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— Abstract —

The theory of General Relativity was established on a spacetime manifold equipped with a metric tensor,
(M4, g), and the connection on My identified with the Levi-Civita one. Even though there are valid rea-
sons to assume a torsionless manifold that preserves the metric, it was shown that dealing away with these
assumptions the Levi-Civita condition can be reproduced at the level of equations of motion of GR for
a metric-affine connection. It was not long before the equivalence of General Relativity between the two
descriptions, known as the Palatini or first-order formalism in which the connection is independent of the
metric, and the conventional metric or second-order formalism, was broken for more complicated action
functionals involving higher-order curvature invariants and/or nonminimal couplings between the grav-
itational and matter sector. Nowadays these types of theories are prominent in modeling inflation where
they have found major success. Since the paradigm of inflation is fused with the gravitational degrees
of freedom and thus their parametrisation, it is interesting to understand how the predictions of these
models differ between the two formulations. For example, one of the outstanding models of inflation is
the Starobinsky or quadratic gravity model, R+ R?, with continued success since its conception. However
in the Palatini formalism the scalar degree of freedom sourced by the R? term is actually nonpropagating
and therefore is unable to drive an inflationary phase. Then in order for inflation to be realised in the
first-order formalism the Starobinsky model has to be coupled with a fundamental scalar field that will
assume the role of the inflaton field. In this thesis we investigate different inflationary scenarios, starting
with previously ruled-out models such as the free massive scalar, natural inflation, etc, where we find that
the R? term has a significant role in flattening the Einstein-frame inflaton potential and thus giving the
opportunity for these models to come in contact with observations in that specific program. Of particular
interest is the study of Higgs inflation in this context and a possible comparison with results obtained
in the usual metric formalism, as well as proposing a case of minimal Higgs inflation with the R? term.
Contrary to their second-order formulation in which the field space of the models is two-dimensional,
here we show that the models are actually one-dimensional in the field space and can be readily studied
analytically leading to interesting results.
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Extended summary in Greek

H Tevix Yewpio tne Lyetixdmntac (I'E) xou to Kabepowpévo Ipdtuno (KII) anoteholy tic o ixavée Yempleg
vo meptypdouv ue axpifelor T guowr Yopw pag. To KII eivon plar xBavtiny) Yewplo tedlov mou meplypdipet
TIC AAANAETUOPAOELS TV CTOLYELWOWY OWUATOIWY ot TIC WBLOTNTES Toug, PBoctouévn ot ouuuetpia Borduidog
SUB)c xSU((2)r, x U(1)y. H teheutaia emBeBaiwon tou KII Apde pe v npdogatn avoxdhudn tou proloviou
Higgs (Higgs boson) oto Meydho Emtayuvts Adpoviwy (LHC) oto Evpwnoixéd Huenvixd Kévipo Epeuviv
(CERN), oloxhnpivovtag €tot Ty evonoinon tev YeueAddwy (un-foputixmy) duvduewy e @lone. Topdheg
Tig emtuyieg tng Vewplog UTdEYOUY OXOUO AVATIEYTNTO EQWTAULATE XU dldpopa TEOPANUATA, UETAL) GAAWY Elvor
70 TEOPBANU TwV Lol®y TV VETRVWY, 1 @UoN TNg oxotewrc UANG Tou oluravtog xat 1 aduvauio Tou KII va
evonomnVel pe v tétopTtn d0voun, tn Bapdtnto. H I'Y nepiypdpel anoxieiotxd Ti¢ Boputinée alnhemdpdoeic
xau Bploxel emtuylo oyl eviehng dlapopeTxt| teploy )| toybog amd auty Tou KII xou €yel avtéel 1o népacua
Tou Ypovou, €yovtag emBeBaumlel and TEWAUUTA OE OLAPOPES TEPLTTWOELS UE TEAEUTAO Xl (OWC TO CTUAVTING
v mapathenotn atov aviyveutr| Tou LIGO Boputindv xugdtwy and cuyyemVEUOUEVES HEAXVES OTEC.

H aocvyfoatotnta tou KII pe tnv I'Y xotadetviel 6TL 1 @Lhodolrn 10€a tng evonolnong twv YeueAiwdny
OUVAUEWY XATW amd €V Lovadxo Vewpntind TAalolo anéyel axoua apxetd. 201600, Ta TEAeuTaio YpovLaL 1) XO-
ouoloyla xat 1 cwpaTdLY| QUOIXTH TANCIALOLY OAOEVO X0L TEPLOCOTEROD, TO OTOI0 ATOBEXVOETOL XOADTEQA AUTO
Tic olyypoves e€ehifelc otn Yewplor Tou xoopoloyxol TAndwplopol (inflation). Enexteivovtoag t Yewpla tng
Fevixnc Uyeuxdtnrac ye évo emmhéov Vepehiddeg Boduwtéd nedlo, xavo va meptypdiet pla Slaotohry de-Sitter
TIC TPOTEG OTIYUES TOU GUUTAVTOS, UTOROUKE VoL ENYHOOUUE TNV TORATNEOVUEVY] ETULTEBOTNTA, OUOLOYEVELD XOl
wootporio Tou €yel mapatnenlel va woylel o Yeydheg anooctdoelc oto odunav. H dewpla tou xocporoyxod
TAndoplouol TeoTdNXKE apytnd oxelBMS Yo va Aboel auTd Tor {NTAUOTO TS XooUoloYiag, ouyxexpuéva Véuata
CLVOEDBEUEVA UE TIG Py XES CLVITXES TOU GUUTAVTOC, TOU Elval OLUCLIGTIXG TO PEYUAUTERO Uépog Tng Puoixc,
hofBdver Tnv xevtpxn Véan. Awatunouévn ota TEAN tng dexaetiog Tou 70 e apyéc tne dexoetiog tou ‘80, eqdo-
HOGCE BLAPOPES YVWOELS, Vewpleg xan amoteAéopata amd Tohudpriuo Tedlor TG CWUATIOXAC PUOXTS, dAAS O (Blog
o unyoviopog tng Yewploc Tou x0opoAoYIX0U TANYWELOUOY Elvor axdud dyvwoTog. §2¢ ex ToUTou, TpoTtelvovTal
OLdpopal LOVTERX, X0V VoL TERLYPAPOUY TO GEVARLO TOU XOGHOAOYIX0U TANYWEIoUOY, Tou 00nYolV ot avTioTolyES
TpofAédelc, oL oToleC YE T1) OELPd TOUC GUVOEOVTOL UE TUEATNENOYLO YEYOVOTA XU €TGL £YOUV TNV BUVATOTNTA Vo
enaAnUeutoly 1| amoppiploly. O xoouoloyixde mAnduplouds €yel anodetydel 6Tl elvon 1 amAodoTERT TEOYUO-
ToTolNGT), 60OV APOEA TNV EPUPUOYT XU TI UTOVECELS, Uiag TETOlE TEooTddelag xatavonong tng e€EMENS Tou
TEMWOL GUUTOVTOC.

Ev® o xoouohoywde TANUweLopos XATAOXEUAC TXE €TOL (OOTE Vo Umopel Quotxd va avTetwniost to {n-
TAUoTaL Tou oulNTHONXaY Topamdve, TEpLtAAUBAvEL Wiot Yopox TNl Tix TEOBAedn — TNy xavoTnTaL Var TopdyE
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TOUG «OTHPOUCY YLl TNV UAOTOIMNGT TOU GYNUATIOULOU BOPOY UEYIANG XAMUAXAS TOU YVORWOU GUUTOVTOS (OTwg
Gotpa, YohoZieg x.0.) UEOW TV BLo TEANOUEVODY XPovTIXMY BLaxXUUAVOE®mY TOU TES{OL TOU LAOTIOLEL TO GEVIPLO
ToU x00pohoYIxol TANYnelouol. To yopaxtneloTixd autd UTOONAGYVEL TNV TEoBAeTTXY BUvoUn TS Yewplog xou
Vv emtuyio TS Vo 00Ny oeL oe Eva ToEATNEHoWO amoTEAESUN TNE AAANAETBpaone uetoll tne I'Y xan KPBovti-
g Oewplog, miaveg pla and T AMyeg YVOOTEC TEQITTOOEC 0T QUOXT ofuepd. AUTO To QUVOUEVO UTOREL
va emPBefarwdel mewpapatind otic avicotponiee mou mopatneovvtar oto CMB xot, pe augavouevn axpiBeto (oL
amooTONC TpOYpoppaTiovTon YL TIC ETOUEVES DEXVETIEC), UOC ETUTPENEL VO TEPLOPICOUNE TOV PEYAAO optdud
TPEOTEWVOUEVKY HOVTEAWY YLal TO GEVAQPLO TOU TANUWELOUOD.

O xoopoloyxde TANweLoUoS yenoyelel exiong Yot TY «opamony Twv avemYOUNTOY UTOAEUUdT®Y (T.Y.
topological defects). Q¢ onotéheopa, oo Téhog mapouévouy uévo to zero mode tou nediou inflaton xou o
UXEOOXOTIXES OLoLUAVOELS TNE peTerc. Tote, elvon guowd va unotécovue Ty mdavr Umapdn wag Teplddou
%atd TNV omola To clunay Yepualvetar, amd xevo xou xp00 AUEcmS UETA TO TEAOG TOU TANUKELOUOL €m¢ Tol UEYAANL
eninedo evépyelag xan eviponiog mou topatneolvTon otov optllovta ofuepa. Katd tn didpxeio autiig Tng nepiodou,
Yvwothc we avadépuavor (reheating), n tuxvotnta evépyetog tou inflaton petatpénetar o axtvoPorio (Y dhho
éupala owpotidio) 0To TENOC TOU X0OHOAOY X0 TANIWELOUOD UECW BLopdEmY UNYoVIoU®Y. AucTuy®S, XaTd
Vv meplodo e avadéppoavong, ol xwvolueves xhipoxec (comoving scales) ewoépyovian Eavd otov opilovta,
xahoTOVTUC TNV EUUEST) aviyveuor oyedov adLvaTy, o avtiieon ue tny mepintwon Tou TAnYweiouol 6mou
QUTEG KTTAYWVOLVYY Xat agrivouy éva «amotinwuoy oto CMB. Enouéveme, n neplodog avadépuavong neptopiletan
eNdytoTo and xoopohoyixée mopatneroels. ‘Evag tpdmog yia vo neploptotel TovAdyloTtov 1 e€EMEN Tng elvan va
ouoyeTicouue TI¢ xhipaxeg mou emavépyovTon oTov opllovta e excivec mou e&épyoviar and Tov opilovTa xaTa
Tov mAndwetopd. Autéd To eldog mopaueTpononong unopel va mopéyel upeoeg evoellelg yior TV meplodo Tng
avodéppavone fondwvtac oty miovy) EAYIGTOTOMNOT TOU YWEOL TaEUUETEWY Tou avTioToryou TANYweloTX0o)
HOVTENOL.

H exmhnxuns| Swopatixdtnta tou Albert Einstein mpénet vor avagepiel 6tav xdnolog oulntd tn Fevixr| Yewpla
e Uyetxotnrag, 1 omola Bocileton ot ouvewdnTomoinoy 6Tl évag Toapatnentic Tou Peloxetoan o eAeliepn
nTeon 0ev ac¥dveTton TN BopbTnTo xo OTAV Ol EMRTHOOES aUTHS ebva un Sloxplolueg and auTég e XATACTAON
emtdyuvone. Autd mou eivon ofjuepa Yvemoto we n Apy e looduvapinc tou Einstein (Einstein’s Equivalence
Principle — EEP), tov 0bYynoe oe pio Yewpla txavh va e€nyrioet 1 éoto vo meptypdipel to ueyolitepo uépog tng
Baputixhc puoric. H Baocwun nopatrienon mou e&dyetan and tnv EEP eivan 6t 1 Bapdtnta xotavoeiton xahdtepa
OC N XAUTUAOGTNTA TOU Y R0y edvou ot avtideon ye Tic dAAeg Yepehiddelc duvduels Tne guong. Apydtepa auTo
elye TepdoTIO aVTIXTUTO Yol TO WEAROY TNE VEWENTIXNG PUOLXAG OO YWVTAS OF Lo KYEWUETPOTOMONY» TNE PUOIXAS
X0l TOU TEOTOU UE Tov omolo TpooeyY(loupe TN Quoh cUVOAXE (T.y. Vewplec Baduidwy, Yewpla yopdhv x.o.).
H Tevuery Syeuxdmnra, onwe meptypdgetoan and tn dpdorn Einstein-Hilbert, eivar Baciopévn otn yAodooo tng
yewuetplag Tou Riemann xou (exeivn v enoyr) TemTonoploxY dpdpwy avapopixd Ue Tn Slapopxl| YEwUeTpio
X0 TOV TOVUOTIXG AOYIOUO, TIOU EQEUOLOVTOL OXOUT| Xl CHUEROL.

Apéowce petd tne avoxdiudne e I'ES, npotdiinxay Tpomonoioelg Tng, oy xou apyxd ey 0Ny NUEVES xUpltg
amd ETUOTNUOVIXY) TEPLERYELA Xou Oyl amd xdmoa aduvopior Tne Yewplac. otdco ol yeéteg autég, xomg xau
0 AUTOC O TEOTOG €pELVaS, EMPBEABELUNXAY APYOTEQ ATO TNV AVAYXT| Yiot VE YUpaxXTNeloTxd, mou 1 I'Y dev
rephouPdvel, omwe elye datunwiel and tov Einstein. Audgopeg Yewpleg pe avdhoyeg emtuylee mpotddnxay
OmLC Yo Topddetypa to TEdypappa xBoavixic Bopdtntos Bedyou (loop quantum gravity — LQG) pall ye ddha
TOU ETULYELEOUV VOl XUTAOXEUAGOLY plal xPovTiny) Yewpla tng Bapdtntog 1 dAkeg dmwe tor wovtéda Kaluza-Klein
1) string theory mou ctoyebouv oty evonoinon tne Popdtntag pe Tic UTOAOITES VEUENWOBELS SUVAUELS.

Etvor evduagépov 611 mepinou tnyv (Bl emoyr) mou dlaoppdinxe yio Tty @opd 1 I'Y, o E. Cartan tnv
dexaetior Tou 20 avéntule évay TOAD SLaPoReTIXG TUTO Blapopxnc YewueTplog, ue Bdon Tic Blapopxés Loppéc
(differential forms) xa tic 8éopec v (fiber bundle). Xyetixd pe ) 'S, eZétace dhhec déoyec extdc Tne
£QATTOUEVIXHC B€aung xou dAAeg connections extog tng Levi-Civita. Autd emduwydnxe enlong dxapna and tov
H. Weyl xou dhhoug tny idia nepimou neplodo. H yevixeuon tng yewuetplag Riemann and tov Cartan xou ot o
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yevixég connections avoxohbgdnxoy (1 xotahknhdtepa emaveletdotnxay) Toh) opyoTERR OTo €pY0 TV Yang
xou Mills (1954). ErAuepa, oL oAAnAemdpdoelc otn pUon neptypdgpovton and éva gauge field (1 connection). Ou
mpoondieieg Tponomoinong e I'Y e yevixevon tng connection ¥, mo onuavTind Tng uToxeluevng yewueTplog,
ebvan epgoaveic ofuepa oxdua xt av Sopoponotolyv Tt Satinwon e Baputixhc Vewplac (Vewpio petpnic 1
connection).

H yevixeuorn tng évvolag Tou ywpeoyeodvou o Uio XoTOAT TOAATAGTHTA My Ue YeTEiny| g, OTwe utotideton
amd ) Fevin|) oyetundtnta, enépepe ENAVACTACT OTOV TEOTO TEOGEYYIONS TWV GUYYPOVKY YewpldY Tou TEo-
ool Vo EVEOUATMVOLY T Bopbtnta Ye 1 cuUPatin cwuatiotxt guotxy. Towg pla amd tig mo xpioweg, xau
TauTOYPOVa aveiThdEUTES, Tpobmodéoels Tng I'E elvan n connection Levi-Civita, pe dhha Aoylo 6TL 1) connection
etvan oupPoty pe T uetpi (Srortnpel T petexn) xan cuppeter (ehevdepla oteédne). H ouyxexpiuévn emhoyh
Tne connection dev etvon tuyada, xadde anodelydnxe ond tov Levi-Civita (xou tov Christoffel) 6t ouvdéeton
UE TNV €VVOoLa TNG TURAAANATS UETAPORAS BLAVUOUAT®Y 0TOV XaUTOAo Yweo. EmnAiéov, n déa tng cuvakholwtng
Topaydyou (covariant derivative) evoc SlavOoUOTOC Xt PAXOC WOG XUUTUANG YEVIXEDTNXE VLol TNV TERITTWON
wag yewueteiog Riemann, v onola axpBde yeewalotay n I'S exelvn tny emoyr. Iohd clvtoua 1 mpolnddeon
¢ connection Levi-Civita dpytoe vo apgiofnteiton, 6nwe xou dhieg ntuyéc e I'Y, apyind otic yehéteg tou A.
Palatini, émou yevixebovtog Ty évvola Tng connection oe Wior aveEdpTnTn TN PETEIXNG, UNOPECE Vo amodel&et
OTL xou oL Bvo datutwoel e I'Y elvon 1wodlvapee. H xlpia Swapopd Beloxetar oto yeyovog 6Tl 1 cuvifxn
Levi-Civita avaxtdton 670 eninedo twv eglothoewy xiviong tng Yewpioc (on-shell) xou dedoyévou 6t 0 @opuot-
ouée Palatini 1 mpddtng t8&ne tne I'E elvon 1oodivapog pe ) cupfoatiny yetpixn 1 debtepng t8<ne dlatinwon to
Véua TwV dlapopwy BATUTOOEWY TEONXE O AVAOTOAY xou BOUNXE ENAYLO TN TEOCOYY| UEXPL TIC EMOUEVESC UENETES
Tou Cartan mou €detlav 6Tt xou oL yewueTpleg extdc Tou Riemann pnopoly eniong vo utootnellouy wa Yewpla
BoapltnTag.

Metd and npdogateg e€elielc o€ exrsrapéveg/rpononompévsg Yewpleg BapltnTog, TOU ETUXEVIPWVOVTAL
xuplte oe xoopoloyxd {nthuata (.. Uoviéha oxoTewic eVEpYELIS, LOVTENA XOOHONOYIX0U TAndwpelouon),
pévnxe 6Tt 0 poppakiopog Palatini avtictoyel oe éva JeueMdBOeC €pOTNUA OYETIXG UE TNV TORUUETEOTOMOT
TV Poputixoy Badumy eheudeplag. JUYXEXPWEVA, TO UEYUAITERO UEQOC TV TANUMELO TIXWY HOVTEAWY TOU ElVoL
OXOUA OF CUUPOVIOL UE TIC TIELRoaTIXES EVOElEEIC TtEpLEyouy €va eldog un-tetpiupévng {eving tng Bapdtntog e to
Boduwto nedlo inflaton, yeyovde mou elvar ixavd vo 0dnyroel oe npolAédelc Tou Blapépouy SEUUUTIXG aVAUECH
otoug 800 oppoliopols (uetphc xou Palatini). Towe éva and ta mo yvwotd mAndwelotixd povtéha ye ou-
veyele emtuylec efvon to povtéro Starobinsky A povtého tetpaywvinic Bapltntac (R + R?), dtunopévo o1o
popuoloud uetpwhic. Tlpofrédeic autol Beloxovton evtog Tng emtpenduevng teploy g 1o twv Topatnerioewy o-
ONYWVTAC OF Wiat TANYWEA GAADY HOVTEAWY TOL ETYELPOUY VoL TO TPOTIOTIOLGOUY 1| Vo TO ETEXTEVOUY BLATNEMVTOC
TPEAAANACL OPLOUEVAL OO TaL EAXUC TIXE YopaxTnelo Tixd Tou. ‘Ouwe, to povtého Starobinsky diatunwuévo xotd
T0 poppakiouos Palatini teprypdepet o TEAElnS BLaQOPETIXT EIXOVA TOU GEVIRIOU TOU X0GUOAOYIX0U TANYnpelouoy,
yeyovog mou tovileton Wlodtepa otar xUplo amoTeAéouaTa NG SlaTeBhc.

Me Bdom tic tponyoluevee cuULNTACELS QUIVETOL ONUAVTIXG VoL ETAVEENG TOUY OPIOUEVES TTUYES TOU XOCUOAO-
@0l TAndweiopoU, Tedyud Tou Yivetal 6To BelTEPO XEPAANO OTOU TO TEQLOGOTERO OO TA AMOTEAEGUATO TTOU
xeetdlovton YeTéneltar e€8yovTaL UE EASYLOTY LOUMUOTIXT] (VO TNROTNTOL, TOQAUTEUTOVTAS TOV VOY VWG TN OTNV Te-
edotia BiBhoypaplo yio exdotote YEUo oANS XL OE EMOUEVES EVOTNTES TNV (BLol TNV BlaTEUBT]. ZEXVOVTAC UE Uiat
cLVTOUT ETOXOTNCT TNG oVYYEOVNE X0oUoloYiag, 0dNYoLUAoTE aUEécns T epewTidata Tou Big Bang, mou ye
TN OELRd TOUC oG 001N YoUV TNy xevtpixt| Wéa Tou TAndupeiouol. Iapdho tou ol tpoyuoatinéc TpolAédelc oyeTind
ue tnv meplodo tou mANdwelouol eCapTdvTon ot Yeydro Badud and to Yoviéro, ol 6o TapouatdlovTal GTo
AEPANOLO QUTO ELVOL EVTEAMS AVEEFETNTOL A6 TO UOVTEAD, VUCLALOVTAS EVOEYOUEVOC UEPLXA ATO TAL CUVORTAO TLXA
amoteAéopata Tou Teocépel N Vewpla, T omola culnTovvtal o emdueva xe@diona. H mporypatnd tpdBiedn tou
mandoplopol, dnhady| ol Slutopayéc Tng TuxvoTnTag evépyelag Tou edlou inflaton yeletdvrton xan topoucidlo-
VTOL UE UEYAAN AEMTOUEREL AOYW TNS oNuaciog Toug. AVoALOVTOC GTN GUVEYELXL TO ATAOUGTEQO UOVTEAD EVOC
TAndwetopot, éva mpaypotind Baduwtd tedio ehdyiota ouleuyuévo (minimal coupling) ye tn BopdTnta e to
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Suvopxd auTé-oANAETBPACTIc TOL UG TNV TEocéyylon apyhc xUAong (single-field slow-roll), ot mopduetpot
apyhc xOMone (slow-roll parameters) cuvdéovtat Ue TO TAATOS QUTHOY TV BLOXUUEVOEWY, GTUATOBOTOVTAS EVar
TEOTO TOCOTIXNG XATAVONCTNS Xk BIVWVTIC TNV XavOTNTO TEOBAEYNC TWV TOEATNEACHIWY TOCOTATWY XATd TOV
mandopopd. Ta va avtiotaduloovye autd, egetdloupe eniong tn Aeyouevn npocéyyion otoepric XUAMONS TOoU
nediou inflaton (constant-roll) xow cuoyetiloupe TpoPrédelc uetalld Twv 800 TPOCEYYICEWY VLol GUYXEXPUIEVOL
HOVTEND OE EMOUEVO XEPAALO. XTO TENOG TOU Xe@oAalov Topouctdlouue Wior cOvToun alvoldn tng meptddou
avodéppavone mou axolovdel Tov TAnlwploud, TedTo eEeTdlovTag PEPIXOUS and Toug TAVOUS UNYoVIGHOUS
X0l TENOC ETUXEVIPWVOUUGTE OTNV TUPUUETEOTOINCT TNE avard€puavong we Teog Ti¢ TANYWELo TIXES TapaéTeoug,
OLATNEAOVTOS PE UTOV TOV TEOTO Wlol dUeST) oUVOEST UETOU TwV 600 ETOYWY, TOLU HAC ETUTEENEL Vo YECOUUE
TaveE Ao TNEOTEPOUS TERLOPIGUOUS OTIC TUPUUETEOUS TOU Xde povTéhou.

Y10 endpevo xepdhoto (Kegpdhowo 3) avahbouye tov goppoliopd Palatini ¥ gopuaiioud medtne tééng, tou
amoTEAEL TNV XEVTEIXT WOEa Tou x0pLou PEpoug TNE dlTe3hg, dlvovTag WWIETERT TEOCOY T OE QUTH TOU ETLOTUO-
tvovTow mepantépe oTal TANYWEIC T LOVTENR. Apyxd EQLoTOOUE TNV TEOCOY T OE OPLOPEVES TTUYES Tou cuUfo-
TIXOU QOPUAALOUOU UETEXTE Tou efvar Veuehlmdde dlapopeTinéc otn datinwon Palatini e 'S, 6nwg o dpog
York-Gibbons-Hawking (YGH). I'io va xadopicoupe v Palatini variation , apyilouue opilovtog apyixd toug
metric-affine yhpoug xau Wiodtepa TV évvola e oteédng (torsion), tne un-petpxdtntac (nonmetricity) xou
NS XUUTUAGTNTAG oty My, 6mou odnyoluacte oo Véua tne metric-affine connection. Metd and wa cOvtoun
LG TORIXY) AVOoXOTNOT] EToVEEETALOUUE TOV GUUBATIXG UETEIXO QPOPUUALONO Xal EEQYOUUE TIC YVOO TEC EELOMOOELC
nedlou Einstein tng I'Y. X1 ouvéyewa, e€dyoupe Ti¢ ellodoelc tedlov yio tny Lagrangian Einstein-Hilbert
UTOVETWVTAS TOV POPUAAIOUO TTEWTNS TaENS, dnhadr 1 peTpxr xat 1 connection dev elvan e€aptnuéves uetald
TOUC EX TWY TPOTEPWY, OTOU ToL opytxd amoteéoporto Tou Palatini (xon twv dhhwv) avanapdyovtor xohothvTag
v oduvopio Tng I'Y petadd autdy twv 0o dlatunwoewy. Kielvovtag to xegpdioto culntdue tnv npoondideta
XATAVONONG EQY aUTH 1) looduvapio Topauével 0To xPBavTind eninedo.

Y10 TéTopTo xe@dhato Topouctdloude Tor x0plol AmOTEAECUOTA TN DATEBHAC YENOWOTOLDOVTOS XAl GUVOL-
Glovtag Yeptnéc amd TIC LOEEC TOU TOPOUCIACTNXAY OTA TEONYOUUEVA XEQPAAALY, UE TO EMIXEVTPO VoL €lval TO
mandoploTind poviého Starobinsky. 'Etot, Eextvie mpdTa Ye Yo OVAGXOTNOT TOU LOVTENOU GTOV (POPUIMOUO
wetpwhc, ToviCovtag mwe o Baduntde Badude ehevieplog (Yvwotoc xou we scalaron) mov mpoépyeton and tov bpo
R? npoxintel ot Badunti avaropdotoon tne ev Aoyw Yewplac. Tt ouvéyela, efvor edxoho va eE8youye To du-
voix6 Starobinsky oto clotnuo avagopds tou Einstein (Einstein frame) petd ané wio enavondhydxworn Weyl
(Weyl rescaling) tnc yetpfic xou €voy Enavampoodloplopd tou Tediou, epapuoéloviog €ToL TOV PNYavioUd Tou
TAndwetopol apyNg xOMGTE eVOg TEBIOL, OTWE TEPLYPAPETOL OTO BEVTERO XEPANAO TEOXEWEVOU VoL amoxTioly
ot meplpnueg meoPAédeic Tou povtéhou Starobinsky. Xuveyiloupe e€etdlovtog por 00leuvén tou povtéhou Staro-
binsky e évo mparypatind Podunmtd medio xou to duvauixd Tou, TEHOT YE EAAYLOTO TEOTO (HEGL TOL TAYXOCULOU
bpou \/—g) o upybTEpa o Wac un-tetpupévne olleuine pe tov 6po Einstein-Hilbert e popgrhc £ R.
Etvor mpogavég 6Tl xan oTig 800 Tepntwaoelc 1) Yewpla tepyel ouctaoTixd dVo Poduwtolc Boduolec eheudeplog,
7o scalaron x xou t0 apyix6 Boduwtéd nedlo ¢. Exel noupatneodue 6Tl 1 EPAUPUOYT) TWV UOVTEAWY QUTOY GTOV
TANYWELOUO TEPITAEXETOL aEXETA ol xou Tar U0 Tedlor umopolv xat’ apyhv vo cuuBdiouv oty LAoToincT Tou
TAndoplopol, xou Eixd 6TNY Tepintwaon 6mou oL xwvnTixol dpol Tou xdlde Tedlou euPTOVTOL UN-TETEWUEVA oo
70 dAho TedlO, TEPLTAEXOVTAG TNV oVAALGOT).

Trolétouye énelta T0 povTéro TN TeTpaywvixig Bapdtntoc otov gopuoiiopd Palatini, émou xou amodet-
xvOoupe 6L o bpoc R? Bev odnyel oty mporypatidTTe oe éva duvouixd Poduwté medlo, x. Aedouévou 6L
OTOV QOPUUALOUS TEWTNG TAENG 1) CUVOY Y Xl 1 UETELXY Bev eC0pTMOVTAL €X TwV TEOTEPWY 1) Uiot amd TNV GhAN,
o emovaxpdnwon tne wétenone (Weyl rescaling) agriver tov tavuoti Ricei apetdBinto, xodoe oe auth tnv
nepintowon elvan xadaupd cuvdptnon tne connection, Snhodr R, (I'). Enouévwe, dev undpyel 1po6mog Yio T0
scalaron va amoxtioel €vay xvnTixd 6po oTo cUc TN avapopds tou Einstein. Téte, ou didgopol cuvduacuol
TWV CUVAPTACEWY XAUTUAOTNTOC LPNAOTEPLY TaEewy Oev elvan oe Véor va cuvelo@épouy €va Podunmtd Bordud
ehevleplog, €Tol WoTe To Yovtého va Teplypdiet eva oevdplo TAndwpelopol xou to nedio inflaton mpénet va ou-
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urepthngiel eppavg otn 6pdor ye TN Loppt| evog Jeuehiddoug Baduwtold mediou ¢. To onuelo exxivnorc uog
elvor TOTE e Bpdom awThS NG wopenc. Xto mAaicto tou Einstein detyvouue dti to scalaron x nepihopfBdvetan
o€ TOMOTAAGCLIC TIXO0UE TOEAYOVTES TOU XYNTIXOU 6pOU ToU ¢ xat Tou duvauxol tou V(¢). Xtn cuvéyela,
uetd and variation tng tehxnc dpdong oe oyéon ue To ), mopdyouue Ty e&lowon xivnong Tou X, TNV onola
oTn cLvéyeta avTxahoTolue ot dpdon. Exel Siamotwdvouye 6Tl 1) 8pdorn amoxtd xwvnuxols 6pous LdmidTeEENS
Té4Enc Tou apyol Paduwtol medlou, oc (V) xadde xon mepimhoxes exppdoeic yio T1 W-xovovixh xvntixd
ouvdpETNoN xat TO Baduwtd duvaixd. TN CUVEYELY, UTOPOUUE Vo EEAYOUUE TIC YEVIXEUPEVES EELOWOELC TEdioU
Einstein yia 1o cUotnua yetd and variation oe oyéon pe tn pueteinr| xou 1o Porduntd medlo xou v del€ouye 6Tt 1)
eglowon xivnong tne connection odnyel otn cuvixn Levi-Civita o oyéon ye v véa yetpiny| g. E€etdlovtog
™ dlatunwon path integral g (Bloc Yewplag dlamotdvoupe OTL 1 un-duvauixy @OoT Tou nediou scalaron dev
neploptleTton oTNV xhaouxr| 8pdoT), dAAS THPUUEVEL 0TO XBavTind ETUINEDO axdua xon OTAY dAAA TESlo VAN TEQLAa-
BdvovTar oTny 0pdoT), 00MNYOLUEVOL GE TOTUX00G GEOUS OV UTOROVUE UE aopdieia Vo ayvoricoupe. Kielvovtog
QUTH TNV EVOTNTA TEOGPEROVUE Uiat avToun oulATnom yia To VEUa TV CUCTNUATWY avapopds, Tou Einstein
xau Tou Jordan cuyxexpéva, xodog 1 uetdBoon and to choTnua avapopds Jordan oto oo TN avapoEds Tou
Einstein noflel moA) onuavtid pdro yio TNV ETXEUEVN avIAUGT).

Y1y endyevn evotnto €6 TLELOUKE GE Evary optduo TANUOELO TIXGOY LOVTEAWY TIou HdT) amoxAeiovTton amd nopa-
Tnefioelc utodétovTag wo TeTpypévn oUleLEn ue Tov Boputind topéa R+ R2. Apyixd eZetdloupe 10 heyduevo
wovtého natural inflation, 6mou del€ope 61t 0 dpoc R? éyel onuavtixd cuPBorf oo duvauixd TAdwplouol Tpo-
HAADVTOG Lol ETETEDT) TEQLOYT) GTOL OPLOL UEYEAWY TGV TOU TEBIOL ToU TANIWEICHOL ¢. LTNV TEAYUATIXOTNTA, TO
amotéheopa autd oy VEL YEVIXS Yio OTOWOATOTE Aoy pop@t| duvauxol V (¢) mou odnyel oe éva opomédio yia
TOAND yevxée ouviixes. Xtn ouyxexpuévn nepintwon tou natural inflation, n e€oudhuvon tou Buvauxol eivor
epgavic. Aedouévou OTL ac eVoLapépel 0 TANIWEIoUOC apYTic XOAONG, TUPAUEAOVUE TN CUUBOAT TV XIVITIXWY
bpwv uMGTepne NS o ¢ xoun epapudlovpe Tov cuuBoTd unyavioud Tou TAdwplonol evée Tedlou. Exel
BLATLO TOVOUUE OTL 6TAY TO HOVTEAD PuUGLXOL TANYWEICUOU YEVIXEVETAL UE TOV Gpo Starobinsky ctov gopuolioud
Palatini, uropolue va AdfBouye amodextéc npoAédeic yior o TANUwELo TIXd Tapatneriodo UEYEDT, EMTEENOVTOC
EMOPEVWS TN BUVATOTNTA TO LOVTENO VoL TEPLYPAPEL VA ATOBEXTO GEVAPLO XOOUOAOYIX0U TANdwpetopol ot avtide-
o1 he TN ouVNHIoPEVT) Toug BLATOTIWOT XATA TO POPUIACUS PETEWTNC OTou TEoPBiéelc Tou wovtélou PBeloxovta
EXTOG TNG EMTEETOUEVNE TEPLOYNS.

To amholotepo cevdpto evog ehebepou Eupalou Boduwtol medlou potpdleton emlong TNy Bla polpa ye To
wovtého natural inflation, wotéc0 Yewpnvtoc autéd otov gopuakiopd Palatini pe tetpiupévn (ebin ye to povtého
Starobinsky, hauBdvouue TWES TV TANTOEIETIXGY TURATNENCYLWY TOCOTATWY EVTIOC TNG EMITPENOUEVNS TERLOY NS
Loy Typéc Tou bpou udloc xovtd ota m ~ 1013 GeV. H xhipoxa tou mhndwpiopol, tou opiletor we ot Tée
nedlou Tou xavovixomounuévou nediou inflaton, etvon ehapede ndve and v xhipoxo Planck.

Metd v emtuyio TV TEONYOUUEVLY HOVTEAWY, LIS EVOLUPEREL VAL OVOADGOUUE TO OEVAPLO TANUWELOUOU
Higgs (Higgs inflation) pe tetpwpévn (ebin pe tn Bapltnra. Eivor yvwotd 6t otov gopuokiopd uetpinic
amontetton ot un-tetpipévn LeVn, wotbéoo oto ouyxexpyévo Thalolo defyvouue 6T 1) enidpaon Tou dpou R
emTEENEL TNV eniteudn Tou xoouoloywol TAndnplouol ye Ty tpobndleon 6tL o aprdudg twv e-foldings mou
amoute{ton ebvan ueyahitepog and tov cuvnhouévo, tovidylotov N ~ 70 e-foldings.

‘Eyovtog avolioel to @doua Twv eAdytotor ULELYUEVKDY UOVTEAWY, culnTouvton eniong To EEoUPETIXG ONuo-
QLA povTéda mou €youv pa un-Tteteluuévn Lein ye tov 6po Einstein-Hilbert. To yevixd yopoxtneiotind tng
loomEdMoNE Tou Parduwtol duvouxol oto miacto Einstein nopouéver axdua. Egapuolovtag autd to mpdypauua
oto povtého Coleman-Weinberg xou oto povtého induced gravity AouPdvouue amodextéc TWES yio Ta TopATh-
efotua peyédn xatd Tov TAndwpeloud xon yior Toe 500 LOVTEAA Yol EVal HEYAAO UEQOC TOU YWEOU TWV TULAUUETOWY
yioe To xdde povtéro. Idwitepn onuacia €yel to oevdplo tng un-tetpwpévng (eding tou Higgs dmou delyvouue
ot 1 otadepd Leding & petalld tou Higgs xan tng Popdtntog puropel vor AdBet uixpéc TWég o oyxplon Ue auTég
Tou amoxtolvToL amousta Tou bpou R2. Ye aviideon ue o mponyolpevo cevdplo dmou Yewphooue TETEUIUEVN
Lelin, to povtého eivar xavé var mapdryet xotdAANAa TANYwelo Tixd tapatneoa peyédn yia twéc N € [50, 60]
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e-foldings.

Me xivntpo v emtuyio TV TEONYOVUEVWV HOVTEA®DY, EQEUVACUUE TO GEVAPLO O6Tou 0 6po¢ Starobinsky
elvor oulevypévog un-tetptuuéva ye éva Yepehlndeg Potunmto mou €yel quartic dSuvouxd tpowddvtoag T oToe-
oé Starobinsky «a vo cuumepihdBer hoyoprundée dopddoeic oc log (¢2/1?) Tou Yepehidrdouc Paduwtol mediov,
a — a(¢). H dpdon mou npoxintel oto cvotnue avagopds tou Einstein éyer mopduola poppy| pe to povtéa
Palatini- R? mou Yewpidnpay mponyoupévec, ¢otdoo 10 0pomédlo Tou duvauol TapaPidletor Aoyopripxd yio
TWéS Tou Tedlou ¢ > p. Ao TOVOUUE OTL 1) TEOBAEYN TOU HOVTENOU GYETIXA YE Tol TANUWELO TIXG ToEOT-
erowo oTotyela elva o XA CULPWVIN UE Ta TEOCPATA SEGOUEVYL TopaThENoNS, Wing 6Tay 1 cuvdetnor (eing
a(@) napvel peydhec TWéS oL TYWES TV TapatNeotpey LeYeddy etnpedlovton o avtideon ue to TporyoUUEVa
HovTéla 6Tou WOVo To mopatnerolo péyedog r e opTidTay omd To . AUTO UTOONAWYVEL 6TL GANOL LOVTENX TTOU
Beloxovta extoc e emtpenduevne meployfic (+)20 umopolv TENXA VO GUUPOVOUY UE TIC TOPATNENOELS oV El-
odryoupe otadepd mou eloptdton omd o Baduwtd medlo, a(¢). Emmiéov, ol twéc tou 1 unopel vo xupoivovtot
U UXPOOXOTIXES, TOU Efvol €val YEVIXG YapaxTnEloTixd TV povtélwy Palatini-R?, éwc apxetd yeydhec TAn-
oldlovTog To dvew 6plo Tou T, TEAYH oL onualvel 6Tl utopolv va épdouy oe emapn uE UEANOVTIXG TELRUOTAL
avapevéuevne axpBetoc 1073 A oxdpn xau 1072 Metd t0 1éhoc Tou TAIOEIOUOY Yl TO HOVTENO PERETdTOL
1 dtadxaota avadépuovone. Méow Tou unyoviopol mou eEmoNUUVETOL GE TEONYOUUEVO XEQPIANLO Elvar BUVITOV
v cLOYETIOVOLY oL TapdUETEOL avard€pUavong YE TIC ToRUUETEOUS ToU TANIWEIoUOD Xon €TOL Yol OLPORETIXES
TWES NG ToPUUETEOL xatdotaone avadépuoavone wr Oelloue OTL To ev AOY® HOVTENO €lvol TEAYUOTL LXaUvO Vo
UTOG TNRIEEL Wiat ETOY T AvordEQUOVONG YL TIC CUYXEXQPWIEVES TYES TWV TURUUETRMY TOU HOVTENOUL oL AoufdvovTon
xotd T didpxeta Tou TAndwplouoy, ue uéyiotn Yepuoxpaoto avadépuavone Tr ~ 101 GeV. Tré tnv unbdieon
e oTwyplabog avadépuavone, AdBaue éva dve dpto Y Tov aprdud twv e-foldings N =~ 52. Khelvovtag ou-
TV TV evotnTay e€etdotnxay dhhec poppéc e€dptnone tne otadepdc Ue to edio, o), mou datnpolv eniong
v emduunt emmedotnTo Tou duvauixol inflaton. Axoun xo o aUTEC TIC TEPTOCELC uTtopéoaue Vo Boolue
CLUPOVINL UE TUPATNENOELS VLol VO CUYXEXQUEVO UEROC TOU YWEOU TORUUETEWY TOU LOVTEAOU.

Yy tedeutalar evotnTo 0 TIACOUUE TNV avdhucT uag oty TANYwele Ty gowvopevoroyia Tou edlou Higgs
0€ GUVOLOOUO PE TNV TeTpaywvixh Bapdtnta und Ty unodeon tng mpocéyyione otadeprc xOhong. Ilopduola
UE Tol TEOMYOUUEVA HOVTEND, 1 TpoxVTToucH Bpdon oto thwcto Einstein €yetl tn uop@r tou yevixeuyévou tomou
k-inflation. Yuyxexpipéva. avorboupe xon Tic 00 TEPITTOOELC Ceuinq, Terpnppsvng xau un, Touv Higgs ue
Bopttrra utodétovtac 6Tt 1) ouvdixn otadepic xOMong é ~ BH oyle, bmou 1o B evor wo otadepr, mopdue-
teoc. Ko otic 8o mepintdioeie, ol npofAiédels yia ta mapatneroyo ueyédn delyvouv onuavtiny e€dptnon ond
Toug xvNTXoUE Hpoug LPMAGTERNC TdEne, o avtideon ue TNy avtioTolyn teplntworn émou to Yovtéla e&etdlo-
vtow unodétovtag slow-roll inflation. Eiwdwd yia 1o oevdpio tetpiupévng (eding damotwooye Tt AauPBdvouue
omodextée Tyég yio o maportnefotua ueyédn v N € [50, 60] e-foldings, xdt mou épyeton oe avtideon pe tny
neplntwon opyhc xOhone 6mou elyoue amodellel 6t ypewolopoote N 2 70 e-foldings mpoxewévou 10 ng va
BeloxeTton eVTOC TN EMTEETOUEVNC TERLOY NS 20
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Introduction

It is not an exaggeration to state that the Standard Model (SM) of particle physics [1-3] and the General
theory of Relativity (GR) [4] constitute the pillars of our understanding of the physical world. After all,
both of them are established as the most complete theories to date.

The last piece of the puzzle of the SM came with the discovery of the Higgs boson [5-8] at CERN’s
Large Hardon Collider (LHC) [9, 10] that validated and solidified the predictions of the theory. Even
though processes described by the SM are (or can in principle be) observed, there exist however others
that SM cannot account for without nontrivial modifications to its content, leading to possibly serious
ramifications. Many theoretical issues are brought up when shortcomings of the SM are discussed,? some
of them being the inability of the SM to provide a dark matter candidate and also to explain the dark
energy of the universe via a vacuum energy density of the appropriate magnitude. Arguably the most
important of them is its prediction of exactly massless neutrinos which has been observationally falsified
via neutrino oscillations [15-21].

On the other hand, the theory of GR is validated through the years [22] with its latest achievement
being the observation of its predicted gravitational waves produced by a black hole merger [23, 24]. Issues
regarding GR arise primarily due to its failure to be quantised (or renormalised for that matter [25, 26])
and, in general, quantum phenomena in curved spacetime are inadequately understood in that context.?
It is however entirely possible that the overall approach of quantising a theory with a geometrical inter-
pretation is ill-defined and as such results obtained in this way should be considered approximate at best.
For example, other bold claims of GR such as the black hole solutions (and the initial singularity; “Big
Bang”) were viewed as mathematical paradoxes to be snuffed out by a complete theory of gravity.*

The incompatibility of the SM with GR demonstrates then that the aspiration of unifying the funda-
mental forces under one theoretical framework is still far away from being realised, with many possible
shortcomings on the horizon. However, cosmology and particle physics are getting increasingly closer
over the years, undeniably not better exemplified by developments in the theory of cosmic inflation [28—

’The notion of disagreement of an experiment with the SM is measured in ¢, meaning that after some observation is
above some o (50 is believed to be the threshold) of the SM prediction it is labeled as “new physics”. Actually, this would be an
encouraging result hinting towards a possible avenue of research, much awaited by the theoretical physics community. Currently,
under serious consideration are the measured value of the anomalous dipole moment of the muon (preliminary results point at
deviation of 4.20 [11]; see also ref. [12] for a review on the subject) and the B meson decay (BaBar reports a 3.4 [13]; LHCb
2.10 [14]).

Even though different approaches to quantising gravity have been proposed with various levels of success, the overall
statement still holds at present time.

4As is known a black hole has already been observed and we even managed to capture an image of it and its shadow [27]!
There is however a justified concern regarding predictions made by the theory due to its breakdown at the point of the singularity.
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1. INTRODUCTION

32]. By supplementing GR with an additional fundamental scalar degree of freedom that is able to
support a quasi-de Sitter expansion during the early moments of the universe, known as inflation, we
can explain the observed flatness, homogeneity and isotropy at large distances measured by precision
data [33]. There exist however certain patches of inhomegeneity measured in the Cosmic Microwave
Background (CMB) [34] approximately at 10~ on large energy scales. Surprisingly, these fluctuations are
almost Gaussian and relatively scale-invariant and can be also explained by inflation when the classical de
Sitter fluctuations are treated quantum mechanically [35-37]. Constraints from observations include the
amplitude of these fluctuations that in turn are translated to further constraints on the proposed models
and increasing accuracy of these observations can heavily restrict these models [38, 39]. In fact, a di-
rect detection of primordial gravitational waves coming from inflation can determine the energy density
of inflation via the amplitude of the tensor modes, although the growing precision of experiments can
place a substantial upper bound already. Most of the proposed inflationary models are inspired in some
way from developments in particle physics, perhaps demonstrated best in the Higgs inflation model [40-
42], in which the Higgs boson assumes the role of the field driving inflation and serves as the simplest
inflationary scenario in terms of extensions to the SM field content.

Here be dragons
IR Apw Ningi Mp UV
{ ! Il Il A

102 ~ ]j016 1618 rOO

New Physics (?)

F1GURE 1.1: The difference between the EW scale, the Planck and the (supposed — model dependent) scale of inflation.
It is possible that the large chasm separating these energy scales may include New Physics phenomena or it may
end up being simply a transitional era between high- and low-energy physics.

It cannot be overstated how the generalisation of the notion of spacetime to a curved manifold M
with a metric g as supposed by the theory of GR [4] has revolutionised how one approaches modern
theories that attempt to incorporate gravity with conventional particle physics. Perhaps one of the most
crucial, and simultaneously unassuming, postulates of GR is the Levi-Civita connection, in other words
that the connection on the manifold is metric-compatible (preserves the metric) and symmetric (torsion free-
dom). The particular choice of the connection is not all accidental since it was proven by Levi-Civita [43]
(and Christoffel [44]) that is linked to the notion of parallel transport of vectors in curved space, and
additionally the idea of covariant derivative of a vector along a curve was generalised for the case of a
Riemannian geometry, which is exactly what GR was in need of at the time. Similarly to other aspects of
GR, it did not take long for the assumption to be challenged, done first in the works of A. Palatini [45],
in which by generalising the concept of a connection to a metric-affine one he was able to show that both
formulations of GR are equivalent. The main difference is that the Levi-Civita condition is recovered at
the level of equations of motion of the theory (on-shell) and since the Palatini or first-order formulation
of GR is equivalent with the conventional metric or second-order formulation the matter was put to rest
with little attention paid until subsequent works of E. Cartan (see for a review [46—-48]) demonstrating that
non-Riemannian geometries can also support a theory of gravity. Then, following recent developments in
extended /modified theories of gravity, primarily focused on cosmological issues (e.g. dark energy mod-
els), it appears that the Palatini variation is translated to a fundamental question on the parametrisation
of the gravitational degrees of freedom.
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Outline

In the next chapter, ch. 2, the theory of cosmic inflation is explored and most of the physical results
needed in later chapters are extracted with minimal mathematical rigor, referring the reader to the vast
literature on the subject for a complete discussion. We start by analysing several aspects that make
inflation appealing as a solution of the headaches induced by the initial singularity. Even though actual
predictions regarding the inflationary period are highly model-dependent everything presented in the
chapter is completely model-independent, potentially sacrificing some of the exciting results the theory
offers which are discussed in a later chapter. The actual prediction of inflation, i.e. the energy density
perturbations of the inflaton field are studied and presented in great detail due to their significance. By
then analysing the simplest model of an inflation, a real scalar field minimally coupled to gravity with its
self-interacting potential under the slow-roll approximation, the slow-roll parameters are connected with
the amplitude of these fluctuations marking a way to quantitatively understand and make predictions
about quantities during inflation that are observed today. To compensate that, we examine also the so-
called constant-roll approximation and relate predictions between the two approximations for particular
models in a later chapter. At the end of the chapter we present a brief overview of the reheating era
that follows inflation, first by reviewing some of the mechanisms possible and finally concentrate on
parametrising the reheating in terms of the inflationary parameters, maintaining in that way a direct
connection between the two that is readily used to apply potentially stricter bounds on both of them. At
the very least it can show if a candidate model of inflation can support a reheating phase.

In ch. 3 we analyse the Palatini or first-order formalism setting it up to take center stage in the main
part of the thesis. First we draw attention to some aspects of the conventional metric formalism that
are fundamentally different in the Palatini formulation of GR, such as the York-Gibbons-Hawking (YGH)
term. In order to establish the Palatini variation we start by first defining the metric-affine spaces and
particularly the notion of torsion, nonmetricity and curvature on M, that in turn allows us to approach
the subject of an affine connection. Then we derive the field equations for the Einstein-Hilbert Lagrangian
now under the assumption of the first-order formalism, i.e. the metric and the connection do not have an a
priori dependence on each other, in which the initial results of Palatini (and related works) are effectively
reproduced via the apparent equivalence of these two formulations of GR. Closing the chapter we discuss
the endeavor of understanding if that equivalence remains at the quantum level.

The ch. 4 is comprised primarily by the main results by using and combining some of the ideas pre-
sented in the previous chapters. We start by highlighting that modified theories of gravity such as the
Starobinsky model of inflation (among others) do not have an equivalent description in the metric and
Palatini formulation. Specifically, the R? term in the first-order formalism does not generate a dynami-
cal (propagating) degree of freedom which in the usual metric formalism is identified with the inflaton
field driving inflation. Therefore, in the interest of describing an inflationary phase we attempt to couple
the R + R? gravitational term, either minimally or nonminimally, to a fundamental scalar field with a
self-interacting potential term. There we notice that various prominent model candidates for inflation that
were previously excluded or were in marginal contact with recent observations in the so-called Palatini- R
models their predictions reside within the allowed region by the Planck 2018 mission [38]. The Higgs infla-
tion model is singled-out due to its appeal by not extending the particle content of the SM, and predictions
of the Higgs-R? model in the Palatini formalism are also analysed in the constant-roll approximation.

All of the previous chapters are supplemented by small sections, referred to usually as “digressions”,
that provide more context to each particular discussion, however these results are not applied in the main
part of the thesis. Lastly, in the last chapter (ch. 5) we summarise the main findings of the present work.
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1. INTRODUCTION

Notation

The metric signature convention used throughout the thesis is the “mostly-positive”
N = diag(—, +,+,+) .

The Einstein summation convention is also implied and we use the usual notation that Greek indices
denote strictly spacetime indices, p,v,... = 0,1,2,3 and Latin indices are internal indices specifically for
gravity they take up values of 7,j,... = 1,2,3. Following the conventions of the community we also
employ the condensed notation
n
d"z = H dz' .
i=1

Throughout the thesis we also use the dot and the prime over quantities to denote derivative with respect
to time and with respect to the function’s argument, respectively; in other words:

iy = fiay =YD

dz
When we refer to the metric tensor in text we use the symbol “g” and assign g strictly to its determinant
that mostly shows up in the action functional in the form of \/—g with g = det(g,,, ). Throughout the thesis
the (anti)symmetrisation of the indices is weighted by a factor of 1/n! where n is the number of indices,

e.g.

(AuB, + A,B,) .

1
H 2l

A( BZ,)E B

Likewise, the antisymmetrisation A}, B, is defined with a minus on the RHS. Indices separated as shown
below

1
A(,U,‘VBP) = E(A,U«VBP + APVBH) )

are assumed to be excluded from the (anti)symmetrisation.
In chapter 3 we adopt the abstract notation (when convenient) instead of the explicit one in some parts
of the discussion, therefore we should emphasize in the following table their equivalent form

Object Abstract Explicit
Vector field X XH
Tensor product X®Y Xryv
Covariant derivative =~ VX(Y)=VyX YV, XY
Cov. derivative tensor VX VXY =0,X"+T1",,X°
Metric tensor (-,)=g G
Inner product (X,Y)=g(X,Y) Gu XYY

The Christoffel symbols - coefficients of the Levi-Civita connection - are defined by
1
Pp;w = igp)\ (aug)\u + 8,/9“)\ - a)\guu) = {,upu}g ,

where the subscript g in the last equation is occasionally neglected and is implied through context. In
this work the Lie derivative is denoted by £ and the Lagrangian density by ., even though a possible

confusion between the two is highly unlikely. We also reserve the notation = to denote equality modulo
equations of motion, however when the context allows us we opt to neglect it.
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In scalar field theories it is useful to recast the dimensional quantities in the natural units in which
h:=1=:c¢c,

allowing us then to cast the dimensions of any physical quantity in terms of mass dimensions. We may
also set the reduced Planck mass to unity

1

Mz;=——:=1
P = 8rG ’

for ease of notation but at the expense of obscuring the dimensions of the quantities. All of the above
hold unless otherwise stated.

Glossary of abbreviations

ADM  Arnowitt-Deser-Misner LHS  Left-hand side
BBN  Big Bang nucleosynthesis LQG  Loop quantum gravity
BD  Brans-Dicke NEC  Null energy condition
BSM  Beyond the Standard Model (...N)NLO (.. .next-to) next-to leading order
CMB  Cosmic Microwave Background PSRP(s)  Potential slow-roll parameter(s)
CR  Constant-roll QCD  Quantum Chromodynamics
CSI  Classical scale invariance OM  Quantum Mechanics
CW  Coleman-Weinberg RG  Renormalisation group
DEC  Dominant energy condition RHS  Right-hand side
DOEF(s)  Degree(s) of freedom SEC  Strong energy condition
EEP  Einstein equivalence principle SEP  Strong equivalence principle
EFT  Effective field theory SM  Standard Model
EH  Einstein-Hilbert SR Slow-roll
EoM(s)  Equation(s) of motion SRP(s)  Slow-roll parameter(s)
EW  Electroweak SSB  Spontaneous symmetry breaking
FRW  Friedmann-Robertson-Walker VEV  Vacuum expectation value
GR  General Relativity WEC  Weak energy condition
GUT  Grand Unified Theory WEP  Weak equivalence principle
HSRP(s)  Hubble slow-roll parameter(s) YGH  York-Gibbons-Hawking
LHC  Large Hardon Collider YM  Yang-Mills






Inflation

The idea of the Big Bang singularity is accompanied with a series of puzzles cosmological in nature,
primarily regarding the initial conditions of the universe, such as the horizon problem, the flatness and the
magnetic monopole problem [28, 29]. In principle, most of physics deals with the detailed evolution of an
initial state, within some boundaries of uncertainty. Of course, the issue of initial conditions takes center
stage when one considers the initial state of the universe, however one can avoid the discussion altogether
by admitting a tremendous fine-tuning of the initial conditions. The theory of Cosmic Inflation [28-32]
was first proposed in order to address these issues of the Big Bang cosmology, and suggests a period of
exponential, quasi-de Sitter expansion of space of the universe moments after its genesis, that is capable of
leading the universe in that peculiar initial state. Advanced in the late 70s and early 80s, it boldly applied
insights and theories from the successful particle physics frontier, yet its exact particle physics mechanism
is still unknown. As such, different models of inflation are proposed that lead to various predictions,
which are then linked and verified or falsified by observations. Inflation has proven to be the simplest
realisation, in terms of application and assumptions, of such an attempt to understand our early universe;
however, a UV-complete theory of gravity can ultimately constitute this discussion redundant.

While inflation was constructed so that it can naturally address the issues discussed above, it includes
an essential feature; the ability to seed the large-scale structure formation of the known universe [35-
37, 49-51] through growing quantum fluctuations of the field describing inflation, known as the inflaton.
This feature hints at the predictive power of the theory and its success in leading to an observable effect
of the interplay between GR and Quantum Mechanics (QM), possibly one of the few known cases in
physics today. This effect is testable experimentally in the anisotropies observed in the CMB [33] and,
with growing precision (missions are planned for the next decades), it allows us to constrain the vast
model space of the inflationary paradigm [38, 39].

Inflation serves also in diluting the undesired relics (e.g. topological defects); as a consequence, at the
end of it only the zero mode of the inflaton and tiny fluctuations of the metric remain. Therefore, it is
natural to assume the possible existence of a period during which the universe thermalised, from cold and
empty right after inflation to the large energy and entropy observed at the current horizon. Throughout
that period, known as reheating, the inflaton’s energy density is converted to radiation (or other massive
particles) at the end of inflation through different mechanisms. In fact, in its first years of study the
reheating era was thought to be largely understood via its minimal scenario, in which the inflaton field
decays to other fields that it was coupled with,? referred to now as the perturbative reheating scenario [52—
54]. Since then the landscape of the possible mechanism of reheating has expanded dramatically, including

’The exponential expansion of the early universe proposed by inflation, would dilute the energy densities of these particles.
So, these types of couplings proposed between the fields can indeed exist during inflation, even though they do not play a role
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2. INFLATION

also nonperturbative dynamics [55-63], implying that its underlying nature is highly complicated and
uncertain at this point (see ref. [64] for a review).

Unfortunately, during the phase of reheating the comoving scales re-enter the horizon, making its
indirect detection a challenge, unlike during inflation in which they “freeze-out” and leave an imprint
on the CMB. Also, as would be the case in inflation and every era that precedes recombination, it is not
directly detectable. Therefore, the period of reheating is hardly constrained observationally. A way to at
least restrain its expansion history is to relate its comoving modes re-entering the horizon to the ones at
horizon exit of inflation. Then, that kind of parametrisation can provide indirect signatures and also assist
in minimizing the parameter space of the inflationary model [65-70].

In this chapter, we briefly illustrate the puzzles of the Hot Big Bang, by first introducing some basic
wisdom from modern cosmology, and then addressing them in the framework of inflation. The elementary
implementation of an inflationary scenario into the theory is discussed so that the field dynamics are also
presented, which will serve as the foundations for a large part of the thesis. Certain subtle points of slow-
roll inflation and its derivatives are discussed in detail, primarily highlighting the observable quantities
predicted by inflation. We direct the reader to an indicative list of reviews on inflation in refs. [71-75]
and references therein for further details. Then, we present the concept of reheating after inflation. After
briefly reviewing some of its more intricate mechanisms, we parametrise the reheating parameters in
terms of the inflationary ones and thus making possible contact with high-energy physics phenomena.

2.1 A sketch of Modern Cosmology

In order to work out the details of the inflationary era we require the introduction of some basic aspects
of modern cosmology, briefly reviewed in this section. Cosmology is established under the cosmological
principle, which states that the universe viewed by two observers at two different points looks the same.
Despite stated as a principle it has been observationally confirmed that universe is homogeneous and
isotropic at large scales (2 100 Mpc) [33], meaning it has a translational and rotational invariance. Without
loss of generality, the metric respecting these symmetries is the Friedmann-Robertson-Walker! (FRW)
metric

dr?
Ty

where a(t) is known as the scale factor describing the evolution of the spatial slices ¥ with cosmic time ¢.
Here, k is a curvature parameter that assumes values of k= {0, +1, —1} for these spacelike 3-hypersurfaces
that are flat (Euclidean E?), positively curved (spherical S?) and negatively curved (hyperbolic H?), respec-
tively. Clearly, the metric (2.1) is invariant under a constant rescaling of the form a — a), r — r/X and
k — kA2, utilised in setting the scale factor at present day to unity, ag = a(tg) = 1. For reasons that will
soon become clear, it is useful to re-express the metric (2.1) in the following way

ds? = —dt? + a2(t) < + 72 (d92 + sin? 9d¢2)) , (2.1)

sin?y, k=41
ds? = —dt* + a(t) [ X2 +dQ% ¢ x2, k=0 |, (2.2)
sinh?y, k=—1

in terms of x = [dr/v1 — kr2.

during that period other than maybe inducing radiative corrections.

]Throughout the literature it is also referred to as the Friedmann-Lemaitre-Robertson-Walker (FLRW) or just Robertson-
Walker (RW) metric. It should also be noted that we invoked our notation ¢ = 1 in order to present the metric in such a form.
In general, including the speed of light in the definition of ds®> = —c?dt? + a(¢) dX? means that the coordinates z* have the
dimension of length, which in turn simplifies the dimensional analysis of the theory. More on that subject in chapter 4.
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2.1. A sketch of Modern Cosmology

The notion of the event and particle horizon is very prominent in cosmology and very critical to the
establishment of the inflationary era. In order to introduce the causal structure of spacetime we require
the concept of conformal time, defined as

dt
T= / —. (2.3)

a(t)
In an isotropic space the propagation of light is then described by the line element

ds? = a®(7) (=d7? + dx?) , (2.4)

which is conformally flat. Similar then to flat space, the null geodesics (ds* = 0) of photons are given in
the x — 7 plane as
X(7T) = £7 + const. , (2.5)

corresponding to straight lines at 45° angle.!

Conformal time (7)

N 7
N 7
N 7/
N 7
N 7
N
AN L Future of £ e
N Timelike ,
N 7
\ wrt £ .
N 7
N 7
N 7
N 7
N 45
N
N e\ .,
N 7 .
N 7 Spacelike wrt £
N 7
N 7
N z \
7
7| N
IR \ Space (x)
, ~  FEvent £
7 N
7 N
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7 N
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7/ N
7 N
7 N
7/ N
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7 N\
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7/ N
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V

FIGURE 2.1: The light cones, future and past, are displayed by the dashed lines starting from some event £. An
event residing outside the cones is causally disconnected from & and travel along spacelike geodesics (ds* < 0).
Likewise, photons travel exactly on the lines of ds* = 0, known as null geodesics and massive particles travel in
timelike worldlines with ds® > 0. Part of spacetime that lies within the interior and the light cone itself is known
to be causally connected to the event &.

From a starting point in time ¢; until some time later ¢ light propagated a (maximum) comoving

distance .
dt’
Xp(T) =T7—7 = /tl 7a(t’) , (2.6)

called the (comoving) particle horizon, with a physical size of a(t)x,. Let us consider a single moment, say
tmax, then there exists a maximum separation between two points after which no signal can be received

lObviously if we used the proper time ¢ the light cone would be curved.
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between them in the future. Again, in comoving coordinates it is described as

tmax dt/
Xe(T) = Tmax — T = /t Ma (2.7)

and is called the event horizon, with a physical size of a(t)xe.
A crucial quantity often used to characterise the FRW spacetime is the rate

Ht)=—2 (2.8)

the Hubble parameter. The dot here denotes derivative with respect to time ¢. It is often used in character-
ising a specific scale in the expanding universe.

Field equations & fluid dynamics

In order to understand the evolution of the metric we require the equations that govern it, known as
the Einstein field equations. Starting from the Einstein-Hilbert action, under variation with respect to the
metric tensor we obtain the following famous equation

Gu = Mp*T,,, (2.9)

where G, is the Einstein tensor and T}, denotes the energy-momentum tensor of the universe.! Also,
Mp is the reduced Planck mass and is hereafter set to unity, Mp = 1. The complete derivation of the
Einstein field equations is postponed for a later chapter, and we refer the reader to sec. 3.1 in which
we delve into more details regarding the subject. Since the universe is homogeneous and isotropic the
energy-momentum tensor is heavily restricted, taking the general form

T,uu = (p + p) Uy + P Gy (2-10)

where u# = dz#/dr is the 4-vector timelike velocity and, in a frame that is comoving with the perfect
fluid described by 7},,, we may choose u* = {1,0,0,0}T. Here, p is called the (rest) energy density of
the system and p the (principal) pressure. Conservation of the energy-momentum tensor (or through the
Bianchi identity VG, = 0) it is straightforward to show? that the continuity equation for the fluid reads

dp
VI =0 = o +3H(p+p)=0, (2.11)
'The cosmological constant A is often included in the starting Lagrangian, but in principle can be absorbed in the energy-
momentum tensor as a fluid. Pertaining to the discussion at hand the interpretation is equivalent and as such we limit ourselves
to the idea of a fluid rather than a free constant of the theory. For the sake of completeness let us also include the definition of
the Ricci and Einstein tensors

A A
Ry = 0,10, — 9,10, + T, T2 —Th,I%, |
and
1 1 o o K o o K
GW/ = Rﬁ“/ — ig‘uUR = ((5553 — Eg;wgp)) (ao'rp)\ - a)\rpo + FpAFam - FAKFU/)) .

?In the case of FRW symmetric metric given by goo = —1 and g;; = a*(t)7s5, the Christoffel symbols read
Ihy =0=Tg,,
%) = aayiy
To; = HS;
I = %W“ (05vke + Ok vje — Oevjn)

i

where the last one is I'};, = 0 in the case of [E3. More on the connection coefficients in chapter 3.
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2.1. A sketch of Modern Cosmology

which is the first law of thermodynamics dU = —pdV, assuming an adiabatic expansion (dS = 0). By
defining a constant state parameter
w="L, (2.12)
P
we can integrate eq. (2.11) to obtain
p X a30+w) (2.13)

All known cosmological fluids have one of three equations of state: matter, radiation and vacuum energy.
Matter includes nonrelativistic particles with zero pressure, w = 0, and free energy density decreasing as
pm o a~3 in an expanding universe. Radiation may include actual electromagnetic radiation or relativistic
particles, w = 1/3, and their energy density falls off p, o a=*. Vacuum energy has negative pressure,
w = —1, and its energy density remains constant py o a during the expansion of the universe.

Another way to derive eq. (2.11) is by combining the Friedmann equations reduced from the Einstein

field equation
a p k
<a> =372 (2.14)
a
a

H+ H?= :—6@+3m. (2.15)

In the case of a flat universe (k = 0) we can directly solve eq. (2.14) to obtain

e (2.16)

t2/(3(1+w))7 Vw# -1,
a(t)oc{ e’ forw=—1.

Type of fluid p(a) w a(t)
radiation a4 1/3 t'/?
cold matter a3 0 £/
spatial curvature a2 —1/3 t

vacuum energy a’ -1 ettt

scalar field a~2H 149 o 1/en

TasLE 2.1: Different types of energy densities dominating a flat FRW universe and their associated state parameter
values w and scale factor a(t) in terms of cosmic time.

It is useful to discuss the contribution of various constituents to the energy density and pressure,
through the fractions
pP=> pii  P=> pi: (2.17)
i i

where 7 sums over all the potential contributions. Notice that the continuity equation (2.11) holds for each
constituent p; and p;, while the Friedmann equations (2.14)-(2.15) only hold for the summed over p and
p. An important quantity, especially in astrophysics, is the present day ratio of the energy density to the
critical energy density perito = 3HZ, defined through

Q0 = Posi ’ (2.18)
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2. INFLATION

and similarly we may parametrise the curvature contribution by

k

, 2.19
(apHp)? 19

Qk70 = —

where the subscript “0” denotes present day values of the quantities. Normalising the scale factor at
present day ag = 1 allows us to re-express the Friedmann equation (2.14) as

2
(150) =D Quoa T £ oa . (2.20)

Then, at present time ) . Q; o + Qo = 1. The definition of the energy fractions can be generalised to

include a time dependence
pi(a) k
Q’i = ’ Q = T 57719
(@) = - (@ k(@) =5

where peit = 3H? is now time-dependent.

(2.21)

2.2 Big Bang puzzles of initial conditions

It should be again emphasised that the issues described in this section are not inconsistent with the
standard cosmological model, but rather highlight shortcomings in its predictive power. In what follows
we discuss two of these issues in detail, known as the flatness and the horizon problem, and demonstrate
how the focal point of inflation can provide a natural solution to them.

Flatness problem
If we start from eq. (2.21) and assume a state parameter w # —1, we can rewrite it as

o,
Olna

This shows that values of €2, > 0 grow with time, and similarly negative values keep decreasing. Also,
it seems that in the case in which w > —1/3 the solution of ©;, = 0 is an unstable fixed point. It is then
surprising that the present day observed value of € ~ 1072 is so close to zero. Therefore, it is expected
that in earlier periods it would be even smaller, e.g. at the Big Bang nucleosynthesis (BBN) epoch it is
Q) ~ 10716 and at Planck scale it would be € ~ 107%! [74]. One can accept k = 0 as the precise initial
state of the universe at the price of an immense fine-tuning, but a theory that dynamically explains it
seems more attractive.

= Qp(1 + 3w). (2.22)

Horizon problem
Let us rewrite the particle horizon (2.6) as

a dq “Jqlna
_ _ 22
Xp /a' CL2H /ai aH ) ( 3)

7

expressed in terms of the comoving Hubble radius (aH)~!. Assuming a universe described by a fluid
with a state parameter w we obtain,
Xp ox a®13) (2.24)
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2.3. Inflaton field dynamics

which implies that comoving scales entering the horizon today have not been in causal contact before that
and they interact for the first time. Meaning that new regions should appear different from one another,
but examining the near-homogeneity of the CMB suggests otherwise.

Solving the problems: central idea of inflation

The central idea is to allow for some form of energy with a state parameter w < —1/3 or, in other
words, a decreasing Hubble radius (aH)™!, so that the integral of the particle horizon is dominated by
early times instead of late times. Formulated in mathematical language it suggests that

d /1
— | — a 2.2
dt<aH)<O = a>0, (2.25)
which implies that physical wavelengths become larger than H~!. From eq. (2.15) it also implies that
w < —1/3. Then, since (aH)~! decreases instead of increasing, the universe is driven towards flatness,
and the solution of Q; = 0 becomes an attractor solution of eq. (2.22).

Regarding the scale factor, we obtained

a oc 72/ (1+3w) (2.26)

which in case w > —1/3 suggests that as 7 — 0 we are forced to the initial singularity a — 0. However, if
we allow for a phase in which w < —1/3 we can extend 7 to negative values and in this way making the
horizon larger than H~! (see fig. 2.2).

Digression on the monopole problem

It is very likely that the universe underwent through a series of phase transitions during its evolution,
e.g. the QCD and electroweak phase transitions and potentially others. Depending on the symmetry that
is broken in the transitions topological defects form; especially in the case of string theory these defects
appear in the form of magnetic monopoles. The issue of the magnetic monopoles (and the topological
defects in general) is entirely model dependent and mostly tied to Grand Unified Theories (GUTs) [76-80]
that attempt to unify the three gauge interactions of the SM into one force at some unification scale Egyr.
These magnetic monopoles are nonrelativistic and they fall off as a2 as opposed to the photon (or
neutrino) « a~*, meaning that at present times they should dominate over them, which is not the case
(they are undetected). However, if inflation takes place after the phase transition the monopole density is
diluted by inflation, from a3 to a tiny size.

2.3 Inflaton field dynamics

During the inflationary period we demand that the violation of the strong energy condition (w < —1/3;
more on that in ch. 4), dynamically comes to a halt towards the end of inflation. The simplest realisation
of this is achieved via a scalar field!, dubbed the inflaton field and usually denoted by ¢(x,t), which is
dominating the energy density of the early universe. The exact nature of the inflaton field is still highly
speculative, since the physics of inflation cannot be tested in a particle accelerator due to the high energy

'Note that a scalar field can approximate a vacuum-like state, after all it has the same quantum number as the vacuum and
can assume nonzero vacuum expectation value (VEV) and nontrivial configuration without breaking Lorentz invariance.
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Conformal Time
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Big Bang Singularity

FIGURE 2.2: The cosmological histogram of inflationary scales. By extending the conformal time to negative values
previously assumed casually disconnected regions of space become connected where their past light cones intersect
during inflation. Credit: [74].

scales.! Meaning that the only constraints of inflation are placed on the shape of the scalar potential
V(¢) and, even then, various proposed models are able to satisfy the observational bounds within some
margins of success [38].

Therefore, let us consider a real scalar field ¢ that is minimally coupled to gravity, described by the
sirnple2 action in four dimensions

s= [arv=g{MER-Jera00.0-V) . 2.27)

where V (¢) is unspecified at the moment and denotes the self-interacting potential of the inflaton. The
action (2.27) includes two dynamical degrees of freedom, the metric tensor g,,(x) and the scalar field
¢(z). Variation with respect to ¢ leads to the famous Klein-Gordon equation

dV(¢)
d¢
A nontrivial assumption of the inflationary paradigm is the introduction of an additional scalar degree of freedom to the
SM. The only known fundamental scalar field of the SM, that can assume the role of the inflaton, is the Higgs field, but even in
that case, an extension of the interaction between the gravitational sector and the Higgs field is required (e.g. see ref. [81]).
2We could allow for the possibility of a nonminimal interaction between the inflaton and the graviton or introduce higher-
order curvature invariants that admit a propagating scalar mode. In principle, most of these models can be brought into the
form of eq. (2.27) via a field redefinition and/or a Weyl rescaling of the metric.

O¢ + —0, (2.28)

14



2.3. Inflaton field dynamics

where O = ¢""V,V, denotes the d’Alembertian operator in curved spacetime. Likewise, variation with
respect to g,,, gives rise to the Einstein field equations (M3 = 1)

G = B — 300 R = 0600 — g0 (076056 + V() 2.29)

where, by definition, the RHS of eq. (2.29) is identified with the scalar field energy-momentum tensor
T/Jl/(¢>'

Assuming a flat FRW universe, described by the metric (2.1) and a spatially homogeneous field
o(x,t) = ¢(t) we can rewrite the equations of motion as follows

d+3Hp+V'(¢) =0, (2.30)
3H? = %q'sQ +V(g), (2.31)
H= %@2 , (2.32)

where, hereafter, the dot and the prime denote derivative with respect to ¢ and the function’s argument,
f'(z) = df(x)/dz, respectively. Next, assuming a perfect fluid we can make use of

p= 5P +V(9), (2.33)
p=5F V(). (234

Therefore, the equation of state for the inflaton reads

1.
P = V(%)

2. . (2.35)
§<Z52 +V(¢)

Slow-roll approximation

Note that eq. (2.30) is similar to the one describing a particle trajectory rolling down its potential that
is also subject to a friction term, oc H¢ (due to the expansion of the universe in this case). In a completely
similar fashion, this means that the solution ¢ ~ V’/(3H) is an attractor solution and the field is driven
towards the minimum of the potential, for various initial conditions. The feature of the (slow-roll) attractor
solution is especially appealing since it indicates that our universe will “end up” in the inflationary period
quite generally, without fine-tuning.

Directly from eq. (2.35) one can obtain an accelerated expansion if the scalar potential dominates over
the kinetic energy. At the limit of ® — 0 (de Sitter limit) the scalar field describes a cosmological constant
with negative pressure (w = —1) and from the continuity equation we obtain p — 0, meaning that the
inflaton has (almost) constant energy density. Then, eq. (2.14) suggests that the Hubble parameter is
constant throughout inflation and the scale factor is given by an exponential function a(t) o e*. Clearly,
if we consider a constant vacuum energy describing inflation, classically the inflationary era cannot end,
and even if a quantum tunnelling effect from the false to the true vacuum is considered, it would only
end locally leading to a universe either too homogeneous or empty. That was the problem of the graceful
exit of the models of what is now referred to as old inflation [28].
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FIGURE 2.3: An exemplary inflaton potential. Inflation begins at some field value in the flat region of the potential
where the potential energy dominates over the kinetic energy of the inflaton and stops approximately at some field
values where it starts to contribute considerably compared to the potential, $* ~ V(¢). Quantum fluctuations
of the field 0¢ lead to different regions of space to inflate by different amounts leading in turn to observed
inhomogeneities in the CMB spectrum. Credit: [74].

Slow-roll parameters

We classify the deviation from de Sitter space (during inflation) in terms of the so-called slow-roll
parameters (SRPs). In order to introduce them, let us rewrite eq. (2.15) in the following way:

. 1
g:—g(erp):Hz(l—eH), (2.36)
where )
H
6H = _ﬁ (2.37)

and is known as the first (Hubble) slow-roll parameter (Hubble SRP or HSRP) [82]. Now, the de Sitter
limit is suggested by ez — 0 and the accelerated expansion occurs when ey < 1. By means of eq. (2.31),
this means that if ey < 1 we obtain

P < V(9). (2.38)
In order to be on the slow-roll trajectory we require also
Hgo

dubbed the second (Hubble) slow-roll parameter. This simplifies greatly the Klein-Gordon EoM so as to
express the first SRP in terms of the potential

H 1/(V?
w=g~3(v) = (240

which is usually referred to as the potential SRP (or PSRP). Further differentiating of the Klein-Gordon

EoM leads to

d /. , v
= (Squ ~ —v) — e~ (2.41)
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2.3. Inflaton field dynamics

and allows us to introduce the second potential SRP as:

_ ‘V”|
nv = v

(2.42)

Equations (2.40) and (2.41) also describe the approximate! relation between the Hubble and the potential
SRPs. Then, slow-roll inflation occurs when these two parameters are small

en <1l & |nplkl (2.43)
and it ends when one of the SRPs is close to unity, namely [82]
eg =1 (ey = 1) or/and ng =1y =~1). (2.44)

Duration of inflation

The exact amount of inflation the universe went through is measured in number of e-foldings IV, such
that the scale factor at the start and end of inflation, ¢; and ¢ respectively, is expressed as

=e¥ —= dN =dlna. (2.45)

Then using dIna = Hdt and the approximate slow-roll expression we can write N in terms of the scalar
potential V' (¢) as follows:

b1y a5 o de
6 V' ¢\ 2¢v(9) 7
where ¢; = ¢(t;) and ¢y = ¢(ts) are the field values at the beginning and end of inflation, respectively.
Notice how Q. o a~2 suggests that in order to explain the observed flatness, if the universe started at GUT
or Planck scale, we require about N ~ 60 e-folds (see refs. [65, 66]). Analogously, the horizon problem
is solved if regions of the CMB were within the horizon, meaning that we require NV 2 60 e-folds in that
case.

The definition of the number of e-foldings NV allows us to introduce the Hubble slow-roll parameters
in hierarchical order [82]

N~ (2.46)

1 dlenl
’€H7i| dN ’

€H,i+1 = (2.47)
where €r o = Hstart/H, With Hgiare denoting the Hubble parameter at the start of inflation ¢;. Again,
during slow-roll inflation we expect that e ; < 1, Vi € N and they are approximately of the same order
of magnitude. Inflationary observables are usually expressed in terms of leading order in the SRPs (at
most NLO), however the increasing accuracy and sensitivity of the experimental missions may require
higher-order terms and other types of approximations (other than the Taylor expansion discussed here).

!The exact relation of the potential and Hubble SRPs is given, up to first order in the SRPs, by:

eV =€ 3= nu ’
4 H\ 3 ., )

3_ !
T]VZ(EH+77H)( nH)JeréH UL

3—€nm 3—6H.

17



2. INFLATION

Attractor points

As we stated earlier, the concept of cosmological attractors is especially desirable; after all it suggests
that the inflaton scalar field eventually arrives to its preferred evolution, regardless of its initial conditions.
In this case, initial data are the field value and its velocity at some point. Intuitively, we can think of the
expansion of the universe as some kind of friction acting on the system, that while the field is away from
the attractor solution it is negligible, but when it reaches that point it dominates and “forces” it into the
general trajectory. Effectively, it seems that any kind of initial conditions ultimately sends the field onto
the preferred trajectory from where it continues to evolve.

The actual phase space of trajectories is four-dimensional, possibly parametrised by {a,p., ¢, ps},
where p, and py4 are the conjugate momenta of the scale factor a and inflaton field ¢, respectively. Then,
it is not straightforward how or why the (¢ — ¢) ~ R? space completely defines the effective phase space,
in which in principle trajectories of a — p, should cross into it. Generally, a 2n-dimensional symplectic
manifold C' is equipped with a closed, non-degenerate 2-form, known as the symplectic form

w=Y dpiAdq, (2.48)
=1

where p' are local coordinates on the manifold and ¢; are soldered momenta to the velocities dg’. It also
defines the Liouville measure
(_ w n
Y s ML (2.49)
n:

that under Liouville’s theorem of classical mechanics is conserved along the Hamiltonian flow vector
Xy, meaning Ly, 2 = 0. Then, the space of trajectories is given by I' = {C/H.}/X%, where H, is the
constrained Hamiltonian of the system [83]. In the particular case of the (canonically normalised) scalar
field coupled minimally to the Einstein-Hilbert term with zero spatial curvature (k = 0 in eq. (2.1)), it was
shown in ref. [84] that T is 2-dimensional and in fact the measure d¢ A d¢ is conserved under Hamiltonian
flow. Therefore, in that unique case we can safely assume that other trajectories do not “bleed” into the
¢ — ¢ space and we can observe the (coordinate dependent) attractor behaviour. In what follows, we use
this argument in order to draw conclusions regarding the attractor solution of the cosmological systems

we study.

Density perturbations

One of the most appealing feature of inflation is the prediction of the observed CMB anisotropies,
when addressed under a quantum framework. It perfectly highlights the predictive power of the theory
since these cosmological perturbations were only considered after the formulation of the theory before
the observation of the CMB fluctuations. However, just from the apparent large-structure formation
observed today it was expected that some kind of fluctuations existed at sub-Hubble scales that were then
amplified (“stretched”) to large scales. Remarkably, the quantum effects in a gravitational setting (a result
surprising on its own) after an exponential expansion become the source of galaxies and other structures
in our universe and provide us with a connection to physics of small distances.

Deviations from the scale-invariant spectrum are designated by inhomogeneous primordial perturba-
tions of the scalar field around its classical background, d¢(x,t) = ¢(x,t) — ¢(t), that in turn lead to differ-
ent regions expanding by different amount. Since the inflaton field assumes the role of a local clock (mea-
suring the amount of inflation), its spatially varying fluctuations spontaneously break time-translation

18



2.3. Inflaton field dynamics

(due to the uncertainty principle). Then, we can draw inspiration from particle physics and describe in-
flation by introducing the Goldstone boson of the broken gauge redundancy (following refs. [85-89] and
a similar detailed approach in ref. [90]; also see refs. [75, 91, 92] for relevant reviews).

Digression on gauge redundancy

A critical point to keep in mind is that the introduction of the perturbations around a classical back-
ground is not uniquely defined, and therefore depends on the coordinate frame or the choice of gauge.
In other words, by defining the constant-time hypersurfaces we implicitly choose a gauge for the pertur-
bations and, in general, we can either introduce fictitious perturbations or completely eliminate physical
perturbations. It is useful then to describe them in a gauge-invariant way and include perturbations of
the metric and the matter field(s).

The issue of the gauge freedom is laborious and in what follows we attempt to circumvent it as much
as possible, but let us demonstrate its importance in the following simple example. Think of a quantum
universe and a field ¢(x) expanded around its classical background ¢(t). Thus, its vacuum state is not
any more an eigenstate of its operator, say ¢ |0) # ¢ |0), where

o =p(t) +do(x,t). (2.50)
Consider an infinitesimal change in the coordinates as
ol — T = gk e (2.51)
Then, we can express the scalar field in the new coordinate frame, up to first order, as
Oz — &) = §(T) — £"9,0(7) . (2.52)
a(z")1"
OxH

of the coordinate transformation. Making use of det (1 + A) ~ 1+ TrA + ... for a matrix A, the Jacobian
becomes J¥ ~ 1+ w 9,£*. Returning to the scalar field we obtain'

BT — &) ~ ¢(x) + w Il ¢p(z) — E"0ud(z) + O(E%, € - 59)
~ @(t) + 0 (x) — 1 0up(t) + w 0. o(t) + O(%,€ - 6¢)

Any scalar density of weight w transforms as ¢(z) = J¥¢(z), where J% = [det is the Jacobian

where we recognise the Lie derivative of a scalar density L¢¢(x) = {#0,¢(x) —w 0,6"¢(x). In the particular
case of a scalar field it coincides with the directional derivative V¢ and the expression is simplified further,
leading to

5(x) — 36(z) — £ (t). (2.53)

Therefore, the fluctuations §¢ shift under (time) diffeomorphisms, a fact that we exploit later on so that
we gain a deeper understanding of the particle physics phenomenology of the inflaton.

IThe definition of the perturbation ¢ is not to be confused with the usual definitions of the value variation §¢ = (%) — o(x)
and the form variation do¢p(x) = ¢(z) — ¢(z).
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2. INFLATION

Scalar perturbations

The inflaton in the EFT approach

Following our previous discussion it is interesting to describe the dynamics of the inflaton field using
the language of the Effective Field Theory (EFT) approach, meaning that the action includes all available
degrees of freedom in terms of operators compatible with the symmetries. The residual gauge symmetry
is the remaining time-dependent spatial diffeomorphisms #* = 2’ + £'(x, t). The most general Lagrangian
reads as [88]

1 1
S = /d496 V- { = cot)g™ — er(t) + 5 Ma (1) (99™)* + §M3(t)4(5900)3+ (2.54)
1— 35,00 m 1— 2 nwo\2 1— 2 m v
—iMl(t) (Sg 0K M—iMQ(t) (5K H) —§M3(t) 0K VéK u+ N

where dots indicate higher-order terms in fluctuations and ¢;(t), M;(t) and M;(t) are coefficients. Here
we defined d¢g%° = ¢° + 1 and made use of the extrinsic curvature arising from the embedding of the
3-hypersurfaces of constant time in four-dimensional spacetime

K =h,V,n,, (2.55)
where V is the covariant derivative, n,, is the timelike unit vector (n,n* = —1) normal to the 3-hypersurface,
and hy, the induced metric h,, = g, + nun, on it. Note that we denote K, = K,, — a’H hy vari-

ations around a flat FRW background, then the coefficients can be easily fixed by the FRW solution (by
tadpole cancellation). It is evident then that the higher-order terms (beyond the zeroth order) are model
dependent. Generally, one can imagine more (or infinite) terms that contribute at first order to eq. (2.54)
containing derivatives, but by integrating them by parts we obtain a combination of the terms already
present.
The Friedmann equations become
2

. 1
3H2:CO+01 & H+H22501—§Co. (2.56)

Solving the system for the ¢;’s and substituting them back into the action, we obtain [88]

1 . . 1 1
S = / dz F—g{ SR Hg™ = (BH? + H) + M (1) (39™)? + 5 M (t)* (9g00)*+ (257)

1— 1— 1—
— §M1(t)36900 SK", — 5MQ(t)2 (0K*,)* — §M3(t)2 SK", 6K, + ... } ,

Notice how, in the language of the background scalar field, we can write
1 . .
/ Az /= (— gOp(t) — V(¢)> - / d'z /=g (Hgoo _3H? - H) , (2.58)
where in the last step we used the Friedmann equations. Since during inflation H ~ const. and H ~ 0 we
assume that it holds for the rest of the operators, leading to a Lagrangian that is (approximately) invariant

under time translations.
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2.3. Inflaton field dynamics

At this point, it is not clear how the scalar degree of freedom is represented in the action (2.57). This
is completely analogous to the case of a non-Abelian gauge group in the unitary gauge by introducing
the Goldstone boson of the broken symmetry. Let us take a step back and consider the operators at the
zeroth order under a time diffeomorphism t — ¢ = t + £%(z) and x — %; then we obtain

T 0\ a(F_ <0
Jae V=g @og® +aw) = [devTg{at-@) +ai- LoD LD gk - es

Next, we make the following redefinition
— &(a(2) =7(T), (2.60)

in order to reintroduce explicitly the Goldstone boson [75]. Then, eq. (2.57) becomes (dropping the bars
for brevity)

S :/ d*z /=g {;R— (BH2 +H) (t+7) + H(t +m)du(t +7) 0, (t +7) g™ + (2.61)
M
4
Mz(t; " (Bt + ) By (¢ + ) g + 17 +
4
+]V[3(i;_7r)[au(t+7r)8,,(t+7r)g“”+1]3+...},

where the dots here denote terms of higher-order and terms including the extrinsic curvature.

Similar to a gauge theory, the action (2.61) is simplified at short distances, in which the scalar field
decouples from the metric fluctuations. Above some high energy scale, terms that include derivatives
are subleading to the main contribution of the kinetic term of 7. Let us focus on the tadpole contribution
(M = 0 = M3 etc) which includes the slow-roll solution [88]. The leading term that mixes the gravitational
with the scalar degrees of freedom is

o Hi6g%. (2.62)

Now, d¢g° is the gravitational potential and is determined by 7. Using the post-Newtonian approximation
we obtain H9;6¢"%° ~ Hor implying 6 g0 ~ Hr /H. Then, it is straightforward to show that the mixing
term is negligible in the limit of a scale A above the mixing scale, which holds especially in the far UV
region. Therefore, the action is further simplified as follows!

S = /M {;R—H [7%2 - (a;”)z 721+ 7) -7 (8”>2] - g(M3)47'r3+...} . (263)

a
Clearly, the action presented in the decoupling limit is only useful for calculating correlation functions
just after the last horizon crossing via the gauge invariant quantity, usually known as (, that remains
constant at all orders of perturbation [93, 94]. If one is interested in non-Gaussianities of the system,
encoded in the 3-point function (((k;){(k2)((ks)), terms mixing with gravity and self-interactions of 7
have to be considered [88].

+ 2(My)*

!Note that we have

(9im)*

a2

a(t + TI') a(t + 71') gw/ OO(

pRT AR =g +7)° + 29" 0m(1 + 7) + g¥ OmBym — —1 — 7% — 27 +

and keep terms up to third order.
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Canonical quantisation

Having nested the inflaton degree of freedom in a field-theoretic language and without leaving the
gauge, we employ the Arnowitt-Deser-Misner (ADM) formalism [95] to the action functional (2.63). As
we alluded to earlier, the ADM decomposition (or 3 + 1 approach) consists of describing the spacetime
(M, g) as a set of 3-hypersurfaces ¥, constant in time, that are propagating in time, meaning M = 3. x R.!
The line element is decomposed as

ds? = —~N?dt? + hyj (da’ + N'dt) (da? + N7dt), (2.64)

where h;; is, once again, the induced metric, and N and N ¢ are the lapse function and shift vector,
respectively. Then, using the Gauss—Codazzi relation? we can contract the four-dimensional Ricci scalar
as:

R=CR+4 (K,K" — K% +2V, (n'V,nt —n'V,n"), (2.65)

where ®)R(h) is the intrinsic curvature of the hypersurfaces. Note that, as before, the covariant derivative
V, is taken with respect to the induced metric h. Finally, using the ADM expression for the extrinsic

curvature 1 1
NEZ‘J‘, Eij = ih” — V(ZN]), (266)

and after integration by parts, the action (2.63) reads

Kij =

S:/&xW{NWWHUa&ﬁW—E%+

1

+2H(t+ ) [_N(l + %) + N(l + m)N* Oym — N (h" 0;m ;) N(N oim)?| +
—N(H(t+7r)+3H2(t+7r)> +(9(M2,M4,...)} (2.67)
For the purposes of this work we restrict ourselves in the case where M 4. = 0, that includes the slow-

roll inflation. Variation of the above action with respect to N; and NV leads to equations of motion, which
respectively are given by:

Ei—4'FE 2 . :
v, % +NH(t+7T) [(1+7'r)82-7'r—]\73 8j778i7T] =0, (2.68)

and

'Here we consider a case in which the manifold M is diffeomorphic to ¥ x R, where space is denoted by ¥ and time by
t € R. In fact, there are different ways to split spacetime by picking a diffeomorphism f : M — 3 x R, but we focus on a
particular slice of 7 = 0, where 7 = f*t is the time coordinate, and assume that is also spacelike. These foliations are allowed
based in a theorem stating that in a globally hyperbolic spacetime (M, g) there exists a global time function such that each
constant “surface” is a Cauchy surface. The subject of the ADM decomposition of GR is beyond the scope of this work and we
avoid getting into detailed calculations. Although, it is completely analogous to the textbook canonical quantisation of a classical
particl(e )in a configuration space R", but in this case the configuration space is the superspace defined by the Riemannian metrics
on Z, 3 Gij-

’It is derived by relating the 3- and 4-dimensional Riemann tensors on (X, h) and (M4, g) by means of the extrinsic curvature.
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1

3
GRr 2

(E;EY — E%) —3H*(t +7) + H(t + )+ (2.69)

H(t+m)

+ N2

(14 %)% — (1 + #)N'Oyr + N2hg;md;m + (N'o;m)?| = 0.

! !
These are the momentum and Hamiltonian constraints, respectively defined by P; =~ 0 and H ~ 0, where

% denotes equality modulo equations of motion. Then, the variables N and N; are constrained and
therefore they are not physical degrees of freedom of the theory. Let us do a brief counting of the degrees
of freedom; we started with (10) from the symmetric metric tensor and (1) from the inflaton field (7 in
this case). We may also remove (4) degrees of freedom from the gauge redundancy (3 generators from
the spatial diffeomorphisms and 1 from the time ones), and another (4) from the constrained quantities
N and N;, leaving us with just (3) dynamical degrees of freedom. Two of them represent the helicities of
the graviton and the last one is the matter field. At this point (second order) we can neglect the tensor
perturbations since they do not mix with the scalar perturbations.

Next we fix a gauge; we choose the (-gauge, in which the induced metric and the time diffeomor-
phisms are fixed by imposing the following conditions

hz‘j = a2(5ij62<, & m=0. (2.70)

In this gauge we gain better insight into the IR behaviour of the gauge-invariant quantity ¢. The egs. (2.68)-
(2.69) become respectively:

v B0k 0 2.71
=] =0, @7
, 1 : H
The solution for the constrained N and NV; yields:
S (L, M
N_l—i—H, & N; = —0; a2H+H2 62C . (2.73)

Substituting the above solutions back into the action leads to

S = / diz g3 (-fi) (g‘Q - ;(aig)2) . (2.74)

Quantising the system is now easier, since the action resembles the one for a massless scalar field. Then,
for the conjugate momentum of ¢ we find

5L g H
I = = = —92¢3¢ =— 7
and impose the equal time commutation relation [¢(x,t),TI;(x',¢)] = i0®®)(x — x’) where the classical

variables have been promoted to quantum operators (note that 7 = 1). We are free to expand the Fourier
components of { in terms of annihilation and creation operators

() = W ax + ¢ (H)al (2.76)
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where the usual commutation relation [ak(t), a;f{, (t)] = 6®) (k + k') holds V¢ and ¢! represents the classical
solution to the equation of motion

0L _ A gia ll 2

i —_ K¢l =0. 2.77
In order to solve the equation we require two initial conditions. One condition we can impose is given
by [75]

7 H
(2€)Y/2a3(1) \/2k/a(T)
where the coefficient stems from normalisation. This is true since we know that vacuum state modes
inside the horizon 1/H should look the same as in the Minkowski space [88]. The second order equation

is then solvable if we ignore the time evolution of terms H and H and calculate them at horizon exit;
yielding the following solution:

CN—kr>1)~— ekt (2.78)

H
V2€ (2k)3/2

Finally the power spectrum of the perturbations is given by [88]

¢l(r) = (1 —ik7)e™™ . (2.79)

, (2.80)

horizon exit

4
(G(r) G (1) = (2m)*6) (ke + K) 41\411%’1k:3 <_I}I{>

iff k7 < 1 and k7’ < 1. In the last step we reintroduced also the dimensionful parameters. Now, it is
straightforward to recognise that the expression for the power spectrum of scalar perturbations coincides
with the already familiar one.

Let us define the dimensionless power spectrum of primordial scalar fluctuations [71]

3 1 H4
As i Pe, where P, = <—>

= — —_— 2.81
272 4MI§ k3 H ’ ( )

horizon exit

defined through eq. (2.80). The deviation of the scalar power spectrum from absolute scale invariance is
measured by the scalar spectral index n, (also referred to as the spectral/primordial tilt), defined as

dln A,
ng— 1= nA X —dep + 2ng = —6ey + 2ny, (2.82)
dlnk

where all the quantities are calculated at horizon exit & = aH and n, = 1 represents the point of an
exactly scale-invariant spectrum. In the second equality we assumed slow-roll conditions for the scalar
tield allowing us to rephrase the quantities as

dln A, d H* d H*Y dwmk~ma o H ¢
- (-2 ) ~ In (—t ) AmECHY 9 29 P ey — 2 2.83
dink _ dlnk n( H> dlnk n( ¢2> MR 7 S AR (283)

2
computed, for the purpose of this work, up to first order in the SRPs.

For the sake of completeness, let us include the complete parametrisation of the power spectrum used
for the analysis of the CMB anisotropies. Here, P is decomposed into its scale invariant part .A; and parts
encoding the scale dependence, as follows:

k1 .k 1. .k d*P;
_ omE ek Lk , 2.84
nPe=InAs+ (ns = 1)In =+ opas In® o= + o7 f In” o~ +O<dlnk4 259
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2.3. Inflaton field dynamics

where k, = a,H, is a reference scale (usually 0.05 Mpc™') and oy, 3; denote the running and the running
of the running of the spectral index ng, respectively. They are defined by

42 In P, dn,
.= - ~ 8¢y (2ny — 3ev) — 26y | 2.85
= T |, T dmk|,, ev(2nv —3ev) — 2y (2.85)
B P d?n, )
= - ~ 32 - %y (126y — ny) — 2y 2.
B dn®® |,_, ~ dink?|,_, 32ey [y + 6ey (ev — nv)] + 2ev (128 — nyv) — 2y (2.86)

where the higher-order PSRPs are given by

V! V(B) V)2 V(4)
§V:M§T, WVZMg()Vg,~ (2.87)

The Planck 2018 collaboration has constrained the values of the runnings o, and 3 to [38]
as = 0.013+£0.010, B = 0.022+0.012, (2.88)

that has helped restrict the space of the simplest models, since they predict a scale-invariant spectrum
to a very high degree; by power counting, a rough estimate is a5 ~ O(1073) and 8; ~ O(107%). More
importantly, the data (consistent with previous missions, e.g. Planck 2015 [96]) suggest a nonstandard
hierarchy of the runnings, hinting to possible new dynamics to be included in the frame of inflation.

Tensor perturbations
The FRW metric can be perturbed in the following general way [97]:
ds? = —(1 + 2®)dt* + 2a(t) B; dz'dt + a®(t) [(1 — 29)d;; + A;j] da'da? . (2.89)

Notice that we included the potential vector perturbations even though they are not produced during
inflation driven by a scalar field. We can separate these perturbations according to their transformation
under rotation. Then, we conclude that ® and ¥ are scalars (helicity zero) and we can decompose A;;
and B; into their scalar, vector and tensorial components. It is now possible to see that at first order,
and in a rotational invariant background (like FRW) the different modes are not mixing and they evolve
independently of each other. Furthermore, under a general coordinate transformation it is straightforward
to show that the different helicity metric fluctuations do not mix and they transform only by the coordinate
change with the same helicity. That is why the scalar (and vector) perturbations are transforming and the
tensor perturbations are gauge invariant.
Since we are interested in the tensor perturbations we can simply express the metric as

ds? = —dt* + a®(t) (0;5 + hyj) da'da? (2.90)

where §;; is the Kronecker delta and we ignore the rest of the perturbations. At first order of perturbations
it is straightforward to show that only the GR part of the action contributes and the perturbed action reads

S o / dz 0 {(hij)Q - ;(akhij)z} , 2.91)

where the small fluctuations h;; are implicitly dimensionless; an overall proportionality factor of M3 /8
has been absorbed. Next, let us decompose h;; into its two helicity modes as follows

h+ h>< 0
hz‘j = | hy —h+ 0] = h+€+,ij + hxex,ij 5 (292)
0 0 0
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2. INFLATION

where we assumed, without loss of generality, that the unit vector of propagation is along the k = Z axis.
We can now expand h;; in its Fourier modes

hij= Y / Phesihie™™,  with ke =0, e eq; = 0ij 05y (2.93)

s=++,X

and rewrite the action as

2

S= ) /dtd3k a3{hihik:2hf(hik}. (2.94)
s=+,X

Then, the action is similar to the one for the scalar perturbations, but for a different normalisation of the

fluctuations. Therefore, we immediately obtain the power spectrum of each of the polarisations of the

tensor perturbations

H? 1

— 2.95
T (295)

k=aH

(hi b)) = (2m)° 83 (k + K') 0y g

where once again we reinstated the proper units. Similarly to what we did before we may write the power
spectrum of the tensor perturbations as

K3 H? 1
.At = 5 Pt, where Pi= — — . (296)
27T2 M% k3 k=aH
Likewise, we associate the deviation from the scale invariant spectrum by its tensor tilt defined as
dIn At SR
ng— 1= Tk —2e€py, (2.97)

calculated at the horizon exit. Very much like the spectral index n,, we can write down the running of n;
as
ap = 46\/(77\/ — 26\/) . (298)

Finally, we introduce another useful (observable) quantity, the tensor-to-scalar ratio of their respective power
spectra, defined through

r=-—=16¢€eg. (2.99)
A measurement of r is a direct measure of the energy scale of inflation since Aj; is fixed and A; oc H>.

Then large values of 7, close to r > 0.01, suggest that inflation occurs near a GUT scale (~ 10'6 GeV) and
the field excursion can potentially be transPlanckian, A¢ 2 Mp.

Digression on the Lyth bound
We can recast the tensor-to-scalar ratio r in the following way
8 @2 8 [do\?
- > Y _ ° (=2 21
"TMIEHE T MR <dN> ’ (2.100)

which connects the evolution of the inflaton with r. Using the slow-roll approximated results it is straight-
forward to show that the total field excursion from the time the observable scales exited the horizon to
the end of inflation is given by

Mp
Ap = ﬁ\/HANy . (2.101)
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2.3. Inflaton field dynamics

Note that at least at first order in the slow-roll approximation,! we can safely assume that r is slowly
varying with V. In Lyth’s original paper the scales considered (1 < ¢ < 100) leaving the horizon allowed
for the universe to expand in that time by |[AN| ~ 4, which leads to the formula [99]

Ad > Mpy | ﬁ : (2.102)

known as the Lyth bound. The bound can be even more strict if one accounts for the entire span of inflation
and obtain a more refined bound of A¢ ~ 6Mp /4, when r > 1073 [100].

Contact with observations

The hypothesis of inflation is testable against observational data, albeit, disappointingly, current
bounds on the plethora of models are relatively lenient. The cornerstone of our cosmological data have
come through the observation of the CMB anisotropies, leading to fig. 2.4 in which the 1o and 20 allowed
regions of r and n, are presented.

o
(AN
S TT,TE,EE+lowE+lensing

TT,TE,EE+lowE+lensing
+BK14

TT,TE,EE+lowE+lensing
+BK14+BAO

Natural inflation
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Hilltop quartic model
« attractors
Power-law inflation
R? inflation

V x ¢?
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Low scale SB SUSY
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Tensor-to-scalar ratio (r¢.002)
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FIGURE 2.4: The results of the Planck 2018 collaboration regarding the predictions of well-known inflationary models
against the latest observational data. Credit: [38].

At this point our qualitative bounds on the inflationary period are given by the Planck collabora-
tion [38] (and similarly from BICEP2 [39]) and they are

(0.9607,0.9691) at 1o region
As~2.1x1077, r < 0.056, ng = (2.103)
(0.9565,0.9733) at 20 region

'In second order in the slow-roll approximation the field excursion is also related to the scalar perturbations through [98]

A = ST VEIAN] 1+ (= )AN]
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Future missions with higher precision aim to place further constraints on the model space by restricting
the allowed region of these quantities even more.

It is rather incredible that a lot of the simplest single-field inflation models are already ruled out by
observations or they are at marginal contact with them. There are those however, much like the Starobinsky
model [101], the Higgs inflation model [40-42] or the a-attractor models [102-104] that are persistently
in good agreement with observation. These models, and others alike, usually include some kind of
nonminimal coupling of the scalar mode that assumes the role of the inflaton to the gravitational sector.
So, in a way, the added degree of freedom accounts for the favourable predictions, while on the other
hand one has to account for the issues concerning the nature of that coupling. Such couplings, of the
form f(¢)R, are expected to arise at the quantum level of a gravitational theory that includes a scalar field
living in the background! (scalar-tensor theories — due to their propagating modes) or from dimensional
reduction of higher-dimensional theories?. Another interesting possibility is the scenario that more than
one scalar mode contributes to inflation, either both at the same time or one after the other. In the latter,
the flat directions of the (multi-dimensional) potential allow for one field to lead inflation and it naturally
stops to enter a phase in which another one contributes. For this reason, analysing the spectrum of these
theories is often a daunting task, usually met with further assumptions.

There exist more parameters that can provide additional information and restrain the inflationary era.
One of them is the non-Gaussianity detected in the power spectrum [108, 109]. In fact, conventional
single-field slow-roll inflation models predict a Gaussian spectrum with high accuracy, since in order for
slow-roll to occur any kind of interactions of the inflaton field have to be weak. The non-Gaussianity
is encoded in the three-point function ((x, Ck, (k,;) and its bi-spectrum can leave imprints in the angular
power spectrum of the CMB fluctuations. The latest constraint on the parameter characterising the non-
Gaussianity is fi0% = —0.9 & 5.1 [110]. Even though the task of detecting them is demanding, they can
have a major impact on our understanding of the physics of the early universe.

There is also a point to be made for the potentially astounding information the CMB polarisation
offers. Induced by Thompson scattering, the polarisation can be decomposed into two spin-0 fields,
known as E and B, completely describing the linear polarisation field. It was shown [111, 112] that scalar
perturbations create only E-modes and tensor perturbations (primordial gravitational waves) create both
E- and B-modes.> Then, measuring the angular spectrum of the B-modes provides us with unique
information about the primordial tensor modes.

Constant-roll approximation

In principle, since most of the single-field slow-roll inflation models predict negligible non-Gaussianity
(close to the order of the SRPs), one expects that any kind of detection of non-Gaussianity would exclude
a lot of them, or at least heavily constrain the model space of inflation. It has been argued [113-115],
however, that this might not be exactly the case if we allow for a “generalisation” of the slow-roll approx-
imation, dubbed the constant-roll [116-119].

It was first noticed, that in the case of the ultra slow-roll [115], in which the potential is almost flat
(0V/0¢ =~ 0), the scalar power spectrum is almost scale-invariant, similarly to the usual slow-roll approx-

'See for example ref. [105] for more details. In the case of the Starobinsky model the higher-order curvature terms are also
expected to appear at the quantum level of the theory [106, 107]. However, current results pertaining to the quantisation of
gravity are always met with skepticism and at this point we should not make bold claims regarding what a quantum theory of
gravity will look like.

For example, a simple model in which a 5-dimensional Kaluza-Klein theory with a compactified dimension leads to a
4-dimensional dilaton model (also referred to as the radion field).

3Vector perturbations, that decay with the expansion of the universe, are not considered here but they do create B-modes as
well.

28



2.3. Inflaton field dynamics

imation. Intuitively, we expect that since the Klein-Gordon equation yields ¢/(H¢) = —3 the second SRP
is ng ~ O(1) and therefore the power spectrum should deviate from scale-invariance. Generalising that
case we allow for the possibility of the scalar field to roll with a constant rate, defined by [116]
2 ~3. (2.104)
Hg¢

where 3 € R is a constant parameter. In the case that 3 = 0 the standard slow-roll approximation is
recovered, but if 3 = —3 the ultra slow-roll one is obtained. Therefore, the constant-roll encompasses both
of these approximations, while also supporting a more general scenario. Clearly, not all cases of /5 are
allowed seeing that they do not comply with current observational data, although they lead to predictions
that are in principle distinguishable from the slow-roll inflation.

Apart from accounting for possible CMB anisotropies, an attractive feature of the constant-roll scenario
is that plenty of the inflaton dynamics can be studied analytically. For example, equation (2.32) can be

expressed as

oo oz dH

Pag (2.105)

where we reintroduced the Planck scale and assumed that ¢ # 0 in order to write the RHS. Direct substi-
tution of this into eq. (2.104) gives rise to the following differential equation for the Hubble parameter
2
I 5oy
d¢p? 2M?2

(2.106)

The most general solution to this equation is given by:

H(¢) = crexp < _7’8 ]\Z:) + caexp (— _75 ]\Z) : (2.107)

Notice how /3 # 0 induces linear perturbations to the standard case of slow-roll inflation (in which g = 0).
From eq. (2.31) we obtain the form of the inflaton potential required to support the above solution; it
reads:
2 772 1 (dH\?
V(¢) =3MpH*—2Mp <d¢> . (2.108)
It is straightforward to show that eqgs. (2.104), (2.106) and (2.108) satisfy the Klein-Gordon equation
eq. (2.30) trivially.

Any solution of H(¢) may not necessarily be an attractor solution or may even evolve out of the
attractor trajectory. In order to verify the stability of the solution we have to employ numerical techniques,
but it might prove useful to first describe it analytically. Suppose there exists a solution to eq. (2.108), say
Hy(¢) with a linear perturbation 0 H(¢). The linearised equation for the perturbation then becomes:

3
H() 0H'(9) = 5=y Ho(6) 0H(9) (2.109)
P
which has the general solution
®H
6H (¢) = 6H (o) exp < 5 A‘ZQ /¢ HZEZ; d(b) : (2.110)
P Jéo
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2. INFLATION

where §H(¢o) and ¢y denote initial conditions of the cosmological system. Therefore, if the linear pertur-
bations are decaying the attractor point is maintained and the solution is stable. To complete the analysis
of the attractor behaviour one is also required to study the phase space of solutions (¢ — ¢) (usually done
numerically). We discuss further the attractor behaviour of the cosmological systems in ch. 4, where we
consider specific inflationary models.

2.4 Parametrising Reheating after Inflation

In previous sections we demonstrated how inflation provides a solution to modern cosmological puz-
zles, while also making predictions of its own. One of its valuable features is the ability to dilute unwanted
energy densities appearing prior to inflation due to the exponential expansion of the universe. For any
particle species (relativistic or not) the matter and radiation densities decay as p,, x a=3 ~ eV — 0 and
pr o< a=* ~ e — 0, respectively, for N > 1 (while vacuum densities like the inflaton’s remain constant).
In order then to obtain the large energy and entropy observed today it is postulated that another era exists

starting after the end of inflation, known as reheating, in which the universe thermalises.

Brief overview of reheating mechanisms
Perturbative reheating

Soon after the first models capable of describing the dynamics of inflation were proposed, the first
models of reheating were also suggested [52-54], contemplating the possible transfer of the energy density
of the inflaton to other fields coupled to it. The assumed interactions were purely perturbative and so the
decay rates were calculated in the usual way.

Let us introduce interactions of the inflaton with a massive scalar field x and fermion % in the following
way:

Line D —0 pX° — h oy, (2.111)
where o and h have to be small couplings! to avoid large radiative corrections during inflation. Then, the
equation of motion for the inflaton field ¢ including also the effects of particle production reads [64]:

b+ BHE) +T)d+m2p=0, (2.112)

where I is identified with the total decay rate, given by

T=Y"T(¢—xixi) + D T(d— ;1) (2.113)
i J

Here we assumed that the inflaton potential is V(¢) = (m?/2)¢? + O(¢?). After the end of inflation we
can safely assume m > H and H ~ I (or even if H > T specifically at the start of reheating), thus we
approximate the solution of ¢(t) ~ ®(t)cos (mt) where the amplitude is assumed to be slowly varying
compared to the phase. Then, the equation of motion (2.112) admits the following solution

1
o(t) = ¢poexp (—2(3H + F)t> cos (mt). (2.114)
The evolution of the number density and energy satisfies the Boltzman equation
dz 3 3
pri Iz, where z = {a’ny, a’py}, (2.115)

lThey are usually encountered in gauge theories with sponstaneously broken symmetries.

30



2.4. Parametrising Reheating after Inflation

and ng = pg/m.

Since the couplings are assumed to be small based on perturbativity grounds, the inflaton field loses
energy at the start of reheating primarily due to the expansion of the universe. Only after the Hubble rate
has reached H ~ I' does the particle production take effect. The decay rates are not always comparable
to each other, meaning that some channels are more effective than others. If we assume the opposite, i.e.
the decay products are in thermal equilibrium, we can place an upper bound on the reheating tempera-
ture, under the assumption of instantaneous reheating with relativistic degrees of freedom g, ~ 10? that
reads [64]

Tr ~ 0(0.1)/MpT . (2.116)

We refrain from discussing further the phenomenological aspects, since they are model dependent and
the specific model of chaotic inflation assumed here as an example is already ruled out by observational
data (see fig. 2.4).

Unfortunately, the equation of motion eq. (2.112) does not account for all the dynamics of the infla-
ton field. For example, the equation should include fluctuations that are present in such systems with
dissipation [57]. Also, even if the couplings are small enough to satisfy perturbativity, there is still the
scenario that the phase space of x-particles is densely populated and therefore Bose condensation effects
can enhance the decay rate [64]. The most crusial point however, is that the perturbative method fails (at
least in the initial stage); the inflaton condensate is a coherent homogeneous field that oscillates and there-
fore many inflaton particles decay simultaneous and not independent of each other. In other words, even
though we are justified in describing the inflaton field classically due its large amplitude of oscillations,
the decay products have to be treated quantum mechanically. Furthermore, for the perturbative reheating
to end one assumes a coupling of the inflaton to fermions, which further constrains the structure of the
theory allowing for reheating. In what follows we briefly describe some of the nonperturbative dynamics
of reheating.

Preheating & parametric resonances

The study of the early stage of reheating with nonperturbative techniques is usually referred to as
preheating and falls under the paradigm of particle production in the presence of strong background
tields. For illustrative purposes, let us consider once again the chaotic inflation potential. The total scalar
potential reads

m? 5 My a1y g
V(¢7X):7¢ Ty X +59X¢ : (2.117)
The classical equation of motion for the x field is given by
1
X — ;VQX +3Hx+V, =0. (2.118)
Expanding it in Fourier modes
dgk —ik-r * iker
x(t,x) = /(277)3/2 <aka(t)e k +aka(t)ek ) , (2.119)
it satisfies )
Y + 3H Xk + (a2 +m? + g2¢>2(t)> Xk =0, (2.120)

where ¢(t) ~ ®(¢)sin (mt). This is the equation for an oscillator with a varying frequency that is further
damped by the expansion of the universe 3Hx. Then, we expect some modes k to parametrically excite
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2. INFLATION

themselves, similar to the case of a parametric oscillator. The above equation can be recast into the form
of a Mathieu equation by also disregarding the expansion of the universe H ~ 0 at this point

d?xy,
+ (Ag — 2qcos2z)x, =0, (2.121)
dz2
where z = mt is dimensionless and
k% + m?2 2p2
A= X 9g o g=9" (2.122)
m?2 4m?

The instabilities appear for certain modes k that lead to exponential growth x; oc e/#*, where py is
called the Floquet exponent and is nonnegative. The value of the ¢ parameter leads to different types of
resonances; values of ¢ < 1 introduce what is known as narrow resonances and ¢ > 1 induce more efficient
resonance effects, broad resonances [57].

Finally, if the effective frequency of oscillations of the x field were negative it leads to tachyonic
resonances, a scenario usually referred to as tachyonic preheating. This is achieved trivially in models with
negative couplings. Then, higher-order terms are added to ensure the overall stability of the system, but
only contribute during inflation and are unimportant during reheating. In some cases these tachyonic
instabilities prove to be even more efficient than the narrow and broad resonances.

Parametrising reheating

Undoubtedly, there is a high uncertainty concerning the theoretical part of reheating. As was illus-
trated there are different complicated processes one has to take into account, depending also on the type
of inflation preceding reheating. Furthermore, the period of our universe from the end of inflation until
the point of baryogenesis and Big Bang nucleosynthesis is relatively unknown.

Interestingly, we may parametrise the cosmic fluid during reheating by an effective constant equation
of state parameter wgr. At the end of inflation the inflaton oscillates around its potential minimum,
essentially, between the point of complete kinetic domination (w = 1) and domination of the potential
(w = —1). Therefore, the universe at that time is properly described by w = 0 that increases as the inflaton
decays, reaching the radiation domination era of w = 1/3. In reality, the equation of state parameter
changes very quickly to w ~ 0.25 at the first stages of preheating (e.g. see refs. [59, 120]) justifying the
assumption of a constant wg.

Apart from the state parameter wg, reheating is described also by its duration Ng and its temperature
Tr. By considering a history of the expansion of the scales from the point of horizon exit that we observe
at the CMB to horizon re-entry, we can relate the reheating parameters to the inflationary ones [65-70].
Generally, we assume that the inflaton field ¢ describes inflation for N e-foldings given a specific potential
V(¢), during which the comoving Hubble horizon decreases. Then, the reheating phase begins that grows
the comoving horizon for Ny e-folds until the era of radiation domination is initiated. Finally, the radiation
era proceeds for Neq e-folds until the point of equilibrium. It is important to note that we assume instant
transition between each of these epochs and the state parameter w remains constant in each of them (see
fig. 2.5).

Each period’s duration is defined through its respective e-folds

N=l — Ng=m®  Nyg=h-3, (2.123)

s ag aRr
where ay and a, are the scale factor values at the end and start of inflation, respectively. Similarly, agr and
aeq are the scale factor values at the end of reheating and end of radiation, respectively. Finally, ag is the
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FIGURE 2.5: An example of the evolution of the comoving Hubble scale 1/aH displaying also the different epochs
with their associated number of e-foldings. The phase of reheating connects the inflation and radiation era.

present day value of the scale factor. Considering next the relation between a pivot scale k = a, H, at the
start of inflation and the size of the present horizon a¢Hj, we obtain [66]:

k axH, asx ay AR aeq HeqH*

_ @t s gy R Geq , 2.124
aoHo aoH() af GaRr aeq ag H()Heq ( )
k CLeqfleq H,
1 =—N—Nr— N, 1 1 . 2.12
During the period of reheating we assume p oc a=3(1*%) and write the following
—3(1+wg)
Pr_ (“f) — 12 =301+ wr) MR, (2.126)
PR aRr PR

where p; is the energy density at the end of inflation at field values of ¢ = ¢, approximately described
by py = 3V (¢y)/2 with V(¢¢) = V; the potential value at field value ¢ = ¢;. Then, solving the equation
above for the number of e-folds we obtain

Nr = 301 i ) In (2[3)}2 Vf> . (2.127)
The temperature and energy density are related by!
7T2 4
PR =55 9R Tk (2.129)
'A particle species with g degrees of freedom and y chemical potential, has an equilibrium energy density
pP=9 /% E(p) f(p), (2.128)

where f(p) = 1/ [exp (E(p) — u)/T) £ 1] is the phase space distribution in momentum space with plus (minus) for Fermi-
Dirac (Bose-Einstein) statistics, and E(p) = +/|p|? + m?. In the case that T > m, p the integral is exactly solvable and it
leads to eq. (2.129). Interestingly, for nonrelativistic species, where T' < m, the energy density is exponentially vanishing
p o< T3/2e=(m=m/T  Note also that at early times the chemical potential x of all particles was tiny, such that we can safely
neglect it at this point.
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where gr denotes the relativistic degrees of freedom at the end of reheating. Substituting to the expression

for Nr we obtain:
1 45 Vf
Ng=———In|——— |, 2.130
RT3 +ur) <7T2 gRTR4> (2130

From conservation of entropy between the transition of the reheating era to today, S « g.(aT)3, we
can write the following expression

gr (CLRTR)3 = g7 (a0T7)3 + v (aOTV)S y (2131)

where g, is the photon and g, = % -3 -2 = 21/4 are three light neutrinos with

4 3
(Tl, = HT7> (2.132)

and 7T, ~ 2.7K. Therefore, the reheating temperature is expressed as

1/3
Tq =T, <“°> eNea <43> . (2.133)

Qeq 11gr
Next, focusing on the term of ag/aeq we can write it down as

ap  apH.ax  aoHs ax ay ar  aoH. o N o~Ney—Neg
)

= = = 2.134

introducing a factor of unity by means of the pivot scale k = a.H,. Finally, the temperature T reads

T 4 1/3
T = (1% (A3) 7 g o-N e (2.135)
k 1lgR

Expectantly, an increase in the number of e-foldings Nk suggests a decrease in the reheating temper-
ature Tg, and vice versa. The bounds on the actual reheating temperature are inferred from potential
impact on the lower-energy phenomenology. Meaning that temperatures below Tx > 10MeV are ruled
out from BBN [121], but even temperatures close to the EW scale, 7Tz 2 100 GeV may affect baryogenesis
(while not strictly disallowed). On the other hand, an upper bound of Tk ~ 10'® GeV can be placed,
in order to avoid the restoration of a potential GUT symmetry right after inflation. This was a point of
intense research at early stages of the reheating paradigm, and it was also shown that in sypersymmetric
theories the upper bound can be relaxed to 10° GeV [122-125].

If there were stronger indications for the state parameter wg, then the scenario of reheating can be
better interpreted. However, we can assume an effective, constant wg in the range of {—%, 1}, in which
wr = —1/3 is the minimum value required such that inflation terminates. From direct substitution of
eq. (2.135) into eq. (2.130) we obtain the following for Ng

4 fl/4 A\ V4 711\ /3 112
Nr=—"—""—< N+ N, 1 | 1 — — . 2.1
R = 305 wg) + R+na0T’Y+nH* +In <7T2> <3> IR ] (2.136)

Now, this is an algebraic equation in Ng that admits a straightforward solution depending on the value
of WR.
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Case of wr # 1/3

Let us first assume that wg # 1/3; then directly from eq. (2.136) it gives rise to

1/4 1/4 1/3
4 Vf k 45 11 1/12
=——<—N-— — — — — . 2.137
Nr 1~ 3ug N —In . In wT. In [(ﬂ) < 3 > IR (2.137)

At the point of reheating and since we assume energy scales at least larger than the EW scales, we can
liberally assume that!

42
gR 2 77 ~ 100. (2.138)
Specifically, at a pivot scale of k = 0.05 Mpc~! we obtain the simplified version of this:
4 /A
Ne = =g [61.6-In IJ;— ~-N |, (2.139)

which after some algebra leads to the following expression for the temperature

1/3 R 3(1+wr)/(3wr—1)
o= () (B2) g (B 1) (2.140)
11gr k T2 gr
Case of wg = 1/3
In the special case of wr = 1/3 it is straightforward to show that eq. (2.136) leads to
N =61.6—-1 Vfl . 2.141
=050 ==, (2.141)

x
following also what we assumed in the previous case. This can be seen as a constraint on the duration
of inflation, through N, or the predicted value of n;, and is a general feature of the scenario known as
instant reheating suggesting that the period of radiation starts immediately after inflation. In that case
the reheating temperature 7Tr takes its maximum allowed value depending primarily on the model of
inflation.

There is a particular connection of the reheating and inflation periods (specifically the SRPs) that is
apparent by using the definition of the tensor-to-scalar ratio, eq. (2.99), at the pivot scale k£ = a. H,

_ 2H?
- M2 w2A,

and the slow-roll approximation r ~ 16¢y to obtain [70]:

H, ~ Mp /3 A v () .- (2.143)

Finally, assuming a precise inflationary model and its potential V' (¢) we can express its value V; at the
end of inflation in terms of SRPs and therefore the values of Ng and 7R are expressed explicitly in terms
of them. Further discussion on the model-dependent part of reheating is left for a later chapter (ch. 4),
in which we investigate if different inflationary models can support a reheating period, and if so under
what conditions.

r

(2.142)

'The proposed number of gr conservatively only includes the SM degrees of freedom. It is natural to expect beyond the
Standard Model (BSM) degrees of freedom coming from the sought-after UV completeness of the theory to increase the value
of gr, but even if one assumes gr ~ O(10%) the number of e-folds Ng and the reheating temperature Tk are largely unaffected,
attributed to the small dependence on the actual value of gr.
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First-order formalism

Inevitably Einstein’s astonishing insight has to be mentioned when one discusses the General theory of
Relativity. It is based on his realisation that an observer that is freely falling in a frame does not experience
gravity and therefore its effects are indistinguishable from those in an accelerating frame. What is today
known as the Einstein Equivalence Principle (EEP), led him to a beautiful theory capable of explaining or
describing most of gravitational physics, which, with the discovery of gravitational waves by LIGO [23],
is still validated today, hundred years after its inception.

The key observation extracted from EEP is that gravity is better understood as the curvature of space-
time unlike the other external forces of nature. Later this had an immense impact on the future of
theoretical physics, and, together with seminal works of others after Einstein, led to a “geometrisation”
of physics and the way we approach physics altogether (e.g. gauge theories, string theory, etc). General
Relativity, described by the Einstein-Hilbert action, is nested in the language of Riemannian geometry and
(at that time) pioneer works on differential geometry and 19 century tensor calculus, which are applied
even today (with a more convenient notation).

Immediately after its inception, modifications to GR had been proposed, albeit driven at first primarily
by scientific curiosity. That avenue of exploration was later legitimised by the need for new features
that GR, as formulated by Einstein, does not include. For example, alternatives to GR such as the loop
quantum gravity (LQG) program [126-128] attempt to construct a quantum theory of gravity, or others
like the Kaluza-Klein or string theory models that attempt to unify gravity with other fundamental forces.

Interestingly, around the same time when GR was first formulated, E. Cartan in the 1920s developed
a very different type of differential geometry, based on differential forms and fiber bundles [129-131].
Actually, most of Cartan’s important contributions were developed around that time. Pertaining to GR,
he considered other bundles other than the tangent bundle and other connections other than the Levi-
Civita one. This was also unfruitfully pursued by H. Weyl [132] and others around the same time. Cartan’s
generalisation of Riemannian geometry and, in particular, the more general connections were discovered
(or more appropriately reconsidered) by physicists much later, in the works of Yang and Mills (1954) [133].
Today, interactions in nature are described by a gauge field (or connection). Attempts to modify GR by
generalising the connection, or more importantly the underlying geometry, are nowadays prominent even
if they are rather divisive with respect to the metric and connection based formulations.

There are a plethora of reasons why one should consider GR as a theory of connections (much like
Yang-Mills), but historically, and most appealing, is the attempt to also canonically quantise gravity.
With the development of gauge theories it was understood that they are dependent on connection 1-

37



3. FIRST-ORDER FORMALISM

forms! (taking values of the same gauge group) and alongside their conjugate momenta we attempt to
analyse their Hamiltonian formulation. It turns out that applying the usual Hamiltonian analysis to GR
leads to many problems, for example the fact that the Hamiltonian constraints are non-polynomial in the
canonical variables, as well as ordering problems of their respective operators. However, in the 1980s
Ashtekar showed [126, 135] by extending the (Palatini) action to complex values that the constraints were
now closed and polynomial, with the caveat that one has to now impose reality conditions on the metric.?
More recently, developments regarding the Jackiw-Teitelboim (JT) gravity [136-138] - a starting point in
discussing nonperturbative quantum aspects of (lower dimensional) gravity - were made using its first-
order formulation (e.g. see refs. [139, 140]). All of the above considerations concern quantum phenomena
and owe to the fact that the first-order formulation involves momentum independent cubic interactions
as opposed to the second-order (or metric) formulation that involves momentum dependent three-point
and more vertices [141].

There is a recent effort in describing gravity in a connection-based language that can also be applied
to lower energies. Typically, the two variational principles coincide (on-shell) for the Einstein-Hilbert
action [45], but when one assumes extensions that include nonminimal couplings with the matter sector
or the introduction of higher-order curvature invariants in the theory, the two formalisms lead to wildly
different results, that can potentially differentiate between the two formalisms (see ref. [142] for a review).
These types of modifications are especially popular in recent inflationary models and appear in a variety
of cosmological studies, which are in principle classical but incorporate some quantum phenomena.

In this chapter, we begin by recalling some of the key features of the metric formulation of the Einstein-
Hilbert action, which are later related and compared to its Palatini formulation. Especially, the derivation
of the Einstein field equations is described in great detail for the same reason. Following that, we discuss
the Palatini variation and the concept of a metric-affine connection. First we parallelise the discussion of
the first- and second-order formulation of gravity with the analogous first- and second-order formulation
of Electromagnetism. After that we introduce the notion of a metric-affine space and its primary compo-
nents, the torsion, metricity and curvature tensors. Then, we are ready to apply the Palatini variation to
the Einstein-Hilbert action and derive the complete set of field equations for the dynamical variables in
the theory. The point of classical equivalence of the Einstein-Hilbert action between the two formulations
is further stressed and is followed by a brief discussion on their possible equivalence at the quantum level.

3.1 Metric formalism resivited

The most essential and revolutionary concept in GR, as opposed to Newtonian gravity, is the notion
of spacetime. By incorporating the gravitational force into relativity we are led to a generalisation of the
Minkowskian spacetime (R?*,7) to a four-dimensional Lorentzian manifold with a Lorentzian (nondegen-
erate and symmetric) metric, (M, g), defined at each point p € M. The idea of a curved manifold is crucial
to GR, since it can provide a local description of Euclidean space at each point p € M (EEP). Additionally,
another assumption is that any test-object with positive mass follows a timelike curve in M, which in the
case of free fall is a geodesic.

'In fact, fiber bundles have allowed us to understand the global (or nonperturbative) aspect of these theories. For example
the gauge field A}, in Yang-Mills theory are connections on principal bundles and not just local 1-forms. Also, the Yang-Mills
instanton is actually the nontrivial class of the principal bundle underlying the gauge field [134]. In similar fashion fiber bundles
govern other topologically nontrivial dynamics, for example quantum anomalies (not globally well-defined action functionals)
are understood as statements of nontrivialisability of bundles.

’Later development along those lines led to LQG with many interesting and promising results (see ref. [128] for a review),
further solidifying the search for a connection-oriented gravity.
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3.1. Metric formalism resivited

The metric tensor at some point can be considered as a matrix g, (p) that is dependent on the choice
of coordinates. However, due to its symmetry’ (gj,,) = 0) it can be diagonalised and its eigenvalues are
coordinate independent. In fact, we can choose a base in which the eigenvalues are +1 and —1 and vary
smoothly with p. The concept of distances in spacetime is encapsulated in the invariant line element

ds? = Guv dzt @ dz¥, (3.1)

with the help of the metric tensor.

Together with the metric tensor, the manifold is also endowed with a connection V that clarifies the
idea of parallel transporting data in a curved spacetime. Specifically, it is in the form of a covariant
derivative that measures the change of a vector field after being parallel transported in another direction.
Think of a curve v : I — M with two vector fields, u* and v*, along that curve. The inner product of
g utv” changes along the curve ~y

0 VP (gw/uﬂvl’) = Y ut'v” v,0 Guv s (3.2)

unless V,g,, = 0. This is known as the metric-compatibility condition. Then, for a Lorentzian metric g
there is only one connection that satisfies that condition, the Levi-Civita connection, characterised by its
connection coefficients I'”;,,,, known as the Christoffel symbols and are given in terms of the metric tensor
as

1 o
Fp/,w = §gp (a/.LgUl/ + 81/9#0 - aag,uu) = {;pr} . (33)

Given now a covariant derivative one can define the curvature on the manifold
R, b = 2 V(up s (3.4)

where b, is a 1-form. The rank (1,3) tensor R,,,’ is known as the Riemann curvature tensor and has
many properties; most important are the following: R,,,,” = —R..,7, Rj,,° = 0and V3 R,,,,7 (Bianchi
identity). Due to its symmetries the Riemann tensor has n%(n? — 1)/12 independent components (20 in
n = 4 dimensions). We pay extra attention to the idea of these tensors on M in section 3.2 and refer the
reader there (and the vast literature on the subject e.g. refs. [143-146]) for more details .

The actual dynamics of gravity are encoded in its Lagrangian that is a scalar function on M. Besides
that, we also demand that the Euler-Lagrange equations of the system are up to second order in derivatives
of the metric tensor g.> From contracting the Riemann tensor we are provided with a scalar quantity, the
Ricci scalar (or scalar curvature)

R = ¢" R, , (3.5)

where R, = ¢g?? R, is known as the Ricci tensor. Finally, we can consider the action®

2
Senlg V) = =5 | dvol Rlg]. (36)

'The symmetry stems from the definition/creation of the metric tensor through its definition of the spacetime interval
equation, or the invariant line element. Since we have [dz",dz"] = 0 only the symmetric part of g,, contributes and we may
as well assume that it is symmetric. In turn it ensures that the norm of vectors € I'(T'M) is nonnegative and the angle between
them does not depend on the order chosen.

?Usually, that point becomes nontrivial when one considers generalisations of GR. It is not obvious how in GR a Lagrangian
containing nondegenerate second-order derivatives 9°g does not lead to Ostrogradski instabilities [147], that essentially state
that if that is the case the Hamiltonian of the system has at least one linear instability. In fact, GR falls under the “blanket”
theory of Lovelock gravity [148], in which conserved second-order equations of motion can be produced in arbitrary spacetime
dimensions.

*Suppose we ignore the reduced Planck mass for a moment. Then, in order for the action to have the right dimensions, i.e.
timexenergy (like h), a factor of ¢®/(167G) has to be included [146]. Here, c is the speed of light and G is Newton’s constant
and plays the role of the coupling constant of gravitational interactions. If one is interested mainly in studying gravitational
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3. FIRST-ORDER FORMALISM

where V is a domain of (M, g) and dvol denotes the infinitesimal volume element generated by the metric
field g, which in local coordinates reads dvol = \/—g d*z (here g denotes det(g,,)).

Principle of least Action & Field equations

According to the Action Principle, also known as the Variational Principle, acceptable solutions of the
physical system have to be stationary points of the Lagrangian density. In this way, we derive partial
differential equations for the tensor fields, named the Euler-Lagrange equations. These then lead to the
equations of motion for the system.

Before we derive the field equations for the Einstein-Hilbert action, let us consider first a compact
variation of the metric tensor

dg,w(e)
O = — , 3.7
where ¢ is a small parameter and
9w (&) = G + €09 + O(e?). (3.8)

Note also that, in order to retain g,,, g*” = 9}, at first order in ¢, it follows that g"’(¢) = g"* —e dg"” + O(£?).
Then, for the field g, to be stationary in S for any compact variation g, (¢) it suffices that

ase)|  _ S 69)
de |._g 09w ’ '

where we adopted the shorthand notation S(¢) = S{g,.(¢); V.
Let us apply the above procedure in the case of the Einstein-Hilbert action, while also disregarding
the proportionality constant M2 /2 for the time being. For the volume element we trivially obtain

1 1
J (dvol) = 3 diz /=g 9" g = —§d4a: V=99 0g"" . (3.10)
Therefore, by distributing the variation for the Ricci scalar as R = 69" R,,,, + g"V 0 R, we obtain:

dghv

1
= /Vd4:c V=g {RW — 2gWR} ogh” + /Vd43: V—=99""0R,, . (3.11)

Let us ignore the second integral at this moment; we show later that it is a total derivative and does
not contribute to the equations of motion of the system. If we also allow for the possibility of matter fields
living on the gravitational background we can extend the total action describing the system by

Stot = SEH + Sm (3.12)

phenomena, e.g. black holes, they can safely set ¢ = 1 = G, incidentally equating mass with length dimension. However, by
fixing h = 1 allows us to rewrite the dimensional factor as

he EMIQ;H

known as the (reduced) Planck mass. It is then better to set ¢ = 1 = h. Lastly, the fixing of ¢ = h = G' = 1 seems nonsensical,
seeing that all of the dimensionful parameters in the theory are now eliminated alongside with our ability to apply dimensional
analysis.
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3.1. Metric formalism resivited

where S, = [d'z /=g .%n]¢, g] denotes the matter action over a configuration of fields denoted
collectlvely by ¢. Likewise, we can write the variation of the matter action as

/ e { 1guyzm} 5t (3.13)

5 g/“’ dgrv 2

and define the energy-momentum tensor that describes the energy density and momentum distribution
of the system as

To= 2 08, 04, 1
T =g dgrr dgnv 2
Note that the tensor is symmetric by construction - a fundamental feature of matter fields. Finally, we are
led to the Einstein field equations, which read

g;wgm . (3.14)

1
Gw/({ }= Ry — gguuR =T, (3.15)

where we should point out that the Einstein tensor G, is dependent entirely on the metric denoted by
the short-hand notation { } of the Christoffel symbols (3.3). Notice that by means of the Bianchi identity
VG, = 0 the divergence of the energy-momentum tensor implicitly vanishes, V#T),, = 0.

Equation (3.15) is the central point in understanding the dynamics of different systems describing
gravitational interactions. In order to do that we have to solve the system of differential equations, either
by numerical methods or by imposing even more constraints on the allowed symmetry of the system at
hand. Historically, by following the second way, cosmological solutions (FRW metric) were found that are
capable of describing the dynamics of the cosmos and also black hole solutions (e.g. Schwarzschild met-
ric). The case of cosmological solutions, specifically the FRW metric, plays a crucial role in understanding
inflation and as such it is discussed in detail in a previous ch. 2.

The York-Gibbons-Hawking term

Let us return to the second integral in the RHS of eq. (3.11). We need the variation of the Ricci tensor,
which after using the Palatini identity yields

SRy =V, (6T,,) — V,, (6T%,,,) . (3.16)

A way to see why this is the case is to think of a point p € M where the Christoffel symbols vanish. The
total variation of the connection coefficients reads

1
o’ = 5g”" (Vu0gor +Vi6Gu0c — Vobdgu) - (3.17)

Then, after some manipulation of the indices and using the metric-compatibility condition it is straight-
forward to show that

/ d*z /=g g"oR,, = / d*z /=g V,u(g' orr,, —g"7 6Tt 5) = / d*z /=g vV, (3.18)
M M M
where V*# is a vector field in M. By means of the Stokes theorem we can express the resulting integral as
/ d*z /=g V, VH = }’{ dx, VH = 7{ e Vin,+/|det(h)| d*’ . (3.19)
M oM oM

We denote by n,, the unit normal to OM, and g,,, = en,n, + hy, with hy, playing the role of the induced
metric on the boundary. Here € = n#n,, is +1 (—1) if OM is timelike (spacelike).
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3. FIRST-ORDER FORMALISM

Next, we assume that the variation of the metric field vanishes on the boundary, meaning §g"|, v =0,
and therefore its covariant derivatives become simple derivatives. After some tedious manipulation of the
indices one can show that the integral becomes

7{ e Vi, /[det(n)] d*a’ = — 7{ €W (9,300 )0° /]det(R)] d3a’ (3.20)
oM oM

Therefore, in order to properly define the compact variation of the Einstein-Hilbert action the boundary
term, known as the YGH term [149, 150] has to be added, such that this contribution is exactly canceled.
It is not difficult to see that the above term is the variation of §(V,n*), and thus the desired term reads

Svon = § d'a Atk = § d deHB] eV, :21)
M M

where K is the trace of the intrinsic curvature.

Even though the addition of this term has incredible physical significance we are not interested in its
application in this work. Furthermore, it will become apparent that in its first-order formulation the YGH
term is redundant with respect to the completeness of the variational principle.

3.2 Palatini variation

In the first-order or Palatini formulation of gravity the metric and the connection do not have an a
priori dependence on one another. In other words, the connection coefficients I'*,,,, are not necessarily
given by the Levi-Civita condition (3.3), but instead they are dynamically obtained at the level of the
equations of motion, since now the action includes two dynamical degrees of freedom, namely the metric
tield and the connection. This particular idea falls under the class of metric-affine spaces, in which unlike
other generalised connections, they allow for metric-compatibility and torsion.

Analogy with tree-level Yang-Mills theory

Before discussing further the concept of metric-affine spaces, let us provide a brief comparison with
the first-order formulation of a Yang-Mills (YM) theory. In its first-order formulation, the Lagrangian for
a free SU(2) Yang-Mills field reads

DE/ﬂYM — iFauyFa/,U/ _ %Fa'uy (a,uAaV _ al/Aa/,L _"_ gfabCAb},LACI/) , (3.22)

where at this point the fields A and F* are assumed to be completely independent and dynamical
variables of the system. Here, g is the coupling constant and f¢ are the structure constants. Then,
variation of the Lagrangian gives rise to the following equations of motion

9, F =0, (3.23)

F,, = 0,A%, — 0,A%, + gf™cAb, A, . (3.24)

Combining the two equations we are led to the same equation that describes the same classical dynamics
with its usual (second-order) formulation, on-shell. Also, both formulations are invariant under local
gauge transformations of the form:

SF,, = gf ™ F®,, 6°, 6A", = D,0% + gf*cA, 0°. (3.25)
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3.2. Palatini variation

Notice the parallels between the YM theory and GR, in which the role of A® is played by the metric
tensor g and the one of the field-strength F'* by the connection I'. In the case of the interacting YM theory
we have to make further assumptions, e.g. that the interacting Lagrangian is explicitly independent of 9 A®
such that the Noether current is unaffected. Equivalently, by considering interactions between (Palatini)
gravity and matter fields we are led to assumptions regarding the underlying geometry of that theory as
well.

There is a point to be made regarding the path integral quantisation of these two formulations, specifi-
cally for the case of the Yang-Mills field. The form of the Lagrangian (3.22) suggests that we should expect
two propagators (AA) and (F'F), alongside a mixed propagator (AF') and a vertex (AAF). However, if
we perform a shift of

F% — FO + (0,A%, — 0,A%, + gf " AY,A%) (3.26)

the path integral becomes, neglecting the ghost-fixing terms, [151-153]
1
/ [DA® J[DF®,,] exp <z / A’z <4F‘1WF‘”“’ +.28 [A“])) : (3.27)

where ‘,%}(,I?/[ denotes the second-order formulation implicitly dependent solely on A®.

Then, the integral over F? decouples, recovering the known path integral for the Yang-Mills theory.
In this case, we obtain two propagators of (AA) and (F'F) alongside two vertices (AAA) and (AFF'), but
there is not a mixed propagator of the vector potential and the field strength. Thus, by performing a
different kind of shift we can in principle exploit the fact that we can “change” the Feynman rules in YM,
and apply it in GR. This subject is beyond the scope of this work, however some aspects of path integral
quantisation will be raised in a following section.

Metric-affine spaces

A metric-affine space is defined by (M, g, V), where M is a differentiable manifold with a metric g and
a linear connection V (e.g. see ref. [154]).! Formally, the affine connection is defined as the map [155]

V :D(TM) x T(TM) — T(TM), (3.28)

where I'(T M) denotes the collection of vector fields on M. The idea is to connect information about
tensor fields evaluated at one point p € M with their values at some other point, say ¢ € M. At any point
p € M we can define the connection coefficients on the tangent bundle 7, M in a coordinate basis ¢, as
follows

Ve e =17 e, (3.29)

where I'”,,, are the components of the connection or connection coefficients. To relieve some of the notation
we adopt the usual notation of V;, = V,,.
The connection satisfies the following conditions

Vx(Y—l-Z):V)(Y—i-VXz, (3.30)
V(fx+hy)Z = fVxZ +hVyZ, (3.31)
Vx(fY)=fVxY +(Vx )Y, (3.32)

The notation can be potentially confusing; in fiber bundle theory V represents the covariant derivative while I' denotes
the connection 1-form. Keeping with relativistic physics notation, we regularly refer to the connection coefficients I'?,,,, as the
connection, and not its map V. We rely to context in order to resolve any further misunderstanding caused by this abuse of
notation.
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3. FIRST-ORDER FORMALISM

where X, Y, Z are vectors on M and f, h are smooth real-valued functions. To touch base with the usual
definition of the connection in GR, we apply the covariant derivative as:

VxY = Vx(YFe,) = XVe, YFe, + X YFV, e, = XV (e, YF +TH,,Y )¢, (3.33)

Since X" can be factored out we denote VxY = V,Y. Finally, if we assume a coordinates basis with
€, = 0y, we can write it in components:

V,YHE =9, YF 4 TH,, VP, (3.34)

The action of the covariant derivative can be unambiguously generalised to tensor fields of general rank
(p, @) in the following way

o2 .. e o hp—10
Vp TH1K2 upuluz...l/q = ap TH1H2 'uplquz...uq + FgéT He upl/1u2---”q +...t FpgTMl/J«Q Hrt V1V2"'V‘1+

_T9° HIp2-- _ _T° U2
F,UVIT pUV2~-~Vq e prqT plql/g...uq,lyq . (335)

For every upstairs index we get a contribution of I'T’, while for a downstairs one we obtain —I'7’, with the
appropriate index contraction.

Torsion

It is straightforward to show that the connection is not in fact a tensor itself. However, two other
tensors can be defined from it. One of them is a rank (1, 2) tensor, the torsion tensor, defined through its
action on X,Y € I'(TM) and 1-form w € A'(M) as [156]

T(w; X,Y)=w(VxY - VyX - [X,Y]) . (3.36)
In coordinate basis ¢, = 0, and dual basis a* = dz* we can rewrite it as:
TP =a” (Vye, — Ve, — leps &) =17 —T7,, = 207, (3.37)

where we used [0, 0, = 0. The torsion tensor is manifestly antisymmetric in its lower indices and manifolds
that are torsion-free, i.e. the torsion tensor vanishes, admit an additional symmetry of the connection,
namely I'”,,; = 0. However, it should be stressed that this potential symmetry relies on the condition
that the commutator of the basis vectors on 7, M vanishes.

There is a simple example that further illustrates the significance of torsion on the manifold. Suppose
two vectors X,Y € T, M with coordinates x#; then we can write X = X*0, and Y = Y*0,,. Starting from
some point p € M we can construct two other points very close to p, say p; and ps, using the vectors X, Y;
these are:

(p1) : =¥+ XFe, (p2) : ¥ +YHe, (3.38)

where ¢ is an infinitesimal parameter. Next, we parallel transport the vectors with respect to each other,
forming new vectors with components

X' = (XF —elh,,YYXP)d,, Y =(YF—el*,,X"Y?)0,. (3.39)
These new vectors form two new points, ¢; and ¢, respectively; their coordinates are
(q1) : 2" + (XF +YH)e — 2TH, YV X, (3.40)

(g2) : # + (XM + YH)e — T, X Y7 (3.41)
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3.2. Palatini variation

Then we can see that the difference of the two resulting vectors is
x (T ) XHYY . (3.42)

Therefore, we can think of the torsion tensor as a “measurement” of the (in)ability of the (infinitesimal)
parallelogram to close. This point is further illustrated in fig. 3.1.
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F1GURE 3.1: The infinitesimal parallelogram formed by parallel transporting vectors X and Y along each other, and
its non-closure due to nonvanishing torsion.

Another subtle point is that if we include matter on the manifold, which is the main goal of this work,
the covariant derivatives do not commute; especially for a scalar field

ViV < TPV, 6. (3.43)

There has been a large amount of work on theories based on torsion. Historically, torsion was first con-
sidered to be directly sourced by spin. This was first seen in the works of Cartan and later by Kibble [157]
and Sciamma [158]. The Einstein-Cartan-Kibble-Sciamma theory [159] is one of the most fundamentally
sound attempt to include spin-matter fields. Since then, more works have been put forth starting as mod-
ifications to what is known as the teleparallel equivalent of GR! [160], like the f(T') gravity (see ref. [161]
and references therein), in which 7' is the trace of the torsion tensor assuming the role of the gravitational
field. These works are primarily focused on cosmology and as such remain classical in nature, but provide
a meaningful test of these theories against the best available cosmological data with the added possibility
of falsifying them in the future. In these works (and others related also to nonmetricity) we frequently
meet the torsion tensor in linear combinations, such as the contorsion tensor defined by

K’ =Ty — TP — T, (3.44)
or through some of its contractions or trace. The subject of torsion is impressively deep, along with its

applications, however we refrain from discussing it further, after all in the next chapter (ch. 4) where we
apply the same formalism to inflation, we manage to circumvent the issue of torsion altogether.

!This is an equivalent description of GR formulated solely by the trace of the torsion tensor, f T dvol.
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3. FIRST-ORDER FORMALISM

(Non)Metricity

Following what we have discussed in previous sections, one can impose another condition known as
the metricity or metric-compatibility condition, requiring that the affine connection “covariantly preserves”
the metric

vX(g) =0 = 8pgw/ - Fopugau - Fapug;w =0. (3.45)

That is the sole condition imposed on the affine connection in the original works of Cartan. It ensures
that the inner product of two vectors is invariant under parallel transport over any curve, which is also a
consequence of the EEP.

Since the connection is a tensor it must obey the Leibniz rule (linearity) and therefore it satisfies

VIX®Y)=(VX) Y + X ® (VY). (3.46)
Then, we can also say V, X" = (VX),” and consider VX as a rank (1, 1) tensor. Therefore we have,
9w VX" =90 (VX), = (VX)) =V, Xy, (3.47)

but also,
VX, = V(9w X?) = 90V XP + (Vug) X?. (3.48)

Clearly now for this to be consistent we must require that the nonmetricity tensor vanishes, namely Q,,, =
V9 = 0. In fact, this is another way of applying the metricity condition, since we assume that the metric
is able to relate covectors and contravectors. Further than that, in a topological space we can have more
than one connection but only one of them is going to be compatible with the metric if we also require
() = 0.

vy e M

F1iGUre 3.2: Variation of the length of a vector X as is transported along a path, due to the nonvanishing of the
nonmetricity tensor.

Similar to torsion, there are (classical) theories being developed that attempt to describe gravitational
interactions using only the nonmetricity tensor.! The studies are also focused mainly on cosmology and
testing the theories against observational data [162]. A general class of them is dubbed f(Q) gravity
theories [163] and is described by a general function of the trace of the nonmetricity tensor ), which is
given by

Q=—g" (LpouLgl/p - LpopLUW) ) (3.49)
where

Lp,uy = gpa (ch/u/ - Q;Lcrl/ - Ql/ap,) (3.50)

1Once again, in complete analogy with the case of the torsional description of GR, there exists an equivalent description of
GR utilising (contractions of) the nonmetricity tensor, [ Q@ dvol.
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3.2. Palatini variation

defines the disformation. In these theories the torsion tensor and the curvature are “turned off”, which
defines the covariant derivative on M. This is usually done by implementing Lagrange multipliers in the
theory.

Curvature: Riemann tensor and its contractions

For the sake of completeness let us include the other tensor we can build out of the connection. That is
a rank (1, 3) tensor that we have already briefly covered, the curvature tensor, known also as the Riemann
tensor defined as the action on X,Y,Z € I'(TM) and w € AY(M)

R(w;X,Y,Z)=w (VxVyZ —VyVxZ - Vixy|Z) . (3.51)
In components it reads R*,,,, = Rla*; eg, €5 ev], and with €, = 0y and a# = dx* it is expressed as
Rpo;w = au,rpua - 61/Fp,ucr + F)\yarpu)\ - F)\,u,orpu)\ ) (352)

where once again [0,,0,] = 0 was used. Notice that the Riemann tensor is antisymmetric in its last two
indices R’;(,,) = 0 if the torsion tensor vanishes.
From the Riemann tensor we can build the Ricci tensor by contraction, namely

R oy = Ry, (3.53)

with Rj,,) = 0 again attributed to the vanishing of the torsion tensor. Next, by contracting the last two
indices with the metric tensor the scalar curvature on the manifold is formed, known also as the Ricci
scalar - given by R = g"”R,,,, - which takes the spotlight in GR and has an essential role in the theories
proposed to modify GR; discussed in detail in the next chapter.

If we allow for a general transformation of the form I'?,, — I'¥,, + ffw that relate two different
(metric-affine) connections, the Riemann tensor transforms as

Ru(T) — RP oy (D) + 217,010 + 2V, 17,0 + T2 0l . (3.54)
Likewise, the torsion and nonmetricity tensors become

T°,(T) — TP (T) + 217, , (3.55)
quy(g, F) — quy(g, P) — 2P(M|P\V) . (356)

A menagerie of geometrical spaces and theories

All of the above can muddle the perception of the underlying geometry of a gravitational theory. In
tig. 3.3 we hope to address any misconceptions and illustrate how these spaces correspond to GR, at least
diagrammatically. We start with the most general concept of a general metric-affine space (M, g, V) with
a nonzero torsion and nonmetricity tensor, 7' # 0 # . Historically, by assuming the metric-compatibility
condition, ) = 0, we are led to the (Riemann-)Cartan spaces. Even further, by switching off the torsional
contribution GR is recovered, or (pseudo-)Riemannian spaces in general. On the other hand, the condition
that R = 0, alongside the condition of metric-compatibility, produces the Weitzenbock spaces, in which
the original notion of teleparallism was born by Einstein some years after his proposal of GR. A metric-
affine space with vanishing torsion, 7" = 0 is known as a Weyl space. Clearly, if we also impose that Q =0
we once more obtain a Riemann space. Finally, any Riemann space with zero curvature is a Euclidean or
flat space.
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3. FIRST-ORDER FORMALISM

Metric-affine spaces
(Mg, V

R1emann—Cartan spaces]

//Q 'ﬁ\
S o
[Euclidean spaces] [R1em(a/\rltn ;)acesJ [Weitzenbéck spaces]

FIGURE 3.3: A diagrammatic representation of the connection between the geometrical spaces discussed in this
chapter and their relation to the general metric-affine space.

As far as GR is concerned there exist equivalent representations following the definitions given in fig. 3.3.
The equivalence is based on classical phenomena (currently), and holds only in vacuum, meaning no
interactions, minimal or nonminimal, with other matter fields. In fig. 3.4, the equivalence between the
different formulations is depicted by the arrows. Incredibly, all of them allow for a massless spin-2 field
(graviton) respecting the equivalence principle. This topic is beyond the scope of this work and as such
we refer the reader for more details to ref. [164] and references therein. It suffices to say that there is an
extensive literature on generalisations of each of these equivalent descriptions considering modifications
and extensions to them, similar to modifications of GR.

on-she]]

General Relativity
Ruupa
Tp;w =0= Qp,ul/

Palatini formulation of GR
g I

Symmetric teleparallel GR

Qp;w
R“ypo— = 0 — Tp,u,l/

Teleparallel GR

F1GURE 3.4: The equivalent representations of GR expressed solely in terms of torsion or nonmetricity. The first-order
formulation of GR is not intrinsically an equivalent representation but a reparametrisation of the gravitational
degrees of freedom. The above diagram holds only at tree-level.
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3.2. Palatini variation

Variational Principle & dynamical generation of Levi-Civita connection

After being acquainted with the concept of a metric-affine connection, let us apply this idea to the
Einstein-Hilbert action. In this case it reads as

2

Seulg.T) = [ate V=59 Ruu(D), 6.57)
where the scalar curvature is split into its metric-dependent part, \/—g ¢**, and the one purely dependent
on the connection (and its derivatives) R,,,(I'). The action contains two (potentially) dynamical degrees of
freedom, the metric and the connection, and thus we have to consider variation of the action with respect
to both.

Since the connection is not the Levi-Civita, the symmetries of the Riemann tensor do not hold in
general. This means that there is actually multiple ways to construct the Ricci tensor. In fact, there are
two ways to contract the indices of the Riemann tensor

R, =Ry and R, =R o (3.58)
The first is the one used in conventional GR, defined as
R, = 28[pPPHM + 2Fp0[p1_‘g“|l,} , (3.59)

while the other one is given by

Ry =28, (3.60)

plv] -
Since the metric tensor is symmetric gj,,; = 0, the second Ricci tensor vanishes by contracting with the

metric, i.e. R = 29(“”)§W = 0. Therefore, the Ricci scalar is uniquely constructed in this case as well, by
R = g" R,,,. Obviously there are more contractions of the Riemann tensor, such as R,”,,, but involve the
metric tensor, and eventually lead to the same unique definition of the Ricci scalar [142].

Field equations

Firstly, let us consider the variation of the action (3.57) with respect to the metric field. Since the Ricci
tensor is independent of the metric we obtain:

89 (vV=99" Ru) = {(0gv/=9)g"" + V=9 84(9") } Ruw, (3.61)

where we used for brevity the shorthand notation d, = 6/d¢g"”. It is then straightforward to show that we
obtain the field equations

Cpu(gT) = Ru(D) — S R(g,T) = 0. (3.62)

At this point, the Einstein tensor is dependent on the metric tensor and the connection I'. Suppose that
we include matter fields living on the background that are also explicitly independent of the connection;
we can use the usual definitions to write

le(g7 F) = Tuu . (363)

Crucially, these equations resemble the Einstein field equations, although they do not yet have the same
description of gravity. The equations of motion for the connection are needed in order to derive the
complete set of equations describing the physical system.
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3. FIRST-ORDER FORMALISM

Next is the variation with respect to the connection. The only component in the action that depends
on the connection is the Ricci tensor, so we have to evaluate ér R, (I'). We drop the subscript I" in what
follows to alleviate the notation, but we are only considering variation with respect to I'. By definition
0I'’,,, is a tensor since it is a difference of the connection coefficients, and therefore we can write down its
covariant derivative as

Va0l = O\ 0Ty + 1706 017 1 — 173, 0175, — 19, 017 45 . (3.64)
Using this we can express the variation of the Ricci tensor as
ORu =V, 0Ty — V6T 5 + T, 6T 5, (3.65)

known also as the (generalised) Palatini identity. Notice the contribution of the torsion tensor. After some
algebraic manipulation we can expand the first term in the RHS of eq. (3.65) (analogously done for the
second term) as

/d4:1c V=9g""'V,I",, = /d4$ (\/—g g T)‘Ap - V,(v/—g g“”)) O’ (3.66)

up to vanishing boundary terms. We already have hints that the connection is the Levi-Civita. Returning
to the complete variation of the Ricci tensor we obtain the following equation

v, (\/—g g’j)‘) =V, (V=gg™) + (gWTA ap — G AT 20 4 g TV Ap) J=g=0. (3.67)

Next, by assuming a torsion-free manifold, in other words vanishing of the torsion tensor, and taking the
trace of 1 and p in the equation we end up with

v, (vV=gg") =0, (3.68)

which is the metric-compatibility condition. This is expressed in terms of components, so let us generalise
the notion of metricity by assuming two vector fields X,Y € M and a vector V' € T, M. Then a connection
is said to be metric-compatible if

V(g(X,Y)) =9(VyX,Y)+g(X,VyY). (3.69)

The only connection that is metric-compatible as well as torsionless is the Levi-Civita connection with
coefficients given by the Christoffel symbols. Its uniqueness is trivially proven if we write down the
symmetry conditions for some vectors fields X,Y, Z € M

VxY -VyX =[X,Y],
VyZ -VzY =Y, Z], (3.70)
VzX -VxZ=[ZX],
where brackets here denote the Lie bracket. Also the compatibility conditions
9(VxY.Z)+9(Y,VxZ) = Xg(Y.Z),

9(VyZ,X)+9(Z,VyX)=Yg(Z,X), (3.71)
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3.2. Palatini variation

Summing the first two, subtracting the last one and after using the symmetries above we obtain
29(VxY, Z) = Xg(Y, Z) + Yg(Z, X) — Zg(X,Y) + g(Z,[X,Y]) + g(V,[Z, X]) + g(X,[Z,Y]),  (3.72)

which in terms of components it leads to the Christoffel symbols given in eq. (3.3).
Another way to obtain the Levi-Civita dynamically is to start by assuming a deviation of the general
connection! from the Levi-Civita one [165]

pr = {upv} + pr (3.73)

and vary the action with respect to I'. The field equations for the metric tensor remain unchanged,
however the equation for the connection becomes

VP, 84 + TP \g" —2T"\* = 0. (3.74)

A (trivial) solution to the above equation is I = 0, meaning that I' = { } on-shell.

In any case, after considering the complete variation of the Einstein-Hilbert action with respect to
both the dynamical variables we obtain two sets of equations, which after combining the solution of the
connection constraint equation with the field equations lead to the correct partial differential equations.
It is important to note that we did not need any boundary term to complete the Palatini variation, unlike
the metric formulation in which the YGH term was introduced.

In this way, the Levi-Civita connection on M is dynamically generated without making any assump-
tions at the level of the action [45]. In fact, if one is concerned particularly with gravitational dynamics
the Levi-Civita condition is very crucial and is not at all incidental that it was initially considered as the
connection. Even though the procedure of the general metric-affine connection seems attractive requiring
less assumptions than its counterpart, it might as well be a mathematical framework under which we can
deduce how to recover GR dynamics. In other words, the Levi-Civita condition is a sought-after outcome
and if we do away with it there are serious ramifications. Some of them include the fact that the geodesic
equation is not necessarily a resultant of the Euler-Lagrange equation, and the connection cannot be set
locally to vanish ruining the equivalence principle [142, 165], which established our understanding of the
gravitational interaction.

Even though the equivalence holds up to boundary terms for the Einstein-Hilbert action, the two
approaches differ tremendously when one considers modified theories of gravity, specifically including
higher-order curvature invariants and/or nonminimal couplings between gravity and the matter sector.
Since the present work deals with inflation, the matter sector discussed here is constituted of a real scalar
field and its self-interacting potential, in other words explicitly independent of the connection. However,
even the simplest case is highly complicated, in which the Einstein-Hilbert term is coupled (minimally) to
matter that is dependent on the connection. For example one has to define the tensor

2 S,
/—g oTP w ’
where S, denotes the matter action. It turns out that the form of A,*” is restricted at the level of the

equations of motion, which in turn means that the matter Lagrangian has to be chosen such that it can
satisfy these conditions [165], namely A, ,#” = 0.

A = (3.75)

Tna general sense the connection coefficients can be decomposed in terms of the distortion and contorsion tensors as

Fp;u/ = {[Lpl/} + Kpp‘y —+ LPMU .
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3. FIRST-ORDER FORMALISM

Suppose now that the matter action includes a (canonical) kinetic term for a scalar field and a potential
term. Then we have V¢ = 0,¢ and thus the action is manifestly independent of the connection. Then,
matter follows the geodesics predefined by a metric-compatible connection. Even more, the equation of
the connection is “demoted” to a constraint, meaning that the connection is effectively an auxiliary field
and does not carry any characteristics of the curvature. Therefore, the theory is relegated basically to a
metric theory describing spacetime, just like GR. Let us clarify this point further by considering a simple
example of a real scalar field ¢(z) with a self-interacting potential V' (¢) coupled minimally to gravity and
described by the following Lagrangian

Z = (V) V(3). (3.76)

Then, variation of the action with respect to ¢ leads to

35 _
o¢ M

o TV Vs fdo f A, (V50" Vu0} 6o,
(3.77)

where n,, denotes the outward pointing unit vector normal to 9M and dX the invariant volume on the
boundary. Assuming that ¢ = 0 on the boundary OM, then the second integral vanishes and we are
left with a deformed Klein-Gordon equation including a term that it ends up vanishing via the Levi-
Civita condition on-shell. In what follows, these terms arising from the nonmetricity are assumed to be
vanishing at the level of equations of motion (the connection is Levi-Civita at that point) and therefore are
not included in the equations.

dvol {g“”VuV,,QS —

Projective invariance

As we eluded to earlier, eq. (3.74) can have more general and involved solutions. It is straightforward
to show that a general solution is
P, =6V,, (3.78)

for an arbitrary vector field V,,. This is known in the literature as a projective transformation
{MPV} — {upl/} + 55 Vu ’ (3.79)

transforming the Ricci tensor as
Ry — Ry —20,V,. (3.80)

Since the metric is symmetric the scalar curvature is invariant under the transformation. Moreover, one
can show by using the definition of the torsion tensor that

T = 3V, (3.81)

which should vanish on-shell to define the Levi-Civita connection. Then one can enforce this condition
by employing different techniques, such as the implementation of Lagrange multipliers. However, in a
way similar to the case of eq. (3.75), by demanding the trace of the torsion tensor to vanish! the type of
connection allowed in the theory is restricted. The fact that the Einstein-Hilbert action is invariant under
projective transformations but the matter action is not necessarily can lead to inconsistencies at the level
of the equations of motion of the theory.

"Notice that only the trace of the tensor vanishes and not necessarily the torsion itself.
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3.2. Palatini variation

Beyond tree-level equivalence

As noted in earlier sections and throughout the literature, the equivalence between the two approaches
holds at the classical level, as far as the Einstein-Hilbert action is concerned. It is possible then to think of g
and I as independent quantities that in general propagate and are dynamical. At tree level we showed that
the connection plays the role of an auxiliary field and as such is fixed by its constraint equation and does
not propagate, however this does not hold necessarily at the quantum level. If the first-order formalism
is to be considered something more than an academic game, the quantum nature of the connection has to
be understood through its quantum effects, if any. In what follows, by recalling conventional approaches
to analysing quantum (field) interactions, we attempt to outline the influence of the connection at the
quantum level.

Path integral formulation

Directly from the action given in eq. (3.57), there is an interaction between the dynamical quantities
g and I that result in a vertex of (gI'T") and a very complicated nondiagonal matrix propagator of (gg),
(I'T) and (gI'), reminiscent of the first-order formulation of the Yang-Mills theory. It seems then that the
familiar problem one runs into when attempting to quantise GR, namely the infinite series of momentum-
dependent vertices, has been traded away for a new headache of involved mixed propagators. However,
it was shown [166] that by utilising a shift in the variables the contribution of the connection at one-loop
is vanishing. In what follows, we sketch the results of refs. [151, 153, 166, 167] in order to gain a better
understanding of the contribution of I' at the (one-loop) quantum level.

Let us start by rephrasing the dynamical variables as [166]

¢;w = \/jgglw ) Gp/ux = Fp/ux - 6”(MF’\,,),\ . (382)

Then, the d-dimensional Lagrangian reads

L = —GP L 0" + %MW NaeapeLm (3.83)
where
MM \P7_($) = 2 <dil5(p75(uk¢1/)rf) _ 5(p|A5(uT¢V)IU)> ) (3.84)
After performing a shift of the form
G — G+ (M) 07 e 0- 007 (3.85)

we may find that the path integral formulation of the action results in the following generating func-
tional [151]

2= [PolDGENArn(O)exp {i [dle (567 M"7 G o+ SO M7 00 + i) |
(3.86)
Here [D¢] and [DG] denote integration over all possible paths ¢ and G respectively, and App is the
Faddeev-Popov determinant associated with the gauge fixing term £ [168]. Notice that we chose to
ignore an overall normalisation factor 1/N. Let us assume that we can expand ¢"”(z) around a flat
background of the form:
oM (x) =" 4+ WM (x) . (3.87)
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3. FIRST-ORDER FORMALISM

Since the matrix M*”,#? is linear in ¢ we can expand it as M (¢) = M (n) + M (h) meaning that contribut-
ing diagrams to the Green’s function have the field G*, in closed loops with its momentum-independent
propagator [151]. In turn, this means that the integral associated with loop contributions of G, has the
form

/ dk Pk (3.88)

where P(k*) is a polynomial in k*. Assuming dimensional regularisation these integrals vanish and
therefore the only contribution with 2*” on external legs comes from the second term, which is the same
as if we considered the usual metric formulation of the Einstein-Hilbert action.

Quantum effects in gravity is a sensitive and heavily debatable subject and as such it is unsure if the
above analysis describes exactly the quantum nature of the field I' and its interaction with other fields.
It is however an indication of its effect, at least at one-loop level and in complete vacuum, meaning no
interaction with matter fields. Results are also presented using the background field expansion method,
however in principle one can perform the same analysis using the Heat Kernel method [169], which is
more direct but more involved depending on the form of the action.

Hamiltonian analysis

Since the discovery of the ADM variables the idea to canonically quantise GR seemed feasible, at least
at initial stages. The program, arguably, has since failed but the ADM decomposition is used still, prov-
ing its capability and potential. However, attempts to canonically quantise the Palatini action (Einstein-
Hilbert action assuming the first-order formalism) has left the scientific community puzzled and is mainly
attributed to the confusion around how to handle the arising second-class constraints. Different methods
seem to focus on eliminating time-independent fields via equations of motion, although in the meantime
a generator of the gauge transformations is lost [170, 171].

For transformations of z# — z# + £* one can show that the metric transforms as

Sghv =2 vHeY) (3.89)

which is generally covariant since £ is a true vector. Similarly, for the Christoffel symbols we can directly
show that
0Ty = (D" )Ty — €2 DTy — 217 (up D)€ — D’ - (390)

Since there are second derivatives of the parameter oc 9%¢ in the transformation it suggests that the
generators must have the same order of derivatives, meaning that tertiary constraints should exist. In fact,
this point breaks the analogy between the first-order formulation of Electromagnetism and GR, since in
the first case the variation of the field strength is zero and as such there is no increase in order of the
gauge parameter, as pointed out in refs. [171-173]. The subject of canonical quantisation of the Palatini
action is still open with active research developing and using different methods. It seems however that
the dynamical degrees of freedom in the theory are the same as in GR [174], although the exact approach
is still questionable.
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Quadratic gravity coupled to matter

In the previous chapters specific ideas of inflation and the Palatini formalism were highlighted serving
as the background to the main part of the thesis, presented in this chapter. The following sections include
results from the merger of these two concepts.

When the first-order formalism was discussed in ch. 3, the larger part of the discussion was devoted
to its equivalence with the conventional metric formalism and as such the subject of more complicated
actions was avoided, even though it was claimed at that point that these action functionals can generally
lead to different predictions. This fact now takes the spotlight in the following section by comparing the
famous Starobinsky model (or R+ R?) of inflation [101] within its two formulations explicitly highlighting
their inequivalence. It will become obvious that in the Palatini formalism the Starobinsky model does not
include an additional scalar mode as in its metric counterpart [175-177] and therefore it is incapable of
describing inflation in that formulation. It is then necessary to couple the R+ R? term with a matter sector
that manifestly includes the inflaton field and its self-interacting potential. In doing so we noticed that
different models of inflation that were initially disfavoured by observations, such as the quadratic model
(see fig. 2.4), now in their first-order formulation (coupled to the Starobinsky term) are capable of leading
to an adequate inflationary era. However, it should be noted that the same form of the action in the metric
formalism can possibly provide us with inflation that is also within the observational bounds, however the
analysis of these theories is considerably harder than their Palatini formulation, since it involves a higher-
dimensional field space including fields that are able to contribute in “driving” inflation. In later sections
we examine some prominent inflationary models that are also motivated by lower-energy particle physics
and entertain various cases of minimal or nonminimal coupling with the gravitational sector. Primarily,
our investigation is focused under which conditions, namely which region of the model parameter space,
the observational bounds set by the Planck collaboration are satisfied suggesting that the model at hand
is capable of providing a successful inflation in the Palatini formalism.

4.1 Metric & Palatini formulation of the Starobinsky model

Most of our investigation revolves around the Starobinsky model, and as such it is necessary to cover
some of its features in this section. In what follows, we provide some details that are identical in both
formulations and later the analysis is divided in two sections discussing various effects in each of them.
Let us first begin with the action describing the model, which reads as [101]

M?2 M?2
S:/d4x\/—g{;R+ P RQ}, (4.1)

12m?
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where R is the Ricci scalar and R? = R - R = (¢"“R,,,)(¢9”° R)»). The parameter m has mass-dimensions
and can be identified with the inflaton mass (in the metric formulation). It will prove more convenient,
especially when we examine the first-order formulation of the model, to define a new dimensionless
parameter, referred to also as the Starobinsky parameter (or constant), as

a3

PR

= (4.2)

Notice how in the IR limit, in which R < m?, the model is reduced to GR with a small term that can in
principle be identified with the cosmological constant (after an enormous fine-tuning). However, when
R ~ m? the second term can have important contribution.

In its original proposal the model predicted (and since then readily supports) an inflationary de Sitter
expansion of the early universe. It was motivated by the idea that gravitational quantum corrections
should play a role in the stages of the early universe, where curvature was assumed to be strong (strong
gravity limit) and therefore higher-order curvature invariants should be included in the total action.! At
one-loop order the quantum corrected action involves operators of the form [107]

o« R*, RM™R,,, R"" R, (4.3)

however, the last two include ghost fields? that have negative Dirac norm or energies unbounded from
below, violating either unitarity or causality of the theory. As far as inflation is concerned, in this thesis we
include only the R? term in the action and model predictions of the inflationary observables are calculated
from the R + R? action, also referred to as quadratic gravity.

At this point it is not obvious how the model described by the action (4.1) leads to the usual spin-2
graviton and an additional scalar mode. Let us then introduce an auxiliary scalar field x and rephrase the
original Lagrangian as follows

S = /d%«\ﬁ{ (Mp+2ax)R‘;‘X4}. (4.4)

Then, variation of the action with respect to x? leads to its constraint equation x? = R and substitution
of that back into the action reduces to the original action in eq. (4.1). One can in general introduce the
field as ¥ = x?, however we found that it is more convenient to apply tools of dimensional analysis in the
action as presented in eq. (4.4).

This is known as the scalar representation of the action (4.1) and can be generalised for any function
f(R) of the scalar curvature in the following way.

/dvolf —>/dvol{f JR—x)+f(x)} = /dvol{92 JR=V(x)}, (4.5)

ISince it was shown that the Einstein-Hilbert action was nonrenormalisable [25, 26], higher-derivative (of the metric) theories
became alluring. After all, the Einstein gravity produces a graviton propagator that is nonrenormalisable o k=2 at large k? and
a Ricci scalar squared results in a renormalisable propagator o« k~* at large k*. However, it seems that even if we obtain a
gravitational theory that is (even perturbatively) renormalisable, other fundamental properties of a quantum field theory might
be sacrificed [107, 178, 179], such as unitarity of the theory - linked to the ability of understanding the theory in a probabilistic
way - or relativistic invariance, as e.g. in Hofava gravity [180] in which Lorentz invariance emerges as an approximate symmetry
at low energies and is violated at high energies. The issue of renormalisability is brought forward for its significance; in the
present work we do not attempt to study features of what would be a quantum gravity, but mainly draw inspiration from
relevant works.

The notion of a ghost field was encountered in ch. 3 where the Faddeev-Popov ghosts [168] were briefly mentioned. These
are usually referred to as “good” ghosts since they are included in a gauge theory to keep its gauge invariance, in contrast to the
“bad” ghosts inducing unphysical states in a theory.
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4.1. Metric & Palatini formulation of the Starobinsky model

where it is assumed that f”(R) # 0, VR and in the last equality we used the definition of Q?(x) = f'(x)
and V(x) = f(x) — xf'(x). In fact, the Starobinsky model can be thought of as a specific case of the
general class of f(R) theories with f(R) o« R + R% Another example one can immediately think of is
an expansion of f(R) around the mass parameter m?, then one obtains the following theory containing
higher powers of the scalar curvature R

f(R) = AgI%RJrM]%Zan m? <R>n, (4.6)

2
m
n=2

where a,, denote the coefficients in the expansion. Clearly, there exist more intricate cases of f(R) theories,
however they should be accompanied by studies of possible pathologies they might be contained in each
case. It is not as trivial as it first seems to generalise GR in the context of f(R) extended theories and there
is obviously the issue of motivation behind each case. For the rest of this work we confine ourselves only
in the Starobinsky model and avoid discussing further different cases of f(R) theories.

Metric formalism

Let us redirect our focus on the scalar representation of the Starobinsky model, given in eq. (4.4), and
consider a Weyl rescaling of the metric as follows

Guv(T) = QQ(X) Guv (), (4.7)
where now the conformal factor is defined as

M3 + 2oy
P

It is straightforward to show that the Christoffel symbols, given in eq. (3.3), transform as

Tt = {2+ 0! (25p(uvy)sz ~ g,wvm> : (4.9)

After a lengthy calculation one can show that the Ricci scalar also transforms as
_ Q2 _ _ _ _
R:Q%MEW («/—5V“1n(2> — 65" V,0V,Q, (4.10)

where V denotes the covariant derivative with respect to the metric g. Finally, using all of the above for
the 4-dimensional Starobinsky model we can rephrase it as

S[x, 8 ol /d4x\/7{ PR 3032 V') V,0x) V) }+/d4:cvu (\/jgﬁ“lnﬂ) @11

2%(x) Q4(x)

where the last integral contributes a surface term! that we ignore hereafter, and we reuse the definition
of V(x) = ax?/2. Let us substitute the form of the function (), given in eq. (4.8); the action functional

becomes:
M2 - 3M2 2 . - M4 2
S:/d%\/—g SPRo STPY G Uy - X L (4.12)
2 (M3 + 2ax) 2 (M3 + 2ax)

Notice that the metricity condition, namely V,g,., = 0, has already been used at this point.

57
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This is reminiscent of a scalar-tensor theory with a scalar field minimally coupled to gravity and a non-
canonical kinetic term. In order to obtain a scalar field with a canonical kinetic term we apply a field
redefinition of the form!

3M32a?2 Y — 1
P ax
% V3 . M3+ 2ayx M3
=4 — In——+F—= - .
My 5 In ) , Yy > e, (4.14)

The action then becomes
S = /d%\/ {R— (9p)* — (ap)}, (4.15)

where the potential term reads as [181-183]

pr — 2 2
= — V3
Ule) = 5L (1 ¢ Mp s) . (4.16)

In order for the above scalar potential to behave asymptotically as the one expressed in terms of the
original y field we are forced to pick the positive sign in eq. (4.14). Furthermore, for large values of the
canonical field ¢ it is trivial now to see that the potential is dominated by a vacuum energy
M3
U(p — o0) = S
Notice that the potential has a global minimum at its origin, ¢ = 0, that is a stable U”(y) > 0, and the
field starting from large field values around the flat region of the potential is led to the origin naturally,
as displayed in fig. 4.1.

In the action (4.15) the additional scalar mode coming from the R? term is perfectly manifested as a
real scalar field ¢ with a potential term U(y). As shown in figure 4.1 the potential is asymptotically flat for
large (positive) values of the field, which as was discussed in ch. 2 it is crucial for the slow-roll inflation.

The equations of motion for the system described by the Lagrangian in eq. (4.15) are the Einstein field
equations for the metric g and the Klein-Gordon equation for the scalar field; namely:

— =1

(4.17)

GH”( { } ) = R#V - §§/LV§ - vﬂgpvl/(p - guu (vp(pvpgp + V(SO)) (418)
and
= = dv
"V Viyp+ dff) =0. (4.19)

Naturally then, one can readily apply the single-field inflation mechanism as is described in ch. 2.

Application to slow-roll inflation

For the sake of completeness let us also include some brief remarks on the usual R? inflation model,
as was first formulated in the metric formalism. Starting from the action (4.15) we can effortlessly apply
the mechanism of the single-field slow-roll inflation that was described in sec. 2.3. First let us consider the
number of e-folds; the integral is exactly solvable and results in

1
N(p) = iy

!Note that in eq. (4.14) we assumed the form of the integration constants in terms of the reduced Planck mass, such that the
canonical field has the correct dimensions.

(3MpeMP B -6 cp) +Co ~ %eMP 7 (4.20)
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FIGURE 4.1: The form of the famous Starobinsky potential in the Einstein frame given by eq. (4.16). The axes have
been rescaled in order to properly describe the qualitative behaviour of the potential without necessarily assuming
any values for the model parameters. At the start of inflation the field assumes values in the flat region of the
potential and eventually runs to smaller values ending up at the minimum of the potential.

where () is an integration constant. Since the value of the integral is dominated by the large values of the
inflaton field, with ¢; > ¢ (recall that N = N(¢;) — N(¢y)), we simply keep terms that are dominating
at large field values ¢ — oco. It is straightforward to show that in the same field limit the spectral tilt and
the tensor-to-scalar ratio are given by

2 12

ng~1— — & r

N N as @ — 00. (4.21)

These are the celebrated results of the Starobinsky model that is in persistent contact with observa-
tions [38]. Other than the model being motivated by possible gravitational quantum corrections (albeit ad
hoc from a theoretical point of view) and its ability to predict preferable values for the n, in a wide range
of N € [50,60], the main advantage comes from its suppression of the tensor-to-scalar ratio, r ~ 1073. It
is expected however that future experiments are able to probe the region of r ~ 10~ (and maybe even
10~%) [184-186], which will in principle be able to falsify some of the models lying in that region, the
Starobinsky model (and some of its generalisations) being one of them. Additionally, an upper bound can
be placed on the dimensionless parameter « from the power spectrum of scalar perturbations

-3
~ O (10) . (4.22)
(&%
P=Pi

In order for the model to admit the observed amplitude of scalar perturbations the constant takes approx-
imate values of a ~ O(10°), meaning that the mass parameter defined through « is m ~ 10'° GeV.

A subtle point to be made regarding inflation is the scale of inflation, meaning at which energy
scales are the predictions of the models sensible (cutoff scale) placing also constraints on the associated
inflaton field excursion. Clearly, the discussion pertains to each inflationary model separately and was
not addressed in an earlier chapter for that reason. To properly obtain the cutoff scale of each model, the
models are understood as quantum field theories interacting with gravity in a weak field expansion of the
form g, = 1w + hyw/Mp. Then, depending on model parameters (but not necessarily), the validity of
the inflationary predictions is checked by calculating the quantum corrections and their contribution. For

SR U(p)
AS ~ PYEDE Y RN
242 M3 ey (@)
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example, it was shown that the cutoff energy scale of the R? inflation model is A = Mp [187]. It should be
noted that the nature of the issue is more complicated and in fact there are often disagreements regarding
the results obtained in the way highlighted above, however it is a point to keep in mind regarding inflation
and its (range of) validity.

Coupling with matter

Minimal coupling

A natural extension to the Starobinsky model is to attempt a coupling of it with a matter Lagrangian.
Presently, we are interested only in the minimal coupling of quadratic gravity with a scalar field, that
could also be fundamental. The action in the Jordan frame that describes such a system reads as

2
S = /d% \/Tg{J‘gPR + %RQ — %((%))2 — V(gb)} . (4.23)

Notice that it is straightforward to generalise the above action in order to describe multiple scalar fields
coupled minimally with gravity, where ¢ would then collectively denote all of the scalar fields. Following
the same steps as we did to rephrase the pure R? model in eq. (4.12), we can express the above action
functional as

S= [d'z\/-7 PR— SMp® s —L’%ﬂ” Voo —U 4.24
r (M%,—i—QOzX)Qg pX VX 2(M1%+204X) M(;S V(b (¢7 ) ) ( )

where the potential term is given by

VO)+V(X) _ 4 5X°+V(9)
Ulp,x) = —47——=Mp 55— 4.25
Let us canonically normalise the kinetic terms of the scalar fields. Clearly, since the kinetic function
of the ¢ field mixes with the field x, the kinetic term of ¢ has to be noncanonical (or generally one of
the scalar fields would have a noncanonical kinetic term). Assuming a field redefinition of the form of
eq. (4.14) we can express the total action as

M2 o
S = /d4g; s {2P R— %54”(@)@“’ vV,®'V,o7 — U((I))} : (4.26)

where ® = {¢, ¢} denotes collectively all the scalar fields, the metric ¢//(®) is the metric on the field-
space manifold indicating that the space spanned by these two fields is not flat anymore. Here the indices
I, J run over the different scalar fields {¢, ¢}. The functions are then defined as

4

o ! Ulp ¢):%<176‘ﬁ%)2+e‘ﬁ%w¢). (4.27)
0 eXP(‘WT) ’ ’ 8

Ultimately the form of the two-dimensional potential U(®) depends on the potential V' (¢). For the pur-
poses of inflation the analysis is more complicated since it is multidimensional in the field space, however
it is possible in principle that inflation happens in a flat direction of the potential U (in ¢ in this specific
case), and therefore only one of the scalar fields drives inflation (being x +— ¢ here). Interestingly enough,
there is a possibility that depending on the potential both of the fields can contribute consecutively, how-
ever it cannot be realised in this particular example due to the form of the potential term induced by the
x field.
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4.1. Metric & Palatini formulation of the Starobinsky model

The equations of motion derived from the variation of the action (4.26) with respect to the ®¥ fields
and the metric g are given by

_ - = U (®
YK guu V“VUCI)J +Y1IK guy V,LLCI)IVVCI)J - a(IEK) =0, (4.28)
. 1 L
ME Gy =%, V,2'V, 07 -7, (2% 1977V, 0'V,87 — U(<I>)) : (4.29)

where we also defined the connection coefficients on the field space manifold Mgy as

1 (agm 0k 1 8%)

TIK=5\"3a7 " oal 0Bk (4.30)

These are the equations governing the evolution of the collection of scalar fields ® in a curved spacetime.

Nonminimal coupling

The model of eq. (4.23) can be further generalised by assuming a nonminimal coupling between the
scalar field ¢ and the Einstein-Hilbert term; it reads as

5= / d'z /g {;M% FEPR+ TR — L (06)" - V(¢>} , (4.31)

where ¢ is a dimensionless coupling constant. A coupling of the form of oc ¢?R is expected to arise due
to quantum corrections coming from a scalar field in the gravitational background and, other than that, it
is generally considered in modified theories of gravity and models describing inflation. In the case that
¢ is identified as the dilaton field coming from the compactification of higher dimensions a nonminimal
coupling with gravity is also expected to appear.

Regardless, after performing a Weyl rescaling of the metric as

M2 + 62 + 2ax

4.32
T (432)

guu(£) = A2(X: Qb) g;w(x) ) where A% =
we can express the action in the Einstein frame as follows:
4 - MI% > 1 1J ~pve I J

where we define as ¥ = {x, ¢} and the metric on the curved field-space manifold is given by

6M]23 a? 3M123 af
(M3 + 02 + 2ax)? 2(M3 + 02 + 2a)?
1) = , IJ,...={x, ¢}, (4.34)
3M2 ot o 662+ M2 + £9% + 2ax
2ME + €02 +2ax)2 T (M3 +£6% + 2ax)?

and the scalar potential reads

_VOO+V©) _ g 5X V()
AY(x, ¢) P (M2 + €62 + 20x)?

(4.35)
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4, QUADRATIC GRAVITY COUPLED TO MATTER

One immediate consequence of the nonminimal interaction of the ¢ field is the appearance of a mixed
kinetic term of the form « (Vx)(V¢), evident also from the fact that 2| ¢0 — 0 meaning that the
terms decouple in that limit. The equations of motion derived in this case have the same form as the ones
derived for the action (4.26), presented in eqgs. (4.28)-(4.29), with the metric 27; now describing the field
space Mg.

Clearly, due to the involved kinetic terms the analysis of the model is almost impossible without any
assumptions that might decoupled them. One may think to introduce a new field in a linear combination
of the old ones, x and ¢. A trivial redefinition of that nature would be the following

(0(2))* = 6 [Mp + &(d(2))* + 2ax(z)] (4.36)

where the proportionality factor is included to canonically normalise (up to an overall factor) the kinetic
terms of the two fields. In turn, the action becomes

S= /d4 \ﬁ{ PR— 3 <6£4> M gy WV, o — fz(\i/)} , (4.37)

where d7; denotes the Kronecker delta and ¥ = {0, ¢}. It is straightforward to show that the potential
now reads

4 2 2
v=" () + <"6 ~ M} - 5¢2) . (438)

There exist other field redefinitions one might try, e.g. extending the definition of the scalar degree of
freedom as in refs. [182, 188, 189], that ultimately result in two scalar fields that have noncanonical kinetic
terms but do not mix.

As a closing note, the coupling of the R+ R? gravity to a matter sector, be that minimal or nonminimal,
gives rise to a theory with some type of mixing between the matter fields and the scalar degree of freedom
(scalaron field). Since for most inflationary models the matter sector contains a scalar field and its potential,
the predictions regarding inflation are best approached in what is known as a multifield framework. In the
next section considering the same class of models described by an action functional as in eq. (4.31) under
the Palatini formalism we show that the scalaron field is nondynamical and can in fact be integrated out
of the theory. Therefore the only dynamical scalar field capable of assuming the role of the inflaton is the
original one, denoted by ¢ in the initial action.

Digression on the Weyl vs. conformal transformations

The Weyl rescaling of the metric is often confused or referred to interchangeably in the literature with
the conformal transformation of the metric. Actually, the Weyl transformation, or as is more formally
known the scale transformations, is not a coordinate transformation at all and is not a symmetry that is
respected by the laws of physics as we know them, e.g. the SM.! Schematically, a Weyl rescaling reads

oz, gu(®) = Q) g (), (4.39)

which changes the physical distances at each point p € M by a factor of ds’? = Q(z)ds® that may depend
on the place, but it does not depend on the direction of the line we measure on.

Contrarily, conformal transformations are a subset of coordinate transformations, that, as will become
obvious by their definition, include isometries as a subset. The conformal symmetry is an extension of

! An exception to that can be models that are specifically build to be (classically) scale invariant. We discuss these models in
further detail in a later section, sec. 4.3.
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4.1. Metric & Palatini formulation of the Starobinsky model

the Poincaré group that also includes five additional degrees of freedom for the four conformal transfor-
mations and one for the dilation; in R™! the conformal group is 2 SO(N + 1,2), while on the other hand,
the group associated with the Weyl transformations is infinite-dimensional [190]. The transformation is
defined as follows 52 527

v, g,)= aTm’u a%,u 9po(2) = A7) gy (@) - (4.40)
Therefore, the conformal transformation is a diffeomorphism that also scales the metric by a conformal
factor A(z). In fact, since the metric is invariant up to that scaling factor, the angles are preserved and
we can write that ds’?> = ds? since we have simply relabeled the points. See ref. [191] for a more detailed
discussion on the role of Weyl and conformal transformations (particularly invariance) in physics today.

Palatini formalism

Let us consider the Starobinsky cosmological model in the Palatini formalism, where the connection
and the metric have no a priori dependence on one another. The action resembles the original one but
with key differences that are further highlighted below

M? Q

SteT = [ate =g { e Bul0) + § (0" R} (441
The action is explicitly dependent on the two dynamical variables, namely the metric tensor g and the
connection I'. Note that the Ricci tensor R, is expressed purely in terms of the connection coefficients
and their derivatives. Therefore, under a Weyl transformation of the form

Guv () — 9_2(x) v () (4.42)

the two terms appearing in the action transform as

xv/=gg"Ruw(() — QO */=gg"R,T), (4.43)
< V=99" 9" Ry (T)Rpo(T)  +—  /=99" 9" Ry (T)Rpo(T) . (4.44)

It may be worth noting that the R? term is manifestly Weyl invariant in the first-order formalism.! Before
we continue with the Weyl transformation, let us first consider the action in its scalar representation by
introducing the auxiliary x field, similarly to what we was done in the metric formulation of the theory.
Then without loss of generality we can write?

1
S = /d4a: V=g {2(M123 + ax?)g" Ry, (T) — Z)f} , (4.45)
which after a Weyl rescaling of the metric we can absorb the factor of R and obtain the action in the
Einstein frame, reading

2
5= [ate v {*F  RuD) - V(0] (1.46)

where ) )
Mg + ax
7
!A straightforward generalisation of the statement to D dimensions suggests that the term /=g RP/? is Weyl invariant in
that context.

2Notice that the auxiliary field is redefined in order to have the appropriate dimensions, meaning that at the level of equations
of motion it satisfies x*> = R, unlike the previous section where [X]m = 2, (x = R).

Gy (1) = P (X) g (z) = g (), (4.47)

63



4, QUADRATIC GRAVITY COUPLED TO MATTER

and the potential term is obtained as

« Mj‘_f, e

R i O

(4.48)

For large values of the auxiliary field the potential term also tends to a constant value of o< M3 /cv.

The crucial difference between the metric and the Palatini formulations is that in the latter one there is
no additional (dynamical) scalar mode present in the theory [175, 176], which is effectively described by
the Einstein-Hilbert term with a potential term in the Einstein frame. Thus, it contains the usual spin-2
graviton together with a potential term that can play the role of a cosmological constant (after fine-tuning).
This is based on the equivalent description of Einstein-Hilbert action in the two formulations, which was
discussed in the previous chapter, ch. 3.

Obviously then the Starobinsky model in its first-order formulation is incapable of describing inflation
and therefore it has to be coupled with another scalar field that would play the role of the inflaton
field. With this in mind, the conventional idea of single-field inflation seems attractive and some of the
inflationary models, that in their metric counterpart have already been ruled out by observational data,
may in principle be “rescued”. In order to do that let us include an exemplary scalar field, say ¢, with
a most general nonminimal coupling with the Einstein-Hilbert term in the form of f(¢)R in the action
functional:

5= [atev=g{5@R+ §R - 5002 - Vio)} (449

where for ease of notation we reintroduced the Ricci scalar with the implicit dependence on the connection
through the Ricci tensor, and (9¢)? = g"*'V ¢V, ¢. Expressed in its scalar representation it reads

5= [atev=g {50 + )R - 5007 - V(o) - '} (4.50)
Considering a Weyl rescaling of the metric as follows
2
) = 200 gule) = (L2 o), @5
P

we obtain the action in the Einstein frame as follows

M} 1 - -
S= / d'z /=g { 57" Ruw(D) = 5976, X)5" VudVid = V (9, x)} , (4.52)
where the potential is simply
_ 1% a4
V(g x) = m (4.53)

As expected the ¢ field is still the unique propagating scalar degree of freedom in the theory. Since
the x field is auxiliary it can be integrated out via its equation of motion, which it is straightforward to
show that it is simply a constraint.! Computing the variation of the action functional with respect to y we

'The process of “integrating out” the auxiliary field is rather misleading at this point, since it is usually associated with the
path integral formulation of a theory. The effect of an auxiliary field in a quantum or classical theory is the same as a result of
their nonpropagating nature and they have been used throughout physics to help simplify the calculations. Some of the most
notable examples are the complex scalar field F' and the real scalar field D appearing in the F- and D-terms, respectively, in
supersymmetric theories that are used to close the supersymmetric algebra (e.g. see ref. [192]). Others include those used in
string theory in order to substitute the Nambu-Goto with the Polyakov Lagrangian [193].
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obtain the equation of motion [175]

5S X
a:0 = a M}

P (a(V9)? — Mpf(9) + x (f(9)(Ve)* + 4MEV (9))
(f(¢) + ax?)?

which if x # 0 and x # —+/f(¢)/a holds V¢, it leads to the following constraint

V() | (Top
flo)  Mp
2= = - (4.55)
. (Vo)
M3 f(o)
In the case of auxiliary fields appearing in the Lagrangian in a bilinear form we can express them in terms
of the other fields coupled to them, in this case the ¢ field. A direct substitution of the algebraic relation

of x in terms of ¢ in the action functional gives rise to the following [176]

=0, (4.54)

_ 4 = Milgfuy _1 2 7 42 1 K(gb)* 4 4K(¢) }
5= [at ﬁ{ 29" Ry () = 3 MEK(0)(T0f + 105 (o) =M S V(o) [ @5
where we used the following definition of the noncanonical kinetic function
_ f(¢)
KO = G+ 4av(e) 57

Let us assume that the original potential is given by - or at least approximated by at large field values -
a polynomial function V' (¢) o< ¢™ with n € N*¥, and the nonminimal coupling function has a scale-invariant
form f(¢) < ¢%. Then, due to the auxiliary field the rescaled potential in the large field limit tends to

M
_ a4 K(9) ¢>100M7j‘5_ o Vn >4,
U(o) = Mp () V(g) =~ oA+ da ) y ) (4.58)
) n<4.

Even though the R? term ultimately does not lead to a dynamical degree of freedom it can contribute
nontrivially in the inflationary potential by inducing a flat region at large values of the inflaton field [175].
In other words, it can help flatten a quite general class of inflationary potentials V' (¢), thus allowing for
the possibility of them supporting an inflationary epoch for some range of the parameter o (depending
on the rest of the model parameters as well).

Comparing the form of the final actions between the two formulations, namely equations (4.56) and
(4.33), it is evident that we have effectively traded the two-dimensional field space with a one-dimensional
field space that includes higher-order kinetic terms, (?45)4. These nonstandard terms are not unusual,
in fact if we think of ¢ as some moduli field (like the dilaton) in string theory, the o/ corrections predict a
series of higher-derivative terms in the effective action.

In the case that eq. (4.56) describes an inflationary model the terms quadratic in kinetic energy are
highly suppressed by the potential and, during that period, they are presumably negligible. However,
there is a specific type of inflation, known as k-inflation (“£” for kinetic) [194, 195], in which the model
includes higher-derivative kinetic terms that drive inflation without the need of a potential term. Since
then, generalisations of the theory were considered in which a potential term was also included, bringing
the theory schematically similar to the action derived in eq. (4.56), i.e. £ ~ A(¢)(V¢)2+B(¢)(Vé)*+V ().
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Let us relabel the function coefficients in the action eq. (4.56) as follows

2
5= [ats @{”;P 7 Run(T) + k()X (9) + ka(6) (X (8))° — U<¢>} , (459

where X = 1 (qu) Then, variation of the action with respect to the connection I', the metric g and the
field ¢(x) leads to their respective equations of motion which read! [196]

— 1
Fp#l’ = {le/} = 7§p0 (aﬂgau + 81/?#0 - 0U§uu) ) (460)
_ 1. — .

Guw(gT) =Ry — Tl = — (ko + 2k X)V V06 + Gy, (ko X + ko X = U) | (4.61)
(ko + 2ko X) GV Vb + 207" 0, X0, + ki X + 3k5 X% + U’ + (ko + 2k X)V (N/ g“”) V=0,

(4.62)

where the Ricci scalar is defined as R = g"*R,,,(T") < 9" R, (g, 0g) and the very last term in the last
equation vanishes identically due to the Levi-Civita condition.

Scalaron (non)propagation at the 1¢ quantum level

Admittedly, since a full definition of quantum gravity does not exist at the moment, the claim that we
obtain results at the quantum level is misleading. Specifically, if we consider a path integral for the usual
Einstein gravity there are several problems connected with, but not limited to, the integration over metrics,
[Dg]. Instead, results pertaining to gravity are obtained in a semi-classical way around the theory’s saddle
points and in this approach, even though not exhaustive, it has led in the past to many developments (e.g.
see refs. [150, 197]).

In the path integral approach to quantisation usually one considers a generating functional of the form
of

Z = / (D] eS| (4.63)

where ®(z) denotes collectively the set of all classical fields present in the theory described by the action
S[®]. The measure of the path integral [D®| denotes integration over all possible configurations (or

“paths”) of
/ Do) =] / j;%, (4.64)

where n is a DeWitt index denoting the different species of ®"(x) that are in principle dependent on z
and therefore implying that the product runs over points in spacetime.

'Note also that if we were to first vary the action S[g, ¢, x] with respect to 8,,, and substitute the solution for the auxiliary x
in the resulting Einstein equation, we would obtain the same result as in eq. (4.61), meaning that the variations with respect to
9, and x can be interchanged. Schematically this reads as follows

S[Ex,¢] — 6SE x| =0 ~ SEx,d] — 6S[E,¢] =0 — Eq. (4.61)
is equivalent to

SExE =0 A &GSEx. ¢ =0

Slg, x.¢] — — Eq. (461),

A
_ !
5g8[g, X5 ¢] =0
where the curved arrow denotes substitution of the element in the LHS into the ones in RHS.
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In the case of the pure R + R? model (without matter fields) we showed that in the Palatini formalism
it culminates to Einstein gravity with a potential term. In principle, quantum corrections of the field x can
generate a kinetic term effectively making it dynamical. Therefore, a starting point is the path integral

Z= / [Dg] [DT] App exp{ / d*z /=g ( R+ R2 + Lye + .sz>} : (4.65)

where we set h=1= Mp in order to alleviate some of the notation and Arp denotes the Faddeev-Popov
determinant. In what follows we are not concerned with the subtleties of the gauge fixing %, and the
ghost Lagrangian .Zrp and thus are ignored at this point. Then, we can introduce a factor of unity in the
form of a Gaussian path integral

/ [Dx] exp {ii % / dizv=g (x — R)2} = (det(v—9))""?, (4.66)

integrating over a field x(z). Thus, the total path integral becomes
- a
Z = /[Dg] [DT] [Dx] (det(v/—g)) 12 exp{ /d433 V= < (1+ax)R — 4X2>} : (4.67)

A factor of a?/4 (or (/2)P/? in D dimensions) is absorbed in the redefinition of the measurement of
the path integral, which has to be reparametrisation invariant and as such contains a normalisation of its
own [198]. Under a Weyl rescaling of the form g, () = (1 + ax)gu () we may rewrite it as

2

2= [gorog (dey=n) " e+ ) exp {i [t vg (G mum - § )

+ ax)
(4.68)
Next, by allowing for a redefinition of x in terms of
y=-—X (4.69)

1+ayx’

and since (det(1 4 ax))™' = J(x; x) is exactly the Jacobian of the transformation ¥ — , the path integral
over the auxiliary field becomes

1/2

/ DX exp{—z / diz \/~gx } (det v )) . (4.70)
Finally, we obtain
Z = / Dg] [DI] exp{ / d*z /=g " R, (T } . (4.71)

Therefore, the pure Starobinsky model in its first-order formulation is equivalent at the quantum level
to Einstein gravity in the Palatini formalism, which in turn is equivalent, at least at the classical level, to its
conventional metric description. Actually, it is already known that at tree-level any Palatini f(R) theory
can be understood as a metric theory with an Einstein-Hilbert term and a potential (or constant) term.
The above statement can be readily generalised to any f(R) beyond the R + R?, however the specifics of
the (in)equivalence between the two formulations for the Einstein-Hilbert term is not considered here and
we refer the reader to ch. 3 and references therein for a limited discussion on the subject.

A compelling idea would be to include matter fields in the theory in terms of a scalar field ¢(x)
coupled nonminimally to gravity through a term £¢2R, similar to our attempt at tree-level. In this way, a
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kinetic term for the x field can be generated at the quantum level through its interaction with the scalar
field ¢. Then, the initial path integral reads as

z= / Dg| DFHD«ﬂexp{ /d“xf ( (1+ &%) R+ RQ—f(Wb) (<z>>>}, (4.72)

which, after following the procedure of introducing the Gaussian path integral over x, becomes
z = [Ipg Y] [ [DN) (detv/=g)) " %

X exp { /d% V=g < (1+ &% + ax)R — %(W)Q — V(o) — % 2)} : (4.73)

Thus, after a metric rescaling §,,, = (1 + £¢? + ax)g,,, we obtain

2= [iogpri el o] (dert=0) " det (1o ) >

L+ &¢? + ax

X exp{ /d4:1: \ﬁ< ! (V)% — Vo) + ix 2)} . (479

2(1 + ax + £¢?) (1+ax+£9?)

Collectively, we can rewrite it as

z-= / [D§] [DT] [De] [DA] (det(\/fg))_l/ ® exp {zseff+ / d'z /=5 g’“’RW(F)} )

where we defined the effective action as
1 - V() + §x°

Seit [, ¢, 8] = i Trlog (1 + ax + &%) + /d%’\ﬁ( 1+ax+€¢2)(v¢)2_(1+ax+§¢2)2

where we applied the identity det(A) = exp(log (A)) for a general matrix A.

) . (4.76)

Next we employ the semiclassical approximation, known also as the saddle point expansion!, in which
we expand the action around its classical solution 6, S =0 = x = Xc as’
oS (5 S,
Sl = Sl + [t 2| g fater fater S0 vl @)
X' = 2 XX |y

where we denote x(z') = x/, x(2”) = X", etc, and

X(@) = xe(x) +ox(z).- (4.78)
The path integral measure under such a shift trivially becomes [Dx]| — [Ddx]. Clearly, the second term in

the expansion vanishes by definition, 5>(<1)S (Xc) = 0, and the first contributing term involves the secondary
functional variation 6&2)8& which reads:

/ //5 Se C / " ' 1+£¢2_ @gb 2 ’
3 [ Jatars ) S )]) o= 5T [(a i+ §¢2)2Oj£ 4a)v>

'The WKB (Wentzel-Kramers-Brillouin) method used often in QM, can be thought of as a semiclassical approximation and
sometimes is used while referring to the saddle point expansion.
Notice that the generating functional can now be approximated by

S+ (4.79)

z= [mgiipri Dol (det(v 7)) (dt(fsx‘fs;))/ e (3 [ VT38" RulD) +iSa(xc) ) -
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1 _
— 2/d4$,(SX/D(CE/) 5X/7

where we made the definition of D(z) = /g D(x) with

D(z) = % (1467 + 4aV]™ Zc% . (4.80)

Here the coefficients ¢y, (¢) are defined as

co(@) =1+ 489 4+ 662" +48%¢° + ¢

ca(¢) = —da(1 4 3¢¢* + 36%¢" + 7¢°),

ca(9) = 60°(1 4 26¢° + £2¢%) | (4.81)
c6(¢) = —4a’(1 +£67),

cs(¢) =

Then, D(x) can be seen as a Strum-Liouville opeartor with, in principle, eigenvalues and eigenvectors
given by )
D(z)dxi(z) = N oxi(z), Ai < Aiy1Vie N*. (4.82)

Provided we can solve the eigenvalue problem, we can then reduce the calculation to simple Gaussian
integrals, and thus obtain the following path integral

40V + (1 + £¢2)2 ﬂ ! (4.83)

1+£¢% — a(Ve)?
exp{ /dxf[ g" Ry (T) + (1+§¢2;2—|—4a‘/[ (L +E8N) (Vo) + ( ¢)4_V(¢)”}

z= / (D] [DT] [D¢] [det(D() e [det (

where now D(z) is defined as

~ 2
Bia) = Bla) — 5O () T {(a 14662 - a<v¢>2>

(1+£02)% +4aV (4.84)

Crucially, all of terms generated are local, in other words they are dependent on specific spacetime
points = and, most notably, on gradients of the field ¢(x), thus we can ignore them and ultimately the
effective action seemingly does not obtain any corrections due to x. Therefore, we claim that the ac-
tion obtained at the classical level is robust to quantum corrections of the x field, which at 1/ remains
nondynamical.

Digression on pure R? gravity

Let us pay closer attention to the Weyl-invariant R? term in the Palatini formalism (see also ref. [199]).
In fact any term built from the metric tensor schematically as « /—det(g) R? is invariant under a Weyl
transformation of the metric and can be generalised in D spacetime dimensions to oc \/—det(g) R(P/?).
The action functional in the usual four dimensions is expressed as

Slg,T] = % / d*z V=g R?, (4.85)
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where a is now some dimensionless constant. Similarly to what was done before we can obtain the action
in its scalar representation by introducing an auxiliary field as follows

4

S= / d*z /g { 29" Ry (D) — X} . (4.86)

(0%

It might be worth noting that the above action has the same form in both the metric and the Palatini
formalism. After a Weyl rescaling of the metric as g, = (2x?/M3)g,,, we obtain the action in the Einstein

frame as ) )
M M
S = /d%\/—g{;g#”RW(r) — 41’} . (4.87)
07
Note that the constant term in the action is also obtained in the large field limit of the pure Starobinsky
model, R+ R?, which is also equivalent to the strong gravity limit of R+ R? ~ R2. In any case, the constant
term can be identified with the cosmological constant after a substantial fine-tuning of the o parameter.

The equations of motion of the theory as was initially formulated in the Jordan frame! are

1
RR,, — 1gu,,R? =0, (4.88)
and for the connection
a(guwVP =6V, ) R+ 0O(VPgu,)+O(T",,) =0, (4.89)

where the terms proportional to the nonmetricity and torsion tensors are grouped. A trivial solution for
the connection coefficients is given by I'?,, = { uﬁy}, namely the Christoffel symbols for the metric g with
x> = aR/2. Note that in the equations of motion for the metric a factor of R is kept since the Weyl
transformation g — g becomes singular if R = 0. This point is crucial when one discusses the expansion
of the metric around a background, usually taken to be Minkowski. Then, similar to the metric case [200—
203], an expansion is made around a de Sitter background (also can be taken to be anti-de Sitter) in order
to show that indeed the theory includes a spin-2 massless graviton and no other propagating degrees
of freedom. The analysis trails closely to the metric one and we refrain from discussing further details.

Interactions of the pure R? action and matter in the Palatini formalism are discussed in further detail in
ref. [199].

Digression on all-inclusive quadratic gravity & amalgamations of the Riemann tensor

The most general Lagrangian including curvature terms quadratic in contractions of the Riemann
tensor in the metric formulation is given by

8(2) = /d4(L' \/jg {a R2 + 45 RMVR/“/ + R;AupaRMVpa} . (490)

In the special case where a = —f3 = 7 then the combination of these curvature terms is known as the
Gauss-Bonnet term and is a topological invariant of the theory, specifically known as the Euler character-
istic of the manifold. That means that it vanishes at the level of equations of motion, however, in general
D # 4 dimensions it is dynamical and generally contributes. Obviously, it might be the case that the
Gauss-Bonnet term is coupled nonminimally with another field, say for example in a term schematically
reading as o< f(¢)Egp.

Tn the Einstein frame they are simply the Einstein field equations following our discussion in ch. 3.
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4.1. Metric & Palatini formulation of the Starobinsky model

In contrast, in the Palatini formalism the Gauss-Bonnet term is not necessarily a topological invariant
and should in principle include dynamical degrees of freedom that can also be ghosts. In fact, the most
general action quadratic in curvature terms contains additional contractions of the Riemann tensor due to
the loss of the symmetries as a result of the Levi-Civita connection. As we discussed in ch. 3 it is possible
to contract the Riemann tensor in different ways as follows

R;uz = RpupV7 R;uz = Rppuu ) RMV = ngR'LLO'l/p . (491)

Then the action containing all the possible contractions reads as [204]
S = / dz \/—79{061?2 + B1Ru R + B Ry R™ + B3R B + BaR, R + B5 Ry R +

+ B(gRul,RV“ + B7RW,RMV + BgRuVR’uV + BgRuVRV“—I- (4.92)
+ PYIR,quoRIWpU + '72R,uupJRV“pU + ’73R,u1/paR'upVU+

+ ’74R,u1/po'RVp#0 + 75Ru1/p0'Rpl/#U + 76RuupaRpU'wj} .

Notice that there are no terms involving R") since it is antisymmetric and it vanishes identically. We can
further group the terms illustrating the possible symmetries; for a specific set of constants 3; and v; we
can rewrite the action as

£ 5 aR?+B{ R R™) + B4R, R + B4R, RW™) + (@QRW + BER, + Bgfzw) R"+ (4.93)
+ % Ryvpo R + 7 Ry Relveo] o Vi Ry po RHwHeo}] ’ (4.94)

where we abused the notation slightly by defining [{ab}{cd}] = abed — cdab to mean antisymmetrisation
of the set of indices appearing in the brackets. It is now straightforward to show that the Levi-Civita
condition trivially reproduces the action in the metric formalism by using the Riemann tensor symmetries,
for specific values of the constants ; and ;. Regardless, if the connection is metric-affine, calculations
involving the complete quadratic action are complicated and beyond the scope of this work.

As an aside, it is trivial to realise that the conventional conformal gravity in the metric formulation
(known also as Weyl gravity), comprised from the squared of the Weyl tensor, is not actually invari-
ant under Weyl transformations in its first-order formulation. The Lagrangian in general D spacetime
dimensions reads
2

4
L =ChpeC*P° =C? = R, 0o R*P° — — R, R 2 49
ChivpeC C Ruvpo R D_QR“R +(D—1)(D—2)R’ (4.95)
where the Weyl tensor is defined as
CMERM—74 Gurgurg? 1, R + 2 Rq,i90l - (4.96)
pvp Lwvp D_9 [p1t] (D—1)(D-2) plpYolv

The tensor has many important properties; one of them is that in the case that it vanishes the metric is
locally conformally flat. Especially, in dimensions D = 2 the tensor vanishes identically meaning that any
2-dimensional (smooth) Riemannian manifold is conformally flat, and in D = 3 dimensions the condition
of a vanishing Cotton tensor - built from contractions of the metric and the Weyl tensor - is necessary and
sufficient for the metric to be conformally flat. In the general case of D > 4 the condition of a vanishing
Weyl tensor is simply sufficient.

Evidently, the term C?(T") is not invariant under a rescaling of the metric since it manifestly includes
terms of the Riemann tensor. It was shown in ref. [205] that in the Palatini formalism a generalisation
of the action [ CZ%dvol that still respects the Weyl invariance and in which the Weyl tensor has the same
symmetries as in the metric formulation does not exist.
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Frames of action

In what was presented until this very point we avoided discussing the issue of the Jordan and Einstein
frame and in many cases their equivalence is implicit. In fact, this is largely the stance we adopt in this
work, meaning that as far as classical (or semiclassical for that matter) theories are concerned the two
frames are mathematically equivalent and observationally indistinguishable.

Let us begin by formally defining what these frames are. In the Jordan frame, denoted hereafter by
¥, gravity is nonminimally coupled with matter field(s) in the form of f(®)R(g), in which if we restrict
ourselves to scalar fields the function of the matter field(s) ® is quadratic in them. Lagrangians that
include these kinds of couplings were first considered in the 60’s, e.g. in the bosonic string theory the
action given in the formally known as string frame! [206]

. e~2¢ » 1 wp T —26
S= dﬂ:\/—gﬁ R — 4"V, 0V, 6 — —H,,, ,H""" — 302 . (4.97)

Also significant impact had the Brans-Dicke (BD) theory given as [207]

S= Ton /d4xf{¢3—¢ﬂ”v ¢v¢} /d4x\/jg,,2”m, (4.98)

where %), denotes the matter Lagrangian that is coupled universally with gravity via the /—g term.
The BD theory, and other descendant modern scalar-tensor theories, are inspired by the original paper
of Jordan [208]. Many of these theories, like the ones considered here, are motivated by results obtained
at the quantum level, in which a coupling of the scalar field to the Einstein-Hilbert term arises due to
quantum corrections of the field (at the one-loop level). In this way the Jordan frame is intrinsically
connected with high energy physics, or at least its origins were, and as such any questions regarding its
nature are actually better posed in the context of our lackluster understanding of high energy physics
phenomena, specifically the inexact methods used in obtaining these effective actions.

The Einstein frame, denoted hereafter by &, is defined in a straightforward way as the frame in
which the gravitational part is simply the Einstein-Hilbert term and matter fields are coupled to gravity
minimally (through the universal term \/—g). Another point is that the kinetic terms of the matter fields
are canonical, however here we extend slightly the definition of & to include noncanonical kinetic terms,
only for the sake of not introducing more terminology to refer to an action functional in an “intermediate
frame”. For example the bosonic string theory can be rewritten in the Einstein frame as

n SUUNT  ONT 4 e~ 8¢/(n—2) v 4¢/(n ) —2b — 26
S=7. 2/d TG R = 7"V ,6 — o Hyu, H" — e oo 49

after a Weyl rescaling of the metric as

—2¢(x)

gu(z) =€ Guv () . (4.100)

In fact, the existence of the Weyl rescaling is at the heart of the transformation from the Jordan to the
Einstein frame, used for the first time in ref. [209]. Moreover, usually the Einstein frame is discussed in
context of passing from

{g, 0} e 7 —{g, o} €& (4.101)

1For the purposes of this work the string and Jordan frame are effectively the same, or at least refer to the same dynamics,
namely the nonminimal coupling of the scalar field to the Einsten-Hilbert term.
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4.1. Metric & Palatini formulation of the Starobinsky model

and rarely referred to as a standalone frame.! Note that the matter Lagrangian is rescaled by the trans-
formation and thus conventional wisdom from _¢ is not transferred trivially to & but rather obtains a
spacetime dependence.

While the two frames are mathematically equivalent that does not necessarily imply physical equiva-
lence and, in general, there are three standpoints regarding to which frame is the “correct” one,? in terms
of truly describing physics [210]; (i) _# is physical and & is not, (ii) & is physical while ¢ is not, (iii)
both frames give an equivalent description of physics. The question can be extended to if other (infinite in
principle) frames that are conformally related to the initial Jordan frame, via a metric rescaling of g — g,
are also physical. Usually the first viewpoint originates from particle physics intuition, since in ¢ the
interactions between matter fields and, more generally, nongravitational physics is well understood, as
opposed to the gravitational action which in this case is complicated. In contrast, the second viewpoint
is adopted mainly by cosmologists, since in the & frame gravity is described by the well-known Einstein-
Hilbert term and hence GR is inferred, with the “sacrifice” that the matter sector has now an involved
expression or is subject to field redefinitions in order to obtain a canonical kinetic term (with a nonpolyno-
mial potential). These comments mostly concern how close is one frame to conventional wisdom and as
such cannot be taken into full consideration if we are to ultimately label a conformal frame as “physical”.

It is usually cited that an issue with & is that the Weak Equivalence Principle (WEP) is violated, unless
matter is conformally coupled with gravity such that its stress-energy tensor is covariantly conserved
in &. However, the WEP can very well be violated in nature, and is in fact an avenue of on-going
research together with possible detectable violations of EEP and the Strong Equivalence Principle (SEP),
for example in a quantum system with a gravitational potential the WEP is respected locally and only for
specific forms of the potential. Another point is that in _# the Weak Energy Condition (WEC) is possibly
violated, while in & the energy density is positive definite [210, 211]. However, the inconsistency is not
measurable observationally since there does not exist a physical observable that for timelike vectors u*
has a predicted value of T, u*u” that is conformally invariant [212]. Moreover, violation of the energy
conditions is not uncommon and historically some of them have been abandoned, like the Trace Enegy
Condition (TEC), while the Strong Energy Condition (SEC) being on the fence as of now. Accepted
wisdom suggests that at least the Null Energy Condition (NEC) should be satisfied, however there are
indications that it too can be violated by quantum corrections [213].

It seems that most of the arguments arise from quantum effects violating commonplace classical in-
tuition in, at least, one of the frames and possibly in others conformally related to them. After all, the
quantum behaviour of most of these systems is not completely understood and therefore this approach
can be misleading. A point of caution would be the interpretation of scales from frame to frame (e.g.
see ref. [214]), since they differ between them, but local or nongravitational physics remain the same.’
Thus, since the discrepancies between ¢ and & cannot be measured observationally* (at the moment)

'Interestingly, the transition & — _¢ is never considered.

?Unfortunately the stances are not often discussed in the literature, apart from specific papers discussing the (non)equivalence
of the two frames, and as such it is usually masked or quietly implied. More than that many authors tend to cast the issue under a
philosophical light, in many ways relegating it to something reminiscent of discussions on interpretations of quantum mechanics.

3For example, in _# and & one can read off the Planck mass as M s = MQ and Ms = M respectively, under a rescaling
g +— g = Q°g. Then distances measured in Planck units are invariant; schematically

M?% ds* = M’ gy datda” = M2 g, da"dz” = Mg ds° .
4Or they cannot possibly falsify one of the two. For example let us consider one frame which is related to the initial _# by
ds? — ds? = —dr?+dX, which is conformally flat. In this frame, say .#, since the universe is static the photons do not redshift

due to the vanishing Hubble flow. Naively we might say that it is unphysical, however since the electron mass varies in time
in .# due to the conformal transformation, we obtain m(7) = m/(1 + z), where 1 + z = a~' (7). Then, the energy level in .#
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it hints at a more conservative point of view, somewhere in between mathematical and physical equiva-
lence, starting from the energy scale of classical physics to possibly high-energy physics. An alternative
avenue of addressing the issue is to reformulate any theory in terms of quantities that transform covari-
antly [216, 217] or are invariant under conformal transformations [218-223], however either the theories
cannot be conventionally interpreted (and/)or they are assumed ad hoc with uncertain origins.

4.2 Minimally coupled matter fields

In this and following sections we shift our focus to understanding the inflationary predictions and
the high energy behaviour of specific (inflationary) models coupled minimally (and in next section non-
minimally) to gravity including higher-order curvature invariants under the assumption of the first-order
formalism. Specifically, we attempt to merge the Starobinsky model of inflation, which as was illustrated
in previous sections does not provide a dynamical degree of freedom in the Palatini formulation, with
other prominent inflationary models.

Natural inflation

One interesting model capable of describing inflation is the one dubbed the natural inflation model.
When it was first introduced [224, 225] it had the attractive feature that the potential has a flat enough
plateau capable of generating an ample amount of (slow-roll) inflation. Since then, the feature of a flat
potential is not so hard to come by, especially when the identification of the proposed inflationary model
with low-energy physical models is lost. In fact, following our previous discussion (in sec. 4.1), in the
Palatini—R? models the potential in the Einstein frame is able to generate a flat region that in principle can
provide a successful inflation.

In natural inflation the inflaton is an axionic field in the sense that its potential is shift-symmetric
protecting it from quantum corrections, which in general can ruin the flat slope of any potential, thus
elevating the form of the potential to “natural”. Then, during the early universe an explicit breaking of
the shift symmetry results to slow-roll expansion realising the inflaton as a pseudo-Nambu-Goldstone
boson.

In order to highlight exactly that, let us consider a complex field ® with two degrees of freedom in the
following representation

d=—0e?, (4.102)

where ¥ and ¢ are real fields. Notice that the complex field ® is exactly invariant under the shift trans-
formation of ¢ — ¢ + 27. There are many ways to introduce such a field (even without considering
string theory) into the theory, one of them originally proposed a coupling to the SM as a second Higgs
doublet known as the Peccei-Quinn-Weinberg-Wilczek (PQWW) axion with the primary objective to solve
the strong CP problem [226-229], however it has since been excluded by experiment but other forms of
axions still survive. A kinetic term for ¢ can be expressed as

10D|* = (90)2 + 0%(06). (4.103)

Assuming a large VEV for 9 ~ v we can canonically normalise ¢ as ¢ = ¢/v and decouple the radial from
the angular component. It was proposed that since ¥ ~ const. it can be identified with Dark Energy and
¢ with Dark Matter (e.g. see refs. [230, 231] and references therein).

is En = En/(1 4 z), where E, is the energy level in _#, and therefore in a level transition n — n' the frequency of photons is
E.n = Epnpn /(1 4 2). Exactly what is predicted by Hubble’s law in _#. See ref. [215] for a more details regarding the subject.
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Next, let us generalise this idea to a charged scalar field ® under a continuous global U(1) symmetry.
The most general renormalisable potential reads

V(®) = —m3|®|* + s [®[*, (4.104)

where it is assumed that Ay > 0. Then a spontaneous symmetry breaking can occur when ¥ — A\gm3 and
the potential can be written as [224]

V(p)=A* (1 + cos f) , (4.105)

where A would be the scale of nonperturbative physics at which the shift symmetry is broken. It is
straightforward to see that the potential is periodic, therefore it has at least one maximum and one
minimum in an interval of ¢/v € [—m, |, and still respects the residual shift symmetry ¢ — ¢ + 2n7v
meaning that only a subgroup of the original minima survive.

In what follows, we consider only the positive root of the potential, which has been shown to drive
inflation in terms of appropriate scales A ~ Mgyt and v ~ Mp, however its predictions lie on the un-
favourable region of observations (see fig. 2.4).

It is interesting then to see how predictions of the natural inflation model change in the framework of
the Palatini- R?; the total Lagrangian at the scale of inflation reads

2=-Yrr i 2p Lour - vie), (4106)

where Mp is the reduced Planck mass and the scalar potential is of the form

V(p) = A4 (1 + cos ‘Jf) , (4.107)

where f is some scale that the global shift symmetry of the inflaton was spontaneously broken and A
is the soft explicit symmetry breaking scale giving the boson its mass. Then after we express the total
action functional in its scalar representation by introducing an auxiliary field x to assume the role of the
R? term, as was done in previous section, and performing a Weyl rescaling

a2
G () = (1 + T;? ) G () (4.108)
P
we obtain the action in the Einstein frame [232]:
2 T .4)2
S = /d% a Mp 7" R, (T) — 1 (Vo) - V(e) +0 (Vo)) ¢, (4.109)
2 2(14 29 ) 1+ 22v(g)
+ Miji (¢) M

where higher-order kinetic terms O ((V¢)*) are neglected considering slow-roll inflation.
The equations of motion derived from the above action are a special case of the ones given in eq. (4.61).
The generalised Finstein field equations read as

— 1. — 1 = = 1 =
Mp (R,W - 2g,m) = 07 1av9) {wﬁvm ~ G (2<V¢>>2 + V(¢)>} : (4110)

75



4, QUADRATIC GRAVITY COUPLED TO MATTER

while the generalised Klein-Gordon equation, after assuming a spatially homogeneous field ¢(z) = ¢(x)
in a flat FRW background with a metric ds* = —dt? + a*(t)dz?, becomes

1 1.
3SMAH? = AT 1av) <2¢>2 - V(¢)> : (4.111)

where we defined & = o/ M3.
Next, we can canonically normalise the scalar field by

[ -]
0 4 , 4 A4 /
1+ ]\%V(d) ) \/ 2 (14 cos ?)
_/0 8 A4 /
\/1+](\24<1—sm2;5f>

,/M4 + 8aA4 8aA4 .o ¢
T ML+ 8ant T 2

Then the integral can be represented using the incomplete elliptic integral of the first kind F defined as

o
FO| k%) = /0 A (4.113)

1—Kk2sin?z

Then we obtain
2f M3 o 1

- Y2
\/8aAt + M4 2f 1 Mp
F + S8aAd

Now, the inflaton potential in terms of the canonically normalised field ¢ reads

). (4.114)

. 8ch4—|-M4
4o
1+ @V( ) 1+ 8aA4 Cn2 2fM2 /M4 + 8aA? | - i?f-Afj\/[‘l

where cn(p | k?) is the Jacobi elliptic function. In fig. 4.2 we show that the potential in the Einstein frame
is flattened compared to the one in the Jordan frame. The matter Lagrangian can be expressed in terms of
the field ¢ reading

2(_ ¢ M4 +804A4| 8aA? )
V(e m <2fM2
Ulp) = v

(4.115)

25 (Vo) ~Uly), (4.116)

meaning that we can employ the usual first-order expressions for the inflationary observables ng and r in
terms of the first and second slow-roll parameters €y and 7y, with respect to the canonically normalised
field .

Since the expressions are rather involved for both the normalised field ¢ as well as the initial field
¢, the calculations are done numerically and the results are presented below. Importantly, the power
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FIGURE 4.2: Plot of the original potential in the Jordan frame (blue solid line) against the scalar potential in the
Einstein frame after it is flattened by the R* term (red dashed line). The chosen values of the parameters are
A=04,a=10, f =10and Mp = 1.

spectrum of scalar perturbations! reads

2/ 4 4 8aAt
2p4 Cn (577 1/ Mp + 8aA \ﬁ)
f 2fM32 Sah + M3 (4.117)

~2x1077,

As =

N 671'2]\42 2 %) 4 4 8aA4
P —
s (750 (/M + 8ah? | Rl

P=Pi

where sn(p | k?) is again a Jacobi elliptic function. It is important to note that in the Einstein frame the
Levi-Civita condition is a solution to the equation of motion for I', thus it is possible to employ the
conventional methods used in the metric single-field inflation.

In fig. 4.3 we plot the values of the predicted tensor-to-scalar ratio against the spectral index n,, after
numerically solving the equation of ey (¢;) = 1 in order to obtain the field value at the end of inflation
¢ = ¢; and using that to compute ¢ for various number of e-foldings N € [50,60]. The values of the
free parameters are A = 8 x 1073, f = 10 and « € [10%,10%) with Mp fixed to unity. Values of f < 7 (in
natural units) are excluded by the recent Planck collaboration, fact which we abide by in this study. Note
that for values of a < 107 (for the specific values of the other parameters) are also excluded since the
tensor-to-scalar ratio escapes the preferred region. By increasing the value of o we obtain lower values
of 7, however n,; remains unchanged. This is in fact a general feature of the Palatini-?? models, which is
also discussed in ref. [176] in a model independent way. All of the parameter values presented here lead
to the correct value for the scalar power spectrum Ag ~ 1077,

In the next figure, fig. 4.4, we obtain a similar graph to the one in fig. 4.3, by varying the parameter
f and keep « constant instead. The values of the parameters are A = 8 x 1073, a = 10 and f € [5, 10],
while once again fixing Mp = 1. The plot is reminiscent of the one given by the Planck collaboration for
the natural inflation, however in the case of Palatini-R? values of f > 6 are allowed leading to acceptable
values of 7. This is in contrast with the conventional metric case in which the model lies outside even the
20 region of observations.

'We can safely use the convectional expressions for the inflationary observables obtained in the metric formalism, since the
action contains the EH term and a nontrivial matter sector. However, see ref. [233] for a detailed analysis of the inflationary
spectrum strictly in the Palatini formalism.
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FIGURE 4.3: A plot of the r — n region for various values of o € [108,10°) and A = 0.008, f = 10 and Mp = 1.
The light and dark blue region denote the 20 and 1o allowed region from the Planck2018 collaboration. The
values of o are specifically chosen such that the plot is within the bounds of r < 0.056. Each dot is a solution for
a specific value of N, which from left to right is increasing up to a maximum value of N = 60 and each “line” is
formed for a specific value of o, as displayed in the colour coding of the legend.
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FIGURE 4.4: A plot of the r — ns region for various values of f € [5,10] and A = 0.008, a = 10° and Mp = 1. The
light and dark blue region denote the 20 and 1o allowed region from the Planck2018 collaboration. Each dot is a
solution for a specific value of N, which from left to right is increasing up to a maximum value of N = 60 and
each “line” is formed for a specific value of f based on the colour coding of the legend.
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FIGURE 4.5: A plot of the phase-space trajectories ¢ — ¢ highlighting the attractive behaviour of the scalar potential
U(¢) for a specific set of the parameters o = 10°, f = 10, A = 0.008 and Mp = 1. In the bottom left there
is superimposed a magnified plot of the attractor point of the potential. The solid black curve corresponds to the
potential of the canonically normalised field .

Finally, we present a study of the phase-space flow diagram in terms of the numerical solutions of the
generalised Klein-Gordon equation. For different initial conditions of the inflaton field and its velocity, the
trajectories of ¢ — ¢ settle on the slow-roll trajectory and are led to the minimum of the potential. Then,
from fig. 4.5 it is clear that the potential has indeed an attractor behaviour.

Massive scalar

One of the simplest models realising inflation is the one described by a free massive scalar field with
a potential

— 2. (4.118)

The metric formulation of this model coupled minimally to gravity has been excluded by observations
(see fig. 2.4), so let us consider here its Palatini counterpart but with a minimal coupling to an extended
gravitational sector of R + R? [175]. The total final action is of the same form as the one for the previous
model of natural inflation, given in eq. (4.109); only the scalar potential has a different form. Then the
canonically normalised scalar field ¢ in this case reads

2
© = / d¢ _ Mp sinh ™ (mv2a ¢/ M3), (4.119)
1 2am? , MV2a
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which in terms of the original field can be also inverted as

M2
¢ = —L— sinh(mv2a o/M3), (4.120)

mv 2o

where m > 0 and « > 0 is assumed throughout. Next, substituting the above relation of ¢ = f(¢) in the
expression of the scalar potential we obtain [175]

2
Ulp) = % tanh? (mv2a o/M3). (4.121)
This is a well-known potential, usually referred to under the general class of the T-models, in which the
potential term of the canonically normalised field is given by V() x atanh®" (¢/v/6a), where now & is
another constant not to confused with the one coming from the R + aR? term. These models gathered
considerable attention after it was shown that they arise in supergravity models [234-237]. In cosmology
they can be realised more generally in the context of a scalar field with a pole in the kinetic term. In
fact, these models fall under the same universality class, known as the attractor models!, because their
predictions are insensitive to the features of the potential V(¢) for small values of the parameter & and
are largely dependent on the order and residue of the pole [234].
The slow-roll parameters in terms of the canonically normalised field ¢ are found to be [175]

m? 16
= — , 4122
v Mg sinh? (2m+/2a o/ M3) ( )
2 (2 — cosh? (2mv2a p/M?
v = 160 -~ = (2mv2a ¢/ . AN (4.123)
Mz sinh® (2mv2a ¢ /M3)
Then the end of inflation can be analytically obtained by solving ey (¢ = ¢y) = 1, yielding
O~ M sinh™! (2mv2a/M3) . (4.124)
/ 2mv 2« F
The scalar power spectrum is similarly given by
As = Mié sinh? (2mv2a /M3) tanh? (2mv2a @/ M3) (4.125)
® T 1536a272m? P P ’

which, once again, evaluated at horizon exit ¢ = ¢; should yield its observed value of A ~ 2.1 x 1079.
Finally, the integral for the number of e-folds in terms of the canonical field is

M2 2mesvV2a/Mp d
- P & Vsinhz. (4.126)
16am® Jome,voa/mp T

Unfortunately the expressions become complicated to sort out analytically and we resort to numerical
methods to solve the system. In fig. 4.6 the values of the tensor-to-scalar ratio r are plotted against the
spectral index n; for various values of the parameter « in a range of N € [50, 60] e-foldings. We observe
that for increasing values of a the tensor-to-scalar ratio is decreasing while n, remains largely unaffected.
In fact @ can assume values larger than what is presented in the figure suppressing further the predicted
value of r. It is also evident that as « increases the predictions of the observables asymptote to those

'In the present case of V() oc @tanh®” (p/+/6a) they would be the a-attractor models.
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FIGURE 4.6: A plot of the r — ny region for various values of o € [107,10%], m = 1075 (which is 103 GeV) and
Mp = 1. The light and dark blue region denote the 20 and 1o allowed region from the Planck2018 collaboration,
while the red dashed line denotes the bound on r < 0.056. Each dot is a solution for a specific value of N, which
from left to right is increasing up to a maximum value of N = 60 and each “line” is formed for a specific value
of v based on the colour coding of the legend.

produced by the simple (without the R? term) quadratic model, presented also in fig. 2.4. The value of
the mass parameter in the figure is m = 107° (10713 GeV) in terms of the fixed Planck mass Mp = 1,
and altogether the parameters manage to produce the appropriate value of the power spectrum A;. The
scale of inflation is preferably described by the field values of the inflaton field during inflation, which in
principle varies with the different values of the model parameters and the number of e-foldings. However,
a general statement of their values includes

0i ~ 10Mp, & o~ Mp. (4.127)

In terms of the initial field ¢ the field values of ¢ and ¢; are very similar to the ones produced for the
canonical field ¢. Therefore, inflation in this case happens above the Planck scale, also referred to as
transPlanckian.

Digression on attractor models

Let us illustate the above point by considering a toy model with a Lagrangian reading

M5 R— @(Vcb)? —V(®), (4.128)

L= >

where @ is a scalar field with a general potential V' (®). The following discussion is universal in the metric
and Palatini formulations so we ignore the subject at the moment. The noncanonical kinetic function has
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a general form of
o
G

(@)= ¢ — dol?’
with «,, a positive constant in order to avoid ghost instabilities. Near the pole of the inflaton field ® = &
the potential can be expanded as V(@) = V(®y) + ®V'(P() suggesting that the potential should be at least
well-behaved near the pole.

Let us define the canonically normalised field through

(4.129)

dw 1
— = —, 4.130
and by expressing the slow-roll parameters in terms of it we obtain
ME(V(@)N? MR 1 V(D)) (£.131)
2 \V(¥) /) 2 w@® \V(®) )’ '
e VW) e 1 V@) () 1w(@) V(@)
= =Mp——— 1 . 4.132
P M e v () V) o
The number of e-foldings can also be expressed in terms of the original field as
Y1 1 &5 V(®)
P dod. 4.133
It is straightforward then to show that the observable quantities read
ME [ V"(®) V/(®)\? W(®) V(®)
=1—-6e—2n=—=L1[2 — - )
(Y < v (vie) @) vier ) (4139
and , )
M2 (V'(®)
= 16e = L , 4.1
r = 16e 8w(<I>)<V(<I>)> (4.135)
If we expand around the inevitable point of the pole at & = &, we obtain
M3 Vi\? i W
AL e — D (L) (1422 - D) | o — 2 4.1
wmgile-ap (1) (1e2@ -y (75 -12)). (4136
M3 psgn(®—®o) Vo Vo' p (VY (W)
~N—— D) -+ [ — | 4.137

where sgn(x) is the sign function. It is straightforward to show that the tensor-to-scalar ratio and the
spectral index are given by

M3 sgn(® — dg) V{ 174 I78%
ne—1la —L®d—-gfP{p2——L Y1 (p+2)-L —(p+3)(2) +...7, VpeZ" (4138
and ) )
8SM?2 V! L/ 4
~ O — PylP [ 2 142(®—Py) [ L — 0 VpeZt. 4.139
rx S r(vo)<+< w(vo, VO)+ ) pe (4.139)
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In order to proceed we have to identify two cases of the order of the pole p = 1 and p # 1. Then, the
number of e-foldings can be approximated as

a, Vo

Nx—2 2 1n|d— &y — {® — &}, (p=1). (4.140)
M2 V]
a, Vo |® — oltP

N=~-—L2 —{d P 1 4.141
VA A S gt A (4.141)

where the last term in both equations is simply the first term with ® = ®;.
Interestingly, in the case of p # 1, which is also the more common, the leading term of the spectral

index becomes
p

Livie  @#D. (4.142)
Notice that the spectral index is completely independent of the inflaton potential and solely determined
by the order of the pole. Let us return to the case of T-models and take a look at a limiting case of large
&. Then, the spectral index and the tensor-to-scalar ratio are [234]

ns — 1 ~ sgn(® — Pp)

1 2 n—1 24dn & N>1 12
ng~1——— r TR " 5«
* N 8 '’ N(3a+ 2nN) N2

(4.143)

Then, only r of the two has a multiplicative dependence on & that can lead to suppressed values of
r < 1073. This is completely model independent and hinges only on the fact that the kinetic term of the
inflaton field has a pole at some field value ®( of order p.

Higgs field

In an attempt to connect low energy particle physics with high energy phenomena it is tempting to
identify the inflaton field with the sole observed scalar field, the Higgs boson. This is not only a scenario
appealing to theoretical physics, but also very predictive in the sense that we can in principle “match”
observational data from cosmology and particle physics. The total action in question then reads

4 M3, & 2
where Z5\; denotes SM Lagrangian. This is the most straightforward way to construct such a model of
inflation, with the exception of & = 0 being the true minimal construction.
Revisiting the SM Higgs

Assuming that the Higgs field plays the role of the inflaton we can safely ignore the interactions with
other fields and in this case obtain

Loy O —(DMH)Y(D,H) = V([H]), (4.145)
where H is the Higgs field and V(| H|) its self-interacting potential given by
V(H|) = —p?H'H + \(H'H)?, (4.146)

where ;2 > 0 is the Higgs mass term and A > 0 is its self-coupling. For the SM to maintain the SU(2), ®
U(1)y invariance the covariant derivative is introduced as

D, =V, —igt"W? —igyYB,, (4.147)
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where go and gy are the SU(2) and U(1)y gauge coupling constants and W* and B are the gauge fields
corresponding to their generators, ie. SU(2)L — {W,, W3 W2} and U(1)y — {B,}. Notice that the
notion of the flat spacetime partial derivative is preemptively generalised to curved spacetime by 9, — V,,.

Let us introduce the Higgs doublet in the spinor representation

H= @Z) . (4.148)

It is straightforward to show that due to the symmetry of the potential V' (|H|) there exist an infinite
number of states satisfying H'H = v?/2, where

o=t (4.149)

is the minimum of the potential, also identified with the EW scale and its observed value is v = 246 GeV.
Then we can choose in complete generality its VEV to be

(H) = L <0> : (4.150)

In this specific choice the component ¢° is identified with the neutral component. This is associated with
the famous breaking of the symmetry SU(2);, @ U(1)r, — U(1)em. It is easy to see that the vacuum is
invariant under U(1).,; a sketch of that is as follows

e“? (H) ~ (1+iaQ) (H) (4.151)
— (i ia (Tu+ 37 ) (1) w1s2)
= (H) +z’% Ké _01> n (é ?)] (é) (4.153)
=(H) , (4.154)

where for the electric charge we used the Gell-Mann-Nishijima relation @ = T3 + 3Y, with T} being a
generator of the SU(2) group. Therefore, the photon remains massless. The rest of the gauge fields that
correspond to the broken generators 77 and 75 acquire a mass; this mechanism is known as the Higgs
mechanism.

oD,
IS0
VQCDQ

Leaving the low energy physics and returning to the inflationary regime we obtain the Higgs sector
with its self-interactions only. Considering the Higgs in the unitary gauge

1 /0
H= . 4.155
NG <h> (1159
the total action becomes
M?2 1
S = /d4:z V=g {;R + %R2 — 5(ah)2 — V(h)} , (4.156)
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with the potential term given by
A
V(h) = Z(h2 —v?)?. (4.157)
Then we can employ the mechanism highlighted in previous sections, namely express the action in its

scalar representation and transform it from the Jordan to the Einstein frame. The resulting action has the
same form as the one given in eq. (4.109); restated here in this case as [232]

S = / d*z /-7 Agf%gw R,,(T) —% (ZS)Q — Zéh) +0((Vh)Y) 5 . (4.158)
<1 + M4V(h)> 1+ M—gwm
P

In what follows we assume that it is safe to approximate the Higgs potential as
Aa
V(h) = Zh , h>wv, (4.159)

since we expect the field to assume values far away from its VEV during inflation. It is however un-
fortunate that the Higgs self-coupling is open to interpretation at these energy scales. Meaning that the
running of the coupling following the conventional SM renormalisation group equations suggests that it
decreases with energy to values of A ~ 10713 (see ref. [81]). All of that depends on the exact interplay
between the Higgs mass and the top quark coupling and, as expected, is very sensitive to BSM degrees
of freedom. Unfortunately, the self-coupling can even assume negative values close to the Planck scale,
e ~ Mp, leading to the issue known as the metastability of the Higgs vacuum [238-243]. In order to avoid
the issue we assume tiny positive values of the coupling 0 < A|,_,,, < 1 close to the Planck scale, and if
that it is not the case we assume that other degrees of freedom can stabilise the potential.

Regarding the prediction of inflationary observables the analysis follows closely those presented for
the two previous models. At the level of equations of motion the connection satisfies the Levi-Civita
condition and assuming that a field redefinition exists such that the kinetic term can be canonical the
conventional machinery of slow-roll inflation can be applied directly. In order to do that let us begin by
canonically redefining the inflaton as follows

7 :/ 4o T (@A) Txad (ani/A <ﬁ (D(5/4))" - 5}-(% 1/\/5)) ; (4.160)
L+ V()
P

where F is the elliptic integral of the first kind defined previously in eq. (4.113) and we also made the
following definitions

a/\h 2 -1
r=—h, cosy = .
y 241

We can in fact invert the expression of ¢(h) to obtain h(y) in terms of one of Jacobi’s elliptic functions,
similarly to what was done right after eq. (4.113). In fig. 4.7 we present a plot of the field x in terms of
Q= (a/\)l/ 4o /Mp, where it is noticeable that the expression saturates at some value of @y that is connected
with the value of \;177 (T'(5/4))* ~ 1.85407. This can be also verified analytically by assuming a large field
expansion of F in terms of z.

The total scalar potential in the Einstein frame is given in terms of z(y) by

(4.161)

_ME 2 (e)

Ula) =" e (4.162)
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FIGURE 4.7: A plot of relation between the field x = f(y).

Using this expression we can directly compute the slow-roll parameters as follows

.4
S [ g — 120 —ah)vax w16
22(1 + %) 22(1 + 24)
and the number of e-foldings is given by
N=- = = a? —a%), 4.164
Mp /% \/m Mp J,, \/QEV(m) V1+ 2t 8\/5( ! 7) ( )

where z;, ¢; and xy, @y are the field values at the start and end of inflation of the x and ¢ fields respec-
tively. We can obtain the field value at the end of inflation via [232]

evizf)~1l = x? ~8Val, iff Val <1072, (4.165)

Therefore, we may obtain an approximate expression for N in terms of z;, (N + 1) = 2?/(8Va\). The
power spectrum of scalar perturbations becomes
xb 2\
Ag=———~ (N +1)°. 4.166
"= Teswavan ~ se2tt Y (4166
This in turn leads to values of the self-coupling A ~ 1073 in order to satisfy the observed value of
A~ 1070,
Let us consider the other observable quantities; starting from the spectral index we may substitute the
value of z; in terms of N to obtain:
24vaN N —2 N>»1 3

~ < 1— — 1/N?). 4.167
22 N+1 N+O(/ ) (4.167)

)

Ng = 1-— 66‘/(.%'2‘) + 277\/(.%'1') =1

Notice that it is manifestly independent of the parameter o and its approximate expression suggests a
larger than usual amount of e-foldings is required in order to satisfy the bounds of n,. The tensor-to-
scalar ratio reads

128V 16 Npr2 (13 5
:1 N - Zte (L2 1/N%)) . (41
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FIGURE 4.8: A plot of the relation between ngy = f(N). The blue shaded region represents the 20 allowed region of
ns and the dashed lines the conventional range of e-foldings N € [50, 60].

Then, in contrast to n,, large values of the parameter « can in principle suppress r. It is possible to derive
a lower bound on the product of aA by demanding that

r<0.056 = aX>0O(107%), for N ~ 75 e-folds, (4.169)

where we allowed for larger values of N in order to satisfy the bounds on n,. Then, in order for the
discussion above to make sense the product of these parameters is bounded as follows

O(107°) <ar <1074, (4.170)

where the last inequality stems from the condition that x is a solution to ey (zf) = 1. Since the power
spectrum demands values of the self-coupling close to A ~ 10~1? we can derive a bound on « reading

10® < a < 107, (4.171)

where once again the upper bound is limited to the approximation used here and is not a physical
limitation of the model. In fact, in fig. 4.9 it is clear that arbitrarily large values of « are also acceptable,
with the “disadvantage” that r is highly suppressed.

In fig. 4.8 we present in a more comprehensive way the fact that in order for the predictions to reside
in the allowed region of observations for n, (displayed by the light blue shaded region) a large amount
of N 2 70 e-foldings is required. This is made blatantly clear in the next figure, fig. 4.9, in which we plot
the numerical results for the predicted values of ns and r for various values of a € [107,10%] and a fixed
value of A = 10713 and Mp = 1. As expected, a large number of N € (70,80) is required which is not
necessarily out of line with high-scale inflation and suggests a period of slower expansion compared to
the standard radiation domination.

The initial and final values of the inflaton field, for a characteristic set of the parameters \ = 10713,
a = 10® and N =~ 75, are approximately given by

which also confirm that the field excursion is inside the well-defined range of [—¢y, @), after all we have
@; ~ 1.1 Mp. In terms of the initial field h we also obtain similar values of hy ~ 3 Mp and h; ~ 25 Mp.
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FIGURE 4.9: A plot of the v — n region for various values of o € [107,10%], A = 10713 and Mp = 1. The light and
dark blue region denote the 20 and 1o allowed region from the Planck2018 collaboration, while the red dashed
line denotes the bound on r < 0.056. Each dot is a solution for a specific value of N, which from left to right is
increasing from a starting value of N = 65 to N = 85 e-foldings, and each “line” is formed for a specific value
of a based on the colour coding of the legend.

In fig. 4.10 we solve numerically the generalised Klein-Gordon equation for the field z = (a\)h/Mp
for various initial conditions of the inflaton field and a specific set of parameters o = 10° and A = 10713,
The trajectories & — x are then presented, which regardless of the initial conditions converge to minimum
of the potential. Therefore, it is clear that it exhibits an attractive behaviour. A similar figure can be
produced for the canonically normalised field ¢.

A general class of monomial potential terms

The last two inflationary models, namely the free massive scalar field and the Higgs inflation model,
fall under the general class of monomial potentials, of which an example would be

A 2n
P

where ¢ plays the role of the inflaton field, n € Z' and X is the self-coupling constant. Then, the
discussion follows similarly to what was done previously, meaning that the canonically normalised field
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F1GURE 4.10: A plot of the phase-space trajectories & — x highlighting the attractive behaviour of the scalar potential
U(x(yp)) for a specific set of the parameters o = 108, X\ = 10713 and a fixed value of Mp = 1. The solid blue
curve corresponds to the potential of the inflaton field x, namely U (z).

can be approximated by [232]

~co—cp/z"L (4.174)
a
where ¢q and ¢; are integration constants and the field = = (a)\)!/?"¢/Mp is the generalised case of the
previously defined x. Then the Einstein-frame total scalar potential becomes
M4 2n
Ulz)= -2 2

da 1+220)
show that the slow-roll parameters are

(4.175)
and follows a similar behaviour to ¢, reaching a plateau in the large field limit. It is straightforward to

2n2(aX)/"
ey =

2n —1— (n+ 1)z
=7 = 1/n
221 5 22 ny = 2n(aN) (1 1 27 . (4.176)
Then the field value at the end of inflation is obtained by demanding ey (x = xy) = 1 implying that
2% = 2n?(a\)/" for small (a\)!/™ < 1. Next, the number of e-foldings are given by
f
N — 1

2 2

(4.177)
which can be expressed in terms of x; only, yielding 2? = 4n(a)\)'/"(N +n/2). Thus, from all of the above
we are able to approximate the value of the spectral index in terms of the number of e-foldings and the
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FIGURE 4.11: A plot of the relation between ng = f(N). The blue shaded region represents the 20 allowed region of
ns and the dashed vertical lines the conventional range of e-foldings N € [50,60]. Each curve represents different
values of the power of the monomial potential n € {1/3,2/3,1,3/2,2,3}

power n of the monomial; reading

2N —n—2 N>>11 n+1

417
2N +n N ( 8)

ns(z;) =
Therefore the best fit of n; corresponds to values of n close to unity, meaning the quadratic potential,
and values of n > 1 that require larger amount of inflation. Especially values of n > 3 are excluded since
they tend to unusually large values of N. However, there are rational values of 1 < n = ¢/p < 2 that
can provide satisfactory values for n,. A plot of ng in terms of the number of e-foldings N for different
values of n is presented in fig. 4.11, in which that exact relation can be better understood visually by its
“limiting” cases of n ~ 1/3 and n ~ 2.
A similar discussion follows for the tensor-to-scalar » which can be rephrased as

23—2nn1—n 1 NZ>1 0(1)
a\ (N n ) n+1 alNn+1 ’

r(xi;n, N) = 16ey ~ VneZzZ", (4.179)

2

where ) is in general the self-coupling of the ¢?" term; not to be confused with the Higgs self-coupling
discussed previously. Then, the power spectrum of scalar perturbations leads to

4n—2nn— 1

As = 372

Therefore, we may invert \ in terms of 4, and substitute into the expression of » amounting to

A (N n g)nﬂ . (4.180)

1

= > 108 . 4.181
r oA > 10° Vn (4.181)

=

“= 6m2r A,

Importantly, the value of the constant of the R? term does not depend on the form of the potential
(A, n) and is simply chosen such that the predicted observable quantities are within the allowed region of
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observations. This result is in agreement with previous sections where the cases of n = 1 and n = 2 were
discussed.
The argument can be generalised for the values of A for each power n. Starting from the requirement
that » < 0.056 we obtain
aAN"T1 > 0(10) = a2 01072, (4.182)

Therefore, by using the result that o assumes the same values for each n it is straightforward to show that
A must satisfy
AZ 01072 vn. (4.183)

This is also in agreement with results of previous sections, where for example in the Higgs field model
(approximately a quartic monomial potential) we obtain A ~ 107!3 and for the free massive scalar field
(quadratic potential) we obtain A = 2m? ~ 2 x 10~1°.

Obviously the approximations cannot describe completely the dynamics of each model, but they do
however paint an intuitive picture of the predicted results of a general class of these models, that is, for
slow-roll inflation to take place the constant o has to assume large values and the self-coupling constant
A of the potential V(¢) o A\¢>" takes up tiny values. Clearly, there are intricate points in each particular
model, such as in the case of n = 2 in which the amount of e-foldings required is larger than usual.

4.3 Nonminimally coupled matter fields

In this section we allow for the possibility of extended interactions of the inflaton field ¢ with the
gravitational sector R + aR? through a scale-invariant coupling of the form oc £¢*R. As was stated in a
previous chapter these types of couplings arise at the quantum level due to quantum corrections of ¢ in the
presence of a curved gravitational background and as such they play a vital role to the renormalisability
of the scalar field theory in a curved background. General cases of the nonminimal coupling f(¢)R can
also be considered and they are especially interesting in studies pertaining to cosmology and inflation.
The total Lagrangian relative to the inflationary epoch is given by

Z > %(W +¢0*)R + aR* - %(8@2 —V(4), (4.184)

where « and ¢ are dimensionless constants and M is the bare Planck mass later to be identified with the
Planck scale. An analysis of the above action was presented in a completely model independent way in a
previous section, sec. 4.1, and therefore some of the calculations are retraced here.

Coleman-Weinberg model

During inflation the higher-order curvature invariants tend to dominate over the linear Einstein-
Hilbert term suggesting that gravity at high energies might be scale-invariant. This means that there
are no mass scales present in the theory at that energy scale and the theory is said to be (classically)
scale-invariant. Let us first introduce the concept of scale-invariance and then present an application to
the particular inflationary program described in the previous section.

Classical Scale Invariance

In the EFT approach the Lagrangian is written as an expansion in operators [244, 245]

Oi L7
zzzciﬁzzd§4+f+fg+..., (4.185)
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where A is some high-energy scale that in principle suppresses the higher-dimensional operators O;. In
D spacetime dimensions, operators of dimension d belong to one of three groups: the relevant operators
with d < D, the marginal operators with d = D and the irrelevant operators with d > D. The SM has
only one relevant operator (all the others are renormalisable) the Higgs mass parameter. If we assume
that the cut-off scale A is very large compared to the EW scale then the absence of operators d > 5 can be
explained, however a fine-tuning of the Higgs mass term is needed in order to explain its size, leading to
the issues of naturalness.!

This infinite set of higher-dimensional operators is not generated if the theory is (classically) scale-
invariant, and can be thought of as a special case of an EFT when A — oco. In other words, in D = 4
dimensions only operators with mass-dimensions of d = 4 are expected to appear at least at the classical
level of the theory. Operators of d # D then break explicitly the scale invariance by setting some unique
scale and thus are not allowed, meaning that for example in the SM the Higgs mass term is not considered
fundamental and a mechanism must be introduced in order to dynamically generate that term.

Before we move on to describing how one can generate a scale dynamically in a theory without any
scales, let us first begin by considering a simple toy model of a free scalar field

1 2
Slg] = / dPy <—26“q5 O — "= ¢" — f,qb“) , (4.186)
under a scale transformation of

o=z & @)= (@) = 2"Pe(A ), (4.187)

where A here is the scaling dimension (also known as canonical dimension) of the scalar field, which in the
case of a free scalar is obtained to be A = (D — 2)/2, where D are the spacetime dimensions. The total
action functional S[¢] transforms to S’[¢'] where the kinetic term becomes

02 ¢/ (x)\* 1 ([ _apa) 08N 2) P AT20HA) 19p(A1a) 2
ZD - (&r” Dl =—3 A “own ) = 3 0T ) (4.188)
Then it is straightforward to show after a redefinition of y* = A\~'z# that the transformed action reads
2
8/[(]5/] — /dDy{ )\D 2(1+A) = <agb(#)> )\D*QA %¢2(y) D an 9 ¢4( )} (4189)
Y

which after substituting A = (D — 2)/2 we obtain

2 mQ
Sl = /dDy{—; (8;);3)) =Nt (y) = AT g¢4( )} (4.190)

This means that in D = 4 dimensions the only term that violates the (would-be) scale-invariance of
S[¢] — S'[¢'] is the mass term, and as such we demand that these terms vanish. For a general monomial
term we obtain

T 4n () P2t N (y) (4.191)

As expected only terms of oc ¢* are scale-invariant in D = 4 dimensions.

o ¢7(x) = AP B g(y) = A

"More than that EFTs are naturally nonrenormalisable theories since in order to absorb loop divergences with arbitrarily
many insertions of .Z;<5, operators of arbitrarily high dimension are needed.
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4.3. Nonminimally coupled matter fields

Next, we can calculate the (non)conserved Noether current which after some manipulations of the
transformations da* = —A\z#, 0¢(x) = A(A + 2#0,,)$(x) we obtain

0L = 0y(a L) +m*p* = OpJ" = m?¢? . (4.192)

In general we can construct it as usual through the energy-momentum tensor

TH =2

. / dz ¥ = JH=T"z,. (4.193)
uv

Then, conservation of the scale current means that the energy-momentum tensor has to be traceless (sim-
ilar to theories that are conformally invariant)

Ot =TF,. (4.194)

Even if the theory is scale-invariant at the classical level, quantum corrections can break the symmetry
logarithmically via the RG running of the couplings, which in that case the classical scale invariance (CSI)
is referred to as anomalous! (similar to conformal anomaly). However, there are theories® that are exactly
(quantum) scale-invariant (e.g. see refs. [247-250]), meaning that the 3 functions of the couplings vanish
at all orders of perturbation theory; e.g. N' = 4 super-Yang-Mills theory and in principle Conformal Field
Theories (CFTs) [190]. It is however desirable that the scale invariance is softly broken [251-253] at some
point since we already know that it is at best an approximate symmetry — after all physical phenomena
are different at different scales. Then one can imagine for example the SM as a theory embedded in a
UV-complete theory with scale symmetry restored at the UV limit of that theory (see refs. [254-260]).

The Coleman-Weinberg mechanism

The concept of generating a scale (nonzero VEV) through radiative corrections in a theory without
any energy scales is based on the pioneer work of S. Coleman and E. Weinberg [261], based also on
an earlier work of G. Jona-Lasinio [262]. In this section we briefly highlight the Coleman-Weinberg (CW)
mechanism with the main goal to extract the 1-loop corrected potential, after which will be considered as
an inflationary model.

Let us first consider a (classically) massless complex scalar field charged under a local U (1) symmetry
described by the following Lagrangian

1 A
& = (D,®)(D'®) + TP Fw = 5 |®|, (4.195)

where @ is the complex scalar field ® = (¢1 + i¢2)/+v/2. The covariant derivative is D,, = §,, — igA,, with
g denoting the gauge coupling and F),, the field strength. Since the Lagrangian is gauge invariant the
effective potential depends only on ¢? = ¢1% + ¢2%. In what follows we calculate the one-loop corrected
potential via cut-off regularisation of the integrals at some cut-off energy scale A. It seems counter-intuitive
to introduce explicitly a scale A in the theory since it manifestly breaks the scale-invariance, however the

!Such a breaking is termed “natural” in contrast to the one associated with power-law divergences [246]. This is similar to
GUTs, in which for example by embedding the electroweak SU(2) ® U(1) to an SU(5) GUT the radiative corrections to lighter
masses often involve the larger scales. This is the motivation behind the softly broken supersymmetry, which protects this effect.
Taking this a step further we can see how EFTs, that usually have power-law radiative corrections of the high energy scale, cannot
describe a scale-invariant theory below that mass scale.

?Also known as the fixed points of the corresponding RG flow.
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same results are obtained by using other schemes such the MS subtraction scheme and the dimensional
regularisation.
It will prove beneficial if we expand the Lagrangian in terms of its field components and obtain

1 1
£ = 5(061)" + 5 (02)" — \f 1 (610" o) — —( V) 42024007 — ,¢4. (4.196)
Next, we employ an expansion around the scalar field’s classical solution defined here are as
9(x) = be(x) + §(2), (4.197)

where ¢ is assumed to be a perturbation. The action is expanded as:

4S, 1 628,
~ 4 ff 4 4 ff
Sef[P) ~ Sefde] + / d*a’ 57; - 6¢' + 2 / d*a’ / d*z” 55/ 5;5" o 66" + ... (4.198)
The equation of motion, or §4S = 0, is simply the familiar Klein-Gordon one
0,0"p =V'(9). (4.199)

Therefore, trivially the second variation of the action gives rise to the following integral

0)S = / d*z ¢T (8> = V"($)) §. (4.200)
Then ¢ can be integrated out and the final path integral reads as follows:
x / (detD(z))~1/2 ¢iSloel | (4.201)
where
D(x) = 9,0" —V"(¢). (4.202)

Finally we can include in the effective action the correction coming from the determinant and obtain the
following expression

I'[¢] = S[¢] + %Tr log D(z) . (4.203)

Now, the functional trace is a trace over the space which the operator D acts, i.e.

(D (;;)x =D Duydy= (0 -V") o (4.204)
Yy

and matrix elements (9% — V"), = 64 (x — y)(02 — V"). Here we assumed that the background field ¢ is
constant and not the same as the fluctuation ¢. We can represent the trace-log as a position integral

Trlog (92 — V") = / d*z (2] log(92 — V") |)
4 41,1
-/ / ‘ k d k - (el (| log(k? — V") |k) (k)

]

log (K2 =V"), (4.205)
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where we used 1 = [d% |k) (k| and || (z|k)||* = 1. Since the logarithm of a dimensionful quantity is
ill-defined we have to regulate it by choosing the additive constant (regulating tadpole diagrams). Then
all the terms are added to the effective potential which reads

7 4 2 "
U(g) =V(¢) - 271/&1;4 log (W) + O(h?) (4.206)

Finally we can calculate the integral up to a cut-off scale k* = A? after a Wick rotation k — kg to limit the
integration contour {kg| k% < A%} and obtain the following effective potential

2 " 2 e 2
U(¢) =V(¢) + 32%2 V"(¢) - (VG 4(7?2)) In (&C (1;)> : (4.207)

There is still a contribution left coming from the path integral over the gauge field A*, which in the
Landau gauge 0, A" = ik, A" = 0 is equivalent to

/ DA, ]exp{ / d'z < le(FW)2 +92¢2A3)} = (det(d® + 24%6%) 7. (4.208)

After following the same process described earlier it brings the one-loop corrected potential to its final
form of

A2¢?

1
Vie(p) = A¢2+ qub2+ Z¢4 i3

(A -6¢°)+

)\2¢4 (1 /\¢2 1>+3)\2¢4 (1 92¢2_1

956m2 \ ' 22 2) 7 G4n2 \ | A2 2> , (4:209)

202 2
where we included the counterterms Z,, and Z) required to absorb the divergences from the loop dia-
grams.! We may impose the following renormalisation conditions
d*Vie(¢) _ 0 & d'Vie(¢)
dg? ’ do

where the first one imposes the massless condition and the second one defines the quartic coupling A
at some renormalisation scale p. It is then straightforward to show after some algebra that the effective

potential reads
Ay 22 368\ <Z>2 25
= — ——-—1]. 4.211
Viel@) = 70"+ (25677 6472 >¢ Y276 (4.211)

The interactions of the gauge bosons and the scalar field dynamically break the symmetry at pertur-
bative couplings, and since A ~ g* we can drop the quadratic term \? and express the potential as

= A, (4.210)
A=p

A i A ¢ 25
= ——-—. 4212
Virld) = '+ oot (S - 2 @212)
Next, if we choose the renormalisation scale at the VEV of ¢, say p = (¢), there is a nontrivial minimum

of the effective potential at
33 4

A=—=g". 4.213
527 ( )
"Note that this result is the same as if we blindly used the general formula for the one-loop effective potential
N~ D e (1, VI (9) 3
A%ff(¢) - Z 2872 (V ) In 2A2 2 3

dof

where the sum is over all the degrees of freedom and (—1)/ is —1 for fermions and +1 for bosons.
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Notice that in this case we can balance the quartic coupling A against the gauge coupling g. After substi-
tuting all of the above we obtain the final form of the effective potential

4 ¢ 1) 4214
¢< @ 2 .

This is the CW mechanism in a nutshell, in which the scale (¢) is generated dynamically and ex-

changed for the dimensionless coupling ), in a process formally known as dimensional transmutation. The
masses of the particles in this particular theory are calculated directly — recall that eq. (4.196) — as

VM(¢) = 64 2

3¢ 3¢*
2 2 2 2 _ 99 2_ 99 2
ma=g-(0)", & mg=o5 (9 =g gma, (4.215)
for the vector boson and the scalar boson respectively. The 3 functions of the couplings have the following
form [261]

3

_ 9
Bg = 182 (4.216)
1 /5,
B = o2 )\ —3\g% +9¢* (4.217)

Notice that the J function of ) is positive suggesting that the value of A decreases with energy. There exists
then one energy scale, say i, where the value of the coupling is A(.) = 33¢%(pi.)/(87), denoting exactly
the energy scale of symmetry breaking. Therefore, we can understand the relation between couplings as
a general result triggered by their RG running and not some sort of fine-tuning.

Return to slow-roll inflation

Motivated by the possible scale-invariance at high energy scales we are interested in studying a theory
of a classically (quasi-)scale-invariant spectrum described by a Lagrangian such as [175]

1 1 A
= 580°" Ry () + %RQ(Q, T) — 5 (Vo)* = Jo" — A%, (4.218)

where A plays the role of a cosmological constant and is the only dimensionful parameter in the theory.
We show later that during inflation close to the Planck scale A < Mp, meaning that scale-invariance
is only softly broken. The coupling ¢ quantifies the nonminimal coupling of the scalar field ¢(z) with
gravity. In the absence of the R? term it was shown [263] that for £ > 0.1 the above action leads to linear
inflation [264].

To this Lagrangian we should add in principle the Lagrangian .2 (®, 4, A,,) that contains the possible
scale-invariant interactions of ¢ with all matter fields. As discussed previously these interactions at the
quantum level will generate radiative corrections, which calculated in the (flat space) Jordan frame we
group them in a general potential Vj,(¢). Assuming that the field content is such that the CW mechanism
can be implemented the one-loop effective potential reads [175, 263, 264]

Vie(o) = A [1 + g (2 In éz; - 1)] . (4.219)

An important note is that the Lagrangian as presented in eq. (4.218) lacks the scale of gravity, in other
words the Planck mass is explicitly absent. We can circumvent that by demanding that the nonzero VEV
of the scalar field obeys

() = =L (4.220)
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Then the constant term A ensures that the potential vanishes at the minimum in order to avoid issues
related to the possibility of eternal inflation. Alternatively, it is possible to replace that condition by
assuming the vanishing of the overall scalar potential V o Vi,(¢) + ax* with the effective potential then

given by Vi, = M4¢*(21n % — 1), where the coefficient M/ depends on the characteristics of the matter
field content. Otherwise, the potential can be brought to its final form given by [175, 263]

2 14 2
Vie(¢) = A* [1+€\ﬁ <21 %—1)} (4.221)

Next, we can follow the same steps as in the previous section of minimally coupled fields, i.e. express
the total action in its scalar representation

Slg. T, é,x] = / d'z =g {;@2 + ax®)g" Ry (T) - %(W)Q - X' - Vw(¢)} : (4222)

perform a Weyl rescaling of the metric

£ + ax?

9 (7) = i) G () (4.223)
to obtain the action in the Einstein frame
= 4 — Ml% —uv |l = 2 37
ST 6N = [day/=5{ L Ru(T) = 5(V6)2 = V(6.1 ¢ (4.224)
where we defined A
=Mp ———=—. 4.225
V P §¢2 +aX4 ( )

Variation of the action with respect to the connection results to the usual Levi-Civita condition

S
or

=0 = I’ ={r. (4.226)

The equation of motion for the auxiliary field x is [175]

4Vie(9) + &bif;qb)
2 _
V2= —®o (4.227)
gqb - MIZJ

which after its substitution to the starting action functional we obtain

sigal= 4T { PR 5 (gt iarm) O (i) 140+ 0T

(4.228)
We can introduce the canonically normalised scalar field ¢ through
§¢? AeMp Mp | 67
~ —=1In 4.229
/d¢ \/5%4 + 4aVi(®) 2/ M3’ (4.229)
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which then brings the Lagrangian to its canonical form of
1 —
25 —3(Ve) = V(e), (4.230)

where the scalar potential is now given by [175]

V(p) = M <4\/E]\jp Cltee (—4\/5]5]3))

= , (4.231)
M3 + da At <4\/Ej\jp —1+exp (4\/5];]3))

which for large values of the normalised field ¢ tends to U(p — oo) — Mp/4a, while giving rise to
a minimum at field values of ¢ = 0. The asymptotic flatness of the inflationary potential is not at all
accidental, it is generated due to the R? term similar to the case of minimally coupled models studied in
the previous section. It is straightforward to show that the potential includes other inflationary models as
limiting cases, e.g. as v/¢ < 1 (or equivalently (¢) < 1) the potential is approximated by

Vs

A ,
Vip) VK 8¢ TAARRLE (4.232)
P

which is a quadratic monomial and at first order expansion it is independent of .

Since the action functional is given in terms of a canonically normalised scalar ¢ with its self-interacting
potential V(¢) coupled minimally to the Einstein-Hilbert term we can obtain the canonical Friedmann
equations by assuming a time-dependent homogeneous field ¢(z#) = ¢(t) and an FRW metric ds* =
—dt? 4 a?®(t)da?

1
3M2EH? = §¢2 +V(p). (4.233)

Then, we can safely employ the slow-roll approximation and obtain the first order slow-roll parameters
as [175]

ey = 0 Mp T TR (4.234)
_ P aal _ P
2 (o ge) [ toaves (7~ 1)
A4
3204\/EW
ny = — L (4.235)

(= 208) [ ooy (o= 38)]

The field value at the end of inflation can be determined via the condition of its termination ey (¢f) ~ 1,

leading to
M [, V2M} 4
= — 1+ ——=-1 4M 4.2
P T 30N E ( T Toant g TAMEVE (4.236)

%4Mp\/g+ﬁ—2a\/gM—%,
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FIGURE 4.12: A plot of the r — ng region for various values of a € [107,10°], € = 1073, A = 1072 and Mp = 1.
The light and dark blue region denote the 20 and 1o allowed region from the Planck2018 collaboration, while the
red dashed line denotes the bound on r < 0.056. Each dot is a solution for a specific value of N, which from left
to right is increasing from a starting value of N = 50 to N = 60 e-foldings, and each “line” is formed for a
specific value of a based on the colour coding of the legend.

which after inserting it to the definition of the number of e-foldings it gives rise to the following expression

N ~In W + 16a¢5£5(w —05). (4.237)
(e

In fig. 4.12 we present the numerical analysis of the model and its predictions regarding the inflation-
ary observables r and n, for various values of the parameter a. Specifically, we considered different cases
of a € [107, 109 with fixed values of the nonminimal coupling ¢ = 1073 and the scale A = 1072, satisfying
the initial assumption of A < Mp = 1. This particular parameter space is capable of reproducing the
correct values of the power spectrum A oc 1072, It is noticeable that for smaller values of a < 107 the
predictions lie outside the allowed region with the limiting case of o = 0 leading to values of r ~ 1071
The effect of the parameter « is effectively to reduce the tensor-to-scalar ratio and in turn lead the model
back into the 20 (if not the 1o) of observations. This behaviour was first highlighted in ref. [175, 263]
and subsequent studies included different features [265, 266] such as the reheating phase of the present
model [267].

If we assume varying values of A the observables quickly saturate at values close to r ~ 107! and
ng ~ 0.965 when A ~ 1073, In contrast, increasing values of £ tend to decrease the tensor-to-scalar ratio
but increase the scalar spectral index to the point where it is outside the 20 region at £ ~ 0.02, with larger
values of £ > 0.02 being excluded. In the limit of /£ < 1 the values of the observables tend to the those
predicted by a quadratic monomial. All of these are illustrated in the next figure, fig. 4.13, where the same
plot is reproduced but now for varying values of ¢ € [107%,1072] and fixed values of a = 108, A = 1072,
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FIGURE 4.13: A plot of the predicted values of r — n for varying values of & € [107*,1072] and fixed values of
a =108, A = 1072 and Mp = 1. The values of the power spectrum are not entirely respected and the plot it
mostly to illustrate the behaviour of the observables with respect to varying values of £. In fact, increasing values
of & suggest decreasing values of A, and vice versa, in order to obtain the observed value As. The figure follows
the “notation” of the previous figure, fig. 4.12.

Induced gravity model

Another way of spontaneous symmetry breaking (SSB) that can also dynamically generate the Planck
scale can be achieved by assuming a scalar field with a Higgs-like potential

e~ >

V(g) =2 (¢ —v?)?, (4.238)
where v = (¢) is the VEV of the field. In this case the breaking occurs due to a condensate of the
Ginzburg-Landau type. Then, a nonminimal coupling of the scalar ¢ to the Einstein-Hilbert term through

S = /d% V=g {;gqﬁzR + %32 — %(w)? — 2@52 - UQ)Q} , (4.239)

is able to generate dynamically the Planck scale when the field acquires its VEV

Mp
JE
These models originate from early attempts to reconcile the dynamics of SSB and gravity [268, 269].
They were celebrated for their ability to “induce gravity” through the VEV of scalar field, however since
their initial formulation many more have been proposed and what was once their main attraction has now
been largely forgotten. Nowadays, most of them are considered as inflationary models [270, 271] and as

such, in this section, we study the behaviour of this particular model when coupled also with an R? term
under the Palatini formalism.

¢ — (P) = (4.240)
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Following what we did in the previous section we obtain a similar effective action in the Einstein
frame [175]

2 2172 4
Slg, o] = /d4x \/TQ{A?DR - % <§2&§f_i\g/w)> (Vo)? — (M) V(g) + O((V¢)4)} ;
(4.241)

where the potential V(¢) is given in eq. (4.238). The action is produced after the substitution of the
solution to the constraint equation 4, S = 0 and the Levi-Civita condition with respect to the metric g.
We may introduce the canonical scalar via the redefinition

_ M 3
2 Ve +an

In (§2(aA +€2) — adv? + VoA + &VEHT + ar(@? — v2)?) | (4.242)

thus the inflaton potential expressed in terms of ¢ becomes [175]

exp <4¢ Y O“\Jer) —2exp <2¢ W) — aAM}

2

_ M4 AMA © MpVE MpVE
V(©) = g V() = - . , (4.243)
291 + 4aV () 4(€2 4+ al) QMM 1 exp (4¢M\/jygg )

where we identified the VEV of the scalar field with v? = M3 /€.

Then the matter Lagrangian is given in terms of scalar field with a canonical kinetic term and a self-
interacting scalar potential, schematically of the form of £ > —3(Vy)? — V(g). Applying the usual
slow-roll approximation ¢? < V() the first-order slow-roll parameters have the following form [175]

32MB(aX + £2)exp <4¢ v aHg) Eexp (4“0 V;:He) + 2aAM2exp <2W v a’\+§2> — aXeMB

2

() Mp+E Mp+/E€ Mp+/€
evip) = D) )
4pr/arte? dpyJoartE2 ) 2 20y ar+€2 | 4
¢ <exp (W) + ozAMj‘;) exp <Mp\/§ 26 M pexp A VE aAMyp,
(4.244)
and
20V ar+¢2
) ) 2Mp (aX+ &%) [ 2¢e VAP + aAM}
(@) = 16 M3 (o + &) 6a2\2 M, N
vie § 4oV ar+g? 2 20V ar+£2 4oV ar+e? 2
e VP 4+ alM} —2(M%e VNP e VEMPp  — qAMP
20V ar+£2
6aAM32 N 2M3E (aX + &%) — e VEMP (4.245)
dpv/arte2 20\ arte2 2o/ arte2 ’ '
e VP 4+ alMp  —26MZe VP e VEMP  — )M}

Due to the complexity of the multi-dimensional parameter space we resort to numerical methods
to study the model. The condition for the inflation to end at some field value ey (¢f) = 1 is solved
numerically for a specific set of the parameters {a, \,£}. Then, by requiring inflation to last at least
N € {50,60} e-foldings we obtain the field value at the start of inflation, ;. In fig. 4.14 we present the
results for the inflationary observables  —n,. The dashed and solid lines (or equivalently the shaded dark
blue and light blue regions) represent the 1o and 20 range of n, set by the Planck 2018 collaboration. The
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FIGURE 4.14: A plot of the r — n region for various values of o € [107,10°], ¢ =1, A = 1071%v = Mp//E = Mp
and Mp = 1. The light and dark blue region denote the 20 and 1o allowed region from the Planck2018
collaboration. Each dot is a solution for a specific value of N, which from left to right is increasing from a starting
value of N = 50 to N = 60 e-foldings, and each “line” is formed for a specific value of o based on the colour
coding of the legend.

bound on the power spectrum, As ~ 1079, is also satisfied approximately by parameters chosen in that
figure and is largely independent of (large) values of a. We notice that for increasing values of the R?
parameter « the n, remains the same at each e-fold N while 7 is suppressed further to values r ~ 1074
Further investigation reveals that ratio of the parameters has to be of the order of A/¢ ~ 10710 in order
that the power spectrum A, ~ 107°. This leads us to produce another figure, fig. 4.15, in which we plot
the values of 7 — n; for a = 10® but varying values of A € [1071,107% and ¢ € [1, 10], such that their ratio
is always approximately 10719, while setting v = Mp/+/€ at each value of £. The behaviour recognised in
that figure is similar to the one for varying ¢, i.e. the values of ny do not change for varying ¢ and A, but
are dependent on the ratio A\ /¢ (similar to A,). However, increasing values of A and ¢ tend to decrease the
already small values of r [175].

Higgs field

In a previous section we addressed the possibility that the Higgs boson playing the role of the in-
flaton coupled minimally to the R + R? model. In the conventional metric formulation in order for the
Higgs to successfully drive inflation a nonminimal coupling with the Einstein-Hilbert term has to be in-
troduced [40-42, 81, 272]. Initial interest of nonminimal Higgs inflation was targeted in the differences
between the two formulations and it is then important to first review the simpler scenario, in which the
R? term is absent.

102



4.3. Nonminimally coupled matter fields

0.0008 - -
N =50
0.0006/
nan N =060
¢ 0.0004|
........\\
0.0002} .,
0.0000} | | . -
0.94 0.95 0.96 0.97 0.98

FIGURE 4.15: A plot of the r — n region for various values of ¢ € [1,10], X € [1071°,107% and v = Mp/\/€, while
keeping fixed the values of o« = 10® and Mp = 1. The light and dark blue region denote the 20 and 1o allowed
region from the Planck2018 collaboration. Each dot is a solution for a specific value of N, which from left to right
is increasing from a starting value of N = 50 to N = 60 e-foldings.

Absence of the R* term — an overview

Let us introduce once again the Higgs field coupled nonminimally with gravity; in the unitary gauge
we obtain the following Lagrangian [273]

1 1
L =5 (M?+€h?) ¢ Ry (T) = 5 (Vh)* = V(D) (4.246)
where h(z) denotes the Higgs scalar and M? is an energy scale that together with the nonminimal coupling
£¢? identify the Planck scale. Next, we can eliminate the nonminimal coupling via a Weyl rescaling

_ M? 4 €R?
guu(:n) = 2 gul/(x) 5 (4-247)
P

to obtain the action in the Einstein frame
M? M? — Ah*
S=[d*z/-g{ —-Lg"R,DT)— ——L __(Vh)? - —F—— 4.248

where we ignored the Higgs VEV in the potential as we expect the field to assume values close to the

Planck scale.
Let us normalise the kinetic term of the inflaton via a field redefinition of the form

dp 1 o= o sinh~1(\/h), (4.249)

dh At en? Ve
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where we identified the scale M = 1. Under this field redefinition the potential becomes

V(p) = @ tanh?(1/€¢) (4.250)
At this point the theory is reminiscent of the free massive scalar field that is coupled minimally to the
R + R? term, discussed in a previous section. Applying then the slow-roll approximation we can obtain
the duration of inflation encoded in the formula

2 V(p) h;

N :/ _" do & 1 cosh (24/Ep;) ~ hi (4.251)
or V'(9) 16& 8’

where we assumed that ¢; > ¢y, or at least it dominates in the expression of N = f(¢). Therefore, we

can express the slow-roll parameters in terms of the approximate formula for the e-foldings N as follows

1 1
oA —— . (4.252)

VN2 N

Assuming then an expansion of the inflationary observables around large numbers of N we obtain the
following approximate expressions [273]

2 2 AN?
r~ — Aswm

5 % (4.253)

ng~1-—
Clearly, since the value of the power spectrum depends on the ratio of the two free parameters \/{ we
can interchange one for the other using its observed value [274, 275]

£~ 4x100N2). (4.254)

Thus, we are left effectively with only one free parameter, { or A. Then, in order for the observables
eq. (4.253) to reside within the allowed region of observations for N ~ 55 e-folds, the model parameters
assume values in the range

€€ [10°,10°) = Xe€[107°,1071], (4.255)

and vice verca.

Even the most conservative values of ¢ lead to highly suppressed values of r ~ 10712, contrary to the
usual metric formulation in which r ~ 1073, Other than that the predicted values of ¢ in the Palatini
formalism seem to be close to five magnitudes larger than those in the metric formalism, in which £ ~
(102 — 109).

This encapsulates what is currently cited in the literature, however it does not constitute an appro-
priate comparison of the two formulations. A common link between the two can be found by invoking
arguments based on the phenomenology of the proposed model, for example it is currently assumed that
A ~ 1072 at energy scales close to the Planck scale [81] and without any other BSM degrees of freedom
present to stabilise the potential we are led to take it at face value, or at least assume some kind of tiny
value of \. Following the same procedure one can derive a similar relation between ¢ and A in the metric
formulation of the model, reading [40]

o) =4 x 101 /A9, (4.256)

where the subscript (2) here denotes the metric (second-order) formalism. It is trivial then to show that
in the case that A ~ 10~!2 both formulations demand values of ¢ ~ 1072, which in fact is in agreement

104



4.3. Nonminimally coupled matter fields

with QFT wisdom that dimensionless couplings coming from perturbation theory (which is the main
motivation of the nonminimal coupling) should be < 1. If that is the case then the predicted value of the
tensor-to-scalar ratio in the Palatini formalism is close to the current 20 cut-off value of » ~ 0.05, while
the conventional metric formulation leads to 7, ~ 1073 that depends only on the value of N and not
on the model parameters. This is an advantage of the Palatini-Higgs model; since r is dependent on ¢
any possible disagreement with future experiments can be remedied by placing stricter constraints on the
allowed values of ¢, constraining in turn the values of A through A;.

Return of the R? term

Let us include the R? term in the gravitational sector, and while still under the assumption of the
Palatini formalism, examine how the inflationary predictions of the model change. We noticed from
earlier investigations that the R? term induces an asymptotic flatness to the inflaton potential in the
Einstein frame. The total action functional is [175]

S= / d'z @{;(Mz +2¢|H[*)R(g,T) + %32@, ) —|DH[? - V(!HI)} : (4.257)

where H would be the Higgs field. Next, we may introduce the auxiliary field x as we did before in order
to eliminate the R?; we obtain the following action in the scalar representation

S = /d4x V=g {;(M2 + 2¢|H|)? + ax®)R(g,T) — |DH|* = V(|H|) — ZX4} . (4.258)
Then after a Weyl rescaling of the metric with the assumption that M? ~ M3
ax? . HP
g;u/( T) = (1 + W +2¢ ) G (T ), (4.259)

we obtain the action in the Einstein frame
|DH|? (IH )+
2 2
1+ P + 2% 'ﬁ}‘%) (1+ G+ 2¢ ‘H'2>

Variation of the action with respect to the auxiliary field x leads to the following constraint equation [175]

(4.260)

S:/dA‘x\/—g M—Izjg“”R (T) —
2 uv (

4V (H) N 2|VH?
M? +2¢|H|? M?

HS=0 = x’= — 4.261
X X B 20| VH|? ( )

ME(M? + 2¢[VH]?)

If we adopt the unitary gauge H = %(0 h)T the Higgs potential reads

2\ 2

V(H) =\ <|H|2 - “2> - %(hQ )~ 2/#, (4.262)

where in the last equality we assumed that in order for the Higgs field to play the role of the inflaton it
has to be far away from the EW scale. Then we can substitute the expression of x? back into the action to
obtain

2 2 4
5= [at \ﬁ{ 9 Ry (1) — 5 (Vh? <m> —V(h) MM " O((Vh)4)}
(1.263)
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It is possible to reformulate the action functional in terms of a canonically normalised scalar field
under the assumption that the Higgs field with its coupling satisfy the condition £h? > M3, at least
during the first stages of inflation. Then we obtain

A h 2+ aX .
SDZMP,/;?E&A sinh ™! (MP,/g;_ZA), iff €h? > M3 . (4.264)

Therefore the Lagrangian can be brought to its canonical form of

Z5 —%(W)Q ~ V), (4.265)

where the scalar potential reads

sinh? (SD €+ oz)\)
& A M Mp\ ¢
((’0>:Z§2+a)\ 262 2 ’
+ sinh? (SD & a/\>
£2 —al Mp\ ¢

Notice that at the limit of £2 > o\ we recover the potential eq. (4.250) derived in the case that the R? term
is absent, i.e. o = 0. Clearly this is not a surprising result, in fact it is expected that if the nonminimal
coupling dominates the R? effectively does not contribute. On the other hand, if £ < a), or simply
¢ < 1, the potential takes the form of eq. (4.175) for n = 2 and = = \/£p/Mp. This is once again expected
since in the limit of ¢ — 0 we obtain the simple quartic potential minimally coupled R + R? term. In that
case a larger amount of inflation is required as was noted in that section.

As we discussed earlier at the level of equations of motion the Levi-Civita condition is satisfied mean-
ing that the connection coefficients are the Christoffel symbols with respect to the metric g. Therefore, by
assuming a flat FRW background and spatially homogeneous field ¢(x,t) = ¢(t) the equations of motion
of the system read

(4.266)

_ 1 _
G+3HH+V'(0) =0, 3H? = §¢2 +V(p), (4.267)

where we set Mp = 1. Using the slow-roll approximation we can rewrite the system of equations as
3Ho+ V() =0, 3H2 = V(p). (4.268)

Then, we can directly apply the mechanism of single-field slow-roll inflation via the slow-roll parameters,

which in this case are given by [175]
coth? (ML;\ / %) csch? ( YT O"\Z§2)

(Mz%(f2 — a)) + 2¢2 csch? (ML; Mélrf?))Q 7

ev(p) = 8% (ar + &) (4.269)

where csch(z) = 1/sinh (z) is the hyperbolic cosecant and coth (z) is the hyperbolic cotangent. The second
slow-roll parameter reads [175]

4 (o) + €2) esch 5 aA+E?
m(p) = 2 (v *¢%) o % (4.270)
(252 cschQ(M% %) + M2(E2 - a)\))
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FIGURE 4.16: A plot of the v — ng region for various values of ¢ € [1072,1071], « = 10%, A = 10712 and Mp = 1.
The light and dark blue region denote the 20 and 1o allowed region from the Planck2018 collaboration, while the
red dashed line denotes the bound on r < 0.056; following the notation of previous figures.

X [M%(a)\ - &) (cosh (J\ZD a)\252> + 2) + 2¢2 (coth2 (ﬁ\/@) n 1)

Likewise, we obtain an expression for the scalar power spectrum given below

AE2 — ar)? , [€2 + ax /€2 + ax
As(p) = 768M1§77253(Cg2 +a)\)s sinh* <J\§P ga > tanh? (]\jp ga >><
x [Mjé(é” +arf)® + ar(€? — a))?sinh? (‘P [€+ aA)] , (4.271)
Mp 19

In fig. 4.16 we employ numerical methods in order to calculate the predictions concerning the infla-
tionary observables r and n,. Similarly to what was done in previous models, we obtain the field value
at the end of inflation via the condition €y (¢f) = 1 and for N in the conventional range of N € [50, 60]
e-foldings we derive the field value at the start of inflation, ¢;. Then, in the figure we plot the values
obtained for different values of the ¢ parameter and fixed values of o = 10% and A\ = 107'2. Predictions
close to values of ¢ ~ 1072 also break our initial condition that £h? > M2 and are not to be trusted
entirely [175], they reside anyway outside the 20 range of r. It is evident that values £ > 10~! can result
in successful inflation, with an ample amount of /N and observables in the 1o range.

It might prove useful to approach it also in a semi-analytic way, which is more conveniently presented
if we reintroduce the original scalar field h(t). For starters, the slow-roll parameters become

SME (M3 + &h?)

EV(h) = n2 (O[)\h4 T (M]% —|—§h2)2) 5

(4.272)
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24 MG, (M2 + Eh? 4MS SM4
nv(h) =5 f( e )22 - - L. (4.273)
h (aAh +(MP+§h)) h2(Mg + £h?) h
Next, we may solve for the number of e-folds N to obtain
n2 | p2
N ~—t (4.274)

8Mpl,, 8Mp

The field value at the start of inflation, used in the expression of the observables, can be approximately
expressed as h? ~ 8MZN. Therefore, the expressions of the spectral index and the tensor-to-scalar ratio
become

16 M} 8MS, 2 1 N>1 2 1 3
m= e e T R S TN T NOaseniZ) TN sazen T O
(4.275)
_ 128MPY(ME +€h?) ~ 16 < 1 +8ENME > N2l 28 +O(N™)
h? (aAh* + (M3 + Eh%)?) N \8aAN + (14 8ENME)? M3 (ol + 2)N? '
(4.276)

Depending on its magnitude, the parameter a can play a role in suppressing the values of r, however
it does not affect the ny; as noted by the numerical results. Likewise, the power spectrum of scalar
perturbations can be expressed as

ARS 2AMJN?  N>1 AN?Mp  AMEN

As = R & —
* T T68MpmA(ME + €h?) T 3w2(1+ 8ENM3) 12726 96722

+O(NTh. (4.277)

Since the power spectrum is independent from « (at all orders [176, 276]), it is possible to place the
same condition on the ratio of /¢ as we did before, meaning that A\/¢ ~ 10710 in order for A; ~ 107°.
The approximate formula derived for r then leads to a bound on o depending on &, for example if £ < 1
then o > 108, however if £ > 1 we are led to o < 10*? and ¢ 2> 10%. The discussion agrees with our
numerical results [175] and with results presented in similar studies in refs. [274, 276-278].

4.4 Extended interactions of gravity and matter

During inflation it is expected that quantum effects can play a significant role. In previous sections
we analysed certain ramifications of that statement, initially with the inclusion of the R? term and the
nonminimal coupling of the inflaton field to the Einstein-Hilbert term, and in section 4.3 by considering
the one-loop effective potential. In this section we are particularly interested in the type of coupling
between the inflaton field and the gravitational sector. Currently, as we discussed previously in this work,
our description of a quantum theory of gravity is lackluster at best and as such comments regarding
what it entails should be treated with suspicion. Following the line of thought presented in this work
it is interesting to consider the case in which the a parameter of the aR? term is also dependent on the
inflaton field, i.e. & — a(¢). This type of coupling, alongside the £¢? R, are expected to be generated by
quantum corrections of the ¢ field in a curved background, even if they are absent in the bare (tree-level)
Lagrangian,1 see for example ref. [105].

!There are other local terms that are generated in the process, schematically reading as RV,¢ V*¢ and R** ¢V, V., ¢ etc,
which can be grouped for example in the Einstein tensor Gy, = Ry, — 39, R, as G*'V ¢V, ¢. In ref. [275] it was studied
specifically this type of combination in the Palatini formalism with a special interest given towards inflation.
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Let us consider a fundamental scalar field ¢(z) that is nonminimally coupled to gravity in the way
described above, then a general action describing its interactions would be [196]

5= [atev=g { (14 £(6) 9" RuulD) + 2 R(T) — L (Vo) - V(¢>>} , (4.278)

where we fixed Mp = 1. Equivalently the action can be brought to its scalar representation via the
introduction of an auxiliary field x as follows

1
5= [atevma {5 (14 10+ a0 R- 5 (V02 - V() - Jalor] 4.279)
In a way similar to what was done in previous sections we can rescale the metric as

G (@) = (1+ f() + (d)X) g (), (4.280)

to obtain the action in the Einstein frame

_ 1 (Vo) (V(9) + 10(0)x)
S[e, T, ¢,x] /d%\ﬁ{ 7" R, (T) — ST )+ a0 } (4.281)

(1+ /() + a()x)”

In contrast to the metric formalism, terms involving derivatives of the ¢ and x field are not generated
through the Weyl rescaling of the metric and the action is schematically similar to the one of constant a.

Field equations & Equations of motion

The action (4.281) serves as the starting point in our analysis. In that case, variation of eq. (4.281) with
respect to the I'”,, leads to the standard Levi-Civita condition, following exactly what was presented in
previous sections and discussed in detail in ch. 3; that is

0S8 1_ _ _ _
sTP 0 = I = igpA (8ug>\y +0vGun — 8)\9uy) . (4.282)
1%

Next, variation with respect to the auxiliary field x leads to the constraint

s _AV(9) + (1 + £(9)) (V9)*

o YT 1) - ald) (V)

Substitution of the above equations back to the level of the action (4.281) leads to the final form of the
action functional reading

(4.283)

S[g. ¢ = / d'z /g { R - *Ko(cf)) (Vo) + ﬁf@(cﬁ) (Vo)' —U <¢>} : (4.284)

where the functions encoding the noncanonical nature of the kinetic terms Ky(¢) and K3(¢), alongside
the scalar potential in the Einstein frame, are defined as follows

1+ /(0)
(1+£(8)° +4a(6)V (9)]
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Ky(¢) = a(9) : (4.286)
[(1+ £(6))” + 4a(9)V (9)]
U(g) = Vi) : (4.287)

A+ £0) + 4a(0)V ()]

Notice that the action (4.281) is exact, meaning that all terms of V¢ are present at this stage.
It is then straightforward to show that variation of the action (4.284) with respect to the rescaled metric
g leads to the following generalised Einstein field equations [196]

R = 30T = (Kalo) — Ka(0) (70)") 0,600~ 5, ( 3Ka() (0)” — (Ka(o) (V0)' + U@ )
(4.288)

G

and variation with respect to the scalar field ¢(z) gives rise to a generalised Klein-Gordon equation of the
following form

(Ko(6) ~ Ka(6) (V0)") T6 — Ka(6) (0 (V6)°) 300+ 5K5(0) (V6)° — SK3(6) (V6)* ~ U'(9) =0,
(4.289)

where the d’” Alembertian operator is defined here as ¢ = ﬁ@u (vV—93"0,¢). The pair of these two
field equations govern, in essence, the dynamics of the model.

Since we are interested primarily in understanding the predictions concerning the inflationary ob-
servables we assume a spatially homogeneous scalar field ¢(z) = ¢(t) in a curved spacetime endowed
with a flat FRW metric ds? = —dt? + a%(t) 6;; dz® d2’. The equations of motion are then reduced to the
generalised Friedmann equation

.\ 2
3 (2) =3H" = %Kﬂ(¢)¢2 + ZK2(¢)¢54 +U(¢) =p, (4.290)

and the generalised Klein-Gordon equation becomes

(Kol6) + 8K2(6)8) &+ 8H (Ko(6) + Kal6)d?) b+ L Ky(6)6 + SK3(6)3 + U'(6) =0, (4290)

As far as slow-roll inflation is concerned it is safe to assume that the kinetic terms obey

sz(qﬁ) S %Ko(cb) ¢ < U(9), (4.292)

at least during the initial stages of inflation, with the possibility that the condition is violated towards the
end of inflation, in line with single-field slow-roll. Generally, corrections to the energy density due to the
higher-order kinetic term K3 (¢) ¢* are encoded in deviations of the effective sound speed from unity.! We
also assume that

6| < [3H|. (4.293)

'In the present section we check these deviations numerically for each set of the parameters considered below and have
found deviations smaller than 1072, meaning that A1 throughout inflation and we can safely neglect the higher-order kinetic
terms altogether.
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Therefore, at inflationary scales the action effectively reduces to

S = /d% V=7 {;R = %K(@ (Vg)? — U(qs)} , (4.294)
which after a redefinition of the scalar field
b=+ / dp /Ko(9), (4.295)
can be brought into its canonical form yielding
Z5 —% (Vo) - U(g(®)). (4.296)

The first-order slow-roll parameters containing the information of slow-roll inflation can be expressed
in terms of the original field ¢ as follows

(U@ 1 (U
v =5 (vw) = (v0)) 27
_UNe) 1 (U9) _1Kd(9) (U'(9)
=)~ o (00) e (o)) @29
and similarly the duration of inflation is given by
_ (Maa (U@ _ [ U(9)
v, a0 () = [ s (5) (4:299)

where, following the notation of previous sections, the field values at end and start of inflation are denoted
by @®; (or ¢;) and ®; (or ¢y), respectively. All of the above are related to observable quantities through
their usual approximate expressions.

Specifying the nonminimal couplings

The setup described up to this point has been purposefully quite general and involved the inflaton
potential V(¢) and the two nonminimal coupling functions f(¢) and «(¢) between the scalar field and
the R+ R? term. In general, since R is dimensionful it suggests that the function f(¢) is a monomial in ¢,
which, in the case that it also respects an internal Z; symmetry it can be generally expressed as

f(9) = €67, (4.300)

where the constant parameter ¢ is dimensionless. This was actually the type of coupling considered prior
to this discussion.

In the case of the inflaton potential we suppose that only the renormalisable self-interaction terms of
the inflaton would contribute and as such we assume that the potential is given by a quartic monomial in
¢, reading:

V(g) = % o*. (4.301)

As we discussed in the section 4.3, the potential can be possibly enhanced by radiative corrections and
obtain a logarithmic dependence on ¢ in the form of ¢*1n (¢?/u?), where p denotes the would-be renor-
malisation scale. At this point we can parallelise the potential with the Higgs potential far away from

111



4, QUADRATIC GRAVITY COUPLED TO MATTER

the EW scale and identify the A\ parameter with the Higgs self-coupling. In what follows, values of
the free parameters of the model are chosen such that they are phenomenologically consistent, at least
approximately.

The other parametric function a(¢) corresponds to a generalisation of the Starobinsky constant! (or the
mass term o« M% R?/M?(¢)) that includes a dimensionless dependence on the inflaton field ¢. Since the R?
term is invariant under a Weyl rescaling (in the Palatini formalism) a direct relation between these two
nonminimal couplings f(¢) and a(¢) cannot be assumed ad hoc.? If we were to assume a UV completion
of the theory the coupling a(¢) would obtain a logarithmic correction from its running which could be
represented here as

2
a(¢) = ag+ Boln (zQ) : (4.302)

where o and [y are constant dimensionless parameters. In the following analysis we accompany the
values of ag and Sy with a factor of at least o /5y Z O(10) to account for the perturbative nature of «(¢),
as well as maintain the overall positivity of the R? term. Since a(¢) depends on the field values ¢ we
expect the model to differ substantially compared to the usual Palatini-R? models analysed earlier, in
which the constant parameter a does not even affect the observables n, and A [175, 176], and it should
contribute drastically to the tensor-to-scalar ratio » and the total number of e-folds N since both depend
manifestly on a. Naturally, this depends on the magnitude of the value of o compared to the rest of
the model parameters, as demonstrated in what follows. Notice that at field values close to the would-
be renormalisation scale ¢ — ;1 the model is asymptotically scale-invariant resembling the undeformed
Starobinsky model, which is recovered with corrections d¢ around p given by < R + (ao + Bo(d9/ M)Q) R2.

Considering that specific form of the parametric functions they give rise to the following expressions
for the functions Ko(¢), K2(¢) and U(¢) appearing in the final action [196]

Ko(d) = 1+69° 4.303
o (14 ¢&9%)2 + %¢4 (a0 + BoIn(¢?/1i?)) | ( )
K () = a 7;50 In(¢?/1?) ’ (4.304)
(14€6%) + 26" (a0 + BoIn(6*/*))
é¢4
U(p) = 4! (4.305)

(146622 + 56 (o0 + B n(6*/4))

Instinctively, a logarithmic correction to the scalar self-coupling can be added and actually, following
the reasoning for the logarithmic form of a(¢), it should. For this particular model such corrections would
in principle affect the denominator of the above functions, however they can be absorbed in the definition
of ag and By schematically as A\(¢)a(¢) o< Moo + (Arag + XoB1) In(¢?/u?). As such, only the numerator
of the Einstein-frame scalar potential would obtain a contribution, which could further improve the infla-
tionary plateau even though it is subleading due to the smallness of the self-coupling A. Specifically for
inflation, the potential enters in the formulae of the slow-roll parameters in the form of U’/U, (U'/UY,
meaning that derivatives of the logarithmic corrections amount to inverse powers of the inflaton that are
subleading in the large field limit [196]. The perturbative nature of the term fByln (¢?/u%) ensures also

1See refs. [279, 280] for a similar discussion in the metric formalism.
However, in ref. [281] the contrary was assumed.
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F1GURE 4.17: Plot of the scalar potential U(¢) in terms of the original field ¢, as given in eq. (4.305). In the main
part of the figure the values of the free parameters are {& =10°, A = 1074, =20, ap = 10%, By = 10" }. In
the secondary figure presented in the bottom right corner, we showcase the asymptotic behaviour of the potential
in the large field limit for varying values of o, from By =~ 107 to By = 0. The local maximum of the potential is
not relevant to inflation, since, as we show later on, inflation occurs for field values way before the maximum. It
is also important to note that for values above the scale i, which is always assumed to be ~ ¢, the form of the
potential cannot be trusted.

that the plateau of the potential U(¢) would remain unaffected, violated only logarithmically at Planckian
scales ¢ 2~ O(1) as
A

A1€2 + 4\ (a0 + BoIn(¢?/p?))
In terms of the canonically normalised scalar field ® given by

Ule) ~ (4.306)

/ dIn(¢/n) _ fg g+6£ (a0 + 260 In(/p)) . (4:307)
\/§+ (a0 + 28 m(o/m) "

= [a0VE@) =

we obtain the following expression for the Einstein-frame potential

3 1
U(®) ~ mgﬁg <@2+_”) ; (4.308)

where the dots denote exponentially small corrections of O <e*()‘50/ 6¢)2°

Let us proceed directly to the calculation of the SRPs in terms of the parametric functions assumed in
the previous section. Without any additional assumptions the first and second SRPs are given as follows

1 (104602 %4)

ev(p) = , (4.309)
2¢2(1 +§(Z52) ((1 +§¢2)2 4 %¢4 (ao + ﬁO ln((ﬁQ/MQ) ))
_ (8.4 Mo ¢
v () = 3ev(9) <¢2 T EIT e T 3 (1+§¢2)2> (4.310)
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Then, in the slow-roll approximation the usual expressions for the inflationary observables lead to the
following formulae

Ulg) 1 F00(1 + €6°)

As = (4.311)

T 2rZy 1212 (400 + 07 - %%4)2
B 16 8 2M60 _ ¢”
ne =l <¢2 TRt 3 +5¢2>2> 412
4(1 + £6?) — Mo ga)®
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The integral of the number of e-folds NNV is exactly integrable after direct substitution of the kinetic function
Ko(¢) and the potential U(¢) in its integrand, leading to the expression
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where we made the definition of b = 12/(\fy) for the sake of brevity.
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Semi-analytic approach and numerical results

Before we move on with the predictions for the observables, let us entertain the possibility of £ = 0,
namely the original minimally coupled model.! The order of magnitude of A, requires a specific power-
play of \3y*¢? ~ O(10°) between the coupling constants, which in turn implies a very large value of
the 5y parameter. In what was considered the minimal case, implying £ =0 = /3y in this particular case,
it can successfully describe the inflationary era with appropriate inflationary observables, however it
requires unusually large number of e-foldings N ~ 75 e-folds, as was demonstrated in section 4.2 (also
see refs. [232, 282]). Thus, if Sy # 0 it is natural to expect large values of the parameter 5y (not unlike
the ones cited for o in the previous case [232, 274, 276, 282]), since the self-coupling is approximately
Amax ~ O(10~*) when the inflaton ¢ assumes values around the Planck scale. However, large values of the
parameter 3y can lead to inconsistencies primarily conserning possible violation of the subleading nature
of the kinetic terms, specifically their noncanonical functions K¢ (¢) and K»(¢). Pathologies of that nature

can be detected in the values of the effective sound speed ¢? = (Ko(d)) + Kg((]ﬁ)cbz) / (Ko(d)) + 3K2(<Z>)<;52) ,

namely in possible deviations from unity, which are especially alarming at field values close to the start
of inflation. Additionally it can assume negative values hinting at instabilities or unphysical states.
A simple calculation via power counting shows that values of the parameters [196]

$;i~20 and  AGy/E ~ O(107Y) (4.315)

can indeed satisfy the observable quantities. The specific values presented above are of no particular
interest, even though they can possibly reflect the high-energy phenomenology of the model and they are
chosen primarily in order to satisfy the observation bounds. Although the value of og is accompanied
by a factor of ag/By x O(10) based on perturbativity grounds, as shown later its specific value does not
affect the predictions of the observables, which is in line with previous results of the Palatini-R? models.

10f course the field ¢ is still coupled (nonminimally) with the R? term through the coupling a(¢), so labeling it the “minimal
coupling” is used just in comparison with previously considered minimal models.
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4.4. Extended interactions of gravity and matter

T Ng
13 A N =50 N=60 N=50 N=60

105 107* 8x107Y 55x107Y 0.9600 0.9667
103 1079 8x107% 5.5x107% 0.9600 0.9667
103 107 8x 1077 55x 1077 0.9600 0.9667
102 1077 8x107% 5.5x107% 0.9600 0.9667

TasBLE 4.1: Table including results of the numerical study of the exact expressions regarding inflationary observables.
Assumed constant values of ag = 10, fo = 1 and p = 20Mp ~ ¢, that, together with & and A\, we are
able to reproduce the appropriate value of the scalar amplitude Ay within a field excursion A¢p = ¢; — ¢5 of
¢f ~ 10~ Mp and ¢, ~ 20Mp.

The expression of the spectral index ns in eq. (4.312) shows that the field values ¢; are dominating at
first order with contributions of ¢; ? and ensuing corrections of  (A\3/¢) ¢; *, meaning that due to the
smallness of the couplings we can approximately chose ¢; ~ 20 in order to satisfy the 1o bound on n.
Finally, the predictions are collectively presented below

1074
ns ~ 0.960, As ~35x1077, TR T (4.316)

where the factor of A, is not important at this point and can in principle be absorbed in the values of the
parameters. The amount of inflation is encoded in N which is approximately given by
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It is straightforward to show that assuming a conservative value of N ~ 50 e-folds the field value at the
end of inflation is ¢ ~ O(,/8/¢).

In order to obtain the complete behaviour of the model concerning the inflationary period it is useful
to employ numerical methods similar to the ones used in previous sections. In doing so we are able
to produce the following table (table 4.1) including some characteristic values of the parameter space
and the predictions regarding the inflationary observables. All of the entries are generated through
numerical solution of the exact formulae in combination with the known conditions for inflation, for
example ey (¢f) = 1 being the condition for inflation to end. It is important to note that the parameters in
table 4.1 also lead to the desired value of the power spectrum A, even if it is not presented.

As expected from eq. (4.312) different values of {{, A\, o, Bo} presented in table 4.1 lead to absolutely
identical values of ns [196]. This is a known feature of the Palatini-R? models (e.g. see refs. [175, 232,
275]) accompanied also by highly suppressed values of the tensor-to-scalar ratio », which is effectively
undetectable. In fig. 4.18 the values of r are presented in terms of varying values of A and £ in a more
comprehensive manner.

In previously considered models where 3y = 0 larger values of ag are assumed, namely oy ~ 10%, in
order to satisfy the observational bounds. Similar values of oy were also reported in ref. [283] capable of
retaining the canonically normalised field ® at sub-Planckian values during inflation. Therefore, in order
to make contact with previous results we assume larger values of 3y leading to larger values of oy due to
our condition ag/By ~ O(10). Then, from eqs. (4.311)-(4.313) it is immediately noticeable that large values
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FIGURE 4.18: Plot of A = f(&) and the associated values of r corresponding to the color grading displayed in the
bar of the figure. These values are calculated at exactly N = 50 e-folds and As ~ 2.1 x 107 is maintained
throughout the displayed curve. In fact the figure is part of a larger contour plot, but only a small part of it leads
to the appropriate value of the scalar power spectrum As.

r Ng

ap Bo N =50 N=60 N=50 N =60
(10~10*) (1~10%) 8x107? 55x1077 0.9600 0.9667
10° 10* 77 %1077 53x1077 0.9600 0.9666
108 107 57x 1072 3.7x1072 0.9530 0.9596

TaBLE 4.2: Similar to table 4.1 we present the numerical study of the exact expressions of the inflationary observables
under the assumption of € = 105, A\ = 1074 and pp = 20 Mp ~ ¢.. Together with the values of o and Sy
displayed in the table they are able to correctly reproduce the appropriate value of the scalar amplitude Ag. The
field excursion A¢ associated with the values in the table is approximated by ¢ ~ 10~2Mp and ¢; < 20Mp.

of By can impact negatively the prediction of the observables. In table 4.2, following the same numerical
algorithm employed in table 4.1, we present the predictions of the inflationary observables in the limit of
large Sy values.

In fig. 4.19 larger values of the total coupling o(¢) leads to larger values of the tensor-to-scalar ratio
r and surprisingly some of the predicted values for large oy and [y reside in the projected accuracy
of future experiments r ~ 10~* [184-186], meaning that they can possibly be differentiated. The two
distinct curves that can reproduce the desired value of A, are attributed to the power interplay between
the parameters S\ and £2. Depending on their values one of the terms in the expression of the tensor-to-
scalar ratio r (4.313), can dominate over the other, which in turn leads to large(r) values of r [196], contrary
to fig. 4.18.

As seen from the entries in table 4.2 large values of ) tend to decrease the predicted values of n,,
discernible also from its formula (4.312). It seems that values of fy < 107° suggest that the value of
the spectral index n;, is determined primarily through the field value ¢;. This behaviour is examined in
tig. 4.20, in which we plot the r-n, for varying values of the parameter 3, and a representative value of ag
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FIGURE 4.19: Plot of A = f(&) in terms of their predicted value of the tensor-to-scalar ratio r following the colour
grading of the legend in the figure. Similarly to the previous figure, fig. 4.18, the values are presented at the point
of N = 50 e-folds and A ~ 2.1 x 1079 is maintained throughout the curve(s).

since it affects only the values of r which are already tiny.

As we alluded to earlier large values of 8, can destabilise the inflaton field out of its slow-roll inflation
trajectory. In fig. 4.21 we present a numerical study of the phase-space flow of numerical solutions of the
equation of motion eq. (4.291). For a plethora of initial conditions the trajectories & — ¢ of the inflaton field
fall into the slow-roll trajectory concluding at the potential minimum and oscillate around it [196]. Then,
the attractive behaviour of the potential is retained even at large values of ;. Note that only fine-tuned
trajectories end up directly to the oscillatory phase without any prior amount of inflation. It should be
mentioned that smaller values of 3y, as considered earlier in table 4.1, do not spoil the attractor behaviour
of the model and also reproduce the results of refs. [232, 278]. The same is true in the case of K3(¢) = 0,
in which the higher-order kinetic term o ¢* is completely disregarded.

Reheating

In this section we examine if the proposed model is consistent with a period of reheating ensuing the
inflationary era. As discussed in section 2.4 of chapter 2 following the results of refs. [65-70] the quantities
parametrising reheating, such as its number of e-foldings N and the equation of state parameter wg, in
terms of parameters of inflation. This is done without discussing a particular reheating mechanism and
in principle can restrict the allowed parameter space of an inflationary model or at least demonstrate if
the model is consistent with a reheating era.

Without loss of generality we assume that the transition between the different eras, for example from
inflation to reheating, is abrupt, in other words there is an instantaneous transition from w = —1/3 at the
end of inflation to w — wg at the start of reheating and so on. Additionally, we consider values of wr
constant for the entirety of the reheating era. Therefore, following section 2.4 one can derive expressions
of the reheating temperature Tk and the e-foldings N in terms of inflationary parameters of a canonically
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F1GURE 4.20: The predictions of the inflationary observables r and ng. Following the notation of previous figure,
the dotted and solid grid lines denote the 1o and 20 allowed range of ns. The parameter values assumed in the
numerical analysis are ag = 108, & = 2 x 10°, A = 10~ and varying values of By € [10°,107], as presented
in the colour grading in the bar of the figure. The system is solved in the usual range of N € [50,60] values of
which increase along the arrow displayed in the figure.
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FIGURE 4.21: Plot of the phase-space trajectories ¢-¢ illustrating the attractor point of the potential for a particular
part of the parameter space {ag = 10%, By = 107, £ = 2 x 10°, A = 10~*}. The bolder line corresponds to the
slow-roll trajectory resulting to the minimum of the potential at the center of the figure.
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4.4. Extended interactions of gravity and matter

normalised inflaton ¢ with its potential U(®) as follows:

T 4 1/3
Th= (1290 ((A3) " g N e : (4.318)
k 11gr

4 }/4 A5\ /4 711\ /3 112
Ng=———<{ N+ Ng+1 1 1 — — 4.31
R 30 qwn | TR P (w?) (3) R ] | 41

with the identification of Uy = U(®¢) and gr denoting the relativistic degrees of freedom at the point of
reheating.

As discussed it is possible to directly solve for the number of e-foldings N in case of instantaneous
reheating wr = 1/3 leading to the following constraint of the number of e-folding N during inflation

1/4

f
N =61.6—-1 . 4.320
61.6 — In 77 ( )

*

Specifically for the model at hand a direct substitution of the parameters oy = 10, By = 1, A = 1074,
€ =10° and u ~ 20Mp leads to the maximum allowed value of N [196]
Ninst ~ 52 e-folds, (4.321)

max

such that the model is consistent with the case of instantaneous reheating. The prediction is relatively
robust to variations of the free parameters, tending to NV ~ 51 e-folds at very large values of the parameters
Q) and Bo.

Different values of wr with wr # 1/3 lead to a varying reheating temperature best described by the
following formula

30 A —3(14wg)N —3(1+wg)N
TR = Pf 5 e 4 RITR = TR,maXe 4 RJSVR s (4322)
T™9R

manifestly dependent on value of the state parameter wg and the number of e-foldings Ng. Then, we are
able to present the values of TR in terms of the amount of inflation IV for different values of the parameter
wgr, as shown in fig. 4.22. All the values of wg are consistent with reheating leading to a characteristic
value of the temperature T, always in terms of IV [196]. All the curves converge, as expected, to the point
of instantaneous reheating (wr = 1/3) at a temperature of Tg ~ 10*° GeV.

Prospects of different coupling functions

It is worth mentioning some other forms of the coupling a(¢). A general feature of the Palatini-R?
models is that it provides the Einstein-frame rescaled inflaton potential a flat-enough region in the large
field limit. For a general function a(¢) this still holds, meaning that in the case of quartic potential V' (¢)
with a nonminimal coupling £¢? R we obtain

p—00 A 1

41 A 28 1 ’
where we assumed for ease of notation that AMp = 1. Therefore, it is possible to obtain a plateau for any
function a(¢) that is well-behaved at large field values or at least within the field excursion required for
inflation. Notice that in a previous section the parametric function had the form «(¢) o const. + In (¢/p)

U(p) (4.323)
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FIGURE 4.22: A plot of the reheating temperature Tg in terms of the number of e-foldings assumed during the
inflationary era, N. The coloured area represent the amount of e-foldings usually assumed in order to address
the issues of early universe cosmology. The blue, dashing-orange, dotted green and black lines represent different
values of wr € {—1/3,0,2/3, 1} respectively.

which “blows up” at large field values, however the field space in that theory is truncated, namely field
values of the potential with ¢ > p are not to considered valid.
A similar behaviour is obtained if one assumes a string-inspired parametric function reading

a(g) = age® @/ (4.324)

where o and fy are constant free parameters and . is once again some mass scale. Depending on the
value of fy the scalar potential U(y) behaves at large field values as

0, ﬁo >0
U@ pooo 2§ A (4.325)
2452 ) /80 <0

In the case of positive 8y > 0, the predicted values of the inflationary observables do not change much
compared to what was discussed earlier, for example for a specific set of the parameters 3y = A\ =
ap = 107 and ¢ ~ 2 - 10%, at N =55 e-foldings we obtain the following expressions for the inflationary
observables

ns(N =55) ~0.9637, &  r(N=55)~34x107°. (4.326)

Note that the parameters are capable of reproducing the appropriate value for the power spectrum of
scalar perturbations As ~ 1077.

If the condition of instant reheating is to be satisfied the maximum number of e-folds allowed during
inflation is given by N ~ 52 e-folds for { ~ 1.9 - 10*and g = By = A =107°. In tig. 4.23 we present also
case studies of the reheating temperature 7 in terms of N for varying values of the state parameter wg.
Similarly to the previous figure, fig. 4.22, the curves converge to the point of instantaneous reheating at
N =~ 52 e-foldings with a temperature of T ~ 101 GeV.
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FIGURE 4.23: Plot of the reheating temperature as a function of the e-foldings N. The lines converge at the point
of instant reheating at N ~ 52 e-folds. The colour coding of the curves follows the one presented in previous
figures.

Let us consider the following dimensionless function of the a(¢)R? term, given by

a(¢) = ag tanh <jjz> , (4.327)

motivated primarily from mathematical amusement, however it is capable of reproducing some intuitive
results. In the far UV region we obtain

(f) S = a(d) > a, (4.328)

meaning that the Starobinsky model is recovered alongside an asymptotic scale invariance. On the other
hand at the small field limit we obtain

2
(fj) S0 = ald)var + 0, (4:329)
which dynamically turns off the contribution of the R? term as the inflaton field approaches the minimum
of the potential at ¢ — 0, and after doing so its condensate starts to dissipate.

The scalar potential U(y) in the Einstein frame obtains the desired plateau at large field values

lim U() A

= 4.
$r00 4o + 24€2 (4.330)

Let us include also a note on the numerical results obtained following the same procedure as in previous
sections. Results show that the free parameters are once again close to irrelevant as far as values of ns go.

For example, if ag = 1, £ = 10?2, A = 10~7 we obtain, at N = 55 e-foldings,

ng(N = 55) ~ 0.9637, r(N =55) ~1077, (4.331)
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FIGURE 4.24: Plot of the reheating temperature in terms of the e-foldings N. The lines converge at the point of
instant reheating at N ~ 54 e-folds. The colour coding of the curves follows the one presented in previous

figures.

where the tensor-to-scalar ratio chiefly depends on values of {. An important feature of the model is that
relatively small values of the parameter space are able to generate the desired values for the inflationary
observables. More importantly, the tensor-to-scalar ratio r can assume large-enough values close to r ~
10~* with the possibility of detection by future missions.

The model is also consistent with a reheating phase succeeding inflation. For example for the particular
values of the free parameters £ = 1.8 x 102, A ~ 1077 and a¢ = 10, under the assumption of instant
reheating an upper bound of N ~ 54 e-folds is obtained. Then in fig. 4.24 the relation of the reheating
temperature T with N is plotted for varying values of the state parameter wr. As expected, the curves

converge at the point of instantaneous reheating with a higher than usual reheating temperature of Tg <
10'9 GeV.

4.5 Constant-roll application

The previous sections were devoted to understanding the inflationary models under the assumption of
the slow-roll approximation, however we met in sec. 2.3 a different type of approximation that is capable
of describing inflation, namely the constant-roll approximation. In the present section we are interested
in examining the Palatini-R? models under the assumption of constant-roll.

Preliminary considerations

Before we delve into more details of the approximation it is useful to cast the previous Palatini-R?
models under a different light. We showed that if one considers as a starting point an action functional of
the form

5= [atev=g {00+ 0 Rulr) + § (0 B0 - (V07 - V(o) } 4332)
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4.5. Constant-roll application

it can be equivalently represented in terms of a rescaled metric g in the Einstein frame where the scalar
field ¢ obtains a noncanonical kinetic factor as well as a higher-order kinetic term oc (V¢)*. All of the
above can be grouped schematically in the following way (Mp = 1 henceforth)

1
S = / d*z /3 <2gW R (T) + Z(9, X)> , (4.333)
expressed in terms of an effective Lagrangian
Z(6,X) = A(9)X + B(9)X* ~U(#), (4334)

where we defined X = 1(V¢)? and the model functions

_ 2 Vig) \
A(g) = — <1 + & +4a(1 +£¢2)> , (4.335)
B(¢) = o ((1+€&0%)2 +4aV(e)) ' = —(flfé@) : (4.336)
_ V(9) A V(9)
VO = i eme rdavp) = 1+é0 (4.337)

Note that the Lagrangian belongs to a generalised class of the so-called k-inflation models and, as previ-
ously stated, in their original formulation the models assumed a vanishing potential, however, since then
generalisations of them were proposed that included a scalar potential, similar to the model at hand.
The energy-momentum tensor governing the dynamics of the source field ¢ is given by
2 68 02 = = _
V= T g = 3% (Vo) (Vi) +9,, & (4.338)

or, expressed in terms of the model functions

Ty = — (A($) +2B(9)X) (Vo) (Vud) + Gy (A(@)X + B(¢) X = U(9)) - (4.339)

Therefore, assuming that the inflaton field is spatially homogeneous, dependent only on time, the energy
density p = Tpo and the pressure T;; = pg;; = £ g;; are obtained as

Ty

p=A(P)X +3B(¢)X*+U(¢), (4.340)
p=A(¢)X + B(¢)X*> - U(9). (4.341)

In order to describe inflation we assume a flat FRW metric g that gives rise to the following equations of
motion

3H?=p, (4.342)
p+3H(p+p) =0, (4.343)

which can be combined into ‘
2H +3H? = —p. (4.344)

Likewise, the equation of motion for the scalar field, obtained by variation of the action 6,S = 0, is given

by . .
O(A(¢) + 6B(4)X) + 3HG(A(¢) + 2B(¢)X) — A'(¢)X —3B'(¢)X* = U'(¢) . (4.345)

Note that in our conventions the kinetic term X = —(1/2)¢? is negative.
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Digression on energy conditions

The state parameter w = p/p during inflation must satisfy

w=P< 1 (4.346)
p 3
leading to the following inequality
3B(¢) X% +2A(0)X —U(¢) <0 —> (4.347)
—A(¢) BaX? —2(1+£6°)X —V(¢) <0 —
WG 1+ < V(9), (4.348)

which in the slow-roll regime is trivially satisfied for any potential bounded from below V'(¢) > 0 (at least
locally). Notice that in order to obtain the last inequality we assumed that A(¢) < 0 which is exactly the
condition such that AX is a ghost-free term and is trivially satisfied Vo > 0. As expected, eq. (4.348) is also
obtained if we start from the equivalent condition that e < 1.

Since the formulation of Einstein’s field equations G/, <T},, the fact that 7}, is not a universal function
similar to G, but is instead dependent on the type of matter and its interaction, has led the scientific
community to come up with general rules, known as the “energy conditions” (of GR) [284], that express in
a mathematical way the notion of locally positive energy densities. The conditions seem to be violated one
after the other by quantum effects and some of them are even abandoned altogether [213]. Those that are
still relevant in the literature are the null, weak, dominant and the strong conditions, with the null energy
condition being the weakest of them and as such it is expected that any reasonable theory should satisfy
that one at least. In what follows we discuss possible implications arising from the energy conditions in
terms of the stress-energy tensor provided in eq. (4.339).

So the null energy condition (NEC) is the statement that for any future-pointing null vector k it should
hold that 7},,k,k, > 0, which leads to

p+p>0. (4.349)

Therefore in terms of the energy density and pressure derived earlier in eq. (4.340) and eq. (4.341) respec-
tively, it becomes _
2X(A(¢) +2B(¢)X) >0 = 1+E¢*+ad? >0, (4.350)

satisfied for £ > 0 and « > 0, as per standard wisdom. In fact, at the slow-roll regime it tends to 1+£¢? > 0
which is simply the condition that gravity remains attractive for all ¢.

The weak energy condition (WEC) states that for every timelike vector ¥ the matter density has to be
nonnegative, meaning that 7,,,Y*Y" > 0. The condition then has an overlap with the NEC since it
demands that p > 0 as well as p + p > 0. Assuming that the latter is covered by the NEC let us focus on
the first part amounting to

A(P)X +3B(@)X2+U(¢) >0 — %dﬂ + zagis“ +V >0, (4.351)

which is similar to the condition for inflation (4.348) and as such is trivially satisfied.

The dominant energy condition (DEC) says that additionally to the WEC for every future-pointing null
or timelike vector W the vector field T%,W" should also be future-pointing and causal. For a perfect
fluid the condition simply reads p > |p|; in the case that p < 0, which also makes sense for inflation (see
eq. (4.348)) the condition collapses to the NEC. So for p > 0 we obtain

B(@)X?+U(6) 20 = '+ V(6) >0, (4.352)
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which is also satisfied for any a > 0 and especially at the slow-roll limit for any potential V' (¢) > 0 V¢.
The DEC then encapsulates the condition that the original metric g is rescaled into g by a positive factor.
Let us remind the reader that the Weyl rescaling is done through

' V 2\2
G = (14 £6% + axP) g = <4a 1(?;2(1225 ) ) o

(4.353)

where the last equality is obtained by substituting the on-shell relation of the auxiliary field x? in terms
of ¢. Assuming that the overall factor is positive, it leads to the condition best summarised by DEC.

The strong energy condition (SEC) demands that for any timelike vector Y the trace of the tidal tensor
measured by observers is always nonnegative, meaning (7),, — %Tgw,)Y“Y” > 0, where T'=T*,, leading
to the following conditions in the case of a perfect fluid

p+p>0, p+3p>0. (4.354)

The first part is simply the NEC while the second part directly violates our assumption for inflation
(4.348). Nevertheless, it leads to the following inequality

2A(0)X +3BO)X? ~U(6) 20 = §(1+60%) + Jad" ~V(9) 20, (4.355)

which is violated in the slow-roll regime.

We avoided discussing the energy conditions of GR up to this point, however the addition of higher-
order terms lead to nontrivial contributions to the energies densities, especially close to and after the end
of inflation. Notice that some parts if not all of the energy conditions can also be derived from different
considerations, such as the no-ghost condition A(¢) < 0 and others, as stated above.

Parameters & observables

With the ¢ field being the sole scalar degree of freedom capable of driving inflation we assume that it
satisfies the constant-roll condition

é=pBHo, (4.356)

where [ is some undetermined constant dimensionless parameter. As we discussed in sec. 2.3 the condi-
tion approaches the slow-roll approximation in the limit of 3 < 1 in which ¢ ~ 0. Let us introduce the
following slow-roll parameters encoding inflation [285]

H ¢ I E

61:—ﬁ7 62:—H7d-)7 63:72HF’ 64:72HE7 (4.357)
in terms of the quantities /' and E defined by
0« F 0Z , 02.F
F_ﬁ’ E__ﬁ <X8X+2X 8X2>' (4.358)

In order for the SRPs ¢; to make sense we shall also assume that (1/2)¢*> < U(¢) at least at the very
initial stages of inflation. The magnitude of the SRPs is checked numerically later on for each particular
part of the parameter space that is able to provide us with a successful inflation. Under the constant-roll
condition (4.356) the second SRP becomes e; = — 3 and since we are in the Einstein frame with F' =1/ we
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obtain €3 = 0. Nevertheless, we can express the inflationary observables n, and r in terms of the SRPs ¢;
as follows [285]
€1 — €9 —
ne=1_g-d- @@t (4.359)
1—¢
r=4lel|cs, (4.360)

where ¢, represents the effective sound speed of propagation of primordial perturbations given by

P Lx _ A(9) - B(9)¢* _ 146 +ag’ (4.361)
*T DX +2XZxx A(9)-3B(9)  1+£0°+3ag? '

Notice that in the present case the sound speed is bounded by 0 < ¢s2 < 1 as it should. Then, the
corresponding power spectrum of scalar perturbations is

e 1 (AG)X +3B(6)X? U(g))”
PT 8n2a(g)  T2r2 (A(9)X +2B(¢)X?)

(4.362)

Evaluated at the horizon crossing ¢ = ¢; has to yield the observed value of A, ~ 1079,

One of the advantages of the constant-roll approximation is that the generalised Klein-Gordon equa-
tion of motion for the inflaton can be solved analytically, which is not the case in general for such com-
plicated systems, as was demonstrated in previous sections in which we studied the same models in the
slow-roll regime. Supposing then that such a solution exists we substitute the constant-roll condition
(4.356) into the equation of motion (4.345) yielding [286]

GH [(B+3)A(¢) +6(8+1)B(¢)X] — A'(¢) X —3B'(¢) X> =U'(9) . (4.363)

Next we can solve the above equation for the Hubble parameter H to obtain the expression

. . 2
_|U ¢? ¢? _Ju A ., 1(3B A2\ .,
- (()()) T(-Aae (2o 2)a).

where the approximate formula is derived by expanding around powers of ¢?/U(¢) and keeping terms

up to O <(¢2 J2U )2) Substitution of the last expression back into the initial equation leads to a cubic

polynomial in terms of ¢ reading

U A? 3 1o, \/ﬁ y r_
\/;(3B(ﬁ+1)+4U(ﬁ+3)>¢ —§A¢ —A g(6+3)¢>+U =0, (4.365)

where terms (9(454) are neglected. In principle even if these terms are present the resulting quartic equa-
tion is solvable, however due to the assumed tiny values of ¢ leading to insignificant effects the added
complications are not justified. It is known that a cubic equation can be rewritten as the depressed cubic
in the form of

A
B v+ =0, with xzqﬁ—a, (4.366)
where the coefficients are defined as [286]
U A?
T=0g <BB(6 +1)+ @(ﬁ + 3)> , (4.367)
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4.5. Constant-roll application

1 U (4?2
_ = Ay = 4.368
n=—(B+9AY 3 + 5| (4:368)
1], AU (A)3
= — - A —\ = — 4.369
Vo U (B+3) o \'3 10872 ( )
Then a real solution to the depressed cubic equation reads
(=9v0 + v3vAn 2 + 27%)/° (2)"2 0,

- 91/332/3 - 1/3° (4.370)

3 (—9v0 + V3V4 2 + 27142)

at which point we say that we have a solution of ¢ in terms of ¢. Therefore, all of the expressions of the
SRPs and subsequently the ones for the observables can be rephrased purely in terms of the inflaton field
¢, which is also the case for the number of e-folds defined as

- éf @ B L oy @ '
. /¢ RN VA@)X +3B(¢)X* +U(9). 4.371)

Higgs field

Under the assumption that the inflaton field ¢ is a fundamental scalar that interacts with the rest of
the matter fields, interactions which may prove important at the stage of reheating, the self-interacting
potential V(¢) can be restricted to a renormalisable form of V(¢) = m?¢?/2 + A¢*/4, which in the large
field limit is best approximated by a quartic monomial

V(g) =5 ¢, (4.372)

even though in principle the higher-order terms cannot be ruled out completely. A quartic potential is
appealing in particular since it can be identified with the Higgs potential far away from the EW scale,
namely V(H) = A (|H|> — v?/2)? for |H| > v, driven also by a nonminimal coupling to the Einstein-
Hilbert term in the form of {|H|?>. As noted ealier in the thesis, the subject of Higgs inflation is studied
extensively especially in the metric formalism with limited studies spent on the Higgs-R? models due
to their complexity (2-dimensional field space; see however refs. [189, 287, 288]). It is then interesting
to compare results obtained in the slow-roll regime from our previous studies of the Palatini-R? Higgs
models with ones in the constant-roll approximation.

Minimally coupled Higgs field

Let us consider first a simpler model in which the Higgs field is coupled minimally to gravity, corre-
sponding to £ = 0. Then, the model functions become

A=—(1+4aV) 1, B = —aA, U=-VA (4.373)
and their derivatives with respect to the inflaton read
A = 4a A%V, B' = —402 A%V, U'=-V'A?, (4.374)
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where the initial Jordan-frame potential is the quartic potential. By substituting the above relations we
can simplify the expressions of the SRPs [286]

AX +2BX? 5 2 + ag?

- =3- : 4.375
4T AX +3BX21U ¢ + 3agt + 2V’ 47
e =—p, (4.376)
€3 =0, (4.377)
. V3 HA' +6B'X)+128BHX 3af¢? 23« V' (4378)
4 = —— - — - - . .
2 (A+6BX)VAX +3BX2+U 1+3a¢2  V1+4aV \/%¢2+%ad>4+‘/
Therefore the power spectrum A; is given by
2 132 3 4 2
1 (AX +3BX%+U) 1 (§¢ +3a9" + V) 379)

A= e X(A+2BX) 36m 2 (1 N aqp) (1+4aV)

and a similar albeit more involved expression can be reached for the tensor-to-scalar ratio r and the
spectral index 7.

In what follows we study the system numerically by first substituting the real solution of ¢(¢) into
the expressions of the SRPs. Then, by demanding that inflation ends at some point defined by €;(¢f) = 1
we obtain the field value ¢ at the end of inflation. Allowing for a conservative range of e-folds between
N € [50,60] e-folds we are able to obtain the value at horizon crossing ¢;. In table 4.3 we present our
findings for specific values of o = 107 and A = 107!3, while varying small values of 3.

B ns (N =55)

0.019 0.9761
0.020 0.9721
0.021 0.9681
0.022 0.9641
0.023 0.9601
0.024 0.9561

TABLE 4.3: Values of the spectral tilt ns for « = 107, A = 1013 and varying values of B. Note that as 3 increases the
spectral tilt ns decreases rapidly, while the tensor-to-scalar ratio r is largely unaffected, being ry—s5 ~ 5 x 1072,

The values of a = 107 and A = 10712 are directly linked to the power spectrum and as such they are
chosen so that the correct value A; ~ 2.1 x 10~ is reproduced. Interestingly, if we allow for various values
of a and keep the other parameters 5 and A constant we obtain the following table 4.4 using the same
procedure as with table 4.3.
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a ns (N =55) r (N =55)

5 x 100 0.9589 9.7x 1073
7 x 108 0.9639 7.4 % 1073
9 x 108 0.9670 5.9 x 1073

107 0.9681 5x 1073
2 x 107 0.9739 3x 1073
3 x 107 0.9763 2.1x 1073

TABLE 4.4: Values of the spectral tilt ng and the tensor-to-scalar ratio r for 8 = 0.021, A\ = 10713 and varying
values of a € {5,30} x 10°.

Then it is noticeable that increasing values of « lead to an increase of ns as well as a decrease in 7.
It was demonstrated earlier that in the slow-roll approximation, namely the limit of 3 — 0, the spectral
index is manifestly independent of o, however in the present case of the constant-roll the parameter o
and therefore the R? term plays an important role in determining the value of n, even if 3 takes up small
values [286]. On the other hand, the dependence of r on the parameter « is already known, however,
the actual values of r are, in this case, possibly detectable by future missions contrary to the case of the
slow-roll regime, in which they are effectively undetectable, r < 10719 [175, 232].

The predictions for the inflationary observables are within the 1o of the allowed region of observations.
Nevertheless, we noticed in a previous section that the minimal Higgs model in the Palatini-R? requires
an unusually large amount of inflation of N ~ 75 e-folds [232] when considered in the slow-roll regime.
However, in the present case we notice that a conservative amount of N ~ 55 e-folds suffices [286] in order
to obtain the desired values of ns and r.

The hierarchy of the kinetic terms AX/BX? ~ 1 at N = 60 e-folds for a = 107, A = 107'% and
B = 2.1 x 1072 suggests that the higher-order kinetic term can have a considerable contribution to the
inflaton field dynamics in the constant-roll regime. Therefore, it is important to ensure that the SRPs
remain small, ¢; < 1, for the duration of inflation so that the assumed approximations remain valid. For
example, assuming the same values for the parameters we obtain ¢; &~ 1073, |e4| ~ 1072 and obviously
2| =~ 1072, Tt should be noted that it was also checked numerically that the solution of ¢(¢) does indeed
satisfy the equation of motion, where small deviations were found at field values well after the end of
inflation, ¢ < ¢y, which is to be expected since violations of the approximation tend to appear at field
values approaching ¢;.

Inflation takes place in the large field domain with the exact scale of inflation determined in terms of
the canonically normalised scalar field ® defined through

- % (Vo) = %A(@ (Vo) + %B(d») (Vo) , (4.380)

which in this particular case of the minimally coupled Higgs it becomes

<(£>2 = —A(9) (1+54) = Hiw (1+54) (4.381)

Then we can substitute the solution of ¢(¢) into the above formula and expand the overall expression for
large field values b~ g+ /®, where the constants ¥;(«, A, ) are depending solely on the values of the
model parameters [286]. This remains consistent with our results that the inflaton field ¢ resides in the
transPlanckian region throughout inflation. Finally, the relation of the two fields can be approximated in
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[1+9292)\ 1 N, 1
O~ CT 2% 1 >Yo U1 —, (4.382)
oA o \avan/1+902) ¢

where C is an integration constant. Independently of C the exact excursion of the field ® can be calculated
directly from the formula above, yielding A® = &y — ®; = 14 Mp if we assume that o = 107, A =10"13
and # = 0.021. Note that it was verified once again that the equation of motion expressed in terms of
the normalised field ® is satisfied, where similar deviations were found in the region of ® < ®, [286].
Therefore, under the assumption of constant-roll we are able to approximately rewrite the higher-order
and noncanonical kinetic terms in terms of a canonically normalised field ® with a complicated self-
interacting potential U (®).

the large field limit by

0.04
N=50 ! '
0.03f Ngecosefeesesesasennnns 3
0.022 @eeedecccce eeessss e .
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FIGURE 4.25: A plot of the r-ns plane for o = 107, A = 10713, ¢ = 1075 and varying values of 8 € {0.018,0.022}.
The dashed and solid lines represent the 1o and 20 allowed range of the ns, respectively. All of the values of
the tensor-to-scalar ratio r are within the allowed region of observations r < 0.06. Once again, as |3| increases,
the spectral tilt ny decreases, while the effect on the tensor-to-scalar ratio r is minimal, rn—=s50 = 0.03 and
TN=60 = 0.02.

Nonminimally coupled Higgs field

Let us now assume a nonminimal coupling between the inflaton and gravity in the form of {¢*R,
which is known that in the slow-roll framework the interplay of this coupling and the R? term yields
appropriate values of the inflationary observables.

It is then straightforward to follow the same procedure with the assumption that £ # 0. In fig. 4.25 we
present the results coming from that exact numerical analysis, meaning that the field excursion is obtained
by the condition that inflation ends at €;(¢¢) = 1 and lasts some amount NV € [50,60] e-folds. The figure
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is obtained for characteristic values of the parameters, « = 107, A = 10713, ¢ = 107¢ and varying values
of B € {0.018,0.022}. It is immediately noticeable that larger values of 3 tend to decrease the values of
ns and minimally affect 7, as expected from the results we obtained in the minimal case. The parameters
are chosen such that the power spectrum of scalar primordial perturbations takes up its observed value
of As = 2.1 x 107, The model is able to provide a successful inflation with appropriate values for the
observables, similarly to its slow-roll counterpart, however it requires smaller values of £ compared to the
slow-roll paradigm. Another thing to note is that the SRPs remain small during inflation reporting values
ate; $1072 and |eq| ~ 1072, as well as |e2| ~ 1072 by definition.

The numerical values of the parameter ¢s2 both in the minimal and the nonminimal scenario are
approximately ¢, ~ 0.4 and close to the start of inflation are approximately unity as ¢ tends to Mp. As it
should, the values are c¢s?> < 1 and possible instabilities due to negative values c; < 0 are avoided.
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Summary & Conclusions

The theory of cosmic inflation is currently the best candidate that provides a natural solution to puz-
zles from the Big Bang singularity and, most importantly, the seeds for large structure formation in our
universe, with the latter being a prediction of the theory. There exist numerous models that can describe
inflation, meaning that they can reproduce the correct values of the inflationary observable quantities,
with varying success. Advances in inflation are connected with developments in (future) experiments and
our ability to probe the region of observables with higher precision. A large part of the simplest models
has already been ruled out or they are at marginal contact with observational data (e.g. see fig. 2.4),
however the Starobinsky model (R + R?) resides persistently within the 1o allowed region of observations
since its inception. The continued success of the model has led to a plethora of other models that attempt
to modify or extend the initial model, while also retaining some of its attractive features.

Predictions of the theory of inflation rely on the interplay of gravity and matter, and our understanding
of it. Therefore, it is naturally connected with the parametrisation of the gravitational degrees of freedom.
The so-called Palatini or first-order formulation of gravity offers a different way to parametrise the gravita-
tional DOFs, by generalising the connection on the manifold to a metric-affine one assuming no a priori
dependence on the metric. As far as GR is concerned, it was shown that it is equivalent to the conven-
tional metric or second-order formulation (at least at the classical level) [45], and the Palatini formalism was
lost to obscurity for the most part. However, recent developments in modified theories of gravity and a
rising interest in non-Riemannian geometries elevated the Palatini formalism to a fundamental question
on the gravitational degrees of freedom. Since extended theories of gravity are prevalent in the infla-
tionary paradigm it was promptly shown that they tend to have different descriptions between the two
formalisms [273], even leading to contrasting results in some cases. This observation is the stepping-stone
of the main part of the thesis as we explain later on.

Based on the previous discussion it seemed important to review some aspects of single-field inflation,
which was done in chapter 2. Starting with a brief overview of modern cosmology we are led to the
puzzles of Big Bang, which in turn lead us straight to the central idea of inflation. Most importantly, we
review the simplest mechanism of single-field slow-roll inflation and obtain the (approximate) expressions
of the observable quantities in terms of the slow-roll parameters. In the same direction, we study the
constant-roll approximation noting some of its features and differences with the slow-roll one. Towards the
end of the chapter we offer a discussion on reheating, i.e. the era right after the end of inflation. First,
we begin by briefly analysing some of the proposed mechanisms of reheating, such as the well-known
perturbative reheating and preheating. Then, trailing the results of refs. [65-70], we review a different way
to parametrise the reheating parameters in terms of the inflationary ones that allows us to possibly place
stricter constraints on the model parameters.
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In the following chapter, ch. 3, we comment on different features of the first-order formalism, paying
close attention to the ones that are further highlighted in inflationary models. After a short historical
review we revisit the conventional metric formalism and derive the Einstein field equations of GR. In
the following section we introduce the notion of the Palatini variation, starting with an example of the
first-order and second-order of Electromagnetism. Then, a detailed summary of metric-affine spaces is
needed in order to properly introduce the metric-affine connection (especially the nonmetricity and torsion)
in GR. After that, the on-shell equivalence between the metric and the Palatini formulations of GR is directly
derived, concluding the chapter with a discussion on their possible equivalence at the quantum level.

In the last chapter, ch. 4, we present the main results of the thesis, in which the Starobinsky inflation-
ary model is the focal point. As such, we begin by first reviewing the model in the metric formalism
highlighting how the scalar degree of freedom (the scalaron field) sourced by the R? term arises in the
scalar representation of the theory. Then, it is straightforward to derive the Starobinsky potential in the Ein-
stein frame, following a Weyl rescaling of the metric and a field redefinition, and apply the mechanism
of single-field slow-roll inflation, as described in ch. 2, in order to obtain the famous predictions of the
model. We continue by considering a coupling of the Starobinsky model with a real scalar field and its
self-interacting potential, first in a minimal way (the global term /—g) and later in a nonminimal via a
coupling to the EH term of the form of £¢?R. It is evident that in both cases the theory effectively contains
two scalar degrees of freedom, the scalaron y and the original scalar field ¢. There we notice that an
application of the models to inflation is highly complicated since both fields can in principle contribute
in driving inflation, and especially in the case of the nonminimal coupling, the kinetic terms of the scalar
tields in the Einstein frame mix nontrivially further complicating the analysis.

Considering the Starobinsky model in the Palatini formalism we show that the R? does not actually
lead to a dynamical scalaron, . Since in the first-order formulation the connection and the metric do not
dependent on each other a priori, a Weyl rescaling of the metric leaves the Ricci tensor invariant being
purely a function of the connection, i.e. R, (I'). Therefore, there is no way for the scalaron to obtain a
kinetic term in the Einstein frame. Then, higher-order curvature invariants are unable to contribute a scalar
DOF, so in order for the model to describe inflation the inflaton field has to be manifestly included into
the action in the form of a fundamental scalar field ¢. Our starting point is then an action of that form. In
the Einstein frame we show that the scalaron x is included in multiplicative factors of the kinetic term of
¢ and its potential V' (¢). Then, after a variation of the final action with respect to x we obtain its constraint
equation, which we then substitute back into the action. There we find that the action obtains higher-order
kinetic terms of the original scalar field,  (V¢)?, as well as complicated expressions for the noncanonical
kinetic function and scalar potential. Next, we are able to obtain the generalised Einstein field equations
for the system after variation with respect to the metric and the scalar field and show that the equation of
motion of the connection leads to the Levi-Civita condition with respect to the Weyl rescaled metric g. By
considering the path integral formulation of the same theory it is evident (even though not conclusive)
that the nondynamical nature of the scalaron is not a figment of the classical action, but it remains at the
quantum level even when other matter fields are included in the background of the action, leading to
local terms that we can safely ignore. In closing of that section, we offer a brief discussion on the issue of
frames,namely the Einstein and Jordan, since the transition from the Jordan frame to the Einstein frame is
at the heart of our analysis.

In the next section we focus in a number of inflationary models that are already ruled out from obser-
vations in their metric version, and assume a minimal coupling with the R + R? gravitational sector. First,
we consider the so-called natural inflation model, where we showed that the R? term has a considerable
contribution to the inflaton potential by inducing a flat region in the large field limit of the inflaton ¢. In
fact, the result generally holds for any sensible form of an inflaton potential V' (¢), leading to a plateau for
quite general conditions. In the particular case of natural inflation the flattening of the potential is evident
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in fig. 4.2. Since we are interested in slow-roll inflation we neglect the contribution of the higher-order
kinetic terms o ¢* and apply the conventional mechanism of single-field inflation. There we find that
when the natural inflation model is minimally coupled to the Starobinsky model in the Palatini formalism
we are able to obtain acceptable predictions for the inflationary observable quantities, therefore allowing
for the possibility for the model to describe inflation, contrary to their metric formulation in which they
fall short.

The simplest scenario of a free massive scalar field also shares the same fate as the natural inflation,
however considered here in the Palatini formalism coupled minimally to the Starobinsky model we obtain
values of the inflationary observables within the allowed 1o region for values of the mass term around
m ~ 1013 GeV. The scale of inflation, defined as the field values of the canonically normalised inflaton
tield, is slightly above the Planck scale.

Following the success of the previous models we are interested in realising the Higgs inflation scenario
with a minimal coupling to gravity. It is known that in the metric formalism a nonminimal coupling is
required, however, considered in this specific context we show that the effect of the R? term allows for a
successful inflation with the caveat that the number of e-folds required is larger than usual, close to N ~ 75
e-foldings.

Having analysed the spectrum of minimally coupled models, the wildly popular models that are
nonminimally coupled to the EH term are also discussed. The general feature of the flattening of the
Einstein-frame scalar potential still remains. Implementing this program to the CW and the induced
gravity model we obtain acceptable inflationary observables for both models for a large part of the model
parameter space. Of particular importance is the scenario of nonminimal Higgs inflation, in which we show
that the nonminimal coupling £ between Higgs and the EH term can assume small values compared to
the ones obtained in absence of the R? term. Contrary to its minimal formulation the model leads to
appropriate inflationary observables for values of N € [50, 60] e-folds.

Motivated from the success of the previous models we investigated the scenario in which the Starobin-
sky is nonminimally coupled to a quartic potential, and promoted the Starobinsky constant o to include
logarithmic corrections o< log (¢*/p?) of the fundamental scalar field, o — a(¢). The resulting action in the
Einstein frame has a similar form to the previously considered Palatini- R? models, however the plateau of
the Einstein-frame inflaton potential is violated logarithmically at field values ¢ > ;. We find that predic-
tion of the model regarding the inflationary observables are in good agreement with recent observational
data, notably a large coupling «(¢) can actually influence the values of the observables (see fig. 4.20), con-
trary to the previous model in which only the tensor-to-scalar ratio » was dependent on «. This suggests
that other models that reside outside the (+)20 allowed region can in principle be in agreement with ob-
servational bounds by introducing a field dependent constant a(¢). In addition the values of r can range
from tiny, which is a general feature of the Palatini-R? models, to rather large approaching the bound on
7, meaning that they can be in contact with future experiments of expected precision 1073 or even 10~%.
After the end of inflation the model undergoes a process of reheating. Through the mechanism high-
lighted in section 2.4 it is possible to parametrise the reheating parameters in terms of the inflation ones,
which for different values of the reheating state parameter wr we showed that the model is indeed capable
of supporting a reheating era for the specific values of the model parameters assumed during inflation
with maximum reheating temperature T ~ 10'° GeV, fig. 4.22. Under the assumption of instantaneous
reheating we obtained an upper bound on IV ~ 52 e-folds. Concluding this section, other forms of field
dependence of «(¢) were considered that also retain the desired plateau of the inflaton potential. For a
specific part of the model parameter space we were able to find agreement with observational bounds
even in these cases.

In the last section we shift our focus and analyse the inflationary phenomenology of the Higgs field
coupled to the quadratic gravity under the assumption of the constant-roll approximation. Similarly to
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previous models the resulting Einstein-frame action is of the form of a generalised k-inflation type and
we analyse the cases of minimal and nonminimal coupling of the Higgs with gravity, by assuming that the
constant-roll condition d) ~ BH¢ holds, where 3 is a constant parameter. In both cases the predictions
of the inflationary observables show a significant dependence on the higher-order kinetic terms, contrary
to their slow-roll counterparts. Particularly for the minimal scenario we found that in the constant-roll
regime acceptable values for the observables are obtained for N € [50,60] e-folds, which is in contrast
with the slow-roll case where it was shown that large values of N 2 70 e-folds are required in order for
ns to reside within the 20 allowed region.
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