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Abstract

The aim of this thesis is to develop a localization theory in the higher homological
algebra of n-abelian and n-angulated categories. Analogously to the classical cases of an
abelian or a triangulated category, we start with a class of morphisms S which satisfies
the natural conditions of a bicalculable system of morphisms. In the higher homological
setting of an n-abelian category M or n-angulated category C, we construct in a universal
way a localized n-abelian category MrS´1s or n-angulated category CrS´1s, respectively
where the morphisms in S have been inverted. This solves satisfactory the problem of
localizing an n-abelian or n-angulated category.

The thesis is divided in four chapters.

Chapter 1 consists of a brief introduction to Higher Homological Algebra and to
general localization theory of categories in the form of calculus of fractions, while si-
multaneously aiming at fixing notation. The chapter is divided into three sections, with
the first two containing definitions, preliminary notions and results concerning n-abelian
and n-angulated categories respectively. In the third section we provide a brief overview
of the Localization Theory in a general category, construct the category of fractions and
state some results which are needed in the rest of the thesis.

The main purpose of Chapter 2 is to develop the tools which will be used in the
proof of the main result concerning the localization of n-abelian categories. Due to the
delicate nature of the axiom of idempotent completeness of an n-abelian category with
respect to localization, the construction of the localized category will be completed in
two steps. To this end, we define a pre-n-abelian category to be an additive category
which satisfies all axioms of an n-abelian category except that the axiom of idempotent
completeness is not necessarily satisfied. Then, utilizing a result from Jasso in [28], we
provide a necessary and sufficient condition for a category to be pre-n-abelian, based
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on the exactness properties of a diagram which we will call an n-diagram and captures
all desired information.

In Chapter 3, we prove our first main result of the thesis, constructing in two steps the
localization of an n-abelian category with respect to a bicalculable system of morphisms.
In the first step, utilizing the n-diagram, we show that the localization of a pre-n-
abelian category with respect to a bicalculable system of morphisms is also a pre-n-
abelian category and the localization functor is n-exact. In the second step, we prove
that the idempotent completion of a pre-n-abelian category is an n-abelian category.
Finally, combining the above, for any n-abelian category M and any bicalculable system
of morphisms S in M we consider first the pre-n-abelian category MrS´1s and then
its idempotent completion, ČMrS´1s which is n-abelian. Then, the composite functor
M ÝÑ MrS´1s ÝÑ ČMrS´1s, where the second functor denotes idempotent completion,
is universal among all S-inverting n-exact functors out of M to an n-abelian category.

In Chapter 4, we present an analogous result for n-angulated categories, where n ě 3.
In this setting we need a bicalculable class of morphisms S which, as in the classical
case n “ 3 of triangulated categories, satisfies a compatibility condition with respect
to the n-angulation. We define a class NS of n-angles in CrS´1s as following: An n-Σ-
sequence X‚ in CrS´1s is in NS , if there exists an n-Σ-sequence M‚ and an isomorphism
of n-Σ-sequences ϕ‚ : A‚ „

ÝÑ X‚ ‘ M‚, where A‚ is an n-angle in C. Then, we prove
our second main result of the thesis, constructing the localization of an n-angulated
category C which is also an n-angulated category that satisfies the analogous universal
property.

ii



Contents

Abstract i

Introduction 3

1 Preliminary notions 9

1.1 n-Abelian categories . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.1.1 n-Cokernels and n-kernels . . . . . . . . . . . . . . . . . . . . . . 11

1.1.2 n-Pushout and n-pullback diagrams . . . . . . . . . . . . . . . . 14

1.1.3 Definition and basic properties . . . . . . . . . . . . . . . . . . . 17

1.2 n-Angulated categories . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

1.3 Localization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

1.3.1 Definition and basic properties . . . . . . . . . . . . . . . . . . . 27

1.3.2 Properties of the localization . . . . . . . . . . . . . . . . . . . . 31

2 Pre-n-abelian categories 35

2.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.2 The n-diagram . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.3 Compatible n-diagrams . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

1



3 Localization of n-abelian categories 55

3.1 Localization of pre-n-abelian categories . . . . . . . . . . . . . . . . . . . 55

3.1.1 n-Cokernels and n-kernels in localized categories . . . . . . . . . 55

3.1.2 Main result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

3.2 Idempotent completion of pre-n-abelian categories . . . . . . . . . . . . 63

3.2.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

3.2.2 n-Cokernels and n-kernels in idempotent completion . . . . . . . 65

3.2.3 Axioms (A2) and (A3) . . . . . . . . . . . . . . . . . . . . . . . . 70

3.2.4 Main result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4 Localization of n-angulated categories 79

4.1 n-Angles in localization . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

4.2 Axioms (F1) and (F2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4.3 Axioms (F3) and (F4) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

4.4 Main result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

Περίληψη 99

Bibliography 103

2



Introduction

Higher Homological Algebra

Maurice Auslander in his famous monograph [2] proved the existence of a natural 1-1
correspondence between equivalence classes (in the sense of Morita), of representation
finite Artin algebras Λ and Artin algebras Γ with gl. dimΓ ď 2 ď dom. dimΓ. In this
case, the category of projective Γ-modules is abelian, equivalent to the category of
Λ-modules and any Artin algebra Γ for which the category of projective Γ-modules
is abelian, satisfies the aforementioned homological condition. This result is known
today as "Auslander Correspondence" and the Artin algebras Γ with gl. dimΓ ď 2 ď

dom. dimΓ are called Auslander algebras. Auslander’s Correspondence played a key role
in Representation Theory, since it offered a homological criterion to the classification of
representation finite algebras.

In 2007, Iyama in [22] generalized Auslander’s correspondence, proving that for any
n ě 0, there exists a bijection between the set of Morita-equivalence classes of Artin
algebras Γ with gl. dimΓ ď n ` 2 ď dom. dimΓ and equivalence classes of pn ` 2q-
cluster tilting Λ-modules over Artin algebras Λ. This equivalence, known today as
the Higher Auslander Correspondence or Auslander-Iyama Correspondence has been
generalized by A. Beligiannis in [7] in the setting of abelian categories. Independently
and during the same time, A. Buan, R. Marsh, M. Reineke, I. Reiten and G. Todorov
in [10], introduced the notion of cluster-tilting modules or subcategories in the setting of
triangulated categories in order to study the structure of cluster algebras, see [15], [16].
This lead to the study of cluster-tilting objects in the setting of categories of modules and
more generally, in the setting of abelian and triangulated categories, see [27], [32], [33].
This theory has many important applications in various contemporary research fields
in mathematics and mathematical physics: in Representation Theory, in Homological
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Algebra, in (commutative and non-commutative) Algebraic Geometry in the theory
of Teichmuller spaces, in the Theory of Calabi-Yau algebras, in Poisson geometry, in
combinatorics etc. For more details we refer again the reader to [32].

Recently, the highly developing field of cluster tilting theory has led to the intro-
duction of higher homological algebra where one of the main objects of interest is the
study of n-abelian, for n ě 1, and n-angulated categories, for n ě 3. In the setting of
triangulated categories, Geiss, Keller and Oppermann in their fundamental paper [20]
introduced the notion of an n-angulated category which captures the exactness con-
ditions of an pn ´ 2q-cluster-tilting subcategory of a triangulated category and has
important applications in Representation Theory, Algebraic Geometry, String Theory
and other fields. More specifically, Geiss, Keller and Oppermann in [20] prove that any
pn´2q-cluster-tilting subcategory of a triangulated category is an n-angulated category.
On the other hand, G. Jasso in [28] in order to axiomatize the exactness properties of
an n-cluster-tilting subcategory of an abelian category, introduced the notion of an n-
abelian category. Especially, Jasso proved that any n-cluster-tilting subcategory of an
abelian category is an n-abelian category while conversely, Kvamme and, independently,
Ebrahimi and Nasr-Isfahani proved recently that any n-abelian category is equivalent
to an n-cluster tilting subcategory of an abelian category, see [34], [12]. In this con-
nection, for n “ 1 or n “ 3, respectively, we recover the classical notions of abelian or
triangulated categories.

Higher Homological Algebra is nowadays in its prime, with connections to the gen-
eralized cluster-tilting Theory and to the Theory of Auslander-Iyama Correspondence,
along with many interesting applications in Representation Theory, Algebraic Geome-
try, Combinatorics and other research fields.

Localization

Localization Theory is well-known to be an important tool for the study of sev-
eral problems in algebra, topology and geometry. Originally developed for commuta-
tive rings, it has undergone gradual extensions, with many important applications to
non-commutative rings and later to localization of spaces in topology and schemes in
algebraic geometry. In several contexts, the appropriate framework for the study of
the various types of localizations is the setting of abelian and triangulated categories.
In this connection, Gabriel and Verdier in the early sixties studied the localization
of abelian and triangulated categories respectively, laying the foundations for further
developments, extensions and powerful applications.

More specifically, Gabriel in his pivotal paper [18] during the 1960, utilizing ideas
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first introduced by Serre, developed the localization theory of abelian categories proving
that for any abelian category A and any multiplicative system of morphisms S in A,
the localization category ArS´1s is also an abelian category. On the other hand, a few
years later, Verdier in his influential paper [44] studied the localization of triangulated
categories and proved that the localization of any triangulated category with respect
to a multiplicative system of morphisms which is compatible with the triangulation, is
also a triangulated category. The above results provided powerful tools for studying a
wide range of problems and phenomena with one of the many applications being the
construction of new abelian and triangulated categories.

Motivation and Aim of the Thesis

The importance of localization techniques in abelian and triangulated categories on
the one hand, and the remarkable development of higher homological algebra in vari-
ous thematic areas over the last decade on the other hand, provide strong motivation
for the study of the localization theory in the setting of n-abelian and n-triangulated
categories. In this thesis, starting from a class of morphisms S in an n-abelian or n-
triangulated category satisfying some natural conditions, and using calculus of fractions
in the sense of Gabriel-Zisman, we construct in a universal way a localized n-abelian
or n-triangulated category respectively, where the morphisms in S have been inverted.
This provides a satisfactory solution to the problem of localizing an n-abelian or n-
triangulated category. When n “ 1 or n “ 3, respectively, we recover the classical
results of the localization of an abelian or triangulated category.

Structure of the Thesis

The thesis is divided in four chapters.

Chapter 1 contains preliminary notions on Higher Homological Algebra and Local-
ization Theory. The chapter is divided into three sections: We begin by defining n-
cokernels, n-kernels and n-exact sequences, which leads to the definition, along with
some basic properties, of an n-abelian category M as introduced by Jasso in [28]. In
the second section, similarly, we present the definition of an n-angulated category as
introduced by Geiss, Keller and Oppermann in [20], along with some related concepts.
Finally, the third section consists of an introduction to general localization theory in the
form of calculus of fractions, following Gabriel-Zisman in [19]. Starting with a category
C and a bicalculable system of morphisms S in C, we describe objects and morphisms
in the localized category CrS´1s as well as the localization functor Q : C ÝÑ CrS´1s.
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The main purpose of Chapter 2 is to develop the tools which will be used in the
proof of the main result concerning the localization of n-abelian categories. Due to the
delicate nature of the axiom of idempotent completeness of an n-abelian category with
respect to localization, the construction of the localized category will be completed in
two steps. In this connection, we define a pre-n-abelian category to be an additive
category which satisfies all axioms of an n-abelian category except that the axiom of
idempotent completeness is not necessarily satisfied. Then, based on the exactness
properties of a diagram which captures all desired information and utilizing a result of
Jasso from [28], we provide a necessary and sufficient condition for a category to be pre-
n-abelian, see Proposition 2.3.2. This diagram, which we call a compatible n-diagram
acts in our setting as a replacement for the image-coimage isomorphism appearing in
the classic case of an abelian category.

In Chapter 3, we prove our first main result of the thesis, constructing in two steps the
localization of an n-abelian category with respect to a bicalculable system of morphisms.
In more detail, let M be an n-abelian category and S a bicalculable system of morphisms
in M. We denote by MrS´1s the localization of M at S in the sense of Gabriel-Zisman
[19], (see also [41]).

Theorem. There exists an n-abelian category ČMrS´1s and an n-exact functor

rQ : M ČMrS´1s

such that rQpsq is invertible, for any s P S, satisfying the following universal property:

‚ for any n-abelian category N and any n-exact functor F : M ÝÑ N such that F psq

is invertible, for any s P S, there exists a unique n-exact functor F ˚ : ČMrS´1s ÝÑ N

such that the following diagram commutes

M ČMrS´1s

N

rQ

F
D !F˚

In the first step, utilizing the n-diagram, we show that the localization of a pre-n-
abelian category with respect to a bicalculable system of morphisms is also a pre-n-
abelian category and the localization functor is n-exact. In the second step, we prove
that the idempotent completion rM of a pre-n-abelian category M is an n-abelian cate-
gory. Finally, combining the above, for any n-abelian category M and any bicalculable
system of morphisms S in M we consider first the pre-n-abelian category MrS´1s and
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then its idempotent completion, ČMrS´1s which is n-abelian. Then, the composite func-
tor rQ “ ι ˝Q :

rQ : M
Q //MrS´1s

ι // ČMrS´1s

where Q is the localization functor and ι is the inclusion functor in the idempotent
completion, is universal among all S-inverting n-exact functors out of M to an n-abelian
category.

In Chapter 4, we present an analogous result for n-angulated categories, where n ě 3.
In this setting, we need a bicalculable class of morphisms S which, as in the classic case
n “ 3 of triangulated categories, satisfies a compatibility condition with respect to the
n-angulation. We define a class NS of n-angles in CrS´1s as following:

‚ An n-Σ-sequence X‚ in CrS´1s is in NS , if there exists an n-Σ-sequence M‚ and
an isomorphism of n-Σ-sequences:

ϕ‚ : A‚ „
ÝÑ X‚ ‘M‚

where A‚ is an n-angle in C.

Then, we prove our second main result of the thesis, constructing the localization
of an n-angulated category C which is also an n-angulated category that satisfies the
desired universal property:

Theorem. Let pC,Σ,Nq be an n-angulated category and S a bicalculable class of mor-
phisms in C which is compatible with n-angulation. Then the localization CrS´1s of C at
S carries a natural n-angulated structure and the localization functor Q : C ÝÑ CrS´1s

is n-exact and satisfies the following universal property:

‚ for any n-angulated category D and any n-exact functor F : C ÝÑ D such that F psq
is invertible, for any s P S, there exists a unique n-exact functor F ˚ : CrS´1s ÝÑ D

such that the following diagram commutes:

C CrS´1s

D

Q

F
D !F˚
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CHAPTER 1
Preliminary notions

The aim of this chapter is to briefly introduce the reader to Higher Homological
Algebra and to the localization theory of general categories in the form of calculus of
fractions. For a detailed introduction to elementary elements of Category Theory, we
refer the reader to the book [31] by M. Kashiwara and P. Shapira, to the book [46] by
Weibel, as well as the books [9] by Bland and [14] by Enochs-Jenda.

The chapter is divided into three sections. The first two sections contain definitions,
preliminary notions and results concerning n-abelian and n-angulated categories respec-
tively. In the third section we provide a brief overview of localization theory, construct
the category of fractions and mention some results which are needed in the rest of the
thesis.

Notation

We begin by fixing notation and introducing some general notions used throughout
the thesis:

Composition of morphisms: If C is a category and f : X ÝÑ Y , g : Y ÝÑ Z two
composable morphisms in C, we denote their composition as fg : X ÝÑ Z, following
the diagrammatic order. Consequently, a morphism: X ÝÑ Y ‘ Z is denoted by a
matrix: pf, gq where f : X ÝÑ Y and g : X ÝÑ Z. Dually a morphism: X ‘ Y ÝÑ Z
is denoted by a matrix:

`

f
g

˘

or tpf, gq, where f : X ÝÑ Z and g : Y ÝÑ Z.

Complexes: Let C be an additive category. A (cochain) complex in C is denoted
by C‚ and a morphism between two complexes C‚,D‚ is denoted by f‚ : C‚ ÝÑ D‚.
The category of (cochain) complexes in C is denoted by ChpCq. The category of all
non-negative complexes pCi “ 0, @i ă 0q is denoted by Chě0pCq. Finally, we denote by
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Chapter 1 1.1. n-Abelian categories

ChěnpCq the category of complexes which are concentrated in degrees 0, 1, ¨ ¨ ¨ , n` 1:

X0
d0X // X1

d1X // ¨ ¨ ¨
dn´1
X // Xn

dnX // Xn`1

If f‚, g‚ : X‚ ÝÑ Y ‚ are two morphisms of complexes, an homotopy

ϕ : f‚ ÝÑ g‚

is a collection of maps tϕn : Xn ÝÑ Y n´1unPZ :

¨ ¨ ¨
dn´2
X // Xn´1

}}

dn´1
X //

gn´1

��

fn´1

��

Xn
dnX //

gn

��

fn

��

ϕn

}}

Xn`1

ϕn`1

}}

dn`1
X //

gn`1

��

fn`1

��

¨ ¨ ¨

}}
¨ ¨ ¨

dn´2
Y

// Y n´1

dn´1
Y

// Y n
dnY

// Y n`1

dn`1
Y

// ¨ ¨ ¨

such that:
fn ´ gn “ ϕndn´1

Y ` dnXϕ
n`1

for all n P Z. In this case we say that f‚ and g‚ are homotopic.

An homotopy equivalence between X‚ and Y ‚ is a pair of two morphisms of complexes
f‚ : X‚ ÝÑ Y ‚ and g‚ : Y ‚ ÝÑ X‚ such that the composition f‚g‚ is homotopic to the
identity morphism 1X‚ and the composition g‚f‚ is homotopic to the identity morphism
1Y ‚ .

Since further elaboration on the theory of complexes and homotopy equivalence is
beyond the scope of the thesis, for additional details concerning the above as well as
the homotopy category HpCq we refer the reader to [46, Chapter 1].

1.1 n-Abelian categories

The first aim of this section is to recall several preliminary notions mainly from
[28], which are required in order to present Jasso’s definition of an n-abelian category.
Additionally, we will state some known auxiliary results which will be used in the proofs
of our main results concerning the localization of n-abelian categories.
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Chapter 1 1.1. n-Abelian categories

1.1.1 n-Cokernels and n-kernels

We begin by defining weak cokernels and weak kernels.

Definition 1.1.1. Let C be an additive category and f : X ÝÑ Y a morphism in C.
A weak cokernel of f is a morphism c : Y ÝÑ C in C, such that for all C 1 P C, the
induced sequence of abelian groups:

CpC,C 1q // CpY,C 1q // CpX,C 1q

is exact. In other words, c is a weak cokernel of f , if fc “ 0 and for any morphism
c1 : Y ÝÑ C 1 such that fc1 “ 0, there exists a (not necessarily unique) morphism
u : C ÝÑ C 1 such that the following diagram is commutative:

X
f // Y

c //

c1

��

C

u~~
C 1

Remark 1.1.2. In the above definition, if the sequence:

0 // CpC,C 1q // CpY,C 1q // CpX,C 1q

is exact, or in other words, the induced morphism u : C ÝÑ C 1 is unique, c is called a
cokernel of f .

The notion of a weak kernel is defined dually:

Definition 1.1.3. Let C be an additive category and f : X ÝÑ Y a morphism in C.
A weak kernel of f is a morphism k : K ÝÑ X in C, such that for all K 1 P C, the
induced sequence of abelian groups:

CpK 1,Kq // CpK 1, Xq // CpK 1, Y q

is exact. In other words, k is a weak kernel of f , if kf “ 0 and for any morphism
k1 : K 1 ÝÑ X such that k1f “ 0, there exists a (not necessarily unique) morphism
u : K 1 ÝÑ K such that the following diagram is commutative:

K 1

k1

��

u

~~
K

k // X
f // Y

11



Chapter 1 1.1. n-Abelian categories

Remark 1.1.4. As previously, if the sequence:

0 // CpK 1,Kq // CpK 1, Xq // CpK 1, Y q

is exact, or in other words, the induced morphism u : K 1 ÝÑ K is unique, k is called a
kernel of f .

We can now define n-kernels, n-cokernels and n-exact sequences:

Definition 1.1.5. ([28, Definition 2.2]) Let C be an additive category and f : X ÝÑ Y
a morphism in C. An n-cokernel of f is a sequence

pc1, c2, ¨ ¨ ¨ , cnq : Y
c1 // C1 c2 // ¨ ¨ ¨ // Cn´1 cn // Cn

of objects and morphisms in C, such that for all C 1 P C the induced sequence of abelian
groups:

0 // CpCn, C 1q // CpCn´1, C 1q // ¨ ¨ ¨ // CpY,C 1q // CpX,C 1q

is exact. In other words, for all 1 ď i ď n ´ 1 the morphism ci is a weak cokernel of
ci´1 (where we set c0 : “ f), and the morphism cn is a cokernel of cn´1.

In this case, the sequence pf, c1, ¨ ¨ ¨ , cnq is called a right n-exact sequence, see [37,
Definition 2.4].

The notions of n-kernel and left n-exact sequence are defined dually:

Definition 1.1.6. ([28, Definition 2.2]) Let C be an additive category and f : X ÝÑ Y
a morphism in C. An n-kernel of f is a sequence

pkn, kn´1, ¨ ¨ ¨ , k1q : Kn kn // Kn´1 k
n´1

// ¨ ¨ ¨ // K1 k1 // X

of objects and morphisms in C, such that for all K 1 P C the induced sequence of abelian
groups:

0 // CpK 1,Knq // CpK 1,Kn´1q // ¨ ¨ ¨ // CpK 1, Xq // CpK 1, Y q

is exact. In other words, for all 1 ď i ď n´ 1 the morphism ki is a weak kernel of ki´1

(where we set k0 : “ f), and the morphism kn is a kernel of kn´1.

In this case, the sequence pkn, ¨ ¨ ¨ , k1, fq is called a left n-exact sequence, see [37,
Definition 2.4].

12
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Finally, n-kernels and n-cokernels lead to the definition of n-exact sequences:

Definition 1.1.7. A sequence

pf0, f1, ¨ ¨ ¨ , fnq : X0 f0 // X1 f1 // ¨ ¨ ¨ // Xn fn // Xn`1

is called an n-exact sequence if it is both a left n-exact sequence and a right n-exact
sequence.

We finish this section with the following two lemmas from [28] which will be useful
later.

Lemma 1.1.8. ( [28, Comparison Lemma 2.1]) Let C be an additive category and
X‚ P Chě0pCq a complex such that di`1

X is a weak cokernel of diX for any i ě 0. If
f‚ : X‚ ÝÑ Y ‚ and g‚ : Y ‚ ÝÑ X‚ are morphisms of complexes in Chě0pCq such that
f0 “ g0, then there exists a homotopy h : f‚ ÝÑ g‚ such that h1 “ 0.

Lemma 1.1.9. ([28, Proposition 2.5]) Let C be an additive category, X‚, Y ‚ two com-
plexes in ChnpCq and f‚ : Y ‚ ÝÑ X‚, g‚ : X‚ ÝÑ Y ‚ two morphisms of complexes.

Y ‚

f‚

��

Y 0
d0Y //

f0

��

Y 1

f1

��

// ¨ ¨ ¨ // Y n

fn

��

dnY // Y n`1

fn`1

��
X‚

g‚

��

X0
d0X //

g0

��

X1

g1

��

// ¨ ¨ ¨ // Xn

gn

��

dnX // Xn`1

gn`1

��
Y ‚ Y 0

d0Y // Y 1 // ¨ ¨ ¨ // Y n
dnY // Y n`1

Then the following hold:

1. If there exists an homotopy ϕ : f‚g‚ ÝÑ 1Y ‚, and X‚ is a right (left) n-exact se-
quence, then Y ‚ is a right (left) n-exact sequence.

2. If there exists an homotopy ψ : g‚f‚ ÝÑ 1X‚, and Y ‚ is a right (left) n-exact
sequence, then X‚ is a right (left) n-exact sequence.

3. If the above diagram is an homotopy equivalence of complexes, then X‚ is an n-exact
sequence iff Y ‚ is an n-exact sequence.

Remark 1.1.10. It should be noted that, while in [28, Proposition 2.5] only property (3)
of the above lemma is stated, in the proof of the proposition it is explicitly demonstrated
that property (1) also holds. In Lemma 1.1.9 we have also stated properties (1) and
(2) separately since they will be useful later. For the proof, we direct the reader to the
aforementioned source.

13



Chapter 1 1.1. n-Abelian categories

1.1.2 n-Pushout and n-pullback diagrams

As we will see later, an important property of an n-abelian category is that it guar-
antees the existence of n-pushout and n-pullback diagrams, which are higher analogues
of pushout and pullback diagrams. For the sake of completeness, we remind the reader
of the classical definition of a pushout diagram:

Definition 1.1.11. Let C be an additive category. A diagram of the form:

X
f //

g

��

Y

u
��

Z
v //M

is called a weak pushout diagram, if it is commutative and satisfies the following
property:

‚ for any other object M 1 and morphisms u1 : Y ÝÑ M 1, v1 : Z ÝÑ M 1 with fu1 “ gv1,
there exists a (not necessarily unique) morphism h : M ÝÑ M 1 such that u1 “ uh and
v1 “ vh:

X
f //

g

��

Y

u1

��

u
��

Z

v1

//

v //M
h

!!
M 1

Moreover, if the morphism h is unique, the diagram is called a pushout diagram.

The notions of a weak pullback diagram and a pullback diagram are defined dually.

Now we can define n-pushout and n-pullback diagrams:

Definition 1.1.12. [28, Definition 2.11] Let C be an additive category, X‚ a complex
in Chn´1pCq and f0 : X0 ÝÑ Y 0 a morphism in C. An n-pushout diagram of X‚

along f0 is a morphism of complexes:

X‚

f‚

��

X0
d0X //

f0

��

X1
d1X //

f1

��

¨ ¨ ¨ // Xn´1
dn´1
X //

fn´1

��

Xn

fn

��
Y ‚ Y 0

d0Y // Y 1
d1Y // ¨ ¨ ¨ // Y n´1

dn´1
Y // Y n

14



Chapter 1 1.1. n-Abelian categories

such that the mapping cone C “ Cpf‚q :

X0
d´1
C // X1 ‘ Y 0

d0C // ¨ ¨ ¨
dn´2
C // Xn ‘ Y n´1

dn´1
C // Y n

is right n-exact, where:

d´1
C “ p´d0X , f

0q, diC “

ˆ

´di`1
X f i`1

0 diY

˙

for 0 ď i ď n´ 2, dn´1
C “ tpfn, dn´1

Y q

Dually, the above diagram is called an n-pullback diagram of Y ‚ along fn if the
mapping cone Cpf‚q is left n-exact.

The subsequent two lemmas will also be used in the proof of our main results. The
proofs will be omitted and we refer the reader to the respective sources for more details.

Lemma 1.1.13. ([28, Proposition 2.12]) Let C be an additive category and:

X‚

f
��

X0
d0X //

f0

��

X1 //

f1

��

¨ ¨ ¨ // Xn´1
dn´1
X //

fn´1

��

Xn

fn

��
Y ‚ Y 0

d0Y // Y 1 // ¨ ¨ ¨ // Y n´1
dn´1
Y // Y n

be an n-pushout diagram. If di`1
Y is a weak cokernel of diY , then di`1

X is a weak cokernel
of diX , for i P t0, 1, ..., n´ 2u.

The next lemma is the dual version of [37, Lemma 2.8.]:

Lemma 1.1.14. Let C be an additive category and:

0 // X0
d0X //

f0

��

X1
d1X //

f1

��

¨ ¨ ¨ // Xn´1
dn´1
X //

fn´1

��

Xn
dnX //

fn

��

Xn`1

0 // Y 0
d0Y // Y 1

d1Y // ¨ ¨ ¨ // Y n´1
dn´1
Y // Y n

dnY // Xn`1

be a commutative diagram of left n-exact sequences. Then the diagram:

0 // X0
d0X //

f0

��

X1
d1X //

f1

��

¨ ¨ ¨ // Xn´1
dn´1
X //

fn´1

��

Xn

fn

��
0 // Y 0

d0Y // Y 1
d1Y // ¨ ¨ ¨ // Y n´1

dn´1
Y // Y n

is an n-pullback diagram.

15
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Finally, we will need the following observation which seems to be well-known but we
were unable to find it in the literature in a form suitable for our working setting. Note
that similar arguments have been used in the study of n-exact sequences, for instance
in Lemma 1.1.9 and Lemma 1.1.13 to which we refer for some examples.

Lemma 1.1.15. Let C be an additive category, and f‚ : X‚ ÝÑ Y ‚:

X0
d0X //

f0

��

X1
d1X //

f1

��

¨ ¨ ¨ // Xn´1
dn´1
X //

fn´1

��

Xn
dnX //

fn

��

Xn`1

fn`1

��ϕnzz
Y 0

d0Y

// Y 1

d1Y

// ¨ ¨ ¨ // Y n´1

dn´1
Y

// Y n
dnY

// Y n`1

be a morphism of complexes in Chn´1pCq such that the following hold:

1. For 0 ď i ď n´ 1, the morphism diY is a weak kernel of di`1
Y .

2. There exists a morphism ϕn : Xn`1 ÝÑ Y n such that ϕndnY “ fn`1.
3. The sequence:

X0
p´d0X , f

0q
// X1 ‘ Y 0

ˆ

´d1X f1

0 d0Y

˙

// ¨ ¨ ¨ // Xn ‘ Y n´1
tpfn, dn´1

Y q
// Y n

(1.1.1)
is right n-exact.

Then, for 0 ď i ď n´ 1, the morphism di`1
X is a weak cokernel of diX .

Proof. For 0 ď i ď n ´ 1, since the morphism diY is a weak kernel of di`1
Y , by Lemma

1.1.8 there exist morphisms ϕi : Xi`1 ÝÑ Y i, such that f i`1 “ ϕidiY ` di`1
X ϕi`1.

Clearly, dn´1
X dnX “ 0. Let u : Xn ÝÑ M such that dn´1

X u “ 0. From the sequence
(1.1.1), we obtain a morphism u1 : Y n ÝÑ M such that dn´1

Y u1 “ 0 and:

u “ fnu1 “ pϕn´1dn´1
Y ` dnXϕ

nqu1 “ dnXϕ
nu1

Thus, dnX is a weak cokernel of dn´1
X .

For 0 ď i ď n ´ 2, let u : Xi`1 ÝÑ M be a morphism such that diXu “ 0. Again,
from (1.1.1) we obtain a morphism:

tpu1, wq : Xi`2 ‘ Y i`1 ÝÑ M

16
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such that the following diagram is commutative:

Xi ‘ Y i´1

˜

´diX f i

0 di´1
Y

¸

// Xi`1 ‘ Y i

˜

´di`1
X f i`1

0 diY

¸

//

tpu, 0q

��

Xi`2 ‘ Y i`1

tpu1, wq

tt
M

Then, diY w “ 0 and:

u “ ´di`1
X u1 ` f i`1w “ ´di`1

X u1 ` pϕidiY ` di`1
X ϕi`1qw “ di`1

X p´u1 ` ϕi`1wq

Thus, di`1
X is a weak cokernel of diX . ■

We also state the dual lemma:

Lemma 1.1.16. Let C be an additive category, and f‚ : X‚ ÝÑ Y ‚:

X0
d0X //

f0

��

X1
d1X //

ϕ0

||
f1

��

X2 //

f2

��

¨ ¨ ¨ // Xn
dnX //

fn

��

Xn`1

fn`1

��
Y 0

d0Y

// Y 1

d1Y

// Y 2 // ¨ ¨ ¨ // Y n
dnY

// Y n`1

be a morphism of complexes in Chn´1pCq such that the following hold:

1. For 0 ď i ď n´ 1, the morphism di`1
X is a weak cokernel of diX .

2. There exists a morphism ϕ0 : X1 ÝÑ Y 0 such that f0 “ d0Xϕ
0.

3. The sequence:

X1
pd1X , f

1q
// X2 ‘ Y 1

ˆ

´d2X f2

0 d1Y

˙

// ¨ ¨ ¨ // Xn`1 ‘ Y n
tpfn`1, dnY q

// Y n`1

is left n-exact.

Then, for 0 ď i ď n´ 1, the morphism diY is a weak kernel of di`1
Y .

1.1.3 Definition and basic properties

The notion of an n-abelian category (n ě 1) was introduced by Jasso in [28] in order
to axiomatize the exactness properties of an n-cluster-tilting subcategory of an abelian
category. In this section we provide Jasso’s definition along with some basic properties
of n-abelian categories.

First, we will need the following notion:

17
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Definition 1.1.17. If C is a category and X an object in C, a morphism e : X ÝÑ X
is called idempotent if e2 “ e.

The category C is called idempotent complete if every idempotent in C splits, i.e.
for every idempotent e in C there exist an object Y P C and morphisms r : X ÝÑ Y
and s : Y ÝÑ X such that rs “ e and sr “ 1Y , as seen in the following commutative
diagram:

X
r

  

e // X
r

  
Y

s

>>

Y

We continue with the definition of an n-abelian category:

Definition 1.1.18. ([28, Definition 3.1]) Let n be a positive integer. An n-abelian
category is an additive category M which satisfies the following axioms:

(A0) The category M is idempotent complete.
(A1) Every morphism in M has an n-kernel and an n-cokernel.
(A2) For every monomorphism f : X ÝÑ Y in M and for every n-cokernel pc1, .., cnq

of f , the sequence:

0 // X
f // Y

c1 // ¨ ¨ ¨
cn´1
// Cn´1 cn // Cn // 0

is n-exact.
(A3) For every epimorphism f : X ÝÑ Y in M and for every n-kernel pkn, .., k1q of f ,

the sequence:

0 // Kn kn // Kn´1 k
n´1

// ¨ ¨ ¨
k1 // X

f // Y // 0

is n-exact.

Remark 1.1.19. As stated by Jasso in [28, Remark 3.2], we can replace axioms (A2)
and (A3) respectively with the following weaker axioms:

(A2’) For every monomorphism f : X ÝÑ Y in M there exists an n-exact sequence:

0 // X
f // Y

c1 // ¨ ¨ ¨
cn´1
// Cn´1 cn // Cn // 0

(A3’) For every epimorphism f : X ÝÑ Y in M there exists an n-exact sequence:

0 // Kn kn // Kn´1 k
n´1

// ¨ ¨ ¨
k1 // X

f // Y // 0

18



Chapter 1 1.1. n-Abelian categories

Remark 1.1.20. The notion of an n-abelian category generalizes the classic notion of
an abelian category which we obtain from Definition 1.1.18 by setting n “ 1.

As mentioned, n-abelian categories encompass the exactness properties of an n-
cluster-tilting subcategory of an abelian category, as proven by Jasso. Even though this
result lies outside the scope of the thesis we will briefly reference it, aiming to provide
a more comprehensive overview of this theory and emphasize the broader applications
of our research.

In order to define the notion of n-cluster tilting subcategory, we need to remind the
reader the notions of co(ntra)variantly finite and (co)generating subcategory. For more
details, see [3].

Definition 1.1.21. Let C be an additive category and M Ď C a (full) subcategory of
C. M is called covariantly finite in C, if for any object C P C there exists an object
M P M and a morphism f : C ÝÑ M such that for any M 1 P M the induced sequence
of abelian groups:

CpM,M 1q // CpC,M 1q // 0

is exact. In other words, for any object M 1 P M and morphism g : C ÝÑ M 1, there
exists a morphism u : M ÝÑ M 1 such that the following diagram is commutative:

C
f //

g   

M

u
��

M 1

Dually, the notion of a contravariantly finite subcategory is defined. Finally, M is
called functorially finite in C if M is covariantly and contravariantly finite in C.

Definition 1.1.22. Let A be an abelian category and M Ď A a (full) subcategory of A.
M is called a cogenerating subcategory of A if for any object A P A there exists an
object M P M and a monomorphism: f : A ÝÑ M . Dually the notion of a generating
subcategory is defined.

Now we provide the definition of an n-cluster tilting subcategory of an abelian cate-
gory:

Definition 1.1.23. ([28, Definition 3.14]) Let A be an abelian category and M Ď A

a (full) subcategory of A. M is called an n-cluster tilting subcategory of A if the
following hold:

1. M is a generating-cogenerating subcategory of A.
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2. M is a functorially finite subcategory of A.

3. M satisfies the following:

M “ tX P A |ExtiApX,Mq “ 0, @i P t1, ¨ ¨ ¨ , n´ 1uu

“ tX P A |ExtiApM, Xq “ 0, @i P t1, ¨ ¨ ¨ , n´ 1uu

Examples of n-abelian categories can be created by utilizing Jasso’s main theorem:

Proposition 1.1.24. ([28, Theorem 3.16]) Let A be an abelian category and M an
n-cluster-tilting subcategory of A. Then, M is an n-abelian category.

Recently, Kvamme and, independently, Ebrahimi and Nasr-Isfahani proved that any
n-abelian category is equivalent to an n-cluster tilting subcategory of an abelian cate-
gory, see [34], [12].

The idempotent completeness axiom leads to the existence of n-pushout and n-
pullback diagrams in an n-abelian category. More specifically, the following holds:

Proposition 1.1.25. ([28, Theorem 3.8]) Let C be an additive category which satisfies
axioms (A0) and (A1). For any complex X‚ in Chn´1pCq and morphism f0 : X0 ÝÑ Y 0,
there exists an n-pushout diagram:

X‚

f
��

X0
d0X //

f0

��

X1 //

f1

��

¨ ¨ ¨ // Xn´1
dn´1
X //

fn´1

��

Xn

fn

��
Y ‚ Y 0

d0Y // Y 1 // ¨ ¨ ¨ // Y n´1
dn´1
Y // Y n

In the case of C being an n-abelian category, if d0X is a monorphism then d0Y is also a
monomorphism.

The dual also holds for n-pullbacks.

In our general setting, axiom (A0) of idempotent completeness displays a delicate
behaviour with respect to localization. For this reason, in the next section we will
define a pre-n-abelian category to be an n-abelian category which satisfies all axioms
of an n-abelian category except that axiom (A0) is not necessarily satisfied.

Thus, in the later we will need a version of the following result of Jasso in a pre-n-
abelian category which is not necessarily idempotent complete. Note that Jasso in the
following result utilizes the notion of a good n-pushout diagram, see [28, Definition-
Proposition 2.14], which describes an n-pushout diagram that satisfies an additional
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property. Given that this notion is not essential for the proofs presented in this thesis
and will not be further used, we direct the reader to the aforementioned source for an
in-depth definition.

Proposition 1.1.26. ([28, Proposition 3.13]) Let C be an n-abelian category, f0 : X0 ÝÑ

X1 a morphism in C and pfk : Xk ÝÑ Xk`1|1 ď k ď nq an n-cokernel of f0. Then,
for every k P t0, 1, ..., nu and every l P t1, ..., nu there exist morphisms glk : Y

l
k ÝÑ Y l´1

k

(with Y 0
K : “ Xk) and pl´1

k : Y l´1
k ÝÑ Y l

k`1 satisfying the following properties:

1. For every k P t0, 1, ..., nu the diagram:

Y n
k

gnk //

��

Y n´1
k

gn´1
k //

pn´1
k

��

¨ ¨ ¨
g2k // Y 1

k

g1k //

p1k
��

Xk

p0k
��

fk // Xk`1

0 // Y n
k`1

gnk`1 // ¨ ¨ ¨
g3k`1 // Y 2

k`1

g2k`1 // Y 1
k`1

g1k`1

<< (1.1.2)

commutes.
2. The sequence pgnk , ..., g

1
kq is an n-kernel of fk.

3. The diagram:

Y n
k

gnk //

��

Y n´1
k

gn´1
k //

pn´1
k

��

¨ ¨ ¨
g2k // Y 1

k

g1k //

p1k
��

Xk

p0k
��

0 // Y n
k`1

gnk`1 // ¨ ¨ ¨
g3k`1 // Y 2

k`1

g2k`1 // Y 1
k`1

is both an n-pullback diagram and a good n-pushout diagram. In particular, the
morphism

tpp0k, g
2
k`1q : Xk ‘ Y 2

k`1 ÝÑ Y 1
k`1

is an epimorphism.
4. If k ‰ 0, the sequence pgk´1

k , ..., g1k, f
k, ..., fnq is an n-cokernel of the morphism gkk .

Remark 1.1.27. Note that Ebrahimi and Nasr-Isfahani in [13, Proposition 2.7] prove,
in the setting of n-abelian categories, an analogous result related to the above proposi-
tion which we will discuss later providing a more general version of [13, Diagram (2.2)].

If M is an n-abelian category and A an abelian category, the notion of an n-exact
functor F : M ÝÑ A is defined in [38, §4.1]. Analogously, concerning the case of a
covariant additive functor between two n-abelian categories, we will use the following
notion:
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Definition 1.1.28. Let M, N be two n-abelian categories and F : M ÝÑ N a covariant
additive functor.

(i) F is called left n-exact, if for any left n-exact sequence:

0 // Kn kn // ¨ ¨ ¨ // K1 k1 // X
f // Y

in M, the sequence:

0 // F pKnq
F pknq // ¨ ¨ ¨ // F pK1q

F pk1q // F pXq
F pfq // F pY q

is left n-exact in N.
(ii) F is called right n-exact, if for any right n-exact sequence:

X
f // Y

c1 // C1 // ¨ ¨ ¨
cn // Cn // 0

in M, the sequence:

F pXq
F pfq // F pY q

F pc1q // F pC1q // ¨ ¨ ¨
F pcnq // F pCnq // 0

is right n-exact in N.
(iii) F is called n-exact, if for any n-exact sequence:

0 // X0 f0 // X1 f1 // ¨ ¨ ¨ // Xn fn // Xn`1 // 0

in M, the sequence:

0 // F pX0q
F pf0q // F pX1q

F pf1q // ¨ ¨ ¨ // F pXnq
F pfnq// F pXn`1q // 0

is n-exact in N.

1.2 n-Angulated categories

Geiss, Keller and Oppermann, in order to axiomatize the exactness properties of an
n-cluster-tilting subcategory of a triangulated category, introduced in [20] the notion of
an n-angulated category.

We begin by stating the definition of an n-angulated category in [20] and we fix some
notation. Throughout this section, let n ě 3.

The structure of an n-angulated category is based on the following type of sequences:
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Definition 1.2.1. Let C be an additive category and Σ: C ÝÑ C an automorphism in
C. A diagram X‚ of objects and morphisms in C:

X‚ : X1 a1 // X2 a2 // ¨ ¨ ¨
an´1

// Xn an // ΣX1

is called an n-Σ-sequence in C.

The automorphism Σ is also called the suspension functor.

Remark 1.2.2. We do not assume that the composition of two consecutive morphisms
in an n-Σ-sequence is necessarily zero, thus n-Σ-sequences are not necessarily complexes.

Morphisms between two n-Σ-sequences are defined in the following way:

Definition 1.2.3. A morphism of n-Σ-sequences f‚ : X‚ ÝÑ Y ‚ is a sequence of
morphisms pf1, f2, ¨ ¨ ¨ , fnq such that the following diagram commutes:

X‚

f‚

��

X1 a1 //

f1

��

X2 a2 //

f2

��

¨ ¨ ¨ // Xn an //

fn

��

ΣX1

Σf1

��
Y ‚ Y 1 b1 // Y 2 b2 // ¨ ¨ ¨ // Y n bn // ΣY 1

The morphism f‚ is called a weak isomorphism if for some 1 ď i ď n, f i and f i`1

are isomorphisms, where fn`1 :“ Σf1.

Two n-Σ-sequences X‚ and Y ‚ are weakly isomorphic if they are connected by a
finite zigzag of weak isomorphisms, i.e. there exist weak isomorphisms f‚

0 , f
‚
1 , ¨ ¨ ¨ , f‚

i ,
as seen in the following diagram:

M‚
1

f‚
0

}}

f‚
1

!!

¨ ¨ ¨

""~~

M‚
i

f‚
i´1

||

f‚
i

  
X‚ M‚

2 ¨ ¨ ¨ M‚
i´1 Y ‚

Since a morphism between n-Σ-sequences is a morphism of complexes, we can define
its mapping cone as follows:

Definition 1.2.4. The mapping cone of f‚, denoted by Cpf‚q, is the n-Σ-sequence:

X2 ‘ Y 1
d1C // X3 ‘ Y 2

d2C // ¨ ¨ ¨ // ΣX1 ‘ Y n
dnC // ΣX2 ‘ ΣY 1

where:

diC “

ˆ

´ai`1 f i`1

0 bi

˙

for 1 ď i ď n´ 1 and dnC “

ˆ

´Σa1 Σf1

0 bn

˙
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Finally, we state the definition of an n-angulated category:

Definition 1.2.5. ([20, Definition 1.1]) Let C be an additive category, Σ: C ÝÑ C

an automorphism of C and n ě 3. A pre-n-angulation of pC,Σq is a class N of
n-Σ-sequences, whose elements are called n-angles, satisfying the following axioms:

(F1) (a) The class N is closed under finite direct sums and direct summands of n-Σ-
sequences. In other words, if

X‚ : X1 a1 // X2 a2 // ¨ ¨ ¨ // Xn an // ΣX1

and
Y ‚ : Y 1 b1 // Y 2 b2 // ¨ ¨ ¨ // Y n bn // ΣY 1

are two n-Σ-sequences in C, then the n-Σ-sequence X‚ ‘ Y ‚ :

X1 ‘ Y 1 a1‘b1 // X2 ‘ Y 2 a2‘b2 // ¨ ¨ ¨ // Xn ‘ Y n a
n‘bn // ΣX1 ‘ ΣY 1

is in N iff the n-Σ-sequences X‚ and Y ‚ are both in N.
(b) For any X P C the sequence:

X
1X // X // 0 // ¨ ¨ ¨ // 0 // ΣX

is in N.
(c) For any morphism a1 : X1 ÝÑ X2 in C, there exists an n-angle of the form:

X1 a1 // X2 a2 // ¨ ¨ ¨ // Xn an // ΣX1

(F2) The n-Σ-sequence

X‚ : X1 a1 // X2 a2 // ¨ ¨ ¨
an´1

// Xn an // ΣX1

is a n-angle if and only if the n-Σ-sequence:

X2 a2 // X3 a3 // ¨ ¨ ¨
an // ΣX1 p´1qnΣa1 // ΣX2

which is called the left rotation of X‚, is also an n-angle.
(F3) For any commutative diagram of the form:

X1 a1 //

f1

��

X2 a2 //

f2

��

X3 // ¨ ¨ ¨ // Xn an // ΣX1

Σf1

��
Y 1 b1 // Y 2 b2 // Y 3 // ¨ ¨ ¨ // Y n bn // ΣY 1
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Chapter 1 1.2. n-Angulated categories

whose rows are n-angles, there exist morphisms f3, ¨ ¨ ¨ , fn that complete the dia-
gram to a morphism of n-Σ-sequences f‚ : X‚ ÝÑ Y ‚:

X1 a1 //

f1

��

X2 a2 //

f2

��

X3

f3

��

// ¨ ¨ ¨ // Xn an //

fn

��

ΣX1

Σf1

��
Y 1 b1 // Y 2 b2 // Y 3 // ¨ ¨ ¨ // Y n bn // ΣY 1

If N is a pre-n-angulation of pC,Σq, then the triple pC,Σ,Nq is called a pre-n-angulated
category .

Moreover, N is called an n-angulation of pC,Σq if the following axiom is satisfied:

(F4) In the axiom pF3q, the morphisms f3, ¨ ¨ ¨ , fn can be chosen such that the cone

Cpf‚q : X2 ‘ Y 1
d1C // X3 ‘ Y 2

d2C // ¨ ¨ ¨ // ΣX1 ‘ Y n
dnC // ΣX2 ‘ ΣY 1

is in N.

If N is a n-angulation of pC,Σq, then the triple pC,Σ,Nq is called an n-angulated
category.

Remark 1.2.6. The notion of an n-angulated category generalizes the classic notion
of a triangulated category which we obtain from Definition 1.2.5 by setting n “ 3.

Similarly to the classic case of triangulated categories, the following holds:

Lemma 1.2.7. ([20, Proposition 1.5]) If pC,Σ,Nq is a pre-n-angulated category, then
every n-angle in C is exact, i.e. for every n-angle

X‚ : X1 a1 // X2 a2 // ¨ ¨ ¨
an´1

// Xn an // ΣX1

in C, the induced sequence Cp´, X‚q :

¨ ¨ ¨ // Cp´, X1q // Cp´, X2q // ¨ ¨ ¨ // Cp´, Xnq // Cp´,ΣX1q // ¨ ¨ ¨

and the induced sequence CpX‚,´q :

¨ ¨ ¨ // CpΣX1,´q // CpXn,´q // ¨ ¨ ¨ // CpX2,´q // CpX1,´q // ¨ ¨ ¨

of representable functors are exact, see [20, Definition 1.1].
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Chapter 1 1.2. n-Angulated categories

Remark 1.2.8. As mentioned in [8, p.2], in the setting of a pre-n-angulated category,
Lemma 1.2.7 implies that the composition of two consecutive morphisms in an n-angle
is zero. Thus, similarly to the case of triangulated categories, an n-angle in a pre-n-
angulated category is a complex.

Similarly to the n-abelian case and in compliance with the classic case of a triangu-
lated category, the notion of an n-exact functor between two n-angulated categories is
defined as follows:

Definition 1.2.9. If pC,Σ,Nq and pC1,Σ1,N1q are two n-angulated categories, an ad-
ditive functor F : C ÝÑ C1 is called n-exact, if for any X P C there exist natural
isomorphisms ϕX : F pΣXq

„
ÝÑ Σ1pF pXqq such that for any n-angle

X1 a1 // X2 a2 // ¨ ¨ ¨
an´1

// Xn an // ΣX1

in N, the n-Σ-sequence:

F pX1q
F pa1q // F pX2q

F pa2q // ¨ ¨ ¨
F pan´1q// F pXnq

F panqϕX // Σ1F pX1q

is an n-angle in N1.

Geiss, Keller and Oppermann in [20] prove that in a pre-n-angulated category, the
class N of n-angles is closed under weak isomorphisms. In the following, we state their
result which will be used later, while for the proof we refer the reader to the above
source.

Lemma 1.2.10. ([20, Lemma 1.4]) Let pC,Σ,Nq be a pre-n-angulated category. If X‚

and Y ‚ are two weakly isomorphic exact n-Σ-sequences, then X‚ is an n-angle if and
only if Y ‚ is also an n-angle.

As mentioned before, n-angulated categories encompass the exactness properties of an
pn´ 2q-cluster tilting subcategory of a triangulated category. Examples of n-angulated
categories can be constructed as n-cluster tilting subcategories of triangulated cate-
gories, utilizing the main result of Geiss, Keller and Oppermann which we will mention
briefly. First, in the n-angulated setting, the notion of an n-cluster tilting subcategory
is defined as follows:

Definition 1.2.11. ([20, Definition 3.1]) Let T be a triangulated category with suspen-
sion functor Σ and let C Ď T be a full subcategory of T. C is called an n-cluster tilting
subcategory of T if the following hold:

26



Chapter 1 1.3. Localization

1. C is functorially finite in T.

2. C satisfies the following:

C “ tX P T | HomTpX,ΣiCq “ 0, @i P t1, ¨ ¨ ¨ , n´ 1uu

“ tX P T | HomTpC,ΣiXq “ 0, @i P t1, ¨ ¨ ¨ , n´ 1uu

Proposition 1.2.12. ([20, Theorem 1]) Let T be a triangulated category with suspension
functor Σ and C an pn´ 2q-cluster tilting subcategory of T closed under Σn´2. Then C

is an n-angulated category with suspension functor Σn´2.

For a detailed construction of n-angles in C we refer the reader to the above source.

1.3 Localization

In the third part of this introductory chapter, our aim is to remind the reader of some
basic localization theory of a general category in the form of the calculus of fractions,
introduced by Gabriel-Zisman [19], see also [41]. The terminology used follows Popescu
in [41, §4.1] and we refer the reader to that source for more details concerning the
localization of a category in a general setting.

1.3.1 Definition and basic properties

The general problem behind the localization is, given a category C and a class of
morphisms S in C, the construction of a category CrS´1s, which is universal with respect
to the property that any element of S becomes invertible.

Definition 1.3.1. Let C be a category and S a class of morphisms in C. The local-
ization of C with respect to S is a couple pCrS´1s, Qq, where CrS´1s is a category and
Q : C ÝÑ CrS´1s is a covariant functor such that the following are satisfied:

(i) The morphism Qpsq is an isomorphism for any s P S.
(ii) If C1 is a category and Q1 : C ÝÑ C1 is a covariant functor such that Q1psq is an

isomorphism for any s P S, then a unique functor F : CrS´1s ÝÑ C1 exists such
that the following diagram of categories and functors is commutative:

C
Q //

Q1

��

CrS´1s

D! F

��
C1
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Chapter 1 1.3. Localization

The functor Q is called the localization functor. If C is an additive category, we
demand that everything in sight is additive, in particular the localization functor is an
additive functor.

The following is obtained directly from the universal property of localization.

Corollary 1.3.2. The localization of a category C with respect to a class of morphisms
S, if it exists, is unique up to equivalence of categories.

As in the classic case of an abelian or a triangulated category, we will focus on a
class of morphisms S possessing properties similar to those of a multiplicative subset of
a (commutative) ring. For this purpose we will need the following definition:

Definition 1.3.3. Let C be a category and S a system of morphisms in C. S is called
a bicalculable system if the following conditions are satisfied:

(F1) S is multiplicative, i.e. all identity morphisms in C are in S and for any two
composable morphisms s1, s2 P S, the composition s1s2 is also in S.

(F2) S is left permutable, i.e. any diagram of the form:

X //

s
��

X 1

Y

where s P S, can be completed to a commutative square:

X //

s
��

X 1

s1

��
Y // Y 1

where s1 P S.
(F2’) S is right permutable, i.e. the dual of (F2) is satisfied.
(F3) S is left simplifiable, i.e. for any morphisms f, g : X ÝÑ Y and s : K ÝÑ X

with s P S and sf “ sg, there exists a morphism s1 : Y ÝÑ C with s1 P S and
fs1 “ gs1.

K
s // X

f //
g
// Y

s1
// C

(F3’) S is right simplifiable, i.e. the dual of (F3) is satisfied.
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Chapter 1 1.3. Localization

If conditions pF1q, pF2q and pF3q are satisfied, then S is called left calculable and
dually, if conditions pF1q, pF21q and pF31q are satisfied, then S is called right calcu-
lable.

Remark 1.3.4. A natural question that arises at this point is whether, for any category
C and any class of morphisms S, the category CrS´1s exists. If C is a small category,
or when the class S is a set, the localization always exists, see [46, 10.3.3], while set-
theoretic problems appear mainly when the class S is not a set.

Moreover, Gabriel and Zisman in [19] prove that for any category C and bicalculable
system S, under a mild set-theoretic condition for S, the localization CrS´1s always
exists, see also [41, Chapter 4, Theorem 1.4].

As in the standard references concerning the study of localization (see for example
[19], [44]), for the rest of the thesis, we will assume that the class S is bicalculable and
the necessary conditions are satisfied such that the localization exists. For more details
we refer the reader to the above sources.

If S is a left calculable system of morphisms, then S admits a calculus of fractions in
the sense of [19], i.e. morphisms in the localization can be described with diagrams of
the following form:

Definition 1.3.5. Let C be an (additive) category and S a left calculable system of
morphisms in C. A diagram of the form:

X

f   

Y

s��
Z

where X,Y, Z P C and s P S is called a left (additive) fraction and is denoted by
ps{fq. Two left fractions ps{fq, ps1{f 1q as seen in the following diagram:

X

f ��

f 1

**

Y
s

tt
s1~~

Z

u   

Z 1

v~~
Z2

are called equivalent if there exist an object Z2 P C and morphisms u : Z ÝÑ Z2 and
v : Z 1 ÝÑ Z2 such that the above diagram is commutative and su “ s1v P S.
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Chapter 1 1.3. Localization

It is easy to check that this relation is an equivalence relation. For simplicity, and in
case that no confusion arises, the equivalence class of a fraction ps{fq is still denoted
by its representative ps{fq. We will now describe briefly the localized category CrS´1s

and the localization functor Q : C ÝÑ CrS´1s, arising from a left calculable system of
morphisms S in an (additive) category C. For more details we refer again the reader
to [41, Chapter 4, Theorem 1.4].

The localization CrS´1s of an additive category C with respect to a left calculable
system of morphisms S can be described as follows:

• The objects of CrS´1s are the objects of C.

• A morphism ps{fq : X ÝÑ Y in CrS´1s is the equivalence class of a left fraction:

X

f   

Y

s��
Z

• The composition in CrS´1s is defined in the following way:

Let ps{fq : X ÝÑ Y , ps1{f 1q : Y ÝÑ Z be two morphisms in CrS´1s. Applying
condition (F2) of Definition 1.3.3, there exist Z2 P C and morphisms f2 : Z 1 ÝÑ Z2

and s2 : Y 1 ÝÑ Z2, with s2 P S, such that the following diagram is commutative:

X

f   

Y

s}} f 1 !!

Z

s1~~
Y 1

f2   

Z 1

s2~~
Z2

Using the equivalence relation of the left fractions, it is easy to show that the
composition:

ps{fqps1{f 1q “ ps1s2{ff2q

depicted by the following diagram:

X

ff2 !!

Z

s1s2~~
Z”

is well-defined and does not depend on the representatives of the used elements.
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Chapter 1 1.3. Localization

Finally, the localization functor Q : C ÝÑ CrS´1s is defined as follows:

(i) For any object X P C, set QpXq “ X.
(ii) For any morphism f in C, set Qpfq “ p1Y {fq.

Using this definition, any morphism ps{fq : X ÝÑ Y in CrS´1s can be written as:

ps{fq “ QpfqQpsq´1

1.3.2 Properties of the localization

We finish this introductory chapter by recalling some basic well-known properties of
the localization of an (additive) category which will be useful later. Additionally, we
will state the fundamental results of Gabriel and Verdier on the localization of abelian
and triangulated categories.

To begin with, localization preserves the additive structure in the following sense:

Lemma 1.3.6. ([41, Chapter 4, Corollary 1.5]) Let C be an additive category and let S
be a left calculable system of morphisms in C. Then CrS´1s is also an additive category
and the localization functor Q : C ÝÑ CrS´1s is additive.

Remark 1.3.7. If S is a right calculable system we can describe the category CrS´1s

in a dual manner, and if S is bicalculable, both descriptions agree up to a unique
equivalence of localized categories which commutes with the localization functors.

We continue by reminding the reader of the following property regarding the kernel
of the localization functor of an additive category.

Corollary 1.3.8. ([41, Chapter 4, Corollary 1.8]) Let C be an additive category and
S a left calculable system of morphisms in C. For a morphism f : X ÝÑ Y in C, the
following are equivalent:

(i) Qpfq “ 0;
(ii) There exists a morphism u : Y ÝÑ Z P S such that fu “ 0.

Dually, we have the following statement for a right calculable system of morphisms:

Corollary 1.3.9. ([41, Chapter 4, Corollary 1.8]) Let C be an additive category and
S a right calculable system of morphisms in C. For a morphism f : X ÝÑ Y in C, the
following are equivalent:

(i) Qpfq “ 0;
(ii) There exists a morphism u : Z ÝÑ X P S such that uf “ 0.
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Chapter 1 1.3. Localization

In order to prove our main result regarding the localization of an n-angulated category
in Chapter 4, we will need the following lemma.

Lemma 1.3.10. ([44, Lemma 2.2.7.]) Let C be an additive category, S a bicalculable
system of morphisms in C, and CrS´1s the localization of C with respect to S. If

A1 Qpfq //

α
��

A2

β
��

B1 Qpgq // B2

(1.3.1)

is a commutative diagram in CrS´1s, then there exists a commutative diagram

A1 f //

u1
��

A2

u2
��

C1 h // C2

B1

s1

OO

g // B2

s2

OO

(1.3.2)

in C, where the morphisms s1, s2 lie in S and α “ ps1{u1q and β “ ps2{u2q.

Finally, we state Gabriel’s and Verdier’s results on the localization of abelian and
triangulated categories respectively. Specifically, Gabriel in his famous paper [18] proved
the following:

Theorem 1.3.11. Let C be an abelian category and S a bicalculable system. Then the
category CrS´1s is an abelian category, the localization functor Q is exact, and Q is
universal for exact functors inverting the elements of S, out of C to abelian categories.

Proof. For a detailed proof we refer the reader to [41, Chapter 4, Corollary 1.7]. ■

On the other hand, localization theory for triangulated categories was introduced and
studied by Verdier in [44]. In this case the bicalculable system S satisfies a compatibility
with the triangulated structure:

Definition 1.3.12. ([44, p. 112]) Let C be a triangulated and S a bicalculable system
in C. The class S is called compatible with the triangulation if it satisfies the
following conditions:

(SM5) For any morphism s in C, s P S if and only if Σs P S.
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(SM6) For any commutative diagram of the form:

X1 a1 //

s1
��

X2 a2 //

s2
��

X3

s3
��

a3 // ΣX1

Σs1
��

Y 1 b1 // Y 2 b2 // Y 3 b3 // ΣY 1

whose rows are 3-angles, which are called distinguished triangles in this setting,
there exists a morphism s3 : X3 ÝÑ Y 3 lying in S, that completes the diagram to a
morphism of distinguished triangles.

Then the triangulated analog of theorem of Theorem 1.3.11 holds:

Theorem 1.3.13. ( [44, Theorem 2.2.6]) Let C be a triangulated category and S a
bicalculable system in C which is compatible with the triangulation. Then the localiza-
tion CrS´1s is also a triangulated category, the localization functor Q is exact, and Q
is universal for exact functors inverting the elements of S, out of C to triangulated
categories.
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CHAPTER 2
Pre-n-abelian categories

The aim of this chapter is to develop the tools which will be used in the proof of the
main result concerning the localization of n-abelian categories.

Due to the delicate behaviour of one specific axiom of an n-abelian category with
respect to localization, namely the axiom (A0) of idempotent completeness, the con-
struction of the localized category will be completed in two steps. In this chapter, we
define a pre-n-abelian category to be an additive category which satisfies all axioms of an
n-abelian category except that the axiom of idempotent completeness is not necessarily
satisfied. Then, utilizing a result from Jasso in [28], we will provide a necessary and
sufficient condition for a category to be pre-n-abelian, based on the exactness properties
of a diagram which we will call an n-diagram.

2.1 Definition

In this section we study a slightly more general version of an n-abelian category in the
sense that idempotent completeness is not necessarily satisfied. As mentioned before,
this will be useful later in the localization of a genuine n-abelian category. We begin
by defining a pre-n-abelian category and we provide a lemma which will be used later.

Definition 2.1.1. Let n be a positive integer. An additive category M that satisfies
axioms (A1), (A2), (A3) of an n-abelian category, see Definition 1.1.18, will be called
a pre-n-abelian category.

Remark 2.1.2. As in Remark 1.1.19, in the definition of a pre-n-abelian category, we
may replace axioms (A2) and (A3) by axioms (A2’) and (A3’), respectively.

Since our category is not necessarily idempotent complete, we will need the following
lemma which will be used instead of Proposition 1.1.25, and relies on the fact that our
category has n-cokernels. The general idea behind the proof is also similar to that of
the previously mentioned proposition.
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Chapter 2 2.1. Definition

Lemma 2.1.3. Let M be a pre-n-abelian category and f : X ÝÑ Y , g : X ÝÑ Z two
morphisms in M. Then, there exist an object M in M and morphisms u : Y ÝÑ M ,
v : Z ÝÑ M such that the following diagram is a weak pushout:

X
f //

g

��

Y

u
��

Z
v //M

Moreover, if f is a monomorphism, then v can be chosen to be a monomorphism.

Proof. Since M is a pre-n-abelian category, the morphism pf, ´gq : X ÝÑ Y ‘ Z has
an n-cokernel:

X
pf,´gq// Y ‘ Z

tpc1α, c
1
βq

// C1 c2 // ¨ ¨ ¨
cn´1
// Cn´1 cn // Cn // 0 (2.1.1)

and as a result, the following square is a weak pushout:

X
f //

g

��

Y

c1α��
Z

c1β // C1

If f is an monomorphism, the morphism pf, ´gq is also a monomorphism and since M is
a pre-n-abelian category, the sequence (2.1.1) is n-exact. Let u : U ÝÑ Z be a morphism
such that uc1β “ 0. Since (2.1.1) is n-exact, there exists a morphism u1 : M ÝÑ X such
that u “ ´u1g and u1f “ 0. Finally, since f is a monomorphism, u1 “ 0 and then u “ 0,
thus c1β is a monomorphism. ■

Dually we have the following:

Lemma 2.1.4. Let M be a pre-n-abelian category and f : X ÝÑ Z, g : Y ÝÑ Z two
morphisms in M. Then, there exist an object M in M and morphisms u : M ÝÑ Y ,
v : M ÝÑ X such that the following diagram is a weak pullback:

M
u //

v
��

Y

g

��
X

f // Z

Moreover, if f is an epimorphism, then u can be chosen to be an epimorphism.

36



Chapter 2 2.2. The n-diagram

2.2 The n-diagram

Our first main result of the thesis is to show that the localization of a pre-n-abelian
category M with respect to a bicalculable system of morphisms S is also a pre-n-abelian
category.

For this reason we will provide some necessary and sufficient conditions for an additive
category to be pre-n-abelian, based on the exactness properties of a diagram which we
will construct by applying Jasso’s result, Proposition 1.1.26. Note that Jasso in his
analysis uses drastically idempotent completeness (axiom (A0)) in order to show that
any category that satisfies axioms (A0) and (A1), has n-pullbacks and n-pushouts, see
Proposition 1.1.25, whereas in a pre-n-abelian category axiom (A0) is not required.

Thus, in what follows we will need a version of Proposition 1.1.26 in a pre-n-abelian
category which is not necessarily idempotent complete. In this connection, below we
prove this more general version in our setting verifying the points in the proof that
differ.

Finally note that Ebrahimi and Nasr-Isfahani in [13, Proposition 2.7] prove, again
in the setting of n-abelian categories, an analogous result related to Proposition 1.1.26
which we will discuss later providing a more general version of [13, Diagram (2.2)] in
our setting.

Proposition 2.2.1. Let M be a pre-n-abelian category, f : X ÝÑ Y a morphism in M

and pc1, c2, ¨ ¨ ¨ , cnq an n-cokernel of f :

X
f // Y

c1 // C1 c2 // ¨ ¨ ¨
cn´1
// Cn´1 cn // Cn // 0

Then there exists a commutative diagram:

0 // Y n
0

gn0 //

��

Y n´1
0

gn´1
0 //

pn´1
0

��

Y n´2
0

//

pn´2
0
��

¨ ¨ ¨ // Y 2
0

p20
��

//
g20 // Y 1

0

p10
��

//
g10 // X

f //

p00
��

Y
c1 // C1 c2 // C2 // ¨ ¨ ¨ // Cn´2 cn´1

// Cn´1 cn // Cn // 0

0 // Y n
1

gn1 //

��

Y n´1
1

//

pn´1
1

��

¨ ¨ ¨ // Y 3
1

p31
��

g31 // Y 2
1

g21 //

p21
��

Y 1
1

g11 //

p11
��

Y
c1 //

p01
��

C1 c2 // C2 // ¨ ¨ ¨ // Cn´2 cn´1
// Cn´1 cn // Cn // 0

0 // Y n
2

// ¨ ¨ ¨ // Y 4
2

g42 //

��

Y 3
2

g32 //

��

Y 2
2

��

g22 // Y 1
2

��

g12 // C1

��

c2 // C2 // ¨ ¨ ¨ // Cn´2 cn´1
// Cn´1 cn // Cn // 0

...
...

��

...

��

...

��

...

��

...

��

...

��

...
...

...
...

0 // Y n
n´2

gnn´2 //

��

Y n´1
n´2

gn´1
n´2 //

pn´1
n´2

��

Y n´2
n´2

gn´2
n´2 //

pn´2
n´2
��

Y n´3
n´2

pn´3
n´2
��

gn´3
n´2 // Y n´4

n´2

gn´4
n´2 //

pn´4
n´2
��

Y n´5
n´2

pn´5
n´2
��

// ¨ ¨ ¨ // Cn´2 cn´1
// Cn´1 cn // Cn // 0

0 // Y n
n´1

gnn´1 //

��

Y n´1
n´1

gn´1
n´1 //

pn´1
n´1

��

Y n´2
n´1

gn´2
n´1 //

pn´2
n´1
��

Y n´3
n´1

pn´3
n´1
��

gn´3
n´1 // Y n´4

n´1
//

pn´4
n´1
��

¨ ¨ ¨
g1n´1 // Cn´2

p0n´1

��

cn´1
// Cn´1 cn // Cn // 0

0 // Y n
n

gnn // Y n´1
n

gn´1
n // Y n´2

n
gn´2
n // Y n´3

n
// ¨ ¨ ¨ // Y 1

n

g1n // Cn´1 cn // Cn // 0

which satisfies the following properties:
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1. For 0 ď i ď n, the sequence pgni , g
n´1
i , ¨ ¨ ¨ , g1i q is an n-kernel of ci (where c0 “ f).

2. For 1 ď i ď n, the (cone) sequence:

0 // Y n
i´1

´gni´1 // Y n´1
i´1

p´gn´1
i´1 , p

n´1
i´1 q
// Y n´2
i´1 ‘ Y n

i

ˆ

´gn´2
i´1 pn´2

i´1

0 gni

˙

// Y n´3
i´1 ‘ Y n´1

i
// ¨ ¨ ¨

¨ ¨ ¨ // Ci´2 ‘ Y 2
i

tpp0i´1, g
2
i q
// Y 1
i

// 0

(where C0 “ Y and C´1 “ X) is n-exact.
3. For 1 ď i ď n, the sequence pgi´1

i , ¨ ¨ ¨ , g1i , c
i, .., cnq is an n-cokernel of gii.

Proof. As in the proof of [28, Proposition 3.13], we will construct the required diagram
inductively.

‚ Let pgnn, ¨ ¨ ¨ , g1nq be an n-kernel of cn. Since cn is an epimorphism and M is pre-
n-abelian, the sequence pgnn, ¨ ¨ ¨ , g1n, c

nq is n-exact. If pgnn´1, ¨ ¨ ¨ , g1n´1q is an n-kernel of
cn´1, then we obtain a commutative diagram:

0 // Y n
n´1

gnn´1 //

��

Y n´1
n´1

gn´1
n´1 //

pn´1
n´1

��

Y n´2
n´1

gn´2
n´1 //

pn´2
n´1
��

Y n´3
n´1

pn´3
n´1
��

gn´3
n´1 // Y n´4

n´1
//

pn´4
n´1
��

¨ ¨ ¨ // Y 1
n´1

p1n´1

��

g1n´1 // Cn´2

p0n´1

��

cn´1
// Cn´1 cn // Cn // 0

0 // Y n
n

gnn // Y n´1
n

gn´1
n // Y n´2

n
gn´2
n // Y n´3

n
// ¨ ¨ ¨ // Y 2

n

g2n // Y 1
n

g1n // Cn´1 cn // Cn // 0

where the existence of the vertical morphisms follows from the weak kernel property.
Applying Lemma 1.1.14, it follows that we have constructed an n-pullback of the mor-
phism p0n´1 along the sequence p0, gnn, ¨ ¨ ¨ , g2nq, i.e. the sequence:

0 // Y n
n´1

´gnn´1// Y n´1
n´1

p´gn´1
n´1 , p

n´1
n´1q
// Y n´2
n´1 ‘ Y n

n

ˆ

´gn´2
n´1 p

n´2
n´1

0 gnn

˙

// Y n´3
n´1 ‘ Y n´1

n
// ¨ ¨ ¨ // Cn´2 ‘ Y 2

n

tpp0n´1, g
2
nq
// Y 1
n

is left n-exact. In order to prove that the sequence is n-exact, since M is pre-n-abelian,
it is enough to show that the morphism tpp0n´1, g

2
nq is an epimorphism. Jasso’s proof of

this statement and the rest of the properties concerning this stage of the induction can
be applied in our setting while for the reader’s convenience we continue by mentioning
the proof. Let u : Y 1

n ÝÑ M be a morphism such that p0n´1u “ 0 and g2nu “ 0. Since g1n
is a weak cokernel of g2n, there exists a morphism u1 : Cn´1 ÝÑ M such that u “ g1nu

1.
Then:

cn´1u1 “ p0n´1g
1
nu

1 “ p0n´1u “ 0

and similarly, since cn is a weak cokernel of cn´1, there exists a morphism u2 : Cn ÝÑ M
such that u1 “ cnu2. Thus:

u “ g1nu
1 “ g1nc

nu2 “ 0
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which proves that tpp0n´1, g
2
nq is an epimorphism and the above diagram is also an

n-pushout diagram.

Since for 2 ď i ď n ´ 1 the morphism gin is a weak cokernel of gi`1
n , it follows from

Lemma 1.1.13 that for 1 ď i ď n ´ 2, the morphism gin´1 is a weak cokernel of the
morphism gi`1

n´1.

Finally, we show that cn´1 is a weak cokernel of g1n´1. Let u : Cn´2 ÝÑ M be such
that g1n´1u “ 0. Then, there exists a morphism u1 : Y 1

n ÝÑ M such that g2nu1 “ 0 and
u “ p0n´1u

1, as seen in the following commutative diagram:

Y 1
n´1 ‘ Y 3

n

ˆ

´g1n´1 p
1
n´1

0 g3n

˙

// Cn´2 ‘ Y 2
n

tpp0n´1, g
2
nq
//

tpu, 0q

��

Y 1
n

//

u1

vv

0

M

Again, since g1n is a weak cokernel of g2n, there exists a morphism u2 : Cn´1 ÝÑ U such
that u1 “ g1nu

2 and then:

u “ p0n´1u
1 “ p0n´1g

1
nu

2 “ cn´1u2

‚ Inductively, for 2 ď i ď n´1, we assume that for any i ď j ď n we have constructed
a diagram with the required properties. Let pgni´1, g

n´1
i´1 , ¨ ¨ ¨ , g1i´1q be an n-kernel of ci´1:

0 // Y n
i´1

gni´1 //

��

Y n´1
i´1

gn´1
i´1 //

pn´1
i´1

��

Y n´2
i´1

gn´2
i´1 //

pn´2
i´1
��

Y n´3
i´1

pn´3
i´1
��

// ¨ ¨ ¨ // Y 1
i´1

p1i´1

��

g1i´1 // Ci´2

p0i´1

��

ci´1
// Ci´1 ci // Ci // ¨ ¨ ¨ // Cn // 0

0 // Y n
i

gni //

��

Y n´1
i

gn´1
i //

pn´1
i

��

Y n´2
i

//

pn´2
i
��

¨ ¨ ¨ // Y 2
i

g2i //

p2i
��

Y 1
i

p1i
��

g1i // Ci´1

p0i
��

ci // Ci // ¨ ¨ ¨ // Cn // 0

0 // Y n
i`1

gni`1 // Y n´1
i`1

// ¨ ¨ ¨ // Y 3
i`1

g3i`1 // Y 2
i`1

g2i`1 // Y 1
i`1

g1i`1 // Ci // ¨ ¨ ¨ // Cn // 0

By Lemma 1.1.14 we have constructed in this way an n-pullback diagram of the mor-
phism p0i´1 along the sequence p0, gni , ¨ ¨ ¨ , g2i q, i.e. the sequence:

0 // Y n
i´1

´gni´1 // Y n´1
i´1

p´gn´1
i´1 , p

n´1
i´1 q
// Y n´2
i´1 ‘ Y n

i

ˆ

´gn´2
i´1 pn´2

i´1

0 gni

˙

// Y n´3
i´1 ‘ Y n´1

i
// ¨ ¨ ¨ // Ci´2 ‘ Y 2

i

tpp0i´1, g
2
i q
// Y 1
i

is left n-exact. In order to prove that the above sequence is n-exact, since M is pre-n-
abelian, it is enough to show that the morphism tpp0i´1, g

2
i q is an epimorphism. As in

the previous inductive step, Jasso’s proof of this statement applies in our setting: Let
u : Y 1

i ÝÑ M be such that p0i´1u “ 0 and g2i u “ 0. Since by the induction hypothesis
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g1i is a weak cokernel of g2i , there exists a morphism u1 : Ci´1 ÝÑ M such that u “ g1i u
1.

Then:
ci´1u1 “ p0i´1g

1
i u

1 “ p0i´1u “ 0

and similarly, since ci is a weak cokernel of ci´1, there exists a morphism u2 : Ci ÝÑ M
such that u1 “ ciu2. Thus:

u “ g1i u
1 “ g1i c

iu2 “ 0

which proves that tpp0i´1, g
2
i q is an epimorphism and the above diagram is also an n-

pushout diagram.

By the induction hypothesis, for 0 ď k ď i ´ 1, the morphism gki is a weak cokernel
of gk`1

i and applying Lemma 1.1.13, it follows that for 1 ď k ď i ´ 2, the morphism
gki´1 is a weak cokernel of gk`1

i´1 .

Finally, we show that ci´1 is a weak cokernel of g1i´1. Let u : Ci´2 ÝÑ M be such
that g1i´1u “ 0. Then, there exists a morphism u1 : Y 1

i ÝÑ M such that g2i u
1 “ 0 and

u “ p0i´1u
1, as seen in the following commutative diagram:

Y 1
i´1 ‘ Y 3

i

˜

´g1i´1 0

p1i´1 g3i

¸

// Ci´2 ‘ Y 2
i

tpp0i´1, g
2
i q
//

tpu, 0q

��

Y 1
i

//

u1

vv

0

M

Since g1i is a weak cokernel of g2i , there exists a morphism u2 : Ci´1 ÝÑ M such that
u1 “ g1i u

2 and then:
u “ p0i´1u

1 “ p0i´1g
1
i u

2 “ ci´1u2

‚ Finally, let pgn0 , g
n´1
0 , ¨ ¨ ¨ , g10q be an n-kernel of f .

0 // Y n
0

gn0 //

��

Y n´1
0

gn´1
0 //

pn´1
0

��

Y n´2
0

gn´2
0 //

pn´2
0
��

Y n´3
0

//

pn´3
0
��

¨ ¨ ¨ // Y 2
0

g20 //

p20
��

Y 1
0

g10 //

p10
��

// X

p00
��

f // Y
c1 // C1 c2 // C2 // ¨ ¨ ¨

0 // Y n
1

gn1 //

��

Y n´1
1

gn´1
1 //

pn´1
1

��

Y n´2
1

//

pn´2
1
��

¨ ¨ ¨ // Y 3
1

p31
��

g31 // Y 2
1

p21
��

g21 // Y 1
1

p11
��

g11 // Y

p01
��

c1 // C1 c2 // C2 // ¨ ¨ ¨

0 // Y n
2

gn2 // Y n´1
2

// ¨ ¨ ¨ // Y 4
2

g42 // Y 3
2

g32 // Y 2
2

g22 // Y 1
2

g12 // C1 c2 // C2 // . . .

As before, by Lemma 1.1.14 we have constructed an n-pullback diagram of the morphism
p00 along the complex p0, gn1 , ¨ ¨ ¨ , g21q, i.e. the sequence:

0 // Y n
0

´gn0 // Y n´1
0

p´gn´1
0 , pn´1

0 q
// Y n´2

0 ‘ Y n
1

ˆ

´gn´2
0 pn´2

0
0 gn1

˙

// Y n´3
0 ‘ Y n´1

1
// ¨ ¨ ¨ // X ‘ Y 2

1

tpp00, g
2
1q
// Y 1

1
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is left n-exact. It remains to show that the morphism tpp00, g
2
1q is an epimorphism. Let

u : Y 1
1 ÝÑ M be such that p00u “ 0 and g21u “ 0. We claim that u is of the form

u “ ´g11a
n´1 ` p11p

2
2 ¨ ¨ ¨ pn´1

n´1u
n´1

where an´1 : Y ÝÑ M and un´1 : Y n
n ÝÑ M . To prove this, we proceed with induction

using the sequences:

0 // Y n
i´1

´gni´1 // Y n´1
i´1

p´gn´1
i´1 , p

n´1
i´1 q
// Y n´2
i´1 ‘ Y n

i

ˆ

´gn´2
i´1 pn´2

i´1

0 gni

˙

// Y n´3
i´1 ‘ Y n´1

i
// ¨ ¨ ¨ // Ci´2 ‘ Y 2

i

tpp0i´1, g
2
i q
// Y 1
i

// 0

(2.2.1)
for 2 ď i ď n, which by the previous steps are proven to be n-exact.

(a) For i “ 2, since g21u “ 0, from the n-exact sequences (2.2.1), we obtain a commu-
tative diagram of the form:

Y 2
1 ‘ Y 4

2

ˆ

´g21 p
2
1

0 g42

˙

// Y 1
1 ‘ Y 3

2

ˆ

´g11 p
1
1

0 g32

˙

//

tpu, 0q

��

Y ‘ Y 2
2

tpa1, u1q

uu
M

and then u “ ´g11α
1 ` p11u

1 while g32u1 “ 0.
(b) For 2 ď i ď n´ 2, we assume that:

u “ ´g11a
i´1 ` p11p

2
2 ¨ ¨ ¨ pi´1

i´1u
i´1

and gi`1
i ui´1 “ 0 where ai´1 : Y ÝÑ M and ui´1 : Y i

i ÝÑ M . Then, from the
n-exact sequences (2.2.1), we obtain a diagram of the form:

Y i`1
i ‘ Y i`3

i`1

˜

´gi`1
i pi`1

i

0 gi`3
i`1

¸

// Y i
i ‘ Y i`2

i`1

˜

´gii pii
0 gi`2

i`1

¸

//

tpui´1, 0q

��

Y i´1
i ‘ Y i`1

i`1
tpbi, uiq

uu
M

and then ui´1 “ ´giib
i ` piiu

i while gi`2
i`1u

i “ 0. We conclude that

u “ ´g11a
i´1 ` p11p

2
2 ¨ ¨ ¨ pi´1

i´1p´giib
i ` piiu

iq

“ ´g11a
i´1 ´ p11 ¨ ¨ ¨ pi´1

i´1g
i
ib
i ` p11 ¨ ¨ ¨ piiu

i

“ ´g11a
i´1 ´ g11p

0
1 ¨ ¨ ¨ pi´2

i´1b
i ` p11 ¨ ¨ ¨ piiu

i

“ ´g11pai´1 ` p01 ¨ ¨ ¨ pi´2
i´1b

iq ` p11 ¨ ¨ ¨ piiu
i

“ ´g11a
i ` p11 ¨ ¨ ¨ piiu

i

where ai : Y ÝÑ M .
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(c) Finally, we assume that

u “ ´g11a
n´2 ` p11p

2
2...p

n´2
n´2u

n´2

and gnn´1u
n´2 “ 0, where an´2 : Y ÝÑ M and un´2 : Y n´1

n´1 ÝÑ M . Again, from
the n-exact sequences (2.2.1),we obtain a commutative diagram:

Y n
n´1

´gnn´1// Y n´1
n´1

p´gn´1
n´1 , p

n´1
n´1q
//

un´2

��

Y n´2
n´1 ‘ Y n

n

tpbn´1, un´1q

vv
M

and then un´2 “ ´gn´1
n´1b

n´1 ` pn´1
n´1u

n´1. We conclude that

u “ ´g11a
n´2 ` p11p

2
2 ¨ ¨ ¨ pn´2

n´2p´gn´1
n´1b

n´1 ` pn´1
n´1u

n´1q

“ ´g11a
n´2 ´ p11 ¨ ¨ ¨ pn´2

n´2g
n´1
n´1b

n´1 ` p11 ¨ ¨ ¨ pn´1
n´1u

n´1

“ ´g11a
n´2 ´ g11p

0
1 ¨ ¨ ¨ pn´2

n´1b
n´1 ` p11 ¨ ¨ ¨ pn´1

n´1u
n´1

“ ´g11pan´2 ` p01 ¨ ¨ ¨ pn´2
n´1b

n´1q ` p11 ¨ ¨ ¨ pn´1
n´1u

n´1

“ ´g11α
n´1 ` p11 ¨ ¨ ¨ pn´1

n´1u
n´1

where an´1 : Y ÝÑ M , which proves our claim.

In [28], using the same inductive process as above, u is shown to be of the form:

u “ p11p
2
2 ¨ ¨ ¨ pn´1

n´1u
n´1

with the difference being due to the fact that in our setting we don’t use the notion of
a good pushout diagram, see [28, Definition-Proposition 2.14].

We have verified our claim that:

u “ ´g11a
n´1 ` p11p

2
2 ¨ ¨ ¨ pn´1

n´1u
n´1

where an´1 : Y ÝÑ M and un´1 : Y n
n ÝÑ M . Since M is a pre-n-abelian category,

applying Lemma 2.1.3, there exist morphisms w : M ÝÑ M 1 and vn´1 : Y n´1
n ÝÑ M 1

such that the following diagram is commutative:

Y n
n´1

gnn´1 //

��

Y n´1
n´1

gn´1
n´1 //

pn´1
n´1

��

Y n´2
n´1

pn´2
n´1
��

0 // Y n
n

gnn //

un´1

��

Y n´1
n

vn´1

��
0 //M

w //M 1
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and since gnn is a monomorphism, the morphism w : M ÝÑ M 1 can be chosen to be a
monomorphism. Then, similarly to [28, Proposition 3.13]:

fp01 ¨ ¨ ¨ pn´2
n´1v

n´1 “ p00p
1
1 ¨ ¨ ¨ pn´1

n´1u
n´1w

“ p00pu` g11a
n´1qw

“ p00uw ` p00g
1
1a
n´1w

“ fan´1w

Thus:

fpp01 ¨ ¨ ¨ pn´2
n´1v

n´1 ´ an´1wq “ 0

and since c1 is a weak cokernel of f there exists a morphism w1 : C1 ÝÑ M such that:

p01 ¨ ¨ ¨ pn´2
n´1v

n´1 ´ an´1w “ c1w1

Finally,

uw “ p´g11a
n´1 ` p11p

2
2 ¨ ¨ ¨ pn´1

n´1u
n´1qw

“ ´g11a
n´1w ` p11p

2
2 ¨ ¨ ¨ pn´1

n´1u
n´1w

“ ´g11a
n´1w ` g11p

0
1 ¨ ¨ ¨ pn´2

n´1v
n´1

“ g11p´an´1w ` p01 ¨ ¨ ¨ pn´2
n´1v

n´1q “ g11c
1w1 “ 0

and since w is a monomorphism, u “ 0. ■

Ebrahimi and Nasr-Isfahani proved in [13, Proposition 2.7] that in the construction
of the diagram of Proposition 2.2.1 for an n-abelian category, the sequence pc1, ¨ ¨ ¨ , cnq

is an n-cokernel of f if and only if the morphisms tpp0i´1, g
2
i q : Ci´2 ‘ Y 2

i ÝÑ Y 1
i are

epimorphisms for 1 ď i ď n. We state this additional result in our setting in a form
that will be useful later and for the sake of completeness, we provide a proof which is
an adaptation of the proof of [13, Proposition 2.7].

Corollary 2.2.2. Let M be an additive category, f : X ÝÑ Y a morphism in M and a
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commutative diagram:

0 // Y n
0

gn0 //

��

Y n´1
0

gn´1
0 //

pn´1
0

��

Y n´2
0

//

pn´2
0
��

¨ ¨ ¨ // Y 2
0

p20
��

//
g20 // Y 1

0

p10
��

//
g10 // X

f //

p00
��

Y
c1 // C1 c2 // C2 // ¨ ¨ ¨ // Cn´2 cn´1

// Cn´1 cn // Cn // 0

0 // Y n
1

gn1 //

��

Y n´1
1

//

pn´1
1

��

¨ ¨ ¨ // Y 3
1

p31
��

g31 // Y 2
1

g21 //

p21
��

Y 1
1

g11 //

p11
��

Y
c1 //

p01
��

C1 c2 // C2 // ¨ ¨ ¨ // Cn´2 cn´1
// Cn´1 cn // Cn // 0

0 // Y n
2

gn2 // ¨ ¨ ¨ // Y 4
2

g42 //

��

Y 3
2

g32 //

��

Y 2
2

��

g22 // Y 1
2

��

g12 // C1

��

c2 // C2 // ¨ ¨ ¨ // Cn´2 cn´1
// Cn´1 cn // Cn // 0

...
...

��

...

��

...

��

...

��

...

��

...

��

...
...

...
...

0 // Y n
n´2

gnn´2 //

��

Y n´1
n´2

gn´1
n´2 //

pn´1
n´2

��

Y n´2
n´2

gn´2
n´2 //

pn´2
n´2
��

Y n´3
n´2

pn´3
n´2
��

gn´3
n´2 // Y n´4

n´2

gn´4
n´2 //

pn´4
n´2
��

Y n´5
n´2

pn´5
n´2
��

// ¨ ¨ ¨ // Cn´2 cn´1
// Cn´1 cn // Cn // 0

0 // Y n
n´1

gnn´1 //

��

Y n´1
n´1

gn´1
n´1 //

pn´1
n´1

��

Y n´2
n´1

gn´2
n´1 //

pn´2
n´1
��

Y n´3
n´1

pn´3
n´1
��

gn´3
n´1 // Y n´4

n´1
//

pn´4
n´1
��

¨ ¨ ¨
g1n´1 // Cn´2

p0n´1

��

cn´1
// Cn´1 cn // Cn // 0

0 // Y n
n

gnn // Y n´1
n

gn´1
n // Y n´2

n
gn´2
n // Y n´3

n
// ¨ ¨ ¨ // Y 1

n

g1n // Cn´1 cn // Cn // 0

in M whose rows are complexes and satisfies the following properties:

1. For 1 ď i ď n, the (cone) sequence:

0 // Y n
i´1

´gni´1 // Y n´1
i´1

p´gn´1
i´1 , p

n´1
i´1 q
// Y n´2
i´1 ‘ Y n

i

ˆ

´gn´2
i´1 pn´2

i´1

0 gni

˙

// Y n´3
i´1 ‘ Y n´1

i
// ¨ ¨ ¨

¨ ¨ ¨ // Ci´2 ‘ Y 2
i

tpp0i´1, g
2
i q
// Y 1
i

// 0

(where C0 “ Y and C´1 “ X) is n-exact.
2. The sequence

0 // Y n
n

gnn // // Y n´1
n

// ¨ ¨ ¨ // Y 1
n

g1n // Cn´1 cn // Cn // 0

is n-exact.

Then, for 1 ď i ď n, the sequence pgi´1
i , ¨ ¨ ¨ , g1i , c

i, ¨ ¨ ¨ , cnq is an n-cokernel of gii and
the sequence pc1, ¨ ¨ ¨ , cnq is an n-cokernel of f .

Proof. With the above conditions, it has already been shown in the proof of Proposition
2.2.1 that for 1 ď i ď n, in the sequence pgi´1

i , ¨ ¨ ¨ , g1i , c
i, ¨ ¨ ¨ , cnq the morphism gji is a

weak cokernel of gj`1
i , where 0 ď j ď i´ 1 and g0i “ ci.

‚ Clearly, by (2), the sequence pgn´1
n , ¨ ¨ ¨ , g1n, c

nq is an n-cokernel of gnn.

0 // Y n
n´1

gnn´1 //

��

Y n´1
n´1

gn´1
n´1 //

pn´1
n´1

��

Y n´2
n´1

gn´2
n´1 //

pn´2
n´1
��

Y n´3
n´1

pn´3
n´1
��

gn´3
n´1 // Y n´4

n´1
//

pn´4
n´1
��

¨ ¨ ¨ // Y 1
n´1

p1n´1

��

g1n´1 // Cn´2

p0n´1

��

cn´1
// Cn´1 cn // Cn // 0

0 // Y n
n

gnn // Y n´1
n

gn´1
n // Y n´2

n

gn´2
n // Y n´3

n
// ¨ ¨ ¨ // Y 2

n

g2n // Y 1
n

g1n // Cn´1 cn // Cn // 0
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Applying Lemma 1.1.13, since for 2 ď i ď n ´ 1 the morphism gin is a weak cokernel
of gi`1

n , it follows that for 1 ď i ď n ´ 2, the morphism gin´1 is a weak cokernel
of the morphism gi`1

n´1. Finally, we show that cn´1 is a weak cokernel of g1n´1. Let
u : Cn´2 ÝÑ M be such that g1n´1u “ 0. Then, there exists a morphism u1 : Y 1

n ÝÑ M
such that g2nu1 “ 0 and u “ p0n´1u

1, as seen in the following commutative diagram:

Y 1
n´1 ‘ Y 3

n

ˆ

´g1n´1 p
1
n´1

0 g3n

˙

// Cn´2 ‘ Y 2
n

tpp0n´1, g
2
nq
//

tpu, 0q

��

Y 1
n

//

u1

vv

0

M

Again, since g1n is a weak cokernel of g2n, there exists a morphism u2 : Cn´1 ÝÑ U such
that u1 “ g1nu

2 and then:

u “ p0n´1u
1 “ p0n´1g

1
nu

2 “ cn´1u2

‚ Inductively, for 2 ď i ď n ´ 1, we assume that our claim holds for any j ě i and
we will prove that it also holds for j “ i´ 1:

0 // Y n
i´1

gni´1 //

��

Y n´1
i´1

gn´1
i´1 //

pn´1
i´1

��

Y n´2
i´1

gn´2
i´1 //

pn´2
i´1
��

Y n´3
i´1

pn´3
i´1
��

// ¨ ¨ ¨ // Y 1
i´1

p1i´1

��

g1i´1 // Ci´2

p0i´1

��

ci´1
// Ci´1 ci // Ci // ¨ ¨ ¨ // Cn // 0

0 // Y n
i

gni //

��

Y n´1
i

gn´1
i //

pn´1
i

��

Y n´2
i

//

pn´2
i
��

¨ ¨ ¨ // Y 2
i

g2i //

p2i
��

Y 1
i

p1i
��

g1i // Ci´1

p0i
��

ci // Ci // ¨ ¨ ¨ // Cn // 0

0 // Y n
i`1

gni`1 // Y n´1
i`1

// ¨ ¨ ¨ // Y 3
i`1

g3i`1 // Y 2
i`1

g2i`1 // Y 1
i`1

g1i`1 // Ci // ¨ ¨ ¨ // Cn // 0

Applying Lemma 1.1.13, since by the induction hypothesis, for 2 ď j ď i ´ 1, the
morphism gji is a weak cokernel of gj`1

i , it follows that for 1 ď j ď i´ 2, the morphism
gji´1 is a weak cokernel of gj`1

i´1 . Finally, we show that ci´1 is a weak cokernel of g1i´1. Let
u : Ci´2 ÝÑ M be such that g1i´1u “ 0. Then, there exists a morphism u1 : Y 1

i ÝÑ M
such that g2i u

1 “ 0 and u “ p0i´1u
1, as seen in the following commutative diagram:

Y 1
i´1 ‘ Y 3

i

˜

´g1i´1 0

p1i´1 g3i

¸

// Ci´2 ‘ Y 2
i

tpp0i´1, g
2
i q
//

tpu, 0q

��

Y 1
i

//

u1

vv

0

M

Since g1i is a weak cokernel of g2i , there exists a morphism u2 : Ci´1 ÝÑ M such that
u1 “ g1ku

2 and then:
u “ p0i´1u

1 “ p0i´1g
1
i u

2 “ ci´1u2
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‚ Finally, we assume that in the sequence pg12, c
2, ¨ ¨ ¨ , cnq, g12 is a weak cokernel of g22

and c2 is a weak cokernel of g12. We will prove that c1 is a weak cokernel of g11.

0 // Y n
0

gn0 //

��

Y n´1
0

gn´1
0 //

pn´1
0

��

Y n´2
0

gn´2
0 //

pn´2
0
��

Y n´3
0

//

pn´3
0
��

¨ ¨ ¨ // Y 2
0

g20 //

p20
��

Y 1
0

g10 //

p10
��

// X

p00
��

f // Y
c1 // C1 c2 // C2 // ¨ ¨ ¨

0 // Y n
1

gn1 //

��

Y n´1
1

gn´1
1 //

pn´1
1

��

Y n´2
1

//

pn´2
1
��

¨ ¨ ¨ // Y 3
1

p31
��

g31 // Y 2
1

p21
��

g21 // Y 1
1

p11
��

g11 // Y

p01
��

c1 // C1 c2 // C2 // ¨ ¨ ¨

0 // Y n
2

gn2 // Y n´1
2

// ¨ ¨ ¨ // Y 4
2

g42 // Y 3
2

g32 // Y 2
2

g22 // Y 1
2

g12 // C1 c2 // C2 // . . .

Let u : Y 1
1 ÝÑ M be such that g11u “ 0. Then, there exists a morphism u1 : Y 1

2 ÝÑ M
such that g22u1 “ 0 and u “ p01u

1, as seen in the following commutative diagram:

Y 1
1 ‘ Y 3

2

ˆ

´g11 0

p11 g32

˙

// Y ‘ Y 2
2

tpp01, g
2
2q
//

tpu, 0q

��

Y 1
2

//

u1

ww

0

M

Since g12 is a weak cokernel of g22, there exists a morphism u2 : C1 ÝÑ M such that
u1 “ g12u

2 and then:
u “ p01u

1 “ p01g
1
2u

2 “ c1u2

It remains to show that pc1, ¨ ¨ ¨ , cnq is an n-cokernel of f .

0 // Y n
n´1

gnn´1 //

��

Y n´1
n´1

gn´1
n´1 //

pn´1
n´1

��

Y n´2
n´1

gn´2
n´1 //

pn´2
n´1
��

Y n´3
n´1

pn´3
n´1
��

gn´3
n´1 // Y n´4

n´1
//

pn´4
n´1
��

¨ ¨ ¨ // Y 1
n´1

p1n´1

��

g1n´1 // Cn´2

p0n´1

��

cn´1
// Cn´1 cn // Cn // 0

0 // Y n
n

gnn // Y n´1
n

gn´1
n // Y n´2

n
gn´2
n // Y n´3

n
// ¨ ¨ ¨ // Y 2

n

g2n // Y 1
n

g1n // Cn´1 cn // Cn // 0

‚ We begin by proving that cn is a cokernel of cn´1. Clearly, cn is an epimorphism
and let u : Cn´1 ÝÑ M be a morphism such that cn´1u “ 0. Then, tpp0n´1, g

2
nqg1nu “ 0

and since tpp0n´1, g
2
nq is an epimorphism, g1nu “ 0. Since cn is a cokernel of g1n, there

exists a morphism u1 : Cn ÝÑ M such that u “ cnu1.

‚ Inductively, for 2 ď i ď n´ 1, we will show that ci is a weak cokernel of ci´1.

0 // Y n
i´1

gni´1 //

��

Y n´1
i´1

gn´1
i´1 //

pn´1
i´1

��

Y n´2
i´1

gn´2
i´1 //

pn´2
i´1
��

Y n´3
i´1

pn´3
i´1
��

// ¨ ¨ ¨ // Y 1
i´1

p1i´1

��

g1i´1 // Ci´2

p0i´1

��

ci´1
// Ci´1 ci // Ci // ¨ ¨ ¨ // Cn // 0

0 // Y n
i

gni //

��

Y n´1
i

gn´1
i //

pn´1
i

��

Y n´2
i

//

pn´2
i
��

¨ ¨ ¨ // Y 2
i

g2i //

p2i
��

Y 1
i

p1i
��

g1i // Ci´1

p0i
��

ci // Ci // ¨ ¨ ¨ // Cn // 0

0 // Y n
i`1

gni`1 // Y n´1
i`1

// ¨ ¨ ¨ // Y 3
i`1

g3i`1 // Y 2
i`1

g2i`1 // Y 1
i`1

g1i`1 // Ci // ¨ ¨ ¨ // Cn // 0

46



Chapter 2 2.2. The n-diagram

Let u : Ci´1 ÝÑ M be a morphism such that ci´1u “ 0. Then, tpp0i´1, g
2
i qg1i u “ 0 and

since tpp0i´1, g
2
i q is an epimorphism, g1i u “ 0. Since ci is a weak cokernel of g1i , there

exists a morphism u1 : Ci ÝÑ M such that u “ ciu1.

‚ Finally, we will show that c1 is a weak cokernel of f .

0 // Y n
0

gn0 //

��

Y n´1
0

gn´1
0 //

pn´1
0

��

Y n´2
0

gn´2
0 //

pn´2
0
��

Y n´3
0

//

pn´3
0
��

¨ ¨ ¨ // Y 2
0

g20 //

p20
��

Y 1
0

g10 //

p10
��

// X

p00
��

f // Y
c1 // C1 c2 // C2 // ¨ ¨ ¨

0 // Y n
1

gn1 //

��

Y n´1
1

gn´1
1 //

pn´1
1

��

Y n´2
1

//

pn´2
1
��

¨ ¨ ¨ // Y 3
1

p31
��

g31 // Y 2
1

p21
��

g21 // Y 1
1

p11
��

g11 // Y

p01
��

c1 // C1 c2 // C2 // ¨ ¨ ¨

0 // Y n
2

gn2 // Y n´1
2

// ¨ ¨ ¨ // Y 4
2

g42 // Y 3
2

g32 // Y 2
2

g22 // Y 1
2

g12 // C1 c2 // C2 // . . .

Let u : Y ÝÑ M be a morphism such that fu “ 0. Then, tpp00, g21qg11u “ 0 and since
tpp00, g

2
1q is an epimorphism, g11u “ 0. Since c1 is a weak cokernel of g11, there exists a

morphism u1 : C1 ÝÑ M such that u “ c1u1. ■

For the sake of completeness, we state the dual versions of Proposition 2.2.1 and
Corollary 2.2.2.

Proposition 2.2.3. Let M be a pre-n-abelian category, f : X ÝÑ Y a morphism in M

and pkn, kn´1, ¨ ¨ ¨ , k1q an n-kernel of f :

0 // Kn kn // Kn´1 k
n´1

// ¨ ¨ ¨
k2 // K1 k1 // X

f // Y

Then, there exists a commutative diagram:

0 // Kn kn // Kn´1 h1n // Z1
n

q1n
��

// ¨ ¨ ¨ // Zn´3
n

hn´2
n //

qn´3
n
��

Zn´2
n

hn´1
n //

qn´2
n
��

Zn´1
n

hnn //

qn´1
n
��

Znn //

qnn
��

0

��
0 // Kn kn // Kn´1 kn´1

// Kn´2
h1n´1 // ¨ ¨ ¨ // Zn´4

n´1

hn´3
n´1 //

qn´4
n´1
��

Zn´3
n´1

hn´2
n´1 //

qn´3
n´1
��

Zn´2
n´1

hn´1
n´1 //

qn´2
n´1
��

Zn´1
n´1

hnn´1 //

qn´1
n´1
��

Znn´1
//

qnn´1

��

0

��
0 // Kn kn // Kn´1 kn´1

// Kn´2 // ¨ ¨ ¨ // Zn´5
n´2

hn´4
n´2 //

��

Zn´4
n´2

hn´3
n´2 //

��

Zn´3
n´2

hn´2
n´2 //

��

Zn´2
n´2

hn´1
n´2 //

��

Zn´1
n´2

hnn´2 //

��

Znn´2

��

// 0

...
...

... ¨ ¨ ¨
...

...

��

...

��

...

��

...

��

...

��

...

0 // Kn kn // Kn´1 kn´1
// Kn´2 // ¨ ¨ ¨ // K2 k2 // K1

h12 // Z1
2

h22 //

q12
��

Z2
2

h32 //

q22
��

Z3
2

h42 //

q32
��

Z4
2

//

q42
��

¨ ¨ ¨
hn2 // Zn2

��
qn2
��

// 0

��
0 // Kn kn // Kn´1 kn´1

// Kn´2 // ¨ ¨ ¨ // K2 k2 // K1 k1 // X
h11 // Z1

1

h21 //

q11
��

Z2
1

h31 //

q21
��

Z3
1

//

q31
��

¨ ¨ ¨ // Zn´1
1

qn´1
1
��

hn1 // Zn1

qn1
��

// 0

��
0 // Kn kn // Kn´1 kn´1

// Kn´2 // ¨ ¨ ¨ // K2 k2 // K1 k1 // X
f // Y

h10 // Z1
0

h20 // Z2
0

// ¨ ¨ ¨ // Zn´2
0

hn´1
0 // Zn´1

0

hn0 // Zn0
// 0

which satisfies the following properties:

1. For 0 ď i ď n, the sequence ph1i , h
2
i , ¨ ¨ ¨ , hni q is an n-cokernel of ki (where k0 “ f).

47



Chapter 2 2.2. The n-diagram

2. For 1 ď i ď n, the (cone) sequence:

0 // Z1
i

p´h2i , q
1
i q
// Z2
i ‘Ki´2

ˆ

´h3i q2i
0 h1i´1

˙

// Z3
i ‘ Z1

i´1
// ¨ ¨ ¨

¨ ¨ ¨ // Zni ‘ Zi´2
i´1

tpqni , h
n´1
i´1 q

// Zn´1
i´1

hni´1 // Zni´1
// 0

(where K0 “ X and K´1 “ Y ) is n-exact.
3. For 1 ď i ď n, the sequence pkn, ¨ ¨ ¨ , ki, h1i , ¨ ¨ ¨ , hi´1

i q is an n-kernel of hii.

Proof. The proof is dual to the proof of Proposition 2.2.1. ■

Corollary 2.2.4. Let M be an additive category, f : X ÝÑ Y a morphism in M and a
commutative diagram:

0 // Kn kn // Kn´1 k
n´1

// ¨ ¨ ¨
k2 // K1 k1 // X

f // Y

Then, there exists a commutative diagram:

0 // Kn kn // Kn´1 h1n // Z1
n

q1n
��

// ¨ ¨ ¨ // Zn´3
n

hn´2
n //

qn´3
n
��

Zn´2
n

hn´1
n //

qn´2
n
��

Zn´1
n

hnn //

qn´1
n
��

Znn //

qnn
��

0

��
0 // Kn kn // Kn´1 kn´1

// Kn´2
h1n´1 // ¨ ¨ ¨ // Zn´4

n´1

hn´3
n´1 //

qn´4
n´1
��

Zn´3
n´1

hn´2
n´1 //

qn´3
n´1
��

Zn´2
n´1

hn´1
n´1 //

qn´2
n´1
��

Zn´1
n´1

hnn´1 //

qn´1
n´1
��

Znn´1
//

qnn´1

��

0

��
0 // Kn kn // Kn´1 kn´1

// Kn´2 // ¨ ¨ ¨ // Zn´5
n´2

hn´4
n´2 //

��

Zn´4
n´2

hn´3
n´2 //

��

Zn´3
n´2

hn´2
n´2 //

��

Zn´2
n´2

hn´1
n´2 //

��

Zn´1
n´2

hnn´2 //

��

Znn´2

��

// 0

...
...

... ¨ ¨ ¨
...

...

��

...

��

...

��

...

��

...

��

...

0 // Kn kn // Kn´1 kn´1
// Kn´2 // ¨ ¨ ¨ // K2 k2 // K1

h12 // Z1
2

h22 //

q12
��

Z2
2

h32 //

q22
��

Z3
2

h42 //

q32
��

Z4
2

//

q42
��

¨ ¨ ¨
hn2 // Zn2

��
qn2
��

// 0

��
0 // Kn kn // Kn´1 kn´1

// Kn´2 // ¨ ¨ ¨ // K2 k2 // K1 k1 // X
h11 // Z1

1

h21 //

q11
��

Z2
1

h31 //

q21
��

Z3
1

//

q31
��

¨ ¨ ¨ // Zn´1
1

qn´1
1
��

hn1 // Zn1

qn1
��

// 0

��
0 // Kn kn // Kn´1 kn´1

// Kn´2 // ¨ ¨ ¨ // K2 k2 // K1 k1 // X
f // Y

h10 // Z1
0

h20 // Z2
0

// ¨ ¨ ¨ // Zn´2
0

hn´1
0 // Zn´1

0

hn0 // Zn0
// 0

in M whose rows are complexes and satisfies the following properties:

(i) For 1 ď i ď n, the (cone) sequence:

0 // Z1
i

p´h2i , q
1
i q
// Z2
i ‘Ki´2

ˆ

´h3i q2i
0 h1i´1

˙

// Z3
i ‘ Z1

i´1
// ¨ ¨ ¨

¨ ¨ ¨ // Zni ‘ Zi´2
i´1

tpqni , h
n´1
i´1 q

// Zn´1
i´1

hni´1 // Zni´1
// 0

(where K0 “ X and K´1 “ Y ) is n-exact.
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(ii) The sequence

0 // Kn kn //// Kn´1 h1n // // Z1
n ¨ ¨ ¨ //// Zn´1

n

hnn // Znn // 0

is n-exact.

Then, for 1 ď i ď n, the sequence pkn, ¨ ¨ ¨ , ki, h1i , ¨ ¨ ¨ , hi´1
i q is an n-kernel of hii and the

sequence pkn, ¨ ¨ ¨ , k1q is an n-kernel of f .

Proof. Dual to the proof of Corollary 2.2.2. ■

Combining the above we are led to the following definition:

Definition 2.2.5. Let M be an additive category and f : X ÝÑ Y a morphism in M.
A diagram of the form

0 // Kn kn // Kn´1 h1n // Z1
n

q1n
��

// ¨ ¨ ¨ // Zn´3
n

hn´2
n //

qn´3
n
��

Zn´2
n

hn´1
n //

qn´2
n
��

Zn´1
n

hnn //

qn´1
n
��

Znn //

qnn
��

0

��
0 // Kn kn // Kn´1 kn´1

// Kn´2
h1n´1 // ¨ ¨ ¨ // Zn´4

n´1

hn´3
n´1 //

��

Zn´3
n´1

hn´2
n´1 //

��

Zn´2
n´1

hn´1
n´1 //

��

Zn´1
n´1

��

hnn´1 // Znn´1
//

��

0

...
...

...
...

...
...

...

��

...

��

...

��

...

��

...

0 // Kn kn // Kn´1 kn´1
// Kn´2 // ¨ ¨ ¨ // K2 k2 // K1

h12 // Z1
2

h22 //

q12
��

Z2
2

h32 //

q22
��

Z3
2

h42 //

q32
��

Z4
2

//

q42
��

¨ ¨ ¨
hn2 // Zn2

//

qn2
��

0

��
0 // Kn kn // Kn´1 kn´1

// Kn´2 // ¨ ¨ ¨ // K2 k2 // K1 k1 // X
h11 // Z1

1

h21 //

q11
��

Z2
1

h31 //

q21
��

Z3
1

//

q31
��

¨ ¨ ¨ // Zn´1
1

hn1 //

qn´1
1
��

Zn1
//

qn1
��

0

��
0 // Kn kn //

��

Kn´1 kn´1
//

pn´1
0

��

Kn´2 //

pn´2
0
��

¨ ¨ ¨ // K2 k2 //

p20
��

K1 k1 //

p10
��

X
f //

p00
��

Y
c1 // C1 c2 // C2 // ¨ ¨ ¨ // Cn´2 cn´1

// Cn´1 cn // Cn // 0

0 // Y n
1

gn1 //

��

Y n´1
1

//

pn´1
1

��

¨ ¨ ¨ // Y 3
1

g31 //

p31
��

Y 2
1

g21 //

p21
��

Y 1
1

g11 //

p11
��

Y
c1 //

p01
��

C1 c2 // C2 // ¨ ¨ ¨ // Cn´2 cn´1
// Cn´1 cn // Cn // 0

0 // Y n
2

gn2 // ¨ ¨ ¨ // Y 4
2

g42 //

��

Y 3
2

��

g32 // Y 2
2

��

g22 // Y 1
2

��

g12 // C1

��

c2 // C2 // ¨ ¨ ¨ // Cn´2 cn´1
// Cn´1 cn // Cn // 0

...
...

...

��

...

��

...

��

...

��

...

��

...
...

...
...

0 // Y n
n´1

gnn´1 //

��

Y n´1
n´1

gn´1
n´1 //

pn´1
n´1

��

Y n´2
n´1

gn´2
n´1 //

pn´2
n´1
��

Y n´3
n´1

pn´3
n´1
��

gn´3
n´1 // Y n´4

n´1
//

pn´4
n´1
��

¨ ¨ ¨
g1n´1 // Cn´2

p0n´1

��

cn´1
// Cn´1 cn // Cn // 0

0 // Y n
n

gnn // Y n´1
n

gn´1
n // Y n´2

n
gn´2
n // Y n´3

n
// ¨ ¨ ¨ // Y 1

n

g1n // Cn´1 cn // Cn // 0

(2.2.2)
is called an n-diagram of f in M if the following conditions hold:

1. The sequence pc1, ¨ ¨ ¨ , cnq is an n-cokernel of f and the sequence pkn, ¨ ¨ ¨ , k1q is an
n-kernel of f .

2. For each 1 ď i ď n, the sequence ph1i , ¨ ¨ ¨ , hni q is a n-cokernel of ki.
3. For each 1 ď i ď n, the sequence pgni , ¨ ¨ ¨ , g1i q is a n-kernel of ci.

Corollary 2.2.6. In an additive category M with n-kernels and n-cokernels, any mor-
phism has an n-diagram.
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2.3 Compatible n-diagrams

Refining the notion of an n-diagram we arrive at the following notion which will be
used to characterize when an additive category is pre-n-abelian.

Definition 2.3.1. Let M be an additive category and f : X ÝÑ Y a morphism in M.
We will call an n-diagram of f in M, a compatible n-diagram if for 1 ď i ď n, the
mapping cone sequences:

0 // Z1
i

// Z2
i ‘Ki´2 // Z3

i ‘ Z1
i´1

// ¨ ¨ ¨ // Zni ‘ Zn´2
i´1

// Zn´1
i´1

// Zni´1
// 0

where K0 : “ X, K´1 : “ Y and Zi0 : “ Ci, and

0 // Y n
i´1

// Y n´1
i´1

// Y n´2
i´1 ‘ Y n

i
// ¨ ¨ ¨ // Y 1

i´1 ‘ Y 3
k

// Ci´2 ‘ Y 2
i

// Y 1
i

// 0

where C0 : “ Y , C´1 : “ X and Y i
0 : “ Ki, are n-exact.

Now we can prove the main result of this section:

Proposition 2.3.2. For an additive category M, the following are equivalent:

1. M is a pre-n-abelian category.

2. Any morphism f in M admits a compatible n-diagram.

Proof. (1 ùñ 2) If M is pre-n-abelian, then by combining Propositions 2.2.1 and 2.2.3
it follows that every morphism f in M admits a compatible n-diagram.

(2 ùñ 1) Let f : X ÝÑ Y be a morphism in M and assume that a compatible n-
diagram of f exists. Then f has an n-cokernel pc1, ¨ ¨ ¨ , cnq and an n-kernel pkn, ¨ ¨ ¨ , k1q,
thus every morphism in M has an n-kernel and an n-cokernel.

Assuming that the morphism f : X ÝÑ Y is an epimorphism, we will prove that the
sequence pkn, .., k1, fq is n-exact isolating the following part of the compatible n-diagram
(2.2.2):

0 // Kn kn //

��

Kn´1 kn´1
//

pn´1
0

��

Kn´2 //

pn´2
0
��

¨ ¨ ¨ // K1 k1 //

p10
��

X
f //

p00
��

Y
c1 //

ϕ0

��

C1

0 // Y n
1

gn1 // Y n´1
1

// ¨ ¨ ¨ // Y 2
1

g21 // Y 1
1

g11 // Y
c1 // C1
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of f , where pgn1 , ¨ ¨ ¨ , g11q is an n-kernel of c1. Since f is an epimorphism and fc1 “ 0
it follows that c1 “ 0, and since g11 is a weak kernel of c1, there exists a morphism
ϕ0 : Y ÝÑ Y 1

1 such that ϕ0g11 “ 1Y . Since by assumption the sequence:

0 // Kn kn // Kn´1
p´kn´1, pn´1

0 q
// Kn´2 ‘ Y n

1
// ¨ ¨ ¨ // K1 ‘ Y 3

1

ˆ

´k1 p10
0 g31

˙

// X ‘ Y 2
1

tpp00, g
2
1q
// Y 1

1
// 0

is n-exact, applying Lemma 1.1.15, it follows that for 1 ď i ď n, the morphism ki´1 is
a weak cokernel of the morphism ki, where k0 “ f . Thus, the sequence pkn, ¨ ¨ ¨ , k1, fq

is n-exact.

In a dual manner, if f : X ÝÑ Y is a monomorphism, we will show that the sequence
pf, c1, .., cnq is n-exact. Since f is a monomorphism and k1f “ 0, then k1 “ 0 and since
h11 is a weak cokernel of k1, there exists a morphism ψ0 : Z

1
1 ÝÑ X such that h11ψ0 “ 1X ,

as seen in the following commutative diagram which is part of the compatible n-diagram
(2.2.2):

K1 k1 // X
h11 // Z1

1

ψ0

��

h21 //

q11
��

Z2
1

h31 //

q21
��

¨ ¨ ¨ // Zn´1
1

hn1 //

qn´1
1
��

Zn1
//

qn1
��

0

��
K1 k1 // X

f // Y
c1 // C1 c2 // ¨ ¨ ¨ // Cn´2 cn´1

// Cn´1 cn // Cn // 0

Since by assumption the sequence

0 // Z1
1

p´h21, q
1
1q
// Z2

1 ‘ Y

ˆ

´h31 q
2
1

0 c1

˙

// Z3
1 ‘ C1 // ¨ ¨ ¨ // Zn1 ‘ Cn´2

tpqn1 , c
n´1q

// Cn´1 cn // Cn // 0

is n-exact, applying Lemma 1.1.16, it follows that for 1 ď i ď n, the morphism ci´1 is
a weak kernel of the morphism ci, where c0 “ f . ■

Remark 2.3.3. In case n “ 1, we deduce that an additive category A is abelian iff any
morphism f in A admits a compatible 1-diagram which then is of the following shape:

0 // K1 k1 // X
h11 // Z1

1
//

q11
��

0

��
0 // K1

��

k1 // X
f //

p00
��

Y
c1 // C1 // 0

0 // Y 1
1

g11 // Y
c1 // C1 // 0
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Since in a compatible 1-diagram, the top row and the sequence:

0 // K1 ´k1 // X
p00 // Y 1

1
// 0

are exact, we obtain an isomorphism Z1
1

„
ÝÑ Y 1

1 , thus we recover the definition of an
abelian category, see [43, IV.4].

In case n “ 2 a compatible 2-diagram is of the following shape:

0 // K2 k2 // K1
h12 // Z1

2

h22 //

q12
��

Z2
2

//

q22
��

0

��
0 // K2 k2 // K1 k1 // X

h11 // Z1
1

h21 //

q11
��

Z2
1

//

q21
��

0

��
0 // K2 k2 // K1

��
p10
��

k1 // X
f //

p00
��

Y
c1 // C1 c2 // C2 // 0

0 // Y 2
1

g21 // //

��

Y 1
1

p21
��

g11 // Y
c1 //

p11
��

C1 c2 // C2 // 0

0 // Y 2
2

g22 // Y 1
2

g12 // C1 c2 // C2 // 0

If M is an n-abelian category and A is an abelian category, a functor F : M ÝÑ A

is n-exact iff it is left and right n-exact, see [13, Proposition 3.2]. In our setting, if
F : M ÝÑ N is a functor between pre-n-abelian categories, the analogous result also
holds. For the sake of completeness, we provide a short proof which follows the proof
of [13, Proposition 3.2].

Corollary 2.3.4. An additive functor F : M ÝÑ N between pre-n-abelian categories is
n-exact if and only if F is left-n-exact and right-n-exact.

Proof. Clearly, if F is left-n-exact and right-n-exact, then F is n-exact. Now assume
that F is n-exact and let

X
f // Y

c1 // C1 c2 // ¨ ¨ ¨ // Cn´1 cn // Cn // 0

be a right n-exact sequence in M. We have seen that we can complete this sequence,
to a compatible n-diagram of f in M that satisfies the properties of Corollary 2.2.2.
Applying the functor F to this n-diagram, we obtain an induced diagram in N and
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since F is n-exact, the n-exact sequences of Corollary 2.2.2, induce n-exact sequences
in M. Applying Corollary 2.2.2, it follows that the sequence

F pXq
F pfq // F pY q

F pc1q // F pC1q
F pc2q // ¨ ¨ ¨ // F pCn´1q

F pcnq // F pCnq // 0

is right n-exact in N. Dually, if

0 // Kn kn // Kn´1 k
n´1

// ¨ ¨ ¨ // K1 k1 // X
f // Y

is a left n-exact sequence in M, applying Corollary 2.2.4 to the induced n-diagram of f
in N, it follows that the sequence

0 // F pKnq
F pknq // F pKn´1q

F pkn´1q// F pKn´2q // ¨ ¨ ¨
F pk1q// F pXq

F pfq // F pY q

is left n-exact in N. We conclude that the functor F is also left n-exact. ■
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CHAPTER 3
Localization of n-abelian
categories

In this chapter we present our first main result of the thesis, constructing in two
steps the localization of an n-abelian category with respect to a bicalculable system of
morphisms. In the first step, utilizing the notion of the n-diagram (Definition 2.2.5),
we show that the localization of a pre-n-abelian category with respect to a bicalculable
system of morphisms is also a pre-n-abelian category and the localization functor is n-
exact. In the second step, we prove that the idempotent completion of a pre-n-abelian
category is an n-abelian category. Finally, we will combine the above to construct the
localized category which is n-abelian and satisfies the desired universal property. For
n “ 1 we recover Gabriel’s classic result on the localization of an abelian category,
see [18].

3.1 Localization of pre-n-abelian categories

In the sequel, it will be necessary to verify that the localization functor Q preserves n-
kernels, n-cokernels, and consequently n-exact sequences. In this connection, we analyze
the structure of n-cokernels and n-kernels in the localization.

Throughout we fix an additive category C equipped with a (left and/or right) bicalcu-
lable system of morphisms S. As before we denote by Q : C ÝÑ CrS´1s the localization
functor.

3.1.1 n-Cokernels and n-kernels in localized categories

It is well known that if C is an additive category with kernels and cokernels then the
localization functor C ÝÑ CrS´1s, where S is a bicalculable class of morphisms in C,
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preserves kernels and cokernels, see for example [41, Chapter 4, Corollary 1.6]. Using
this, we obtain directly the following Lemma and the subsequent Corollaries 3.1.2 and
3.1.3. For the sake of completeness we provide a short proof.

Lemma 3.1.1. Let C be an additive category and f : X ÝÑ Y a morphism in C. Then
the following hold:

1. If S is a left calculable system and C is a category with weak cokernels, then CrS´1s

is also a category with weak cokernels and the localization functor Q : C ÝÑ CrS´1s

preserves weak cokernels.
2. If S is a right calculable system and C is a category with weak kernels, then CrS´1s

is also a category with weak kernels and the localization functor Q : C ÝÑ CrS´1s

preserves weak kernels.

Proof. We will only prove the first statement, since the proof of the second is dual.
Clearly, QpfqQpcq “ Qpfcq “ 0.

Now, let ps{gq : Y ÝÑ C 1 be a morphism in CrS´1s:

Y

g   

C 1

s~~
C2

such that Qpfqps{gq “ 0. Then, QpfqQpgqQpsq´1 “ 0 and thus Qpfgq “ 0. Applying
Corollary 1.3.8, there exists a morphism t : C2 ÝÑ M in S such that fgt “ 0. Since c
is a weak cokernel of f in C, there exists a morphism u : C ÝÑ M such that gt “ cu,
as seen in the following commutative diagram:

X
f // Y

c //

gt
��

C

u~~
M

It follows that
ps{gq “ QpgqQpsq´1 “ QpcqQpuqQptq´1Qpsq´1

X
Qpfq // Y

Qpcq //

ps{gq

��

C

QpuqQptq´1Qpsq´1

��
C 1

and we conclude that Qpcq is a weak cokernel of Qpfq. ■
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Immediately we have the subsequent corollary concerning n-cokernels, n-kernels and
n-exact sequences:

Corollary 3.1.2. Let C be an additive category and f : X ÝÑ Y a morphism in C.
Then the following hold:

1. If S a left calculable system and pc1, ¨ ¨ ¨ , cnq is an n-cokernel of f , then
pQpc1q, ¨ ¨ ¨ , Qpcnqq is an n-cokernel of Qpfq in CrS´1s.

2. If S is a right calculable system and pkn, ¨ ¨ ¨ , k1q is an n-kernel of f , then
pQpknq, ¨ ¨ ¨ , Qpk1qq is an n-kernel of Qpfq in CrS´1s.

3. If S is a bicalculable system and pf0, ¨ ¨ ¨ , fnq is an n-exact sequence in C, then
pQpf0q, ¨ ¨ ¨ , Qpfnqq is an n-exact sequence in CrS´1s.

Proof. Follows directly from Lemma 3.1.1. ■

The proof of the following consequence is an application of the ideas of [41, Chapter
4, Corollary 1.6] in our setting.

Corollary 3.1.3. Let M be a pre-n-abelian category, S a bicalculable system of mor-
phisms in M and ps{fq “ QpfqQpsq´1 : X ÝÑ Y a morphism in MrS´1s represented
by a diagram of the form:

X

f   

Y

s��
Z

Then the following hold:

1. The morphism ps{fq has an n-cokernel:

X
ps{fq // Y

QpsqQpc1q // C1 Qpc2q // ¨ ¨ ¨ // Cn´1 Qpcnq // Cn // 0

in MrS´1s, where the following sequence is an n-cokernel of f in M:

X
f // Z

c1 // C1 c2 // ¨ ¨ ¨ // Cn´1 cn // Cn // 0

2. The morphism ps{fq has an n-kernel:

0 // Kn Qpknq// Kn´1Qpkn´1q// ¨ ¨ ¨ // K1 Qpk1q // X
ps{fq // Y

in MrS´1s, where the following sequence is an n-kernel of f in M:

0 // Kn kn // Kn´1 k
n´1

// ¨ ¨ ¨ // K1 k1 // X
f // Z
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Proof. 1. If pc1, ¨ ¨ ¨ , cnq is an n-cokernel of f in C, applying Corollary 3.1.2 the se-
quence pQpc1q, Qpc2q, ¨ ¨ ¨ , Qpcnqq is an n-cokernel of Qpfq in MrS´1s. It remains to
show that QpsqQpc1q is a weak cokernel of QpfqQpsq´1. Let pt{gq : Y ÝÑ M be a
morphism MrS´1s such that ps{fqpt{gq “ 0. Then:

QpfqQpsq´1Qpgq “ 0

and since Qpc1q is a weak cokernel of Qpfq, there exists a morphism

pt1{g1q : C1 ÝÑ M

such that the following diagram commutes:

X
Qpfq // Z

Qpc1q //

Qpsq´1Qpgq

��

C1

pt1{g1q

��
M

Then:

pt{gq “ QpgqQptq´1 “ QpsqQpsq´1QpgqQptq´1 “ QpsqQpc1qpt1{g1qQptq´1

We conclude that QpsqQpc1q is a weak cokernel of ps{fq in MrS´1s.
2. Again, applying Corollary 3.1.2, the sequence pQpknq, Qpkn´1q, ..., Qpk1qq is an n-

kernel of Qpfq in MrS´1s. We can easily see that this sequence is also an n-kernel
of the morphism ps{fq “ QpfqQpsq´1.
Let pt{gq : M ÝÑ X be a morphism in MrS´1s such that pt{gqps{fq “ 0. Since Qpsq
is an isomorphism, pt{gqQpfq “ 0 and since Qpkq1 is a weak kernel of Qpfq, there
exists a morphism pt1{g1q : M ÝÑ K1 in MrS´1s such that pt{gq “ pt1{g1qQpk1q. We
conclude that Qpk1q is a weak kernel of ps{fq. ■

3.1.2 Main result

We can now prove our main result of this section:

Proposition 3.1.4. Let M be a pre-n-abelian category, S a bicalculable system of mor-
phisms in M and MrS´1s the localization of M with respect to S. Then MrS´1s is a
pre-n-abelian category.
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Proof. Let ps{fq “ QpfqQpsq´1 : X ÝÑ Z be a morphism in MrS´1s represented by a
diagram:

X

f   

Z

s��
Y

Let pc1, .., cnq be an n-cokernel and pkn, ¨ ¨ ¨ , k1q be an n-kernel of f in M. Since M is
a pre-n-abelian, we can construct a compatible n-diagram of f in M:

0 // Kn kn // Kn´1 h1n // Z1
n

//

q1n
��

¨ ¨ ¨ // Zn´2
n

hn´1
n //

qn´2
n
��

Zn´1
n

hnn //

qn´1
n
��

Znn //

qnn
��

0

��
0 // Kn kn // Kn´1 kn´1

// Kn´2
h1n´1 // ¨ ¨ ¨ // Zn´3

n´1

hn´2
n´1 //

��

Zn´2
n´1

hn´1
n´1 //

��

Zn´1
n´1

��

hnn´1 // Znn´1
//

��

0

...
...

... ¨ ¨ ¨
...

...

��

...

��

...

��

¨ ¨ ¨

0 // Kn kn // Kn´1 kn´1
// Kn´2 // ¨ ¨ ¨ // K1 k1 // X

h11 // Z1
1

h21 //

q11
��

Z2
1

//

q21
��

¨ ¨ ¨ // Zn´1
1

hn1 //

qn´1
1
��

Zn1
//

qn1
��

0

��
0 // Kn kn //

��

Kn´1 kn´1
//

pn´1
0

��

Kn´2 //

pn´2
0
��

¨ ¨ ¨ // K1 k1 //

p10
��

X
f //

p00
��

Y
c1 // C1 // ¨ ¨ ¨ // Cn´2 cn´1

// Cn´1 cn // Cn // 0

0 // Y n
1

gn1 // Y n´1
1

// ¨ ¨ ¨ // Y 2
1

g21 //

��

Y 1
1

g11 //

��

Y
c1 //

��

C1 // ¨ ¨ ¨ // Cn´2 cn´1
// Cn´1 cn // Cn // 0

¨ ¨ ¨
...

...

��

...

��

...

��

¨ ¨ ¨
...

...
...

0 // Y n
n´1

gnn´1 //

��

Y n´1
n´1

//

pn´1
n´1

��

Y n´2
n´1

//

pn´2
n´1
��

Y n´3
n´1

pn´3
n´1
��

// ¨ ¨ ¨ // Cn´2

p0n´1

��

cn´1
// Cn´1 cn // Cn // 0

0 // Y n
n

gnn // Y n´1
n

gn´1
n // Y n´2

n
// ¨ ¨ ¨ // Y 1

n

g1n // Cn´1 cn // Cn // 0

Applying the localization functor Q, and using that the functor Q preserves n-kernels, n-
cokernels and n-exact sequences, see Corollary 3.1.2, we obtain a compatible n-diagram
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of Qpfq in MrS´1s:

0 // Kn Qpknq// Kn´1 Qph1nq // Z1
n

//

Qpq1nq

��

¨ ¨ ¨ // Zn´2
n

//

��

Zn´1
n

Qphnnq //

��

Znn //

Qpqnnq

��

0

��
0 // Kn Qpknq// Kn´1Qpkn´1q// Kn´2

Qph1n´1q
// ¨ ¨ ¨ // Zn´3

n´1
//

��

Zn´2
n´1

//

��

Zn´1
n´1

��

Qphnn´1q
// Znn´1

//

��

0

...
...

... ¨ ¨ ¨
...

...

��

...

��

...

��

¨ ¨ ¨

0 // Kn Qpknq // Kn´1Qpkn´1q// Kn´2 // ¨ ¨ ¨ // K1 Qpk1q // X
Qph11q

// Z1
1

Qph21q
//

Qpq11q

��

Z2
1

//

��

¨ ¨ ¨ // Zn´1
1

Qphn1 q
//

��

Zn1
//

Qpqn1 q

��

0

��
0 // Kn Qpknq //

��

Kn´1Qpkn´1q//

Qppn´1
0 q

��

Kn´2 //

��

¨ ¨ ¨ // K1 Qpk1q //

��

X
Qpfq //

Qpp00q

��

Y
Qpc1q // C1 // ¨ ¨ ¨ // Cn´2 // Cn´1Qpcnq // Cn // 0

0 // Y n
1

Qpgn1 q
// Y n´1

1
// ¨ ¨ ¨ // Y 2

1

Qpg21q
//

��

Y 1
1

Qpg11q
//

��

Y
Qpc1q //

��

C1 // ¨ ¨ ¨ // Cn´2 // Cn´1Qpcnq // Cn // 0

¨ ¨ ¨
...

...

��

...

��

...

��

¨ ¨ ¨
...

...
...

0 // Y n
n´1

Qpgnn´1q
//

��

Y n´1
n´1

//

Qppn´1
n´1q

��

Y n´2
n´1

//

��

Y n´3
n´1

��

// ¨ ¨ ¨
Qpg1n´1q

// Cn´2

Qpp0n´1q

��

Qpcn´1q// Cn´1Qpcnq // Cn // 0

0 // Y n
n

Qpgnnq // Y n´1
n

// Y n´2
n

// ¨ ¨ ¨ // Y 1
n

Qpg1nq // Cn´1Qpcnq // Cn // 0

Applying Corollary 3.1.3 and using that Qpsq is an isomorphism in MrS´1s, it follows
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that the following diagram is a compatible n-diagram of ps{fq in MrS´1s:

0 // Kn Qpknq // Kn´1 Qph1nq // ¨ ¨ ¨ // Zn´2
n

//

��

Zn´1
n

Qphnnq //

��

Znn //

Qpqnnq

��

0

��
0 // Kn Qpknq // Kn´1 // ¨ ¨ ¨ // Zn´3

n´1
//

��

Zn´2
n´1

//

��

Zn´1
n´1

��

Qphnn´1q
// Znn´1

//

��

0

...
... ¨ ¨ ¨

...
...

��

...

��

...

��

¨ ¨ ¨

0 // Kn Qpknq // Kn´1 // ¨ ¨ ¨ // K1 Qpk1q // X
Qph11q

// Z1
1

Qph21q
//

Qpq11qQpsq´1

��

Z2
1

//

Qpq21q

��

¨ ¨ ¨
Qphn1 q

// Zn1
//

Qpqn1 q

��

0

��
0 // Kn Qpknq//

��

Kn´1 //

Qppn´1
0 q

��

¨ ¨ ¨ // K1 Qpk1q //

��

X
QpfqQpsq´1

//

Qpp00q

��

Z
QpsqQpc1q// C1 Qpc2q // ¨ ¨ ¨ // Cn´1Qpcnq // Cn // 0

0 // Y n
1

��

Qpgn1 q
// ¨ ¨ ¨ // Y 2

1

Qpg21q
//

��

Y 1
1

Qpg11qQpsq´1

//

Qpp11q

��

Z
QpsqQpc1q//

QpsqQpp01q

��

C1 Qpc2q // ¨ ¨ ¨ // Cn´1Qpcnq // Cn // 0

0 // ¨ ¨ ¨ // Y 3
2

��

// Y 2
2

��

Qpg22q
// Y 1

2

��

Qpg12q
// C1

��

Qpc2q // ¨ ¨ ¨
Qpg1nq// Cn´1Qpcnq // Cn // 0

¨ ¨ ¨ ¨ ¨ ¨

��

¨ ¨ ¨

��

¨ ¨ ¨

��

¨ ¨ ¨

��

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

0 // Y n
n´1

Qpgnn´1q
//

��

Y n´1
n´1

//

Qppn´1
n´1q

��

Y n´2
n´1

//

��

Y n´3
n´1

��

// ¨ ¨ ¨ // Cn´1Qpcnq // Cn // 0

0 // Y n
n

Qpgnnq // Y n´1
n

// Y n´2
n

// ¨ ¨ ¨ // Cn´1Qpcnq // Cn // 0

By Proposition 2.3.2, we infer that MrS´1s is a pre-n-abelian category. ■

Our next result ensures that the localized category MrS´1s satisfies the desired uni-
versal property:

Theorem 3.1.5. Let M be a pre-n-abelian category, S a bicalculable system of mor-
phisms in M, and MrS´1s the localization of M with respect to S. Then MrS´1s is a
pre-n-abelian category, such that Qpsq is invertible, for any s P S, and the localization
functor Q : M ÝÑ MrS´1s is n-exact.

Moreover, Q satisfies the following universal property:

‚ for any pre-n-abelian category N and any n-exact functor F : M ÝÑ N such that
F psq is invertible for any s P S, there exists a unique n-exact functor F ˚ : MrS´1s ÝÑ N
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such that the following diagram commutes:

M MrS´1s

N

Q

F
D !F˚

Proof. We have already seen that MrS´1s is a pre-n-abelian category and that the
functor Q is n-exact. The existence and the uniqueness of the additive functor F ˚ follow
from the universal property of the localization in a general setting and its definition on
objects and morphisms is well-known from classical localization theory:

• For any object X P MrS´1s, set F ˚pXq “ F pXq.
• For any morphism ps{fq in MrS´1s, set F ˚ps{fq “ F pfqF psq´1.

For more details about the construction of F ˚ we refer the reader to [41, §4.1].

We now assume that F is n-exact and let pϕ, γ1, ¨ ¨ ¨ , γnq be a right n-exact sequence
in MrS´1s, where ϕ “ ps{fq : X ÝÑ Y . Since M is pre-n-abelian, the morphism f has
an n-cokernel pc1, ¨ ¨ ¨ , cnq in M and since Q is right n-exact, pQpc1q, ¨ ¨ ¨ , Qpcnqq is an
n-cokernel of Qpfq in MrS´1s. In this way we obtain a commutative diagram:

X
ϕ // Y

γ1 //

Qpsq

��

M1 γ2 //

ϕ1

��

M2 //

ϕ2

��

¨ ¨ ¨ //Mn´1 γn //

ϕn´1

��

Mn //

ϕn

��

0

X
Qpfq // Z

Qpc1q //

Qpsq´1

��

C1 Qpc2q //

ψ1

��

C2 //

ψ2

��

¨ ¨ ¨ // Cn´1 Qpcnq //

ψn´1

��

Cn //

ψn

��

0

X
ϕ // Y

γ1 //M1 γ2 //Mn´1 // ¨ ¨ ¨ //M2 γn //Mn // 0

in MrS´1s, where the existence of the morphisms ϕ1, ¨ ¨ ¨ , ϕn and ψ1, ¨ ¨ ¨ , ψn follows
from the weak cokernel property. It readily follows (see Lemma 1.1.8), that the above
diagram is a homotopy equivalence of complexes, i.e. for 1 ď i ď n´ 1, there exist
morphisms ui : M i`1 ÝÑ M i and vi : Ci`1 ÝÑ Ci, such that:

1 ´ ϕi`1ψi`1 “ uiγi`1 ` γi`2ui`1 and 1 ´ ψi`1ϕi`1 “ viQpci`1q `Qpci`2qvi`1

Applying F ˚ to the above diagram, we obtain in N an induced homotopy equivalence
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of complexes:

F ˚pXq
F˚pϕq // F ˚pY q

F˚pγ1q//

F psq

��

F ˚pM1q //

F˚pϕ1q

��

¨ ¨ ¨ // F ˚pMn´1q

F˚pϕn´1q

��

F˚pγnq// F ˚pMnq

F˚pϕnq

��
F pXq

F pfq // F pZq
F pc1q //

F psq´1

��

F pC1q //

F˚pψ1q

��

¨ ¨ ¨ // F pCn´1q
F pcnq //

F˚pψn´1q

��

F pCnq //

F˚pψnq

��

0

F ˚pXq
F˚pϕq // F ˚pY q

F˚pγ1q// F ˚pM1q // ¨ ¨ ¨ // F ˚pMn´1q
F˚pγnq// F ˚pMnq

Note that by construction of F ˚, for any object X P M, F ˚pXq “ F ˚pQpXqq “ F pXq.
Since F is n-exact, applying Corollary 2.3.4, F is right n-exact, thus pF pc1q, ¨ ¨ ¨ , F pcnqq

is an n-cokernel of F pfq in N. Applying Lemma 1.1.9 it follows that pF ˚pγ1q, ¨ ¨ ¨ , F ˚pγnqq

is an n-cokernel of F ˚pϕq in N which proves that F ˚ is right n-exact. Dually, we can
show that F ˚ is left n-exact. Hence F ˚ is n-exact, completing the proof. ■

Remark 3.1.6. In the universal property of the above theorem, if the functor F ˚ is
n-exact, then F “ F ˚ ˝Q is also n-exact. Thus, F is n-exact iff F ˚ is n-exact.

3.2 Idempotent completion of pre-n-abelian categories

In this section we prove that the idempotent completion of a pre-n-abelian category
M is pre-n-abelian and therefore is an n-abelian category.

The construction of the idempotent completion of a category is classical, see [17,
Chapter 2, Exercise B, page 61], and has been studied in different other settings, for
example in the setting of triangulated categories by Balmer and Schlichting in [4], in
the setting of n-angulated categories by Lin in [36], and in the setting of extriangulated
categories by Msapato in [39] and Wang, Wei, Zhang, and Zhao in [45]. Our setting
differs from the above and the tools developed in the previous sections will be applied.

3.2.1 Definition

We start by recalling the definition of the idempotent completion of a category in a
general setting, and for more details we refer the reader to [4].

Definition 3.2.1. The idempotent completion of an additive category C, is a cate-
gory rC defined as follows:
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• An object of rC is a pair pX, eq where X is an object in C and e : X ÝÑ X is a
morphism in C.

• A morphism f : pX, e1q ÝÑ pY, e2q in rC is a morphism f : X ÝÑ Y of C such that

e1f “ f “ fe2

i.e. the following diagram is commutative:

X
f //

e1
��

f

  

Y

e2
��

X
f
// Y

Remark 3.2.2. By definition, for a morphism f : pX, e1q ÝÑ pY, e2q in rC the following
hold:

1. If f : X ÝÑ Y is a monomorphism in C, then f : pX, e1q ÝÑ pY, e2q is also a
monomorphism in rC.

2. If f : X ÝÑ Y is an epimorphism in C, then f : pX, e1q ÝÑ pY, e2q is also an
epimorphism in rC.

By construction, the idempotent completion of an additive category satisfies the
following:

Proposition 3.2.3. ( [4, Proposition 1.3]) Let C be an additive category and rC the
idempotent completion of C. Then rC is additive and the assignment C ÞÝÑ pC, 1q induces
a fully faithful additive functor ι : C ÝÑ rC satisfying the following universal property:

‚ For any idempotent complete additive category C1 and any additive functor F : C ÝÑ

C1, there exists a unique additive functor F ˚ : rC ÝÑ C1 such that the following diagram
commutes

C rC

C1

ι

F
D !F˚

Remark 3.2.4. Note that the functor F ˚ : rC ÝÑ C1 is defined as follows: for every
idempotent e : X ÝÑ X in C, we choose a splitting

F pXq

rF peq

%%

F peq // F pXq

rF peq

%%
F pXqF peq

sF peq

99

F pXqF peq
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in C1 for the idempotent F peq. Then:

• For every object pX, eq in rC, set F ˚pX, eq “ F pXqF peq

• For every morphism f : pX, e1q ÝÑ pY, e2q in rC, set

F ˚pfq : F pXqF pe1q ÝÑ F pY qF pe2q

to be the following composition in C1:

F pXqF pe1q

sF pe1q // F pXq
F pfq // F pY q

rF pe2q // F pY qF pe2q

Notation. From now on, we will denote an object of the form pX, 1Xq in rC simply by
pX, 1q.

3.2.2 n-Cokernels and n-kernels in idempotent completion

We begin by characterizing weak kernels and weak cokernels in rC. For some similar
characterizations and arguments, for example in the case of an extriangulated category,
see [39, Lemma 3.9]. Our setting differs from the above, thus the lemma presented
below, which will be needed later, does not appear in the literature in this form.

Lemma 3.2.5. Let C be an additive category, rC the idempotent completion of C and

f : pX, e1q ÝÑ pY, e2q

a morphism in rC.

A morphism k : pK, eKq ÝÑ pX, e1q is a weak kernel of f in rC iff the following
conditions are satisfied:

1. The morphism k : K ÝÑ X is a weak kernel of the morphism:

pf, 1 ´ e1q : X ÝÑ Y ‘X

in C.
2. eKk “ k.

Proof. We assume that k : pK, eKq ÝÑ pX, e1q is a weak kernel of f in rC, thus eKk “

k “ ke1.
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Now let u : M ÝÑ X be a morphism in C such that upf, 1 ´ e1q “ 0. Since u “ ue1,
the morphism u : pM, 1q ÝÑ pX, e1q is in rC and since uf “ 0 in rC, there exists a
morphism u1 : pM, 1q ÝÑ pK, eKq such that u “ u1k.

pM, 1q

u1

yy
u

��
pK, eKq

k // pX, e1q
f // pY, e2q

Since u : M ÝÑ K is a morphism in C, this proves our claim.

We now assume that k is a weak kernel of the morphism pf, 1 ´ e1q and eKk “ k.
It follows that kf “ 0 and k “ ke1, thus the morphism k : pK, eKq ÝÑ pX, e1q is well
defined in rC. Let u : pM, eM q ÝÑ pX, e1q be a morphism in rC such that uf “ 0. Since
u is a morphism in rC, we have: eMu “ u “ ue1, thus upf, 1 ´ e1q “ 0. Since k is a
weak kernel of pf, 1 ´ e1q in C, there exists a morphism u1 : M ÝÑ K in C such that
u “ u1k. Since the following diagram is commutative,

M
eMu1eK //

eM
��

K
k //

eK
��

X

e1
��

M
eMu1eK // K

k // X

in C, it readily follows that

eMu
1eK : pM, eM q ÝÑ pK, eKq

is a morphism in rC and eMu1eKk “ eMu
1k “ eMu “ u. We conclude that the following

diagram commutes in rC:

pK, eKq
k // pX, e1q

f // pY, e2q

pM, eM q

eMu1eK

ee

u

OO

and as a result k is a weak kernel of f in rC. ■

Dually, we obtain the following:

Lemma 3.2.6. Let C be an additive category, rC the idempotent completion of C and

f : pX, e1q ÝÑ pY, e2q

66



Chapter 3 3.2. Idempotent completion of pre-n-abelian categories

a morphism in rC.

A morphism c : pY, e2q ÝÑ pC, eCq is a weak cokernel of f in rC iff the following
conditions are satisfied:

1. The morphism c : Y ÝÑ C is a weak cokernel of the morphism

tpf, 1 ´ e2q : X ‘ Y ÝÑ Y

in C.
2. ceC “ c.

Proof. We assume that c : pY, e2q ÝÑ pC, eCq is a weak cokernel of f in rC, thus e2c “

c “ ceC . Now let v : Y ÝÑ M be a morphism in C such that tpf, 1 ´ e2qv “ 0. Since
v “ e2v, the morphism v : pY, e2q ÝÑ pM, 1q is in rC and since fv “ 0 in rC, there exists
a morphism v1 : pC, eCq ÝÑ pM, 1q such that v “ cv1.

pX, e1q
f // pY, e2q

c //

v

��

pC, eCq

v1
zz

pM, 1q

Since v1 : C ÝÑ M is a morphism in C, this proves our claim.

We now assume that c is a weak cokernel of the morphism tpf, 1 ´ e2q and ceC “ c.
It follows that fc “ 0 and c “ e2c, thus the morphism c : pY, e2q ÝÑ pC, eCq is well
defined in rC. Let v : pY, e2q ÝÑ pM, eM q be a morphism in rC such that fv “ 0. Since
v is a morphism in rC, we have: e2v “ v “ veM , thus tpf, 1 ´ e2qv “ 0. Since c is a
weak cokernel of tpf, 1 ´ e2q in C, there exists a morphism v1 : C ÝÑ M in C such that
v “ cv1. Since the following diagram is commutative,

Y
c //

e2
��

C
eCv

1eM //

eC
��

M

eM
��

Y
c // C

eCv
1eM //M

in C, it readily follows that

eCv
1eM : pC, eCq ÝÑ pM, eM q

is a morphism in rC and ceCv
1eM “ cv1eM “ veM “ v. We conclude that the following
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diagram commutes in rC:

pX, e1q
f // pY, e2q

v

��

c // pC, eCq

eCv
1eMyy

pM, eM q

and as a result c is a weak cokernel of f in rC. ■

The following direct consequences will be useful in the sequel.

Corollary 3.2.7. Let C be an additive category, rC the idempotent completion of C and
f : pX, 1q ÝÑ pY, e2q a morphism in rC. If k : K ÝÑ X is a weak kernel of f : X ÝÑ Y
in C, then the following hold:

1. If eK : K ÝÑ K is an idempotent in C such that eKk “ k, then the morphism
k : pK, eKq ÝÑ pX, 1q is a weak kernel of f in rC.

2. The morphism k : pK, 1q ÝÑ pX, 1q is a weak kernel of f : pX, 1q ÝÑ pY, e2q in rC.
Moreover, if k is a kernel of f in C, then k : pK, 1q ÝÑ pX, 1q is also a kernel of f
in rC.

Proof. Since k is a weak kernel of f , k is also a weak kernel of the morphism pf, 0q : X ÝÑ

Y ‘X. Then, applying Proposition 3.2.5 for e1 “ 1 we obtain the first statement, while
the second statement follows directly from the first by setting eK “ 1. Finally, if k is
a monomorphism in C, k : pK, 1q ÝÑ pX, 1q is also a monomorphism in rC and conse-
quently, a kernel of f in rC. ■

Next, we also present the dual statement:

Corollary 3.2.8. Let C be an additive category, rC the idempotent completion of C and
f : pX, e1q ÝÑ pY, 1q a morphism in rC. If c : Y ÝÑ C is a weak cokernel of f : X ÝÑ Y
in C, then the following hold:

1. If eC : C ÝÑ C an idempotent in C such that ceC “ c, then the morphism c : pY, 1q ÝÑ

pC, eCq is a weak cokernel of f in rC.
2. The morphism c : pY, 1q ÝÑ pC, 1q is a weak cokernel of f : pX, e1q ÝÑ pY, 1q in rC.

Moreover, if c is a cokernel of f in C, then c : pY, 1q ÝÑ pC, 1q is a cokernel of f in
rC.

Proof. The proof is dual to the proof of Corollary 3.2.7. ■
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The above results lead to the existence of an n-kernel and an n-cokernel for any
morphism in the idempotent completion of a pre-n-abelian category:

Proposition 3.2.9. Let M be a pre-n-abelian category, rM the idempotent completion
of M, and f : pX, e1q ÝÑ pY, e2q a morphism in rM. Then the following hold:

1. The morphism f has an n-kernel pkn, ¨ ¨ ¨ , k1q:

0 // pKn, 1q
kn // pKn´1, 1q

kn´1
// ¨ ¨ ¨

k2 // pK1, 1q
k1 // pX, e1q

f // pY, e2q

in rM, where pkn, ¨ ¨ ¨ , k1q is an n-kernel of the morphism

pf, 1 ´ e1q : X ÝÑ Y ‘X

in M:

0 // Kn kn // Kn´1 kn´1
// ¨ ¨ ¨

k2 // K1 k1 // X
pf, 1´e1q // Y ‘X

2. The morphism f has an n-cokernel pc1, ¨ ¨ ¨ , cnq:

pX, e1q
f // pY, e2q

c1 // pC1, 1q
c2 // ¨ ¨ ¨

cn´1
// pCn´1, 1q

cn // pCn, 1q // 0

in rM, where pc1, ¨ ¨ ¨ , cnq is an n-cokernel of the morphism

tpf, 1 ´ e2q : X ‘ Y ÝÑ Y

in M:

X ‘ Y
tpf, 1´e2q // Y

c1 // C1 c2 // ¨ ¨ ¨
cn´1

// Cn´1 cn // Cn // 0

Proof. 1. Let pkn, ¨ ¨ ¨ , k1q be an n-kernel of the morphism pf, 1´e1q in M. By Lemma
3.2.5, the morphism k1 : pK1, 1q ÝÑ pX, e1q is a weak kernel of f : pX, e1q ÝÑ pY, e2q

in rM. Moreover, by Corollary 3.2.7 we have the following in rM:

• The morphism k2 : pK2, 1q ÝÑ pK1, 1q is a weak kernel of the morphism
k1 : pK1, 1q ÝÑ pX, e1q .

• For 2 ă i ď n ´ 1, the morphism ki : pKi, 1q ÝÑ pKi´1, 1q is a weak kernel of
the morphism ki´1 : pKi´1, 1q ÝÑ pKi´2, 1q.

• The morphism kn : pKn, 1q ÝÑ pKn´1, 1q is the kernel of
kn´1 : pKn´1, 1q ÝÑ pKn´2, 1q.
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2. Dually, let pc1, ¨ ¨ ¨ , cnq be an n-cokernel of the morphism tpf, 1 ´ e2q in M. By
Lemma 3.2.6, the morphism c1 : pY, e2q ÝÑ pC1, 1q is a weak cokernel of f : pX, e1q

ÝÑ pY, e2q in rM. Moreover, by Corollary 3.2.8 we have the following in rM:

• The morphism c2 : pC1, 1q ÝÑ pC2, 1q is a weak cokernel of the morphism
c1 : pY, e2q ÝÑ pC1, 1q.

• For 2 ă i ď n ´ 1, the morphism ci : pCi´1, 1q ÝÑ pCi, 1q is a weak cokernel
of ci´1 : pCi´2, 1q ÝÑ pCi´1, 1q.

• The morphism cn : pCn´1, 1q ÝÑ pCn, 1q is a cokernel of
cn´1 : pCn´2, 1q ÝÑ pCn´1, 1q. ■

Remark 3.2.10. By setting e1 “ e2 “ 1 in the above proposition, it follows that if
pkn, ¨ ¨ ¨ , k1q is an n-kernel of f in M, then pιpknq, ¨ ¨ ¨ , ιpk1qq is an n-kernel of ιpfq in
M. Dually, if pc1, ¨ ¨ ¨ , cnq is an n-cokernel of g in M, then pιpc1q, ¨ ¨ ¨ , ιpcnqq is an n-
cokernel of ιpgq in M. Thus the inclusion functor ι : M ÝÑ rM preserves n-kernels and
n-cokernels.

3.2.3 Axioms (A2) and (A3)

It remains to verify that rM satisfies axioms pA2q and pA3q.

Proposition 3.2.11. Let M be a pre-n-abelian category, rM the idempotent completion
of M and f : pX, e1q ÝÑ pY, e2q a morphism in rM. If f is an epimorphism in rM, then
there exists an n-exact sequence of the form:

0 // pKn, 1q
kn // pKn´1, 1q

kn´1
// ¨ ¨ ¨

k2 // pK1, 1q
k1 // pX, e1q

f // pY, e2q // 0

in rM.

Proof. Since M is pre-n-abelian, there exists a compatible n-diagram (see Definition
2.3.1) of the morphism pf, 1 ´ e1q : X ÝÑ Y ‘ X in M. We isolate the following part
of such a diagram:

Kn kn //

��

Kn´1 k
n´1

//

pn´1

��

¨ ¨ ¨ // K1 k1 //

p1

��

X
pf, 1´e1q //

p0

��

Y ‘X
tpc1α, c

1
βq
// C1 c2 // ¨ ¨ ¨

0 // Y n yn // ¨ ¨ ¨ // Y 2 y2 // Y 1
py1α, y

1
βq

// Y ‘X
tpc1α, c

1
βq
// C1 c2 // ¨ ¨ ¨
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where the sequence pkn, kn´1, ¨ ¨ ¨ , k1q is an n-kernel of pf, 1 ´ e1q, the sequence
ptpc1α, c

1
βq, c2, ¨ ¨ ¨ , cnq is an n-cokernel of pf, 1´e1q, and the sequence pyn, ¨ ¨ ¨ , y2, py1α, y

1
βqq

is an n-kernel of tpc1α, c1βq. Moreover, the sequence:

0 // Kn ´kn // Kn´1 p´kn´1, pn´1q// Kn´2 ‘ Y n

ˆ

´kn´2 pn´2

0 yn

˙

// ¨ ¨ ¨ // X ‘ Y 2
tpp0, y2q// Y 1 // 0

is n-exact. Applying Proposition 3.2.9, the sequence:

0 // pKn, 1q
kn // pKn´1, 1q

kn´1
// ¨ ¨ ¨

k2 // pK1, 1q
k1 // pX, e1q

is an n-kernel of f in rM. Since tpc1α, c
1
βq is a weak cokernel of pf, 1´ e1q, it follows that

fc1α ` p1´ e1qc1β “ 0, thus e1fc1α ` e1p1´ e1qc1β “ 0 which implies that fe2c1α “ fc1α “ 0

and consequently p1 ´ e1qc1β “ 0. The composition:

pX, e1q
f // pY, e2q

e2c1a // pC1, 1q

is well defined in rM, as seen in the following commutative diagram:

X
f //

e1
��

Y
e2c1a //

e2
��

C1

X
f // Y

e2c1a // C1

and vanishes. Since f is an epimorphism in rM, e2c1α “ 0. Moreover, since

pf, 1 ´ e1q

ˆ

e2 0
0 1 ´ e1

˙

“ pfe2, p1 ´ e1qp1 ´ e1qq “ pf, 1 ´ e1q

it follows that the diagram:

0 // Kn kn //

��

Kn´1 k
n´1

//

pn´1

��

¨ ¨ ¨ // K1 k1 //

p1

��

X
pf, 1´e1q //

p0

��

Y ‘X
´

e2 0
0 1´e1

¯

��
0 // Y n yn // ¨ ¨ ¨ // Y 2 y2 // Y 1

py1α, y
1
βq

// Y ‘X

is also commutative and since:
ˆ

e2 0
0 1 ´ e1

˙

tpc1α, c
1
βq “ tpe2c

1
a, p1 ´ e1qc1βq “ 0
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there exists a morphism tpϕ1, ϕ2q : Y ‘X ÝÑ Y 1 such that:

tpϕ1, ϕ2qpy1α, y
1
βq “

ˆ

e2 0
0 1 ´ e1

˙

We have shown that the above diagram satisfies the conditions of Lemma 1.1.15, and
as a result, for 1 ď i ď n ´ 1, the morphism ki is a weak cokernel of ki`1 and the
morphism pf, 1 ´ e1q is a weak cokernel of k1. Applying Corollary 3.2.8 it follows that
for 1 ď i ď n´ 1, the morphism ki is a also weak cokernel of ki`1 in rM.

0 // pKn, 1q
kn // pKn´1, 1q

kn´1
// ¨ ¨ ¨

k2 // pK1, 1q
k1 // pX, e1q

f // pY, e2q // 0

It remains to show that f is a weak cokernel of k1 in rM. We claim that f is a weak
cokernel of the morphism tpk1, 1 ´ e1q : K1 ‘ X ÝÑ X in M. Clearly, k1f “ 0 and
p1 ´ e1qf “ 0. Let u : X ÝÑ M such that k1u “ 0 and u “ e1u. Since pf, 1 ´ e1q

is a weak cokernel of k1, there exists a morphism tpu1, u2q : Y ‘ X ÝÑ M such that
u “ pf, 1 ´ e1q tpu1, u2q. Then:

u “ e1u “ e1fu1 ` e1p1 ´ e1qu2 “ e1fu1 “ fu1

which proves our claim. Applying Lemma 3.2.6 we conclude that f is a weak cokernel
of k1 in rM, and consequently a cokernel, which completes the proof. ■

For completeness we also prove the dual proposition:

Proposition 3.2.12. Let M be a pre-n-abelian category, rM the idempotent completion
of M, and f : pX, e1q ÝÑ pY, e2q a morphism in rM. If f is a monomorphism in rM,
then there exists an n-exact sequence of the form:

0 // pX, e1q
f // pY, e2q

c1 // pC1, 1q
c2 // ¨ ¨ ¨

cn´1
// pCn´1, 1q

cn // pCn, 1q // 0

in rM.

Proof. Since M is pre-n-abelian, there exists a compatible n-diagram (see Definition
2.3.1) of the morphism tpf, 1 ´ e2q : X ‘ Y ÝÑ Y in M. We isolate the following part
of such a diagram:

¨ ¨ ¨
k2 // K1

pk1α, k
1
βq

// X ‘ Y
tpx1α, x

1
βq
// X1 x2 //

q0

��

X2 //

q1

��

¨ ¨ ¨
xn // Xn

qn´1

��

// 0

��
¨ ¨ ¨

k2 // K1
pk1α, k

1
βq

// X ‘ Y
tpf, 1´e2q // Y

c1 // C1 // ¨ ¨ ¨
cn´1
// Cn´1 cn // Cn
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where the sequence pc1, c2, ¨ ¨ ¨ , cnq is an n-cokernel of tpf, 1 ´ e2q, the sequence
pkn, ¨ ¨ ¨ , k2, pk1α, k

1
βqq is an n-kernel of tpf, 1´e2q and the sequence ptpx1α, x

1
βq, x2, ¨ ¨ ¨ , xnq

is an n-cokernel of pk1α, k
1
βq. Moreover, the sequence:

0 // X1p´x2, q0q// X2 ‘ Y

ˆ

´x3 q1

0 c1

˙

// ¨ ¨ ¨ // Xn ‘ Cn´2
tpqn´1, cn´1q // Cn

cn // Cn // 0

is n-exact. Applying Proposition 3.2.9, the sequence:

pY, e2q
c1 // pC1, 1q

c2 // ¨ ¨ ¨
cn´1

// pCn´1, 1q
cn // pCn, 1q // 0

is an n-cokernel of f in rM. Since pk1α, k
1
βq is a weak kernel of tpf, 1´ e2q, it follows that

k1αf`k1βp1´e2q “ 0, thus k1αfe2`k1βp1´e2qe2 “ 0 which implies that k1αe1f “ k1αf “ 0

and consequently k1βp1 ´ e2q “ 0. The composition:

pK1, 1q
k1αe1 // pX, e1q

f // pY, e2q

is well defined in rM, as seen in the following commutative diagram:

K1 k1αe1 // X
f //

e1
��

Y

e2
��

K1 k1αe1 // X
f // Y

and vanishes. Since f is an monomorphism in rM, k1αe1 “ 0. Moreover, since
ˆ

e1 0
0 1 ´ e2

˙

tpf, 1 ´ e2q “ tpe1f, p1 ´ e2qp1 ´ e2qq “ tpf, 1 ´ e2q

it follows that the diagram:

X ‘ Y
´

e1 0
0 1´e2

¯

��

tpx1α, x
1
βq
// X1 x2 //

q0

��

X2 //

q1

��

¨ ¨ ¨
xn // Xn

qn´1

��

// 0

��
X ‘ Y

tpf, 1´e2q // Y
c1 // C1 // ¨ ¨ ¨

cn´1
// Cn´1 cn // Cn // 0

is also commutative and since:

pk1α, k
1
βq

ˆ

e1 0
0 1 ´ e2

˙

“ pk1αe1, k
1
βp1 ´ e2qq “ 0
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there exists a morphism pϕ1, ϕ2q : X1 ÝÑ X ‘ Y such that:

tpx1α, x
1
βqpϕ1, ϕ2q “

ˆ

e1 0
0 1 ´ e2

˙

We have shown that the above diagram satisfies the conditions of Lemma 1.1.16, and
as a result, for 1 ď i ă n, the morphism ci is a weak kernel of ci`1 and the morphism
tpf, 1 ´ e2q is a weak kernel of c1. Applying Corollary 3.2.7 it follows that for 1 ď i ď

n´ 1, the morphism ci is a weak kernel of ci`1 in rM.

0 // pX, e1q
f // pY, e2q

c1 // pC1, 1q
c2 // ¨ ¨ ¨

cn´1
// pCn´1, 1q

cn // pCn, 1q // 0

It remains to show that f is a weak kernel of c1 in rM. We claim that f is a weak kernel
of the morphism pc1, 1 ´ e2q : Y ÝÑ C1 ‘ Y in M. Clearly, fc1 “ 0 and fp1 ´ e2q “ 0.
Let u : M ÝÑ Y such that uc1 “ 0 and u “ ue2. Since tpf, 1 ´ e2q is a weak kernel of
c1, there exists a morphism pu1, u2q : M ÝÑ X ‘ Y such that u “ pu1, u2qtpf, 1 ´ e2q.
Then:

u “ ue2 “ u1fe2 ` u2p1 ´ e2qe2 “ u1fe2 “ u1f

which proves our claim. Applying Lemma 3.2.5 we conclude that f is a weak kernel of
k1 in rM, and consequently a kernel, which completes the proof. ■

3.2.4 Main result

The above results are combined in the following proposition:

Proposition 3.2.13. If M is a pre-n-abelian category, then the idempotent completion
rM of M is an n-abelian category, and the inclusion functor ι : M ÝÑ rM is full, faithful
and n-exact. Moreover, rM satisfies the following universal property: for any n-abelian
category N and any n-exact functor F : M ÝÑ N, there exists a unique n-exact functor
F ˚ : rM ÝÑ N such that the following diagram commutes:

M rM

N

ι

F
D !F˚

Proof. Applying Propositions 3.2.9, 3.2.11 and 3.2.12, it follows directly that rM is
an n-abelian category and the inclusion functor is n-exact. Since an n-abelian cate-
gory is idempotent complete, the existence and the uniqueness of the additive functor
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F ˚ : M ÝÑ N in the above commutative diagram, follow from the universal property of
the idempotent completion, see Remark 3.2.4.

We now assume that F is n-exact and let

pX, eXq
f // pY, eY q

γ1 // pM1, e1q // ¨ ¨ ¨
γn // pMn, enq // 0 (3.2.1)

be a right n-exact sequence in rM. Applying Proposition 3.2.9, the morphism f has an
n-cokernel pc1, ¨ ¨ ¨ , cnq:

pX, eXq
f // pY, eY q

c1 // pC1, 1q
c2 // ¨ ¨ ¨

cn´1
// pCn´1, 1q

cn // pCn, 1q // 0

(3.2.2)
in rM, where pc1, ¨ ¨ ¨ , cnq is an n-cokernel of the morphism tpf, 1 ´ eY q in M:

X ‘ Y
tpf, 1´eY q // Y

c1 // C1 c2 // ¨ ¨ ¨
cn´1

// Cn´1 cn // Cn // 0 (3.2.3)

Now let:

F pXq

rX

$$

F peXq // F pXq

rX

$$

F pY q

rY

%%

F peY q // F pY q

rY

$$
F pXqN

sX
::

F pXqN F pY qN

sY
::

F pY qN

be splittings in N for the idempotents F peXq and F peY q, respectively. Applying the
induced functor F ˚ to the sequence (3.2.2) and the functor F “ F ˚ ˝ ι to the sequence
(3.2.3) we obtain the following commutative diagram in N:

F pXqN
sXF pfqrY //

psX , 0q

��

F pY qN
sY F pc1q//

sY

��

F pC1q
F pc2q // ¨ ¨ ¨

F pcnq// F pCnq // 0

F pXq ‘ F pY q
tpF pfq, 1´F peY qq//

tprX , 0q

��

F pY q

rY

��

F pc1q //// F pC1q
F pc2q // ¨ ¨ ¨

F pcnq// F pCnq // 0

F pXqN
sXF pfqrY // F pY qN

sY F pc1q// F pC1q
F pc2q // ¨ ¨ ¨

F pcnq// F pCnq // 0

(3.2.4)

Note that the top row of the diagram is the image of (3.2.2) through the functor F ˚

in N. Since F is n-exact, applying Corollary 2.3.4, F is right n-exact thus the middle
row is a right n-exact sequence in N. We claim that the top row is also a right n-exact
sequence: Let u : F pY qN ÝÑ M be a morphism such that sXF pfqrY u “ 0. From the
above diagrams, we obtain:

tpF pfq, 1 ´ F peY qqrY u “ tprX , 0qsXF pfqrY u “ 0
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Thus, there exists a morphism u1 : F pY q ÝÑ M such that rY u “ F pc1qu1. It follows
that u “ sY rY u “ sY F pc1qu1 and sY F pc1q is a weak cokernel of sXF pfqrY . We only
need to show that F pc1q is also a weak cokernel of sY F pc1q: Let v : F pC1q ÝÑ M
be such that sY F pc1qv “ 0. Then, F pc1qv “ rY sY F pc1qv “ 0, thus there exists a
morphism v1 : F pC1q ÝÑ M such that v “ F pc1qv1 which completes the proof of our
claim.

Finally, the right n-exact sequences (3.2.1) and (3.2.2) induce a homotopy equivalence
of complexes in M. Applying the functor F ˚, we obtain a homotopy equivalence of
complexes in N:

F ˚pX, eXq
F˚pfq // F ˚pY, eY q

F˚pγ1q// F ˚pM1, e1q

��

// ¨ ¨ ¨
F˚pγnq// F ˚pMn, enq //

��

0

F ˚pX, eXq
F˚pfq // F ˚pY, eY q

F˚pc1q // F ˚pC1, 1q

��

// ¨ ¨ ¨
F˚pcnq // F ˚pCn, 1q

��

// 0

F ˚pX, eXq
F˚pfq // F ˚pY, eY q

F˚pγ1q// F ˚pM1, e1q // ¨ ¨ ¨
F˚pγnq// F ˚pMn, enq // 0

Since the middle row of this diagram, which is exactly the top row of diagram (3.2.4),
is right n-exact, similarly to Theorem 3.1.5, applying Corollary 2.3.4 the top row is
also right n-exact, thus F ˚ is a right n-exact functor between two n-abelian categories.
Dually, we can show that F ˚ is left n-exact, and as a result n-exact, completing the
proof. ■

Combining Theorem 3.1.5 and Proposition 3.2.13, we obtain the first main result of
the thesis which shows that localizations of n-abelian categories (at bicalculable systems
of morphisms) are n-abelian and satisfy the corresponding universal property.

Theorem 3.2.14. Let M be an n-abelian category, S a bicalculable system of morphisms
in M and MrS´1s the localization of M with respect to S. Let ČMrS´1s denote the
idempotent completion of MrS´1s and rQ : M ÝÑ ČMrS´1s be the functor rQ “ ι ˝ Q,
where Q is the localization functor and ι is the inclusion functor in the idempotent
completion:

rQ : M
Q //MrS´1s

ι // ČMrS´1s

Then ČMrS´1s is an n-abelian category and the functor rQ is n-exact.

Moreover, Q satisfies the following universal property:
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‚ for any n-abelian category N and any n-exact functor F : M ÝÑ N such that F psq

is invertible for any s P S, there exists a unique n-exact functor F ˚ : ČMrS´1s ÝÑ N

such that the following diagram commutes:

M ČMrS´1s

N

rQ

F
D !F˚

Proof. The proof follows directly from Theorem 3.1.5 and Proposition 3.2.13. More
specifically, MrS´1s is a pre-n-abelian category, ČMrS´1s is an n-abelian category and
the composition rQ “ ι ˝Q is an n-exact functor between n-abelian categories.

The existence, the uniqueness and the exactness properties of the additive functors
F 1 and F ˚ follow from the universal property of the localization of M and the univer-
sal property of the idempotent completion of MrS´1s, as shown in Theorem 3.1.5 and
Proposition 3.2.13, respectively. For any n-abelian category N and any additive functor
F : M ÝÑ N such that F psq is invertible, for any s P S, there exist unique additive func-
tors F 1 : MrS´1s ÝÑ N and then F ˚ : ČMrS´1s ÝÑ N such that the following diagram
is commutative:

M MrS´1s ČMrS´1s

N

Q

F

ι

D ! F 1

D !F˚

Finally, if F is n-exact, then F 1 is n-exact and consequently F ˚ is also n-exact. ■

Remark 3.2.15. In the universal property of Theorem 3.2.14, since the functors Q and
ι are n-exact, it readily follows that F is n-exact iff F 1 is n-exact iff F ˚ is n-exact.

Remark 3.2.16. Setting n “ 1 in Theorem 3.2.14, we retrieve Gabriel’s Theorem 1.3.11
on the localization of an abelian category. Note that in this case, the intermediate step
of the idempotent completion is not necessary, since abelian categories are idempotent
complete, thus the functor ι is in this setting an equivalence of categories.

Remark 3.2.17. Let M be an n-abelian category realized as an n-cluster tilting sub-
category of an abelian category A and let S be a bicalculable system of morphisms in
A. If the restriction SM “ S X M of S to M is a bicalculable system in M, it is well
known that under some mild conditions, see [46, Lemma 10.3.13], the natural functor
ι : MrS´1

M s ÝÑ ArS´1s is fully faithful, so the localization MrS´1
M s is realized as a full
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subcategory of the abelian category ArS´1s. On the other hand, applying the main re-
sults from [34], [12], the n-abelian category MrS´1

M s can also be realized as an n-cluster
tilting subcategory of an abelian category. In this way, our main result creates, via
localization, new cluster tilting subcategories of abelian categories.

Remark 3.2.18. Recently, Jian He, Jing He, and Pan Zhou in [29] study indepen-
dently localizations of n-exangulated categories in the following setting: starting with
an n-exangulated category pC,E, sq and an additive full subcategory NF Ď C which is
associated to a system of morphisms F , let F̄ be a set of morphisms in the ideal quo-
tient C̄ “ C{rNF s obtained from F . Assuming that F̄ satisfies some set of conditions,
namely conditions (MR1)-(MR3) in [29, §3], and that the localization C̃ satisfies an ad-
ditional condition, namely condition (C4) of [29, Definition 2.8], it is shown that C̃ is an
n-exangulated category if and only if any n-exangle in C induces a weak kernel-cokernel
sequence in C̃, see [29, Theorem 3.4].

There are significant differences between our approach and the approach of the paper
[29] concerning the setting, the imposed conditions, and the methods used. For example,
we do not assume that S satisfies condition (MR3) of [29, §3], which in our case trivializes
the verification of axioms (A2) and (A3) for CrS´1s. Moreover, we have not imposed
any conditions on CrS´1s that ensure that it is idempotent complete. Finally, we do not
use any part of the theory of n-exangulated categories and the external structure that
they provide. Our approach is different being as close as possible to the classic case of
localizations of abelian categories, and our goal is to prove, similarly to the classic case,
that the localization of an n-abelian category at a class of morphisms S satisfying the
same properties as in the classic case, is n-abelian and satisfies the expected universal
property. As a final comment, we notice that, even though every n-abelian category is
an n-exangulated category, our result cannot be recovered from [29], and vice versa.
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CHAPTER 4
Localization of n-angulated
categories

In this chapter we study the localization of an n-angulated category where n ě 3 and
we present an analogous result for n-angulated categories. Similarly to the classic case
of triangulated categories for n “ 3, we need a bicalculable class of morphisms S which
satisfies a compatibility condition with respect to the n-angulation. After defining a
suitable class NS of n-angles in CrS´1s we prove that the localized category is an n-
angulated category. Finally, we show that the functor Q : C ÝÑ CrS´1s is universal
among all S-inverting n-exact functors out of C to an n-angulated category.

Throughout this chapter, let pC,Σ,Nq be an n-angulated category, S a bicalculable
class of morphisms in C and CrS´1s the localization of C with respect to S.

4.1 n-Angles in localization

As in the classic case of the localization of a triangulated category, in order to show
that the localization CrS´1s of an n-angulated category C at a bicalculable system
of morphisms S in C, is n-angulated, a compatibility of S with the n-angulation is
necessary. Thus we are led to the following definition.

Definition 4.1.1. Let pC,Σ,Nq be a pre-n-angulated category. A bicalculable class S
in C will be called compatible with the n-angulation if it satisfies the following
conditions:

(CT1) For any morphism s in C, s P S if and only if Σs P S.
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Chapter 4 4.1. n-Angles in localization

(CT2) For any commutative diagram of the form:

X1 a1 //

s1
��

X2 a2 //

s2
��

X3 // ¨ ¨ ¨ // Xn an // ΣX1

Y 1 b1 // Y 2

where the top row is an n-angle and s1, s2 P S, there exists a commutative diagram:

X1 a1 //

s1
��

X2 a2 //

s2
��

X3

s3
��

// ¨ ¨ ¨ // Xn an //

sn

��

ΣX1

Σs1
��

Y 1 b1 // Y 2 b2 // Y 3 // ¨ ¨ ¨ // Y n bn // ΣY 1

where the bottom row is an n-angle and s3, ¨ ¨ ¨ , sn P S.

Remark 4.1.2. If C is a triangulated category, condition (CT2) is equivalent to the
condition (SM6) of Definition 1.3.12, which generally appears in the localization of
triangulated categories:

(SM6): For any commutative diagram of the form:

X1 a1 //

s1
��

X2 a2 //

s2
��

X3

s3
��

a3 // ΣX1

Σs1
��

Y 1 b1 // Y 2 b2 // Y 3 b3 // ΣY 1

whose rows are 3-angles, which are called distinguished triangles in this setting,
there exists a morphism s3 : X3 ÝÑ Y 3 lying in S, that completes the diagram to
a morphism of distinguished triangles.

It follows readily that since any morphism f can be embedded in a triangle, if S satisfies
(SM6), then S also satisfies the corresponding axiom (CT2) in the triangulated setting.
We assume now that S satisfies the triangulated (CT2) and let:

X1 a1 //

s1
��

X2 a2 //

s2
��

X3 a3 // ΣX1

Σs1
��

Y 1 b1 // Y 2 b2 // Y 3 b3 // ΣY 1

be a commutative diagram whose rows are distinguished triangles. Applying (CT2), we
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obtain a commutative diagram of distinguished triangles:

X1 a1 //

s1
��

X2 a2 //

s2
��

X3

s3
��

a3 // ΣX1

Σs1
��

Y 1 b1 // Y 2 c2 // C3 c3 //

„

ϕ
��

ΣY 1

Y 1 b1 // Y 2 b2 // Y 3 b3 // ΣY 1

Since C is triangulated, there exists a morphism ϕ : C3 ÝÑ Y 3 that completes the two
bottom rows of the above diagram into a morphism of distinguished triangles, and in
this case it is well known that ϕ is an isomorphism in C. Thus, s3ϕ P S which proves
that S satisfies (SM6).

Remark 4.1.3. As mentioned in the above remark, in the classic case of a triangulated
category, if two of the three vertical morphisms in a morphism of distinguished triangles
is an isomorphism, the third is also an isomorphism. However, in an n-angulated cate-
gory where n ą 3, in a given morphism ps1, s2, ¨ ¨ ¨ , snq between two n-angles, if s1 and
s2 are isomorphisms, then it does not necessarily hold that s3, ¨ ¨ ¨ , sn are isomorphisms.
Still, if we replace (CT2) with the following, slightly restrictive condition, the results
presented in this section can be verified without any change:

(CT2’) For any commutative diagram of the form:

X1 a1 //

s1
��

X2 a2 //

s2
��

X3 // ¨ ¨ ¨ // Xn an // ΣX1

Σs1
��

Y 1 b1 // Y 2 b2 // Y 3 // ¨ ¨ ¨ // Y n bn // ΣY 1

in which both rows are n-angles and s1, s2 P S, there exist morphisms s3, ¨ ¨ ¨ , sn P S
that complete the diagram to a morphism of n-angles:

X1 a1 //

s1
��

X2 a2 //

s2
��

X3

s3
��

// ¨ ¨ ¨ // Xn an //

sn

��

ΣX1

Σs1
��

Y 1 b1 // Y 2 b2 // Y 3 // ¨ ¨ ¨ // Y n bn // ΣY 1

This condition also appears in the setting of n-exangulated categories in [29, (MR3)]
however we will continue using (CT2) since it is slightly more general.

Finally, as in the classic case of a triangulated category, we obtain an induced auto-
morphism in the localization category as follows:
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Remark 4.1.4. Let Q : C ÝÑ CrS´1s be the localization functor of C with respect to
S. Since S is closed under Σ, condition (CT1), ensures that the functor pQ ˝Σq inverts
the elements of S. By the universal property of localization, the functor Q ˝ Σ factors
uniquely through Q making the following diagram commutative:

C
Q //

Σ

��

CrS´1s

ΣS

��
C

Q // CrS´1s

From now on we will denote the automorphism ΣS : CrS´1s ÝÑ CrS´1s simply by Σ.

Notation. If A‚ is an n-Σ-sequence:

A1 a1 // A2 a2 // ¨ ¨ ¨ // An
an // ΣA1

in C, we will denote by QpA‚q the induced n-Σ-sequence:

A1 Qpa1q // A2 Qpa2q // ¨ ¨ ¨ // An
Qpanq// ΣA1

in CrS´1s.

We can now define a class NS of n-angles in the localized category.

Definition 4.1.5. Let pC,Σ,Nq be a pre-n-angulated category and S a bicalculable class
of morphisms in C. We define a class NS of n-Σ-sequences in CrS´1s in the following
way:

An n-Σ-sequence X‚ :

X1 α1
// X2 α2

// ¨ ¨ ¨ // Xn αn
// ΣX1

in CrS´1s is in NS, if there exists an n-Σ-sequence M‚ :

M1 µ1 //M2 µ2 // ¨ ¨ ¨ //Mn µn // ΣM1

in CrS´1s and an isomorphism of n-Σ-sequences ϕ‚ : A‚ „
ÝÑ X‚ ‘M‚:

A1 Qpa1q //

„

ϕ1

��

A2 Qpa2q //

„

ϕ2

��

A3

„

ϕ3

��

// ¨ ¨ ¨ // An
Qpanq //

„

ϕn

��

ΣA1

„

Σϕ1

��
X1 ‘M1 α

1‘µ1// X2 ‘M2 α
2‘µ2// X3 ‘M3 // ¨ ¨ ¨ // Xn ‘Mn α

n‘µn// ΣX1 ‘ ΣM1

(4.1.1)
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in CrS´1s, where A‚ :

A1 a1 // A2 a2 // ¨ ¨ ¨ // An
an // ΣA1

is an n-angle in C. The elements of the class NS will be called n-angles in CrS´1s.

Remark 4.1.6. The reason that n-angles are defined in CrS´1s in the above way,
is to ensure closure under direct summands, a problem which in the classic case of
triangulated categories has an easy solution. In fact, we will see that in the triangulated
case, each 3-angle in CrS´1s in the above sense is isomorphic to the image of a triangle
of C through the localization functor Q. In this way we recover the classic definition of
distinguished triangles in the localization of a triangulated category, see [44, 2.1.7].

From Definition 4.1.5, we obtain directly the following consequence:

Corollary 4.1.7. Let pC,Σ,Nq be a pre-n-angulated category and S a bicalculable class
of morphisms in C. If A‚ is an n-angle in C, then QpA‚q is an n-angle in CrS´1s.

Proof. Follows directly from Definition 4.1.5 by setting A‚ “ X‚ and M‚ “ 0. ■

Corollary 4.1.8. The class NS of n-angles in CrS´1s is closed under isomorphisms.

Proof. Let ϕ‚ : X‚ „
ÝÑ Y ‚ be an isomorphism of n-Σ-sequences where X‚ is an n-angle

in CrS´1s. By definition, there exists an n-Σ-sequence M‚ and an isomorphism

ψ‚ : QpA‚q
„

ÝÑ X‚ ‘M‚

in CrS´1s, where A‚ is an n-angle in C. Then, the composition:

QpA‚q
ψ‚

// X‚ ‘M‚ ϕ‚‘1 //// Y ‚ ‘M‚

is an isomorphism in CrS´1s, thus Y ‚ is also an n-angle in CrS´1s. ■

4.2 Axioms (F1) and (F2)

Our next goal is to prove our main result concerning the localization of n-angulated
categories. Let pC,Σ,Nq be a pre-n-angulated category and S a bicalculable system of
morphisms in C. In the next three results, we will verify that pCrS´1s,Σ,NSq satisfies
axioms (F1) and (F2) of a pre-n-angulated category.
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Proposition 4.2.1. The category pCrS´1s,Σ,NSq satisfies axiom (F1)(a) of a pre-n-
angulated category, i.e. it is closed under direct sums and direct summands.

Proof. By construction, the class NS of n-angles in CrS´1s is closed under direct sum-
mands. Now, let:

X‚ : X1 α1
// X2 α2

// ¨ ¨ ¨ // Xn αn
// ΣX1

and

Y ‚ : Y 1 β1
// Y 2 β2

// ¨ ¨ ¨ // Y n βn
// ΣY 1

be two n-angles in CrS´1s. By definition, there exist isomorphisms:

A1 Qpa1q //

„

ϕ1

��

A2 Qpa2q //

„

ϕ2

��

A3
„

ϕ3

��

// ¨ ¨ ¨ // An
Qpanq //

„

ϕn

��

ΣA1

„

Σϕ1

��
X1 ‘M1 α

1‘µ1// X2 ‘M2 α
2‘µ2// X3 ‘M3 // ¨ ¨ ¨ // Xn ‘Mn α

n‘µn// ΣX1 ‘ ΣM1

B1 Qpb1q //

„

ψ1

��

B2 Qpb2q //
„

ψ2

��

B3

„

ψ3

��

// ¨ ¨ ¨ // Bn Qpbnq //

„

ψn

��

ΣB1

„

Σψ1

��
Y 1 ‘N1 β

1‘ν1 // Y 2 ‘N2 β
2‘ν2 // Y 3 ‘N3 // ¨ ¨ ¨ // Y n ‘Nn β

n‘νn// ΣY 1 ‘ ΣN1

of n-angles in CrS´1s, where A‚ and B‚ are n-angles in C. It follows that there exists
an isomorphism:

A1 ‘B1 Qpa1‘b1q //

„

��

A2 ‘B2 //

„

��

¨ ¨ ¨

X1 ‘ Y 1 ‘M1 ‘N1 α
1‘β1‘µ1‘ν1// X2 ‘ Y 2 ‘M2 ‘N2 // ¨ ¨ ¨

¨ ¨ ¨ // An ‘Bn

„

��

Qpan‘bnq // ΣA1 ‘ ΣB1

„

��
¨ ¨ ¨ // Xn ‘ Y n ‘Mn ‘Nnα

n‘βn‘µn‘νn// ΣX1 ‘ ΣY 1 ‘ ΣM1 ‘ ΣN1

of n-Σ-sequences in CrS´1s. Since C is pre-n-angulated, the n-Σ-sequence A‚ ‘ B‚ is
an n-angle in C, thus we conclude that X‚ ‘ Y ‚ is an n-angle in CrS´1s. ■

We continue with axioms (F1)(b) and (F1)(c):
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Proposition 4.2.2. The category pCrS´1s,Σ,NSq satisfies axioms (F1)(b) and (F1)(c)
of a pre-n-angulated category.

Proof. Since for any object X P CrS´1s, the n-Σ-sequence:

X
1X // X // 0 // ¨ ¨ ¨ // ΣX

is an n-angle in C, applying the localization functor Q, we obtain an n-angle

X
Qp1Xq// X // 0 // ¨ ¨ ¨ // ΣX

in CrS´1s, thus axiom (F1)(b) is satisfied.

Now let ps{fq : X1 ÝÑ X2 be a morphism in CrS´1s represented as a fraction:

X1

f   

X2

s
~~

Y

Since C is pre-n-angulated, we can complete the morphism f to an n-angle:

X1 f // Y
f2 // X3 // ¨ ¨ ¨ // Xn fn // ΣX1

in C. The diagram:

X1 QpfqQpsq´1

// X2 QpsqQpf2q //

„

Qpsq

��

X3 // ¨ ¨ ¨ // Xn Qpfnq// ΣX1

X1 Qpfq // Y
Qpf2q // X3 // ¨ ¨ ¨ // Xn Qpfnq// ΣX1

is an isomorphism of n-Σ-sequences in CrS´1s and since the bottom row is an n-angle,
the top row is also an n-angle which completes the proof. ■

Axiom (F2) can be verified as follows:

Proposition 4.2.3. The category pCrS´1s,Σ,NSq satisfies axiom (F2) of a pre-n-
angulated category.
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Proof. Let X‚ be an n-angle in CrS´1s and let ϕ‚ : A‚ „
ÝÑ X‚ ‘M‚:

A1 Qpa1q //

„

ϕ1

��

A2 Qpa2q //

„

ϕ2

��

A3

„

ϕ3

��

// ¨ ¨ ¨ // An
Qpanq //

„
ϕn

��

ΣA1

„

Σϕ1

��
X1 ‘M1 α

1‘µ1// X2 ‘M2 α
2‘µ2// X3 ‘M3 // ¨ ¨ ¨ // Xn ‘Mn α

n‘µn// ΣX1 ‘ ΣM1

(4.2.1)
be an isomorphism n-Σ-sequences. We will prove that the left rotation:

X2 α2
// X3 α3

// ¨ ¨ ¨
αn
// ΣX1 p´1qnΣα1

// ΣX2

of X‚ is also an n-angle. The morphism:

A2 Qpa2q //

ϕ2

„

��

A3

ϕ3

„

��

// ¨ ¨ ¨ // An
Qpanq //

ϕn

„

��

ΣA1 p´1qnΣQpa1q //

Σϕ1

„

��

ΣA2

Σϕ2

„

��
X2 ‘M2 α

2‘µ2// X3 ‘M3 // ¨ ¨ ¨ // Xn ‘Mn α
n‘µn// ΣX1 ‘ ΣM1p´1qnΣpα1‘µ1q// ΣX2 ‘ ΣM2

is an isomorphism of n-Σ-sequences in CrS´1s and since A‚ is an n-angle in C, its left
rotation is also an n-angle. We conclude that the left rotation of X‚ is also an n-angle.

Dually if the left rotation of X‚ is an n-angle in CrS´1s, there exists an n-Σ-sequence
N‚ and an isomorphism of n-Σ-sequences:

B1 Qpb1q //

ψ1
„

��

B2

ψ2

„

��

// ¨ ¨ ¨ // Bn´1 Qpbn´1q //

ψn´1

„

��

Bn Qpbnq //

ψn „

��

ΣB1

Σψ1

„

��
X2 ‘N1 α

2‘ν1// X3 ‘N2 // ¨ ¨ ¨ // Xn ‘Nn´1 αn‘νn´1
// ΣX1 ‘Nn p´1qnΣα1‘νn // ΣX2 ‘ ΣN1

is in CrS´1s where B‚ is an n-angle in C. Then, the morphism:

Σ´1Bn p´1qnΣ´1Qpbnq //

Σ´1ψn

„

��

B1

ψ1

„

��

// ¨ ¨ ¨ // Bn´1 Qpbn´1q //

ψn´1

„

��

Bn

ψn „

��
X1 ‘ Σ´1Nn α1‘p´1qnΣ´1νn // X2 ‘N1 // ¨ ¨ ¨ // Xn ‘Nn´1 αn‘νn´1

// ΣX1 ‘Nn

is also an isomorphism in CrS´1s. However, the n-angle B‚ is the left rotation of the
n-Σ-sequence:

Σ´1Bn p´1qnΣ´1bn // B1 // ¨ ¨ ¨ // Bn´1 bn´1
// Bn

Since C is a pre-n-angulated category, the above n-Σ-sequence is also an n-angle in C.
We infer that X‚ is an n-angle in CrS´1s. ■
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4.3 Axioms (F3) and (F4)

In the classic case of a triangulated category C, any 3-angle (in other words any
distinguished triangle using standard notation e.g. from [44]) in CrS´1s is isomorphic
to the image of a 3-angle in C. In our case, a much weaker statement holds which we
will prove in order to verify axioms (F3) and (F4).

Lemma 4.3.1. Let pC,Σ,Nq be a pre-n-angulated category and S a bicalculable class
of morphisms in C compatible with the n-angulation. If

X‚ : X1 Qpfq // X2 α2
// ¨ ¨ ¨ // Xn αn

// ΣX1

is an n-angle in CrS´1s where f is a morphism in C, then there exists a diagram of the
form:

X1 Qpfq // X2 α2
// X3

γ3

��

// ¨ ¨ ¨ // Xn αn
//

γn

��

ΣX1

X1 Qpfq // X2 Qpf2q // C3 //

δ3

��

¨ ¨ ¨ // Cn

δn

��

Qpfnq // ΣX1

X1 Qpfq // X2 α2
// X3 // ¨ ¨ ¨ // Xn αn

// ΣX1

(4.3.1)

in CrS´1s, where the following diagram is an n-angle in C:

C‚ : X1 f // X2 f2 // C3 // ¨ ¨ ¨ // Cn
fn // ΣX1

Proof. Since C is pre-n-angulated, there exists an n-angle

C‚ : X1 f // X2 f2 // C3 // ¨ ¨ ¨ // Cn
fn // ΣX1

in C. Moreover, since X‚ is an n-angle in CrS´1s, there exists an isomorphism of
n-angles ϕ‚ “ pϕ‚

α, ϕ
‚
βq : A‚ ÝÑ X‚ ‘M‚:

A1 Qpa1q //

„

pϕ1α, ϕ
1
βq

��

A2 Qpa2q //

„

pϕ2α, ϕ
2
βq

��

A3

„

pϕ3α, ϕ
3
βq

��

// ¨ ¨ ¨ // An
Qpanq //

„

pϕnα, ϕ
n
βq

��

ΣA1

„

pΣϕ1α,Σϕ
1
βq

��
X1 ‘M1 α

1‘µ1// X2 ‘M2 α
2‘µ2// X3 ‘M3 // ¨ ¨ ¨ // Xn ‘Mn α

n‘µn// ΣX1 ‘ ΣM1
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and thus we obtain in CrS´1s a commutative diagram:

A1 Qpa1q //

ϕ1α
��

A2 Qpa2q //

ϕ2α
��

A3 // ¨ ¨ ¨ // An
Qpanq// ΣA1

Σϕ1α
��

X1 Qpfq // X2 Qpf2q // C3 // ¨ ¨ ¨ // Cn
Qpfnq// ΣX1

(4.3.2)

Since both rows are n-angles in C, as in [44] we can complete this diagram to a morphism
of n-angles in CrS´1s: Applying Lemma 1.3.10, we obtain a commutative diagram

A1 a1 //

u1
��

A2 a2 //

u2
��

A3 // ¨ ¨ ¨ // An
an // ΣA1

Σf1

��
B1 b // B2 ΣB1

X1 f //

s1

OO

X2 f2 //

s2

OO

C3 // ¨ ¨ ¨ // Cn
fn // ΣX1

Σs1

OO

in C where ϕ1α “ ps1{u1q and ϕ2α “ ps2{u2q. Since S satisfies condition (CT2) of
Definition 4.1.1, there exists an n-angle B‚ in C and morphisms s3, ¨ ¨ ¨ , sn such that
s‚ : C‚ ÝÑ B‚ is a morphism of n-angles in C:

A1 a1 //

u1
��

A2 a2 //

u2
��

A3 //

u3
��

¨ ¨ ¨ // An
an //

un

��

ΣA1

Σu1
��

B1 b // B2 b2 // B3 // ¨ ¨ ¨ // Bn bn // ΣB1

X1 f //

s1

OO

X2 f2 //

s2

OO

C3 //

s3

OO

¨ ¨ ¨ // Cn
fn //

sn

OO

ΣX1

Σs1

OO

Moreover, since C is n-angulated, there exist morphisms u3, ¨ ¨ ¨ , un such that u‚ : A‚ ÝÑ

B‚ is also a morphism of n-angles in C. In this way, we have completed diagram (4.3.2)
to a morphism of n-angles χ‚ : A‚ ÝÑ C‚, where χi “ psi{uiq for 3 ď i ď n. Now, from
the commutative diagram:

A1 Qpa1q //

„

ϕ1

��

A2 Qpa2q //

„

ϕ2

��

A3

χ3

��

„

ϕ3

��

// ¨ ¨ ¨ // An
Qpanq //

„

ϕn

��
χn

��

ΣA1

„

Σϕ1

��
X1 ‘M1

´

Qpfq 0

0 µ1

¯

//

tp1, 0q

��

X2 ‘M2

´

α2 0
0 µ2

¯

//

tp1, 0q

��

X3 ‘M3 //

tpγ3α, γ
3
βq

��

¨ ¨ ¨ // Xn ‘Mn

´

αn 0
0 µn

¯

//

tpγnα , γ
n
β q

��

ΣX1 ‘ ΣM1

tp1, 0q

��
X1

Qpfq

// X2

Qpf2q

// C3 //// ¨ ¨ ¨ // Cn
Qpfnq

// ΣX1
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in CrS´1s, where tpγiα, γ
i
βq “ pϕiq´1χi for 3 ď i ď n, we obtain a morphism: X‚ ÝÑ C‚

of n-angles in CrS´1s:

X1 Qpfq // X2 α2
// X3

γ3α
��

// ¨ ¨ ¨ // Xn αn
//

γnα
��

ΣX1

X1 Qpfq // X2 Qpf2q // C3 // ¨ ¨ ¨ // Cn
Qpfnq // ΣX1

(4.3.3)

Since ϕ‚ is an isomorphism, dually we can obtain a morphism: C‚ ÝÑ X‚ of n-angles
in CrS´1s: For convenience, we set ψ‚ : “ pϕ‚q´1 and consider the morphism

ψ‚ “ tpψ‚
α, ψ

‚
βq : X‚ ‘M‚ ÝÑ A‚

as seen in the following commutative diagram:

X1 ‘M1 α
1‘µ1//

„ tpψ1
α, ψ

1
βq

��

X2 ‘M2 α
2‘µ2//

„ tpψ2
α, ψ

2
βq

��

X3 ‘M3 //

„ tpψ3
α, ψ

3
βq

��

¨ ¨ ¨ // Xn ‘Mn α
n‘µn//

„tpψn
α, ψ

n
β q

��

ΣX1 ‘ ΣM1

„tpΣψ1
α,Σψ

1
βq

��
A1

Qpa1q

// A2

Qpa2q

// A3 // ¨ ¨ ¨ // An
Qpanq

// ΣA1

Thus we obtain in CrS´1s a commutative diagram:

X1 Qpfq //

ψ1
α
��

X2 Qpf2q //

ψ2
α
��

C3 // ¨ ¨ ¨ // Cn
Qpfnq// ΣX1

Σψ1
α

��
A1 Qpa1q // A2 Qpa2q // A3 // ¨ ¨ ¨ // An

Qpanq// ΣA1

(4.3.4)

Since both rows are n-angles in C, as previously, we obtain a commutative diagram:

X1 f //

v1
��

X2 f2 //

v2
��

C3 //

v3
��

¨ ¨ ¨ // Cn
fn //

vn

��

ΣX1

Σv1
��

D1 d // D2 d2 // D3 // ¨ ¨ ¨ // Dn dn // ΣD1

A1 a1 //

t1

OO

A2 a2 //

t2

OO

A3 //

t3

OO

¨ ¨ ¨ // An
an //

tn

OO

ΣA1

Σt1

OO

in C where ψ1
α “ pt1{v1q and ψ2

α “ pt2{v2q. In this way, we have completed diagram
(4.3.4) to a morphism of n-angles χ : C‚ ÝÑ A‚ where χi “ pti{viq for 3 ď i ď n. Now,
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from the commutative diagram:

X1 Qpfq //

p1, 0q

��

X2 Qpf2q //

p1, 0q

��

C3

χ3

��

tpδ3α, δ
3
βq

��

// ¨ ¨ ¨ // Cn
Qpfnq //

tpδnα, δ
n
β q

��
χn

��

ΣX1

p1, 0q

��
X1 ‘M1

´

Qpfq 0

0 µ1

¯

//

„

ψ1

��

X2 ‘M2
´

α2 0
0 µ2

/̄/

„

ψ2

��

X3 ‘M3 //

„

ψ3

��

¨ ¨ ¨ // Xn ‘Mn
´

αn 0
0 µn

¯

//
„

ψn

��

ΣX1 ‘ ΣM1

„

Σψ1

��
A1

Qpa1q

// A2

Qpa2q

// A3 // ¨ ¨ ¨ // Cn
Qpanq

// ΣA1

in CrS´1s, where tpδiα, δ
i
βq “ χipψiq´1 for 3 ď i ď n, we obtain a morphism C‚ ÝÑ X‚

of n-angles in CrS´1s:

X1 Qpfq // X2 Qpf2q // C3

δ3α
��

// ¨ ¨ ¨ // Cn
Qpfqn //

δnα
��

ΣX1

X1 Qpfq // X2 α2
// X3 // ¨ ¨ ¨ // Xn αn

// ΣX1

(4.3.5)

■

Remark 4.3.2. For any n-angle:

X‚ : X1 α1
// X2 // ¨ ¨ ¨ // Xn αn

// ΣX1

in CrS´1s, where α1 “ ps{fq is a morphism:

X1

f   

X2

s
~~

Y

there exists in CrS´1s an isomorphism of n-angles:

X1 α1
// X2 α2

//

„

Qpsq

��

X3 // ¨ ¨ ¨ // Xn αn
// ΣX1

X1 Qpfq // Y
Qpsq´1α2

// X3 // ¨ ¨ ¨ // Xn an // ΣX1

In the sequel we will verify axioms (F3) and (F4) under the assumption that the mor-
phisms a1 and b1 of (F3) in Definition 1.2.5 are of the form Qpfq and Qpgq respectively.
Using the above isomorphism, one can easily then show that the required properties
hold for any n-angle.
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We proceed with the proof of axioms (F3) and (F4).

Proposition 4.3.3. Let pC,Σ,Nq be a pre-n-angulated category and S a bicalculable
class of morphisms in C compatible with the n-angulation. Then the category pCrS´1s,Σ,NSq

satisfies axiom pF3q of a pre-n-angulated category.

Proof. Let X‚, Y ‚ be n-angles and let

X1 α1
//

ω1

��

X2 α2
//

ω2

��

X3 // ¨ ¨ ¨ // Xn αn
// ΣX1

Σω1

��
Y 1 β1

// Y 2 β2
// Y 3 // ¨ ¨ ¨ // Y n βn

// ΣY 1

be a commutative diagram in CrS´1s. As mentioned in Remark 4.3.2, without loss of
generality we may assume that α1 “ Qpfq and β1 “ Qpgq where f, g are morphisms in
C. Applying Lemma 4.3.1 to X‚ and Y ‚, we obtain a commutative diagram:

X‚ :

γ‚

��

X1 Qpfq // X2 α2
// X3

γ3

��

// ¨ ¨ ¨ // Xn αn
//

γn

��

ΣX1

C‚ : X1

ω1

��

Qpfq // X2 Qpc2q //

ω2

��

C3 // ¨ ¨ ¨ // Cn
Qpcnq // ΣX1

Σω1

��
D‚ :

δ‚

��

Y 1 Qpgq // Y 2 Qpd2q // D3

δ3

��

// ¨ ¨ ¨ // Dn Qpdnq //

δn

��

ΣY 1

Y ‚ : Y 1 Qpgq // Y 2 β2
// Y 3 // ¨ ¨ ¨ // Y n βn

// ΣY 1

(4.3.6)

As in the proof of Lemma 4.3.1, since C‚ and D‚ are n-angles in C, there exists in C a
commutative diagram:

C‚

u‚

��

X1 f //

u1
��

X2 c2 //

u2
��

C3 //

u3
��

¨ ¨ ¨ // Cn
cn //

un

��

ΣX1

Σu1
��

B‚ B1 b // B2 b2 // B3 // ¨ ¨ ¨ // Bn bn // ΣB1

Σs1
��

D‚

s‚

OO

Y 1 g //

s1

OO

Y 2 d2 //

s2

OO

D3 //

s3

OO

¨ ¨ ¨ // Dn dn //

sn

OO

ΣY 1

such that: ω1 “ ps1{u1q, ω2 “ ps2{u2q and B‚ is an n-angle in C. By setting ωi “ psi{uiq
for 3 ď i ď n, we obtain a morphism of n-angles ω‚ : C‚ ÝÑ D‚ which completes
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diagram 4.3.6 in a morphism of complexes:

X‚

χ‚

��

X1 α1
//

ω1

��

X2 α2
//

ω2

��

X3 //

γ3ω3δ3

��

¨ ¨ ¨ // Xn αn
//

γnωnδn

��

ΣX1

Σω1

��
Y ‚ Y 1 β1

// Y 2 β2
// Y 3 // ¨ ¨ ¨ // Y n βn

// ΣY 1

(4.3.7)

in CrS´1s. ■

4.4 Main result

Combining the previous results we arrive at the following consequence.

Proposition 4.4.1. Let pC,Σ,Nq be a pre-n-angulated category and S a bicalculable
class of morphisms in C which is compatible with the n-angulation. Let CrS´1s be the
localization of C with respect to S and NS the induced class of n-angles in CrS´1s. Then
pCrS´1s,Σ,NSq is a pre-n-angulated category and the localization functor Q is n-exact.

Remark 4.4.2. Applying Lemma 1.2.10, n-angles in CrS´1s are closed under weak
isomorphisms, i.e., if X‚, Y ‚ are two weakly isomorphic n-Σ-sequences in CrS´1s, then
X‚ is an n-angle iff Y ‚ is also an n-angle.

Remark 4.4.3. Let pC,Σ,Nq be a triangulated category. Setting n “ 3 in Lemma
4.3.1, it follows that for every 3-angle in CrS´1s of the form pQpfq, α2, α3q, there exists
a commutative diagram:

X1 Qpfq // X2 α2
// X3

γ3

��

α3
// ΣX1

X1 Qpfq // X2 Qpf2q // C3

δ3

��

Qpf3q // ΣX1

X1 Qpfq // X2 α2
// X3 α3

// ΣX1

where

C‚ : X1 f // X2 f2 // C3 f3 // ΣX1

is a 3-angle in C. Applying Lemma 1.2.7, since CrS´1s is pre-3-angulated, every 3-angle
in CrS´1s is exact, thus it follows that γ3 and δ3 are isomorphisms in CrS´1s.

In other words, every 3-angle in CrS´1s of the form pQpfq, α2, α3q is isomorphic in
CrS´1s to the image of a 3-angle of C through the localization functor Q. Taking into
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account Remark 4.3.2, this holds for any 3-angle in CrS´1s. In this way, we obtain
Verdier’s classical definition of distinguished triangles in the localization of a triangu-
lated category in [44].

If pC,Σ,Nq also satisfies axiom (F4), i.e. pC,Σ,Nq is an n-angulated category, then
the following holds:

Proposition 4.4.4. Let pC,Σ,Nq be an n-angulated category and S a bicalculable class
of morphisms in C which is compatible with n-angulation. Let CrS´1s be the localization
of C with respect to S and NS the corresponding class of n-angles in CrS´1s. Then,
the category pCrS´1s,Σ,NSq is an n-angulated category and the localization functor Q
is n-exact.

Proof. We only need to show that in the proof of Proposition 4.3.3, the morphisms
χi : Xi ÝÑ Y i, where 3 ď i ď n:

X‚

χ‚

��

X1 α1
//

ω1

��

X2 α2
//

ω2

��

X3 //

χ3

��

¨ ¨ ¨ // Xn αn
//

χn

��

ΣX1

Σω1

��
Y ‚ Y 1 β1

// Y 2 β2
// Y 3 // ¨ ¨ ¨ // Y n βn

// ΣY 1

can be chosen such that the cone Cpχ‚q :

X2 ‘ Y 1

ˆ

´α2 ω2

0 β1

˙

// X3 ‘ Y 2

ˆ

´α3 χ3

0 β2

˙

// ¨ ¨ ¨ // ΣX1 ‘ Y n

ˆ

´Σα1 Σω1

0 βn

˙

// ΣX2 ‘ ΣY 1

is an n-angle. Hence, to proceed with the proof of the assertion, we may continue the
proof of Proposition 4.3.3, using the same notation.

Since C is n-angulated, the morphisms ui : Ci ÝÑ Bi, where 3 ď i ď n:

C‚

u‚

��

X1 Qpfq //

u1
��

X2 c2 //

u2
��

C3 //

u3
��

¨ ¨ ¨ // Cn
cn //

un

��

ΣX1

Σu1
��

B‚ B1 b // B2 b2 // B3 // ¨ ¨ ¨ // Bn bn // ΣB1

Σs1
��

D‚

s‚

OO

Y 1 g //

s1

OO

Y 2 d2 //

s2

OO

D3 //

s3

OO

¨ ¨ ¨ // Dn dn //

sn

OO

ΣY 1

can be chosen such that the cone Cpu‚q :

X2 ‘B1 d1u // C3 ‘B2 d2u // ¨ ¨ ¨ // ΣX1 ‘Bn dnu // ΣX2 ‘ ΣB1
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is an n-angle in C. As we have seen, from the above diagram we obtain a morphism of
n-angles: ω‚ : C‚ ÝÑ D‚ in CrS´1s with mapping cone Cpω‚q :

X2 ‘ Y 1 d1ω // C3 ‘ Y 2 d2ω // C4 ‘D3 // ¨ ¨ ¨ // ΣX1 ‘Dn dnω // ΣX2 ‘ ΣY 1

The morphism s‚ : B‚ ÝÑ D‚ induces an isomorphism in CrS´1s, thus the diagram:

X2 ‘ Y 1 B1
ω //

´

1 0
0 Qps1q

¯

��

C3 ‘ Y 2 B2
ω //

´

1 0
0 Qps2q

¯

��

C4 ‘D3 //
´

1 0
0 Qps3q

¯

��

¨ ¨ ¨ // ΣX1 ‘Dn Bn
ω //

´

1 0
0 Qpsnq

¯

��

ΣX2 ‘ ΣY 1

´

1 0
0 ΣQps1q

¯

��
X2 ‘B1

Qpd1uq

// C3 ‘B2

Qpd2uq

// C4 ‘B3 // ¨ ¨ ¨ // ΣX1 ‘Bn

Qpdnuq

// ΣX2 ‘ ΣB1

is an isomorphism of n-Σ-sequences in CrS´1s. Since Cpu‚q is an n-angle in C, it follows
that Cpω‚q is an n-angle in CrS´1s. Moreover, the diagram:

X2 ‘ Y 1

ˆ

´Qpc2q ω2

0 Qpgq

˙

// C3 ‘ Y 2

ˆ

´Qpc3q ω3

0 Qpd2q

˙

// C4 ‘D3 //
´

1 0
0 δ3

¯

��

¨ ¨ ¨ // ΣX1 ‘Dn

ˆ

´ΣQpfq Σω1

0 Qpdnq

˙

//
´

1 0
0 δn

¯

��

ΣX2 ‘ ΣY 1

X2 ‘ Y 1

ˆ

´Qpc2q ω2

0 Qpgq

˙

// C3 ‘ Y 2

ˆ

´Qpc3q ω3δ3

0 β2

˙

// C4 ‘ Y 3 // ¨ ¨ ¨ // ΣX1 ‘ Y n

ˆ

´ΣQpfq Σω1

0 βn

˙

// ΣX2 ‘ ΣY 1

is a weak isomorphism of n-Σ-sequences. Since Cpω‚q, the top row, is an n-angle, using
Lemma 1.2.10, it follows that the bottom row is an n-angle in CrS´1s. Similarly, the
diagram:

X2 ‘ Y 1

ˆ

´α2 ω2

0 Qpgq

˙

// X3 ‘ Y 2 //
´

γ3 0
0 1

¯

��

¨ ¨ ¨ // Xn ‘ Y n´1

ˆ

´αn χn

0 βn´1

˙

//
´

γn 0
0 1

¯

��

ΣX1 ‘ Y n

ˆ

´ΣQpfq Σω1

0 βn

˙

// ΣX2 ‘ ΣY 1

X2 ‘ Y 1

ˆ

´Qpc2q ω2

0 Qpgq

˙

// C3 ‘ Y 2 // ¨ ¨ ¨ // Cn ‘ Y n´1

ˆ

´Qpcnq ωnδn

0 βn´1

˙

// ΣX1 ‘ Y n

ˆ

´ΣQpfq Σω1

0 βn

˙

// ΣX2 ‘ ΣY 1

is a weak isomorphism of n-Σ-sequences and since by the above diagram, the bottom
row is an n-angle, the top row Cpχ‚q is also an n-angle in CrS´1s.

Finally, using Corollary 4.1.7 it follows that the localization functor Q : C ÝÑ CrS´1s

is n-exact. This completes the proof. ■

The main result of this section is the following theorem which describes the necessary
universal property satisfied by the localization of an n-angulated category.

Theorem 4.4.5. Let pC,Σ,Nq be an n-angulated category and S a bicalculable system
of morphisms in C which is compatible with n-angulation. Let CrS´1s be the localiza-
tion of C with respect to S and NS the induced class of n-angles in CrS´1s. Then,
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pCrS´1s,Σ,NSq is an n-angulated category and the localization functor Q is an n-exact
functor of n-angulated categories.

Moreover, Q satisfies the following universal property:

‚ for any n-angulated category pC1,Σ1,N1q and any n-exact functor F : C ÝÑ C1 such
that F psq is invertible for any s P S, there exists a unique n-exact functor F ˚ : CrS´1s ÝÑ

C1 such that the following diagram commutes:

C CrS´1s

C1

Q

F
D !F˚

Proof. We already know that pCrS´1s,Σ,NSq is an n-angulated category and Q is an
n-exact functor. The existence of F ˚ follows from the universal property of the local-
ization. Assuming now that F is n-exact, let

X‚ : X1 α1
// X2 α2

// X3 // ¨ ¨ ¨ // Xn αn
// ΣX1

be an n-angle in CrS´1s. As we have seen in Remark 4.3.2, we can assume (up to
isomorphism of n-angles) that the morphism α1 is of the form Qpfq, where f is a mor-
phism in C and then applying Lemma 4.3.1, there exists in CrS´1s a weak isomorphism
of n-angles:

X1 Qpfq // X2 α2
// X3

ω3

��

// ¨ ¨ ¨ // Xn αn
//

ωn

��

ΣX1

X1 Qpfq // X2 Qpf2q // C3 // ¨ ¨ ¨ // Cn
Qpfnq // ΣX1

where pf, f2, ¨ ¨ ¨ , fnq is an n-angle in C. It is well known from the classic case of
the localization of a triangulated category, see [44], that for any X P C the natural
isomorphisms: ϕX : F pΣXq

„
ÝÑ Σ1F pXq, also induce natural isomorphisms:

ϕX : F ˚pΣXq
„

ÝÑ Σ1F ˚pXq

(note that by the universal construction of F ˚, F pXq “ F ˚pQpXqq “ F ˚pXq for any
object X P C). Applying F ˚, and composing with these isomorphisms, we obtain a
weak isomorphism of n-Σ-sequences:

F ˚pX1q
F pfq // F ˚pX2q

F˚pα2q // F ˚pX3q

F˚pω3q

��

// ¨ ¨ ¨ // F ˚pXnq
F˚pαnqϕX1//

F˚pωnq

��

Σ1F ˚pX1q

F pX1q
F pfq // F pX2q

F pf2q // F pC3q // ¨ ¨ ¨ // F pCnq
F pfnqϕX1 // Σ1F pX1q
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in C1. Since F is n-exact, the bottom row is an n-angle in C1. Using Lemma 1.2.10, it
follows that the top row is also an n-angle in C1, thus F ˚ is n-exact and this completes
the proof. ■

Remark 4.4.6. In the universal property of Theorem 4.4.5, if the functor F ˚ is n-exact,
then F “ F ˚ ˝Q is also n-exact. Thus, F is n-exact iff F ˚ is n-exact.

Remark 4.4.7. As mentioned in Remark 3.2.18, recently, Jian He, Jing He, and Pan
Zhou in [29] study independently localizations of n-exangulated categories in the fol-
lowing setting: starting with an n-exangulated category pC,E, sq and an additive full
subcategory NF Ď C which is associated to a system of morphisms F , let F̄ be a set of
morphisms in the ideal quotient C̄ “ C{rNF s obtained from F . Assuming that F̄ sat-
isfies some set of conditions, namely conditions (MR1)-(MR3) in [29, §3], and that the
localization C̃ satisfies an additional condition, namely condition (C4) of [29, Definition
2.8], it is shown that C̃ is an n-exangulated category if and only if any n-exangle in C

induces a weak kernel-cokernel sequence in C̃, see [29, Theorem 3.4].

However, there are significant differences between our approach and the approach of
the paper [29] concerning the setting, the imposed conditions, and the methods used.
In particular, we have not imposed a priori any conditions on the localization category
CrS´1s and we do not use any part of the theory of n-exangulated categories and the
external structure that they provide. Our approach is different being as close as possible
to the classic case of localizations of triangulated categories.

In this connection, similarly to the classic case, it is necessary to impose a condition
on the class of morphisms S in order to ensure a compatibility with n-angulation. In
the classic case of a triangulated category C, Verdier in [44, 2.1.2] defines the notion of
a bicalculable system of morphisms that is compatible with triangulation and satisfies
condition [44, (SM6)], see Definition 1.3.12.

A direct approach in defining a higher analogue of this condition is condition (CT2’)
mentioned in Remark 4.1.3, which also appears in [29, (MR3)]. In this setting, let
pC,N,Σq be an n-angulated category and S a bicalculable system of morphisms in C.
As stated in Remark 4.1.3, for any diagram of the form:

X1 a1 //

s1
��

X2 a2 //

s2
��

X3

u3
��

// ¨ ¨ ¨ // Xn an //

un

��

ΣX1

Σs1
��

Y 1 b1 // Y 2 b2 // Y 3 // ¨ ¨ ¨ // Y n bn // ΣY 1

whose rows are n-angles in C, applying axiom (F3) of Definition 1.2.5, there exist mor-
phisms u3, ¨ ¨ ¨ , un in C that complete the above diagram to a morphism of n-angles.
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However, for n ą 3, it does not necessarily hold that if s1, s2 are isomorphisms, then
u3, ¨ ¨ ¨ , un are also isomorphisms in C. This property is true only for n “ 3.

For this reason, we defined a higher analogue of axiom (SM6) by introducing condition
(CT2) in Definition 4.1.1. Since every morphism in an n-angulated category can be
embedded in an n-angle, it is clear that if S satisfies condition (CT2’) then S also
satisfies condition (CT2). On the other hand, if S satisfies (CT2), for every diagram
of the above form the morphisms u3, ¨ ¨ ¨ , un are not necessarily isomorphisms, thus S
does not have to satisfy (CT2’). We conclude that a bicalculable system S may satisfy
condition (CT2) while not necessarily satisfying (CT2’). This makes condition (CT2)
slightly more general than [29, (MR3)] in our setting, since it can be applied in a wider
range of bicalculable systems when studying localizations of n-angulated categories.

We also note that if we replace condition (CT2) with condition (CT2’) the results of
this section can be proved without significant difference.

An additional difference between our approach and that of [29] is that in our case
we define the elements of the class NS as direct summands of induced elements of N
in CrS´1s, through the localization functor Q. This is necessary in order to ensure the
closure of n-angles under direct summands, a problem which does not appear in the
context of an n-exangulated category.

As a final comment, we notice that, even though any n-angulated category is an
n-exangulated category, our result cannot be recovered from [29], and vice versa.
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Περίληψη

Στόχος της διατριβής είναι η ανάπτυξη μίας θεωρίας τοπικοποίησης στην ανώτερη ομο-

λογική άλγεβρα των n-αβελιανών και n-τριγωνισμένων κατηγοριών. Ανάλογα με τις κλα-
σικές περιπτώσεις μίας αβελιανής ή μίας τριγωνισμένης κατηγορίας, ξεκινούμε με μία κλάση

μορφισμών S η οποία ικανοποιεί τις φυσικές συνθήκες ενός υπολογίσιμου (bicalculable)
συστήματος μορφισμών. Στο ανώτερο ομολογικό πλαίσιο μίας n-αβελιανής κατηγορίας M
ή μίας n-τριγωνισμένης κατηγορίας C, κατασκευάζουμε με καθολικό τρόπο μία τοπικοποι-
ημένη n-αβελιανή κατηγορία MrS´1s ή μία n-τριγωνισμένη κατηγορία CrS´1s, αντίστοιχα

όπου οι μορφισμοί στο S έχουν αντιστραφεί. ΄Ετσι λύνεται ικανοποιητικά το πρόβλημα της
τοπικοποίησης μίας n-αβελιανής ή μίας n-τριγωνισμένης κατηγορίας.

Η διατριβή χωρίζεται σε τέσσερα κεφάλαια.

Το Κεφαλαίο 1 αποτελεί μία σύντομη εισαγωγή στην Ανώτερη Ομολογική ΄Αλγεβρα και

στη γενική Θεωρία Τοπικοποίησης κατηγοριών με τη μορφή λογισμού κλασμάτων, ενώ ταυ-

τόχρονα στοχεύει στην εδραίωση συμβολισμού. Το κεφάλαιο χωρίζεται σε τρεις ενότητες,

με τις δύο πρώτες να περιέχουν ορισμούς, βασικές έννοιες και αποτελέσματα που αφορούν

τις n-αβελιανές και n-τριγωνισμένες κατηγορίες αντίστοιχα. Στην τρίτη ενότητα συμπε-
ριλαμβάνουμε μία σύντομη σύνοψη της Θεωρίας Τοπικοποίησης σε μία γενική κατηγορία,

κατασκευάζουμε την κατηγορία κλασμάτων και αναφέρουμε ορισμένα αποτελέσματα που

θα είναι απαραίτητα στη συνέχεια της διατριβής.

Ο κύριος στόχος του Κεφαλαίου 2 είναι η ανάπτυξη των εργαλείων που θα χρησιμο-

ποιηθούν στην απόδειξη του κεντρικού αποτελέσματος που αφορά την τοπικοποίηση n-
αβελιανών κατηγοριών. Λόγω της ιδιαίτερης φύσης του αξιώματος ταυτοδύναμης πλήρωσης

μίας n-αβελιανής κατηγορίας σε σχέση με την τοπικοποίηση, η κατασκευή της τοπικοποι-
ημένης κατηγορίας θα ολοκληρωθεί σε δύο στάδια. ΄Ετσι, ορίζουμε μία ημι-n-αβελιανή
(pre-n-abelian) κατηγορία ως μία προσθετική κατηγορία η οποία ικανοποιεί όλα τα αξι-
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ώματα μίας n-αβελιανής κατηγορίας πλην ενδεχομένως του αξιώματος της ταυτοδύναμης
πλήρωσης. Τότε, χρησιμοποιώντας ένα αποτέλεσμα του Jasso, βλ. [28], αποδεικνύουμε μία
ικανή και αναγκαία συνθήκη έτσι ώστε μία κατηγορία να είναι ημι-n-αβελιανή, με βάση τις
ιδιότητες ακριβείας ενός διαγράμματος το οποίο καλούμε n-διάγραμμα και περιέχει όλες τις
επιθυμητές πληροφορίες.

Στο Κεφάλαιο 3, αποδεικνύουμε το πρώτο κύριο αποτέλεσμα της διατριβής, κατασκευ-

άζοντας σε δύο βήματα την τοπικοποίηση μίας n-αβελιανής κατηγορίας ως προς ένα υπο-
λογίσιμο σύστημα μορφισμών. Στο πρώτο βήμα, χρησιμοποιώντας το n-διάγραμμα, δε-
ίχνουμε ότι η τοπικοποίηση μίας ημι-n-αβελιανής κατηγορίας ως προς ένα υπολογίσιμο
σύστημα μορφισμών είναι επίσης μία ημι-n-αβελιανή κατηγορία και ο συναρτητής τοπικο-
ποίησης είναι n-ακριβής. Στο δεύτερο βήμα, αποδεικνύουμε ότι η ταυτοδύναμη πλήρωση
μίας ημι-n-αβελιανής κατηγορίας είναι μία n-αβελιανή κατηγορία. Τέλος, συνδυάζοντας τα
παραπάνω, για μία τυχαία n-αβελιανή κατηγορία M και ένα υπολογίσιμο σύστημα μορφι-
σμών S στηνM θεωρούμε αρχικά την ημι-n-αβελιανή κατηγορίαMrS´1s και στη συνέχεια

την ταυτοδύναμη πλήρωση αυτής, ČMrS´1s η οποία είναι n-αβελιανή. Τότε, ο συναρτητής

ο οποίος προκύπτει από την σύνθεση των συναρτητών: M ÝÑ MrS´1s ÝÑ ČMrS´1s,

όπου ο δεύτερος συναρτητής συμβολίζει την ταυτοδύναμη πλήρωση, είναι καθολικός ως

προς όλους τους S-αντιστρεπτικούς n-ακριβείς συναρτητές από την M σε μία n-αβελιανή
κατηγορία.

Στο Κεφάλαιο 4, παρουσιάζουμε ένα ανάλογο αποτέλεσμα για n-τριγωνισμένες κατηγο-
ρίες όπου n ě 3. Σε αυτό το πλαίσιο θα χρειαστούμε ένα υπολογίσιμο σύστημα μορφι-
σμών S το οποίο, όπως στην κλασσική περίπτωση n “ 3 των τριγωνισμένων κατηγοριών,
ικανοποιεί μία συνθήκη συμβατότητας ως προς τον n-τριγωνισμό. Ορίζουμε μία κλάση
n-τριγώνων NS στη CrS´1s όπως ακολούθως: Μία n-Σ-ακολουθία X‚

στη CrS´1s α-

νήκει στην NS , αν υπάρχει μία n-Σ-ακολουθίαM
‚
και ένας ισομορφισμός n-Σ-ακολουθιών

ϕ‚ : A‚ „
ÝÑ X‚ ‘ M‚

, όπου A‚
είναι n-τρίγωνο στη C. Στη συνέχεια, αποδεικνύουμε

το δεύτερο κύριο αποτέλεσμα της διατριβής, κατασκευάζοντας την τοπικοποίηση μίας n-
τριγωνισμένης κατηγορίας C η οποία είναι επίσης μία n-τριγωνισμένη κατηγορία που πληροί
την ανάλογη καθολική ιδιότητα.
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n-cokernel, 12
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calculus of fractions, 29
category
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weak, 11
compatible with

the n-angulation, 79
the triangulation, 32

complex, 9

finite
contravariantly, 19

covariantly, 19
functorially, 19

functor
n-exact, 22, 26
left n-exact, 22
localization, 28, 31
right n-exact, 22
suspension, 23

generating, 19

homotopy, 10
equivalence, 10

idempotent, 18
idempotent completion, 63
isomorphism

weak, 23

kernel, 12
weak, 11

left fraction, 29
localization, 27

mapping cone, 23
morphism of n-Σ-sequences, 23

pre-n-angulation, 24
pullback diagram, 14

weak, 14
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weak, 14

sequence
n-exact, 13
left n-exact, 12
right n-exact, 12

zigzag, 23
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