

[ n∑
κ2=1

n∑
d2=1

n∑
d1=1

[( T∑
t′=1

T∑
t=1

1
T

xκ1tωtt′ ixt′d1

)
pd1d2

( T∑
t′=1

T∑
t=1

1
T

xd2tωtt′ jxt′κ2

)
pκ2κ1

]]
. (A.184)

D = [(di j)i, j=(ρ,1,...,m)]. (A.185)

□

We define the following matrices for the Linear Regression Models (1.1), (A.221) and (A.251)

A = X′ΩX/T, AAR = X′ARΩARXAR/T, AH = X′HΩHXH/T,

G = A−1, GAR = AAR
−1, GH = AH

−1,

Ā = Z′Ω2Z/T, ĀAR = Z′ΩAR
2Z/T, ĀH = Z′Ω2

HZ/T,

Ḡ = Ā−1, ḠAR = Ā−1
AR, ḠH = Ā−1

H ,

F = X′X/T, FAR = X′ARXAR/T, FH = X′HXH/T,

B = F−1, BAR = FAR
−1, BH = FH

−1, (A.186)

F̄ = F̄AR = F̄H = Z′Z/T,

B̄ = B̄AR = B̄H = F̄−1,

Γ = X′Ω−1X/T, ΓAR = X′ARΩAR
−1XAR/T, ΓH = X′HΩH

−1XH/T,

Γ̄ = Z′Ω−2Z/T, Γ̄AR = Z′ARΩAR
−2ZAR/T, Γ̄H = Z′HΩH

−2ZH/T,
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According to Lemmas Γ.1,Γ.2 and Γ.5, (see Symeonides, 1991), the following quantities are defined:

trΩAR1ΩAR
−1 = tr(I − R)/ρ = 0, trΩAR

−1∆ = 2/α, trΩAR2ΩAR
−1 = 2ρ/α.

For i = 1, 2, ρ,

trΩAR
−1ΩARiΩAR

−1 = −2ρT/α2 +O(1),

tr(ΩARiΩAR
−1)2 = 2T/α +O(1),

trΩAR
−1(ΩARiΩAR

−1)2 = 2(2ρ−1
− 1)T/α3 +O(1),

tr(ΩARiΩAR
−1)3 = 2(2 − 3ρ−1)T/ρα2 +O(1)

tr PARXΩARi = (tr AARBAR − nα)/ρ +O(T2),

tr PARXΩARiΩ−1
AR = (n − tr BARΓAR)/ρ +O(T2), (A.187)

tr PARXΩARiPARXΩ−1
AR = (tr AARBARΓARBAR/α − tr BARΓAR)/ρ +O(T2),

X′ARXAR/T = O(τ2), X′AR∆XAR/T = O(τ2),X′ARRXAR/T = O(τ2),

X′AR∆RXAR/T = O(τ2), X′ARR∆XAR/T = O(τ2),X′ARR∆RXAR/T = O(τ2).

Lemma A.29. We consider the T × T matrix

Ω = Σ−
1/2[(1 + ρ2)IT − ρD − ρ2∆]Σ−1/2, (A.188)

where the T × T matrices IT, D and ∆ are defined in Lemma A.1. From (1.21) we know that

Ω−1 =
1

1 − ρ2Σ
1/2RΣ1/2 = Σ

1/2R/αΣ1/2, where α = 1 − ρ2. (A.189)

We define the

α∗ =
ρ2

1 − ρ2 . (A.190)

Let

Ωρ = ∂Ω/∂ρ = Σ−
1/2[2ρIT −D − 2ρ∆]Σ−1/2 = Ω1 − ρΣ−

1/2∆Σ−
1/2,

and (A.191)

Ωρρ = ∂2Ω/∂ρ2 = Σ−
1/2[2IT − 2∆]Σ−1/2,

where

Ωi = Ωρ + iρΣ−1/2∆Σ−
1/2, Ωii = Ωρρ + iΣ−1/2∆Σ−

1/2, (i = 1, 2). (A.192)
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Using (A.191), The following results apply:

trΩρΩ−1 = O(T−1),

tr(ΩρΩ−1)2 = 2/(1 − ρ2) +O(T−1), (A.193)

tr(ΩρΩ−1)3 = 2(2 − 3ρ2)/ρ(1 − ρ2)2 +O(T−1),

and

trΩρρΩ−1 =
2
α
−

4
αT
. (A.194)

Proof of Lemma A.29. From (A.192) we have

Ω1Ω−1 = Σ−
1/2[2ρIT −D − 2ρ∆ + ρ∆]Σ−1/2Σ

1/2[R/(1 − ρ2)]Σ1/2

= Σ−
1/2[2ρIT −D − ρ∆][R/(1 − ρ2)]Σ1/2

=
1
ρ
Σ−

1/2[2ρ2IT − ρD − ρ2∆][R/(1 − ρ2)]Σ1/2

=
1
ρ
Σ−

1/2[(1 + ρ2)IT − ρD − ρ2∆ − (1 − ρ2)IT][R/(1 − ρ2)]Σ1/2

=
1
ρ
Σ−

1/2[R∗ − αIT][R/α]Σ1/2

=
1
ρ
Σ−

1/2[IT − R]Σ1/2. (A.195)

By using (UR.25), (A.191), (A.195) we find

ΩρΩ−1 = (Ω1 − ρΣ−
1/2∆Σ−

1/2)Ω−1 = Ω1Ω−1
−
ρ

α
Σ−

1/2∆Σ−
1/2Σ

1/2RΣ1/2

=
1
ρ
Σ−

1/2[IT − R]Σ1/2
−
ρ

α
Σ−

1/2∆Σ−
1/2Σ

1/2RΣ1/2

=
1
ρ
Σ−

1/2[IT − R −
ρ2

α
∆R]Σ1/2

=
1
ρ
Σ−

1/2[IT − R −
ρ2

α
∆R]Σ1/2

=
1
ρ
Σ−

1/2[IT − R − α∗E]Σ1/2. (A.196)

From equation (UR.25) and (A.196) we have

trΩρΩ−1/T = tr
1
ρ
Σ−

1/2[IT − R − α∗E]Σ1/2/T =
1
ρ

(T − T − 2α∗)/T =
2α∗
ρT
= O(T−1). (A.197)

By using (A.196) we have

(ΩρΩ−1)2 =
1
ρ
Σ−

1/2[IT − R − α∗E]Σ1/2 1
ρ
Σ−

1/2[IT − R − α∗E]Σ1/2

=
1
ρ2Σ

−1/2[IT − 2R + R2 + α∗(ER + RE − 2E) + a∗2E2]Σ1/2. (A.198)
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From equations (UR.25) and (A.198) we have

tr(ΩρΩ−1)2/T =
1
ρ2 trΣ−1/2[IT − 2R + R2 + α∗(ER + RE − 2E) + a∗2E2]Σ1/2/T

=
1
ρ2 trΣ1/2Σ−

1/2[IT − 2R + R2 + α∗(ER + RE − 2E) + a∗2E2]/T

=
1
ρ2 tr[IT − 2R + R2 + α∗(ER + RE − 2E) + a∗2E2]/T

=
1
ρ2 [tr IT − 2 tr R + tr R2 + α∗(tr ER + tr RE − 2 tr E) + a∗2 tr E2]/T

=
1
ρ2 [tr IT − 2 tr R + tr R2 + α∗(2 tr RE − 2 tr E) + a∗2 tr E2]/T

=
1
ρ2 [tr IT − 2 tr R + tr R2 + 2α∗(tr Z − tr E) + a∗2 tr X]/T

=
1
ρ2 [tr IT/T − 2 tr R/T + tr R2/T +O(T−1)]

=
1
ρ2 [1 − 2 + (1 + ρ2)/(1 − ρ2)] +O(T−1)

=
2ρ2

ρ2(1 − ρ2)
+O(T−1) =

2
1 − ρ2 +O(T−1). (A.199)

By using (A.196) and (A.198) we have

(ΩρΩ−1)3 =
1
ρ2Σ

−1/2[IT − 2R + R2 + α∗(ER + RE − 2E) + a∗2E2]Σ1/2 1
ρ
Σ−

1/2[IT − R − α∗E]Σ1/2

=
1
ρ3Σ

−1/2[IT − 2R + R2 + α∗(ER + RE − 2E) + a∗2E2][IT − R − α∗E]Σ1/2

=
1
ρ3Σ

−1/2[IT − 3R + 3R2
− R3 + α∗(3ER + 3RE − 3E − RER − ER2

− R2E)

−a∗2(ERE + RE2 + E2R − 3E2) − α∗3E3]Σ1/2. (A.200)

From equations (UR.25) and (A.200) we have

tr(ΩρΩ−1)3/T =
1
ρ3 trΣ−1/2[IT − 3R + 3R2

− R3 + α∗(3ER + 3RE − 3E − RER − ER2
− R2E)

−a∗2(ERE + RE2 + E2R − 3E2) − α∗3E3]Σ1/2/T

=
1
ρ3 trΣ1/2Σ−

1/2[IT − 3R + 3R2
− R3 + α∗(3ER + 3RE − 3E − RER − ER2

− R2E)

−a∗2(ERE + RE2 + E2R − 3E2) − α∗3E3]/T

=
1
ρ3 tr[IT − 3R + 3R2

− R3 + α∗(3ER + 3RE − 3E − RER − ER2
− R2E)

−a∗2(ERE + RE2 + E2R − 3E2) − α∗3E3]/T

=
1
ρ3 [tr IT − 3 tr R + 3 tr R2

− tr R3 + α∗(3 tr ER + 3 tr RE − 3 tr E − tr RER − tr ER2
− tr R2E)

−a∗2(tr ERE + tr RE2 + tr E2R − 3 tr E2) − α∗3 tr E3]/T

=
1
ρ3 [tr IT − 3 tr R + 3 tr R2

− tr R3 + α∗(6 tr RE − 3 tr E − 3 tr ER2)

−a∗2(3 tr RE2
− 3 tr E2) − α∗3 tr E3]/T
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=
1
ρ3 [tr IT − 3 tr R + 3 tr R2

− tr R3 + α∗(6 tr Z − 3 tr E − 3 trΨ)

−a∗2(3 trΘ − 3 tr X) − α∗3 trΦ]/T

=
1
ρ3 [tr IT/T − 3 tr R/T + 3 tr R2/T − tr R3/T +O(T−1)]

=
1
ρ3 [1 − 3 + 3(1 + ρ2)/(1 − ρ2) − (1 + ρ4)/(1 − ρ2)2] +O(T−1)

= 2ρ2(2 − 3ρ2)/ρ3(1 − ρ2)2 +O(T−1) = 2(2 − 3ρ2)/ρ(1 − ρ2)2 +O(T−1). (A.201)

From (A.189), (A.191)

ΩρρΩ−1 = Σ−
1/2[2IT − 2∆]Σ−1/2Σ

1/2R/αΣ1/2

= Σ−
1/2[2IT − 2∆]R/αΣ1/2

= 2Σ−1/2[R/α − ∆R/α]Σ1/2

=
2
α
Σ−

1/2[R − E]Σ1/2. (A.202)

From equations (A.202) and (UR.25) we have

trΩρρΩ−1/T =
2
α

trΣ−1/2[R − E]Σ1/2/T

=
2
α

trΣ1/2Σ−
1/2[R − E]/T

=
2
α

tr[R − E] =
2
αT

[T − 2] =
2
α
−

4
αT
. (A.203)

□

Lemma A.30. By following equation (A.192) we know that

Ω1 = Ωρ + ρΣ−
1/2∆Σ−

1/2,

Ω2 = Ωρ + 2ρΣ−1/2∆Σ−
1/2 = Ω1 + ρΣ−

1/2∆Σ−
1/2. (A.204)

The following results hold:

trΩ1Ω−1 = 0, (A.205)

and

trΩ2Ω−1 =
2ρ
α
. (A.206)
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Proof of Lemma A.30. By using (UR.25) and Lemma A.31 we have

trΩ1Ω−1 = tr
1
ρ
Σ−

1/2[IT − R]Σ1/2 =
1
ρ

trΣ1/2Σ−
1/2[IT − R] =

1
ρ

][T − T] = 0. (A.207)

and

trΩ2Ω−1 = tr[Ω1 + ρΣ−
1/2∆Σ−

1/2]Ω−1 = trΩ1Ω−1 + ρ trΣ−1/2∆Σ−
1/2Ω−1

= trΩ1Ω−1 + ρ trΣ−1/2∆Σ−
1/2Σ

1/2R/αΣ1/2 = trΩ1Ω−1 +
ρ

α
trΣ1/2Σ−

1/2∆R

= trΩ1Ω−1 +
ρ

α
tr∆R = trΩ1Ω−1 +

ρ

α
tr E = 0 + 2

ρ

α
=

2ρ
α
. (A.208)

□

Lemma A.31. We define the quantities

ai = −E(u′Ωςi u/T),

aρ = −E(u′Ωρu/T),

ai j =
1
2

E(u′Ωςiς j u/T), (A.209)

aρρ =
1
2

E(u′Ωρρu/T),

aρ j = E(u′Ωρς j u/T).

Also, we define the m × 1 vectors

a = [(ai) i = ρ, 1, . . . ,m],

aρς = [(aρl) l = 1, . . . ,m], (A.210)

and the m ×m matrix

Ā = [(ai j) i, j = ρ, 1, . . . ,m]. (A.211)

In addition we define the scalars

w0 =
√

T(u′Ωu/T − 1),

wi =
√

T(u′Ωςi u/T + ai),

wρ =
√

T(u′Ωρu/T + aρ),

wi j =
√

T(u′Ωςiς j u/T − 2ai j), (A.212)

wρρ =
√

T(u′Ωρρu/T − 2aρρ),

wρ j =
√

T(u′Ωρς j u/T − aρ j).
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The following results are proved

E(w0) = 0,

E(wi) = 0,

E(wρ) = 0,

E(wi j) = 0, (A.213)

E(wρρ) = 0,

E(wρ j) = 0,

E(w2
0) = 2.

Proof of Lemma A.31.

E(w0) = E[
√

T(u′Ωu/T − 1)] =
√

T[E(u′Ωu/T) − 1] =
√

T(1 − 1) = 0, (A.214)

E(wi) = E[
√

T(u′Ωςi u/T + ai)] =
√

T[E(u′Ωςi u/T) + ai] =
√

T(−ai + ai) = 0, (A.215)

E(wρ) = E[
√

T(u′Ωρu/T + aρ)] =
√

T[E(u′Ωρu/T) + aρ] =
√

T(−aρ + aρ) = 0, (A.216)

E(wi j) = E[
√

T(u′Ωςiς j u/T − 2ai j)] =
√

T[E(u′Ωςiς j u/T) − 2ai j] =
√

T(2ai j − 2ai j) = 0, (A.217)

E(wρρ) = E[
√

T(u′Ωρρu/T − 2aρρ)] =
√

T[E(u′Ωρρu/T) − 2aρρ] =
√

T(2aρρ − 2aρρ) = 0, (A.218)

E(wρ j) = E[
√

T(u′Ωρς j u/T − aρ j)] =
√

T[E(u′Ωρς j u/T) − aρ j] =
√

T(aρ j − aρ j) = 0 (A.219)

.

E(w2
0) = E[

√

T(u′Ωu/T − 1)
√

T(u′Ωu/T − 1)]

= E[u′Ωuu′Ωu/T − 2u′Ωu + T]

= E[u′Ωuu′Ωu/T] − 2 E[u′Ωu] + T

=
1
T

[trΩΩ−1 trΩΩ−1 + 2 trΩΩ−1ΩΩ−1] − 2 trΩΩ−1 + T

=
1
T

[T2 + 2T] − 2T + T = T + 2 − 2T + T = 2. (A.220)

□

Two Discrete Models

Due to the estimation strategy, the model with heteroskedastic and autocorrelated disturbances can

be split into two discrete models,one concerning heteroskedastic disturbances and another concerning

autoregressive disturbances. The linear regression model with heteroskedastic disturbances and the linear

regression model with autocorrelated disturbances are estimated by Generalized Least Squares (GLS).

Conventional F and t-testing procedures of any linear hypotheses on the parameters for these model are

justified under the implicit assumption that the sample size is large enough to permit inference on the
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parameters estimates based on the chi-square or normal distributions. However, in finite samples there

is a considerable discrepancy between the true and the nominal size of the test, and this may results

in erroneous inferences and to incorrect structural specification. Also, the well-known conflict among

the classical testing procedures is mainly due to the fact that the Wald, likelihood ratio, and Lagrange

multiplier tests have different sizes. Given that the differences between the true and nominal size are

large, compared with the differences in power (e.g., Rothenberg, 1983, p. 529), the size correction should

eliminate most of the probability of conflict. Thus, once a size correction has been made, little may be lost

by using the F (or t) test, even in cases where there exists a second-order more efficient test. In particular,

Rothenberg, 1984b, 1988 derived general formulae giving the Edgeworth-corrected critical values for the

Wald and t-test statistics based on Edgeworth expansions of their corresponding asymptotic, chi-square

and normal distributions, respectively. This is done for a wide class of regression models used in practice.

Instead of using the asymptotic form of the tests, Magdalinos and Symeonides, 1995, 1996 recommended

to use the degrees of freedom adjusted forms of the above statistics and derived expansions in terms of

the F and t distributions, respectively.(Symeonides et al., 2007).

Linear Model with Heteroskedastic Disturbances

The Linear Model with Heteroskedastic Disturbances is

yH = XHβ + σuH (A.221)

where

yH = (1 − ρ2)1/2 y

XH = (1 − ρ2)1/2X (A.222)

uH = (1 − ρ2)1/2u

We note that x′
Ht, z′t are the rows of the T × n matrices XH, Z respectively. Thus, they can be analytically

written as follows

XH =


x′

H1
...

x′
HT

 , Z =


z′1
...

z′T

 , X′HXH = (xH1, . . . , xHT)


x′

H1
...

x′
HT

 =
T∑

t=1

xHtx′Ht, Z′Z =
T∑

t=1

ztz′t (A.223)

Lemma A.32. According to Lemma ∆.1, (see Symeonides, 1991) we have:

The T×T matrices ΩH and Ω−1
H can be written as follows:
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and

ΩH = Σ−1 =



1
σ1

2
0 . . . 0

0 1
σ2

2
. . . 0

...
...

. . .
...

0 0 . . . 1
σT

2


= diag(σ−2

t ) = diag(ωHt) (A.224)

and

Ω−1
H = Σ =



σ2
1 0 . . . 0

0 σ2
2 . . . 0

...
...

. . .
...

0 0 . . . σ2
T


, (A.225)

where

σ2
t = z′tς, (A.226)

and

z′t = (1, zt2, . . . , ztm). (A.227)

We define the matrices:

ΩHςi =
∂ΩH

∂ςi
= diag(ωHti), where ωHti =

∂ωHt

∂ςi
,

ΩHςiς j =
∂2ΩH

∂ςi∂ς j
= diag(ωHti j), where ωHti j =

∂2ωHt

∂ςi∂ς j
. (A.228)

The following will be proven later on

ωHti =
−zti

σ4
t

= −ω2
Htzti, ΩHςi = −diag(zti)Ω2

H,

ωHti j =
2ztizt j

σ6
t

= 2ω3
Htztizt j, ΩHςiς j = 2 diag(ztizt j)Ω3

H. (A.229)

Proof of Lemma A.32. Using the fact that the matrices ΩH, ΩHςi and ΩHςiς j are diagonals we find the

following results:

i.

ωHti =
∂ωHt

∂ςi
=
∂(z′tς)

−1

∂ςi
=

∂
∂ςi

(1/z′tς) = −zti/(z′tς)
2 = −zti/σ

4
t = −ω

2
Htzti =⇒ (A.230)

=⇒ ΩHςi = diag(ωHti) = diag(−ω2
Htzti) = −diag(ω2

Ht) diag(zti)

= −Ω2
H diag(zti) = −diag(zti)Ω2

H. (A.231)
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ii.

ωHti j =
∂2ωHt

∂ςi∂ς j
=

∂
∂ς j

(∂ωHt

∂ςi

)
=

∂
∂ς j

[−zti/(z′tς)
2] = −zti

∂
∂ς j

[1/(z′tς)
2]

= −zti[−2zt j(z′tς)/(z
′

tς)
4] = 2ztizt j/σ

6
t = 2ω3

Htztizt j (A.232)

=⇒

ΩHςiς j = diag(ωHti j) = diag(2ω3
Htztizt j) = 2 diag(ω3

Ht) diag(ztizt j)

= 2Ω3
H diag(ztizt j) = 2 diag(ztizt j)Ω3

H. (A.233)

□

Lemma A.33. We define the T × 1 vector v with elements

vt = 2σ2
t x′

HtBHxHt − x′
HtBHΓHBHxHt, (A.234)

and the T × 1 vectors ū,ε and ε̄ with elements

ūt = u2
Ht − σ

2
t ,

εt = 2uHtet − τe2
t , et = x′

HtBHX′HuH/
√

T, (A.235)

ε̄t = 2uHtēt − τē2
t , ēt = x′

HtGHX′HΩHuH/
√

T,

respectively. The following will be proven:

E(ūū′) = 2Ω−2
H ,

E(εt) = vt/
√

T, E(ε) = v/
√

T, (A.236)

E(ε̄t) = x′
HtGHxHt/

√

T, E(ε̄) = XGxHt/
√

T,

(see Symeonides, 1991, Lemma ∆.3)

Proof of Lemma A.33. From the definition of the Linear Model with Heteroskedastic Disturbances we

know that uH ∼ N(0,Ω−1
H ). By using (A.224), (A.226) and (A.227) we find

Ω−1
H =



σ2
1 0 . . . 0

0 σ2
2 . . . 0

...
...

. . .
...

0 0 . . . σ2
T


= [(δtsσ

2
t )t,s=1,...,T] (A.237)
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and

Ω−2
H =



σ4
1 0 . . . 0

0 σ4
2 . . . 0

...
...

. . .
...

0 0 . . . σ4
T


= [(δtsσ

4
t )t,s=1,...,T] (A.238)

where δts is Kronecker’s delta. Therefore, for the T × 1 vector uH

uH = [(uHt) t = 1, . . . ,T],

E(uH) = 0, E(uHu′H) = [(δtsσ
2
t )t,s=1,...,T]

E(u2
Ht) = σ

2
t , E(uHtuHs) = δtsσt

2 = δts E(u2
Ht) (A.239)

uHt ∼ N(0, σ2
t ) (A.240)

We define the variable

ψHt = uHt/σt (A.241)

for which apply

ψHt = uHt/σt ∼ N(0, 1), ψ2
Ht = u2

Ht/σ
2
t ∼ χ

2
1 (A.242)

where χ2
1 is chi-square distribution with 1 degree of freedom. From equation (A.242) we have that

E(ψ2
Ht) = E(u2

Ht/σ
2
t ) = 1, E[(ψ2

Ht − 1)2] = E[(u2
Ht/σ

2
t − 1)2] = 2,

(A.243)

□

Lemma A.34. For Ω2
H and Ω̂2

H holds that

Ω̂2
H = Ω

2
H + 2τ

m∑
i=1

ΩHΩHςi d1ςi + ω(τ2), (A.244)

where Ω̂2
H is an estimator of matrix Ω2

H and d1ςi is the i-element of d′1ς vector, which is a sub-vector of

d1 = (σ0, ρ1,d′1ς).

Proof of Lemma A.34. Using equations (1.13), (1.14), (A.223) and (A.224) we find that

Ω2
H = diag(ω2

Ht), ωHt = (z′tς)
−1. (A.245)



Appendix A 119

Therefore, using Lemma A.32 we find that the derivative of Ω2
H with respect to the elements ςi is

∂Ω2
H

∂ςi
= diag(

∂ω2
Ht

∂ςi
) = diag(2ωHt

∂ωHt

∂ςi
)

= diag(2ωHtωHti) = diag(ωHt) diag(ωHti) = 2ΩHΩHςi . (A.246)

Doing Taylor expansion of Ω̂2 around Ω2
H we have

Ω̂2
H = Ω2

H +

m∑
i=1

∂Ω2
H

∂ςi
(ς̂i − ςi) + . . . = Ω2

H +

m∑
i=1

∂Ω2
H

∂ςi
τ

(ς̂i − ςi)
τ

+ . . .

= Ω2
H + τ

m∑
i=1

∂Ω2
H

ςi
δςi + ω(τ2), (A.247)

where δςi =
(ς̂i−ςi)
τ . Letting σ = 1 we have that for the δ vector applies that

δ =


δ0

δρ

[(δςi )i=1,...,m]

 (A.248)

The δςi admits a stochastic expansion of the form:

δςi = d1ςi − τd2ςi + ω(τ2) (A.249)

Using (A.246), (A.247) and (A.249)

Ω̂2
H = Ω2

H + τ
m∑

i=1

2ΩHΩHςi (d1ςi − τd2ςi + ω(τ2)) + ω(τ2)

= Ω2
H + 2τ

m∑
i=1

ΩHΩHςi d1ςi + ω(τ2). (A.250)

□
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The Linear Model with Autocorrelated Disturbances

According to Appendix Γ (Symeonides, 1991) we have:

The Linear Model with Autocorrelated Disturbances is

yAR = XARβ + σuAR, (A.251)

where

yAR = Σ−
1/2 y,

XAR = Σ−
1/2X, (A.252)

uAR = Σ−
1/2u.

Lemma A.35. We consider the T × T matrix

ΩAR = [R/(1 − ρ2)]−1 = (1 + ρ2)IT − ρD − ρ2∆, (A.253)

where IT is the identity matrix, D is a matrix with elements 1 if |i − j| = 1 and 0 elsewhere, and ∆ is a

matrix with elements 1 in (1,1)-st and (T,T)-th position and 0 elsewhere.

We know that Ω−1
AR can be written as follows:

Ω−1
AR = [R/(1 − ρ2)]. (A.254)

Let

ΩARρ =
∂ΩAR

∂ρ
= 2ρI −D − 2ρ∆ = ΩAR1 − ρ∆,

and (A.255)

ΩARρρ =
∂2ΩAR

∂ρ2 = 2I − 2∆ = 2(I − ∆),

where

ΩARi = ΩARρ + iρ∆

and (A.256)

ΩARii = ΩARρρ + i∆.

Then, the following results apply

trΩARρΩAR
−1/T = O(T−1), tr(ΩARρΩAR

−1)2/T = 2/(1 − ρ2) +O(T−1),

(A.257)

tr(ΩARρΩAR
−1)3/T = 2(2 − 3ρ2)/ρ(1 − ρ2)2 +O(T−1).
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Proof of Lemma A.35. This equation’s proof is morphologically tautological with Lemma’s Γ.3 proof,

(Symeonides, 1991, (App.Γ)) if matrix Ω replaced by matrix ΩAR. □

Estimator of σ

Since, estimators ς̂ and ρ̂ have been calculated we can find estimator Ω̂ of the T × T matrix Ω as follows:

Ω̂−1 = Σ̂
1/2[R̂/(1 − ρ̂2)]Σ̂1/2 =⇒

Ω̂ = Σ̂−
1/2[(1 − ρ̂2)IT − ρ̂D − ρ̂2∆]Σ̂−1/2. (A.258)

Having calculated Ω̂ we can find the feasible GLS estimators of β and σ as follows:

β̂ = (X′Ω̂X)−1X′Ω̂y (A.259)

and

σ̂ = [(y − Xβ̂)′Ω̂(y − Xβ̂)/(T − n)]1/2. (A.260)

Let

Ω = P′P and σ = 1. (A.261)

Equation (1.1) can be transformed as follows:

Py = PXβ + Pu (A.262)

Since Ω is unknown we must use Ω̂ instead of Ω and by letting Ω̂ = P̂′P̂ we can write the transformed

equation (A.262) as follows

P̂y = P̂Xβ + P̂u. (A.263)

Let β̂ be the feasible GLS estimator of β and û the GLS residuals of (A.263).

From Lemma UR.4 we have

β̂ = β + (X′Ω̂X)−1X′Ω̂u (A.264)

and

β̂ − β = τb + τ2b∗ = τb + ω(τ2), (A.265)

where b and b∗ have been defined in Lemma UR.4.

We define the n × 1

κ =
√

T(β̂ − β) = (β̂ − β)/τ = b + ω(τ). (A.266)

Also, combining equations (A.264) and (A.266) we find that

κ =
√

T(β̂ − β) =
√

T(X′Ω̂X)−1X′Ω̂u = (X′Ω̂X/T)−1X′Ω̂u/
√

T =⇒ (A.267)
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(X′Ω̂X/T)κ = (X′Ω̂X/T)(X′Ω̂X/T)−1X′Ω̂u/
√

T = X′Ω̂u/
√

T. (A.268)

From equations (1.1), (A.263) and (A.266) derives that

û = P̂y − P̂Xβ̂ = P̂(y − Xβ̂) = P̂(u + Xβ − Xβ̂) =

= P̂[(u − τX(β̂ − β)/τ] = P̂(u − τXκ). (A.269)

Thus using equations (A.268) and (A.269) we find

û′û = (u − τXκ)′P̂′P̂(u − τXκ) = (u′ − τκ′X′)Ω̂(u − τXκ) =

= (u′ − κ′X′/
√

T)Ω̂(u − Xκ/
√

T) = u′Ω̂u − 2κ′X′Ω̂u/
√

T + κ′(XΩ̂X/T)κ

= u′Ω̂u − 2κ′(X′Ω̂X/T)κ + κ′(XΩ̂X/T)κ

= u′Ω̂u − κ′(X′Ω̂X/T)κ = u′Ω̂u − κ′Âκ. (A.270)

Doing Taylor expansion of u′Ω̂u around u′Ωu and using Lemma A.31 and equation (1.28) we have

u′Ω̂u/T = u′Ωu/T +
m+1∑
i=1

(u′
∂Ω
∂γi

u/T)(γ̂i − γi) +
1
2

m+1∑
i=1

m+1∑
j=1

(u′
∂2Ω
∂γi∂γ j

u/T)(γ̂i − γi)(γ̂ j − γ j) + . . . =

= u′Ωu/T + τ(u′
∂Ω
∂γm+1

u/T)
(γ̂m+1 − γm+1)

τ
+ τ

m∑
i=1

(u′
∂Ω
∂γi

u/T)
(γ̂i − γi)

τ

+
τ2

2

[
(u′

∂2Ω
∂γm+1∂γm+1

u/T)
(γ̂m+1 − γm+1)2

τ2 +

m∑
i=1

m∑
j=1

(u′
∂2Ω
∂γi∂γ j

u/T)
(γ̂i − γi)

τ

(γ̂ j − γ j)
τ

+2
m∑

j=1

(u′
∂2Ω

∂γm+1∂γ j
u/T)

(γ̂m+1 − γm+1)
τ

(γ̂ j − γ j)
τ

]
+ ω(τ3) =

= u′Ωu/T + τ(u′Ωρu/T)δρ + τ
m∑

i=1

(u′Ωςi u/T)δςi +
τ2

2

[
(u′Ωρρu/T)δ2

ρ

+

m∑
i=1

m∑
j=1

(u′Ωςiς j u/T)δςiδς j + 2
m∑

j=1

(u′Ωρς j u/T)δρδς j

]
+ ω(τ3) =

= 1 − τ
√

T + τ
√

T(u′Ωu/T) + τ[τ
√

T(u′Ωρu/T) + τ
√

Taρ − aρ]δρ

+τ[τ
√

T
m∑

i=1

(u′Ωςi u/T) + τ
√

Tai − ai]δςi +
τ2

2
[τ
√

T(u′Ωρρu/T) − 2τ
√

Taρρ + 2aρρ]δ2
ρ

+
τ2

2

m∑
i=1

m∑
j=1

[τ
√

T(u′Ωςiς j u/T) − 2τ
√

Tai j + 2ai j]δςiδς j

+τ2
m∑

j=1

[
τ
√

T(u′Ωρς j u/T) − τ
√

Taρ j + aρ j

]
δρδς j + ω(τ3) =

= 1 + τ
√

T(u′Ωu/T − 1) + τ2[
√

T(u′Ωρu/T) + aρ)]δρ − τaρδρ

+τ2
m∑

i=1

√

T[(u′Ωςi u/T) + ai]δςi − τ
m∑

i=1

aiδςi
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+
τ3

2

√

T[(u′Ωρρu/T) − 2aρρ)]δρ2 + τ2aρρδρ2

+
τ3

2

m∑
i=1

m∑
j=1

√

T[(u′Ωςiς j u/T) − 2ai j]δςiδς j + τ
2

m∑
i=1

m∑
j=1

ai jδςiδς j

+τ3
m∑

j=1

√

T[(u′Ωρς j u/T) − aρ j]δρδς j + τ
2

m∑
j=1

aρ jδρδς j + ω(τ3)

= 1 + τ[w0 − aρδρ −
m∑

i=1

aiδςi ]

+τ2[wρδρ +
m∑

i=1

wiδςi +

m∑
i=1

m∑
j=1

ai jδςiδς j + aρρδρ2 +

m∑
i=1

m∑
j=1

aρ jδρδς j ] + ω(τ3)

= 1 + τ[w0 − aρδρ − a′δς]

+τ2[wρδρ +w′δς + δ′ςĀδς + aρρδρ2 + δρa′ρςδς] + ω(τ3) (A.271)

By using equation (1.30) we have that

δς = d1ς − τd2ς + ω(τ2) (A.272)

and

δρ = ρ1 + τρ2 + ω(τ2) (A.273)

substituting equations (A.272) and (A.273) in the equation (A.271) we have

u′Ω̂u/T = 1 + τ[w0 − aρ(ρ1 + τρ2 + ω(τ2)) − a′(d1ς − τd2ς + ω(τ2))]

+τ2[wρ(ρ1 + τρ2 + ω(τ2)) +w′(d1ς − τd2ς + ω(τ2))

+(d1ς − τd2ς + ω(τ2))′Ā(d1ς − τd2ς + ω(τ2)) + aρρ(ρ1 + τρ2 + ω(τ2))
2

+(ρ1 + τρ2 + ω(τ2))a′ρς(d1ς − τd2ς + ω(τ2))] + ω(τ3)

= 1 + τ[w0 − aρρ1 − a′d1ς] + τ2[wρρ1 +w′d1ς − aρρ2 + a′d2ς

+d′1ςĀd1ς + aρρρ1
2 + ρ1a′ρςd1ς] + ω(τ3). (A.274)

Using Lemma UR.4 and equation (A.266) we get

κ′Âκ = (b + ω(τ))′(A + ω(τ))(b + ω(τ)) = b′Ab + ω(τ) =⇒

κ′Âκ/T = b′Ab/T + ω(τ3). (A.275)

Using equations (A.270), (A.274) and (A.275) we find

û′û/T = u′Ω̂u/T − κ′Âκ/T =

= 1 + τ[w0 − aρρ1 − a′d1ς] + τ2[wρρ1 +w′d1ς − aρρ2 + a′d2ς

+d′1ςĀd1ς + aρρρ1
2 + ρ1a′ρςd1ς − b′Ab] + ω(τ3) (A.276)
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Also, from the equation (A.269), the definitions of model (1.1) and since Ω̂ = P̂′P̂ we get

σ̂2 = û′û/(T − n) =⇒ (T − n)σ̂2 = û′û =⇒

û′û/T =
(T − n)

T
σ̂2 = σ̂2

− σ̂2nτ2 (A.277)

and

σ̂2 = 1 + ω(τ) =⇒

σ̂2nτ2 = (1 + ω(τ))nτ2 = nτ2 + ω(τ3) (A.278)

Using equation (A.276) we have

σ̂2 = û′û/T + nτ2 + ω(τ3)

= 1 + τ[w0 − aρρ1 − a′d1ς] + τ2[wρρ1 +w′d1ς − aρρ2 + a′d2ς

+d′1ςĀd1ς + aρρρ1
2 + ρ1a′ρςd1ς − b′Ab + n] + ω(τ3). (A.279)

Using equations (1.28) and (A.279) we have

δ0 =
σ̂2
− 1
τ
= [w0 − aρρ1 − a′d1ς] + τ[wρρ1 +w′d1ς − aρρ2 + a′d2ς

+d′1ςĀd1ς + aρρρ1
2 + ρ1a′ρςd1ς − b′Ab + n] + ω(τ2)

= σ0 + τσ1 + ω(τ2), (A.280)

where

σ0 = w0 − aρρ1 − a′d1ς

and (A.281)

σ1 = wρρ1 +w′d1ς − aρρ2 + a′d2ς

+d′1ςĀd1ς + aρρρ1
2 + ρ1a′ρςd1ς − b′Ab + n.
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Estimators of ρ

OLS estimator of ρ

Lemma A.36. Following Symeonides, 1991 the OLS estimator ρ̃LS of ρ admits a stochastic expansion of

the form:

ρ̃LS = ρ + τ(ρ1 + τρ2) + ω(τ3), (A.282)

where

ρ1 = −αu′ARΩAR2uAR/2
√

T

and (A.283)

ρ2 = −(αu′ARP̄XARΩAR2P̄XAR uAR/2 − α2u′ARuARu′ARΩAR2uAR/2T).

Proof of Lemma A.36.

ρ̃LS =

T∑
t=2

ũARtũARt−1/
T∑

t=1

ũ2
ARt =

T∑
t=1

ũARtũARt+1/
T∑

t=1

ũ2
ARt = N/D, (A.284)

where ũARt are the OLS residuals of (A.251) equation. From (A.284) it follows that

N =
1
2

ũ′ARDũAR/Tσ2σ2
uAR

and (A.285)

D = ũ′ARũAR/Tσ2σ2
uAR
.

Let β̃ be the OLS estimator of β. Since

yAR = XARβ + σuAR, (A.286)

we have that

ũAR = yAR − XARβ̃ = σuAR + XARβ − XARβ̃ = σ[uAR − τ
√

TXAR(β̃ − β)/σ] = σ(uAR − τXARm), (A.287)

where

m =
√

T(β̃ − β)/σ =
√

T[(X′ARXAR)−1X′ARyAR − β]/σ

=
√

T[(X′ARXAR)−1X′AR(XARβ + σuAR) − β]/σ

=
√

T(X′ARXAR)−1X′ARuAR = (X′ARXAR/T)−1X′ARuAR/
√

T. (A.288)

By using (A.288) we have

X′ARuAR/
√

T = (X′ARXAR/T)m. (A.289)



126 Appendix A

From (A.287) we have

ũ′ARDũAR/σ
2 = σ2(uAR − τXARm)′D(uAR − τXARm)/σ2

= u′ARDuAR − 2m′(X′ARDuAR/
√

T) +m′(X′ARDXAR/T)m. (A.290)

From (A.285), (A.288), and (A.290) we have

N =
1
2

ũ′ARDũAR/Tσ2σ2
uAR
= (ũ′ARDũAR/σ

2)/2Tσ2
uAR

= u′ARDuAR/2Tσ2
uAR
− 2[u′ARXAR(X′ARXAR/T)−1/

√

T](X′ARDuAR/
√

T)/2Tσ2
uAR

+[u′ARXAR(X′ARXAR/T)−1/
√

T](X′ARDXAR/T)[(X′ARXAR/T)−1X′ARuAR/
√

T]/2Tσ2
uAR

= u′ARDuAR/2Tσ2
uAR
+ τ2(u′ARPXAR DPXAR uAR/2σ2

uAR
− u′ARPXAR DuAR/σ

2
uAR

)

= ρ − ρ + u′ARDuAR/2Tσ2
uAR
+ τ2(u′ARPXAR DPXAR uAR/2σ2

uAR
− u′ARPXAR DuAR/σ

2
uAR

)

= ρ + τ[
√

T(u′ARDuAR/2Tσ2
uAR
− ρ)] + τ2(u′ARPXAR DPXAR uAR/2 − u′ARPXAR DuAR)/σ2

uAR

= ρ + τN1 + τ
2N2, (A.291)

where

N1 =
√

T(u′ARDuAR/2Tσ2
uAR
− ρ) =

√

T(
T−1∑
t=1

uARtuARt+1/Tσ2
uAR
− ρ)

and (A.292)

N2 = (u′ARPXAR DPXAR uAR/2 − u′ARPXAR DuAR)/σ2
uAR
.

Similarly by using the equations (A.287), (A.288) and (A.289) we have

ũ′ARũAR/σ
2 = σ2(uAR − τXARm)′(uAR − τXARm)/σ2 = u′ARuAR − 2m′(X′ARuAR/

√

T) +m′(X′ARXAR/T)m

= u′ARuAR − 2m′(X′ARXAR/T)m +m′(X′ARXAR/T)m = u′ARuAR −m′(X′ARXAR/T)m

= u′ARuAR − u′ARPXAR uAR. (A.293)

From the equations (A.285) and (A.293) we have

D = ũ′ARũAR/Tσ2σ2
uAR
= (ũ′ARũAR/σ

2)/Tσ2
uAR

= u′ARuAR/Tσ2
uAR
− τ2u′ARPXAR uAR/σ

2
uAR

= 1 − 1 + u′ARuAR/Tσ2
uAR
− τ2u′ARPXAR uAR/σ

2
uAR

= 1 + τ[
√

T(u′ARuAR/Tσ2
uAR
− 1)] − τ2u′ARPXAR uAR/σ

2
uAR

= 1 + τD1 − τ
2
D2, (A.294)

where

D1 =
√

T(u′ARuAR/Tσ2
uAR
− 1), D2 = u′ARPXAR uAR/σ

2
uAR
. (A.295)
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By using Lemma (UR.1) and equation (A.294) we have

D = 1 + τD1 − τ
2
D2 =⇒

D
−1 = [1 + τD1 − τ

2
D2]−1 = 1 − τ(D1 − τD2) + τ2(D1 − τD2)2 + τ3ω(τ2)

= 1 − τD1 + τ
2(D1

2 +D2) + ω(τ3). (A.296)

From the equations (A.284), (A.291) and (A.296) we have

ρ̃LS = ND−1 = (ρ + τN1 + τ
2N2)[1 − τD1 + τ

2(D1
2 +D2) + ω(τ3)]

= ρ − τρD1 + τ
2ρ(D1

2 +D2) + τN1 − τ
2N1D1 + τ

3N1(D1
2 +D2) + τ2N2 − τ

3N2D1

+τ4N2(D1
2 +D2) + ω(τ3)

= ρ − τ(ρD1 −N1) + τ2[N2 −N1D1 + ρ(D1
2 +D2)] + ω(τ3)

= ρ + τ(ρ1 + τρ2) + ω(τ3), (A.297)

where

ρ1 = −(ρD1 −N1)

and (A.298)

ρ2 = N2 −N1D1 + ρ(D1
2 +D2).

We know that ΩARρ =
∂ΩAR
∂ρ . By using equations (A.253) and (A.256) we have

ΩAR2 = ΩARρ + 2ρ∆ = 2ρI −D − 2ρ∆ + 2ρ∆ = 2ρI −D. (A.299)

We will then express the quantities ρ1 and ρ2 as a function of ΩAR2. From the equations (A.292),

(A.295), (A.298) and (A.299) we find:

ρ1 = −(ρD1 −N1) = −[ρ
√

T(u′ARuAR/Tσ2
uAR
− 1) −

√

T(u′ARDuAR/2Tσ2
uAR
− ρ)]

= −

√

T(2ρu′ARuAR − u′ARDuAR)/2Tσ2
uAR
= −u′AR(2ρI −D)uAR/2

√

Tσ2
uAR

= −αu′ARΩAR2uAR/2
√

T. (A.300)

ρ2 = N2 −N1D1 + ρ(D1
2 +D2) = N2 −N1D1 + ρD1

2 + ρD2 = N2 + ρD2 +D1(ρD1 −N1)

= N2 + ρD2 −D1[−(ρD1 −N1)] = N2 + ρD2 −D1ρ1. (A.301)
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From the equations (A.291), (A.295) and (A.299) we have

2σ2
uAR

(N2 + ρD2) = 2σ2
uAR

[(u′ARPXAR DPXAR uAR/2 − u′ARPXAR DuAR)/σ2
uAR
+ ρu′ARPXAR uAR/σ

2
uAR

]

= u′ARPXAR DPXAR uAR − 2u′ARPXAR DuAR + 2ρu′ARPXAR uAR

= u′AR(I − P̄XAR )D(I − P̄XAR )uAR − 2u′AR(I − P̄XAR )DuAR + 2ρu′AR(I − P̄XAR )uAR

= u′ARP̄XAR DP̄XAR uAR + u′ARDuAR − 2u′ARP̄XAR DuAR − 2u′ARDuAR + 2u′ARP̄XAR DuAR

+2ρu′ARuAR − 2ρu′ARP̄XAR uAR

= u′ARP̄XAR DP̄XAR uAR − 2ρu′ARP̄XAR uAR + 2ρu′ARuAR − u′ARDuAR

= u′ARP̄XAR (D − 2ρI)P̄XAR uAR + u′AR(D − 2ρI)uAR

= −u′ARP̄XARΩAR2P̄XAR uAR + u′ARΩAR2uAR, (A.302)

due to matrix P̄XAR being idempotent. From the equations (A.295), (A.300), (A.301) and (A.302) we have

2σ2
uAR
ρ2 = 2σ2

uAR
[(N2 + ρD2) −D1ρ1]

= −u′ARP̄XARΩAR2P̄XAR uAR + u′ARΩAR2uAR + 2σ2
uAR

√

T(u′ARuAR/Tσ2
uAR
− 1)αu′ARΩAR2uAR/2

√

T

= −u′ARP̄XARΩAR2P̄XAR uAR + u′ARΩAR2uAR + u′ARuARu′ARΩAR2uAR/Tσ2
uAR
− u′ARΩAR2uAR =⇒

ρ2 = −u′ARP̄XARΩAR2P̄XAR uAR/2σ2
uAR
+ u′ARuARu′ARΩAR2uAR/2Tσ2

uAR

= −(αu′ARP̄XARΩAR2P̄XAR uAR/2 − α2u′ARuARu′ARΩAR2uAR/2T). (A.303)

□

By using equations (1.28) and (A.297) we find that the sampling error of ρ̃LS:

δρ
LS =

√

T(ρ̃LS − ρ) = (ρ̃LS − ρ)/τ = [ρ + τ(ρ1 + τρ2) + ω(τ3) − ρ]/τ

= ρ1 + τρ2 + ω(τ2). (A.304)

P-W estimator

The Prais-Winston (1954) estimator is

ρ̂PW = ρ̃LS − τ
2α[u′ARP̄XARΩAR2PXARΣARΩARuAR + (1/2)u′ARΩARΣARPXARΩAR2PXARΣARΩARuAR] + ω(τ3),

(A.305)

where

ΣAR = ΩAR
−1
− XAR(X′ARΩARXAR)−1X′AR = [IT − XAR(X′ARΩARXAR)−1X′ARΩAR]ΩAR

−1 =MΩAR
−1.
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By using equations (1.28) and (A.305) we find that the sampling error of ρ̂PW:

δρ
GL = δρ

PW =
√

T(ρ̂PW − ρ)

= [(ρ̃LS − ρ) − τ2[u′ARP̄XARΩAR2PXARΣΩARuAR +
1
2

u′ARΩARΣPXARΩAR2PXARΣΩARuAR] + ω(τ3)]/τ

= δρ
LS
− τα[u′ARP̄XARΩAR2PXARΣΩARuAR +

1
2

u′ARΩARΣPXARΩAR2PXARΣΩARuAR] + ω(τ2). (A.306)

ML estimator

The maximum likelihood (ML) estimator, ρML, which satisfies a cubic equation with coefficients defined

in terms of the (heteroskedasticity corrected) ML residuals in the (heteroskedasticity corrected) regression

model (A.251) (see Beach and MacKinnon, 1978, Magee, 1985) is

ρ̂ML = ρ̂PW + τ
2[ρα(uAR1

2 + uART
2) − ρ] + ω(τ3). (A.307)

By using equations (1.28) and (A.307) we find that the sampling error of ρ̂ML:

δρ
ML =

√

T(ρ̂ML − ρ)

= [(ρ̂PW − ρ) + τ2[ρα(uAR1
2 + uART

2) − ρ] + ω(τ3)]/τ

= δρ
PW + τ[ρα(uAR1

2 + uART
2) − ρ] + ω(τ2). (A.308)

DW estimator

The Durbin-Watson (DW) estimator is

ρ̂DW = 1 − d/2, (A.309)

where d is the Durbin-Watson statistic. We know that

d =

∑T
t=2(ũARt − ũARt−1)2∑T

t=1 ũ2
ARt

=

∑T
t=2(ũ2

ARt − 2ũARtũARt−1 + ũ2
ARt−1)∑T

t=1 ũ2
ARt

=

∑T
t=2 ũ2

ARt − 2
∑T

t=2 ũARtũARt−1 +
∑T

t=2 ũ2
ARt−1∑T

t=1 ũ2
ARt

=

∑T
t=1 ũ2

ARt − ũ2
AR1 − 2

∑T
t=2 ũARtũARt−1 +

∑T
t=1 ũ2

ARt − ũ2
ART∑T

t=1 ũ2
ARt

, (A.310)

wherefore

T∑
t=1

ũ2
ARt = (ũ2

AR1 + ũ2
AR2 + · · · + ũ2

ART−1) + ũ2
ART =

T−1∑
t=1

ũ2
ARt + ũ2

ART =

T∑
t=2

ũ2
ARt−1 + ũ2

ART. (A.311)
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From equations (A.309) and (A.310) we have that

d =
2
∑T

t=1 ũ2
ARt − (2

∑T
t=2 ũARtũARt−1 + ũ2

AR1 + ũ2
ART)∑T

t=1 ũ2
ARt

= 2 −
2
∑T

t=2 ũARtũARt−1 + ũ2
AR1 + ũ2

ART∑T
t=1 ũ2

ARt

=⇒

ρ̂DW = 1 − d/2 = 1 −

1 −
∑T

t=2 ũARtũARt−1 + (ũ2
AR1 + ũ2

ART)/2∑T
t=1 ũ2

ARt


=

∑T
t=2 ũARtũARt−1∑T

t=1 ũ2
ARt

+
(ũ2

AR1 + ũ2
ART)/2∑T

t=1 ũ2
ARt

= ρ̃LS +
(ũ2

AR1 + ũ2
ART)/2Tσ2σ2

uAR∑T
t=1 ũ2

ARt/Tσ2σ2
uAR

= ρ̃LS +
1

2T

(ũ2
AR1 + ũ2

ART)(1/σ2σ2
uAR )∑T

t=1(ũ2
ARt/T)(1/σ2σ2

uAR )
= ρ̃LS +

1
2T

(ũ2
AR1 + ũ2

ART)/σ2

σ2
uAR

+ ω(τ3)

= ρ̃LS + τ
2α(u2

AR1 + u2
ART)/2 + ω(τ3), (A.312)

where ũARt is consistent predictor of σuARt and
∑T

t=1 ũ2
ARt/T is a consistent predictor of σ2σ2

uAR with an error

of order ω(τ3).

By using equations (1.28) and (A.312) we find that

δρ
DW =

√

T(ρ̂DW − ρ)

= [(ρ̃LS − ρ) + τ2α(u2
AR1 + u2

ART)/2 + ω(τ3)]/τ

= δρ
LS + τα(u2

AR1 + u2
ART)/2 + ω(τ2). (A.313)

Estimators of ς

Since,

yH = XHβ + σuH, (A.314)

let ũH be the vector of OLS residuals, we have that

ũH = uH − XH(X′HXH)−1X′HuH (A.315)

Let ũHt be the t-th element of vector ũH. From equations (A.186), (A.235) and (A.315) we have that

ũHt = uHt − x′
Ht(X

′

HXH)−1X′HuH = uHt − x′
Ht(X

′

HXH/T)−1X′HuH/T

= uHt − τx′
HtBHX′HuH/

√

T = uHt − τet, (A.316)

where et = x′
HtBHX′HuH/

√
T.

According to our assumptions we can deduce that the T × 1 vector

e = [(et)t=1,...,T] = O(1). (A.317)
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Thus,

ũ2
Ht = (uHt − τet)2 = uHt

2
− 2τuHtet + τ

2et
2 = uHt

2
− τ(2uHtet − τet

2) = uHt
2
− τεt, (A.318)

where εt = 2uHtet − τet
2.

Let ûH be the T× 1 vector of the GLS residuals of equation (A.314), when the matrix ΩH is known. Then,

ûH = uH − XH(X′HΩHXH)−1X′HΩHuH. (A.319)

Also, let ûHt be the th-element of vector ûH. From equations (A.186), (A.235) and (A.319), it follows that

ûHt = uHt − x′
Ht(X

′

HΩHXH)−1X′HΩHuH

= uHt − x′
Ht(X

′

HΩHXH/T)−1X′HΩHuH/T

= uHt − τx′
HtGHX′HΩHuH/

√

T = uHt − τēt, (A.320)

where ēt = x′
HtGHX′HΩHuH/

√
T. It is straightforward that the T × 1 vector

ē = [(ēt)t=1,...,T] = O(1). (A.321)

Thus,

û2
Ht = (uHt − τēt)2 = uHt

2
− 2τuHtēt + τ

2ē2
t = uHt

2
− τ(2uHtēt + τē2

t ) = uHt
2
− τε̄t, (A.322)

where ε̄t = 2uHtēt + τē2
t . The most frequently used estimators of vector ς are:

GQ estimator of ς

ς̂GQ =

 T∑
t=1

ztz′t


−1 T∑

t=1

zt(yHt − xHtβ̃)2, (A.323)

where β̃ is the OLS estimator of β and yHt − xHtβ̃ = ũHt are the OLS residuals from equation (A.314). We

define the T × 1 vector Ũ as follows:

Ũ = [(ũ2
Ht)t=1,...,T]. (A.324)

The GQ estimator of ς is the OLS estimator of ς from the equation

Ũ = Zς + υ, (A.325)

where

υ ∼ N(0,Ω−2
H ). (A.326)

This result is implied by equations (A.223), (A.324), (A.325) and (A.326) since

ς̂OLS = (Z′Z)−1Z′Ũ =

 T∑
t=1

ztz′t


−1 T∑

t=1

zt(yHt − xHtβ̃)2 = ς̂GQ. (A.327)
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From equations (1.13), (1.14), (A.318), (A.325) and (A.326) we find that the t-th element of the T × 1

vector υ = [(υt)t=1,...,T] is

υt = ũ2
Ht − z′tς = u2

Ht − τεt − σ
2
t = (ũ2

Ht − σ
2
t ) − τεt = ūt − τεt, (A.328)

where ūt = ũ2
Ht − σ

2
t . Thus,

υ = ū − τε, ū = [(ūt)t=1,...,T]. (A.329)

From equations (A.223), (1.28), (1.30), (A.325), (A.327) and (A.329) we have

ς̂GQ = (Z′Z)−1Z′Ũ = (Z′Z)−1Z′(Zς + υ)

= (Z′Z)−1Z′Zς + (Z′Z)−1Z′υ = ς + (Z′Z)−1Z′υ⇒

δGQ
ς =

√

T(ς̂GQ − ς) =
√

T(Z′Z)−1Z′υ =
√

T(Z′Z/T)−1Z′υ/T

= B̄Z′(ū − τε)/
√

T = B̄Z′ū/
√

T − τB̄Z′ε/
√

T

= d1ς − τd2ς, (A.330)

where

d1ς = B̄Z′ū/
√

T, d2ς = B̄Z′ε/
√

T. (A.331)

A estimator of ς

ς̂A =

 T∑
t=1

(z′tςGQ)−2ztz′t


−1 T∑

t=1

(z′tςGQ)−2zt(yHt − xHtβ̃)2, (A.332)

where β̃ is the OLS estimator of β and yHt − xHtβ̃ = ũHt are the OLS residuals from equation (A.314).

By using equations (A.223), (A.324), (A.325) and (A.326) we find that the A estimator of ς is the GLS

estimator of ς from the equation (A.325) because

ς̂GLS = (Z′Ω̂2
HZ)−1Z′Ω̂2

HŨ

=

 T∑
t=1

(z′tςGQ)−2ztz′t


−1 T∑

t=1

(z′tςGQ)−2zt(yHt − xHtβ̃)2 = ς̂A, (A.333)

where

Ω̂H = Ω̂HGQ = diag[(z′tς̂GQ)−1]. (A.334)

From equations (A.223), (1.28), (1.30), (A.325), (A.333) and (A.334) we have

ς̂A = (Z′Ω̂2Z)−1Z′Ω̂2
HŨ = (Z′Ω̂2

HZ)−1Z′Ω̂2
H(Zς + υ)

= (Z′Ω̂2
HZ)−1Z′Ω̂2

HZς + (Z′Ω̂2
HZ)−1Z′Ω̂2

Hυ = ς + (Z′Ω̂2
HZ)−1Z′Ω̂2

Hυ⇒

δA
ς =

√

T(ς̂A − ς) =
√

T(Z′Ω̂2
HZ)−1Z′Ω̂2

Hυ =
√

T(Z′Ω̂2
HZ/T)−1Z′Ω̂2

Hυ/T

= ˆ̄GHZ′Ω̂2
Hυ/
√

T, (A.335)
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where
ˆ̄GH = (Z′Ω̂2

HZ/T)−1, Ω̂H = Ω̂HGQ = diag[(z′tς̂GQ)−1]. (A.336)

From Lemmas UR.1, A.34 and equation (A.186), we have

Z′Ω̂2
HZ/T = Z′Ω2

HZ/T + 2τ
m∑

i=1

(Z′ΩHςiΩHZ/T)dGQ
1ςi
+ ω(τ2)⇒

ˆ̄AH = ĀH + 2τ
m∑

i=1

ĀHςi d
GQ
1ςi
+ ω(τ2)⇒

ˆ̄GH = ( ˆ̄AH)−1 = [ĀH + 2τ
m∑

i=1

ĀHςi d
GQ
1ςi
+ ω(τ2)]−1

= Ā−1
H − 2τ

m∑
i=1

Ā−1
H ĀHςi Ā

−1
H dGQ

1ςi
+ ω(τ2)

= ḠH − 2τ
m∑

i=1

ḠHĀHςi ḠHdGQ
1ςi
+ ω(τ2), (A.337)

where

ĀHςi = Z′ΩHΩHςi Z/T. (A.338)

Furthermore, by using Lemma A.34 and equation (A.329) we have

Z′Ω̂2
Hυ/
√

T = Z′Ω̂2
H(ū − τε)/

√

T

= Z′Ω2
H(ū − τε)/

√

T + 2τ
m∑

i=1

[Z′ΩHΩHςi (ū − τε)/
√

T]dGQ
1ςi
+ ω(τ2)

= Z′Ω2
Hū/
√

T − τZ′Ω2
Hε/
√

T + 2τ
m∑

i=1

(Z′ΩHΩHςi ū/
√

T)dGQ
1ςi
+ ω(τ2). (A.339)

By substituting equations (A.337) and (A.339) in equation (A.335) we find that

δA
ς = [ḠH − 2τ

m∑
i=1

ḠHĀHςi ḠHdGQ
1ςi
+ ω(τ2)] ·

·[Z′Ω2
Hū/
√

T − τZ′Ω2
Hε/
√

T + 2τ
m∑

j=1

(Z′ΩHΩHς j ū/
√

T)dGQ
1ς j
+ ω(τ2)]

= ḠH(Z′Ω2
Hū/
√

T) − τḠH(Z′Ω2
Hε/
√

T) + 2τ
m∑

j=1

ḠH(Z′ΩHΩHς j ū/
√

T)dGQ
1ς j

−2τ
m∑

i=1

ḠHĀHςi ḠH(Z′Ω2
Hū/
√

T)dGQ
1ςi
+ ω(τ2)

= ḠH(Z′Ω2
Hū/
√

T) −

−τ[ḠH(Z′Ω2
Hε/
√

T) − 2
m∑

i=1

ḠH(Z′ΩHΩHςi ū/
√

T)dGQ
1ςi
+ 2

m∑
i=1

ḠHĀHςi ḠH(Z′Ω2
Hū/
√

T)dGQ
1ςi

] + ω(τ2)

= dA
1ς − τdA

2ς + ω(τ2), (A.340)
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where

dA
1ς = ḠH(Z′Ω2

Hū/
√

T)

and (A.341)

dA
2ς = ḠH(Z′Ω2

Hε/
√

T) − 2
m∑

i=1

ḠH(Z′ΩHΩHςi ū/
√

T)dGQ
1ςi
+ 2

m∑
i=1

ḠHĀHςi ḠH(Z′Ω2
Hū/
√

T)dGQ
1ςi
.

IA estimator of ς

ς̂α =

 T∑
t=1

(z′tς̂α−1)−2ztz′t


−1 T∑

t=1

(z′tς̂α−1)−2zt(yHt − x′
Htβ̂α−1)2, (A.342)

where β̂α−1, ς̂α−1 is the feasible GLS estimator of β and the corresponding estimator of ς̂, according to the

previous repetition, and yHt − x′
Htβ̂α−1 = ûHt are the GLS residuals of equation (A.314). Let ς̂1 = ς̂A. Using

equation (1.13) as well as estimator ς̂A we find Ω̂H and using the GLS method we estimate β̂1 = β̂A. For

α = 2, 3, . . . , we may easily prove that ς̂α is the GLS estimator of ς̂ from the equation

Û = Zς + υ, (A.343)

where

Û = [(û2
Ht)t=1,...,T] (A.344)

and for υ, equation (A.334) applies. By letting

Ω̂H = Ω̂Hα−1 = diag[(z′tς̂α−1)−1], (A.345)

we find that

δGLS
ς = (Z′Ω̂2

HZ)−1Z′Ω̂2
HÛ

=

 T∑
t=1

(z′tς̂α−1)−2ztz′t


−1 T∑

t=1

(z′tς̂α−1)−2zt(yHt − x′
Htβ̂α−1)2 = ς̂α. (A.346)

From Lemma A.34 and equations (A.336), (A.344), (A.345), and (A.346) we have

ς̂α = (Z′Ω̂2
HZ)−1Z′Ω̂2

HÛ = (Z′Ω̂2
HZ)−1Z′Ω̂2

H(Zς + υ)

= (Z′Ω̂2
HZ)−1Z′Ω̂2

HZς + (Z′Ω̂2
HZ)−1Z′Ω̂2

Hυ = ς + (Z′Ω̂2
HZ)−1Z′Ω̂2

Hυ⇒

δας =
√

T(ς̂α − ς) =
√

T(Z′Ω̂2
HZ)−1Z′Ω̂2

Hυ

=
√

T(Z′Ω̂2
HZ/T)−1Z′Ω̂2

Hυ/T =
ˆ̄GHZ′Ω̂2

Hυ/
√

T. (A.347)
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In the case being studied, ûHt are the GLS residuals of equation (A.314) , when matrix ΩH is unknown.

Working as in the proof of equation (A.320) we get

ûHt = uHt − τx′
HtĜHX′HΩ̂HuH/

√

T. (A.348)

Taking Lemmas B.2, B.3 of the PHD thesis, (Symeonides, 1991, p.229-234), of into consideration we get

that

ĜH = GH + ω(τ), Ω̂H = ΩH + ω(τ). (A.349)

By substituting equation (A.349) in equation (A.348), and taking into account equation (A.320) we find

ûHt = uHt − τx′
HtGHX′HΩHuH/

√

T + ω(τ) = uHt − τēt + ω(τ). (A.350)

From equations (1.14), (1.15), (A.326), (A.343) and (A.350) we have that the t-th element of the T × 1

vector υ = [(υt)t=1,...,T] is

υt = û2
Ht − z′tς + ω(τ) = u2

Ht − τε̄t − σ
2
t + ω(τ) = (u2

Ht − σ
2
t ) − τε̄t + ω(τ) = ūt − τε̄t, (A.351)

where

ūt = u2
Ht − σ

2
t . (A.352)

Thus,

υ = ū − τε̄ + ω(τ2), ū = [(ūt)t=1,...,T]. (A.353)

Lemmas A.1 and A.34, equations (A.186) and (A.345) and working as in the proof of equation (A.337),

we find that
ˆ̄GH = ḠH − 2τ

m∑
i=1

ḠHĀHςi ḠHdA
1ςi
+ ω(τ2), (A.354)

where matrix was defined in equation (A.338). Furthermore, from Lemma A.34 and equation (A.353) it

follows that

Z′Ω̂2
Hυ/
√

T = Z′Ω̂2
H[ū − τε̄ + ω(τ2)]/

√

T + ω(τ2)

= Z′Ω̂2
H[ū − τε̄ + ω(τ2)]/

√

T + 2τ
m∑

i=1

[Z′ΩHΩHςi [ū − τε̄ + ω(τ2)]/
√

T]dA
1ςi
+ ω(τ2)

= Z′Ω̂2
H(ū − τε̄)/

√

T + 2τ
m∑

i=1

[Z′ΩHΩHςi (ū − τε̄)/
√

T]dA
1ςi
+ ω(τ2)

= Z′Ω̂2
Hū/
√

T − τZ′Ω̂2
Hε̄/
√

T + 2τ
m∑

i=1

(Z′ΩHΩHςi ū/
√

T)dA
1ςi
+ ω(τ2). (A.355)
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By using equations (A.341) (A.347), (A.354) and (A.355) and working as in proof of equation (A.340),

we find that

δας = ḠH(Z′Ω2
Hū/
√

T) −

−τ[ḠH(Z′Ω2
Hε/
√

T) − 2
m∑

i=1

ḠH(Z′ΩHΩHςi ū/
√

T)dA
1ςi
+ 2

m∑
i=1

ḠHĀHςi ḠH(Z′Ω2
Hū/
√

T)dA
1ςi

] + ω(τ2)

= dA
1ς − τdα2ς + ω(τ2), (A.356)

where

dA
1ς = ḠH(Z′Ω2

Hū/
√

T)

and (A.357)

dα2ς = ḠH(Z′Ω2
Hε/
√

T) − 2
m∑

i=1

ḠH(Z′ΩHΩHςi ū/
√

T)dA
1ςi
+ 2

m∑
i=1

ḠHĀHςi ḠH(Z′Ω2
Hū/
√

T)dA
1ςi
.

Proof of Theorem 2. The elements of matrix Λ and vector κ


λ0 λ0ρ λ′0ς

λ0ρ λρρ λ′ρς

λ0ς λρς Λςς

 = lim
T→∞

E
[ 
σ0

ρ1

d1ς

 (σ0, ρ1,d′1ς)
]
= lim

T→∞
E


σ0

2 σ0ρ1 σ0d′1ς
σ0ρ1 ρ1

2 ρ1d′1ς
σ0d1ς ρ1d1ς d1ςd′1ς

 =⇒ (A.358)

λ0 = lim
T→∞

E(σ0
2), λ0ρ = lim

T→∞
E(σ0ρ1), λ0ς = lim

T→∞
E(σ0d1ς), λρρ = lim

T→∞
E(ρ1ρ1), (A.359)

λρς = lim
T→∞

E(ρ1d1ς), Λςς = lim
T→∞

E(d1ςd′1ς) (A.360)


κ0

κρ

κς

 = lim
T→∞

E


√

Tσ0 + σ1
√

Tρ1 + ρ2
√

Td1ς − d2ς

 =⇒ (A.361)

κ0 = lim
T→∞

E(
√

Tσ0 + σ1), κρ = lim
T→∞

E(
√

Tρ1 + ρ2), κς = lim
T→∞

E(
√

Td1ς − d2ς) (A.362)

By using equation (A.281) we have

E(σ0
2) = E[(w0 − aρρ1 − a′d1ς)2]

= E[(w0 − aρρ1)2
− 2(w0 − aρρ1)a′d1ς + a′d1ςd′1ςa]

= E[w2
0 − 2aρw0ρ1 + (aρρ1)2

− 2a′w0d1ς + 2aρa′ρ1d1ς + a′d1ςd′1ςa]

= E(w2
0) − 2aρ E(w0ρ1) + aρ2 E(ρ1

2) − 2a′ E(w0d1ς) + 2aρa′ E(ρ1d1ς)

+a′ E(d1ςd′1ς)a =⇒ (A.363)
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By using Lemma A.31 and equations (A.359), (A.360) we have

λ0 = lim
T→∞

E(σ0
2) = 2 − 2aρ lim

T→∞
E(w0ρ1) + aρ2λρρ

−2a′ lim
T→∞

E(w0d1ς) − 2aρa′λρς + a′Λςςa. (A.364)

E(σ0ρ1) = E[(w0 − aρρ1 − a′d1ς)ρ1]

= E[w0ρ1 − aρρ1
2
− a′ρ1d1ς]

= E(w0ρ1) − aρ E(ρ1
2) − a′ E(ρ1d1ς) =⇒ (A.365)

λ0ρ = lim
T→∞

E(σ0ρ1) = lim
T→∞

E(w0ρ1) − aρλρρ − a′λρς (A.366)

E(σ0d1ς) = E[(w0 − aρρ1 − a′d1ς)d1ς]

= E[d1ς(w0 − aρρ1 − a′d1ς)′]

= E[w0d1ς − aρρ1d1ς − d1ςd′1ςa]

= E(w0d1ς) − aρ E(ρ1d1ς) − E(d1ςd′1ς)a =⇒ (A.367)

λ0ς = lim
T→∞

E(σ0d1ς) = lim
T→∞

E(w0d1ς) − aρλρς − Λςςa. (A.368)

From Lemma A.36 and equations (A.300), (A.303), (A.309), (A.312) it follows that for all estimators of ρ

examined we can write:

ρ̂ = ρ + τρ1 + ω(τ2), (A.369)

where

ρ1 = −αu′ARΩAR2uAR/2
√

T. (A.370)

From Lemma UR.2 and equations (A.187), (A.303) , we have the following results:

E(u′ARΩAR2uAR) = trΩAR2ΩAR
−1 = 2ρ/α. (A.371)

E(ρ1) = E(−αu′ARΩAR2uAR/2
√

T) =
−α

2
√

T
E(u′ARΩAR2uAR) =

−α

2
√

T
trΩAR2ΩAR

−1

=
−α

2
√

T

2ρ
α
= −

ρ
√

T
. (A.372)
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E(u′ARuARu′ARΩAR2uAR) = (trΩAR
−1)(trΩAR2ΩAR

−1) + 2(trΩAR
−1ΩAR2ΩAR

−1)

= (1/α)(tr R)(trΩAR2ΩAR
−1) + 2(trΩAR

−1ΩAR2ΩAR
−1)

= (T/α)(2ρ/α) + 2[−2ρT/α2 +O(1)]

= 2ρT/α2
− 4ρT/α2 +O(1)

= −2ρT/α2 +O(1). (A.373)

E(u′ARP̄XARΩAR2P̄XAR uAR) = tr P̄XARΩAR2P̄XARΩAR
−1

= tr(I − PXAR )ΩAR2(I − PXAR )ΩAR
−1

= tr(ΩAR2ΩAR
−1
−ΩAR2PXARΩAR

−1
− PXARΩAR2ΩAR

−1 + PXARΩAR2PXARΩAR
−1)

= trΩAR2ΩAR
−1
− 2 tr PXARΩAR2ΩAR

−1 + tr PXARΩAR2PXARΩAR
−1

= 2ρ/α − 2(n − tr BARΓAR)/ρ + (tr AARBARΓARBAR/α − tr BARΓAR)/ρ +O(τ2)

= 2ρ/α − 2n/ρ + 2 tr BARΓAR/ρ + tr AARBARΓARBAR/αρ − tr BARΓAR/ρ +O(τ2)

= (1/ρα)(2ρ2
− 2nα + α tr BARΓAR + tr AARBARΓARBAR) +O(τ2)

= (1/ρα)[2(ρ2
− nα) + α tr BARΓAR + tr AARBARΓARBAR] +O(τ2), (A.374)

wherefore, since matrices ΩAR
−1, ΩAR2 and PXAR are symmetric, we have

trΩAR2PXARΩAR
−1 = trΩAR

−1ΩAR2PXAR = tr(ΩAR
−1ΩAR2PXAR )′ = tr PXARΩAR2ΩAR

−1. (A.375)

E(ρ2) = −E(αu′ARP̄XARΩAR2P̄XAR uAR/2 − α2u′ARuARu′ARΩAR2uAR/2T)

= −
α
2

E(u′ARP̄XARΩAR2P̄XAR uAR) +
α2

2T
E(u′ARuARu′ARΩAR2uAR)

=
[
(α2/2T)(−2ρT/α2)

−(α/2ρα)[2(ρ2
− nα) + α tr BARΓAR + tr AARBARΓARBAR]

]
+O(τ2) (A.376)

E(
√

Tρ1 + ρ2) =
√

T E(ρ1) + E(ρ2) = −ρ + E(ρ2)

= −(2ρ/α)(α/2) + (α2/2T)(−2ρT/α2)

−(α/2ρα)[2(ρ2
− nα) + α tr BARΓAR + tr AARBARΓARBAR] +O(τ2)

= −(1/2ρ)[2(n + 3)ρ2
− 2n + c1] +O(τ2) (A.377)

where

c1 = α tr BARΓAR + tr AARBARΓARBAR. (A.378)
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From Lemma A.36 and equations (A.372),(A.376) we have that

E(ρ̃LS) = E[ρ + τ(ρ1 + τρ2) + ω(τ3)]

= ρ + τ[E(ρ1) + τE(ρ2)] +O(τ3)

= ρ + τ

[
− (2ρ/α)(α/2

√

T) + τ
[
(α2/2T)(−2ρT/α2)

−(α/2ρα)[2(ρ2
− nα) + α tr BARΓAR + tr AARBARΓARBAR]

]]
+O(τ3)

= ρ − (τ2/2ρ)[2ρ2 + 2ρ2 + 2[ρ2
− n(1 − ρ2)]

+α tr BARΓAR + tr AARBARΓARBAR] +O(τ3)

= ρ − (τ2/2ρ)(6ρ2
− 2n + 2nρ2

+α tr BARΓAR + tr AARBARΓARBAR) +O(τ3)

= ρ − (τ2/2ρ)[2(n + 3)ρ2
− 2n + c1] +O(τ3), (A.379)

where c1 = α tr BARΓAR + tr AARBARΓARBAR.

From equations (A.304) and (A.379) and the definitions of our model we find

κLS
ρ = lim

T→∞
E(
√

TδρLS) = lim
T→∞

E[T(ρ̃LS
− ρ)] = lim

T→∞
[E(ρ̃LS) − ρ]/τ2

= lim
T→∞

[ρ − (τ2/2ρ)[2(n + 3)ρ2
− 2n + c1] +O(τ3) − ρ]/τ2

= lim
T→∞

[−(1/2ρ)[2(n + 3)ρ2
− 2n + c1] +O(T−1/2)]

= −[(n + 3)ρ + (c1 − 2n)/2ρ]. (A.380)

Σ = ΩAR
−1
− XAR(X′ARΩARXAR)−1X′AR (A.381)

From equation (A.381) we conclude that

ΣΩARΣ = [ΩAR
−1
− XAR(X′ARΩARXAR)−1X′AR]ΩAR[ΩAR

−1
− XAR(X′ARΩARXAR)−1X′AR]

= ΩAR
−1ΩARΩAR

−1
− XAR(X′ARΩARXAR)−1X′ARΩARΩAR

−1
−ΩAR

−1ΩARXAR(X′ARΩARXAR)−1X′AR

+XAR(X′ARΩARXAR)−1X′ARΩARXAR(X′ARΩARXAR)−1X′AR

= ΩAR
−1
− 2XAR(X′ARΩARXAR)−1X′AR + XAR(X′ARΩARXAR)−1X′AR

= ΩAR
−1
− XAR(X′ARΩARXAR)−1X′AR = Σ. (A.382)

and

ΣP̄XAR = [ΩAR
−1
− XAR(X′ARΩARXAR)−1X′AR]P̄XAR

= ΩAR
−1P̄XAR − XAR(X′ARΩARXAR)−1X′AR[I − XAR(X′ARXAR)−1X′AR]

= ΩAR
−1P̄XAR − XAR(X′ARΩARXAR)−1X′AR + XAR(X′ARΩARXAR)−1X′ARXAR(X′ARXAR)−1X′AR

= ΩAR
−1P̄XAR − XAR(X′ARΩARXAR)−1X′AR + XAR(X′ARΩARXAR)−1X′AR = ΩAR

−1P̄XAR . (A.383)
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By using Lemma UR.2 and equations (A.187), (A.375), (A.382) and (A.383) we find the following

results:

E(u′ARP̄XARΩAR2PXARΣΩARuAR) = tr P̄XARΩAR2PXARΣΩARΩAR
−1

= trΩAR2PXARΣP̄XAR

= trΩAR2PXARΩAR
−1P̄XAR

= tr P̄XARΩAR2PXARΩAR
−1

= tr(I − PXAR )ΩAR2PXARΩAR
−1

= trΩAR2PXARΩAR
−1
− tr PXARΩAR2PXARΩAR

−1

= tr PXARΩAR2ΩAR
−1
− tr PXARΩAR2PXARΩAR

−1

= (n − tr BARΓAR)/ρ − (tr AARBARΓARBAR/α − tr BARΓAR)/ρ +O(τ2)

= (n − tr BARΓAR − tr AARBARΓARBAR/α + tr BARΓAR)/ρ +O(τ2)

= (n − tr AARBARΓARBAR/α)/ρ +O(τ2). (A.384)

By using Lemma UR.2 and equations (A.187), (A.375), (A.382) and (A.383) we find the following

results:

E(u′ARΩARΣPXARΩAR2PXARΣΩARuAR) =

= trΩARΣPXARΩAR2PXARΣΩARΩAR
−1

= tr PXARΩAR2PXARΣΩARΣ

= tr PXARΩAR2PXARΣ

= tr PXARΩAR2PXAR [ΩAR
−1
− XAR(X′ARΩARXAR)−1X′AR]

= tr PXARΩAR2PXARΩAR
−1
− tr XAR(X′ARXAR)−1X′ARΩAR2XAR

·(X′ARXAR)−1X′ARXAR(X′ARΩARXAR)−1X′AR

= tr PXARΩAR2PXARΩAR
−1
− tr XARΩAR2XAR(X′ARΩARXAR)−1X′ARXAR(X′ARXAR)−1

= tr PXARΩAR2PXARΩAR
−1
− tr XAR(ΩAR1 + ρ∆)XAR(X′ARΩARXAR)−1

= tr PXARΩAR2PXARΩAR
−1
− tr X′ARΩAR1XAR(X′ARΩARXAR)−1

− ρ tr X′AR∆XAR(X′ARΩARXAR)−1

= tr PXARΩAR2PXARΩAR
−1
− (1/ρ) tr X′AR(ΩAR − αI)XAR(X′ARΩARXAR)−1 +O(1)

= tr PXARΩAR2PXARΩAR
−1
− (1/ρ)[tr X′ARΩARXAR(X′ARΩARXAR)−1

− α tr X′ARXAR(X′ARΩARXAR)−1] +O(1)

= tr PXARΩAR2PXARΩAR
−1
− (1/ρ)[tr In − α tr(X′ARXAR/T)(X′ARΩARXAR/T)−1] +O(1)

= −(tr AARBARΓARBAR/α − tr BARΓAR)/ρ − (n − α tr FARGAR) +O(τ2)

= −(n − tr AARBARΓARBAR/α)/ρ + (α tr FARGAR − tr BARΓAR)/ρ +O(τ2), (A.385)
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wherefore from the equation (A.187) we know that X′AR∆XAR = O(1). From equations (A.305), (A.384)

and (A.385) we have that

E(ρ̂PW) = E[ρ̃LS − τ
2α[u′ARP̄XARΩAR2PXARΣΩARuAR + (1/2)u′ARΩARΣPXARΩAR2PXARΣΩARuAR] + ω(τ3)]

= E(ρ̃LS) − τ2α[E(u′ARP̄XARΩAR2PXARΣΩARuAR) + (1/2) E(u′ARΩARΣPXARΩAR2PXARΣΩARuAR)] +O(τ3)

= E(ρ̃LS) − τ2α[(n − tr AARBARΓARBAR/α)/ρ

+(1/2)[−(n − tr AARBARΓARBAR/α)/ρ + (α tr FARGAR − tr BARΓAR)/ρ]] +O(τ3)

= E(ρ̃LS) − (τ2α/2ρ)[n − tr AARBARΓARBAR/α + α tr FARGAR − tr BARΓAR] +O(τ3)

= E(ρ̃LS) − (τ2/2ρ)[nα − (tr AARBARΓARBAR + α tr BARΓAR) + α2 tr FARGAR] +O(τ3)

= E(ρ̃LS) − (τ2/2ρ)[nα − c1 − αc2] +O(τ3), (A.386)

where

c1 = tr AARBARΓARBAR + α tr BARΓAR

and (A.387)

c2 = α tr FARGAR.

From equations (A.306), (A.380), and (A.386) and the definitions of the model we have that

κGL
ρ = κPW

ρ = lim
T→∞

E(
√

TδρPW) = lim
T→∞

E[T(ρ̂PW − ρ)] = lim
T→∞

[E(ρ̂PW) − ρ]/τ2

= lim
T→∞

[E(ρ̃LS) − ρ − (τ2/2ρ)[nα − c1 + αc2] +O(τ3)]/τ2

= lim
T→∞

[[E(ρ̃LS) − ρ]/τ2
− (1/2ρ)[nα − c1 + αc2] +O(T−1/2)]

= κLS
ρ − αc2/2ρ + (c1 − αn)/2ρ. (A.388)

From the definitions of the Linear Model with Autocorrelated Disturbances we know that E(uARt
2) = 1/α.

Thus,

E(uAR1
2 + uART

2) = E(uAR1
2) + E(uART

2) = 1/α + 1/α = 2/α. (A.389)

Equations (A.386) and (A.389) imply that

E(ρ̂ML) = E[ρ̂PW + τ
2[ρα(uAR1

2 + uART
2) − ρ] + ω(τ3)]

= E(ρ̂PW) + τ2[ραE(uAR1
2 + uART

2) − ρ] +O(τ3) = E(ρ̂PW) + τ2(2ρα/α − ρ) +O(τ3)

= E(ρ̂PW) + τ2ρ +O(τ3). (A.390)
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From equations (A.308), (A.388) and (A.390)

κML
ρ = lim

T→∞
E(
√

TδρML) = lim
T→∞

E[T(ρ̂ML − ρ)] = lim
T→∞

[E(ρ̂ML) − ρ]/τ2

= lim
T→∞

[E(ρ̂PW) − ρ + τ2ρ +O(τ3)]/τ2

= lim
T→∞

[
[E(ρ̂PW) − ρ]/τ2 + ρ +O(T−1/2)

]
= κPW

ρ + ρ = κGL
ρ + ρ. (A.391)

From equations (A.312) and (A.389) we have

E(ρ̂DW) = E[ρ̃LS + τ
2α(uAR1

2 + uART
2)/2 + ω(τ3)]

= E(ρ̃LS) + τ2αE(uAR1
2 + uART

2)/2 +O(τ3)

= E(ρ̃LS) + (τ2α/2)(2/α) +O(τ3)

= E(ρ̃LS) + τ2 +O(τ3). (A.392)

By using equations (A.313) and (A.392) we find

κDW
ρ = lim

T→∞
E(
√

TδρDW) = lim
T→∞

E[T(ρ̂DW − ρ)] = lim
T→∞

[E(ρ̂DW) − ρ]/τ2

= lim
T→∞

[E(ρ̃LS) − ρ + τ2 +O(τ3)]/τ2

= lim
T→∞

[
[E(ρ̃LS) − ρ]/τ2 + 1 +O(T−1/2)

]
= κLS

ρ + 1. (A.393)

From equations (A.235) and (A.239) we have

E(ūt) = E(uHt
2
− σt

2) = σt
2
− σt

2 = 0 =⇒ E(ū) = E[(ūt)t = 1, . . . ,T] = 0. (A.394)

Also, since d1ς = d1ς
GQ = B̄Z′ū/

√
T for ς̂GQ and d1ς = d1ς

A = ḠH(Z′Ω2
Hū/
√

T) for ŝA, ŝα and ς̂ML

subsequently

E(d1ς) = 0. (A.395)

Thus,

E(
√

Td1ς − d2ς) =
√

T E(d1ς) − E(d2ς) = −E(d2ς) =⇒

κς = lim
T→∞

E(
√

Td1ς − d2ς) = − lim
T→∞

E(d2ς). (A.396)

By using Lemma A.31, equations (A.281), (A.372),(A.395), and since b ∼ N(O,G), trAG = tr In = n

we get that

E(σ0) = E(w0 − aρρ1 − a′d1ς) = E(w0) − aρ E(ρ1) − a′ E(d1ς) = aρ
ρ
√

T
= −E(u′Ωρu/T)

ρ
√

T
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= − trΩρΩ−1/T
ρ
√

T
= −

2α∗
ρT

ρ
√

T
= −

2α∗
T
√

T
. (A.397)

Therefore,

E(
√

Tσ0 + σ1) = E(
√

Tσ0) + E(σ1) = −
√

T
2α∗

T
√

T
+ E(σ1)

=
2α∗
T
+ E(wρρ1 +w′d1ς − aρρ2 + a′d2ς

+d′1ςĀd1ς + aρρρ1
2 + ρ1a′ρςd1ς − b′Ab + n)

=
2α∗
T
+ E(wρρ1) + E(w′d1ς) − E(aρρ2) + E(a′d2ς)

+E(d′1ςĀd1ς) + E(aρρρ1
2) + E(ρ1a′ρςd1ς) − E(b′Ab) + n

=
2α∗
T
+ E(wρρ1) + E(w′d1ς) − E(aρρ2) + E(a′d2ς)

+ tr Ā E(d′1ςd1ς) + E(aρρρ1
2) + E(ρ1a′ρςd1ς) − tr AG + n

=
2α∗
T
+ E(wρρ1) + E(w′d1ς) − E(aρρ2) + E(a′d2ς)

+ tr Ā E(d′1ςd1ς) + E(aρρρ1
2) + E(ρ1a′ρςd1ς) − n + n⇒

κ0 = lim
T→∞

E(
√

Tσ0 + σ1) = lim
T→∞

E(
√

Tσ0) + E(σ1) = − lim
T→∞

√

T
2α∗

T
√

T
+ lim

T→∞
E(σ1)

= lim
T→∞

2α∗
T
+ lim

T→∞
E(σ1) = lim

T→∞
E(σ1)

= lim
T→∞

E(wρρ1) + lim
T→∞

E(w′d1ς) − lim
T→∞

E(aρρ2) + lim
T→∞

E(a′d2ς)

+ lim
T→∞

tr Ā E(d′1ςd1ς) + lim
T→∞

E(aρρρ1
2) + lim

T→∞
E(ρ1a′ρςd1ς)

= lim
T→∞

E(wρρ1) + lim
T→∞

E(w′d1ς) − aρ lim
T→∞

E(ρ2) + a′(−κς)

+ tr ĀΛςς + aρρλρρ + a′ρςλρς. (A.398)

For the ς̂GQ estimator of ς and the ρ̃LS estimator of ρ we have that

δς = δς
GQ, d1ς = d1ς

GQ, d2ς = d2ς
GQ,

δρ = δρ
LS, ρ1 = ρ1

LS, ρ2 = ρ2
LS,

σ0
GQ = w0 − aρρ1

LS
− a′d1ς

GQ

σ1
GQ = wρρ1

LS +w′d1ς
GQ
− aρρ2

LS + a′d2ς
GQ + d′1ς

GQĀd1ς
GQ + aρρρ1

2LS
+ ρ1

LSa′ρςd1ς
GQ

−b′Ab + n. (A.399)

For the ς̂A estimator of ς and the ρ̂GL estimator of ρ we have that

δς = δς
A, d1ς = d1ς

A, d2ς = d2ς
A,

δρ = δρ
GL, ρ1 = ρ1

GL = ρ1
LS, ρ2 = ρ2

GL,

σ0
A = w0 − aρρ1

GL
− a′d1ς

A

σ1
A = wρρ1

GL +w′d1ς
A
− aρρ2

GL + a′d2ς
A + d′1ς

AĀd1ς
A + aρρρ1

2GL
+ ρ1

GLa′ρςd1ς
A
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−b′Ab + n. (A.400)

For the ς̂IA and the ς̂ML estimator of ς and ρ̂I (I=S, GL, IG, ML) estimator of ρ we have that

δς = δς
α, d1ς = d1ς

A, d2ς = d2ς
α,

δρ = δρ
I, ρ1 = ρ1

I = ρ1
LS, ρ2 = ρ2

I,

σ0
α = w0 − aρρ1

I
− a′d1ς

A = σ0
A

σ1
α = wρρ1

I +w′d1ς
A
− aρρ2

I + a′d2ς
α + d′1ς

AĀd1ς
A + aρρρ1

2I
+ ρ1

Ia′ρςd1ς
A

−b′Ab + n, (A.401)

where I is any estimator of ρ.

By using Lemma A.31 we have

w0 =
√

T(u′Ωu/T − 1) =
√

T

 1
T

T∑
t′=1

T∑
t=1

r∗tt′ψtψt′ − 1

 ,
wi =

√

T(u′Ωςi u/T + ai) =
√

T

− 1
2T

T∑
t′=1

T∑
t=1

r∗tt′
[ zti

σt
2 +

zt′i

σt′
2

]
ψtψt′ + ai

 ,
wρ =

√

T(u′Ωρu/T + aρ) =
√

T

 1
T

T∑
t′=1

T∑
t=1

r∗tt′ρψtψt′ + aρ

 (A.402)

where

ψt = ut/σt. (A.403)

Using Lemma A.30 and equations (UR.25), (A.212), and (A.370) we find that

E(w0ρ1) = E[
√

T(u′Ωu/T − 1)(−αu′ARΩAR2uAR/2
√

T)]

= −
α
2

E[(u′Ωuu′Σ−1/2ΩAR2Σ−
1/2u/T − u′Σ−1/2ΩAR2Σ−

1/2u)]

= −
α
2

E[u′Ωuu′Ω2u/T − u′Ω2u]

= −
α
2

(
E[u′Ωuu′Ω2u/T] − E[u′Ω2u]

)
= −

α
2

(
trΩΩ−1 trΩ2Ω−1/T + 2 trΩΩ−1Ω2Ω−1/T − trΩ2Ω−1

)
= −

α
2

(
tr I trΩ2Ω−1/T + 2 tr IΩ2Ω−1/T − trΩ2Ω−1

)
= −

α
2

(
T trΩ2Ω−1/T + 2 trΩ2Ω−1/T − trΩ2Ω−1

)
= −

α
2

2 trΩ2Ω−1/T

= −
α
T

tr(Ω1 + ρΣ−
1/2∆Σ−

1/2)Ω−1

= −
α
T

(trΩ1Ω−1 + ρ trΣ−1/2∆Σ−
1/2Σ

1/2RαΣ1/2)

= −
α
T

(tr
1
ρ
Σ−

1/2[I − R]Σ1/2 + ρ trΣ−1/2∆RαΣ1/2)
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= −
α
T

(tr
1
ρ
Σ

1/2Σ−
1/2[I − R] +

ρ

α
trΣ1/2Σ−

1/2∆R)

= −
α
T

(tr
1
ρ

(T − T) +
ρ

α
tr∆R)

= −
α
T
ρ

α
2

= −
2ρ
T
= O(T−1). (A.404)

Furthermore, by using equations (A.212), (A.370),(UR.25) and Lemma A.30 we have

wρρ1 =
√

T(u′Ωρu/T + aρ)(−αu′ARΩAR2uAR/2
√

T)

= −
α
2

(u′Ωρu/T + aρ)(u′ARΩAR2uAR) = −
α
2

(u′Ωρuu′ARΩ2uAR/T + aρu′ARΩ2uAR)

= −
α
2

(u′Ωρuu′Σ−1/2ΩAR2Σ−
1/2u/T + aρu′Σ−1/2ΩAR2Σ−

1/2u)

= −
α
2

(u′Ωρuu′Ω2u/T + aρu′Ω2u) =⇒ (A.405)

ΩρΩ−1Ω2Ω−1 = (Ω1 − ρΣ−
1/2∆Σ−

1/2)Ω−1(Ω1 + ρΣ−
1/2∆Σ−

1/2)Ω−1

= (Ω1Ω−1
− ρΣ−

1/2∆Σ−
1/2Ω−1)(Ω1Ω−1 + ρΣ−

1/2∆Σ−
1/2Ω−1)

= (Ω1Ω−1
− ρΣ−

1/2∆Σ−
1/2 1
α
Σ

1/2RΣ1/2)(Ω1Ω−1 + ρΣ−
1/2∆Σ−

1/2 1
α
Σ

1/2RΣ1/2)

= (Ω1Ω−1
−
ρ

α
Σ−

1/2∆RΣ1/2)(Ω1Ω−1 +
ρ

α
Σ−

1/2∆RΣ1/2)

= (Ω1Ω−1)2
−
ρ

α
Σ−

1/2∆RΣ1/2Ω1Ω−1 +
ρ

α
Ω1Ω−1Σ−

1/2∆RΣ1/2
−

(ρ
α

)2
(Σ−1/2∆RΣ1/2)2

⇒

tr(ΩρΩ−1Ω2Ω−1) = tr(Ω1Ω−1)2
−
ρ

α
tr(Σ−1/2∆RΣ1/2Ω1Ω−1) +

ρ

α
tr(Ω1Ω−1Σ−

1/2∆RΣ1/2) −
(ρ
α

)2
tr(Σ−1/2∆RΣ1/2)2

= tr(Ω1Ω−1)2
−
ρ

α
tr(Σ−1/2∆RΣ1/2Ω1Ω−1) +

ρ

α
tr(Σ−1/2∆RΣ1/2Ω1Ω−1) −

(ρ
α

)2
tr(Σ1/2Σ−

1/2∆R)2

= tr(Ω1Ω−1)2
−

(ρ
α

)2
tr(X)

= tr(Ω1Ω−1)2 +O(1)

= 2T/α +O(1) =⇒ (A.406)

E(wρρ1) = −
α
2

E(u′Ωρuu′Ω2u/T + aρu′Ω2u)

= −
α
2

(
E(u′Ωρuu′Ω2u/T) + aρ E(u′Ω2u)

)
= −

α
2

(
E(u′Ωρuu′Ω2u/T) + (−E(u′Ωρu/T)) E(u′Ω2u)

)
= −

α
2

[ 1
T

(trΩρΩ−1 trΩ2Ω−1 + 2 trΩρΩ−1Ω2Ω−1) −
1
T

trΩρΩ−1 trΩ2Ω−1
]

= −
α
2

( 2
T

trΩρΩ−1Ω2Ω−1
)

= −
α
T

trΩρΩ−1Ω2Ω−1
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= −
α
T

(2T
α
+O(1)

)
= −2 +O(T−1). (A.407)

By using equation (A.370)

ρ1
2 =

α2

4T
u′ARΩAR2uARu′ARΩAR2uAR =⇒ (A.408)

E(ρ1
2) =

α2

4T
E(u′ARΩAR2uARu′ARΩAR2uAR) =⇒ (A.409)

By using Lemma UR.2 and (A.187) we have

E(u′ARΩAR2uARu′ARΩAR2uAR) = trΩAR2ΩAR
−1 trΩAR2ΩAR

−1 + 2 trΩAR2ΩAR
−1ΩAR2ΩAR

−1

= (trΩAR2ΩAR
−1)2 + 2 tr(ΩAR2ΩAR

−1)2

=

(
2ρ
α

)2

+ 2
(2T
α

)
+O(1)

=
4ρ2

α2 +
4T
α
+O(1) =⇒ (A.410)

E(ρ1
2) =

α2

4T

[
4ρ2

α2 +
4T
α
+O(1)

]
=

ρ2

T
+ α +O(1) = α +O(T−1) =⇒ (A.411)

λρρ = lim
T→∞

E(ρ1
2) = α. (A.412)

By using equations (A.329), (A.352) and (A.403)

ū = [(ūt)t=1,...,T]

= [(uH t2
− σt

2)t=1,...,T]

= [((1 − ρ2)ut
2
− σt

2)t=1,...,T]

= [(σt
2[(1 − ρ2)ψt

2
− 1])t=1,...,T]. (A.413)

By using equations (1.11a), (1.11b) and (1.11c) we have

ψt =
ut

σt

E(ψt) =
E(ut)
σt
= 0 (A.414)

E(ψt
2) =

E(ut
2)

σt
2 =

σt
2

σt
2(1 − ρ2)

=
1

1 − ρ2

E(ψtψt′ ) =
E(utut′ )
σtσt′

=
σtσt′ρ|t−t′ |

σtσt′ (1 − ρ2)
=
ρ|t−t′ |

1 − ρ2 .
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By using equations (A.402), (A.413) and (A.414)

w0ūl/
√

T =
√

T

 1
T

T∑
t′=1

T∑
t=1

r∗tt′ψtψt′ − 1

 σl
2[(1 − ρ2)ψl

2
− 1]/

√

T

=
1
T
σl

2(1 − ρ2)
T∑

t′=1

T∑
t=1

r∗tt′ψtψt′ψl
2
− σl

2 1
T

T∑
t′=1

T∑
t=1

r∗tt′ψtψt′

−σl
2(1 − ρ2)ψl

2 + σl
2 (A.415)

=⇒

By using the Isserlis’ Theorem (UR.27) which is defined in the Useful Results’ chapter and (A.414) we

have

E(ψtψt′ψl
2) = E(ψtψt′ ) E(ψl

2) + 2 E(ψtψl) E(ψlψt′ )

=
ρ|t−t′ |

(1 − ρ2)
1

(1 − ρ2)
+ 2

ρ|t−l|

(1 − ρ2)
ρ|l−t′ |

(1 − ρ2)

=
ρ|t−t′ |

(1 − ρ2)2 + 2
ρ|t−l|+|l−t′ |

(1 − ρ2)2 . (A.416)

By using equations (A.402) and (A.415) we get

E(w0ūl/
√

T) = E
[

1
T
σl

2(1 − ρ2)
T∑

t′=1

T∑
t=1

r∗tt′ψtψt′ψl
2
− σl

2 1
T

T∑
t′=1

T∑
t=1

r∗tt′ψtψt′

−σl
2(1 − ρ2)ψl

2 + σl
2

]
=

1
T
σl

2(1 − ρ2)
T∑

t′=1

T∑
t=1

r∗tt′ E(ψtψt′ψl
2) − σl

2 1
T

T∑
t′=1

T∑
t=1

r∗tt′ E(ψtψt′ )

−σl
2(1 − ρ2) E(ψl

2) + σl
2

=
1
T
σl

2(1 − ρ2)
T∑

t′=1

T∑
t=1

r∗tt′
(
ρ|t−t′ |

(1 − ρ2)2 + 2
ρ|t−l|+|l−t′ |

(1 − ρ2)2

)
− σl

2 1
T

T∑
t′=1

T∑
t=1

r∗tt′
ρ|t−t′ |

1 − ρ2

−σl
2(1 − ρ2)

1
1 − ρ2 + σl

2

=
1
T
σl

2
T∑

t′=1

T∑
t=1

r∗tt′
(
ρ|t−t′ |

1 − ρ2 + 2
ρ|t−l|+|l−t′ |

1 − ρ2

)
− σl

2 1
T

T∑
t′=1

T∑
t=1

r∗tt′
ρ|t−t′ |

1 − ρ2

−σl
2 + σl

2

=
1
T
σl

2
T∑

t′=1

T∑
t=1

r∗tt′
(
2
ρ|t−l|+|l−t′ |

1 − ρ2

)

=
1
T
σl

2
T∑

t′=1

T∑
t=1

(δtt′ + ρ
2δtt′ (1 − δ1t − δtT) − ρ(δt(t′+1) + δ(t+1)t′ )

(
2
ρ|t−l|+|l−t′ |

1 − ρ2

)

=
2
T
σl

2

( T∑
t′=1

T∑
t=1

δtt′
ρ|t−l|+|l−t′ |

1 − ρ2 +

T∑
t′=1

T∑
t=1

ρ2δtt′ (1 − δ1t − δtT)
ρ|t−l|+|l−t′ |

1 − ρ2

−

T∑
t′=1

T∑
t=1

ρ(δt(t′+1) + δ(t+1)t′ )
ρ|t−l|+|l−t′ |

1 − ρ2

)
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=
2
T
σl

2

( T∑
t=1

δtt
ρ|t−l|+|l−t|

1 − ρ2 +

T∑
t=1

ρ2δtt(1 − δ1t − δtT)
ρ|t−l|+|l−t|

1 − ρ2

−

T+1∑
t=2

ρ(δtt + δ(t+1)(t−1))
ρ|t−l|+|l−t+1|

1 − ρ2 −

T−1∑
t=0

ρ(δt(t+1) + δ(t+1)(t+1))
ρ|t−l|+|l−t−1|

1 − ρ2

)

=
2
T
σl

2

( T∑
t=1

ρ2|t−l|

1 − ρ2 +

T−1∑
t=2

ρ2 ρ
2|t−l|

1 − ρ2 −

T+1∑
t=2

ρ
ρ|t−l|+|l−t+1|

1 − ρ2 −

T−1∑
t=0

ρ
ρ|t−l|+|l−t−1|

1 − ρ2

)

=
2
T
σl

2

( T∑
t=1

ρ2|t−l|

1 − ρ2 + ρ
2 ρ

2|1−l|

1 − ρ2 − ρ
2 ρ

2|1−l|

1 − ρ2 + ρ
2 ρ

2|T−l|

1 − ρ2 − ρ
2 ρ

2|T−l|

1 − ρ2 +

T−1∑
t=2

ρ2 ρ
2|t−l|

1 − ρ2

−

T+1∑
t=2

ρ
ρ|t−l|+|l−t+1|

1 − ρ2 −

T−1∑
t=0

ρ
ρ|t−l|+|l−t−1|

1 − ρ2

)

=
2
T
σl

2

( T∑
t=1

ρ2|t−l|

1 − ρ2 − ρ
2 ρ

2(l−1)

1 − ρ2 − ρ
2 ρ

2(T−l)

1 − ρ2 +

T∑
t=1

ρ2 ρ
2|t−l|

1 − ρ2 −

T+1∑
t=2

ρ
ρ|t−l|+|l−t+1|

1 − ρ2 −

T−1∑
t=0

ρ
ρ|t−l|+|l−t−1|

1 − ρ2

)

=
2
T
σl

2

(
(1 + ρ2)

T∑
t=1

ρ2|t−l|

1 − ρ2 − ρ
2 ρ

2(l−1)

1 − ρ2 − ρ
2 ρ

2(T−l)

1 − ρ2 −

T+1∑
t=2

ρ
ρ|t−l|+|l−t+1|

1 − ρ2 −

T−1∑
t=0

ρ
ρ|t−l|+|l−t−1|

1 − ρ2

)
=

2
T
σl

2

[
1 + ρ2

1 − ρ2

(
1 + ρ2

1 − ρ2 −
1

1 − ρ2 (ρ2l + ρ2(T−l+1))
)
−

1
1 − ρ2 (ρ2l + ρ2(T−l+1))

−

T+1∑
t=2

ρ
ρ|t−l|+|l−t+1|

1 − ρ2 −

T−1∑
t=0

ρ
ρ|t−l|+|l−t−1|

1 − ρ2

]
, (A.417)
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which implies that by using equation (A.417) we have

E(w0ū/
√

T) = E[(w0ūl/
√

T)l=1,...,T]

=

[(
2
T
σl

2

[
1 + ρ2

1 − ρ2

(
1 + ρ2

1 − ρ2 −
1

1 − ρ2 (ρ2l + ρ2(T−l+1))
)
−

1
1 − ρ2 (ρ2l + ρ2(T−l+1))

−

T+1∑
t=2

ρ
ρ|t−l|+|l−t+1|

1 − ρ2 −

T−1∑
t=0

ρ
ρ|t−l|+|l−t−1|

1 − ρ2

])
l=1,...,T

]
=

[( 2
T

z′lς
[1 + ρ2

1 − ρ2

(
1 + ρ2

1 − ρ2 −
1

1 − ρ2 (ρ2l + ρ2(T−l+1))
)
−

1
1 − ρ2 (ρ2l + ρ2(T−l+1))

−

T+1∑
t=2

ρ
ρ|t−l|+|l−t+1|

1 − ρ2 −

T−1∑
t=0

ρ
ρ|t−l|+|l−t−1|

1 − ρ2

])
l=1,...,T

]
= Zς

2
T

[(
1 + ρ2

1 − ρ2

(
1 + ρ2

1 − ρ2 −
1

1 − ρ2 (ρ2l + ρ2(T−l+1))
)
−

1
1 − ρ2 (ρ2l + ρ2(T−l+1))

−

T+1∑
t=2

ρ
ρ|t−l|+|l−t+1|

1 − ρ2 −

T−1∑
t=0

ρ
ρ|t−l|+|l−t−1|

1 − ρ2

)
l=1,...,T

]
. (A.418)

By using equations (A.331), (A.341) and (A.418) we get the following results:

For GQ estimator

E(w0d1ς) = E(w0d1ς
GQ) = E(w0B̄Z′ū/

√

T)

= B̄Z′ E(w0ū/
√

T) = B̄Z′ E[(w0ūl/
√

T) l = 1, . . . ,T]

= B̄Z′Zς
2
T

[(
1 + ρ2

1 − ρ2

(
1 + ρ2

1 − ρ2 −
1

1 − ρ2 (ρ2l + ρ2(T−l+1))
)
−

1
1 − ρ2 (ρ2l + ρ2(T−l+1))

−

T+1∑
t=2

ρ
ρ|t−l|+|l−t+1|

1 − ρ2 −

T−1∑
t=0

ρ
ρ|t−l|+|l−t−1|

1 − ρ2

)
l=1,...,T

]
= 2B̄Z′Z/Tς

[(
1 + ρ2

1 − ρ2

(
1 + ρ2

1 − ρ2 −
1

1 − ρ2 (ρ2l + ρ2(T−l+1))
)
−

1
1 − ρ2 (ρ2l + ρ2(T−l+1))

−

T+1∑
t=2

ρ
ρ|t−l|+|l−t+1|

1 − ρ2 −

T−1∑
t=0

ρ
ρ|t−l|+|l−t−1|

1 − ρ2

)
l=1,...,T

]
= 2ς

[(
1 + ρ2

1 − ρ2

(
1 + ρ2

1 − ρ2 −
1

1 − ρ2 (ρ2l + ρ2(T−l+1))
)
−

1
1 − ρ2 (ρ2l + ρ2(T−l+1))

−

T+1∑
t=2

ρ
ρ|t−l|+|l−t+1|

1 − ρ2 −

T−1∑
t=0

ρ
ρ|t−l|+|l−t−1|

1 − ρ2

)
l=1,...,T

]
. (A.419)

For A estimator

E(w0d1ς) = E(w0d1ς
A) = E(w0Ḡ(Z′Ω2ū/

√

T))

= ḠZ′Ω2 E(w0ū/
√

T) = ḠZ′Ω2 E[(w0ūl/
√

T) l = 1, . . . ,T]

= ḠZ′Ω2Zς
2
T

[(
1 + ρ2

1 − ρ2

(
1 + ρ2

1 − ρ2 −
1

1 − ρ2 (ρ2l + ρ2(T−l+1))
)
−

1
1 − ρ2 (ρ2l + ρ2(T−l+1))
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−

T+1∑
t=2

ρ
ρ|t−l|+|l−t+1|

1 − ρ2 −

T−1∑
t=0

ρ
ρ|t−l|+|l−t−1|

1 − ρ2

)
l=1,...,T

]
= 2(Z′Ω2Z/T)−1Z′Ω2Z/Tς

[(
1 + ρ2

1 − ρ2

(
1 + ρ2

1 − ρ2 −
1

1 − ρ2 (ρ2l + ρ2(T−l+1))
)
−

1
1 − ρ2 (ρ2l + ρ2(T−l+1))

−

T+1∑
t=2

ρ
ρ|t−l|+|l−t+1|

1 − ρ2 −

T−1∑
t=0

ρ
ρ|t−l|+|l−t−1|

1 − ρ2

)
l=1,...,T

]
= 2ς

[(
1 + ρ2

1 − ρ2

(
1 + ρ2

1 − ρ2 −
1

1 − ρ2 (ρ2l + ρ2(T−l+1))
)
−

1
1 − ρ2 (ρ2l + ρ2(T−l+1))

−

T+1∑
t=2

ρ
ρ|t−l|+|l−t+1|

1 − ρ2 −

T−1∑
t=0

ρ
ρ|t−l|+|l−t−1|

1 − ρ2

)
l=1,...,T

]
. (A.420)

By using equations (A.402), (A.413), (A.414) and (A.416) we have

wiūl/
√

T =
√

T(u′Ωςi u/T + ai)ūl/
√

T

=
√

T
(
−

1
2T

T∑
t′=1

T∑
t=1

r∗tt′
[ zti

σt
2 +

zt′i

σt′
2

]
ψtψt′ + ai

)
σl

2((1 − ρ2)ψl
2
− 1)/

√

T

= (1 − ρ2)σl
2(−1/2T)

T∑
t′=1

T∑
t=1

r∗tt′
[ zti

σt
2 +

zt′i

σt′
2

]
ψtψt′ψl

2

+σl
2

T∑
t′=1

T∑
t=1

1
2T

r∗tt′
[ zti

σt
2 +

zt′i

σt′
2

]
ψtψt′ − aiσl

2 + aiσl
2(1 − ρ2)ψl

2 =⇒ (A.421)

E(wiūl/
√

T) = (1 − ρ2)σl
2(−1/2T)

T∑
t′=1

T∑
t=1

r∗tt′
[ zti

σt
2 +

zt′i

σt′
2

]
E(ψtψt′ψl

2)

+σl
2

T∑
t′=1

T∑
t=1

1
2T

r∗tt′
[ zti

σt
2 +

zt′i

σt′
2

]
E(ψtψt′ ) + aiσl

2(1 − ρ2) E(ψl
2) − aiσl

2

= (1 − ρ2)σl
2(−1/2T)

T∑
t′=1

T∑
t=1

r∗tt′
[ zti

σt
2 +

z′ti
σt′

2

][ ρ|t−t′ |

(1 − ρ2)2 + 2
ρ|t−l|+|l−t′ |

(1 − ρ2)2

]
+σl

2
T∑

t′=1

T∑
t=1

1
2T

r∗tt′
[ zti

σt
2 +

zt′i

σt′
2

][ ρ|t−t′ |

1 − ρ2

]
+ aiσl

2
− aiσl

2

= σl
2(−1/2T)

T∑
t′=1

T∑
t=1

r∗tt′
[ zti

σt
2 +

z′ti
σt′

2

][ ρ|t−t′ |

1 − ρ2 + 2
ρ|t−l|+|l−t′ |

1 − ρ2

]
+σl

2
T∑

t′=1

T∑
t=1

1
2T

r∗tt′
[ zti

σt
2 +

zt′i

σt′
2

][ ρ|t−t′ |

1 − ρ2

]
= σl

2(−1/2T)
T∑

t′=1

T∑
t=1

r∗tt′
[ zti

σt
2 +

z′ti
σt′

2

][
2
ρ|t−l|+|l−t′ |

1 − ρ2

]
= −σl

2 1
T

T∑
t′=1

T∑
t=1

r∗tt′
[ zti

σt
2 +

z′ti
σt′

2

][ρ|t−l|+|l−t′ |

1 − ρ2

]
=⇒
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E(ūw′/
√

T) = E[(wiūl/
√

T) l = 1, . . . ,T, i = 1, . . . ,m]

=

[(
− σl

2 1
T

T∑
t′=1

T∑
t=1

r∗tt′
[ zti

σt
2 +

z′ti
σt′

2

][ρ|t−l|+|l−t′ |

1 − ρ2

])
l=1,...,T, i=1,...,m

]

=

[(
− z′lς

1
T

T∑
t′=1

T∑
t=1

r∗tt′
[ zti

σt
2 +

z′ti
σt′

2

][ρ|t−l|+|l−t′ |

1 − ρ2

])
l=1,...,T, i=1,...,m

]

= −Zς/T
[( T∑

t′=1

T∑
t=1

r∗tt′
[ zti

σt
2 +

z′ti
σt′

2

][ρ|t−l|+|l−t′ |

1 − ρ2

])
l=1,...,T, i=1,...,m

]
=⇒ (A.422)

By using equations (A.331), (A.341) and (A.422) we get the following results:

For GQ estimator

E(w′d1ς) = E(w′d1ς
GQ) = E(tr w′d1ς

GQ) = E(tr d1ς
GQw′)

= tr E(d1ς
GQw′) = tr E[(B̄Z′ū/

√

T)w′] = tr B̄Z′ E(ūw′/
√

T)

= − tr B̄Z′Z/Tς
[( T∑

t′=1

T∑
t=1

r∗tt′
[ zti

σt
2 +

z′ti
σt′

2

][ρ|t−l|+|l−t′ |

1 − ρ2

])
l=1,...,T, i=1,...,m

]

= − tr(Z′Z/T)−1Z′Z/Tς
[( T∑

t′=1

T∑
t=1

r∗tt′
[ zti

σt
2 +

z′ti
σt′

2

][ρ|t−l|+|l−t′ |

1 − ρ2

])
l=1,...,T, i=1,...,m

]

= − tr ς
[( T∑

t′=1

T∑
t=1

r∗tt′
[ zti

σt
2 +

z′ti
σt′

2

][ρ|t−l|+|l−t′ |

1 − ρ2

])
l=1,...,T, i=1,...,m

]
. (A.423)

For A estimator

E(w′d1ς) = E(w′d1ς
A) = E(tr w′d1ς

A) = E(tr d1ς
Aw′)

= = tr E(d1ς
Aw′) = tr E[ḠH(Z′Ω2

Hū/
√

T)w′] = tr ḠH(Z′Ω2
H E(ūw′/

√

T)

= − tr ḠH(Z′Ω2
HZ/T)ς

[( T∑
t′=1

T∑
t=1

r∗tt′
[ zti

σt
2 +

z′ti
σt′

2

][ρ|t−l|+|l−t′ |

1 − ρ2

])
l=1,...,T, i=1,...,m

]

= − tr(Z′Ω2
HZ/T)−1(Z′Ω2

HZ/T)ς
[( T∑

t′=1

T∑
t=1

r∗tt′
[ zti

σt
2 +

z′ti
σt′

2

][ρ|t−l|+|l−t′ |

1 − ρ2

])
l=1,...,T, i=1,...,m

]

= − tr ς
[( T∑

t′=1

T∑
t=1

r∗tt′
[ zti

σt
2 +

z′ti
σt′

2

][ρ|t−l|+|l−t′ |

1 − ρ2

])
l=1,...,T, i=1,...,m

]
. (A.424)
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Calculation of matrix Λςς

Since B̄ and ḠH are symmetric matrices, equations (A.186), (A.331), (A.341), (A.351), (A.358) and

Lemma A.33 imply the following results:

i. For GQ estimator we have that

d1ς
GQ = B̄Z′ū/

√

T =⇒ (A.425)

E(d1ςd′1ς) = E(d1ς
GQd1ς

GQ′) = E[(B̄Z′ū/
√

T)(B̄Z′ū/
√

T)′]

= E[B̄Z′ūū′ZB̄/T] = B̄Z′ E(ūū′)ZB̄/T

= B̄Z′(2Ω−2
H )ZB̄/T = 2B̄(Z′Ω−2

H Z/T)B̄

= 2B̄Γ̄HB̄ =⇒

Λςς
GQ = lim

T→∞
E(d1ς

GQd1ς
GQ) = lim

T→∞
2B̄Γ̄HB̄. (A.426)

Thus, for the GQ estimator of ς, matrix Λςς can be estimated as

Λςς = 2B̄Γ̄HB̄. (A.427)

ii. For the A, IA and ML estimators of ς we have that

d1ς
A = ḠHZ′Ω2

Hū/
√

T =⇒ (A.428)

E(d1ςd′1ς) = E(d1ς
Ad1ς

A′) = E[(ḠHZ′Ω2
Hū/
√

T)(ḠHZ′Ω2
Hū/
√

T)′]

= E[ḠHZ′Ω2
Hūū′Ω2

HZḠH/T] = ḠHZ′Ω2
HE(ūū′)Ω2

HZḠH/T

= ḠHZ′Ω2
H(2Ω−2

H )Ω2
HZḠH/T

= 2ḠH(Z′Ω2
HZ/T)ḠH = 2ḠHĀHḠH = 2ḠH =⇒

Λςς
A = lim

T→∞
E(d1ς

Ad1ς
A) = lim

T→∞
2ḠH. (A.429)

Thus, for the A, IA and ML estimators of ς, matrix Λςς can be estimated as

Λςς
A = 2ḠH. (A.430)

We define the m × 1 vectors

ξH =

T∑
t=1

vtzt/T, ξH1 =

T∑
t=1

σ−4vtzt/T, ξH2 =

T∑
t=1

σ−4x′
HtGHxHtzt/T, (A.431)
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where vt = 2σ2
t x′

HtBHxHt − x′
HtBHΓHBHxHt.

Calculation of vector κ

Since matrices ΩH,Ω−2
H and ΩHςi are diagonal, equations (A.186), (A.331), (A.341), (A.351), (A.396),

definition (A.431) and Lemma A.33 imply the following results:

i. For GQ estimator we have that

E(d2ς) = E(d2ς
GQ) = E(B̄Z′ε/

√

T) = B̄Z′ E(ε)/
√

T = B̄Z′(v/
√

T)/
√

T

= B̄[(zt)t=1,...,T][(vt)t=1,...,T]/T = B̄ξH =⇒

κς = − lim
T→∞

E(δ2ς) = − lim
T→∞

B̄ξH. (A.432)

Thus, for the GQ estimator of ς, κς expressed as

κς = −B̄ξH. (A.433)

ii. For A estimator of ς we have that

E[ḠH(Z′Ω2
Hε/
√

T)] = ḠHZ′Ω2
H E(ε)/

√

T = ḠHZ′Ω2
H(v/

√

T)/
√

T

= ḠH[(zt)t=1,...,T] diag(σt
−4)[(vt)t=1,...,T]/T

= ḠH

T∑
t=1

σt
−4vtzt/T = ḠHξH1, (A.434)

E[(Z′Ω2
Hū/
√

T)d1ςi
GQ] = E[(Z′Ω2

Hū/
√

T)(b̄′i Z
′ū/
√

T)]

= E[(Z′Ω2
Hū/
√

T)(ū′Zb̄i/
√

T)] = E[(Z′Ω2
Hūū′Zb̄i/T)]

= Z′Ω2
H E(ūū′)Zb̄i/T = Z′Ω2 E(ūū′)Zb̄i/T

= Z′Ω2
H(2Ω−2

H )Zb̄i/T = 2(Z′Z/T)b̄i = 2F̄b̄i, (A.435)

where b̄i is i-column of B̄ matrix.

By working as in equation (A.435) we get

E[(Z′ΩHΩHςi ū/
√

T)d1ςi
GQ] = E(Z′ΩHΩHςi ūū′Zb̄i/T) = Z′ΩHΩHςi E(ūū′)Zb̄i/T

= Z′ΩHΩHςi (2Ω
−2
H )Zb̄i/T = 2(Z′ΩHςiΩH

−1Z/T)b̄i. (A.436)

By combining equations (A.341), (A.396), (A.434), (A.435) and (A.436) we find that

E(d2ς) = E(d2ς
A)

= E[ḠH(Z′Ω2
Hε/
√

T + 2
m∑

i=1

ḠHĀHςi ḠH(Z′Ω2
Hū/
√

T)d1ςi
GQ
− 2

m∑
i=1

ḠH(Z′ΩHΩHςi ū/
√

T)d1ςi
GQ]
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= E[ḠH(Z′Ω2
Hε/
√

T] + 2
m∑

i=1

ḠHĀHςi ḠH E[(Z′Ω2
Hū/
√

T)d1ςi
GQ] − 2

m∑
i=1

ḠH E[(Z′ΩHΩHςi ū/
√

T)d1ςi
GQ]

= ḠHξH1 + 2
m∑

i=1

ḠHĀHςi ḠH2F̄b̄i − 2
m∑

i=1

ḠH2(Z′ΩHςiΩH
−1Z/T)b̄i =⇒

κς = − lim
T→∞

E(δ2ς)

= − lim
T→∞

[ḠHξH1 + 4
m∑

i=1

ḠHĀHςi ḠHF̄b̄i − 4
m∑

i=1

ḠH(Z′ΩHςiΩH
−1Z/T)b̄i]

= − lim
T→∞

[
ḠHξH1 + 4

m∑
i=1

[ḠHĀHςi ḠHF̄b̄i − ḠH(Z′ΩHςiΩH
−1Z/T)b̄i]

]
= − lim

T→∞

[
ḠHξH1 + 4ḠH

m∑
i=1

[ĀHςi ḠHei − (Z′ΩHςiΩH
−1Z/T)b̄i]

]
= − lim

T→∞

[
ḠHξH1 + 4ḠH

m∑
i=1

[ĀHςi gH i − (Z′ΩHςiΩH
−1Z/T)b̄i]

]
. (A.437)

Thus, for the A estimator of ς, κ can be estimated as

κς = −ḠHξH1 − 4ḠH

m∑
i=1

[ĀHςi gH i − (Z′ΩHςiΩH
−1Z/T)b̄i (A.438)

where ĀHςi = Z′ΩHςiΩH
−1Z/T, ḡi is the i-th column of matrix ḠH and b̄i is the i-th column of matrix

B̄H. Moreover,

F̄B̄ = F̄(b̄1, . . . , b̄m) = (F̄b̄1, . . . , F̄b̄m) = Im ⇒ F̄b̄i = ei, (A.439)

where ei is the i-th column of matrix Im.

iii. For the IA and ML estimators of ς we have that

E[ḠH(Z′Ω2
Hε̄/
√

T)] = ḠHZ′Ω2
H E(ε̄)/

√

T = ḠHZ′Ω2
H(XHGHxHt/

√

T)/
√

T

= ḠH[(zt)t=1,...,T] diag(σt
−4)[(x′

HtGHxHt)t=1,...,T]/T

= ḠH

T∑
t=1

σt
−4x′

HtGHxHtzt/T = ḠHξH2, (A.440)

E[(Z′Ω2
Hū/
√

T)d1ςi
A] = E[(Z′Ω2

Hū/
√

T)(ḡ′i Z
′Ω2

Hū/
√

T)]

= E[(Z′Ω2
Hū/
√

T)(ū′Ω2
HZḡi/

√

T)] = E(Z′Ω2
Hūū′Ω2

HZḡi/T)

= Z′Ω2
H E(ūū′)Ω2

HZḡi/T = Z′Ω2
H2Ω−2

H Ω
2
HZḡi/T = 2Z′Ω2

HZḡi/T

= 2ĀH ḡH i, (A.441)

where ḡi is i-column of ḠH matrix.
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By working as in equation (A.441) we get

E[(Z′ΩHΩHςi ū/
√

T)d1ςi
A] = E(Z′ΩHΩHςi ūū′Ω2

HZḡi/T)

= Z′ΩHΩHςi 2ΩH
−2Ω2

HZḡi/T = 2Z′ΩHΩHςi Zḡi/T

= 2ĀHςi ḡH i. (A.442)

From equations (A.357), (A.440), (A.441) and (A.442)

E(d2ς) = E(d2ς
α)

= E[ḠH(Z′Ω2
Hε̄/
√

T) + 2
m∑

i=1

ḠHĀHςi ḠH(Z′Ω2
Hū/
√

T)d1ςi
A
− 2

m∑
i=1

ḠH(Z′ΩHΩHςi ū/
√

T)d1ςi
A]

= E[ḠH(Z′Ω2
Hε̄/
√

T)] + 2
m∑

i=1

ḠHĀHςi ḠH E[(Z′Ω2
Hū/
√

T)d1ςi
A]

−2
m∑

i=1

ḠH E[(Z′ΩHΩHςi ū/
√

T)d1ςi
A]

= ḠHξH2 + 2
m∑

i=1

ḠHĀHςi ḠH2ĀH ḡi − 2
m∑

i=1

ḠH2ĀHςi ḡi

= ḠHξH2 + 4
m∑

i=1

ḠHĀHςi ḠHĀH ḡi − 4
m∑

i=1

ḠHĀHςi ḡi = ḠHξH2 =⇒

κς = − lim
T→∞

E(δ2ς) = − lim
T→∞

ḠHξH2. (A.443)

Thus, for IA and ML estimators of ς we have that

κς = −ḠHξH2. (A.444)

Some useful results

ρ1 = −αu′ARΩAR2uAR/2
√

T

=
−α

2
√

T
u′Σ−1/2[2ρI −D]Σ−1/2u

=
−α

2
√

T
[2ρ

T∑
t=1

ut
2

σt
2 − 2

T−1∑
t=1

ut

σt

ut+1

σt+1
]

=
−α

2
√

T

[
2ρ

T∑
t=1

ψt
2
− 2

T−1∑
t=1

ψtψt+1]

=
−α
√

T
[ρ

T∑
t=1

ψt
2
−

T−1∑
t=1

ψtψt+1

]
. (A.445)
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By using (A.413) and (A.445) we get

ρ1ūl/
√

T =
−α
√

T

[
ρ

T∑
t=1

ψt
2
−

T−1∑
t=1

ψtψt+1]σl
2[(1 − ρ2)ψ2

l − 1]/
√

T

=
−α
T

[ρσl
2(1 − ρ2)

T∑
t=1

ψt
2ψl

2
− ρσl

2
T∑

t=1

ψt
2
− σl

2(1 − ρ2)
T−1∑
t=1

ψtψt+1ψl
2

+σl
2

T−1∑
t=1

ψtψt+1

]
, (A.446)

which implies that

E(ρ1ūl/
√

T) =
−α
T

[
ρσl

2(1 − ρ2)
T∑

t=1

E(ψt
2ψl

2) − ρσl
2

T∑
t=1

E(ψt
2) − σl

2(1 − ρ2)
T−1∑
t=1

E(ψtψt+1ψl
2)

+σl
2

T−1∑
t=1

E(ψtψt+1)
]

=
−α
T

[
ρσl

2(1 − ρ2)
T∑

t=1

(
1

1 − ρ2 + 2
ρ2|t−l|

(1 − ρ2)2 ) − ρσl
2

T∑
t=1

1
1 − ρ2

−σl
2(1 − ρ2)

T−1∑
t=1

(
ρ

(1 − ρ2)2 + 2
ρ|t−l|+|l−t−1|

(1 − ρ2)2 ) + σl
2

T−1∑
t=1

ρ

(1 − ρ2)2

]

=
−α
T

[
ρσl

2
T∑

t=1

( 1
1 − ρ2 + 2

ρ2|t−l|

1 − ρ2

)
− ρσl

2
T∑

t=1

1
1 − ρ2

−σl
2

T−1∑
t=1

( ρ

1 − ρ2 + 2
ρ|t−l|+|l−t−1|

1 − ρ2

)
+ σl

2
T−1∑
t=1

ρ

1 − ρ2

]

=
−ασl

2

T

[
ρT

1 − ρ2 + 2ρ
T∑

t=1

ρ2|t−l|

1 − ρ2 −
ρT

1 − ρ2

−
(T − 1)ρ
1 − ρ2 − 2

T−1∑
t=1

ρ|t−l|+|l−t−1|

1 − ρ2 +
(T − 1)ρ
1 − ρ2

]

=
−ασl

2

T

[
2ρ

T∑
t=1

ρ2|t−l|

1 − ρ2 − 2
T−1∑
t=1

ρ|t−l|+|l−t−1|

1 − ρ2

]

=
−ασl

2

T

[
2ρ

1 − ρ2

(1 + ρ2

1 − ρ2 −
1

1 − ρ2 (ρ2l
− ρ2T−2l+2)

)
− 2

T−1∑
t=1

ρ|t−l|+|l−t−1|

1 − ρ2

]

=
−2ασl

2

T

[
ρ

1 − ρ2

(1 + ρ2

1 − ρ2 −
1

1 − ρ2 (ρ2l
− ρ2T−2l+2)

)
−

T−1∑
t=1

ρ|t−l|+|l−t−1|

1 − ρ2

]
. (A.447)

By using equation (A.447) we get

E(ρ1ū/
√

T) = E[(ρ1ūl/
√

T)l=1,...,T]

=

[(
−2ασl

2

T

[ (1 + ρ2)ρ
(1 − ρ2)2 −

ρ

(1 − ρ2)2 (ρ2l
− ρ2T−2l+2) −

T−1∑
t=1

ρ|t−l|+|l−t−1|

1 − ρ2

])
l=1,...,T

]

= Zς/T
[(
− 2

[ (1 + ρ2)ρ
1 − ρ2 −

ρ

1 − ρ2 (ρ2l
− ρ2T−2l+2) −

T−1∑
t=1

ρ|t−l|+|l−t−1|
])

l=1,...,T

]
. (A.448)
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By using equations(A.425), (A.428) and (A.448) we have

E(ρ1d1ς) = E(ρ1d1ς
GQ) = E(ρ1B̄Z′ū/

√

T)

= B̄Z′ E(ρ1ū/
√

T) = B̄Z′ E[(ρ1ūl/
√

T)l=1,...,T]

= B̄Z′Z/Tς
[(
− 2

[ (1 + ρ2)ρ
1 − ρ2 −

ρ

1 − ρ2 (ρ2l
− ρ2T−2l+2) −

T−1∑
t=1

ρ|t−l|+|l−t−1|
])

l=1,...,T

]

= ς

[(
− 2

[ (1 + ρ2)ρ
1 − ρ2 −

ρ

1 − ρ2 (ρ2l
− ρ2T−2l+2) −

T−1∑
t=1

ρ|t−l|+|l−t−1|
])

l=1,...,T

]
. (A.449)

E(ρ1d1ς) = E(ρ1d1ς
A) = E(ρ1ḠHZ′Ω2

Hū/
√

T)

= ḠHZ′Ω2
H E(ρ1ū/

√

T) = ḠHZ′Ω2
H E[(ρ1ūl/

√

T)l=1,...,T]

= ḠZ′Ω2Zς
2
T
ς

[(
−

[ (1 + ρ2)ρ
1 − ρ2 −

ρ

1 − ρ2 (ρ2l
− ρ2T−2l+2) −

T−1∑
t=1

ρ|t−l|+|l−t−1|
])

l=1,...,T

]

= ς

[(
− 2

[ (1 + ρ2)ρ
1 − ρ2 −

ρ

1 − ρ2 (ρ2l
− ρ2T−2l+2) −

T−1∑
t=1

ρ|t−l|+|l−t−1|
])

l=1,...,T

]
=⇒ (A.450)

λρς = lim
T→∞
ς

[(
− 2

[ (1 + ρ2)ρ
1 − ρ2 −

ρ

1 − ρ2 (ρ2l
− ρ2T−2l+2) −

T−1∑
t=1

ρ|t−l|+|l−t−1|
])

l=1,...,T

]
. (A.451)

From Lemmas A.31 and UR.2 and equation (A.197) we have

aρ = −E(u′Ωρu/T) = − trΩρΩ−1 = O(T−1) = O(τ2) =⇒

a2
ρ = O(τ4). (A.452)

From Lemmas A.31 and UR.2 and equation (A.203) we have

aρρ =
1
2

E(u′Ωρρu/T) = trΩρρΩ−1

=
1
2

[ 2
α
−

4
αT

]
=

1
α
−

2
αT
. (A.453)

For the parameters (1.33) the following results hold:

By using Lemma A.31 and equations (A.366), (A.404), (A.412) (A.451) and (A.452) we have

λ0ρ = lim
T→∞

E(w0ρ1) − aρλρρ − a′λρς

= lim
T→∞

O(T−1) − αO(τ2) − a′ lim
T→∞
ς

[(
− 2

[ (1 + ρ2)ρ
1 − ρ2 −

ρ

1 − ρ2 (ρ2l
− ρ2T−2l+2) −

T−1∑
t=1

ρ|t−l|+|l−t−1|
])

l=1,...,T

]

= −a′ lim
T→∞
ς

[(
− 2

[ (1 + ρ2)ρ
1 − ρ2 −

ρ

1 − ρ2 (ρ2l
− ρ2T−2l+2) −

T−1∑
t=1

ρ|t−l|+|l−t−1|
])

l=1,...,T

]
+O(τ2). (A.454)
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By using Lemma A.31 and equations (A.368), (A.419), (A.420), (A.451) and (A.452) we have

λ0ς = lim
T→∞

E(w0d1ς) − aρλρς − Λςςa

= lim
T→∞

2ς
[(

1 + ρ2

1 − ρ2

(
1 + ρ2

1 − ρ2 −
1

1 − ρ2 (ρ2l + ρ2(T−l+1))
)
−

1
1 − ρ2 (ρ2l + ρ2(T−l+1))

−

T+1∑
t=2

ρ
ρ|t−l|+|l−t+1|

1 − ρ2 −

T−1∑
t=0

ρ
ρ|t−l|+|l−t−1|

1 − ρ2

)
l=1,...,T

]

−aρ lim
T→∞
ς

[(
− 2

[ (1 + ρ2)ρ
1 − ρ2 −

ρ

1 − ρ2 (ρ2l
− ρ2T−2l+2) −

T−1∑
t=1

ρ|t−l|+|l−t−1|
])

l=1,...,T

]
−Λςςa

= lim
T→∞

2ς
[(

1 + ρ2

1 − ρ2

(
1 + ρ2

1 − ρ2 −
1

1 − ρ2 (ρ2l + ρ2(T−l+1))
)
−

1
1 − ρ2 (ρ2l + ρ2(T−l+1))

−

T+1∑
t=2

ρ
ρ|t−l|+|l−t+1|

1 − ρ2 −

T−1∑
t=0

ρ
ρ|t−l|+|l−t−1|

1 − ρ2

)
l=1,...,T

]

−O(τ2) lim
T→∞
ς

[(
− 2

[ (1 + ρ2)ρ
1 − ρ2 −

ρ

1 − ρ2 (ρ2l
− ρ2T−2l+2) −

T−1∑
t=1

ρ|t−l|+|l−t−1|
])

l=1,...,T

]
−Λςςa. (A.455)

By using Lemma A.31 and equations (A.404), (A.412), (A.419), (A.420), (A.451) and (A.452) we have

λ0 = lim
T→∞

E(σ0
2) = 2 − 2aρ lim

T→∞
E(w0ρ1) + aρ2λρρ

−2a′ lim
T→∞

E(w0d1ς) − 2aρa′λρς + a′Λςςa

= 2 − 2aρ lim
T→∞

O(T−1) + αO(τ4)

−2a′ lim
T→∞

2ς
[(

1 + ρ2

1 − ρ2

(
1 + ρ2

1 − ρ2 −
1

1 − ρ2 (ρ2l + ρ2(T−l+1))
)

−
1

1 − ρ2 (ρ2l + ρ2(T−l+1)) −
T+1∑
t=2

ρ
ρ|t−l|+|l−t+1|

1 − ρ2 −

T−1∑
t=0

ρ
ρ|t−l|+|l−t−1|

1 − ρ2

)
l=1,...,T

]

−2aρa′ lim
T→∞
ς

[(
− 2

[ (1 + ρ2)ρ
1 − ρ2 −

ρ

1 − ρ2 (ρ2l
− ρ2T−2l+2) −

T−1∑
t=1

ρ|t−l|+|l−t−1|
])

l=1,...,T

]
+ a′Λςςa

= 2 − 4a′ lim
T→∞
ς

[(
1 + ρ2

1 − ρ2

(
1 + ρ2

1 − ρ2 −
1

1 − ρ2 (ρ2l + ρ2(T−l+1))
)

−
1

1 − ρ2 (ρ2l + ρ2(T−l+1)) −
T+1∑
t=2

ρ
ρ|t−l|+|l−t+1|

1 − ρ2 −

T−1∑
t=0

ρ
ρ|t−l|+|l−t−1|

1 − ρ2

)
l=1,...,T

]

−2O(τ2)a′ lim
T→∞
ς

[(
− 2

[ (1 + ρ2)ρ
1 − ρ2 −

ρ

1 − ρ2 (ρ2l
− ρ2T−2l+2) −

T−1∑
t=1

ρ|t−l|+|l−t−1|
])

l=1,...,T

]
+a′Λςςa +O(τ4). (A.456)
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By using Lemma A.31 and equations (A.376), (A.407), (A.412), (A.423), (A.424) and (A.451) we have

κ0 = lim
T→∞

E(
√

Tσ0 + σ1)

= lim
T→∞

E(wρρ1) + lim
T→∞

E(w′d1ς) − lim
T→∞

aρ E(ρ2) + a′(−κς)

+ tr ĀΛςς + aρρλρρ + a′ρςλρς

= −2 + lim
T→∞

O(T−1) + lim
T→∞

(
− tr ς

[( T∑
t′=1

T∑
t=1

r∗tt′
[ zti

σt
2 +

z′ti
σt′

2

][ρ|t−l|+|l−t′ |

1 − ρ2

])
l=1,...,T, i=1,...,m

])
−aρ lim

T→∞

[
− (α/2ρα)[2(ρ2

− nα) + α tr BARΓAR + tr AARBARΓARBAR]] +O(τ2)
]

+α
[ 1
α
−

2
αT

]
− a′κς + tr ĀΛςς

+a′ρς lim
T→∞
ς

[(
− 2

[ (1 + ρ2)ρ
1 − ρ2 −

ρ

1 − ρ2 (ρ2l
− ρ2T−2l+2) −

T−1∑
t=1

ρ|t−l|+|l−t−1|
])

l=1,...,T

]

= −2 + lim
T→∞

O(T−1) + lim
T→∞

(
− tr ς

[( T∑
t′=1

T∑
t=1

r∗tt′
[ zti

σt
2 +

z′ti
σt′

2

][ρ|t−l|+|l−t′ |

1 − ρ2

])
l=1,...,T, i=1,...,m

])
−O(τ2) lim

T→∞

[
− (α/2ρα)[2(ρ2

− nα) + α tr BARΓAR + tr AARBARΓARBAR]] +O(τ2)
]

+α
[ 1
α
−

2
αT

]
− a′κς + tr ĀΛςς

+a′ρς lim
T→∞
ς

[(
− 2

[ (1 + ρ2)ρ
1 − ρ2 −

ρ

1 − ρ2 (ρ2l
− ρ2T−2l+2) −

T−1∑
t=1

ρ|t−l|+|l−t−1|
])

l=1,...,T

]

= −1 + lim
T→∞

(
− tr ς

[( T∑
t′=1

T∑
t=1

r∗tt′
[ zti

σt
2 +

z′ti
σt′

2

][ρ|t−l|+|l−t′ |

1 − ρ2

])
l=1,...,T, i=1,...,m

])
− a′κς + tr ĀΛςς

−O(τ2) lim
T→∞

[
− (α/2ρα)[2(ρ2

− nα) + α tr BARΓAR + tr AARBARΓARBAR]] +O(τ2)
]

+a′ρς lim
T→∞
ς

[(
− 2

[ (1 + ρ2)ρ
1 − ρ2 −

ρ

1 − ρ2 (ρ2l
− ρ2T−2l+2) −

T−1∑
t=1

ρ|t−l|+|l−t−1|
])

l=1,...,T

]
. (A.457)

□

Subtracting autocorrelation or heteroskedasticity respectively, the cross elements λ0, are simplified as

follows:

i. If there is no autocorrelation, ρ = 0. Then,

λρς = 0. (A.458)

λ0ρ = O(τ2). (A.459)

λ0ς = −Λςςa. (A.460)

λ0 = 2 − 4a′ς + a′Λςςa +O(τ4). (A.461)

κ0 = −1 − a′κς + tr ĀΛςς +O(τ4) (A.462)
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ii. If there is no heteroskedasticity, ς = 0. Then,

λρς = 0. (A.463)

λ0ρ = O(τ2). (A.464)

λ0ς = 0. (A.465)

λ0 = 2 +O(τ4). (A.466)

κ0 = −1 +O(τ4). (A.467)
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Matrix Ω

Equations (3.28b) and (3.28c) imply thatΩ−1 = P(Σ⊗IT)P′ where Σ = [(σi j)i, j=1,...,M] and P = [(δi jPi)i, j=1,...,M]

is a block diagonal matrix. Let P−1 and P′−1 be the inverse of P and P′ respectively and let Σ−1 =

[(σi j)i, j=1,...,M] be the inverse of Σ.

Then by using (3.29) we find that

Ω−1 = P(Σ ⊗ IT)P′ =


P1 . . . O

. . .

O . . . PM



σ11IT . . . σ1MIT

...
...

σM1IT . . . σMMIT



P′1 . . . O

. . .

O . . . P′M


=


σ11P1P′1 . . . σ1MP1P′M

...
...

σM1PMP′1 . . . σMMPMP′M

 =

σ11R11 . . . σ1MR1M

...
...

σM1RM1 . . . σMMRMM


= [(σi jPiP′j)i, j=1,...,M] = [(σi jRi j)i, j=1,...,M]. (B.1)

Equation (B.1) implies that

Ω = P′−1(Σ−1
⊗ IT)P−1 =


P′1
−1 . . . O

. . .

O . . . P′M
−1



σ11IT . . . σ1MIT

...
...

σM1IT . . . σMMIT



P1
−1 . . . O

. . .

O . . . PM
−1


=


σ11P′1

−1P1
−1 . . . σ1MP′1

−1PM
−1

...
...

σM1P′M
−1P1

−1 . . . σMMP′M
−1PM

−1

 =

σ11R11 . . . σ1MR1M

...
...

σM1RM1 . . . σMMRMM


= [(σi jP′i

−1P j
−1)i, j=1,...,M] = [(σi jRi j)i, j=1,...,M], (B.2)

where

Ri j = P′i
−1P j

−1 (i, j = 1, . . . ,M). (B.3)
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Matrices Ri j, Rii, Ri j Rii and their Derivatives with respect to the elements ρi, ρ j

Equation (3.21) imply that

Ri j = P′i
−1P j

−1 =



(1 − ρi
2)1/2

−ρi 0 . . . 0

0 1 −ρi . . . 0
... −ρi

0 . . . 0 1





(1 − ρ j
2)1/2 0 0 . . . 0

−ρ j 1 0 . . . 0

0 −ρ j 1 0

0 . . . 0 −ρ j 1



=



(1 − ρi
2)1/2(1 − ρ j

2)1/2 + ρiρ j −ρi 0 . . . 0

−ρ j 1 + ρiρ j
. . .

0
. . .

... 1 + ρiρ j −ρi

0 . . . 0 −ρ j 1


. (B.4)

Obviously,

Rii = P′i
−1Pi

−1 =



1 −ρi 0 . . . 0

−ρi 1 + ρi
2 . . .

0
. . .

... 1 + ρi
2
−ρi

0 . . . 0 −ρi 1



=



1 + ρi
2 0 0

. . .

. . .

0 1 + ρi
2


−



0 ρi . . . 0

ρi
. . .

. . . ρi

ρi 0


−



ρi
2 0

0
. . .

0

0 ρi


= (1 + ρi

2)IT − ρiD − ρi
2∆, (B.5)

where IT is the identity matrix, D is a T × T matrix with elements 1 if |t− t′| = 1 and zeros elsewhere, and

∆ is a T × T matrix with elements 1 in (1,1)-st and (T,T)-th positions and zeros elsewhere.

It can be easily seen that Φii is the inverse of Φii (∀i) since

RiiRii = RiiRii = I. (B.6)

Moreover,

Rρi
ii =

∂Rii

∂ρi
= 2ρiIT −D − 2ρi∆, (B.7)
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Rρiρi
ii =

∂2Rii

∂ρi
2 = 2IT − 2∆ = 2(IT − ∆), (B.8)

Rρ j
ii =

∂Rii

∂ρ j
= 0, Rρ jρ j

ii =
∂2Rii

∂ρ j
2 = 0, Rρiρ j

ii =
∂2Rii

∂ρ j∂ρi
= 0, (∀i , j). (B.9)

Define the T × T matrix D j with (t,t’)-th element equals 1 if t − t′ = 1 and zeros elsewhere, and the

T × T matrix Di with (t,t’)-th element equals 1 if t − t′ = −1. Also, define T × T matrix ∆11 with 1 in

(1,1)-st position and zeros elsewhere and define T × T matrix ∆TT with 1 in (T,T)-st position and zeros

elsewhere.

Then (B.4) implies that

Ri j = (1 + ρiρ j)IT − ρiDi − ρ jD j − ρiρ j∆TT + [(1 − ρi
2)1/2(1 − ρ j

2)1/2
− 1]∆11. (B.10)

Note that Ri j is not the inverse of Ri j, since

Ri j
−1 =



1 −ρi 0 . . . 0

−ρ j 1 + ρiρ j
. . .

0
. . .

... 1 + ρiρ j −ρi

0 . . . 0 −ρ j 1


= (1 + ρiρ j)IT − ρiDi − ρ jD j − ρiρ j∆. (B.11)

Moreover, since

∂
ρi

(1 − ρi
2)1/2(1 − ρ j

2)1/2 = −
1
2

(1 − ρi
2)−1/2(1 − ρ j

2)1/22ρi

= −ρi(1 − ρi
2)−1/2(1 − ρ j

2)1/2 = ξ′(i) j, (B.12)

∂2

ρi
2 (1 − ρi

2)1/2(1 − ρ j
2)1/2 = −(1 − ρi

2)−1/2(1 − ρ j
2)1/2
− ρi

2(1 − ρi
2)−3/2(1 − ρ j

2)1/2

= −(1 − ρi
2)−3/2(1 − ρ j

2)1/2[1 − ρi
2 + ρi

2]

= −(1 − ρi
2)−3/2(1 − ρ j

2)1/2 = ξ′′(i) j, (B.13)

∂2

ρiρ j
(1 − ρi

2)1/2(1 − ρ j
2)1/2 = −ρi

1
2

(−2ρ j)(1 − ρi
2)−1/2(1 − ρ j

2)−1/2

= ρiρ j(1 − ρi
2)−1/2(1 − ρ j

2)−1/2 = ξ′′(i)( j), (B.14)

and

∂ai j

∂ρµ
= 0,

∂2ai j

∂ρµ2 = 0,
∂2ai j

∂ρµ∂ρi
= 0,

∂2ai j

∂ρµ∂ρ j
= 0, (∀µ , i µ , j), (B.15)
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where ai j = (1 − ρi
2)1/2(1 − ρ j

2)1/2.

We find

Ri j
ρi =

∂Ri j

∂ρi
= ρ jIT −Di − ρ j∆TT + ξ

′
(i) j∆11, (B.16)

Ri j
ρ j =

∂Ri j

∂ρ j
= ρiIT −D j − ρi∆TT + ξ

′
( j)i∆11, (B.17)

Ri j
ρiρi = ξ

′′
(i) j∆11, (B.18)

Ri j
ρ jρ j = ξ

′′
( j)i∆11, (B.19)

Ri j
ρiρ j = IT − ∆TT + ξ

′′
(i)( j)∆11, (B.20)

Ri j
ρµ = 0, Ri j

ρµρµ = 0, Ri j
ρµρi = 0, Ri j

ρµρ j = 0, (∀µ , i ∧ µ , j). (B.21)

By using equation (B.6) we find that

I = Ω−1Ω = [(σiκRiκ)i,κ=1,...,M][(σκ jRκ j)κ, j=1,...,M]

=

( M∑
κ=1

σiκσ
κ jRiκRκ j

)
i, j=1,...,M

 , (B.22)

which implies that
M∑
κ=1

σiκσ
κiRiκRκi = I, (B.23)

and
M∑
κ=1

σiκσ
κ jRiκRκ j = 0, (∀i , j). (B.24)

Similarly, since I = ΩΩ−1 we find that

M∑
κ=1

σiκσκiRiκRκi = I, (B.25)

and
M∑
κ=1

σiκσκ jRiκRκ j = 0, (∀i , j). (B.26)

Along the same lines, since I = ΣΣ−1 = Σ−1Σ we find that

M∑
κ=1

σiκσ
κi =

M∑
κ=1

σiκσκi = 1, (B.27)

and
M∑
κ=1

σiκσ
κ j =

M∑
κ=1

σiκσκ j = 0, (∀i , j), (B.28)
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Equation (B.23) implies that

I =

M∑
κ=1

σiκσ
κiRiκRκi = σiiσ

iiRiiRii +
∑
κ,i

σiκσ
κiRiκRκi

= σiiσ
iiI +

∑
κ,i

σiκσ
κiRiκRκi (B.29)

⇒ (1 − σiiσ
ii)I =

∑
κ,i

σiκσ
κiRiκRκi (B.30)

⇒ σiiσ
iiI = I −

∑
κ,i

σiκσ
κiRiκRκi. (B.31)

Similarly, equation (B.25) implies that

I =

M∑
κ=1

σiκσκiRiκRκi = σ
iiσiiRiiRii +

∑
κ,i

σiκσκiRiκRκi

= σiiσiiI +
∑
κ,i

σiκσκiRiκRκi (B.32)

⇒ (1 − σiiσii)I =
∑
κ,i

σiκσκiRiκRκi (B.33)

⇒ σiiσiiI = I −
∑
κ,i

σiκσκiRiκRκi. (B.34)

Derivatives of Ω with respect to the element ρµ

Since, Ω = [(σi jRi j)i, j=1,...,M] we find that

Ωρµ =
∂Ω
∂ρµ

= [(σi jRρµ
i j)i, j=1,...,M] = [see(B.7), (B.16), (B.17)]

= [(δµiσ
i jRρµ

i j + δ jµσ
i jRρµ

i j + δµiδ jµσ
i jRρµ

i j)i, j]

= [(δµiσ
µ jRρµ

µ j + δ jµσ
iµRρµ

iµ + δµiδ jµσ
µµRρµ

µµ)i, j], (B.35)

Ωρµρµ =
∂2Ω
∂ρµ2 = [see(B.8), (B.18), (B.19)]

= [(δµiσ
µ jRρµρµ

µ j + δ jµσ
iµRρµρµ

iµ + δµiδ jµσ
µµRρµρµ

µµ)i, j], (B.36)

Ωρµρµ′ =
∂2Ω
∂ρµρµ′

= [see(B.9), (B.20), (B.21)]

= [(δµiδ jµ′σ
µ jRρµρµ′

µ j + δµ′iδ jµσ
iµRρµρµ′

iµ + δµiδ jµδµ′iσ
µµRρµρµ′

µµ)i, j]

= [(δµiδ jµ′σ
µµ′Rρµρµ′

µµ′ + δµ′iδ jµσ
µ′µRρµρµ′

µ′µ + 0)i, j]. (B.37)



Appendix B 167

Derivatives of Σ−1
⊗ IT and Ω with respect to the element σii

Since,

Σ−1
⊗ IT = [(σi jIT)i, j=1,...,M], (B.38)

and

ς = vec(Σ−1) = [(ςi j)i, j=1,...,M2 ], (B.39)

we find

∂
∂ς(µµ′)

(Σ−1
⊗ IT) =

∂

∂σµµ′
(Σ−1

⊗ IT) =

(∂σi jIT

∂σµµ′

)
i, j=1,...,M


= [(δµiδ jµ′IT)i, j=1,...,M] = [(δµiδ jµ′ )i, j=1,...,M] ⊗ IT

= ∆(µµ′) ⊗ IT, (B.40)

where ∆(µµ′) is a (M ×M) matrix with 1 in the (µµ′)-th position and zeros elsewhere.

∂2

∂ς(µµ′)ς(νν′)
(Σ−1

⊗ IT) =
∂

∂ς(νν′)

[
∂

∂ς(µµ′)
(Σ−1

⊗ IT)
]

= [(∂δµiδ jµ′IT/∂ς(νν′))i, j=1,...,M] = 0. (B.41)

Since Ω = P′−1(Σ−1
⊗ IT)P−1, (B.40) implies that

Ως(µµ′ ) =
∂Ω
∂ς(µµ′)

=
∂Ω
∂σµµ′

= P′−1
[
∂

∂σµµ′
(Σ−1

⊗ IT)
]

P−1 = P′−1(∆µµ′ ⊗ IT)P−1

= ∆µµ′ ⊗ P′i
−1P j

−1 = [(δµiδ jµ′P′i
−1P j

−1)i, j=1,...,M]

= [(δµiδ jµ′Ri j)i, j=1,...,M] = [(δµiδ jµ′Rµµ′ )i, j=1,...,M]. (B.42)

Similarly, (B.41) implies that

Ως(µµ′ )ς(νν′ ) =
∂2Ω

∂ς(µµ′)∂ς(νν′)
=

∂2Ω
∂σµµ′∂σνν′

=
∂

∂σνν′

(
∂Ω
∂σµµ′

)
= [(∂δµiδ jµ′Ri j/∂σνν

′

)i, j=1,...,M] = 0. (B.43)

The Second-order cross derivatives and useful matrices

Equations (B.7),(B.16),(B.17) and (B.42) imply that

Ωρµς(νν′ ) = Ως(νν′ )ρµ =
∂
∂ρµ

(
∂Ω
∂σνν′

)
=

∂
∂ρµ

(∆νν′ ⊗ P′i
−1P j

−1) = [(∂δνiδ jν′Ri j/∂ρµ)i, j]

= [(δνiδ jν′ (δµiRρµ
µ j + δ jµRρµ

iµ + δµiδ jµRρµ
µµ))i j]

= [(δνiδ jν′δµiRρµ
µ j + δνiδ jν′δ jµRρµ

iµ + δνiδ jν′δµiδ jµRρµ
µµ)i j]

= [(δνiδ jν′δµνRρµ
µν′ + δνiδ jν′δν′µRρµ

νµ + δνiδ jν′δµνδν′µRρµ
µµ)i j]. (B.44)
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Obviously, Ωρµς(νν′ ) = 0 (∀ν , µ and ∀ν′ , µ′) and Ωρµς(νν′ ) = Ως(νν′ )ρµ .

Ω∗ρµ′ρµ = Ωρµ′Ω
−1Ωρµ = Ω

∗
ρµ′ρµ = Ω

′

ρµΩ
−1Ω′ρµ′ = Ω

∗′

ρµρµ′

= [(σiκRρµ
iκ)i,κ=1,...,M][(σκlRκl)κ,l=1,...,M][(σl jRρµ′

l j)l, j=1,...,M]

=


 M∑
κ=1

M∑
l=1

σiκσκlσ
l jRρµ

iκRκlRρµ′
l j


i, j=1,...,M

 . (B.45)

But, equations (B.7), (B.16) and (B.17) imply that

Rρµ
iκ = δµiRρµ

µκ + δκµRρµ
iµ + δµiδκµRρµ

µµ, (B.46)

and

Rρµ′
l j = δµ′lRρµ′

µ′ j + δ jµ′Rρµ′
lµ′ + δµ′lδ jµ′Rρµ′

µ′µ′ . (B.47)

Therefore,

Rρµ
iκRκlRρµ′

l j = [δµiRρµ
µκ + δκµRρµ

iµ + δµiδκµRρµ
µµ]Rκl[δµ′lRρµ′

µ′ j + δ jµ′Rρµ′
lµ′ + δµ′lδ jµ′Rρµ′

µ′µ′ ]

= δµiδµ′lRρµ
µκRκlRρµ′

µ′ j + δµiδ jµ′Rρµ
µκRκlRρµ′

lµ′ + δµiδµ′lδ jµ′Rρµ
µκRκlRρµ′

µ′µ′

+δκµδµ′lRρµ
iµRκlRρµ′

µ′ j + δκµδ jµ′Rρµ
iµRκlRρµ′

lµ′ + δκµδµ′lδ jµ′Rρµ
iµRκlRρµ′

µ′µ′

+δµiδκµδµ′lRρµ
µµRκlRρµ′

µ′ j + δµiδκµδ jµ′Rρµ
µµRκlRρµ′

lµ′

+δµiδκµδµ′lδ jµ′Rρµ
µµRκlRρµ′

µ′µ′ . (B.48)

Moreover,

(1)
M∑
κ=1

M∑
l=1

σiκσκlσ
l jδµiδµ′lRρµ

µκRκlRρµ′
µ′ j

=

M∑
κ=1

δµiσ
µκσκµ′σ

µ′ jRρµ
µκRκµ′Rρµ′

µ′ j

=

 M∑
κ=1

σµκσκµ′Rρµ
µκRκµ′

 δµiσ
µ′ jRρµ′

µ′ j, (B.49)

(2)
M∑
κ=1

M∑
l=1

σiκσκlσ
l jδµiδ jµ′Rρµ

µκRκlRρµ′
lµ′

=

M∑
κ=1

M∑
l=1

δµiδ jµ′σ
µκσκlσ

lµ′Rρµ
µκRκlRρµ′

lµ′ , (B.50)
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(3)
M∑
κ=1

M∑
l=1

σiκσκlσ
l jδµiδµ′lδ jµ′Rρµ

µκRκlRρµ′
µ′µ′

=

M∑
κ=1

δµiδ jµ′σ
µκσκµ′σ

µ′µ′Rρµ
µκRκµ′Rρµ′

µ′µ′

=

 M∑
κ=1

σµκσκµ′Rρµ
µκRκµ′

 δµiδ jµ′σ
µ′µ′Rρµ′

µ′µ′ , (B.51)

(4)
M∑
κ=1

M∑
l=1

σiκσκlσ
l jδκµδµ′lRρµ

iµRκlRρµ′
µ′ j

= σiµσµµ′σ
µ′ jRρµ

iµRµµ′Rρµ′
µ′ j, (B.52)

(5)
M∑
κ=1

M∑
l=1

σiκσκlσ
l jδκµδ jµ′Rρµ

iµRκlRρµ′
lµ′

=

M∑
l=1

δ jµ′σ
iµσµlσ

l jRρµ
iµRµlRρµ′

lµ′

=

 M∑
l=1

σµlσ
lµ′RµlRρµ′

lµ′
 δ jµ′σ

iµRρµ
iµ, (B.53)

(6)
M∑
κ=1

M∑
l=1

σiκσκlσ
l jδκµδµ′lδ jµ′Rρµ

iµRκlRρµ′
µ′µ′

= δ jµ′σ
iµσµµ′σ

µ′µ′Rρµ
iµRµµ′Rρµ′

µ′µ′ , (B.54)

(7)
T∑
κ=1

T∑
l=1

σiκσκlσ
l jδµiδκµδµ′lRρµ

µµRκlRρµ′
µ′ j

= δµiσ
µµσµµ′σ

µ′ jRρµ
µµRµµ′Rρµ′

µ′ j, (B.55)

(8)
M∑
κ=1

M∑
l=1

σiκσκlσ
l jδµiδκµδ jµ′Rρµ

µµRκlRρµ′
lµ′

=

M∑
l=1

δµiδ jµ′σ
µµσµlσ

lµ′Rρµ
µµRµlRρµ′

lµ′

=

 M∑
l=1

σµlσ
lµ′RµlRρµ′

lµ′
 δµiδ jµ′σ

µµRρµ
µµ, (B.56)
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(9)
M∑
κ=1

M∑
l=1

σiκσκlσ
l jδµiδκµδµ′lδ jµ′Rρµ

µµRκlRρµ′
µ′µ′

= δµiδ jµ′σ
µµσµµ′σ

µ′µ′Rρµ
µµRµµ′Rρµ′

µ′µ′ . (B.57)

Equations (B.45), (B.48) and (B.49) through (B.57) imply that

M∑
κ=1

M∑
l=1

σiκσκlσ
l jRρµ

iκRκlRρµ′
l j

=

 M∑
κ=1

σµκσκµ′Rρµ
µκRκµ′

 δµiσ
µ′ jRρµ′

µ′ j

+

M∑
κ=1

M∑
l=1

δµiδ jµ′σ
µκσκlσ

lµ′Rρµ
µκRκlRρµ′

lµ′

+

 M∑
κ=1

σµκσκµ′Rρµ
µκRκµ′

 δµiδ jµ′σ
µ′µ′Rρµ′

µ′µ′

+σiµσµµ′σ
µ′ jRρµ

iµRµµ′Rρµ′
µ′ j

+

 M∑
l=1

σµlσ
lµ′RµlRρµ′

lµ′
 δ jµ′σ

iµRρµ
iµ

+δ jµ′σ
iµσµµ′σ

µ′µ′Rρµ
iµRµµ′Rρµ′

µ′µ′

+δµiσ
µµσµµ′σ

µ′ jRρµ
µµRµµ′Rρµ′

µ′ j

+

 M∑
l=1

σµlσ
lµ′RµlRρµ′

lµ

 δµiδ jµ′σ
µµRρµ

µµ

+δµiδ jµ′σ
µµσµµ′σ

µ′µ′Rρµ
µµRµµ′Rρµ′

µ′µ′

= σiµσµµ′σ
µ′ jRρµ

iµRµµ′Rρµ′
µ′ j

+δµi


 M∑
κ=1

σµκσκµ′Rρµ
µκRκµ′

 + σµµσµµ′Rρµ
µµRµµ′

 σµ′ jRρµ′
µ′ j

+δ jµ′σ
iµRρµ

iµ


 M∑

l=1

σµlσ
lµ′RµlRρµ′

lµ′
 + σµµ′σµ′µ′Rµµ′Rρµ′

µµ′


+δµiδ jµ′

 M∑
κ=1

M∑
l=1

σµκσκlσ
lµ′Rρµ

µκRκlRρµ′
lµ′


+δµiδ jµ′

 M∑
κ=1

σµκσκµ′Rρµ
µκRκµ′

 σµ′µ′Rρµ′
µ′µ′

+δµiδ jµ′

 M∑
l=1

σµlσ
lµ′RµlRρµ′

lµ′
 σµµRρµ

µµ

+δµiδ jµ′σ
µµσµµ′σ

µ′µ′Rρµ
µµRµµ′Rρµ′

µ′µ′ = wi j. (B.58)

Therefore equations (B.45) and (B.58) imply that

Ω∗ρµρµ′ = [(wi j)i, j=1,...,M]. (B.59)
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Ω∗ς(µµ′ )ς(νν′ ) = Ως(µµ′ )Ω
−1Ως(νν′ ) = [see (B.40) and (B.42)]

= P′−1(∆µµ′ ⊗ IT)P−1P(Σ ⊗ IT)P′P′−1(∆νν′ ⊗ IT)P−1

= P′−1(∆µµ′ ⊗ IT)(Σ ⊗ IT)(∆νν′ ⊗ IT)P−1

= P′−1(∆µµ′Σ∆νν′ ⊗ IT)P−1

= P′−1(σµ′ν∆µν′ ⊗ IT)P−1, (B.60)

because

∆µµ′Σ∆νν′ = [(δµiδκµ′ )i,κ=1,...,M][(σκl)κ,l=1,...,M][(δνlδ jν′ )l, j=1,...,M]

=


 M∑
κ=1

M∑
l=1

δµiδκµ′σκlδνlδ jν′


i, j=1,...,M


= [(δµiσµ′νδ jν′ )i, j=1,...,M]

= σµ′ν[(δµiδ jν′ )i, j=1,...,M]

= σµ′ν∆µν′ . (B.61)

Equations (B.60) and (B.61) imply that

Ω∗ς(µµ′ )ς(νν′ ) = σµ′ν∆µν′ ⊗ P′i
−1P j

−1

= [(δµiσµ′νδ jν′P′µ
−1Pν′−1)i, j=1,...,M]

= [(δµiδ jν′σµ′νRµν′ )i, j=1,...,M], (B.62)

Ω∗ρµς(νν′ ) = ΩρµΩ
−1Ως(νν′ )

= [(σiκRρµ
iκ)i,κ=1,...,M][(σκlRκl)κ,l=1,...,M][(δνiδ jν′Rl j)l, j=1,...,M]

=


 M∑
κ=1

M∑
l=1

σiκσκlRρµ
iκRκlRl jδνlδ jν′


i, j=1,...,M


=


 M∑
κ=1

δ jν′σ
iκσκνRρµ

iκRκνRν j


i, j=1,...,M


=


 M∑
κ=1

δ jν′σ
iκσκνRρµ

iκRκνRνν′


i, j=1,...,M


=



 M∑
κ=1

σiκσκνRρµ
iκRκν

 δ jν′Rνν′


i, j=1,...,M

 . (B.63)
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Similarly,

Ω∗ς(νν′ )ρµ = Ως(νν′ )Ω
−1Ωρµ

= [(δνiδκν′Riκ)i,κ=1,...,M][(σκlRκl)κ,l=1,...,M][(σl jRρµ
l j)l, j=1,...,M]

=


 M∑
κ=1

M∑
l=1

δνiδκν′σκlσ
l jRiκRκlRρµ

l j


i, j=1,...,M


=


 M∑

l=1

δνiσν′lσ
l jRνν′Rν′lRρµ

l j


i, j=1,...,M


=



 M∑

l=1

σν′lσ
l jRν′lRρµ

l j

 δνiRνν′


i, j=1,...,M

 . (B.64)

Define the (n × n) matrix

A = X′ΩX/T = [(X′i )i=1,...,M][(σi jRi j)i, j=1,...,M][(X j) j=1,...,M]/T

=

M∑
i=1

M∑
j=1

σi jX′i R
i jX j/T

=

M∑
i=1

M∑
j=1

σi jBi j, (B.65)

where

Bi j = X′i R
i jX j/T. (B.66)

Therefore,

Aρµ =
∂A
∂ρµ
= ∂(X′ΩX/T)/∂ρµ = X′(∂Ω/∂ρµ)X/T

= X′ΩρµX/T = [(X′i )i=1,...,M][(σi jRρµ
i j)i, j=1,...,M][(X j) j=1,...,M]/T

=

M∑
i=1

M∑
j=1

σi jX′i Rρµ
i jX j/T, (B.67)

Aρµρµ′ =
∂2A

∂ρµ∂ρµ′
= ∂2(X′ΩX/T)/∂ρµ∂ρµ′ = X′(∂2Ω/∂ρµ∂ρµ′ )X/T

= X′Ωρµρµ′X/T = [(X′i )i=1,...,M][(σi jRρµρµ′
i j)i, j=1,...,M][(X j) j=1,...,M]/T

=

M∑
i=1

M∑
j=1

σi jX′i Rρµρµ′
i jX j/T, (B.68)

A∗ρµρµ′ = X′Ω∗ρµρµ′X/T

=
[
(X′i )i=1,...,M

] 
 M∑
κ=1

M∑
l=1

σiκσκlσ
l jRρµ

iκRκlRρµ′
l j


i, j=1,...,M

 [(X j) j=1,...,M

]
/T
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=

M∑
i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σiκσκlσ
l jX′i Rρµ

iκRκlRρµ′
l jX j/T = [see(B.59)]

=

M∑
i=1

M∑
j=1

X′i wi jX j/T, (B.69)

Aς(µµ′ ) =
∂A
∂ς(µµ′)

= ∂(X′ΩX/T)/∂σµµ
′

= X′(∂Ω/∂σµµ
′

)X/T

= X′Ως(µµ′ ) X/T = [see(B.42)]

= [(X′i )i=1,...,M][(δµiδ jµ′Rµµ′ )i, j=1,...,M][(X j) j=1,...,M]/T

= X′µRµµ′Xµ′/T = [see(B.66)]

= Bµµ′ , (B.70)

Aς(µµ′ )ς(νν′ ) =
∂2A

∂ς(µµ′)∂ς(νν′)
= ∂2(X′ΩX/T)/∂σµµ

′

∂σνν
′

= X′(∂2Ω/∂σµµ
′

∂σνν
′

)X/T = X′Ως(µµ′ )ς(νν′ ) X/T = [see(B.43)] = 0, (B.71)

A∗ς(µµ′ )ς(νν′ ) = X′Ω∗ς(µµ′ )ς(νν′ ) X/T = [see(B.62)]

= [(X′i )i=1,...,M][(δµiδ jν′σµ′νRµν′ )i, j=1,...,M][(X j) j=1,...,M]/T

=

M∑
i=1

M∑
j=1

δµiδ jν′σµ′νX′i R
µν′X j/T

= σµ′νX′µRµν′Xν′/T = [see(B.66)]

= σµ′νBµν′

= σµ′νAς(µν′ ) , (B.72)

Aρµς(νν′ ) =
∂2A

∂ρµ∂ς(νν′)
= ∂2(X′ΩX/T)/∂ρµ∂ς(νν′)

= X′(∂2Ω/∂ρµ∂ς(νν′))X/T

= [(X′i )i=1,...,M][(δνiδ jν′Rρµ
i j)i, j=1,...,M][(X j) j=1,...,M]/T

=

M∑
i=1

M∑
j=1

δνiδ jν′σµ′νX′i Rρµ
i jX j/T = X′νRρµ

νν′Xν′/T, (B.73)

A∗ρµς(νν′ ) = X′Ω∗ρµς(νν′ ) X/T = X′ΩρµΩ
−1Ως(νν′ ) X/T = [see(B.63)]
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= [(X′i )i=1,...,M]


 M∑
κ=1

δ jν′σ
iκσκνRρµ

iκRκνRνν′


i, j=1,...,M

 [(X j) j=1,...,M]/T

=

M∑
i=1

M∑
j=1

M∑
κ=1

δ jν′σ
iκσκνX′i Rρµ

iκRκνRνν′X j/T

=

M∑
i=1

M∑
κ=1

σiκσκνX′i Rρµ
iκRκνRνν′Xν′/T. (B.74)

Similarly,

A∗ς(νν′ )ρµ = X′Ω∗ς(νν′ )ρµX/T = X′Ως(νν′ )Ω
−1ΩρµX/T = [see(B.64)]

= [(X′i )i=1,...,M]


 M∑

l=1

δνiσν′lσ
l jRνν′Rν′lRρµ

l j


i, j=1,...,M

 [(X j) j=1,...,M]/T

=

M∑
i=1

M∑
j=1

M∑
l=1

δνiσν′lσ
l jX′i R

νν′Rν′lRρµ
l jX j/T

=

M∑
j=1

M∑
l=1

σν′lσ
l jX′νR

νν′Rν′lRρµ
l jX j/T. (B.75)

Define the n × n matrices

G = A−1 and Ξ = GQG, (B.76)

where

A = X′ΩX/T and Q = H′(HGH′)−1H. (B.77)

By using equations (B.76) and (B.77) we find the following results:

1.

AρµΞ = [see(B.67)]

=

M∑
i=1

M∑
j=1

σi jX′i Rρµ
i jX jΞ/T⇒

tr(AρµΞ) =

M∑
i=1

M∑
j=1

σi j tr(X′i Rρµ
i jX jΞ/T). (B.78)

2.

Aρµρµ′Ξ = [see(B.68)]

=

M∑
i=1

M∑
j=1

σi jX′i Rρµρµ′
i jX jΞ/T⇒

tr(Aρµρµ′Ξ) =

M∑
i=1

M∑
j=1

σi j tr(X′i Rρµρµ′
i jX jΞ/T). (B.79)
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3.

A∗ρµρµ′Ξ = [see(B.69)]

=

M∑
i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σiκσκlσ
l jX′i Rρµ

iκRκlRρµ′
l jX jΞ/T⇒

tr(A∗ρµρµ′Ξ) =

M∑
i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σiκσκlσ
l j tr(X′i Rρµ

iκRκlRρµ′
l jX jΞ/T). (B.80)

4.

Aς(µµ′ )Ξ = [see(B.70)]

= Bµµ′Ξ⇒

tr(Aς(µµ′ )Ξ) = tr(Bµµ′Ξ) = tr(X′µRµµ′Xµ′Ξ/T). (B.81)

5. Since

Aς(µµ′ )ς(νν′ )Ξ = 0 = [see(B.71)]⇒

tr(Aς(µµ′ )ς(νν′ )Ξ) = 0. (B.82)

6. Since

A∗ς(µµ′ )ς(νν′ )Ξ = [see(B.72)]

= σµ′νAς(µν′ )Ξ⇒

tr(A∗ς(µµ′ )ς(νν′ )Ξ) = σµ′ν tr(Aς(µν′ )Ξ) = [see(B.81)]

= σµ′ν tr(Bµν′Ξ) = σµ′ν tr(X′µRµν′Xν′Ξ/T). (B.83)

7.

Aρµς(νν′ )Ξ = [see(B.73)]

= X′νRρµ
νν′Xν′Ξ/T⇒

tr(Aρµς(νν′ )Ξ) = tr(X′νRρµ
νν′Xν′Ξ/T). (B.84)

8.

A∗ρµς(νν′ )Ξ = [see(B.74)]

=

M∑
i=1

M∑
κ=1

σiκσκνX′i Rρµ
iκRκνRνν′Xν′Ξ/T⇒
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tr(A∗ρµς(νν′ )Ξ) =

M∑
i=1

M∑
κ=1

σiκσκν tr(X′i Rρµ
iκRκνRνν′Xν′Ξ/T). (B.85)

9.

A∗ς(νν′ )ρµΞ = [see(B.75)]

=

M∑
j=1

M∑
l=1

σν′lσ
l jX′νR

νν′Rν′lRρµ
l jX jΞ/T⇒

tr(A∗ς(νν′ )ρµΞ) =

M∑
j=1

M∑
l=1

σν′lσ
l j tr(X′νR

νν′Rν′lRρµ
l jX jΞ/T). (B.86)

10.

AρµGAρµ′ = [see(B.67)]

=

 M∑
i=1

M∑
j=1

σi jX′i Rρµ
i jX j/T

 G

 M∑
κ=1

M∑
l=1

σκlX′κRρµ′
κlXl/T


=

M∑
i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σi jσκlX′i Rρµ
i jX jGX′κRρµ′

κlXl/T2
⇒

AρµGAρµ′Ξ =

M∑
i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σi jσκlX′i Rρµ
i jX jGX′κRρµ′

κlXlΞ/T2
⇒

tr(AρµGAρµ′Ξ) =

M∑
i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σi jσκl tr(X′i Rρµ
i jX jGX′κRρµ′

κlXlΞ/T2). (B.87)

11. Similarly, by substituting Ξ for G we find that

tr(AρµΞAρµ′Ξ) =
M∑

i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σi jσκl tr(X′i Rρµ
i jX jΞX′κRρµ′

κlXlΞ/T2). (B.88)

12.

Aς(µµ′ ) GAς(νν′ ) = [see(B.70)]

= Bµµ′GBνν′ ⇒

Aς(µµ′ ) GAς(νν′ )Ξ = Bµµ′GBνν′Ξ⇒

tr(Aς(µµ′ ) GAς(νν′ )Ξ) = tr(Bµµ′GBνν′Ξ) = [see(B.66)]

= tr(X′µRµµ′Xµ′GX′νR
νν′Xν′Ξ/T2). (B.89)
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13. Similarly, by substituting Ξ for G we find that

tr(Aς(µµ′ )ΞAς(νν′ )Ξ) = tr(Bµµ′ΞBνν′Ξ)

= tr(X′µRµµ′Xµ′ΞX′νR
νν′Xν′Ξ/T2). (B.90)

14.

AρµGAς(νν′ ) = [see (B.67) and (B.70)]

=

 M∑
i=1

M∑
j=1

σi jX′i Rρµ
i jX j/T

 GBνν′

=

M∑
i=1

M∑
j=1

σi jX′i Rρµ
i jX jGBνν′/T⇒ [see (B.66)]

AρµGAς(νν′ )Ξ =

M∑
i=1

M∑
j=1

σi jX′i Rρµ
i jX jGX′νR

νν′Xν′Ξ/T2
⇒

tr(AρµGAς(νν′ )Ξ) =

M∑
i=1

M∑
j=1

σi j tr(X′i Rρµ
i jX jGX′νR

νν′Xν′Ξ/T2). (B.91)

15. Similarly, by substituting Ξ for G we find that

tr(AρµΞAς(νν′ )Ξ) =
M∑

i=1

M∑
j=1

σi j tr(X′i Rρµ
i jX jΞX′νR

νν′Xν′Ξ/T2). (B.92)

16.

Aς(νν′ ) GAρµ = [see (B.67) and (B.70)]

= Bνν′G

 M∑
i=1

M∑
j=1

σi jX′i Rρµ
i jX j/T


=

M∑
i=1

M∑
j=1

σi jBνν′GX′i Rρµ
i jX j/T⇒ [see (B.66)]

Aς(νν′ ) GAρµΞ =

M∑
i=1

M∑
j=1

σi jX′νR
νν′Xν′GX′i Rρµ

i jX jΞ/T2
⇒

tr(Aς(νν′ ) GAρµΞ) =

M∑
i=1

M∑
j=1

σi j tr(X′νR
νν′Xν′GX′i Rρµ

i jX jΞ/T2). (B.93)

17. Similarly, by substituting Ξ for G we find that

tr(Aς(νν′ )ΞAρµΞ) =
M∑

i=1

M∑
j=1

σi j tr(X′νR
νν′Xν′ΞX′i Rρµ

i jX jΞ/T2). (B.94)
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Proof. [Proof of Theorem 3]

i a. From equations (B.68), (B.69) and (B.87) we have that

Cρµρµ′ = A∗ρµρµ′ − 2AρµGAρµ′ + Aρµρµ′ /2

=

M∑
i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σiκσκlσ
l jX′i Rρµ

iκRκlRρµ′
l jX j/T

−2
M∑

i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σi jσκlX′i Rρµ
i jX jGX′κRρµ′

κlXl/T2

+

M∑
i=1

M∑
j=1

σi jX′i Rρµρµ′
i jX j/2T

=

M∑
i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σiκσκlσ
l jX′i Rρµ

iκRκlRρµ′
l jX j/T

−2
M∑

i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σiκσ jlX′i Rρµ
iκXκGX′jRρµ′

jlXl/T2

+

M∑
i=1

M∑
j=1

σi jX′i Rρµρµ′
i jX j/2T

=

M∑
i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σiκσl jσκlX′i Rρµ
iκRκlRρµ′

l jX j/T

−2
M∑

i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σiκσl jX′i Rρµ
iκXκGX′l Rρµ′

l jX j/T2

+

M∑
i=1

M∑
j=1

σi jX′i Rρµρµ′
i jX j/2T

=

M∑
i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σiκσl jX′i Rρµ
iκ[σκlRκl − 2XκGX′l /T]Rρµ′

l jX j/T

+

M∑
i=1

M∑
j=1

σi jX′i Rρµρµ′
i jX j/2T. (B.95)

ii a. From equation (B.87) by substituting Ξ for G we find that

Dρµρµ′ = AρµΞAρµ′ /2

=

M∑
i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σi jσκlX′i Rρµ
i jX jΞX′κRρµ′

κlXl/2T2

= [by interchanging j↔ k and j↔ l]

=

M∑
i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σiκσl jX′i Rρµ
iκXκΞX′l Rρµ′

l jX j/2T2. (B.96)
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iii a.

GAρµG = [see (B.67)] = G

 M∑
i=1

M∑
j=1

σi jX′i Rρµ
i jX j/T

 G

=

M∑
i=1

M∑
j=1

σi jGX′i Rρµ
i jX jG/T. (B.97)

iv a.

GCρµρµ′G = [see (B.95)]

=

M∑
i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σiκσl jGX′i Rρµ
iκ[σκlRκl − 2XκGX′l /T]Rρµ′

l jX jG/T

+

M∑
i=1

M∑
j=1

σi jGX′i Rρµρµ′
i jX jG/2T. (B.98)

i b.

Cς(µµ′ )ς(νν′ ) = A∗ς(µµ′ )ς(νν′ ) − 2Aς(µµ′ ) GAς(νν′ ) + Aς(µµ′ )ς(νν′ )/2

= σµ′νAς(µν′ ) − 2Aς(µµ′ ) GAς(νν′ )

= σµ′νBµν′ − 2Bµµ′GBνν′ . (B.99)

ii b.From equation (B.89) by substituting Ξ for G we find that

Dς(µµ′ )ς(νν′ ) = Aς(µµ′ )ΞAς(νν′ )/2

= Bµµ′ΞBνν′/2. (B.100)

iii b.

GAς(µµ′ ) G = [see (B.70)]

= GBµµ′G. (B.101)

iv b.

GCς(µµ′ )ς(νν′ ) G = [see (B.99)]

= σµ′νGBµν′G − 2GBµµ′GBνν′G. (B.102)
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i c. From equations (B.73), (B.74) and (B.91)

Cρµς(νν′ ) = A∗ρµς(νν′ ) − 2AρµGAς(νν′ ) + Aρµς(νν′ )/2

=

M∑
i=1

M∑
κ=1

σiκσκνX′i Rρµ
iκRκνRνν′Xν′/T

−2
M∑

i=1

M∑
j=1

σi jX′i Rρµ
i jX j/TG(X′νR

νν′Xν′/T)

+X′νRρµ
νν′Xν′/2T

= [by interchanging j↔ k]

=

M∑
i=1

M∑
κ=1

σiκX′i Rρµ
iκ[σκνRκν − 2XκGX′ν/T]Rνν′Xν′/T

+X′νRρµ
νν′Xν′/2T. (B.103)

ii c. From equation (B.91), by substituting Ξ for G we find that

Dρµς(νν′ ) = AρµΞAς(νν′ )/2

=

M∑
i=1

M∑
j=1

σi jX′i Rρµ
i jX jΞX′νR

νν′Xν′/2T2. (B.104)

iii c.

GCρµς(νν′ ) G = [see (B.103)]

=

M∑
i=1

M∑
κ=1

σiκGX′i Rρµ
iκ[σκνRκν − 2XκGX′ν/T]Rνν′Xν′G/T

+GX′νRρµ
νν′Xν′G/2T. (B.105)

i d. From equations (B.73), (B.75) and (B.93)

Cς(νν′ )ρµ = A∗ς(νν′ )ρµ − 2Aς(νν′ ) GAρµ + Aς(νν′ )ρµ/2

=

M∑
j=1

M∑
l=1

σν′lσ
l jX′νR

νν′Rν′lRρµ
l jX j/T

−2(X′νR
νν′Xν′/T)G

M∑
i=1

M∑
j=1

σi jX′i Rρµ
i jX j/T

+X′νRρµ
νν′Xν′/2T

= [by interchanging i↔ l]

=

M∑
l=1

M∑
j=1

σl jX′νR
νν′ [σν′lRν′l − 2Xν′GX′l /T]Rρµ

l jX j/T

+X′νRρµ
νν′Xν′/2T. (B.106)
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ii d. From (B.93) by substituting Ξ for G we find that

Dς(νν′ )ρµ = Aς(νν′ )ΞAρµ/2

=

M∑
i=1

M∑
j=1

σi jX′νR
νν′Xν′ΞX′i Rρµ

i jX j/2T2 (B.107)

iii d.

GCς(νν′ )ρµG = [see (B.106)]

=

M∑
l=1

M∑
j=1

σl jGX′νR
νν′ [σν′lRν′l − 2Xν′GX′l /T]Rρµ

l jX jG/T

+GX′νRρµ
νν′Xν′G/2T. (B.108)

1. a. The µ-th element of the ((M +M2) × 1) vector l is

lρµ = e′GAρµGe/e′Ge = [see (B.97)]

=
e′

(e′Ge)1/2

 M∑
i=1

M∑
j=1

σi jGX′i Rρµ
i jX jG/T

 e
(e′Ge)1/2

=

M∑
i=1

M∑
j=1

σi jh′GX′i Rρµ
i jX jGh/T, (B.109)

where

h =
e

(e′Ge)1/2
. (B.110)

2. a. Similarly, the (µ, µ′)-th element of the ((M +M2) × (M +M2)) matrix L is

lρµρµ′ = e′GCρµρµ′Ge/e′Ge

=
e′

(e′Ge)1/2
GCρµρµ′G

e
(e′Ge)1/2

= h′GCρµρµ′Gh = [see (B.98)]

=

M∑
i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σiκσl jh′GX′i Rρµ
iκ[σκlRκl − 2XκGX′l /T]Rρµ′

l jX jGh/T

+

M∑
i=1

M∑
j=1

σi jh′GX′i Rρµρµ′
i jX jGh/2T. (B.111)

3. a. The µ-th element of the ((M +M2) × 1) vector c is

cρµ = tr(AρµΞ) = [see (B.78)]

=

M∑
i=1

M∑
j=1

σi j tr(X′i Rρµ
i jX jΞ/T). (B.112)
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4. a. The (µ, µ′)-th element of the ((M +M2) × (M +M2)) matrix C is

cρµρµ′ = tr(Cρµρµ′Ξ) = [see (B.95)]

=

M∑
i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σiκσκlσ
l j tr(X′i Rρµ

iκRκlRρµ′
l jX jΞ)/T

−2
M∑

i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σiκσl j tr(X′i Rρµ
iκXκGX′l Rρµ′

l jX jΞ)/T2

+

M∑
i=1

M∑
j=1

σi j tr(X′i Rρµρµ′
i jX jΞ)/2T. (B.113)

5. a. The (µ, µ′)-th element of the ((M +M2) × (M +M2)) matrix D is

dρµρµ′ = tr(Dρµρµ′Ξ) = [see (B.96)]

=

M∑
i=1

M∑
j=1

M∑
κ=1

M∑
l=1

σiκσl j tr(X′i Rρµ
iκXκΞX′l Rρµ′

l jX jΞ)/2T2. (B.114)

1. b. The (µµ′)-th element of the ((M +M2) × 1) vector l is

lς(µµ′ ) = [see (B.101)] = e′GAς(µµ′ ) Ge/e′Ge

=
e′

(e′Ge)1/2
GBµµ′G

e
(e′Ge)1/2

= h′GBµµ′Gh = [see (B.66), (B.70)]

= h′GX′µRµµ′Xµ′Gh/T. (B.115)

2. b. Similarly, the ((µµ′), (νν′))-th element of the ((M +M2) × (M +M2)) matrix L is

lς(µµ′ )ς(νν′ ) = e′GCς(µµ′ )ς(νν′ ) Ge/e′Ge

= h′GCς(µµ′ )ς(νν′ ) Gh = [see (B.102)]

= h′(σµ′νGBµν′G − 2GBµµ′GBνν′G)h

= σµ′νh′GBµν′Gh − 2h′GBµµ′GBνν′Gh

= σµ′νlς(µν′ ) − 2h′GBµµ′GBνν′Gh

= [see (B.70) and (B.106)]

= σµ′νh′GX′µRµν′Xν′Gh/T − 2h′GX′µRµµ′Xµ′GX′νR
νν′Xν′Gh/T2. (B.116)

3. b.The (µµ′)-th element of the ((M +M2) × 1) vector c is

cς(µµ′ ) = tr(Aς(µµ′ )Ξ) = [see (B.81)]

= tr(X′µRµµ′Xµ′Ξ)/T. (B.117)
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4. b.The ((µµ′), (νν′))-th element of the ((M +M2) × (M +M2)) matrix C is

cς(µµ′ )ς(νν′ ) = tr(Cς(µµ′ )ς(νν′ )Ξ) = [see (B.99)]

= σµ′ν tr(Aς(µν′ )Ξ) − 2 tr(Aς(µµ′ ) GAς(νν′ )Ξ)

= [see(B.81) and (B.89)]

= σµ′ν tr(X′µRµν′Xν′Ξ)/T − 2(tr(X′µRµµ′Xµ′GX′νR
νν′Xν′Ξ)/T2. (B.118)

5. b. The ((µµ′), (νν′))-th element of the ((M +M2) × (M +M2)) matrix D is

dς(µµ′ )ς(νν′ ) = tr(Dς(µµ′ )ς(νν′ )Ξ) = [see (B.100)] = tr(Aς(µµ′ )ΞAς(νν′ )Ξ)/2

= tr(Bµµ′ΞBνν′Ξ)/2 = [see (B.66)]

= tr(X′µRµµ′Xµ′ΞX′νR
νν′Xν′Ξ)/2T2. (B.119)

1. c. Similarly, the (µ, (νν′))-th element of the ((M +M2) × (M +M2)) matrix L is

lρµς(νν′ ) = e′GCρµς(νν′ ) Ge/e′Ge

=
e′

(e′Ge)1/2
GCρµς(νν′ ) G

e
(e′Ge)1/2

= h′GCρµς(νν′ ) Gh = [see (B.103)]

=

M∑
i=1

M∑
κ=1

σiκh′GX′i Rρµ
iκ[σκνRκν − 2XκGX′ν/T]Rνν′Xν′Gh/T

+h′GX′νRρµ
νν′Xν′Gh/2T. (B.120)

2. c.The (µ, (νν′))-th element of the ((M +M2) × (M +M2)) matrix C is

cρµς(νν′ ) = [see (B.103)] = tr(Cρµς(νν′ )Ξ)

=

M∑
i=1

M∑
κ=1

σiκσκν tr(X′i Rρµ
iκRκνRνν′Xν′Ξ)/T

−2
M∑

i=1

M∑
κ=1

σiκ tr(X′i Rρµ
iκXκGX′νR

νν′Xν′Ξ)/T2

+ tr(X′νRρµ
νν′Xν′Ξ)/2T. (B.121)

3. c. The (µ, (νν′))-th element of the ((M +M2) × (M +M2)) matrix D is

dρµς(νν′ ) = tr(Dρµς(νν′ )Ξ) = [see (B.104)] = tr(AρµΞAς(νν′ )/2)

=

M∑
i=1

M∑
j=1

σi j tr(X′i Rρµ
i jX jΞX′νR

νν′Xν′Ξ)/2T2. (B.122)
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1. d. The ((νν′), µ)-th element of the ((M +M2) × (M +M2)) matrix L is

lς(νν′ )ρµ = e′GCς(νν′ )ρµGe/e′Ge

= h′GCς(νν′ )ρµGh = [see (B.108)]

=

M∑
l=1

M∑
j=1

σl jh′GX′νR
νν′ [σν′lRν′l − 2Xν′GX′l /T]Rρµ

l jX jGh/T

+h′GX′νRρµ
νν′Xν′Gh/2T. (B.123)

2. d.The ((νν′), µ)-th element of the ((M +M2) × (M +M2)) matrix C is

cς(νν′ )ρµ = tr(Cρµς(νν′ )Ξ) = [see (B.106)]

=

M∑
l=1

M∑
j=1

σl jσν′l tr(X′νR
νν′Rν′lRρµ

l jX jΞ)/T

−2
M∑

l=1

M∑
j=1

σl j tr(X′νR
νν′Xν′GX′l Rρµ

l jX jΞ)/T2

+ tr(X′νRρµ
νν′Xν′Ξ)/2T. (B.124)

3. d.The ((νν′), µ)-th element of the ((M +M2) × (M +M2)) matrix D is

dς(νν′ )ρµ = tr(Dς(νν′ )ρµΞ) = [see (B.107)] = tr(Aς(νν′ )ΞAρµ/2)

=

M∑
i=1

M∑
j=1

σi j tr(X′νR
νν′Xν′ΞX′i Rρµ

i jX jΞ)/2T2. (B.125)

□

Lemma B.1. For all estimators B̂I, (I=UL, RL, GL, IG, ML) of B the following results hold:

B̂I = B + τB1
I + ω(τ2), (B.126)

where

B1
UL = (Z′Z/T)−1Z′E/

√

T, (B.127)

vec(B1
RL) =Ψ(X′∗X∗/T)−1X′∗ε/

√

T, (B.128)

vec(B1
GL) = vec(B1

IG) = vec(B1
ML)

= Ψ[X′∗(Σ
−1
⊗ IT)X∗/T]−1X′∗(Σ

−1
⊗ IT)ε/

√

T. (B.129)
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Proof of Lemma B.1. i.

B̂UL = (Z′Z)−1Z′Y∗ = (Z′Z)−1Z′(ZB + E)

= B + (Z′Z)−1Z′E = B + τ(Z′Z/T)−1Z′E/
√

T

= B + τB1
UL. (B.130)

ii. Since

vec(B) =


b1

...

bM

 =

Ψ1β
...

ΨMβ

 =

Ψ1

...

ΨM

β =Ψβ, (B.131)

by vectorizing (3.38) we take

y∗ = vec(Y∗) = vec(ZB + E) = vec(ZB) + vec(E)

= (I ⊗ Z) vec(B) + ε = (I ⊗ Z)Ψβ + ε = X∗β + ε. (B.132)

Thus,

vec(B̂RL) = Ψ(X′∗X∗)
−1X′∗y∗

= Ψ(X′∗X∗)
−1X′∗(X∗β + ε) =Ψβ +Ψ(X′∗X∗)

−1X′∗ε

= Ψβ + τΨ(X′∗X∗/T)−1X′∗ε/
√

T = vec(B) + τvec(B1
RL)⇒ (B.133)

⇒ B̂RL = B + τB1
RL. (B.134)

iii. For any consistent estimator Σ̂−1 of Σ−1 it holds that

Σ̂−1 = Σ−1 + ω(τ), (B.135)

which implies that

(Σ̂−1
⊗ IT) = (Σ−1

⊗ IT) + ω(τ). (B.136)

Therefore,

vec(B̂GL) = Ψ(X′∗(Σ̂
−1
⊗ IT)X∗)−1X′∗(Σ̂

−1
⊗ IT)y∗

= Ψ(X′∗(Σ̂
−1
⊗ IT)X∗)−1X′∗(Σ̂

−1
⊗ IT)(X∗β + ε)

= Ψβ + τΨ[X′∗((Σ
−1
⊗ IT) + ω(τ))X∗/T]−1X′∗((Σ

−1
⊗ IT) + ω(τ))ε/

√

T

= vec(B) + τΨ[(X′∗(Σ
−1
⊗ IT)X∗/T) + τω(τ2)]−1[(X′∗(Σ

−1
⊗ IT)ε/

√

T) + ω(τ2)]

= vec(B) + τΨ[(X′∗(Σ
−1
⊗ IT)X∗/T)−1 + τω(τ2)][(X′∗(Σ

−1
⊗ IT)ε/

√

T) + ω(τ2)]

= vec(B) + τΨ[X′∗(Σ
−1
⊗ IT)X∗/T]−1X∗(Σ−1

⊗ IT)ε/
√

T + ω(τ2)

= vec(B) + τvec(B1
GL) + ω(τ2)⇒ (B.137)
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B̂GL = B + τB1
GL + ω(τ2). (B.138)

Since B̂IG and B̂ML are the outcome of iterative use of the GL-estimation process, equation (B.138)

implies that

B̂IG = B + τB1
IG + ω(τ2) (B.139)

and

B̂ML = B + τB1
ML + ω(τ2), (B.140)

where

vec(B1
IG) = vec(B1

ML) = vec(B1
GL). (B.141)

So, equations (B.130), (B.133), (B.137), (B.139), (B.140) and (B.141) complete the proof.

□

Lemma B.2. For any conformable matrix Γ lemma B.1 implies that

lim
T→∞

T E[(B̂I − B̂UL)′Γ(B̂I − B̂UL)] = lim
T→∞

E[(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)]. (B.142)

Proof of Lemma B.2.

B̂I − B̂UL = (B + τB1
I + ω(τ2)) − (B + τB1

UL) = τ(B1
I
− B1

UL) + ω(τ2)⇒ (B.143)

(B̂I − B̂UL)′Γ(B̂I − B̂UL) = [τ(B1
I
− B1

UL) + ω(τ2)]′Γ[τ(B1
I
− B1

UL) + ω(τ2)]

= τ2(B1
I
− B1

UL)′Γ(B1
I
− B1

UL) + ω(τ3)⇒

T E[(B̂I − B̂UL)′Γ(B̂I − B̂UL)] = E[(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)] +O(τ)⇒

lim
T→∞

T E[(B̂I − B̂UL)′Γ(B̂I − B̂UL)] = lim
T→∞

E[(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)]. (B.144)

□
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Lemma B.3. Since the rows ε′t (t = 1, . . . ,T) of E are independent NM(0,Σ) vectors, the matrix E′E has a

Wishart distribution with weight matrix Σ and T degrees of freedom i.e,

E′E ∼W(Σ,T), E(E′E) = TΣ. (B.145)

Then,

E(E′EΣ−1E′E) = T(M + T + 1)Σ. (B.146)

Proof of Lemma B.3.

E′E = (ε1, . . . , εT)


ε′1
...

ε′T

 =
T∑

t=1

εtε′t (B.147)

⇒ E′EΣ−1E′E =

T∑
t=1

εtε′tΣ
−1

T∑
t′=1

εt′ε′t′

=

T∑
t=1

εtε′tΣ
−1εtε′t +

T∑
t=1

T∑
t′=1

t,t′

εtε′tΣ
−1εt′ε′t′ (B.148)

where ε′t and ε′t′ are independent NM(0,Σ) vectors for t , t′.

Let g be any arbitrary (M × 1) non-stochastic vector. Then,

g′(εtε′tΣ
−1εtε′t)g = tr(g′εtε′tΣ

−1εtε′t g)

= tr(ε′t gg′εtε′tΣ
−1εt) = ε′t gg′εtε′tΣ

−1εt ⇒

E(g′(εtε′tΣ
−1εtε′t)g) = E(ε′t gg′εtε′tΣ

−1εt)

= [ see Magnus and Neudecker, 1979, p.389]

= tr (gg′Σ) tr (Σ−1Σ) + 2 tr (gg′ΣΣ−1Σ)

= tr(g′Σg) tr (IM) + 2 tr (g′Σg)

= Mg′Σg + 2g′Σg

= (M + 2)g′Σg. (B.149)
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Since ε′t and ε′t′ are independent vectors for t , t′, equations (B.145) and (B.146) imply that

E[g′(E′EΣ−1E′E)g] = E

g′


T∑

t=1

εtε′tΣ
−1εtε′t +

T∑
t=1

T∑
t′=1

t,t′

εtε′tΣ
−1εt′ε′t′

 g


=

T∑
t=1

E[g′(εtε′tΣ
−1εtε′t)g] +

T∑
t=1

T∑
t′=1

t,t′

E[g′(εtε′tΣ
−1εt′ε′t′ )g]

=

T∑
t=1

E[g′(εtε′tΣ
−1εtε′t)g] +

T∑
t=1

T∑
t′=1

t,t′

g′ E(εtε′t)Σ
−1 E(εt′ε′t′ )g

=

T∑
t=1

(M + 2)g′Σg +
T∑

t=1

T∑
t′=1

t,t′

g′ΣΣ−1Σg

= T(M + 2)g′Σg + T(T − 1)g′Σg

= T(M + T + 1)g′Σg. (B.150)

Since g is any arbitrary non-stochastic vector, equation (B.147) implies that

E[g′(E′EΣ−1E′E)g] = g′ E[E′EΣ−1E′E]g = T(M + T + 1)g′Σg

⇒ E[E′EΣ−1E′E] = T(M + T + 1)Σ. (B.151)

□
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Lemma B.4. Let ÊI be the residuals of the regression equation

Y∗ = ZB + E, (B.152)

when the B̂I (I=UL, RL, GL, IG, ML) estimator is used. Lemma B.1 implies that

ÊI = Y∗ − ZB̂I = ZB + E − Z(B + τB1
I + ω(τ2))

= E − τZB1
I + ω(τ2). (B.153)

For the Σ̂I (I=UL, RL, GL, IG, ML) estimator of Σ it holds that

Σ̂I = Ê′IÊI/T = [E − τZB1
I + ω(τ2)]′[E − τZB1

I + ω(τ2)]/T

= [E − τZB1
I]′[E − τZB1

I]/T + ω(τ4)

= [E′ − τB1
I′Z′][E − τZB1

I]/T + ω(τ4)

= E′E/T − τE′ZB1
I/T − τB1

I′Z′E/T + τ2B1
I′Z′ZB1

I/T + ω(τ4)

= E′E/T − τ2E′ZB1
I/
√

T − τ2B1
I′Z′E/

√

T + τ2B1
I′(Z′Z/T)B1

I + ω(τ4)

= E′E/T + τ2[B1
I′(Z′Z/T)B1

I
− E′ZB1

I/
√

T − B1
I′Z′E/

√

T] + ω(τ4). (B.154)

By using equation (B.127) we find that

B1
I′Z′E/

√

T = B1
I′(Z′Z/T)(Z′Z/T)−1Z′E/

√

T = B1
I′(Z′Z/T)B1

UL. (B.155)

Similarly,

E′ZB1
I/
√

T = B1
UL′(Z′Z/T)B1

I. (B.156)

Since Γ = Z′Z/T, equations (B.154), (B.155) and (B.156) imply that

Σ̂I = E′E/T + τ2[B1
I′ΓB1

I
− B1

UL′ΓB1
I
− B1

I′ΓB1
UL] + ω(τ4)

= Σ − τ
√

TΣ + τ
√

TE′E/T + τ2[B1
I′ΓB1

I
− B1

UL′ΓB1
I
− B1

I′ΓB1
UL] + ω(τ4). (B.157)

The following result holds:

B1
I′ΓB1

I
− B1

UL′ = ΓB1
I
− B1

I′ΓB1
UL

= B1
I′ΓB1

I
− B1

UL′ΓB1
I
− B1

I′ΓB1
UL + B1

UL′ΓB1
UL
− B1

UL′ΓB1
UL

= (B1
I
− B1

UL)′Γ(B1
I
− B1

UL) − [(Z′Z/T)−1Z′E/
√

T]′(Z′Z/T)[(Z′Z/T)−1Z′E/
√

T]

= (B1
I
− B1

UL)′Γ(B1
I
− B1

UL) − E′Z(Z′Z/T)−1(Z′Z/T)(Z′Z/T)−1Z′E/T

= (B1
I
− B1

UL)′Γ(B1
I
− B1

UL) − E′Z(Z′Z)−1Z′E

= (B1
I
− B1

UL)′Γ(B1
I
− B1

UL) − E′PZE, (B.158)
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where PZ = Z(Z′Z)−1Z′. Thus, equations (B.157) and (B.158) imply that

Σ̂I = Σ + τ[
√

T(E′E/T − Σ)] + τ2[(B1
I
− B1

UL)′Γ(B1
I
− B1

UL) − E′PZE] + ω(τ4)

= Σ + τΣ1 + τ
2ΣI

2 + ω(τ3)

= Σ + τ(Σ1 + τΣI
2) + ω(τ3), (B.159)

where

Σ1 =
√

T(E′E/T − Σ) (B.160)

and

ΣI
2 = (B1

I
− B1

UL)′Γ(B1
I
− B1

UL) − E′PZE. (B.161)

Equation (B.159) implies that

Σ̂−1
I = [Σ + τ(Σ1 + τΣI

2) + ω(τ3)]−1

= Σ−1
− τΣ−1(Σ1 + τΣI

2)Σ−1 + τ2Σ−1(Σ1 + τΣI
2)Σ−1(Σ1 + τΣI

2)Σ−1 + ω(τ3)

= Σ−1
− τΣ−1Σ1Σ−1

− τ2Σ−1ΣI
2Σ
−1 + τ2Σ−1Σ1Σ−1Σ1Σ−1 + ω(τ3)

= Σ−1
− τΣ−1Σ1Σ−1 + τ2[Σ−1Σ1Σ−1Σ1Σ−1

− Σ−1ΣI
2Σ
−1] + ω(τ3)

= Σ−1
− τΣ−1Σ1Σ−1 + τ2[Σ−1(Σ1Σ−1Σ1 − ΣI

2)Σ−1] + ω(τ3)

= Σ−1
− τS1 + τ

2S2
I + ω(τ3), (B.162)

where

S1 = Σ−1Σ1Σ−1, (B.163)

S2
I = Σ−1(Σ1Σ−1Σ1 − ΣI

2)Σ−1. (B.164)

Moreover, the following results hold:

i.

E(Σ1) = E[
√

T(E′E/T − Σ)] =
√

T[E(E′E)/T − Σ] = [see (B.145)]

=
√

T[TΣ/T − Σ] = 0. (B.165)

ii. Since E′E ∼W(Σ,T) and since PZ = Z(Z′Z)−1Z′ is idempotent with

rank(PZ) = tr (PZ) = tr [Z(Z′Z)−1Z′] = tr [(Z′Z)−1Z′Z] = tr IK = K, (B.166)

it follows that

E′PZE ∼W(Σ,K). (B.167)
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Furthermore,

E(E′PZE) = tr (PZ)Σ = KΣ [see Magnus and Neudecker, 1979]. (B.168)

iii.

E(S1) = E(Σ−1Σ1Σ−1) = Σ−1 E(Σ1)Σ−1 = 0 [see (B.165)]. (B.169)

iv.

E(Σ1Σ−1Σ1) = E[
√

T(E′E/T − Σ)Σ−1
√

T(E′E/T − Σ)]

= E[T(E′EΣ−1E′E/T2 + Σ − E′E/T − E′E/T)]

= E(E′EΣ−1E′E/T + TΣ − 2E′E)

= E(E′EΣ−1E′E)/T − 2 E(E′E) + TΣ

= T(M + T + 1)Σ/T − 2TΣ + TΣ

= MΣ + TΣ + Σ − 2TΣ + TΣ = Σ(M + 1). (B.170)

v.

E(ΣI
2) = E[(B1

I
− B1

UL)′Γ(B1
I
− B1

UL) − E′PZE]

= E[(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)] − E[E′PZE]

= E[(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)] − KΣ (B.171)

⇒ E(Σ−1ΣI
2Σ
−1) = Σ−1 E(ΣI

2)Σ−1

= Σ−1 E[(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)]Σ−1
− KΣ−1ΣΣ−1

= Σ−1 E[(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)]Σ−1
− KΣ−1. (B.172)

vi. Thus equationS (B.164), (B.170) and (B.172) imply that

E(S2
I) = E[Σ−1(Σ1Σ−1Σ1 − ΣI

2)Σ−1]

= E[Σ−1Σ1Σ−1Σ1Σ−1
− Σ−1ΣI

2Σ
−1]

= Σ−1 E(Σ1Σ−1Σ1)Σ−1
− E(Σ−1ΣI

2Σ
−1)

= (M + 1)Σ−1ΣΣ−1 + KΣ−1
− Σ−1 E[(B1

I
− B1

UL)′Γ(B1
I
− B1

UL)]Σ−1

= (M + K + 1)Σ−1
− Σ−1 E[(B1

I
− B1

UL)′Γ(B1
I
− B1

UL)]Σ−1. (B.173)
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Lemma B.5. We estimate the model

y∗ = X∗β + ε (B.174)

by using the I estimation process, and we estimate (Σ−1
⊗ IT) by using the estimator

(Σ̂I
−1
⊗ IT). (B.175)

Then by using (B.175) we estimate (B.174) via the GL-estimation method. Let Σ̂I the estimation of Σ by

using the GL residuals, ε̂GL = vec(ÊGL) say, from equation (B.174) i.e.,

Σ̂I = Ê′GLÊGL/T. (B.176)

Let β̂GL be the GL estimator of β in (B.174). For the σ̂2
I (I=UL, RL, GL, IG, ML) estimator of σ2 holds

that

σ̂2
I = (y∗ − X∗β̂GL)′(Σ̂I

−1
⊗ IT)(y∗ − X∗β̂GL)/(TM − n)

= ε̂′GL(Σ̂I
−1
⊗ IT)ε̂GL/(TM − n)

= [vec(ÊGL)]′(Σ̂I
−1
⊗ IT)[vec(ÊGL)]/(TM − n)

= tr [ÊGL(Σ̂I
−1

)′Ê′GL]/(TM − n) = tr Σ̂I
−1

Ê′GLÊGL/(TM − n)

= tr (Σ̂−1
I TΣ̂J)/(TM − n) = tr (Σ̂−1

I Σ̂J)/((TM − n)/T)

= tr (Σ̂−1
I Σ̂J)/(M − n/T) = tr (Σ̂−1

I Σ̂J)/(M − τ2n). (B.177)

By using equations (B.159), (B.160) and (B.161) we take

Σ̂J = Σ + τΣ1 + τ
2ΣJ

2 + ω(τ3), (B.178)

where

Σ1 =
√

T(E′E/T − Σ) (B.179)

and

ΣJ
2 = (B1

J
− B1

UL)′Γ(B1
J
− B1

UL) − E′PZE. (B.180)

Then, equations (B.162),(B.164), (B.177) and (B.178) imply that

Σ̂−1
I Σ̂J = [Σ−1

− τS1 + τ
2S2

I + ω(τ3)][Σ + τΣ1 + τ
2ΣJ

2 + ω(τ3)]

= Σ−1Σ + τΣ−1Σ1 + τ
2Σ−1ΣJ

2 − τS1Σ − τ2S1Σ1 + τ
2S2

IΣ + ω(τ3)

= IM + τΣ−1Σ1 + τ
2Σ−1ΣJ

2 − τΣ
−1Σ1Σ−1Σ − τ2Σ−1Σ1Σ−1Σ1 + τ

2Σ−1(Σ1Σ−1Σ1 − ΣI
2)Σ−1Σ + ω(τ3)

= IM + τ
2Σ−1(ΣJ

2 − Σ
I
2) + ω(τ3)⇒ (B.181)
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tr (Σ̂−1
I Σ̂J) = tr IM + τ

2 tr [Σ−1(ΣJ
2 − Σ

I
2)] + ω(τ3)

= M + τ2 tr [Σ−1(ΣJ
2 − Σ

I
2)] + ω(τ3)⇒ (B.182)

σ̂2
I = tr (Σ̂−1

I Σ̂J)/(M − τ2n) = [M + τ2 tr [Σ−1(ΣJ
2 − Σ

I
2)]]/(M − τ2n) + ω(τ3). (B.183)

Moreover,

Σ−1(ΣJ
2 − Σ

I
2) = Σ−1(Σ1Σ−1Σ1 − Σ1Σ−1Σ1 + Σ

J
2 − Σ

I
2)

= Σ−1[(Σ1Σ−1Σ1 − ΣI
2) − (Σ1Σ−1Σ1 − Σ

J
2)]

= Σ−1(Σ1Σ−1Σ1 − ΣI
2)Σ−1Σ − Σ−1(Σ1Σ−1Σ1 − Σ

J
2)Σ−1Σ

= SI
2Σ − SJ

2Σ = (SI
2 − SJ

2)Σ⇒ (B.184)

tr [Σ−1(ΣJ
2 − Σ

I
2)] = tr (S2

I
− S2

J)Σ (B.185)

Thus, equations (B.183) and (B.185) imply that

σ̂2
I = [M + τ2 tr[(S2

I
− S2

J)Σ]]/(M − τ2n) + ω(τ3). (B.186)

Lemma B.6. Define the M ×M matrices

MI = lim
T→∞

E(S2
I) (B.187)

and

∆I = lim
T→∞

T E[(B̂I − B̂UL)′Γ(B̂I − B̂UL)] (I=UL, RL, GL, IG, ML) (B.188)

and the (M2
×M2) matrix N with elements

ν(i j)(kl) = σiκσ jl + σilσ jκ (i, j, κ, l = 1, . . . ,M). (B.189)

The following results hold:

i.

MI = lim
T→∞

E(S2
I) = (B.173)

= (M + K + 1)Σ−1
− Σ−1[ lim

T→∞
E[(B1

I
− B1

UL)′Γ(B1
I
− B1

UL)]]Σ−1

= [see Lemma (B.2)]

= (M + K + 1)Σ−1
− Σ−1[ lim

T→∞
T E[(B̂I − B̂UL)′Γ(B̂I − B̂UL)]]Σ−1

= [see (B.188)] = (M + K + 1)Σ−1
− Σ−1∆IΣ−1

⇒ (B.190)
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(MI −MGL)Σ = [(M + K + 1)Σ−1
− Σ−1∆IΣ−1

− (M + K + 1)Σ−1 + Σ−1∆GLΣ−1]Σ

= (Σ−1∆GLΣ−1
− Σ−1∆IΣ−1)Σ = Σ−1(∆GL − ∆I)Σ−1Σ

= Σ−1(∆GL − ∆I). (B.191)

ii.

E[(S2
I
− S2

J)Σ] = [E(S2
I) − E(S2

J)]Σ = [see (B.173)]

= [(M + K + 1)Σ−1
− Σ−1 E[(B1

I
− B1

UL)′Γ(B1
I
− B1

UL)]Σ−1

−(M + K + 1)Σ−1 + Σ−1 E[(B1
J
− B1

UL)′Γ(B1
J
− B1

UL)]Σ−1]Σ

= −Σ−1 E[(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)]Σ−1Σ

+Σ−1 E[(B1
J
− B1

UL)′Γ(B1
J
− B1

UL)]Σ−1Σ⇒ (B.192)

lim
T→∞

E[(S2
I
− S2

J)Σ] = −Σ−1 lim
T→∞

E[(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)]

+Σ−1 lim
T→∞

E[(B1
J
− B1

UL)′Γ(B1
J
− B1

UL)] = [see Lemma B.2]

= −Σ−1 lim
T→∞

E[(B̂I − B̂UL)′Γ(B̂I − B̂UL)]

+Σ−1 lim
T→∞

E[(B̂J − B̂UL)′Γ(B̂J − B̂UL)] = [see (B.188)]

= −Σ−1∆I + Σ−1∆J = Σ−1(∆J − ∆I) = Σ−1(∆GL − ∆I), (B.193)

because the I estimation method is the GL method.

iii. Moreover,

S1 = Σ−1Σ1Σ−1
⇒

vec(S1) = [(Σ−1)′ ⊗ Σ−1] vec(Σ1) = (Σ−1
⊗ Σ−1) vec(Σ1)⇒

(vec(S1))(vec(S1))′ = [(Σ−1
⊗ Σ−1) vec(Σ1)][(Σ−1

⊗ Σ−1) vec(Σ1)]′

= (Σ−1
⊗ Σ−1)(vec(Σ1))(vec(Σ1))′(Σ−1

⊗ Σ−1). (B.194)
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Since E′E ∼W(Σ,T) and E(E′E) = TΣ, equation (B.160) implies that the matrix

W =
√

TΣ1 = T(E′E/T − Σ) = E′E − TΣ (B.195)

is a Wishart matrix in deviations from its expected value. Let wi j be the (i, j)-th element of W.

Then, since σi j is the (i, j)-th element of Σ, by using definition (B.189) and following Zellner, 1971

p.389, (B.58), we find that

cov(wi jwkl) = E(wi jwkl) = T(σiκσ jl + σilσ jκ) = Tν(i j)(kl). (B.196)

Then, (B.194), (B.195) and (B.196) imply that

E[(vec(S1))(vec(S1))′] = (Σ−1
⊗ Σ−1) E[(vec(Σ1))(vec(Σ1))′](Σ−1

⊗ Σ−1)

= (Σ−1
⊗ Σ−1)(1/T) E[(vec(

√

TΣ1))(vec(
√

TΣ1))′](Σ−1
⊗ Σ−1)

= (Σ−1
⊗ Σ−1)(1/T) E[(vec(W))(vec(W))′](Σ−1

⊗ Σ−1)

= (Σ−1
⊗ Σ−1)(1/T) E[(wi jwkl)(i j),(kl)=1,...,M2 ](Σ−1

⊗ Σ−1)

= (Σ−1
⊗ Σ−1)(1/T)[(E(wi jwkl))(i j),(kl)](Σ−1

⊗ Σ−1)

= (Σ−1
⊗ Σ−1)(1/T)[(Tν(i j)(kl))(i j),(kl)](Σ−1

⊗ Σ−1)

= (Σ−1
⊗ Σ−1)([(ν(i j)(kl))(i j),(kl)](Σ−1

⊗ Σ−1)

= (Σ−1
⊗ Σ−1)N(Σ−1

⊗ Σ−1)⇒ (B.197)

lim
T→∞

E[(vec(S1))(vec(S1))′] = (Σ−1
⊗ Σ−1)N(Σ−1

⊗ Σ−1). (B.198)

Lemma B.7. Calculation of ∆I (I=UL,RL,GL, IG, ML)

Since, y∗ = vec(Y∗), X∗ = (IM ⊗ Z)Ψ, ε = vec(E) and vec(B) = Ψβ where y∗, ε are (TM × 1) vectors and

(IM ⊗ Z), Ψ and X∗ are TM ×Mk, Mk × n and TM × n matrices, respectively, the following results hold:

(i)

B1
UL = (Z′Z/T)−1Z′E/

√

T = T(Z′Z)−1Z′E/
√

T

=
√

T(Z′Z)−1Z′E⇒ (B.199)

vec(B1
UL) = vec[

√

T(Z′Z)−1Z′E]

=
√

T vec[(Z′Z)−1Z′E]

=
√

T[IM ⊗ (Z′Z)−1Z′] vec(E)

=
√

T[IM ⊗ (Z′Z)−1Z′]ε. (B.200)
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(ii)

vec(B1
RL) =Ψ(X′∗X∗/T)−1X′∗ε/

√

T =
√

TΨ(X′∗X∗)
−1X′∗ε. (B.201)

(iii) Similarly,

vec(B1
GL) = vec(B1

IG) = vec(B1
ML) =

= Ψ[X′∗(Σ
−1
⊗ IT)X∗/T]−1X′∗(Σ

−1
⊗ IT)ε/

√

T

=
√

TΨ[X′∗(Σ
−1
⊗ IT)X∗]−1X′∗(Σ

−1
⊗ IT)ε. (B.202)

Moreover,

B̂I − B̂UL = τ(B1
I
− B1

UL) + ω(τ2) = [see (B.143)]⇒
√

T(B̂I − B̂UL) =
√

T[τ(B1
I
− B1

UL) + ω(τ2)]

= (B1
I
− B1

UL) + ω(τ)⇒ (B.203)

vec[
√

T(B̂I − B̂UL)] =
√

T vec(B̂I − B̂UL)

= vec(BI
1 − B1

UL) + ω(τ). (B.204)

Define the matrix ΦI such that
√

TΦIε = vec(B1
I
− B1

UL). (B.205)

Then equations (B.204) and (B.205) imply that

√

T vec(B̂I − B̂UL) =
√

TΦIε + ω(τ). (B.206)

By using equations (B.199), (B.200), (B.201), and (B.205), we find the following results:

I For I = UL
√

TΦIε =
√

TΦULε = vec(B1
UL
− B1

UL) = 0⇒ΦUL = 0. (B.207)

II For I = RL

√

TΦIε =
√

TΦRLε = vec(B1
RL
− B1

UL) =
√

TΨ(X′∗X∗)
−1X′∗ε −

√

T[IM ⊗ (Z′Z/T)−1Z′]ε

=
√

T[Ψ(X′∗X∗)
−1X′∗ − [IM ⊗ (Z′Z/T)−1Z′]]ε⇒

ΦRL = Ψ(X′∗X∗)
−1X′∗ − [IM ⊗ (Z′Z/T)−1Z′]. (B.208)

III Similarly, for I = GL, IG,ML

√

TΦIε =
√

TΦGLε =
√

TΦIGε =
√

TΦMLε
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= vec(B1
GL
− B1

UL) = vec(B1
IG
− B1

UL) = vec(B1
ML
− B1

UL)

=
√

T[Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1X′∗(Σ

−1
⊗ IT) − [IM ⊗ (Z′Z/T)−1Z′]]ε⇒

ΦGL = ΦIG =ΦML =Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1X′∗(Σ

−1
⊗ IT) − [IM ⊗ (Z′Z)−1Z′]. (B.209)

Let l be any arbitrary M × 1 vector and let L = ll′ be any (M ×M) symmetric matrix i.e.,

l = [(li)i=1,...,M] (B.210)

and

L = [(li j)i, j=1,...,M] = ll′ =


l1
...

lM

 (l1, . . . , lM) =


l1l1 . . . l1lM
...

...

lMl1 . . . lMlM


= [(lil j)i, j=1,...,M]⇒

li j = lil j (i, j = 1, . . . ,M). (B.211)

Then,

l′(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)l = tr [l′(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)l]

= tr [(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)ll′]

= tr [(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)L]

= [vec(B1
I
− B1

UL)]′ vec[Γ(B1
I
− B1

UL)L]

= [vec(B1
I
− B1

UL)]′(L′ ⊗ Γ)[vec(B1
I
− B1

UL)]

= [vec(B1
I
− B1

UL)]′(L ⊗ Γ)[vec(B1
I
− B1

UL)]. (B.212)

By using equations (B.205), and (B.212) and since E(εε′) = Σ ⊗ IT, we find that

l′(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)l = (
√

TΦIε)′(L ⊗ Γ)(
√

TΦIε) =

Tε′Φ′I(L ⊗ Γ)ΦIε = T tr (ε′Φ′I(L ⊗ Γ)ΦIε)

= T tr (Φ′I(L ⊗ Γ)ΦIεε′)⇒

E[l′(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)l] = T tr (Φ′I(L ⊗ Γ)ΦI E(εε′))

= T tr(Φ′I(L ⊗ Γ)ΦI(Σ ⊗ IT)). (B.213)

Then, Lemma B.2 and equations (B.188) and (B.213) imply that

l′∆Il = l′ lim
T→∞

E[(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)]l

= lim
T→∞

E[l′(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)l]

= lim
T→∞

[T tr (Φ′I(L ⊗ Γ)ΦI(Σ ⊗ IT)]. (B.214)
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The following results hold:

(a) Equations (B.207) and (B.214) imply that

l′∆ULl = lim
T→∞

[T tr(Φ′UL(L ⊗ Γ)ΦUL(Σ ⊗ IT))] = 0⇒ ∆UL = 0. (B.215)

(b) Since X′∗ = [X′1∗, . . . ,X
′

M∗] we take

X′∗X∗ = [X′1∗, . . . ,X
′

M∗]


X1∗

...

XM∗

 =
M∑
µ=1

X′µ∗Xµ∗ ⇒

(X′∗X∗)
−1 =

 M∑
µ=1

X′µ∗Xµ∗


−1

⇒

Ψ(X′∗X∗)
−1X′∗ =


Ψ1

...

ΨM


 M∑
µ=1

X′µ∗Xµ∗


−1

[X′1∗, . . . ,X
′

M∗]

=


Ψi

 M∑
µ=1

X′µ∗Xµ∗


−1

X′j∗


i, j

 . (B.216)

Moreover,

[IM ⊗ (Z′Z)−1Z′] =


(Z′Z)−1Z′ 0

. . .

0 (Z′Z)−1Z′

 = diag[((Z′Z)−1Z′)i]

= [(δi j(Z′Z)−1Z′)i, j]. (B.217)

Therefore,

ΦRL = Ψ(X′∗X∗)
−1X′∗ − [IM ⊗ (Z′Z)−1Z′]

=


Ψi

 M∑
µ=1

X′µ∗Xµ∗


−1

X′j∗ − δi j(Z′Z)−1Z′


i, j


= [(Φi j

RL)i, j], (B.218)

where

Φi j
RL =Ψi

 M∑
µ=1

X′µ∗Xµ∗


−1

X′j∗ − δi j(Z′Z)−1Z′ . (B.219)
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Thus,

Φ′RL(L ⊗ Γ) =
[
(Φiκ

RL′)i,κ

][
[(lκq)κq] ⊗ Γ

]
=

[
(Φiκ

RL′)i,κ

][
(lκqΓ)κq

]
=


 M∑
κ=1

lκqΦiκ
RL′Γ


i,q

 (B.220)

and

ΦRL(Σ⊗ IT) = [(Φqµ
RL)q,µ][[(σµ j)µ, j]⊗ IT] = [(Φqµ

RL)q,µ][(σµ jIT)µ, j] =


 M∑
µ=1

σµ jΦqµ
RL


q, j

 . (B.221)

Then, equations (B.220) and (B.221) imply that

Φ′RL(L ⊗ Γ)ΦRL(Σ ⊗ IT) =


 M∑
κ=1

lκqΦiκ
RL′Γ


i,q



 M∑
µ=1

σµ jΦqµ
RL


q, j


=


 M∑

q=1

M∑
κ=1

M∑
µ=1

lκqσµ jΦiκ
RL′ΓΦqµ

RL


i, j

⇒ (B.222)

⇒ tr [Φ′RL(L ⊗ Γ)ΦRL(Σ ⊗ IT)] = tr


 M∑

q=1

M∑
κ=1

M∑
µ=1

lκqσµ jΦiκ
RL′ΓΦqµ

RL


i, j


=

M∑
i=1

M∑
q=1

M∑
κ=1

M∑
µ=1

lκqσµi tr(Φiκ
RL′ΓΦqµ

RL). (B.223)

Since Xi∗ = ZΨi and Γ = (Z′Z/T), equation (B.219) implies that

ΦRL′
iκ ΓΦ

RL
qµ = [Ψi

 M∑
p=1

X′p∗Xp∗


−1

X′κ∗ − δiκ(Z′Z)−1Z′]′(Z′Z/T) · [Ψq

 M∑
p=1

X′p∗Xp∗


−1

X′µ∗ − δqµ(Z′Z)−1Z′]

= [Xκ∗

 M∑
p=1

X′p∗Xp∗


−1

Ψ′i − δiκZ(Z′Z)−1](Z′Z)[Ψq

 M∑
p=1

X′p∗Xp∗


−1

X′µ∗ − δqµ(Z′Z)−1Z′]/T

= [Xκ∗

 M∑
p=1

X′p∗Xp∗


−1

Ψ′i Z
′ZΨq

 M∑
p=1

X′p∗Xp∗


−1

X′µ∗ − δqµXκ∗

 M∑
p=1

X′p∗Xp∗


−1

Ψ′i (Z
′Z)(Z′Z)−1Z′

−δiκZ(Z′Z)−1(Z′Z)Ψq

 M∑
p=1

X′p∗Xp∗


−1

X′µ∗ + δiκδqµZ(Z′Z)−1(Z′Z)(Z′Z)−1Z′]/T

= [Xκ∗

 M∑
p=1

X′p∗Xp∗


−1

(ZΨi)′(ZΨq)

 M∑
p=1

X′p∗Xp∗


−1

X′µ∗ − δqµXκ∗

 M∑
p=1

X′p∗Xp∗


−1

(ZΨi)′

−δiκ(ZΨq)

 M∑
p=1

X′p∗Xp∗


−1

X′µ∗ + δiκδqµZ(Z′Z)−1Z′]/T

= [Xκ∗

 M∑
p=1

X′p∗Xp∗


−1

(Xi∗)′(Xq∗)

 M∑
p=1

X′p∗Xp∗


−1

X′µ∗ − δqµXκ∗

 M∑
p=1

X′p∗Xp∗


−1

(Xi∗)′
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−δiκ(Xq∗)

 M∑
p=1

X′p∗Xp∗


−1

X′µ∗ + δiκδqµZ(Z′Z)−1Z′]/T⇒

tr(Φiκ
RL′ΓΦqµ) = tr


 M∑

p=1

X′p∗Xp∗/T


−1

(X′i∗Xq∗/T)

 M∑
p=1

X′p∗Xp∗/T


−1

(X′µ∗Xκ∗/T)

 /T
−δqµ tr


 M∑

p=1

X′p∗Xp∗/T


−1

(X′i∗Xκ∗/T)

 /T
−δiκ tr


 M∑

p=1

X′p∗Xp∗/T


−1

(X′µ∗Xq∗/T)

 /T
+δiκδqµ tr(PZ)/T. (B.224)

Since Z is T × k, equation (B.166) implies that

tr(PZ) = k. (B.225)

Since Xi∗ = Pi
−1Xi, X j∗ = P j

−1X j, and since Pi
−1′P j

−1 = Ri j, we find that for any i, j = 1, . . . ,M

X′i∗X j∗/T = X′i Pi
−1′P j

−1X j/T = X′i R
i jX j/T = Bi j [see (B.66)]. (B.226)

Therefore,

M∑
p=1

X′p∗Xp∗/T =

M∑
p=1

Bpp ⇒

 M∑
p=1

X′p∗Xp∗/T


−1

=

 M∑
p=1

Bpp


−1

. (B.227)

So,

tr


 M∑

p=1

X′p∗Xp∗/T


−1

(X′i∗Xκ∗/T)

 = tr


 M∑

p=1

Bpp


−1

Biκ

 (B.228)

and similarly

tr


 M∑

p=1

X′p∗Xp∗/T


−1

(X′µ∗Xq∗/T)

 = tr


 M∑

p=1

Bpp


−1

Bµq

 . (B.229)

Furthermore,

tr


 M∑

p=1

X′p∗Xp∗/T


−1

(X′i∗Xq∗/T)

 M∑
p=1

X′p∗Xp∗/T


−1

(X′µ∗Xκ∗/T)


= tr


 M∑

p=1

Bpp


−1

Biq

 M∑
p=1

Bpp


−1

Bµκ

. (B.230)
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Thus, equations (B.224), (B.225), (B.228), (B.229), and (B.230) imply that

tr(Φiκ
RL′ΓΦRL

qµ ) = tr


 M∑

p=1

Bpp


−1

Biq

 M∑
p=1

Bpp


−1

Bµκ

/T − δqµ tr


 M∑

p=1

Bpp


−1

Biκ

/T
−δiκ tr


 M∑

p=1

Bpp


−1

Bµq

/T + δiκδqµK/T. (B.231)

Since lkq = lklq (see (B.211)), equations (B.210) and (B.223) imply that

tr [Φ′RL(L ⊗ Γ)ΦRL(Σ ⊗ IT)] =

M∑
i=1

M∑
q=1

M∑
κ=1

M∑
µ=1

lκqσµi tr(Φiκ
RL′ΓΦqµ

RL)

=

M∑
i=1

M∑
q=1

M∑
κ=1

M∑
µ=1

lκσµi tr(Φiκ
RL′ΓΦqµ

RL)lq

= l′


 M∑

i=1

M∑
µ=1

σµi tr(Φiκ
RL′ΓΦqµ

RL)


k,q

 l⇒

l′∆RLl = lim
T→∞

[T(Φ′RL(L ⊗ Γ)ΦRL(Σ ⊗ IT))]

= lim
T→∞

l′


 M∑

i=1

M∑
µ=1

σµiT tr(Φiκ
RL′ΓΦqµ

RL)


k,q

 l

= l′ lim
T→∞


 M∑

i=1

M∑
µ=1

σµiT tr(Φiκ
RL′ΓΦqµ

RL)


k,q

 l⇒

∆RL = lim
T→∞


 M∑

i=1

M∑
µ=1

σµiT tr(Φiκ
RL′ΓΦqµ

RL)


k,q

 . (B.232)

By using (B.231) we find

M∑
i=1

M∑
µ=1

σµiT tr(Φiκ
RL′ΓΦqµ

RL) =

M∑
i=1

M∑
µ=1

σµi tr


 M∑

p=1

Bpp


−1

Biq

 M∑
p=1

Bpp


−1

Bµκ


−

M∑
i=1

M∑
µ=1

σµiδqµ tr


 M∑

p=1

Bpp


−1

Biκ

 −
M∑

i=1

M∑
µ=1

σµiδiκ tr


 M∑

p=1

Bpp


−1

Bµq


+

M∑
i=1

M∑
µ=1

σµiδiκδqµK

=

M∑
i=1

M∑
µ=1

σµi tr


 M∑

p=1

Bpp


−1

Biq

 M∑
p=1

Bpp


−1

Bµκ

 −
M∑

i=1

σqi tr


 M∑

p=1

Bpp


−1

Biκ


−

M∑
µ=1

σµκ tr


 M∑

p=1

Bpp


−1

Bµq

 + σqκK. (B.233)
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So, equations (B.232) and (B.233) imply that

∆RL =

[( M∑
i=1

M∑
µ=1

σµi tr
[( M∑

p=1

Bpp

)−1
Biq

( M∑
p=1

Bpp

)−1
Bµκ

]
−

M∑
i=1

σqi tr
[( M∑

p=1

Bpp

)−1
Biκ

]
−

M∑
µ=1

σµκ tr
[( M∑

p=1

Bpp

)−1
Bµq

]
+ σqκK

)
k,q

]
. (B.234)

(c) Since X∗ = (IM ⊗ Z)Ψ and Xµ∗ = ZΨµ (µ = 1, . . . ,M) (see (3.42)), we find that

Ψ′(L ⊗ Γ)Ψ = Ψ′(L ⊗ (Z′Z/T))Ψ =Ψ′(L ⊗ (Z′Z))Ψ/T

= Ψ′[IM ⊗ Z′][L ⊗ IT][IM ⊗ Z]Ψ/T

= [(IM ⊗ Z)Ψ]′[L ⊗ IT][(IM ⊗ Z)Ψ]/T

= X′∗[L ⊗ IT]X∗/T = [(X′i∗)i][(li jIT)i, j][(X j∗) j]/T

=

M∑
i=1

M∑
j=1

li j(X′i∗X j∗/T) =
M∑

i=1

M∑
j=1

li j(X′i Pi
−1′P j

−1X j/T)

=

M∑
i=1

M∑
j=1

li j(X′i R
i jX j/T) =

M∑
i=1

M∑
j=1

li jBi j. (B.235)

The following result holds:

ΦGL(Σ ⊗ IT)Φ′GL = [Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1X′∗(Σ

−1
⊗ IT) − [IM ⊗ (Z′Z)−1Z′]](Σ ⊗ IT) ·

[Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1X′∗(Σ

−1
⊗ IT) − [IM ⊗ (Z′Z)−1Z′]]′

= [Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1X′∗(Σ

−1
⊗ IT) − [IM ⊗ (Z′Z)−1Z′]](Σ ⊗ IT) ·

[(Σ−1
⊗ IT)X∗[X′∗(Σ

−1
⊗ IT)X∗]−1Ψ′ − [IM ⊗ Z(Z′Z)−1]]

= Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1X′∗(Σ

−1
⊗ IT)(Σ ⊗ IT)(Σ−1

⊗ IT)X∗ ·

[X′∗(Σ
−1
⊗ IT)X∗]−1Ψ′

−Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1X′∗(Σ

−1
⊗ IT)(Σ ⊗ IT)[IM ⊗ Z(Z′Z)−1]

−[IM ⊗ (Z′Z)−1Z′](Σ ⊗ IT)(Σ−1
⊗ IT)X∗[X′∗(Σ

−1
⊗ IT)X∗]−1Ψ′

+[IM ⊗ (Z′Z)−1Z′](Σ ⊗ IT)[IM ⊗ Z(Z′Z)−1]

= Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1Ψ′

−Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1[(IM ⊗ Z)Ψ]′[IM ⊗ Z(Z′Z)−1]

−[IM ⊗ (Z′Z)−1Z′][(IM ⊗ Z)Ψ][X′∗(Σ
−1
⊗ IT)X∗]−1Ψ′

+[Σ ⊗ (Z′Z)−1(Z′Z)(Z′Z)−1]

= Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1Ψ′

−Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1Ψ′(IM ⊗ Z′)[IM ⊗ Z(Z′Z)−1]

−[IM ⊗ (Z′Z)−1Z′](IM ⊗ Z)Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1Ψ′
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+[Σ ⊗ (Z′Z)−1]

= Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1Ψ′

−Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1Ψ′(IM ⊗ IK)

−(IM ⊗ IK)Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1Ψ′ + [Σ ⊗ (Z′Z)−1]. (B.236)

Since X∗ = P−1X, and Ω−1 = P(Σ ⊗ IT)P′, we find that

X′∗(Σ
−1
⊗ IT)X∗ = X′P−1′(Σ−1

⊗ IT)P−1X

= X′ΩX ⇒ (B.237)

[X′∗(Σ
−1
⊗ IT)X∗]−1 = (X′ΩX)−1. (B.238)

Also, since Γ = (Z′Z/T), A = (X′ΩX/T), and G = (X′ΩX)−1 = A−1, by using equations (B.236),

(B.237) and (B.238) we find that

TΦGL(Σ ⊗ IT)Φ′GL = Ψ(X′ΩX/T)−1Ψ′ −Ψ(X′ΩX/T)−1Ψ′(IM ⊗ IK)

−(IM ⊗ IK)Ψ(X′ΩX/T)−1Ψ′ + [Σ ⊗ (Z′Z/T)−1]

= ΨGΨ′ −ΨGΨ′ −ΨGΨ′ + (Σ ⊗G−1) = (Σ ⊗G−1) −ΨGΨ′ .(B.239)

Moreover, since Ω = [(σi jRi j)i, j=1,...,M] we take

A = X′ΩX/T = [(X′i )i][(σi jRi j)i, j][(X j) j]/T

=

M∑
i=1

M∑
j=1

σi j(X′i R
i jX j/T) =

M∑
i=1

M∑
j=1

σi jBi j ⇒

G = (X′ΩX/T)−1 = A−1 = (
M∑

i=1

M∑
j=1

σi jBi j)−1. (B.240)

Thus, by using equations (B.235), (B.236), (B.239) and (B.240) we find that

T trΦ′GL(Σ ⊗ IT)Φ′GL(L ⊗ Γ) = tr (ΣL ⊗ IK) − tr[GΨ′(L ⊗ Γ)Ψ]

= tr (ΣL) tr (IK) − tr


 M∑

i=1

M∑
j=1

σi jBi j


−1  M∑

i=1

M∑
j=1

li jBi j




= K tr (Σl′l) − tr


 M∑

i=1

M∑
j=1

σi jBi j


−1  M∑

i=1

M∑
j=1

li jBi j




= K tr (l′Σl) − tr

 M∑
i=1

M∑
j=1

li jGBi j


= l′(KΣ)l −

M∑
i=1

M∑
j=1

li tr (GBi j)l j

= l′(KΣ)l − l′[(tr (GBi j))i, j]l
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= l′[KΣ − [(tr (GBi j))i, j]]l⇒ (B.241)

For any arbitrary vector l

l′∆GLl = l′∆IGl = l′∆MLl

= lim
T→∞

[T trΦ′GL(L ⊗ Γ)ΦGL(Σ ⊗ IT)]

= lim
T→∞

[l′[KΣ − [(tr (GBi j))i, j]]l]

= l′[KΣ − [(tr (GBi j))i, j]]l⇒

∆GL = ∆IG = ∆ML = KΣ −
[(

tr
[ M∑

i=1

M∑
j=1

σi jBi j

]−1
Bi j

)
i, j

]
. (B.242)

Lemma B.8. The LS estimator ρ̃µ of ρµ admits the stochastic expansion

ρ̃µ = ρµ + τρµ
(1) + τ2ρµ

(2) + ω(τ3), (B.243)

where

ρµ
(1) = −(ρµDµ

(1)
−Nµ

(1)) (B.244)

and

ρµ
(2) = Nµ

(2)
−Nµ

(1)Dµ
(1) + ρµ[(Dµ

(1))2 +Dµ
(2)]. (B.245)

Proof of Lemma B.8. Since

ρ̃µ =
T∑

t=2

ũtµũ(t−1)µ/
T∑

t=1

ũ2
tµ =

T−1∑
t=1

ũtµũ(t+1)µ/
T∑

t=1

ũ2
tµ = Nµ/Dµ, (B.246)

where

Nµ =
1
2

ũ′µDũµ/Tσuµ
2 (B.247)

and

Dµ = ũ′µũµ/Tσuµ
2, (B.248)

where

utµ ∼ N(0, σµµ/(1 − ρ2
µ))⇒ σuµ

2 = σµµ/(1 − ρ2
µ) (B.249)

and D is a matrix with (t, t′)-th element equal to 1 if |t − t′| = 1 and zero elsewhere.

Let β̃ be the LS estimator of β in the (µ)-th equation

yµ = Xµβ + uµ. (B.250)
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Then,

ũµ = yµ − Xµβ̃ = Xµβ + uµ − Xµβ̃

= uµ − τ
√

TXµ(β̃ − β)

= uµ − τXµθµ, (B.251)

where

θµ =
√

T(β̃ − β) =
√

T[(X′µXµ)−1X′µyµ − β]

=
√

T[(X′µXµ)−1X′µ(Xµβ + uµ) − β]

=
√

T(X′µXµ)−1X′µXµβ +
√

T(X′µXµ)−1X′µuµ −
√

Tβ

=
√

T(X′µXµ)−1X′µuµ = (X′µXµ/T)−1X′µuµ/
√

T⇒ (B.252)

X′µuµ/
√

T = (X′µXµ/T)θµ. (B.253)

But, equation (B.251) implies that

ũ′µDũµ = (uµ − τXµθµ)′D(uµ − τXµθµ)

= (u′µ − τθ
′

µX′µ)D(uµ − τXµθµ)

= u′µDuµ − 2θ′µ(X′µDuµ/
√

T) + θ′µ(X′µXµ/T)θµ. (B.254)

Then by using equations (B.247), (B.252) and (B.254) we find that

Nµ = ũ′µDũµ/2Tσuµ
2

= u′µDuµ/2Tσuµ
2
− 2[u′µXµ(X′µXµ/T)−1/

√

T][X′µDuµ/
√

T]/2Tσuµ
2

+[u′µXµ(X′µXµ/T)−1/
√

T](X′µDXµ/T)[(X′µXµ/T)−1X′µuµ/
√

T]/2Tσuµ
2

= u′µDuµ/2Tσuµ
2
− τ2u′µXµ(X′µXµ)−1X′µDuµ/σuµ

2

+τ2u′µXµ(X′µXµ)−1X′µDXµ(X′µXµ)−1X′µuµ/2σuµ
2

= u′µDuµ/2Tσuµ
2
− τ2u′µPXµDuµ/σuµ

2

+τ2u′µPXµDPXµuµ/2σuµ
2

= ρµ − ρµ + u′µDuµ/2Tσuµ
2 + τ2(u′µPXµDPXµuµ/2 − u′µPXµDuµ)/σuµ

2

= ρµ + τ[
√

T(u′µDuµ/2Tσuµ
2
− ρµ)] + τ2(u′µPXµDPXµuµ/2 − u′µPXµDuµ)/σuµ

2

= ρµ + τNµ
(1) + τ2Nµ

(2), (B.255)

where

Nµ
(1) =

√

T(u′µDuµ/2Tσuµ
2
− ρµ) =

√

T
( T−1∑

t=1

utµu(t+1)µ/2Tσuµ
2
− ρµ

)
(B.256)
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and

Nµ
(2) = (u′µPXµDPXµuµ/2 − u′µPXµDuµ)/σuµ

2. (B.257)

Similarly, equations (B.251), (B.252) and (B.253) imply that

ũ′µũµ = (uµ − τXµθµ)′(uµ − τXµθµ) = (u′µ − τθ
′

µX′µ)(uµ − τXµθµ)

= u′µuµ − 2θ′µ(X′µuµ/
√

T) + θ′µ(X′µXµ/T)θµ

= u′µuµ − 2θ′µ(X′µXµ/T)θµ + θ′µ(X′µXµ/T)θµ

= u′µuµ − θ′µ(X′µXµ/T)θµ

= u′µuµ − (u′µXµ/
√

T)(X′µXµ/T)−1(X′µXµ/T)(X′µXµ/T)−1(X′µuµ/
√

T)

= u′µuµ − u′µXµ(X′µXµ)−1X′µuµ = u′µuµ − u′µPXµuµ. (B.258)

Thus, equations (B.248) and (B.258) imply that

Dµ = ũ′µũµ/Tσuµ
2 = u′µuµ/Tσuµ

2
− u′µPXµuµ/Tσuµ

2

= 1 − 1 + u′µuµ/Tσuµ
2
− u′µPXµuµ/Tσuµ

2

= 1 + τ[
√

T(u′µuµ/Tσuµ
2
− 1)] − τ2u′µPXµuµ/σuµ

2

= 1 + τDµ
(1)
− τ2Dµ

(2), (B.259)

where

Dµ
(1) =

√

T(u′µuµ/Tσuµ
2
− 1) (B.260)

and

Dµ
(2) = u′µPXµuµ/σuµ

2. (B.261)

Thus, by using equation (B.259) we find that

Dµ = 1 + τ(Dµ
(1)
− τDµ

(2))⇒

Dµ
−1 = [1 + τ(Dµ

(1)
− τDµ

(2))]−1 = 1 − τ(Dµ
(1)
− τDµ

(2)) + τ2(Dµ
(1)
− τDµ

(2))2 + ω(τ3)

= 1 − τDµ
(1) + τ2[(Dµ

(1))2 +Dµ
(2)] + ω(τ3). (B.262)

By using equations (B.246), (B.255) and (B.262) we find that

ρ̃µ = NµDµ
−1 = (ρµ + τNµ

(1) + τ2Nµ
(2))[1 − τDµ

(1) + τ2[(Dµ
(1))2 +Dµ

(2)] + ω(τ3)]

= ρµ − τρµDµ
(1) + τ2ρµ[(Dµ

(1))2 +Dµ
(2)] + τNµ

(1)
− τ2Nµ

(1)Dµ
(1) + τ2Nµ

(2) + ω(τ3)

= ρµ − τ(ρµDµ
(1)
−Nµ

(1)) + τ2[Nµ
(2)
−Nµ

(1)Dµ
(1) + ρµ[(Dµ

(1))2 +Dµ
(2)]] + ω(τ3)

= ρµ + τ(ρµ(1) + τρµ
(2)) + ω(τ3), (B.263)
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where

ρµ
(1) = −(ρµDµ

(1)
−Nµ

(1)) (B.264)

and

ρµ
(2) = Nµ

(2)
−Nµ

(1)Dµ
(1) + ρµ[(Dµ

(1))2 +Dµ
(2)]. (B.265)

Since

Rµµ = PµP′µ =
1

1 − ρµ2



1 ρµ . . . ρµT−1

ρµ
...

ρµT−1 . . . 1


, (B.266)

it is straightforward that

Rµµ
−1 = P′µ

−1Pµ−1 = Rµµ = (1 + ρµ2)IT − ρµD − ρµ2∆ [see (B.5)]. (B.267)

Then,

Rρµ
µµ = ∂Rµµ/∂ρµ = 2ρµIT −D − 2ρµ∆ [see (B.7)] (B.268)

and

Rρµρµ
µµ = ∂2Rµµ/∂ρµ

2 = 2IT − 2∆ = 2(IT − ∆) [see (B.8)]. (B.269)

Define the (T × T) matrices

Ri
µµ = Rρµ

µµ + iρµ∆, Rii
µµ = Rρµρµ

µµ + i∆ (i = 1, 2). (B.270)

Then,

R2
µµ = Rρµ

µµ + 2ρµ∆ = 2ρµIT −D − 2ρµ∆ + 2ρµ∆

= 2ρµIT −D. (B.271)

The quantities ρµ(1) and ρµ(2) can be written as functions of R2
µµ as follows:

i.

ρµ
(1) = −(ρµDµ

(1)
−Nµ

(1)) = [see (B.256) and(B.260)]

= −[ρµ
√

T(u′µuµ/Tσuµ
2
− 1) −

√

T(u′µDuµ/2Tσuµ
2
− ρµ)]

= −

√

T(2ρµu′µuµ − u′µDuµ)/2Tσuµ
2

= −u′µ(2ρµIT −D)uµ/2
√

Tσuµ
2 = [see (B.271)]

= −u′µR2
µµuµ/2

√

Tσuµ
2. (B.272)
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ii.

ρµ
(2) = Nµ

(2)
−Nµ

(1)Dµ
(1) + ρµ[(Dµ

(1))2 +Dµ
(2)]

= Nµ
(2)
−Nµ

(1)Dµ
(1) + ρµ(Dµ

(1))2 + ρµDµ
(2)

= Nµ
(2) + ρµDµ

(2) +Dµ
(1)(ρµDµ

(1)
−Nµ

(1)) = [see (B.272)]

= Nµ
(2) + ρµDµ

(2)
−Dµ

(1)[−(ρµDµ
(1)
−Nµ

(1))] = [see (B.272)]

= Nµ
(2) + ρµDµ

(2)
−Dµ

(1)ρµ
(1). (B.273)

By using equations (B.256), (B.257), (B.260), (B.261), and (B.271) we find that

2σuµ
2(Nµ

(2) + ρµDµ
(2)) =

= 2σuµ
2[(u′µPXµDPXµuµ/2 − uµ′PXµDuµ)/σuµ

2 + ρµu′µPXµuµ/σuµ
2]

= u′µPXµDPXµuµ − 2u′µPXµDuµ + 2ρµu′µPXµuµ

= u′µ(IT − P̄Xµ )D(IT − P̄Xµ )uµ − 2u′µ(IT − P̄Xµ )Duµ + 2ρµu′µ(IT − P̄Xµ )uµ

= u′µP̄XµDP̄Xµuµ + u′µDuµ − 2u′µP̄XµDuµ − 2u′µDuµ

+2u′µP̄XµDuµ + 2ρµu′µuµ − 2ρµu′µP̄Xµuµ

= u′µP̄XµDP̄Xµuµ − 2ρµu′µP̄Xµuµ + 2ρµu′µuµ − u′µDuµ

(since P̄Xµ is idempotent)

= u′µP̄Xµ (D − 2ρµIT)P̄Xµuµ + u′µ(2ρµIT −D)uµ

= −u′µP̄XµR2
µµP̄Xµuµ + u′µR2

µµuµ. (B.274)

Similarly, equations (B.249), (B.260), (B.261), (B.273), and (B.274) imply that

2σuµ
2ρµ

(2) = 2σuµ
2[(Nµ

(2) + ρµDµ
(2)) −Dµ

(1)ρµ
(1)]

= 2σuµ
2(Nµ

(2) + ρµDµ
(2)) − 2σuµ

2Dµ
(1)ρµ

(1)

= −u′µP̄XµR2
µµP̄Xµuµ + u′µR2

µµuµ + 2σuµ
2
√

T(u′µuµ/Tσuµ
2
− 1)(u′µR2

µµuµ/2
√

Tσuµ
2)

= −u′µP̄XµR2
µµP̄Xµuµ + u′µR2

µµuµ + u′µuµu′µR2
µµuµ/Tσuµ

2
− u′µR2

µµuµ ⇒

ρµ
(2) = −u′µP̄XµR2

µµP̄Xµuµ/2σuµ
2 + u′µuµu′µR2

µµuµ/2Tσuµ
4. (B.275)

□
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Lemma B.9. The following results hold:

i) By using (B.243) the sampling error of the Least Squares estimator of ρµ is

δρµ
LS =

ρ̃µ − ρµ
τ

=
√

T(ρ̃µ − ρµ) = [see (B.243)]

=
√

T[ρµ + τ(ρµ(1) + τρµ
(2)) + ω(τ3) − ρµ]

= ρµ
(1) + τρµ

(2) + ω(τ2)

= d(1)µ
LS + τd(2)µ

LS + ω(τ2), (B.276)

where

d(1)µ
LS = ρµ

(1) = −u′µR2
µµuµ/2

√

Tσuµ
2 (B.277)

and

d(2)µ
LS = ρµ

(2) = −u′µP̄XµR2
µµP̄Xµuµ/2σuµ

2 + u′µuµu′µR2
µµuµ/2Tσuµ

4. (B.278)

ii) The iterative Prais-Winsten estimator of ρµ is (see Magee, 1985, p. 279-281)

ρ̂PW
µ = ρ̃LS

− τ2 (1 − ρµ2)
σµµ

[u′µP̄XµR2
µµPXµVRµµuµ + u′µRµµVPXµR2

µµPXµVRµµuµ/2]

+ω(τ3), (B.279)

where

V = Rµµ − Xµ(X′µRµµXµ)−1X′µ = [I − Xµ(X′µRµµXµ)−1X′µRµµ]Rµµ

= WµµRµµ (B.280)

and

Wµµ = I − Xµ(X′µRµµXµ)−1X′µRµµ. (B.281)

The iterative Prais-Winsten estimator of ρµ is equal to its GL estimator, i.e., ρ̂PW = ρ̂GL. Thus, by

using equations (B.279), (B.280), and (B.281), the sampling error of iterative Prais-Winsten estimator

of ρµ is

δρµ
GL = δρµ

PW =
√

T(ρ̂PW
µ − ρµ)

= [(ρ̃LS
µ − ρµ) − τ2 (1 − ρµ2)

σµµ
[u′µP̄XµR2

µµPXµVRµµuµ + u′µRµµVPXµR2
µµPXµVRµµuµ/2]

+ω(τ3)]/τ

= δρµ
LS
− τ

(1 − ρµ2)
σµµ

[u′µP̄XµR2
µµPXµVRµµuµ + u′µRµµVPXµR2

µµPXµVRµµuµ/2] + ω(τ2)

= d(1)µ
LS + τ[d(2)µ

LS
−

(1 − ρµ2)
σµµ

[u′µP̄XµR2
µµPXµVRµµuµ + u′µRµµVPXµR2

µµPXµVRµµuµ/2]] + ω(τ2)
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= d(1)µ
LS + τd(2)µ

GL + ω(τ2), (B.282)

where

d(2)µ
GL = −u′µP̄XµR2

µµP̄Xµuµ/2σuµ
2 + u′µuµu′µR2

µµuµ/2Tσuµ
4

−
(1 − ρµ2)
σµµ

[u′µP̄XµR2
µµPXµVRµµuµ + u′µRµµVPXµR2

µµPXµVRµµuµ/2]. (B.283)

iii) The ML estimator of ρµ is

ρ̂ML
µ = ρ̂PW

µ + τ2[ρµ
(1 − ρµ2)
σµµ

(u1µ
2 + uTµ

2) − ρµ] + ω(τ3). (B.284)

(see Beach and MacKinnon, 1978 p. 52-54, Magee, 1985 p. 281-284).

Thus, by using equation (B.284), the sampling error of ML estimator of ρµ is

δρµ
ML =

√

T(ρ̂ML
µ − ρµ) = [(ρ̂PW

µ − ρµ) + τ2[ρµ(1 − ρµ2)(u1µ
2 + uTµ

2) − ρµ] + ω(τ3)]/τ

= δρµ
PW + τ[ρµ

(1 − ρµ2)
σµµ

(u1µ
2 + uTµ

2) − ρµ] + ω(τ2)

= d(1)µ
LS + τ[d(2)µ

GL + ρµ
(1 − ρµ2)
σµµ

(u1µ
2 + uTµ

2) − ρµ] + ω(τ2)

= d(1)µ
LS + τd(2)µ

ML + ω(τ2), (B.285)

where

d(2)µ
ML = d(2)µ

GL + ρµ
(1 − ρµ2)
σµµ

(u1µ
2 + uTµ

2) − ρµ. (B.286)

iv) The Durbin-Watson estimator of ρµ is

ρ̂DW
µ = 1 −DWµ/2, (B.287)

where DWµ is the Durbin-Watson statistic, i.e.,

DWµ =

∑T
t=2(ũtµ − ũ(t−1)µ)2∑T

t=1 ũ2
tµ

=

∑T
t=2 ũ2

tµ +
∑T

t=2 ũ2
(t−1)µ − 2

∑T
t=2 ũtµũ(t−1)µ∑T

t=1 ũ2
tµ

=

∑T
t=1 ũ2

tµ − ũ2
1µ +

∑T
t=1 ũ2

tµ − ũ2
Tµ − 2

∑T
t=2 ũtµũ(t−1)µ∑T

t=1 ũ2
tµ

=
2
∑T

t=1 ũ2
tµ − (2

∑T
t=2 ũtµũ(t−1)µ + ũ2

1µ + ũ2
Tµ)∑T

t=1 ũ2
tµ

= 2 −
2
∑T

t=2 ũtµũ(t−1)µ + ũ2
1µ + ũ2

Tµ∑T
t=1 ũ2

tµ

. (B.288)
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Equations (B.287) and (B.288) imply that

ρ̂DW
µ = 1 −

1 −
∑T

t=2 ũtµũ(t−1)µ + (ũ2
1µ + ũ2

Tµ)/2∑T
t=1 ũ2

tµ


=

∑T
t=2 ũtµũ(t−1)µ∑T

t=1 ũ2
tµ

+
(ũ2

1µ + ũ2
Tµ)/2∑T

t=1 ũ2
tµ

= ρ̃LS
µ +

(ũ2
1µ + ũ2

Tµ)/2Tσ2
uµ∑T

t=1(ũ2
tµ/T)(1/σ2

uµ )

= ρ̃LS
µ +

1
2T

(ũ2
1µ + ũ2

Tµ)

σ̃2
uµ

= ρ̃LS
µ + τ

2(1 − ρµ2)(u1µ
2 + uTµ

2)/2σµµ + ω(τ3), (B.289)

because ũtµ is a consistent estimator of utµ and so
∑T

t=1 ũ2
tµ/T is a consistent estimator of σutµ

2 with

an error of order ω(τ3). Therefore, equation (B.289) implies that the sampling error of DW estimator

of ρµ is

δρµ
DW =

√

T(ρ̂DW
µ − ρµ) = [(ρ̃LS

µ − ρµ) + τ2 (1 − ρµ2)
σµµ

(u1µ
2 + uTµ

2)/2 + ω(τ3)]/τ = (see (B.276))

= δρµ
LS + τ

(1 − ρµ2)
σµµ

(u1µ
2 + uTµ

2)/2 + ω(τ2)

= d(1)µ
LS + τ[d(2)µ

LS +
(1 − ρµ2)
σµµ

(u1µ
2 + uTµ

2)/2] + ω(τ2)

= d(1)µ
LS + τd(2)µ

DW + ω(τ2), (B.290)

where

d(2)µ
DW = d(2)µ

LS +
(1 − ρµ2)
σµµ

(u1µ
2 + uTµ

2)/2. (B.291)

Lemma B.10. The following results hold:

i) Equations (B.267), (B.268), and (B.270) imply that

R1
µµ = Rρµ

µµ + ρµ∆ = 2ρµIT −D − 2ρµ∆ + ρµ∆ = 2ρµIT −D − ρµ∆

=
1
ρµ

[2ρµ2IT − ρµD − ρµ2∆] =
1
ρµ

[IT + ρµ
2IT − ρµD − ρµ2∆ − IT + ρµ

2IT]

=
1
ρµ

[(1 + ρµ2)IT − ρµD − ρµ2∆ − (1 − ρµ2)IT]

=
1
ρµ

[Rµµ
− (1 − ρµ2)IT], (B.292)

which implies that
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R1
µµRµµ =

1
ρµ

[Rµµ
− (1 − ρµ2)IT]Rµµ =

1
ρµ

[RµµRµµ − (1 − ρµ2)Rµµ]

=
1
ρµ

[IT − (1 − ρµ2)Rµµ]. (B.293)

Then, equations (B.270) and (B.271) imply that

R2
µµ = R1

µµ + ρµ∆⇒

R2
µµRµµ = (R1

µµ + ρµ∆)Rµµ = R1
µµRµµ + ρµ∆Rµµ

=
1
ρµ

[IT − (1 − ρµ2)Rµµ] + ρµ∆Rµµ. (B.294)

Furthermore,

(R2
µµRµµ)2 = [R1

µµRµµ + ρµ∆Rµµ][R1
µµRµµ + ρµ∆Rµµ]

= (R1
µµRµµ)2 + ρµR1

µµRµµ∆Rµµ + ρµ∆RµµR1
µµRµµ + ρµ

2∆Rµµ∆Rµµ. (B.295)

ii)

P̄XµR2
µµP̄XµRµµ = P̄Xµ [R1

µµ + ρµ∆]P̄XµRµµ

= P̄XµR1
µµP̄XµRµµ + ρµP̄Xµ∆P̄XµRµµ. (B.296)

Similarly,

P̄XµR2
µµPXµVRµµ = P̄Xµ [R1

µµ + ρµ∆]PXµVRµµ

= P̄XµR1
µµPXµVRµµ + ρµP̄Xµ∆PXµVRµµ (B.297)

and

RµµVPXµR2
µµPXµVRµµ = RµµVPXµ [R1

µµ + ρµ∆]PXµVRµµ

= RµµVPXµR1
µµPXµVRµµ + ρµRµµVPXµ∆PXµVRµµ. (B.298)

iii) Then, by using (B.266)

tr Rµµ =
1

1 − ρµ2

T∑
t=1

1 =
T

1 − ρµ2 , (B.299)

we find that

tr [(1 − ρµ2)Rµµ] = (1 − ρµ2) tr Rµµ = T. (B.300)
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By using equations (B.293) and (B.300) we find that

tr (R1
µµRµµ) =

1
ρµ

[tr IT − (1 − ρµ2) tr Rµµ] =
1
ρµ

[T − T] = 0. (B.301)

Let δi j be the (i, j)-th element of ∆. Then, δi j = 1 for i = j = 1 and i = j = T and δi j = 0 elsewhere.

Moreover, the (i, j)-th element of Rµµ is 1
1−ρµ2ρµ |i− j|. Then, the (i, j)-th element of ∆Rµµ is

δi j
∗ =

T∑
κ=1

δiκ
1

1 − ρµ2ρµ
|κ− j| = δii

1
1 − ρµ2ρµ

|i− j|, (B.302)

because δiκ = 0 for κ , i. Therefore, equation (B.302) implies that

tr∆Rµµ =

T∑
i=1

δii
∗ =

T∑
i=1

δii
1

1 − ρµ2ρµ
|i−i| =

1
1 − ρµ2

T∑
i=1

δii

=
1

1 − ρµ2 (δ11 + δTT) =
2

1 − ρµ2 . (B.303)

The (i, j)-th element of the matrix Rµµ∆Rµµ is

δ̃i j =

T∑
κ=1

1
1 − ρµ2ρµ

|i−κ|δκ j
∗ =

T∑
κ=1

1
1 − ρµ2ρµ

|i−κ|δκκ
1

1 − ρµ2ρµ
|κ− j|

=
1

(1 − ρµ2)2ρµ
|i−1|+|1− j|δ11 +

1
(1 − ρµ2)2ρµ

|i−T|+|T− j|δTT

=
1

(1 − ρµ2)2 (ρµi+ j−2 + ρµ
2T−i− j), (B.304)

which implies that

tr (Rµµ∆Rµµ) =

T∑
i=1

δ̃ii =
1

(1 − ρµ2)2

 T∑
i=1

ρµ
2(i−1) +

T∑
i=1

ρµ
2(T−i)


=

1
(1 − ρµ2)2

 T∑
i=1

ρµ
2(i−1) +

T∑
j=1

ρµ
2( j−1)

 = [defining the index j = T − i + 1]

=
1

(1 − ρµ2)2 2
T∑

i=1

ρµ
2(i−1)

=
2

(1 − ρµ2)2

T∑
i=1

ρµ
2(i−1) = [defining the index j = i − 1]

=
2

(1 − ρµ2)2

T−1∑
j=0

ρµ
2 j = [defining r = ρµ2]

=
2

(1 − ρµ2)2

T−1∑
j=0

r j =
2

(1 − ρµ2)2

1 − rT

1 − r

=
2

(1 − ρµ2)2

1 − ρµ2T

(1 − ρµ2)
=

2(1 − ρµ2T)
(1 − ρµ2)3 . (B.305)
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Along the same lines as in equation (B.302) we find that the (i, j)-th element of the (∆Rµµ)2 is

δi j
◦ =

T∑
κ=1

δiκ
∗δκ j

∗ =

T∑
κ=1

δii
1

1 − ρµ2ρµ
|i−κ|δκκ

1
1 − ρµ2ρµ

|κ− j|

= δii
1

(1 − ρµ2)2

T∑
κ=1

δκκρµ
|i−κ|+|κ− j| = δii

1
(1 − ρµ2)2 (ρµ |i−1|+|1− j|δ11 + ρµ

|i−T|+|T− j|δTT)

= δii
1

(1 − ρµ2)2 (ρµi+ j−2 + ρµ
2T−i− j), (B.306)

which implies that

tr [(∆Rµµ)2] =

T∑
i=1

δii
◦ =

T∑
i=1

δii
1

(1 − ρµ2)2 (ρµ2(i−1) + ρµ
2(T−i))

= δ11
1

(1 − ρµ2)2 (ρµ2(1−1) + ρµ
2(T−1)) + δTT

1
(1 − ρµ2)2 (ρµ2(T−1) + ρµ

2(T−T))

=
2

(1 − ρµ2)2 (1 + ρµ2(T−1)). (B.307)

By using equation (B.306) we find that the (i, j)-th element of the matrix Rµµ(∆Rµµ)2 is

δî j =

T∑
κ=1

1
1 − ρµ2ρµ

|i−κ|δκ j
◦ =

T∑
κ=1

1
1 − ρµ2ρµ

|i−κ|δκκ
1

(1 − ρµ2)2 (ρµκ+ j−2 + ρµ
2T−κ− j)

= δ11
1

(1 − ρµ2)3ρµ
|i−1|(ρµ j−1 + ρµ

2T− j−1) + δTT
1

(1 − ρµ2)3ρµ
|i−T|(ρµT+ j−2 + ρµ

T− j)

=
1

(1 − ρµ2)3 (ρµi+ j−2 + ρµ
2T+i− j−2 + ρµ

2T−i+ j−2 + ρµ
2T−i− j), (B.308)

which implies that

tr [Rµµ(∆Rµµ)2] =

T∑
i=1

δîi =
1

(1 − ρµ2)3

T∑
i=1

(ρµ2i−2 + 2ρµ2T−2 + ρµ
2T−2i)

=
1

(1 − ρµ2)3 [2Tρµ2T−2 +

T∑
i=1

ρµ
2(i−1) +

T∑
i=1

ρµ
2(T−i)]

= [defining the indeces j = i − 1 and κ = T − i]

=
1

(1 − ρµ2)3 [2Tρµ2(T−1) +

T−1∑
j=0

ρµ
2 j +

T−1∑
κ=0

ρµ
2κ]

=
2

(1 − ρµ2)3 [Tρµ2(T−1) +

T−1∑
j=0

ρµ
2 j] = [defining r = ρµ2]

=
2

(1 − ρµ2)3 [Tρµ2(T−1) +

T−1∑
j=0

r j] =
2

(1 − ρµ2)3

[
Tρµ2(T−1) +

1 − rT

1 − r

]

=
2

(1 − ρµ2)3

[
Tρµ2(T−1) +

1 − ρµ2T

1 − ρµ2

]
. (B.309)
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By using equations (B.302) and (B.306) we find that the (i, j)-th element of the matrix (∆Rµµ)3 =

∆Rµµ(∆Rµµ)2 is

δi j
+ =

T∑
κ=1

δiκ
∗δκ j

◦ =

T∑
κ=1

δii
1

1 − ρµ2ρµ
|i−κ|δκκ

1

(1 − ρµ2)2 (ρµκ+ j−2 + ρµ
2T−κ− j)

= δii
1

(1 − ρµ2)3 [δ11ρµ
|i−1|(ρµ j−1 + ρµ

2T−1− j) + δTTρµ
|i−T|(ρµT+ j−2 + ρµ

T− j)]

= δii
1

(1 − ρµ2)3 [ρµi+ j−2 + ρµ
2T+i− j−2 + ρµ

2T−i+ j−2 + ρµ
2T−i− j], (B.310)

which implies that

tr [(∆Rµµ)3] =

T∑
i=1

δii
+ =

T∑
i=1

δii
1

(1 − ρµ2)3 (ρµ2(i−1) + 2ρµ2(T−1) + ρµ
2(T−i))

= δ11
1

(1 − ρµ2)3 (ρµ2(1−1) + 3ρµ2(T−1)) + δTT
1

(1 − ρµ2)3 (3ρµ2(T−1) + ρµ
2(T−T))

=
2

(1 − ρµ2)3 (1 + 3ρµ2(T−1)). (B.311)

Let wi j be the (i, j)-th element of the matrix Rµµ
3. Then, the (i, j)-th element of the matrix ∆Rµµ

3 is

δi j
‡ =

T∑
κ=1

δiκwκ j = δiiwi j, (B.312)

because δiκ = 0 ∀ κ , i. Therefore,

tr[∆Rµµ
3] =

T∑
i=1

δii
‡ =

T∑
i=1

δiiwii = δ11w11 + δTTwTT = w11 + wTT. (B.313)

Let wll be the l-diagonal element of matrix Rµµ
3, i.e.,

wll =

T∑
m=1

T∑
κ=1

1
(1 − ρµ2)3ρµ

|l−κ|+|κ−m|+|m−l|

=

T−l∑
i=1−l

T−l∑
j=1−l

1
(1 − ρµ2)3ρµ

|i|+| j|+| j−i|, (B.314)

where i = m − l and j = κ − l with i, j = 1 − l, . . . ,T − l, and j − i = κ − l −m + l = κ −m.
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Figure 1

Figure 1 implies that

wll = 2(S1 + S2 + S3) − S0, (B.315)

where

(i)

S0 =

T−l∑
i=1−l

1
(1 − ρµ2)3ρµ

2|i| =
1

(1 − ρµ2)3

T−l∑
i=1−l

r|i| = [by defining r = ρµ2]

=
1

(1 − ρµ2)3

[1 + r
1 − r

−
1

1 − r
(rl + rT−l+1)

]
. (B.316)

(ii)

S1 =

T−l∑
i=0

T−l∑
j=i

1
(1 − ρµ2)3ρµ

i+ j+ j−i =
1

(1 − ρµ2)3

T−l∑
i=0

 T−l∑
j=0

ρµ
2 j
−

i−1∑
j=0

ρµ
2 j

 = [by defining r = ρµ2]

=
1

(1 − ρµ2)3

T−l∑
i=0

 T−l∑
j=0

r j
−

i−1∑
j=0

r j

 = 1
(1 − ρµ2)3

T−l∑
i=0

[
1 − rT−l+1

1 − r
−

1 − ri−1+1

1 − r

]

=
1

(1 − ρµ2)3

T−l∑
i=0

[
ri
− rT−l+1

1 − r

]
=

1
(1 − ρµ2)3

∑T−l
i=0 ri

−
∑T−l

i=0 rT−l+1

1 − r

=
1

(1 − ρµ2)3

[
1 − rT−l+1

(1 − r)2 −
(T − l + 1)rT−l+1

1 − r

]
. (B.317)
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(iii)

S2 =

−1∑
i=1−l

T−l∑
j=i

1
(1 − ρµ2)3ρµ

−i+ j+ j−i =
1

(1 − ρµ2)3

−1∑
i=1−l

T−l∑
j=1

ρµ
−2iρµ

2 j

=
1

(1 − ρµ2)3

−1∑
i=1−l

ρµ
−2i

T−l∑
j=1

ρµ
2 j = [by setting k = −i with k = 1, . . . , l − 1]

=
1

(1 − ρµ2)3

l−1∑
k=1

ρµ
2k

T−l∑
j=1

ρµ
2 j = [by defining r = ρµ2]

=
1

(1 − ρµ2)3

l−1∑
k=1

rk
T−l∑
j=1

r j

=
1

(1 − ρµ2)3 ·
r(1 − rT−l)

1 − r
·

r(1 − rl−1)
1 − r

=
1

(1 − ρµ2)3

r2

(1 − r)2 [1 + rT−1
− rT−l

− rl−1]. (B.318)

(iv)

S3 =

0∑
i=1−l

0∑
j=i

1
(1 − ρµ2)3 [ρµ−i+ j+ j−i

− 1]

=
1

(1 − ρµ2)3

 0∑
i=1−l

ρµ
−2i(i + 1) − 1

 = [by setting k = −i with k = 0, . . . , l − 1]

=
1

(1 − ρµ2)3

 l−1∑
k=0

(1 − k)ρµ2k
− 1

 = [by defining r = ρµ2]

=
1

(1 − ρµ2)3

 l−1∑
k=0

rk
−

l−1∑
k=0

krk
− 1


=

1
(1 − ρµ2)3

[
1 − rl−1+1

1 − r
−

r[1 − (l − 1 + 1)rl−1] + (l − 1)rl−1+1]
(1 − r)2 − 1

]
=

1
(1 − ρµ2)3

(1 − r)(1 − rl) − r + lrl
− (l − 1)rl+1

− (1 − r)2

(1 − r)2

=
1

(1 − ρµ2)3

1 − r − rl + rl+1
− r + lrl

− lrl+1 + rl+1 + −1 + 2r − r2

(1 − r)2

=
1

(1 − ρµ2)3

−r2 + (l − 1)rl
− (l − 2)rl+1

(1 − r)2 . (B.319)

By combining equations (B.317), (B.318), and (B.319) we find that

S∗ = S1 + S2 + S3

=
1

(1 − ρµ2)3

[
1 − rT−l+1

(1 − r)2 −
(T − l + 1)rT−l+1

1 − r
+

r2

(1 − r)2 [1 + rT−1
− rT−l

− rl−1]
]

+
1

(1 − ρµ2)3

[
−r2 + (l − 1)rl

− (l − 2)rl+1

(1 − r)2

]
=⇒
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S∗ =
1

(1 − ρµ2)3 (1 − r)−2
[
1 − rT−l+1

− (T − l + 1)(1 − r)rT−l+1 + r2 + rT−1+2
− rT−l+2

− rl−1+2
− r2 + (l − 1)rl

− (l − 2)rl+1
]

=
1

(1 − ρµ2)3 (1 − r)−2
[
1 − rT−l+1

− (T − l + 1)rT−l+1 + (T − l + 1)rT−l+2 + rT+1
− rT−l+2

− rl+1 + (l − 1)rl
− (l − 2)rl+1

]
=

1
(1 − ρµ2)3 (1 − r)−2

[
1 + rT+1 + (l − 1)rl

− (T − l + 2)rT−l+1 + (T − l)rT−l+2
− (l − 1)rl+1

]
. (B.320)

Equation (B.320) implies that

T∑
l=1

S∗ =
1

(1 − ρµ2)3

T∑
l=1

(1 − r)−2
[
1 + rT+1 + (l − 1)rl

− (T − l + 2)rT−l+1 + (T − l)rT−l+2
− (l − 1)rl+1

]
=

1
(1 − ρµ2)3 (1 − r)−2

[
T(1 + rT+1) + s1 + s2 + s3 + s4

]
=

1
(1 − ρµ2)3

[
T(1 + rT+1)

(1 − r)2 +
s1 + s2 + s3 + s4

(1 − r)2

]
, (B.321)

where the quantities s1, s2, s3, s4 are computed as follows:

(I)

s1 =

T∑
l=1

(l − 1)rl =

T∑
l=1

lrl
−

T∑
l=1

rl =
r[1 − (T + 1)rT + TrT+1]

(1 − r)2 −
r(1 − rT)

1 − r

=
r − (T + 1)rT+1 + TrT+2

− r(1 − r)(1 − rT)
(1 − r)2

=
r − (T + 1)rT+1 + TrT+2

− r(1 − r − rT + rT+1)
(1 − r)2

=
r − (T + 1)rT+1 + TrT+2

− r + r2 + rT+1
− rT+2

(1 − r)2

=
r2
− (T)rT+1 + (T − 1)rT+2

(1 − r)2 . (B.322)

(II) By setting i = T − l with i = 0, . . . ,T − 1 we find that

s2 =

T∑
l=1

−(T − l + 2)rT−l+1 = −

T−1∑
i=0

(i + 2)ri+1 = −r
T−1∑
i=0

(i + 2)ri

= −r

T−1∑
i=0

iri + 2
T−1∑
i=0

ri

 = −r
[

r[1 − TrT−1 + (T − 1)rT]
(1 − r)2 +

2(1 − rT)
1 − r

]
= −r

r − (T)rT + (T − 1)rT+1 + 2(1 − r)(1 − rT)
(1 − r)2

=
−r2 + TrT+1

− (T − 1)rT+2 + 2r(1 − r − rT + rT+1)
(1 − r)2

=
−r2 + TrT+1

− (T − 1)rT+2
− 2r + 2r2 + 2rT+1

− 2rT+2

(1 − r)2

=
−2r + r2 + (T + 2)rT+1

− (T + 1)rT+2

(1 − r)2 . (B.323)
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(III) Similarly, by using the index i = T − l with i = 0, . . . ,T − 1 we find that

s3 =

T∑
l=1

(T − l)rT−l+2 =

T−1∑
i=0

iri+2 = r2
T−1∑
i=0

iri

= r2 r[1 − TrT−1 + (T − 1)rT]
(1 − r)2

=
r3
− TrT+2 + (T − 1)rT+3

(1 − r)2 . (B.324)

(IV) By setting k = l − 1 with k = 0, . . . ,T − 1 we find that

s4 =

T∑
l=1

−(l − 1)rl+1 = −

T∑
l=1

(l − 1)r(l−1)+2 = −

T−1∑
k=0

krk+2 = −r2
T−1∑
k=0

krk

= −r2 r[1 − TrT−1 + (T − 1)rT]
(1 − r)2

=
−r3 + TrT+2

− (T − 1)rT+3

(1 − r)2 . (B.325)

Since equations (B.324) and (B.325) imply that

s4 = −s3, (B.326)

by using equations (B.322) and (B.323) we find that

s1 + s2 + s3 + s4 = s1 + s2 + s3 − s3

= (1 − r)−2[r2
− TrT+1 + (T − 1)rT+2

− 2r + r2 + (T + 2)rT+1
− (T + 1)rT+2]

= (1 − r)−2[2r2
− 2r + 2rT+1

− 2rT+2]

= 2(1 − r)−2[r2
− r + rT+1

− rT+2]. (B.327)

By setting i = T − l + 1 with i = 1, . . . ,T and by using equation (B.316) we find that

T∑
l=1

S0 =

T∑
l=1

1
(1 − ρµ2)3

[1 + r
1 − r

−
1

1 − r
(rl + rT−l+1)

]
=

1
(1 − ρµ2)3

T(1 + r)
1 − r

−
1

1 − r

 T∑
l=1

rl +

T∑
l=1

rT−l+1




=
1

(1 − ρµ2)3

T(1 + r)
1 − r

−
1

1 − r

 T∑
l=1

rl +

T∑
i=1

ri




=
1

(1 − ρµ2)3

T(1 + r)
1 − r

−
2

1 − r

T∑
l=1

rl


=

1
(1 − ρµ2)3

[
T(1 + r)

1 − r
−

2
1 − r

r(1 − rT)
1 − r

]
=

1
(1 − ρµ2)3

[
T(1 + r)

1 − r
−

2r(1 − rT)
(1 − r)2

]
. (B.328)
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By using equations (B.315), (B.316), and (B.320) we find that the l-diagonal element of the matrix

Rµµ
3 is

wll = 2(S1 + S2 + S3) − S0 = 2S∗ − S0

=
1

(1 − ρµ2)3 2(1 − r)−2
[
1 + rT+1 + (l − 1)rl

− (T − l + 2)rT−l+1 + (T − l)rT−l+2
− (l − 1)rl+1

]
−

1
(1 − ρµ2)3

[1 + r
1 − r

−
1

1 − r
(rl + rT−l+1)

]
=

1
(1 − ρµ2)3 (1 − r)−2

[
2 + 2rT+1 + 2(l − 1)rl

− 2(T − l + 2)rT−l+1 + 2(T − l)rT−l+2
− 2(l − 1)rl+1

]
−

1
(1 − ρµ2)3 (1 − r)−2[(1 + r)(1 − r) + (1 − r)(rl + rT−l+1)]

=
1

(1 − ρµ2)3 (1 − r)−2
[
2 + 2rT+1 + 2(l − 1)rl

− 2(T − l + 2)rT−l+1 + 2(T − l)rT−l+2
− 2(l − 1)rl+1

]
−

1
(1 − ρµ2)3 (1 − r)−2

[
1 − r2

− rl
− rT−l+1 + rl+1 + rT−l+2

]
=

1
(1 − ρµ2)3 (1 − r)−2

[
1 + 2rT+1 + (2l − 1)rl

− (2l − 1)rl+1 + r2
]

−
1

(1 − ρµ2)3 (1 − r)−2
[
(2(T − l) + 3)rT−l+1

− (2(T − l) − 1)rT−l+2
]
. (B.329)

By omitting terms that tend to zero as T→∞ and since r = ρµ2 with |r| < 1, we find that

w11 =
1

(1 − ρµ2)3 (1 − r)−2
[
1 + r − r2 + r2

]
+ o(T−1)

=
1

(1 − ρµ2)3

1 + r
(1 − r)2 + o(T−1)

=
1

(1 − ρµ2)3

1 + ρµ2

(1 − ρµ2)2 + o(T−1)

=
1 + ρµ2

(1 − ρµ2)5 + o(T−1). (B.330)

Similarly,

wTT =
1

(1 − ρµ2)3 (1 − r)−2
[
1 + r2

− 3r − r2
]
+ o(T−1)

=
1

(1 − ρµ2)3

1 − 3r
(1 − r)2 + o(T−1)

=
1

(1 − ρµ2)3

1 − 3ρµ2

(1 − ρµ2)2 + o(T−1)

=
1 − 3ρµ2

(1 − ρµ2)5 + o(T−1). (B.331)
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Thus, equations (B.313), (B.330), and (B.331) imply that

tr[∆Rµµ
3] = w11 + wTT =

1 + ρµ2 + 1 − 3ρµ2

(1 − ρµ2)5 + o(T−1)

=
2 − 2ρµ2

(1 − ρµ2)5 + o(T−1)

=
2(1 − ρµ2)
(1 − ρµ2)5 + o(T−1)

=
2

(1 − ρµ2)4 + o(T−1). (B.332)

Moreover, by using equations (B.315), (B.320), (B.321), (B.327), and (B.328) we find that the trace of

the matrix Rµµ
3/T is

tr (Rµµ
3)/T =

1
T

T∑
l=1

wll =
1
T

T∑
l=1

[2(S1 + S2 + S3) − S0] =
1
T

[
T∑

l=1

2S∗ −
T∑

l=1

S0]

=
1

(1 − ρµ2)3

2
T

[
T(1 + rT+1)

(1 − r)2 +
2(1 − r)−2(r2

− r + rT+1
− rT+2)

(1 − r)2

]
−

1
(1 − ρµ2)3

1
T

[
T(1 + r)

1 − r
−

2r(1 − rT)
(1 − r)2

]
=

1
(1 − ρµ2)3

[
2(1 + rT+1)

(1 − r)2 +
4(r2
− r + rT+1

− rT+2)
(1 − r)4 −

1 + r
1 − r

+
2r(1 − rT)
T(1 − r)2

]
. (B.333)

By omitting terms that tend to zero as T→∞ and since r = ρµ2 with |r| < 1, we find that

tr (Rµµ
3)/T =

1
(1 − ρµ2)3

[
2

(1 − r)2 −
1 + r
1 − r

+ o(T−1)
]

=
1

(1 − ρµ2)3

2 − (1 + r)(1 − r)
(1 − r)2 + o(T−1)

=
1

(1 − ρµ2)3

2 − 1 + r2

(1 − r)2 + o(T−1)

=
1

(1 − ρµ2)3

1 + ρµ4

(1 − ρµ2)2 + o(T−1) =
1 + ρµ4

(1 − ρµ2)5 + o(T−1). (B.334)

Finally, note that in all traces examined in this Lemma, there appear terms of the form TnrT where n is a

positive integer. Since r = ρµ2 with 0 ≤ r < 1,

lim
T→∞

TnrT = lim
T→∞

Tn

r−T =
∞

∞
. (B.335)

By applying L’Hospital rule we find that

lim
T→∞

TnrT = lim
T→∞

Tn

r−T = lim
T→∞

∂Tn/∂T
∂r−T/∂T

=
n
−lnr

lim
T→∞

Tn−1

r−T = . . .

=
n!

(−lnr)n lim
T→∞

1
r−T =

n!
(−lnr)n lim

T→∞
rT = 0. (B.336)
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Therefore, since all terms of the form TnrT tend to zero as T→∞, all the traces computed in this Lemma

are bounded as T→∞.

Furthermore, the first regularity condition implies that the matrices

X′µRµµXµ/T and X′µXµ/T (B.337)

converge to non-singular matrices as T→∞.

Let xi j and δi j be the (i, j)-th element of the matrices Xµ and ∆ respectively. Then equation (B.337)

implies that the element xi j (i = 1, . . . ,T; j = 1, . . . ,n) are bounded.

The following results hold:

(a) The (i, j)-th element of the matrix X′µ∆Xµ is

ηi j =

T∑
t=1

T∑
s=1

xitδtsxsj =

T∑
t=1

xitδttxt j = xi1δ11x1 j + xiTδTTxTj

= xi1x1 j + xiTxTj, (B.338)

which is bounded and consequently the matrix

X′µ∆Xµ/T = O(T−1). (B.339)

(b) By defining the indeces k = s − 1 (k = 1, . . . ,T − 1) and l = T − s (l = 1, . . . ,T − 1), the (i, j)-th element

of the matrix X′µ∆RµµXµ is (see (B.302))

ηi j
∗ =

T∑
t=1

T∑
s=1

xitδts
∗xsj =

T∑
s=1

xitδtt
1

1 − ρµ2ρµ
|t−s|xsj

=

T∑
s=1

[
xi1δ11

1
1 − ρµ2ρµ

|1−s|xsj + xiTδTT
1

1 − ρµ2ρµ
|T−s|xsj

]

=
1

1 − ρµ2

xi1

 T∑
s=1

xsjρµ
s−1

 + xiT

 T∑
s=1

xsjρµ
T−s


 =

=
1

1 − ρµ2

xi1

T−1∑
k=0

x(k+1) jρµ
k

 + xiT

T−1∑
l=0

x(l+1) jρµ
l




=
1

1 − ρµ2 (xi1 + xiT)

T−1∑
l=1

x(l+1) jρµ
l

 . (B.340)

Since X′µ is bounded, i.e., ∀ l (l = 1, . . . ,T − 1) it holds that

|x(l+1) j| ≤ q < ∞⇒

⇒

∣∣∣∣∣∣∣
T−1∑
l=0

x(l+1) jρµ
l

∣∣∣∣∣∣∣ ≤
T−1∑
l=0

∣∣∣x(l+1) j

∣∣∣ ∣∣∣ρµl
∣∣∣ ≤ q

T−1∑
l=0

∣∣∣ρµl
∣∣∣ = q

1 − |ρµ|T

1 − |ρµ|
, (B.341)
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which implies that ηi j
∗ is bounded for every (i, j = 1, . . . ,n) and so the matrix

X′µ∆RµµXµ/T = O(T−1). (B.342)

Along the same lines we can prove that

X′µRµµ∆Xµ/T = O(T−1). (B.343)

(c) The (i, j)-th element of the matrix ∆Rµµ∆ is (see (B.302))

ηĩ j =

T∑
k=1

δik
∗δkj = δi j

∗δ j j, (B.344)

which implies that the (i, j)-th element of the matrix X′µ∆Rµµ∆Xµ is

ηi j
◦ =

T∑
t=1

T∑
s=1

xitηt̃sxsj =

T∑
t=1

T∑
s=1

xitδts
∗δssxsj = [see (B.302)]

=

T∑
t=1

T∑
s=1

xitδtt
1

1 − ρµ2ρµ
|t−s|δssxsj

=
1

1 − ρµ2

T∑
t=1

xitδtt

T∑
s=1

δssρµ
|t−s|xsj

=
1

1 − ρµ2

T∑
t=1

xitδtt(δ11ρµ
|t−1|x1 j + δTTρµ

|t−T|xTj)

=
1

1 − ρµ2

[
xi1δ11(ρµ1−1x1 j + ρµ

T−1xTj) + xiTδTT(ρµT−1x1 j + ρµ
T−TxTj)

]
=

1
1 − ρµ2

[
xi1(x1 j + ρµ

T−1x1 j) + xiT(ρµT−1x1 j + xTj)
]
. (B.345)

Thus, equation (B.345) implies that ηi j
◦ is bounded so that

X′µ∆Rµµ∆Xµ/T = O(T−1). (B.346)

(d) The (i, j)-th element of the matrix X′µRµµXµ is

ηi j
+ =

T∑
t=1

T∑
s=1

xit
1

1 − ρµ2ρµ
|t−s|xsj =

1
1 − ρµ2

T∑
t=1

T∑
s=1

xitρµ
|t−s|xsj (B.347)

and it is bounded given that xit and xsj are bounded for every i, j = 1, . . . ,n and every t, s = 1, . . . ,T.

Therefore,

X′µRµµXµ/T = O(T−1). (B.348)
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By using equations (B.294), (B.301), and (B.303) we find that

tr (R2
µµRµµ) = tr [(R1

µµ + ρµ∆)Rµµ] = tr (R1
µµRµµ) + ρµ tr(∆Rµµ)

= 0 +
2ρµ

1 − ρµ2 =
2ρµ

1 − ρµ2 . (B.349)

Similarly, by using equation (B.293) we find the following results:

(a)

ρµR1
µµRµµ∆Rµµ = ρµ

1
ρµ

[IT − (1 − ρµ2)Rµµ]∆Rµµ

= ∆Rµµ − (1 − ρµ2)Rµµ∆Rµµ ⇒ (B.350)

tr (ρµR1
µµRµµ∆Rµµ) = tr (∆Rµµ) − (1 − ρµ2) tr (Rµµ∆Rµµ) = (see (B.303) and (B.305))

=
2

1 − ρµ2 − (1 − ρµ2)
2(1 − ρµ2T)
(1 − ρµ2)3

=
2

1 − ρµ2 −
2(1 − ρµ2T)
(1 − ρµ2)2 . (B.351)

(b)

tr (ρµ∆RµµR1
µµRµµ) = tr (ρµR1

µµRµµ∆Rµµ)

=
2

1 − ρµ2 −
2(1 − ρµ2T)
(1 − ρµ2)2 . (B.352)

(c) By using equation (B.307) we find that

tr (ρµ2∆Rµµ∆Rµµ) = tr [ρµ2(∆Rµµ)2] = ρµ2 tr [(∆Rµµ)2]

=
2ρµ2

(1 − ρµ2)2 (1 + ρµ2(T−1)). (B.353)

(d) Moreover, by using equation (B.293) we find that

(R1
µµRµµ)2 =

1
ρµ

[IT − (1 − ρµ2)Rµµ]
1
ρµ

[IT − (1 − ρµ2)Rµµ]

=
1
ρµ2 [IT − 2(1 − ρµ2)Rµµ + (1 − ρµ2)2Rµµ

2]. (B.354)
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Defining j = k − i with j = 1 − i, . . . ,T − i and setting j = T − i + 1 with j = 1, . . . ,T, let vll be the

l-diagonal element of matrix Rµµ
2, i.e.,

S(i) =

T∑
k=1

1
(1 − ρµ2)2ρµ

|i−k|+|k−i| =

=

T−i∑
j=1−i

1
(1 − ρµ2)2ρµ

2| j| = (defining r = ρµ2)

=
1

(1 − ρµ2)2

T−i∑
j=1−i

r| j| =
1

(1 − ρµ2)2

 −1∑
j=1−i

r| j| +
T−i∑
j=0

r j


=

1
(1 − ρµ2)2

 i−1∑
j+i=1

r| j+i| +

T−i∑
j=0

r j

 = 1
(1 − ρµ2)2

 i−1∑
k=1

rk +

T−i∑
j=0

r j


=

1
(1 − ρµ2)2

[
r(1 − r(i−1))

1 − r
+

1 − rT−i+1

1 − r

]
=

1
(1 − ρµ2)2

r − ri + 1 − rT−i+1

1 − r

=
1

(1 − ρµ2)2

[
1 + r
1 − r

−
ri + rT−i+1

1 − r

]
=

=
1

(1 − ρµ2)2

[
1 + r
1 − r

−
ri + r j

1 − r

]
=

1
(1 − ρµ2)2

[
1 + r
1 − r

−
2ri

1 − r

]
. (B.355)

Therefore,

tr (Rµµ
2)/T =

T∑
i=1

S(i)/T =
T∑

i=1

[
1

(1 − ρµ2)2

[
1 + r
1 − r

−
2ri

1 − r

]]
/T

=
1

(1 − ρµ2)2

T(1 + r)
1 − r

−
2

1 − r

T∑
i=1

ri

 /T
=

1
(1 − ρµ2)2

[
1 + r
1 − r

−
2

T(1 − r)
r(1 − rT)
(1 − r)

]
=

1
(1 − ρµ2)2

[
1 + r
1 − r

−
2r(1 − rT)
T(1 − r)2

]
(B.356)

and omitting terms that tend to zero as T→∞ we find that

tr (Rµµ
2)/T =

1
(1 − ρµ2)2

1 + r
1 − r

+ o(T−1)

=
1

(1 − ρµ2)2

1 + ρµ2

1 − ρµ2 + o(T−1)

=
1 + ρµ2

(1 − ρµ2)3 + o(T−1). (B.357)
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By combining equations (B.300), (B.354), and (B.357) we find that

tr[(R1
µµRµµ)2] =

1
ρµ2 [tr (IT) − 2 tr [(1 − ρµ2)Rµµ] + (1 − ρµ2)2 tr (Rµµ

2)]

=
1
ρµ2

[
T − 2T + (1 − ρµ2)2T

1 + ρµ2

(1 − ρµ2)3 + o(1)
]

=
1
ρµ2

[
−T + T

1 + ρµ2

1 − ρµ2 + o(1)
]
=

T
ρµ2

[
−1 + ρµ2 + 1 + ρµ2

1 − ρµ2

]
+ o(1)

=
2Tρµ2

ρµ2(1 − ρµ2)
+ o(1) =

2T
1 − ρµ2 + o(1). (B.358)

By combining equations (B.295), (B.351), (B.352), (B.353), and (B.358) we find that

tr[(R2
µµRµµ)2]/T = tr [(R1

µµRµµ)2]/T + tr (ρµR1
µµRµµ∆Rµµ)/T

+ tr (ρµ∆RµµR1
µµRµµ)/T + tr (ρµ2∆Rµµ∆Rµµ)/T

=
2

1 − ρµ2 + o(T−1) +
2
T

[
2

1 − ρµ2 −
2(1 − ρµ2T)
(1 − ρµ2)2

]

+
2ρµ2

T(1 − ρµ2)2 (1 + ρµ2(T−1)) (B.359)

and omitting terms that tend to zero as T→∞ we find that

tr[(R2
µµRµµ)2]/T =

2
1 − ρµ2 + o(T−1)⇒

tr[(R2
µµRµµ)2] =

2T
1 − ρµ2 + o(1). (B.360)

(e) By using equations (B.294) and (B.295) we take

(R2
µµRµµ)3 = (R2

µµRµµ)2(R2
µµRµµ)

=
[
(R1

µµRµµ)2 + ρµR1
µµRµµ∆Rµµ + ρµ∆RµµR1

µµRµµ + ρµ
2∆Rµµ∆Rµµ

]
·[

R1
µµRµµ + ρµ∆Rµµ

]
= (R1

µµRµµ)3 + ρµ(R1
µµRµµ)2∆Rµµ + ρµR1

µµRµµ∆RµµR1
µµRµµ

+ρµ
2R1

µµRµµ∆Rµµ∆Rµµ + ρµ∆RµµR1
µµRµµR1

µµRµµ

+ρµ
2∆RµµR1

µµRµµ∆Rµµ + ρµ
2∆Rµµ∆RµµR1

µµRµµ

+ρµ
3∆Rµµ∆Rµµ∆Rµµ

= (R1
µµRµµ)3 + ρµ(R1

µµRµµ)2∆Rµµ + ρµR1
µµRµµ∆RµµR1

µµRµµ

+ρµ
2R1

µµRµµ(∆Rµµ)2 + ρµ∆Rµµ(R1
µµRµµ)2

+ρµ
2∆RµµR1

µµRµµ∆Rµµ + ρµ
2(∆Rµµ)2R1

µµRµµ

+ρµ
3(∆Rµµ)3, (B.361)
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which implies that

tr [(R2
µµRµµ)3] = tr [(R1

µµRµµ)3] + 3 tr [ρµ(R1
µµRµµ)2∆Rµµ]

+3 tr [ρµ2R1
µµRµµ(∆Rµµ)2] + tr [ρµ3(∆Rµµ)3]. (B.362)

Since, equation (B.354) implies that

(R1
µµRµµ)2∆Rµµ =

1
ρµ2 [IT − 2(1 − ρµ2)Rµµ + (1 − ρµ2)2Rµµ

2]∆Rµµ

=
1
ρµ2 [∆Rµµ − 2(1 − ρµ2)Rµµ∆Rµµ + (1 − ρµ2)2Rµµ

2∆Rµµ], (B.363)

it follows that

tr [ρµ(R1
µµRµµ)2∆Rµµ] =

ρµ

ρµ2 [tr∆Rµµ − 2(1 − ρµ2) tr Rµµ∆Rµµ + (1 − ρµ2)2 tr Rµµ
2∆Rµµ]

= [see (B.303), (B.305), and (B.332)]

=
1
ρµ

[
2

1 − ρµ2 −
2(1 − ρµ2)(1 − ρµ2T)

(1 − ρµ2)3 +
2(1 − ρµ2)2

(1 − ρµ2)4 +O(T−1)
]

=
1
ρµ

[
2

1 − ρµ2 −
2(1 − ρµ2T)
(1 − ρµ2)2 +

2
(1 − ρµ2)2 +O(T−1)

]

=
1
ρµ

[
2 − 2ρµ2

− 2 + 2ρµ2T + 2
(1 − ρµ2)2

]
+O(T−1)

=
2(1 − ρµ2 + ρµ2T)
ρµ(1 − ρµ2)2 +O(T−1)⇒ (B.364)

tr [ρµ(R1
µµRµµ)2∆Rµµ]/T =

2(1 − ρµ2 + ρµ2T)
Tρµ(1 − ρµ2)2 +O(1). (B.365)

Moreover, since equation (B.293) implies that

R1
µµRµµ(∆Rµµ)2 =

1
ρµ

[IT − (1 − ρµ2)Rµµ](∆Rµµ)2

=
1
ρµ

(∆Rµµ)2
−

(1 − ρµ2)
ρµ

Rµµ(∆Rµµ)2, (B.366)

it follows that

tr [ρµ2R1
µµRµµ(∆Rµµ)2] = ρµ tr [(∆Rµµ)2] − ρµ(1 − ρµ2) tr [Rµµ(∆Rµµ)2]

= [see (B.307) and (B.309)]

=
2ρµ

(1 − ρµ2)2 (1 + ρµ2(T−1)) −
2ρµ(1 − ρµ2)

(1 − ρµ2)3

[
Tρµ2(T−1) +

1 − ρµ2T

1 − ρµ2

]

=
2ρµ

(1 − ρµ2)2

[
1 + ρµ2(T−1)

− Tρµ2(T−1)
−

(1 − ρµ2T)
1 − ρµ2

]
⇒ (B.367)
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tr [ρµ2R1
µµRµµ(∆Rµµ)2]/T =

2ρµ
(1 − ρµ2)2

[
1
T

[
1 + ρµ2(T−1)

−
(1 − ρµ2T)

1 − ρµ2

]
− ρµ

2(T−1)

]
. (B.368)

By using equations (B.293) and (B.354) we find that

(R1
µµRµµ)3 = (R1

µµRµµ)(R1
µµRµµ)2

=
1
ρµ

[IT − (1 − ρµ2)Rµµ]
1
ρµ2 [IT − 2(1 − ρµ2)Rµµ + (1 − ρµ2)2Rµµ

2]

=
1
ρµ3 [IT − 2(1 − ρµ2)Rµµ + (1 − ρµ2)2Rµµ

2
− (1 − ρµ2)Rµµ

+2(1 − ρµ2)2Rµµ
2
− (1 − ρµ2)3Rµµ

3]

=
1
ρµ3 [IT − 3(1 − ρµ2)Rµµ + 3(1 − ρµ2)2Rµµ

2
− (1 − ρµ2)3Rµµ

3] (B.369)

and by using equations (B.299), (B.334), and (B.357) we find that

tr [(R1
µµRµµ)3] =

1
ρµ3 tr[IT − 3(1 − ρµ2)Rµµ + 3(1 − ρµ2)2Rµµ

2
− (1 − ρµ2)3Rµµ

3]

=
1
ρµ3 [tr IT − 3(1 − ρµ2) tr (Rµµ) + 3(1 − ρµ2)2 tr (Rµµ

2) − (1 − ρµ2)3 tr (Rµµ
3)]

=
1
ρµ3 [T − 3(1 − ρµ2)

T
1 − ρµ2 + 3(1 − ρµ2)2 (1 + ρµ2)T

(1 − ρµ2)3 − (1 − ρµ2)3 (1 + ρµ4)T
(1 − ρµ2)5 + o(1)]

=
1
ρµ3

[
T − 3T + 3T

(1 + ρµ2)
(1 − ρµ2)

− T
(1 + ρµ4)
(1 − ρµ2)2

]
+ o(1)

=
T
ρµ3

[
−2(1 − ρµ2)2 + 3(1 − ρµ4) − 1 − ρµ4

(1 − ρµ2)2

]
+ o(1)

=
T
ρµ3

[
−2 + 4ρµ2

− 2ρµ4 + 3 − 3ρµ4
− 1 − ρµ4

(1 − ρµ2)2

]
+ o(1)

=
T
ρµ3

[
4ρµ2

− 6ρµ4

(1 − ρµ2)2

]
+ o(1) =

2T
ρµ

(2 − 3ρµ2)
(1 − ρµ2)2 + o(1). (B.370)

By combining equations (B.311), (B.362), (B.365), (B.368), and (B.370) we find that

tr[(R2
µµRµµ)3]/T = tr [(R1

µµRµµ)3]/T + 3 tr[ρµ(R1
µµRµµ)2∆Rµµ]/T

+3 tr[ρµR1
µµRµµ(∆Rµµ)2]/T + tr [ρµ3(∆Rµµ)3]/T

=
2
ρµ

(2 − 3ρµ2)
(1 − ρµ2)2 + o(T−1)

+3
[

2(ρµ2T
− ρµ2 + 1)

Tρµ(1 − ρµ2)

]
+ o(1)

+3
2ρµ

(1 − ρµ2)2

[
1
T

[
1 + ρµ2(T−1)

−
(1 − ρµ2T)

1 − ρµ2

]
− ρµ

2(T−1)

]
+

2ρµ3

T(1 − ρµ2)3 (1 + 3ρµ2(T−1)) (B.371)
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and omitting terms that tend to zero as T→∞ we find that

tr[(R2
µµRµµ)3]/T =

2
ρµ

(2 − 3ρµ2)
(1 − ρµ2)2 + o(T−1)⇒

tr[(R2
µµRµµ)3] =

2T
ρµ

(2 − 3ρµ2)
(1 − ρµ2)2 + o(1). (B.372)

(f) Equation (B.292) implies that

PXµR1
µµ = PXµ

1
ρµ

[Rµµ
− (1 − ρµ2)IT] =

1
ρµ

[PXµRµµ
− (1 − ρµ2)PXµ ] (B.373)

and since PXµ is orthogonal projector into the spaces spanned by the columns of the matrix Xµ, we

have that

PXµ = Xµ(X′µXµ)−1X′µ ⇒

tr (PXµ ) = tr [(X′µXµ)−1X′µXµ] = tr In = n, (B.374)

from which we find that

tr (PXµR1
µµ) =

1
ρµ

[tr (PXµRµµ) − (1 − ρµ2) tr (PXµ )]

=
1
ρµ

[tr (Xµ(X′µXµ)−1X′µRµµ) − (1 − ρµ2) tr (PXµ )]

=
1
ρµ

[tr [(X′µRµµXµ/T)(X′µXµ/T)−1] − (1 − ρµ2) tr (PXµ )]

=
1
ρµ

[tr [(BµµFµµ−1)] − (1 − ρµ2)n], (B.375)

where

Bµµ = X′µRµµXµ/T and Fµµ = X′µXµ/T. (B.376)

Then, equation (B.294) implies that

PXµR2
µµ = PXµ (R1

µµ + ρµ∆) = PXµR1
µµ + ρµPXµ∆, (B.377)

which implies that

tr (PXµR2
µµ) = tr (PXµR1

µµ) + ρµ tr [Xµ(X′µXµ)−1X′µ∆]

= tr (PXµR1
µµ) + ρµ tr [(X′µXµ/T)−1(X′µ∆Xµ/T)] = [see (B.339)]

=
1
ρµ

[tr [(BµµFµµ−1)] − (1 − ρµ2)n] +O(T−1). (B.378)
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Moreover, equation (B.293) implies that

PXµR1
µµRµµ = PXµ

1
ρµ

[IT − (1 − ρµ2)Rµµ] =
1
ρµ

[PXµ − (1 − ρµ2)PXµRµµ]⇒ (B.379)

tr [PXµR1
µµRµµ] =

1
ρµ

[tr (PXµ ) − (1 − ρµ2) tr(Xµ(X′µXµ)−1X′µRµµ)]

=
1
ρµ

[tr (PXµ ) − (1 − ρµ2) tr [(X′µXµ/T)−1(X′µRµµXµ/T)]]

=
1
ρµ

[n − (1 − ρµ2) tr (Fµµ−1Θµµ)], (B.380)

where

Θµµ = X′µRµµXµ/T. (B.381)

Thus,

PXµR2
µµRµµ = [see (B.294)] = PXµ [R1

µµ + ρµ∆]Rµµ = PXµR1
µµRµµ + ρµPXµ∆Rµµ, (B.382)

which implies that

tr (PXµR2
µµRµµ) = tr(PXµR1

µµRµµ) + ρµ tr[Xµ(X′µXµ)−1X′µ∆Rµµ]

= tr(PXµR1
µµRµµ) + ρµ tr[(X′µXµ/T)−1(X′µ∆RµµXµ/T)]

= [see (B.342)] = tr(PXµR1
µµRµµ) +O(T−1)

=
1
ρµ

[n − (1 − ρµ2) tr [(Fµµ−1Θµµ)]] +O(T−1). (B.383)

Furthermore, equation (B.292) implies that since PXµ is idempotent, we find

PXµR1
µµPXµRµµ = PXµ

1
ρµ

[Rµµ
− (1 − ρµ2)IT]PXµRµµ

=
1
ρµ

[PXµRµµPXµRµµ − (1 − ρµ2)PXµRµµ], (B.384)

which implies that

tr(PXµR1
µµPXµRµµ) =

1
ρµ

[tr(PXµRµµPXµRµµ) − (1 − ρµ2) tr(PXµRµµ)]

=
1
ρµ

[tr(Xµ(X′µXµ)−1X′µRµµXµ(X′µXµ)−1X′µRµµ)]

−
1
ρµ

[(1 − ρµ2) tr(Xµ(X′µXµ)−1X′µRµµ)]

=
1
ρµ

[tr(X′µXµ/T)−1(X′µRµµXµ/T)(X′µXµ/T)−1(X′µRµµXµ/T)]

−
1
ρµ

[(1 − ρµ2) tr(X′µXµ/T)−1(X′µRµµXµ/T)] =⇒
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tr(PXµR1
µµPXµRµµ) =

1
ρµ

[tr Fµµ−1BµµFµµ−1Θµµ − (1 − ρµ2) tr Fµµ−1Θµµ]. (B.385)

Moreover, by using equation (B.294) we find that

PXµR2
µµPXµRµµ = PXµ (R1

µµ + ρµ∆)PXµRµµ = PXµR1
µµPXµRµµ + ρµPXµ∆PXµRµµ ⇒ (B.386)

tr (PXµR2
µµPXµRµµ) = tr (PXµR1

µµPXµRµµ) + ρµ tr (PXµ∆PXµRµµ)

= tr (PXµR1
µµPXµRµµ) + ρµ tr [Xµ(X′µXµ)−1X′µ∆Xµ(X′µXµ)−1X′µRµµ]

= tr (PXµR1
µµPXµRµµ) + ρµ tr [(X′µXµ/T)−1(X′µ∆Xµ/T)(X′µXµ/T)−1(X′µRµµXµ/T)]

= [see (B.339)] = tr (PXµR1
µµPXµRµµ) +O(T−1)

=
1
ρµ

[tr (Fµµ−1BµµFµµ−1Θµµ) − (1 − ρµ2) tr (Fµµ−1Θµµ)] +O(T−1). (B.387)

(g) By using equation (B.293) we find that

RµµR1
µµRµµ = Rµµ

1
ρµ

[IT − (1 − ρµ2)Rµµ] =
1
ρµ

[Rµµ − (1 − ρµ2)Rµµ
2]⇒

tr (RµµR1
µµRµµ) =

1
ρµ

[tr(Rµµ) − (1 − ρµ2) tr(Rµµ
2)] = [see (B.299) and (B.356)]

=
1
ρµ

[
T

1 − ρµ2 − (1 − ρµ2)T
1 + ρµ2

(1 − ρµ2)3

]
+ o(1)

=
T
ρµ

[
(1 − ρµ2) − (1 + ρµ2)

(1 − ρµ2)2

]
+ o(1)

=
T
ρµ

[
−2ρµ2

(1 − ρµ2)2

]
+ o(1)

=

[
−2Tρµ

(1 − ρµ2)2

]
+ o(1). (B.388)

Then, equation (B.294) implies that

RµµR2
µµRµµ = Rµµ(R1

µµ + ρµ∆)Rµµ = RµµR1
µµRµµ + ρµRµµ∆Rµµ ⇒ (B.389)

tr(RµµR2
µµRµµ)/T = tr(RµµR1

µµRµµ)/T + ρµ tr(Rµµ∆Rµµ)/T

= [see (B.305)] =
−2ρµ

(1 − ρµ2)2 +
2(1 − ρµ2T)
(1 − ρµ2)3T

+ o(T−1) (B.390)

and by omitting terms that tend to zero as T→∞ we find that

tr(RµµR2
µµRµµ)/T =

−2ρµ
(1 − ρµ2)2 + o(T−1)⇒
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tr(RµµR2
µµRµµ) =

−2Tρµ
(1 − ρµ2)2 + o(1) (B.391)

By using equation (B.354) we find that

Rµµ(R1
µµRµµ)2 = Rµµ

1
ρµ2 [IT − 2(1 − ρµ2)Rµµ + (1 − ρµ2)2Rµµ

2]

=
1
ρµ2 [Rµµ − 2(1 − ρµ2)Rµµ

2 + (1 − ρµ2)2Rµµ
3]⇒ (B.392)

tr [Rµµ(R1
µµRµµ)2] =

1
ρµ2 [tr (Rµµ) − 2(1 − ρµ2) tr (Rµµ

2) + (1 − ρµ2)2 tr (Rµµ
3)]

= [see (B.299), (B.334) and (B.357)]

=
1
ρµ2

[
T

1 − ρµ2 − 2(1 − ρµ2)
(1 + ρµ2)T
(1 − ρµ2)3 + (1 − ρµ2)2 (1 + ρµ4)T

(1 − ρµ2)5 + o(1)
]

=
1

ρµ2(1 − ρµ2)

[
T − 2

(1 + ρµ2)T
(1 − ρµ2)

+
(1 + ρµ4)T
(1 − ρµ2)2 + o(1)

]
=

1
ρµ2(1 − ρµ2)3 [T(1 − ρµ2)2

− 2T + 2ρµ4T + T + ρµ4T] + o(1)

=
1

ρµ2(1 − ρµ2)3 [T − 2ρµ2T + ρµ4T − 2T + 2ρµ4T + T + ρµ4T] + o(1)

=
T

ρµ2(1 − ρµ2)3 [4ρµ4
− 2ρµ2] + o(1)

=
2Tρµ2(2ρµ2

− 1)
ρµ2(1 − ρµ2)3 + o(1)

=
2T(2ρµ2

− 1)
(1 − ρµ2)3 + o(1). (B.393)

Then, equation (B.295) implies that

Rµµ(R2
µµRµµ)2 = Rµµ[(R1

µµRµµ)2 + ρµR1
µµRµµ∆Rµµ + ρµ∆RµµR1

µµRµµ + ρµ
2∆Rµµ∆Rµµ]

= Rµµ(R1
µµRµµ)2 + ρµRµµR1

µµRµµ∆Rµµ + ρµRµµ∆RµµR1
µµRµµ

+ρµ
2Rµµ(∆Rµµ)2

⇒ (B.394)

tr [Rµµ(R2
µµRµµ)2]/T = tr [Rµµ(R1

µµRµµ)2]/T + ρµ tr[RµµR1
µµRµµ∆Rµµ]/T

+ρµ tr[Rµµ∆RµµR1
µµRµµ]/T + ρµ2 tr[Rµµ(∆Rµµ)2]/T. (B.395)
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But, equation (B.293) implies the following results:

Rµµ(R1
µµRµµ)∆Rµµ = Rµµ

1
ρµ

[IT − (1 − ρµ2)Rµµ]∆Rµµ

=
1
ρµ

[Rµµ∆Rµµ − (1 − ρµ2)(Rµµ)2∆Rµµ]⇒ (B.396)

ρµ tr(RµµR1
µµRµµ∆Rµµ)/T = ρµ

1
ρµ

[tr(Rµµ∆Rµµ) − (1 − ρµ2) tr(Rµµ
2∆Rµµ)]/T

= tr(Rµµ∆Rµµ)/T − (1 − ρµ2) tr(Rµµ
2∆Rµµ)/T

= tr(Rµµ∆Rµµ)/T − (1 − ρµ2) tr(∆Rµµ
3)/T. (B.397)

Moreover,

Rµµ∆Rµµ(R1
µµRµµ) = Rµµ∆Rµµ

1
ρµ

[IT− (1−ρµ2)Rµµ] =
1
ρµ

[Rµµ∆Rµµ− (1−ρµ2)Rµµ∆Rµµ
2]⇒ (B.398)

ρµ tr(Rµµ∆RµµR1
µµRµµ)/T = ρµ

1
ρµ

[tr(Rµµ∆Rµµ) − (1 − ρ2
µ) tr(Rµµ∆Rµµ

2)]/T

= tr(Rµµ∆Rµµ)/T − (1 − ρµ2) tr(∆Rµµ
3)/T. (B.399)

Thus, equations (B.393), (B.397), and (B.399) imply that

tr [Rµµ(R2
µµRµµ)2]/T = tr [Rµµ(R1

µµRµµ)2]/T + 2 tr(Rµµ∆Rµµ)/T

−2(1 − ρµ2) tr(∆Rµµ
3)/T + ρµ2 tr[Rµµ(∆Rµµ)2]/T

= [see (B.305), (B.309), (B.332) and (B.393)]

=
2(2ρµ2

− 1)
(1 − ρµ2)3 + o(T−1) + 2

2(1 − ρµ2T)
T(1 − ρµ2)3

−2(1 − ρµ2)
2

T(1 − ρµ2)4 + o(T−2)

+ρµ
2 2

(1 − ρµ2)3T

[
Tρµ2(T−1) +

1 − ρµ2T

1 − ρµ2

]
(B.400)

and by omitting terms that tend to zero as T→∞ we find that

tr [Rµµ(R2
µµRµµ)2]/T =

2(2ρµ2
− 1)

(1 − ρµ2)3 + o(T−1)⇒

tr [Rµµ(R2
µµRµµ)2] =

2(2ρµ2
− 1)T

(1 − ρµ2)3 + o(1). (B.401)
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(h)

P̄XµR2
µµP̄XµRµµ = (I − PXµ )R2

µµ(I − PXµ )Rµµ

= R2
µµRµµ − R2

µµPXµRµµ − PXµR2
µµRµµ + PXµR2

µµPXµRµµ, (B.402)

where P̄Xµ = I − PXµ . Since R2
µµ,Rµµ,PXµ are symmetric matrices the following results holds:

tr (R2
µµPXµRµµ) = tr (RµµR2

µµPXµ ) = tr [(RµµR2
µµPXµ )′] = tr (PXµR2

µµRµµ), (B.403)

which implies that

tr P̄XµR2
µµP̄XµRµµ = tr (R2

µµRµµ) − 2 tr (PXµR2
µµRµµ)

+ tr (PXµR2
µµPXµRµµ) = [see (B.349), (B.380) and (B.387)]

=
2ρµ

1 − ρµ2 −
2
ρµ

[n − (1 − ρµ2) tr (Fµµ−1Θµµ)] +O(T−1)

+
1
ρµ

[tr (Fµµ−1BµµFµµ−1Θµµ) − (1 − ρµ2) tr (Fµµ−1Θµµ)] +O(T−1)

=
2ρµ

1 − ρµ2 −
2n
ρµ
+

(1 − ρµ2)
ρµ

tr (Fµµ−1Θµµ) +
1
ρµ

tr (Fµµ−1BµµFµµ−1Θµµ) +O(T−1)

=
1
ρµ

[
2(ρµ2

− n(1 − ρµ2))
1 − ρµ2 + (1 − ρµ2) tr (Fµµ−1Θµµ) + tr (Fµµ−1BµµFµµ−1Θµµ)

]
+O(T−1). (B.404)

By using equation (B.280) the following results hold:

(1)

VRµµV = [Rµµ − Xµ(X′µRµµXµ)−1X′µ]Rµµ[Rµµ − Xµ(X′µRµµXµ)−1X′µ]

= RµµRµµRµµ − RµµRµµXµ(X′µRµµXµ)−1X′µ

−Xµ(X′µRµµXµ)−1X′µRµµRµµ + Xµ(X′µRµµXµ)−1X′µRµµXµ(X′µRµµXµ)−1X′µ

= Rµµ − Xµ(X′µRµµXµ)−1X′µ = V . (B.405)

(2)

VP̄Xµ = [Rµµ − Xµ(X′µRµµXµ)−1X′µ][I − PXµ ]

= Rµµ − RµµPXµ − Xµ(X′µRµµXµ)−1X′µ

+Xµ(X′µRµµXµ)−1X′µXµ(X′µXµ)−1X′µ

= Rµµ[I − PXµ ] = RµµP̄Xµ . (B.406)
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Thus,

tr (P̄XµR2
µµPXµV) = tr (R2

µµPXµVP̄Xµ ) = [see (B.406)]

= tr (R2
µµPXµRµµP̄Xµ ) = tr (P̄XµR2

µµPXµRµµ)

= tr [(I − PXµ )R2
µµPXµRµµ]

= tr (R2
µµPXµRµµ) − tr (PXµR2

µµPXµRµµ)

= because the matrices PXµ , Rµµ and R2
µµ are symmetric are equal to

= tr (RµµR2
µµPXµ ) − tr (PXµR2

µµPXµRµµ)

= tr [(RµµR2
µµPXµ )′] − tr (PXµR2

µµPXµRµµ)

= tr (PXµR2
µµRµµ) − tr (PXµR2

µµPXµRµµ) = [see (B.383) and (B.387)]

=
1
ρµ

[n − (1 − ρµ2) tr [(Fµµ−1Θµµ)]]

−
1
ρµ

[tr (Fµµ−1BµµFµµ−1Θµµ) − (1 − ρµ2) tr (Fµµ−1Θµµ)] +O(T−1)

=
1
ρµ

[n − tr (Fµµ−1BµµFµµ−1Θµµ)] +O(T−1). (B.407)
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Moreover, equations (B.280), (B.292), (B.294) (B.339), (B.387), and (B.406) imply that

tr (RµµVPXµR2
µµPXµVRµµRµµ) =

= tr (PXµR2
µµPXµVRµµV)

= tr (PXµR2
µµPXµV)

= tr [PXµR2
µµPXµ [Rµµ − Xµ(X′µRµµXµ)−1X′µ]]

= tr (PXµR2
µµPXµRµµ) − tr (PXµR2

µµPXµXµ(X′µRµµXµ)−1X′µ)

= tr (PXµR2
µµPXµRµµ) − tr (Xµ(X′µXµ)−1X′µR2

µµXµ(X′µRµµXµ)−1X′µ)

= tr (PXµR2
µµPXµRµµ) − tr [(X′µR2

µµXµ)(X′µRµµXµ)−1]

= tr (PXµR2
µµPXµRµµ) − tr [(X′µ(R1

µµ + ρµ∆)Xµ)(X′µRµµXµ)−1]

= tr (PXµR2
µµPXµRµµ) − tr [(X′µR1

µµXµ)(X′µRµµXµ)−1]

−ρµ tr [(X′µ∆Xµ)(X′µRµµXµ)−1]

= tr (PXµR2
µµPXµRµµ)

− tr[X′µ
1
ρµ

[Rµµ
− (1 − ρµ2)IT]Xµ(X′µRµµXµ)−1] −O(1)

= tr (PXµR2
µµPXµRµµ) −

1
ρµ

tr [(X′µRµµXµ)(X′µRµµXµ)−1]

+
(1 − ρµ2)
ρµ

tr X′µXµ(X′µRµµXµ)−1] +O(1)

= tr (PXµR2
µµPXµRµµ) −

1
ρµ

[tr (In) − (1 − ρµ2) tr (X′µXµ/T)(X′µRµµXµ/T)−1] +O(1)

=
1
ρµ

[tr (Fµµ−1BµµFµµ−1Θµµ) − (1 − ρµ2) tr (Fµµ−1Θµµ)]

−
1
ρµ

[n − (1 − ρµ2) tr (FµµB−1
µµ)] +O(T−1)

=
1
ρµ

[tr (Fµµ−1BµµFµµ−1Θµµ) − n] +
(1 − ρµ2)
ρµ

[tr (Fµµ−1Bµµ) − tr (Fµµ−1Θµµ)]

+O(T−1). (B.408)

Lemma B.11. By using Magnus and Neudecker, 1979 we can prove the following results:

(i) By using equation (B.349) we have

E(u′µR2
µµuµ) = σµµ tr (R2

µµRµµ)

=
2ρµσµµ
1 − ρµ2 . (B.409)
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(ii) By using equations (B.349) and (B.360), and omitting terms that tend to zero as T→∞, we find

that

E(u′µR2
µµuµu′µR2

µµuµ)/T = [see (UR.2)]

= σµµ
2[tr (R2

µµΩµµ) tr (R2
µµΩµµ) + 2 tr (R2

µµΩµµR2
µµΩµµ)]/T

= σµµ
2[[tr (R2

µµRµµ)]2 + 2[tr (R2
µµRµµ)2]]/T

=

(
2ρµσµµ
1 − ρµ2

)2

/T + 2
[

2Tσµµ2

1 − ρµ2 +O(1)
]
/T

=
4σµµ2

1 − ρµ2 +O(T−1)⇒ (B.410)

E(u′µR2
µµuµu′µR2

µµuµ) =
4Tσµµ2

1 − ρµ2 +O(1), (B.411)

because equation (B.349) implies that

tr (R2
µµRµµ)/T =

2ρµ
1 − ρµ2 = O(T−1)⇒ tr (R2

µµRµµ) = O(1). (B.412)

(iii) Equations (B.299),(B.349), and(B.391) imply that

E(u′µuµu′µR2
µµuµ) = σµµ

2 tr (IRµµ) tr (R2
µµRµµ) + 2σµµ2 tr (IRµµR2

µµRµµ)

= σµµ
2

[
T

1 − ρµ2 ·
2ρµ

1 − ρµ2 + 2
(
−2Tρµ

(1 − ρµ2)2 +O(1)
)]

= σµµ
2

[
2Tρµ

(1 − ρµ2)2 −
4Tρµ

(1 − ρµ2)2

]
+O(1)

= −
2Tρµσµµ2

(1 − ρµ2)2 +O(1). (B.413)

(iv) Equation (B.404) implies that

E(u′µP̄XµR2
µµP̄Xµuµ) = σµµ tr (P̄XµR2

µµP̄XµRµµ)

= σµµ
1
ρµ

[
2(ρµ2

− n(1 − ρµ2))
1 − ρµ2 + (1 − ρµ2) tr (Fµµ−1Θµµ) + tr (Fµµ−1BµµFµµ−1Θµµ)

]
+O(T−1). (B.414)

(v) Equation (B.407) implies that

E(u′µP̄XµR2
µµPXµVRµµuµ) = σµµ tr (P̄XµR2

µµPXµVRµµRµµ)

= σµµ tr (P̄XµR2
µµPXµV)

=
σµµ
ρµ

[n − tr (Fµµ−1BµµFµµ−1Θµµ)] +O(T−1). (B.415)
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(vi)

E(u′µRµµVPXµR2
µµPXµVRµµuµ) = σµµ tr (RµµVPXµR2

µµPXµVRµµRµµ)

= σµµ tr (RµµVPXµR2
µµPXµV) = [see (B.408)]

=
σµµ
ρµ

[tr (Fµµ−1BµµFµµ−1Θµµ) − n]

+
σµµ(1 − ρµ2)

ρµ
[tr (Fµµ−1Bµµ) − tr (Fµµ−1Θµµ)]

+O(T−1). (B.416)

(vii)

E(u′µR2
µµuµu′µ′R2

µµuµ′ ) = σµµσµ′µ′ [tr (R2
µµRµµ) tr (R2

µ′µ′Rµ′µ′ ) + 2 tr (R2
µµRµµR2

µ′µ′Rµ′µ′ )]. (B.417)

Since (B.294) implies that

(R2
µµRµµ)(R2

µ′µ′Rµ′µ′ ) = [R1
µµRµµ + ρµ∆Rµµ][R1

µ′µ′Rµ′µ′ + ρµ′∆Rµ′µ′ ]

= (R1
µµRµµR1

µ′µ′Rµ′µ′ ) + ρµ∆RµµR1
µ′µ′Rµ′µ′ + ρµ′R1

µµRµµ∆Rµ′µ′

+ρµρµ′∆Rµµ∆Rµ′µ′ , (B.418)

it follows that

tr (R2
µµRµµR2

µ′µ′Rµ′µ′ ) = tr (R1
µµRµµR1

µ′µ′Rµ′µ′ ) + ρµ tr(∆RµµR1
µ′µ′Rµ′µ′ )

+ρµ′ tr(R1
µµRµµ∆Rµ′µ′ ) + ρµρµ′ tr(∆Rµµ∆Rµ′µ′ ). (B.419)

Moreover, (B.293) implies that

(R1
µµRµµ)(R1

µ′µ′Rµ′µ′ ) =
1
ρµ

[IT − (1 − ρµ2)Rµµ]
1
ρµ′

[IT − (1 − ρµ′2)Rµ′µ′ ]

=
1

ρµρµ′
[IT − (1 − ρµ2)Rµµ − (1 − ρµ′2)Rµ′µ′

+(1 − ρµ2)(1 − ρµ′2)RµµRµ′µ′ ]. (B.420)

vii.a Since the (i,j)-th element of the matrix Rµµ is 1
(1−ρµ2)ρµ

|i− j|, the (i,j)-th element of the matrix

RµµRµ′µ′ is

ei j =

T∑
k=1

1
(1 − ρµ2)(1 − ρµ′2)

ρµ
|i−k|ρµ′

|k− j|. (B.421)

Therefore, the i-diagonal element of the matrix RµµRµ′µ′ is

eii =
1

(1 − ρµ2)(1 − ρµ′2)

T∑
k=1

ρµ
|i−k|ρµ′

|k−i| . (B.422)



Appendix B 239

Define the index j = k − i ( j = 1 − i, . . . ,T − i) and set r = ρµρµ′ . Then,

T∑
k=1

ρµ
|i−k|ρµ′

|k−i| =

T−i∑
j=1−i

ρµ
| j|ρµ′

| j| =

T−i∑
j=1−i

(ρµρµ′ )| j|

=

T−i∑
j=1−i

r| j| =
−1∑

j=1−i

r| j| +
T−i∑
j=0

r j =

i−1∑
j+i=1

r| j+i| +

T−i∑
j=0

r j

=

i−1∑
k=1

rk +

T−i∑
j=0

r j =
r(1 − r(i−1))

1 − r
+

1 − rT−i+1

1 − r
=

r − ri + 1 − rT−i+1

1 − r

=
(1 + r) − (ri + rT−i+1)

1 − r
= [setting j = T − i + 1 ( j = 1, . . . ,T)]

=
(1 + r) − (ri + r j)

1 − r
=

1 + r − 2ri

1 − r
. (B.423)

Thus, equations (B.422) and (B.423) imply that

eii =
1

(1 − ρµ2)(1 − ρµ′2)
1 + r − 2ri

1 − r
⇒ (B.424)

tr (RµµRµ′µ′ )/T =

T∑
i=1

eii/T =
1

T(1 − ρµ2)(1 − ρµ′2)

T∑
i=1

[
1 + r
1 − r

−
2ri

1 − r

]

=
1

T(1 − ρµ2)(1 − ρµ′2)

T(1 + r)
1 − r

−
2

1 − r

T∑
i=1

ri


=

1
(1 − ρµ2)(1 − ρµ′2)

[
1 + r
1 − r

−
2r

T(1 − r)
r(1 − rT)

1 − r

]
, (B.425)

and by omitting terms that tend to zero as T→∞ we find that

tr (RµµRµ′µ′ )/T =
1

(1 − ρµ2)(1 − ρµ′2)
1 + r
1 − r

+ o(T−1)⇒ (B.426)

tr (RµµRµ′µ′ ) =
T(1 + ρµρµ′ )

(1 − ρµ2)(1 − ρµ′2)(1 − ρµρµ′ )
+ o(1). (B.427)

By combining equations (B.299), (B.420), and (B.427) we find that

tr (R1
µµRµµR1

µ′µ′Rµ′µ′ ) =
1

ρµρµ′
[tr(IT) − (1 − ρµ2) tr(Rµµ)]

−
1

ρµρµ′
[(1 − ρµ′2) tr(Rµ′µ′ ) − (1 − ρµ2)(1 − ρµ′2) tr(RµµRµ′µ′ )]

=
1

ρµρµ′

[
T − (1 − ρµ2)

T
(1 − ρµ2)

− (1 − ρµ′2)
T

(1 − ρµ′2)

]
+

1
ρµρµ′

[
(1 − ρµ2)(1 − ρµ′2)T(1 + ρµρµ′ )
(1 − ρµ2)(1 − ρµ′2)(1 − ρµρµ′ )

+ o(1)
]

=
1

ρµρµ′

[
−T +

T(1 + ρµρµ′ )
(1 − ρµρµ′ )

]
+ o(1) =⇒
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tr (R1
µµRµµR1

µ′µ′Rµ′µ′ ) =
1

ρµρµ′

[
−T + Tρµρµ′ + T + Tρµρµ′

(1 − ρµρµ′ )

]
+ o(1)

=
2T

1 − ρµρµ′
+ o(1). (B.428)

vii.b Let δi j be the (i,j)-th element of the matrix ∆. Then, δ11 = δTT = 1 and δi j = 0 ∀ i, j , 1 and

i, j , T. Moreover, let 1
1−ρµ2ρµ |i− j| be the (i,j)-th element of the matrix Rµµ. Then, the (i,j)-th

element of the matrix ∆Rµµ is (see (B.302))

δi j
∗ = δii

1
1 − ρµ2ρµ

|i− j| (B.429)

Since equation (B.293) implies that

R1
µ′µ′Rµ′µ′ =

1
ρµ′

[IT − (1 − ρµ′2)Rµ′µ′ ], (B.430)

we find that

R1
µ′µ′Rµ′µ′∆Rµµ =

1
ρµ′

[IT − (1 − ρµ′2)Rµ′µ′ ]∆Rµµ

=
1
ρµ′

[∆Rµµ − (1 − ρµ′2)Rµ′µ′∆Rµµ]. (B.431)

The (i,j)-th element of the matrix Rµ′µ′∆Rµµ is

δi j
∗∗ =

T∑
k=1

1
(1 − ρµ′2)

ρµ′
|i−k|δkj

∗ =

T∑
k=1

1
(1 − ρµ′2)

ρµ′
|i−k|δkk

1
(1 − ρµ2)

ρµ
|k− j|

=
1

(1 − ρµ2)(1 − ρµ′2)
ρµ′
|i−1|ρµ

|1− j| +
1

(1 − ρµ2)(1 − ρµ′2)
ρµ′
|i−T|ρµ

|T− j|

=
1

(1 − ρµ2)(1 − ρµ′2)
[ρµ′ |i−1|ρµ

|1− j| + ρµ′
|i−T|ρµ

|T− j|] (B.432)

and the i-diagonal element of the matrix Rµ′µ′∆Rµµ is

δii
∗∗ =

1
(1 − ρµ2)(1 − ρµ′2)

[ρµ′ |i−1|ρµ
|1−i| + ρµ′

|i−T|ρµ
|T−i|]

=
1

(1 − ρµ2)(1 − ρµ′2)
[(ρµρµ′ )|i−1| + (ρµρµ′ )|T−i|]. (B.433)
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Therefore, setting j = T− i+1 ( j = 1, . . . ,T) and r = ρµρµ′ ), and setting l = i−1 (l = 0, . . . ,T−1),

equation (B.433) implies that

tr (Rµ′µ′∆Rµµ) =

T∑
i=1

δii
∗∗

=
1

(1 − ρµ2)(1 − ρµ′2)

 T∑
i=1

(ρµρµ′ )i−1 +

T∑
i=1

(ρµρµ′ )T−i


=

1
(1 − ρµ2)(1 − ρµ′2)

 T∑
i=1

ri−1 +

T∑
j=1

r j−1

 = 2
(1 − ρµ2)(1 − ρµ′2)

T∑
i=1

ri−1

=
2

(1 − ρµ2)(1 − ρµ′2)

T−1∑
l=0

rl =
2

(1 − ρµ2)(1 − ρµ′2)
1 − rT

1 − r

=
2

(1 − ρµ2)(1 − ρµ′2)
1 − (ρµρµ′ )T

1 − ρµρµ′
=

2[1 − (ρµρµ′ )T]
(1 − ρµ2)(1 − ρµ′2)(1 − ρµρµ′ )

.(B.434)

Therefore, equations (B.303), (B.431), and (B.434) imply that

tr (R1
µ′µ′Rµ′µ′∆Rµµ) =

1
ρµ′

[tr(∆Rµµ) − (1 − ρµ′2) tr(Rµ′µ′∆Rµµ)]

=
1
ρµ′

[
2

1 − ρµ2 − (1 − ρµ′2)
2[1 − (ρµρµ′ )T]

(1 − ρµ2)(1 − ρµ′2)(1 − ρµρµ′ )

]
=

1
ρµ′

[
2

1 − ρµ2 −
2[1 − (ρµρµ′ )T]

(1 − ρµ2)(1 − ρµρµ′ )

]
. (B.435)

vii.c By using equation (B.302) we find that the (i,j)-th element of the matrix ∆Rµµ∆Rµ′µ′ is

δi j
◦◦ =

T∑
k=1

δik
∗δkj

∗ =

T∑
κ=1

δii
1

(1 − ρµ2)
ρµ
|i−k|δkk

1
(1 − ρµ′2)

ρµ′
|k− j|

= δii
1

(1 − ρµ2)(1 − ρµ′2)
[ρµ |i−1|ρµ′

|1− j| + ρµ
|i−T|ρµ′

|T− j|], (B.436)

which implies that the i-diagonal element of the matrix ∆Rµµ∆Rµ′µ′ is

δii
◦◦ = δii

1
(1 − ρµ2)(1 − ρµ′2)

[ρµ |i−1|ρµ′
|1−i| + ρµ

|i−T|ρµ′
|T−i|]

= δii
1

(1 − ρµ2)(1 − ρµ′2)
[(ρµρµ′ )|i−1| + (ρµρµ′ )|i−T|]. (B.437)

Therefore,

tr (∆Rµµ∆Rµ′µ′ ) =
T∑

i=1

δii
◦◦ =

1
(1 − ρµ2)(1 − ρµ′2)

T∑
i=1

δii[(ρµρµ′ )|i−1| + (ρµρµ′ )|i−T|]

=
1

(1 − ρµ2)(1 − ρµ′2)

T∑
i=1

[δ11[(ρµρµ′ )|1−1| + (ρµρµ′ )|T−1|] + δTT[(ρµρµ′ )|T−1| + (ρµρµ′ )|T−T|]]

=
2

(1 − ρµ2)(1 − ρµ′2)
[1 + (ρµρµ′ )T−1]. (B.438)
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Thus, equations (B.419), (B.428), (B.435), and (B.438) imply that

tr (R2
µµRµµR2

µ′µ′Rµ′µ′ )/T =
2T/T

(1 − ρµρµ′ )
+ o(T−1)

+ρµ
1
ρµ′

[
2

1 − ρµ2 −
2[1 − (ρµρµ′ )T]

(1 − ρµ2)(1 − ρµρµ′ )

]
/T

+ρµ′
1
ρµ

[
2

1 − ρµ′2
−

2[1 − (ρµ′ρµ)T]
(1 − ρµ′2)(1 − ρµ′ρµ)

]
/T

+
2

(1 − ρµ2)(1 − ρµ′2)
[1 + (ρµρµ′ )T−1]/T, (B.439)

and by omitting terms that tend to zero as T→∞ we find that

tr (R2
µµRµµR2

µ′µ′Rµ′µ′ )/T =
2

1 − ρµρµ′
+ o(T−1)⇒

tr (R2
µµRµµR2

µ′µ′Rµ′µ′ ) =
2T

1 − ρµρµ′
+ o(1). (B.440)

Therefore, equations (B.417), (B.349), and (B.440) imply that

E(u′µR2
µµuµu′µ′R2

µµuµ′ )/T =
2ρµσµµ

(1 − ρµ2)
2ρµ′σµ′µ′

(1 − ρµ′2)
/T

+2
[

2σµµσµ′µ′

1 − ρµρµ′
+ o(T−1)

]
(B.441)

and by omitting terms that tend to zero as T→∞ we find that

E(u′µR2
µµuµu′µ′R2

µ′µ′uµ′ ) =
4Tσµµσµ′µ′

1 − ρµρµ′
+ o(1). (B.442)

Lemma B.12. The following results hold:

Let εti be the (t,i)-th element of the matrix E. Then, the (i,j)-th element of the matrix E′E/T is

ei j =

T∑
t=1

εitεt j/T, (B.443)

Since σi j is the (i,j)-th element of the matrix Σ, by using equations (B.160) and (B.443) we find that the

(i,j)-th element of the matrix Σ1 is

σi j
(1) =

√

T

 T∑
t=1

εitεt j/T − σi j

 = √T(ei j − σi j). (B.444)
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Moreover, since σi j is the (i,j)-th element of the matrix Σ−1, by using equation (B.163) we find that

the (i,j)-th element of the matrix S1 is

si j
(1) =

M∑
k=1

M∑
l=1

σikσkl
(1)σl j =

√

T
M∑

k=1

M∑
l=1

σik(ekl − σkl)σl j

=
√

T

 M∑
k=1

M∑
l=1

σikeklσ
l j
−

M∑
k=1

M∑
l=1

σikσklσ
l j

 . (B.445)

Since Σ−1ΣΣ−1 = Σ−1, the (i,j)-th elements of the matrices Σ−1 and Σ−1ΣΣ−1 are identical, i.e.,

σi j =

M∑
k=1

M∑
l=1

σikσklσ
l j. (B.446)

Thus, equations (B.445) and (B.446) imply that

si j
(1) =

√

T

 M∑
k=1

M∑
l=1

σikeklσ
l j
− σi j

 . (B.447)

Since equation (B.443) implies that

ei j = ε′iε j/T (B.448)

where ei is the i-th column of the matrix E we find that

si j
(1) =

√

T

 M∑
k=1

M∑
l=1

σik(ε′kεl/T)σl j
− σi j

 . (B.449)

Therefore the (i,j)-th element of (1 ×M2) vector [vec(S1)]′ is

s(1)
(i j) = si j

(1) =
√

T

 M∑
k=1

M∑
l=1

σik(ε′kεl/T)σl j
− σi j

 . (B.450)

Equation (3.22) implies that

u′µ = ε
′

µP′µ and uµ = Pµεµ ⇒ (B.451)

u′µR2
µµuµ = ε′µP′µR2

µµPµεµ. (B.452)

By using Lemma UR.2 and since (3.17b) implies that (see Magnus and Neudecker, 1979)

E(ε′µP′µR2
µµPµεµ) = σµµ tr (P′µR2

µµPµIT) = σµµ tr (P′µR2
µµPµ), (B.453)

we find that
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E(ε′kεlε
′

µP′µR2
µµPµεµ) = tr (σklIT) tr (σµµP′µR2

µµPµ) + 2 tr (σklσµµP′µR2
µµPµ)

= σklσµµT tr (P′µR2
µµPµ) + 2σklσµµ tr (P′µR2

µµPµ)

= σklσµµ(T + 2) tr (P′µR2
µµPµ), (B.454)

and since (B.1) implies that

PµP′µ = Rµµ, (B.455)

by combining equations (B.349) (B.454), and (B.455) we find that

E(ε′kεlu
′

µR2
µµuµ) = E(ε′kεlε

′

µP′µR2
µµPµεµ) = σklσµµ(T + 2) tr (P′µR2

µµPµ)

= σklσµµ(T + 2) tr (R2
µµPµP′µ) = σklσµµ(T + 2) tr (R2

µµRµµ)

= σklσµµ(T + 2)
2ρµ

1 − ρµ2 . (B.456)

Therefore,

E[(ε′kεl/T)u′µR2
µµuµ] = E(ε′kεlu

′

µR2
µµuµ)/T

= σklσµµ
2ρµ

1 − ρµ2 (T + 2)/T

= σklσµµ
2ρµ

1 − ρµ2 + σklσµµ
4ρµ

1 − ρµ2 /T (B.457)

and by omitting terms that tend to zero as T→∞ we find that

E[(ε′kεl/T)u′µR2
µµuµ] = σklσµµ

2ρµ
1 − ρµ2 +O(T−1). (B.458)

Equation (B.450) implies that

s(1)
(i j)u

′

µR2
µµuµ =

√

T

 M∑
k=1

M∑
l=1

σikσl j[(ε′kεl/T)u′µR2
µµuµ] − σi ju′µR2

µµuµ

 . (B.459)

Equations (B.409), (B.446), and (B.459) imply that

E(s(1)
(i j)u

′

µR2
µµuµ) =

√

T

 M∑
k=1

M∑
l=1

σikσl j E[(ε′kεl/T)u′µR2
µµuµ] − σi j E(u′µR2

µµuµ)


=
√

T

 M∑
k=1

M∑
l=1

σikσl jσklσµµ
2ρµ

1 − ρµ2 − σ
i jσµµ

2ρµ
1 − ρµ2 +O(T−1)


=
√

Tσµµ
2ρµ

1 − ρµ2

 M∑
k=1

M∑
l=1

σikσklσ
l j
− σi j

 +O(T−1/2)

= O(T−1/2)⇒ (B.460)
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lim
T→∞

E(s(1)
(i j)u

′

µR2
µµuµ) = 0. (B.461)

Proof of Theorem 4. Define the ((1 +M +M2) × 1) vector

δ =


δ0

δρ

δς

 (B.462)

where for σ = 1

δ0 =
σ̂2
− σ2

τσ2 =
σ̂2
− 1
τ

(B.463)

is a scalar,

δρ = [(δρµ )µ=1,...,M] (B.464)

is a M × 1 vector with element

δρµ =
ρ̂µ − ρµ
τ

(B.465)

and

δς = [(δςµµ′ )µµ′=1,...,M2 ] (B.466)

is a (M2
× 1) vector with elements

δςµµ′ =
ς̂µµ′ − ςµµ′

τ
. (B.467)

Moreover, δ admits a stochastic expansion of the form

δ = d1 + τd2 + ω(τ2) (B.468)

which implies that δ0,δρ and δς admit the following stochastic expansions:

δ0 = σ0 + τσ1 + ω(τ2) (B.469)

δρ = d1ρ + τd2ρ + ω(τ2) (B.470)

δς = d1ς + τd2ς + ω(τ2), (B.471)

where σ0 and σ1 are scalars, d1ρ and d2ρ are (M × 1) vectors and d1ς and d2ς are (M2
× 1) vectors.

Define the scalars λ0 and κ0 the (M× 1) vectors λρ and κρ, the (M2
× 1) vectors λς and κς, the (M×M)

matrix Λρ, the (M2
×M2) matrix Λς, the (M2

×M) matrix Λςρ and the (M ×M2) matrix Λρς by the

following relations: 
λ0 λ′ρ λ′ς

λρ Λρ Λρς

λς Λςρ Λς

 = lim
T→∞

E(d1d′1);


κ0

κρ

κς

 = lim
T→∞

E(
√

Td1 + d2) (B.472)
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By combining equations (B.468), (B.469), (B.470), (B.471), and (B.472) we find that


λ0 λ′ρ λ′ς

λρ Λρ Λρς

λς Λςρ Λς

 = lim
T→∞

E(d1d′1) = lim
T→∞

E



σ0

d1ρ

d1ς

 [σ0 d′1ρ d′1ς]


= lim

T→∞
E


σ0

2 σ0d′1ρ σ0d′1ς
σ0d1ρ d1ρd′1ρ d1ρd′1ς
σ0d1ς d1ςd′1ρ d1ςd′1ς

 (B.473)

which implies that

λ0 = lim
T→∞

E(σ0
2), (B.474)

λρ = lim
T→∞

E(σ0d1ρ), (B.475)

λς = lim
T→∞

E(σ0d1ς), (B.476)

Λρ = lim
T→∞

E(d1ρd′1ρ), (B.477)

Λς = lim
T→∞

E(d1ςd′1ς), (B.478)

Λςρ = lim
T→∞

E(d1ςd′1ρ), (B.479)

Λρς = lim
T→∞

E(d1ρd′1ς). (B.480)

Obviously Λςρ = Λ′ρς.

Similarly, 
κ0

κρ

κς

 = lim
T→∞

E(
√

Td1 + d2) = lim
T→∞

E


√

Tσ0 + σ1
√

Td1ρ + d2ρ
√

Td1ς + d2ς

 (B.481)

which implies that

κ0 = lim
T→∞

E(
√

Tσ0 + σ1), (B.482)

κρ = lim
T→∞

E(
√

Td1ρ + d2ρ), (B.483)

κς = lim
T→∞

E(
√

Td1ς + d2ς). (B.484)

The estimator ς̂I (I=UL, RL, GL, IG, ML) of ς is

ς̂I = vec[[(Y∗ − ZB̂I)′(Y∗ − ZB̂I)/T]−1] = vec[(Ê′IÊI/T)−1]

= vec(Σ̂−1
I ) = [see (B.162)]

= vec[Σ−1
− τS1 + τ

2S2
I + ω(τ3)]

= vec(Σ−1) − τvec(S1) + τ2 vec(S2
I) + ω(τ3)

= ς − τvec(S1) + τ2 vec(S2
I) + ω(τ3)⇒ (B.485)
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δς =
ς̂I − ς
τ
= −vec(S1) + τvec(S2

I) + ω(τ2)

= d1ς + τd2ς + ω(τ2), (B.486)

where

d1ς = −vec(S1) and d2ς = vec(S2
I). (B.487)

By using equations (B.186) and (B.463) we find that

δ0
I = (σ̂2

I − 1)/τ = σ̂2
I /τ − 1/τ

= [M + τ2 tr[(S2
I
− S2

J)Σ]]/(M − τ2n)τ −
1
τ
+ ω(τ2)

= [M/τ + τ tr[(S2
I
− S2

J)Σ]]/(M − τ2n) −
1
τ
+ ω(τ2). (B.488)

By using Lemma UR.1 we find that

1/(M − τ2n) = (M − τ2n)−1 = [M(1 − τ2n/M)]−1 =M−1(1 − τ2n/M)−1

= M−1[1 + τ2n/M + ω(τ4)] = (1 + τ2n/M)/M + ω(τ4). (B.489)

Thus, equations (B.476) and (B.477) imply that

δ0
I = [M/τ + τ tr[(S2

I
− S2

J)Σ]][(1 + τ2n/M)/M + ω(τ4)] − 1/τ + ω(τ2)

= [1/τ + τ tr[(S2
I
− S2

J)Σ/M]](1 + τ2n/M) − 1/τ + ω(τ2)

= 1/τ + τn/M + τ tr[(S2
I
− S2

J)Σ]/M − 1/τ + ω(τ2)

= τ[tr[(S2
I
− S2

J)Σ] + n]/M + ω(τ2). (B.490)

By combining equations (B.469) and (B.490) we find that

σ0 = 0, σ1 = [tr[(S2
I
− S2

J)Σ] + n]/M. (B.491)

By using equations (B.474), (B.475), (B.476) and since σ0 = 0 (see (B.491)) we find that

λ0 = lim
T→∞

E(σ0
2) = 0, (B.492)

λρ = lim
T→∞

E(σ0d1ρ) = 0, (B.493)

λς = lim
T→∞

E(σ0d1ς) = 0. (B.494)

Moreover, equations (B.198), (B.478), and (B.487) imply that

Λς = lim
T→∞

E(d1ςd′1ς) = lim
T→∞

E[(vec(S1))(vec(S1))′]

= (Σ−1
⊗ Σ−1)N(Σ−1

⊗ Σ−1). (B.495)
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By using equations (B.469) and (B.491) we find that

κ0 = lim
T→∞

E(
√

Tσ0 + σ1) = lim
T→∞

E(σ1) = lim
T→∞

E[tr[(S2
I
− S2

J)Σ] + n]/M

= tr[ lim
T→∞

E[(S2
I
− S2

J)Σ]]/M + n/M = [see (B.193)]

= tr[Σ−1(∆GL − ∆I)]/M + n/M (I=UL, RL, GL, IG, ML ), (B.496)

where

∆UL = 0 [see (B.215)],

∆RL =

[( M∑
i=1

M∑
µ=1

σµi tr
[( M∑

p=1

Bpp

)−1
Biq

( M∑
p=1

Bpp

)−1
Bµκ

]
−

M∑
i=1

σqi tr
[( M∑

p=1

Bpp

)−1
Biκ

]
−

M∑
µ=1

σµκ tr
[( M∑

p=1

Bpp

)−1
Bµq

]
+ σqκK

)
k,q

]
[see (B.234)],

∆GL = ∆IG = ∆ML = KΣ −
[(

tr
[ M∑

i=1

M∑
j=1

σi jBi j

]−1

Bi j

)
i, j

]
[see (B.242)]. (B.497)

Furthermore, equations (B.484) and (B.487) imply that

κς = lim
T→∞

E(
√

Td1ς + d2ς) = lim
T→∞

E(
√

T(−vec(S1)) + (vec(S2
I)))

= lim
T→∞

E[vec[
√

T(−S1) + S2
I]]

= vec[ lim
T→∞

E[
√

T(−S1) + S2
I]]

= vec[ lim
T→∞

[−
√

T E(S1) + E(S2
I)]] = [see (B.169)]

= vec[ lim
T→∞

E(S2
I)] = [see (B.190)]

= vec[(M + K + 1)Σ−1
− Σ−1∆IΣ−1], (B.498)

where ∆UL, ∆RL and ∆GL = ∆IG = ∆ML have been defined in (B.497).

For the I estimator of ρµ (I=LS, GL, PW, ML,DW) equations (B.276), (B.277), (B.282), (B.285), and

(B.290) imply that

d(1)µ
LS = d(1)µ

GL = d(1)µ
ML = d(1)µ

DW = −u′µR2
µµuµ/2

√

Tσuµ
2

= −τ
(1 − ρµ2)
σµµ

u′µR2
µµuµ/2 = d(1)µ. (B.499)

Therefore,

d(1)µd′(1)µ = u′µR2
µµuµu′µR2

µµuµ/4Tσuµ
4. (B.500)

Moreover, for µ , µ′ we find that

d(1)µd′(1)µ′ = u′µR2
µµuµu′µ′R2

µ′µ′uµ′/4Tσuµ
2σuµ′

2. (B.501)
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Equations (B.477) and (B.500) imply that, since σuµ
2 =

σµµ
(1−ρµ2) the µ-diagonal element of the matrix Λρ is

lim
T→∞

E(d(1)µd′(1)µ) = lim
T→∞

E(u′µR2
µµuµu′µR2

µµuµ)/4Tσuµ
4

= [see (B.411)] = lim
T→∞

[
4Tσµµ2

1 − ρµ2 +O(1)
]
/4Tσuµ

4

= lim
T→∞

[
4Tσµµ2

(1 − ρµ2)4Tσuµ
4 +O(T−1)

]
=

4Tσµµ2

(1 − ρµ2)4T σµµ2

(1−ρµ2)2

= (1 − ρµ2). (B.502)

Similarly, equations (B.442) and (B.501) imply that, since σuµ
2 =

σµµ
(1−ρµ2) , σuµ′

2 =
σµ′µ′

(1−ρµ′ 2) , for µ , µ′ the

µµ′-th off-diagonal element of the matrix Λρ is

lim
T→∞

E(d(1)µd′(1)µ′ ) = lim
T→∞

E(u′µR2
µµuµu′µ′R2

µ′µ′uµ′ )/4Tσuµ
2σuµ′

2

= lim
T→∞

4Tσµµσµ′µ′

(1 − ρµρµ′ )4Tσuµ
2σuµ′

2 +O(T−1)

=
σµµσµ′µ′

(1 − ρµρµ′ )
σµµ

(1−ρµ2)
σµ′µ′

(1−ρµ′ 2)

=
(1 − ρµ2)(1 − ρµ′2)

(1 − ρµρµ′ )
. (B.503)

Moreover, for the J estimator of ρµ (I=LS, GL, PW, ML,DW) it holds that since

d(1)µ = d(1)µ
LS = d(1)µ

GL = d(1)µ
ML = d(1)µ

DW = −u′µR2
µµuµ/2

√

Tσuµ
2, (B.504)

the following results holds:

E(
√

Td(1)µ) = −E(u′µR2
µµuµ/2σuµ

2) =
−2ρµσµµ
(1 − ρµ2)

/
2σµµ

(1 − ρµ2)
= −ρµ ⇒

lim
T→∞

E(
√

Td(1)µ) = −ρµ. (B.505)

By using equations (B.278), (B.413), and (B.414) we find that

E(d(2)µ
LS) = −E(u′µP̄XµR2

µµP̄Xµuµ)/2σuµ
2 + E(u′µuµu′µR2

µµuµ)/2Tσuµ
4

= −
σµµ
2ρµ

[
2(ρµ2

− n(1 − ρµ2))
1 − ρµ2 /σuµ

2 + (1 − ρµ2) tr (Fµµ−1Θµµ)/σuµ
2 + tr (Fµµ−1BµµFµµ−1Θµµ)/σuµ

2
]

+O(T−1) −
[

2Tρµσµµ2

(1 − ρµ2)2 +O(1)
]
/2Tσuµ

4

= −
1

2ρµ

[
2ρµ2σµµ

(1 − ρµ2)σuµ
2 −

2nσµµ
σuµ

2 + (1 − ρµ2) tr (Fµµ−1Θµµ)
σµµ

σuµ
2

]
−

1
2ρµ

tr (Fµµ−1BµµFµµ−1Θµµ)
σµµ

σuµ
2 +

2ρ2
µσµµ

2

(1 − ρµ2)2σuµ
4

 +O(T−1)

= −
1

2ρµ

 2ρµ2σµµ

(1 − ρµ2) σµµ
(1−ρµ2)

−
2nσµµ
σµµ

(1−ρµ2)

+ (1 − ρµ2) tr (Fµµ−1Θµµ)
σµµ
σµµ

(1−ρµ2)





250 Appendix B

−
1

2ρµ

tr (Fµµ−1BµµFµµ−1Θµµ)
σµµ
σµµ

(1−ρµ2)

+
2ρ2

µσµµ
2

(1 − ρµ2)2 σµµ2

(1−ρµ2)2

 +O(T−1)

= −
1

2ρµ
[4ρµ2

− 2n(1 − ρµ2) + (1 − ρµ2)2 tr (Fµµ−1Θµµ) + tr (Fµµ−1BµµFµµ−1Θµµ)(1 − ρµ2)]

+O(T−1). (B.506)

By combining equations (B.483), (B.505), and (B.506) we find that

κρµ = lim
T→∞

E(
√

Td1µ + d2µ
LS)

= lim
T→∞

[
−

1
2ρµ

[2ρµ2 + 4ρµ2
− 2n(1 − ρµ2) + (1 − ρµ2)2 tr (Fµµ−1Θµµ) + tr (Fµµ−1BµµFµµ−1Θµµ)(1 − ρµ2)] +O(T−1)

]
= −

1
2ρµ

[6ρµ2
− 2n − 2nρµ2 + (1 − ρµ2)2 tr (Fµµ−1Θµµ) + tr (Fµµ−1BµµFµµ−1Θµµ)(1 − ρµ2)]

= −
1

2ρµ
[2ρµ2(3 + n) − 2n + (1 − ρµ2)((1 − ρµ2) tr (Fµµ−1Θµµ) + tr (Fµµ−1BµµFµµ−1Θµµ))]

= −[ρµ(3 + n) + (2n − c1)/2ρµ], (B.507)

where

c1 = (1 − ρµ2)((1 − ρµ2) tr (Fµµ−1Θµµ) + tr (Fµµ−1BµµFµµ−1Θµµ)). (B.508)

By using equations (B.278) and (B.283) we find that

d(2)µ
GL = d(2)µ

LS
−

(1 − ρµ2)
σµµ

[u′µP̄XµR2
µµPXµVRµµuµ + u′µRµµVPXµR2

µµPXµVRµµuµ/2]. (B.509)

Therefore, equations (B.415) and (B.416) imply that

E
(
−

(1 − ρµ2)
σµµ

[u′µP̄XµR2
µµPXµVRµµuµ + u′µRµµVPXµR2

µµPXµVRµµuµ/2]
)

= −
(1 − ρµ2)
σµµ

σµµ
ρµ

[n − tr (Fµµ−1BµµFµµ−1Θµµ)]

+
(1 − ρµ2)
σµµ

σµµ
ρµ

[n − tr (Fµµ−1BµµFµµ−1Θµµ)]/2

−
(1 − ρµ2)
σµµ

σµµ(1 − ρµ2)
ρµ

[tr (FµµB−1
µµ) − tr (Fµµ−1Θµµ)]/2 +O(T−1)

= −
(1 − ρµ2)
ρµ

[n − tr (Fµµ−1BµµFµµ−1Θµµ)]/2 −
(1 − ρµ2)2

ρµ
[tr (FµµB−1

µµ) − tr (Fµµ−1Θµµ)]/2 +O(T−1)⇒

lim
T→∞

E
(
−

(1 − ρµ2)
σµµ

[u′µP̄XµR2
µµPXµVRµµuµ + u′µRµµVPXµR2

µµPXµVRµµuµ/2]
)

= −
(1 − ρµ2)
ρµ

[n − tr (Fµµ−1BµµFµµ−1Θµµ) + (1 − ρµ2) tr (FµµB−1
µµ) − (1 − ρµ2) tr (Fµµ−1Θµµ)]/2

= (1 − ρµ2)[(1 − ρµ2) tr (Fµµ−1Θµµ) + tr (Fµµ−1BµµFµµ−1Θµµ)]/2ρµ

−(1 − ρµ2)2 tr (FµµB−1
µµ)/2ρµ − (1 − ρµ2)2n/2ρµ

= [c1 − (1 − ρµ2)n]/2ρµ − (1 − ρµ2)c2/2ρµ, (B.510)
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where

c2 = (1 − ρµ2) tr (FµµB−1
µµ). (B.511)

Thus, from equations (B.505), (B.506), (B.507), (B.509), and (B.510) we find that

κρµ
GL = κρµ

PW = lim
T→∞

E(
√

Td1µ + d2µ
GL) = lim

T→∞
E[(
√

Td1µ + d2µ
LS)

−
(1 − ρµ2)
σµµ

[u′µP̄XµR2
µµPXµVRµµuµ + u′µRµµVPXµR2

µµPXµVRµµuµ/2]]

= κρµ
LS
− (1 − ρµ2)c2/2ρµ + [c1 − (1 − ρµ2)n]/2ρµ. (B.512)

By using equations (B.283) and (B.286) we find that

d(2)µ
ML = d(2)µ

GL + ρµ
(1 − ρµ2)
σµµ

(u1µ
2 + uTµ

2) − ρµ. (B.513)

Since

E(u1µ
2 + uTµ

2) = E(u1µ
2) + E(uTµ

2) = σuµ
2 + σuµ

2 = 2σuµ
2 =

2σµµ
(1 − ρµ2)

, (B.514)

we find that

E(d(2)µ
ML) = E(d(2)µ

GL) + ρµ
(1 − ρµ2)
σµµ

2σµµ
(1 − ρµ2)

− ρµ

= E(d(2)µ
GL) + 2ρµ − ρµ = E(d(2)µ

GL) + ρµ. (B.515)

Thus, by combining equations (B.505), (B.512), (B.513) and (B.515) we find that

κρµ
ML = lim

T→∞
E(
√

Td1µ + d2µ
ML) = lim

T→∞
E[(
√

Td1µ + d2µ
GL) + ρµ]

= κρµ
GL + ρµ = κρµ

PW + ρµ. (B.516)

By using equations (B.278) (B.291) we find that

E(d(2)µ
DW) = E(d(2)µ

LS) +
(1 − ρµ2)
σµµ

(E(u1µ
2) + E(uTµ

2))/2 = [see (B.514)]

= E(d(2)µ
LS) +

(1 − ρµ2)
σµµ

2σµµ/2
(1 − ρµ2)

= E(d(2)µ
LS) + 1. (B.517)

Thus, by combining equations (B.505), (B.507), and (B.517) we find that

κρµ
DW = lim

T→∞
E(
√

Td1µ + d2µ
DW) = lim

T→∞
E[(
√

Td1µ + d2µ
LS) +

(1 − ρµ2)
σµµ

(u1µ
2 + uTµ

2)/2]

= κρµ
LS + 1. (B.518)
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By using equations (B.470), (B.471), and (B.472) we define the M ×M2 matrix Λρς as follows:

Λρς = lim
T→∞

E(d1ρd′1ς), (B.519)

where the µ-th element M × 1 vector d1ρ is

d(1)µ = −
u′µR2

µµuµ

2
√

Tσuµ
2
= −

u′µR2
µµuµ

2
√

T σµµ
(1−ρµ2)

= −
1 − ρµ2

2
√

Tσµµ
(u′µR2

µµuµ) (B.520)

and the 1 ×M2 vector d′1ς is defined as

d′1ς = [−vec(S1)]′. (B.521)

From equation (B.450) we have that the (ij)-th element of d′1ς is

−s(1)
(i j) = −

√

T

 M∑
k=1

M∑
l=1

σikσl j(ε′kεl/T) − σi j

 (B.522)

with (i j) = 1, . . . ,M2.

By combining equations (B.520) and (B.521) we find that the (µ, (i j))-th element of the (M ×M2)

matrix Λρς is

d(1)µ(−s(1)
(i j)) =

− 1 − ρµ2

2
√

Tσµµ
(u′µR2

µµuµ)


−√T

 M∑
k=1

M∑
l=1

σikσl j(ε′kεl/T) − σi j




=
(1 − ρµ2)

2σµµ

 M∑
k=1

M∑
l=1

σikσl j[(ε′kεl/T)(u′µR2
µµuµ)] − σi j(u′µR2

µµuµ)

 , (B.523)

which implies that by using equation (B.460) we find that

E(d(1)µ(−s(1)
(i j))) =

(1 − ρµ2)
σµµ

 M∑
k=1

M∑
l=1

σikσl j E[(ε′kεl/T)(u′µR2
µµuµ)] − σi j E(u′µR2

µµuµ)


= O(T−1/2)⇒

Λρς = lim
T→∞

E(d(1)µ(−s(1)
(i j))) = 0. (B.524)

Finally, we find that

Λςρ = Λ′ρς = 0. (B.525)

□



Appendix C



254 Appendix C

Matrix Ω

Equations (5.26b) and (5.26c) imply that Ω−1 = P(Σ ⊗ IT)P′ where Σ = [(δi jσii)i, j=1,...,M] and P =

[(δi jPi)i, j=1,...,M] is a block diagonal matrix. Let P−1 and P′−1 be the inverse of P and P′ respectively

and let Σ−1 = [(δi jσii)i, j=1,...,M] be the inverse of Σ.

Then by using equations (5.17b) and (5.22) we find that

Ω−1 = P(Σ ⊗ IT)P′ =


P1 . . . O

. . .

O . . . PM



σ11IT . . . O

. . .

O . . . σMMIT



P′1 . . . O

. . .

O . . . P′M


=


σ11P1P′1 . . . O

. . .

O . . . σMMPMP′M

 =

σ11R11 . . . O

. . .

O . . . σMMRMM


= [(δi jσi jRi j)i, j=1,...,M] = [(δi jσiiRii)i, j=1,...,M]. (C.1)

Equation (C.1) implies that

Ω = P′−1(Σ−1
⊗ IT)P−1 =


P′1
−1 . . . O

. . .

O . . . P′M
−1



σ11IT . . . O

. . .

O . . . σMMIT



P1
−1 . . . O

. . .

O . . . PM
−1


=


σ11P′1

−1P1
−1 . . . O

. . .

O . . . σMMP′M
−1PM

−1

 =

σ11R11 . . . O

. . .

O . . . σMMRMM


= [(δi jσ

i jRi j)i, j=1,...,M] = [(δi jσ
iiRii)i, j=1,...,M], (C.2)

where

Rii = P′i
−1Pi

−1 (i = 1, . . . ,M). (C.3)
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The Matrices Rii, Rii and their Derivatives with respect to the elements ρi, ρ j

Equation (5.19) imply that

Rii = P′i
−1Pi

−1 =



(1 − ρi
2)1/2

−ρi 0 . . . 0

0 1 −ρi . . . 0
... −ρi

0 . . . 0 1





(1 − ρi
2)1/2 0 0 . . . 0

−ρi 1 0 . . . 0

0 −ρi 1 0

0 . . . 0 −ρi 1



=



(1 − ρi
2)1/2(1 − ρi

2)1/2 + ρiρi −ρi 0 . . . 0

−ρi 1 + ρiρi
. . .

0
. . .

... 1 + ρiρi −ρi

0 . . . 0 −ρi 1



=



1 −ρi 0 . . . 0

−ρi 1 + ρi
2 . . .

0
. . .

... 1 + ρi
2
−ρi

0 . . . 0 −ρi 1


. (C.4)

Obviously,

Rii =



1 + ρi
2 0 0

. . .

. . .

0 1 + ρi
2


−



0 ρi . . . 0

ρi
. . .

. . . ρi

ρi 0


−



ρi
2 0

0
. . .

0

0 ρi


= (1 + ρi

2)IT − ρiD − ρi
2∆, (C.5)

where IT is the T×T identity matrix, D is a T×T matrix with elements 1 if |t− t′| = 1 and zeros elsewhere,

and ∆ is a T × T matrix with elements 1 in (1,1)-st and (T,T)-th positions and zeros elsewhere.

It can be easily seen that

RiiRii = RiiRii = I. (C.6)

Moreover,

Rρi
ii =

∂Rii

∂ρi
= 2ρiIT −D − 2ρi∆, (C.7)
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Rρiρi
ii =

∂2Rii

∂ρi
2 = 2IT − 2∆ = 2(IT − ∆), (C.8)

Rρ j
ii =

∂Rii

∂ρ j
= 0, Rρ jρ j

ii =
∂2Rii

∂ρ j
2 = 0, Rρiρ j

ii =
∂2Rii

∂ρ j∂ρi
= 0, (∀i , j). (C.9)

The Derivatives of Ω with respect to the element ρµ

Since, Ω = [(δi jσiiRii)i, j=1,...,M] we find that

Ωρµ =
∂Ω
∂ρµ

= [(∂δi jσ
iiRii/∂ρµ)]

= [(δi jσ
iiRρµ

ii)i, j=1,...,M]

= [(δi jδµiσ
iµRρµ

iµ)i, j] = [see(C.7)]

= [(δµiσ
iµ(2ρiIT −D − 2ρi∆))i,µ=1,...,M], (C.10)

Ωρµρµ =
∂2Ω
∂ρµ2 = [(∂δi jσ

iiRρµ
ii/∂ρµ)]

= [(δi jσ
iiRρµρµ

ii)i, j=1,...,M]

= [(δi jδµiσ
iµRρµρµ

iµ)i, j] = [see(C.8)]

= [(δµiσ
iµ(2(IT − ∆)))i,µ=1,...,M]. (C.11)

The Derivatives of Σ−1
⊗ IT and Ω with respect to the element σii

Since,

Σ−1
⊗ IT = [(δi jσ

iiIT)i, j=1,...,M], (C.12)

and

ς = [(σii)i=1,...,M], (C.13)

we find

∂
∂σµµ

(Σ−1
⊗ IT) =

(∂δi jσiiIT

∂σµµ

)
i, j=1,...,M


= [(δi jδµiIT)i, j=1,...,M] = [(δµiδµ j)i, j=1,...,M] ⊗ IT

= ∆(µµ) ⊗ IT, (C.14)

where ∆(µµ) is a (M ×M) matrix with 1 in the (µµ)-th position and zeros elsewhere.
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∂2

∂σµµσνν
(Σ−1

⊗ IT) =
∂
∂σνν

[
∂

∂σµµ
(Σ−1

⊗ IT)
]

= [(∂δµ jδµiIT/∂σ
νν)i, j=1,...,M] = 0. (C.15)

Since Ω = P′−1(Σ−1
⊗ IT)P−1, equation (C.14) implies that

Ω(µµ) =
∂Ω
∂σµµ

= P′−1
[
∂

∂σµµ
(Σ−1

⊗ IT)
]

P−1 = P′−1(∆µµ ⊗ IT)P−1

= ∆µµ ⊗ P′i
−1P j

−1 = [(δµiδ jµP′i
−1P j

−1)i, j=1,...,M]

= [(δµiδ jµRi j)i, j=1,...,M] = [(δµiδ jµRµµ)i, j=1,...,M]. (C.16)

Similarly, equation (C.15) implies that

Ω(µµ)(νν) =
∂2Ω

∂σµµ∂σνν
=

∂
∂σνν

(
∂Ω
∂σµµ

)
= [(∂δµiδ jµRµµ/∂σνν)i, j=1,...,M] = 0. (C.17)

The Second-order cross derivatives and useful matrices

Equations (C.10) and (C.16) imply that

Ω(νν)ρµ = Ωρµ(νν) =
∂
∂σνν

(
∂Ω
∂ρµ

)
=
∂Ωνν

∂ρµ
=

∂
∂ρµ

(∆νν ⊗ P′i
−1P j

−1)

= [(∂δνiδ jνRνν/∂ρµ)i, j] = [(δνiδ jνRρµ
νν)i, j=1,...,M]

= [(δµνδνiδ jνRρµ
νν)i, j=1,...,M]. (C.18)

Equations (C.1) and (C.10) imply that

Ω∗ρµ′ρµ = Ωρµ′Ω
−1Ωρµ = Ω

∗
ρµ′ρµ = Ω

′

ρµΩ
−1Ω′ρµ′ = Ω

∗′

ρµρµ′

= [(δiκδµiσ
iµRρµ

iµ)i,κ=1,...,M][(δκlσκκRκκ)κ,l=1,...,M][(δl jδlµ′σ
lµ′Rρµ′

lµ′ )l, j=1,...,M]

=


 M∑
κ=1

M∑
l=1

δiκδµiδκlδl jδlµ′σ
iµσκκσ

lµ′Rρµ
iµRκκRρµ′

lµ′


i, j=1,...,M


=

[(
δi jδµiδµ′ jσ

iµσiiσ
jµ′Rρµ

iµRiiRρµ′
jµ′

)
i, j=1,...,M

]
. (C.19)

∆µµΣ∆νν = [(δµiδµκ)i,κ=1,...,M][(δκlσκκ)κ,l=1,...,M][(δνlδν j)l, j=1,...,M]

=


 M∑
κ=1

M∑
l=1

δµiδµκδκlδνlδν jσκκ


i, j


= [(δµiδµνδν jσµµ)i, j] = δµνσµµ∆µν (C.20)
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Equations (C.1), (C.16) and (C.20) imply that

Ω∗(µµ)(νν) = Ω(µµ)Ω−1Ω(νν)

= P′−1(∆µµ ⊗ IT)P−1P(Σ ⊗ IT)P′P′−1(∆νν ⊗ IT)P−1

= P′−1(∆µµ ⊗ IT)(Σ ⊗ IT)(∆νν ⊗ IT)P−1

= P′−1(∆µµΣ∆νν ⊗ IT)P−1

= P′−1(δµνσµµ∆µν ⊗ IT)P−1. (C.21)

Equations (C.1), (C.10) and (C.16) imply that

Ω∗(νν)ρµ = Ω∗ρµ(νν) = ΩρµΩ
−1Ω(νν)

= [(δiκδµiσ
iµRρµ

iµ)i,κ=1,...,M][(δκlσκκRκκ)κ,l=1,...,M][(δνlδ jνRl j)l, j=1,...,M]

=


 M∑
κ=1

M∑
l=1

δiκδµiδκlδνlδ jνσ
iµσκκRρµ

iµRκκRl j


i j


=

[(
δµiδiνδ jνσ

iµσiiRρµ
iµRiiRνν

)
i j

]
=

[(
δµiδiνδ jνRρµ

iµ
)

i j=1,...,M

]
. (C.22)

Define the n × n matrix

A = X′ΩX/T = [(X′i )i=1,...,M][(δi jσ
i jRi j)i, j=1,...,M][(X j) j=1,...,M]/T

=

M∑
i=1

M∑
j=1

δi jσ
i jX′i R

i jX j/T

=

M∑
i=1

σiiX′i R
iiXi/T

=

M∑
i=1

σiiBii, (C.23)

where

Bii = X′i R
iiXi/T. (C.24)

Therefore, by using equations (C.10), (C.11) and (C.19) we have that

Aρµ =
∂A
∂ρµ
= ∂(X′ΩX/T)/∂ρµ = X′(∂Ω/∂ρµ)X/T

= X′ΩρµX/T = [(X′i )i=1,...,M][(δi jδµiσ
iµRρµ

iµ)i, j=1,...,M][(X j) j=1,...,M]/T

=

M∑
i=1

M∑
j=1

δi jδµiσ
iµX′i Rρµ

iµX j/T =
M∑

i=1

δµiσ
iµX′i Rρµ

iµXi/T

= σµµX′µRρµ
µµXµ/T, (C.25)
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Aρµρµ =
∂2A

∂ρµ∂ρµ
= ∂2(X′ΩX/T)/∂ρµ∂ρµ = X′(∂2Ω/∂ρµ∂ρµ)X/T

= X′ΩρµρµX/T = [(X′i )i=1,...,M][(δi jδµiσ
iµRρµρµ

iµ)i, j=1,...,M][(X j) j=1,...,M]/T

=

M∑
i=1

M∑
j=1

δi jδµiσ
iµX′i Rρµρµ

iµX j/T

=

M∑
i=1

δµiσ
iµX′i Rρµρµ

iµXi/T

= σµµX′µRρµρµ
µµXµ/T, (C.26)

A∗ρµρµ′ = X′Ω∗ρµρµ′X/T

=
[
(X′i )i=1,...,M

] [(
δi jδµiδµ′ jσ

iµσiiσ
jµ′Rρµ

iµRiiRρµ′
jµ′

)
i, j=1,...,M

] [
(X j) j=1,...,M

]
/T

=

M∑
i=1

M∑
j=1

δδµiδµ′ jσ
iµσiiσ

jµ′X′i Rρµ
iµRiiRρµ′

jµ′X j/T

= δµµ′σ
µµσµµσ

µ′µ′X′µRρµ
µµRµµRρµ′

µ′µ′Xµ′/T

= δµµ′σ
µ′µ′X′µRρµ

µµRµµRρµ′
µ′µ′Xµ′/T. (C.27)

Also, by using equations (C.16), (C.17) and (C.21) we have

A(µµ) =
∂A
∂σµµ

= ∂(X′ΩX/T)/∂σµµ = X′(∂Ω/∂σµµ)X/T

= X′ΩµµX/T

= [(X′i )i=1,...,M][(δµiδ jµRµµ)i, j=1,...,M][(X j) j=1,...,M]/T

=

M∑
i=1

M∑
j=1

δµiδ jµX′i R
µµX j = X′µRµµXµ/T

= = [see(C.24)] = Bµµ, (C.28)

A(µµ)(νν) =
∂2A

∂σµµ∂σνν
= ∂2(X′ΩX/T)/∂σµµ∂σνν

= X′(∂2Ω/∂σµµ∂σνν)X/T = X′Ω(µµ)(νν)X/T = [see(C.17)] = 0, (C.29)
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A∗(µµ)(νν) = X′Ω∗(µµ)(νν)X/T = [see(C.20)]

= [(X′i )i=1,...,M][(δµiδ jν′σµ′νRµν′ )i, j=1,...,M][(X j) j=1,...,M]/T

=

M∑
i=1

M∑
j=1

δµiδµνδ jνσµµX′i R
i jX j/T

= δµνσµµX′µRµνXν/T = [see(C.20)]

= δµνσµµX′µRµµXµ/T

= δµνσµµBµµ

= δµνσµµA(µµ). (C.30)

Moreover by using equations (C.18)

Aρµ(νν) = A(νν)ρµ =
∂2A

∂ρµ∂σ(νν)
= ∂2(X′ΩX/T)/∂ρµ∂σ(νν)

= X′(∂2Ω/∂ρµ∂σ(νν))X/T

= [(X′i )i=1,...,M][(δµνδνiδ jνRρµ
νν)i, j=1,...,M][(X j) j=1,...,M]/T

=

M∑
i=1

M∑
j=1

δµνδνiδ jνX′i Rρµ
ννX j/T = δµνX′νRρµ

ννXν/T, (C.31)

A∗(νν)ρµ = A∗ρµ(νν) = X′Ω∗ρµ(νν)X/T = X′ΩρµΩ
−1Ω(νν)X/T = [see(C.22)]

= [(X′i )i=1,...,M]
[(
δµiδiνδ jνRρµ

iµ
)

i j=1,...,M

]
[(X j) j=1,...,M]/T

=

M∑
i=1

M∑
j=1

δµiδiνδ jνX′i Rρµ
iµX j/T

= δµνX′µRρµ
µµXµ/T. (C.32)

Define the n × n matrices

G = A−1 and Ξ = GQG, (C.33)

where

A = X′ΩX/T and Q = H′(HGH′)−1H. (C.34)

By using (C.33) and (C.34) we find the following results:

1.

AρµΞ = [see(C.25)]

= σµµX′µRρµ
µµXµΞ/T⇒
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tr(AρµΞ) = σµµ tr(X′µRρµ
µµXµΞ/T). (C.35)

2.

AρµρµΞ = [see(C.26)]

= σµµX′µRρµρµ
µµXµΞ/T⇒

tr(AρµρµΞ) = δµµσ
µµ tr(X′µRρµρµ

µµXµΞ/T). (C.36)

3.

A∗ρµρµ′Ξ = [see(C.27)]

= δµµ′σ
µ′µ′X′µRρµ

µµRµµRρµ′
µ′µ′Xµ′Ξ/T⇒

tr(A∗ρµρµ′Ξ) = δµµ′σ
µ′µ′ tr(X′µRρµ

µµRµµRρµ′
µ′µ′Xµ′Ξ/T). (C.37)

4.

A(µµ)Ξ = [see(C.28)]

= BµµΞ⇒

tr(A(µµ)Ξ) = tr(BµµΞ) = tr(X′µRµµXµΞ/T). (C.38)

5. Since

A(µµ)(νν)Ξ = 0 = [see(C.29)]⇒

tr(A(µµ)(νν)Ξ) = 0. (C.39)

6. Since

A∗(µµ)(νν)Ξ = [see(C.30)]

= δµνσµµA(µµ)Ξ⇒

tr(A∗(µµ)(νν)Ξ) = δµνσµµ tr(AµµΞ) = [see(B.81)]

= δµνσµµ tr(BµµΞ) = δµνσµµ tr(X′µRµµXµΞ/T). (C.40)

7.

Aρµ(νν)Ξ = [see(C.31)]

= X′νRρµ
ννXνΞ/T⇒

tr(Aρµ(νν)Ξ) = tr(X′νRρµ
ννXνΞ/T). (C.41)
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8.

A∗ρµ(νν)Ξ = [see(C.32)]

= δµνX′µRρµ
µµXµΞ/T⇒

tr(A∗ρµ(νν)Ξ) = δµν tr(X′µRρµ
µµXµΞ/T). (C.42)

9.

A∗(νν)ρµΞ = [see(C.32)]

= δµνX′µRρµ
µµXµΞ/T⇒

tr(A∗ρµ(νν)Ξ) = δµν tr(X′µRρµ
µµXµΞ/T). (C.43)

10.

AρµGAρµ′ = [see(C.25)]

=
(
σµµX′µRρµ

iµµXµ/T
)

G
(
σµ
′µ′X′µ′Rρµ′

µ′µ′Xµ′/T
)

= σµµσµ
′µ′X′µRρµ

µµXµGX′µ′Rρµ′
µ′µ′Xµ′/T2

⇒

AρµGAρµ′Ξ = σµµσµ
′µ′X′µRρµ

µµXµGX′µ′Rρµ′
µ′µ′Xµ′Ξ/T2

tr(AρµGAρµ′Ξ) = σµµσµ
′µ′ tr(X′µRρµ

µµXµGX′µ′Rρµ′
µ′µ′Xµ′Ξ/T2). (C.44)

11. Similarly, by substituting Ξ for G we find that

tr(AρµΞAρµ′Ξ) = σµµσµ
′µ′ tr(X′µRρµ

µµXµΞX′µ′Rρµ′
µ′µ′Xµ′Ξ/T2). (C.45)

12.

A(µµ)GA(νν) = [see(C.28)]

= BµµGBνν ⇒

A(µµ)GA(νν)Ξ = BµµGBννΞ⇒

tr(A(µµ)GA(νν)Ξ) = tr(BµµGBννΞ) = [see(C.24)]

= tr(X′µRµµXµGX′νR
ννXνΞ/T2). (C.46)

13. Similarly, by substituting Ξ for G we find that

tr(A(µµ)ΞA(νν)Ξ) = tr(BµµΞBννΞ) = tr(X′µRµµXµΞX′νR
ννXνΞ/T2). (C.47)
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14.

AρµGA(νν) = [see (C.25) and (C.28)]

=
(
σµµX′µRρµ

µµXµ/T
)

GBνν

= σµµX′µRρµ
µµXµGBνν/T⇒ [see (C.24)]

AρµGA(νν)Ξ = σµµX′µRρµ
µµXµGX′νR

ννXνΞ/T2
⇒

tr(AρµGA(νν)Ξ) = σµµ tr(X′µRρµ
µµXµGX′νR

ννXνΞ/T2). (C.48)

15. Similarly, by substituting Ξ for G we find that

tr(AρµΞA(νν)Ξ) = σµµ tr(X′µRρµ
µµXµΞX′νR

ννXνΞ/T2). (C.49)

16.

A(νν)GAρµ = [see (C.25) and (C.28)]

= BννG
(
σµµX′µRρµ

µµXµ/T
)

= σµµBννGX′µRρµ
µµXµ/T⇒ [see (C.24)]

A(νν)GAρµΞ = σµµX′νR
ννXνGX′µRρµ

µµXµΞ/T2
⇒

tr(A(νν)GAρµΞ) = tr(AρµGA(νν)Ξ)

= σµµ tr(X′νR
ννXνGX′µRρµ

µµXµΞ/T2). (C.50)

17. Similarly, by substituting Ξ for G we find that

tr(A(νν)ΞAρµΞ) = σµµ tr(X′νR
ννXνΞX′µRρµ

µµXµΞ/T2). (C.51)

Proof. [Proof of Theorem 5]

i a. From (C.26), (C.27) and (C.44) we have that

Cρµρµ′ = A∗ρµρµ′ − 2AρµGAρµ′ + Aρµρµ′ /2

= δµµ′σ
µ′µ′X′µRρµ

µµRµµRρµ′
µ′µ′Xµ′/T − 2σµµσµ

′µ′X′µRρµ
µµXµGX′µ′Rρµ′

µ′µ′Xµ′/T2

+δµµ′σ
µµX′µRρµρµ

µµXµ/2T. (C.52)

ii a. From (C.44), by substituting Ξ for G we find that

Dρµρµ′ = AρµΞAρµ′ /2

= σµµσµ
′µ′X′µRρµ

µµXµΞX′µ′Rρµ′
µ′µ′Xµ′/2T2. (C.53)
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iii a.

GAρµG = [see (C.25)] = G
(
σµµX′µRρµ

µµXµ/T
)

G

= σµµGX′µRρµ
µµXµG/T. (C.54)

iv a.

GCρµρµ′G = [see (C.52)] = δµµ′σµ
′µ′GX′µRρµ

µµRµµRρµ′
µ′µ′Xµ′G/T

−2σµµσµ
′µ′GX′µRρµ

µµXµGX′µ′Rρµ′
µ′µ′Xµ′G/T2 + δµµ′σ

µµGX′µRρµρµ
µµXµG/2T. (C.55)

i b. From (C.29), (C.30) and (C.46) we have that

C(µµ)(νν) = A∗(µµ)(νν) − 2A(µµ)GA(νν) + A(µµ)(νν)/2

= δµνσµµA(µµ) − 2A(µµ)GA(νν)

= δµνσµµBµµ − 2BµµGBνν. (C.56)

ii b.From (C.46) by substituting Ξ for G we find that

D(µµ)(νν) = A(µµ)ΞA(νν)/2

= BµµΞBνν/2. (C.57)

iii b.

GA(µµ)G = [see (C.28)] = GBµµG. (C.58)

iv b.

GC(µµ)(νν)G = [see (C.56)]

= G[δµνσµµBµµ − 2BµµGBνν]G. (C.59)

i c. From (C.31), (C.32) and (C.48)

Cρµ(νν) = A∗ρµ(νν) − 2AρµGA(νν) + Aρµ(νν)/2

= δµνX′µRρµ
µµXµ/T

−2σµµX′µRρµ
µµXµGBνν/T

+δµνX′νRρµ
ννXν/2T

= δµνX′µRρµ
µµXµ/T − 2σµµX′µRρµ

µµXµGX′νR
ννXν/T2

+δµνX′νRρµ
ννXν/2T. (C.60)
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ii c.From (C.48), by substituting Ξ for G we find that

Dρµ(νν) = AρµΞA(νν)/2

= σµµX′µRρµ
µµXµΞBνν/2T

= σµµX′µRρµ
µµXµΞX′νR

ννXν/2T2. (C.61)

iii c.

GCρµ(νν)G = [see (C.60)]

= G
[
δµνX′µRρµ

µµXµ/T − 2σµµX′µRρµ
µµXµGX′νR

ννXν/T2 + δµνX′νRρµ
ννXν/2T

]
G. (C.62)

i d.From (C.31), (C.32) and (C.50)

C(νν)ρµ = A∗(νν)ρµ − 2A(νν)GAρµ + A(νν)ρµ/2

= δµνX′µRρµ
µµXµ/T

−2σµµX′νR
ννXνGX′µRρµ

µµXµ/T2

+δµνX′νRρµ
ννXν/2T. (C.63)

ii d.From (C.50), by substituting Ξ for G we find that

D(νν)ρµ = A(νν)ΞAρµ/2

= σµµX′νR
ννXνΞX′µRρµ

µµXµ/2T2. (C.64)

iii d.

GC(νν)ρµG = [see (C.63)]

= G
[
δµνX′µRρµ

µµXµ/T − 2σµµX′νR
ννXνGX′µRρµ

µµXµ/T2 + δµνX′νRρµ
ννXν/2T

]
G. (C.65)

1. a. The µ-th element of the ((M +M) × 1) vector l is

lρµ = e′GAρµGe/e′Ge = [see (C.54)]

=
e′

(e′Ge)1/2

(
σµµGX′µRρµ

µµXµG/T
) e

(e′Ge)1/2

= σµµh′GX′µRρµ
µµXµGh/T, (C.66)

where

h =
e

(e′Ge)1/2
. (C.67)
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2. a. Similarly, the (µµ′)-th element of the ((M +M) × (M +M)) matrix L is

lρµρµ′ = e′GCρµρµ′Ge/e′Ge

=
e′

(e′Ge)1/2
GCρµρµ′G

e
(e′Ge)1/2

= h′GCρµρµ′Gh = [see (C.52)]

= δµµ′σ
µ′µ′h′GX′µRρµ

µµRµµRρµ′
µ′µ′Xµ′Gh/T − 2σµµσµ

′µ′h′GX′µRρµ
µµXµGX′µ′Rρµ′

µ′µ′Xµ′Gh/T2

+δµµ′σ
µµh′GX′µRρµρµ

µµXµGh/2T. (C.68)

3. a. The µ-th element of the ((M +M) × 1) vector c is

cρµ = tr(AρµΞ) = [see (C.35)]

= σµµ tr(X′µRρµ
µµXµΞ/T). (C.69)

4. a. The (µµ′)-th element of the ((M +M) × (M +M)) matrix C is

cρµρµ′ = tr(Cρµρµ′Ξ) = [see (C.52)]

= δµµ′σ
µ′µ′ tr(X′µRρµ

µµRµµRρµ′
µ′µ′Xµ′Ξ/T) − 2σµµσµ

′µ′ tr(X′µRρµ
µµXµGX′µ′Rρµ′

µ′µ′Xµ′Ξ/T2)

+δµµ′σ
µµ tr(X′µRρµρµ

µµXµΞ/2T). (C.70)

5. a. The (µµ′)-th element of the ((M +M) × (M +M)) matrix D is

dρµρµ′ = tr(Dρµρµ′Ξ) = [see (C.53)]

= σµµσµ
′µ′ tr(X′µRρµ

µµXµΞX′µ′Rρµ′
µ′µ′Xµ′Ξ/2T2). (C.71)

1. b. The (µµ)-th element of the ((M +M) × 1) vector l is

l(µµ) = [see (C.28)] = e′GA(µµ)Ge/e′Ge

=
e′

(e′Ge)1/2
GBµµG

e
(e′Ge)1/2

= h′GBµµGh = [see (C.24), (C.28)]

= h′GX′µRµµXµGh/T. (C.72)

2. b. Similarly, the ((µµ), (νν))-th element of the ((M +M) × (M +M)) matrix L is

l(µµ)(νν) = e′GC(µµ)(νν)Ge/e′Ge

= h′GC(µµ)(νν)Gh = [see (C.59)]

= h′G[δµνσµµBµµ − 2BµµGBνν]Gh

= δµνσµµh′GBµµGh − 2h′GBµµGBννGh

= δµνσµµl(µµ) − 2h′GBµµGBννGh =⇒
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l(µµ)(νν) = [see (C.24) and (C.72)]

= δµνσµµh′GX′µRµµXµGh/T − 2h′GX′µRµµXµGX′νR
ννXνGh/T2. (C.73)

3. b.The (µµ)-th element of the ((M +M) × 1) vector c is

c(µµ) = tr(A(µµ)Ξ) = [see (C.38)]

= tr(X′µRµµXµΞ/T). (C.74)

4. b.The ((µµ), (νν))-th element of the ((M +M) × (M +M)) matrix C is

c(µµ)(νν) = tr(C(µµ)(νν)Ξ) = [see (C.56)]

= δµνσµµ tr(A(µµ)Ξ) − 2 tr(Aς(µµ) GA(νν)Ξ)

= [see(C.24)]

= δµνσµµ tr(X′µRµµXµΞ)/T − 2(tr(X′µRµµXµGX′νR
ννXνΞ/T2). (C.75)

5. b. The ((µµ), (νν))-th element of the ((M +M) × (M +M)) matrix D is

d(µµ)(νν) = tr(D(µµ)(νν)Ξ) = [see (C.57)] = tr(A(µµ)ΞA(νν)Ξ)/2

= tr(BµµΞBννΞ)/2 = [see (C.24)]

= tr(X′µRµµXµΞX′νR
ννXνΞ/2T2). (C.76)

1. c. Similarly the (µ, (νν))-th element of the ((M +M) × (M +M)) matrix L is

lρµ(νν) = e′GCρµ(νν)Ge/e′Ge

=
e′

(e′Ge)1/2
GCρµ(νν)G

e
(e′Ge)1/2

= h′GCρµ(νν)Gh = [see (C.62)]

= h′G
[
δµνX′µRρµ

µµXµ/T − 2σµµX′µRρµ
µµXµGX′νR

ννXν/T2 + δµνX′νRρµ
ννXν/T

]
Gh. .(C.77)

2. c.The (µ, (νν))-th element of the ((M +M) × (M +M)) matrix C is

cρµ(νν) = [see (C.60)] = tr(Cρµ(νν)Ξ)

= δµν tr(X′µRρµ
µµXµΞ/T)

−2σµµ tr(X′µRρµ
µµXµGBννΞ/T)

+δµν tr(X′νRρµ
ννXνΞ/2T)

= [see (C.24)] = δµν tr(X′µRρµ
µµXµΞ/T)

−2σµµ tr(X′µRρµ
µµXµΞX′νR

ννXνΞ/2T2)

+δµν tr(X′νRρµ
ννXνΞ/2T). (C.78)
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3. c. The (µ, (νν))-th element of the ((M +M) × (M +M)) matrix D is

dρµ(νν) = tr(Dρµ(νν)Ξ) = [see (C.61)] = tr(AρµΞA(νν)/2)

= σµµ tr(X′µRρµ
µµXµΞBννΞ/2T)

= σµµ tr(X′µRρµ
µµXµΞX′νRρµ

ννXνΞ/2T2). (C.79)

1. d. The ((νν), µ)-th element of the ((M +M) × (M +M)) matrix L is

l(νν)ρµ = e′GC(νν)ρµGe/e′Ge = h′GC(νν)ρµGh = [see (C.65)]

= h′G
[
δµνX′µRρµ

µµXµ/T − 2σµµX′νR
ννXνGX′µRρµ

µµXµ/T2 + δµνX′νRρµ
ννXν/2T

]
Gh. (C.80)

2. d.The ((νν), µ)-th element of the ((M +M) × (M +M)) matrix C is

c(νν)ρµ = tr(C(νν)ρµΞ) = [see (C.63)]

= δµν tr(X′µRρµ
µµXµΞ/T)

−2σµµ tr(X′νR
ννXνGX′µRρµ

µµXµΞ/T2)

+δµν tr(X′νRρµ
ννXνΞ/2T). (C.81)

3. d.The ((νν), µ)-th element of the ((M +M) × (M +M)) matrix D is

d(νν)ρµ = tr(D(νν)ρµΞ) = [see (C.64)] = tr(A(νν)ΞAρµ/2)

= σµµ tr(X′νR
ννXνΞX′µRρµ

µµXµΞ/2T2). (C.82)

□

Lemma C.1. For all estimators B̂I, (I=UL, RL, GL, IG, ML) of B the following results hold:

B̂I = B + τB1
I + ω(τ2), (C.83)

where

B1
UL = (Z′Z/T)−1Z′E/

√

T, (C.84)

vec(B1
RL) =Ψ(X′∗X∗/T)−1X′∗ε/

√

T, (C.85)

vec(B1
GL) = vec(B1

IG) = vec(B1
ML)

= Ψ[X′∗(Σ
−1
⊗ IT)X∗/T]−1X′∗(Σ

−1
⊗ IT)ε/

√

T. (C.86)
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Proof of Lemma C.1. i.

B̂UL = (Z′Z)−1Z′Y∗ = (Z′Z)−1Z′(ZB + E)

= B + (Z′Z)−1Z′E = B + τ(Z′Z/T)−1Z′E/
√

T

= B + τB1
UL. (C.87)

ii. Since

vec(B) =


b1

...

bM

 =

Ψ1β
...

ΨMβ

 =

Ψ1

...

ΨM

β =Ψβ, (C.88)

by vectorizing (5.34) we take

y∗ = vec(Y∗) = vec(ZB + E) = vec(ZB) + vec(E)

= (I ⊗ Z) vec(B) + ε = (I ⊗ Z)Ψβ + ε = X∗β + ε. (C.89)

Thus,

vec(B̂RL) = Ψ(X′∗X∗)
−1X′∗y∗

= Ψ(X′∗X∗)
−1X′∗(X∗β + ε) =Ψβ +Ψ(X′∗X∗)

−1X′∗ε

= Ψβ + τΨ(X′∗X∗/T)−1X′∗ε/
√

T = vec(B) + τvec(B1
RL)⇒ (C.90)

⇒ B̂RL = B + τB1
RL. (C.91)

iii. For any consistent estimator Σ̂−1 of Σ−1 it holds that

Σ̂−1 = Σ−1 + ω(τ), (C.92)

which implies that

(Σ̂−1
⊗ IT) = (Σ−1

⊗ IT) + ω(τ). (C.93)

Therefore,

vec(B̂GL) = Ψ(X′∗(Σ̂
−1
⊗ IT)X∗)−1X′∗(Σ̂

−1
⊗ IT)y∗

= Ψ(X′∗(Σ̂
−1
⊗ IT)X∗)−1X′∗(Σ̂

−1
⊗ IT)(X∗β + ε)

= Ψβ + τΨ[X′∗((Σ
−1
⊗ IT) + ω(τ))X∗/T]−1X′∗((Σ

−1
⊗ IT) + ω(τ))ε/

√

T

= vec(B) + τΨ[(X′∗(Σ
−1
⊗ IT)X∗/T) + τω(τ2)]−1[(X′∗(Σ

−1
⊗ IT)ε/

√

T) + ω(τ2)]

= vec(B) + τΨ[(X′∗(Σ
−1
⊗ IT)X∗/T)−1 + τω(τ2)][(X′∗(Σ

−1
⊗ IT)ε/

√

T) + ω(τ2)]

= vec(B) + τΨ[X′∗(Σ
−1
⊗ IT)X∗/T]−1X∗(Σ−1

⊗ IT)ε/
√

T + ω(τ2)

= vec(B) + τvec(B1
GL) + ω(τ2)⇒ (C.94)



270 Appendix C

B̂GL = B + τB1
GL + ω(τ2). (C.95)

Since B̂IG and B̂ML are the outcome of iterative use of the GL-estimation process, equation (C.94)

implies that

B̂IG = B + τB1
IG + ω(τ2) (C.96)

and

B̂ML = B + τB1
ML + ω(τ2), (C.97)

where

vec(B1
IG) = vec(B1

ML) = vec(B1
GL). (C.98)

So, equations ((C.87), (C.90), (C.94), (C.96), (C.97) and (C.98)) complete the proof.

□

Lemma C.2. For any conformable matrix Γ lemma C.1 implies that

lim
T→∞

T E[(B̂I − B̂UL)′Γ(B̂I − B̂UL)] = lim
T→∞

E[(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)]. (C.99)

Proof of Lemma C.2.

B̂I − B̂UL = (B + τB1
I + ω(τ2)) − (B + τB1

UL) = τ(B1
I
− B1

UL) + ω(τ2)⇒ (C.100)

(B̂I − B̂UL)′Γ(B̂I − B̂UL) = [τ(B1
I
− B1

UL) + ω(τ2)]′Γ[τ(B1
I
− B1

UL) + ω(τ2)]

= τ2(B1
I
− B1

UL)′Γ(B1
I
− B1

UL) + ω(τ3)⇒

T E[(B̂I − B̂UL)′Γ(B̂I − B̂UL)] = E[(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)] +O(τ)⇒

lim
T→∞

T E[(B̂I − B̂UL)′Γ(B̂I − B̂UL)] = lim
T→∞

E[(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)]. (C.101)

□

Lemma C.3. Since the rows ε′t (t = 1, . . . ,T) of E are independent NM(0,Σ) vectors, the matrix E′E has a

Wishart distribution with weight matrix Σ and T degrees of freedom i.e,

E′E ∼W(Σ,T), E(E′E) = TΣ. (C.102)

Then,

E(E′EΣ−1E′E) = T(M + T + 1)Σ. (C.103)
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Proof of Lemma C.3.

E′E = (ε1, . . . , εT)


ε′1
...

ε′T

 =
T∑

t=1

εtε′t (C.104)

⇒ E′EΣ−1E′E =

T∑
t=1

εtε′tΣ
−1

T∑
t′=1

εt′ε′t′

=

T∑
t=1

εtε′tΣ
−1εtε′t +

T∑
t=1

T∑
t′=1

t,t′

εtε′tΣ
−1εt′ε′t′ (C.105)

where ε′t and ε′t′ are independent NM(0,Σ) vectors for t , t′.

Let g be any arbitrary (M × 1) non-stochastic vector. Then,

g′(εtε′tΣ
−1εtε′t)g = tr(g′εtε′tΣ

−1εtε′t g)

= tr(ε′t gg′εtε′tΣ
−1εt) = ε′t gg′εtε′tΣ

−1εt ⇒

E(g′(εtε′tΣ
−1εtε′t)g) = E(ε′t gg′εtε′tΣ

−1εt)

= [see Magnus and Neudecker, 1979 p.389]

= tr (gg′Σ) tr (Σ−1Σ) + 2 tr (gg′ΣΣ−1Σ)

= tr(g′Σg) tr (IM) + 2 tr (g′Σg)

= Mg′Σg + 2g′Σg

= (M + 2)g′Σg. (C.106)

Since ε′t and ε′t′ are independent vectors for t , t′, equations (C.102) and (C.103) imply that

E[g′(E′EΣ−1E′E)g] = E

g′


T∑

t=1

εtε′tΣ
−1εtε′t +

T∑
t=1

T∑
t′=1

t,t′

εtε′tΣ
−1εt′ε′t′

 g


=

T∑
t=1

E[g′(εtε′tΣ
−1εtε′t)g] +

T∑
t=1

T∑
t′=1

t,t′

E[g′(εtε′tΣ
−1εt′ε′t′ )g]

=

T∑
t=1

E[g′(εtε′tΣ
−1εtε′t)g] +

T∑
t=1

T∑
t′=1

t,t′

g′ E(εtε′t)Σ
−1 E(εt′ε′t′ )g

=

T∑
t=1

(M + 2)g′Σg +
T∑

t=1

T∑
t′=1

t,t′

g′ΣΣ−1Σg

= T(M + 2)g′Σg + T(T − 1)g′Σg

= T(M + T + 1)g′Σg. (C.107)
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Since g is any arbitrary non-stochastic vector, equation (C.104) implies that

E[g′(E′EΣ−1E′E)g] = g′ E[E′EΣ−1E′E]g = T(M + T + 1)g′Σg

⇒ E[E′EΣ−1E′E] = T(M + T + 1)Σ. (C.108)

□

Lemma C.4. Let ÊI be the residuals of the regression equation

Y∗ = ZB + E, (C.109)

when the B̂I (I=UL, RL, GL, IG, ML) estimator is used. Lemma C.1 implies that

ÊI = Y∗ − ZB̂I = ZB + E − Z(B + τB1
I + ω(τ2))

= E − τZB1
I + ω(τ2). (C.110)

For the Σ̂I (I=UL, RL, GL, IG, ML) estimator of Σ it holds that

Σ̂I = Ê′IÊI/T = [E − τZB1
I + ω(τ2)]′[E − τZB1

I + ω(τ2)]/T

= [E − τZB1
I]′[E − τZB1

I]/T + ω(τ4)

= [E′ − τB1
I′Z′][E − τZB1

I]/T + ω(τ4)

= E′E/T − τE′ZB1
I/T − τB1

I′Z′E/T + τ2B1
I′Z′ZB1

I/T + ω(τ4)

= E′E/T − τ2E′ZB1
I/
√

T − τ2B1
I′Z′E/

√

T + τ2B1
I′(Z′Z/T)B1

I + ω(τ4)

= E′E/T + τ2[B1
I′(Z′Z/T)B1

I
− E′ZB1

I/
√

T − B1
I′Z′E/

√

T] + ω(τ4). (C.111)

By using equation (C.84) we find that

B1
I′Z′E/

√

T = B1
I′(Z′Z/T)(Z′Z/T)−1Z′E/

√

T

= B1
I′(Z′Z/T)B1

UL. (C.112)

Similarly,

E′ZB1
I/
√

T = B1
UL′(Z′Z/T)B1

I. (C.113)

Since Γ = Z′Z/T, equations (C.111), (C.112) and (C.113) imply that

Σ̂I = E′E/T + τ2[B1
I′ΓB1

I
− B1

UL′ΓB1
I
− B1

I′ΓB1
UL] + ω(τ4)

= Σ − τ
√

TΣ + τ
√

TE′E/T + τ2[B1
I′ΓB1

I
− B1

UL′ΓB1
I
− B1

I′ΓB1
UL] + ω(τ4). (C.114)
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The following result holds:

B1
I′ΓB1

I
− B1

UL′ΓB1
I
− B1

I′ΓB1
UL

= B1
I′ΓB1

I
− B1

UL′ΓB1
I
− B1

I′ΓB1
UL + B1

UL′ΓB1
UL
− B1

UL′ΓB1
UL

= (B1
I
− B1

UL)′Γ(B1
I
− B1

UL) − [(Z′Z/T)−1Z′E/
√

T]′(Z′Z/T)[(Z′Z/T)−1Z′E/
√

T]

= (B1
I
− B1

UL)′Γ(B1
I
− B1

UL) − E′Z(Z′Z/T)−1(Z′Z/T)(Z′Z/T)−1Z′E/T

= (B1
I
− B1

UL)′Γ(B1
I
− B1

UL) − E′Z(Z′Z)−1Z′E

= (B1
I
− B1

UL)′Γ(B1
I
− B1

UL) − E′PZE, (C.115)

where PZ = Z(Z′Z)−1Z′. Thus, equations (C.114) and (C.115) imply that

Σ̂I = Σ + τ[
√

T(E′E/T − Σ)] + τ2[(B1
I
− B1

UL)′Γ(B1
I
− B1

UL) − E′PZE] + ω(τ4)

= Σ + τΣ1 + τ
2ΣI

2 + ω(τ3)

= Σ + τ(Σ1 + τΣI
2) + ω(τ3), (C.116)

where

Σ1 =
√

T(E′E/T − Σ) (C.117)

and

ΣI
2 = (B1

I
− B1

UL)′Γ(B1
I
− B1

UL) − E′PZE. (C.118)

Equation (C.116) implies that

Σ̂−1
I = [Σ + τ(Σ1 + τΣI

2) + ω(τ3)]−1

= Σ−1
− τΣ−1(Σ1 + τΣI

2)Σ−1 + τ2Σ−1(Σ1 + τΣI
2)Σ−1(Σ1 + τΣI

2)Σ−1 + ω(τ3)

= Σ−1
− τΣ−1Σ1Σ−1

− τ2Σ−1ΣI
2Σ
−1 + τ2Σ−1Σ1Σ−1Σ1Σ−1 + ω(τ3)

= Σ−1
− τΣ−1Σ1Σ−1 + τ2[Σ−1Σ1Σ−1Σ1Σ−1

− Σ−1ΣI
2Σ
−1] + ω(τ3)

= Σ−1
− τΣ−1Σ1Σ−1 + τ2[Σ−1(Σ1Σ−1Σ1 − ΣI

2)Σ−1] + ω(τ3)

= Σ−1
− τS1 + τ

2S2
I + ω(τ3), (C.119)

where

S1 = Σ−1Σ1Σ−1, (C.120)

S2
I = Σ−1(Σ1Σ−1Σ1 − ΣI

2)Σ−1. (C.121)
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Moreover, the following results hold:

i.

E(Σ1) = E[
√

T(E′E/T − Σ)] =
√

T[E(E′E)/T − Σ] = [see (C.102)]

=
√

T[TΣ/T − Σ] = 0. (C.122)

ii. Since E′E ∼W(Σ,T) and since PZ = Z(Z′Z)−1Z′ is idempotent with

rank(PZ) = tr (PZ) = tr [Z(Z′Z)−1Z′] = tr [(Z′Z)−1Z′Z] = tr IK = K, (C.123)

it follows that

E′PZE ∼W(Σ,K). (C.124)

Furthermore,

E(E′PZE) = tr (PZ)Σ = KΣ [see Magnus and Neudecker, 1979]. (C.125)

iii.

E(S1) = E(Σ−1Σ1Σ−1) = Σ−1 E(Σ1)Σ−1 = 0 [see (C.122)]. (C.126)

iv.

E(Σ1Σ−1Σ1) = E[
√

T(E′E/T − Σ)Σ−1
√

T(E′E/T − Σ)]

= E[T(E′EΣ−1E′E/T2 + Σ − E′E/T − E′E/T)]

= E(E′EΣ−1E′E/T + TΣ − 2E′E)

= E(E′EΣ−1E′E)/T − 2 E(E′E) + TΣ

= T(M + T + 1)Σ/T − 2TΣ + TΣ

= MΣ + TΣ + Σ − 2TΣ + TΣ = Σ(M + 1). (C.127)

v.

E(ΣI
2) = E[(B1

I
− B1

UL)′Γ(B1
I
− B1

UL) − E′PZE]

= E[(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)] − E[E′PZE]

= E[(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)] − KΣ (C.128)

⇒ E(Σ−1ΣI
2Σ
−1) = Σ−1 E(ΣI

2)Σ−1

= Σ−1 E[(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)]Σ−1
− KΣ−1ΣΣ−1

= Σ−1 E[(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)]Σ−1
− KΣ−1. (C.129)
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vi. Thus equationS (C.121), (C.127) and (C.129) imply that

E(S2
I) = E[Σ−1(Σ1Σ−1Σ1 − ΣI

2)Σ−1]

= E[Σ−1Σ1Σ−1Σ1Σ−1
− Σ−1ΣI

2Σ
−1]

= Σ−1 E(Σ1Σ−1Σ1)Σ−1
− E(Σ−1ΣI

2Σ
−1)

= (M + 1)Σ−1ΣΣ−1 + KΣ−1
− Σ−1 E[(B1

I
− B1

UL)′Γ(B1
I
− B1

UL)]Σ−1

= (M + K + 1)Σ−1
− Σ−1 E[(B1

I
− B1

UL)′Γ(B1
I
− B1

UL)]Σ−1. (C.130)

Lemma C.5. We estimate the model

y∗ = X∗β + ε (C.131)

by using the I estimation process, and we estimate (Σ−1
⊗ IT) by using the estimator

(Σ̂I
−1
⊗ IT). (C.132)

Then by using (C.132) we estimate (C.131) via the GL-estimation method. Let Σ̂I the estimation of Σ by

using the GL residuals, ε̂GL = vec(ÊGL) say, from equation (C.131) i.e.,

Σ̂I = Ê′GLÊGL/T. (C.133)

Let β̂GL be the GL estimator of β in (C.131). For the σ̂2
I (I=UL, RL, GL, IG, ML) estimator of σ2 holds

that

σ̂2
I = (y∗ − X∗β̂GL)′(Σ̂I

−1
⊗ IT)(y∗ − X∗β̂GL)/(TM − n)

= ε̂′GL(Σ̂I
−1
⊗ IT)ε̂GL/(TM − n)

= [vec(ÊGL)]′(Σ̂I
−1
⊗ IT)[vec(ÊGL)]/(TM − n)

= tr [ÊGL(Σ̂I
−1

)′Ê′GL]/(TM − n) = tr Σ̂I
−1

Ê′GLÊGL/(TM − n)

= tr (Σ̂−1
I TΣ̂J)/(TM − n) = tr (Σ̂−1

I Σ̂J)/((TM − n)/T)

= tr (Σ̂−1
I Σ̂J)/(M − n/T) = tr (Σ̂−1

I Σ̂J)/(M − τ2n). (C.134)

By using equations (C.116), (C.117) and (C.118) we take

Σ̂J = Σ + τΣ1 + τ
2ΣJ

2 + ω(τ3), (C.135)

where

Σ1 =
√

T(E′E/T − Σ) (C.136)

and

ΣJ
2 = (B1

J
− B1

UL)′Γ(B1
J
− B1

UL) − E′PZE. (C.137)
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Then, equations (C.119),(C.121), (C.134) and (C.135) imply that

Σ̂−1
I Σ̂J = [Σ−1

− τS1 + τ
2S2

I + ω(τ3)][Σ + τΣ1 + τ
2ΣJ

2 + ω(τ3)]

= Σ−1Σ + τΣ−1Σ1 + τ
2Σ−1ΣJ

2 − τS1Σ − τ2S1Σ1 + τ
2S2

IΣ + ω(τ3)

= IM + τΣ−1Σ1 + τ
2Σ−1ΣJ

2 − τΣ
−1Σ1Σ−1Σ − τ2Σ−1Σ1Σ−1Σ1 + τ

2Σ−1(Σ1Σ−1Σ1 − ΣI
2)Σ−1Σ + ω(τ3)

= IM + τ
2Σ−1(ΣJ

2 − Σ
I
2) + ω(τ3)⇒ (C.138)

tr (Σ̂−1
I Σ̂J) = tr IM + τ

2 tr [Σ−1(ΣJ
2 − Σ

I
2)] + ω(τ3)

= M + τ2 tr [Σ−1(ΣJ
2 − Σ

I
2)] + ω(τ3)⇒ (C.139)

σ̂2
I = tr (Σ̂−1

I Σ̂J)/(M − τ2n) = [M + τ2 tr [Σ−1(ΣJ
2 − Σ

I
2)]]/(M − τ2n) + ω(τ3). (C.140)

Moreover,

Σ−1(ΣJ
2 − Σ

I
2) = Σ−1(Σ1Σ−1Σ1 − Σ1Σ−1Σ1 + Σ

J
2 − Σ

I
2)

= Σ−1[(Σ1Σ−1Σ1 − ΣI
2) − (Σ1Σ−1Σ1 − Σ

J
2)]

= Σ−1(Σ1Σ−1Σ1 − ΣI
2)Σ−1Σ − Σ−1(Σ1Σ−1Σ1 − Σ

J
2)Σ−1Σ

= SI
2Σ − SJ

2Σ = (SI
2 − SJ

2)Σ⇒ (C.141)

tr [Σ−1(ΣJ
2 − Σ

I
2)] = tr (S2

I
− S2

J)Σ (C.142)

Thus, equations (C.140) and (C.142) imply that

σ̂2
I = [M + τ2 tr[(S2

I
− S2

J)Σ]]/(M − τ2n) + ω(τ3). (C.143)

Lemma C.6. Define the M ×M matrices

MI = lim
T→∞

E(S2
I) (C.144)

and

∆I = lim
T→∞

T E[(B̂I − B̂UL)′Γ(B̂I − B̂UL)] (I=UL, RL, GL, IG, ML) (C.145)
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The following results hold:

i.

MI = lim
T→∞

E(S2
I) = (C.130)

= (M + K + 1)Σ−1
− Σ−1[ lim

T→∞
E[(B1

I
− B1

UL)′Γ(B1
I
− B1

UL)]]Σ−1

= [see Lemma (C.2)]

= (M + K + 1)Σ−1
− Σ−1[ lim

T→∞
T E[(B̂I − B̂UL)′Γ(B̂I − B̂UL)]]Σ−1

= [see (C.145)] = (M + K + 1)Σ−1
− Σ−1∆IΣ−1

⇒ (C.146)

(MI −MGL)Σ = [(M + K + 1)Σ−1
− Σ−1∆IΣ−1

− (M + K + 1)Σ−1 + Σ−1∆GLΣ−1]Σ

= (Σ−1∆GLΣ−1
− Σ−1∆IΣ−1)Σ = Σ−1(∆GL − ∆I)Σ−1Σ

= Σ−1(∆GL − ∆I). (C.147)

ii.

E[(S2
I
− S2

J)Σ] = [E(S2
I) − E(S2

J)]Σ = [see (C.130)]

= [(M + K + 1)Σ−1
− Σ−1 E[(B1

I
− B1

UL)′Γ(B1
I
− B1

UL)]Σ−1

−(M + K + 1)Σ−1 + Σ−1 E[(B1
J
− B1

UL)′Γ(B1
J
− B1

UL)]Σ−1]Σ

= −Σ−1 E[(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)]Σ−1Σ

+Σ−1 E[(B1
J
− B1

UL)′Γ(B1
J
− B1

UL)]Σ−1Σ⇒ (C.148)

lim
T→∞

E[(S2
I
− S2

J)Σ] = −Σ−1 lim
T→∞

E[(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)]

+Σ−1 lim
T→∞

E[(B1
J
− B1

UL)′Γ(B1
J
− B1

UL)] = [see Lemma C.2]

= −Σ−1 lim
T→∞

E[(B̂I − B̂UL)′Γ(B̂I − B̂UL)]

+Σ−1 lim
T→∞

E[(B̂J − B̂UL)′Γ(B̂J − B̂UL)] = [see (C.145)]

= −Σ−1∆I + Σ−1∆J = Σ−1(∆J − ∆I) = Σ−1(∆GL − ∆I), (C.149)

because the I estimation method is the GL method.
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iii. Moreover,

S1 = Σ−1Σ1Σ−1 =
√

T(Σ−1E′EΣ−1/T − Σ−1ΣΣ−1)

=
√

T(Σ−1E′EΣ−1/T − Σ−1)

=
√

T
[
[(δikσii

−1)i,k=1,...,M][(δklε
′

kεl/T)k,l=1,...,M][(δl jσll
−1)l, j=1,...,M] − [(δi jσii

−1)i, j=1,...,M]
]

=
√

T

[( M∑
k=1

M∑
l=1

δikδklδl jσii
−1σll

−1ε′kεl/T
)

i j

]
− [(δi jσii

−1)i, j]


=
√

T
[
(δi jσii

−1σ j j
−1ε′iε j/T − δi jσii

−1)i, j

]
. (C.150)

Moreover, we define the ii-th elements of matrix S1

s(1)
(ii) =

√

T[σii
−1(σii

−1ε′iεi/T − 1)], (C.151)

and

s1 = [(s(1)
(ii))i=1,...,M]′ (C.152)

Since E′E ∼W(Σ,T), ε′t ∼ NM(0,Σ), εi ∼ NM(0, σiiIT) and E(E′E) = TΣ we have that

E(εiε′i ) = σiiIT, (C.153)

E(εtε′t) = Σ, (C.154)

E(ε′iεi) = Tσii, (C.155)

and equation (C.117) implies that the matrix

W =
√

TΣ1 = T(E′E/T − Σ) = E′E − TΣ (C.156)

is a Wishart diagonal matrix in deviations from its expected value. Let wii be the (i, i)-th element of

W. Then, since σii is the (i, i)-th element of Σ, following Zellner, 1971 p.389, (B.58), we find that

σii
(1) =

√

T(ε′iεi/T − σii)⇒ E(σii
(1)) = 0 (C.157)

wii =
√

Tσii
(1) = T(ε′iεi/T − σii)⇒ E(wii) = 0 (C.158)

and by using Theorem UR.1 we have

cov(wiiw j j) = E(wiiw j j) = T(σi jσi j + σi jσi j) = 0 (C.159)

cov(wiiwii) = E(wiiwii) = T(σiiσii + σiiσii) = 2Tσii
2 (C.160)
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E[s1s′1] = E





s11
(1)

s22
(1)

...

sMM
(1)


· [s11

(1) s22
(1) . . . sMM

(1)]



= E



s11
(1)2 s11

(1)s22
(1) . . . s11

(1)sMM
(1)

s22
(1)s11

(1) s22
(1)2 s22

(1)s33
(1) . . .

...
. . .

sMM
(1)s11

(1) . . . sMM
(1)2


. (C.161)

By using Lemma (UR.2) and equation (C.151) and since εi ∼ N(0, σiiIT) we have

E(ε′i ITεi) = tr(σiiIT) = Tσii (C.162)

E(ε′i ITεiε′i ITεi) = tr(σiiIT) tr(σiiIT) + 2 tr(σiiITσiiIT) = (Tσii)(Tσii) + 2(Tσii
2)

= T2σii
2 + 2Tσii

2 = (T2 + 2T)σii
2
⇒ (C.163)

E[(sii
(1))2] = E[

√

T[σii
−1(σii

−1ε′iεi/T − 1)]]2

= T E[σii
−2(σii

−2ε′iεiε
′

iεi/T
2
− 2σii

−1ε′iεi/T + 1)]

= Tσii
−4 E(ε′iεi)

2/T2
− 2Tσii

−3 E(ε′iεi)/T + Tσii
−2

= Tσii
−4
·

(T2 + 2T)σii
2

T2 − 2Tσii
−3 Tσii

T
+ Tσii

−2

= 2σii
−2. (C.164)

E[(sii
(1)s j j

(1))] = 0. (C.165)

By using equations (C.164) and (C.165), equation (C.161) can be written as

E[s1s′1] =



2σ11
−2 0 . . . 0

0 2σ22
−2 0

. . .

0 . . . 0 2σMM
−2


⇒ (C.166)
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lim
T→∞

E[s1s′1] = lim
T→∞



2σ11
−2 0 . . . 0

0 2σ22
−2 0

. . .

0 . . . 0 2σMM
−2


. (C.167)

Lemma C.7. Calculation of ∆I (I=UL,RL,GL, IG, ML)

Since, y∗ = vec(Y∗), X∗ = (IM ⊗ Z)Ψ, ε = vec(E) and vec(B) = Ψβ where y∗, ε are (TM × 1) vectors and

(IM ⊗ Z), Ψ and X∗ are TM ×Mk, Mk × n and TM × n matrices, respectively, the following results hold:

(i)

B1
UL = (Z′Z/T)−1Z′E/

√

T = T(Z′Z)−1Z′E/
√

T

=
√

T(Z′Z)−1Z′E⇒ (C.168)

vec(B1
UL) = vec[

√

T(Z′Z)−1Z′E]

=
√

T vec[(Z′Z)−1Z′E]

=
√

T[IM ⊗ (Z′Z)−1Z′] vec(E)

=
√

T[IM ⊗ (Z′Z)−1Z′]ε. (C.169)

(ii)

vec(B1
RL) =Ψ(X′∗X∗/T)−1X′∗ε/

√

T =
√

TΨ(X′∗X∗)
−1X′∗ε. (C.170)

(iii) Similarly,

vec(B1
GL) = vec(B1

IG) = vec(B1
ML)

= Ψ[X′∗(Σ
−1
⊗ IT)X∗/T]−1X′∗(Σ

−1
⊗ IT)ε/

√

T

=
√

TΨ[X′∗(Σ
−1
⊗ IT)X∗]−1X′∗(Σ

−1
⊗ IT)ε. (C.171)

Moreover,

B̂I − B̂UL = τ(B1
I
− B1

UL) + ω(τ2) = [see (C.100)]

⇒

√

T(B̂I − B̂UL) =
√

T[τ(B1
I
− B1

UL) + ω(τ2)]

= (B1
I
− B1

UL) + ω(τ)⇒ (C.172)

vec[
√

T(B̂I − B̂UL)] =
√

T vec(B̂I − B̂UL) = vec(BI − BUL) + ω(τ). (C.173)
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Define the matrix ΦI such that
√

TΦIε = vec(B1
I
− B1

UL). (C.174)

Then equations (C.173) and (C.174) imply that

√

T vec(B̂I − B̂UL) =
√

TΦIε + ω(τ). (C.175)

By using equations (C.168), (C.169), (C.170), and (C.174), we find the following results:

I For I = UL
√

TΦIε =
√

TΦULε = vec(B1
UL
− B1

UL) = 0⇒ΦUL = 0. (C.176)

II For I = RL

√

TΦIε =
√

TΦRLε = vec(B1
RL
− B1

UL) =
√

TΨ(X′∗X∗)
−1X′∗ε −

√

T[IM ⊗ (Z′Z/T)−1Z′]ε

=
√

T[Ψ(X′∗X∗)
−1X′∗ − [IM ⊗ (Z′Z/T)−1Z′]]ε⇒

ΦRL = Ψ(X′∗X∗)
−1X′∗ − [IM ⊗ (Z′Z/T)−1Z′]. (C.177)

III Similarly, for I = GL, IG,ML

√

TΦIε =
√

TΦGLε =
√

TΦIGε =
√

TΦMLε

= vec(B1
GL
− B1

UL) = vec(B1
IG
− B1

UL) = vec(B1
ML
− B1

UL)

=
√

T[Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1X′∗(Σ

−1
⊗ IT) − [IM ⊗ (Z′Z/T)−1Z′]]ε⇒

ΦGL = ΦIG =ΦML =Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1X′∗(Σ

−1
⊗ IT) − [IM ⊗ (Z′Z)−1Z′]. (C.178)

Let l be any arbitrary M × 1 vector and let L = ll′ be any symmetric matrix i.e.,

l = [(li)i=1,...,M] (C.179)

and

L = [(li j)i, j=1,...,M] = ll′ =


l1
...

lM

 (l1, . . . , lM) =


l1l1 . . . l1lM
...

...

lMl1 . . . lMlM


= [(lil j)i, j=1,...,M]⇒

li j = lil j (i, j = 1, . . . ,M). (C.180)
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Then,

l′(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)l = tr [l′(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)l]

= tr [(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)ll′]

= tr [(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)L]

= [vec(B1
I
− B1

UL)]′ vec[Γ(B1
I
− B1

UL)L]

= [vec(B1
I
− B1

UL)]′(L′ ⊗ Γ)[vec(B1
I
− B1

UL)]

= [vec(B1
I
− B1

UL)]′(L ⊗ Γ)[vec(B1
I
− B1

UL)]. (C.181)

By using equations (C.174), and (C.181) and since E(εε′) = Σ ⊗ IT, we find that

l′(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)l = (
√

TΦIε)(L ⊗ Γ)(
√

TΦIε) =

Tε′Φ′I(L ⊗ Γ)ΦIε = T tr (ε′Φ′I(L ⊗ Γ)ΦIε)

= T tr (Φ′I(L ⊗ Γ)ΦIεε′)⇒

E[l′(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)l] = T tr (Φ′I(L ⊗ Γ)ΦI E(εε′))

= T tr(Φ′I(L ⊗ Γ)ΦI(Σ ⊗ IT)). (C.182)

Then, Lemma C.2 and equations (C.145) and (C.182) imply that

l′∆Il = l′ lim
T→∞

E[(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)]l

= lim
T→∞

E[l′(B1
I
− B1

UL)′Γ(B1
I
− B1

UL)l]

= lim
T→∞

[T tr (Φ′I(L ⊗ Γ)ΦI(Σ ⊗ IT)]. (C.183)

The following results hold:

(a) Equations (C.176) and (C.183) imply that

l′∆ULl = lim
T→∞

[T(Φ′UL(L ⊗ Γ)ΦUL(Σ ⊗ IT))] = 0⇒ ∆UL = 0. (C.184)

(b) Since X′∗ = [X′1∗, . . . ,X
′

M∗] we take

X′∗X∗ = [X′1∗, . . . ,X
′

M∗]


X1∗

...

XM∗

 =
M∑
µ=1

X′µ∗Xµ∗ ⇒

(X′∗X∗)
−1 =

 M∑
µ=1

X′µ∗Xµ∗


−1

⇒
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Ψ(X′∗X∗)
−1X′∗ =


Ψ1

...

ΨM


 M∑
µ=1

X′µ∗Xµ∗


−1

[X′1∗, . . . ,X
′

M∗]

=


Ψi

 M∑
µ=1

X′µ∗Xµ∗


−1

X′j∗


i, j

 . (C.185)

Moreover,

[IM ⊗ (Z′Z)−1Z′] =


(Z′Z)−1Z′ 0

. . .

0 (Z′Z)−1Z′

 = diag[((Z′Z)−1Z′)i]

= [(δi j(Z′Z)−1Z′)i, j]. (C.186)

Therefore,

ΦRL = Ψ(X′∗X∗)
−1X′∗ − [IM ⊗ (Z′Z)−1Z′]

=


Ψi

 M∑
µ=1

X′µ∗Xµ∗


−1

X′j∗ − δi j(Z′Z)−1Z′


i, j


= [(Φi j

RL)i, j], (C.187)

where

Φi j
RL =Ψi

 M∑
µ=1

X′µ∗Xµ∗


−1

X′j∗ − δi j(Z′Z)−1Z′ . (C.188)

Thus,

Φ′RL(L ⊗ Γ) =
[
(Φiκ

RL′)i,κ

][
[(lκq)κq] ⊗ Γ

]
=

[
(Φiκ

RL′)i,κ

][
(lκqΓ)κq

]
=


 M∑
κ=1

lκqΦiκ
RL′Γ


i,q

 (C.189)

and

ΦRL(Σ ⊗ IT) = [(Φqµ
RL)q,µ][[(δµ jσµµ)µ, j] ⊗ IT] = [(Φqµ

RL)q,µ][(δµ jσµµIT)µ, j]

=


 M∑
µ=1

δµ jσµµΦqµ
RL


q, j

 = [(σ j jΦqj
RL)q, j]. (C.190)
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Then, equations (C.189) and (C.190) imply that

Φ′RL(L ⊗ Γ)ΦRL(Σ ⊗ IT) =


 M∑
κ=1

lκqΦiκ
RL′Γ


i,q

 [(σ j jΦqj
RL

)
q, j

]

=


 M∑

q=1

M∑
κ=1

lκqσ j jΦiκ
RL′ΓΦqj

RL


i, j

⇒ (C.191)

⇒ tr [Φ′RL(L ⊗ Γ)ΦRL(Σ ⊗ IT)] = tr


 M∑

q=1

M∑
κ=1

lκqσ j jΦiκ
RL′ΓΦqj

RL


i, j


=

M∑
i=1

M∑
q=1

M∑
κ=1

lκqσii tr(Φiκ
RL′ΓΦqi

RL). (C.192)

Since Xi∗ = ZΨi and Γ = (Z′Z/T), equation (C.188) implies that

ΦRL′
iκ ΓΦ

RL
qi = [Ψi

 M∑
p=1

X′p∗Xp∗


−1

X′κ∗ − δiκ(Z′Z)−1Z′]′(Z′Z/T) · [Ψq

 M∑
p=1

X′p∗Xp∗


−1

X′i∗ − δqi(Z′Z)−1Z′]

= [Xκ∗

 M∑
p=1

X′p∗Xp∗


−1

Ψ′i − δiκZ(Z′Z)−1](Z′Z)[Ψq

 M∑
p=1

X′p∗Xp∗


−1

X′i∗ − δqi(Z′Z)−1Z′]/T

= [Xκ∗

 M∑
p=1

X′p∗Xp∗


−1

Ψ′i Z
′ZΨq

 M∑
p=1

X′p∗Xp∗


−1

X′i∗ − δqiXκ∗

 M∑
p=1

X′p∗Xp∗


−1

Ψ′i (Z
′Z)(Z′Z)−1Z′

−δiκZ(Z′Z)−1(Z′Z)Ψq

 M∑
p=1

X′p∗Xp∗


−1

X′i∗ + δiκδqiZ(Z′Z)−1(Z′Z)(Z′Z)−1Z′]/T

= [Xκ∗

 M∑
p=1

X′p∗Xp∗


−1

(ZΨi)′(ZΨq)

 M∑
p=1

X′p∗Xp∗


−1

X′i∗ − δqiXκ∗

 M∑
p=1

X′p∗Xp∗


−1

(ZΨi)′

−δiκ(ZΨq)

 M∑
p=1

X′p∗Xp∗


−1

X′i∗ + δiκδqiZ(Z′Z)−1Z′]/T

= [Xκ∗

 M∑
p=1

X′p∗Xp∗


−1

(Xi∗)′(Xq∗)

 M∑
p=1

X′p∗Xp∗


−1

X′i∗ − δqiXκ∗

 M∑
p=1

X′p∗Xp∗


−1

(Xi∗)′

−δiκ(Xq∗)

 M∑
p=1

X′p∗Xp∗


−1

X′i∗ + δiκδqiZ(Z′Z)−1Z′]/T⇒

tr(Φiκ
RL′ΓΦqi

RL) = tr


 M∑

p=1

X′p∗Xp∗/T


−1

(X′i∗Xq∗/T)

 M∑
p=1

X′p∗Xp∗/T


−1

(X′i∗Xκ∗)

 /T
−δqi tr


 M∑

p=1

X′p∗Xp∗/T


−1

(X′i∗Xκ∗/T)

 /T



Appendix C 285

− tr

δiκ

 M∑
p=1

X′p∗Xp∗/T


−1

(X′i∗Xq∗/T)

 /T
+δiκδqi tr(PZ)/T. (C.193)

Since Z is T × k, equation (C.123) implies that

tr(PZ) = k. (C.194)

Since Xi∗ = Pi
−1Xi, X j∗ = P j

−1X j, and since Pi
−1′P j

−1 = δi jRi j, we find that for any i, j = 1, . . . ,M

X′i∗X j∗/T = X′i Pi
−1′P j

−1X j/T = δi jX′i R
i jX j/T = δi jBi j = Bii [see (C.24)]. (C.195)

Therefore,

M∑
p=1

X′p∗Xp∗/T =

M∑
p=1

Bpp ⇒

 M∑
p=1

X′p∗Xp∗/T


−1

=

 M∑
p=1

Bpp


−1

. (C.196)

So,

tr


 M∑

p=1

X′p∗Xp∗/T


−1

(X′i∗Xκ∗/T)

 = tr


 M∑

p=1

Bpp


−1

δiκBiκ

 (C.197)

and similarly

tr


 M∑

p=1

X′p∗Xp∗/T


−1

(X′i∗Xq∗/T)

 = tr


 M∑

p=1

Bpp


−1

δiqBiq

 . (C.198)

Furthermore,

tr


 M∑

p=1

X′p∗Xp∗/T


−1

(X′i∗Xq∗/T)

 M∑
p=1

X′p∗Xp∗/T


−1

(X′i∗Xκ∗/T)


= tr


 M∑

p=1

Bpp


−1

δiqBiq

 M∑
p=1

Bpp


−1

δiκBiκ

. (C.199)

Thus, equations (C.193), (C.194), (C.197), (C.198), and (C.199) imply that

tr(Φiκ
RL′ΓΦRL

qi ) = tr


 M∑

p=1

Bpp


−1

δiqBiq

 M∑
p=1

Bpp


−1

δiκBiκ

/T − δqi tr


 M∑

p=1

Bpp


−1

δiκBiκ

/T
−δiκ tr


 M∑

p=1

Bpp


−1

δiqBiq

/T + δiκδqiK/T. (C.200)
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Since lkq = lklq (see (C.180)), equations(C.179) and (C.192) imply that

tr [Φ′RL(L ⊗ Γ)ΦRL(Σ ⊗ IT)] =

M∑
i=1

M∑
q=1

M∑
κ=1

lκqσii tr(Φiκ
RL′ΓΦqi

RL)

=

M∑
i=1

M∑
q=1

M∑
κ=1

lκσii tr(Φiκ
RL′ΓΦqi

RL)lq

= l′

 M∑

i=1

σii tr(Φiκ
RL′ΓΦqi

RL)


k,q

 l⇒

l′∆RLl = lim
T→∞

[T(Φ′RL(L ⊗ Γ)ΦRL(Σ ⊗ IT))]

= lim
T→∞

l′

 M∑

i=1

σiiT tr(Φiκ
RL′ΓΦqi

RL)


k,q

 l

= l′ lim
T→∞


 M∑

i=1

σiiT tr(Φiκ
RL′ΓΦqi

RL)


k,q

 l⇒

∆RL = lim
T→∞


 M∑

i=1

σiiT tr(Φiκ
RL′ΓΦqi

RL)


k,q

 . (C.201)

By using (C.200) we find

M∑
i=1

σiiT tr(Φiκ
RL′ΓΦqi

RL) =

M∑
i=1

σii

[
tr

[( M∑
p=1

Bpp

)−1
δiqBiq

( M∑
p=1

Bpp

)−1
δiκBiκ

]
− δqi tr

[( M∑
p=1

Bpp

)−1
δiκBiκ

]
−δiκ tr

[( M∑
p=1

Bpp

)−1
δiqBiq

]
+ δiκδqiK

]

= δqκσqq tr
[( M∑

p=1

Bpp

)−1
Bqq

( M∑
p=1

Bpp

)−1
Bqκ

]
− δqκσqq tr

[( M∑
p=1

Bpp

)−1
Bqκ

]
−δqκσκκ tr

[( M∑
p=1

Bpp

)−1
Bκq

]
+ δqκσqqK. (C.202)

So, equations (C.201) and (C.202) imply that

∆RL =

[(
δqκσqq tr

[( M∑
p=1

Bpp

)−1
Bqq

( M∑
p=1

Bpp

)−1
Bqκ

]
− δqκσqq tr

[( M∑
p=1

Bpp

)−1
Bqκ

]
−δqκσκκ tr

[( M∑
p=1

Bpp

)−1
Bκq

]
+ δqκσqqK

)
k,q

]
. (C.203)
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(c) Since X∗ = (IM ⊗ Z)Ψ and Xµ∗ = ZΨµ (µ = 1, . . . ,M), we find that

Ψ′(L ⊗ Γ)Ψ = Ψ′(L ⊗ (Z′Z/T))Ψ =Ψ′(L ⊗ (Z′Z))Ψ/T

= Ψ′[IM ⊗ Z′][L ⊗ IT][IM ⊗ Z]Ψ/T

= [(IM ⊗ Z)Ψ]′[L ⊗ IT][(IM ⊗ Z)Ψ]/T

= X′∗[L ⊗ IT]X∗/T = [(X′i∗)i][(li jIT)i, j][(X j∗) j]/T

=

M∑
i=1

M∑
j=1

li j(X′i∗X j∗/T) =
M∑

i=1

M∑
j=1

li j(X′i Pi
−1′P j

−1X j/T)

=

M∑
i=1

M∑
j=1

δi jli j(X′i R
i jX j/T) =

M∑
i=1

M∑
j=1

δi jli jBi j =

M∑
i=1

liiBii. (C.204)

The following result holds:

ΦGL(Σ ⊗ IT)Φ′GL = [Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1X′∗(Σ

−1
⊗ IT) − [IM ⊗ (Z′Z)−1Z′]](Σ ⊗ IT) ·

[Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1X′∗(Σ

−1
⊗ IT) − [IM ⊗ (Z′Z)−1Z′]]′

= [Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1X′∗(Σ

−1
⊗ IT) − [IM ⊗ (Z′Z)−1Z′]](Σ ⊗ IT) ·

[(Σ−1
⊗ IT)X∗[X′∗(Σ

−1
⊗ IT)X∗]−1Ψ′ − [IM ⊗ Z(Z′Z)−1]]

= Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1X′∗(Σ

−1
⊗ IT)(Σ ⊗ IT)(Σ−1

⊗ IT)X∗ ·

[X′∗(Σ
−1
⊗ IT)X∗]−1Ψ′

−Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1X′∗(Σ

−1
⊗ IT)(Σ ⊗ IT)[IM ⊗ Z(Z′Z)−1]

−[IM ⊗ (Z′Z)−1Z′](Σ ⊗ IT)(Σ−1
⊗ IT)X∗[X′∗(Σ

−1
⊗ IT)X∗]−1Ψ′

+[IM ⊗ (Z′Z)−1Z′](Σ ⊗ IT)[IM ⊗ Z(Z′Z)−1]

= Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1Ψ′

−Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1[(IM ⊗ Z)Ψ]′[IM ⊗ Z(Z′Z)−1]

−[IM ⊗ (Z′Z)−1Z′][(IM ⊗ Z)Ψ][X′∗(Σ
−1
⊗ IT)X∗]−1Ψ′

+[Σ ⊗ (Z′Z)−1(Z′Z)(Z′Z)−1]

= Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1Ψ′

−Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1Ψ′(IM ⊗ Z′)[IM ⊗ Z(Z′Z)−1]

−[IM ⊗ (Z′Z)−1Z′](IM ⊗ Z)Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1Ψ′

+[Σ ⊗ (Z′Z)−1]

= Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1Ψ′

−Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1Ψ′(IM ⊗ IK)

−(IM ⊗ IK)Ψ[X′∗(Σ
−1
⊗ IT)X∗]−1Ψ′ + [Σ ⊗ (Z′Z)−1]. (C.205)
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Since X∗ = P−1X, and Ω−1 = P(Σ ⊗ IT)P′, we find that

X′∗(Σ
−1
⊗ IT)X∗ = X′P−1′(Σ−1

⊗ IT)P−1X

= X′ΩX ⇒ (C.206)

[X′∗(Σ
−1
⊗ IT)X∗]−1 = (X′ΩX)−1. (C.207)

Also, since Γ = (Z′Z/T), A = (X′ΩX/T), and G = (X′ΩX)−1 = A−1, by using equations (C.205),

(C.206) and (C.207) we find that

TΦGL(Σ ⊗ IT)Φ′GL = Ψ(X′ΩX/T)−1Ψ′ −Ψ(X′ΩX/T)−1Ψ′(IM ⊗ IK)

−(IM ⊗ IK)Ψ(X′ΩX/T)−1Ψ′ + [Σ ⊗ (Z′Z/T)−1]

= ΨGΨ′ −ΨGΨ′ −ΨGΨ′ + (Σ ⊗G−1) = (Σ ⊗G−1) −ΨGΨ′ .(C.208)

Moreover, since Ω = [(δi jσiiRii)i, j=1,...,M] we take

A = X′ΩX/T = [(X′i )i][(δi jσ
iiRii)i, j][(X j) j]/T

=

M∑
i=1

σii(X′i R
iiXi/T) =

M∑
i=1

σiiBii ⇒

G = (X′ΩX/T)−1 = A−1 = (
M∑

i=1

σiiBii)−1. (C.209)

Thus,

T trΦ′GL(Σ ⊗ IT)Φ′GL(L ⊗ Γ) = tr (ΣL ⊗ IK) − tr[GΨ′(L ⊗ Γ)Ψ]

= tr (ΣL) tr (IK) − tr


 M∑

i=1

σiiBii


−1  M∑

i=1

liiBii




= K tr (Σl′l) − tr


 M∑

i=1

σiiBii


−1  M∑

i=1

liiBii




= K tr (l′Σl) − tr

 M∑
i=1

liiGBii


= l′(KΣ)l −

M∑
i=1

li tr (GBii)li

= l′(KΣ)l − l′[(tr (GBii))i,i]l

= l′[KΣ − [(tr (GBii))i,i]]l⇒ (C.210)
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For any arbitrary vector l

l′∆GLl = l′∆IGl = l′∆MLl

= lim
T→∞

[T trΦ′GL(L ⊗ Γ)ΦGL(Σ ⊗ IT)]

= lim
T→∞

[l′[KΣ − [(tr (GBii))i,i]]l]

= l′[KΣ − [(tr (GBii))i,i]]l⇒

∆GL = ∆IG = ∆ML = KΣ −
[(

tr
[ M∑

i=1

σiiBii

]−1
Bii

)
i,i

]
. (C.211)

Lemma C.8. The LS estimator ρ̃µ of ρµ admits the stochastic expansion

ρ̃µ = ρµ + τρµ
(1) + τ2ρµ

(2) + ω(τ3), (C.212)

where

ρµ
(1) = −(ρµDµ

(1)
−Nµ

(1)) (C.213)

and

ρµ
(2) = Nµ

(2)
−Nµ

(1)Dµ
(1) + ρµ[(Dµ

(1))2 +Dµ
(2)]. (C.214)

Proof of Lemma C.8. Since

ρ̃µ =
T∑

t=2

ũtµũ(t−1)µ/
T∑

t=1

ũ2
tµ =

T−1∑
t=1

ũtµũ(t+1)µ/
T∑

t=1

ũ2
tµ = Nµ/Dµ, (C.215)

where

Nµ =
1
2

ũ′µDũµ/Tσuµ
2 (C.216)

and

Dµ = ũ′µũµ/Tσuµ
2, (C.217)

where

utµ ∼ N(0, σµµ/(1 − ρ2
µ))⇒ σuµ

2 = σµµ/(1 − ρ2
µ) (C.218)

and D is a matrix with (t, t′)-th element equal to 1 if |t − t′| = 1 and zero elsewhere.

Let β̃ be the LS estimator of β in the (µ)-th equation

yµ = Xµβ + uµ. (C.219)

Then,

ũµ = yµ − Xµβ̃ = Xµβ + uµ − Xµβ̃

= uµ − τ
√

TXµ(β̃ − β) = uµ − τXµθµ, (C.220)



290 Appendix C

where

θµ =
√

T(β̃ − β) =
√

T[(X′µXµ)−1X′µyµ − β]

=
√

T[(X′µXµ)−1X′µ(Xµβ + uµ) − β]

=
√

T(X′µXµ)−1X′µXµβ +
√

T(X′µXµ)−1X′µuµ −
√

Tβ

=
√

T(X′µXµ)−1X′µuµ = (X′µXµ/T)−1X′µuµ/
√

T⇒ (C.221)

X′µuµ/
√

T = (X′µXµ/T)θµ. (C.222)

But, equation (C.220) implies that

ũ′µDũµ = (uµ − τXµθµ)′D(uµ − τXµθµ)

= (u′µ − τθ
′

µX′µ)D(uµ − τXµθµ)

= u′µDuµ − 2θ′µ(X′µDuµ/
√

T) + θ′µ(X′µXµ/T)θµ. (C.223)

Then by using equations (C.216), (C.221) and (C.223) we find that

Nµ = ũ′µDũµ/2Tσuµ
2

= u′µDuµ/2Tσuµ
2
− 2[u′µXµ(X′µXµ/T)−1/

√

T][X′µDuµ/
√

T]/2Tσuµ
2

+[u′µXµ(X′µXµ/T)−1/
√

T](X′µDXµ/T)[(X′µXµ/T)−1X′µuµ/
√

T]/2Tσuµ
2

= u′µDuµ/2Tσuµ
2
− τ2u′µXµ(X′µXµ)−1X′µDuµ/σuµ

2

+τ2u′µXµ(X′µXµ)−1X′µDXµ(X′µXµ)−1X′µuµ/2σuµ
2

= u′µDuµ/2Tσuµ
2
− τ2u′µPXµDuµ/σuµ

2

+τ2u′µPXµDPXµuµ/2σuµ
2

= ρµ − ρµ + u′µDuµ/2Tσuµ
2 + τ2(u′µPXµDPXµuµ/2 − u′µPXµDuµ)/σuµ

2

= ρµ + τ[
√

T(u′µDuµ/2Tσuµ
2
− ρµ)] + τ2(u′µPXµDPXµuµ/2 − u′µPXµDuµ)/σuµ

2

= ρµ + τNµ
(1) + τ2Nµ

(2), (C.224)

where

Nµ
(1) =

√

T(u′µDuµ/2Tσuµ
2
− ρµ) =

√

T
( T−1∑

t=1

utµu(t+1)µ/2Tσuµ
2
− ρµ

)
(C.225)

and

Nµ
(2) = (u′µPXµDPXµuµ/2 − u′µPXµDuµ)/σuµ

2. (C.226)
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Similarly, equations (C.220), (C.221) and (C.222) imply that

ũ′µũµ = (uµ − τXµθµ)′(uµ − τXµθµ) = (u′µ − τθ
′

µX′µ)(uµ − τXµθµ)

= u′µuµ − 2θ′µ(X′µuµ/
√

T) + θ′µ(X′µXµ/T)θµ

= u′µuµ − 2θ′µ(X′µXµ/T)θµ + θ′µ(X′µXµ/T)θµ

= u′µuµ − θ′µ(X′µXµ/T)θµ

= u′µuµ − (u′µXµ/
√

T)(X′µXµ/T)−1(X′µXµ/T)(X′µXµ/T)−1(X′µuµ/
√

T)

= u′µuµ − u′µXµ(X′µXµ)−1X′µuµ = u′µuµ − u′µPXµuµ. (C.227)

Thus, equations (C.217) and (C.227) imply that

Dµ = ũ′µũµ/Tσuµ
2 = u′µuµ/Tσuµ

2
− u′µPXµuµ/Tσuµ

2

= 1 − 1 + u′µuµ/Tσuµ
2
− u′µPXµuµ/Tσuµ

2

= 1 + τ[
√

T(u′µuµ/Tσuµ
2
− 1)] − τ2u′µPXµuµ/σuµ

2

= 1 + τDµ
(1)
− τ2Dµ

(2), (C.228)

where

Dµ
(1) =

√

T(u′µuµ/Tσuµ
2
− 1) (C.229)

and

Dµ
(2) = u′µPXµuµ/σuµ

2. (C.230)

Thus, by using equation (C.228) we find that

Dµ = 1 + τ(Dµ
(1)
− τDµ

(2))⇒

Dµ
−1 = [1 + τ(Dµ

(1)
− τDµ

(2))]−1 = 1 − τ(Dµ
(1)
− τDµ

(2)) + τ2(Dµ
(1)
− τDµ

(2))2 + ω(τ3)

= 1 − τDµ
(1) + τ2[(Dµ

(1))2 +Dµ
(2)] + ω(τ3). (C.231)

By using equations (C.215), (C.224) and (C.231) we find that

ρ̃µ = NµDµ
−1 = (ρµ + τNµ

(1) + τ2Nµ
(2))[1 − τDµ

(1) + τ2[(Dµ
(1))2 +Dµ

(2)] + ω(τ3)]

= ρµ − τρµDµ
(1) + τ2ρµ[(Dµ

(1))2 +Dµ
(2)] + τNµ

(1)
− τ2Nµ

(1)Dµ
(1) + τ2Nµ

(2) + ω(τ3)

= ρµ − τ(ρµDµ
(1)
−Nµ

(1)) + τ2[Nµ
(2)
−Nµ

(1)Dµ
(1) + ρµ[(Dµ

(1))2 +Dµ
(2)]] + ω(τ3)

= ρµ + τ(ρµ(1) + τρµ
(2)) + ω(τ3), (C.232)

where

ρµ
(1) = −(ρµDµ

(1)
−Nµ

(1)) (C.233)
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and

ρµ
(2) = Nµ

(2)
−Nµ

(1)Dµ
(1) + ρµ[(Dµ

(1))2 +Dµ
(2)]. (C.234)

Since

Rµµ = PµP′µ =
1

1 − ρµ2



1 ρµ . . . ρµT−1

ρµ
...

ρµT−1 . . . 1,


, (C.235)

it is straightforward that

Rµµ
−1 = P′µ

−1Pµ−1 = Rµµ = (1 + ρµ2)IT − ρµD − ρµ2∆ [see (C.5)]. (C.236)

Then,

Rρµ
µµ = ∂Rµµ/∂ρµ = 2ρµIT −D − 2ρµ∆ [see (C.7)] (C.237)

and

Rρµρµ
µµ = ∂2Rµµ/∂ρµ

2 = 2IT − 2∆ = 2(IT − ∆) [see (C.8)]. (C.238)

Define the (T × T) matrices

Ri
µµ = Rρµ

µµ + iρµ∆, Rii
µµ = Rρµρµ

µµ + i∆ (i = 1, 2). (C.239)

Then,

R2
µµ = Rρµ

µµ + 2ρµ∆ = 2ρµIT −D − 2ρµ∆ + 2ρµ∆

= 2ρµIT −D. (C.240)

The quantities ρµ(1) and ρµ(2) can be written as functions of R2
µµ as follows:

i.

ρµ
(1) = −(ρµDµ

(1)
−Nµ

(1)) = [see (C.225) and(C.229)]

= −[ρµ
√

T(u′µuµ/Tσuµ
2
− 1) −

√

T(u′µDuµ/2Tσuµ
2
− ρµ)]

= −

√

T(2ρµu′µuµ − u′µDuµ)/2Tσuµ
2

= −u′µ(2ρµIT −D)uµ/2
√

Tσuµ
2 = [see (C.240)]

= −u′µR2
µµuµ/2

√

Tσuµ
2. (C.241)
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ii.

ρµ
(2) = Nµ

(2)
−Nµ

(1)Dµ
(1) + ρµ[(Dµ

(1))2 +Dµ
(2)]

= Nµ
(2)
−Nµ

(1)Dµ
(1) + ρµ(Dµ

(1))2 + ρµDµ
(2)

= Nµ
(2) + ρµDµ

(2) +Dµ
(1)(ρµDµ

(1)
−Nµ

(1)) = [see (C.241)]

= Nµ
(2) + ρµDµ

(2)
−Dµ

(1)[−(ρµDµ
(1)
−Nµ

(1))] = [see (C.241)]

= Nµ
(2) + ρµDµ

(2)
−Dµ

(1)ρµ
(1). (C.242)

By using equations(C.225), (C.226), (C.229), (C.230), and (C.240) we find that

2σuµ
2(Nµ

(2) + ρµDµ
(2))

= 2σuµ
2[(u′µPXµDPXµuµ/2 − uµ′PXµDuµ)/σuµ

2 + ρµu′µPXµuµ/σuµ
2]

= u′µPXµDPXµuµ − 2uµ′PXµDuµ + 2ρµu′µPXµuµ

= u′µ(IT − P̄Xµ )D(IT − P̄Xµ )uµ − 2u′µ(IT − P̄Xµ )Duµ + 2ρµu′µ(IT − P̄Xµ )uµ

= u′µP̄XµDP̄Xµuµ + u′µDuµ − 2u′µP̄XµDuµ − 2u′µDuµ

+2u′µP̄XµDuµ + 2ρµu′µuµ − 2ρµu′µP̄Xµuµ

= u′µP̄XµDP̄Xµuµ − 2ρµu′µP̄Xµuµ + 2ρµu′µuµ − u′µDuµ

(since P̄Xµ is idempotent)

= u′µP̄Xµ (D − 2ρµIT)P̄Xµuµ + u′µ(2ρµIT −D)uµ

= −u′µP̄XµR2
µµP̄Xµuµ + u′µR2

µµuµ. (C.243)

Similarly, equations (C.218), (C.229), (C.230), (C.242), and (C.243) imply that

2σuµ
2ρµ

(2) = 2σuµ
2[(Nµ

(2) + ρµDµ
(2)) −Dµ

(1)ρµ
(1)]

= 2σuµ
2(Nµ

(2) + ρµDµ
(2)) − 2σuµ

2Dµ
(1)ρµ

(1)

= −u′µP̄XµR2
µµP̄Xµuµ + u′µR2

µµuµ + 2σuµ
2
√

T(u′µuµ/Tσuµ
2
− 1)(u′µR2

µµuµ/2
√

Tσuµ
2)

= −u′µP̄XµR2
µµP̄Xµuµ + u′µR2

µµuµ + u′µuµu′µR2
µµuµ/Tσuµ

2
− u′µR2

µµuµ ⇒

ρµ
(2) = −u′µP̄XµR2

µµP̄Xµuµ/2σuµ
2 + u′µuµu′µR2

µµuµ/2Tσuµ
4. (C.244)

□
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Lemma C.9. The following results hold:

i) By using (C.212) the sampling error of the Least Squares estimator of ρµ is

δρµ
LS =

ρ̃µ − ρµ
τ

=
√

T(ρ̃µ − ρµ) = [see (C.212)]

=
√

T[ρµ + τ(ρµ(1) + τρµ
(2)) + ω(τ3) − ρµ]

= ρµ
(1) + τρµ

(2) + ω(τ2)

= d(1)µ
LS + τd(2)µ

LS + ω(τ2), (C.245)

where

d(1)µ
LS = ρµ

(1) = −u′µR2
µµuµ/2

√

Tσuµ
2 (C.246)

and

d(2)µ
LS = ρµ

(2) = −u′µP̄XµR2
µµP̄Xµuµ/2σuµ

2 + u′µuµu′µR2
µµuµ/2Tσuµ

4. (C.247)

ii) The iterative Prais-Winsten estimator of ρµ is (see Magee, 1985)

ρ̂PW
µ = ρ̃LS

− τ2 (1 − ρµ2)
σµµ

[u′µP̄XµR2
µµPXµVRµµuµ + u′µRµµVPXµR2

µµPXµVRµµuµ/2]

+ω(τ3), (C.248)

where

V = Rµµ − Xµ(X′µRµµXµ)−1X′µ = [I − Xµ(X′µRµµXµ)−1X′µRµµ]Rµµ

= WµµRµµ (C.249)

and

Wµµ = I − Xµ(X′µRµµXµ)−1X′µRµµ. (C.250)

The iterative Prais-Winsten estimator of ρµ is equal to its GL estimator, i.e., ρ̂PW = ρ̂GL. Thus, by

using equations (C.248), (C.249), and (C.250), the sampling error of iterative Prais-Winsten estimator

of ρµ is

δρµ
GL = δρµ

PW =
√

T(ρ̂PW
µ − ρµ)

= [(ρ̃LS
µ − ρµ) − τ2 (1 − ρµ2)

σµµ
[u′µP̄XµR2

µµPXµVRµµuµ + u′µRµµVPXµR2
µµPXµVRµµuµ/2]

+ω(τ3)]/τ

= δρµ
LS
− τ

(1 − ρµ2)
σµµ

[u′µP̄XµR2
µµPXµVRµµuµ + u′µRµµVPXµR2

µµPXµVRµµuµ/2] + ω(τ2)

= d(1)µ
LS + τ[d(2)µ

LS
−

(1 − ρµ2)
σµµ

[u′µP̄XµR2
µµPXµVRµµuµ + u′µRµµVPXµR2

µµPXµVRµµuµ/2]] + ω(τ2)
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= d(1)µ
LS + τd(2)µ

GL + ω(τ2), (C.251)

where

d(2)µ
GL = −u′µP̄XµR2

µµP̄Xµuµ/2σuµ
2 + u′µuµu′µR2

µµuµ/2Tσuµ
4

−
(1 − ρµ2)
σµµ

[u′µP̄XµR2
µµPXµVRµµuµ + u′µRµµVPXµR2

µµPXµVRµµuµ/2]. (C.252)

iii) The ML estimator of ρµ is

ρ̂ML
µ = ρ̂PW

µ + τ2[ρµ
(1 − ρµ2)
σµµ

(u1µ
2 + uTµ

2) − ρµ] + ω(τ3). (C.253)

(see Beach and MacKinnon, 1978, Magee, 1985).

Thus, by using equation (C.253), the sampling error of ML estimator of ρµ is

δρµ
ML =

√

T(ρ̂ML
µ − ρµ) = [(ρ̂PW

µ − ρµ) + τ2[ρµ(1 − ρµ2)(u1µ
2 + uTµ

2) − ρµ] + ω(τ3)]/τ

= δρµ
PW + τ[ρµ

(1 − ρµ2)
σµµ

(u1µ
2 + uTµ

2) − ρµ] + ω(τ2)

= d(1)µ
LS + τ[d(2)µ

GL + ρµ
(1 − ρµ2)
σµµ

(u1µ
2 + uTµ

2) − ρµ] + ω(τ2)

= d(1)µ
LS + τd(2)µ

ML + ω(τ2), (C.254)

where

d(2)µ
ML = d(2)µ

GL + ρµ
(1 − ρµ2)
σµµ

(u1µ
2 + uTµ

2) − ρµ. (C.255)

iv) The Durbin-Watson estimator of ρµ is

ρ̂DW
µ = 1 −DWµ/2, (C.256)

where DWµ is the Durbin-Watson statistic, i.e.,

DWµ =

∑T
t=2(ũtµ − ũ(t−1)µ)2∑T

t=1 ũ2
tµ

=

∑T
t=2 ũ2

tµ +
∑T

t=2 ũ2
(t−1)µ − 2

∑T
t=2 ũtµũ(t−1)µ∑T

t=1 ũ2
tµ

=

∑T
t=1 ũ2

tµ − ũ2
1µ +

∑T
t=1 ũ2

tµ − ũ2
Tµ − 2

∑T
t=2 ũtµũ(t−1)µ∑T

t=1 ũ2
tµ

=
2
∑T

t=1 ũ2
tµ − (2

∑T
t=2 ũtµũ(t−1)µ + ũ2

1µ + ũ2
Tµ)∑T

t=1 ũ2
tµ

= 2 −
2
∑T

t=2 ũtµũ(t−1)µ + ũ2
1µ + ũ2

Tµ∑T
t=1 ũ2

tµ

. (C.257)
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Equations (C.256) and (C.257) imply that

ρ̂DW
µ = 1 −

1 −
∑T

t=2 ũtµũ(t−1)µ + (ũ2
1µ + ũ2

Tµ)/2∑T
t=1 ũ2

tµ


=

∑T
t=2 ũtµũ(t−1)µ∑T

t=1 ũ2
tµ

+
(ũ2

1µ + ũ2
Tµ)/2∑T

t=1 ũ2
tµ

= ρ̃LS
µ +

(ũ2
1µ + ũ2

Tµ)/2Tσ2
uµ∑T

t=1(ũ2
tµ/T)(1/σ2

uµ )

= ρ̃LS
µ +

1
2T

(ũ2
1µ + ũ2

Tµ)

σ̃2
uµ

= ρ̃LS
µ + τ

2(1 − ρµ2)(u1µ
2 + uTµ

2)/2σµµ + ω(τ3), (C.258)

because ũtµ is a consistent estimator of utµ and so
∑T

t=1 ũ2
tµ/T is a consistent estimator of σutµ

2 with

an error of order ω(τ3). Therefore, (C.258) implies that the sampling error of DW estimator of ρµ is

δρµ
DW =

√

T(ρ̂DW
µ − ρµ) = [(ρ̃LS

µ − ρµ) + τ2 (1 − ρµ2)
σµµ

(u1µ
2 + uTµ

2)/2 + ω(τ3)]/τ = (see (C.245))

= δρµ
LS + τ

(1 − ρµ2)
σµµ

(u1µ
2 + uTµ

2)/2 + ω(τ2)

= d(1)µ
LS + τ[d(2)µ

LS +
(1 − ρµ2)
σµµ

(u1µ
2 + uTµ

2)/2] + ω(τ2)

= d(1)µ
LS + τd(2)µ

DW + ω(τ2), (C.259)

where

d(2)µ
DW = d(2)µ

LS +
(1 − ρµ2)
σµµ

(u1µ
2 + uTµ

2)/2. (C.260)

Lemma C.10. The following results hold:

i) Equations (C.236), (C.237), and (C.239) imply that

R1
µµ = Rρµ

µµ + ρµ∆ = 2ρµIT −D − 2ρµ∆ + ρµ∆ = 2ρµIT −D − ρµ∆

=
1
ρµ

[2ρµ2IT − ρµD − ρµ2∆] =
1
ρµ

[IT + ρµ
2IT − ρµD − ρµ2∆ − IT + ρµ

2IT]

=
1
ρµ

[(1 + ρµ2)IT − ρµD − ρµ2∆ − (1 − ρµ2)IT]

=
1
ρµ

[Rµµ
− (1 − ρµ2)IT], (C.261)
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which implies that

R1
µµRµµ =

1
ρµ

[Rµµ
− (1 − ρµ2)IT]Rµµ =

1
ρµ

[RµµRµµ − (1 − ρµ2)Rµµ]

=
1
ρµ

[IT − (1 − ρµ2)Rµµ]. (C.262)

Then, equations (C.239) and (C.240) imply that

R2
µµ = R1

µµ + ρµ∆⇒

R2
µµRµµ = (R1

µµ + ρµ∆)Rµµ = R1
µµRµµ + ρµ∆Rµµ

=
1
ρµ

[IT − (1 − ρµ2)Rµµ] + ρµ∆Rµµ. (C.263)

Furthermore,

(R2
µµRµµ)2 = [R1

µµRµµ + ρµ∆Rµµ][R1
µµRµµ + ρµ∆Rµµ]

= (R1
µµRµµ)2 + ρµR1

µµRµµ∆Rµµ + ρµ∆RµµR1
µµRµµ + ρµ

2∆Rµµ∆Rµµ. (C.264)

ii)

P̄XµR2
µµP̄XµRµµ = P̄Xµ [R1

µµ + ρµ∆]P̄XµRµµ

= P̄XµR1
µµP̄XµRµµ + ρµP̄Xµ∆P̄XµRµµ. (C.265)

Similarly,

P̄XµR2
µµPXµVRµµ = P̄Xµ [R1

µµ + ρµ∆]PXµVRµµ

= P̄XµR1
µµPXµVRµµ + ρµP̄Xµ∆PXµVRµµ (C.266)

and

RµµVPXµR2
µµPXµVRµµ = RµµVPXµ [R1

µµ + ρµ∆]PXµVRµµ

= RµµVPXµR1
µµPXµVRµµ + ρµRµµVPXµ∆PXµVRµµ. (C.267)

iii) Then, by using (C.235)

tr Rµµ =
1

1 − ρµ2

T∑
t=1

1 =
T

1 − ρµ2 , (C.268)

we find that

tr [(1 − ρµ2)Rµµ] = (1 − ρµ2) tr Rµµ = T. (C.269)
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By using equations (C.262) and (C.269) we find that

tr (R1
µµRµµ) =

1
ρµ

[tr IT − (1 − ρµ2) tr Rµµ] =
1
ρµ

[T − T] = 0. (C.270)

Let δi j be the (i, j)-th element of ∆. Then, δi j = 1 for i = j = 1 and i = j = T and δi j = 0 elsewhere.

Moreover, the (i, j)-th element of Rµµ is 1
1−ρµ2ρµ |i− j|. Then, the (i, j)-th element of ∆Rµµ is

δi j
∗ =

T∑
κ=1

δiκ
1

1 − ρµ2ρµ
|κ− j| = δii

1
1 − ρµ2ρµ

|i− j|, (C.271)

because δiκ = 0 for κ , i. Therefore, equation (C.271) implies that

tr∆Rµµ =

T∑
i=1

δii
∗ =

T∑
i=1

δii
1

1 − ρµ2ρµ
|i−i| =

1
1 − ρµ2

T∑
i=1

δii

=
1

1 − ρµ2 (δ11 + δTT) =
2

1 − ρµ2 . (C.272)

The (i, j)-th element of the matrix Rµµ∆Rµµ is

δ̃i j =

T∑
κ=1

1
1 − ρµ2ρµ

|i−κ|δκ j
∗ =

T∑
κ=1

1
1 − ρµ2ρµ

|i−κ|δκκ
1

1 − ρµ2ρµ
|κ− j|

=
1

(1 − ρµ2)2ρµ
|i−1|+|1− j|δ11 +

1
(1 − ρµ2)2ρµ

|i−T|+|T− j|δTT

=
1

(1 − ρµ2)2 (ρµi+ j−2 + ρµ
2T−i− j), (C.273)

which implies that

tr (Rµµ∆Rµµ) =

T∑
i=1

δ̃ii =
1

(1 − ρµ2)2

 T∑
i=1

ρµ
2(i−1) +

T∑
i=1

ρµ
2(T−i)


=

1
(1 − ρµ2)2

 T∑
i=1

ρµ
2(i−1) +

T∑
j=1

ρµ
2( j−1)

 = [defining the index j = T − i + 1]

=
1

(1 − ρµ2)2 2
T∑

i=1

ρµ
2(i−1)

=
2

(1 − ρµ2)2

T∑
i=1

ρµ
2(i−1) = [defining the index j = i − 1]

=
2

(1 − ρµ2)2

T−1∑
j=0

ρµ
2 j = [defining r = ρµ2]

=
2

(1 − ρµ2)2

T−1∑
j=0

r j =
2

(1 − ρµ2)2

1 − rT

1 − r

=
2

(1 − ρµ2)2

1 − ρµ2T

(1 − ρµ2)
=

2(1 − ρµ2T)
(1 − ρµ2)3 . (C.274)
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Along the same lines as in equation (C.271) we find that the (i, j)-th element of the (∆Rµµ)2 is

δi j
◦ =

T∑
κ=1

δiκ
∗δκ j

∗ =

T∑
κ=1

δii
1

1 − ρµ2ρµ
|i−κ|δκκ

1
1 − ρµ2ρµ

|κ− j|

= δii
1

(1 − ρµ2)2

T∑
κ=1

δκκρµ
|i−κ|+|κ− j| = δii

1
(1 − ρµ2)2 (ρµ |i−1|+|1− j|δ11 + ρµ

|i−T|+|T− j|δTT)

= δii
1

(1 − ρµ2)2 (ρµi+ j−2 + ρµ
2T−i− j), (C.275)

which implies that

tr [(∆Rµµ)2] =

T∑
i=1

δii
◦ =

T∑
i=1

δii
1

(1 − ρµ2)2 (ρµ2(i−1) + ρµ
2(T−i))

= δ11
1

(1 − ρµ2)2 (ρµ2(1−1) + ρµ
2(T−1)) + δTT

1
(1 − ρµ2)2 (ρµ2(T−1) + ρµ

2(T−T))

=
2

(1 − ρµ2)2 (1 + ρµ2(T−1)). (C.276)

By using equation (C.275) we find that the (i, j)-th element of the matrix Rµµ(∆Rµµ)2 is

δî j =

T∑
κ=1

1
1 − ρµ2ρµ

|i−κ|δκ j
◦ =

T∑
κ=1

1
1 − ρµ2ρµ

|i−κ|δκκ
1

(1 − ρµ2)2 (ρµκ+ j−2 + ρµ
2T−κ− j)

= δ11
1

(1 − ρµ2)3ρµ
|i−1|(ρµ j−1 + ρµ

2T− j−1) + δTT
1

(1 − ρµ2)3ρµ
|i−T|(ρµT+ j−2 + ρµ

T− j)

=
1

(1 − ρµ2)3 (ρµi+ j−2 + ρµ
2T+i− j−2 + ρµ

2T−i+ j−2 + ρµ
2T−i− j), (C.277)

which implies that

tr [Rµµ(∆Rµµ)2] =

T∑
i=1

δîi =
1

(1 − ρµ2)3

T∑
i=1

(ρµ2i−2 + 2ρµ2T−2 + ρµ
2T−2i)

=
1

(1 − ρµ2)3 [2Tρµ2T−2 +

T∑
i=1

ρµ
2(i−1) +

T∑
i=1

ρµ
2(T−i)]

= [defining the indexes j = i − 1 and κ = T − i]

=
1

(1 − ρµ2)3 [2Tρµ2(T−1) +

T−1∑
j=0

ρµ
2 j +

T−1∑
κ=0

ρµ
2κ]

=
2

(1 − ρµ2)3 [Tρµ2(T−1) +

T−1∑
j=0

ρµ
2 j] = [defining r = ρµ2]

=
2

(1 − ρµ2)3 [Tρµ2(T−1) +

T−1∑
j=0

r j] =
2

(1 − ρµ2)3

[
Tρµ2(T−1) +

1 − rT

1 − r

]

=
2

(1 − ρµ2)3

[
Tρµ2(T−1) +

1 − ρµ2T

1 − ρµ2

]
. (C.278)
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By using equations (C.271) and (C.275) we find that the (i, j)-th element of the matrix (∆Rµµ)3 =

∆Rµµ(∆Rµµ)2 is

δi j
+ =

T∑
κ=1

δiκ
∗δκ j

◦ =

T∑
κ=1

δii
1

1 − ρµ2ρµ
|i−κ|δκκ

1

(1 − ρµ2)2 (ρµκ+ j−2 + ρµ
2T−κ− j)

= δii
1

(1 − ρµ2)3 [δ11ρµ
|i−1|(ρµ j−1 + ρµ

2T−1− j) + δTTρµ
|i−T|(ρµT+ j−2 + ρµ

T− j)]

= δii
1

(1 − ρµ2)3 [ρµi+ j−2 + ρµ
2T+i− j−2 + ρµ

2T−i+ j−2 + ρµ
2T−i− j], (C.279)

which implies that

tr [(∆Rµµ)3] =

T∑
i=1

δii
+ =

T∑
i=1

δii
1

(1 − ρµ2)3 (ρµ2(i−1) + 2ρµ2(T−1) + ρµ
2(T−i))

= δ11
1

(1 − ρµ2)3 (ρµ2(1−1) + 3ρµ2(T−1)) + δTT
1

(1 − ρµ2)3 (3ρµ2(T−1) + ρµ
2(T−T))

=
2

(1 − ρµ2)3 (1 + 3ρµ2(T−1)). (C.280)

Let wi j be the (i, j)-th element of the matrix Rµµ
3. Then, the (i, j)-th element of the matrix ∆Rµµ

3 is

δi j
‡ =

T∑
κ=1

δiκwκ j = δiiwi j, (C.281)

because δiκ = 0 ∀ κ , i. Therefore,

tr[∆Rµµ
3] =

T∑
i=1

δii
‡ =

T∑
i=1

δiiwii = δ11w11 + δTTwTT = w11 + wTT. (C.282)

Let wll be the l-diagonal element of matrix Rµµ
3, i.e.,

wll =

T∑
m=1

T∑
κ=1

1
(1 − ρµ2)3ρµ

|l−κ|+|κ−m|+|m−l|

=

T−l∑
i=1−l

T−l∑
j=1−l

1
(1 − ρµ2)3ρµ

|i|+| j|+| j−i|, (C.283)

where i = m − l and j = κ − l with i, j = 1 − l, . . . ,T − l, and j − i = κ − l −m + l = κ −m.
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Figure 1

Figure 1 implies that

wll = 2(S1 + S2 + S3) − S0, (C.284)

where

(i)

S0 =

T−l∑
i=1−l

1
(1 − ρµ2)3ρµ

2|i| =
1

(1 − ρµ2)3

T−l∑
i=1−l

r|i| = [by defining r = ρµ2]

=
1

(1 − ρµ2)3

[1 + r
1 − r

−
1

1 − r
(rl + rT−l+1)

]
. (C.285)

(ii)

S1 =

T−l∑
i=0

T−l∑
j=i

1
(1 − ρµ2)3ρµ

i+ j+ j−i =
1

(1 − ρµ2)3

T−l∑
i=0

 T−l∑
j=0

ρµ
2 j
−

i−1∑
j=0

ρµ
2 j

 = [by defining r = ρµ2]

=
1

(1 − ρµ2)3

T−l∑
i=0

 T−l∑
j=0

r j
−

i−1∑
j=0

r j

 = 1
(1 − ρµ2)3

T−l∑
i=0

[
1 − rT−l+1

1 − r
−

1 − ri−1+1

1 − r

]

=
1

(1 − ρµ2)3

T−l∑
i=0

[
ri
− rT−l+1

1 − r

]
=

1
(1 − ρµ2)3

∑T−l
i=0 ri

−
∑T−l

i=0 rT−l+1

1 − r

=
1

(1 − ρµ2)3

[
1 − rT−l+1

(1 − r)2 −
(T − l + 1)rT−l+1

1 − r

]
. (C.286)

(iii)

S2 =

−1∑
i=1−l

T−l∑
j=i

1
(1 − ρµ2)3ρµ

−i+ j+ j−i =
1

(1 − ρµ2)3

−1∑
i=1−l

T−l∑
j=1

ρµ
−2iρµ

2 j

=
1

(1 − ρµ2)3

−1∑
i=1−l

ρµ
−2i

T−l∑
j=1

ρµ
2 j = [by setting k = −i with k = 1, . . . , l − 1]
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S2 =
1

(1 − ρµ2)3

l−1∑
k=1

ρµ
2k

T−l∑
j=1

ρµ
2 j = [by defining r = ρµ2]

=
1

(1 − ρµ2)3

l−1∑
k=1

rk
T−l∑
j=1

r j

=
1

(1 − ρµ2)3 ·
r(1 − rT−l)

1 − r
·

r(1 − rl−1)
1 − r

=
1

(1 − ρµ2)3

r2

(1 − r)2 [1 + rT−1
− rT−l

− rl−1]. (C.287)

(iv)

S3 =

0∑
i=1−l

0∑
j=i

1
(1 − ρµ2)3 [ρµ−i+ j− j−i

− 1]

=
1

(1 − ρµ2)3

 0∑
i=1−l

ρµ
−2i(i + 1) − 1

 = [by setting k = −i with k = 0, . . . , l − 1]

=
1

(1 − ρµ2)3

 l−1∑
k=0

(1 − k)ρµ2k
− 1

 = [by defining r = ρµ2]

=
1

(1 − ρµ2)3

 l−1∑
k=0

rk
−

l−1∑
k=0

krk
− 1


=

1
(1 − ρµ2)3

[
1 − rl−1+1

1 − r
−

r[1 − (l − 1 + 1)rl−1] + (l − 1)rl−1+1]
(1 − r)2 − 1

]
=

1
(1 − ρµ2)3

(1 − r)(1 − rl) − r + lrl
− (l − 1)rl+1

− (1 − r)2

(1 − r)2

=
1

(1 − ρµ2)3

1 − r − rl + rl+1
− r + lrl

− lrl+1 + rl+1 + −1 + 2r − r2

(1 − r)2

=
1

(1 − ρµ2)3

−r2 + (l − 1)rl
− (l − 2)rl+1

(1 − r)2 . (C.288)

By combining equations (C.286), (C.287), and (C.288) we find that

S∗ = S1 + S2 + S3

=
1

(1 − ρµ2)3

[
1 − rT−l+1

(1 − r)2 −
(T − l + 1)rT−l+1

1 − r
+

r2

(1 − r)2 [1 + rT−1
− rT−l

− rl−1]
]

+
1

(1 − ρµ2)3

[
−r2 + (l − 1)rl

− (l − 2)rl+1

(1 − r)2

]
=

1
(1 − ρµ2)3 (1 − r)−2

[
1 − rT−l+1

− (T − l + 1)(1 − r)rT−l+1 + r2 + rT−1+2
− rT−l+2

− rl−1+2
− r2 + (l − 1)rl

− (l − 2)rl+1
]

=
1

(1 − ρµ2)3 (1 − r)−2
[
1 − rT−l+1

− (T − l + 1)rT−l+1 + (T − l + 1)rT−l+2 + rT+1
− rT−l+2

− rl+1 + (l − 1)rl
− (l − 2)rl+1

]
=

1
(1 − ρµ2)3 (1 − r)−2

[
1 + rT+1 + (l − 1)rl

− (T − l + 2)rT−l+1 + (T − l)rT−l+2
− (l − 1)rl+1

]
. (C.289)
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Equation (C.289) implies that

T∑
l=1

S∗ =
1

(1 − ρµ2)3

T∑
l=1

(1 − r)−2
[
1 + rT+1 + (l − 1)rl

− (T − l + 2)rT−l+1 + (T − l)rT−l+2
− (l − 1)rl+1

]
=

1
(1 − ρµ2)3 (1 − r)−2

[
T(1 + rT+1) + s1 + s2 + s3 + s4

]
=

1
(1 − ρµ2)3

[
T(1 + rT+1)

(1 − r)2 +
s1 + s2 + s3 + s4

(1 − r)2

]
, (C.290)

where the quantities s1, s2, s3, s4 are computed as follows:

(I)

s1 =

T∑
l=1

(l − 1)rl =

T∑
l=1

lrl
−

T∑
l=1

rl =
r[1 − (T + 1)rT + TrT+1]

(1 − r)2 −
r(1 − rT)

1 − r

=
r − (T + 1)rT+1 + TrT+2

− r(1 − r)(1 − rT)
(1 − r)2

=
r − (T + 1)rT+1 + TrT+2

− r(1 − r − rT + rT+1)
(1 − r)2

=
r − (T + 1)rT+1 + TrT+2

− r + r2 + rT+1
− rT+2

(1 − r)2

=
r2
− (T)rT+1 + (T − 1)rT+2

(1 − r)2 . (C.291)

(II) By setting i = T − l with i = 0, . . . ,T − 1 we find that

s2 =

T∑
l=1

−(T − l + 2)rT−l+1 = −

T−1∑
i=0

(i + 2)ri+1 = −r
T−1∑
i=0

(i + 2)ri

= −r

T−1∑
i=0

iri + 2
T−1∑
i=0

ri

 = −r
[

r[1 − TrT−1 + (T − 1)rT]
(1 − r)2 +

2(1 − rT)
1 − r

]
= −r

r − (T)rT + (T − 1)rT+1 + 2(1 − r)(1 − rT)
(1 − r)2

=
−r2 + TrT+1

− (T − 1)rT+2 + 2r(1 − r − rT + rT+1)
(1 − r)2

=
−r2 + TrT+1

− (T − 1)rT+2
− 2r + 2r2 + 2rT+1

− 2rT+2

(1 − r)2

=
−2r + r2 + (T + 2)rT+1

− (T + 1)rT+2

(1 − r)2 . (C.292)

(III) Similarly, by using the index i = T − l with i = 0, . . . ,T − 1 we find that

s3 =

T∑
l=1

(T − l)rT−l+2 =

T−1∑
i=0

iri+2 = r2
T−1∑
i=0

iri

= r2 r[1 − TrT−1 + (T − 1)rT]
(1 − r)2

=
r3
− TrT+2 + (T − 1)rT+3

(1 − r)2 . (C.293)
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(IV) By setting k = l − 1 with k = 0, . . . ,T − 1 we find that

s4 =

T∑
l=1

−(l − 1)rl+1 = −

T∑
l=1

(l − 1)r(l−1)+2 = −

T−1∑
k=0

krk+2 = −r2
T−1∑
k=0

krk

= −r2 r[1 − TrT−1 + (T − 1)rT]
(1 − r)2

=
−r3 + TrT+2

− (T − 1)rT+3

(1 − r)2 . (C.294)

Since equations (C.293) and (C.294) imply that

s4 = −s3, (C.295)

by using equations (C.291) and (C.292) we find that

s1 + s2 + s3 + s4 = s1 + s2 + s3 − s3

= (1 − r)−2[r2
− TrT+1 + (T − 1)rT+2

− 2r + r2 + (T + 2)rT+1
− (T + 1)rT+2]

= (1 − r)−2[2r2
− 2r + 2rT+1

− 2rT+2]

= 2(1 − r)−2[r2
− r + rT+1

− rT+2]. (C.296)

By setting i = T − l + 1 with i = 1, . . . ,T and by using equation (C.285) we find that

T∑
l=1

S0 =

T∑
l=1

1
(1 − ρµ2)3

[1 + r
1 − r

−
1

1 − r
(rl + rT−l+1)

]
=

1
(1 − ρµ2)3

T(1 + r)
1 − r

−
1

1 − r

 T∑
l=1

rl +

T∑
l=1

rT−l+1




=
1

(1 − ρµ2)3

T(1 + r)
1 − r

−
1

1 − r

 T∑
l=1

rl +

T∑
i=1

ri




=
1

(1 − ρµ2)3

T(1 + r)
1 − r

−
2

1 − r

T∑
l=1

rl


=

1
(1 − ρµ2)3

[
T(1 + r)

1 − r
−

2
1 − r

r(1 − rT)
1 − r

]
=

1
(1 − ρµ2)3

[
T(1 + r)

1 − r
−

2r(1 − rT)
(1 − r)2

]
. (C.297)

By using equations (C.284), (C.285), and (C.289) we find that the l-diagonal element of the matrix

Rµµ
3 is

wll = 2(S1 + S2 + S3) − S0 = 2S∗ − S0

=
1

(1 − ρµ2)3 2(1 − r)−2
[
1 + rT+1 + (l − 1)rl

− (T − l + 2)rT−l+1 + (T − l)rT−l+2
− (l − 1)rl+1

]
−

1
(1 − ρµ2)3

[1 + r
1 − r

−
1

1 − r
(rl + rT−l+1)

]
=⇒
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wll =
1

(1 − ρµ2)3 (1 − r)−2
[
2 + 2rT+1 + 2(l − 1)rl

− 2(T − l + 2)rT−l+1 + 2(T − l)rT−l+2
− 2(l − 1)rl+1

]
−

1
(1 − ρµ2)3 (1 − r)−2[(1 + r)(1 − r) + (1 − r)(rl + rT−l+1)]

=
1

(1 − ρµ2)3 (1 − r)−2
[
2 + 2rT+1 + 2(l − 1)rl

− 2(T − l + 2)rT−l+1 + 2(T − l)rT−l+2
− 2(l − 1)rl+1

]
−

1
(1 − ρµ2)3 (1 − r)−2

[
1 − r2

− rl
− rT−l+1 + rl+1 + rT−l+2

]
=

1
(1 − ρµ2)3 (1 − r)−2

[
1 + 2rT+1 + (2l − 1)rl

− (2l − 1)rl+1 + r2
]

−
1

(1 − ρµ2)3 (1 − r)−2
[
(2(T − l) + 3)rT−l+1

− (2(T − l) − 1)rT−l+2
]
. (C.298)

By omitting terms that tend to zero as T→∞ and since r = ρµ2 with |r| < 1, we find that

w11 =
1

(1 − ρµ2)3 (1 − r)−2
[
1 + r − r2 + r2

]
+ o(T−1)

=
1

(1 − ρµ2)3

1 + r
(1 − r)2 + o(T−1)

=
1

(1 − ρµ2)3

1 + ρµ2

(1 − ρµ2)2 + o(T−1)

=
1 + ρµ2

(1 − ρµ2)5 + o(T−1). (C.299)

Similarly,

wTT =
1

(1 − ρµ2)3 (1 − r)−2
[
1 + r2

− 3r − r2
]
+ o(T−1)

=
1

(1 − ρµ2)3

1 − 3r
(1 − r)2 + o(T−1)

=
1

(1 − ρµ2)3

1 − 3ρµ2

(1 − ρµ2)2 + o(T−1)

=
1 − 3ρµ2

(1 − ρµ2)5 + o(T−1). (C.300)

Thus, equations (C.282), (C.299), and (C.300) imply that

tr[∆Rµµ
3] = w11 + wTT =

1 + ρµ2 + 1 − 3ρµ2

(1 − ρµ2)5 + o(T−1)

=
2 − 2ρµ2

(1 − ρµ2)5 + o(T−1)

=
2(1 − ρµ2)
(1 − ρµ2)5 + o(T−1)

=
2

(1 − ρµ2)4 + o(T−1). (C.301)
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Moreover, by using equations (C.284), (C.289), (C.290), (C.296), and (C.297) we find that the trace of

the matrix Rµµ
3/T is

tr (Rµµ
3)/T =

1
T

T∑
l=1

wll =
1
T

T∑
l=1

[2(S1 + S2 + S3) − S0] =
1
T

[
T∑

l=1

2S∗ −
T∑

l=1

S0]

=
1

(1 − ρµ2)3

2
T

[
T(1 + rT+1)

(1 − r)2 +
2(1 − r)−2(r2

− r + rT+1
− rT+2)

(1 − r)2

]
−

1
(1 − ρµ2)3

1
T

[
T(1 + r)

1 − r
−

2r(1 − rT)
(1 − r)2

]
=

1
(1 − ρµ2)3

[
2(1 + rT+1)

(1 − r)2 +
4(r2
− r + rT+1

− rT+2)
(1 − r)4 −

1 + r
1 − r

+
2r(1 − rT)
T(1 − r)2

]
. (C.302)

By omitting terms that tend to zero as T→∞ and since r = ρµ2 with |r| < 1, we find that

tr (Rµµ
3)/T =

1
(1 − ρµ2)3

[
2

(1 − r)2 −
1 + r
1 − r

+ o(T−1)
]

=
1

(1 − ρµ2)3

2 − (1 + r)(1 − r)
(1 − r)2 + o(T−1)

=
1

(1 − ρµ2)3

2 − 1 + r2

(1 − r)2 + o(T−1)

=
1

(1 − ρµ2)3

1 + ρµ4

(1 − ρµ2)2 + o(T−1) =
1 + ρµ4

(1 − ρµ2)5 + o(T−1). (C.303)

Finally, note that in all traces examined in this Lemma, there appear terms of the form TnrT where n is a

positive integer. Since r = ρµ2 with 0 ≤ r < 1,

lim
T→∞

TnrT = lim
T→∞

Tn

r−T =
∞

∞
. (C.304)

By applying L’Hospital rule we find that

lim
T→∞

TnrT = lim
T→∞

Tn

r−T = lim
T→∞

∂Tn/∂T
∂r−T/∂T

=
n
−lnr

lim
T→∞

Tn−1

r−T = . . .

=
n!

(−lnr)n lim
T→∞

1
r−T =

n!
(−lnr)n lim

T→∞
rT = 0. (C.305)

Therefore, since all terms of the form TnrT tend to zero as T→∞, all the traces computed in this Lemma

are bounded as T→∞.

Furthermore, the first regularity condition implies that the matrices

X′µRµµXµ/T and X′µXµ/T (C.306)

converge to non-singular matrices as T→∞.

Let xi j and δi j be the (i, j)-th element of the matrices Xµ and ∆ respectively. Then equation (C.306)

implies that the element xi j (i = 1, . . . ,T; j = 1, . . . ,n) are bounded.

The following results hold:
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(a) The (i, j)-th element of the matrix X′µ∆Xµ is

ηi j =

T∑
t=1

T∑
s=1

xitδtsxsj =

T∑
t=1

xitδttxt j = xi1δ11x1 j + xiTδTTxTj

= xi1x1 j + xiTxTj, (C.307)

which is bounded and consequently the matrix

X′µ∆Xµ/T = O(T−1). (C.308)

(b) By defining the indexes k = s − 1 (k = 1, . . . ,T − 1) and l = T − s (l = 1, . . . ,T − 1), the (i, j)-th element

of the matrix X′µ∆RµµXµ is (see (C.271))

ηi j
∗ =

T∑
t=1

T∑
s=1

xitδts
∗xsj =

T∑
s=1

xitδtt
1

1 − ρµ2ρµ
|t−s|xsj

=

T∑
s=1

[
xi1δ11

1
1 − ρµ2ρµ

|1−s|xsj + xiTδTT
1

1 − ρµ2ρµ
|T−s|xsj

]

=
1

1 − ρµ2

xi1

 T∑
s=1

xsjρµ
s−1

 + xiT

 T∑
s=1

xsjρµ
T−s


 =

=
1

1 − ρµ2

xi1

T−1∑
k=0

x(k+1) jρµ
k

 + xiT

T−1∑
l=0

x(l+1) jρµ
l




=
1

1 − ρµ2 (xi1 + xiT)

T−1∑
l=1

x(l+1) jρµ
l

 . (C.309)

Since X′µ is bounded, i.e., ∀ l (l = 1, . . . ,T − 1) it holds that

|x(l+1) j| ≤ q < ∞⇒

⇒

∣∣∣∣∣∣∣
T−1∑
l=0

x(l+1) jρµ
l

∣∣∣∣∣∣∣ ≤
T−1∑
l=0

∣∣∣x(l+1) j

∣∣∣ ∣∣∣ρµl
∣∣∣ ≤ q

T−1∑
l=0

∣∣∣ρµl
∣∣∣ = q

1 − |ρµ|T

1 − |ρµ|
, (C.310)

which implies that ηi j
∗ is bounded for every (i, j = 1, . . . ,n) and so the matrix

X′µ∆RµµXµ/T = O(T−1). (C.311)

Along the same lines we can prove that

X′µRµµ∆Xµ/T = O(T−1). (C.312)

(c) The (i, j)-th element of the matrix ∆Rµµ∆ is (see (C.271))

ηĩ j =

T∑
k=1

δik
∗δkj = δi j

∗δ j j, (C.313)
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which implies that the (i, j)-th element of the matrix X′µ∆Rµµ∆Xµ is

ηi j
◦ =

T∑
t=1

T∑
s=1

xitηt̃sxsj =

T∑
t=1

T∑
s=1

xitδts
∗δssxsj = [see (C.271)]

=

T∑
t=1

T∑
s=1

xitδtt
1

1 − ρµ2ρµ
|t−s|δssxsj

=
1

1 − ρµ2

T∑
t=1

xitδtt

T∑
s=1

δssρµ
|t−s|xsj

=
1

1 − ρµ2

T∑
t=1

xitδtt(δ11ρµ
|t−1|x1 j + δTTρµ

|t−T|xTj)

=
1

1 − ρµ2

[
xi1δ11(ρµ1−1x1 j + ρµ

T−1xTj) + xiTδTT(ρµT−1x1 j + ρµ
T−TxTj)

]
=

1
1 − ρµ2

[
xi1(x1 j + ρµ

T−1x1 j) + xiT(ρµT−1x1 j + xTj)
]
. (C.314)

Thus, equation (C.314) implies that ηi j
◦ is bounded so that

X′µ∆Rµµ∆Xµ/T = O(T−1). (C.315)

(d) The (i, j)-th element of the matrix X′µRµµXµ is

ηi j
+ =

T∑
t=1

T∑
s=1

xit
1

1 − ρµ2ρµ
|t−s|xsj =

1
1 − ρµ2

T∑
t=1

T∑
s=1

xitρµ
|t−s|xsj (C.316)

and it is bounded given that xit and xsj are bounded for every i, j = 1, . . . ,n and every t, s = 1, . . . ,T.

Therefore,

X′µRµµXµ/T = O(T−1). (C.317)

By using equations (C.263), (C.270), and (C.272) we find that

tr (R2
µµRµµ) = tr [(R1

µµ + ρµ∆)Rµµ] = tr (R1
µµRµµ) + ρµ tr(∆Rµµ)

= 0 +
2ρµ

1 − ρµ2 =
2ρµ

1 − ρµ2 . (C.318)

Similarly, by using equation (C.262) we find the following results:

(a)

ρµR1
µµRµµ∆Rµµ = ρµ

1
ρµ

[IT − (1 − ρµ2)Rµµ]∆Rµµ

= ∆Rµµ − (1 − ρµ2)Rµµ∆Rµµ ⇒ (C.319)

tr (ρµR1
µµRµµ∆Rµµ) = tr (∆Rµµ) − (1 − ρµ2) tr (Rµµ∆Rµµ) = (see (C.272) and (C.274))
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tr (ρµR1
µµRµµ∆Rµµ) =

2
1 − ρµ2 − (1 − ρµ2)

2(1 − ρµ2T)
(1 − ρµ2)3

=
2

1 − ρµ2 −
2(1 − ρµ2T)
(1 − ρµ2)2 . (C.320)

(b)

tr (ρµ∆RµµR1
µµRµµ) = tr (ρµR1

µµRµµ∆Rµµ)

=
2

1 − ρµ2 −
2(1 − ρµ2T)
(1 − ρµ2)2 . (C.321)

(c) By using equation (C.276) we find that

tr (ρµ2∆Rµµ∆Rµµ) = tr [ρµ2(∆Rµµ)2] = ρµ2 tr [(∆Rµµ)2]

=
2ρµ2

(1 − ρµ2)2 (1 + ρµ2(T−1)). (C.322)

(d) Moreover, by using equation (C.262) we find that

(R1
µµRµµ)2 =

1
ρµ

[IT − (1 − ρµ2)Rµµ]
1
ρµ

[IT − (1 − ρµ2)Rµµ]

=
1
ρµ2 [IT − 2(1 − ρµ2)Rµµ + (1 − ρµ2)2Rµµ

2]. (C.323)

Defining j = k − i with j = 1 − i, . . . ,T − i and setting j = T − i + 1 with j = 1, . . . ,T, let vll be the

l-diagonal element of matrix Rµµ
2, i.e.,

S(i) =

T∑
k=1

1
(1 − ρµ2)2ρµ

|i−k|+|k−i| =

=

T−i∑
j=1−i

1
(1 − ρµ2)2ρµ

2| j| = (defining r = ρµ2)

=
1

(1 − ρµ2)2

T−i∑
j=1−i

r| j| =
1

(1 − ρµ2)2

 −1∑
j=1−i

r| j| +
T−i∑
j=0

r j


=

1
(1 − ρµ2)2

 i−1∑
j+i=1

r| j+i| +

T−i∑
j=0

r j

 = 1
(1 − ρµ2)2

 i−1∑
k=1

rk +

T−i∑
j=0

r j


=

1
(1 − ρµ2)2

[
r(1 − r(i−1))

1 − r
+

1 − rT−i+1

1 − r

]
=

1
(1 − ρµ2)2

r − ri + 1 − rT−i+1

1 − r

=
1

(1 − ρµ2)2

[
1 + r
1 − r

−
ri + rT−i+1

1 − r

]
=

=
1

(1 − ρµ2)2

[
1 + r
1 − r

−
ri + r j

1 − r

]
=

1
(1 − ρµ2)2

[
1 + r
1 − r

−
2ri

1 − r

]
. (C.324)
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Therefore,

tr (Rµµ
2)/T =

T∑
i=1

S(i)/T =
T∑

i=1

[
1

(1 − ρµ2)2

[
1 + r
1 − r

−
2ri

1 − r

]]
/T

=
1

(1 − ρµ2)2

T(1 + r)
1 − r

−
2

1 − r

T∑
i=1

ri

 /T
=

1
(1 − ρµ2)2

[
1 + r
1 − r

−
2

T(1 − r)
r(1 − rT)
(1 − r)

]
=

1
(1 − ρµ2)2

[
1 + r
1 − r

−
2r(1 − rT)
T(1 − r)2

]
(C.325)

and omitting terms that tend to zero as T→∞ we find that

tr (Rµµ
2)/T =

1
(1 − ρµ2)2

1 + r
1 − r

+ o(T−1)

=
1

(1 − ρµ2)2

1 + ρµ2

1 − ρµ2 + o(T−1)

=
1 + ρµ2

(1 − ρµ2)3 + o(T−1). (C.326)

By combining equations (C.269), (C.323), and (C.326) we find that

tr[(R1
µµRµµ)2] =

1
ρµ2 [tr (IT) − 2 tr [(1 − ρµ2)Rµµ] + (1 − ρµ2)2 tr (Rµµ

2)]

=
1
ρµ2

[
T − 2T + (1 − ρµ2)2T

1 + ρµ2

(1 − ρµ2)3 + o(1)
]

=
1
ρµ2

[
−T + T

1 + ρµ2

1 − ρµ2 + o(1)
]
=

T
ρµ2

[
−1 + ρµ2 + 1 + ρµ2

1 − ρµ2

]
+ o(1)

=
2Tρµ2

ρµ2(1 − ρµ2)
+ o(1) =

2T
1 − ρµ2 + o(1). (C.327)

By combining equations (C.264), (C.320), (C.321), (C.322), and (C.327) we find that

tr[(R2
µµRµµ)2]/T = tr [(R1

µµRµµ)2]/T + tr (ρµR1
µµRµµ∆Rµµ)/T

+ tr (ρµ∆RµµR1
µµRµµ)/T + tr (ρµ2∆Rµµ∆Rµµ)/T

=
2

1 − ρµ2 + o(T−1) +
2
T

[
2

1 − ρµ2 −
2(1 − ρµ2T)
(1 − ρµ2)2

]

+
2ρµ2

T(1 − ρµ2)2 (1 + ρµ2(T−1)) (C.328)
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and omitting terms that tend to zero as T→∞ we find that

tr[(R2
µµRµµ)2]/T =

2
1 − ρµ2 + o(T−1)⇒

tr[(R2
µµRµµ)2] =

2T
1 − ρµ2 + o(1). (C.329)

(e) By using equations (C.263) and (C.264) we take

(R2
µµRµµ)3 = (R2

µµRµµ)2(R2
µµRµµ)

=
[
(R1

µµRµµ)2 + ρµR1
µµRµµ∆Rµµ + ρµ∆RµµR1

µµRµµ + ρµ
2∆Rµµ∆Rµµ

]
·[

R1
µµRµµ + ρµ∆Rµµ

]
= (R1

µµRµµ)3 + ρµ(R1
µµRµµ)2∆Rµµ + ρµR1

µµRµµ∆RµµR1
µµRµµ

+ρµ
2R1

µµRµµ∆Rµµ∆Rµµ + ρµ∆RµµR1
µµRµµR1

µµRµµ

+ρµ
2∆RµµR1

µµRµµ∆Rµµ + ρµ
2∆Rµµ∆RµµR1

µµRµµ

+ρµ
3∆Rµµ∆Rµµ∆Rµµ

= (R1
µµRµµ)3 + ρµ(R1

µµRµµ)2∆Rµµ + ρµR1
µµRµµ∆RµµR1

µµRµµ

+ρµ
2R1

µµRµµ(∆Rµµ)2 + ρµ∆Rµµ(R1
µµRµµ)2

+ρµ
2∆RµµR1

µµRµµ∆Rµµ + ρµ
2(∆Rµµ)2R1

µµRµµ

+ρµ
3(∆Rµµ)3, (C.330)

which implies that

tr [(R2
µµRµµ)3] = tr [(R1

µµRµµ)3] + 3 tr [(R1
µµRµµ)2∆Rµµ]

+3 tr [ρµ2R1
µµRµµ(∆Rµµ)2] + tr [ρµ3(∆Rµµ)3]. (C.331)

Since, equation (C.323) implies that

(R1
µµRµµ)2∆Rµµ =

1
ρµ2 [IT − 2(1 − ρµ2)Rµµ + (1 − ρµ2)2Rµµ

2]∆Rµµ

=
1
ρµ2 [∆Rµµ − 2(1 − ρµ2)Rµµ∆Rµµ + (1 − ρµ2)2Rµµ

2∆Rµµ], (C.332)

it follows that
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tr [ρµ(R1
µµRµµ)2∆Rµµ] =

ρµ

ρµ2 [tr∆Rµµ − 2(1 − ρµ2) tr Rµµ∆Rµµ + (1 − ρµ2)2 tr Rµµ
2∆Rµµ]

= [see (C.272), (C.274), and (C.301)]

=
1
ρµ

[
2

1 − ρµ2 −
2(1 − ρµ2)(1 − ρµ2T)

(1 − ρµ2)3 +
2(1 − ρµ2)2

(1 − ρµ2)4 +O(T−1)
]

=
1
ρµ

[
2

1 − ρµ2 −
2(1 − ρµ2T)
(1 − ρµ2)2 +

2
(1 − ρµ2)2 +O(T−1)

]

=
1
ρµ

[
2 − 2ρµ2

− 2 + 2ρµ2T + 2
(1 − ρµ2)2

]
+O(T−1)

=
2(1 − ρµ2 + ρµ2T)
ρµ(1 − ρµ2)2 +O(T−1)⇒ (C.333)

tr [ρµ(R1
µµRµµ)2∆Rµµ]/T =

2(1 − ρµ2 + ρµ2T)
Tρµ(1 − ρµ2)2 +O(1). (C.334)

Moreover, since equation (C.262) implies that

R1
µµRµµ(∆Rµµ)2 =

1
ρµ

[IT − (1 − ρµ2)Rµµ](∆Rµµ)2

=
1
ρµ

(∆Rµµ)2
−

(1 − ρµ2)
ρµ

Rµµ(∆Rµµ)2, (C.335)

it follows that

tr [ρµ2R1
µµRµµ(∆Rµµ)2] = ρµ tr [(∆Rµµ)2] − ρµ(1 − ρµ2) tr [Rµµ(∆Rµµ)2]

= [see (C.276) and (C.278)]

=
2ρµ

(1 − ρµ2)2 (1 + ρµ2(T−1)) −
2ρµ(1 − ρµ2)

(1 − ρµ2)3

[
Tρµ2(T−1) +

1 − ρµ2T

1 − ρµ2

]

=
2ρµ

(1 − ρµ2)2

[
1 + ρµ2(T−1)

− Tρµ2(T−1)
−

(1 − ρµ2T)
1 − ρµ2

]
⇒ (C.336)

tr [ρµ2R1
µµRµµ(∆Rµµ)2]/T =

2ρµ
(1 − ρµ2)2

[
1
T

[
1 + ρµ2(T−1)

−
(1 − ρµ2T)

1 − ρµ2

]
− ρµ

2(T−1)

]
. (C.337)

By using equations (C.262) and (C.323) we find that

(R1
µµRµµ)3 = (R1

µµRµµ)(R1
µµRµµ)2

=
1
ρµ

[IT − (1 − ρµ2)Rµµ]
1
ρµ2 [IT − 2(1 − ρµ2)Rµµ + (1 − ρµ2)2Rµµ

2]

=
1
ρµ3 [IT − 2(1 − ρµ2)Rµµ + (1 − ρµ2)2Rµµ

2
− (1 − ρµ2)Rµµ

+2(1 − ρµ2)2Rµµ
2
− (1 − ρµ2)3Rµµ

3]

=
1
ρµ3 [IT − 3(1 − ρµ2)Rµµ + 3(1 − ρµ2)2Rµµ

2
− (1 − ρµ2)3Rµµ

3] (C.338)
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and by using equations (C.268), (C.303), and (C.326) we find that

tr [(R1
µµRµµ)3] =

1
ρµ3 tr[IT − 3(1 − ρµ2)Rµµ + 3(1 − ρµ2)2Rµµ

2
− (1 − ρµ2)3Rµµ

3]

=
1
ρµ3 [tr IT − 3(1 − ρµ2) tr (Rµµ) + 3(1 − ρµ2)2 tr (Rµµ

2) − (1 − ρµ2)3 tr (Rµµ
3)]

=
1
ρµ3 [T − 3(1 − ρµ2)

T
1 − ρµ2 + 3(1 − ρµ2)2 (1 + ρµ2)T

(1 − ρµ2)3 − (1 − ρµ2)3 (1 + ρµ4)T
(1 − ρµ2)5 + o(1)]

=
1
ρµ3

[
T − 3T + 3T

(1 + ρµ2)
(1 − ρµ2)

− T
(1 + ρµ4)
(1 − ρµ2)2

]
+ o(1)

=
T
ρµ3

[
−2(1 − ρµ2)2 + 3(1 − ρµ4) − 1 − ρµ4

(1 − ρµ2)2

]
+ o(1)

=
T
ρµ3

[
−2 + 4ρµ2

− 2ρµ4 + 3 − 3ρµ4
− 1 − ρµ4

(1 − ρµ2)2

]
+ o(1)

=
T
ρµ3

[
4ρµ2

− 6ρµ4

(1 − ρµ2)2

]
+ o(1) =

2T
ρµ

(2 − 3ρµ2)
(1 − ρµ2)2 + o(1). (C.339)

By combining equations (C.278), (C.331), (C.334), (C.337), and (C.339) we find that

tr[(R2
µµRµµ)3]/T = tr [(R1

µµRµµ)3]/T + 3 tr[ρµ(R1
µµRµµ)2∆Rµµ]/T

+3 tr[ρµR1
µµRµµ(∆Rµµ)2]/T + tr [ρµ3(∆Rµµ)3]/T

=
2
ρµ

(2 − 3ρµ2)
(1 − ρµ2)2 + o(T−1)

+3
[

2(ρµ2T
− ρµ2 + 1)

Tρµ(1 − ρµ2)

]
+ o(1)

+3
2ρµ

(1 − ρµ2)2

[
1
T

[
1 + ρµ2(T−1)

−
(1 − ρµ2T)

1 − ρµ2

]
− ρµ

2(T−1)

]
+

2ρµ3

T(1 − ρµ2)3 (1 + 3ρµ2(T−1)) (C.340)

and omitting terms that tend to zero as T→∞ we find that

tr[(R2
µµRµµ)3]/T =

2
ρµ

(2 − 3ρµ2)
(1 − ρµ2)2 + o(T−1)⇒

tr[(R2
µµRµµ)3] =

2T
ρµ

(2 − 3ρµ2)
(1 − ρµ2)2 + o(1). (C.341)

(f) Equation (C.261) implies that

PXµR1
µµ = PXµ

1
ρµ

[Rµµ
− (1 − ρµ2)IT] =

1
ρµ

[PXµRµµ
− (1 − ρµ2)PXµ ] (C.342)

and since PXµ is orthogonal projector into the spaces spanned by the columns of the matrix Xµ, we

have that
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PXµ = Xµ(X′µXµ)−1X′µ ⇒

tr (PXµ ) = tr [(X′µXµ)−1X′µXµ] = tr In = n, (C.343)

from which we find that

tr (PXµR1
µµ) =

1
ρµ

[tr (PXµRµµ) − (1 − ρµ2) tr (PXµ )]

=
1
ρµ

[tr (Xµ(X′µXµ)−1X′µRµµ) − (1 − ρµ2) tr (PXµ )]

=
1
ρµ

[tr [(X′µRµµXµ/T)(X′µXµ/T)−1] − (1 − ρµ2) tr (PXµ )]

=
1
ρµ

[tr [(BµµFµµ−1)] − (1 − ρµ2)n], (C.344)

where

Bµµ = X′µRµµXµ/T and Fµµ = X′µXµ/T. (C.345)

Then, equation (C.263) implies that

PXµR2
µµ = PXµ (R1

µµ + ρµ∆) = PXµR1
µµ + ρµPXµ∆, (C.346)

which implies that

tr (PXµR2
µµ) = tr (PXµR1

µµ) + ρµ tr [Xµ(X′µXµ)−1X′µ∆]

= tr (PXµR1
µµ) + ρµ tr [(X′µXµ/T)−1(X′µ∆Xµ/T)] = [see (C.308)]

=
1
ρµ

[tr [(BµµFµµ−1)] − (1 − ρµ2)n] +O(T−1). (C.347)

Moreover, equation (C.262) implies that

PXµR1
µµRµµ = PXµ

1
ρµ

[IT − (1 − ρµ2)Rµµ] =
1
ρµ

[PXµ − (1 − ρµ2)PXµRµµ]⇒ (C.348)

tr [PXµR1
µµRµµ] =

1
ρµ

[tr (PXµ ) − (1 − ρµ2) tr(Xµ(X′µXµ)−1X′µRµµ)]

=
1
ρµ

[tr (PXµ ) − (1 − ρµ2) tr [(X′µXµ/T)−1(X′µRµµXµ/T)]]

=
1
ρµ

[n − (1 − ρµ2) tr (Fµµ−1Θµµ)], (C.349)

where

Θµµ = X′µRµµXµ/T. (C.350)
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Thus,

PXµR2
µµRµµ = [see (C.263)] = PXµ [R1

µµ + ρµ∆]Rµµ = PXµR1
µµRµµ + ρµPXµ∆Rµµ, (C.351)

which implies that

tr (PXµR2
µµRµµ) = tr(PXµR1

µµRµµ) + ρµ tr[Xµ(X′µXµ)−1X′µ∆Rµµ]

= tr(PXµR1
µµRµµ) + ρµ tr[(X′µXµ/T)−1(X′µ∆RµµXµ/T)]

= [see (C.311)] = tr(PXµR1
µµRµµ) +O(T−1)

=
1
ρµ

[n − (1 − ρµ2) tr [(Fµµ−1Θµµ)]] +O(T−1). (C.352)

Furthermore, equation (C.261) implies that since PXµ is idempotent, we find

PXµR1
µµPXµRµµ = PXµ

1
ρµ

[Rµµ
− (1 − ρµ2)IT]PXµRµµ

=
1
ρµ

[PXµRµµPXµRµµ − (1 − ρµ2)PXµRµµ], (C.353)

which implies that

tr(PXµR1
µµPXµRµµ) =

1
ρµ

[tr(PXµRµµPXµRµµ) − (1 − ρµ2) tr(PXµRµµ)]

=
1
ρµ

[tr(Xµ(X′µXµ)−1X′µRµµXµ(X′µXµ)−1X′µRµµ)]

−
1
ρµ

[(1 − ρµ2) tr(Xµ(X′µXµ)−1X′µRµµ)]

=
1
ρµ

[tr(X′µXµ/T)−1(X′µRµµXµ/T)(X′µXµ/T)−1(X′µRµµXµ/T)]

−
1
ρµ

[(1 − ρµ2) tr(X′µXµ/T)−1(X′µRµµXµ/T)]

=
1
ρµ

[tr Fµµ−1BµµFµµ−1Θµµ − (1 − ρµ2) tr Fµµ−1Θµµ]. (C.354)

Moreover, by using equation (C.263) we find that

PXµR2
µµPXµRµµ = PXµ (R1

µµ + ρµ∆)PXµRµµ = PXµR1
µµPXµRµµ + ρµPXµ∆PXµRµµ ⇒ (C.355)

tr (PXµR2
µµPXµRµµ) = tr (PXµR1

µµPXµRµµ) + ρµ tr (PXµ∆PXµRµµ)

= tr (PXµR1
µµPXµRµµ) + ρµ tr [Xµ(X′µXµ)−1X′µ∆Xµ(X′µXµ)−1X′µRµµ]

= tr (PXµR1
µµPXµRµµ) + ρµ tr [(X′µXµ/T)−1(X′µ∆Xµ/T)(X′µXµ/T)−1(X′µRµµXµ/T)]

= [see (C.308)] = tr (PXµR1
µµPXµRµµ) +O(T−1)

=
1
ρµ

[tr (Fµµ−1BµµFµµ−1Θµµ) − (1 − ρµ2) tr (Fµµ−1Θµµ)] +O(T−1). (C.356)
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(g) By using equation (C.262) we find that

RµµR1
µµRµµ = Rµµ

1
ρµ

[IT − (1 − ρµ2)Rµµ] =
1
ρµ

[Rµµ − (1 − ρµ2)Rµµ
2]⇒

tr (RµµR1
µµRµµ) =

1
ρµ

[tr(Rµµ) − (1 − ρµ2) tr(Rµµ
2)] = [see (C.268) and (C.325)]

=
1
ρµ

[
T

1 − ρµ2 − (1 − ρµ2)T
1 + ρµ2

(1 − ρµ2)3

]
+ o(1)

=
T
ρµ

[
(1 − ρµ2) − (1 + ρµ2)

(1 − ρµ2)2

]
+ o(1)

=
T
ρµ

[
−2ρµ2

(1 − ρµ2)2

]
+ o(1)

=

[
−2Tρµ

(1 − ρµ2)2

]
+ o(1). (C.357)

Then, equation (C.263) implies that

RµµR2
µµRµµ = Rµµ(R1

µµ + ρµ∆)Rµµ = RµµR1
µµRµµ + ρµRµµ∆Rµµ ⇒ (C.358)

tr(RµµR2
µµRµµ)/T = tr(RµµR1

µµRµµ)/T + ρµ tr(Rµµ∆Rµµ)/T

= [see (C.274)] =
−2ρµ

(1 − ρµ2)2 +
2(1 − ρµ2T)
(1 − ρµ2)3T

+ o(T−1) (C.359)

and by omitting terms that tend to zero as T→∞ we find that

tr(RµµR2
µµRµµ)/T =

−2ρµ
(1 − ρµ2)2 + o(T−1)⇒

tr(RµµR2
µµRµµ) =

−2Tρµ
(1 − ρµ2)2 + o(1) (C.360)

By using equation (C.323) we find that

Rµµ(R1
µµRµµ)2 = Rµµ

1
ρµ2 [IT − 2(1 − ρµ2)Rµµ + (1 − ρµ2)2Rµµ

2]

=
1
ρµ2 [Rµµ − 2(1 − ρµ2)Rµµ

2 + (1 − ρµ2)2Rµµ
3]⇒ (C.361)
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tr [Rµµ(R1
µµRµµ)2] =

1
ρµ2 [tr (Rµµ) − 2(1 − ρµ2) tr (Rµµ

2) + (1 − ρµ2)2 tr (Rµµ
3)]

= [see (C.268), (C.303) and (C.326)]

=
1
ρµ2

[
T

1 − ρµ2 − 2(1 − ρµ2)
(1 + ρµ2)T
(1 − ρµ2)3 + (1 − ρµ2)2 (1 + ρµ4)T

(1 − ρµ2)5 + o(1)
]

=
1

ρµ2(1 − ρµ2)

[
T − 2

(1 + ρµ2)T
(1 − ρµ2)

+
(1 + ρµ4)T
(1 − ρµ2)2 + o(1)

]
=

1
ρµ2(1 − ρµ2)3 [T(1 − ρµ2)2

− 2T + 2ρµ4T + T + ρµ4T] + o(1)

=
1

ρµ2(1 − ρµ2)3 [T − 2ρµ2T + ρµ4T − 2T + 2ρµ4T + T + ρµ4T] + o(1)

=
T

ρµ2(1 − ρµ2)3 [4ρµ4
− 2ρµ2] + o(1)

=
2Tρµ2(2ρµ2

− 1)
ρµ2(1 − ρµ2)3 + o(1)

=
2T(2ρµ2

− 1)
(1 − ρµ2)3 + o(1). (C.362)

Then, equation (C.264) implies that

Rµµ(R2
µµRµµ)2 = Rµµ[(R1

µµRµµ)2 + ρµR1
µµRµµ∆Rµµ + ρµ∆RµµR1

µµRµµ + ρµ
2∆Rµµ∆Rµµ]

= Rµµ(R1
µµRµµ)2 + ρµRµµR1

µµRµµ∆Rµµ + ρµRµµ∆RµµR1
µµRµµ

+ρµ
2Rµµ(∆Rµµ)2

⇒ (C.363)

tr [Rµµ(R2
µµRµµ)2]/T = tr [Rµµ(R1

µµRµµ)2]/T + ρµ tr[RµµR1
µµRµµ∆Rµµ]/T

+ρµ tr[Rµµ∆RµµR1
µµRµµ]/T + ρµ2 tr[Rµµ(∆Rµµ)2]/T. (C.364)

But, equation (C.262) implies the following results:

Rµµ(R1
µµRµµ)∆Rµµ = Rµµ

1
ρµ

[IT − (1 − ρµ2)Rµµ]∆Rµµ

=
1
ρµ

[Rµµ∆Rµµ − (1 − ρµ2)(Rµµ)2∆Rµµ]⇒ (C.365)

ρµ tr(RµµR1
µµRµµ∆Rµµ)/T = ρµ

1
ρµ

[tr(Rµµ∆Rµµ) − (1 − ρµ2) tr(Rµµ
2∆Rµµ)]/T

= tr(Rµµ∆Rµµ)/T − (1 − ρµ2) tr(Rµµ
2∆Rµµ)/T

= tr(Rµµ∆Rµµ)/T − (1 − ρµ2) tr(∆Rµµ
3)/T. (C.366)
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Moreover,

Rµµ∆Rµµ(R1
µµRµµ) = Rµµ∆Rµµ

1
ρµ

[IT− (1−ρµ2)Rµµ] =
1
ρµ

[Rµµ∆Rµµ− (1−ρµ2)Rµµ∆Rµµ
2]⇒ (C.367)

ρµ tr(Rµµ∆RµµR1
µµRµµ)/T = ρµ

1
ρµ

[tr(Rµµ∆Rµµ) − (1 − ρ2
µ) tr(Rµµ∆Rµµ

2)]/T

= tr(Rµµ∆Rµµ)/T − (1 − ρµ2) tr(∆Rµµ
3)/T. (C.368)

Thus, equations (C.362), (C.366), and (C.368) imply that

tr [Rµµ(R2
µµRµµ)2]/T = tr [Rµµ(R1

µµRµµ)2]/T + 2 tr(Rµµ∆Rµµ)/T

−2(1 − ρµ2) tr(∆Rµµ
3)/T + ρµ2 tr[Rµµ(∆Rµµ)2]/T

= [see (C.274), (C.320), (C.343) and (C.362)]

=
2(2ρµ2

− 1)
(1 − ρµ2)3 + o(T−1) + 2

2(1 − ρµ2T)
T(1 − ρµ2)3

−2(1 − ρµ2)
2

T(1 − ρµ2)4 + o(T−2)

+ρµ
2 2

(1 − ρµ2)3T

[
Tρµ2(T−1) +

1 − ρµ2T

1 − ρµ2

]
(C.369)

and by omitting terms that tend to zero as T→∞ we find that

tr [Rµµ(R2
µµRµµ)2]/T =

2(2ρµ2
− 1)

(1 − ρµ2)3 + o(T−1)⇒

tr [Rµµ(R2
µµRµµ)2] =

2(2ρµ2
− 1)T

(1 − ρµ2)3 + o(1). (C.370)

(h)

P̄XµR2
µµP̄XµRµµ = (I − PXµ )R2

µµ(I − PXµ )Rµµ

= R2
µµRµµ − R2

µµPXµRµµ − PXµR2
µµRµµ + PXµR2

µµPXµRµµ, (C.371)

where P̄Xµ = I − PXµ . Since R2
µµ,Rµµ,PXµ are symmetric matrices the following results holds:

tr (R2
µµPXµRµµ) = tr (RµµR2

µµPXµ ) = tr [(RµµR2
µµPXµ )′] = tr (PXµR2

µµRµµ), (C.372)
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which implies that

tr P̄XµR2
µµP̄XµRµµ = tr (R2

µµRµµ) − 2 tr (PXµR2
µµRµµ)

+ tr (PXµR2
µµPXµRµµ) = [see (C.318), (C.352) and (C.356)]

=
2ρµ

1 − ρµ2 −
2
ρµ

[n − (1 − ρµ2) tr (Fµµ−1Θµµ)] +O(T−1)

+
1
ρµ

[tr (Fµµ−1BµµFµµ−1Θµµ) − (1 − ρµ2) tr (Fµµ−1Θµµ)] +O(T−1)

=
2ρµ

1 − ρµ2 −
2n
ρµ
+

(1 − ρµ2)
ρµ

tr (Fµµ−1Θµµ) +
1
ρµ

tr (Fµµ−1BµµFµµ−1Θµµ) +O(T−1)

=
1
ρµ

[
2(ρµ2

− n(1 − ρµ2))
1 − ρµ2 + (1 − ρµ2) tr (Fµµ−1Θµµ) + tr (Fµµ−1BµµFµµ−1Θµµ)

]
+O(T−1). (C.373)

By using equation (C.249) the following results hold:

(1)

VRµµV = [Rµµ − Xµ(X′µRµµXµ)−1X′µ]Rµµ[Rµµ − Xµ(X′µRµµXµ)−1X′µ]

= RµµRµµRµµ − RµµRµµXµ(X′µRµµXµ)−1X′µ

−Xµ(X′µRµµXµ)−1X′µRµµRµµ + Xµ(X′µRµµXµ)−1X′µRµµXµ(X′µRµµXµ)−1X′µ

= Rµµ − Xµ(X′µRµµXµ)−1X′µ = V . (C.374)

(2)

VP̄Xµ = [Rµµ − Xµ(X′µRµµXµ)−1X′µ][I − PXµ ]

= Rµµ − RµµPXµ − Xµ(X′µRµµXµ)−1X′µ

+Xµ(X′µRµµXµ)−1X′µXµ(X′µXµ)−1X′µ

= Rµµ[I − PXµ ] = RµµP̄Xµ . (C.375)

Thus,

tr (P̄XµR2
µµPXµV) = tr (R2

µµPXµVP̄Xµ ) = [see (C.375)]

= tr (R2
µµPXµRµµP̄Xµ ) = tr (P̄XµR2

µµPXµRµµ)

= tr [(I − PXµ )R2
µµPXµRµµ]

= tr (R2
µµPXµRµµ) − tr (PXµR2

µµPXµRµµ)

= because the matrices PXµ , Rµµ and R2
µµ are symmetric are equal to

= tr (RµµR2
µµPXµ ) − tr (PXµR2

µµPXµRµµ)

= tr [(RµµR2
µµPXµ )′] − tr (PXµR2

µµPXµRµµ)
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tr (P̄XµR2
µµPXµV) = tr (PXµR2

µµRµµ) − tr (PXµR2
µµPXµRµµ) = [see (C.352) and (C.356)]

=
1
ρµ

[n − (1 − ρµ2) tr [(Fµµ−1Θµµ)]]

−
1
ρµ

[tr (Fµµ−1BµµFµµ−1Θµµ) − (1 − ρµ2) tr (Fµµ−1Θµµ)] +O(T−1)

=
1
ρµ

[n − tr (Fµµ−1BµµFµµ−1Θµµ)] +O(T−1). (C.376)

Moreover, equations (C.249), (C.261), (C.263) (C.308), (C.356), and (C.375) imply that

tr (RµµVPXµR2
µµPXµVRµµRµµ) =

= tr (PXµR2
µµPXµVRµµV)

= tr (PXµR2
µµPXµV)

= tr [PXµR2
µµPXµ [Rµµ − Xµ(X′µRµµXµ)−1X′µ]]

= tr (PXµR2
µµPXµRµµ) − tr (PXµR2

µµPXµXµ(X′µRµµXµ)−1X′µ)

= tr (PXµR2
µµPXµRµµ) − tr (Xµ(X′µXµ)−1X′µR2

µµXµ(X′µRµµXµ)−1X′µ)

= tr (PXµR2
µµPXµRµµ) − tr [(X′µR2

µµXµ)(X′µRµµXµ)−1]

= tr (PXµR2
µµPXµRµµ) − tr [(X′µ(R1

µµ + ρµ∆)Xµ)(X′µRµµXµ)−1]

= tr (PXµR2
µµPXµRµµ) − tr [(X′µR1

µµXµ)(X′µRµµXµ)−1]

−ρµ tr [(X′µ∆Xµ)(X′µRµµXµ)−1]

= tr (PXµR2
µµPXµRµµ)

− tr[X′µ
1
ρµ

[Rµµ
− (1 − ρµ2)IT]Xµ(X′µRµµXµ)−1] −O(1)

= tr (PXµR2
µµPXµRµµ) −

1
ρµ

tr [(X′µRµµXµ)(X′µRµµXµ)−1]

+
(1 − ρµ2)
ρµ

tr X′µXµ(X′µRµµXµ)−1] +O(1)

= tr (PXµR2
µµPXµRµµ) −

1
ρµ

[tr (In) − (1 − ρµ2) tr (X′µXµ/T)(X′µRµµXµ/T)−1] +O(1)

=
1
ρµ

[tr (Fµµ−1BµµFµµ−1Θµµ) − (1 − ρµ2) tr (Fµµ−1Θµµ)]

−
1
ρµ

[n − (1 − ρµ2) tr (FµµB−1
µµ)] +O(T−1)

=
1
ρµ

[tr (Fµµ−1BµµFµµ−1Θµµ) − n] +
(1 − ρµ2)
ρµ

[tr (Fµµ−1Bµµ) − tr (Fµµ−1Θµµ)]

+O(T−1). (C.377)
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Lemma C.11. By using Magnus and Neudecker, 1979 we can prove the following results:

(i) By using equation(C.318) we have

E(u′µR2
µµuµ) = σµµ tr (R2

µµRµµ)

=
2ρµσµµ
1 − ρµ2 . (C.378)

(ii) By using equations (C.318) and (C.329), and omitting terms that tend to zero as T→∞, we find

that

E(u′µR2
µµuµu′µR2

µµuµ)/T = [see (UR.2)]

= σµµ
2[tr (R2

µµΩµµ) tr (R2
µµΩµµ) + 2 tr (R2

µµΩµµR2
µµΩµµ)]/T

= σµµ
2[[tr (R2

µµRµµ)]2 + 2[tr (R2
µµRµµ)2]]/T

=

(
2ρµσµµ
1 − ρµ2

)2

/T + 2
[

2Tσµµ2

1 − ρµ2 +O(1)
]
/T

=
4σµµ2

1 − ρµ2 +O(T−1)⇒ (C.379)

E(u′µR2
µµuµu′µR2

µµuµ) =
4Tσµµ2

1 − ρµ2 +O(1), (C.380)

because equation (C.318) implies that

tr (R2
µµRµµ)/T =

2ρµ
1 − ρµ2 = O(T−1)⇒ tr (R2

µµRµµ) = O(1). (C.381)

(iii) Equations (C.268),(C.318), and(C.360) imply that

E(u′µuµu′µR2
µµuµ) = σµµ

2 tr (IRµµ) tr (R2
µµRµµ) + 2σµµ2 tr (IRµµR2

µµRµµ)

= σµµ
2

[
T

1 − ρµ2 ·
2ρµ

1 − ρµ2 + 2
(
−2Tρµ

(1 − ρµ2)2 +O(1)
)]

= σµµ
2

[
2Tρµ

(1 − ρµ2)2 −
4Tρµ

(1 − ρµ2)2

]
+O(1)

= −
2Tρµσµµ2

(1 − ρµ2)2 +O(1). (C.382)

(iv) Equation (C.373) implies that

E(u′µP̄XµR2
µµP̄Xµuµ) = σµµ tr (P̄XµR2

µµP̄XµRµµ)

= σµµ
1
ρµ

[
2(ρµ2

− n(1 − ρµ2))
1 − ρµ2 + (1 − ρµ2) tr (Fµµ−1Θµµ) + tr (Fµµ−1BµµFµµ−1Θµµ)

]
+O(T−1). (C.383)
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(v) Equation (C.376) implies that

E(u′µP̄XµR2
µµPXµVRµµuµ) = σµµ tr (P̄XµR2

µµPXµVRµµRµµ)

= σµµ tr (P̄XµR2
µµPXµV)

=
σµµ
ρµ

[n − tr (Fµµ−1BµµFµµ−1Θµµ)] +O(T−1). (C.384)

(vi)

E(u′µRµµVPXµR2
µµPXµVRµµuµ) = σµµ tr (RµµVPXµR2

µµPXµVRµµRµµ)

= σµµ tr (RµµVPXµR2
µµPXµV) = [see (C.377)]

=
σµµ
ρµ

[tr (Fµµ−1BµµFµµ−1Θµµ) − n]

+
σµµ(1 − ρµ2)

ρµ
[tr (Fµµ−1Bµµ) − tr (Fµµ−1Θµµ)]

+O(T−1). (C.385)

(vii)

E(u′µR2
µµuµu′µ′R2

µµuµ′ ) = σµµσµ′µ′ [tr (R2
µµRµµ) tr (R2

µ′µ′Rµ′µ′ ) + 2 tr (R2
µµRµµR2

µ′µ′Rµ′µ′ )].(C.386)

Since (C.263) implies that

(R2
µµRµµ)(R2

µ′µ′Rµ′µ′ ) = [R1
µµRµµ + ρµ∆Rµµ][R1

µ′µ′Rµ′µ′ + ρµ′∆Rµ′µ′ ]

= (R1
µµRµµR1

µ′µ′Rµ′µ′ ) + ρµ∆RµµR1
µ′µ′Rµ′µ′ + ρµ′R1

µµRµµ∆Rµ′µ′

+ρµρµ′∆Rµµ∆Rµ′µ′ , (C.387)

it follows that

tr (R2
µµRµµR2

µ′µ′Rµ′µ′ ) = tr (R1
µµRµµR1

µ′µ′Rµ′µ′ ) + ρµ tr(∆RµµR1
µ′µ′Rµ′µ′ )

+ρµ′ tr(R1
µµRµµ∆Rµ′µ′ ) + ρµρµ′ tr(∆Rµµ∆Rµ′µ′ ). (C.388)

Moreover, (C.262) implies that

(R1
µµRµµ)(R1

µ′µ′Rµ′µ′ ) =
1
ρµ

[IT − (1 − ρµ2)Rµµ]
1
ρµ′

[IT − (1 − ρµ′2)Rµ′µ′ ]

=
1

ρµρµ′
[IT − (1 − ρµ2)Rµµ − (1 − ρµ′2)Rµ′µ′

+(1 − ρµ2)(1 − ρµ′2)RµµRµ′µ′ ]. (C.389)
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vii.a Since the (i,j)-th element of the matrix Rµµ is 1
(1−ρµ2)ρµ

|i− j|, the (i,j)-th element of the matrix

RµµRµ′µ′ is

ei j =

T∑
k=1

1
(1 − ρµ2)(1 − ρµ′2)

ρµ
|i−k|ρµ′

|k− j|. (C.390)

Therefore, the i-diagonal element of the matrix RµµRµ′µ′ is

eii =
1

(1 − ρµ2)(1 − ρµ′2)

T∑
k=1

ρµ
|i−k|ρµ′

|k−i|] . (C.391)

Define the index j = k − i ( j = 1 − i, . . . ,T − i) and set r = ρµρµ′ . Then,

T∑
k=1

ρµ
|i−k|ρµ′

|k−i| =

T−i∑
j=1−i

ρµ
| j|ρµ′

| j| =

T−i∑
j=1−i

(ρµρµ′ )| j|

=

T−i∑
j=1−i

r| j| =
−1∑

j=1−i

r| j| +
T−i∑
j=0

r j =

i−1∑
j+i=1

r| j+i| +

T−i∑
j=0

r j

=

i−1∑
k=1

rk +

T−i∑
j=0

r j =
r(1 − r(i−1))

1 − r
+

1 − rT−i+1

1 − r
=

r − ri + 1 − rT−i+1

1 − r

=
(1 + r) − (ri + rT−i+1)

1 − r
= [setting j = T − i + 1 ( j = 1, . . . ,T)]

=
(1 + r) − (ri + r j)

1 − r
=

1 + r − 2ri

1 − r
. (C.392)

Thus, equations (C.391) and (C.392) imply that

eii =
1

(1 − ρµ2)(1 − ρµ′2)
1 + r − 2ri

1 − r
⇒ (C.393)

tr (RµµRµ′µ′ )/T =

T∑
i=1

eii/T =
1

T(1 − ρµ2)(1 − ρµ′2)

T∑
i=1

[
1 + r
1 − r

−
2ri

1 − r

]

=
1

T(1 − ρµ2)(1 − ρµ′2)

T(1 + r)
1 − r

−
2

1 − r

T∑
i=1

ri


=

1
(1 − ρµ2)(1 − ρµ′2)

[
1 + r
1 − r

−
2r

T(1 − r)
r(1 − rT)

1 − r

]
, (C.394)

and by omitting terms that tend to zero as T→∞ we find that

tr (RµµRµ′µ′ )/T =
1

(1 − ρµ2)(1 − ρµ′2)
1 + r
1 − r

+ o(T−1)⇒ (C.395)

tr (RµµRµ′µ′ ) =
T(1 + ρµρµ′ )

(1 − ρµ2)(1 − ρµ′2)(1 − ρµρµ′ )
+ o(1). (C.396)
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By combining equations (C.268), (C.389), and (C.396) we find that

tr (R1
µµRµµR1

µ′µ′Rµ′µ′ ) =
1

ρµρµ′
[tr(IT) − (1 − ρµ2) tr(Rµµ)]

−
1

ρµρµ′
[(1 − ρµ′2) tr(Rµ′µ′ ) − (1 − ρµ2)(1 − ρµ′2) tr(RµµRµ′µ′ )]

=
1

ρµρµ′

[
T − (1 − ρµ2)

T
(1 − ρµ2)

− (1 − ρµ′2)
T

(1 − ρµ′2)

]
+

1
ρµρµ′

[
(1 − ρµ2)(1 − ρµ′2)T(1 + ρµρµ′ )
(1 − ρµ2)(1 − ρµ′2)(1 − ρµρµ′ )

+ o(1)
]

=
1

ρµρµ′

[
−T +

T(1 + ρµρµ′ )
(1 − ρµρµ′ )

]
+ o(1)

=
1

ρµρµ′

[
−T + Tρµρµ′ + T + Tρµρµ′

(1 − ρµρµ′ )

]
+ o(1)

=
2T

1 − ρµρµ′
+ o(1). (C.397)

vii.b Let δi j be the (i,j)-th element of the matrix ∆. Then, δ11 = δTT = 1 and δi j = 0 ∀ i, j , 1 and

i, j , T. Moreover, let 1
1−ρµ2ρµ |i− j| be the (i,j)-th element of the matrix Rµµ. Then, the (i,j)-th

element of the matrix ∆Rµµ is (see (C.271))

δi j
∗ = δii

1
1 − ρµ2ρµ

|i− j| (C.398)

Since equation (C.262) implies that

R1
µ′µ′Rµ′µ′ =

1
ρµ′

[IT − (1 − ρµ′2)Rµ′µ′ ], (C.399)

we find that

R1
µ′µ′Rµ′µ′∆Rµµ =

1
ρµ′

[IT − (1 − ρµ′2)Rµ′µ′ ]∆Rµµ

=
1
ρµ′

[∆Rµµ − (1 − ρµ′2)Rµ′µ′∆Rµµ]. (C.400)

The (i,j)-th element of the matrix Rµ′µ′∆Rµµ is

δi j
∗∗ =

T∑
k=1

1
(1 − ρµ′2)

ρµ′
|i−k|δkj

∗ =

T∑
k=1

1
(1 − ρµ′2)

ρµ′
|i−k|δkk

1
(1 − ρµ2)

ρµ
|k− j|

=
1

(1 − ρµ2)(1 − ρµ′2)
ρµ′
|i−1|ρµ

|1− j| +
1

(1 − ρµ2)(1 − ρµ′2)
ρµ′
|i−T|ρµ

|T− j|

=
1

(1 − ρµ2)(1 − ρµ′2)
[ρµ′ |i−1|ρµ

|1− j| + ρµ′
|i−T|ρµ

|T− j|] (C.401)
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and the i-diagonal element of the matrix Rµ′µ′∆Rµµ is

δii
∗∗ =

1
(1 − ρµ2)(1 − ρµ′2)

[ρµ′ |i−1|ρµ
|1−i| + ρµ′

|i−T|ρµ
|T−i|]

=
1

(1 − ρµ2)(1 − ρµ′2)
[(ρµρµ′ )|i−1| + (ρµρµ′ )|T−i|]. (C.402)

Therefore, setting j = T− i+1( j = 1, . . . ,T) and (r = ρµρµ′ ), and setting l = i−1(l = 0, . . . ,T−1),

equation (C.402) implies that

tr (Rµ′µ′∆Rµµ) =

T∑
i=1

δii
∗∗

=
1

(1 − ρµ2)(1 − ρµ′2)

 T∑
i=1

(ρµρµ′ )i−1 +

T∑
i=1

(ρµρµ′ )T−i


=

1
(1 − ρµ2)(1 − ρµ′2)

 T∑
i=1

ri−1 +

T∑
j=1

r j−1

 = 2
(1 − ρµ2)(1 − ρµ′2)

T∑
i=1

ri−1

=
2

(1 − ρµ2)(1 − ρµ′2)

T−1∑
l=0

rl =
2

(1 − ρµ2)(1 − ρµ′2)
1 − rT

1 − r

=
2

(1 − ρµ2)(1 − ρµ′2)
1 − (ρµρµ′ )T

1 − ρµρµ′
=

2[1 − (ρµρµ′ )T]
(1 − ρµ2)(1 − ρµ′2)(1 − ρµρµ′ )

.(C.403)

Therefore, equations (C.272), (C.400), and (C.403) imply that

tr (R1
µ′µ′Rµ′µ′∆Rµµ) =

1
ρµ′

[tr(∆Rµµ) − (1 − ρµ′2) tr(Rµ′µ′∆Rµµ)]

=
1
ρµ′

[
2

1 − ρµ2 − (1 − ρµ′2)
2[1 − (ρµρµ′ )T]

(1 − ρµ2)(1 − ρµ′2)(1 − ρµρµ′ )

]
=

1
ρµ′

[
2

1 − ρµ2 −
2[1 − (ρµρµ′ )T]

(1 − ρµ2)(1 − ρµρµ′ )

]
. (C.404)

vii.c By using equation (C.271) we find that the (i,j)-th element of the matrix ∆Rµµ∆Rµ′µ′ is

δi j
◦◦ =

T∑
k=1

δik
∗δkj

∗ =

T∑
κ=1

δii
1

(1 − ρµ2)
ρµ
|i−k|δkk

1
(1 − ρµ′2)

ρµ′
|k− j|

= δii
1

(1 − ρµ2)(1 − ρµ′2)
[ρµ |i−1|ρµ′

|1− j| + ρµ
|i−T|ρµ′

|T− j|], (C.405)

which implies that the i-diagonal element of the matrix ∆Rµµ∆Rµ′µ′ is

δii
◦◦ = δii

1
(1 − ρµ2)(1 − ρµ′2)

[ρµ |i−1|ρµ′
|1−i| + ρµ

|i−T|ρµ′
|T−i|]

= δii
1

(1 − ρµ2)(1 − ρµ′2)
[(ρµρµ′ )|i−1| + (ρµρµ′ )|i−T|]. (C.406)
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Therefore,

tr (∆Rµµ∆Rµ′µ′ ) =
T∑

i=1

δii
◦◦ =

1
(1 − ρµ2)(1 − ρµ′2)

T∑
i=1

δii[(ρµρµ′ )|i−1| + (ρµρµ′ )|i−T|]

=
1

(1 − ρµ2)(1 − ρµ′2)

T∑
i=1

[δ11[(ρµρµ′ )|1−1| + (ρµρµ′ )|T−1|] + δTT[(ρµρµ′ )|T−1| + (ρµρµ′ )|T−T|]]

=
2

(1 − ρµ2)(1 − ρµ′2)
[1 + (ρµρµ′ )T−1]. (C.407)

Thus, equations (C.388), (C.397), (C.404), and (C.407) imply that

tr (R2
µµRµµR2

µ′µ′Rµ′µ′ )/T =
2T/T

(1 − ρµρµ′ )
+ o(T−1)

+ρµ
1
ρµ′

[
2

1 − ρµ2 −
2[1 − (ρµρµ′ )T]

(1 − ρµ2)(1 − ρµρµ′ )

]
/T

+ρµ′
1
ρµ

[
2

1 − ρµ′2
−

2[1 − (ρµ′ρµ)T]
(1 − ρµ′2)(1 − ρµ′ρµ)

]
/T

+
2

(1 − ρµ2)(1 − ρµ′2)
[1 + (ρµρµ′ )T−1]/T, (C.408)

and by omitting terms that tend to zero as T→∞ we find that

tr (R2
µµRµµR2

µ′µ′Rµ′µ′ )/T =
2

1 − ρµρµ′
+ o(T−1)⇒

tr (R2
µµRµµR2

µ′µ′Rµ′µ′ ) =
2T

1 − ρµρµ′
+ o(1). (C.409)

Therefore, equations (C.386), (C.318), and (C.409) imply that

E(u′µR2
µµuµu′µ′R2

µµuµ′ )/T =
2ρµσµµ

(1 − ρµ2)
2ρµ′σµ′µ′

(1 − ρµ′2)
/T

+2
[

2σµµσµ′µ′

1 − ρµρµ′
+ o(T−1)

]
(C.410)

and by omitting terms that tend to zero as T→∞ we find that

E(u′µR2
µµuµu′µ′R2

µ′µ′uµ′ ) =
4Tσµµσµ′µ′

1 − ρµρµ′
+ o(1). (C.411)
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Lemma C.12. The following results hold:

Let εti be the (t,i)-th element of the matrix E. Then, the (i,i)-th element of the matrix E′E/T is

eii =

T∑
t=1

εitεti/T. (C.412)

Since σii is the (i,i)-th element of the matrix Σ, by using equations (C.117) and (C.412) we find that the

(i,i)-th element of the matrix Σ1 is

σii
(1) =

√

T

 T∑
t=1

εitεti/T − σii

 = √T(eii − σii). (C.413)

Moreover, since σii is the (i,i)-th element of the matrix Σ−1, by using equation (??) we find that the (i,i)-th

element of the matrix S1 is

sii
(1) = [(δiκσ

iκ)i,κ=1,...,M][(δκlσκl
(1))κ,l=1,...,M][(δl jσ

l j)l, j=1,...,M]

=

M∑
k=1

M∑
l=1

δiκδκlδl jσ
ikσkl

(1)σl j = δi jσ
iiσi j

(1)σ j j

=
√

T[σiieiiσ
ii
− σiiσiiσ

ii] =
√

T[σiieiiσ
ii
− σii]. (C.414)

Since Σ−1ΣΣ−1 = Σ−1, the (i,i)-th elements of the matrices Σ−1 and Σ−1ΣΣ−1 are identical, i.e.,

σii = [(δiκσ
iκ)i,κ=1,...,M][(δκlσκl)κ,l=1,...,M][(δl jσ

l j)l, j=1,...,M]

=

M∑
k=1

M∑
l=1

δiκδκlδl jσ
ikσklσ

l j = δi jσ
iiσi jσ

j j

= σiiσiiσ
ii = σii. (C.415)

Thus, equations (C.414) and (C.415) imply that

sii
(1) =

√

T[σiieiiσ
ii
− σii]. (C.416)

Since equation (C.412) implies that

eii = ε′iεi/T (C.417)

where ei is the i-th column of the matrix E we find that

sii
(1) =

√

T[σii(ε′iεi/T)σii
− σii]. (C.418)

Therefore the (i,i)-th element of (1 ×M) vector s1 is

s(1)
(ii) = sii

(1) =
√

T[σii(ε′iεi/T)σii
− σii]. (C.419)
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Equation (3.22) implies that

u′µ = ε
′

µP′µ and uµ = Pµεµ ⇒ (C.420)

u′µR2
µµuµ = ε′µP′µR2

µµPµεµ. (C.421)

By using Lemma UR.2 and since (5.15b) implies that (see Magnus and Neudecker, 1979, p.389)

E(ε′µP′µR2
µµPµεµ) = σµµ tr (P′µR2

µµPµIT) = σµµ tr (P′µR2
µµPµ), (C.422)

we find that

E(ε′iεiε
′

µP′µR2
µµPµεµ) = (see Magnus and Neudecker, 1979 p.389)

= tr (σiiIT) tr (σµµP′µR2
µµPµ) + 2 tr (σiiσµµP′µR2

µµPµ)

= σiiσµµT tr (P′µR2
µµPµ) + 2σiiσµµ tr (P′µR2

µµPµ)

= σiiσµµ(T + 2) tr (P′µR2
µµPµ), (C.423)

and since (C.1) implies that

PµP′µ = Rµµ, (C.424)

by combining equations (C.318) (C.423), and (C.424) we find that

E(ε′iεiu
′

µR2
µµuµ) = E(ε′iεiε

′

µP′µR2
µµPµεµ) = σiiσµµ(T + 2) tr (P′µR2

µµPµ)

= σiiσµµ(T + 2) tr (R2
µµPµP′µ) = σiiσµµ(T + 2) tr (R2

µµRµµ)

= σiiσµµ(T + 2)
2ρµ

1 − ρµ2 . (C.425)

Therefore,

E[(ε′iεi/T)u′µR2
µµuµ] = E(ε′iεiu

′

µR2
µµuµ)/T

= σiiσµµ
2ρµ

1 − ρµ2 (T + 2)/T

= σiiσµµ
2ρµ

1 − ρµ2 + σiiσµµ
4ρµ

1 − ρµ2 /T (C.426)

and by omitting terms that tend to zero as T→∞ we find that

E[(ε′iεi/T)u′µR2
µµuµ] = σiiσµµ

2ρµ
1 − ρµ2 +O(T−1). (C.427)

Equation (C.419) implies that

s(1)
(ii)u

′

µR2
µµuµ =

√

T[(σii)2(ε′iεi/T)u′µR2
µµuµ − σiiu′µR2

µµuµ]. (C.428)
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Equations (C.378), (C.415), and (C.428) imply that

E(s(1)
(ii)u

′

µR2
µµuµ) =

√

T[(σii)2 E[(ε′iεi/T)u′µR2
µµuµ] − σii E(u′µR2

µµuµ)]

=
√

T[(σii)2σiiσµµ
2ρµ

1 − ρµ2 − σ
iiσµµ

2ρµ
1 − ρµ2 +O(T−1)]

= O(T−1/2)⇒ (C.429)

lim
T→∞

E(s(1)
(ii)u

′

µR2
µµuµ) = 0. (C.430)

Proof of Theorem 6. Define the ((1 +M +M) × 1) vector

δ =


δ0

δρ

δς

 (C.431)

where for σ = 1

δ0 =
σ̂2
− σ2

τσ2 =
σ̂2
− 1
τ

(C.432)

is a scalar,

δρ = [(δρµ )µ=1,...,M] (C.433)

is a M × 1 vector with element

δρµ =
ρ̂µ − ρµ
τ

(C.434)

and

δς = [(δσµµ )µµ=1,...,M] (C.435)

is a (M × 1) vector with elements

δσµµ =
σ̂µµ − σµµ

τ
. (C.436)

Moreover, δ admits the following stochastic expansions:

δ = d1 + τd2 + ω(τ2) (C.437)

which implies that δ0,δρ and δς admits a stochastic expansion of the form

δ0 = σ0 + τσ1 + ω(τ2) (C.438)

δρ = d1ρ + τd2ρ + ω(τ2) (C.439)

δς = d1ς + τd2ς + ω(τ2), (C.440)

where σ0 and σ1 are scalars, d1ρ and d2ρ are (M × 1) vectors and d1ς and d2ς are (M × 1) vectors.
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Define the scalars λ0 and κ0 the (M× 1) vectors λρ and κρ, the (M× 1) vectors λς and κς, the (M×M)

matrix Λρ, the (M×M) matrix Λς, the (M×M) matrix Λςρ and the (M×M) matrix Λρς by the following

relations: 
λ0 λ′ρ λ′ς

λρ Λρ Λρς

λς Λςρ Λς

 = lim
T→∞

E(d1d′1);


κ0

κρ

κς

 = lim
T→∞

E(
√

Td1 + d2) (C.441)

By combining equations (C.437), (C.438), (C.439), (C.440), and (C.441) we find that


λ0 λ′ρ λ′ς

λρ Λρ Λρς

λς Λςρ Λς

 = lim
T→∞

E(d1d′1) = lim
T→∞

E



σ0

d1ρ

d1ς

 [σ0 d′1ρ d′1ς]


= lim

T→∞
E


σ0

2 σ0d′1ρ σ0d′1ς
σ0d1ρ d1ρd′1ρ d1ρd′1ς
σ0d1ς d1ςd′1ρ d1ςd′1ς

 (C.442)

which implies that

λ0 = lim
T→∞

E(σ0
2), (C.443)

λρ = lim
T→∞

E(σ0d1ρ), (C.444)

λς = lim
T→∞

E(σ0d1ς), (C.445)

Λρ = lim
T→∞

E(d1ρd′1ρ), (C.446)

Λς = lim
T→∞

E(d1ςd′1ς), (C.447)

Λςρ = lim
T→∞

E(d1ςd′1ρ), (C.448)

Λρς = lim
T→∞

E(d1ρd′1ς). (C.449)

Obviously Λςρ = Λ′ρς.

Similarly, 
κ0

κρ

κς

 = lim
T→∞

E(
√

Td1 + d2) = lim
T→∞

E


√

Tσ0 + σ1
√

Td1ρ + d2ρ
√

Td1ς + d2ς

 (C.450)

which implies that

κ0 = lim
T→∞

E(
√

Tσ0 + σ1), (C.451)

κρ = lim
T→∞

E(
√

Td1ρ + d2ρ), (C.452)

κς = lim
T→∞

E(
√

Td1ς + d2ς). (C.453)
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By using equations (C.119), the estimator ς̂I (I=UL, RL, GL, IG, ML) of ς is

Σ̂−1
I = (Ê′IÊI/T)−1 = Σ−1

− τS1 + τ
2S2

I + ω(τ3)⇒

ς̂I = [(σ̂ii
I )ii=1,...,M]

= [(σii
− τsii

1 + τ2s2ii
I)ii=1,...,M]

= ς − τs1 + τ
2s2

I + ω(τ3)⇒ (C.454)

δς =
ς̂I − ς
τ
= −s1 + τs2

I + ω(τ2)

= d1ς + τd2ς + ω(τ2), (C.455)

where

d1ς = −s1 and d2ς = s2
I. (C.456)

By using equations (C.143) and (C.432) we find that

δ0
I = (σ̂2

I − 1)/τ = σ̂2
I /τ − 1/τ

= [M + τ2 tr[(S2
I
− S2

J)Σ]]/(M − τ2n)τ −
1
τ
+ ω(τ2)

= [M/τ + τ tr[(S2
I
− S2

J)Σ]]/(M − τ2n) −
1
τ
+ ω(τ2). (C.457)

By using Lemma UR.1 we find that

1/(M − τ2n) = (M − τ2n)−1 = [M(1 − τ2n/M)]−1 =M−1(1 − τ2n/M)−1

= M−1[1 + τ2n/M + ω(τ4)] = (1 + τ2n/M)/M + ω(τ4). (C.458)

Thus, equations (C.445) and (C.446) imply that

δ0
I = [M/τ + τ tr[(S2

I
− S2

J)Σ]][(1 + τ2n/M)/M + ω(τ4)] − 1/τ + ω(τ2)

= [1/τ + τ tr[(S2
I
− S2

J)Σ/M]](1 + τ2n/M) − 1/τ + ω(τ2)

= 1/τ + τn/M + τ tr[(S2
I
− S2

J)Σ]/M − 1/τ + ω(τ2)

= τ[tr[(S2
I
− S2

J)Σ] + n]/M + ω(τ2). (C.459)

By combining equations (C.438) and (C.459) we find that

σ0 = 0, σ1 = [tr[(S2
I
− S2

J)Σ] + n]/M. (C.460)

By using equations (C.443), (C.444), (C.445) and since σ0 = 0 (see (C.460)) we find that

λ0 = lim
T→∞

E(σ0
2) = 0, (C.461)
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λρ = lim
T→∞

E(σ0d1ρ) = 0, (C.462)

λς = lim
T→∞

E(σ0d1ς) = 0. (C.463)

Moreover, equations (C.167), (C.447), and (C.456) imply that

Λς = lim
T→∞

E(d1ςd′1ς) = lim
T→∞

E[s1s′1]

= lim
T→∞



2σ11
−2 0 . . . 0

0 2σ22
−2 0

. . .

0 . . . 0 2σMM
−2


= Σ−2. (C.464)

By using equations (C.438) and (C.460) we find that

κ0 = lim
T→∞

E(
√

Tσ0 + σ1) = lim
T→∞

E(σ1) = lim
T→∞

E[tr[(S2
I
− S2

J)Σ] + n]/M

= tr[ lim
T→∞

E[(S2
I
− S2

J)Σ]]/M + n/M = [see (C.149)]

= tr[Σ−1(∆GL − ∆I)]/M + n/M (I=UL, RL, GL, IG, ML ), (C.465)

where

∆UL = 0 [see (C.184)],

∆RL =

[(
δqκσqq tr

[( M∑
p=1

Bpp

)−1
Bqq

( M∑
p=1

Bpp

)−1
Bqκ

]
− δqκσqq tr

[( M∑
p=1

Bpp

)−1
Bqκ

]
−δqκσκκ tr

[( M∑
p=1

Bpp

)−1
Bκq

]
+ δqκσqqK

)
k,q

]
[see (C.203)],

∆GL = ∆IG = ∆ML = KΣ −
[(

tr
[ M∑

i=1

σiiBii

]−1
Bii

)
i,i

]
[see (C.211)]. (C.466)

Furthermore, equations (C.453) and (C.456) imply that

lim
T→∞

E[
√

T(−S1) + S2
I] = lim

T→∞
E(S2

I) = [see (C.146)]

= (M + K + 1)Σ−1
− Σ−1∆IΣ−1 (C.467)

κς = lim
T→∞

E(
√

Td1ς + d2ς) = lim
T→∞

E(
√

T(−s1) + s2
I)

= [see (C.467)] = [((M + K + 1)σii
− σiidii

Iσii)i=1,...,M], (C.468)
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where dii
I is the (ii)-th element of matrix ∆I. ∆UL, ∆RL and ∆GL = ∆IG = ∆ML have been defined in (C.466).

For the I estimator of ρµ (I=LS, GL, PW, ML,DW) equations (C.245), (C.246), (C.251), (C.254), and

(C.259) imply that

d(1)µ
LS = d(1)µ

GL = d(1)µ
ML = d(1)µ

DW = −u′µR2
µµuµ/2

√

Tσuµ
2

= −τ
(1 − ρµ2)
σµµ

u′µR2
µµuµ/2 = d(1)µ. (C.469)

Therefore,

d(1)µd′(1)µ = u′µR2
µµuµu′µR2

µµuµ/4Tσuµ
4. (C.470)

Moreover, for µ , µ′ we find that

d(1)µd′(1)µ′ = u′µR2
µµuµu′µ′R2

µ′µ′uµ/4Tσuµ
2σuµ′

2. (C.471)

Equations (C.446) and (C.470) imply that the µ-diagonal element of the matrix Λρ is

lim
T→∞

E(d(1)µd′(1)µ) = lim
T→∞

E(u′µR2
µµuµu′µR2

µµuµ)/4Tσuµ
4

= [see (C.380)] = lim
T→∞

[
4Tσµµ2

1 − ρµ2 +O(1)
]
/4Tσuµ

4

= lim
T→∞

[
4Tσµµ2

(1 − ρµ2)4Tσuµ
4 +O(T−1)

]
=

(
since σuµ

2 =
σµµ

(1 − ρµ2)

)
=

4Tσµµ2

(1 − ρµ2)4T σµµ2

(1−ρµ2)2

= (1 − ρµ2). (C.472)

Similarly, equations (C.411) and (C.471) imply that since σuµ
2 =

σµµ
(1−ρµ2) , σuµ′

2 =
σµ′µ′

(1−ρµ′ 2) , for µ , µ′ the

µµ′-th off-diagonal element of the matrix Λρ is

lim
T→∞

E(d(1)µd′(1)µ′ ) = lim
T→∞

E(u′µR2
µµuµu′µ′R2

µ′µ′uµ′ )/4Tσuµ
2σuµ′

2

= lim
T→∞

4Tσµµσµ′µ′

(1 − ρµρµ′ )4Tσuµ
2σuµ′

2 +O(T−1)

=
σµµσµ′µ′

(1 − ρµρµ′ )
σµµ

(1−ρµ2)
σµ′µ′

(1−ρµ′ 2)

=
(1 − ρµ2)(1 − ρµ′2)

(1 − ρµρµ′ )
. (C.473)

Moreover, for the J estimator of ρµ (I=LS, GL, PW, ML,DW) it holds that since

d(1)µ = d(1)µ
LS = d(1)µ

GL = d(1)µ
ML = d(1)µ

DW = −u′µR2
µµuµ/2

√

Tσuµ
2, (C.474)

the following results holds:

E(
√

Td(1)µ) = −E(u′µR2
µµuµ/2σuµ

2) =
−2ρµσµµ
(1 − ρµ2)

/
2σµµ

(1 − ρµ2)
= −ρµ ⇒
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lim
T→∞

E(
√

Td(1)µ) = −ρµ. (C.475)

By using equations (C.247), (C.382), and (C.383) we find that

E(d(2)µ
LS) = −E(u′µP̄XµR2

µµP̄Xµuµ)/2σuµ
2 + E(u′µuµu′µR2

µµuµ)/2Tσuµ
4

= −
σµµ
2ρµ

[
2(ρµ2

− n(1 − ρµ2))
1 − ρµ2 /σuµ

2 + (1 − ρµ2) tr (Fµµ−1Θµµ)/σuµ
2 + tr (Fµµ−1BµµFµµ−1Θµµ)/σuµ

2

]
+O(T−1) −

[
2Tρµσµµ2

(1 − ρµ2)2 +O(1)
]
/2Tσuµ

4

= −
1

2ρµ

[
2ρµ2σµµ

(1 − ρµ2)σuµ
2 −

2nσµµ
σuµ

2 + (1 − ρµ2) tr (Fµµ−1Θµµ)
σµµ

σuµ
2

]
−

1
2ρµ

tr (Fµµ−1BµµFµµ−1Θµµ)
σµµ

σuµ
2 +

2ρ2
µσµµ

2

(1 − ρµ2)2σuµ
4

 +O(T−1)

= −
1

2ρµ

 2ρµ2σµµ

(1 − ρµ2) σµµ
(1−ρµ2)

−
2nσµµ
σµµ

(1−ρµ2)

+ (1 − ρµ2) tr (Fµµ−1Θµµ)
σµµ
σµµ

(1−ρµ2)


−

1
2ρµ

tr (Fµµ−1BµµFµµ−1Θµµ)
σµµ
σµµ

(1−ρµ2)

+
2ρ2

µσµµ
2

(1 − ρµ2)2 σµµ2

(1−ρµ2)2

 +O(T−1)

= −
1

2ρµ
[4ρµ2

− 2n(1 − ρµ2) + (1 − ρµ2)2 tr (Fµµ−1Θµµ) + tr (Fµµ−1BµµFµµ−1Θµµ)(1 − ρµ2)]

+O(T−1). (C.476)

By combining equations (C.452), (C.475), and (C.476) we find that

κρµ = lim
T→∞

E(
√

Td1µ + d2µ
LS)

= lim
T→∞

[
−

1
2ρµ

[4ρµ2
− 2n(1 − ρµ2) + (1 − ρµ2)2 tr (Fµµ−1Θµµ) + tr (Fµµ−1BµµFµµ−1Θµµ)(1 − ρµ2)] +O(T−1)

]
= −

1
2ρµ

[6ρµ2
− 2n − 2nρµ2 + (1 − ρµ2)2 tr (Fµµ−1Θµµ) + tr (Fµµ−1BµµFµµ−1Θµµ)(1 − ρµ2)]

= −
1

2ρµ
[2ρµ2(3 + n) − 2n + (1 − ρµ2)((1 − ρµ2) tr (Fµµ−1Θµµ) + tr (Fµµ−1BµµFµµ−1Θµµ))]

= −[ρµ(3 + n) + (2n − c1)/2ρµ], (C.477)

where

c1 = (1 − ρµ2)((1 − ρµ2) tr (Fµµ−1Θµµ) + tr (Fµµ−1BµµFµµ−1Θµµ)). (C.478)

By using equations (C.247) and (C.252) we find that

d(2)µ
GL = d(2)µ

LS
−

(1 − ρµ2)
σµµ

[u′µP̄XµR2
µµPXµVRµµuµ + u′µRµµVPXµR2

µµPXµVRµµuµ/2]. (C.479)
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Therefore, equations (C.384) and (C.385) imply that

E
(
−

(1 − ρµ2)
σµµ

[u′µP̄XµR2
µµPXµVRµµuµ + u′µRµµVPXµR2

µµPXµVRµµuµ/2]
)

= −
(1 − ρµ2)
σµµ

σµµ
ρµ

[n − tr (Fµµ−1BµµFµµ−1Θµµ)]

+
(1 − ρµ2)
σµµ

σµµ
ρµ

[n − tr (Fµµ−1BµµFµµ−1Θµµ)]/2

−
(1 − ρµ2)
σµµ

σµµ(1 − ρµ2)
ρµ

[tr (FµµB−1
µµ) − tr (Fµµ−1Θµµ)]/2 +O(T−1)

= −
(1 − ρµ2)
ρµ

[n − tr (Fµµ−1BµµFµµ−1Θµµ)]/2 −
(1 − ρµ2)2

ρµ
[tr (FµµB−1

µµ) − tr (Fµµ−1Θµµ)]/2 +O(T−1)⇒

lim
T→∞

E
(
−

(1 − ρµ2)
σµµ

[u′µP̄XµR2
µµPXµVRµµuµ + u′µRµµVPXµR2

µµPXµVRµµuµ/2]
)

= −
(1 − ρµ2)
ρµ

[n − tr (Fµµ−1BµµFµµ−1Θµµ) + (1 − ρµ2) tr (FµµB−1
µµ) − (1 − ρµ2) tr (Fµµ−1Θµµ)]/2

= (1 − ρµ2)[(1 − ρµ2) tr (Fµµ−1Θµµ) + tr (Fµµ−1BµµFµµ−1Θµµ)]/2ρµ

−(1 − ρµ2)2 tr (FµµB−1
µµ)/2ρµ − (1 − ρµ2)2n/2ρµ

= [c1 − (1 − ρµ2)n]/2ρµ − (1 − ρµ2)c2/2ρµ, (C.480)

where

c2 = (1 − ρµ2) tr (FµµB−1
µµ). (C.481)

Thus, from equations (C.475), (C.476), (C.477), (C.479), and (C.480) we find that

κρµ
GL = κρµ

PW = lim
T→∞

E(
√

Td1µ + d2µ
GL) = lim

T→∞
E(
√

Td1µ + d2µ
LS)

−
(1 − ρµ2)
σµµ

[u′µP̄XµR2
µµPXµVRµµuµ + u′µRµµVPXµR2

µµPXµVRµµuµ/2]

= κρµ
LS
− (1 − ρµ2)c2/2ρµ + [c1 − (1 − ρµ2)n]/2ρµ. (C.482)

By using equations (C.252) and (C.255) we find that

d(2)µ
ML = d(2)µ

GL + ρµ
(1 − ρµ2)
σµµ

(u1µ
2 + uTµ

2) − ρµ. (C.483)

Since

E(u1µ
2 + uTµ

2) = E(u1µ
2) + E(uTµ

2) = σuµ
2 + σuµ

2 = 2σuµ
2 =

2σµµ
(1 − ρµ2)

, (C.484)

we find that

E(d(2)µ
ML) = E(d(2)µ

GL) + ρµ
(1 − ρµ2)
σµµ

2σµµ
(1 − ρµ2)

− ρµ

= E(d(2)µ
GL) + 2ρµ − ρµ = E(d(2)µ

GL) + ρµ. (C.485)
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Thus, by combining equations (C.475), (C.482), (C.483) and (C.485) we find that

κρµ
ML = lim

T→∞
E(
√

Td1µ + d2µ
ML) = lim

T→∞
E[(
√

Td1µ + d2µ
GL) + ρµ]

= κρµ
GL + ρµ = κρµ

PW + ρµ. (C.486)

By using equations (C.247) (C.260) we find that

E(d(2)µ
DW) = E(d(2)µ

LS) +
(1 − ρµ2)
σµµ

(E(u1µ
2) + E(uTµ

2))/2 = [see (C.484)]

= E(d(2)µ
LS) +

(1 − ρµ2)
σµµ

2σµµ/2
(1 − ρµ2)

= E(d(2)µ
LS) + 1. (C.487)

Thus, by combining equations (C.475), (C.477), and (C.487) we find that

κρµ
DW = lim

T→∞
E(
√

Td1µ + d2µ
DW) = lim

T→∞
E[(
√

Td1µ + d2µ
LS) +

(1 − ρµ2)
σµµ

(u1µ
2 + uTµ

2)/2]

= κρµ
LS + 1. (C.488)

By using equations (C.440), (C.442), and (C.449) we define the M ×M matrix Λρς as follows:

Λρς = lim
T→∞

E(d1ρd′1ς), (C.489)

where the µ-th element M × 1 vector d1ρ is

d(1)µ = −
u′µR2

µµuµ

2
√

Tσuµ
2
= −

u′µR2
µµuµ

2
√

T σµµ
(1−ρµ2)

= −
1 − ρµ2

2
√

Tσµµ
(u′µR2

µµuµ) (C.490)

and the 1 ×M vector d′1ς is defined as

d′1ς = [−s1]′. (C.491)

From equation (C.419) we have that the (ii)-th element of d′1ς is

−s(1)
(ii) = −

√

T[σii(ε′iεi/T)σii
− σii] (C.492)

with (ii) = 1, . . . ,M.
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By combining equations (C.490) and (C.492) we find that the (µ, (ii))-th element of the (M×M) matrix

Λρς is

d(1)µ(−s(1)
(ii)) =

− 1 − ρµ2

2
√

Tσµµ
(u′µR2

µµuµ)

 [−√T[σii(ε′iεi/T)σii
− σii]

]
=

(1 − ρµ2)
2σµµ

[
σii(ε′iεi/T)(u′µR2

µµuµ) − σii(u′µR2
µµuµ)

]
, (C.493)

which implies that by using equation (C.429) we find that

E(d(1)µ(−s(1)
(ii))) =

(1 − ρµ2)
σµµ

[
σii E[(ε′iεi/T)(u′µR2

µµuµ)] − σii E(u′µR2
µµuµ)

]
= O(T−1/2)⇒

Λρς = lim
T→∞

E(d(1)µ(−s(1)
(ii))) = 0. (C.494)

Finally, we find that

Λςρ = Λ′ρς = 0. (C.495)

□
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