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Abstract in English

Gelfand Duality establishes a duality, i.e. a contravariant equivalence, between con-
venient categories of topological spaces and certain algebras of continuous functions.
There has been much research in the case of commutative algebras, whereas the
noncommutative case is still being developed. In the classical commutative case,
Gelfand Duality gives a duality between compact Hausdorff spaces and commutative
C*-Algebras and since then has been extended to many more classes of spaces. The
noncommutative case includes Noncommutative Measure Theory, Noncommutative
K-Theory and many other subjects incorporated in the field of Noncommutative
Geometry. This thesis presents an overview of the aforementioned subjects, concen-
trating in the commutative case and commenting on topics of current research in the
direction of Noncommutative Geometry.






Abstract in Greek

H Avixomnta Gelfand agopd o oyéorn duixdtntog, dnAcdn plar avTio Tad o x| Loo-
duvolar HETAE) XUTYORLOY, UE CUYXEXPUEVES XUAEC IBLOTNTES, TOTOAOYIXDY YWEWY
xo ohYeBeov cuveyy cuvapthoeny. H meplntwon twv pyetodetindy alyefenv €yel
ueheTtniel Slefodd, eved auTH TV un HeTHeTiX®Y elvor oxduo LTO eCENEN. MtV
xhaowh) petadeTinn tepintwon, n Avixdtnta Gelfand pog mapéyet wo duixdtnTo YeTagd
ouunoywv ywewny Hausdorff xaw petadetinayv C*-ahyelpmv xot, tepoutép, Exel emex-
tadel oe MOAAEG dhheg wAdoel ToMoAOY XY Ywewv. H un uetadetnr nepintwon
nepthopfBdver T Mn Metadetnr| Ocwpio Métpou, ) Mn Metadetuey K-9ewpla ahhd
X0 OPXETA axoun Véuata, To onolo eVTdocovTol 6Tov VplTERO ¥Adbo TN Mn Meto-
Yetiic Iewpetploc. H moupoloa diatplft| amotehel wo emoxdmnon twy Yeudtony mou
TROAVAPEROUE, BIVOVTOG EUQUCT) OTNY UETADETINT TEQITTMOT Xl XAVOVTUS UVAPORd OE
Yéuata Tou anotehoLy avTixelpevo evepyols €peuvag, mpog TNy xatediuvon tng Mn
Metodetinnc TNewpetplog.
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Introduction

Based on a profound idea of Alain Connes [15], one can associate geometric objects to
noncommutative algebras in the framework of analysis. This theory, called Noncom-
mutative Geometry, is a rapidly growing area of mathematics which interacts with
and contributes to many disciplines in mathematics and physics. Examples of such
interactions and contributions include the theory of operator algebras, index theory
of elliptic operators, algebraic and differential topology, number theory, quantum
field theory and string theory.

To understand the basic ideas of Noncommutative Geometry one should first
become familiar with the idea of a noncommutative space. The notion of a noncom-
mutative space is based on one of the most profound ideas in mathematics, namely
a duality or correspondence between Algebra and Geometry, according to which
concepts or statements in Geometry correspond to, and can be equally formulated
to, similar concepts and statements in Algebra. Specifically, one can formulate a
correspondence

® : Geometric object — Algebraic object.

Based on ¢, a “commutative” object, corresponds to an algebraic one, usually a
commutative algebra. This correspondence is more complicated when one tries to
associate a “noncommutative” algebraic object R with a “noncommutative” geomet-
ric object X, for which ®(X) = R. Here comes the notion of a “noncommutative
space”. We already have in hand many generalizations of commutative algebraic
objects and we would like to associate to these, noncommutative geometric ones.
The field of Noncommutative Geometry is a rapidly growing area of mathematics
that emphasizes in the above association and extends to many more fields of both
Geometry and Topology.

We need to emphasize, though, that this correspondence is, by no means, a
new trend in mathematics. In fact, this duality is utilized in mathematics and
its applications very often. A trivial example is the use of numbers in counting.
It is, however, the case that throughout history, each new generation of mathe-
maticians has found new ways of formulating this principle and at the same time
broadening its scope. Just to mention a few highlights of this rich history, we
quote Descartes (analytic geometry—1630’s), Hilbert (affine varieties and commu-
tative algebras—1900’s), Gelfand-Naimark (locally compact spaces and commuta-
tive C*-algebras—1940’s), and Grothendieck (affine schemes and commutative rings—
1960’s). Precisely, in what concerns the approach of Gelfand and Naimark in applying
the aforementioned Algebra—Geometry correspondence, is what this dissertation is
all about, namely Gelfand Duality. In particular, we will prove both of the following
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unital and nonunital cases of Gelfand Theorems.

Theorem (Unital case of Gelfand Theorem, [16], p.236). Let A be a unital com-
mutative C*-algebra, with norm || - ||. Then, the Gelfand transform, which is a map
v:A— C(A), is an isometric *-isomorphism.

Theorem (Nonunital case of Gelfand Theorem, [I7], p.7). Let A be a nonunital
commutative C*-algebra. Then, the Gelfand transform, which is a map v : A —
Co(A), is an isometric *-isomorphism.

Utilizing the theorems above, we will establish the main goal of this dissertation,
which is Gelfand Duality and consists of the following two theorems.

Theorem ([27], p.4). The category of compact Hausdorff spaces CS is dual to the
category of unital commutative C*-algebras C* Algeom. .-

Theorem ([27], p.5). The category of locally compact Hausdorff spaces LCS is dual
to the category of nonunital commutative C*-algebras C* Algeom nu.-

Last to mention is a noncommutative Gelfand Theorem which is analyzed in
Chapter 4| and depends heavily on certain concepts in the theory of projections in a
von Neumann algebra. Specifically, we will prove the following theorem.

Theorem (Noncommutative Gelfand Theorem, [5], p.6). The hermitian elements of
A are exactly those g-continuous elements b of M, such that the spectral projections
of b corresponding to closed subsets of the spectrum of b, which don’t contain 0, are
g-compact, that is, b “vanishes at co”.

In Chapter [If we present some fundamentals about the theory of Banach algebras.
Specifically, we define the notion of a Banach algebra, the notion of the spectrum,
the notion of an ideal in a Banach algebra and we prove, using the quotient map,
that the quotient algebra A/J is also a Banach algebra, provided that A is a Banach
algebra and J is a proper closed ideal of A. We close up this chapter by defining the
Gelfand transform and its main properties and by proving that the maximal ideal
space of a commutative Banach algebra is a compact Hausdorff space.

Chapter [2] is concerned with C*-algebras. We emphasize on certain kinds of ele-
ments in C*-algebras, that is, hermitian (or self-adjoint), normal, positive and unitary
ones. Using those elements and some of their properties, we prove the Gelfand The-
orems [2.2.13]and 2.2.14] We close up this chapter with the notion of an approximate
identity.

Chapter [3] is the main goal of this thesis, that is, Gelfand Duality. This chapter
consists of some fundamental concepts of Category Theory, from which we distinguish
the natural transformations. Two kinds of them are of our concern, namely the one
of an equivalence between categories and that of a duality between categories. We
prove Gelfand Duality in both cases (Theorems|3.4.1}and [3.4.2)). To be specific, for a
given C*-algebra without unit, we construct a duality between the category of locally
compact Hausdorff spaces and the category of nonunital commutative C*-algebras,
whereas for a given unital C*-algebra, we have a duality between the category of
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compact Hausdorff spaces and the category of unital commutative C*-algebras. We
close up this chapter with some consequences of Gelfand Duality.

In Chapter 4] we analyze the fundamentals of the theory of representations in
C*-algebras, making our way to the Gelfand-Naimark Theorem (Theorem ,
which associates an arbitrary C*-algebra, with a subalgebra of B(H), i.e. the algebra
of all linear and bounded operators on a Hilbert space. We define certain notions in
the theory of von Neumann algebras and we prove a generalized (up to commutativ-
ity) version of Gelfand Theorem (Theorem [4.3.15)), which associates the hermitian
elements of an arbitrary C*-algebra, with spectral projections of g-continuous oper-
ators, that are g-compact and do not contain 0. Finally, we comment on some topics
of modern research incorporated in the field of Noncommutative Geometry.






Chapter 1

Basics of Banach Algebras

In this chapter we present some preliminaries for the theory of Banach algebras.
Particularly, we present the basic concepts that lead to the construction of a Banach
algebra, that is, the notions of an algebra, a normed algebra and an algebra norm.
Then we define the spectrum of an element in a Banach algebra. Using this notion,
we go further deep into the theory of Banach algebras and Banach algebra homo-
morphisms. We prove some useful theorems that concern properties of the spectrum,
from which we derive results, such as the fact that the spectrum of an element in a
Banach algebra is compact and nonempty. Furthermore, we define the notion of the
Gelfand transform and we prove that the maximal ideal space A of a commutative
Banach algebra A is a Hausdorff space which is compact if, and only if, A is unital.
We will use the aforementioned notions in the proofs of Gelfand Theorems in Chapter

1.1 Introduction to Banach Algebras
We begin this section with some definitions about various kinds of algebras.

Definition 1.1.1 ([33], p.227). An algebra is a vector space A, over some field K,
such as the field of complex numbers C, together with a binary operation * : (z,y) —
x x y, called multiplication, that satisfies the following

(i) (a*xb)*xc=a=x(bxc) (Associativity).
(ii) (a+b)xc=axb+axc (Right distributivity).
(i) ax (b+c¢)=a*xb+axc (Left distributivity).
(iv) M- (axb)=(N-a)xb=ax(\-b), foralla,bce Aandall € K.

Definition 1.1.2 ([33], p.227). A unital algebra A is an algebra, which has a
multiplicative identity (called unit), that is, a nonzero element 14, such that

laxa=ax1ly=a, forallaecA.

5
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Definition 1.1.3 ([33], p.228). A commutative algebra A is an algebra for which
axb=">bxa, forallabe A

Definition 1.1.4 ([33], p.230). A map f : A — B between algebras is called an
algebra homomorphism, if it is linear and, also, if it is multiplicative, that is

flaxad) = f(a)x f(a'), foralla,ad e A.

Definition 1.1.5 ([29], p.5). If A and B are unital algebras with units 14 and 1p
respectively, then an algebra homomorphism f : A — B is called unital, if

f(14) = 15.

Definition 1.1.6 ([29], p.1). A subset B of an algebra A is called a subalgebra of
A, if B is an algebra by itself, under the operations inherited from A.

Definition 1.1.7 ([29], p.1). A subalgebra B of a unital algebra A is called a unital
subalgebra of A, if B contains 14 (the unit of A).

Remark 1.1.8. In order for B to be a unital subalgebra of A, it is not enough that
B has a unit 1p of its own. It must contain the unit 14 of A, in which case we
demand that 14 = 1p, as proven in Remark Thus, an algebra B can be both
unital and a subalgebra of A, without being a unital subalgebra of A.

Remark 1.1.9. An algebra A can have, at most, one multiplicative identity. If this
was not the case, there would exist elements 14,1’y € A, with 1, # 14, such that

Ia=1ux1, =1,
which is a contradiction.

Example 1.1.10. Some elementary examples of algebras are the fields of real and
complex numbers, denoted by R and C, respectively. Both are unital and commu-
tative. [

Example 1.1.11. If X is a compact Hausdorff space, then the set C(X) = C(X,C),
of all continuous complex-valued functions defined on X, is an algebra under the usual
operations of addition, multiplication and scalar multiplication. It is both unital and
commutative. OJ

Example 1.1.12. If X is a locally compact Hausdorff space, then, under the usual
operations of addition, multiplication and scalar multiplication, the family Cy(X) =
Co(X,C) of all continuous complex-valued functions defined on X that vanish at
infinity, meaning that

for all € > 0, there exists K C X compact, such that |f(z)| <e, forall x ¢ K,

is a commutative algebra, which is nonunital. Indeed, if it was unital, there would
exist a function 1 € Cy(X), such that

f-1=1-f=Ff forall feCyX).

But this can not happen, since 1 € Cy(X) is the usual constant function of value 1,
which does not vanish. [
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Example 1.1.13. Let A be an algebra. The family M, (A) of n x n matrices con-
sisting of elements of A is a unital algebra, under the usual matrix operations of
addition, multiplication and scalar multiplication, if, and only if, A is unital. In such
a case, the unit of M, (A) is I, the n X n matrix with 14 on the main diagonal and
zeros elsewhere. It is noncommutative for n > 1. O

Example 1.1.14. If V is a normed linear space, then the set
B(V)={T: T is alinear and bounded map from V" onto itself}

is a unital algebra. If dimV > 1, then B(V) is noncommutative. Indeed, each
S,T € B(V) has a matrix representation. Following Example|l.1.13] we deduce that
ST # TS since M, (V') is noncommutative, for n > 1. O

Definition 1.1.15 (|29], p.1). If an algebra A is equipped with a norm |- || : A — R,
satisfying
lzyll < ll=llllyll, for all z,y € A,

then A is called a normed algebra, and || - || : A — R is called an algebra norm.
If A is unital, with unit 14, then the norm must satisfy the relation ||14] = 1.

Definition 1.1.16 ([29], p.2). A complete normed algebra is called a Banach al-
gebra.

Definition 1.1.17 ([29], p.5). A map f : A — B between Banach algebras is called
a Banach algebra homomorphism, if it is both an algebra homomorphism and
a bounded linear map.

Definition 1.1.18 ([33], p.275). Suppose K is a field in which an involution a — o’
has been defined. An involution on an algebra A is a map x — x*, from A into A,
such that for all z,y € A and all a € K, it holds that

(i) (x+y) =2 +y"

(i) (ax)* =d'x*
(iii) (z*)* ==
(iv) (zy)” =y "

Remark 1.1.19. In Definition we defined the algebra A over the field K. In
most cases, K is the field of complex numbers C, so property in the Definition
1.1.18| can be replaced by (ax)* = az, where a — @ is the usual complex conjugation.

Definition 1.1.20 ([29], p.35). An algebra A with an involution is called a *-algebra
and an algebra homomorphism f : A — B between *-algebras which preserves
involution, meaning that

fl@*)= f(a)*, forallae A

is called a *~homomorphism. If the *-algebras A and B are unital, then f : A — B
is said to be unital, if f(14) = 15.
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Definition 1.1.21 ([29], p.35). Let S be a subset of a *-algebra A and define the
set

S*={s":s5€ S}
If S* = S, then S is called self-adjoint.

Definition 1.1.22 ([29], p.35). A nonempty self-adjoint subalgebra of a *-algebra
A is called a *-subalgebra of A.

The next definition concerns C*-algebras, which is the key component that leads
to Gelfand Duality.

Definition 1.1.23 ([29], p.36). A C*-algebra is a Banach algebra A with an iso-
metric involution that satisfies

la*a|| = ||a||?, for all a € A.

This property of the norm is usually referred to, as the C*-condition and an algebra
norm that satisfies this condition is called a C*-norm.

Definition 1.1.24 ([29], p.36). A C*-subalgebra of a C*-algebra A is a closed
*-subalgebra of A.

Example 1.1.25. The field C of complex numbers with the usual operations and
the complex conjugation, as involution, is a unital commutative C*-algebra with unit
being the element 1 € C. m

Example 1.1.26. If S is a set, then the algebra [>°(S) of all bounded complex-valued
functions on S is a unital commutative C*-algebra, under the usual operations and
the complex conjugation as involution, with respect to the norm ||f|| = sup{f(z) :

re X}

Example 1.1.27. If X is a compact Hausdorff space, then the algebra C(X) =
C(X,C) of all continuous complex-valued functions on X, is a unital commutative
C*-algebra, with the usual operations and the complex conjugation as involution,
with respect to the norm || f|| = sup{f(z) : x € X}. Its unit is the constant function
with value 1. O

Example 1.1.28. If X is a locally compact Hausdorff space, then the algebra
Co(X) = Cy(X,C) of all continuous complex valued functions on X that vanish
at infinity is a nonunital commutative C*-algebra, under the usual operations and
the complex conjugation as involution, with respect to the norm || f|| = sup{f(x) :
x € X}. The fact that it is nonunital was proved in Example [1.1.12] O

Example 1.1.29. If (X, ) is a measure space, then the algebra L>°(X, u) of (classes
of) essentially bounded complex-valued measurable functions on X is a unital com-
mutative C*-algebra, under the usual operations and the complex conjugation as
involution, with respect to the essential supremum norm || f|| = sup{f(z) : z € X}.
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Example 1.1.30. If (X, ) is a measure space, then the algebra B (X, u) of all
bounded complex-valued measurable functions on X is a unital commutative C*-
algebra under the usual operations and the complex conjugation as involution, with
respect to the norm || f|| = sup{f(z): x € X}.

Example 1.1.31. The algebra B(H) of all bounded linear operators on a Hilbert
space H is a unital noncommutative C*-algebra with the involution 7" — T™, that
maps each operator to its adjoint. Its unit is the identity operator 1 € B(H) that
maps each bounded subset V' C H to itself. The fact that it is noncommutative was

proved in Example|1.1.14] 0
Example 1.1.32. We have seen in Example [1.1.13|that the algebra M,,(C) of n x n

matrices of complex numbers is a unital algebra, since the field of complex numbers
C is a unital algebra with unit 1 € C (Example [1.1.27)). In order to make it into a
C*-algebra, we relate each n x n matrix in M,,(C) with the bounded linear operator
in B(C™) which it represents. The unit of M,,(C) is I,,, the n x n matrix with ones
on the main diagonal and zeros elsewhere. O]

1.2 The Spectrum

In this section we define the spectrum of an element in a Banach algebra. We prove
a theorem which states that the spectrum, regarded as a subset of C, is compact
and nonempty and, also, that the spectral radius formula is relevant and applicable
(Theorem [I.2.14)). We conclude this section with the Gelfand-Mazur Theorem (The-

orem [1.2.18]). All algebras are defined over the field of complex numbers C, unless
explicitly stated otherwise.

Definition 1.2.1 ([33], p.234). If A is a unital Banach algebra and x € A, then the
spectrum o(z) of z is the set

olx)y={ e C:(A\s—2x)¢inv(A)},
where inv(A) is the group of all invertible elements of A.

Remark 1.2.2. The fact that inv(A) is a group is evident. For if z,y € inv(A),
then 271y~ € inv(A) and

o vy = (y o) = zy € inv(A),
e v lz=gx'=1,4= 14 € inv(A),

o vl =12 =1

Definition 1.2.3 ([33], p.234). The complement of o(z) is called the resolvent set
of x and consists of all A € C, for which (A4 — z)~! exists.

Definition 1.2.4 ([33], p.234). The spectral radius of = is the number

pla) = sup{|A] : X € o(a)}.
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Remark 1.2.5. The spectral radius of x can be intuitively thought of, as the radius
of the smallest closed disk in C, centered at the origin, that contains o(z). Of course,
the definition of the spectral radius of an element x does not make sense if o(x) = 0,
but that is never the case, as we shall see in Theorem [I.2.14]

Remark 1.2.6. We observe that if an element x € A is invertible, then zz™! =

271z = 14. This implies that x is nonzero. On the other hand, it is well known that
in any field, every nonzero element is invertible. So, in any field, we have that an
element is nonzero if, and only if, it is invertible.

Example 1.2.7. If z € C, then
o(z) ={AeC:(A—2) ¢inv(C)}.
However, the condition A — z ¢ inv(C) implies that A—z = 0. Thus o(z) = {z}. O
Example 1.2.8. Let X be a compact Hausdorff space and f € C(X). Then
o(f)={reC: (A= f) ¢ mv(C(X))}
={AeC:(A—f)(x) =0, forallze X}.

However, the condition (A — f)(x) = 0 for all x € X implies that A = f(z) for all
r€X. Thus o(f) ={f(x):z € X} = f(X). O

Example 1.2.9. The set M, (C) of n x n matrices over C is a unital C*-algebra, as
we saw in Example [1.1.32, For any matrix A € M, (C), we have that

o(A) ={(\l, — A) ¢ inv(M,(C))}.

The above condition implies that det(A, — A) = 0. Thus, o(A) consists of all
eigenvalues of A. m

Now, we will state and prove some useful tools, which will be needed in spectral
theory.

Theorem 1.2.10 ([33], p.231). Suppose A is a unital Banach algebra with unit 14
and x € A with ||z|| < 1. Then

(i) 14—z € inv(A).
I
g
Proof. (i) By Definition |1.1.15|we can clearly see that ||z"|| < ||z||", for all x € A.

Consider the elements

(it) [(1a =)™ = 1a — 2| <

Sp=1x+x+2*+...2", forallneN. (1.1)
For any m,n € N with m > n, we have that

1S, — Sl = [|lz™+ 4 - -+ 2™
<l s+ 2+ -4+ 2™ 7Y
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Since ||z|| < 1, for all x € A, we have that 2™ — 0, as n — 400. Thus
IS, — S|l — 0 as n — +o0.

So (Sp)nen is a Cauchy sequence. However, A is a Banach algebra and, there-
fore, (Sy)nen is convergent, that is, there exists an element s € A, such that
S, — s. Since ™ — 0 and

Sp(ly—2) =g +x+2*+ ... 2" (14 —2) = (14 — 2™)
=(a—2)(lat+z+2*+...2") = (14 —2)S,
we have that

s(la—x)= lim S,(1a—2)= lim (14 —2)S, = (14 — 2)s

n—-+o0o n—-+o0o
and

lim (14 —2"™) = 14.
n—-+o0o

So
s(la—x)=14= (14 —2)s

which means that s is the inverse of 14 — x and so (14 — x) € inv(A).

(ii) By (1.1)), we have that

1Qa=2)" —la—all=ls—La—a] = [l2" + 2" +...|

— ) s ]|
<Y el =21 =l = T— [
n=2 n=0

Thus )
kgl

1— ||

Theorem 1.2.11 ([33], p.235). Suppose A is a unital Banach algebra, x € inv(A)
1

and h € A, such that ||h|| < §||x_1|]_1. Then

[(la—2) "t =1a—2z| < O

(i) (z+ h) € inv(A).
(i) |(x +h)"t ==t + 2 tha | < 2l PR

Proof. (i) Since  + h = (14 + 27 h) and [lz7'h|| < %, Theorem [1.2.10| implies
that (14+z7'h) € inv(A). Because inv(A) is a group, we deduce that (x+h) €
inv(A).

(ii) We have that

Iz +h)" =2+ tha | < |(La+ 27 h) 7 = Lo+ a7 Al
[l =" A1
L —[lz=1h]]

The last inequality is a consequence of Theorem [1.2.10] O

IN

Iz~ < 2[l== P Al
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Theorem 1.2.12 ([33], p.235). If A is a unital Banach algebra, then inv(A) is open
and for all v € inv(A), the map x — x~' is a homeomorphism.

Proof. Using Theorem [1.2.11| we have, for any = € inv(A) and any element h € A
with [[h| < $]lz7Y[| 7Y, that (z 4+ h) € inv(A4). So, we get
oo
lz = (z + W) = [IAll < Slle™" 7

Thus, the ball centered at € inv(A) with radius §[lz7|| ™" is entirely contained in
inv(A). Hence inv(A) is open.
Now, let f : inv(A) — inv(A) be defined as f(z) = 2~ !. For any y € inv(A) we
have that f(y~!) =y, so f is surjective. Also
kerf = {z € inv(A4) : f(z) =0}
= {r €inv(A): 2z~ =0}
= {0}.
Therefore, f is injective. Thus, we have that f~'(z) = =~
U C inv(A), with z € U, we get

f(f @) =fla) =z €l

Thus, f is continuous and so is f~!. Hence, the map f is a homeomorphism. m

L and for any open set

Recall that the index of a complex number z € C, with respect to a closed path "

1 d
that does not pass through z, is the integer Indr(z) = il ¢

. Next, we recall
the Cauchy Theorem, omitting its proof.

Theorem 1.2.13 (Cauchy Theorem, [35], p.259). Suppose U C C is an open set
and f: U — C is an holomorphic function.

(1) If v is a closed path in U such that Ind,(a) =0, for all a ¢ U, then

/ f(2)dz =0

and if z € U, with Ind,(z) = 1, then

f(2) = L/Af@)zdx

271
5

(ii) If v0 and ~, are closed paths in U, such that
Ind,,(a) = Ind,, (a), for alla ¢ U,

/ F(2)dz = / ().

then
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Theorem 1.2.14 ([33], p.235). Suppose that A is a unital Banach algebra and x € A.
The following hold.

(i) The spectrum o(x) of x is compact and nonempty.
(i) The spectral radius p(x) of x, satisfies the spectral radius formula

p(z) = lim [|z*[|7" = inf [lz

Proof. (i) First, we will show that o(x) is bounded. In order to do this, we will
show that p(z) < ||z||. If A € o(z), with |A] < ||z, then it is evident that
p(x) =sup{[A[ - A € o(z)} <[]
If A € o(z) with || > ||z, then
ARl < ATl < [AITHAT =1

So, by Theorem we have that (14 — A7'z) € inv(A) and so does the
element A1, —x = A\(14 — A"'z), because inv(A) is a group. Thus (A4 —1z) €
inv(A) or, equivalently, A ¢ o(z), which is a contradiction. So, in any case, we
have that p(x) < ||z||. Consequently, o(x) is a bounded set.

In order to prove that o(x) is closed, we define the map g : C — A, by
g(A) =Aly—x, forall A eC.

We can see that g is continuous. Indeed, let A € C. For any sequence (A,)nen C
C with A\, — A, we have that

/\nlA—I—>/\1A—J].

So, the complement of o(x) is the set Q2 = ¢g~!(inv(A)), which is open by
Theorem |1.2.12} Thus o(x) is compact.
We will now prove that o(z) # 0. Define the map f : Q — inv(A), by

fA) =1y —2)"t, forall AeQ.

For the remainder of the proof, we apply Theorem [1.2.11]| for h = (1 — A)14
and A\14 — x in place of x, where p, A € 2 and p is arbitrarily close to A. So,

from Theorem [1.2.11] we have that
1 (1) = FO) + (= X < 2l F )i = AP
and the continuity of the norm implies that

I
im =%~
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Thus, f is a strongly holomorphic function. Recall that a function f:Q — A
is called strongly holomorphic, if the limit

i £ () = F(N)
H—A o — A

exists, for all A € Q. For any A € Q we have that |A| > ||z||. Using an
argument, similar to the one used in Theorem [1.2.10] we get that

+o0o
FO)=> A7 = AT+ A+ (1.2)

n=0

This series converges uniformly on every circle centered at 0, with radius r >
|z||. Indeed, for every ¢ > 0, there exists a k. € N, such that for all k£ > k. and
all z € A, we have that

+o0 k 400
Z AT — Z AT = Z ATl 0, as k — +oo.
n=0 n=0 n=k+1

fO) =D AT

n=0

< €.

‘ k

Hence, we can integrate (|1.2)) term-by-term and get

1
" =— [ AN'f(AN)d\, foranyneN (1.3)

271 T,

Now, suppose that o(z) is empty. Then 2 = C and by Cauchy Theorem
(Theorem [1.2.13), every integral in (1.3) would be equal to 0. But, when
n = 0, we deduce from (1.3) that 1 = 0. Thus o(z) # 0.

If A ¢ o(x), which means that A € {2 and |A| > p(z), then by Cauchy Theorem
(Theorem we can replace the condition r > ||z, with r > p(z) and the
integrals in would remain the same. This is true, since we integrate in
closed paths. We define

M(r) = max £ (re®)||, for all » > p(z) and all 6 € [0, 27],

and get

n 1 n 1 i0 0 ;. if
|z = 5 H/FT)\ f(/\)d)\H < %/FT H(Te ) f(re*)ire H db
1

7,,n+1_/ Heie(n—i-l)H ||f<7,,619)H A6
r

IN

271
< r"“M(r).

T
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So, we have that [|2"||"/™ < r(M(r))/". By taking limits, this inequality yields
that lim sup ||2"||*/™ < r. The last inequality implies that

n—oo

limsup " < p(z) (14)

n—oo

On the other hand, if A € o(x), then
Alg—a" = (Aly— )ALy 4 2™,

which implies that the element \"14 — 2™ is not invertible, since A\14 — x is not
invertible. Thus A" € o(z) and by (1.1)) we deduce that

A" <||z"||, foralln e N.

Hence
p(z) < inf [EReS (1.5)

Combining the relations (1.4) and (1.5), we get

lim sup ||z"||Y/" < inf ||2"
n— oo n>1

1/n

Since the converse inequality always holds, we deduce that
ple) = lim ||| = inf [l |/, 0
n—o00 n>1

Definition 1.2.15 ([16], p.19). A map ¢ : A — B between Banach algebras is called
an isometry, if
|p(x)|| = ||z||, for every x € A.

Definition 1.2.16 ([16], p.93). A map ¢ : A — B is called an isomorphism, if it
is an injective Banach algebra homomorphism from A onto B.

Definition 1.2.17 ([19], p.13). A map ¢ : A — B is called an isometric isomor-
phism, if it is both an isometry and an isomorphism.

Theorem 1.2.18 (Gelfand-Mazur, [33], p.237). If A is a unital Banach algebra in
which every nonzero element is invertible, then A is isometrically isomorphic to the

complez field C.

Proof. If x € A and Ay, Ay € C, with A; # Ay, then at most one of (A\;14 — x) and
(A1A—1x) is 0, because if both were equal to 0, this would imply that A\; = Ay, Let’s
say that (Aolg — x) is 0. Then, (A\;14 — x) is non-zero, thus it is invertible. This,
however, is a contradiction, since \; belongs in the spectrum.

Thus, o(x) contains only one point, say A(z). Hence, A(x)14 — z is not invertible
and, by the hypothesis, we deduce that x = A(x)14. So, the map = — A(z) is an
isomorphism of A onto C. This map is also an isometry, since

[A(@)] = [IA@)1all = [|]]- O
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Lemma 1.2.19 ([33], p.238). Suppose A is a Banach algebra, (x,)nen is a sequence
in inv(A) and x € inv(A) (the closure of inv(A)), such that x,, — x, as n — 0.
Then

|z || — oo, as n — co.

Proof. Suppose that the conclusion is false. Then there would exist M < 400, such
that ||z, !|| < M. We fix an n € N, such that

_ 1
|zt <M and |z, — 2| < u
Hence
A =2, 2] = [l (20 — 2)] < 1.

Thus, by Theorem [1.2.10, we have that (14 — (14 — z,,'z)) € inv(A), which implies
that x,'z € inv(A). Since z = z,(z,'z) and inv(A) is a group, it follows that
x € inv(A). This means that inv(A) is closed, which is a contradiction. O

An application of Lemma[1.2.19|is Theorem [1.2.20, whose conclusion is the same
as that of Gelfand—Mazur Theorem (Theorem|1.2.18]), but with a different hypothesis.

Theorem 1.2.20 ([33], p.239). If A is a Banach algebra and if there exists an
M < oo, such that
[z llllyll < Mllzyll,  for all z,y € A,

then A is isometrically isomorphic to C.

Proof. Let y € inv(A). Then, there exists a sequence (y,)nen of elements of inv(A),
such that y, — y. So, by Lemma [1.2.19] we have that ||y, !|| — oco. Using the
hypothesis, we have that

lynllllyn 1l < M1all = M. (1.6)

So, for to hold, we must have ||y, || — 0. Therefore, y = 0. By this construc-
tion, if we let x € A and X be a point in the closure of o(x), then the element \14—z
is a point in the closure of inv(A) for which A\14 — 2 = 0. This implies that x = A1 4.
Thus

A= {)\lA S AE (C}

and the proof is complete. O

1.3 Ideals

This section is about providing some algebraic background that concerns various
types of ideals and a useful theorem about them. Particularly, we prove that every
proper ideal of a unital commutative algebra A is contained in a maximal ideal of A
and that every maximal ideal of a commutative Banach algebra is a closed set. We
make use of Hausdorff maximal principle (Lemma and Zorn Lemma (Lemma

1.3.9) for the proof of the aforementioned theorem (Theorem |1.3.10]).
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Definition 1.3.1 ([29], p.4). A subset .J of an algebra A is called a left ideal (resp.
right ideal), if all of the following conditions hold

(i) J is a vector subspace of A.
(ii) zy € J (resp. yx € J), forallz e A, ye€ J.

A subset that is both a left ideal and a right ideal is called a two-sided ideal. If
J # A, then J is called a proper ideal. Maximal ideals are proper ideals that are
not contained in any larger proper ideal, meaning that there does not exist I C A
with I being proper, such that

JcClIcCA

Proposition 1.3.2 ([33], p.264). (i) If A is a unital commutative algebra, then
no proper ideal of A contains any invertible element of A.

(ii) If J is an ideal in a commutative Banach algebra A, then its closure J is also
an ideal.

Proof. (i) Suppose that J is a proper ideal in A and that there exists an element
x € inv(A), such that € J. Then, by the definition of the ideal, we have that
x 'z € J, which implies that 14 € J. Thus, for any y € A, we get yl,4 € J or,
equivalently, J = A, which is a contradiction, since J is proper.

(ii) Suppose that J is an ideal in a commutative Banach algebra A, where A is
taken over some field K. Then, for any z,y € J and any A, € K, there exist
sequences (Zp)nen, (Yn)nen in J, such that x, — x and y, — y. By the
continuity of addition and scalar multiplication, we have that

ATy + (WY —> AT + py,

which implies that Az + uy € J. So, J is a vector subspace of A. Now, for
any z € .J, there exists a sequence (z,)ney in J, such that z, — z. Since
multiplication in A is continuous, we have, for any x € A, that xz, — xz,
which implies that zz € J. Thus J is an ideal in A. O

The following definitions and lemmas are derived from [20].

Definition 1.3.3. A partial order is a binary relation < over a set P, such that
for all a,b,c € P, the following conditions are satisfied

(i) a < a (Reflexivity).
(ii)) If a < b and b < a, then a = b (Antisymmetry).
(iii) If a < band b < ¢, then a < ¢ (Transitivity).
A set with a partial order is called a partially ordered set.

Definition 1.3.4. If (P, <) is a partially ordered set, then an upper bound of a
subset X of P is an element u of P, such that z < u, for all z € X.
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Definition 1.3.5. A maximal element of a subset X of a partially ordered subset
(P, =) is an element m of X, such that, for all a € X, m < a, implies that a < m.

Definition 1.3.6. A chain of a partially ordered set (P, =) is a subset of P for
which any two elements are related, with respect to the partial order < of P. It is
called maximal, if no other element of P can be added, without losing the property
of being totally ordered.

Definition 1.3.7. A partially ordered set that is also a chain is called a totally
ordered set.

We state two useful lemmas before introducing a key theorem of our study. We
omit the proofs of these lemmas, since these are outside the scope of this thesis.

Lemma 1.3.8 (Hausdorff maximal principle). Let (P, <) be a nonempty partially
ordered set. Then, there exists a maximal chain in P.

Lemma 1.3.9 (Zorn lemma). Let (P, <) be a partially ordered set. If every nonempty
chain has an upper bound in P, then P contains at least one mazrimal element.

Theorem 1.3.10 ([33], p.264). (i) If A is a unital commutative algebra, then ev-
ery proper ideal of A is contained in a maximal ideal of A.

(i1) If A is a unital commutative Banach algebra, then every mazimal ideal of A is
a closed set.

Proof. (i) Let J be a proper ideal of A and P be the collection of all proper ideals
of A that contain .J, that is

P={I Cc A:1Iisaproperideal and J C I}.

We observe that P is nonempty, since it contains the proper ideal J and J is
an ideal of itself. We partially order P by the usual subset relation. If we let
K C N be any countable subset of N, we can, then, define

L={l,eP:ic K}

to be a maximal totally ordered subcollection of P. The existence of L is
guaranteed by the Hausdorff maximal principle (Lemma [I.3.8). Now, let M =
Userx ;. It is evident that the set M, being the union of elements in the totally
ordered set L, is a proper ideal that contains J. Since L is maximal, M is a
maximal ideal of A, i.e. it is greater than any other element of L.

(ii) Suppose that M is a maximal ideal of A. Since M contains no invertible
elements of A (Proposition and since inv(A) is open, we deduce that
M contains no invertible elements of A as well. Indeed, let II, be an open
neighborhood of = € inv(A). We can let II,, be a subset of inv(A), since inv(A)
is open. If M contained the invertible element = € A, we would have that

DA, NMCinv(A)NM = 0.

Thus 14 ¢ M or, equivalently, M [ # A. This implies that M is proper. Since
M is maximal in A, we have that M C M. The converse relation always holds,
so we deduce that M = M, that is, M is closed. O
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1.4 Quotient Spaces

Definition 1.4.1 ([33], p.29). Let N be a subspace of a vector space X over some
field K. For every « € X, let w(x) be the coset of N that contains x, that is

m(x) =z + N.

These cosets form a vector space X/N, called the quotient space of X modulo
N. In this space, addition and scalar multiplication are defined by

m(z) +7(y) = 7(z +y)

and
arm(z) = m(ax), forall z,ye X, a € K.

Remark 1.4.2. Since N is itself a vector space, the operations of addition and scalar
multiplication are well defined.

The next proposition concerns some fundamental properties of the quotient map
and, thus, its proof will be omitted.

Proposition 1.4.3 ([16], p.370). The quotient map m : X — X/N is linear and
kerm = N, where kerr is the kernel (or null space) of 7, defined to be the set

kerm = {z € X : m(x) = Ox/ny = N}.

Definition 1.4.4 ([33], p.30). Let X be a normed vector space and N be a vector
subspace of X. We define the quotient norm on the vector space X/N by

[m(2)|| = [z + N|| = nf{[lz — 2] - = € N},

Remark 1.4.5. The quotient norm can be interpreted as the distance of z € X
from the vector subspace N of X.

Remark 1.4.6. The origin of X/N is 7(0) = N.

Proposition 1.4.7 ([I6], p.70). (i) The quotient norm || - || : X/N — R satisfies
Im (@) < [l=l], for every z € X.

(ii) The quotient map © : X — X/N is continuous, with respect to the quotient
norm.

Proof. (i) Since 0 € kerm, we immediately obtain
|m(x)|| = inf{||z — z|| : z€ N} <inf{|lx—0]: 0€ kern} = ||z||.

Thus
()] < [l
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(ii) Let (x)nen be a sequence in X that converges to an element x € X, that is

Il
Ty —> T, &SN — OO

Then, for any € > 0, we have that
[7(zn — 2)| < flon — 2| <e

Thus, 7(z,) A, 7(x) and 7 is continuous. O

The next theorem plays an important role for the remainder of this thesis. It will

be used to prove the completion of the space X/N, through the use of the quotient

map, provided that X is complete. We will see, later on, that this statement holds
for Banach algebras as well.

Theorem 1.4.8 ([33], p.29). Let N be a closed subspace of the Banach space X.
Then X/N s also a Banach space.

Proof. Let (yn)nen be a Cauchy sequence in X/N. For each n € N, we choose an
element z,, € X, such that 7(z,) = y,. We can do that because the quotient map
is onto X/N. In this way, we construct a sequence (z,)nen in X, which is Cauchy.
Indeed, since (y,) is a Cauchy sequence, we have for all m,n € N with m > n and
any € > 0, that ||y, — yn|| < €. This means that ||7(z,,) — 7(x,)| < €, which implies
that ||7(z,, — x,)]| < e. Thus, there exists a § > 0, such that ||z, — x,| < d. So,
(n)nen 1s a Cauchy sequence in X and, since X is complete, there exists an element
x € X such that
T, —> X, as N —> 0.

From the continuity of 7, we obtain
(zn) = yn —> 7(x).

Thus, the sequence (y,)neny in X/N converges to m(x). Hence, X/N is a Banach
space. ]

1.5 Quotient Algebras and Homomorphisms

As we saw in Theorem [1.4.8] for a Banach space X and a closed subspace N of X,
the quotient space X/N is also a Banach space. A similar argument holds if X is a
Banach algebra and N is a closed proper ideal of X. In this section, we will prove
the aforementioned statement as well as some basic properties of A, the set of all
complex homomorphisms on X. Also, we will describe the connection between A
and the maximal ideals of X.

Proposition 1.5.1 ([33], p.264). If A and B are commutative Banach algebras and
¢ : A— B is a Banach algebra homomorphism, then ker¢ is an ideal of A, which is
closed if ¢ is continuous.
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Proof. Let K be the field over which A was defined. For any z,y € ker¢ and any
A, i€ K we have that

¢(z) =0=0(y) = {Ao(z) = 0= ¢(Az) and po(y) =0 = d(uy)}
= ¢(A\v + py) = ¢(Ax) + ¢(uy) =0
= (A\z + py) € kerg
= ker¢ is a subspace of A.

For any = € ker¢ and any y € A, we have

¢(x) =0=yo(r) =0
= ¢(yx) =0
= yx € ker¢
= ker¢ is an ideal of A.

Now, suppose that ¢ is continuous. Then for any sequence (x,)nen in ker¢ that
converges to an element x € A, we have that ¢(z,) — ¢(z), as n — 00, so
¢(z) = 0. Thus = € kerp, which means that ker¢ is closed. O

Before stating and proving the next theorem, we will show that a multiplication
can be defined in A/J. Indeed, for any z,2',y,y € A, with n(z) = =n(z’) and
m(y) = 7(y'), we have that

(' —z)e Jand (y —y) € J.
Thus, by the identity

gy —ay = (2" —x)y +ay —y)

we have that (2'y’ — xy) € J, because J is an ideal. Hence w(2'y’) = w(xy) and,
therefore, a multiplication can be defined in A/.J by the relation

m(x)m(y) = w(zy), forall z,y € A.

Theorem 1.5.2 ([33], p.264). If J is a proper closed ideal of the unital Banach
algebra A and m: A — A/J is the quotient map, then A/J is a Banach algebra.

Proof. As we have seen in Theorem m, if A is a Banach space, so is A/J. So, we
just need to prove, for every x,y € A, that

[m(@)m ()l < [lx(@)liw(y)ll and [[x(1)]l =1,

where 14 is the unit of A.
Let x1,7z9 € A and € > 0 be arbitrary. Then, we have that there exist y;,y, € J,
such that
|z — yill < ||w(x;)|| +€ fori=1,2 (1.7)

and, by Proposition [1.4.3]
7 (@) < [l (1.8)
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Since
(1 — Y1) (w2 — y2) = 2102 + (Y112 — 212 — T2y1) € T1T2 + J,

we have that

I (z1z2) || < (21 = 1) (22 — 52
< [ler = willlle2 = gl

This last inequality implies that
I (@12) | < () || (2)]]- (1.9)
Also, if 14 is the unit of A, then
m(x) = m(z)m(la) = w(La)m(z),

which means that m(14) is the unit of A/J. It is a fact that 7w(14) # J since,
otherwise, we would have

The last equality implies that 14 € J or, equivalently, that J = A which is a
contradiction because J is proper. So from ((1.9)) we obtain

I (La)llllr(La)ll = [l (La)m (La) || = [l (La)ll-

Thus, [|7(14)|| > 1. Now, the relation (1.8]) implies that ||7(14)|| < ||[14] = 1. Hence
|Im(14)]] =1 and A/J is a Banach algebra. O

Theorem 1.5.3 ([33], p.265). Suppose that A is a unital commutative Banach alge-
bra and that A is the set of all Banach algebra homomorphisms f: A — C. Then

(i) Every mazimal ideal of A is the kernel of some h € A.
(ii) If h € A, then kerh is a mazimal ideal of A.
(11i) An element x € A is invertible if, and only if, h(z) # 0, for all h € A.
(iv) An element x € A is invertible if, and only if, x lies in no proper ideal of A.

(v) X € o(x) if, and only if, h(x) = \, for some h € A.

Proof. (i) Let M be a maximal ideal of A. Then, from Theorems|1.3.10{and [1.5.2]
M is closed and A/M is a Banach algebra, since every maximal ideal is proper.

Now, we choose x € A with z ¢ M and define the set

J=Hax+y:a€Aye M}

It is evident that J is an ideal of A, for if z € A is an arbitrary element of A,
then
z(ar+y)=(za)z+yeJ, forallae Aandallye M.
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(i)

(i)

Also, the ideal J is larger than M, since for o = 14 and y = 0, we have
that x € J, for every x € A. Thus, J = A and ax + y = 14, for some
ac€Aandye M. If m: A— A/M is the quotient map, then

m(ax +y) = n(la),

which implies that 7(a)m(x) = m(14). Hence, every nonzero element m(z) of
A/M isinvertible in A/M. By applying the Gelfand-Mazur Theorem (Theorem
1.2.18)), to the Banach algebra A/M, we get an isomorphism j : A/M — C.

Next, we define the map h : A — C, via the composition h = j o w. Then,
h € A since for all z,y € A we have that

— () - h(y).
Thus,

kerh={x € A:h(x) =0= (jom)(x)}
={reA:jo(x+M)=0}
={reA:(z+ M) €€kerj=0+ M}
={recA: xe M}
=M.

If h € A, then h™1(0) = {z € A : h(x) = 0} = kerh is an ideal of A which
is maximal, because it has codimension 1. This is true, since from Theorem
1.3.10] every proper ideal is contained in a maximal one. So, if kerh was not
maximal, but only proper, there would exist a maximal ideal I of A, with
codimension < 1. Apparently, its codimension would be 0, which implies that
I would not be proper, a contradiction.

If z €inv(A) and h € A, then
h(z)h(z™h) = h(zx™') = h(1,4).

Thus, h(z) # 0. For the converse, we assume that x is not invertible. Then,
the set B = {ax : @ € A} does not contain 14. Hence B = {azx:a € A} # A
and, thus, B is a proper ideal of A which is contained in a maximal one, by
Theorem . Therefore, by there exists an h € A, such that

h(ax) = ah(z) =0,
which implies that h(xz) = 0, for every x € A. This is a contradiction.

If x € inv(A), then it is evident that = does not belong in any proper ideal M
of A, since, otherwise, this would imply that 1, belongs in this ideal, which
leads to M not being proper. The converse can be easily shown utilizing
by considering the specific proper ideal {ax : o € A} for a =1, € A.
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(v) If X € o(x), then (A14 — z) ¢ inv(A). So, we can apply [(iiD)} taking (A4 — z)
in place of z, in order to deduce that h(Al4 — z) = 0, which implies that
A = h(z), for some h € A. For the converse, suppose there exists an h € A,
such that h(z) = A\. Then h(Aly — z) = 0. Again, by [(iii)}, we have that
(A4 — ) ¢ inv(A), from which we deduce that A € o(z). O

1.6 The Gelfand Transform

For the last section of this chapter, we will define the Gelfand transform of an element
xr € X and the maximal ideal space, also known as the structure space A, which
is the space A equipped with the, so called, Gelfand topology. For the rest of this
chapter, all algebras are unital and over the field C unless explicitly stated otherwise.

Definition 1.6.1 ([33], p.268). Let A be the set of all complex homomorphisms of
a commutative Banach algebra A. For each x € A, we define a map z : A — C, with
Z(h) = h(z). This map is called the Gelfand transform of z.

Definition 1.6.2 ([33], p.268). For every = € A, let A be the set of all Gelfand
transforms & : A — C and A* be the continuous dual of A, namely

A*={f: A — C: f is linear and continuous }.

The Gelfand topology of A is the W* topology, induced by A*, that is, the weakest
topology that makes every & : A — C continuous. We can define a norm on A by
the formula

]l = mac{ (1)1}

Remark 1.6.3. By "weakest” in the definition of Gelfand topology, we mean that
W* C T, for any other topology 7 on A which makes every Z continuous. The
elements of the W* topology are of the form

V=W(xy,29,...,2,,6) ={h € A" : |h(z;)| <¢, forali=12,... ,n}.

Remark 1.6.4. We observe that A C C(A). This implies that the set A is a com-
mutative Banach algebra, under the usual operations and the complex conjugation,
as involution.

Remark 1.6.5. The map || - || : A = R, defined by the formula
1#llo0 = max{|2(h)]},
is a norm. Indeed
[#(h) oo = 0 & {2 (A)]} = 0

< 2(h) =0, forall he Ay
S 1 =0, for all 7 € A.
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Additionally
17+ glloe = max{|(z +g)(h)[}
€A
< A .
< max{[Z(h) + §(h)I}
= [|&]|cc + 1]loc, forall &,9€ A, he Ay
Also
ladllw = 3% = max{[a@(h)|} = [al ¢, forallaeC, ie A
A

We made use of the fact that the Gelfand transform, regarded as a map from A into
A, is a homomorphism, which is proved in Theorem |1.6.15

Definition 1.6.6. The radical of A, denoted by radA, is the intersection of all
maximal ideals of A. Since every ideal of A contains the zero element of A, we obtain

that radA # 0. If radA = {0}, then A is called semisimple.

Remark 1.6.7. The definition of a semisimple algebra must not be confused with
the definition of a simple algebra, which is the algebra that contains only the trivial
ideals, that is {0} and the whole algebra.

Remark 1.6.8. Since there exists a one-to-one correspondence between the elements
of A and the maximal ideals of A, A equipped with the Gelfand topology is usually
called the maximal ideal space of A. The elements of A are usually referred to
as the characters of A, that is, nonzero homomorphisms from A onto C.

We recall some definitions from other branches of mathematics.

Definition 1.6.9 ([20], p.210). A directed set is a nonempty set A, together with
a binary relation <, that satisfies all of the following properties

(i) = <, for all z € A (Reflexivity).
(ii) =z <y and y < z implies that x < z, for all z,y, 2z € A (Transitivity).

(iii) For all =,y € A there exists z € A, such that + < 2z and y < z (Upper
boundedness).

Definition 1.6.10 ([20], p.210). If A is a directed set and X is a nonempty set, then
a function f: A — X with f(\) = x,, is called a net in X, denoted by (z,)xea-

Definition 1.6.11 ([20], p.210). A net (x))xea on a nonempty set X is called in-
creasing, if z,, < z,, whenever v < .

Now, we prove an important theorem from functional analysis.

Theorem 1.6.12 (Banach—Alaoglu, [16], p.130). Let X be a normed space. Then,
the closed unit ball Bx~ of X* is W* compact, that is, (Bx+, W*) is compact.
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Proof. By the definition of the closed unit ball, we get
By ={feX*: ||fIl<1}={fe X" : |f(x) <|z|, forallze X}
Next, we define the map ¢ : Bx- — RX, via the formula

¢(f) = (f(2))zex-

Recall that the set R¥ is the set of all functions from X into R. If we let K =
ex[—|z|l, ||z]|] then, from Tychonoff Theorem, we see that K is compact. The Ty-
chonoff Theorem states that if (X;, T;) are compact topological spaces, then (I1.X;, X T;)
is compact, where x7; is the product topology of I1.X;.

We, also, observe, for any net (f\)xea in By and any f € Bx» with f, RAAN f
that
fa LN f if, and only if, fy(z) — f(x), forallz e X

or, equivalently,
fr 5 f it and only if, ¢(f1) = ¢(f)-

Hence, the map ¢ : (Bx+, W*) = (¢(Bx~, XxT) is a homeomorphism. So, in order
to deduce that (Bx«,w*) is compact, we just need to prove that ¢(Bx-) is a closed
subset of K, because if it is closed, then it will also be compact, since K is compact.

Let (fa)aea be a net in ¢(Bx+) and f € K, such that fy — f, in the product
topology X7 . Then, for any =,y € X and any «, 8 € R, we have that

Ilax + By) = afa(x) + Bfi(y) — af(z) + Bf(y)

and
Ialax + By) — flax + By).

Hence f(ax + By) = af(x) + Bf(y), since R¥ is Hausdorff and the limit is unique.
Thus, f is linear. Since (fy)rea € ¢(Bx-) C K, we have that |f\(z)| < ||z]|, for all
x € X and |f(z)] < ||z|, for all z € X, since f € K. Hence, f is continuous. So,
¢(Bx-+) is a closed subset of K, hence compact. Thus (Bx«, W*) is compact, since ¢
is a homeomorphism. O

Lemma 1.6.13 ([33], p.231). Let € > 0. For any Banach algebra A and any x € A,
with ||z|| < €, we have that |¢p(x)| < €, for every homomorphism ¢ : A — C.

Proof. For any A € C, with |\| > €, we have
A ] < A lef) < 1
Hence, by Theorem [1.2.10| we have
(14 — A '2) € inv(A)
and by Theorem [1.5.3] we get
1—A""o(x) = ¢(1a — A\ ') #0.
Hence ¢(x) # A, which implies that |¢(z)] < e. O
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Lemma 1.6.14 ([16], p.219). Let A be a unital commutative Banach algebra and
h e A. Then

(i) h(14) =1.
(i) [|h]] = 1.
(111) |h(x)| < ||z|, for all x € A.

Proof. (i) Since h € A, we have that h(z) # 0, for some z € A. Thus h(z) =
h(z14) = h(z)h(14), which means that h(14) = 1.

(ii) Let a € A be an arbitrary element of A and A = h(a) € C. If || > ||a||, then

H % H < 1 and so the element 1,4 — % is invertible, according to Theorem |1.2.10

Now, let b = <a - ;)1. Then 14 =0 (a — %) Using |(i), we have

a

I:h(lA):h[b<1A—X>]:h(b)—T:h(b)—Wzo,

which is a contradiction. Hence |h(a)| = |A| < |[la||. Since h(1l4) = 1, we
observe that this inequality can never hold, unless ||h| = 1.
(iii) By |(i)|and we get, for any x € A, that
()] < IAllll]l = ]l O

Theorem 1.6.15 ([33], p.268). Suppose that A is the maximal ideal space of a unital
commutative Banach algebra A. Then

(i) A is a compact Hausdorff space.

(i) The Gelfand transform, regarded as a map from A into A is a homomorphism,
whose kernel is radA. Therefore, the Gelfand transform is an isomorphism if,
and only if, A is semisimple.

(i1i) For each x € A, the range A(x) of T is the spectrum o(x) of x, that is
o(x) = A(x) = {h(x) : heA}.

Hence
[12]loe = p(x) < ||z

and
x € radA, if, and only if, p(x) = 0.
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Proof. (i) Let A* be the continuous dual of A, regarded as a Banach space, that
is
A*={f: A— C: f is linear and continuous }.

A*, being a normed linear space, is a Hausdorff space. Thus, the closed unit
ball B4« of A* is a Hausdorff space and is W* compact, by Banach—Alaoglu
Theorem (Theorem . So, we just need to show that A C B4« and that
A is W* closed in By«. Using Lemma [1.6.14] it is evident that A C By-.

Now, let (h;)ic; be a net in A and an h € Bas, such that h; ANy S By the
definition of the W* topology, we have that

hi 255 hif, and only if, hi(z) — h(z), for all z € A.

From the fact that C is a Hausdorff space, we deduce that the limit above is
unique. Since left and right multiplication on C are continuous we have, for
any a,b € A, that h;(a) — h(a), which implies that

hi(b)hi(a) — h;(b)h(a)
and h;(b) — h(b), which implies that
hi(b)h(a) —s h(b)h(a).

Thus
hi(b)hi(a) — h(b)h(a)

and

Hence, h(ab) = h(a)h(b). For any A\, u € C, we have that
hi(Aa + ub) — h(Aa + ub)
and
hi(Aa 4+ ub) = hy(Aa) + h;(ub) = Ahi(a) + phi(b) — Ah(a) + ph(b).

Thus, h is a complex homomorphism.

Since for any Banach algebra homomorphism h : A — B between unitary
algebras, it holds that h(14) = 1, we have that

1 =hi(1a) — h(1ya),

which implies that

h(la) =1. (1.10)
Thus, h is a Banach algebra homomorphism which is nonzero, because of ({1.10)).
Hence, h € A, which implies that A is W* closed in B4+ and since Bys is

compact, we deduce that A is a compact Hausdorff space. Notice that every
subspace of a topological Hausdorff space, is Hausdorff itself.
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(ii) Let z,y € A, a € C and h € A. Then
(az)(h) = h(az) = ah(z) = ai(h),

(z +y)(h) = h(z +y) = h(z) + h(y) = &(h) + §(h)
and -
(zy)(h) = h(zy) = h(x)h(y) = L(h)j(h).

Thus, the map z — & is a homomorphism, since 14(h) = h(14) = 1. The kernel
of the map  +— & consists of all z € A, for which h(z) = 0. By Theorem[L.5.3]
the condition h(x) = 0 implies that z lies in every maximal ideal of A. So, the
kernel of the map = +— 7 is the intersection of all maximal ideals of A, which is
equal to radA by definition. Thus, if  — Z is an isomorphism, then radA = 0,
which means that A is semisimple. For the converse, if A is semisimple, then
radA = 0, which implies that the map x — Z is an injective homomorphism.
By the definition of the Gelfand transform, we deduce that the map x +—  is
surjective and, thus, an isomorphism.

(iii) Consider a A € C, such that A = h(x). By Theorem [1.5.3] this implies that
A € o(z). Thus
A(xz) ={h(x): he A} Co(x).
Now, for any A € o(z), we have, again from Theorem that A = h(x), for
all h € A, which implies that A € A(x). Hence A(z) = o(z). By the definition
of the norm || - ||s : A — R, we have that

12]loc = max{|a ()|}
= maz{|h(x)|: h € A}
=sup{|A|: A €o(z)}
= p(x) < [|lz|
The last inequality holds from Theorem [1.2.14]

Now, if x € radA, then from Theorem we deduce that h(x) = 0, for all
h € A, which means that o(z) = {0}. Indeed, if A € o(z), with A # 0, then
h(xz) = A, for all h € A by Theorem [1.5.3] This means that = does not lie in

any proper ideal of A, which is a contradiction, since z € radA. Thus o(z) = 0,
for all z € A and p(z) = 0.

Now, for an element x € A with p(z) = 0, we have that 0 € o(x). This implies
that = ¢ inv(A) or, equivalently, that x lies in every maximal ideal of A. Thus,
x lies in the intersection of those maximal ideals. This intersection is radA by
definition, hence x € radA. n

Remark 1.6.16. In the proof of of Theorem , the hypothesis that A is
unital was only used to prove that the complex homomorphism A preserves the
identity 14 of A. So, if we withdraw this hypothesis, we can conclude that A, is
a locally compact Hausdorff space since, in that case, every point of Ay, i.e. every
complex homomorphism h : A — C, would have a neighborhood basis consisting of
compact sets. Thus, A4 is compact if, and only if, A is unital.
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Theorem 1.6.17 ([33], p.269). If ¢ : B — A is a homomorphism of a commuta-
tive Banach algebra B, into a semisimple commutative Banach algebra A, then ¢ is
continuous.

Proof. Suppose (z,)nen is a sequence in B and x € B, such that x,, — z. We will
show that ¢(z,) — ¢(x).

For this, let Ag, A4, be the maximal ideal spaces of B and A respectively. We
fix an h € Ay and let v = h o ¢. For any x,y € B and any A, u € C, we have that

Y(zy) = hoo(zy) = (hod)(z)(hod)(y) = Y(x)Y(y),

YA+ py) = ho ¢(A\x + py) = AMh o @)(x) + pu(h o d)(y) = Mp(z) + b (y)
and
Y(x) = ho¢(x) #0.

Hence ¢ € Ap.

Now, we pick an ¢ > 0 and apply Lemma to the element (z, — x), for
which ||z, — z|| < e. Thus, we get |¢(z,, — z)| < €, which means that 1 is continu-
ous. Following Lemma [1.6.13] and the continuity of ¢, we deduce that all complex
homomorphisms of Banach algebras are continuous. Hence, h is continuous, since
h e Ay.

Now, let A € C, with A # 0 and A € o(lim ¢(x,,) — ¢(z)). By Theorem [1.5.3 we
have that

which is a contradiction, since A # 0. Hence
o(lim ¢(zy) — ¢(x)) = 0,

which implies that
p(lim ¢(zy) — ¢(z)) = 0.

By of Theorem [1.6.15] we get
(hm ¢($n) - ¢($)) € radA = {0}7
by hypothesis. Thus ¢(x,) — ¢(z) and ¢ is continuous. O

Corollary 1.6.18. Every isomorphism between two semisimple commutative Banach
algebras is a homeomorphism.

Lemma 1.6.19 ([33], p.270). If A is a commutative Banach algebra and for all
x € A with x # 0 it holds that

2 A
r:infM ands:inf%,
Iedl [l



Chapter 1. Basics of Banach Algebras 31

Proof. From Theorem [1.6.15, we have that ||Z| = p(z) < |lz|. Then, for any
x € A, we have
2% = [12%]lee = 12115 > s°[l]1*.

Thus, {s?} is a lower bound of the set

2
{Hx | forallxeAWithx#O}.

(I

Hence s* < r. Since ||z?|| > r||z||?, for all z € A with x # 0, induction on N implies,
for all n € N, that

N e e e
= lim [|e" /" > vz
= [l#lloe = p(z) = rlle].

Thus, r is a lower bound of the set

{“xHOO for allxeAWithx;«éO}.

]|
Hence, r < s and s? < r < s. O
Next, we derive an important result for this thesis.

Theorem 1.6.20 ([33], p.270). Suppose that A is a commutative Banach algebra.
Then, the Gelfand transform is an isometry if, and only if, ||22|| = ||z||?, for all
r e A

Proof. From Lemma [1.6.19, we have that the Gelfand transform is an isometry if,
and only if, s = 1. This is true, because if the Gelfand transform is an isometry, then
|Z|lco = ||z||, which implies that s = 1. Furthermore, if s = 1, then for any = € A,
with x # 0, we have that -
X o

> 1.
]

Since the converse inequality was proved in Theorem [1.6.15] we finally have that
[£]loe = llII,

that is, the Gelfand transform is an isometry.
By Lemma [1.6.19] s = 1 implies that » = 1 and vice-versa. Hence, we have the
result. O

Corollary 1.6.21. Let A be a commutative C*-algebra. Then, the Gelfand transform
1S an isometry.

Proof. Since ||z*z| = ||z||?, for all z € A, by the definition of the C*-identity, we
immediately conclude that ||z2|| = ||z||?, which implies that the Gelfand transform
is an isometry, from Theorem [1.6.20 O]
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We complete this chapter with examples of how a maximal ideal space can be
computed and we close up with some remarks.

Example 1.6.22. Let X be a compact Hausdorff space and A = C'(X), induced
with the supremum norm. For each € X, the map h, : C(X) — C, with h, = f(z),
is a complex homomorphism. By Urysohn Lemma, C'(X) separates the points of X,
since C'(X) is normal and Hausdorff. So, the condition z # y implies that h, # h,,
for all z,y € X. Thus, the map x — h, embeds X into Ay,.

Now, we claim that each h € A, is, in fact, an h,, for some x € X. Indeed, if
the conclusion is false, then there exists a maximal ideal M of C'(X), that contains
a function f, with f(p) # 0 for all p € X. The compactness of X implies that
M contains finitely many functions fi, fs,..., f., such, that at least one of them is
nonzero. We let

g:f1f1+"'+fnfn-

Since M is an ideal, we have that ¢ € M and g(x) > 0 for all x € X. Hence, g is
invertible and, by Theorem [I.5.3] does not lie in any proper ideal of A, which is a
contradiction. Hence x <+ h, is a one-to-one correspondence between X and A 4.
This identification is also correct in terms of the two topologies that are involved.
The Gelfand Topology of X is the weak topology induced by C'(X) and is, therefore,
weaker that the original topology of X. But the Gelfand topology is a Hausdorff
topology (Theorem, while the original topology is compact since X is assumed
to be compact. Hence, the two topologies coincide and the identification x <> h,, is
a homeomorphism. Thus, X is the maximal ideal space of C'(X) and the Gelfand
transform is the identity map of C'(X). Following a similar argument as that above,
we deduce that

“If X is a locally compact Hausdorff space,
then X is the mazimal ideal space of Co(X).

”

m
For our last example, we will need some measure theoretic background. Further

measure theoretic definitions will be used and the interested reader can look for more
details in [22], [23] and [35].

Theorem 1.6.23 (The Riesz Representation Theorem, [35], p.40). Let X be a locally
compact Hausdorff space and let A be a positive linear functional on C.(X) which
is defined to be the collection of all continuous complex-valued functions on X with
compact support. Then, there exists a o-algebra M in X which contains all Borel
sets in X and a unique positive measure . on M, such that

Af = /deu

for every f € C.(X). This positive measure satisfies the following additional proper-
ties.

(i) wW(K) < oo, for every compact set K C X.
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(ii) For every E € M, we have

p(E) =inf{u(V): ECV,V open }.

(i11) The relation
u(E) =sup{u(K): K C E,K compact }

holds, for every open set E and for all E € M that satisfy u(E) < oc.
(iv) If E€ M, ACFE and u(E) =0, then A € M.

For the next theorem, we suppose that p is a measure on a locally compact
Hausdorff space X that satisfies the properties of Theorem [1.6.23]

Theorem 1.6.24 (Lusin Theorem, [35], p.53). Let € > 0 be arbitrary. Also, suppose
that f is a complex measurable function on X, u(A) < oo and f(x) =0 if v ¢ A.
Then, there exists a function g € C.(X), such that

p(fe - flx) # g(x)}) <e

and
sup [g(z)| < sup [f(x)].
rxeX zeX

Example 1.6.25. Our last example is L>°(u). Here u is a Lebesgue measure on the

unit interval [0, 1] and L>(u) is the usual Banach space of equivalent classes (modulo

sets of measure 0) of complex bounded measurable functions on [0, 1], normed by

the essential supremum norm ||f|| = sup {f(x)}, which is defined as the usual
z€(0,1]

supremum norm but without regarding the subsets of [0,1] of measure 0. Under
pointwise multiplication, L (u) is obviously a commutative Banach algebra.

If f € L>=(u) and G is the union of all open sets G C C with u(f~(G)) = 0, then
the complement of G (called the essential range of f) coincides with the spectrum
o(f) of f and, hence, with the range of its Gelfand transform f. It follows that

~ —

f is real, if f is real. Hence, L>(u) is closed under complex conjugation. By the

Stone—Weierstrass Theorem, L>(u) is dense in C'(A), where A is the maximal ideal

—

space of L>®(p). Tt also follows that f — f is an isometry, so that L>(u) is closed
in C(A). We conclude that f — f is an isometry of L (i) onto C(A).

Next, we prove that f + [ fdu is a bounded linear functional on C'(A). By the
Riesz representation theorem (Theorem , there exists a regular Borel proba-
bility measure i on A that satisfies

/Afd,&:/olfdu. (1.11)

By a Borel measure, we mean a measure p that is defined on all open (hence in all
Borel) sets of a topological space. It is called regular, if it is both inner and outer
regular. A probability measure is a measure that must assign the value 1 to the entire
topological space. Now, if € is a nonempty open set in A, Urysohn lemma implies
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that there exists f € C(A), with f >0, such that f = 0 outside of  and f(p) =1
at some p € Q. Hence, f is not the zero element of L*°(1) and the integrals in ({1.11))
are positive. Thus, 1(2) > 0 if Q is open and nonempty.

Assume next that ¢ is a Borel function on A with |¢| < 1. By Lusin theorem
(Theorem , there are functions f, € C(A), with |f,| < 1, that converge
to ¢ in the norm of L?(fi). Since f f preserves complex conjugation and is a

homomorphism, applying (L.11) to (f; — f;)(f; — f ;), we get that
o 1
15— B = [ 15 P (112
A 0

Thus, {f,} is a Cauchy sequence in L?(u1). Also, |f,| < 1 almost everywhere. Hence,
there exist an f € L*°(u) such that f, — f in L?(u). Now, implies that
f, — fin L?*(u). The conclusion is that ¢ = f almost everywhere. Thus, every
bounded Borel function ¢ on A coincides with some f € C(A) almost everywhere
and C(A), L>®(it) are identical as Banach spaces.

Remark 1.6.26. As we mentioned throughout the proof of Theorem [1.6.17] it is a
fact that for any Banach algebra A, any € > 0 and any z € A, with ||z] < ¢, we
have that |¢(z)| < €, for any complex homomorphism ¢ : A — C. We proved this
last statement in Lemma [1.6.13] from which we deduce the following result

“In any Banach algebra (unital and over the field C),
every complex homomorphism is continuous.”

This is true, since if X, Y are normed linear spaces and T : X — Y is linear, then T’
is bounded if, and only if, T" is continuous.

Remark 1.6.27. Theorem [1.6.17 and Corollary [L.6.18| are special cases of the fol-
lowing theorem.

“Suppose that X is a complex topological vector space and Y is a subspace of X,
with dimY = n, where n is a fixed natural number.
Then every isomorphism of Y onto C" is a homeomorphism.”

The interested reader should look for Theorem 1.21 in [33] for more details.



Chapter 2

Basics of C*-Algebras

We begin this chapter with several definitions and properties about C*-algebras. We
prove Dini Theorem (Theorem [2.1.9)), which helps us distinguish pointwise conver-
gence of a sequence of functions from uniform convergence, under specific circum-
stances. We prove that the closure of a real algebra is also an algebra, which we use
to prove the Stone-Weierstrass Theorem over the field R (Theorem and over
the field C (Theorem [2.1.16). The latter is a consequence of the former. We make
a construction about unitizing C*-algebras that are not already unital (Theorem
2.2.8). This construction allows us to unitize any C*-algebra by just adjoining an
identity and it will be useful in the proof of nonunital Gelfand Theorem (Theorem
[2.2.14). The unital case of Gelfand Theorem can be easily approached by using the
tools that we presented in the previous sections. We close up this chapter with the
notion of an approximate identity.

2.1 Introduction to C*-Algebras

For this section, all algebras are taken over the field C, unless explicitly stated
otherwise.

Definition 2.1.1 ([29], p.35). An involution on an algebra A is a map from A into
itself, such that for all z,y € A and all a € C

Definition 2.1.2 ([29], p.36). A C*-algebra A is a Banach algebra with an involu-
tion, that satisfies
la*a|| = ||a||®, for all a € A.

This last property of the norm is usually referred to as the C*-condition and an
algebra norm that satisfies this condition is called a C*-norm.

35
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Definition 2.1.3 ([29], p.36). A C*-subalgebra of a C*-algebra A is a closed *-
subalgebra of A.

Remark 2.1.4. Certain properties follow immediately from the aforementioned def-
initions. For example, the involution map x — z* from A into itself is a bijection,
that is, injective and surjective.

Indeed, we have, for any =,y € A with z* = y*, that (z*)* = (y*)*, which implies
that = y. This means that the map z — x* is injective. Also, we can easily see
that the map x — z* is surjective, since (z*)* = z. Thus, the involution map is a
bijection.

Remark 2.1.5. We observe that the involution map is isometric. Indeed, if we apply
the C*-condition to the element a* € A, we have that

la”[I* = 1I(a")*(a") || = llaa™|| < [lalllla"].

Thus ||a*|| < |la||. Following the same procedure as above, we can see that the
converse inequality holds too, that is

llal| < [la*||, for all a € A.

Hence, ||a|| = ||a*||, for all a € A, which means that the involution map is isometric.

Definition 2.1.6 ([20], p.272). Let X be any topological space and let (f,,)nen be
a sequence of functions, with f, : X — R, for all n € N. The sequence (f,)nen
converges pointwise to the function f : X — R, if

folz) — f(z), forallx e X.

Definition 2.1.7 (J20], p.267). Let X be any topological space and let (f,,)nen be
a sequence of functions, with f, : X — R, for all n € N. The sequence (f,)nen
converges uniformly to the function f : X — R, if for any € > 0 there exists
N € N, such that for all n € N with n > N, it holds that

|fu(z) — f(x)] <€, forall ze X.

Remark 2.1.8. Uniform convergence implies pointwise convergence, as it can be
seen by the definitions above. But, the converse does not always hold as we shall see
in Dini Theorem (Theorem [2.1.9)) that follows.

Theorem 2.1.9 (Dini Theorem, [I8)], p.277). Let X be a compact topological space
and let (fn)nen be a decreasing sequence of functions f, : X — R, that converges
pointwise to a continuous function f : X — R. Then, (fu)nen converges uniformly

to f.

Proof. We define the sequence of functions (g, )nen, with g, : X — R, such that g, =
fn— f. For each n € N, g,, is continuous. The sequence (g, )nen converges pointwise
to 0, since f, — f pointwise, and is decreasing, since (f,)nen is decreasing. We,
now, prove that g, — 0 uniformly.
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Let € > 0 and define
K,={re€e X :g,(x) > €}, foralneN.

Since g, is continuous for any n € N, we have that K, is closed hence compact, as
a closed subset of a compact space. Since (g, )nen is decreasing, that is, g, > gni1,

for all n € N, we have that K,, D K,41 D .... Now, let x € X be any element of
X. Then, g,(x) — 0 pointwise, which means that z ¢ K,, for all n € N. Thus
x & NpenK,. This means that N,enK,, = (. So, there exists N € N, for which
Ky = 0 and since (K,)nen is a decreasing sequence of compact sets, we have, for all
n € N, with n > N, that 0 < g,(z) < ¢, for all z € X. Thus, g, — 0 uniformly,
which means that f, — f uniformly. O]

Lemma 2.1.10. If A is a real algebra, that is, an algebra over the field R, then so
is its closure A.

Proof. The fact that A is a vector space is trivial. Now, let z,y, z be arbitrary
elements of A. Then, there should exist sequences (2,)nen, (Yn)nens (Zn)nen in A,
such that x,, — =, y, — y and 2, — 2. Since A is a real algebra, we deduce the
following properties

(1) (@nyn)2n = Tn(Ynzn)-
(i) (p 4 Yn)2n = Tp2n + YnZn.
(iil) Zn(yn + 2n) = Tayn + Tn2n.
) 7(Tnyn) = (ran)yn = xo(ry,), for alln € N and all r € R.

(iv

Since () nen, (Yn)nen and (2, )nen are convergent and since the limit of any sequence
is unique, we deduce the following

(v) (zy)z = z(yz).
(i) (2 +y)z = x2 + y2.
(vii) 2(y + 2) = 2y + z2.
(viii) r(zy) = (re)y = x(ry), for all r € R.

Thus, A is a real algebra. O

Lemma 2.1.11 ([18], p.277). Suppose that A is a subalgebra of C5(X), where
CXX)={f:X —R: fcontinuous and vanishes at oo}

and let X be a compact topological space.
(i) If f € A, then |f| € A.
(ii) If f,g € A, then max(f,g) € A and min(f,g) € A



38 Gelfand Duality

Proof. (i) If f =0 € A, then it is obvious that |f| = 0 € A. Now, suppose that

0# fe A Let |fllsup = sup{f(z) : x € A}, so that m € A. Then,

f(X) C [-1,1] and f(x)?® € [0,1], for all z € X. We construct a sequence of
polynomials (py,)nen, such that p; = 0 and

1
Pusa(t) = palt) = 5(po(t) 1), forall ¢ € [0,1].
We will show, using induction, that 0 < p,(t) < v/t and p,(0) = 0, for all
n € Nand all t € [0,1]. For n =1, we get p;(t) = 0 for all ¢ € [0, 1]. Thus, the
result is true for n = 1.

Now, suppose that the result is true for some n € N. We will show that it is
also true for n 4+ 1. Indeed

Pt (6) = VE= pu(t) = VI = S(0R(0) ~ 1

= (pult) = VB — 5(pa(1) — VD) (pult) + V)

1
The last inequality is true, since p,(t) < v/t and p,(t) + v/t < 2v/t < 2, for all
t € [0, 1]. Also, for t = 0, we have

1

Pn+1(0) = pn(0) — 5]7721(0) = 0.

Hence, 0 < p,(t) < vt and p,(0) = 0, for all n € N. Furthermore, we have
that

pasa(t) = palt) = 56 —p—n(0)) 2 0

This is true, since 0 < p,(t) < v/, for all t € [0, 1]. Thus, the sequence (p,)nen
is increasing and bounded by v/#. So, it converges to a function g € CE(X),
such that

0<g(t) <Vt foralltel0,1].

Thus

— lim 5t — pa(t))
= St —gt?)

Thus g(t) = v/t, for all t € [0, 1].

To sum up, we proved so far that the sequence of polynomial (p,)pen is in-
creasing and that it converges to the continuous function

g(t) =+/t, forallte[0,1].
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Utilizing the Dini Theorem (Theorem [2.1.9), we deduce that the sequence of
polynomials (p,,)nen converges uniformly to g, in [0, 1]. We define the sequence
(fa)nen with f, : X — R and f,(z) = p.(f*(2)), for all n € N and we observe
that the sequence (f,)nen converges uniformly to the function \/f2 = |f| in
X. Since (fy)nen is a sequence of polynomials of powers of f, that is, a linear
combination of powers of f, we have that

{fn:mneN} C A

Hence o
lim f,, = |f| € A.

So, in any case, we have shown that if f € A, then |f| € A.

(ii) We will make use of the formulas

max(f,9) = 5(f +9+17 ~ )

and
. 1 _
rnm(f,g):E(f—l—g—]f—g\), for all f,g € A.

Since A is a real algebra, by Lemma [2.1.10| we have that A is a real algebra, so
we conclude that max(f, g) € A and min(f,g) € A. O]

Definition 2.1.12 ([18], p.276). Let A be a family of functions on a topological
space X.

(i) A is said to separate points on X, if for any z,y € X, there exists a function

f € A, such that f(z) # f(y).

(ii) If for each = € X, there exists a function g € A, such that g(z) # 0, then we
say that A does not vanish on X.

Definition 2.1.13 ([I8], p.275). Let A be a real algebra of functions on a topological
space X and let B be a subalgebra of A. Then B is dense in A, if B = A or,
equivalently, if for all f € A and all € > 0 there exists a ¢ € B such that

|f(z) —g(x)] <€ forall z e X.

Lemma 2.1.14 ([18], p.278). Suppose A is a real algebra of functions on a topological
space X, A separates points on X and A vanishes at no point of X. Also, suppose
that x1,x9 € X are distinct points of A and cy,co € R. Then, there exists a function

f € A, such that f(x1) = c¢; and f(x2) = co.

Proof. There exist functions g, h, k € A, such that g(x;) # g(x2) (A separates the
points z1, 29 € X), h(x1) # 0 (A does not vanish at x; € X) and k(x2) # 0 (A does
not vanish at xo € X). Let u = (g — g(x1))k and v = (g — g(z2))h. Since u(xs) # 0,
v(x1) # 0 and u,v € A, we define the function f: X — R, with

cou(z)  cou(z)

v(z1) u(wy)

fx) =

Then f(x1) = ¢ and f(x2) = ¢5 and the proof is complete. O
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Now, we are in place to state and prove the Stone-Weierstrass Theorem, over R
and C.

Theorem 2.1.15 (Stone—Weierstrass Theorem over R, [I§], p.277). Let X be a
locally compact Hausdorff space and suppose that the set A C Cy(X) = Co(X,R) is
a subalgebra of C3(X), such that all of the following hold.

(i) A separates the points of X.
(i1) A wanishes at no point of X.
Then A is dense in C3(X).

Proof. Let h € C5(X) and let € > 0 be arbitrary. We need to show that there exists
f € A, such that
|h(z) — f(x)] <€, forall xe X.

We note here that the algebra A in dense in A. For any z,y € X, with = # vy, we
choose g,, € A, such that h(z) = g,,(z) and h(y) = g,,(y). By applying Lemma

2.1.14] we get that h(z) and h(y) exist.

For a fixed element y € X we define
Up={2€X:(h—guy)(z) <€}, forallz e X with z #y.

Then, U, is an open neighborhood of z and since (h — g,,,) vanishes at co, we deduce
that the set

X\Up={2€ X : (h—gay)(2) = €}
is compact. Thus, we fix an element ;1 € X, and there exist elements x5, x3, ...,z €

X \ Uy,, such that
X\ U,, CULU,,,

which implies that
X cU U,
If we let
fy = max(gm,ya Groyys - - - 7gxk,y>7
we can see from Lemma [2.1.11| that f, € A, because every g,,, lies in A, for each
i€ {1,2,...,k}. Also, for each z € U,,, we have that h(z) — g,,,(2) < €, which

implies that h(z) — f,(z) <e. Thus h(z) — f,(2) <e¢, for all z € X.
Now, for any y € X, we define the set

V,={z e X:(f,—h)(z) < e}

Since f,(y) = max(ga, 4, - - - Gury) = h(y), we have that V,, is an open neighborhood
of Y and, similarly as above, we deduce that there exist elements y1,v2,...,y) € X,
such that

X C U5V,
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If we let f = min(fy,,..., fy,), then, by Lemma [2.1.11} we have that f € A, since
each f,., j € {1,2,...,A}, lies in A, as proven earlier. Also, for any z € X, we
observe that

f(z) = h(z) = min(fy,, .., f,)(2) = h(z) = (fy;(2) = h(2)) <,

for some j € {1,2,...,A}. As stated previously, we also have that h(z) — f,(z) < e.
Thus, |h(z) — f(2)| <, for all z € X and the proof is complete. O

So far, we proved the version of the Stone-Weierstrass Theorem for real-valued
functions. We will, now, show that the version for complex-valued functions follows
from the real one.

Theorem 2.1.16 (Stone-Weierstrass Theorem over C, [18], p.277). Let X be a locally
compact Hausdorff space and suppose that A C Cy(X) is a subalgebra of Co(X) (the

algebra of all continuous complex-valued functions f : X — C that vanish at infinity)
such that all of the following hold.

(i) A separates the points of X.

(ii) For all x € X there exists an f € A, such that f(x) # 0.
(111) A is closed under complex conjugation.
Then, A is dense in Co(X).

Proof. Let f € A and let A® = AN CX(X). Then, the function f € A can be
decomposed as

f = Re(f
where Re(f) = %(f + f) and Im(f) = —(f — f), since A is closed under complex

~—

+ilm(f),

| —

i

conjugation. We also observe that Re(f),Im(f) € AR, Thus A = AR + AR If
A satisfies the conditions of Theorem [2.1.15] then A® = A N CF(X) satisfies the
conditions of Dini Theorem (Theorem [2.1.9)), as a real subalgebra of C§(X). Thus

A= C¥(X) and

~k DD

- =R

A=A +id = C¥X)+iC%(X).

This means that

and the proof is complete. O]

2.2 Gelfand Theorems

In this section, all algebras are commutative, unless explicitly stated otherwise.
Definition 2.2.1 ([16], p.234). Let A be a C*-algebra.

(i) An element a € A is called hermitian or self-adjoint, if a* = a.
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(ii) An element a € A is called normal, if a*a = aa*.

(iii) A hermitian element p € A is called positive, denoted by p > 0, if o(p) > 0.
The set of all positive elements of A is denoted by A™.

(iv) An element u € A is called unitary, if v u = vu* = 14.

Proposition 2.2.2 ([33], p.275). Let A be a C*-algebra and a € A. Then all of the
following are true.

(i) The elements a + a*, i(a — a*) and aa* are hermitian.

(ii) The element a € A has a unique representation, as a = b+ ic, with b,c € A
being both hermitian.

(111) If A is unital, with unit 14, then 1,4 is hermitian.

(iv) An element x € A is invertible if, and only if, =* is invertible. In this case we
have that (z*)~' = (z71)*.

(v) It holds that \ € o(x) if, and only if, X € o(z*).
Proof. (i) For a € A, we have
(a+a") =a" "+ (a")"=a"+a=a+a"
Hence, the element (a + a*) is hermitian. Also
(i(a —a")" = (a" — a)(—i) = i(a — a¥).
Hence, the element i(a — a*) is hermitian. Finally
(aa™)* = (a")*a* = aa”.
Thus, the element aa* is hermitian.
(ii) Since (a+a*) and i(a —a*) are hermitian, we construct the hermitian elements

a+a* a—a*
and ¢ = .

b= -
2 21

We can, now, see that

) at+a* a—a*
b+ic= 5 + = a.

The uniqueness part of the proof is immediate.

(iii) Since 141% = 14, by applying , we deduce that the element 1,4 is hemirian.
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(iv) If a € A is invertible, then
aa”' =a'a=14 if, and only if, (14)* = 14 = (aa™")*
and
(14)* = 1A = (aa™1)* if, and only if, 14 = (¢ ')*a* = a*(a™1)*.
Thus, a* is invertible. As a consequence, we have that
(a*)"" = (¢ V)"
(v) We apply to the element A14 — a, for A € C, and we have that
My — a € inv(A) if, and only if, A4 — a* € inv(A).

Thus B
A € o(a) if, and only if, A € o(a™). O

Following of Proposition [2.2.2) we get the following corollary.

Corollary 2.2.3. Let A be a C*-algebra and let a € A. Then
o(a)=oc(a)={AeC:Ae€o(a)}.

Theorem 2.2.4 ([16], p.234). If a is a hermitian element of a C*-algebra A, then
the spectral radius of a is equal to ||al|.

Proof. Since a is hermitian, we have that

lall* = llaa”|| = llaa]| = [la*.
By induction, we have that
[

't

llal|* = |la for all n € N.

Hence, by the spectral radius formula (Theorem [1.2.14)) we have that the spectral
radius of a is equal to

lim [Ja"[['" = lim [l ||V = Jall. 0
n—oo n—oo

Corollary 2.2.5. In any *-algebra A, there exists at most one norm making A a
C*-algebra.

Proof. If || - ||1, ]| - ||]2 are norms on A such that it is a C*-algebra, then
lall? = |la®|l; = ||la*all; = p(a*a) = sup{|A| : A € o(a*a)}, fori=1,2.

Thus, [lally = lal]». H
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Proposition 2.2.6 ([16], p.235). Let A be a unital commutative C*-algebra, a € A
and h € Ay, that is, h : A — C is a nonzero complex homomorphism.

(i) If a is hermitian, then h(a) € R.
(ii) It holds that h(a*) = h(a).
(i1i) It holds that h(a*a) > 0.
() If u € A is unitary, then |h(u)| = 1.

Proof. (i) If a is hermitian, then a* = a. Now, consider ¢ € R. Then, by Lemma
1.6.14] we have that

h(a +at)|* < [la+at]* < llaf]* + [t
So, if h(a) = = + iy, with z,y € R and y # 0, then

lall +[t1* > |h(a +it)]
= |h(a) + h(it)| = |x + iy + ith(14)|
= |z +i(y +1)]* = 2 + v + 2yt
> y® + 2ut.

So, if t € R tends to infinity, we have a contradiction, unless y = 0. Hence
h(a) =z € R.

(ii) According to Proposition [2.2.2] we can write the element a € A as a = x + iy,
where both = and y are hermitian. So, by [(i)} we have that h(z), h(y) € R.
Thus

h(a*) = h(x —iy) = h(z) — ih(y) = h(z) + ih(y) = h(a).

(iii) By [(ii)| we have
h(a*a) = h(a*)h(a) = h(a)h(a) = |h(a)|* > 0.

(iv) Using the conclusion of [(ii)} we have that
h(u)? = h(u*)h(u) = h(u*u) = h(14) = 1.
Hence, |h(u)| = 1. O

Our next step is to prove the Gelfand Theorems, that characterize an arbitrary
commutative C*-algebra, in terms of its maximal ideal space. In order to prove both
the unital and nonunital case, we need to construct a method of unitizing nonunital
C*-algebras, so that we may confine our attention to unital C*-algebras only. While
this construction is very useful in many cases, it does not always work, as we shall
see in the next section.
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Remark 2.2.7. We recall that if V' is a finite dimensional vector space and Uy, Us, ..., U,,
are vector subspaces of V', such that

V=UPH. PUn.

dimV = dimU; + dimU; + ... + dimU,,.

then

Theorem 2.2.8 (Unitization of a C*-algebra, [17], p.2). Every nonunital C*-algebra
A is contained in a unital C*-algebra A, being a mazimal ideal of codimension 1.

Proof. Let A= A P C. We know that A is an algebra, since the direct sum of vector
spaces is also a vector space and the binary operation

((a, A), (b ) = (a, A)(b, ),
defined by
(a, \)(b, 1) = (ab+ pa + Ab, A\p), for all a,b e A, \u € C,

satisfies all the properties of a multiplication between vector spaces.
_ Since both algebras A and C are normed algebras, we define the norm || - || 5 :
A — R, with

1@, M4 = sup, lac+ Ac|.

This is a norm on A since, for all a,b € A and all A\, € C, we have that

(@, Mz = sup [lac+ Ac]| > 0.

llell<1
Also
(@, N)|| 1 =0< sup ||lac+ Ac|| =0 < (a,\) = (0,0).
llell<1
Additionally
e, Ml 2 = l(pa, pA)] 5 = sup. |nac + pAc|
= |ul sup flac+ el
llel<1
= lelll(a, M|z
Furthermore

(@, A) + (b, )l z = (@ + b, A+ p)][ 5 = sup I(a+b)e+ (A+p)d

= sup [[(a+ X)c+ (b+ p)c||
lefl<1

< sup |lac+ Ac|| + sup ||be + puc||

flell<1 flell<1

= [I(a, Mz + 116, )1 -
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Let (an, An)nen, be a Cauchy sequence in A. Then (@n)nen and (A,)nen are Cauchy
sequences in A and C, respectively. Since A and C are Banach spaces, there exist
elements a € A and A € C, such that

anMa and A\, ‘/\.

This means, equivalently, that for all ¢ > 0 there exists ny € N such that for all
n € N, with n > ng, it holds that

lan — al| < % and |\, — \| < %
Thus

[(@n; An) = (a, >‘)||A [(@n —a;, Ay — )‘)HA
= sup |[(a, —a)c+ (A, — N)c]|

Jel<1
< sup [[[ef[(lan = all + [An = A])]
Jel<t
€
<+

- = €.
2

€
2

Thus, the sequence (an, An)nen C A converges to the element (a,\) € A, which
implies that A is a Banach space.
Furthermore, for any a,b € A and A\, u € C, we have that

1@, M)(b; )| 5 = [I(ab + pa + Ab, A
= sup ||abc 4 pac + Abec + Apcl|

llell<1

< ||ab + pa + Ab + Apl| sup |||
Jel<1

< la -+ Alllo + pll
= [I(a, M 2110, )] 5-

Thus, A is a Banach algebra. Now, define the map o A — A, by (a,\)* = (a*,X)N.
We will show that this map defines an involution on A. For any pairs (a, \)(b, i)
and any ¢ € C, the following hold

o ((a,\)+ (b,p)" = (a+b A+ p)* = (a"+ b A+T7) = (a, \)" + (b, )"
e c(a,\))* = (ca,c)\)* = (¢a*,e)\) = ¢(a, \)*.

(
o ((a,)) = (a, )" = (@™, \) = (a, ).
(

o ((a,\)(b, 0))* = (ab+ pa+AB, \pn)* = (b*a* +Tia* + o, M) = (b, 1) (a*, N) =
(b, w)*(a A)*-

Thus, the map * : A — A defines an involution on A.
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Our next step is to prove the C*-condition for A, assuming that both A and C
are C*-algebras. For any (a, ) € A, we have that

I(a, MII5 = sup [lac + Ac]| sup [lac+ Ac]

lell<1 lell<1
< sup |lc/[([la+ Al?)
lell<1

= lla+AlI* = [I(a +A)*(a+ M)
= |la*a + Aa* + Aa + [\
= [[(@*a+Aa" + Xa, |AP)[1 1 = lI(a, A)*(a, M)l 4
< {1, M)l 4ll(a, Al 4-
So
(e, Ml < [1(a, ) 4
Following the same procedure for the element (a*, X) = (a, \)* € A, we deduce that

[(a, )*ll 2 = [(a, M| -
Thus
1@, V1% = [(a, \)*(a, V]l 5-

So Ais a C*-algebra. ) )
The algebra A is also unital, with unit (0,1) € A, since for any (a,\) € A, we
have

(@ 2)(0,1) = (a, A) = (0, 1)(a, A).
Next, we define the map ¢ : A — C, by ¢(a,\) = A. Observe that
kerg = {(a,\) € A: ¢(a,\) = A =0} = {(a,0) : a € A}.

Since C is a field, we have that ker¢ is a maximal ideal of A. Using the map
v A — kereg, with v(a) = (a,0), we can easily see that this map defines an algebra
isomorphism. Hence, the algebra A is a maximal ideal of A. From the fact that
A=A C, we deduce that

dimA = dimA + dimC = dimA + 1. O

Before stating and proving Gelfand Theorems, we gather some useful definitions
and properties, concerning Banach algebras, that were introduced in Chapter [I}

Remark 2.2.9. Let A be the set of all nonzero complex homomorphisms of a com-
mutative Banach algebra A. For each x € A, we define the Gelfand transform of x,

by the map
z:A — C, with (h) = h(z), forall h € A.

Remark 2.2.10. Let A denote the set of all # : A — C. The map v: A — 121, with
v(z)(h) = 2(h) = h(x), for all h € A,

is an algebra homomorphism, whose kernel is the radical of A, denoted by radA.
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Remark 2.2.11. The maximal ideal space A of a commutative Banach algebra A
is a locally compact Hausdorff space. Additionally, it is compact if, and only if, A is
unital.

Remark 2.2.12. For any commutative Banach algebra A, a norm can be defined
on A by the map || - [ : A — R, with

|l = max{ (1)1}

Now, we can state and prove the Gelfand Theorems for commutative C*-algebras.

Theorem 2.2.13 (Unital case of Gelfand Theorem, [16], p.236). Let A be a unital
commutative C*-algebra, with norm || - ||. Then, the Gelfand transform, which is a
map v : A — C(A), is an isometric *-isomorphism.

Proof. Using Theorem [1.6.15] we have that |||/ = p(z) < ||z|, for all 2 € A. Also,
from Theorem [2.2.4] we have that ||a|| = p(a), for any hermitian element a € A. So,
we conclude that [|*z|| = ||#*2]|, for all 2 € A, since the element z*z € A is, itself,
hermitian. Now, for any a € A and h € A, we have from Proposition [2.2.6] that

h(a) = a(h)

a*(h) = h(a*) = h(a) =
from which we derive that a* = a. Since the involution in C is the complex conjuga-
tion, we deduce that

)

*

'y(a*):&\*:&:&*:’y(a).

As we mentioned in Remark [2.2.12) the map v : A — C(A) is a homomorphism.
Thus, the Gelfand transform is a *~-homomorphism. Also, we observe, for any a € A,
that

lall* = lla*all = [la*allo
= max{|a* a(h)[} = max{|h(a)"h(a)|}

_ 2 _ ~2
= wax{[n*(a)|} = max{|a*()|}
= NPl = flal%.

Therefore, we have that ||a|| = |||, for all @ € A. Hence, 7 is an isometry.

We, now, prove that v : A — C(A) is injective. For this, let y(a) = v(b),
for a,b € A. This means, for any h € A, that vy(a)(h) = ~(b)(h) and, thus, that
h(a) = h(b). So

[7(a) = 7(B)llc = 0 = [[7(a = b)[loc = [la = b].

Since v is an isometry, we deduce that a = b and that ~ is injective.

The last part of the proof is to show that v is surjective, that is, v(A) = C(A).
For this, we will use the Stone-Weierstrass Theorem (Theorem [2.1.16). We can do
this, since A is unital and, so, A is a compact Hausdorff space. Since A is a Banach
space, hence complete, we immediately have that vy(A) is complete, because v is
continuous, being an isometry. So y(A) is closed in C(A).
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The fact that every isometry is continuous is evident, since for any sequence
(an)nen in A, such that a,, — a € A, we have

|la, —al|| <€, for any e > 0.

Thus
[v(an — a)ll = [[v(an) — ()|l <€

and v is continuous.

We, now, show that v(A) separates points in A. Let ¢, h € A with ¢ # h. Then
there exists an a € A, such that ¢(a) # h(a). This means that a(¢) # a(h), which
implies that v(a)(¢) # v(a)(h). Thus, v(A) separates points in A. Since y preserves
involution, that is, v(a*) = y(a)*, for all @ € A, we have that v(A) is closed under
complex conjugation. Indeed, if h € y(A), then h = v(a), for some a € A, which
implies that

h=7(a) = v(a)* = y(a*) € Y(A).

Finally, for any h € A, we have by the definition of the maximal ideal space A, that
h # 0. This means that there exists an a € A, such that h(a) # 0. By the definition
of the Gelfand transform, we have that a(h) # 0, which implies that vy(a)(h) # 0.
Thus, 7(A) vanishes at no point of A. Hence, we can apply the Stone-Weierstrass
Theorem (Theorem d deduce that v(A) = C(A). Since y(A) is closed in
C(A), we also have that y(A) = v(A4) = C(A) and so v is surjective. Thus, the
Gelfand transform is an isometric *-isomorphism. n

Theorem 2.2.14 (Nonunital case of Gelfand Theorem, [I7], p.7). Let A be a nonuni-
tal commutative C*-algebra. Then, the Gelfand transform, which is a map v : A —
Co(A), is an isometric *-isomorphism.

Proof. We apply Theorem [2.2.8] to the C*-algebra A, in order to get a unital com-
mutative C*-algebra A, which has A as a maximal ideal of codimension 1. Since A
is unital, we deduce that A is isometrically *-isomorphic to C'(A ). From this we
derive that A is isometrically *-isomorphic to C(A ;/{oco}). Here, {oo} is the point
at infinity which made A4 into the compact Hausdorft space A ;, via the one-point
compactification.

Indeed, by identifying C'(A 5/{oo}) with Cy(A ), using the obvious *-isomorphism
between these algebras, we deduce that A is isometrically *-isomorphic to Cp(A4),
since the Gelfand transform maps the ideal A of A, to the ideal Co(A4) of C(A5).
The isomorphism maps each function f : Ay — C, to itself, that is, to the func-
tion f : A; — C. Thus, we have that the Gelfand transform, regarded as a map
v:A— Cp(A), is an isometric *-isomorphism. O

An immediate application of Gelfand Theorems is the Spectral Mapping Theorem
(Theorem which states that the spectrum of the functional calculus of a
normal element in a C*-algebra A is exactly the functional calculus of the spectrum
of this element. First, we need to define the notion of the functional calculus of a
normal element in a C*-algebra.
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Definition 2.2.15 ([29], p.41). Let A be a unital C*-algebra, with unit 14, and
a € A be a normal element of A. The commutative C*-algebra C*(a) = span{14,a}
is called the C*-algebra generated by a and 14. It can be easily proved that C*(a)
is the smallest C*-subalgebra of A that contains a and 14.

Definition 2.2.16 ([29], p.43). Let A be a unital C*-algebra, with unit 14, and a € A
be a normal element of A. We define the map r : C(c(a)) — C*(a), by

r(f) = f(a), forall fe C(o(a)).
The map r is called the functional calculus for a.

Theorem 2.2.17 (Spectral Mapping Theorem, [29], p.43). If A is a C*-algebra and
a € A is a normal element of A, then o(f(a)) = f(o(a)), for all f € C(o(a)).

Proof. Let r : C(o(a)) — C*(a) be defined by r(f) = f(a). Then, r is a *-
isomorphism. The proof that r is a *-isomorphism is trivial and will be omitted.
Hence

o(f(a)) = o(r(f)) =a(f).
Applying Gelfand Theorem (Theorem [2.2.13), we have that o(f) = f(o(a)). Hence
o(f(a)) = f(o(a)). O

Proposition 2.2.18 ([I6], p.240). If A is a C*-algebra and a € A is a hermitian
element of A, then there are positive elements u,v € A such that a = v — v and
uwv = vu = 0.

Proof. We define the functions f,¢g: A — R by f(t) = max(t,0) and g(¢) = min(¢,0).
Then, f,g € C(R), f(t) — g(t) = t and f(t)g(t) = 0. Using the definition of
functional calculus, we find elements u,v € A, with u = f(a) and v = g(a). Then,
uw and v are hermitian, since v* = f(a)* = f(a*) = f(a) = v and v* = g(a)* =
g(a*) = g(a) = v. Using the Spectral Mapping Theorem (Theorem [2.2.17)), we
have that o(u) = o(f(a)) = f(o(a)) > 0 and that o(v) = o(g(a)) = g(o(a)) > 0.
Thus, the elements v and v are positive and satisfy u — v = f(a) — g(a) = a and
uwv =vu = f(a)g(a) = 0. O

Proposition 2.2.19 ([I6], p.241). If A is a C*-algebra and a € A is such, that
a = x*x, then a > 0.

Proof. We observe that a* = x*z = a. Hence, by Proposition [2.2.18] there exist

positive elements u,v € A, such that a = v — v and uv = vu = 0. We need to show
that v = 0. Let b+ ic = 2v'/?, where b,c € A are hermitian elements of A. The
existence of the elements b and c¢ is due to Proposition [2.2.2] Then

(z0Y2)* (z0'?) = (b —ic)(b+ic) = b? + ¢ + i(bc — cb)
and

(202 (z0?) = v 20 20t ? = 01 Pan? = 02 (u — v)o? = uw — v? = =02
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Hence i(bc — cb) = —(v? + b? + ¢?) < 0 and since (xv'/?)*(2v'/?) = —v?, we observe
that (zv!/2)*(xv!/?) < 0. If we let y = —(2v'/?)(20'/?)*, we can see that y € A*. So
—y = (b+ic)(b—ic) = b* + ¢ —i(bc — ¢b) and thus i(bc — cb) = b* +c* +y > 0. So

0 <i(bc —cb) <0.

Hence, i(bc — cb) = 0 and —v? = b* + ¢ > 0. Thus, v = 0 and the proof is
complete. O

2.3 Approximate Identities

We finish this chapter with some useful definitions concerning C*-algebras.

Definition 2.3.1 ([29], p.77). Let A be a C*-algebra. An approximate identity
of Ais a net (x))xea of elements of A, such that all of the following hold.

(i) The net (z))xea is increasing.

(ii) The net (z))aea is contained in the closed unit ball of A.
(iii) The net (z))rea contains only positive elements of A.
(iv) li/r\n |lzx —z|| =0= liin |zz\ — ||, for all z € A.

Remark 2.3.2. If A is a unital C*-algebra, then an approximate identity of A is
the constant net (x))xea with z, = 14, for all A € A. If A is a nonunital C*-algebra,
then A admits an approximate identity, as we shall see in Theorem [2.3.7

Remark 2.3.3. If A and B are both nonunital commutative C*-algebras and ¢ :
A — B is a *~homomorphism from A into B, then ¢ always respects the approximate
identity (ax)xea of A, that is, ¢(ay) = (b,),em, where (b,),en is the approximate
identity of B.

Remark 2.3.4. The unitization of a nonunital C*-algebra A does not always come
with no drawbacks. For example, if J is a right ideal of A and J = JPC is the
unitization of J, then J is no longer an ideal of A, for if (j,¢) € J and a € A, then

(4, )a = (j,¢)(a,0) = (ja + ca,0) ¢ J,
since ca ¢ J.

Remark 2.3.5. The problem of showing that every closed ideal J of a C*-algebra
A is self-adjoint, is solved by using approximate identities. Indeed, if (x))xea is an
approximate identity of J and if x € J is an arbitrary element of J, then

li/{n |zryz —z|| =0= li/r\n |zrx™ — 2| = liin |z*z\ — 27
Since x*x) € J for all A € A and since J is closed, we have that
li/{n(a:*x)\) =" e J

Thus, J is self-adjoint.
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Lemma 2.3.6 ([8], p.36). Let A be a unital C*-algebra, with unit 14, and z,y be
positive invertible elements of A, satisfying x <vy. Then y=! < a7 1.

Proof. Since both z and y are positive, we can find positive roots for both, which
are denoted by z/? and y'/?, respectively. Multiplying « < y, left and right, with
y~1/2, we get

g 2y V2 < 1,

If we let z = 2'/2y~1/2 € A, we get
s =y W2y 2 <1
Thus, we have that

Izl =2 < 1= ]lz] <1
= |22y 2 < 1
= |2y 2) || = ly 222 < 1.

So, we deduce that zz* < 14, since ||z]] <1 and ||2*|] < 1. Hence

22y <1,
which implies that y= < 271 O]
Theorem 2.3.7 ([8], p.36). Every C*-algebra A admits an approzimate identity.

Proof. If A is unital, we immediately have that an approximate identity is (x))xea,
with 2y = 14, for all A € A. So, we assume that A has no unit and let A be the
unitization of A, with unit 1; = (0,1). Also, under the usual set inclusion, we define
the partially ordered set

where
Ui:{{xl,...,xi}:ijA, for allj:1,2,...,2', ZE[}

For each integer n > 1, let f,, be the function f,, : [0,+00) — [0,1], defined by
fn(t) = nt(1 +nt)~'. Since f, is continuous, for every integer n > 1, it can operate
on the set of all positive elements of A, denoted by AT, instead of R. In other words,
for each integer n > 1, we can define a function f,, : AT — A*. The domain of this
function contains the positive elements of A whose spectrum is contained in [0, +00)
and its image consists of those positive elements of A whose spectrum is contained
in [0,1]. So, for each A € A, say A = {x1,...,x,}, we define the element e, € A, by

ex = fo(zd 4+ +22).

The element z2 + - - - + 22 is positive, since each x? is positive, for any i € {1,...,n},
because o(z?) = o(z;)* > 0. Hence z3+...4+22 > 0, which implies that o(ey) C [0, 1].
Thus, (ey)rea is contained in the closed unit ball of A and is positive, so ey, > 0 and
llea]l < 1, for all A € A.
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Now, let A < p, say A ={x1,...,2,} and p = {21,...,2,}, where m < n. Since
1 — fu(t) = (1 + nt)~t, we have that

1A_‘_m(x%_.|_...+a’;3n) < 1A—I—7”L<33%—|—"'+£172).
This implies that
1i4+nE@i+--+22) < [1i+m@d+-+22)]

Furthermore
Li = fal@i oo b ) S 1g = fnlai 4o ).

Thus ey < eu. Consequently, the net (e))aea is increasing.
Finally, we need to prove that

li/I\n lexx —z]| =0 = liin |zex — x|,

for any hermitian element € A, since any other element z € A can be decomposed
into the form z = z; + 29, where 21, 2o are hermitian. So, we fix an = € A, for which
x = x*. Let m be a positive integer and let A = {z1,..., Zp, Tims1,...,T,} be any
finite set of hermitian elements that contains x and that has at least m elements.

We claim that
|zex — z||* < .
Indeed, since z% < 2?2 + - -+ + 22, we have that
(Li—ene’(lz—e) < (Lg—e)(@l + -+ a27)(15 —ex).
We define the function g, : [0, +00) — [0, 1], by

gn(t) = (1 = fa(@)E(L = fu(t)).

We observe that
gn(t) = t(l - fn(t))2 = t(l + nt)_2
and that

1
()] = [H(1+nt) 72 < —.
9 (D] = [£(1+nt)7? < —

Thus

1
(i —en)a*(Li—en) < galal 4+ +a3) < 15,

where g, is considered as g, : AT — AT. So, the element z =z — ey = (145 — e,),
satisfies

1
Fr=15—ey)ra(ly—e) = (11 —en)r?(1—ey) < Elf;.

Thus
1

* 2
22l = 1l < -
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The above relation implies that
1 1
2
_ < <

lwex =" < dn — 4dm

We, also, observe that
[zex — | = [[(wex — 2)7[| = [lexz™ — 27| = [lear — .

Since m is arbitrary, we deduce that

lim ||zey — z|| = 0 = lim ||exz — z|].
Y Y

Thus, (e))rea is an approximate identity of A. O



Chapter 3

Gelfand Duality and Applications

This chapter is about category theory and the Gelfand Duality. The first section
consists of some preliminary notions of category theory such as the notion of a
category and that of a morphism. We state some terminology about certain categories
of topological spaces and C*-algebras. In the second section we define the notion of
a covariant and a contravariant functor and we give some examples of special kinds
of functors that will be used throughout this chapter. The third section is about
equivalences of categories. We provide a theorem (Theorem that relates
certain properties of functors with the equivalence of the categories associated to
that functor. Finally, the last section is about Gelfand Duality. Specifically, we
prove that the category LCS of locally compact Hausdorff spaces is dual to the
category of nonunital commutative C*-algebras C* Algeom ny and the category CS of
compact Hausdorff spaces is dual to the category of unital commutative C*-algebras
C* Algeom, . We close up this chapter with some interesting consequences of Gelfand
Duality.

3.1 Categories

In this section, we will analyze some basic notions of category theory, that is, the
notions of a category C and that of a morphism, which is a structure preserving map,
alongside with the notion of a functor between two categories. We will introduce the
notion of a category equivalence and that of category duality, which we will make
use of in the proofs of Gelfand Theorems.

Definition 3.1.1 ([I0], p.71). A category C consists of a collection O of objects
and a collection M of morphisms, which are structure preserving maps between
same types of structures, such that all of the following conditions hold

(i) For all A, B € O, there is a (possibly empty) set, denoted by Mor(A, B), called
the set of morphisms f : A — B, such that

Mor(A, B) N Mor(A’, B") =0, whenever (A, B) # (A', B').

(ii) If A, B,C € O, we can define an operation, called composition, from Mor(A, B) x
Mor(B, C) to Mor(A, C), with (f,g) — g o f, such that

95
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e (Associativity) If f: A — B, ¢g: B — C and h : C' — D are morphisms
in C, then (hog)o f=ho(gof).
o (Existence of identity) For each A € O, there exists an identity morphism

idy : A — A, such that foidy = f and idy o g = g, for any morphisms
f:A—>B,g:EFE— AofCand any B, F € O.

Definition 3.1.2 ([10], p.71). A morphism f : A — B in C is said to be an iso-
morphism, if there exists a morphism ¢g : B — A in C, such that f o g = idg and

gof=idy.
Definition 3.1.3 ([I0], p.71). A category C is a subcategory of a category D, if
all of the following conditions are satisfied.

(i) Every object of C is an object of D.

(ii) If A and B are objects of C, then Mor¢(A, B) C Morp(A, B).

(iii) The composition of morphism in C coincides with the composition of morphisms
in D.

(iv) For every object A of C, the identity morphism id4 : A — A of C coincides
with the identity morphism id4 : A — A of D.

Definition 3.1.4 ([10], p.72). If C is a subcategory of D and Mor¢(A, B) = Morp(A, B),
for all objects A, B of C, then C is called a full subcategory of D.

Definition 3.1.5 ([10], p.72). A category C is called additive, if

(i) Mor(A, B) has the structure of an additive abelian group, for each pair of
objects A, B of C and

(i) go(fi+ f2) = gofitgofoand (g1 +g2)of = giof+gaof, for all
fy f1, f2 € Mor(A, B) and g, g1, 9o € Mor(B, ('), where A, B, C are objects of
C.

Definition 3.1.6 ([10], p.72). An object O of a category C is said to be a zero
object of C, if Mor(0, A) and Mor(A,0) contain a single morphism each, for all
objects A of C.

Remark 3.1.7. If C is an additive category, then Mor(A, B) # (), since the zero
morphism Osp : A — B is in Mor(A, B), for any pair of objects A, B of C.

Remark 3.1.8. For the remainder of this chapter, we will denote any morphism
feMor(A,B)by f:A— Bor A ER B, for any pair of objects A, B of C.

Definition 3.1.9. A map f: X — Y between topological spaces, is called proper,
if the preimage of every compact set in Y is compact in X, that is, for any K C Y,
with K compact in Y, we have that f~(K) is compact in X.
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Definition 3.1.10 ([27], p.5). Let A and B be any C*-algebras. A *-homomorphism
¢ : A — B is called proper, if for any approximate identity (ey)xea of A, (¢(€x))rea
is an approximate identity of B.

Remark 3.1.11. The category TOP consists of all topological spaces and all con-
tinuous maps. The category CS consists of all compact Hausdorff spaces and all
continuous maps. Note that any f € Mores(X,Y) is proper, by definition. The
category LCS consists of all locally compact Hausdorff spaces and all continuous
proper maps between these spaces. We observe that CS is a full subcategory of LCS,
since every continuous map f € Mores(X,Y) between compact spaces, is proper
and every compact Hausdorff topological space is locally compact. Indeed, if X is a
Hausdorff topological space, then for each x € X, we have

{z} = ﬂ U;, for every closed neighborhood U; of x.

il

If X is assumed to be compact, then these closed neighborhoods are compact them-
selves. Thus, X is locally compact, since any x € X has a neighborhood basis,
consisting of compact sets. The category C*Alg, consists of all unital C*-algebras
and all *~homomorphisms, while the category C*Algy,, consists of all nonunital C*-
algebras and all proper *-homomorphisms. In the same manner, we define the cate-
gories C* Algeomu and C* Algeomnu, as the commutative analogues of the categories
mentioned above. Note that C*Algeom and C*Algeomnu are full subcategories of
C*Alg, and C*Alg,,, respectively, since every commutative C*-algebra, either uni-
tal or nonunital, is a C*-algebra by itself. Also

MorC*Algu (A, B) = MOrC*Algcom,u (A’ B)

and
MOrC*Algnu (X7 Y) - MorC*Algcom,nu (X7 Y)’

for any pair of objects A, B of C*Algcom, and X,Y of C*Algeomny. The category
SET consists of all sets and if A and B are objects of SET, then Mor(A, B) is
the set of all function f : A — B. Note that each of the examples mentioned
above, are subcategories of the category SE7T. This statement is true, since any
topological space and any C*-algebra are sets by themselves and any morphism
between topological spaces or C*-algebras is a morphism between sets. We will refer
to a category, whose objects are sets, as a concrete category. So, all the categories
that were mentioned in the examples above are concrete categories.

3.2 Functors

In this section, we will discuss the notion of functors, which provide a method of
transferring information from one category to another in a way that is, in some
sense, structure preserving.

Definition 3.2.1 ([28], p.34). If C and D are categories, then a covariant functor
F : C — D is a pair of maps, that consists of
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(i) An object map F', which associates each object A of C with exactly one object
F(A) of D.

(ii)) A morphism map (also denoted by F'), which associates each morphism
f A — B of C with exactly one morphism F(f) : F(A) — F(B) in D,
such that all of the following hold

o ['(ida) = idp(a) for each object A of C.

elf f: A— Band g: B — C are morphisms in C, then F(go f) =
F(g)o F(f)in D.

Definition 3.2.2 ([I0], p.76). A contravariant functor F': C — D has exactly the
same properties as a covariant functor, except that the morphism map F' associates
each morphism f : A — B in C with a morphism F(f): F(B) — F(A) in D. More
precisely, if f: A — B and g : B — C are morphisms in C, then F(f) : F(B) —
F(A), F(g) : F(C) — F(B) and F(go f) : F(C) — F(A) are morphisms in D.
Hence F(go f) = F(f)o F(g).

Definition 3.2.3 ([I0], p.76). A functor F': C — D, either covariant or contravari-

ant, between additive categories C and D is said to be additive if F(f + g) =
F(f)+ F(g), for all f,g € Morc(A, B) and all A, B € Oc.

Definition 3.2.4 ([10], p.75). If C is a category, then the opposite category C
of C is defined to be the category which satisfies all of the following.

(i) The objects of C are the objects of C.

(ii) For any pair of objects A, B of C?, Mor”(B,A) is the set of morphisms
Mor(A, B) of C, meaning that if f” : B — A and ¢ : C — B are mor-
phisms in C?, then f : A — B and g : B — C are morphisms in C. The
morphism f° is called the opposite of f and the morphisms in C? are ob-
tained from those of C by reversing the arrows. The composition of morphisms
f:A—=B,g:B—CinCgives go f : A — C, while the composition in C?
gives fP o g : C' — A. Hence

(go )P = ["og™.
Remark 3.2.5. It can be easily proved that (C?)” = C.

Remark 3.2.6. For the remainder of this thesis, the terms functor and cofunctor
will refer to a covariant and a contravariant functor, respectively.

Definition 3.2.7 ([10], p.76). If C is an additive category, then the identity functor
ide is defined by ide(A) = A, for each object A of C. If f: A — B is a morphism of
C, between objects A, B of C, then

is the morphism f : A — B. It is an additive functor, since for any morphism
f,g € Morc(A, B) we have that

ide(f +g) = f+g=ride(f) +ide(g).
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Definition 3.2.8 ([10], p.76). If C is an additive subcategory of an additive category
D and F : C — D is a functor, such that F(A) = A and F(f) = f, for any object A
and any morphism f of C, then F' is called the canonical embedding functor. F
is an additive functor, since

F(f+g)=[f+g=F(f)+Fl(g),

for any morphism f of C. We also observe that the identity functor idc of a category
C is a canonical embedding functor, since any category C is a subcategory of itself.

Definition 3.2.9 ([10], p.77). If F : C — D and G : D — & are functors, then we
can define the functor GF : C — £ in the obvious way. We send each object A of C
to an object F'(A) in D and, via G, we get an object (GF)(A) in €. Also, for any

morphisms A ENYS , B2 C of C we have that

GF(go f) = G(F(g) o F(f)) = (GF(g)) o (GF([))

and

GF(idy) = G(F(ida)) = G(idpa)) = idara).-
Hence, the functor GF' : C — R is well defined and is called the composition of F
and G. It is additive if, and only if, the functors F', G and the categories in question

are additive. Indeed, if f,g € Mor¢(A, B) are additive morphisms in the category C,
we have that

GF(f+9)=GF(f+g))=GF(f)+ F(g9) = GF(f) + GF(g).

Definition 3.2.10 ([I0], p.76). The forgetful functor from a concrete category C
into the category SET, assigns to each object A of C, the set A, with no additional
structure, and to any morphism f € Mor¢(A, B) the morphism f € Morsgr, where
A and B are objects of C, regarded as sets.

Example 3.2.11. Let CS be the category of compact Hausdorff spaces and con-
tinuous maps. Then the functor F' : C§ — SET, sending each compact Hausdorff
topological space to itself and each continuous map f € Mores(X,Y) to itself is
forgetful. m

Definition 3.2.12 ([10], p.79). If F : C — D and G : D — R are cofunctors, then
we define the composition of ' and G, via the map GF : C — R.

Remark 3.2.13. Following Definition [3.2.12, we observe that GF : C — R remains
a functor, since for any morphisms f: A — B and g : B — C of C, we have that

GF(go f) = G(F(f) o F(g)) = GF(g) o GF(f).

On the other hand, if either F' : C — D or G : D — R is a cofunctor, then the
composition of F' and G is a cofunctor, for if f : A — B and g : B — C are
morphisms in C, then

GF(go f) = (GF(f)) o (GF(g)).
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3.3 Natural Transformations

In this section we will analyze the notions of equivalent and dual categories, which
are key components of this thesis.

Definition 3.3.1 ([10], p.97). A functor F : C — D is said to be a category
isomorphism, if there exists a functor G : D — C, such that FFG = idp and
GF = ide. If such a functor F' exists between C and D, then C and D are called
isomorphic categories and we denote this relation by C = D.

Example 3.3.2. The identity functor ide : C — C is a category isomorphism, since
the existence of ide implies that idcide = ide. O

Remark 3.3.3. Let C and D be any two categories. We form the category C x D,
called the product category, as follows. The objects of C x D are pairs (A, B), where
A, B are objects of C and D, respectively. A morphism in Moreyp((A1, B1), (A2, Bs))
is a pair (f, g), where f : Ay — Ay is a morphism in C and g : By — By is a morphism
in D. Composition of morphisms is given by

(f2,92) o (f1,91) = (f20 f1, 920 q1),

where fy o f; is defined in C and g, o g; is defined in D. So, suppose that F' :
C xD — D x C is such that F(A,B) = (B,A) and F(f,g) = (g,f). Next, let
G :D xC — C x D be defined by G(B,A) = (A, B) and G(g, f) = (f,g). Then, F’

is a category isomorphism, since
G = idpxc and GF = ichD.

Definition 3.3.4 ([10], p.98). Let F,G : C — D be functors and suppose that for
each object A of C, there exists a morphism 74 : F'(A) — G(A) in D such, that for
each morphism f : A — B in C, the diagram

F(f) lG(f)

F(A) 5 G(A)
F(B) 25 G(B)

1s commutative.

(i) The class of morphisms n = {14 : F(A) — G(A)}, indexed over the objects of
C, is said to be a natural transformation from F' to G. Such a transformation
will be denoted by n: F' — G.

(ii) If n4 is an isomorphism in D, for each object A of C, then n: F' — G is said
to be a natural isomorphism and F,G are called naturally equivalent
functors, denoted by F' =~ G.

Definition 3.3.5 ([10], p.98). If F': C — D and G : D — C are functors, such that
GF =~ ides and F'G = idp, then C and D are said to be equivalent categories,
denoted by C ~ D and we say that the pair (F,G) gives a category equivalence
between C and D.



Chapter 3. Gelfand Duality and Applications 61

Definition 3.3.6 ([10], p.98). If F" and G are cofunctors (i.e. contravariant functors),
such that GF ~ ide and F'G = idp, then C and D are said to be dual categories,
denoted by C ~ D, and we say that the pair (F, G) forms a duality between C and
D.

Definition 3.3.7 ([32], p.30). A functor F : C — D is called full, if for each pair of
objects A, B of C, the map

Mor¢(A, B) — Morp(F(A), F(B))
is surjective.

Definition 3.3.8 ([32], p.30). A functor F' : C — D is called faithful, if for each
pair of objects A, B of C, the map

Mor¢(A, B) — Morp(F(A), F(B))
is injective.

Definition 3.3.9 ([32], p.31). A functor F' : C — D is called essentially surjective,
if for each object B of D, there is exists an object A of C, such that F'(A) = B.

Following the definitions stated above, we get a theorem which can be used to
clarify the notion of a category equivalence.

Theorem 3.3.10 ([32], p.31). Let F' : C — D be a functor between categories C
and D. Then F s an equivalence if, and only if, F is full, faithful and essentially
surjective.

Proof. Suppose that F' : C — D is an equivalence. Then, there exists a functor
G : D — C and natural isomorphisms 7 : 1o - GF and p : 1p — F'G, such that
GF =~ 1¢ and F'G ~ 1p, meaning that the diagrams

c— 1 L D—9%
lnc lnc/ luD lu,y
GF(f) , Feg) ,
GF(0) 2 R FG(D) 229 pq(D)

commute, for objects C,C" of C, D,D’ in D and morphisms f € Morc(C,C")
and g € Morp(D,D’). From this, we derive that the map « : More(C,C") —
Morc(GF(C),GF(C")), with a(f) = GF(f) is a bijection, that is, injective and
surjective. Indeed, if f1, fo € More(C,C") with GF(f1) = GF(fs), then GF(f1) =
GF(fs), which means that GF(f;) one = GF(f2) one. This implies that e o fi =
ner o fo. Consequently f; = fi. Also, for any g € More(GF(C),GF(C")), we have
that the morphism f : C — C’ with f = 1. o g o ne such that g = GF(f) = a(f).
Hence, the map
a : More(C, C") — More(GF(C),GF(C"))

is bijective. Now, for any morphism f : C' — C’ in the category C we define the
maps

B : More(C, C") — Morp(F(C), F(C")),
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with B(f) = F(f) and
v : Morp(F(C), F(C")) — More(GF(C),GF(C")),

with y(F(f)) = GF(f). The map ~ is well defined, since for any morphism f : C' —
C" in C, there exists a map F(f) : F'(C) — F(C") in D, for which v(F(f)) = GF(f).
Now, we can see that the map [ is injective and the map + is surjective. Indeed,
if fi, fo € More(C,C"), with S5(f1) = B(f2), then F(f1) = F(f2), which means
that GF(f1) = GF(f2). This implies that a(f;) = a(fz). Thus, fi = fo. We
have previously proved that for any g € More(GF(C),GF(C")), there exists an
f € More(C,C"), with f = ng' ogonec such that GF(f) = g. So, by the definition of
the map -, we get y(F(f)) = g. Thus, 3 is injective and = is surjective. Additionally,
concerning the map

B : More(C, C") — Morp(F(C), F(C")),

we observe that for any h € Morp(F(C'), F(C")), there exists f € More(C, C"), such
that F'(f) = h. So, h = B(f). Hence, the map 5 : Mor¢(C, C") — Morp(F(C), F(C"))
is surjective. Thus, we deduce that the functor F' is full and faithful.

Since p : 1p — FG is a natural isomorphism, we have, for any object D of D,
that D ~ F'G(D). Hence, the functor F' is essentially surjective.

For the converse, suppose that the functor F' is full, faithful and essentially sur-
jective. We have to construct a functor G : D — C and natural isomorphisms
¢:1p - FG and ¢ : 1o — GF'. Since F' is essentially surjective, we have that for
any object D of D, there exists an object C' of C, such that F(C') ~ D. This gives
rise to an isomorphism ¢p : D — F(C). We set G(D) = C. Then ¢p : D — FG(D)
is also an isomorphism. Now, for each morphism ¢ : D — D’ in D, there exists a
morphism f: C' = G(D) — C" = G(D') (since F is full), such that the diagram

D—— D
ld’D l¢D’
Jelin) i) 1§50
commutes. Let G(g) = f. Then, for each object D of D, we have the identity
morphism g = idp : D — D and the commutative diagram
D—" D
l(bD l¢D
FG(D) %) pG(D)
Hence
(bD 9 ZdD(D) = FG(ZdD) o} (bD(D) == ¢D(D),

which implies that
FG(idp) = idpap).-
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Thus, G(idp) = idgp). Now, for any pair of morphisms g : D — D', ¢’ : D" — D"
in D, there exist morphisms f: C — C’, f': C" — C"” in C, such that

G(g'og)=fof=G(d)oG(g).

Thus G : D — C is a functor and ¢ : 1p — F'G is a natural isomorphism. Now, let
C be any object of C. Define an isomorphism ¢p) : F(C) — FGF(C). Since F
is full, there exists a morphism ¢¢ : C' — GF(C) in C, such that F(¢c) = ¢p(c).
Since ¢p(cy is an isomorphism, there exists a morphism g : FGF(C) — F(C) in D,
such that g o ¢p) = idp) and ¢py 0 g = idpgr(c). Since g is a morphism in
Morp(FGF(C), F(C)) and F is full, we get a morphism h : GF(C) — C, for which
F(h) = g. Thus

F(hovc) = F(h)o F(ic) = go drc) = idrc) = F(idc)

and also

F(Ycoh)=F(c)o F(h) = ¢pc)og=idrarc) = F(idarc)-

From hypothesis, F' is faithful, so h o ¢¥¢ = idc and ¢¢ o h = idgrc). Hence,
Yo : C— GF(C) is an isomorphism. Now, let f : C' — C”" be any morphism in C
and consider the diagram

c—71 L

1/’0/

SPUL R

liﬁc
GF(C)
By constructing the diagram (via the functor F')

F(C) —— F(C)

l"l’F(C) liﬁp(c’)
Fer(c) ) par e
and by setting F'(C') = D and F(C") = D', we get the diagram

D £(f) D

Jo-
FG(D)

/

YD
FGF(f) FG(D')

which we have already proved to be commutative. So, we have

¢p o F(f) = FGF(f) o ¢p = F(¢c o f) = F(GF(f) o o).
But F is faithful, so we have )¢ o f = GF(f) o ¢, which implies that the diagram

c—71 L

e e
ar () L qren
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is commutative. Hence ¥ : 1¢ — GF is a natural isomorphism and the proof is
complete. O

Remark 3.3.11. A similar argument holds for cofunctors, that is

“If F': C — D is a cofunctor between categories C and D,
then F'is a duality if, and only if, F' is full, faithful and essentially surjective”.

The proof will be omitted, as it is similar to that of Theorem [3.3.10, except that
G : D — C is proved to be a cofunctor, instead of a functor.

3.4 Gelfand Duality

In this paragraph, we present the two basic theorems of Gelfand Duality, followed
by some applications. These theorems establish a duality, that is, a contravariant
equivalence between categories of commutative C*-algebras and algebras of continu-
ous functions. Intuitively, we need a way to transfer information from one category
to another, without the concern of the structure of the aforementioned algebras.

Theorem 3.4.1 ([27], p.5). The category of locally compact Hausdorff spaces LCS
is dual to the category of nonunital commutative C*-algebras C* Algcom nu-

Proof. We need to construct two contravariant functors A : C* Algeom ny — LCS and
Co : LCS — C* AlGeom,nus such that ACy = idges and CoA = idcs aigegm ne- We Will
first define the cofunctor Cy : LCS — C* Algcomnu. To each locally compact Haus-
dorff space X, we associate the algebra Cy(X) which is nonunital and commutative.
If f: X — Y is a continuous and proper map between locally compact Hausdorft
spaces X and Y, we define

C()(f) = f* : C(](Y) — C()(X),

with f*(g) = g o f, which is the pullback of f. We just need to show that f* is a
proper *-homomorphism between nonunital commutative C*-algebras. Indeed, for
any g, h € Co(Y), we have

o [*(g-h)=(g-h)of=(gof) (hof)=f(g)-f*(h),
o ff(g+h)=(g+h)o(f)=gof+hof=f(g)+f(h),
o f*(g") =g of=(g90f)=(f"(9)

Hence, f* is a *~homomorphism. Now, let (gy)rea be an approximate identity of
Co(Y). This means that

(i) gx > 0and ||gx]] <1, for all A € A,
(ii) gx < g, forall A\, p € A, with A < p,

(iii) lim||gx - g — g = 0 =Tlim|lg - gx — g



Chapter 3. Gelfand Duality and Applications 65

Now, we observe that

e f*(gn) =grnof >0, forall A € Aand ||f*(g\)| = |lgro f|| <1, since ||ga]] < 1,
for all A € A.

e Forany A, n € A, with A < p, we have gy < g, which implies that gyof < g,of.
Consequently, we have f*(gx) < f*(g,)-

e Since (ga)xea is an approximate identity of Co(Y") from |(iii)} we have that
lim [1£*(92) - £(9) = £ (9)]] = i [ F*(9n - 9 — )| = 0.

and, also, that

lim [[/*(g) - £*(92) = f*(9)ll = 0.

Thus (f*(gx))aea is an approximate identity of Cy(X) and f* is a proper *-homomorphism.
Hence, the cofunctor (Y is defined.

To define the cofunctor A, let A be a nonunital commutative C*-algebra. Now,
let A(A) denote the maximal ideal space Ay of A. As we have shown in Chapter

A(A) is a locally compact Hausdorff space (see Theorem [1.6.15)). For a proper
*-homomorphism f : A — B between nonunital commutative C*-algebras, let

A(f)=f:A(B)=Ap — A(4) = Ay,

with f(g) = go f, for any g € A(B). We will show that f is continuous and proper.
For this, let (h,)nen be a sequence in A(B), with h, — h € A(B). Then

f(ho) =hnof — hof=f(h).

Thus, f is continuous. Now, let K be a compact subset of A(A) and define f‘l :
A(A) = A(B), by f~(g) = go f~!. We will show that the set f~*(K) C A(B) is
compact. For this, let (z,),en be a sequence of complex homomorphisms in f “HK).
Then, there exists a sequence (g, )nen in K, such that

Zp = f_l(gn) =g,of', forallneN.

Since K is compact, there exists a convergent subsequence (g, Jnen Of (gn)nen, mean-
ing that there exists a function g € Ay, for which g, — ¢, as n — 4o00. Hence,
we can construct a subsequence (2x, )nen Of (21 )nen, for which

%y = (Ghe) = Gu 0 S —r g0 f7N
Thus, if welet z = f~1(g) = gof ' € f~Y(K) C Ap, we deduce that z,, — z € Ap
and, hence, that f is proper. So, the cofunctor A is defined.
Lastly, we will show the equivalence of the categories LCS and C* Algcom ny. For
this, it is enough to show that CoA = idc-aig.,,, .. a0d ACy =~ idres. We define the
map v : X — A(Cy(X)), by
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called the evaluation map, which we will show to be a homeomorphism. Indeed

kery = {2 € X : e,(f) = y(x) (/) = 0} = {w € X : f(2) =z - f(1) = 0} = {0},

Thus, v is injective. Also, for any complex number A\ € C, let f € Cy(X) be the
constant function f(x) = A. Then, the evaluation map sends the function f € Cy(X)
to the complex number f(z) = A. Thus, the evaluation map is surjective and so is
the map 7. Hence, v is a homeomorphism. Using the Gelfand transform, regarded
as a map from A into Cy(A(A)), we get the homeomorphism in question. Hence, for
any morphism f : X — Y of LCS, we have that the diagram

x—1 .y

b y

ACy(X) 22 Acy(v)

is commutative, since for any z € X and any g € Cy(Y) we have

(ACo(f) o 7)(x) = [ACu(f) o €](g) = ez o (ACL([))(9)

]
= e, 0 (Af*(9)) = ez 0 (A(go f))
ez 0 (A(g(f))) = ez o (9(f))
=e;0(fog)=(fog)(z)
= (yo f)(z)(9)-

Thus idges =~ ACy. In the same way we can prove, using the Gelfand transform
regarded as a map": A — CyA(A), that the diagram

A—1 B

CoA(A) 29 A (A)

is commutative, for any morphism f : A — B in the category C*Algcomn.. Hence
1 Algegm.na = CoA. So, we established the duality

{locally compact Hausdorff spaces} ~ {nonunital commutative C*-algebras}°”

and the proof is complete. O

Theorem 3.4.2 ([27], p.4). The category of compact Hausdorff spaces CS is dual to
the category of unital commutative C*-algebras C* Algeom .-

Proof. We need to construct two contravariant functors A : C*Algom. — CS and
C:CS — C*Algeomu, such that AC = ides and CA = idcs atguon,.. -

We will, first, define the cofunctor C. To each compact Hausdorff space X, we
associate the algebra C(X) which is unital and commutative. If f : X — Y is a
morphism in CS, between compact Hausdorff spaces X and Y, we define

Clf)=r:c) = CX),
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with f*(g) = g o f, which is the pullback of f. We, just, need to show that f*
is a *-homomorphism between unital commutative C*-algebras. Indeed, for any
g,h € C’(Y) we have that

fg-h)y=(g-h)of=(gof) (hof)=f(g) f*(h),
fg+h)=(9+h)of=gof+hof=f(g9)+ f*(h),
e f(g*)=g'of=(g90f)=(f(9)

We, also, observe that

[(lery)) =7(1) =1= 1o
Thus, f* is a *-homomorphism and, hence, the cofunctor C' is defined.

To define the cofunctor A, let A be a unital commutative C*-algebra and let
A(A) denote the maximal ideal space of A, that is, A4. By Theorem [1.6.15] Ay is
a compact Hausdorff space, since the C*-algebra A is unital. For a *~-homomorphism
f A — B, between unital commutative C*-algebras, let

A(f)=f:A(B)=Ap = A(A) = Ay,
with )
flg) =gof, forany g € Ap.
We will show that f is continuous. Indeed, for any sequence (g,)nen C A(B), with
gn — g € Ap, we have that

f(gn) =gnof —>gof=flg)

Thus, f is continuous and the cofunctor A is well defined. Lastly, we will show the
equivalence of the categories CS and C* Algcom . For this, it is enough to show that
CA = idc-ag.,,,, and AC = ides. As we did in Theorem [3.4.1} we can define the
map 7 : X = A(C(X)), by

V(@) (f) = el f) = f(=),

which is proved to be a homeomorphism. Using the Gelfand transform, regarded
as a map from A into C(A(A)), with a(h) = h(a), for any h € Ay, we get the
homeomorphism in question. Hence, for any morphism f : X — Y in CS, we have
that the diagram

x—71 sy

AC(X) 20 Ao(y)
is commutative, since for any x € X and any g € C(Y'), we have
(AC(f) ov)(z) = [AC(f) 0 ea)(g9) = ez 0 (Af"(9))

= ¢, 0 (A(g(/))) = ez 0 (f(9))
= (go f)(z) = (vo f)(z)(9).

Hence ides ~ AC. Similarly, we can prove that the diagram
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A—71 p
oA(A) 2 oa(a)

is commutative, for any morphism f : A — B in the category C*Algcom . Indeed,
for any g € Ap and any = € A, we have that

(CA(f)od)(9) = a0 (C(f(9)) = (Clgof))

Il
=>
(@]
—~
Q
—~
Q
S~—
S~—
—~
~
N~—
|
=
(@]
—~
~~
o
Q
S~—

Hence idc- aig.,,,.. = CA. So, we establised the duality
{compact Hausdorff spaces} &~ {unital commutative C*-algebras}®

and the proof is complete. O

3.5 Consequences of Gelfand Duality

As a consequence of Gelfand Duality, we have the following corollary.

Corollary 3.5.1 ([36], p.17). Two unital C*-algebras are isomorphic if, and only if,
their mazximal ideal spaces are homeomorphic.

Proof. Let A and B be any two unital C*-algebras that are isomorphic, that is, there
exists an isomorphism f : A — B. Using Theorem [2.2.13] we can associate both
algebras A and B, with the algebras C'(A4) and C(Ap) respectively. Furthermore,
there exist isometric *-isomorphisms 74 : A — C(A4) and 75 : B — C(Ap), whose
existence we get from Theorem again. Using Theorem [3.4.2] we derive the
existence of a homeomorphism g = F(f), where F' is the contravariant functor from
the category C*Algeom,. to the category CS.

The converse is trivial, if we observe, for any two unital C*-algebras A and B
with homeomorphic maximal ideal spaces A4 and Apg, respectively, that there exist
isometric *-isomorphisms 4 : A — C(A4) and 5 : B — C(Ap) by Theorem [2.2.13]
Again, using Theorem we deduce that A and B are isomorphic and the proof
is complete. O

Remark 3.5.2. It is a fact that a categorical equivalence maintains isomorphisms
in the categories involved, while a categorical duality reflects them (see [10]). Thus,
the corollary above can be seen as a consequence of this remark, applied to Gelfand
Duality. Moreover, Gelfand Duality established a whole new method of passing
information from topological objects to algebraic ones and vice-versa. The next two
propositions are examples of how this transition is interpreted, in terms of Gelfand
Duality.

Proposition 3.5.3 ([36], p.18). A compact topological space X is metrizable if, and
only if, the algebra C(X) is separable.
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Proof. First, we assume that the space X is metrizable. Then, there exists a count-
able family of open balls { B, }°°, that generates its topology. For any n € N, define
the functions

fo(z) =dist(x, X \ B,), forallze X,

where dist(z, X \ B,) = i)?/fB {d(z,2)} and d : X x X — R is the metric of X
FAS] n

that we get by hypothesis. Let x # y be any two elements of X. Consider the set
W = X \ {y}. Since X is compact and since W is a neighborhood of {z}, there
exists and open set U, such that U C W. Since U is open, there exists an element
B; of {B,}2,, such that {z} C B; C U C U C W. Hence, we found an element B;
of {B,}°,, such that

filz) = dist(z, X \ B) # 0 = dist(y, X \ B;) = fi(y).

Thus, the family of functions {f,}>2; separates the points of X and belongs to the
algebra C'(X). Hence, the algebra generated by the functions f,, for all n € N, and
the constant functions of C(X) is dense in C'(X) by the Stone-Weierstrass Theorem
(Theorem [2.1.15)). Consequently, the algebra C(X) is separable, since it admits a
countable and dense subset.

Conversely, if C'(X) is separable, it contains a countable and dense family of
continuous functions { f,,}°° ;. We may suppose that all of them have norm less than
1. Otherwise, if some f, had norm greater than 1, we could replace it with the
function —=— Since the family {f,}°°, is dense in C(X), it approximates all

L+ [/n]

continuous functions, hence the ones that separate the points of X. Thus, {f,}°,
separates the points of X. We define the function p: X x X — R, with

The function p is well defined, since we assumed that each f,, has norm less that 1,

o
for all n € N, therefore, the series > M;nf"(y)l converges. It, also, defines a metric

n=0
on X, since for any x,y, z € X we have that

e Z'f" ~ )l

and
o) = 3D =0 _
Additionally
plag) = 3 O] _ S =l
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Furthermore

) = 30 Hol) = 1o(0)

2n

< p(z,y) +py, 2).

Consequently, the map p defines a metric on X. Also, the identity map i : (X,7) —
(X,7T,), where T is the original topology of X and 7, is the induced topology by p,
is a homeomorphism. Thus, X is metrizable. O]

Proposition 3.5.4 ([36], p.18). A compact topological space X is connected if, and
only if, C(X) has no nontrivial idempotents.

Proof. Recall that an idempotent in an algebra A is an element e € A, such that
e? = e. Now, suppose that there exists a nontrivial idempotent ¢ € C(X). For
e € C(X) to be nontrivial is equivalent to e not being constant since, otherwise,
the condition e? = e would never hold. Using the condition e? = e, we deduce that
e(r) =0or e(x) =1, for all x € X. Thus, we can write X as the disjoint union of
the sets {x : e(z) = 0} and {x : e(x) = 1}. Hence, X is not connected.

For the converse, suppose that X is not connected. Then, there exist open subsets
A, B of X, such that ANB = () and AUB = X. Using Urysohn Lemma, we can find
an f € C(X), such that f(a) =0, for all a € A and f(b) = 1, for all b € B. Now, it
is clear that the function f € C'(X) is a nontrivial idempotent of C'(X), since it is
not constant, for any x € X, and the proof is complete. O



Chapter 4

A Noncommutative Gelfand
Theorem

We begin this chapter with some basics of functional analysis, such as the notion
of the Hilbert space, the notions of the algebras L(H) and B(H) and that of a
representation. The aim of this chapter is to generalize Theorem [2.2.13] which was
introduced in Chapter 2| The term “generalize” refers to the withdrawal of the word
“commutative” in Theorem [2.2.13] There have been many attempts to generalize
this notion in various directions. The direction we will focus on heavily depends on
the theory of von Neumann algebras.

4.1 Representations of C*-Algebras

We begin this section with some definitions.

Definition 4.1.1 ([35], p.75). If V is a vector space over the field F', then a map
(-,-) : V xV — F is called an inner product if for all vectors z,y,z € V and all
a € F, the following conditions are satisfied

(1) (az,y) = alr,y) and (z +y,2) = (r + 2) + (y + 2) (Linearity).
(i) (z,y) = (y,z) (Conjugate symmetry).
(iii) (z,z) >0 and (z,z) =0, if z # 0 (Positive definiteness).

In this case, V' is called an inner product space.

Remark 4.1.2. We defined an inner product space over any field F'. In most cases,
F will be either R or C.

Definition 4.1.3 ([33], p.293). An inner product space H is called a Hilbert space
if it is complete, with respect to the norm

|||z = (x,z)Y/2, for all z € H.

A Hilbert space can also be defined as the completion of the inner product space
H, with respect to the norm induced by the inner product.

71
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Definition 4.1.4 ([16], p.19). If H and V are Hilbert spaces, an isomorphism
between H and V is a linear surjection f : H — V, such that

(fz, fy)v = (z,y)u

for all z,y € H. In this case, H and V are said to be isomorphic.

Definition 4.1.5 ([33], p.292). Let H be a Hilbert space and S be a subset of H.
Then the set of vectors orthogonal to S is defined by

St={reH:(x,s)=0, forall s € S}.

Remark 4.1.6. We observe that S+ is a closed subspace of H and, hence, a Hilbert
space itself. Indeed, if (2, ),en is a sequence in S+, with x, — x € H, then by the
continuity of the inner product of H we have that (x,s) = 0, for all s € S. Thus,
s € S+ and S+ is a Hilbert space.

Definition 4.1.7 ([33], p.294). Let H be a Hilbert space and V' be a closed subspace
of H. Then V+ is called the orthogonal complement of V.

Remark 4.1.8. Let’s recall some definitions from operator theory. L(H) is the
algebra of linear operators on a Hilbert space H, namely

L(H) ={T : T is a linear operator from H into H},

whereas B(H) is the algebra of bounded linear operators on a Hilbert space H,
namely

B(H)={T :T is a bounded and linear operator from H into H}.

It is obvious that both algebras are noncommutative and that B(H) is a *-subalgebra
of L(H). f T: H — H is a bounded operator, then the adjoint of T is the operator
T*: H — H, for which (Tx,y) = (x, T*y), for all z,y € H.

Theorem 4.1.9 ([16], p.10). Let V' be a closed linear subspace of the Hilbert space
H. For any h € H, let Ph be the unique point in V' for which (h — Ph) LV . Then

(i) P is a linear transformation in H.
(i1) ||Ph|| < ||h||, for every h € H.
(iii) P? = P.
(iv) kerP = V+ and ImP = V.

Proof. (i) We observe that the relation h — PhLV implies that (h — Ph,v) = 0,
for any v € V. This means that h — Ph € V* and that ||h — Ph|| = dist(h, V).
So, if we choose any element v € V, we immediately get that ||v — Pv|| = 0
or, equivalently, Pv = v. This means that the correspondence h — Ph can be
extended to an operator P : H — H. Now, let hy,hy € H and aq,a, € R. If
f €V, then

<(a1h1 + CLQhQ) — (alPhl + agphg), f> = a1<h1 — Ph], f> + a2<h2 — Phg, f> = 0
Hence, P(alhl + CLQhQ) = alPhl + CLQPhQ.
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(ii) For any h € H we have, by hypothesis, that Ph € V and h — Ph € V. Thus,
the relation h = (h — Ph) + Ph implies that ||h|| > ||h — Phl|| + || Ph|| > ||Ph||.

(iii) For any h € H we have that Ph € V. Therefore, we have that ||Ph— P(Ph)| =
dist(Ph,V) = 0, hence P(Ph) = Ph. Thus, P? = P.

(iv) If Ph =0, then h = h — Ph € V4. This means that ker P C V1. Conversely, if
h € V*+, then 0 is the unique vector in V, such that h — 0 = h.LV. Therefore,
Ph = 0, which means that h € kerP. Hence, kerP = V+. Now, for any v € V,
we have that 0 = dist(v, V) = ||lv — Pv||. Hence, Pv = v and the image ImP
of Pis V. O

Definition 4.1.10 ([16], p.10). Let V be a closed linear subspace of a Hilbert space
H. Then the linear operator P : H — H defined in the preceding theorem is called
the orthogonal projection of H onto V.

Remark 4.1.11. Throughout this chapter, the term “projection” will be an abbre-
viation of “orthogonal projection”. Also, we will consider a C*-algebra A as lying in
its second dual A** (regarded as Banach spaces), through the canonical embedding
T:A— A with (T(x))(f) = f(x).

Definition 4.1.12 ([29], p.93). A representation of a C*-algebra A is a pair (7, H),
where H is a Hilbert space and 7 : A — B(H) is a *~homomorphism. In particular,
if the C*-algebra A is unital, with unit 1,4, we require that m(14) = 1.

Definition 4.1.13 ([29], p.93). Let A be a C*-algebra and (7, H) be a representation
of A. We say that = is faithful, if 7 is injective.

Remark 4.1.14. We must not confuse the notion of a faithful representation with
the notion of a faithful functor, as introduced in Definition Nevertheless, the
context is similar, meaning that the property of injectivity is required in both terms.

Remark 4.1.15. For the remainder of this thesis we will say that 7 is a representa-
tion of A, instead of (7, H), when no confusion is made.

Definition 4.1.16 ([16], p.249). If {(m;, H;) : i € I} is a family of representations of
A, let H = @icrH; = {35 = (%i)ier € HierH,; : Ziel Hle%—I < OO} and 7(a)(z;)ier =
(mi(a)x;)ier, for all @ € I, all (z;);e; € H and all @ € A. Then, (7, H) is called the
direct sum of this family of representations.
Example 4.1.17. If H is a Hilbert space and A is a C*-subalgebra of B(H), then
the identity map id4 : A — B(H), with ida(14) = 1 is a representation. ]
Definition 4.1.18 ([16], p.249). A representation 7 of a C*-algebra A is called
cyclic, if there exists a vector e € H such that

m(A)e=H,

with respect to the norm of H. In other words, 7 is a cyclic representation, if the
set of vectors

{m(z)e:z € A}
is dense in H. In that case, we call the vector e € H a cyclic vector for the
representation .
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Definition 4.1.19 ([16], p.249). If A is a C*-algebra and (7, Hy), (72, Hs) are two
representations of A, then 7m; and my are equivalent, if there exists an isomorphism
f : Hy — H,, such that

fom(a)o f~t =m(a), forallac A

For a better intuition, we provide the following commutative diagram

Hl%)l——&

lﬂ'l (a) lﬂ'z (a)

Hl%Hz

The importance of cyclic representations arises from the fact that every represen-
tation is equivalent to the direct sum of cyclic representations, as presented in the
next theorem.

Theorem 4.1.20 ([16], p.249). If 7 is a representation of the C*-algebra A, then
there is a family of cyclic representation {m;} of A, such that m and @;e;m; are
equivalent.

Proof. We define the set
S={ECH:0¢ FE and (r(A)e,m(A)f) =0, for all e, f € E with e # f}.

We partially order S by set inclusion and apply Zorn Lemma (Lemma|l.3.9)) in order
to get a maximal element Ej of S. Now, let

HO - ®€€E07T(A)€ C H

If h € Hy" then (m(a)e,h) =0, for all a € A and all e € E,. So, for any a,b € A and
any e € Fy we have that

0= (m(b*a)e,h) = (w(b)*w(a)e, h) = (mw(a)e, w(b)h).

Hence, (w(a)e,m(b)h) = 0, for all e € E, and, thus, Ey U {h} € S. Since Ej is
maximal, the relation above implies that h = 0. Hence H = H,.
Now, for any e € Fy, we define the set

H, =7w(Ae.

If a € A, then w(a)H, C H, and since a* € A and 7(a*) = w(a)*, we deduce that
the operator mw(a) : H — H can be reduced to an operator n(a)|py, : He — H.. If
we define the operator 7, : A — B(H,) by m.(a) = m(a)|y,, we can see that . is

a cyclic representation of A, since m(A)e = H,, and that 7 = @.cp,me. Thus, the
representations @G.cp,m. and 7 are equivalent. O

Definition 4.1.21 ([16], p.250). Let A be a C*-algebra and f : A — C be a linear
functional. Then f is called positive if f(a) > 0, for all a € AT.
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Definition 4.1.22 ([16], p.250). Let A be a C*-algebra and f : A — C be a positive
linear functional. Then f is called a state if || f||sup = sup{|f(z)| : © € A} = 1. The
space of all states of A is denoted by S(A).

Definition 4.1.23 ([27], p.206). Let A be a C*-algebra. Then a state f € S(A) is
called pure, if f € Ext(S(A)).

Proposition 4.1.24 ([16], p.250). If f is a positive linear functional of a C*-algebra
A, then for all x,y € A it holds that

fy*z)]” < fy'y) f(a*a).

Proof. Since f is a positive linear functional of A we have, for any A\, 4 € C and all
z,y € A, that f((Az + py)*(Az + py)) > 0. Thus

0 < f((my" + M)Az + py)) = FONy @ + [ufPy*y + Moz + Apa™y)
= [M\Pf(e*2) + fOay* ) + fOmy* ) + [ulf (4" )
= AP f(z"2) + 2Re(ARf (y*x)) + |u” f(y*y).
Hence
ARe(fif (y*x))* — 4lul*f(z*x) f(y*y) <0
and

|fly*z)” < fla*z) f(y'y). O

Corollary 4.1.25. If f is a positive linear functional on a unital C*-algebra A, with
unit 14, then f is bounded and || fl|sup = f(14).

Proof. We apply Proposition [4.1.24] with y = 14, and for any x € A we have that
[f(@)]* < f(L1a) f(z"z). So,

[f(@) < fA)lf(@"2)] < fAa)lla"e] = f(1a)*[l2].
Hence, |f(x)| < f(14)]|z||, which means that f is bounded, with || f||sup = f(14). O

Theorem 4.1.26 (Gelfand-Naimark-Segal Construction, [16], p.250). Let A be a
unital C*-algebra with unit 14.

(i) If f is a positive linear functional on A, then there exists a cyclic representation
(mg, Hy) of A, with cyclic vector e, such that f(a) = (m¢(a)e, e).

(ii) If (m, H) is a cyclic representation of A, with cyclic vector e, and f(a) =
(m(a)e,e), then (1, H) and (my, Hy) are equivalent.

Proof. (i) Define L = {x € A: f(a*z) = 0}. Clearly L is closed in A. Indeed,
if (z,)nen is a sequence in L such that z,, — = € A, then x} — z*. This
implies that z}z, — 2*z, which means that f(z}z,) — f(z*z), since f is

bounded, hence continuous, by Corollary 4.1.25 Thus f(z*z) =0 and = € L.
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Also, if a € A and x € L, then by Proposition we have that
f((az)*(ax))® = f(z"a"ax)®

< f(z"0) f((@"az)"a”az)

= f(z"z) f(z"a*aa*ax)

= 0.
Hence ax € L which means that L is a left ideal of A. Thus, A/L is a vector
space.

Now, for any =,y € A, we define the map (-,-) : A/L x A/L — C by (x +
L,y + L) = f(y*z). This map defines an inner product on A/L. Indeed, for
any x,y,z € A and any \, u € C, we have that

(x+ Lyx+ L) = f(z*x) >0

and
(x+Lia+L)=0« f(z'x) =0
Srel
sr+L=0+L=0L.
Additionally
(r+Ly+L)=flyz)=fa*y) =(y+ L z+ L)
Also

Mo+ L) +uly+ L), 2+ L) =((Mx+py) + L,z + L)

(& (Az + py))

Af(z"2) + pf(27y)
Me+L,z+ L)+ p(y+ L,z + L).

Now, for a € A, we define the map h: A/L — A/L by h(x+ L) = ax + L. We
can see that it is linear since for any z,y € A and any \, u € C we have
h(A(@+ L) + ply + L)) = h((Az + py) + L)
=a(Ar +py) + L
=a(Az) +a(py) + L
=ah(x + L)+ ah(y + L).
Furthermore
lax + L||* = (ax + L,ax + L) = f((azx)*ar) = f(r*a*ax).
We, also, observe that the element ||a*a||—a*a is positive, since a*a is hermitian,

by Proposition and since

o(lla*all — a*a) = |la”al| = o(a"a) = 0
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(i)

The above relation holds since ||a*al| = p(a*a) by Theorem [2.2.4] Additionally,
if a € AT and z,y € A, with y being hermitian, then z*ax = z*y*yr =
(zy)*(zy). By Proposition [2.2.19] we observe that z*az > 0. We, also, observe
that 0 < z*(||a*a|| — a*a)z = ||a®||z*x — z*a*ax and, hence, x*a*ax < ||a|*z*z.
Consequently, we have that

lax + L|* = f(2"a"az) < ||a*|| f(z"2) = [Jal|*||= + L]*.

Now, let Hf be the completion of A/L, with respect to the aforementioned inner
product, and define the map 7s(a) : A/L — A/L by ny(a)(x + L) = ax + L.
The map 7¢(a) is a linear operator on A/L which is bounded, since

|7s(a)l| = sup{|l7f(a)(z + L)| : |z + L[| < 1}
=sup{|lax + L : ||+ L|| < 1}
sup{|lalll|z + L : [lz + L|| < 1}

<
< [la]|.

Thus, 7¢(a) € B(Hy), for all a € A. By the definition of 7, we can see that it
is a *-homomorphism. Indeed, for any a € A, we have that

Wf(a)(ﬂfl + L+ To + L) = Wf(@)(xl + o + L)
=a(ry+mx)+L=ary+L+ary+ L
=ns(a)(z1+ L) + m¢(a)(xe + L), for all x1,x9 € A.

Also
mr(a)(Azr)) = mp(a)(Az + L)
=alr+ L =X ar+ L = Nazr+ L)
= Ams(a)(z + L), for all z € A and all A € C.
Consequently

mp(a)((z + L)") = mp(a)(z” + L)
=ar*+L=a"2"+L=(ax+ L)
= (mp(a)(z + L))"

Hence, 7y is a *-homomorphism. Furthermore, we observe that ms(14)(14 +
L)=1414+L =14+ L. The element 14+ L is the unit of A/L and, thus, ms
is a representation of A. Let e =14+ L € Hf. Then np(A)e = {a+L:a €
A} = A/L is dense in Hy, by the definition of H;. Hence, e is a cyclic vector
of ¢, for which (ms(a)e,e) = (a+ L, 14+ L) = f(1%a) = f(a).

Let ef be the cyclic vector for ¢, such that f(a) = (7(a)ey, ef), for all a € A.
Then (m(a)e,e) = f(a) = (ns(a)es,ey), for all a € A. We define the map
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g : mr(A) = H by grg(a)ey = 7(f)e, where mr(A)es is dense in Hy by the
definition of Hy. Since

Iw(a)ell® = (m(a)e, w(a)e) = (m(a)m(a)"e, e)
= (m(aa®)e,e) = (m(aa®)es, ey)
= [Ims(a)esll”,
we have that ¢ is an isometry, since ||gm¢(a)er|| = ||7s(a)es||. Thus, g can

be extended to an isomorphism ¢ : Hy — H. So, if we let ,a € A be any
elements of A, then

grs(a)mp(x)ey = gmy(ax)ey = m(az)e
= m(a)m(z)e = m(a)gms(x)es.

Thus, 7(a)g = grs(a) or, equivalently, g~*m(a)g = 7s(a). Hence, the represen-
tations m and 7y of A are equivalent. n

Remark 4.1.27. The representation (7s, Hy) constructed in Theorem [4.1.26|is the
Gelfand-Naimark-Segal representation (or GNS representation) of A, associated to

f.

Remark 4.1.28. Let A be a C*-algebra. If A is nonzero, then its universal rep-
resentation is defined to be the representation (7, H), where 7 = ®cg(aymy and
H = SresaHy-

Before proceeding to the Gelfand-Naimark Theorem, we state and prove some
theorems. The Hahn-Banach Theorem’s proof will be omitted.

Theorem 4.1.29 (Hahn-Banach, [33], p.56). Let X be a linear space. If Y is a
linear subspace of X, f Y — R is a linear map and p : X — R is a nonnegative
sublinear functional such that f(y) < p(y), for all y € Y, then there exists a linear
map g : X — R, such that

9(y) = f(y), forally ey

and
g(x) <plz), forall x € X.

Remark 4.1.30. The difference between linear and sublinear functionals is that a
linear functional satisfies f(x + y) = f(x) + f(y), while a sublinear one satisfies

flx+y) < flx)+ f(y).

Theorem 4.1.31 ([29], p.88). Let f be a bounded linear functional on a C*-algebra
A. The following are equivalent

7 18 positive.
(i) fisp

(ii) For each approximate identity (uy)xea of A, ||f]] = liin f(uy).
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(i1i) For some approximate identity (ux)aea of A, ||f]| = liin fuy).

Proof. Since f is bounded, we may suppose that || f|| = 1. First, we show that
implies [(ii)} Let (uy)xea be an approximate identity of A. Then, f(uy)yea is an
increasing net in R and, hence, li)r\n f(uy) < 1. Now, let a € A be an element of A

with ||a|| < 1. Then, by Proposition {4.1.24] we have

[f(uaa)|* < f(u )f(a*a)
f(ux)f(a"a)
fu)lflla"all
f(ux)

S 11§11f(ux)-

Hence, | f(uya)|? < li/I\n f(uy) and, thus, 1 < 1i>I\Il f(uy). Consequently, liin fluy) =1.
The implication [(ii)}={(iil)]is obvious. Now, we show that|(iii)] implies[(i)] Suppose
that (uy)aea is an approximate identity of A, such that liin f(uy) =1. Let a € A be

a hermitian element of A, such that ||a|| < 1 and write f(a) € C as f(a) = z+iy. In
order to show that f(a) € R, suppose that y < 0. If we let n € N be arbitrary, then

lla — inuy|]* = ||(a + inuA)(a —inuy)||
< |la® + n*u3 — in(auy — ura)|
< lla*[| +n*[luall* + nllaus — urall
< 14 n?+ [Jauy — ural|.

Hence
|f(a — inuy)|* < |la —inuy|)* < 1+ n? 4 nllauy — ural|.

However, liin fla —inuy) = f(a) —in and liin(au)\ — upya) = 0. Thus, by taking

limits as A —» 400, we have that |z + iy — in|*> < 1 + n?, which implies that
22 4+ % — 2ny +n? < 1 +n? Consequently, —2ny < 1 —y? — 2%, Since n € N is
arbitrary, we demand that y = 0 in order for the above inequality to hold. Thus,
f(a) € R whenever a € A is hermitian.

If a € A is positive, with [|a| < 1, then the element (u) — a) is hermitian, for
any A € A, since (uy —a)* = u} —a* = (uy — a). The last assertion follows from
Corollary Also, we have that ||uy — a|| < 1, which implies that f(uy —a) < 1.

However, 1 — f(a) = li/l\rn f(uy —a) <1 and, therefore, f(a) > 0. Thus, f is positive
and the proof is complete. O

Corollary 4.1.32. If f is a bounded linear functional on a unital C*-algebra A, with
unit 14, then f is positive if, and only if, f(14) = ||f]|-

Proof. Consider the approximate identity uy = 14, for all A € A. Then, by Theorem
4.1.31] we have that || f| = liinf(lA). Thus, f is positive if, and only if, ||f]] =

f(1a). O
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Corollary 4.1.33. If f,g are positive linear functionals on a C*-algebra A, then
1f + gl = [l + llgll-

Proof. If (uy)xea is an approximate identity of A, then
1f + gl = lm(f + g)(ux) = lim f(uy) +limg(ur) = [ ]| + llg]l- -

Theorem 4.1.34 ([29], p.90). If a is a normal element of a nonzero C*-algebra A,
then there is a state f of A, such that ||a|| = |f(a)].

Proof. We assume that a # 0. Let C*(a) be the C*-algebra generated by 1; and
a in A. Since C*(a) is commutative and the Gelfand transform @ is continuous on
Ac+(a), there exists an element fo € Acx(q), such that ||a|| = ||d|lx = |f2(a)|. By the
Hahn-Banach Theorem (Theorem , there is a linear functional f; extending

fa to the whole algebra A and preserving the norm. Hence || fi|| = 1. Since fi(14) =
f2(14) = 1, by Lemma we deduce that f; is positive, by Corollary . It
we define the linear functional f, as f = fi|4, then we can see that f is a positive
linear functional on A, such that ||a|| = |f(a)|. Hence ||la|| = |f(a)| < ||fl||a]|, which
implies that ||f|| > 1. The converse inequality is obvious. Therefore, ||f|| =1 and f
is a state of A, by definition. m

The following theorem played a key role in the development of the theory of C*-
algebras since it established the possibility of considering an abstract C*-algebra as a
C*-subalgebra, up to an isometric *-isomorphism, of the C*-algebra B(H) of bounded
operators on a Hilbert space. This result was first formulated and proven by Israel
Gelfand and Mark Naimark in 1943 and played a major role for the development of
the theory of operator algebras since then. For the original proof, we refer to [24].

Theorem 4.1.35 (Gelfand—Naimark, [29], p.94). If A is a C*-algebra, then it admits
a faithful representation. Specifically, its universal representation is faithful.

Proof. Let (m, H) be the universal representation of A and suppose that a € A is
such, that w(a) = 0. By Theorem [4.1.34] there exists a state f of A, such that
la*al| = f(a*a), since the element a*a is normal. Using the GNS construction

(Theorem [4.1.26]) and letting L = {z € A: f(z*z) = 0} (as in Theorem |4.1.26)), we
have that ||a||* = f(a*a) = ||7(a*a)(a*a + 1)|| = 0, since 7¢(a*a) = 0. Hence a = 0
and 7 is injective. Thus, the universal representation (m, H) of A is faithful. O

Before closing up this section, we state some definitions and the Krein-Milman
Theorem, omitting its proof.

Definition 4.1.36 ([33], p.70). Let X be a real vector space and K be a convex
subset of X. Then an element x € K is called an extreme point of K, if there do
not exist elements y, z € K, with y # 2z, and A € R, with 0 < A < 1, such that

r=Ay+(1—- Xz

The set of all extreme points of K is denoted by Ext(K).
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Definition 4.1.37 ([33], p.8). A topological vector space X is called locally convex,
if the origin of X has a neighborhood basis consisting of convex sets.

Definition 4.1.38 ([29], p.272). Let X be a topological vector space and K be a
subset of X. Then, the convex hull of K is the intersection of all convex sets
containing K and is denoted by conv(K). Equivalently

conv(K) = ﬂ{K’ D K : K, is convex, for all i € T}.
iel
Remark 4.1.39. If X is a topological vector space and K is a convex subset of X,
then conv(K) = K.

Theorem 4.1.40 (Krein—Milman, [16], p.142). Let X be a locally convex Hausdorff
topological space. If K is a compact convex subset of X, then K s equal to the closed
convex hull of its extreme points or, equivalently

K = conv(Ext(K)).

4.2 Von Neumann Algebras

There are several topologies on B(H) that are weaker that the norm topology. We
introduce two of them that will be used to define the notion of a von Neumann
algebra.

Definition 4.2.1 ([17], p.16). The weak operator topology (abbreviated as
WOT) on B(H) is defined as the weakest topology on B(H), such that, for any
z,y € H and any T' € B(H), the sets of the form

W(T,z,y) ={A e B(H) : [(T — A)z,y)| <1}
are open.

Definition 4.2.2 ([I7], p.16). A net (T))rea in B(H) converges WOT to an
operator T, if for any x,y € H, it holds that liin((T,\x, y)) = (T'z,y). We denote this

woT
convergence by T\ —— T

Definition 4.2.3 ([I7], p.16). The strong operator topology (abbreviated as
SOT) on B(H) is the topology defined by the open sets

S(T,2) = {A € B(H): ||(T - A < 1},

for all '€ B(H) and all € H, where || - || : H — R is the norm on H induced by
its inner product.

Definition 4.2.4 ([17], p.16). A net (7))aeca in B(H) converges SOT to T if for any
x € H, it holds that li}\n(T,\x) = Tz, for any x € H. We denote this convergence by

SoT

T)\—>T.
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Remark 4.2.5. Left and right multiplication by a fixed operator A € B(H) is
woT

continuous in both SOT and WOT topologies. In other words, if T\ —— T, then
ATy, Y% AT and ThA Y95 TA and if Ty 295 T, then ATy 295 AT and
sor

Remark 4.2.6. Multiplication is SOT-continuous on the unit ball. Suppose that

Sy 295 S and Ty 225 T and that ISx|| < 1, for all A € A. Then, for any = € H,

we have that

1(ST = ST )| < [[(S = S)Tx| + ISMIIT = T2

Consequently, if we let A tend to infinity, we deduce that S,T SO, ST, Thus, the

assertion is true.

Definition 4.2.7 ([I7], p.19). A C*-subalgebra of B(H) which contains the identity
operator and is closed in the weak operator topology, is called a von Neumann
algebra.

Definition 4.2.8 ([17], p.19). If S is a subset of B(H), we define the commutant
of S to be
S'={T € B(H): AT =TA, for all A€ S}.

Remark 4.2.9. We observe by Definition that S’ is a unital algebra with
unit being the identity operator of B(H). Furthermore, S’ is self-adjoint, if S is
self-adjoint. Indeed, for any A € S and any 7' € S’, we have that

AT* = (TA*)* = (A*T)* = T*A.

Moreover, S” is WOT-closed. Indeed, if (7))xea is a net in S” such that T wor,

T € B(H), then for any A € S, we have that

AT = WOT —lim ATy = WOT — limThA = TA.

Hence, S’ is a von Neumann algebra. In fact, there exists an alternative definition
for a von Neumann algebra that contains the aforementioned notions.

Definition 4.2.10 ([16], p.281). A von Neumann algebra A is a C*-subalgebra
of B(H), such that A = A",

Next, we define a topology that will be used through the rest of this chapter.

Definition 4.2.11 ([29], p.59). Let u be an operator on a Hilbert space H and
suppose that E is an orthonormal basis of H. We define the map || - |2 : H — R,

1/2
with [|ulls = (Z ||u(x)|]2) , where ||u(2)| = (u(z),z)/2. If ||ul]|s < +oo, then
el
|lu||2 is called the Hilbert-Schmidt norm of v and u is called a Hilbert-Schmidt
operator.
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Definition 4.2.12 ([29], p.63). Let u be an operator on a Hilbert space H and E
be an orthonormal basis of H. We define the map || - || : H — R, with ||ul|; =

> (|ul(x),x). If ||u|ly < +o0, then ||ul|; is called the trace-class norm of u and
ek

u is called a trace-class operator. It holds that |jull; = |[|u[*/?||2. The set of
trace-class operators is denoted by L(H).

Definition 4.2.13 ([29], p.63). Let H be a Hilbert space and E be an orthonormal
base of H. We define the trace of an operator u € B(H) to be

zelE

Remark 4.2.14. Concerning Definitions [4.2.11], [4.2.12| and |4.2.13| the choice of the
orthonormal basis is arbitrary, since the results remain the same.

Definition 4.2.15 ([29], p.126). The ultraweak or o-weak topology on B(H) is
the Hausdorff locally convex topology on B(H) generated by the family of seminorms
{pi : 1 € I}, with p;(u) = |tr(uv)|, for any v € L*(H). It is the weakest topology
on B(H), such that all elements of the continuous predual of B(H) are continuous,
considered as functions on B(H).

Remark 4.2.16. The ultraweak topology is similar to the WOT topology of B(H ).
For example, on any norm-bounded set, the WO topology and the ultraweak topol-
ogy are the same and, in particular, the unit ball is compact on both topologies.

Remark 4.2.17. The WOT topology on B(H) is weaker than the ultraweak topol-
ogy. Indeed, let E' be an orthonormal basis of H and (uy)yea be a net on B(H)
converging ultraweakly to an operator u € B(H). Then for any A € A, we have that

[(ur(@) —u(z), )| <[ 3 ((ur—u)(x), )| = [tr((ur —u)(z ©y))|, which converges to
el
0, for any =,y € H. So, the net (uy)rea converges WOT to v € B(H). The notation

® is of a rank-one operator and must not be confused with the usual tensor product.

Definition 4.2.18 ([16], p.33). Let H be a Hilbert space and T' € B(H). Then T
is called hermitian or self-adjoint, if 7% = T'. It is called normal, if T7T* = T*T.

Remark 4.2.19. Observe that the definitions of normal and hermitian elements in
operator algebras are similar to those of C*-algebras. In fact, the theory of hermitian
and normal elements in a C*-algebra arises from the theory of operator algebras.

Remark 4.2.20. For a deeper understanding of the following measure theoretic
notions, we suggest [22], [23] and [35].

Definition 4.2.21 ([35], p.12). Let X be a topological space. We form the class B
of Borel sets to be the smallest collection of sets that includes the open and closed

sets, such that if By, By, ... are in B then so are the sets | B;, (| B; and X \ B;,

. 1=1 =1
fori=1,2,....



84 Gelfand Duality

Definition 4.2.22 ([35], p.47). Let X be a topological space and let ¥ be a o-algebra
on X. Also, let 1 be a positive measure on (X, ). A measurable subset A of X is said
to be inner regular, if p(A) = sup{u(F) : F C A, F' is compact and measurable}
and outer regular if u(A) = inf{u(G) : G 2 A,G is open and measurable}. If
every Borel set in X is both outer and inner regular, then p is called regular.

Definition 4.2.23 ([29], p.66). Let ©Q be a compact Hausdorff space and H be a
Hilbert space. A spectral measure E is a map from the g-algebra of all Borel sets
of Q to the set of projections in B(H), such that

(i) E(®) =0 and F(Q) = 1.
(il) E(S1NSy) = E(S1)E(Sy), for all Borel sets S, .S of Q.

(iii) for all x,y € H, the function E,, : S — (E(S)z,y) is a regular Borel measure
in €, for all Borel sets .S of €.

Remark 4.2.24. Let T € B(H) be a normal operator. If we apply Definition [4.2.23
for the special case of Q = o(T'), we get, for any Borel subset A C o(T), a projection
E(A) in B(H). The projection E(A) is called the spectral projection of T'.

Remark 4.2.25. If p, q are projections on a Hilbert space H, then we can define an
order <, such that p < ¢ if, and only if, the element ¢ — p is positive, meaning that
its spectrum lies in [0, +00).

Theorem 4.2.26 ([29], p.50). Let p,q be projections on a Hilbert space H. Then,
the following are equivalent

(i) p<q.
(ii) pq = p.
(i) qp = p.

(iv) p(H) C q(H).
(v) llp(@)|| < llg(@)], for allx € H.
(vi) q — p is a projection.

Proof. The equivalence of Conditions and is clear, as are the implications
=(vi)={(i)l So, we just need to prove the implications|(i)={(v)=(ii)|and the proof

will be complete.

If we assume that Condition [(i)|holds, then |q(z)||? — ||p(z)|* = (¢ —p)(x),z) =
(g — p)()]|> > 0, hence Condition |(v)| holds. Now, if we assume that Condition
holds, then ||p(1—q)(x)|| < ||(¢—¢*)(z)|| = 0, since q is a projection. Hence, p = pq,
that is, Condition holds. O

Definition 4.2.27 ([39], p.51). A projection p in a C*-algebra A is called minimal,
if pAp = Cp.
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Definition 4.2.28 (]|29], p.138). Let A be a C*-algebra. Then a central projection
is an element p € A, such that p = p*, p? = p and pz = xp, for all x € A.

The next definition distinguishes the notions of the support projection and the
support of a projection, when the latter is seen as a positive linear functional. In
an analogous way, we can define the support of an ideal and of an order ideal, as

presented in Definition 4.2.33]

Definition 4.2.29 ([39], p.140,126). Let M be a von Neumann algebra. Given an
element € M, the smallest projection p € M (see Remark with pr = z is
called the left support of z. The right support of = is the smallest projection
q € M, such that zq = z. Now, let f € M* be arbitrary. Then the left (resp. right)
support projection w of f is the smallest projection in M, such that f = wf (resp.

f = fu).

Remark 4.2.30. Recall that a positive cone of a real linear space X is a subset
K satisfying the following conditions

o Ifxr,y e K and a,b > 0, then ax + by € K.
e KN(—K)={0}.

As an example we can take the Banach space of all continuous real-valued functions
on R with a positive cone being the subset of all continuous non-negative functions
on R.

Definition 4.2.31 ([21], p.391). An order ideal in a partially ordered Banach space
X is a subset I of the positive cone that satisfies the following conditions

(i) fz,yel, thenz+yel.
(ii) If z € I and A > 0, then \x € I.
(iii) fz € I and y € X with 0 <y <z, then y € I.

Example 4.2.32. Lets consider the field of complex numbers C with the partial
order (z1,11) < (22,y2) & o1 < y; and x5 < Y. A positive cone I can be constructed
by taking the positive values of any (z,y) € C, meaning that [ = {(z,y) € C: z >
0 and y > 0}. It is easily verified that I is an order ideal of C with the partial order
defined above.

Definition 4.2.33 ([2], p.278). If A is a C*-algebra and I is an order ideal in A*,
then the support of I is the supremum of the supports of the elements of I in A**.
If I is taken to be a left ideal of A, then the support of I is a projection p € A**,
such that I = A**p. Here I denotes the W* closure of I in A**.

The following definitions concern the theory of projections in von Neumann al-
gebras and are very useful in the theory of operator algebras. Particularly, in what
follows, we will analyze certain types of projections and will state some of their
properties.
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Definition 4.2.34 ([2], p.279,282). A projection p € A** is open, if there exists an
increasing net (ay)xea of positive elements of A, such that ay —» p. If p is open, we
say that the projection p’ = 1 — p is closed. The closure of p, denoted by p, is the
smallest closed projection that majorizes p, meaning that p > p (see Remark .
The projection p is called regular, if ||ap|| = ||ap|, for all a € A.

For the following two definitions, M will denote the von Neumann algebra zA**,
where A is a C*-algebra and z is a central projection of A**.

Definition 4.2.35 ([5], p.1,2). A projection p in M is called q-open if there exists
a closed left ideal I of A, such that the W* closure I of I in M is of the form Mp or,
equivalently, if T = zA**p. If p is q-open, then its complement p’ = 1 —p (in M) is
called g-closed. The projection p is called g-compact if p is g-closed and if there
exists an element b € AT ={a € A:a >0}, with bp = p.

Definition 4.2.36 ([3], p.6). A self-adjoint operator b € M (b* = b) is g-continuous
if each spectral projection of b, corresponding to an open subset of o(b), is also q-
open.

4.3 A Noncommutative Gelfand Theorem

Now we will present a series of theorems that will be used to prove our general Gelfand
Theorem. By Theorem [4.1.35 we can view any C*-algebra as a C*-subalgebra of
B(H). Thus, from now on, any C*-algebra will be considered as an algebra of
operators. Also, for the remainder of this thesis, we will consider the von Neumann
algebra M = zA*™*, with A being a C*-algebra and z being a central projection of
A,

Theorem 4.3.1 ([3], p.545). Let A be a C*-algebra and B be the C*-subalgebra of
A that contains a positive, increasing approximate identity (ax)rea. Then, given
a € A witha > 0 and € > 0, there exists b € B with b > 0, such that b > a and
16l < llafl + €.

Proof. First, we observe that if the theorem is true for all @ € A with ||a|| = 1, then
it is true for all a € A. Indeed, if we chose any element a € A, we could normalize it
by dividing with its norm and get the desirable element whose norm would be equal
to 1. So, let’s assume that ||a|]| = 1. We choose an element ay, of (ay)ea, such that

la —ay,aay, || < =. Since (a))xea is an increasing, positive approximate identity and
|la|| = 1, we have that ay, > ay,aay,. Set a; = a — ay,aay,. Then, we can find an

element ay, of (ay)xea, such that ||a; —ay,a1ay,]| < AEL Since ||ay]| < 1, for all A € A,

2
and ||—aq|| < 1, we have that
€

2
2
Axy 2= )y, = Ay (;al Ay -
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€ . .
Thus, —ay, > ay,a1ay,. Set ay = a1 — ay,a1ay,. By induction, we can find sequences
(AM)neny € A and (ap)neny € A, such that a, = a,—1 — ay,a,_1ay,, for all n € N|
o0

€ € ) .
l|an|| < o and 2n_1aAn > ay,an-1ay,. Hence, the series ) ay, a,_1ay, is convergent
n=1

to ag. Indeed, for a fixed N € N, we have that

N N .
Za,\nanqa,\n — ap|| = Z(anq —an) — aol|| = |lao — an — ao|| < N
n=1 n=1

€
-1

o oo
We, also, observe that ag = Y ay,a, 10, < ax, + > o
n=1 n=2

ay,. The right hand side

of the above inequality converges absolutely to an element b € B. Indeed, we have

that
€ €
Z ’ on—1 % = Z ‘ on—1]| — &
n=2 n=2
Hence
0o p ) c
18 = JJax + > grgn, | < sl = || D2 gogan|[ < 1+e
n=2 n=2
Thus ||b]] < ||la]| + €. O

Theorem 4.3.2 ([I], p.222). A projection p in A** supports a W* closed order ideal
in A* if, and only if, p = liin ay, where (ay)rea 1S a decreasing net of positive elements

of A.

Proof. If I is a W* closed order ideal with support p, we can see that p’ A**p’ is the
W* closure of Ay = {a € A: pap’ = a} in A, where p’ = 1 — p. Thus, there is
an increasing approximate identity (by)aea in Ay, with by > 0, for all A € A. Since

multiplication is W* continuous in A**, we have that b, SN p'. If weset ay =1—0b,,
for all A € A, we get a decreasing net (ay)xea of positive elements of A, such that

Qay w_*) p.
Now, let (ay)xen be a decreasing net of positive elements of A, with ay AN p. We
define, for all A € A, the sets

ILy={fe€e A : f>0and f(d}) =0}.

We observe that each I, is a W* closed order ideal, so that the set I = Nyeal) is
also a W* closed order ideal. Let g be the support of I. Now, if f > 0 in A*, then
we have that f(p’) = 0 if, and only if, f(a)) = 0, for all A € A or, equivalently if,
and only if, f € I,. Thus, f(p') = 0 if, and only if, f(¢') = 0. Hence, p’ = ¢’ which
means that p = q. O

Corollary 4.3.3 ([1], p.-223). If p is a minimal projection in A**, then there exists

a decreasing net (ax)xea in A, such that ay N .
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Proof. By Theorem [4.3.2] we only need to show that p supports a W* closed order
ideal in A*. If we define the set I = {f € A*: f > 0 and f(p) = 0}, then we can see
that p supports I. Let f,g € I with g # 0. Then f(a) = f(pap) and g(a) = g(pap),
for all @ € A*. Since p is minimal, there exists a scalar © > 0 in C, such that
f(pap) = pug(pap), for all a € A**. Thus, f(a) = pg(a), for all a € A**. This means
that the set I can be written as

I'={pg:peCwith u>0}
and, hence, I is W* closed. O

Theorem 4.3.4 ([2], p.279). A projection p € A*™ is closed if, and only if, p supports
a W* closed order ideal in A*.

Proof. By applying Theorem [4.3.2] we have that p supports a W* closed order ideal
if, and only if, there exists a decreasing net (ay)iea of positive elements of A, such
that a, N p. We set a) =1—ay > 0 and we get a) SN p’. Thus, p’ is open and,
hence, p is closed. O

Theorem 4.3.5 ([2], p.282). Let p € A*™ be a projection and ¢ : A — A™, defined
by ¢(a) = ap. Let K be the kernel of ¢. Then, p is reqular if, and only if, ||a+ K|| =
llapl|, for all a € A.

Proof. We define the map ¢ : A — A** by ¢o(a) = ap and we let Ky = ker¢gy. We
observe that both K and K, are norm closed left ideals of A and that K D K,. We
will show that Ky = K.

Since p is closed, p' = 1 — p is the support of Ky. Let ¢ be the support of K.
Then ¢ is closed and ¢ < p. On the other hand, ¢ > p, since ¢ < p’. This last
statement is true, since ay AN q, for an increasing net (ay)aep of A. Thus, axp =0,
for all A € A and all a € A. Hence, qp = 0. We deduce that ¢’ = p and, also, that
Ky = K. Since p is closed, we have that ||ap|| = ||a + Ko|| = ||a + K||. The converse
statement is trivial and its proof will be omitted. O

Theorem 4.3.6 ([2], p.283). If A is a von Neumann algebra, then each projection
in A* is reqular.

Proof. Let p € A** be open and let (ay)ea be an increasing net of positive elements of
A, such that a) AN p. Then, there exists a projection ¢ € A, such that ay N q€e A,
since A is a von Neumann algebra. Clearly, ¢ > p. Since ¢’ € A, we have that ¢’ is
open and, hence, ¢ is closed. Now, we will prove that ¢ = p. We observe that ap =0
if, and only if, aa) = 0, for all a € A, which holds if, and only if, ag = 0, for all
a € A. Furthermore, ||ap|| = liin llaayr]| = |laq|] = ||ap|| and, thus, p is regular. O

Theorem 4.3.7 ([2], p.283). Let p € A*™ be a closed projection in A**. Then,
zZp = p, where z is a central projection of A*, and zp is regqular.

Proof. Let I be a W* closed order ideal in A* with support p. Also, let I; be the
W* closed unit ball of A*. It is clear that I; is convex, compact and that its extreme
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points are pure states, by definition. Thus, by the Krein-Milman Theorem (Theorem
, I; is the closed convex hull of the pure states it contains. But, the ideal zI;
contains all the pure states of I; and is convex, since I is convex. Thus, I; is the
W* closure of zI;. On the other hand, zI is a norm closed order ideal of A* which
can be easily proved, since the projection z is central. Hence, by Theorem [4.3.6], we
have that ||Zp|| = ||Zp + Li|| = ||zp + I|| = ||zp||- So, zp is regular and since I is the
W* closure of z1I;, we deduce that zp = p. O

Theorem 4.3.8 ([2], p.284). If p,q € A are either open or closed projections and
zp > zq, where z is a central projection of A*™, then p > q.

Proof. 1f both p and ¢ are closed, then p = zZp > Zq = ¢. If both are open, we have
that p’ =1 —p and ¢’ = 1 — ¢ are closed, by definition, and that p’ = 2p/ < z¢' < ¢'.
Hence p > ¢. If p is closed and ¢ is open, then there exist nets (ax)aea and (b,),em
of elements of A, with ay AN pand b, v q. Then, z(ay—b,) > 0, for all A € A and
all 4 € M, since zay > zp > zq > zb,. Also, zay — zb, = z(ay —b,) > 0, since the
map v : A — zA with y(a) = za is a *-isomorphism. Thus llir/r\l lax—bul=|p—q| >0

and p > q.
Now, suppose that p is open and ¢ is closed. By the definition of open projections,
there exists an increasing net (ay)xea of positive elements of A, with ay =+ p. In

order to conclude the proof, we need to show that g(a,) SN 1, for each state g of
A, with g(¢) = 1. We define the set {li/{ng(a,\) : ¢ is a state and g(¢) = 1}. Let

€= inf{li/l\ng(ak) : g is a state and g(q) = 1}. If € > 1, we immediately have that
g9
g(p) = li/{ng(a,\) > ¢ > g(q) and, thus, p > ¢. If € < 1, we define, for every A € A,

the set
K, ={g: g isastate, g(ay) <eand g(q) = 1}.

Since q is closed, the set S of all states of g of A* for which g(q) = 1 is W* compact.
Thus, for every A € A, we have that the function v : S — R*, with v(g) = g(a,)
attains a minimum which must be less than e. Hence, the family {K)},ea is a de-
creasing family of nonempty, compact, convex sets which is directed by set inclusion.
Thus, the set K = Nyecpa K is a nonempty, compact and convex set and, thus, by
the Krein-Milman Theorem (Theorem , it has an extreme point, say f. We
need to prove that f is also an extreme point of S and, hence, a pure state, since S
contains the states of norm 1 in the order ideal with support q.

Suppose that f is not an extreme point of S. Then, there should exist states f1, f2
of S and a u € (0,1), such that f = pfi + (1 — p)fe. If f1 ¢ K, then there would
exist a A\g € A, for which fi(ay,) > € and fi(ay) > ¢, for all A > A\g. Thus, fo(ay) <,
for all A > Ao, since € > f(ay) = pfi(ay) + (1 — mu)fa(ay). Since liin flayn) =€, we

deduce that liin fa(ay) > € and, thus, li/l\n fi(ay) < e, a contradiction. Hence, f is a

pure state of S.
Now, by hypothesis, we have that zp > zq. Thus

lim f(ax) = lim f(zax) = f(zp) > f(2q) = 1,
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since f is a pure state of S. But this contradicts the assumption that e < 1. Thus,
€ > 1 and, hence, p > q. O

Theorem 4.3.9 ([2], p.285). Let p; be closed and py be one-dimensional projection
in A, with p1po = 0. Then, there exist open projections q; and qo in A™, such that

@12 =0, ¢1 > p1 and g2 > po.

Proof. Let I be a norm closed left ideal of A with support p;. Also, let B =1N1T*.
Then B is a C*-subalgebra of A. Now, let f be a pure state of A with support p,.
We will show that f is pure on B as well.

Suppose that f|g is not pure. Then, there exist states fi, fo of A and a scalar
€ (0,1), such that f|g = ufi|lg + (1 — ) f2|p. By definition, we have that the
condition for p; being closed implies that p} is open. So, there exists an increasing

net (by)aea of positive elements of B, such that by AN p}. Since p1ps = 0, we have
that 1 — (p1p2)’ = 0 and, hence, f(p}) = 1, which implies that fi(p}) =1 = fo(p}).
Since f is pure, there exists a positive element b € BT, with [[b]| < 1 and f(b) #
pfi(b) + (1 — ) fo(b). As BT is an order ideal, we have, for each b € B™, that
0 < bybby < b3 € BT and, hence, bybby € B*. Thus, we have

J(bAbbA) = 1f1(babbA) + (1 — 1) f2(babDA)

and

f(b) = f(p\bp))
= lim f(babba)

= wfi(pibpy) + (1 — ) f2(pibp})
= pfi(b) + (1 — p) fa(b),

which is a contradiction by the choice of the element b € B*. Hence, f is pure on B.
Since f is pure, there exists an element by € B, with ||by]| < 1, b5 = by and
f(bo) = 1. We define the characteristic functions

2(bo)

and we observe that both ¢, and ¢, are open projections and that ¢q;qo = 0. We, also,
observe that f(by) = 1 = f(b2), which implies that go > ps, since p, is, by definition,
the support projection of f. Furthermore, we have that by € B = I N I* and that p;
is the support of I. Hence, bgp; = 0 and q; > p;. O

1 = X(_z,%)(bo) and g2 = X

1
29

Theorem 4.3.10 ([4], p.306). Let p and q be closed projections in A**, with pq = 0.
Then, there exists a € A with 0 < a <1, ap=0 and aqg = q.

Proof. Let Ay = {a € A:ap = pa = 0}. We observe that Ay is a C*-algebra without
unit since, otherwise, the identity ap = pa = 0 would never hold. Also, let Ay denote
the C*-subalgebra of A generated by Ay and 1,4. Since p is closed, p’ = 1 — p is
open and, hence, there exists an increasing net (ay)xea of positive elements of Ay,

such that ay < p/. Since A¥* is isomorphic to ¢y« (Ag) (the W* closure of Ay), we
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have that Aj* = p’ A*™*p’. We, also, observe that ¢ < p/, since from Theorem
we have that ¢p’ = ¢(1 — p) = ¢ — gp = q. Thus, we may consider ¢ € Af* C Ay
Now, we will prove that the projection ¢ is closed in /IO**. This would follow from
Theorem if we could show that (¢Ay )" is a W* closed order ideal. Since Ay is
the algebra generated by Ay and 1,4, we can identify Ao’ with A* and, hence, the set
(q/IO*q)Jr with (¢A*q)*. We, also, have that the set K = {f € (¢A*¢)" : || f|| < 1}
is compact in the ultraweak topology of A. Since the ultraweak topology in Ay is
weaker than the ultraweak topology in A, they must coincide on K. Thus, the set
K ={f e (qAy ¢)* : ||f]] <1} is compact in the ultraweak topology of Ay. Hence,
(qfio*q) is W* closed and, thus, the projection ¢ is closed in A~0**, by Theorem

Now, let f be the pure state of Ay defined by fla+ Alq) = A, for every a € Ay
and any A € C. Let = be the support of f in Ay”. We can see that xq = 0. Indeed,
we have that x = zp implies that z(1—p) = xp’ = 0, which means that z¢ < xp’ = 0.
Consequently, zq = 0. Hence, we can apply Theorem 4.3.9/in order to get an element
a€ Ay with0<a <1, ar=0and ag = g. From the fact that az = 0, we have that
a € Ag and, thus, ap = 0. This concludes the proof. H

Theorem 4.3.11 ([4], p.315). Leta € A* be a hermitian element of A** and suppose
that every spectral projection of a € A*™, corresponding to an open set in o(a), is
also an open projection for A. Then, a € A.

Proof. Suppose that the conclusion is false. Then, there exists a hermitian element
¢ € A™* such that ¢(a) # 0 and ¢|4 = 0. Let C*(a) be the C*-algebra generated
by a and 14. Then, C*(a) is isomorphic to C(o(a)), by Theorem This
isomorphism is the functional calculus of a, as introduced in Definition 2.2.16] Since
¢(a) # 0, there exists an open set (8,7) No(a) = Q in o(a), such that ¢(q) # 0.
By the definition of a spectral projection, we can identify the Borel subset @ of o(a)
with the projection ¢q. Let 6 = f — v and consider, for j = 1,2,..., the open sets
QI = (B+027"7, v—52"""9)No(a), for all n € N. Again, these open sets correspond
to spectral projections ¢/, for j = 1,2,... and for all n € N, which are open in A by
hypothesis.

Next, we choose, for every n € N, elements a,, ¢, € C*(a), with ¢} < a,, < ¢? and
¢ < ¢, < q. Let p, be the projection in A** corresponding to the closure of Q2 in
o(a). Then, p, < ¢ and since ¢ is open (by hypothesis), Theorem is applied
in order to get, for any n € N, elements b, € A, such that ¢> < p, <b, < ¢. Thus,
we obtain

G < an <@ <pa<b, <q) <c,<q.
When n € N tends to infinity, we have that lim b, = ¢, in the W* topology, which

n—o0

is a contradiction, since ¢|4 = 0 and, hence, ¢(b,) = 0 and ¢(q) # 0. O

The next theorem’s proof will be omitted, as it is trivially followed by Theorems

[4.3.8 and 4.3.11]

Theorem 4.3.12 ([5], p.2). A self-adjoint operator b € M lies in A if, and only
if, each spectral projection of b which corresponds to an open subset of R s also a
g-open projection.
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Lemma 4.3.13 ([5], p.3). Suppose B is a C*-algebra, b € BT, p € B** a projection
and let (ay)ren be an increasing net of positive elements of B, with ||b'/2 —b'/2ay|| —
0. If b > p, then ||p — axp|| — 0.

Proof. Since [|b'/? — b'/%a;|| — 0, we can see that
11— ax)b(1 = ax)|| = (6" = b"%ay||* — 0.
Since (1 —ay)b(1 —ay) > (1 —ay)p(1 — ay), for all X € A, we get

Ip = axpll® = [|(1 = ax)p|?
= ”(1 - @A) (1 - &A)H
< [(1 = agA)b(1 — ay)|| — 0.

Hence, ||p — axp|| — 0, as A tends to infinity. O

Lemma 4.3.14 ([5], p.3). If p is a g-closed projection in A, b € A% with b > p and
A, M are the unitizations of A and M, respectively, then p is q-closed in M.

Proof. Let K = (pA*p)*. By Theorem |4.3.4 u K is closed in the ultraweak topology
of A. If K is not closed in the ultraweak topology of A, then there exists a net
(fadrea in K, with || fy]| = 1 and f\ — f in the ultraweak topology of A, for some
f e A, with || f|| = f(1;) = 1. Since A* = A* ® {jufs}, where f is a pure state of
A which vanishes on A, we have that f = fo 4 f1f, where fo € (A*)* and p > 0 is
a complex scalar. For any ¢ > p, we get

fola) = f(g) = lim fx(g) = lim fx(p) = 1, (4.1)

since each f) € K, for every A € A.

Now, if 1; € A, then A* is closed in the ultraweak topology of A and the proof
is complete. If 1; ¢ A, let (a,)nen be an increasing approximate identity of positive
elements of A. Then, by Lemma we have that ||p — a,p|| — 0, as n tends to
infinity. Thus, for a given € > 0, there exists a ¢ € A, with ¢ > p and ||c[| < 1+¢, by
Theorem [4.3.1] Hence, we have that fi(c) > 1 for ¢ = ¢ in the relation ([£.1)). Since
f = fo+ Ao, we have that || fo| = 1 and A\ = 0, because || f|| = |[foll + |||l fll =
lfoll + A\ = 1. Thus, f € A*. Since (fy)rea belongs to K, we deduce that K is
closed in the ultraweak topology of A and that f, — f in the ultraweak topology
of A. Hence, f € K and, so, K is closed in the ultraweak topology of A. m

Theorem 4.3.15 (Noncommutative Gelfand Theorem, [5], p.6). The hermitian el-
ements of A are exactly those g-continuous elements b of M, such that the spectral
projections of b corresponding to closed subsets of the spectrum of b, which don’t
contain 0, are q-compact, that is, b “vanishes at co”.

Proof. Let A, M be the unitizations of A and M, respectively, as introduced in
Lemma . Since b € M = zA**, we have that b € A implies b € A. Let p be
the spectral projection of b, corresponding to an open subset U of o(b). We consider
two cases.
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If 0 ¢ U, then p € M. Since b € M is g-continuous, we have that p is g-open for
A and, thus, for A.

If 0 € U, then the complement of U is closed and does not contain 0. Thus,
the projection p’ is g-closed for A and, thus, g-compact for A. By applying Lemma
, we have that the projection p’ is g-closed for A.

Thus, in any case, we have that a spectral projection of b, corresponding to closed
subsets that do not contain 0, is g-compact for A. Hence, b is q-continuous for A
and by applying Theorem we deduce that b € A and, thus, that b € A by the
above discussion. This completes the proof. O]

Remark 4.3.16. Theorem is a generalized analogue of Theorem mean-
ing that we associated all hermitian elements of a C*-algebra A, with certain types
of projections that are g-continuous and “vanish at oo”. This is similar to Theorem
2.2.14, except the fact that we withdrew the hypothesis of commutativity and we
made a construction of recovering a general C*-algebra from the space of all spectral
projections b that correspond to open subsets of the spectrum of b (analogous to the
maximal ideal space that was presented in Theorem [2.2.14)).

4.4 Comments on Further Research

In this section, we will present some subjects incorporated in the field of Noncommu-
tative Geometry like the Noncommutative K-theory and the Noncommutative Mea-
sure theory. We will comment on certain topics in the field of Noncommutative
Geometry and will state some references for the interested researcher. Finally, we
will provide the reader with some other approaches regarding Chapter [

4.4.1 Physical Origin of Noncommutative Geometry

To control the divergences which from the very beginning had plagued quantum
electrodynamics, Heisenberg already in the 1930’s proposed to replace the space-time
continuum by a lattice structure. A lattice however breaks Lorentz invariance and can
hardly be considered as fundamental. It was Snyder who first had the idea of using a
noncommutative structure at small length scales to introduce an effective cut-off in
field theory similar to a lattice but at the same time maintaining Lorentz invariance.
Some time later von Neumann introduced the term “noncommutative geometry”
to refer in general to a geometry in which an algebra of functions is replaced by a
noncommutative algebra. As in the quantization of classical phase-space, coordinates
are replaced by generators of the algebra. Since these do not commute they cannot
be simultaneously diagonalized and the space disappears. One can argue that, just
as Bohr cells replace classical phase-space points, the appropriate intuitive notion to
replace a “point” is a Planck cell of dimension given by the Planck area. If a coherent
description could be found for the structure of space-time which were pointless on
small length scales, then the ultraviolet divergences of quantum field theory could
be eliminated.
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4.4.2 K-Theory

Now, we will briefly present a subject that is commonly seen around the field of
noncommutative Geometry, but demands a deep mathematical background for a
proper understanding. K-theory, is a topological invariant, under Gelfand Duality,
which can be recovered by the algebraic counterpart of Gelfand Duality, that is,
by the algebra C'(X), over the compact topological space X. Indeed, the 2-graded
abelian group K(X) (meaning that K(X) is the direct sum of 2 different abelian
groups) is generated, on its first part, by the stable isomorphism classes of complex
vector bundles over the compact topological space X has a very simple description
in terms of the C*-algebra C(X). The second part of this group, provided to us
by a result of Serre [37] and Swan [38], is the abelian group generated by the stable
isomorphism classes of finite projective modules over C'(X), a purely algebraic notion
which, also, makes no use of the commutativity of C'(X). A key result of K-theory
is the Bott Periodicity Theorem [I3], [I4]. Thanks to the work of Atiyah and Bott
[9], this result, once formulated in the algebraic context, has a very simple proof and
holds for any (not necessarily commutative) Banach algebra and, in particular, any
C*-algebra.

4.4.3 Noncommutative Measure Theory

The next subject that we briefly present is the Noncommutative Measure theory. The
relation between von Neumann algebras and Measure spaces is similar to the relation
between commutative C*-algebras and locally compact Hausdorff spaces. Given a
measure space (X, u), let L>(X, ) denote the *-algebra of essentially bounded,
measurable and complex valued functions on X. This algebra acts on a Hilbert
space L?(X, pt), as multiplication operators, and its image in L(H) is closed in the
weak operator topology (WOT). Hence, it is a commutative von Neumann algebra.
Conversely, any commutative von Neumann algebra can be shown to be algebraically
isomorphic to L>®(X, u), for some measure space (X, p).

In a general framework, a construction of a Hilbert space with a countable basis
provides specific automorphisms (unitary operators) of that space. The algebra of
operators on the Hilbert space which commute with these particular automorphisms,
form a von Neumann algebra and all von Neumann algebras are obtained in that
manner. The theory of not necessarily commutative von Neumann algebras was ini-
tiated by Murray and von Neumann [30] and is considerably more difficult than the
commutative case. The center of a von Neumann algebra is a commutative von Neu-
mann algebra and, thus, dual to an essentially unique measure space. The general
case, thus, decomposes over the center as a direct integral of, so called, factors,
that is, von Neumann algebras with trivial center. Using the above construction,
Murray [30] managed to classify the factors of a von Neumann algebra intro three
types I, II and III, with varying degree of complexity. Because of the above corre-
spondences and constructions, the theory of von Neumann algebras is often regarded
as Noncommutative Measure theory.

Concerning the discussion that was presented in the previous paragraph, Pavlov
[31] managed to prove a categorical equivalence between the following five categories.
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(i) The opposite category of commutative von Neumann algebras.
(ii) The category of compact strictly localizable enhanced measurable spaces.
(iii) The category of measurable locales.
(iv) The category of hyperstonean locales.
(v) The category of hyperstonean spaces.

This result was a measure-theoretic counterpart of the Gelfand Duality between
commutative unital C*-algebras and compact Hausdorff topological spaces. We give
some terminology for a better understanding of the aforementioned approach.

Definition 4.4.1 ([31]). An enhanced measurable space is a triple (X, M, N),
where X is a set, M is a o-algebra on X and N is a o-ideal on X, such that N C M.

Definition 4.4.2 ([31]). An enhanced measurable space (X, M, N) is strictly lo-
calizable if it is isomorphic to the coproduct of a small family of o-finite enhanced
measurable spaces in the category PreEMS of enhanced measurable spaces (as
objects) and premaps of enhanced measurable spaces (as morphisms).

Definition 4.4.3 ([31]). A Stonean space is a compact, Hausdorff, extremely
disconnected topological space. A Hyperstonean space is a Stonean space such
that the union of supports of all normal measures is everywhere dense. A normal
measure is a Radon measure that vanishes on nowhere dense subsets. A Radon
measure on a Hausdorff topological space X is a Borel measure p such that p is
locally finite and inner regular on all Borel subsets.

Definition 4.4.4 ([I1]). A Heyting algebra H is a lattice, with top and bottom
elements, in which for every element b € H the functor

“ANb:H—H, a—aAlb
has a right adjoint.

Definition 4.4.5 ([I1]). A locale L is a complete Heyting algebra in which arbitrary
joins distribute over finite meets, i.e. the distributivity law

a (\/b) =\/(anb)

iel el

holds, where [ is an arbitrary indexing set and a, b; are elements of L.
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4.4.4 Noncommutative Geometry of Schemes

Noncommutative Algebraic Geometry is the study of “spaces” represented in terms
of algebras or categories. Commutative Algebraic Geometry restricts its attention
to spaces, whose local description is made, via commutative rings and algebras,
while Noncommutative Algebraic Geometry allows for more general local (or affine)
models, like schemes. The categories involved, are viewed as categories of qua-
sicoherent modules on noncommutative locally affine spaces and are, typically,
abelian, triangulated or DG-categories. In the best case scenario, given a scheme X,
one can construct a spectrum S(X) by utilizing algebraic tools. This spectrum is
proved to be equivalent (either geometrically or topologically) to X, but that is not
always the case. For more details, one should look for [6] and [7].

4.4.5 Derived Noncommutative Algebraic Geometry

In Noncommutative Algebraic Geometry one represents a scheme by an abelian cate-
gory of quasicoherent sheaves on the scheme and looks at more general abelian cate-
gories as categories of quasicoherent sheaves on a noncommutative space. In Derived
Noncommutative Algebraic Geometry one, instead, considers the derived category
of quasicoherent sheaves, or more precisely its DG-enhancement, since there exist
many spaces, theories and problems around the field of Theoretical Physics (Quan-
tum Mechanics, String and Superstring Theory, etc.), that can not be solved by using
commutative tools. Derived Noncommutative Algebraic Geometry has been infor-
mally introduced by Kapranov-Bondal 1990, although the full framework belongs to
Kontsevich and van den Bergh.

4.4.6 Topos-Theoretic Gelfand Duality

Another approach to generalize the classical Gelfand Duality was made by Simon
Henry [26], which is topos-theoretic and states that any Boolean locally separated
topos can be reconstructed as the classifying topos of “non-degenerate” monoidal
normal *-representations of both its category of internal Hilbert spaces and its cat-
egory of square integrable Hilbert spaces. In both cases, these categories suggest
a symmetric monoidal monotone complete C*-category. Specifically Simon Henry
proves that if T"is a boolean locally separated topos, then T' is the classifying topos
for non-degenerate normal symmetric monoidal representations of either H*¢(T") and
H(T'), which are defined to be the symmetric monoidal C*-categories of Hilbert bun-
dles and square-integrable Hilbert bundles, respectively. We suggest [26] and [12] for
the elementary definitions needed and for a better understanding of this approach.
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