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Abstract 

In this thesis we show how a new multi-parameter integration algorithm can be used to successfully 

integrate not only the kinematic space of a theory but also its parameter space. The result of the 

adaptive integration is a generator that samples simultaneously both particle kinematics and theory 

parameters.  Applications of this method include the efficient setting of new-physics limits in multi-

parameter space, the optimization of signal selection (because of the direct connection of 

kinematics to parameters) and the determination of parameter space consistent with signal in case 

of discovery.    

We demonstrate this method in the case of Z’ boson production at the LHC with two free 

parameters: the mass of the boson and a factor that multiplies the Standard-Model coupling 

constants of its decay to leptons.  We establish that the integration of both kinematics and 

parameters converges and can be used to determine cross sections for each point of parameter 

space.  We conclude that with a simple Monte Carlo run we can determine a finer two-dimensional 

95% confidence-level exclusion region of new physics or, in the case of discovery, we are able to 

determine the allowed parameter space. 
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Περίλθψθ 

Η ςωματιδιακι φυςικι αποτελεί τον κλάδο τθσ φυςικισ που αςχολείται με τθν μελζτθ τθσ 

κεμελιακισ δομισ του κόςμου γφρω μασ. Η καλφτερθ κεωρία που ζχει αναπτυχκεί για τθν 

κατανόθςθ αυτι είναι το Κακιερωμζνο Πρότυπο. Το Κακιερωμζνο Πρότυπο αποτελείται από 

κεωρίεσ βακμίδασ που αξιοποιοφν τον φορμαλιςμό κατά Lagrange ϊςτε να εξθγιςουν τα πεδία και 

τισ αλλθλεπιδράςεισ που παρατθροφμε γφρω μασ. Οι Λαγκραντηιανζσ τθσ κεωρίασ υπαγορεφονται 

από τισ ςυμμετρίεσ ςτισ οποίεσ υπακοφουν οι αλλθλεπιδράςεισ (θλεκτρομαγνθτικι, ιςχυρι 

πυρθνικι, αςκενισ πυρθνικι). Το Κακιερωμζνο Πρότυπο εξθγεί (και ζχει προβλζψει ςε κάποιεσ 

περιπτϊςεισ) τθν φπαρξθ πολλϊν κεμελιωδϊν ςωματιδίων τα οποία παρατθροφνται γφρω μασ. 

Όμωσ ακόμθ υπάρχουν ερωτιματα που δεν ζχουν απαντθκεί από τθν κεωρία κακϊσ και 

προβλζψεισ που δεν ζχουν επικυρωκεί. 

Για αυτό το λόγω γίνονται πειράματα με ςκοπό τθν ανακάλυψθ νζασ φυςικισ. Ο βαςικόσ 

πειραματικόσ τρόποσ είναι θ μελζτθ αλλθλεπιδράςεων των κεμελιωδϊν ςωματιδίων και εξζταςθ 

για κάποια ςυμπεριφορά διαφορετικι από αυτιν που αναμζνουμε ςφμφωνα με το Κακιερωμζνο 

Πρότυπο. Τα πιο μεγάλα πειράματα που μελετοφν αυτζσ τισ αλλθλεπιδράςεισ λαμβάνουν χϊρα 

αυτι τθ ςτιγμι ςτον Μεγάλο Αδρονικό Επιταχυντι (Large Hadron Collider, LHC) ςτο CERN ςτον 

οποίον ζχουμε ςυγκροφςεισ πρωτονίων με ενζργεια ςτο κζντρο μάηασ τθσ ςφγκρουςθσ √     

TeV.  

Η κατανόθςθ των αλλθλεπιδράςεων που λαμβάνουν χϊρα κατά τθ διάρκεια μιασ ςφγκρουςθσ είναι 

πολφπλοκο ηιτθμα. Για αυτό το λόγο, χρθςιμοποιοφμε προςομοιϊςεισ των ςυγκροφςεων ϊςτε να 

αναπαραςτιςουμε τα γεγονότα που τελικά παρατθροφμε ςτο πείραμα και να βγάλουμε 

ςυμπεράςματα. Οι προςομοιϊςεισ αυτζσ λειτουργοφν ωσ γεννιτορεσ ςωματιδίων ολοκλθρϊνοντασ 

κατά Monte Carlo τον κινθματικό χϊρο τθσ κεωρίασ (ςυνικωσ για τον υπολογιςμό τθσ ενεργοφ 

διατομισ) με χριςθ δειγματολθψίασ ςπουδαιότθτασ ϊςτε να μασ δϊςει τθν παραγωγι ςωματιδίων 

όπωσ περιμζνουμε να τα παρατθριςουμε ςτο πείραμα. Αυτό ςυμβαίνει επειδι μεγαλφτερθ τιμι 

τθσ ολοκλθρωτζασ ποςότθτασ ςθμαίνει μεγαλφτερθ ενεργόσ διατομι, άρα πιο πικανι ςωματιδιακι 

διεργαςία. 

Σκοπόσ τθσ εργαςίασ μασ είναι να επεκτείνουμε αυτιν τθν ολοκλιρωςθ ϊςτε να ςυμπεριλαμβάνει 

πζρα από τον κινθματικό χϊρο τθσ κεωρίασ και ζναν παραμετρικό χϊρο όπου μποροφμε 

παράλλθλα να ελζγξουμε και τισ ελεφκερεσ παραμζτρουσ τθσ κεωρίασ. Με αυτόν τον τρόπο 

μποροφμε να μελετιςουμε ολόκλθρο τον παραμετρικό χϊρο τθσ κεωρίασ με ζνα μόνο αρχείο 

προςομοίωςθσ.  Μασ επιτρζπεται, ζτςι, θ άμεςθ ςφνδεςθ τθσ κινθματικισ των ςωματιδίων με τισ 

τιμζσ των παραμζτρων νζων κεωριϊν.  Κφριεσ εφαρμογζσ τθσ μεκόδου ςυμπεριλαμβάνουν τθν 

εφκολθ βελτιςτοποίθςθ τθσ κινθματικισ επιλογισ γεγονότων για τθν ζρευνα κεωριϊν νζασ φυςικισ 

και τον αποδοτικό κακοριςμό ορίων αποκλειςμοφ ι ανακάλυψθσ για τισ κεωρίεσ αυτζσ. 

Για να το επιτφχουμε αυτό κα ςχεδιάςουμε πρϊτα ζναν γεννιτορα ςωματιδίων για να μελετιςουμε 

τθν αλλθλεπίδραςθ Drell-Yan ςε ςυνκικεσ του LHC και κατόπιν κα επεκτείνουμε τθν ολοκλιρωςθ 

ϊςτε να ςυμπεριλαμβάνει και ελεφκερεσ παραμζτρουσ τθσ κεωρίασ.  

Η αλλθλεπίδραςθ Drell-Yan προκφπτει από τθν ςφγκρουςθ ενόσ quark και ενόσ antiquark τα οποία 

μασ δίνουν ζνα φωτόνιο ι ζνα μποηόνιο Ζ τα οποία μασ δίνουν ωσ τελικό προϊόν ζνα ηεφγοσ 
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λεπτονίων. Μελετιςαμε τισ ςυγκροφςεισ όλων των ηευγϊν quark, εκτόσ από το ηεφγοσ top με anti-

top κακϊσ διακζτουν πολφ υψθλι μάηα. Επίςθσ εξετάςαμε μόνο τθν περίπτωςθ του ηεφγουσ 

θλεκτρονίου-ποηιτρονίου ωσ τελικό προϊόν για λόγουσ απλοφςτευςθσ χωρίσ να χάνεται θ 

γενικότθτα.  

Η ενεργόσ διατομι τθσ αλλθλεπίδραςθσ δίνεται από τθν εξίςωςθ (Eq. 5 ςτο κείμενο): 

   ∫∑   (    )  (    )| (            )|
 

       (      ∑        )∏
       

  

      

    
  , 

τθν οποία υλοποιοφμε ςτον κϊδικα. Οι ςυναρτιςεισ fi,j είναι τα PDFs (Particle Distribution 

Functions) που μασ δίνουν τθν πικανότθτα το εκάςτοτε quark ι antiquark qi,j εντόσ του πρωτονίου 

να ζχει ποςοςτό ορμισ xi,j. Τα PDFs προκφπτουν από προςαρμογζσ πειραματικϊν δεδομζνων από 

πολλά πειράματα και εξαρτϊνται από μια ενεργειακι κλίμακα μ. Pi,j είναι οι ορμζσ των 

ςυγκρουόμενων quark και Pout,k οι ορμζσ των εξερχόμενων λεπτονίων και Εi,j οι αντίςτοιχεσ ενζργεισ. 

Το ςτοιχείο πίνακα Μ (matrix element) μασ δίνει τθν πικανότθτα να ςυγκρουςτοφν δφο quarks και 

να παράξουν το μποηόνιο και μετά δφο λεπτόνια, με τισ δεδομζνεσ ορμζσ.  Αυτόν τον υπολογιςμό 

τον παίρνουμε ςε πρϊτο βακμό προςζγγιςθσ (leading order) από το Madgraph. H συνάρτηση δζλτα 

εκφράηει τθν αρχι διατιρθςθσ τθσ ορμισ και είναι επίςθσ ενςωματωμζνθ μζςα ςτο πρόγραμμα. Η 

ολοκλιρωςθ, όπωσ βλζπουμε, γίνεται πάνω ςτισ κινθματικζσ μεταβλθτζσ.  

Η παραπάνω ολοκλιρωςθ γίνεται με τον αλγόρικμο VEGAS που χρθςιμοποιεί δειγματολθψία 

ςπουδαιότθτασ κακϊσ και stratified. Ενδείκνυται για πολυδιάςτατεσ ολοκλθρϊςεισ κακϊσ είναι 

δυναμικόσ, επαναλθπτικόσ και οι υπολογιςτικζσ του ανάγκεσ, ανάλογα με τισ διαςτάςεισ 

ολοκλιρωςθσ, αυξάνονται γραμμικά και όχι εκκετικά. Η ολοκλιρωςθ πραγματοποιείται με χριςθ 

τεχνικϊν Monte Carlo κακϊσ και με βελτιςτοποίθςθ του πλζγματοσ ςτο οποίο λαμβάνει χϊρα θ 

ολοκλιρωςθ. Είναι ιδιαίτερα χριςιμοσ ςε μασ γιατί ζχουμε επιπλζον διαςτάςεισ ολοκλιρωςθσ 

λόγω τθσ ταυτόχρονθσ ολοκλιρωςθσ και ςτον παραμετρικό χϊρο τθσ κεωρίασ. 

Το επόμενο βιμα είναι είναι να ςυμπεριλάβουμε ςτθν ολοκλιρωςθ τισ παραμζτρουσ κεωρίασ νζασ 

φυςικισ. Προκειμζνου να εφαρμόςουμε τθ μζκοδο, μελετάμε τθν παραγωγι μποηονίου Z’ 

μεταβάλλοντασ δφο παραμζτρουσ τθσ διεργαςίασ Drell-Yan: Τθ μάηα του μποηονίου και ζναν 

παράγοντα που πολλαπλαςιάηει τθν ςτακερά ςφηευξθσ του μποηονίου με τα λεπτόνια ςτα οποία 

διαςπάται. Το πρϊτο μασ βιμα είναι, κάνοντασ χριςθ του προγράμματοσ, να δϊςουμε 

διαφορετικζσ τιμζσ ςτθν μάηα (με τθ ςτακερά ςφηευξθσ ςτθν τιμι του Κακιερωμζνου Προτφπου) και 

να κάνουμε ξεχωριςτζσ ολοκλθρϊςεισ για να υπολογίςουμε τθν αντίςτοιχθ προκφπτουςα ενεργό 

διατομι (μετά και από κάποιεσ επιπλζον διορκϊςεισ). Σχεδιάηουμε τθν γραφικι παράςταςθ τθσ 

ενεργοφ διατομισ, που υπολογίςαμε, ςε ςυνάρτθςθ με τθ μάηα του μποηονίου, όπωσ φαίνεται ςτο 

Σχιμα Α.  Στο ίδιο ςχιμα παρουςιάηουμε τθν υπολογιςμζνθ αναλυτικά ενεργό διατομι ωσ 

ςυνάρτθςθ τθσ μάηασ με ςτακερζσ ςφηευξθσ ςφμφωνεσ με το Κακιερωμζνο Πρότυπο και 

παρατθροφμε πολφ καλι ςυμφωνία, με βάςθ τθ κεωρθτικι αβεβαιότθτα. Η οριηόντια γραμμι του 

ςχιματοσ αντιςτοιχεί ςτο όριο αποκλειςμοφ ενεργϊν διατομϊν, ςε περίπτωςθ που ανιχνεφςουμε 

μθδζν γεγονότα με τζλειο ανιχνευτι και χωρίσ να αναμζνουμε υπόβακρο από το Κακιερωμζνο 

Πρότυπο.  Σε αυτιν τθν περίπτωςθ όλεσ οι ενεργζσ διατομζσ πάνω από τθν οριηόντια γραμμι 

απορρίπτονται με 95% confidence level (CL) που ςθμαίνει ότι απορρίπτουμε μάηεσ του Z’ κάτω από 

5.11 ΤeV. 
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Σχιμα Α : Σφγκριςθ μεταξφ τθσ κεωρθτικισ ενεργοφ διατομισ (μαφρα ςθμεία) με τα 

αποτελζςματα του προγράμματοσ μασ (κόκκινα ςθμεία). Στο ςχιμα ςυμπεριλαμβάνεται και το 
πάνω όριο (95% CL) των επιτρεπτϊν ενεργϊν διατομϊν για τθ φωτεινότθτα του LHC, υπό τθν 
υπόκεςθ τζλειου ανιχνευτι και μθδενικοφ υποβάκρου από το Κακιερωμζνο Πρότυπο (μπλε 

γραμμι). [Figure 7 ςτο κυρίωσ κείμενο.] 

Από τθ ςτιγμι που είμαςτε ςίγουροι πωσ υπολογίηουμε ςωςτζσ ενεργζσ διατομζσ μποροφμε να 

αφιςουμε τθν μάηα ωσ ελεφκερθ παράμετρο, δθλαδι μεταβλθτι ολοκλιρωςθσ (κζςαμε όρια 

ολοκλιρωςθσ μεταξφ 4600 GeV και 5400 GeV). Από τθν νζα ολοκλιρωςθ υπολογίηουμε τισ τιμζσ τθσ 

ενεργοφ διατομισ και καταλιγουμε ξανά ςτο προθγοφμενο διάγραμμα όμωσ αυτι τθ φορά με 

μεγαλφτερθ διακριτικι ικανότθτα (10 GeV), όπωσ αυτι φαίνεται ςτο Σχιμα Β.  

 

Σχιμα Β : Η ενεργόσ διατομι για μάηα MZ’ μεταξφ 4600 και 5400 GeV όπωσ προζκυψε από τθν 
ολοκλιρωςθ τθσ παραμζτρου μάηασ (μπλε ςθμεία), ςε ςφγκριςθ με τουσ ξεχωριςτοφσ 

υπολογιςμοφσ δεδομζνθσ τιμισ τθσ μάηασ (κόκκινα ςθμεία και γραμμι). [Figure 8 ςτο κυρίωσ 
κείμενο.] 
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Παρατθροφμε κάποιον κόρυβο ςτισ υψθλζσ μάηεσ ο οποίοσ διορκϊνεται είτε με αφξθςθ των 

ςτατιςτικϊν δεδομζνων (περιςςότεροσ χρόνοσ υπολογιςμϊν) είτε χρθςιμοποιϊντασ μικρότερο 

εφροσ ολοκλιρωςθσ.  

Στθ ςυνζχεια αφινουμε ωσ επιπλζον ελεφκερθ παράμετρο τον παράγοντα ςφηευξθσ. Ο παράγοντασ 

αυτόσ για το κακιερωμζνο πρότυπο είναι ίςοσ με τθ μονάδα. Όπωσ πριν, υπολογίηουμε τθν ενεργό 

διατομι τθσ διεργαςίασ Drell-Yan για ςυγκεκριμζνεσ τιμζσ τθσ μάηασ αλλά και του ςυντελεςτι 

ςφηευξθσ και προκφπτει το διςδιάςτατο διάγραμμα του Σχιματοσ Γ, ςτο οποίο κάκε ςθμείο 

αντιςτοιχεί ςε ςυνδυαςμό τθσ μάηασ και του παράγοντα ςφηευξθσ. Στο ςχιμα ςθμειϊνουμε με 

κόκκινο χρϊμα τα ςθμεία που αποκλείονται με 95% CL, αν δεν παρατθριςουμε δεδομζνα, ςε 

τζλειο ανιχνευτι και χωρίσ υπόβακρο.  Ο ςκοπόσ μασ είναι να αντικαταςτιςουμε αυτό το 

διάγραμμα αποκλειςμοφ με ζνα που ζχει μεγαλφτερθ ακρίβεια και χωρίσ τθν επανάλθψθ τθσ 

προςομοίωςθσ για διαφορετικό ςυνδυαςμό παραμζτρων. 

 
Σχιμα Γ : Επαναλαμβανόμενεσ ολοκλθρϊςεισ Monte Carlo για δεδομζνεσ τιμζσ παραμζτρων 

ϊςτε να διακρίνουμε τθν περιοχι αποκλειςμοφ. Με κόκκινο ςθμειϊνουμε τα ςθμεία του 
παραμετρικοφ χϊρου που αποκλείονται με 95% CL, αν δεν ανιχνεφςουμε γεγονότα και 
κεωρϊντασ τζλειο ανιχνευτι και μθδενικό υπόβακρο. [Figure 10 ςτο κυρίωσ κείμενο.] 

 

Στθ ςυνζχεια, ομοίωσ με πριν, αφινουμε ωσ ελεφκερεσ παραμζτρουσ τθν μάηα του Ζ’ και τον 

παράγοντα ςφηευξθσ, οι οποίεσ γίνονται τϊρα και οι δφο μεταβλθτζσ ολοκλιρωςθσ. Αρχικά 

εξετάηουμε τθν λειτουργία του προγράμματοσ ωσ γεννιτορα γεγονότων ςτον παραμετρικό χϊρο 

τθσ κεωρίασ πράγμα που επιβεβαιϊνεται κακϊσ ζχουμε μεγαλφτερθ παραγωγι ςωματιδίων για 

μικρζσ μάηεσ Ζ’ και μεγάλουσ ςυντελεςτζσ ςφηευξθσ, όπωσ φαίνεται ςτο Σχιμα Δ. 
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Σχιμα Δ : Η δειγματολθψία ςτισ δφο (παραμετρικζσ) από τισ ζξι διαςτάςεισ ολοκλιρωςθσ με τθ 
μάηα MZ’ μεταξφ 4500 και 5500 GeV και παράγοντα ςφηευξθσ μεταξφ 0.1 και 1.1. [Figure 11 ςτο 

κυρίωσ κείμενο.] 

Επίςθσ, πριν παράγουμε το τελικό μασ διάγραμμα αποκλειςμοφ, επιβεβαιϊνουμε ξανά πωσ 

ςυνεχίηουμε να υπολογίηουμε ςωςτζσ ενεργζσ διατομζσ. Για να το πετφχουμε αυτό κζτουμε τον 

ςυντελεςτι ςφηευξθσ μεταξφ 0.95 και 1.05 προςεγγίηοντασ δθλαδι τον παράγοντα του 

κακιερωμζνου προτφπου και ςυγκρίνουμε ξανά με τθ γραφικι παράςταςθ του Σχιματοσ Α όπου 

για ακόμθ μια φορά παρατθροφμε πολφ καλι ςυμφωνία. 

 
Σχιμα Ε : Η ενεργόσ διατομι όπωσ αυτι υπολογίηεται από το πρόγραμμα μασ ωσ ςυνάρτθςθ τθσ 

μάηασ MZ’ με ςυντελεςτι ςφηευξθσ ςυμβατό με το Κακιερωμζνο Πρότυπο (ιςτόγραμμα) και 
ςφγκριςθ αυτισ με ξεχωριςτοφσ υπολογιςμοφσ για διακριτζσ παραμζτρουσ (κόκκινα ςθμεία και 

γραμμι). [Figure 12 ςτο κυρίωσ κείμενο.] 
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Τζλοσ, παράγουμε το διςδιάςτατο διάγραμμα αποκλειςμοφ ςε ςυνάρτθςθ τθσ μάηασ του Ζϋ(εφροσ 

τιμϊν 3000 GeV με 5500 GeV) και του παράγοντα ςφηευξθσ (εφροσ τιμϊν 0.1 με 10) και 

ςυγκρίνουμε με το αντίςτοιχο διάγραμμα που παράξαμε με τον παραδοςιακό τρόπο.  Η ςφγκριςθ 

φαίνεται ςτο Σχιμα ΣΤ. Παρατθροφμε ότι επιτυχαίνουμε ςυνεπι αποκλειςμό αλλά με μεγαλφτερθ 

διακριτικι ικανότθτα και χωρίσ επανάλθψθ προςομοίωςθσ για κάκε ςυνδυαςμό τιμϊν 

παραμζτρων.  Ο κόρυβοσ που εμφανίηεται είναι ςτατιςτικόσ και μπορεί να περιοριςτεί με 

παραγωγι περιςςότερων δεδομζνων. Επίςθσ παρατθροφμε ιδιαίτερα καλφτερθ διακριτικι 

ικανότθτα ςτον προςδιοριςμό τθσ καμπφλθσ αποκλειςμοφ (τθσ καμπφλθσ που διαχωρίηει τισ δφο 

περιοχζσ)  που ςτο προθγοφμενο διάγραμμα κα ζπρεπε να βρεκεί με χριςθ interpolation μεταξφ 

των ακριανϊν ςθμείων αυτϊν των περιοχϊν. 

 
Σχιμα ΣΤ : Διςδιάςτατθ περιοχι αποκλειςμοφ με μάηα μεταξφ MZ’ μεταξφ 3000 και 5500 και 
ςυντελεςτι ςφηευξθσ μεταξφ 0.1 και 1.1 (κόκκινθ περιοχι) κακϊσ και ςφγκριςθ με τα ςθμεία 

αποκλειςμοφ (μαφρα ςθμεία) για ξεχωριςτοφσ υπολογιςμοφσ διακριτϊν παραμζτρων. [Figure 13 

ςτο κυρίωσ κείμενο.] 

Τζλοσ, παρακζτουμε μία ακόμθ δυνατότθτα τθσ μεκόδου αυτισ ςε περίπτωςθ ανακάλυψθσ 

ςιματοσ νζασ φυςικισ. Στθν περίπτωςθ αυτι, μποροφμε γριγορα να υπολογίςουμε τον 

παραμετρικό χϊρο που είναι ςυνεπισ με τθν ανακάλυψθ. Δθλαδι τουσ ςυνδυαςμοφσ των 

ελεφκερων παραμζτρων (τθσ μάηασ του Ζ’ και του ςυντελεςτι ςφηευξθσ ςτθν περίπτωςθ μασ) που 

μασ δίνουν τθν τιμι τθσ ενεργοφ διατομισ και τισ κινθματικζσ τιμζσ που παρατθριςαμε ςτο 

πείραμα. Στο Σχιμα Ζ παρακζτουμε ζνα διάγραμμα όπωσ και ςτο Σχιμα ΣΤ όμωσ αυτι τθ φορά 
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παρουςιάηουμε τθν περιοχι που αντιςτοιχεί ςε τιμζσ τθσ ενεργοφ διατομισ ςυμβατζσ με μία 

υποκετικι μζτρθςθ ανακάλυψθσ με τιμι ενεργοφ διατομισ 0.022 ± 0.006 fb. Η περιοχι του 

παραμετρικοφ χϊρουσ που μασ δίνει ενεργζσ διατομζσ ςυμβατζσ με τθν παραπάνω μζτρθςθ, εντόσ 

ςφάλματοσ, ζχει τθ μορφι τόξου. 

 

Σχιμα Ζ : Συνδυαςμοί τθσ μάηασ MZ’ και ςυντελεςτι ςφηευξθσ ςυνεπείσ με μια υποκετικι 
ανακάλυψθ με παρατθριςιμθ ενεργό διατομι 0.022 ± 0.006 fb. [Figure 14 ςτο κυρίωσ κείμενο.] 

Συμπεραςματικά, καταλιγουμε πωσ πράγματι θ μζκοδοσ αυτι είναι αποτελεςματικι κακϊσ μασ 

προςφζρει τον προςδιοριςμό τθσ περιοχισ αποκλειςμοφ κεωριϊν με ελεφκερεσ παραμζτρουσ ι 

προςδιοριςμό των ςυνδυαςμϊν αυτϊν των παραμζτρων ςε περίπτωςθ ανακάλυψθσ, με καλφτερθ 

διακριτικι ικανότθτα από τισ υπάρχουςεσ διακριτζσ μεκόδουσ. Η μζκοδοσ αυτι μπορεί να 

αποδειχκεί ιδιαίτερα χριςιμθ ςε μελζτεσ κεωριϊν με πολλζσ ελεφκερεσ παραμζτρουσ, όπωσ 

κεωρίεσ Υπερςυμμετρίασ.  
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Introduction 

 

A common way of simulating particle-physics events is sampling the kinematic phase space during 

Monte-Carlo integration with importance sampling.  If the integrand is a cross section, the momenta 

of the outgoing and incoming interacting particles will be generated in phase space regions that are 

more probable, which leads to realistic simulation.  Although this method of particle generation is 

sufficient in Standard Model processes, it is inefficient in new-physics simulations, where the 

theories have a number of unknown parameters.  In the latter cases, the parameters have to be set 

to fixed values each time simulated events are produced. 

The purpose of this thesis is to demonstrate the feasibility of using an adaptive integrator of cross 

section to sample not just the kinematic space (particle momenta) but also the parameter space of a 

theory.  This will allow the use of this integrator as a new-physics particle generator in a 

multidimensional range of theoretical parameters.  A single simulation sample will include all 

variations of parameters, generated in parameter-space that is more probable. 

This will allow us to set limits on parameters described by theories in the absence of discovery or, in 

case of discovery, be able to make quick determinations of the parameter space that agrees with 

said observation.  At the same time, all correlations between particle momenta and theory 

parameters are included in a single file, which allows easy optimization of kinematic event selection 

for maximizing new-physics signal. 

The thesis is organized as follows: 

In Chapter 1 we outline the theoretical background for the physics process we study. Starting from 

the Standard Model we will introduce the Feynman calculus which we will utilize to obtain the 

expression for the Drell-Yan process. The new-physics process we study will be Z’ boson production, 

which is the Drell-Yan process with a much larger pole mass and a variety of coupling strengths to 

leptons.  We also briefly explain the statistics of setting limits to theories with a confidence level of 

95% in some simplified experimental situations. 

In Chapter 2 we outline the computational tools used, most importantly the VEGAS adaptive 

integration algorithm with importance sampling and the Madgraph matrix element generation.   

 

In Chapter 3 We describe the main program (Apollo) which expands the integration to parameters of 

the theory.  We demonstrate the usage of Apollo by efficiently calculating Z’ production cross 

sections with subsequently decays to electron-positron pairs. By including the Z’ mass as an 

integration parameter, thus a sampled quantity, we reproduce the distribution of cross section as a 

function of mass.  When we add the coupling factor as an integration variable, we can set exclusion 

limits and determine discovery parameters in the 2D parametric space of mass vs coupling factor. 

In Chapter 4 we summarize the conclusions. 
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Chapter 1: Theory 

 

 

The Standard Model 

High Energy Physics or Particle Physics [1] is a field of physics that describes the basic constituents of 

the world and their interactions. Although philosophical traces can be found in ancient times, for 

example Democritus’ atomic theory, the beginning of particle physics is usually attributed to J.J. 

Thomson with his discovery of the electron in 1887, the first truly fundamental particle discovered. 

This lead to a cascade of new particles being discovered in the 20th century many of them, as was 

proven along the way, were blocks of even smaller fundamental particles (for example quarks that 

make up the proton and neutron in the nucleus of every atom). The culmination of all these efforts 

from many great scientists is what we now call the Standard Model (SM) of elementary particle 

physics. The Standard Model includes all our experimentally verified knowledge of particle physics. 

According to the Standard Model all fundamental particles can be categorized into either fermions 

(half-integer spin) or bosons (integer spin).  

The fermions are the constituents of the matter that makes up the world around us. They come into 

three generations and each generation includes two quarks and two leptons for a sum of twelve 

fundamental fermion particles. These are shown in Table 1. All of chemistry and most of what we 

see around us can be attributed to the particles of the first generation. The rest of the particles only 

come into existence, in at least an observable way, under high energy processes such as high energy 

physics experiments, supernovas, cosmic ray bombardment into our atmosphere and similar 

phenomena. But even when they come into existence they are short-lived and only exist for a 

fraction of a second before decaying into more stable particles. 

The bosons are the particles responsible for the interactions between particles giving rise to three 

forces of nature, the electromagnetic force, the weak nuclear force and the strong nuclear force. Yet 

we know that there is also a fourth force, gravity. The inclusion of gravity into the Standard Model is 

a highly researched topic with many theoretical attempts as well the searches for the elusive 

graviton. But there is no experimental evidence to support these claims till this day. These bosons 

are also known as force carriers and can be seen in Table 2. The most well-known of them is of 
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course the photon, which is the carrier of the electromagnetic force, followed by the W+, W- and Z0 

bosons, carriers of the weak nuclear force, and eight gluons, which are the carriers of the strong 

nuclear force. The most recent addition to the Standard Model is the Higgs boson, discovered at the 

Large Hadron Collider (LHC) in 2012, which is a scalar boson responsible for the mass of the 

elementary particles. 

 

 Fermions 

 1st Generation 2nd Generation 3rd Generation 

Quarks Up (u) Charm (c) Top (t) 

Down (d) Strange (s) Bottom (b) 
    

Leptons Electron (e) Muon (μ) Tau (τ) 

Electron-Neutrino (νe) Muon-Neutrino (νμ) Tau-Neutrino (ντ) 
 

Table 1 : The Fermions of the Standard Model. 

 Bosons Interaction Mediators Relative Magnitude 
of Interactions*  

Gauge Bosons Photon (γ) Electromagnetic 
Interaction 

10-2 

Gluons (g) Strong Nuclear 
Interaction 

1 

Z-Boson (Z0) 
W Bosons (W±) 

Weak Nuclear 
Interaction 

10-7 

Scalar Boson Higgs Boson (H) Higgs Field - 

Table 2 :  The Bosons of the Standard Model. 

*This is the relative magnitude between two protons when they are just in contact.  There is also the gravitational 

interaction with a relative magnitude of 10
-39

 but no mediator (graviton?) has yet been experimentally detected or verified. 

Finally to complete the listing of all the fundamental particles, we shall add the antiparticles, which is 

another class of particles discovered from the late 1930s to late 1950s. These particles have the 

same attributes as the “normal” particles above but some quantum properties reversed such as 

charge and also when they come into contact with their counterpart will annihilate each other. The 

prime example is the positron which is the anti-electron, the antiparticle counterpart to the 

electron. This holds true for nearly all particles except for the photon, gluons, the Z boson and the 

Higgs boson which are their own antiparticle. So if we add them all up we have 30 fundamental 

particles, 24 fermion particles including their antiparticle counterparts as well as 6 bosons which are 

their own antiparticles. Still the search goes on. 

From a mathematical perspective [2-4] the Standard Model is a gauge theory that utilizes the 

Lagrangian formalism in order to describe the fields (that correspond to the three forces of nature) 

and their interactions. The Lagrangians are dictated to by the symmetries that each force adheres to. 

The gauge theory of the Standard Model is the product of 3 gauge symmetries 

  ( )    ( )   ( )  
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SU(3)C for the strong interaction  

SU(2)L for the weak interaction  

U(1)Y for the electromagnetic interaction  

 

The corresponding compacted Standard-Model Lagrangian can be written as: 

     
 

 
    

   
 

 
    

   
 

 
   

      ∑  ̅            (Eq. 1) 

Where “∑  ̅       ” is sum over all fermions and Dμ is the overall covariant derivative: 

         
 

 
      

  
 
  
     

  
 
  
  

First Term:  Bμν is the gauge field from the electromagnetic U(1)Y symmetry. 

Second Term: Wμν is the gauge field derived from the SU(2)L symmetry of the weak interaction. 

Third Term:  Gμν is the gauge field derived from the SU(3)C symmetry that describes the stong 

interaction. 

Fourth Term:  Dμ is the interactions between fermions through fields 

The Lagrangian formalism is based on the least action principle. The action for a Lagrangian density 

 , which is a function of the fields φi and its derivatives, is given by: 

  ∫  (       )
  
  

     (Eq. 2) 

The least action principle requires that under small variations the action above must not change: 

     

And so 

 ∫  (       )
  

  

    

which gives the Euler-Lagrange equation: 

 

  
(

  

 (    )
)  

  

   
          (Eq. 3) 

This gives us the equation of motion of the physical system under study. 

This formalism follows the classical mechanics formalism but in quantum field theory the 

Lagrangians are regarded as axiomatic functions whose only constrain is that they produce the field 

equations that are consistent with experimental observations. They can be multiplied by a scale 

factor or have an arbitrary factor added to them but when entered the Euler-Lagrange equations 

must result in the same field equations.  
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Feynman Calculus 

Feynman diagrams are a convenient way to represent graphically the interactions between particles 

and fields. In this formalism, straight lines represent fermions while wavy, curly or broken lines 

represent bosons. The arrows indicate the time direction with time flowing from left to right (there 

is also the down-up approach used in much bibliography but we shall adhere to the left-right flow of 

time for the remainder of this project). If in some diagram a particle is depicted as travelling 

backwards in time, it is the equivalent of the corresponding antiparticle moving forward in time, and 

vice versa. The particles that correspond to lines which enter or leave the diagram are the “real” 

particles that we observe whereas the particles that join these particles in between are called virtual 

particles and only exist for the duration of the interaction. 

Fermions and bosons meet at vertices where charge, energy, and momentum are conserved and the 

strength of the interaction is represented by a coupling constant (for example for electrodynamic 

interactions the coupling is    
  

    
 

 

          
).  

These diagrams are very useful as we can easily calculate the amplitude M of a given interaction by 

using Feynman’s rules and eventually arrive at the cross section and decay rate of the interaction by 

using the Golden Rule of Fermi for scattering:  

  

  
 

 

   
     

 *
        

(  )  
+ (
  

  
)          (Eq .4) 

This gives us the cross section for a process a+b  c+d in the centre of mass frame. The total center 

of mass energy is given by √             . |Mfi| is the matrix element that is found using 

the Feynman rules, pf and pi are the momenta of the final and initial state respectively. Ex is the 

energy of each particle and gf is the statistical weight of the final state spins. Our project utilises 

these rules together with Fermi’s Golden Rule to arrive at the expression of the Drell-Yan process’s 

cross section, which we will compute.  

The most basic diagram for a particular process is called a Leading Order diagram for that process 

and each subsequent diagram that involves more vertices are call Next to Leading (NLO) order and 

so on. Every next order that includes more vertices is more and more unlikely. This can be 

understood for example from the coupling constant mentioned above, as each additional vertex 

adds another 1/137 factor making the procedure less likely by this amount. In our project we will 

only use the LO diagram of the Drell-Yan process. 

Experimental Measurement of Cross Sections 

Cross sections together with decay rates are two quantities that are regularly measured in 

experiments. Cross sections are fairly popular among scattering experiments such as the LHC [6], 

where we have the collision of two proton beams with well-defined momenta. The likelihood of any 

particular final state can be expressed in terms of a cross section. Roughly speaking it is the effective 

area of a chunk taken out of one beam, by each particle in the other beam, which subsequently 

becomes the final state we want to observe. Each cross section is also unique to each given process. 

This can easily be observed in a collider experiment such as the CMS [5] at the LHC, where we know 

that the number of events (Ν) observed is 
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           (Eq. 5) 

where σ is the cross section we want to measure, L is the integrated luminosity, a measure of how 

many collisions took place during the duration of data taking. This is different for every experiment 

and depends upon the accelerating apparatus. At the LHC  the instantaneous luminosity is typically 

about 1034 cm-2s-1.  The integrated luminosity of Run-II is 139 fb-1, which is the value we use in this 

thesis.  The efficiency ε and acceptance a correspond to the efficiency and acceptance of the 

detector that we use. In the scope of our work we will assume that our detector is a perfect detector 

that can detect every single event generated so both the acceptance and efficiency will be hitherto 

regarded as equal to one (     ).  From the above we conclude that the cross section at a 

perfect detector can be measured as the number of scattering events divided by the integrated 

luminosity. 

 

The Drell-Yan Process 

Now we shall compute the cross section using the Feynman formalism for the Drell-Yan process [4, 

7] which is a process in which a quark and antiquark pair annihilate each other and produce a lepton 

pair which are the final observable state. 

       ̅       , as shown in Fig. 1. 

 

Figure 1 : Leading-Order Feynman diagram for the Drell-Yan progress. Note we have already only 
taken into account the electrons and not all leptons. 

This process was first proposed by Sidney Drell and Tung-Mow Yan in 1970 [8] to describe the 

production of lepton-antilepton pairs in high-energy hadron collisions. Since then it has been 

experimentally and theoretically scrutinized as it proved a very useful tool in further understanding 

QED but also QCD. The Drell-Yan process was initially proposed as a process where two quarks 

annihilate into a photon which later produces the pair of leptons. With later advancements and the 

understanding of electroweak interactions we now know that the intermediate boson can be either 

a photon or a neutral boson Z0. One important aspect is that it can by described as a factorized 

hadronic cross section for the massive dilepton production in hadronic collisions, which can be 

expressed as a sum (over quark pairs) of products of partonic hard parts and universal PDFs which 

depend on the properties of the colliding hadrons. The Drell-Yan process also proved valuable for 

the discovery of of the W and Z by bosons by the UA1 and UA2 experiments as well as aiding in the 

discovery of the three heavy quarks c, b and t. Other important contributions are the probing of the 

antiquark contents in hadrons, as well as the parton structures of pion, kaon and antiproton. One 

main feature found and measured by the Drell-Yan process (while comparing to similar DIS 

measurements) is also the sea antiquark distributions in heavy nuclei to which the Drell-Yan process 

is particularly sensitive. 
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Something important to note is that our process will be conducted within the confines of the LHC 

experiment, which means that our initial quark and antiquark will be part of composite particles 

namely the protons.  The protons are baryons composed of three quarks, two up quarks and one 

down quark. They have a +|e| charge and mass close to one atomic mass. They are the most stable 

hadrons and together with the neutrons and electrons make up the vast majority of matter in the 

universe. It is also the nucleus of hydrogen so it is very easy to isolate. But apart from the three 

quarks which are called valence quarks, a proton also contains gluons that are responsible for 

keeping the quarks within the proton.  Because of the nature of QCD, the proton also contains an 

indefinite number of virtual “sea” quarks. Unfortunately, the structure of a proton as we see is quite 

complicated and so we still do not have a complete theoretical picture of how the momenta of its 

components are distributed. Luckily, we have a fairly accurate experimental description, in the form 

of PDFs (Particle Distribution Functions). These functions are determined from fits of observed 

quantities from many different experiments, both collider and deep inelastic scattering experiments.  

The structure of the proton is important when calculating the cross section, because an antiquark 

coming from a proton can only be a sea antiquark. Also we have to take into account the 

contributions from the spectator quarks (the quarks that don’t take immediate part in the 

interaction but by their presence alter the final cross section).  We will also examine only the 

electron-positron pair production from the possible lepton pairs for simplicity. So we can rewrite the 

Drell-Yan process according to our constraints as: 

  Examined Process:  p p    e- e+ 

which corresponds to the Feynman diagrams (in LO) shown in Fig. 2.  

 

Figure 2 : Leading Order Feynman Diagrams for the Drell-Yan interaction we will be investigating.  
Red line denotes a quark coming from sea. 

In the above Feynman diagrams we have noted with p1 and p2 the two colliding protons, q1 and q2 

their corresponding quarks that take immediate part in the Drell-Yan process and with “hadrons” the 

corresponding byproducts of the protons after the collision. We have also noted in red color the 

quarks that originate among the sea quarks. Note that the only difference between diagram a) and 
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diagram b) is the origin of the q1 quark: in diagram a) it is one of the valance quarks of the p1 proton 

whereas in diagram b) it originates from the sea quarks of the p1 proton just like the q2 quark from 

the p2 proton. This does not mean that they are different processes, as in both cases we have two 

protons that produce a lepton pair, but has it has to be taken into account when determining the 

matrix elements. This second diagram also takes into account the scenario of having the antiquark 

q1 interact with the quark q2. Also it should be added that q1 and q2 include all the different pairs of 

quarks-antiquarks and vice versa including up, down, charm, strange and bottom quarks with their 

corresponding antiquarks (the top quark is omitted as its mass is very large and so it cannot be found 

inside the proton).   

For the purposes of our project we will restrict ourselves to Leading Order processes but will 

compensate for this later on with a correction on the final cross section computed.  

Now by simply applying Feynman’s rules for QED and utilizing Fermi’s Golden Rule for cross sections 

we can arrive at an expression that gives us the cross section of the above examined Drell-Yan 

process:   

  ∫∑   (    )  (    )| (            )|
 

       (      ∑        )∏
       

  

      

    
     (Eq. 5) 

Which is the expression that use in our software to find the cross section for the interaction. fi ( fj ) is 

the PDF function which gives us the probability that the the quark i (j) has fraction xi (xj) of the 

proton’s momentum, for the energy scale μ, Pi,j are the momenta of colliding quarks, Pout,k the 

momenta of outgoing lepton and Ei,j,k the corresponding energies.  M is the matrix element, for 

which we shall utilize Madgraph to get an expression for. The delta function guarantees the 

conservation of momentum. We also show the integration phase-space factors that we also 

compute. In equation (5) the matrix element squared multiplied by the delta function and phase-

space energy factors gives us the partonic cross section, whereas its multiplication with the PDFs and 

the sum over all partons gives us the hadronic integrand.  The integration of the hadronic integrand 

over all momenta gives us the total hadronic cross section. 

Limits on New Theories 

The Standard Model of Particle physics is up to today our most successful theory, able to explain a 

large number of phenomena. Yet the theory has certain shortcomings, things that up to today it 

cannot explain.  Some of these are the dark matter, dark energy, the neutrino’s mass, matter-

antimatter asymmetry, strong CP violation, the hierarchy problem and more. So this means that 

there is plenty of room for new physics and theories beyond the Standard Model.  

When experimentally testing a theory, in the absence of observation, limits on the theoretical 

parameters are set. For example, if a theory predicts the existence of a particle and no signal is 

experimentally observed, we can make a statement about what is the highest cross section of the 

process that could generate this particle, which usually translates to the lowest mass the particle can 

have if it exists. 

It can be statistically shown from a Poisson distribution that if we expect zero background, we 

perform the experiment and we count zero events (an event could be the creation of said particle), 
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then we can state with a 95% confidence level (CL) that the theory cannot produce three (3) or more 

events.  

Poisson distribution:     (   )  ∑   
   

  
 
     (Eq. 6), 

where λ is the mean and r is the number of events. If we substitute the values r=0 and λ=3 into the 

Poisson expression (which corresponds to the probability of finding zero events in a distribution with 

mean 3) we will find that it is equal to: 

 (       )             

This can be represented graphically in Fig. 3. 

 

Figure 3 : Poisson distribution (in continuous-function approximation) showing the 5% chance of 
finding zero events. 

The 95% CL limit on the expected signal events can be translated to a 95% CL cross section upper 

limit if divided by the integrated luminosity L.  If no signal events are observed and no background 

events are expected, we exclude cross sections above 3/L, at 95% CL. 
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Chapter 2: Computational Tools 

 

 

 

VEGAS 

The VEGAS algorithm [9], invented by Peter Lepage in 1978, is a multidimensional integration 

algorithm. It is an iterative and adaptive Monte Carlo scheme and is considerably more efficient than 

other algorithms especially in high dimensions (n≥4). It is widely used for multidimensional integrals 

that occur in elementary particle physics. It utilizes both importance and stratified sampling 

techniques and is ideal for computing the scattering amplitudes derived from Feynman perturbation 

theory. 

The main benefits of the integration as stated by LePage [9] are 

(a) A reliable error estimate for the integral is readily computed. 

(b) The integrand doesn’t need to be continuous. 

(c) The convergence rate is independent of the dimension of the integral 

(d) It is adaptive.   

We should also add that 

(e) It avoids the “Kd explosion”. The overhead and storage requirements grow only linearly with 

dimension, because during sampling we end up with separable distribution densities [10].  

Characteristics (a), (b) and (c) are common among Monte Carlo methods but what VEGAS adds is 

adaptation (d) which sets it apart from the others. One of the major problems in multidimensional 

integration is the exponential growth with the increasing dimension of the integration volume over 
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which the integrand is computed. But VEGAS solves this by using sampling techniques before the 

actual integration. These sampling techniques prepare the integrand so it can be more efficiently 

integrated by the Monte Carlo that will follow. 

So, there are two steps to the VEGAS algorithm. The first step includes two sampling techniques, 

importance sampling and stratified sampling. These apply an automatic transformation to the 

integration variables in order to flatten the integrand which makes the integrand easier and 

improves the estimate. Then, in a second step VEGAS, computes the transformed integrand and 

produces a Monte Carlo estimate. 

Many variants of VEGAS exist today. The one used by us is supplied in Numerical Recipes [10] and is 

written with FORTRAN 77 (see Appendix B). 

The inputs that VEGAS requires are (using the variable names given):   

region: multidimensional rectangular volume in which the integrand is to be computed, 

ndim: number of dimensions, 

itmx: number of statistically independent evaluations of the desired integral, 

(It should be noted that although statistically independent the previous iterations assist the 

next iterations by refining the sampling grid as will be explained later on.)  

ncall: the number of function evaluations per each integral evaluation (itmx), 

init: input flag which signals whether the call is a new start or a subsequent call for 

additional iterations, 

fxn: user-supplied integrand function, 

nprn: input flag that controls the amount of diagnostic output, usually =0. 

And its outputs are: 

tgral: the final estimate of the integral, 

sd: standard deviation of the above integral, 

chi2a: Quantity that evaluates the quality of the results, if this is significantly larger than 1 

then this means that the results of the iterations are statistically inconsistent and the results 

are suspect.  

VEGAS employs two sampling strategies in order to prepare the integrand before the actual 

integration. These are the “importance sampling” and the “stratified sampling”. 

Importance Sampling: 

 Importance sampling is the principle adaptive strategy employed by VEGAS. This technique focuses 

the integration around the regions where the integrand has its largest values (for example around 

peaks). It accomplishes this by choosing transformations for each integration variable that minimize 
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the statistical errors in Monte Carlo estimates whose integrand samples are uniformly distributed in 

the new variables. As explained in [11], the idea in one-dimension replaces the original integral over 

x 

  ∫    ( )
 

 
      (Eq. 7) 

With an equivalent integral over a new variable y. 

  ∫     ( ) ( ( ))
 

 

 

Where J(y) is the Jacobian of the transformation. As a result, a simple Monte Carlo estimate of the 

transformed integral would be given by 
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Where the sum is over M random points uniformly distributed between 0 and 1. This estimate S(1) is 

also a random number from a distribution whose mean is the exact integral with a variance of 
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The standard deviation ςΙ
2 is an estimate of the possible error in the Monte Carlo estimate and is 

constrained by 
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And through some calculations is shown to be minimized if 
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It can be easily shown that this kind of transformations minimize the standard deviation in areas 

where the integrand has high peak values, since 

 

 
 
  

  
   ( )  . 

The end result is that regions in x space where |f(x)| is large are stretched out in y space. It is the 

equivalent of changing the size of “bins” during the integration in order to have more samples 

around the peaks than in areas with smaller (or zero) values of integrand. This means that when we 

later apply the uniform Monte Carlo integration on the transformed y space we will have many more 

measurements concentrated around regions where we have peaks than if we were to integrate in 
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the pre-transformed x-space. It should be noted that the distribution of the Monte Carlo estimates 

becomes Gaussian for a very large number of M. 

The result of the above process in the VEGAS grid. As we typically have no knowledge of the 

integrand initially, we start with a uniform x grid. The program makes estimates for the integral 

while it samples the integrand refining its grid with every iteration, which affects the next one. After 

several iterations, the number of which depends on the integrand complexity and the number of 

dimensions, the VEGAS grid converges to its optimal configuration. 

The algorithm can be generalized to any number of dimensions by applying the same procedure in 

every dimension, making grid increments along an axis smaller in regions where the projection of 

the integral on the axis has a larger value and larger where it has lower values.  

For example, Fig. 4 shows the grid that was computed for the evaluation of a two-dimensional 

Gaussian integral. 

 
Figure 4 :  Optimal grid for the integration of a two-dimensional Gaussian produced with 

Importance Sampling. As shown in [11]. 
Stratified Sampling: 

The above importance-sampling technique has its shortcomings. One prime example are the so-

called phantom peaks that may be created. This occurs when we generalize into higher dimensions 

because we examine the dimensions separately. This can create overlapping regions where we 

assign samples as though we had a peak in this region when in reality they just share the coordinates 

of different but unrelated peak regions. For example the x coordinate of one peak and the y 

coordinate from a second peak. This is most prevalent when the peak distribution happens to be 

along diagonals of the integration volume. We demonstrate this using the example in [11] as shown 

in Fig. 5. 
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Figure 5 : Optimal grid for the integration of two 2-dimensional Gaussian produced with 
importance sampling showing phantom peaks. As shown in [11]. 

The grid of Fig. 5 has been created using importance sampling for two four-dimensional Gaussian 

integrals whose means lie at [0.33, 0.33] and [0.67, 0.67] respectively. The above grid shows that 

VEGAS concentrates its sampling in the regions around [0.33, 0.33] and [0.67, 0.67], where the peaks 

are, but unfortunately, also concentrates in regions around [0.67, 0.33] and [0.33, 0.67], where the 

integrand approaches zero. 

Although this grid still produces better results than a uniform grid, it is apparent that useful 

resources are being wasted as computational power is directed away from our regions of interest 

into these phantom peaks. This is why in later alterations of the VEGAS algorithm, such as the one 

we utilize, stratified sampling is used as well as importance sampling. Stratified sampling focuses the 

sample region not according to its largest value but based on its variance or standard deviation in 

our case. This is generally useful when we want to focus our computations in regions where we have 

a greater uncertainty, in order to get a clearer result, instead of regions where we have a lower 

uncertainty and fewer computations are needed to arrive to a satisfactory result.  

Consequently, VEGAS divides the d-dimensional y-space volume into Mst
d hypercubes using a 

uniform y-space grid with Mst stratifications on each axis. It estimates the integral by doing a 

separate Monte Carlo integration in each of the hypercubes, and with adding the results together 

provides an estimate for the integral over the entire integration region. But here we adjust the 

number of evaluations used in a hypercube in proportion to the standard deviation in one iteration 

in order to set the number of evaluations for that hypercube in the next iteration. The net effect is 

that we focus our computations in areas where the potential statistical errors are largest. 

This overall directs our computational efforts away from the above-mentioned phantom peaks and 

focuses them in the regions where the real peaks lie as these real peaks are the regions producing 

most of the error contributions of the integrand.   

If the integrand of VEGAS is a matrix element, as in our case, then the importance sampling of 

particle momenta can lead to a particle generator.  Because we preferentially select momenta that 

maximize the partonic cross-section, which are the most probable combinations of momenta. To 
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transform VEGAS to a particle generator, we have to store the momenta it samples during 

integration of the partonic cross section after the creation of the grid.  

Madgraph 

MadGraph [12] is a Monte Carlo event generator used in collider physics to simulate events detected 

by many experiments such as the LHC. Madgraph integrates partonic cross sections (based on matrix 

elements it generates) using VEGAS. MadGraph software can be also coupled to a number of 

programs which allow for a complete simulation at the LHC, going from events at the parton level to 

detector signals. It is available online and part of the MadGraph5_aMC@NLO project.  We should 

note that in realistic settings we could use MadGraph to examine further complex processes that 

follow the creation of particles within the CMS detector such as hadronization and showering or 

detector inefficiencies, as shown below. 

 

Events at the 
parton level 

 

 
 

Showering and 
hadronization 

 Detector 
response 

MadEvent Pythia PGS or Delphes 
 

For the scope of our work, however, we do not need the Pythia showering and hadronization 

because we are investigating only leptonic final states. Furthermore, we do not utilize a detector 

simulator because we are investigating a perfect detector. For the needs of our project we only use 

MadGraph for the generation of the Drell-Yan process matrix elements at leading order. 

Furthermore, we do not need a detector simulator: our goal is to demonstrate that the method 

works; the detector acceptance and efficiency do not affect our conclusions. 

MadGraph provides us the matrix elements for the Drell Yan process pp   e+e- , for all quark 

combinations. 

Parton Distribution Functions and Helicities 

In order to get the hadronic integrand to be integrated by VEGAS, all quark combinations have to be 

summed for all allowed spins.  For that reason we need to access the parton distribution function of 

the proton and the helicity combinations.  We do that through CERNLIB and DHELAS libraries.  We 

use the Cteq5 PDF, as implemented in CERNLIB [13].  The function Ctq5pdf(Iparton,X,Q) returns the 

parton distribution inside the proton for parton lparton at Bjorken_X equal to X and scale Q in the 

PDF set. We use an older PDF but this does not affect the scope of the thesis. 

ROOT 

Root [14] is a framework for data processing created at CERN that is widely used today by physicist 

especially in the field of high energy physics. It is written mainly in C++ and is used for the analysis of 

large amounts of multidimensional data. For the purposes of this project it has been installed and 

used within a Linux environment. 
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Root allows us to save, access, mine and publish data as well as run our own applications and also 

provides a data structure, the tree, which allows fast access of huge amounts of data many times 

faster than they would have been accessed otherwise. 

The data analysis, plots and histograms in this thesis have been done using ROOT. 
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Chapter 3: Apollo new-physics generator 

 

 

Drell-Yan Ιmplementation  

Before we investigate the expansion of the code to new physics, we confirm that we can properly 

simulate Z-boson events as produced through the Drell-Yan process at the LHC.  For that reason, we 

construct partonic cross sections to be integrated by VEGAS, according to equation (5).  The matrix 

elements come from Madgraph and we sum for all quark combinations.  The input to the matrix 

elements are momenta of incoming quarks and outgoing electron-positron pairs, parameterized as 

shown below. 

The incoming quarks have fractions of the incoming protons equal to  

   √  
      and        √  

  , 

where τ and y will be used in sampling instead of x1 and x2. We set the center-of mass energy of the 

colliding protons to be √        . This means that the 3-momenta of the incoming quarks in the 

lab frame are 

(       )            (        ) 

where   √    

The outgoing particles (electron and positron) have momenta in the center-of-mass frame: 

(                         ) and 

(                             ), 

where   √     
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The leptonic momenta are boosted back to the lab frame.   

Τhe incoming and outgoing momenta in the lab frame are arguments to matrix-element subroutines 

that are generated by Madgraph.  The resulted matrix element is multiplied by the probability that 

the incoming quarks have fractions of the proton’s momentum equal to x1 and x2.  These 

probabilities are the parton distribution functions of the proton. 

The most efficient choice of kinematic variables integration with VEGAS are: 

τ, y, κ, φ 

with range: 

τ: 0 – 1 

y: -10 – 10 

κ: 0 – π 

φ: 0 – 2π 

From the above it is obvious that the ordinary Drell-Yan process can be generated with a 4-

dimensional integration.  The main program sets the dimension of the integration and the specifics 

of the integrand and calls VEGAS adaptive integrator with a large number of iterations (O(1000)) for 

training of the grid and an equally large number of iterations for generating events.   After the grid is 

determined, the generation of events follows the specific combination of kinematics and parameters 

that maximize the integrand, i.e., the partonic cross section times the parton distribution functions, 

summed for all quark combinations, summed/averaged over allowed spins, within constraints of 

total 4-momentum conservation.  

We confirm that we get a reasonable Z-boson production cross section, after we multiply with a K-

factor of 1.3 (which corrects for higher-than-leading-order effects), compared to measurements at 

the LHC. We also confirm that the resulted cross section is very close to the one calculated by 

Madgraph (~1420 pb with 13 TeV collisions).  For the study of the Z boson (or the heavier Z’ bosons 

below) we make sure that we remove the photonic part of the Drell-Yan with a dilepton mass cut. 

Apollo  

New-physics theories are usually characterized by a number of free unknown parameters.  In some 

theories, such as Supersymmetry, the number of parameters can be fairly large.  Ordinary new-signal 

Monte-Carlo event generation requires fixing all parameters of a theory before generation.  

Consequently, a large range of parameters and their values is investigated, usually for exclusion 

limits purposes.  A new Monte-Carlo sample has to be generated for each combination of parameter 

values.  For example, if we had 10 parameters and we want to investigate 10 different values per 

parameter, we would have to generate 1010 Monte Carlo samples, which is practically impossible.   

For this reason, in theories with a large number of parameters, most of the parameters have to be 

set to arbitrary fixed values, when limits are set on the free parameters.  The Apollo method [15] 

allows us to set limits for all theory parameters without any artificial fixing of parameter values.  This 

can be done in principle with a single Apollo sample.  This is achieved by including the parameters of 
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the theory as integration variables, when we integrate the partonic cross section.  As a result, we 

sample not only kinematic variables but also parameters of the theory.  

Used as particle generator, Apollo produces events that include different kinematics and theory 

parameters per event.  This allows for direct correlations between kinematics and theory 

parameters and the investigation of a wide range of parameter combinations with a single Monte-

Carlo sample.  Applications of Apollo include the efficient setting of multidimensional limits on 

theoretical parameters in the absence of discovery, the optimization of kinematic cuts to study 

particular regions in parameter space, and quick determination of parameter space consistent with 

observation in case of discovery.  The code structure of Apollo is presented in Appendix A. 

We demonstrate the feasibility of Apollo using the Z’ boson generation. 

Z’ Boson Generation  

 

The demonstration of the Apollo concept in this thesis is achieve with a simple example of Z’ boson 

production in 13 TeV proton-proton at the LHC, with subsequent decay to electron and positron 

pairs.  In this thesis, we consider a Z’ that differs from the SM Z boson in its mass and coupling 

strength to lepton. We consider two theoretical parameters that can be altered simultaneously: the 

mass of Z’ and the decay coupling factor, which multiplies both the left-handed and right-handed 

couplings of Z’ to the electrons.  For simplicity, and without loss of generality, the following ideal 

conditions are considered: 

a) The detector is perfect (acceptance and efficiency are equal to one),  

b) There is no Standard-Model background expectation, 

c) There is no observation of any events when we “open the search box”. 

Usually, the theoretical predictions for the cross section of a new-physics signal come from analytic 

calculations; the generation of new-physics Monte Carlo is used for the determination of the signal 

acceptance and efficiency for different new-physics parameters.  This acceptance and efficiency 

affect the cross-section exclusion limit which is translated to limits on the theory parameters.  

Because of the ideal conditions listed above, as already discussed, the 95% confidence level (CL) 

exclusion limit is fixed at 3/L (where L is the integrated luminosity, 139 fb-1 for the Run II of ATLAS or 

CMS).  For that reason, we demonstrate the power of Apollo by using it for the determination of the 

new-physics cross section, as a function of the new theory parameters.  Any combination of 

parameters is excluded or not, depending on the value of the cross section for these parameters.  If 

the cross section is above the 95% CL limit, the parameter combination is excluded, otherwise it is 

not.  

From the above, it is clear that the demonstration of feasibility greatly depends on the accuracy of 

the produced cross section, within variations of the parameters.  This accuracy is determined by 

comparing the Apollo-produced cross sections with dedicated runs for fixed theory parameters.   In 

this thesis we do this both in one parameter dimension (cross section as a function of Z’ mass) and in 

two parameter dimensions (cross section as a function of Z’ mass and Z’ decay coupling factor).  

Obviously, there may be regions of parameter space with limited Monte-Carlo statistics that lead to 
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a larger uncertainty in the Apollo calculations.  These regions can be identified and a separate run 

within a different parameter range can be issued.  In any case, it makes sense to study the 

parameter space regions close to expected exclusion limits. 

The above consistency checks will demonstrate that the phase-space normalization that should be 

included in the adaptive integration is well understood.  And that the framework can be used to set 

multidimensional parameter limits.  Our goal is to demonstrate that these limits are consistent with 

the ones that we get from dedicated fixed-parameter runs.  But at the same time offer a better 

resolution in parameter space.  Finally, we will demonstrate how Apollo can be used for determining 

the allowed parameter-space in case of discovery of new physics. 

When we move to Z’ generation, we add two more integration variables, which are 

theory free parameters (mass and coupling factor).  This requires expanding the integration space to 

6 variables and passing the new Z’ masses and coupling factors to the matrix elements.  The width of 

the Z’ is considered to be the same as that of the SM Z boson.  We utilize a dilepton mass cut to 

remove any photonic part from the dilepton spectrum.  To achieve the Z’ functionlality we have to 

modify the ordinary Drell-Yan Madgraph matrix element to include the theory parameters (an 

example of such modification is shown in Appendix C). We alter the code in 4 steps.   

i) First we add the functionality for running Apollo with fixed values of Z’ mass (with no alteration of 

the couplings).  Our goal is to reproduce a reasonable SM-like Z’ boson cross section as a function of 

its mass, as a way of validating the cross section produced by Apollo. Fig. 6 shows the published 

ATLAS Z’ limit, which includes a theoretical prediction as a function of mass. Our Z’ boson 

corresponds to the Z’SSM in this plot, if we set the coupling factor to unity. 

 
Figure 6 : Published Z’ limit by ATLAS [16]. 
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In Fig. 7 we see the comparison of the theoretical cross section as a function of mass (black points, 

taken from Fig. 6) with the red points which are the results of the Apollo run with a fixed Z’ boson 

mass at a time.  Note that there is no integration over this mass yet.   

 
Figure 7 : Comparison between the theoretical cross section (black points) and the results of the 

Apollo run (red dots). Also included is the luminosity of the LHC (blue line).  

The agreement is excellent, which is a first confirmation of the proper use of the VEGAS integrator.  
Also shown is the horizontal exclusion limit as described earlier, at value 3/L, where L=139 fb-1.  All 
cross sections above that line are excluded, which sets the Z’ boson mass limit at 5.11 TeV at 95% CL.  
As expected, this is a better limit than ATLAS 4.5 TeV, given that we assumed a perfect detector, no 
background and zero events in observation. 
 
ii) Next step is to let the Z’ mass float in Apollo.  After a proper calibration of the parameter-space 
normalization, we can collect the generated Z’ masses during sampling (and corresponding VEGAS 
integrals that are used as weights) into a histogram that corresponds to cross section vs. mass.  We 
demonstrate the principle for a short run of ~40M events (that take about a half an hour on a 
common processor).  The cross section function is shown in Fig. 8 (points with errorbars) for a Z’ 
mass range from 4600 GeV to 5400 GeV, compared to dedicated runs with fixed masses (red points).   

 

Figure 8 : Integrated cross section (points with errorbars) for MZ’ between 4600 and 5400 GeV 
compared to dedicated runs with fixed masses (red points and line). 
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We observe a remarkable agreement with expected cross section, which confirms the validity of the 

method.  We see that we can achieve with a single run a better resolution (of 10 GeV), which could 

be achieved by 100 dedicated simulation jobs in this mass range.  Obviously, the distribution suffers 

from low statistics at higher masses.  The solution is a smaller mass range or a longer run to achieve 

higher statistics.  We can fit a range of the high-resolution distribution and compare it with the 

dedicated runs.  From the plot of Fig. 9 we see that they consistently overlap.  

 
Figure 9 : Fit of the Apollo integrated cross section and comparison to the dedicated runs. The fit 
uses Apollo sigma in the Z’ mass range from 4650 GeV to 5150 GeV. The fit line overlaps with the 

red line that connected dedicated runs. 
 

iii) Next step is to run Apollo with different masses and coupling factors, which are fixed per job.  

Now we can create a grid of cross sections for 11 different values of masses 

(1000 to 6000 GeV with a step of 500 GeV) and 19 different values of coupling factors 

(0.1 – 1 with a step of 0.1 and 2 – 10 with a step of 1).  The 209 combinations are run for few events; 

since statistics is not an issue here (we get the final cross section answer for each combination of 

parameter with no need to sample masses and coupling factors yet).  We can check which cross 

sections are above the exclusion limit, which means that the corresponding parameters are 

excluded.  This way we produce the exclusion limit shown in Fig. 10 for a smaller range of coupling 

factors. 
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Figure 10 : Repetitive MC generation with fixed parameter values to discern exclusion points, 
shown in filled red color. 

 

The filled circles show parameter combinations that are excluded and the open circles the 

parameter combinations that are allowed.  This exercise emulates the situation of repetition of MC 

generation too many times with fixed parameter values each time (a problem that Apollo tries to 

solve).  Eventually we would like to produce such an exclusion limit that it is more efficiently 

generated and with better resolution in excluded parameter combinations. 

 
iv) Finally, we let both mass and coupling factor float during Apollo integration.  This results into a 6-
dimensional integration (and corresponding kinematics and parameter generation).  We generate 
25M events in this multidimensional space, with Z’ mass from 4500 and 5500 GeV and a coupling 
factor range from 0.1 to 1.1.  The 2D distribution of the generated parameters can be seen in Fig. 11.  
Because we adaptively generate parameters based on importance sampling, we generate more 
events where the cross section is higher.  This means higher coupling factors and lower Z’ masses. 

 

Figure 11 : Sampling of MZ’ and coupling factor in the 6-dimensional integration, for MZ’ between 
4500 and 5500 GeV and a coupling factor between 0.1 and 1.1.  
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To confirm that we can properly determine the cross sections in the 2-parameter integration (6-

dimensional space), we limit the coupling factor around 1 (the SM value), namely from 0.95 to 1.05, 

and we plot the sum of produced integrals (total cross section within bins)  as a function of the mass.  

Practically speaking, this is a 1D histogram of Z’ mass, weighted with VEGAS integral, for this 

particular range of coupling factors.  We see in Fig. 12 that we get back the expected cross section of 

Z’ boson production with SM couplings, as determined by dedicated fixed-parameter runs. The high-

mass statistical noise remains, as expected. 

 
Figure 12 : Produced Apollo cross section limited in a SM-consistent coupling factor, as a function 
of MZ’ (histogram) and comparison to dedicated runs with fixed parameters (red points and line).  

 

The ultimate confirmation of the functionality of Apollo is the production of a 2D exclusion limit 

using a single run, with a resolution that is better than that of 209 dedicated runs.  We demonstrate 

this for the mass range from 3000 GeV to 5500 GeV and coupling factors from 0.1 to 1.1 (the reason 

being that these ranges include the boundary between exclusion and not exclusion).  We see in Fig. 

13 that indeed we cover successfully the expected exclusion area, offering an improved resolution of 

parameter space.  Again, we observe statistical noise, but this is due to the very small number of 

events (25 M generated per run, for three runs in three mass ranges).  
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Figure 13 : 2D exclusion limit with MZ’ between 3000 and 5500 and coupling factor between 0.1 
and 1.1 (red area) as compared to exclusion points from dedicated fixed-parameter runs (black 

points). 
 

 

Finally, we can demonstrate the use of Apollo in case of discovery.  If a cross section of a new 

process is measured at 0.022 ± 0.006 fb, we can determine which combinations of  

Z’ masses and coupling factors are consistent with this measurement.  The answer is the strip 

shown in Fig. 14. The content of the contours corresponds to Z’ cross sections. This functionality, as 

well as the exclusion limits or the selection optimization are extremely useful in theories with a 

larger number of free parameters, such as Supersymmetry. 
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Figure 14 : Combinations of MZ’ and coupling factor consistent with a hypothetical discovery with a 
measured cross section of 0.022 ± 0.006 fb (contours content is proportional to Z’ cross section). 
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Chapter 4: Conclusions 

 

 
We demonstrated that Apollo can predict correctly the cross sections of a new physics process in a 

multi-parameter space by adaptively integrating both the kinematic variables and theory 

parameters.  This allows us to efficiently get exclusion limits of these parameters with a single run.   

At the same time, in case of discovery, it can determine the combinations of parameters that are 

consistent with the measured cross section.  Because of the direct connection of kinematics to a 

multidimensional parameter space, the program can be used for optimizing the event selection for 

maximization of signal over background. The value of Apollo is more significant for theories with a 

large number of free parameters, for example, supersymmetry.  In this thesis we demonstrated the 

principle for a simpler problem of two free parameters in the case of Z’ boson production and decay 

to leptons.  In this work we generated only a limited number of events, with the result of statistical 

noise. Future improvements will include the generation of a larger number of events by running on a 

computer grid.  At the same time, it would be very interesting to utilize Apollo on a SUSY project. 
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Appendix A 

Apollo Structure  

Apollo [15] is a program which is the implementation of the idea that we can utilize VEGAS not only 

to integrate over the kinematic phase but also over free parameters of a theory, thus making Apollo 

a new-physics particle generator. Applications include setting limits to theories in the absence of 

discovery or, in case of discovery, a quick determination of the possible combination of values of the 

free parameters that are consistent with the observed new-physics signal. Apollo is also invaluable 

at optimizing event selection for maximization of signal over background, because it provides a 

direct connection of kinematics with the multi-parameter theory space.  

The program is made up of four parts (with functions and subroutines incorporated in them as well). 

Superscan.f 

This is the main body of the program. In this program we call all the necessary subroutines and set 

the main parameters of our computations such as the number of dimensions and the regions of 

integration. 

We then call the VEGAS function twice, once with a small number of iterations (for example 300) for 

training. In this stage we don’t write the results in our output, this is done to allow VEGAS to adjust 

to the integrand, by using its sampling techniques, before we actually start writing the sampled 

momenta and parameter results to a file. 

Next, VEGAS is called for the second time with a larger number of iterations (for example 2000). 
During this integration, we write the sampled kinematics and parameters to a file. The number of 
training and generation iterations depends on the dimensions of the problem (i.e. number of 
outgoing particles and number of theory parameters). 

Function Hadronic Integrand: 

Here we call the particle distribution functions of each quark from the pdf library SetCtq5. Then, by 

calling the fxn function below for each process and summing over all the 5 quark pairs, we get the 

final Hadronic Integrand that will be the function integrated by VEGAS in our main program.  

fxn.f 

Function that calculates the partonic cross section for each of the 10 given interactions between the 
five quarks up, down, strange, charmed and beauty (not the top quark as it is too heavy to be found 
within the proton) and its corresponding antiquark. The number of interactions is double the 
number of quarks because of the combinatorics: each quark can originate from either the colliding 
protons. 

The partonic cross section is a product of the Madgraph-generated matrix element of each 

interaction times a kinematic phase-space factor times a factor for the conversion of results to pb. 
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vegas.f 

This file includes the VEGAS subroutine whose algorithm has already been presented. The actual 

implementation can be found in Appendix B. It is called by superscan.f which also sets its integration 

parameters (number of dimensions, region) and is given the integral from the Hadronic_Integral 

subroutine also included in superscan.f.  

Here is where we receive our final output, a data file which includes the energy and 3-dimensional 

momenta of every particle, the sampled parameters of the theory, and the final integral which gives 

us the cross section after certain corrections.  

Matrix_Element.f 

These are several separate files that are produced by Madgraph in FORTRAN with the use of the 

helicity package HELAS. They are called by the fxn function individually to contribute to the overall 

partonic cross section. Each file contains the matrix element of one of the following partonic 

interactions: 

  ̅  ̅    ̅  ̅    ̅  ̅    ̅  ̅    ̅  ̅   

These are all the partonic interactions that lead to the Drell-Yan interaction under investigation. An 

example of the matrix-element code, modified for Z’ production, can be seen in Appendix C. 
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Appendix B 

VEGAS implementation  

We present here the VEGAS algorithm as implemented in Fortran 77 in the Numerical Recipes [10]. 

 
#include <stdio.h> 
#include <math.h> 

 
#include "nrutil.h" 
#define ALPH 1.5 
#define NDMX 50 

 
#define MXDIM 10 
#define TINY 1.0e-30 
extern long idum; !For random number initialization in main. 
void vegas(float regn[], int ndim, float (*fxn)(float [], float), int init, 
unsigned long ncall, int itmx, int nprn, float *tgral, float *sd, 
float *chi2a) 
!Performs Monte Carlo integration of a user-supplied ndim-dimensional function fxn over a 
!rectangular volume specified by regn[1..2*ndim], a vector consisting of ndim “lower left” 
!coordinates of the region followed by ndim “upper right” coordinates. The integration consists 
!of itmx iterations, each with approximately ncall calls to the function. After each iteration 
!the grid is refined; more than 5 or 10 iterations are rarely useful. The input flag init signals 
!whether this call is a new start, or a subsequent call for additional iterations (see comments 

!below). The input flag nprn (normally 0) controls the amount of diagnostic output. Returned 
!answers are tgral (the best estimate of the integral), sd (its standard deviation), and chi2a(χ2 

!per degree of freedom, an indicator of whether consistent results are being obtained). See 
!text for further details. 
{ 
float ran2(long *idum); 
void rebin(float rc, int nd, float r[], float xin[], float xi[]); 
static int i,it,j,k,mds,nd,ndo,ng,npg,ia[MXDIM+1],kg[MXDIM+1]; 
static float calls,dv2g,dxg,f,f2,f2b,fb,rc,ti,tsi,wgt,xjac,xn,xnd,xo; 
static float d[NDMX+1][MXDIM+1],di[NDMX+1][MXDIM+1],dt[MXDIM+1], 
dx[MXDIM+1], r[NDMX+1],x[MXDIM+1],xi[MXDIM+1][NDMX+1],xin[NDMX+1]; 
static double schi,si,swgt; 
!Best make everything static, allowing restarts. 
if (init <= 0) { Normal entry. Enter here on a cold start. 
mds=ndo=1; !Change to mds=0 to disable stratified sampling, 
i!.e., use importance sampling only. 
for (j=1;j<=ndim;j++) xi[j][1]=1.0; 
} 
if (init <= 1) si=swgt=schi=0.0; 
Enter here to inherit the grid from a previous call, but not its answers. 
 
if (init <= 2) { !Enter here to inherit the previous grid and its answers. 
nd=NDMX; 
ng=1; 
if (mds) { !Set up for stratification. 
ng=(int)pow(ncall/2.0+0.25,1.0/ndim); 
 
mds=1; 
if ((2*ng-NDMX) >= 0) { 
mds = -1; 
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npg=ng/NDMX+1; 
nd=ng/npg; 
ng=npg*nd; 
} 
} 
for (k=1,i=1;i<=ndim;i++) k *= ng; 
npg=IMAX(ncall/k,2); 
calls=(float)npg * (float)k; 
 
dxg=1.0/ng; 
for (dv2g=1,i=1;i<=ndim;i++) dv2g *= dxg; 
dv2g=SQR(calls*dv2g)/npg/npg/(npg-1.0); 
 
xnd=nd; 
dxg *= xnd; 
xjac=1.0/calls; 

 
for (j=1;j<=ndim;j++) { 
dx[j]=regn[j+ndim]-regn[j]; 
xjac *= dx[j]; 
} 
if (nd != ndo) { !Do binning if necessary. 
for (i=1;i<=IMAX(nd,ndo);i++) r[i]=1.0; 
for (j=1;j<=ndim;j++) rebin(ndo/xnd,nd,r,xin,xi[j]); 
ndo=nd; 
} 
if (nprn >= 0) { 
printf("%s: ndim= %3d ncall= %8.0f\n", 
" Input parameters for vegas",ndim,calls); 
printf("%28s it=%5d itmx=%5d\n"," ",it,itmx); 
printf("%28s nprn=%3d ALPH=%5.2f\n"," ",nprn,ALPH); 
 
printf("%28s mds=%3d nd=%4d\n"," ",mds,nd); 
for (j=1;j<=ndim;j++) { 
printf("%30s xl[%2d]= %11.4g xu[%2d]= %11.4g\n", 
" ",j,regn[j],j,regn[j+ndim]); 
} 
} 
} 
for (it=1;it<=itmx;it++) { 
 
!Main iteration loop. Can enter here (init ≥ 3) to do an additional itmx iterations with all other 

!parameters unchanged. 
ti=tsi=0.0; 

 
for (j=1;j<=ndim;j++) { 
kg[j]=1; 
for (i=1;i<=nd;i++) d[i][j]=di[i][j]=0.0; 
} 
for (;;) { 
fb=f2b=0.0; 
for (k=1;k<=npg;k++) { 
wgt=xjac; 

 
for (j=1;j<=ndim;j++) { 
xn=(kg[j]-ran2(&idum))*dxg+1.0; 
ia[j]=IMAX(IMIN((int)(xn),NDMX),1); 
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if (ia[j] > 1) { 
xo=xi[j][ia[j]]-xi[j][ia[j]-1]; 
rc=xi[j][ia[j]-1]+(xn-ia[j])*xo; 
} else { 
xo=xi[j][ia[j]]; 
rc=(xn-ia[j])*xo; 
} 
x[j]=regn[j]+rc*dx[j]; 
wgt *= xo*xnd; 
} 
f=wgt*(*fxn)(x,wgt); 
 
f2=f*f; 
fb += f; 
f2b += f2; 

 
for (j=1;j<=ndim;j++) { 
di[ia[j]][j] += f; 
if (mds >= 0) d[ia[j]][j] += f2; 
} 
} 
f2b=sqrt(f2b*npg); 
f2b=(f2b-fb)*(f2b+fb); 
if (f2b <= 0.0) f2b=TINY; 

 
ti += fb; 
tsi += f2b; 
if (mds < 0) { !Use stratified sampling. 
for (j=1;j<=ndim;j++) d[ia[j]][j] += f2b; 
} 
for (k=ndim;k>=1;k--) { 
kg[k] %= ng; 
if (++kg[k] != 1) break; 
} 
 
if (k < 1) break; 
} 
tsi *= dv2g; !Compute final results for this iteration. 
wgt=1.0/tsi; 
si += wgt*ti; 
 
schi += wgt*ti*ti; 
swgt += wgt; 
*tgral=si/swgt; 
 
*chi2a=(schi-si*(*tgral))/(it-0.9999); 
if (*chi2a < 0.0) *chi2a = 0.0; 
*sd=sqrt(1.0/swgt); 
 
tsi=sqrt(tsi); 
if (nprn >= 0) { 
printf("%s %3d : integral = %14.7g +/- %9.2g\n", 
" iteration no.",it,ti,tsi); 
printf("%s integral =%14.7g+/-%9.2g chi**2/IT n = %9.2g\n", 
" all iterations: ",*tgral,*sd,*chi2a); 
if (nprn) { 
for (j=1;j<=ndim;j++) { 
printf(" DATA FOR axis %2d\n",j); 
printf("%6s%13s%11s%13s%11s%13s\n", 
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"X","delta i","X","delta i","X","delta i"); 
for (i=1+nprn/2;i<=nd;i += nprn+2) { 
printf("%8.5f%12.4g%12.5f%12.4g%12.5f%12.4g\n", 
xi[j][i],di[i][j],xi[j][i+1], 
di[i+1][j],xi[j][i+2],di[i+2][j]); 
} 
} 
} 
} 

 
for (j=1;j<=ndim;j++) {  

!Refine the grid. Consult references to understand the subtlety of this procedure. The refinement is 

!damped, to avoid rapid, destabilizing changes, and also compressed in range by the exponent ALPH. 
xo=d[1][j]; 
xn=d[2][j]; 
 
d[1][j]=(xo+xn)/2.0; 
dt[j]=d[1][j]; 
for (i=2;i<nd;i++) { 
rc=xo+xn; 
xo=xn; 
xn=d[i+1][j]; 

 
d[i][j] = (rc+xn)/3.0; 
dt[j] += d[i][j]; 
} 
d[nd][j]=(xo+xn)/2.0; 
dt[j] += d[nd][j]; 
} 
for (j=1;j<=ndim;j++) { 
rc=0.0; 

 
for (i=1;i<=nd;i++) { 
if (d[i][j] < TINY) d[i][j]=TINY; 
r[i]=pow((1.0-d[i][j]/dt[j])/ 
(log(dt[j])-log(d[i][j])),ALPH); 
rc += r[i]; 
} 
rebin(rc/xnd,nd,r,xin,xi[j]); 
} 
} 
} 
void rebin(float rc, int nd, float r[], float xin[], float xi[]) 
!Utility routine used by vegas, to rebin a vector of densities xi into new bins defined by a vector r. 
{ 
int i,k=0; 
float dr=0.0,xn=0.0,xo=0.0; 
for (i=1;i<nd;i++) { 
while (rc > dr) 
dr += r[++k]; 
if (k > 1) xo=xi[k-1]; 
xn=xi[k]; 
dr -= rc; 
xin[i]=xn-(xn-xo)*dr/r[k]; 
} 
for (i=1;i<nd;i++) xi[i]=xin[i]; 

 
xi[nd]=1.0; 
} 
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Appendix C 

Modified matrix element for Z’ boson study 
 

We present here an example of a matrix element as generated by Madgraph, with our Z’-boson 

alterations shown in red.  This is the matrix element for the process   +  ̅ Z’  e+ e- 

 
  SUBROUTINE SUUB_EPEM(P1,ANS, MZ_, couplingFactor) 

C   

C FUNCTION GENERATED BY MADGRAPH 

C RETURNS AMPLITUDE SQUARED SUMMED/AVG OVER COLORS 

C AND HELICITIES 

C FOR THE POINT IN PHASE SPACE P(0:3,NEXTERNAL) 

C   

C FOR PROCESS : u u~ -> e+ e-   

C   

C Crossing   1 is u u~ -> e+ e-   

      IMPLICIT NONE 

C   

C CONSTANTS 

C   

      INTEGER    NEXTERNAL,   NCOMB,     NCROSS          

      PARAMETER (NEXTERNAL=4, NCOMB= 16, NCROSS=  1) 

      INTEGER    THEL 

      PARAMETER (THEL=NCOMB*NCROSS) 

C   

C ARGUMENTS  

C   

      REAL*8 P1(0:3,NEXTERNAL),ANS(NCROSS) 

      REAL*8 MZ_, couplingFactor 

C   

C LOCAL VARIABLES  

C   

      INTEGER NHEL(NEXTERNAL,NCOMB),NTRY 

      REAL*8 T, P(0:3,NEXTERNAL) 

      REAL*8 UUB_EPEM 

      INTEGER IHEL,IDEN(NCROSS),IC(NEXTERNAL,NCROSS) 

      INTEGER IPROC,JC(NEXTERNAL) 

      LOGICAL GOODHEL(NCOMB,NCROSS) 

      DATA GOODHEL/THEL*.FALSE./ 

      DATA NTRY/0/ 

      DATA (NHEL(IHEL,  1),IHEL=1,4) / -1, -1, -1, -1/ 

      DATA (NHEL(IHEL,  2),IHEL=1,4) / -1, -1, -1,  1/ 

      DATA (NHEL(IHEL,  3),IHEL=1,4) / -1, -1,  1, -1/ 

      DATA (NHEL(IHEL,  4),IHEL=1,4) / -1, -1,  1,  1/ 

      DATA (NHEL(IHEL,  5),IHEL=1,4) / -1,  1, -1, -1/ 

      DATA (NHEL(IHEL,  6),IHEL=1,4) / -1,  1, -1,  1/ 

      DATA (NHEL(IHEL,  7),IHEL=1,4) / -1,  1,  1, -1/ 

      DATA (NHEL(IHEL,  8),IHEL=1,4) / -1,  1,  1,  1/ 
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      DATA (NHEL(IHEL,  9),IHEL=1,4) /  1, -1, -1, -1/ 

      DATA (NHEL(IHEL, 10),IHEL=1,4) /  1, -1, -1,  1/ 

      DATA (NHEL(IHEL, 11),IHEL=1,4) /  1, -1,  1, -1/ 

      DATA (NHEL(IHEL, 12),IHEL=1,4) /  1, -1,  1,  1/ 

      DATA (NHEL(IHEL, 13),IHEL=1,4) /  1,  1, -1, -1/ 

      DATA (NHEL(IHEL, 14),IHEL=1,4) /  1,  1, -1,  1/ 

      DATA (NHEL(IHEL, 15),IHEL=1,4) /  1,  1,  1, -1/ 

      DATA (NHEL(IHEL, 16),IHEL=1,4) /  1,  1,  1,  1/ 

      DATA (  IC(IHEL,  1),IHEL=1,4) /  1,  2,  3,  4/ 

      DATA (IDEN(IHEL),IHEL=  1,  1) /  36/ 

C ---------- 

C BEGIN CODE 

C ---------- 

      NTRY=NTRY+1 

      DO IPROC=1,NCROSS 

      CALL SWITCHMOM(P1,P,IC(1,IPROC),JC,NEXTERNAL) 

      DO IHEL=1,NEXTERNAL 

         JC(IHEL) = +1 

      ENDDO 

      ANS(IPROC) = 0D0 

      DO IHEL=1,NCOMB 

          IF (GOODHEL(IHEL,IPROC) .OR. NTRY .LT. 2) THEN 

             T=UUB_EPEM(P ,NHEL(1,IHEL),JC(1), MZ_, couplingFactor)             

             ANS(IPROC)=ANS(IPROC)+T 

              IF (T .GT. 0D0 .AND. .NOT. GOODHEL(IHEL,IPROC)) THEN 

                  GOODHEL(IHEL,IPROC)=.TRUE. 

C             WRITE(*,*) IHEL,T 

              ENDIF 

          ENDIF 

      ENDDO 

      ANS(IPROC)=ANS(IPROC)/DBLE(IDEN(IPROC)) 

      ENDDO 

      END 

        

  REAL*8 FUNCTION UUB_EPEM(P,NHEL,IC, MZ_, couplingFactor) 

C   

C FUNCTION GENERATED BY MADGRAPH 

C RETURNS AMPLITUDE SQUARED SUMMED/AVG OVER COLORS 

C FOR THE POINT WITH EXTERNAL LINES W(0:6,NEXTERNAL) 

C   

C FOR PROCESS : u u~ -> e+ e-   

C   

      IMPLICIT NONE 

C   

C CONSTANTS 

C   

      INTEGER    NGRAPHS,    NEIGEN,    NEXTERNAL        

      PARAMETER (NGRAPHS=   2,NEIGEN=  1,NEXTERNAL=4)    

      INTEGER    NWAVEFUNCS     , NCOLOR 

      PARAMETER (NWAVEFUNCS=   6, NCOLOR=   1)  

      REAL*8     ZERO 

      PARAMETER (ZERO=0D0) 

C   
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C ARGUMENTS  

C   

      REAL*8 P(0:3,NEXTERNAL) 

      INTEGER NHEL(NEXTERNAL), IC(NEXTERNAL) 

      REAL*8 MZ_, couplingFactor 

C   

C LOCAL VARIABLES  

C   

      INTEGER I,J 

      COMPLEX*16 ZTEMP 

      REAL*8 DENOM(NCOLOR), CF(NCOLOR,NCOLOR) 

      COMPLEX*16 AMP(NGRAPHS), JAMP(NCOLOR) 

      COMPLEX*16 W(6,NWAVEFUNCS) 

      REAL*8 couplingLeft, couplingRight 

C   

C GLOBAL VARIABLES 

C   

      INCLUDE 'coupl.inc' 

      

C   

C COLOR DATA 

C   

      DATA Denom(1  )/            1/                                        

      DATA (CF(i,1  ),i=1  ,1  ) /     3/                                   

C               T[2,1]                                                      

C ---------- 

C BEGIN CODE 

C ---------- 

      CALL IXXXXX(P(0,1   ),ZERO ,NHEL(1   ),+1*IC(1   ),W(1,1   ))         

      CALL OXXXXX(P(0,2   ),ZERO ,NHEL(2   ),-1*IC(2   ),W(1,2   ))         

      CALL IXXXXX(P(0,3   ),ZERO ,NHEL(3   ),-1*IC(3   ),W(1,3   ))         

      CALL OXXXXX(P(0,4   ),ZERO ,NHEL(4   ),+1*IC(4   ),W(1,4   ))         

      CALL JIOXXX(W(1,1   ),W(1,2   ),GAU ,ZERO    ,ZERO    ,W(1,5   ))     

      CALL IOVXXX(W(1,3   ),W(1,4   ),W(1,5   ),GAL ,AMP(1   ))             

      CALL JIOXXX(W(1,1   ),W(1,2   ),GZU ,MZ_      ,ZWIDTH      ,W(1,6))   

 

      couplingLeft = 0.1973*couplingFactor 

      couplingRight = -0.173*couplingFactor 

      gzl(1)= couplingLeft 

      gzl(2)= couplingRight       

 

      CALL IOVXXX(W(1,3   ),W(1,4   ),W(1,6   ),GZL ,AMP(2   ))   

      JAMP(   1) = +AMP(   1)+AMP(   2) 

      UUB_EPEM = 0.D0  

      DO I = 1, NCOLOR 

          ZTEMP = (0.D0,0.D0) 

          DO J = 1, NCOLOR 

              ZTEMP = ZTEMP + CF(J,I)*JAMP(J) 

          ENDDO 

          UUB_EPEM =UUB_EPEM+ZTEMP*DCONJG(JAMP(I))/DENOM(I)    

      ENDDO 

C      CALL GAUGECHECK(JAMP,ZTEMP,EIGEN_VEC,EIGEN_VAL,NCOLOR,NEIGEN)  

      END  


