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Ioannina, Greece. June, 2007. -sigmoid Mixture Models.  Thesis Supervisor:
Aristidis Likas.

The term pattern recognition encompasses a wide range of information processing

problems of great practical significance, from speech recognition an the classification

of handwritten characters, to fault detection in machinery and medical diagnosis.

Often these are problems which many humans solve in a seemingly effortless fashion.

However, their solution using computers has, in many cases, proved to be immensely

difficult. In order to have the best opportunity of developing effective solutions, it is

important to adopt a principled approach based on sound theoritical concepts.

The most general, and the most natural, framework in which to formulate solutions to

pattern recognition problems is a statistical one, which recognizes the probabilistic

nature both of the information we seek to process, and of the form in which we should

express the results. Statistical pattern recognition is a well established field with a

long history.

In statistical pattern recognition we assume that the data has been generated as a result

of a statistical process and we seek the statistical model that best fits the data, where

the statistical model is described in terms of a distribution and a set of parameters for

that distribution. At a high level, this process involves deciding on a statistical model

for the data and estimating the parameters of that model from the data. This thesis

deals with a particular type of statistical model, mixture models, which model the data

by using a convex combination of statistcal distributions. Each distribution

corresponds to a cluster and the parameters of each distribution provide a description

of the corresponding cluster.



xiv

In this thesis we propose a new probability density function, the -sigmoid. It took its

name from its ability to form the shape of the greek letter “ ”. More specifically, we

demonstrate the properties and the different shapes that can take for particular values

of its parameters. We then describe -sigmoid mixture models ( sMM) and we

consider how parameters can be estimated for this statistical model. We first show

how a procedure known as maximum likelihood estimation (MLE) can be used to

estimate parameters for the simple case of a single -sigmoid and then present how

can we extend this approach for estimating the parameters of a sMM. This can be

achieved via the Generalized Expectation Maximization (GEM) algorithm, which

makes an initial guess for the parameters, and then iteratively improves these

estimates. Moreover, we provide techniques to adjust orientation of the distribution as

well as the way to deal with noisy datasets.

We assess the performance of the method using both real and synthetic datasets. We

also test its effectiveness in classification problems and image segmentation.
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1.2.
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. 

, , , 

  

. 

 p(x)  p(x; ).

1.2.1.

 p(x; ) 

 (Gaussian) , 

. 

:

2
2

2 1/ 2 2

1 ( )( ; , ) exp
(2 ) 2

xN x
 − µ

µ σ = − πσ σ 
(1.1)

2 ,  (

) . 

   (1.1) 

2( ; , ) 1N x dx
∞

−∞
µ σ =∫ . 

, 

:

[ ] ( )x xp x dx
∞

−∞

µ = Ε = ∫ (1.2)

2 2 2[( ) ] ( ) ( )x x p x dx
∞

−∞

σ = Ε − µ = − µ∫ (1.3)

[.] .
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 1.1 
.

,  D 

:

1
1/ 2/ 2

1 1( | , ) exp ( ) ( )
2(2 )

T
D

N x x x− µ Σ = − − µ Σ − µ 
 π Σ

(1.4)

,  D-

D D×  | | 

.   , 

, ( ; , ) 1N x dx
∞

−∞
µ Σ =∫ .

,  X~N(x; , ), 

.  N(x; , )

:
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[ ]xµ = Ε (1.5)

[( )( ) ]x x ΤΣ = Ε − µ − µ (1.6)

 (1.6) 

. 

 D(D+1)/2 

:
2
1 12 1

12 2

2
1 2

D

D

D D D

 σ σ σ
 σ σ Σ =
 
 
σ σ σ  

L

O

M O M

L

d
2, d=1,…,D  d- ij, i j≠

 i-  j-  x.

 D ,  D(D+3)/2

.

.  x, 

  :

2 -1( - ) ( - )x xΤ∆ = µ Σ µ (1.7)

 (1.4). 

 mahalanobis  x .

2

 x 

. 

 (1.4) 

 x , 

 D .
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 xi ={x1,…,xN} , 

ij i j=cov(x ,x ) = 0, i,j , i j∀ ≠ . 

=diag( 1
2, …, D

2). 

  :

2 2
1 1

/ 2 2 2
1 1

( ) ( )1( ; , ) exp
(2 ) 2 2

D D
D

D D

x xN x
 − µ − µ

µ Σ = − − − π σ σ σ σ 
L

L

(1.8)

2

1/ 2 2
1

( )1( ; , ) exp
(2 ) 2

D
d d

d d d

xN x
=

 − µ
µ Σ = − π σ σ 

∏ (1.9)

 2D , 

 N(x; , ) ,  D

.

2
D

, 

, 

=diag( 2,…, 2)= 2
D,  ID D D× . 

,  D

  2. 

,  D+1, 

:

2
2

/ 2 2

1( ; , ) exp
(2 ) 2D

x
N x

 − µ µ σ = − πσ σ  
(1.10)

 ||x- ||  x . 

, 
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.

1.2.2.

 [4]. 

 x ,

M

. 

:

1

( ; ) ( ; )
M

j j
j

p x f x
=

Θ = π θ∑ (1.11)

( ; )jf x θ  j-

j . j

:

0 1,j j≤ π ≤ ∀ (1.12)

1
1

M

j
j=

π =∑ (1.13)

. j

  j- . 

={( j j), j=1,…,M}. ( ; )jf x θ

 j-  x. 

 (1.11) 

 j– j

( ; )jf x θ . 
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, 

.

.

. ,
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. , 

 ( . , ). 

 x 

 j- , 

 Bayes :

1

( ; )
( | , )

( ; )
j j

M
k kk

f x
p j x

f x
=

π θ
Θ =

π θ∑
(1.14)

:

1

( | , ) 1
M

j
p j x

=

Θ =∑ (1.15)

1.3.   

1.3.1.

.
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. 

” (Maximum Likelihood). 

, 

  .

 p(x; )

, 

. , 

={ , }. , 

 X={x1,…,xN}  D- , 

 p(x; ),  p(X;

) :

1

( ; ) ( ; ) ( | )
N

i
i

p X p x L X
=

Θ = Θ = Θ∏ (1.16)

 L( |X)  “ ” 

. 

’   Θ  L( | X)

:

arg max ( | )L X
Θ

Θ = Θ (1.17)

  Θ

 p(x; ), 

”, , . 

, , 

 (1.16). 

, Θ
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, 

. :

11

( | ) log ( ; ) log ( ; )
N

i i
ii

LL X p x p x
Ν

==

Θ = Θ = Θ∑∏ (1.18)

 LL( | ) 

Θ , 

. 

:

1

log ( ; )( | )( | ) 0
N

i

i

p xLLLLΘ
=

∂ Θ∂ Θ Χ
∇ Θ Χ = = =

∂Θ ∂Θ∑ (1.19)

Θ∇ . 

 (1.19)  k , 

 k 

. 

, 

.

 (1.18)  p(x; ), 

:

1

1

1 1( | ) log(2 ) log ( ) ( )
2 2 2

N

i i
i

DLL X x xΤ −

=

 Θ = − π − Σ − − µ Σ − µ  
∑ (1.20)

 (1.20) 

, :
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1

1

( | ) ( ) 0
N

i
i

LL X x−

=

∂ Θ
= Σ − µ =

∂µ ∑ (1.21)

1 2

1

( | ) 1 1 ( )( ) 0
2 2

N

i i
i

LL X x x− − Τ

=

∂ Θ  = − Σ + Σ − µ − µ = ∂Σ  
∑ (1.22)

:

1

1 N

i
i

x
N =

µ = ∑ (1.23)

1

1 ( )( )
N

i i
i

x x
N

Τ

=

Σ = − µ − µ∑ (1.24)

µ , , 

.

  (1.11)  K , 

,  j- .

={( j,  j), j=1,…,M} ,  j=1,…,M 

 j- , 

 (1.14). , 

 . 

  

, 

1 1 1
( | ) log ( ; ) log ( ; )

N N M

i j i j
i i j

LL p x p x
= = =

Θ Χ = Θ = π θ∑ ∑ ∑ (1.25)
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={( j,  j), j=1,…,M}. 

, 

.  LL( | ), 

, ,

. , 

.

, 

 (

), .

,  {xi, i=1,…,N} 

, 

. , 

.  zi={ j,  xi

 j} , 

 M 

.  Z={zi,

i=1,…,N} ,

 EM (expectation

Maximization) .

1.4.

1.4.1.

 EM (Expectation Maximization) 

, 

 (

). ,  EM 

. 
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, 

. , 

, 

. ’ , 

, .

 EM . 
(0) , .

  . 

(expectation step) 

. , 

,

.  (Maximization step)  

={( j, j), j=1,…,M} 

, 

 E- , . 

, 

.

  X={x1,…,xN}, D
ix ∈ ¡

. 

 Y=(X, Z)  Z={z1,…,zN}, {1,..., }iz M∈

 ( .  zi=j,  xi  j- ). 

 Z  

,  xi  zi. 

 p( ,Z| ) 

. , 

:

LLc( | Y) = LLc( | , Z) =log[ p(X,Z; )] (1.26)
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 Y (  Z) 

 LLc   , 

,  q(Z) 

 zi, i=1,…,M. , , 

p(Z|X, (t)), (t) . 

[ ]( )
| ,G( ,q(Z); )= ( | , ) ( | , ) ( | , )t

Z X
Z

LLc X Z p Z X LLc X ZΘΕ Θ = Θ Θ∑ (1.27)

( , ; )( | , )
( )

pp Z X
p X
Χ Ζ Θ

Θ =

.

 p(X,Z; ) 

 Z:

( | ) log ( ; ) log ( , ; )
Z

LL X p X p X ZΘ = Θ = Θ∑ (1.28)

, 

 (1.25)  

 Z .

 EM,  G( ,q(Z))

 LL( |X), ( , ( )) ( | )G q Z LL XΘ ≤ Θ .

 Z.  G, 

 LL( |X), , 

. 

:
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(1.28) ( , ; )( | ) log ( ; ) log ( , ; ) log ( )
( )Z Z

p X ZLL X p X p X Z q Z
q Z

Θ
Θ = Θ = Θ =∑ ∑ (1.29)

 q(Z)  Z, 

. 

 Jensen 

 G.  (1.29) :

[ ]

( ' )

( , ; )( | ) log ( )
( )

( , ; )( ) log
( )

( ) log ( , ; ) ( ) log ( )

( , ( ))

Z

Z

Z

Jensen s inequality

p X ZLL X q Z
q Z

p X Zq Z
q Z

q Z p X Z q Z q Z

G q Z

Θ
Θ =

Θ
≥

= Θ −

= Θ

∑

∑

∑
(1.30)

 (1.30)    q, , 

, , 

) . ,

 q(Z), 

 G( ,q(Z))  LL(  |X) 
(t)  (  1.2), :

G( (t),q(Z)) = LL( (t) |X) (1.31)

,  G( ,q(Z))

,  LL(  |X). 

  

G( ,q(Z))  q(Z). 

 G( ,q(Z)) :
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[ ]

( , ; )( , ( )) ( ) log
( )

( , ; )log
( )

( | , ) ( ; )log
( )

( | , )log log ( ; )
( )

( | , ) log ( ; )log
( )

( )log log ( ; )
( | , )

( ) ||

Z

Z

Z

Z

ZZ

Z

p X ZG q Z q Z
q Z

p X ZE
q Z

p Z X p XE
q Z

p Z XE p X
q Z

p Z X E p XE
q Z

q ZE p X
p Z X

D q Z p

Θ
Θ =

 Θ
=  

 
 Θ Θ

=  
 
 Θ

= + Θ 
 

 Θ= + Θ 
 

 
= − + Θ Θ 
= −

∑

[ ]( | , ) ( | )Z X LL XΘ + Θ (1.32)

 q(Z) , 

[ ]( ) || ( | , )D q Z p Z X Θ  Kullback-Leibler 

 q(Z)  p(Z| , ). 

’ 

.  G( ,q(Z))

 q(Z) [ ]( ) || ( | , )D q Z p Z X Θ  = 0, 

q(Z) = p(Z| , ).  (1.32) 

,  G( ,q(Z))  (

) 

.

 q 

, 

. , 

 M- , 

,  q . 

. 

(1.30) 

  G( ,q(Z)) :
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[ ]| ,

( ) log ( , ; )

( | , ) log ( , ; )

log ( , ; )

Z

Z

Z X

q Z p X Z

p Z X p X Z

p X ZΘ

Θ

= Θ Θ

= Ε Θ

∑

∑
(1.33)

(t),  (t+1)  q(t),  q(t+1)

 q ,  EM

:

:
( 1) ( ) ( )( ) arg max ( , ( )) ( | , )t t t

q
q Z G q Z p Z X+ = Θ = Θ (1.34)

:

( )
( 1) ( 1)

| ,
arg max ( , ( )) arg max [log ( , ; )]t

t t
Z X

G q Z E p X Z+ +
Θ

Θ
Θ = Θ = Θ (1.35)

 1.2.

1.4.2.

. , 

 McLachlan

 Krishnan  [5]. , (t+1) (t)

. (t+1)

 G,
( 1) ( )( , ( )) ( , ( ))t tG q Z G q Z+Θ ≥ Θ  G 

 LL   ( 1) ( 1)( | ) ( , ( ))t tLL X G q Z+ +Θ ≥ Θ

( ) ( )( , ( )) ( | )t tG q Z LL XΘ = Θ . :

( 1) ( 1) ( ) ( )( | ) ( , ( )) ( , ( )) ( | )t t t tLL X G q Z G q Z LL X+ +Θ ≥ Θ ≥ Θ = Θ (1.35)
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( 1) ( )( | ) ( | )t tLL X LL X+Θ ≥ Θ .

, 

, .

1.4.3.  GEM (Generalized EM)

 EM,  M-
(t+1)

G( |q(t+1)(Z)) .  G 

, 

 G , . 

, 

.  GEM

(Generalized Expectation Maximization). O GEM 

 G 

. 

 (gradient ascent) 

, 

. 

 EM  ’ 

. ,

 1.3.
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 1.2 .  G( ,q(Z)) 
 LL( ). 

(t). (t+1)  G.

 1.3  GEM .
 G, 

.
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1.4.4.   

 EM ,

. 

.

(1.11).

1

( ; ) ( ; )
M

j j
j

p x f x
=

Θ = π θ∑

( ; )jf x θ

 j-

j  prior . j j

 j, .

 (1.34) 

p(Z|X, (t)),   ,

. 

 xi  , 

:

1

( | ) ( ; , )
( | )

( ) ( ; , )
j i i j i j j

i i M
i k i k kk

N x z j N x
p z j x

p x N x
=

π = π µ Σ
= = =

π µ Σ∑
(1.36)

 xi

.
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 (1.35), 

( )| ,
[log ( , | )]tZ X

E p X Z
Θ

Θ

={ j, j,  j)}, j=1,…, . 

:

( | , )
1 1

1

1

[log ( , ; )] ( | ) log[ ( ; )]

( | ) log ( ; )

( | ) log

N M

p Y X Y i i j i j
i j

N

i i i j
i
N

i i j
i

E p X Y p z j x p x

p z j x p x

p z j x

= =

=

=

Θ = = π θ

= = θ

+ = π

∑∑

∑

∑ (1.37)

( | )i ip z j x= , 

 (1.37) . 

 j-

 prior . 

 j-

, 

prior . 

.

1

1 ( | )
N

new
j i i

i
p z j x

N =

π = =∑ (1.38)

1

1

( | )

( | )

N
i i inew i

j N
i ii

x p z j x

p z j x
=

=

=
µ =

=
∑
∑

(1.39)

1

1

( | )( )( )

( | )

N
new new

i i i j i j
new i
j N

i i
i

p z j x x x

p z j x

Τ

=

=

= − µ − µ
Σ =

=

∑

∑
(1.40)

 j=1,…,M  

. 

(1.39)-(1.40) 
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. 

 xi,  posterior  p(zi=j|xi) 

.

 EM 

. 

, . 

, 

  

.

  EM 

. 

: 0jπ ≥
1

1K
jj=

π =∑
   (1.40) 

.

, 

  . 

, 

 ( . Quasi-Newton).

1.4.5.  Greedy EM

. 

, 

, ,  Greedy EM [2]. 
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, 

, 

. , 

( ; )xφ θ ( )kf x ,

:

1( ) (1 ) ( ) ( ; )k kf x a f x a x+ = − + φ θ (1.41)

(0,1)a ∈ . , 

( )kf x , 

( ; )xφ θ , 

1 1
1 1

log ( ) log[(1 ) ( ) ( ; )]
N N

k k i k
i i

L f x a f x a x+ +
= =

= = − + φ θ∑ ∑ (1.42)

.

, 

 [2] 

. 

. 

.

, 

: 

.  = ] , =cov(X). H

.   

  

1/( 4)
4

( 2)

D

D

+
 

σ = β  + Ν 
(1.43)
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. =[kij]:

2

2 2
2(2 ) exp( )

2

D
i j

ij

x x
k

− −
= πσ −

σ
(1.44)

,i jx x X∈

:

( )
6

( 1) 1 10
t

k
t

k

L
L

−
− − < (1.45)

ix X∈

  

2

1
1 2

1
1

( ; , )( ) ( ; , ) 1log
2 2 ( ; , )

N
N iik i i

k N
i ii

xf x xL
x

=
+

=
=

 δ µ Σ+ φ µ Σ  = +
δ µ Σ

∑
∑

∑
(1.46)

( ) ( ; )( ; )
( ) ( ; )

k

k

f x xx
f x x

− φ θ
δ θ =

+ φ θ
(1.47)

2 2  (1.43). 

,   

. 

, ( ; , )i jx xφ µ = Σ

 kij  1. µ

,  xi : 1( )k iL x+ , 
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1arg max ( )
i

k i
x X

L x+
∈

µ = (1.48)

 partial 

 3, 2 . 

a :

1
2

1

( ; , )1 1
2 2 ( ; , )

N
ii

N
ii

x
a

x
=

=

δ µ Σ
= −

δ µ Σ
∑
∑

(1.49)

 (0,1), 

 partial EM : a =0.5  k=1, 

a =2/(k+1)   k>1.

 partial EM , 

a , µ Σ 2 :

E-step

( ; , )( 1 | )
(1 ) ( ) ( ; , )

i
i

k i i

a xp k x
a f x a x

φ µ Σ
+ =

− + φ µ Σ
(1.50)

M-step

1

1 ( 1| )
N

i
i

a p k x
N =

= +∑ (1.51)

1

1

( 1 | )

( 1 | )

N
i ii

N
ii

p k x x

p k x
=

=

+
µ =

+
∑
∑ (1.52)

1

1

( 1 | )( )( )

( 1 | )

N
i i ii

N
ii

p k x x x

p k x

Τ
=

=

+ − µ − µ
Σ =

+
∑

∑ (1.53)

 (

 2).
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1k kL L+ <  , ( 1kL +

, kL )

. , , 

 kmax. ,

2.

, 

 partial EM 

1k kL L+ > ,  greedy EM 

.
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 2. -SIGMOID

2.1

2.2 -sigmoid

2.3 H -sigmoid 

2.1.

-sigmoid. , 

  . 

, 

 “ ” , 

.

’ , 

. , 

.

, 

’ 

,  data-mining ([8] [6]). , 

,

  , 

. 

, 
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 “ ”  marketing, 

, .. 

 (Gaussian Mixture

model, GMM), . 

,  

, , 

.

, 

. 

, 

, . 

, 

. , 

, 

, 

.

-sigmoid 

. , 

, , , 

. , 

. , 

, , , 

, .

2.1.1.

, 

-sigmoid, 

, 

. 

-sigmoid
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.

, 

 “S”. 

:

1( )
1 xf x

e −=
+

(2.1)

 (2.1) 

.  x 

,  x   .

.

:

 2.1 .

 (2.1) . 

. , 

, 

. :



29

( )

1( )
1 x af x

e λ− −=
+

(2.2)

. =1 =0  (2.1). 

, 

, 

 x  ( . x << a  x >> a) 

. , =0  f(x) = 1/2.  

.

 2.2 =0 
=5.



30

 2.3   a=0 
=100. 

.

 2.4   a=2 
=10.
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, 

:

1 1 1 1 1( )
1 1 1 1 1
1 ( )

x x x

x x x x x

e e ex
e e e e e

x

σ

σ

− − −

− − − −

− + +
− = = = = −

+ + + + +
= − (2.3)

1( ) ln
1

xx
x

σ −  =  − 
(2.4)

2

(2.3)

1
(1 ) 1 1

1( ) ( ) ( ) ( )
1 1

( )(1 ( ))

x x

x x x

x

x x

d e e
dx e e e

ex x x x
e e

x x

− −

− − −

−

−

= =
+ + +

= = = −
+ +

= −

σ

σ σ σ σ

σ σ (2.5)

 (2.5) , 

, 

. , 

  

 (2.2).  z = (x-a),

:

(2.5)
( )(1 ( ))d d dz x x

dx dz dx
= = −

σ σ
σ σ λ (2.6)
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2.2. -sigmoid

, 

-sigmoid.

: -sigmoid 

 a , b  b > a. 

:

( ) ( )

1 1 1( ) , 0
1 1x a x bf x

b a e eλ λ λ− − − −
   = − >   − + +   

              (2.7)

 a, b ,

. 

-sigmoid  a 

b, :  ~ s (a, b, )

 1/(b-a) , 

, :

( ) 1f x dx
∞

−∞

=∫ (2.8)

.

 « » ,

, 

. :

1
( ( )) ( ( )) ( ( )) ( ( ))

1 1 1 1
1 1 1 1x a x b x a x bdx dx dx

e e e e

∞ ∞ ∞
−

− − − − − − − −
−∞ −∞ −∞

Κ = − = −
+ + + +∫ ∫ ∫σ λ λ λ λ (2.9)



33

 (2.9) 

:

( )( ( ))

( ) ( )

( ) ( )

( ) ( )

1 1 1
1 11 1

1
1 1

x ax a

x a x a

x a x a

x a x a

d x dx dx
ee

e e
e edx d x

e e

∞ ∞ ∞

−− −
− ∞ − ∞ − ∞

− −

∞ ∞− −

− −
− ∞ − ∞

= =
++ +

= =
+ +

∫ ∫ ∫

∫ ∫

λλ

λ λ

λ λ

λ λ

λ
λ (2.10)

.  t = )(1 axe −+ λ   dt = )( axe −λλ :

( )

( )

( ) ( )

( ) ( )

( )

1 1 1 1ln ( ) ln (1 )

1 1 1 1ln (1 ) ln ( )

1 ln (1 ) ln ( )

1 ln (1 )

x

x

x x

x x

x

d t t e
t

e
e e

e e

e x

∞
−

− ∞

− −

− − − −

− − − −

− −

∞ ∞
= = +

− ∞ − ∞

∞ ∞ +
= + =

− ∞ − ∞

∞
= + −

− ∞

∞
= + + −

− ∞

∫ λ α

λ α

λ α λ α

λ α λ α

λ α

λ λ λ

λ λ

λ

α
λ

(2.11)

 (2.9)  (2.11) :

-1 - (x - ) - (x - )

(x -b ) - (x - )

x - x -

1 1K = ln (1 + e ) + x - - ln (1 + e ) + x - b
- -

1 1= lim ln(1 + e ) - lim ln(1 + e )

= b - a
→ ∞ → ∞

∞ ∞   
   ∞ ∞   

(2.12)

=1/(b-a). 

. 

, .
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-sigmoid 

.

 2.5   -4  4
 1.5 . 

>>1 .

 2.6 -sigmoid  a=-4, b=4 =1. 

 5.
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 2.7  -sigmoid  a=-4, b=4 =5.
 , .

 2.8  -sigmoid  a=-4, b=4 =50.
, 

.
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 2.9  -sigmoid  a=-4, b=4 =0.1.

 [-10 10]  [-70  70] 
.

 2.10  -sigmoid  a=-0.001, b=0.001 
=5.  sharp,  a 

 b .
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2.2.1. -sigmoid

-sigmoid

, 

.

, 

. 

, , 

, 

. ,  

. =1+ , ), 

, <1 

, 

. , 

.

 a  b

,   

. 

 |b-a|, 

. , 

 ( >>1). ,  2.8,

 a  b , 

, 

, , (b-a)2/12. 

, 

.

, 

.
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 (CDF)

( ) ( )

( ) ( )

( ) ( )

1 1 1( ; , , )
1 1

ln( 1) ln( 1) ( )
( )

ln( 1) ln( 1) 1
( )

u

x a x b

u a u b

u a u b

F u a b dx
b a e e

e e b a
b a

e e
b a

−λ − −λ −
−∞

−λ − −λ −

−λ − −λ −

 λ = − − + + 

+ − + + λ −
=

λ −

+ − +
= +

λ −

∫

(2.13)

,   ~ s(a,b, )

( ) ( )

1 1 1[ ]
1 1

2

x a x bE X xdx
b a e e
b a

∞

−λ − −λ −
−∞

 = − − + + 
+

=

∫
(2.14)

Median

-sigmoid ,  median 

 , :

Median(X) =
2

b a+
(2.15)

2.3. -sigmoid 

-sigmoid , 

. , 

,   

. 

, . , 
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 x={x1,  x2,…,xD} 

,  :

1

( ; ) ( ; )
D

i
i

p x p x
=

Θ = Θ∏ (2.16)

.  (2.16) 

-sigmoid (2.7) :

( ) ( )

1

1 1
1 1( | )

d d d d d d
D x a x b

d d d

e ep x
b a

−λ − −λ −

=

−
+ +Θ =

−∏ (2.17)

-sigmoid, 

, ,  “ ” 

, 

(2.17). , 

,  2.11.

 2.11   “ ” 
-sigmoid, 

, .
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-sigmoid, 

(2.17).

 2.12   4 , .

. , 
, .

 2.13  -sigmoid
 2.12.
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 (2.17) 

 ad, bd, d, d=1,…,D. , 

 D,   3*D .

2.3.1. -sigmoid

-sigmoid 

. 

. 

; 

. 

-sigmoid, , 

.

-

sigmoid  (2.7):

( ) ( )

1 1 1( )
1 1x a x bf x

b a e e− − − −

   = −   − + +   λ λ (2.18)

, , 

  (x- ) 

.  x <  [- ),  >0] 

 |x- |>>0,  x > , 

 |x-

|>>0.  14,  (x-a)  (x-b) 

 (2.7)  x=a  x=b

.  D

, , 

 xd=ad  xd=bd, d=1,…,D .  2.15

 “ ” 
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,  D

.

-sigmoid   

. -

.

 2.14   x-a  x-b 
-sigmoid.
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 2.15 
 xd-ad   xd-bd, d=1,2 -sigmoid.

, 

,   

:

wTx-a = w1x1 + w2x2 + …+wDxD - a
wTx-b = w1x1 + w2x2 + …+wDxD - b (2.19)

w=[w1 w2 … wD]T ,  wd∈ ¡ , d=1,..,D ,  a, b ∈ ¡

 x=[x1 x2 …  xD]T xd∈ ¡ , d=1,..,D 

.  w 

(2.19) . 

-sigmoid  (xd -

d)  (xd - bd)  (2.19), :
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1 1

( ) ( )

1

1 1

1 1( ; ) | |

D D

d d i i d d d i i d
i i

W x a W x b
D

d dd

d

e eP x b a
W

= =

   
   −λ − −λ −   
   

=

−
∑ ∑

+ +Θ =
−∏ (2.20)

 Wd
D∈ ¡ ,Wd={Wd1,…, WdD}. ,

d  bd . 

Wd  d=1,…,D 

 W  DxD 

:

W = [W1 W2  … WD] (2.21)

 (2.20) , 

 d=1,…,D, 

 (2.19). , 

:

1

1
( )D

d d

d d

K
b a

W

σ

=

=
−∏

(2.22)

 (2.22), , 

 W . :

WWT = I (2.23)

 Wd
Tx- d

 Wd
Tx-bd, ∀ d, , 

,  D , . 

 2.16.
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, ,

, 

, -sigmoid 

, ,

. 

  >>1.

, 

. 

,  D .

 2.16 , 
(=2D ). 

.
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 3.

-SIGMOID 

3.1

3.2

3.3 -sigmoid  ( sMM)

3.4 sMM  GEM

3.5

3.1.

-sigmoid

. 

, 

 (1.11), -sigmoid

. , 

 GEM. 

-

 (Maximization step), ,

, ,  GMM

(Gaussian Mixture Model) . , 

, 

. 

 “ ” -

sigmoid , 

 W (2.21). , 

 GEM, 
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 M- , 

,  .

3.2.

-sigmoid 

, 

-sigmoid . 

, 

, 

 (1.16). , 

, .

, 

, 

. -sigmoid

. 

 X=(x1,  x2,…,xN) , D
ix ∈ ¡ , i=1,…,N, 

 {xi} 

-sigmoid s(x; ),  (1.16) :

( ) ( )

1 1 1

1 1
1 1( | ) ( | )

T T
d d i d d d i d

N N D W x a W x b

i
i i d d d

e eL s x
b a

−λ − −λ −

= = =

−
+ +Χ θ = Π θ =

−∏ ∏∏ (3.1)

, , b D∈ ¡  W ,D D∈ ¡ . 

, ’ 

:

( ) ( )

1 1 1

1 1
1 1( ) ln( ( )) ln

T T
d d i d d d i d

N N D W x a W x b

i
i i d d d

e eLL s x
b a

−λ − −λ −

− = =

−
+ +Χ θ = Π θ =

−∑ ∑∑ (3.2)
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 (3.2), , 

. , 

, 

. 

, 

. 

, , , b 
D

¡ , 

, 

. , , , 

:

d

( ) ( )

1 1

( ) ( )
1

(2.5)

1 1
( , , ) 1 1ln

1 1ln ln( )
1 1

( ; , )(1 ( ; , ))( )
(

T T
d d i d d d i d

T T
d d i d d d i d

N D W x a W x b

i dd d d d

N

d dW x a W x b
id

T T T
d i d d d i d d d i d

T
d

LL a b e e
b a

N b a
e e

W x a W x a W x a
W

−λ − −λ −

= =

−λ − −λ −
=

−∂ Χ λ ∂ + +=
∂λ ∂λ −

  ∂  = − − −   ∂λ + +   

σ λ − σ λ −
=

σ

∑∑

∑

1 ; , ) ( ; , )

( ; , )(1 ( ; , ))( )
( ; , ) ( ; , )

N

T
i i d d d i d d

T T T
d i d d d i d d d i d

T T
d i d d d i d d

x a W x b

W x b W x b W x b
W x a W x b

=


− λ − σ λ

σ λ − σ λ −
σ λ − σ λ 

∑

(3.3)
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 ad

( ) ( )

1 1

( ) ( )
1

(2.5)

1 1
( ; , , ) 1 1ln

1 1ln ln( )
1 1

( ; , )(1 ( ; , ))
( ; ,

T T
d d i d d d i d

T T
d d i d d d i d

N D W x a W x b

i dd d d d

N

d dW x a W x b
id

T T
d i d d d i d d

d T
d i d

LL a b e e
a a b a

N b a
a e e

W x a W x a
W x

−λ − −λ −

= =

−λ − −λ −
=

−
∂ Χ λ ∂ + +=

∂ ∂ −

  ∂  = − − −   ∂ + +   

σ λ − σ λ
= −λ

σ λ

∑∑

∑

1 ) ( ; , )

N

T
i d d i d d d d

N
a W x b b a=

 
+ − σ λ − 

∑ (3.4)

 bd

( ) ( )

1 1

( ) ( )
1

(2.5)

1 1
( , , ) 1 1ln

1 1ln ln( )
1 1

( ; , )(1 ( ; , ))
( ; ,

T T
d d i d d d i d

T T
d d i d d d i d

N D W x a W x b

i dd d d d

N

d dW x a W x b
id

T T
d i d d d i d d

d T
d i d d

LL a b e e
b b b a

N b a
b e e

W x b W x b
W x a

−λ − −λ −

= =

−λ − −λ −
=

−∂ Χ λ ∂ + +=
∂ ∂ −

  ∂  = − − −   ∂ + +   

σ λ − σ λ
= λ

σ λ

∑∑

∑

1 ) ( ; , )

N

T
i d i d d d d

N
W x b b a=

 
− − σ λ − 

∑ (3.5)

, 

, 

. , , 

. , 

 BFGS  Quasi-Newton

. 

ocedal & Wright [7].

 BFGS  gradient 

, 

. ,  gradient 

, 

 (3.3)-(3.5). 

:
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( , , ) ( , , ) ( , , )
T

LL a b LL a b LL a b
f

a b
∂ Χ λ ∂ Χ λ ∂ Χ λ 

∇ =  ∂λ ∂ ∂ 
(3.6)

. 

, :

[ ] [ ] , 1,...,d ML d MLa b d D< = (3.7)
[ ] 0, 1,...,d ML d Dλ > = (3.8)

, 

. , 

, 

.

, 

, 

. 

-sigmoid , 

. 

:

2
d dgλ = (3.9)

2
d d db a r= + (3.10)

 (3.9), d

,  gd
2,  gd∈ ¡

. ,  bd

d+rd
2

, rd∈ ¡
,   bd d+rd

2
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d.  (3.7)  (3.8),

,

. -

sigmoid , :

2 2 2( ) ( )

2
1

1 1
1 1( ; , , , )

T T
d d i d d d i d d

D g W x a g W x a r

d d

e es x g a r W
r

− − − − −

=

−
+ +Π = ∏ (3.11)

, 

  

. , ,   (3.3)-

(3.5) -sigmoid , 

:

2 2 2

2 2 2

( ) ( )

2
1 1

( ) ( )
1 1

1 1
1 1( ; ) ln

1 1ln 2ln
1 1

T T
d d i d d d i d d

T T
d d i d d d i d d

N D g W x a g W x a r

i d d

N D

dg W x a g W x a r
i d

e eLL
r

r
e e

− − − − −

= =

− − − − −
= =

−
+ +Χ θ =

  = − −  + +  

∑∑

∑∑ (3.12)

 gd, d,

rd.

 1

d) 

d ,  gd
2  Wd. 

. , 

,   . :

2 ( )

1( )
1

T
d d d

d g W x a
a

e− −
σ =

+
   2 2

2
( )

1( )
1

T
d d d d

d d g W x a r
a r

e− − −
σ + =

+
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 gd

2
1

2 2 2

2

2 ( )(1 ( ))( )( ; , , )
( ) ( )

2 ( )(1 ( ))( )
( ) ( )

TN
d d d i d

id d d d

T
d d d d d i d d

d d d

a a W x aLL g a r
g a a r

a r a r W x a r
a a r

=

 σ − σ −∂ Χ
= −∂ σ − σ +

σ + − σ − − −
− σ − σ + 

∑ (3.13)

d

2 2 2 2

2
1

( , , ) ( )(1 ( )) ( )(1 ( ))
( ) ( )

N
d d d d d d d d

id d d d

LL g a r a a g a r a r g
a a a r=

∂ Χ −σ − σ + σ + − σ +
=

∂ σ − σ +∑ (3.14)

 rd

2 2 2

2
1

( , , ) ( )(1 ( )) 2 2
( ) ( )

N
d d d d d d

id d d d d

LL g a r a r a r g r
r a a r r=

∂ Χ  σ + − σ −
= − ∂ σ − σ + 

∑ (3.15)

 (3.13)-

(3.15)  (3.6)  gradient 

.

 (MLE), 

. , 

, . 

, 

, , .

 MLE 

 ( . 1.3.1) 

 ( ML, ML) 

. ML, ML

, 

-sigmoid 

. 
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ML

ML. , 

 Wd
Tx- d  Wd

Tx- d-rd
2,  d-

ud ML. , 

ML  0.5*Ld
1/2 (  Ld  d-

ML)  3.2.  gd,

, .

, 

. ML ML

ML  U 

ML  Ld  d- .

     W

W:=U (3.16)

 gd (  2   )

gd:=2 ,    d=1,..,D (3.17)

 ad (  Wd  d-  W)

2
T

d d ML d da W W L= µ − (3.18)

 rd  Wd  d-  W)

2
2d d dr W L= (3.19)

1=wTx–a1 2=wTx–a2

:

2 1
1 2

2

a a
( , )d

w
−

ε ε = (3.20)
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 d-

, 

 d-  ud ML

ML. , 

:

 = Wd
Tx - Wd

T
ML (3.21)

d, bd  Wd,  (2.20)

-sigmoid, 

, dL .

 (3.20),  (3.18)  (3.19)

 3.1  gaussian 

 u1   u2,  L1  L2.
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 3.2  -sigmoid 

 MLE .

 3.2, 

 D 

, 

 (2.19) -sigmoid.

gradient 

,   

 BFGS. 

 MLE, 

 ( ). , 

.

 (3.12)  gradient , ,
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,  -LL( ) 

  .

 MLE 

-sigmoid . 

. 

.

 3.3  MLE . 
 contour  contour 

 plot .
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 3.4  MLE . 
 contour  contour 

 plot .

3.3. -sigmoid  ( sMM)

-sigmoid 

, ,  gaussian

, 

.  3.5( ), 

 “clusters”. -

sigmoid , 

. ’ 

.  (1.11)  

, sMM ( -sigmoid Mixture Model) 

-sigmoid , 

. :
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1
( ) ( ; , , , )

K

k k k k k
k

p x s x g a r W
=

= π Π∑ (3.22)

-sigmoid ( ; , , , )k k k ks x g a r WΠ

 gk, k, rk  Wk.

k  (3.22), 

:

0 1k≤ π ≤ (3.23)

1
1

K

k
k=

π =∑ (3.24)

                      ( )                                   ( )

 3.5 -sigmoid 
, 2 cluster ,  2 -

sigmoid .
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 3.6 -sigmoid 
. .

, -digmoid 

, g, , r, W 

,

:

º 1, …, K}

g º{g1, …, gK}

º 1, …, K}

r º{r1, …, rK}

Wº{W1, …, WK}

, 

. 

.

 (3.22), 

:

1 1
ln ( | , , , , ) ln ( | , , , )

N K

n k k k k
i k

p X g a r W s x g a r Wκ
= =

 
π = π Π 

 
∑ ∑ (3.25)
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={x1, …, xN}. 

(3.25) -

sigmoid . 

.

 GEM.

3.4. sMM  GEM

 ( ) 

-sigmoid  (3.22). 

, 

, 

 (3.25). 

,  GEM (generalized expectation

maximization)  1 . 

 GEM 

 “ ” 

. 

 Wk , , 

 M- , 

, .

 GEM,  EM, 

. , 

sMM.  K

. 

sMM 

:
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•  GEM

• E-

•  M-

•  Wk

3.5.  GEM

 EM

 GEM) . 

, 

. 

 MLE. 

 GMM  (

) sMM. , 

GMM sMM. 

 GMM. 

, , 

 Greedy EM 

. 

GMM, 

:

k k  k-  GMM  g_

 prior , , 

 Wk, gk, k, rk  k- sMM :
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 Uk

k ,  Wk.

Wk:=Uk (3.26)

 [9]. 

 W.

 prior k sMM 

k := g_ k (3.27)

 gkd

gkd:=2 ,    d=1,..,D (3.28)

 gkd  GEM 

 “ ” ,

.

kd

2kd

T
kd ML kd kda W W L= µ − (3.29)

kd

2
2kd kd kdr W L= (3.30)

 Wkd  d-  Wk (  k-

).
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, , 

1=wTx–a1 2=wTx–a2 :

2 1
1 2

2

a a
( , )d

w
−

ε ε = (3.31)

3.5.1.

, 

,   posterior  p(k|xi) 

:

1

( ; , , , )( | )
( ; , , , )

k i k k k k
i K

j i j j j jj

s x a r g Wp k x
s x a r g W

=

π Π
=

π Π∑ (3.32)

3.5.2.  M- : 

, , g, a, r.

1 1

1 1 1 1

( | ) ln[ ( | )]

( | ) ln ( | ) ln ( | )

N K

i i
i k
N K N K

i i i
i k i k

LLc p k x s x k

p k x p k x s x k

κ
= =

κ
= = = =

= π Π

= π + Π

∑∑

∑∑ ∑∑ (3.33)

,  (3.33), 

 o  k-

,    prior . 

º 1,…, } 

,   g, a, r  

.
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º 1,…, }, 

, 

:

1

1 ( | ),
N

k i
i

p k x k
N =

π = ∀∑ (3.34)

 p(k | xi)  posterior . 

, 

 (3.33). , , 

, ’ 

 BFGS. 

), 

 ( ,  gradient). . 

 BFGS 

,  g, , r 

 GEM, :

BFGS_initial_values:  { ginitial , initial,  rinitial } = { gold , old,  rold} (3.35)

 [gold,  old,   rold] 

 ( , ) 

 E- , 

 p(k|xi)  (3.33). 

,  GEM 

.

 gradient  (3.33), 

 MLE. 

-sigmoid 

.
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 gradient :

 gkd

2 2 2

2 2
2

( ) ( )
1

( | )
1 1

T T
kd i kd kd i kd kd

N
kd kd

i kd g W x a g W x a r
ikd

g gLLc p k x g
g e e− − −

=

 ∂
= − − ∂ + + 

∑ (3.36)

 akd

2 2 2 2

2 2

( )
1

2 2 2( | )
1 1

T
kd kd kd kd i kd kd

N
kd kd kd kd

i g r g W x a r
ikd kd

g r g rLLc p k x
a re e− − −

=

 ∂
= − − ∂ − + 

∑ (3.37)

 rkd

2 2

2 2 2

2

1

2

( ) ( )

2( | ) 2 2
1

2 ( ) 2 ( )
1 1

kd kd

T T
kd kd i kd kd kd i kd kd

N
T kd kd

i kd kd i kd kd g r
ikd

T T
kd kd i kd kd kd i kd kd

g W x a g W x a r

g rLLc p k x g W x g a
r e

g W x a g W x a r
e e

−
=

− − −

∂
= − + + +∂ −

− − −
+ + 

+ + 

∑

(3.38)

 gradient :

LLc LLc LLcLLc
r a r

∂ ∂ ∂ ∇ =  ∂ ∂ ∂ 
(3.39)

 (3.36)–(3.38) 

 gkd, kd, rkd

 gradient (3.39) 

K D× .

, , 

 W . , 

. , 

 WTW = I, 

. 

 W={wij, i,j=1…,D}, 

D D×

, 
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, . 

:

orthogonal

cos( ) sin( )
W =

sin( ) cos( )
− θ 

 θ 
(3.40)

 Worthogonal

, 

. 

 W, D D× , , 

,  LLc (3.33) 

  *D ∈¥

, 

, . 

 W , 

, . 

 W 

, .

3.5.3.  Wk

 GEM 

, 

. 

, 

 Wk k=1,…,K. 

, 

 GEM, k k ( =1,…, )  GMM. 

 GMM, 

 (1.39)-(1.40).
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,  GEM 

:

Loop until convergence

   E-step (for sMM)

M-step1 (run the update formulas of GMM and compute Wk)

M-step2 (maximize complete likelihood of  sMM through BFGS

    and update the parameters a,r,g, )

End loop

 GEM k

k  GMM (k=1,…,K). 

 3.1, kdu (d=1,…,D) 

k

. ,  Uk, 

kdu , 

 Wk -sigmoid .

 GMM sMM , 

 GEM. 

   posterior  p(k| xi)  E-

sMM. , 

 GMM, 

sMM, 

  k, k, k=1,.., .

 posterior  p(k| xi) ,

.
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:

loop until likelihood convergence

1. E_step (compute posterior probabilities [ P sMM(k/xi) ] for sMM)

2. Run the update formulas of a GMM weighted by the

posterior probabilities found at step 1.

1

1

( | )

( | )

N

sMM i i
new i
k N

sMM i
i

p k x x

p k x
µ

Π
=

Π
=

=
∑

∑

1

1

( | )( )( )

( | )

N
new new T

sMM i i k i k
new i
k N

sMM i
i

p k x x x

p k x

µ µΠ
=

Π
=

− −
Σ =

∑

∑

4. Compute the eigenvectors of  every covariance matrix k

and form a matrix Uk having them as columns.

5. For every k make the assignment Wk=Uk

6. M_step of sMM: update g, a, r, 

End_loop

, 

, 

 Wk,  ( k,  rk,  gk) 

, . 

  k,  rk  gk , 

 Wk , 

. , 

k,  rk  gk

 Wk. , ,

 GEM 

 (3.26)-(3.30). 

k k,  2 

. 
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k k  GMM, 

. ,

 Wk  GEM, 

 ( =5), 

. 

 posterior  E- , 

k, k

GMM, k, rk  gk.

, 

 Wk, 

. 

,  “ ”, 

 GEM .

 W(t)  W(t-1)

 W  LLbest(W(t))  ,  LLbest(W(t-1)) 

 GEM 

 W(t)  W(t-1) . 

 W, 

 W(t+1), :

(t) (t-1)
best bestLL (W ) < LL (W ) (3.41)

,  W,

, r  posterior  p(k| xi), 

 GEM 

 LLbest(W(t-1)) ( , 

 W(t-1)). , 

 GEM,  Wk, 

. 

 W, 
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.

,

 Wk

k, 

.
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steps:=1

continue_updating_Wk:=TRUE

previous_best_L := Infinity

loop until likelihood convergence

1. L1 := negative log-likelihood

2. E_step (compute posterior probabilities [ P sMM(k| ) ] for sMM)

3. if steps modulus   == 0  AND continue_updating_Wk==TRUE

if   L1 worst than previous_best_L

        continue_updating_Wk := FALSE

                    current ( k, rk, gk, Wk) := previous_best ( k, rk, gk, Wk)

                    E_step (recompute posterior probabilities w.r.t. new assignment

made above)

            else

a. previous_best_L := L1

b. previous_best( k, rk, gk, Wk) := current ( k, rk, gk, Wk)

c. run the update formulas of a GMM weighted by the

posterior probabilities found at step 2, as shown below

1

1

( | )

( | )

N

sMM i i
new i
k N

sMM i
i

p k x x

p k x
µ

Π
=

Π
=

=
∑

∑
1

1

( | )( )( )

( | )

N
new new T

sMM i i k i k
new i
k N

sMM i
i

p k x x x

p k x

µ µΠ
=

Π
=

− −
Σ =

∑

∑

d. Compute the eigenvectors of  every covariance matrix k
new

and form a matrix Uk having them as columns.

e. For every k=1, ,K make the assignment Wk=Uk and find

appropriate values for the parameters k,  rk,  gk using the

(3.26)-(3.30) formulas w.r.t. new
kµ and new

kΣ computed above.

f. E_step (recompute posterior probabilities w.r.t. new

assignment made above)

 End if

End if

4. M_step

5. Steps:=steps+1

End_loop
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 GEM =5.

Set initial values for parameters W, , r, g
Previous_best_L = Infinity
(1): -Log-Likelihood = 6872.889  parameters(W(0), (0), r(0), g(0))
(2): -Log-Likelihood = 4823.453  parameters(W(0), (1), r(1), g(1))
(3): -Log-Likelihood = 4817.607  parameters(W(0), (2), r(2), g(2))
(4): -Log-Likelihood = 4817.177  parameters(W(0), (3), r(3), g(3))
(5): -Log-Likelihood = 4817.141  parameters(W(0), (4), r(4), g(4))

Current_best_L = 4817.141 <  Previous_best_L = Infinityè Update W and , r,
g
Previous_best_L := 4817.141
(6): -Log-Likelihood = 3928.108  parameters(W(1), (5), r(5), g(5))
(7): -Log-Likelihood = 3810.314  parameters(W(1), (6), r(6), g(6))
(8): -Log-Likelihood = 3799.986  parameters(W(1), (7), r(7), g(7))
(9): -Log-Likelihood = 3787.307  parameters(W(1), (8), r(8), g(8))
(10): -Log-Likelihood = 3782.270  parameters(W(1), (9), r(9), g(9))

Current_best_L = 3782.270 <  Previous_best_L = 4817.141 è Update W and ,
r, g
Previous_best_L := 3782.270
(11): -Log-Likelihood = 3836.644  parameters(W(2), (10), r(10), g(10))
(12): -Log-Likelihood = 3814.401  parameters(W(2), (11), r(11), g(11))
(13): -Log-Likelihood = 3804.046  parameters(W(2), (12), r(12), g(12))
(14): -Log-Likelihood = 3798.749  parameters(W(2), (13), r(13), g(13))
(15): -Log-Likelihood = 3793.536  parameters(W(2), (14), r(14), g(14))

Current_best_L = 3793.536  >  Previous_best_L = 3782.270è Do not update W
Set parameters back  to (W(1),  (9),  r(9),  g(9)) which achieved the best likelihood
value.
Re-execute E-step based on new parameters.
Continue GEM without updating W any more, until convergence.
(16): -Log-Likelihood = 3781.644  parameters(W(1), (10), r(10), g(10))
(17): -Log-Likelihood = 3781.045  parameters(W(1), (11), r(11), g(11))
(18): -Log-Likelihood = 3780.705  parameters(W(1), (12), r(12), g(12))
(19): -Log-Likelihood = 3780.341  parameters(W(1), (13), r(13), g(13))
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3.6.

 (outliers [8]), 

 (noise= ). ,

, 

. 

, .

, sMM, 

 (  “background ”  kBG),

 (domain) 

. ,  “ ” , 

, 

.  background 

-sigmoid 

 M-  GEM. , 

’  E- ,  posterior  p(xi|

kBG)  prior  p(kBG).

 background , 

 GEM, 

:

1{ ,..., }, D
N iX x x x= ∈ ¡ :

WBG = ID,   (ID D D× ) (3.42)

min{ }, 1,...,d ida x d D= = (3.43)

max{ } min{ }, 1,...,d id idr x x d D= − = (3.44)

10, 1,...,dg d D= = (3.45)
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 background 

.  prior

 x, .

,     .

 3.7  GEM 
 dataset.  background 

).
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 4.

4.1

4.2

4.3  classification

4.4

4.1.

-sigmoid 

. 

-sigmoid

 GMM. 

  :

• .

 (  GMM) 

 GEM  EM , 

.  clusters 

 gaussian  gaussian  clusters. 

, 

. 

 dataset 

.
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• .

[3], , 

 (supervised learning [8], )

, 

. 

, 

.

• .

 pixel  grey-scale . 

, 

. 

, .

.

4.2.

. 

sMM  GMM , 

.  GMM

 Greedy EM [2] sMM 

 GEM 

GMM ( . . 3.4). 

.

Uniform.

 clusters. 

 cluster 

 D .



77

Gaussian.  gaussian

 clusters.

Mixed.

uniform  gaussian clusters. 

,  gaussian clusters 

.

. ,

gaussian  cluster .

 4.1  4 .
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 4.2 .

 4.3 .

. 

 cluster 

. 

. E  -Log-

Likelihood .
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 4.1 

 GMM sMM. Data Type: Gaussian, D=2, K=1.

N Gaussian

-Log-Likelihood

sMM

-Log-Likelihood

TRAIN=3000 8544.748825 8551.783742

TEST=3000 8461.348276 8469.122968

TRAIN=3000 8079.499994 8087.747908

TEST=3000 7990.747137 7999.669409

TRAIN=3500 9715.593344 9727.185865

TEST=3500 9854.417684 9860.078856

TRAIN=3500 7621.365331 7628.045305

TEST=3500 7661.740241 7665.860414

TRAIN=3000 8369.053572 8377.099861

TEST=3000 8401.785352 8411.393357

 4.2 

 GMM sMM. Data Type: Gaussian, D=3, K=1.

N GMM

-Log-Likelihood

sMM

-Log-Likelihood

TRAIN=4000 16418.414103 16746.454106

TEST=4000 16358.737562 16740.068878

TRAIN=4000 15364.521148 15762.163410

TEST=4000 15434.273201 15870.031079

TRAIN=3500 13717.873061 14449.302390

TEST=3500 13697.013105 14447.485123

TRAIN=4500 17084.459035 18845.074905

TEST=4500 17179.557548 18913.786844

TRAIN=4500 18919.845419 19127.274480

TEST=4500 18918.365886 19122.420870
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 4.3 

 GMM sMM. Data Type: Gaussian, D=5, K=1.

N GMM

-Log-Likelihood

sMM

-Log-Likelihood

TRAIN=5500 38035.818599 38809.059508

TEST=5500 37995.246486 38748.180475

TRAIN=5500 33494.525811 37763.593534

TEST=5500 33547.776030 37589.115078

TRAIN=5000 27534.942739 33885.874872

TEST=5000 27667.539602 34108.732384

TRAIN=4500 29715.289609 31739.491493

TEST=4500 29794.964420 31711.616665

TRAIN=4500 27512.090883 30911.823350

TEST=4500 27318.151958 30618.991774

 4.4 

 GMM sMM. Data Type: Uniform, D=2, K=1.

N GMM

-Log-Likelihood

sMM

-Log-Likelihood

TRAIN=3000 4370.698643 3473.135648

TEST=3000 4341.987882 3466.188617

TRAIN=2500 4370.698643 3473.135648

TEST=2500 4341.987882 3466.188617

TRAIN=2500 6057.556324 5235.978237

TEST=2500 6013.953912 5237.983913

TRAIN=2000 5972.767138 5311.180694

TEST=2000 5971.949124 5318.683431

TRAIN=2250 4889.219547 4135.586037

TEST=2250 4787.858290 4132.140314
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 4.5 

 GMM sMM. Data Type: Uniform, D=3, K=1.

N GMM

-Log-Likelihood

sMM

-Log-Likelihood

TRAIN=3000 11632.369822 11025.957626

TEST=3000 11606.975480 10989.313874

TRAIN=3000 10732.663688 9216.959563

TEST=3000 10710.310787 9236.013764

TRAIN=3500 10641.942192 8712.263789

TEST=3500 10566.309587 8707.284079

TRAIN=3500 14780.706812 13192.827841

TEST=3500 14791.813656 13183.468692

TRAIN=2250 8345.287402 7839.482847

TEST=2250 8338.912070 7839.230729

 4.6 

 GMM sMM. Data Type: Uniform, D=5, K=1.

N GMM

-Log-Likelihood

sMM

-Log-Likelihood

TRAIN=5000 29168.415085 28215.241251

TEST=5000 29286.988045 28311.280888

TRAIN=5000 30017.602242 28010.573970

TEST=5000 30015.456961 27936.705285

TRAIN=4750 30220.576492 29211.227524

TEST=4750 30296.226867 29190.396330

TRAIN=4500 25552.068493 23623.714954

TEST=4500 25534.784373 23636.812920

TRAIN=5500 36784.612228 37428.190370

TEST=5500 36889.224389 37479.273910
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 4.7 

 GMM sMM. Data Type: Gaussian, D=2, K=2.

N GMM

-Log-Likelihood

sMM

-Log-Likelihood

TRAIN=4001 3144.011558 3152.092343

TEST=3999 3172.283792 3185.275085

TRAIN=4501 4524.412060 4531.081266

TEST=4499 4568.390303 4576.565689

TRAIN=4501 9143.198068 9152.767795

TEST=4499 9153.617989 9167.475634

TRAIN=4501 5094.469254 5094.396658

TEST=4499 5072.443805 5093.511996

TRAIN=5001 4870.057674 4875.705822

TEST=4999 4622.388452 4629.182457

 4.8 

 GMM sMM. Data Type: Gaussian, D=3, K=2.

N GMM

-Log-Likelihood

sMM

-Log-Likelihood

TRAIN=5001 2339.333611 2369.525886

TEST=4999 2265.208443 2300.351008

TRAIN=5001 11103.357161 11124.332009

TEST=4999 11117.078101 11122.832329

TRAIN=6001 6856.016869 6908.548684

TEST=5999 6867.547052 6883.636926

TRAIN=6001 27.826558 76.486142

TEST=5999 242.156450 293.312345

TRAIN=5501 5616.190008 5657.416999

TEST=5499 5428.897228 5472.481584
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 4.9 

 GMM sMM. Data Type: Gaussian, D=5, K=2.

N GMM

-Log-Likelihood

sMM

-Log-Likelihood

TRAIN=6751 15092.009286 15154.024487

TEST=6749 15404.482618 15469.343439

TRAIN=6751 10832.259351 10878.717660

TEST=6749 11030.184720 11071.584693

TRAIN=7751 -971.667112 -896.037671

TEST=7749 -1108.117024 -1053.224405

TRAIN=7001 1698.396378 1815.587089

TEST=6999 1409.446955 1507.856030

TRAIN=8501 -9748.499238 -9693.015001

TEST=8499 -9585.282394 -9542.284594

 4.10 

 GMM sMM. Data Type: Uniform, D=2, K=2.

N GMM

-Log-Likelihood

sMM

-Log-Likelihood

TRAIN=2500 7771.808281 6883.015647

TEST=2500 7665.562388 6876.978193

TRAIN=2500 8643.847986 7766.967100

TEST=2500 8621.271026 7759.071955

TRAIN=2750 10289.813058 9730.178462

TEST=2750 10234.783265 9727.579673

TRAIN=2500 6536.245354 5745.670990

TEST=2500 6570.719102 5752.493932

TRAIN=2500 8040.575690 7290.962282

TEST=2500 8145.874973 7315.652896
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 4.11 

 GMM sMM. Data Type: Uniform, D=3, K=2.

N GMM

-Log-Likelihood

sMM

-Log-Likelihood

TRAIN=2750 11417.187448 10582.225669

TEST=2750 11436.645048 10578.800227

TRAIN=3250 14979.821906 13494.987930

TEST=3250 14989.342636 13486.908888

TRAIN=3250 12047.978526 10518.911932

TEST=3250 11978.906264 10506.930422

TRAIN=3000 13164.458982 12040.200386

TEST=3000 13141.176657 12024.353198

TRAIN=2750 11034.322202 10079.185671

TEST=2750 11016.211759 10022.396399

 4.12 

 GMM sMM. Data Type: Uniform, D=5, K=2.

N GMM

-Log-Likelihood

sMM

-Log-Likelihood

TRAIN=6750 46960.491194 44606.928932

TEST=6750 47030.380675 44738.403894

TRAIN=7250 47320.261137 43440.393155

TEST=7250 47470.805964 43536.887441

TRAIN=7750 52514.667714 49853.467551

TEST=7750 52542.175957 49942.384210

TRAIN=7000 48279.607477 44950.597033

TEST=7000 48326.965765 44974.657535

TRAIN=8500 61658.959495 58340.535779

TEST=8500 61601.603219 58384.374511
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 4.13 

 GMM sMM. Data Type: Gaussian, D=2, K=4.

N GMM

-Log-Likelihood

sMM

-Log-Likelihood

TRAIN=5001 -1915.763515 -1881.165979

TEST=4999 -2080.768630 -2037.865227

TRAIN=5001 -175.360243 -139.501296

TEST=4999 -243.496933 -218.717097

TRAIN=5501 2543.450125 2553.507910

TEST=5499 2707.164456 2722.184426

TRAIN=5501 1826.930916 1840.122294

TEST=5499 2018.231266 2042.831350

TRAIN=5501 3891.398492 3919.081583

TEST=5499 3817.018202 3853.890051

 4.14 

 GMM sMM. Data Type: Gaussian, D=3, K=4.

N GMM

-Log-Likelihood

sMM

-Log-Likelihood

TRAIN=5501 -5641.849796 -5607.229050

TEST=5499 -5621.753686 -5593.240522

TRAIN=5401 -185.969790 -176.850672

TEST=5499 -150.697376 -120.989303

TRAIN=6501 1500.475648 1515.748198

TEST=6499 1615.270122 1635.932717

TRAIN=6001 2967.448283 2993.224897

TEST=5999 2907.806051 2942.398150

TRAIN=6001 -6837.326194 -6808.278690

TEST=5999 -6787.099362 -6732.739904
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 4.15 

 GMM sMM. Data Type: Gaussian, D=5, K=4.

N GMM

-Log-Likelihood

sMM

-Log-Likelihood

TRAIN=6501 -13728.007697 -13666.407533

TEST=6499 -13549.551447 -13489.467235

TRAIN=6401 -4154.373025 -4118.022613

TEST=6499 -3836.355749 -3761.836411

TRAIN=7001 -17738.669929 -17690.126472

TEST=6999 -17722.744161 -17655.441994

TRAIN=7001 -15636.802675 -15590.202874

TEST=6999 -15381.608582 -15319.349902

TRAIN=7001 -21477.346530 -21422.260375

TEST=6999 -21337.230472 -21263.204054

 4.16 

 GMM sMM. Data Type: mixed, D=2, K=2.

N GMM

-Log-Likelihood

sMM

-Log-Likelihood

TRAIN=3000 9489.151278 9038.791871

TEST=3000 9765.170424 9270.542632

TRAIN=3000 8967.060691 8467.029009

TEST=3000 8894.131111 8409.182820

TRAIN=3000 7219.557409 6717.590579

TEST=3000 7242.407937 6762.815155

TRAIN=3000 9932.879015 9378.599665

TEST=3000 9967.684083 9446.572687

TRAIN=3000 10304.590247 9818.327860

TEST=3000 10443.227199 9999.225085
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 4.17 

 GMM sMM. Data Type: mixed, D=3, K=2.

N GMM

-Log-Likelihood

sMM

-Log-Likelihood

TRAIN=4000 18427.971059 17894.763667

TEST=4000 18623.266115 18118.067998

TRAIN=4000 18574.010329 17586.020310

TEST=4000 18631.793671 17714.095618

TRAIN=4000 17452.840943 16499.670285

TEST=4000 17527.545476 16512.355486

TRAIN=4000 15973.112717 14909.121520

TEST=4000 16068.227005 15072.518924

TRAIN=4000 16540.830409 16214.532877

TEST=4000 16519.853346 16184.873731

 4.18 

 GMM sMM. Data Type: mixed, D=5, K=2.

N GMM

-Log-Likelihood

sMM

-Log-Likelihood

TRAIN=4000 28228.491312 27292.066151

TEST=4000 28383.317075 27479.484845

TRAIN=4000 28751.688295 27754.061235

TEST=4000 28868.617478 27827.555682

TRAIN=4000 28842.808777 27771.445776

TEST=4000 29153.369845 27982.218284

TRAIN=4000 26071.020117 25126.249812

TEST=4000 25826.558160 24964.577528

TRAIN=4000 24430.998247 23619.850545

TEST=4000 24352.793639 23492.441247
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 4.19 

 GMM sMM. Data Type: mixed, D=2, K=4.

N GMM

-Log-Likelihood

sMM

-Log-Likelihood

TRAIN=5501 11239.811823 10223.641922

TEST=5500 11330.637156 10320.381648

TRAIN=5501 9147.238276 8212.739461

TEST=5500 9281.667256 8330.646952

TRAIN=5501 9911.832231 8991.242089

TEST=5500 10011.768014 9009.221191

TRAIN=55001 13212.631062 12266.984022

TEST=5500 13487.038957 12533.911526

TRAIN=5501 12629.827828 11706.236616

TEST=5500 12653.825936 11658.104711

 4.20 

 GMM sMM. Data Type: mixed, D=3, K=4.

N GMM

-Log-Likelihood

sMM

-Log-Likelihood

TRAIN=6001 19093.677351 18606.178544

TEST=6000 19252.781506 18790.019159

TRAIN=6001 22338.389971 20841.104120

TEST=6000 22299.490320 20846.070441

TRAIN=6001 26165.758408 22909.134783

TEST=6000 26318.241997 23012.608072

TRAIN=6001 45053.242927 41323.281855

TEST=6000 45051.149577 41290.093846

TRAIN=6001 22205.880684 21203.380269

TEST=6000 22276.428857 21277.744435
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 4.21 

 GMM sMM. Data Type: mixed, D=5, K=4.

N GMM

-Log-Likelihood

sMM

-Log-Likelihood

TRAIN=7001 29897.725482 28603.889243

TEST=7000 29951.207013 28605.220667

TRAIN=7001 42041.328965 38878.731757

TEST=7000 41934.800445 39143.885077

TRAIN=7001 46189.073250 43803.169032

TEST=7000 46251.109387 43868.499414

TRAIN=7001 38275.933398 35114.152968

TEST=7000 38452.625216 35204.839557

TRAIN=7001 49055.596310 46634.811940

TEST=7000 49044.795497 46616.578420

, 

. 

sMM  unifom 

 GMM.  mixed . 

, -sigmoid 

Gaussian , .  

-sigmoid 

 gaussian . ,

, 

clusters sMM, 

.

 gaussian , 

 Gaussian , ’  GMM, 

.  GMM 
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. , 

, 

.

, 

sMM  GMM, 

.

4.3.  classification

 ( sMM,

GMM) 

. 

UCI [3] . , 

, 

. 

, 

,  XTr  XTs. 

.

 (class label) , 

,  C 

r={ r_1 r_2,…, r_C} , 

. r_c, c=1,…,C

, sMM  GMM, 

c. 

r_c, , 

. 

 2*C   (C sMMs  C GMMs)

. 
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. 

-fold cross validation [8] 

 3, 5  10 . 

. sMM_c  GMM_c 

Tr_c, 

 Bayes rule [8],  x∈XTs

p(c)* sMM_c(x), -sigmoid .

p(c)*GMM_c(x),  gaussian .

 p(c)  prior  c  p(c)=

|XTr_c|/|XTr|. sMM_c(x)  GMM_c(x) 

 c,  x

.

.

 4.22  GMM sMM 

.

DataSet N D K

GMM

Classifier

(score %)

sMM

Classifier

(score %)

2 82.51 % 85.58 %

segment 5-fold

cross

validation

   18

3 84.89 % 87.05 %
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2 96.66 % 94.66 %

3 95.33  % 92.66 %iris 10-fold

cross

validation

   4

4 95.33 % 94.66 %

2 97.14 % 95.23 %

3 96.66 % 92.38 %new_thyroid 10-fold

cross

validation

5

4 96.19 % 92.38  %

2 65.24 % 65.00 %

vehicles

5-fold

cross

validation
4 69.58 % 68.26 %

2 77.81 % 79.12 %

3 77.70 % 77.25 %phoneme 3-fold

cross

validation

5

4 77.79 % 77.81 %

3 85.61 % 85.83 %

4 86.05 % 86.09 %waveform 3-fold

cross

validation

21

5 85.99 % 85.71 %

2 82.05 % 85.46 %

3 82.55 % 85.06 %satimage 3-fold

cross

validation

36

4 84.42 % 85.93 %

2 58.23 % 58.82 %

3 64.11 % 59.11 %bupa 10-fold

cross

validation

6

4 62.94 % 62.64 %

2 94.69 % 95.93 %

3 93.63 % 95.04 %wdbc 5-fold

cross

validation

30

4 95.22 % 94.51 %
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.  o 

sMM .

, 

. .

 4.23  GMM sMM 

.

DataSet N D K GMM

Log-Likelihood

sMM

Log-Likelihood

2 2298.940311 2271.875669

4 2060.877723 2124.401742bupa 345    6

6 1965.393179 2033.033080

cleveland 297 13 2 4762.890461 4483.444856

2 18099.179114 16835.801037

4 6519.058297 6217.526886        diabetes 768 8

6 6364.727873 5837.024420

3 302.976060 295.697915

5 228.457641 229.861335Iris 150 4

7 210.974570 201.681522

3 438.232594 423.321941

5 383.177149 369.238736new_thyroid 215 5

7 342.546645 318.710524

nimegen 120 7 2 937.792154 918.759800

    3 2102.825267 2026.895518

5 1964.994488 1910.273839wine 178 13

7 1659.344153 1594.969707
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11 8843.395248 8573.390498

13  8140.268436 7872.409010vowel 990 10

15 7846.727014 7544.483090

6435 36 6 -42452.401095 -43811.572334

TR= 3217 -22238.453664 -22999.499974

TST=3217 36 6 -16482.286488 -17256.508297

TR= 3217 -23780.026324 -24512.337880

TST=3217 36 8 -14947.751092 -15996.032063

TR= 3217 -25680.481166 -26333.854304

Satimage

TST=3217 36 10 -15621.906201 -16436.652624

5000 21 3 118173.650817 117694.297444

TR= 2500 58916.758901 58811560392

TST=2500 21 3 59744.978338 59668.023600

TR= 2500 58692.499832 58552.647787

TST=2500 21 5 60453.866750 60397.746374

TR= 2500 57827.478167 57692.607487

waveform

TST=2500 21 7 60066.191543 60006.957259

 waveform, Satimage 

. 

.    GMM

sMM. 

-sigmoid 

.
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4.4.

sMM 

. 

, 

 (pixel). , 

 W*H,  H  W  

. , 

, sMM  GMM,  pixels 

 ( ). 

 256×256,  pixels  65536, 

, 

. 

 pixels 

 5000.

,  pixels 

posterior  GEM 

GrEM,  sMM  GMM . 

.
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 4.4 ,  “amakses.jpg”. 
   GMM . ,   sMM

.  4.

 4.5  “amakses.jpg”. 
 GMM. , 

sMM.  4.
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 4.6 ,  “clouds.jpg”. 
 GMM . , sMM

.  4.

 4.7  “clouds.jpg”. 
 GMM. , 

sMM    4.
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 4.8 ,  “rocks.jpg”. 
 GMM . , sMM

.  4.

 4.9  “rocks.jpg”. 
 GMM. , 

sMM.  4.
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 4.10 ,  “woman.jpg”. 
 GMM . , sMM

.  4

 4.11 ,  “woman.jpg”. ,  
 GMM. , sMM. 

 4.
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 4.12 ,  “rocks-tree.jpg”. 
 GMM . , 

sMM .  5.

 4.13  “rocks-tree.jpg”. 
 GMM. , 

sMM  5.
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 4.14 ,  “elephants.jpg”. 
 GMM . , sMM

.  4

 4.15  “elephants.jpg”. 
 GMM. , 

sMM.  4.
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sMM 

GMM. 

. , 

“elephants.jpg”   GMM, 

) 

” , . ,

, sMM, 

 4.14.

, 

, 

-sigmoid , 

.

, . 

 pixels , 

 pixels . 

.

 4.24  GMM sMM  gray-scale ,

Image Clusters N GMM

-Log-ikelihood

sMM

-Log-Likelihood

TRAIN=5000 6218.650587 6217.433933amakses.jpg 4

TEST=24400 30229.161367 30220.665190

TRAIN=5000 5978.541501 5935.415767woman.jpg 4

TEST=24400 29027.006550 28788.607483

TRAIN=5000 5972.983983 5941.711410clouds.jpg 4

TEST=24400 29169.309661 28983.716357
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TRAIN=5000 6724.609454 6702.920664rocks-tree.jpg 5

TEST=24400 32946.739065 32885.594371

TRAIN=5000 5779.865100 5763.366375elephants.jpg 4

TEST=24400 28124.055712 27953.237875

TRAIN=5000 5416.115651 4770.070877rocks.jpg 4

TEST=24400 26576.471606 23487.026916

sMM 

 GMM .

, , 

, 

-sigmoid  GMM. 

. , 

sMM, 

.
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 5.

5.1  

5.2  

5.3  

5.1.

-sigmoid, 

. , , 

  . 

 2 , 

. 

, 

. 

, ,

-sigmoid 

. , >>1,  “ ” (

, ),  D , 

.

 3 -sigmoid sMM), 

,  GEM. ,

sMM, 

 GMM. , 

 GEM, 

 BFGS. , 
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 Wk

, 

 Uk={uk1,…,ukD} 

k, 

W.

 4 

-sigmoid  ( sMM) .

sMM  

, 

.

5.2.   

’ .  D.

Pelleg  A. Moore [1] 

. 

.  5.1.

 5.1  Moore 
Pelleg [1]
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, 

.  

 [L, H] (  5.1) 

 x :

,
( , , ) ,

,

L if x L
closest x L H x if L x H

H if x H

<
= ≤ <
 >

(5.1)

:
2

1

( , , )1( ) exp
2

D
d d d d

d d

x closest x L Hp x K
=

  − = −   σ  
∑ (5.2)

 ( )

. , 

 (5.2),  , 

 gradient . , 

. , 

, -sigmoid .

5.3.

:

1.  Greedy EM [2]  

sMM.  3 

GEM 

-sigmoid . 

,  GMM 
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greedy EM sMM 

. 

, sMM, 

. 

, sMM, 

.

2. sMM.

, 

sMM. 

, 

. 

, 

-sigmoid 



108

[1]   Pelleg D. and Moore A., Mixture of rectangles: Interpretablesoft clustering, Proc

       ICML 2001

[2]   Vlassis, N. and Likas, A., A greedy EM algorithm for Gaussian mixture learning,

        Neural Processing Letters , vol. 15, pp. 77-87, 2002.

[3]   C. Blake and Merz C. (1998). UCI repository of  machine learning databases.

        http://www.ics.uci.edu/~mlearn/databases.

[4]   G. J. McLachlan and T. Krishnan, Finite Mixture Models, Wiley, 2000.

[5]   G. J. McLachlan and T. Krishnan, The EM algorithm and extensions, Marcel

        Dekker, 1997.

[6]   C. M. Bishop, Pattern recognition and machine learning, Springer 2006.

[7]   J. Nocedal and S. J. Wright, Numerical Optimization, Springer 1999.

[8]   P. N. Tan, M. Steinbach and V. Kumar, Introduction to Data Mining, Pearson

       2005.

[9]  I.T.  Jollife, Principal Component Analysis, Spinger, 2002

http://www.ics.uci.edu/~mlearn/databases.


109

 1982, . 

 18,5.  2000 

, 

 2005,  6,60. 

 project 

 C, C++, Java, PHP, HTML, OpenGL, SRGP, CORBA 

Matlab. 

,  “

” (web content mining).  2005 

 IPAN (Image Processing and Analysis) .


