UNIVERSITY OF IOANNINA
DEPARTMENT OF MATHEMATICS

Theodora Syntaka

The Cauchy Problem for the Navier-Stokes and FEuler Equations

in Three-Dimensional Space and the Vanishing Viscosity Limit

MASTER THESIS

[oannina, 2020






The present dissertation thesis was carried out under the postgraduate program of the Depart-
ment of Mathematics of the University of loannina in order to obtain the master degree.

Accepted by the three members of the evaluation committee on September 11, 2020:
Toannis Giannoulis Associate Professor (Supervisor)
Kyriakos Mavridis Lecturer

Toannis Pournaras Associate Professor

The acceptance of this dissertation by the Department of Mathematics of the University of
Ioannina does not imply the approval of the opinions of the author (section 202 par. 2 Law
5343/1932 and section 50 par. 8 Law 1268/1982).

Statutory Declaration

I lawfully declare here with statutorily that the present dissertation thesis was carried out under
the international ethical and academical rules and under the protection of intellectual property.
According to these rules, I avoided plagiarism of any kind and I made reference to any source
which T used in this thesis.

Theodora Syntaka






Dedicated to my grandfather,
Athanasios Syntakas.






Acknowledgments

First, I would like to express my sincere gratitude to my supervisor, Associate Professor
Toannis Giannoulis, for the continuous support, motivation and immense knowledge. He be-
lieved in me and supported me from the first moment.

Besides my supervisor, I would like to thank the other two members of my examination
committee, Lecturer Kyriakos Mavridis and Associate Professor Ioannis Pournaras, for their
encouragement and insightful comments.

I thank my fellow students and friends for our fruitful discussions and for sharing valuable
moments.

I also want to say a big thank you to three important people in my life, Giannis, Giannis,
and Fanis, for their helpful advices and for enriching my love of mathematics.

A big thank you must be given to my family, for their love and support in every step of my
life.

Theodora Syntaka






MeptAndn

Y10 Kegdhowo 1, 1o onolo elvar n eloaywyy tne nopgoloog epyasiog, npdta topoucldloupe Tic
eglodoelg Navier-Stokes xou Euler xarddc xou xdnoleg avapopéc TponyolUevwy epyaotdy ot auTéc
xou EMELTOL ToL XVPLOL ATMOTEAEGUATA TTOU TpatyLotedETAL QUTY) 1) EpYaaioL.

3to Kegdhouo 2, €lodyouvpe xAmOLES TEOXATUPATIXEG EVVOLEC OL OTIOLEC YPTOLULOTIOOVVTOL GTa
EMOUEVA XEPAHAOLAL.

Y10 Kegdhawo 3, napoucidlouye 10 npwto anotéiecpa, To onofo etvor 1 Omtaplrn xou povadixdtnta
woyvene AoNG Uy, TOTUXE OTOV YEOVO, TOU TEOBANUATOS Ay Y T®Y Yo Ty e&lowon Navier-
Stokes otov R3 oe ydpouc Sobolev, pe cuvteheotd Eddouc v > 0 xadde xon 1 6UyxMoN TwY
MoEWY U, TEog TN wovadix AOon uy ToL TEOPARUATOS apy XY TV Yo Ty e&lowon tou Euler,
pe v Bla apye Ty, 6tav to v telvel oto 0. Biéne Osdpnua 1.2.1. To anotéleoya autd
ogeihetan otov T. Kato [15].

Y10 Kegdhano 4, mepiéyeton 10 8e01ep0o anotéAeoua, To onolo etvor 1) OTToEEY) Lovadixg loyLehc
More, o€ ywpouc Lebesgue LP(R?) yio oplopévec yevixdtepee Tipée p € [1, 00], Tou npofhuatoc
opy Y Ty yio Ty e&loworn Navier-Stokes, tomixd otov ypdvo. Emmiéov, oty nepintwon
HIXEWY 0RY XY SEBOUEVKV, TPOXVTTEL 1) UTAEE N LoVadIX S LoyLeTic Aong ohxd oTov ypovo. Biéne
Oedenua 1.2.2. Autd 1o anotéheoyo e€aocpoiileton epopuodloviac pio uédodo 1 onola opelietan
enione otov T. Kato [16].

Téhoc, oto Kegpdhowo 5, anodexvioupe 1o Tplto anotéleoya tng nopodoag epyasiag, To onolo
Booileton oto dudonuo dedpo twwv L. Caffarelli, R. Kohn, L. Nirenberg [5]. Iopovoidlouye,
OnAadn, TNy anddelln 6Tl 10 GUVORO TwV WLLOVTIWY oNUElwY XATIAANAWY ac¥evdy AboEwy Tng
e€loworc Navier-Stokes otov R3 (dnhadd onpeiowv ota omolo o1 Mioelg autée efvor pn pporypévec)
éyel uétpo Hausdorft 8udotaone 1 ico pe 1o 0. BAéne Oewpnua 1.2.3.






Abstract

In Chapter 1, which is the introduction of the present thesis, we present first, the Navier-
Stokes and Euler equations as well as some references of previous works on these equations and,
second, the main results of this thesis.

In Chapter 2, we introduce some preliminary concepts which will be used in the chapters
that follow.

In Chapter 3, we present the first result, which is the existence and uniqueness of strong
solutions u,, locally-in-time, of the Cauchy problem of the Navier-Stokes equations in R? in
Sobolev spaces, with viscosity coefficient v > 0 and the vanishing viscosity limit of the solutions
u, to the unique solution ug of the Cauchy problem of the Euler equation, with the same initial
data, as v tends to 0. See Theorem 1.2.1. This result is due to T.Kato [15].

Chapter 4 contains the second result, which is the existence of a unique strong solution, in
Lebesque spaces LP(IR3) for certain more general values of p € [1, 0], of the Cauchy problem
of the Navier-Stokes equations, locally-in-time. Moreover, in the case of small initial data, we
obtain existence of a unique strong solution, globally-in-time. See Theorem 1.2.2. This result
is obtained by applying a method which is due to T. Kato [16].

Finally, in Chapter 5, we prove the third result of the present thesis, which is based on the
celebrated article of L. Caffarelli, R. Kohn and L. Nirenberg [5]. That is to say, we present the
proof that the set of singular points of suitable weak solutions of the Navier-Stokes equations
in R? (i.e., of points where these solutions are unbounded) has Hausdorff measure of dimension
1 equal to 0. See Theorem 1.2.3.
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CHAPTER

INTRODUCTION

1.1 The Navier-Stokes and Euler Equations

The Navier-Stokes equations, named after the French engineer and physicist Claude-Louis
Navier (1785-1835) and the Anglo-Irish physicist and mathematician George Gabriel Stokes
(1819-1903), are a system of equations which govern the motion of viscous fluids, such as, e.g.,
oil and - to a much lesser extent - water, air etc., where for the first example the viscosity is
much higher than the one of the latter examples. These equations are derived from Newton’s
second law, that is, mass times acceleration equals force (m-a = F'). They are used in fluid
mechanics, meteorology, thermodynamics etc, and they are considered to be the most basic
equations which describe a fluid flow.

The Navier-Stokes equations are second order non-linear equations of parabolic type, and
the non-linear term is given by (u - V)u. Due to this nonlinearity, their mathematical study is
rather difficult.

The (incompressible) Navier-Stokes equations in R™ are given by

%+(U.V)u:—Vp+VAu+f, in R™ x (0, 00)
divu =0, in R™ x (0, 00) (1.1)
u(-,0) = a, on R",

where u: R™ x [0,00) = R”, u(z,t) = (ui(x,t),...,un(x,t)) is the velocity field of the fluid,
p: R™ x [0,00) — R, p is the pressure, a: R™ — R™ is the given initial data, f: R™ x [0, 00) —
R", f(z,t) = (fi(z,1), ..., fn(z,1)) is the given external force, V = (2 9_) is the gradient

Ox1’ """ Oz,

n

vector in the space variables, and A=V -V = > %; is the Laplacian in the space variables.
i=1

In addition, the equation divu = V - u = 0 is the incompressibility constraint. This condition

enforces “constant density” within an infinitesimal volume that moves with the flow velocity.
Finally, v > 0 is the given kinematic constant viscosity. In the case of v =0 (1.1) becomes the
(incompressible) Euler equations. We point out that (u,p) € R"*! are the unknown functions
of the system (1.1) of n+ 1 equations and that we have only the n initial conditiions u(-,0) = a.

The Navier-Stokes equations are of particular interest, not only for their utility, but also for
the reason that there is no proof or counter-example yet for the existence of globally smooth
solutions in R? x [0, 00), see Chapter 3. This is one of the seven important open problems in
Mathematics for the solution of which the Clay Mathematics Institute has offered a prize of
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Chapter 1 1.2. The main results

one-million US-Dollars, see, e.g., [12] and [25]. Standard reference works on the mathematical
analysis for the Navier-Stokes and Euler equations are, e.g., [23], [3], [33], [32]. In the present
thesis, we consider solely the three-dimensional case (in particular for the Navier-Stokes equa-
tions) which is the physically more relevant one and, also the mathematically more interesting.
For the questions related to the Cauchy problem of the Navier-Stokes and Euler equations in
the two-dimensional case, see [20].

1.2 The main results

In the following, we give a short overview of the results presented in this thesis. These results
concern the existence and uniqueness of local-in-time strong solutions in L2?-based Sobolev-
spaces and more generally LP-spaces obtained by T. Kato in 1972 [15], 1984 [16], respectively,
and moreover the celebrated partial regularity result of Caffarelli-Kohn-Nirenberg in 1982 [5].

The system (1.1) can be transformed into an abstract evolution equation of the form

du _ in R"
{dt +vAu F(u,u)—Fb, in R™ x (0,00) (1_2)

u(+,0) = a, on R",
where F is the bilinear operator
F(u,v) = —P(u-V)v. F:L*(R)®>x H, — H,.

Here, P is the orthogonal projection of L?(R)? onto H,, which consists of all solenoidal vectors
(i.e. divu = 0) of the space L?(IR?), that is to say H, is the closure of {¢ € C§°(R?)3 : divep =
0} in L?(R3)3, see [15]. Furthermore, b(t) € H, with b(t) = Pf(t) is the projection of the
given external force f to H,, a € H, is the initial velocity and A = —A is a nonnegative
self-adjoint operator in H,. We denote by (1.2)g the equation (1.2) for » = 0, which is the
Euler equation. Moreover, we denote by H”™ = H™ N H,, where H™(R?)3 = W"™2(R3)3 the
Sobolev space of order m in L?(R?)3. Also, the space C([0, Tp]; H™) consists of all continuous
functions u: [0,Tp] — HI* with finite norm, AC([0, Tp]; HY") consists of all absolutely contin-
uous functions u: [0,Tp] — H™ with finite norm and L1([0, Tp]; H™) consists of all integrable
functions w: [0,To] — H7* with finite norm. See Chapter 2.

In Chapter 3, we present the local-in-time existence and uniqueness of strong solutions of
Navier-Stokes and Euler equations in R? and the vanishing viscosity limit of solutions of the
Navier-Stokes equation to the solutions of the Euler equation, which is based on the article [15]
of T. Kato. More precisely, we want to prove that the Cauchy problem for the Navier-Stokes
equation in R? has a unique solution u, on a time interval [0, Tp] independent of the viscosity v,
if the initial velocity field and the external force field are sufficiently smooth (regular) in space
and decay sufficiently fast at (spatial) infinity.

The exact result of Kato [15], which we prove in Chapter 3 is the following.
Theorem 1.2.1. Leta € H™ and b€ L'([0,T); H™) with m > 3 and T > 0. Then,

1. There exists Ty > 0, with Ty < T, where Ty := To(||a| gm, [|bl| L1 (jo,7);5m)) such that (1.2)
has a unique solution

w, € C([0,To}; Hy') N AC([0, Tol; Hy* =) N LY([0, To); H ). (1.3)

4



Chapter 1 1.2. The main results

Furthermore,
uy s bounded in C([0,To]; H), ¥V v > 0.

2.Vte [O,To],
lim w, (t) = uo(t)

v—0

exists strongly in H™ ™1 and weakly in H™, uniformly in t, where ug is the unique solution
of (1.2)g satisfying
ug € C([0, Ty]; H™) N AC([0, To]; H™1). (1.4)

The proof of this theorem is based on techniques for abstract nonlinear evolution equations in
Hilbert spaces, see [18]. More precisely, first we give some estimates for the nonlinear operator
F, in order to restrict it by norms of functions of the Hilbert space H]", see Lemma 3.1.3.
Secondly, we prove two lemmas in order to normalise the viscosity as ¥ = 1 and to show the
time reversibility of the Euler equation. After that, we begin the proof of the theorem. In
the first step of the proof, we construct a local solution of the abstract evolution equation of
the Navier-Stokes equation. Note, that the existence time depends on the viscosity parameter
v = 1. To do so, we take the equivalent integral equation (see (3.7)) of the abstract evolution
equation (1.2) and construct a local solution of this, using Banach’s fized point theorem. Then,
we show that this local solution satisfies (1.3) locally in time. Furthermore, we show that this
local solution is unique.

In the second step of the proof, we show that this local solution can be extended to a solution
to a time interval independent of the viscosity . To do this, we derive a uniform bound for the
H™-norm of the solution, which is independent of the viscosity v. Thus, this local solution can
be extended continuously in a time interval independent of v.

In the third and final step of the proof, we show that the solution of the Navier-Stokes equation
is uniformly convergent to the solution of the Euler equation, as the viscosity v — 0. Then, we
show that the solution of the Euler equation is unique and furthermore belongs to the space
(1.4).

In Chapter 4 we present some results for the Navier-Stokes equation (1.1) with v = 1 and
f = 0 in the Banach spaces LI(R™)™, for ¢ > m. We prove the local-in-time existence and
uniqueness of strong solutions of the Navier-Stokes equation in L7 := L™(R™), m = 2,3, ...
which denotes the subspace of L™ := L™(R™;R™) = L™(R™)™ in which the functions are
divergence free (note that here, m denotes the space dimension). Moreover, for initial data
a € L7 with ||a||p= sufficiently small, we show that there exists a unique solution in L"-space
globally in time for which we can also estimate its decay rate in time. See article [16] (in par-
ticular the Theorems 1 and 2 there), on which this part of the thesis is based. We point out
that in the three-dimensional case m = 3, in which we are interested here, these results apply
for solutions in LZ with ¢ > 3.

The theorem which we present in Chapter 4 is the following. Here we denote by BC([0,T); L)
the space of all bounded and continuous functions w: [0.7) — LZ.

Theorem 1.2.2. Letac L.

1. Then there exists a T > 0 and a unique solution u, such that

1_m

t—= ue BC([0,T); LL), for m < ¢ < oo (1.5)

t'72Vu € BO([0,T); L), for m < q < oo (1.6)
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both with values equal to zero, when t = 0, except for ¢ = m in (1.5), where u(-,0) = a.
Furthermore, there exists some 0 < Ty < T, such that

: 11 =
we L"((0,Ty); LL), w1th;: g o mM<g< ——o.

(1.7)

2. There exist A > 0 such that, if |la||Lm < X, the unique solution w of 1. is global in time,

i.e. T =Ty = oo. More precisely, ||u(t)||rs decays like =" , as t — oo, including
q =00 and ||Vu| Le decays like t71 2% ast — oo, including g = m.

Specifically, the first part of the theorem gives some decay properties that depend on the
space dimension m and the order q of integrability, for the unique solution of the Navier-Stokes
equation. The second part establishes the global-in-time existence of LP-strong solutions and
some properties of the solution’s behavior.

The steps of the proof are as follows. First, we consider the abstract evolution equation (1.2)
of the Navier-Stokes equations and as in Chapter 3, rescale it to the case v = 1, since v is fixed.
Then we transform it into a nonlinear integral equation. Furthermore, we give some estimates
for the heat kernel e~*4, its spatial derivatives and the nonlinear operator F. Secondly, we
derive some estimates for the integral equation. Thirdly, we solve equivalently the integral
equation with successive approximation. By choosing small initial data, one can show that this
approximation is valid on the time interval [0, c0).

Finally, in Chapter 5, we study the partial regularity of a special case of weak solutions of
the Navier-Stokes equations in R? with v = 1, which are called suitable weak solutions. The
main result of this chapter, which is based on [5], is the following.

Theorem 1.2.3. For any suitable weak solution of the Navier-Stokes equation in an open set
D C R? x R, the associated singular set S has P(S) = 0.

Note 1.2.4. The importance of this theorem is that it establishes that for any suitable weak
solution, the set S of singular points (that is, of points (z, ) such that the solution w is essentially
unbounded in any neighborhood of (z,t)) has a "parabolic" Hausdorff measure of dimension 1,
equal to 0. This means, roughly speaking, that the singular set consists essentially of points in
R*. In particular, a possible singularity in some point z € R? in space does not persist over
time. This is of course better explained by Caffarelli himself in [4].

The exposition of Chapter 5 is the following. First, in Section 5.1 we give some needed
definitions, such as the definition of suitable weak solutions and the definition of Hausdorff
Measure. Then we introduce the main Theorem 1.2.3 and the proof of it. For this proof, we
need two main propositions which are Propositions 5.1.12 and 5.1.14. These two propositions
are proven in Section 5.2 and 5.3 respectively. Lastly, we present the proof of the existence of
suitable weak solutions of the Navier-Stokes equations in R?, for which the result of the main
theorem holds true.



CHAPTER

PRELIMINARIES

Throughout this thesis we consider functions in Sobolev spaces. Sobolev spaces are vector
spaces of functions with a norm, which is a combination of the LP-norm of the function itself
together with the LP-norms of its partial derivatives up to a certain order. These derivatives
are understood in a weak sense.

The importance of these spaces derives from the fact that weak solutions of some PDEs exists
in some Sobolev spaces even if there is no strong solutions in the space of continuous functions
with strong derivatives.

2.1 The Lebesgue space L”

In this subsection we introduce some elements of Measure Theory. See, e.g., [10].

Definition 2.1.1. We call as measurable set of R", the set in which we correspond a number
to represent its volume (content).

Note 2.1.2. We define as M C P(RR™) the set of all measurable subsets of R™.

Definition 2.1.3. A function v: R™ — R is a measurable function if

u N (U) € M, Y U C R open set.

u: R™ — R continuous = u: R™® — R measurable.

Note 2.1.4. We say that a property holds almost everywhere, and write “a.e.”; if the property
holds everywhere on R”, except for a measurable set with measure zero.

Let 1 < p < oo and X denote a real Banach space. We set as
LP(X) :={u: X — R measurable function with/ |ulP < oo},
X

with a norm denoted as

fullr = ([ )"

Now, let p = co. Then we define by

LX(X) :={u: X — R measurable function with ||u||r~ < oo},

7



Chapter 2 2.2. Weak derivatives

where

||u|lpee :=esssup u:=1inf{g € R : |u > p| = 0}.

We define the equivalence relation in £7(X)

f~ge f=g ae

Then, the space LP(X) is denoted as the set of all equivalence classes, that is LP(X) =
Lr(X)/ ~.
Definition 2.1.5. Let X denote a real Banach space. The space LP([0,T]; X) is defined as

LP([0,T); X) := {u: [0,T] = X measurable function with |[u||z»(o,7];x) < 00},

3

where
i) for 1 < p < o0,

T P
lull Lo (jo,77:x) = </0 [l ()P dt) )

||U||L°°([0,T];X) = eSSSUPte[o,T]”U(t)H-

ii) for p = oo,

Note that the norm || - || is the norm of the space X.

2.2 Weak derivatives

We define now the notion of a weak derivative. For this we first introduce the space C°(U)
consists of all functions ¢: U — R infinitely differentiable with compact support in U. These
functions are called test functions. The motivation of weak derivatives came from the following.
Let a function u € C1(U), then V ¢ € C2°(U) the integration by parts gives

/ Uy, dor = —/ Uy, da:—l—/ ugn; ds,
U U ov
—_—

=0,VpeC(U)

since supp ¢ CV CcCc U 9V € C1,

where supp ¢ :={uc U: f(u) # 0} and V CC U :< V open, V compact with V C U.

We introduce the space

LP

loc

(U) :=={f: R" — R measurable with f|,, € LP(V): VV cC U}.

Definition 2.2.1. Let u,ve L} (U). We say that v is the a-th weak derivative of u and write
D%y = v, if

/ uD% dz = (—1)lal / vo dz, ¥ ¢ e CX(U).
U U
For the definition of the multiidex notation see, e.g., section 3.8 in [2].

Definition 2.2.2 (Sobolev space H™(RR™)). We define as
H™R") := {u € L*(R") :Ya € N} :|a| <m D% € L*(R™)}.

8



Chapter 2 2.2. Weak derivatives

The H™-norm denoted as ||ul|gm, is

lullzm = Y ID“ull7a

la]<m

Note 2.2.3. The Sobolev space H™(R") is a Hilbert space. See, e.g., [3] and ||| is the norm
of the real Banach space X. See, e.g., [21].

Definition 2.2.4. The space
H™R?) == {ve H™(R?) : divv =0}

is a Hilbert space, with the ||| gm-norm, consisting of all solenoidal vectors of the Hilbert space
H™(R3).

We define as

=

where

[N

e ([ )

We will need also the following results.

Theorem 2.2.5. (Banach’s Fixed Point Theorem)
Let X be a Banach space. Assume that A: X — X is a nonlinear mapping and suppose that

30<y<1: |Afu]—Ald| <Allu—a|, Yu,ae X. (2.1)

Then A has a unique fized point.

Note 2.2.6. We say that A is a strict contraction, if (2.1) holds true.

Proof. Fix a point ug € X and define up41 = Afug], £k =0,1,2,... Then

I Afu1] — Al || < Yursr — will = Y| Afur] — Afug—1]|
< V|| Alug—1] — Afug—2]||

< o AP Afuo) — Afu_i]]l, k=1,2, ...

=if k>1

llur — wll = [ Alug—1] — Afur—1]|| = || | [Aluj1] — Alug]] ||
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k—2 k—2
< A1) = Afugl < > 47| Afuo] — uo
j=l—1 j=l—1
k—2 ‘
= || Aluo] — uol| Z v = [|A[uo] — UOH(’YF1 +9+ Jr’)’k*z)
j=i—1

= [|Afuo] = uolly' ™ (1 4y +97 + 44572

oo
1
<At Z 7" || Afuo] — uol| = W’l_lﬁHA[Uo] — uo|
n=0
and v <1
= lim "1 =0
l—o0
= (ug)k=1,... is a Cauchy sequence in X, and so

Jue X :up —u inX.

That is
limuy =u in X and Alug] = ur41

= limugy, = lim Afug] = u = Afug] = u

A is a contraction = A is continuous
{ = Alug] — Alu).

and we have that wup — u
But, by the uniqueness of the limit = Afu] = .

let u,v e X : u#v and Al =u, Af]=o.

Then
[ Alu] — A][| < vllu — vl

= [lu =l <Allu— ol = (1 =7)[lu — o] <0

= lu—v]| <0==lu—v]|=0=>u=1].

Hence, u is the unique fix point for A.

Theorem 2.2.7. (Gronwall’s lemma)
If v, ¢ are continuous, non-negative functions such that

v(t) < K—|—/ o(s)v(s) ds, t>tp.

Then,
0 < v(t) < Kelwo #)4,

10



Chapter 2 2.3. Dual space and weak convergence

Proof. Set .
w(t) =K+ | ¢(s)v(s) ds,
to

then w(ty) = K and v(t) < w(t) ,Vt > to by the assumptions.

o Ji (5)ds

= w(t) is decreasing function.

= VE> o, w(t)e fo ¥ < ytg)e fis ¢ - ¢

= w(t) < elio #% gng v(t) < w(t)

= 0<(t) < iy #(s)ds

2.3 Dual space and weak convergence

Definition 2.3.1. Let X and Y be real Banach spaces. A mapping 7: X — Y is called linear

operator if
T(A\u+ pv) = XTu+ pTv, VYu,v€ X, A\ peR.

Definition 2.3.2. Let X and Y be real Banach spaces. A linear operator T: X — Y is
bounded if

1T :=sup{[[Tuly : [lullx <1} <oo
S|T| i=inf{M >0 : ||Tully < Mulx, Yue X}.

See, e.g., [1].

Remark 2.3.3. Every linear, bounded operator T: X — Y is continuous.

Proof. Let € >0
If u,v € X with |ju —v||x <¢. Then

[Tu = Tolly = |T(u—2v)lly <[Tlllu-vlx <Mlu-v|x < Ms.

It is enough to set § = 7.

It follows that, T: X — Y is uniformly continuous = 7': X — Y is continuous.

11



Chapter 2 2.3. Dual space and weak convergence
Definition 2.3.4. 1. A bounded, linear operator f: X — R is called bounded, linear func-
tional on X.

2. We define as
X" :={f: X — R bounded, linear functional on X}.

The space X* is called the dual space of X.

Definition 2.3.5. Let X be a real Banach space. We say that a sequence (z,)newy C X
convergence weakly to an element z € X and write z,, — z if

(f,zn) = (fi2), VfeX™
Remark 2.3.6. 1. Strong convergence = Weak convergence.
2. Every weakly convergent sequence is bounded.

3. If ¢, — z, then ||z|| < liminf ||a,|.
n—oo

Proof. 1. By applying the C-S inequality we get

I(fyzn) = (f;0) = |(f;2n —2)| < IfI] [Jon — 2] — 0, VfeX"
?d,; —0

2.V f e X*, the (f, xn)nen is bounded, since V f € X*, the (f, zp)nen is convergent.

3. We observe that
|(fszn)l < I (|2l

= liminf |(f,z,)] < |[f|/ im inf ||z, ]
n—oo n—oo

= (@) < /]| mn [l (22)
and
Vee X, x| = sup |(f, )|
fex=|flI<1
Hence,

(2.2) = ||z|| < liminf ||z,]|.
n—roo

See, e.g., [3], Proposition 3.5, p.58.

Theorem 2.3.7. Let X be a normed space with finite dimension. Then

T, converges weakly to x € X = x,, converges strongly to z € X.

12



Chapter 2 2.3. Dual space and weak convergence
Proof. Let dimX = k and x,, — x.

If {eq,...,ex} be a basis of X, we write

(n) (n

n
Ty =Gy €1+ ay (n)

)62+...+ak e, n=12 ..

and
T =aje; +ases + ... +areg.

Now, by hypothesis we have

(f7xn) — (f,‘r) ,VfEX*.

We consider the functionals f1, fo, ..., fi € X™* such, that

fle) = {1 'y

0 ,j#i
= fi(an) = fi(2)
= a;n) —a;, forj=1,2,.. k.
Hence,
k
lzn — 2l = || 30\ — aj)ey]|
j=1
k
<@ = ag)eil = 1al — ;] Jlej]| — 0.
i=1 A a7l
~
Therefore,

|z — x| — 0.

That is, x,, — x strongly in X.

See, e.g. [9], Proposition 7.1.3(iii), p.102, for a proof.

Definition 2.3.8. Let a function u: [0,7] — X, where X is a Hilbert space. We say that the
mapping [0,7] 3 t — u(t) in X is weakly continuous if

Vf € X* the mapping t — (f,u(t))x is strongly continuous.
That is,

VI € X" Y(t)nen € [0,T] with tn — t = (f,u(tn))x — (fsu(t))x

& V(tn)nen € [0,T) with t, — t = u(t,) — u(t) in X.

13



Chapter 2 2.4. Orthogonal projection

Proposition 2.3.9. Ifu: [0,T] — X is strongly continuous = u: [0,T] — X is weakly contin-
UoUS.

Proof. Let u: [0,T] — X strongly continuous
=Vt e [0,T]: |lu(®) —ulto)]|x — 0, as t — to.
It suffices to show that
VieX™: ‘(f,u(t))x - (f,u(to))x‘ — 0, as t — tp.

Hence,
|(f,u(t) —uto)) x| < IIfllx lu(t) — u(to)l x — 0, as t — to.
bdd —0

Thus, strong continuity = weak continuity.

Note 2.3.10. 1) In the proof we use the Cauchy Schwarz inequality.
2) In definition of weak continuity the (-,-)x is the inner product of the space X.

2.4 Orthogonal projection

Definition 2.4.1. A projection is a linear transformation P from a vector space to itself such
that, P? = P. See, e.g., [7], p.480.

Definition 2.4.2. A projection P on a Hilbert space H is called an orthogonal projection if
(Px,y) = (v, Py), VYx,y € H.
Note 2.4.3. ||P|| =1 on a Hilbert space, since
1P = |IP|| < Pl = 1.

Theorem 2.4.4 (The Hodge Decomposition in H™). Every vector field uw € H™(R™), m € Ny,
has a unique orthogonal decomposition

u=1v-+ Vo,

such that the Leray’s projection Pu = v onto divergence-free vector-fields has the following
properties:

i) Pu, Vo € H™, [., Pu-Vodzr =0, divPu=0, |Pul}m +[VoFm = llulFm.
i) P commutes with the distribution derivatives

PD% = D*Pu, Yu € H™, |a] <m.

iit) P is symmetric, i.e.
(Pw,u)gm = (w, Pu)gm, w,u € H™.

See, e.g., Lemma 3.6 in [23].
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Chapter 2 2.4. Orthogonal projection

Definition 2.4.5. A function f: [a,b] — X is said to be absolutely continuous if: V e > 0
36> 0: if (ax, bi), 1 < k < n disjoint subsets of [a,b] with

> (b —ax) < 6 éZOSC(ak b (f) <
k=1 k=1

where,
08C(ay by (f) := inf{diam(f(U)) : U is a neighborhood of z}.

Definition 2.4.6. The space AC([0,T]; X) is defined as
AC([0,T); X) :={f:[0,T] = X : f absolutely continuous function}.
See, e.g. page 493 in [24].
Definition 2.4.7. The space C([0,T]; X) is defined as
C([0,T]; X) :={f:[0,T] = X : f continuous function : |lu|c(o,7];x) < 00},

where

lulloqorix = s u(®)].
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CHAPTER

STRONG SOLUTIONS AND THE
VANISHING VISCOSITY LIMIT

In this chapter, we prove the first main result of this thesis, that is to say, Theorem 1.2.1. This
means we prove, first, that the Cauchy problem for the Navier-Stokes equation in R? has a
unique solution u, on a time interval [0, Ty] independent of the viscosity v, if the initial velocity
field and the external force field are sufficiently smooth and decay sufficiently fast at spatial
infinity. Second, we will show that the solutions u, of the Navier-Stokes equations converge,
uniformly in time, to the unique solution ug of the Euler equation. In this section, our main
source is the paper [15] of T.Kato.

3.1 Preliminary results

First, we give the transformation of the Navier-Stokes system into an abstract evolution equa-
tion.

Let the Navier-Stokes equation
9u 4 (u-V)u=—-Vp+vAu+f, in R" x (0,00)
divu =0, in R™ x (0, 00) (1.1)
u(-,0) = a, on R",

and let the (Leray’s) orthogonal projection P: L?(R?®) — H, on the space of divergence-free
vector fields.. Then, by applying this projection to the Navier-Stokes equation we get

P(%) +P(u-V)u=—-PVp+vPAu+ Pf
Ou
— 4+ vAu=F
8t+y u (u,u) + b,
where P(%) = %1;, since w € H,, P(u-V)u =: —F(u,u), PA =1 —A, Pf =: b as already

defined in the introduction, see after equation (1.2).
Furthermore, PVp = 0, by the properties of the projection. See, Theorem 2.4.4, Section 2.4.
Thus, we managed to transform the nonlinear Navier-Stokes equation into an abstract evolution
equation of the form

{‘fl“j—i—VAu:F(u,u)—i—b, in R™ x (0, 00) (1.2)

u(-,0) =a on R™.

In this way, while the Navier-Stokes equations (1.1) contain the time derivatives of only three
out of the four unknown functions, the equation (1.2) consists of three evolution equations for

17



Chapter 3 3.1. Preliminary results

u and the fourth equation divu = 0 of (1.1) is satisfied via its inclusion in the solution space.
Moreover, due to this process the term Vp appearing in (1.1) is eliminated through Leray’s
projection on the space of divergence-free vector fields H,. From the solution u of (1.2) we can
then recover p by solving a Poisson equation which is obtained from (1.1). See, e.g., Section
1.8 in [23].

Definition 3.1.1 (Strong solution of the Navier-Stokes equation). The solution u of Navier-
Stokes system is called “strong” in  x (0,7) C R? x R, with initial data ug € H(Q) if it is
true that
i) (regularity)

u € L=((0,7); Hy(2)) N L*((0,T); H* (1))

ii) u satisfies

T
/ /(fu o +vVu:Vo+ (u®u): Vo) dedt = / ug - $(0)dez,
0 Q Q

V ¢ € C(Q x [0,T); R?) such that ¢ is divergence free. For this definition see, [26].

To prove the Theorem 1.2.1 we need some preliminary results. We start with the following
lemma. For the definition of the multiindex notation see, e.g., section 3.8 in [2].

Lemma 3.1.2. Let 0 < 8 < a, then

[(DPu- ) DRy a < § el el 181=1,2
= ellullzslvl grai-isi+s, 8] = 3.
Proof. We use the estimates
19l < cllfllm2llgllz> (3.1)
and
1fgllzz < cllFllallgllm- (3.2)

If || = 1 we have
ID%ull 2 < Jullgs  and VD P2 < o]l g

Thus,
I(DPu - V)D*Po) ||z < el D ull g2 [ VD P 12 < clfull s ][v] grie

if |B] = 2 we have
ID%ullg < Jlullgs  and  [VD*Pollgr < [|ol| -

Hence,
I(DPu - V) D" F0)| 2 < el| D7l i [IVD Pl < cllull g [0 rrar-
If | 3] > 3 we have

ID%ullpe < ullgisr and VDY Pz < floll gio-s14s.

18



Chapter 3 3.1. Preliminary results
Therefore,

I(Du - V) D*Pw)|| 2 < || DPullrz [V Dol = < cllull giot 0]l prier 15145

O
Lemma 3.1.3. For the bilinear operator F the following estimates hold
1F (u, o)l < cllullmm ol gmer, m > 2, we HY, ve Hy™ (3.3)
[(F(w,v),0)n | < ENlullgm [0l Fm, m 23, ue HY, ve HH (34)
|(F(u,v),0) 2| < ¢ull s |[vllzge, w0 € H (3.5)

where, c,c’ may depend on m.

Proof. We first prove (3.3). For the projection P we have in any H™(R3) that ||P| = 1.
Moreover, H™(RR?) is a Banach algebra, that is to say for any u,v € H™(R3) with m > 2
it holds u - v € H™(R?) and there exists a positive constant ¢ depending on m such that
llw- vl gm < c|lul|gm||v||g=. (Indeed, this holds true in general for H*(R?) with s > d/2, see,

e.g.,

1F(u,v) |z = [|[=P(u- V)v| g
< IP[[I(w - Vvl gm

—~

=1
< cllullg= ([ Vol gm

< c||uHHm||v||Hm+1.

We turn now to the proofs of (3.4) and (3.5) where we first assume additionally. We assume
that u,v € C°(R?) in view of (3.3).
Then, using the symmetry of P and the fact that v € H*, we have

(F(u,v),v)gm = —(P(u-V)v,v)gm
=—((u-V)v,Pv)gm

—((u-V)v,v)gm

= 3 (D V). Do),

la|<m

where D® are multiindexed derivatives in space. By Leibniz’s formula we have

D*u-V)v=(u-V)D% + Z ca.3(DPu-V)D Py,
0<B<a

where the Leibniz’s formula is

D% (uv) = Z (g) DPuD* Py, with u,v: R* — R.
B<a
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Thus,
(F(u7v)7U)H’" = - Z (Da((u' V)U)vDav)LQ
la]<m
==Y ((u-V)Dw+ > cap(D’u-V)D* Py, D)
la|<m 0<B<a
=— Y ((u-V)D", D)
1<]a|<m
- Z Z Ca,ﬂ((Dﬁ’Uz . V)D“_ﬁv,Dav)Lz
1<]al<m 0<B<a
and

(F(w,0),0)gm == > Y cap((DPu-V)D*Pv, D). (3.6)

1<]a|<m 0<p<a

In order to complete the proof we first apply the Cauchy-Schwarz inequality to the above

equation to obtain

(Fuv),0)pm| < > Y capll(DPu-V)D*Py|| 2| D]l 2.

1<]a|<m 0<B<a

Hence

(F(u,0),0) | < 1Dz > Y capll(DPu-V)D* o o,

1<]a|<m 0<fB<a

Moreover, for m = 2 we obtain by the first case of the following lemma

Yo Y casl@luVIDTP0) e < ullgs Y

> caplasllvlme

1<|a|<20<B<a 1<|a]|<20<B<a

< fullglv]| a2,

with

/ z : ~
c = E Ca,BCa,B3-
1<|a|<20<B<La

This is the estimate (3.5).

For m > 3 we split the sum in (3.6)

D2 = 2t > )

1<la|l<m0<f<a  1<]a|<20<f<a  3<|a|<m 0<f<a,|f|<2

For the first of these three sums we obtain as above the estimate

A llulls]vllz-

For the second sum we get similarly

cillullsl[vllm-

20
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Chapter 3 3.1. Preliminary results

Finally, for the third sum we get the estimate

S S asl@Pu- D)< Y capas

3<|al<m B<a,|B|23 3<|al<m B<a,|B]23

<ullm D> Y. caplasllvla—ss

3<]a|<m B<a,|B]23

|ulligillv]lal—51+3

< CéHU”m”UHm

with

6/3 = Z Z Ca155a15

3<]al<m B<a,|B]>3
since for the multi-indices appearing in this sum we have

3<|af =18+ 3 < o] <m.

Considering that m > 3, we obtain from the three estimates the desired estimate (3.4).

O

Next, we normalize the kinematic constant viscosity in the Navier-Stokes equation, see [?].

Lemma 3.1.4. For fized kinematic constant viscosity v > 0 in the Navier-Stokes equation (1.1)

we may normalize to v =1, by applying the rescaling u(x,t) = %u(m, % ), p(z,t) = y%(x, %t)

Proof. Assume we have
U+ (- V)a =vAt—Vp,  where @ = u(x,t).

Now, by setting @(x,t) = vu(z,vt) and p(x,t) := vp(x, vt)
we get,

owt) _ e

g (x,t) = vu(z, vt) 5 =V u(z,vt) and Vp(x,t) = v2Vp(x,vt).

Thus,
i+ (@ V)i = vAi — Vp
sviuy(z,vt) + (vu(z, vt) - Vvu(z, vt) = v2Au(z, vt) — v2Vp(z, vt)

eviu(z, vt) + v (u(z, vt) - V)u(z, vt) = v2Au(x, vt) — v2Vp(z, vt)
su(x,vt) + (u(z, vt) - Viu(z, vt) = Au(z, vt) — Vp(z, vt).

Finally, we address the time-reversibility of the incompressible Euler equations.

Lemma 3.1.5. The three-dimensional incompressible Fuler equations are time reversible.

Proof. We have that
s+ (G- V)i =—-Vp where, u=u(x,t).
)

Now, by setting @(z,t) = —u(z, —t) and p(z,t) := p(x, —t
we get,

Up(x,t) = —u(x, —t) ———= = us(x, —1).
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Chapter 3 3.2. The main theorem

Thus,
g+ (a-V)au=-Vp

Sug(z, —t) + (—u(z, —t) - V)(—u(z, —1t)) = =Vp(z, —t)
Sug(z, —t) + (u(z, —t) - V)u(z, —1t) = —Vp(x, —t).

3.2 The main theorem

We are now ready to begin the proof of Theorem 1.2.1, which we restate here for the convenience
of the reader. The general strategy of the proof has been outlined in the Introduction.

Theorem. 1.2.1. Let a € H™ and b € L*([0,T]; H™) with m > 3 and T > 0. Then,

1. There exists Ty > 0, with Ty < T, where Ty := To(||al|zm, |b]|L1 (jo,7); 1)) such that (1.2)
has a unique solution

w, € C([0, Tol; Hy*) N AC([0, To]; Hy* ™) N L([0, To); HyHY). (1.3)

Furthermore,
uy 18 bounded in C([0,To]; HY'), ¥V v > 0.

2. Vtel0,To],
lim w, (t) = uo(t)

v—0

exists strongly in H™ =1 and weakly in H, uniformly in t, where ug is the unique solution
of (1.2)¢ satisfying
ug € C([0,To]; HI') N AC([0, To); HI ).

Proof. We split the proof into three steps.

1st step. Construction of a local solution w, of (1.2) with an existence time 7T, > 0.

We can assume that v = 1, since v > 0 is fixed. Set F(u,u) =: Fu throughout this sec-
tion. Then we have, written formally,

%+Au:Fu+b(t),t>07 u(-,0) =a
A du At At

=e a—&—e Au=ce [Fu—Fb(t)]

:>d[e‘4tu} :eAt[Fu+b(t)]
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Chapter 3 3.2. The main theorem

= u(t) = Gu(t) = e Ma+ /lt e~ U=)AFu(s) + b(s)]ds. (3.7

Now, we want to construct a local solution of the integral equation (3.7). To do so, we will

use the contraction mapping principle (Banach’s fixed-point theorem). See, Theorem 2.2.5 in
Chapter 2.

For more convenience, we introduce the spaces.
X; = C((0,T'; H)
Y; = LY([0,T'); H) ,j=1,2,..
and
Z=XnNYya.
and equip the space Z with the norm

lvllz := max(K~"||vlx,,, L~ o]

Ym+1) (38>

in order to make it a Banach space. The values T”, K, L > 0 are unknown at this stage and will
be determined later in such a way as to provide a contraction.
We next note that u,v € Z implies F(u,v) € Y,, with

1E (w, 0)ly,,, < ellullx,, vllv,..- (3.9)
This follows directly from the inequality (3.3), since integrating over [0, 7'] and applying Holder
inequality gives

T/
|1 F(u,v)||ym = /0 | E (w,v)|| gmdt

T
S C/ HU||Hm||’U||Hm+ldt
0

T/
§c||u||Xm/ [o]] g1 dt
0

= cllullxmvllymer.

We next compute Gu(t) — Gu(t). For u,v € Z we have, by the bilinearity of F'(u,v) that

Gu(t) — Go(t) = e a + /O t e~ =IDAFu(s) 4 b(s)] ds — e Ha — /0 t e~ =4[ Fy(s) + b(s)] ds

_ / e~ = [F(u, u) — F(v,0)] ds

0

= /0 e~ AR (u,u) — F(v,u) + F(v,u) — F(v,v)] ds

=F(u—v,u)+F(v,u—v)

= Gu(t) — Gu(t) = /O t e DAF(u — v, u) + F(v,u— )] ds. (3.10)

Since, by standard results of the theory of semigroups, ||e~*4||y,, = 1 as an operator in H™,
we have

t
= |Gu — Gul|x,, = max || / e_(t_S)A[F(u —v,u) + F(v,u—v)] ds||g,,,
t€[0,77] 0
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where

t t
[ e B v+ Plou = oldslan < [ e P = v,0) + Flo,u—o)]lmds,
0 0

with

le™ A (u —v,u) + Fo,u = )]l < |[F(u—v,u) + F(v,u = )]|| 7
<F(uw = v u)llmm + [[F(v,u = v)||am.

Thus,

ym + ||[F(v,u —v)||ym

|G — Gollxm < [ F(u—v,u)

and from (3.9) and (3.8) we obtain

|Gu — Gu||xm < c|lu—v|xm||ullym+s + cl|v]|xm||u — v]|ym+
= K (K= vl )LL) + e (K ol ) L = vllyress)
< cKL(|lullz + |[vll2)[[w = vl 2.

On the other hand,
L H 5 HPT o [ g = e
and by (3.10)
t
IGut) = GoO)gmes = || [P+ P s,
< /Ot e~ =DAF(u — v,u) + F(v,u — v)]|| gmer ds
t

< / £t — s)_1/2et_s[HF(u —v,u)||lgm + [|[F(v,u— )| gn] ds.
0

Hence,
|Gu — Golly,,,, < 2¢7 T' 2K L(|Jull 7 + |[v]|2) lu — ]|z (3.11)

Now, we assume that
L = vK, where v = 2¢7 T':.

Thus, by relations (3.8), (3.11) we have that
lu— vl z. (3.12)

|Gu — Gv|z < cL(||ullz + |[v]| z)

We observe now that .
G0 =e g +/ e~ =D Ap(s) ds.
0

Then

t t
|GO||x,, = ||e*tAa+/ e~ (=) Ap(s) dsHX < lle~"ally,, + ||/ b(s) ds||y.
0 i 0 m

24



Chapter 3 3.2. The main theorem

T
|GOllz < (lallgm + B)yL™" where, B :/ 16(t)|| g dt. (3.13)
0

By the previous, it follows that G: Z — Z, with
1Gullz = |[Gu — GO+ GO||z < [Gu — GO||z + [|GO||z < cLljullz|lu— 0|z + (lallz= + B)yL™"

= |Gullz < cLljullZ + (llafl g + B)yL™" (3.14)
Now, we want to show that G: S; — Sz, where Sz is the unit ball of Z, in order to prove
that G is a strict contraction on S.
To achive this, it suffices to choose L, such that
(llall zrm + B)yL™" +cL = 1.

Such L > 0 exists if
4cy([lallg= + B) < 1. (3.15)

Then, we can take

L=(2c)""[1 = (1—4vc(|allgm + B))*] < (2¢)7" (3.16)
since v = 2eT, Tz, condition (3.15) is satisfied by T sufficiently small.
Therefore, we get

[Gu = Gullz < eL(|Jullz + [[v]lz)llu = vllz
< e(20)7 (llullz + vl 2)llu — vz

1 1
=5 (Jullz+|llz )llu=vlz < Slu =iz
haVeds
<1 <1

1
= ||Gu — G|z < §||u—v||z , Yu,vesS.

Hence, G is a strict contraction on S and, by the Banach fixed-point theorem, we get that G
has a unique fixed point w in S, which is a solution of the integral equation (3.7).

For this u, we have Fu € Y;,, by (3.9). That is
[Fully,, = [1F(w,w)lly,, < llullv,[elly, . < lullv, ey, < oe,

since u,v € Y, and, since b€ Y,, = Fu+beY,,.

Now, if we define

o(t) = e ta t e~ =) ATy (s s)] ds
® + [ [Fu(s) + b(s)] ds,
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we take that,
Av(t) == /0 (Aze==94) (A2 [Fu(s) + b(s)]) ds

isin Y,,_1, since Fu+beY,, = A%[Fu—kb] €Y,,—1 and ||A%e_t‘4|| <t~ 3. See, e.g., [17], L.2.

Thus,

d /
d;: = —Av+ Fu+b€e Yy, 1 = ve AC([0,T]; H™Y).

The consequence above follows from the fact that, see, e.g., [10],
dv / m—1 . - .
I [0,T] - H'" " is integrable in t
¥ dv ) . .
= E(t) dt is absolutely continuous in t.
0

< v(x) — v(0) = v(z) is absolutely continuous in ¢.

Also it is true that e~ *4a € AC([0,T']; H™ 1), with

d
H - = [[4et4 < | A%e=tAa] s | A¥all s
Hm—l

< 72| A%al| s < 672 a]| . See, e.g,[17)

e a al| s

dt

Thus, u is a solution of (1.2) satisfying (1.3) locally in time. [i.e. with Tp replaced by T'].
Consequently, we constructed a local solution of (1.2).

To prove the uniqueness of this solution, see [17], we define as S := S[0,T] the set of all
functions u: [0,7] — H, with the following properties.

i) u(t) is continuous on [0,T].
ii) Azu(t) exists and is continuous for ¢ € (0,T] and ||A2u(t)|| = o(t~%) ,as t — 0.
iii) A3u(t) is continuous on (0,T] and ||A%| = o(t~2) ,t — 0.

Now, let v(t) € S[0,T1] be another solution of (1.2) with the same initial value a.
Then,

w(t) :=v(t) —u(t) = /0 e" DA Fy(s) — Fu(s)] ds, 0<t<T,
and let

Wy 1 (t) 7= Un i1 (t) — un(t) = /0 eI Py, (s) — Fu,_1(s)] ds, n=0,1,...

with v_; := 0.
Then,

t
A0 (O < [ 1474 [ Fun(s) = Fuooa(5)] ds,
0

by L2, L3 in [17].
< / (t—3) " M [||ATun()]| 1A% (un () = -1 ()| + | A% (un(5) = tn—1())]| [[AZu—1(5)]]] ds
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t
=M (t =)~ [|A%un(s)|| [[AZwn ()l + | AT wn(s)]| |A2un—1(s)]l] ds

and since, ||A%u, ()| < Kti9,0 <t <T, 1<a<1

t ' . . o
SKM/ (t—s)—a[s%—% 1A% wy (s)|| + || AT w,(s)]| sz—%} ds
0

t P
= [[A%w, 11 ()] < KM/O (t—s)_“[s_i |AZwy, (s)]| +s7% HA%wn(s)H] ds.

Thus, by induction we get

[, (1)) < EOMEVE
2t
and 2BMK)"K
atun(o) < S Co <<
2
With the same way we get
HA%w@ﬂ|gﬁ%2%§245, n=12.. (3.17)
2t4
and
: 2BMK)"K
HA%MUHggEEFl——,O<t§T (3.18)
2

where K may be made arbitrary small by choosing Tj sufficiently small.
By (3.18) = Azw(t) =0 = w(t) = 0 as n — co.

To show that v(t) = u(t) for 0 < t < T’ := min(T,T1), it is enough to observe that any
solution v(t) € S of (3.7) is also a solution of (3.7) with the initial time ¢y > 0.
That is,

t t
v(t) = e” Ay (o) + / e~ t=94p(s) ds +/ e~ A Ry(s) ds, to <t <Ty. (3.19)
t(J tU

This is obvious since (1.2) < (3.7). Thus u(t) and v(t) satisfies (3.19).

If u(ty) = v(to) = u(t) = v(t) in t € [to,to + k], h > 0. Therefore, the local solution u of
(1.2) is unique.

Thus, this local solution (v > 0) satisfies the following

u, € C([0,T,); H™) N AC([0, T,]; H™ Yy n LY ([0, T,]; H™Y), (3.20)

where
T, >0, T,:=T(v,|a

1b() [ z7m)-

Hy s

2nd step. Now, we want to show that u, can be extended to a solution on [0,Ty|, To > 0
independent of v.

To this end, we export an estimate for |lu, (t)|| gm.
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Since w, is a local solution of (1.2), we have

du,
dt

+ vAu, = Fu, + b(t).

Taking the H™ inner product with u,(t) we get

(%
dt
:>7—Hu,,\|?qm + v(Auy, uy)gm < |(Fu,,,u,,(t))Hm| + ’(b(t),u,,(t))Hm

_Ld
2dt

,uu(t))Hm + (I/Auy, uy(t))Hm = (Fuy + b(t), uu(t))Hm

et [+ v (At ) < € [l |[Fon =+ (1B a1 [ | 1

by applying (3.4) in the second inequality and, since v > 0, we have

1 d /
= 5 2lullam = luwllam < e llwGm + 16 [ o |l

d /
= lullam < e lluy || + 16|

and
s (0)|[ zrm = lal| g

Thus we have
[ ()] < @(t), (3.21)

where ¢ is the solution of the initial value problem

Ho) = ¢ 3(6) + [Ib(®) | a1 (3.22)
¢(0) = [lal[zm.
We observe that ¢ exists as a continuous function on [0,7p], Ty > 0 since, b € L([0, Tp], H™).
That is, ||b(t)|| g is integrable in ¢ € [0, Tp]. Tp and ¢ are independent on v.

The inequality |Ju, (t)||gm < ¢(t) holds for ¢ € [0,7,] by (3.17).
If T, < Tp then, we can solve the Cauchy problem (1.2) for ¢ > T,, with initial data u, (T},) € H™,
in order to continue the solution w, in a time interval [0, 7}, 4 7] in which (3.18) holds true.
Now, since T, > 0, can be defined as T}, := Tll,(l/, lww (T) || 7 [[6C) || 1) -
After a finite number of such extensions, u, is continuous as a solution on [0, Ty, where Ty is in-
dependent of v, with the estimate (3.18). Therefore, u, is bounded in the space C([0, Tp]; H").
This completes the 2nd step of the proof.

3rd step. We will show that lim wu,(t) = ug(t) uniformly for ¢ € [0, 7], where we’ll show
=0  ~

eHp !
that ug is a solution of the Euler equation.

To achieve that, we set as u; := u,, and ug := u,, with, 1 < vy and uy, us are solutions of
(1.2). That is,

% + v1Auy = Fuy + b(t)
and p
% + voAug = Fug + b(t)
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du du
= 7dt1 — —d; + v1Auy — voAug = Fuy — Fus
d

and, since Z; is a linear operator

= (U1 7U2)+Z/1A’U,1 71/2AU2+1/1A’U,2 71/1AU2 = F(Ul, ul) 7F(’U,2, U1)+F(UQ, ul) 7F(U2, ’LL2)
dt ———
=Fu, =Fus
= df (u1 — UQ) +I/1A(’U,1 — ’ZLQ) + (1/1 — I/Q)AUQ = F(Ul — ’U,Q,’U,l) + F(UQ,Ul — UQ)
t e —
dw
= = + 1 Aw + (11 — ve)Aug = F(w,u1) + F(uz,w).
Now, taking the (m — 1) inner product with w(t) , it follows that
dw
(E,w)Hm,l + 11 (Aw,w)Hm,1 + (1 — Vg)(Aug,w)Hm,l = (F(w,ul)m})Hm,1 + (F(ug,w),w)bm,1
1d
= §$||w||§{m,1 + 1 (Aw,w)Hm,1 = (v — Vl)(AuQ,w)Hm,l + (F(ugul)m))Hm,1 + (F(ug,w),w)bm,1
>0
1d

= 5%”10”%"”’1 < (vg — Vl)(Aug,w)Hm,l + ’(F(w,ul),w)Hm,J + }(F(u%w),w)Hm,l’
< (v2 = 1) (Aug, w) s + el | g [[w] 3 + ¢ g W] Frm

< (v — 1) (Auz, w) gy + el |l ] s + € sl zn ] 7

1 d !
= 50l < (2 = ) (A, 0) s + (el + €zl

Pl

We observe that, for the solutions u; and ug, the relation (3.21) holds true. Hence, |luy||gm
and ||ug||g= are uniformly bounded.

Therefore,
1d 9 ’ 2
§£HMHHW*1 < (vo — 1) (Aug, w) oy + (clluallam + ¢ JJugllam ) Jw]|Fm

<va <K
1 d 9
= 22wl s s < ] (At 0) |+ K
< vall Awall s lsgms + Kl
d
= %HU}”HWL—I < || Aug || gm-1 + Kljw| gm-1.

Integrating over time ¢ each sides, we get
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t d t t
= / jw(s) | gmrds < / val| Aus(s) | -1 s + / K [[w(s)|| srm-1ds
o ds 0 0

t t
= w®)l[am— = [wO)][ rm— S/ vol| Aug(s) | rm—r d8+/ Kllw(s)[lgm- s, (3.23)
0 0

where ||w(0)||gm-1 = 0 since, w(0) = u1(0) — u2(0) =a —a = 0.

Now, by using Gronwall’s lemma, since (3.20) is true, we take
t t
= |lw(®) || gm-1 < 1/2/ |Aua(s)|| gm—1ds - elo Kds
0

t
o ()| s < VgeKt/ | Aus ()| groer ds
0

1 1
t 3 /ot 3
< ekt </ 1 ds) (/ | Ausz(8)||Fm-1 ds) by Holder’s inequality
0 0

2

1 t
= Jw(®)m s < (vat) 5 ( | 1w ds) . (3.24)
0

At this point, we claim that the following inequality holds true.

1//0 (Auy(s),1,(5)) o ds <(t), t€[0,Tp], (3.25)

where ¢: R — R is a continuous function depending on ||a|| g, ||b(:)||g= and not on v.

To show this, we integrate (3.4) over time to get

Hm

t
uy (8)||gm ds
0

1 t d , t t

5 [ Gl B dsto [ (A (9)u()mn ds <[ ) dst [ ote)
1 ) 1 ) t , t 3 t

= gl Ol =5 s Ot [ (A6t ) s < ¢ [ (9 ds+ Ol [ 5) i s

t 1 1 , t t
v [ () w6 ds < Gl Ogote [ o) e st Ol | ()] s

1 2 1 2 ! ! 3 !
< llalfe + 5050+ [ ) ds+ p0)lan [ o(s) ds, 0.7

=:(2)

= 1// (Auy,(s),u,(s))gm ds < (), t € [0,To]. (3.26)
0
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Now, since

_1 1
[ Az Frmr = [[(A+ 1)72 Aug|[frm < [|AZ [ Fm = (Auz, uz) o

1
2

1 t
(@)l < (vat) et ( [ W) ds)
0

. t 3
< (vot) 2 el <1/2/ (Aug(s), ug) gm ds>
0

1
< (vat)2eXMp2(t)  asvo — 0, t € [0, Ty).
——
—0

Thus, ||uy, — Uy, ||gm-—1 — 0 as vy — 0 and, since H™~! is a Banach space.
= lirr%) u, (t) = up(t) € H™ ! exists in (m — 1) norm uniformly for ¢ € [0, Tp).
v—

Now, we observe that ug(+) is continuous in (m — 1) norm and, since
[, @) [ < (1)
= lim ||u, (O)]| g~ < lim ¢(t) = ¢(¢),
v—=0 v—0
and || - ||g= is a continuous function
i m <
= || tim iy (1) < 6(0)

= [luo@)[am < ¢(t) = uo(t) € H".

Moreover, u, (t) — ug(t) in H*, uniformly in t
since,
if fe (HI")*~ HI (See, e.g., Riesz representation, e.g., in [3])
then
ll/lir%)(f, ’U,V(t))Hm = (hm f, lim u,,(t))Hm = (f7 Uo(t))Hm, vVt € [O,To]

v—0" "v—0
= uy(t) = up(t) in HJ", uniformly in t.

Additionally, ug(-) is continuous in (m — 1) norm, since if we take (t,)neny C H™ ! with
t, — t, we want to show that wug(t,) — uo(t).
We estimate

[uo(tn) — vo(t) | rm-1 = || ’}ig%)u,,(tn) - gi_rﬂ)uu(t)”Hm—l

= lim [Juy (tn) — wp (8) || zrm—2
v—0

S lim th - t”szfl??
v—0

= ||tn, — t||gm-1 — 0 as n — oco.

Thus, ug(+) is continuous in (m — 1) norm. And, ug(-) is weakly continuous in H™.
Furthermore, we have

Fu,(t) = Fug(t) in H™ ! uniformly for ¢ € [0, Tp)
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and
Fug(+) is weakly continuous in H™ .

Since,
Fu,(-) is strongly continuous and uniformly bounded in H~! by (1.3) and (3.3)
= Vf e H™ ! sufficiently smooth function. I want to show

(Fuy(t), f)gm-1 = (Fuo(t), f) gm—1uniformly for ¢ € [0, Tp).

But, we observe that

(Fu, f)H'm.fl = _((u ' V)’LL, f)Hm—l = (uuu Vf) Hm—1

and
lpi% (Fuy(t)7 f) Hm-1 — glm (ui(t)’ Vf) Hm—1

—0
= (Y (1), V1) jns = (450, V) s

= (Fuo(t), f) gm-1 uniformly for ¢ € [0, Tp) (3.27)

to show (¥*), it suffices to show

_((u ’ V)ua f)Hm—l = (u27 vf)Hmfl'

Hence,
2

((u ’ V)u7 f)H'm,fl = Z /]Rn Da(u : V)uDaf dx

0<la|<m—1
applying integration by parts, we get
= Z D*(u-u)D*f da — D%(u-u)DY(Vf) dz
0<la|<m—1 | LOBY R
=0
-- ¥ ( D(u2)D*(V f) d;z:> = —(u®, V)
0<lal<m—1 M/ R”

To show that ug is a solution of (1.2)¢, we take the integral of (1.2) over the time interval
[t', "] C (0, Ty).
Thus, we have

t// t//
/ duv(t) 4 / (—vAu, + Fu, +b) dt
t/ dt t/

t//
= u,(t") —u,(t') = / (—vAu, + Fu, +b) dt
t/

take the (m — 1) inner product with f € H™~! smooth function, we have
t//
= (uu(t//) _ uy(t’)7f)Hm_1 — (/ (-vAu, + Fu, +b) d?f,f)Hm_1

t
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t”
= / (—vAu, + Fu, + b, f)gm— dt
t/
by (3.24) and the fact that
v(Auy, f)gm-1 =v(uy, Af)gm-1 — 0, asv — 0

uniformly in t .
We go to the limit v — 0 to get

ny

(wo(t") = w®): £t = [ (P +b. fis i

t

g

= up(t") — ug(t') = / (Fuo +b) dt. (3.28)

t/
Previously, we have shown that Fug(t) € H"~! is weakly continuous in t.
Furthermore, b € L'([0,T]; H™) from the assumptions and, since H™ C H™ 1 it follows that
be LY([0,T); H™1). That is, b(t) € H™~! is integrable functiom in t.

By (3.25) and for ' — 0

= up(t") — up(0) = /0 (Fug + b) dt.

Thus,
wo € AC([0, Toli HZ™) 0 L([0, Tyls HI) (3.29)

and v is a solution of (1.2)y. (Euler)

Now, we will show the uniqueness of solution of (1.2)g within the class of (3.29).
To this ends, let u,v be two solutions of (1.2) and set w : = u — v.
Then

dw d du dv

o= ﬁ(u_w == "% = Fu+b(t) — Fv — b(t)
= Fu— Fv=F(u,u) — F(v,v)
= F(u,u) — F(u,v) + F(u,v) — F(v,v)
= F(u—v,v)+ F(u,u —v) = F(w,v) + F(u,w)

dw
= = F(w,v) + F(u,w).
Taking the (m — 1) inner product with w, we have

dw
(B2 0) s = (F00)0) g+ (Pl )

:>1d
2dt

||w‘ %{7"*1 < |(F(wvv)vw)H7n*1’ + ‘(F(u’w)vw)H’"*1|

< cllvllmm lwlfpm-s + Tl [wlFm-s
1d
= 5 g lwlim—s < (clolmm + ¢lullam) [l
Now, since c||v||gm + ¢||u]|g= < constant, by the assumptions, and w(0) = 0.

1d ~
(3.30) = 2||w|| gm-1 = = ||lw|| gm-1 < cHw||%,m,1

2 m—1. (3.30)
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= w m— Cllw m—1 = w m— Cllw m—
n H 1> Hm-1 t H 1 Hm—1 >

car 4

—f
=€ i

|wl| ggm—1 — eI % ||w]| gm-r <0

e G L P I

e/ &4t ||lw|| gm—1 is a decreaising function in [0, Ty] and, since ||w(0|| gm-1 = 0

= |wllgm-1=0=>w=0=v=uw.

Thus, the solution of (1.2)g is unique.

To end the proof, it suffices to show that the solution of the Euler equation ug is in the class
C(]0,Tp]; HY). Then, in addition to (3.29), the result of the part 2 of the theorem will have
been proven.

We have shown that ||ug(t)||g= < ¢(t) and that ¢(0) = ||a|| gm

= limsup [[ug(t)[| = < limsup ¢(t) = ¢(0) = |[al|gm = [luo(0)| rrm
t—0 t—0

and since, furthermore, we have that ug is weakly continuous in H', it follows that ug is
strongly continuous in H]* at ¢ = 0.

But, we want to prove that ug is strongly continuous in H", for all t € [0,Tp]. Let v the
solution of (1.2), i.e. a solution of the Euler equation, for ¢t > ¢y with the initial data ug(to).
By the previous ones, v is continuous in H" at t = 0, and ug = v, for ¢t > ¢y by uniqueness. It
follows that ug is right continuous at tg.

In addition, (1.2)¢ (Euler) is reversible in time t = ug is left continuous at to.

Therefore,
up € C([0, Tol; Hy'), (3.31)

and thus, by (3.29) and (3.31), we have the result that
ug € C([0, To); H) N AC([0, To); H ).

This ends the proof of the main theorem of the part 1. O
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CHAPTER

STRONG LP-SOLUTIONS FOR THE
NAVIER-STOKES EQUATIONS

In this chapter, we present a result concerning the existence and uniqueness of strong solutions
of the Navier-Stokes equations (1.1) (with n =m, v = 1 and f = 0) globally in time, provided
that the initial data are small enough and they are given in space L which denotes the subspace
of LP(R™;R™) = LP(R™)™ in which the functions are divergence free. This chapter is based
on the article [16] of T. Kato.

The main theorem in this chapter is the following. See [16, Theorems 1 and 2].

Theorem. 1.2.2. Leta € L.

1. Then there exists a T > 0 and a unique solution u, such that

j_m
q

t—= we BC([0,T); L), for m < ¢ < o0 (1.5)

'-35 vu € BC([0,T); LY), for m < q < oo (1.6)

both with values equal to zero, when t = 0, except for ¢ = m in (1.5), where u(-,0) = a.
Furthermore, there exists some 0 < Ty < T, such that

1
L"((0,Ty); LY ith — = g .
uwe L"((0,11); LY), wi . 5 M<A<

(1.7)

2. There exist A > 0 such that, if ||la||Lm < A, the unique solution u of 1. is global in time,

-1
i.e. T =T, = co. More precisely, |u(t)|ra decays like t—= ", as t — oo, including
q =00 and ||Vu(t)|pa decays like t "2 as t — oo, including ¢ = m.

Proof. We will give here only a sketch of the proof. For more details we refer the interested
reader to the original article [16] and the references given therein, in particular [17].
We consider the abstract evolution equation of the Navier-Stokes equation

ut + Au+ Fu =0, u(0)=a, where A=—-PA=-AP (4.1)

and
Fu=F(u,u) and F(u,v)=P(u-V)v.

P is the orthogonal projection of L? into L2 extended to a bounded operator on LP to LP,
1 < p < oo. Furthermore, since P commutes with A, A = —A. In addition, e *4 is essentially
the heat operator. We first write (4.1) as an integral equation.
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ue(t) + Au(t) + Fu(t) =
& eMuy(t) + e Au(t) + e Fu(t) =0
d

Nl [eu(t)] = —e Fu(t)

¢
s eMu(t) —a= —/ et Fu(s)ds
0
¢
o ut) =e Aa— e_At/ e Fu(s)ds
0
¢
s u(t) =e Ma - / e~ =9DA Py (s)ds.
0

Thus
(41) & u=wugy + Gu, (4.2)
where .
uo(t) = e *a and Gu(t) = f/ e~ =94y (s)ds.
0

We will without proof some estimates, see [16, p. 474|, which are the following:

m _m

le M ullpe <ct™ "7 ullpe, 1<p<qg<oo (4.3)
14m_m
Ve " ullpe <ct™ 7 ullpr, 1<p<qg<oo (4.4)
1 1 1
[ F(u, v)||Lr < cllullLr] =t (4.5)

where the constants ¢ > 0 are independent of the functions « and v. Notice that (4.5) is the
Holder inequality.

Now, we estimate HGu(t)HL% and HVGu(t)HL% using (4.3)-(4.5).

t
‘ / e =4 Py (s)ds
0

gc/ol(t—s) +BW||F( (s), u(s))Il, gz ds

[Gu()]], =

m
L~

<c / (t = )= u() 2 [Vuls)], 2 ds, (4.6)

where in the first inequality we use (4.3) with ¢ = m/y, p = m/(a + ), where «, 8,7 > 0 and
v < a+ B < m, and in the second one (4.5) with r =m/a, s =m/f,

t
v / e~ =9y (s)ds

IvGuol, = |7 [

m
v

L

gc/oos— )~ Pu(s), u(s))]], oy ds

t
_lta+B-—y
<e / (t = )~ =5 us) | [ Vu(s)], 5 ds, (4.7)
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where in the first inequality we use (4.4) and in the second one (4.5) with the same values
for q,p,r, s as before. Furthermore, in order for the estimates (4.6) and (4.7) to be useful, we
require o +  — v < 2 and o + f — v < 1, respectively.

Now, we will solve the integral equation (4.2) by consecutive approximation.
Let ug be given by
ug(t) = e ta

and set
Upy1 = ug + Guy, n=0,1,2,.. (4.8)

We will first show by induction that these u,, exist and that they satisfy

tl;’zsun € BC(]0, 00); L:,Tn), with norm < K, (4.9)
and
1 ’
t2Vu, € BC([0,00); L"), with norm < K, (4.10)

where, 0 < § < 1 is fixed, and also that the functions in (4.9) and (4.10) vanish at ¢ = 0.

For n = 0, by (4.3) and (4.4) for ¢ = % and q = m, respectively, and p = m, u = a we have

38
ES

1—6
im =t ||a]

le™ Aall i < et =" |af L, a€ Ll

and thus

—tA

15 1-5
t2 fluoll 2 =t7= [le L,

all < clal

and

m _m
m

tA +'m 1
||V€_ aHLnl S ct™ 2 ||aHLrn =ct 2 ||az||L7*n7 a < L;.n,
which yields
1 1 —
t2| Vol Ln = t2(|Ve™allzm < cllal| .

Therefore, we can take as
KO :KO :c||a||Lm. (411)

The continuity at ¢t = 0, with values zero, of the functions in (4.9) and (4.10) for n = 0, follows

from the fact that the operators - e~*4 : L™ — L and t3Ve™t4: L™ — L™ are uniformly
bounded with respect to ¢, as we have just proven, and, moreover, from their strong convergence
to 0 ast — 0. (Cf., e.g., with [17, p. 251].)

Suppose now that (4.9) and (4.10) hold true for n. We will show that they hold true for
n+ 1. We will estimate the second term of u,4q for y =a =4, =1 1in (4.6):

¢
1Gun @)l < 0/ (t =) Hlun ()l 2 | Vtin(5)l| L ds
0
t
< cKnK;L/ (t— s)*%s*H%ds
0
’ 1-6
=cK,K,t” %
Moreover, the first term of u,4+1 has been estimated already. Thus, (4.9) has been proved for
n + 1 with
K1 < Ko+ cK, K, (4.12)
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Similarly, differentiating (4.8) and taking (4.7) with o = §, § = v = 1, we obtain (4.10) for
Un+1 with

K\ < Ky+ cK, K. (4.13)
Now, since the continuity of ¢ = 0 with values zero of (4.9) and (4.10) holds true by the induction
hypothesis, the constants K, and K, can be made arbitrarily small, if we restrict ourselves
to a sufficiently small time interval [0, 7). Moreover, as noted above, the same is true for the
constants Ky and K. Then, it follows by (4.12) and (4.13), that K, and K, can be also
made arbitrarily small if we restrict ourselves to a time interval [0, 7).

The system of recurrence inequalities (4.12)-(4.13) can be treated as in [17, p. 249]. Ac-
cordingly, there exists a A > 0 such that if Ky < A, then K,, and K;L are bounded by a fixed
constant K. But, by (4.11), this is true if ||a|| = is sufficiently small. In this case, the sequences
in (4.9) and (4.10) are uniformly bounded, and they uniformly converge on [0, 00). (See [17] for
the method of proof.)

We still need to obtain a limit function u € BC([0,00); L7). To obtain u(t) € L', we need
to control ||, (t)||zm. We will do this for the norm ||u,(t)||L« with m < ¢ < oco. From (4.8) we
obtain with v =, a =6, 8 =1 in (4.6) and with (4.9), (4.10) (and p = m, u = a in (4.3))

16—

[unt1()llLe < [luo(t)]|La +C/0 (t=9)""= " [un(s)ll,z | Vun(s)|Lmds

1456—m

t
< o ()| 2o + cKn K, /@_S)- 0oy,
0

1_m

< Kt~

for Ky < A, since in this case the sequences K,,, K;L are bounded by K, as shown above. Thus

1—m

Jtnsr(®)le < Kt~ (4.14)

This yields, by the method cited above, the uniform convergence of u, to a limit function
u € BC([0,T); L) for ¢ = m, which satisfies the properties in (1.5) for m < g < co. Moreover,
the continuity of the functions in (1.5) at ¢ = 0, with values zero in the case m < ¢ < oo, is
obtained with the same arguments as above.

Similarly, one can prove (1.6), by considering first the case ¢ < % and using then a bootstrap
argument with a smaller 8, which yields the validity for any ¢ < oco. This is used in turn to
obtain (1.5) in the case ¢ = oo by use of the Gagliardo-Nirenberg inequality, which is the
following

lu@®lZ < Cllu)lzem [[Vul)]pzm.

Indeed, using this inequality and (1.5), (1.6) for ¢ = 2m < oo we obtain

[u@®) |7 < Cllut)||L2m [ Vu(t)| L2m
L loon
<c 2
., 1,3
=ct 1t 1
and thus L
)z~ < & 3. (4.15)

If ||a||p= is not small enough, such that Ky = K{j < A holds globally in time, we have to
restrict ourselves to a finite time interval [0, T], such that (4.9) and (4.10) for n» = 0 hold true
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with KO,K(; < X on this time interval. If a € PL™, such a T > 0 always exists, since the
functions in (4.9) and (4.10) for n = 0 are continuous at ¢ = 0, taking there the value zero, as
already shown. As a consequence, we obtain as above that there exists a local solution u on
the time interval [0,7) for which the stated results hold true. (For more details and also for
the proof of uniqueness we refer the reader to the similar case in [17].)

To conclude the proof, it suffices to show (1.7). To this end, we use a result of [13], which is
the following

1 m
q,r —7r .74 L q
ug € LP7(0,00) = L"((0,00); L), forr 5 andm<q<m_2,

m 2

(4.16)

where the associated norm is arbitrarily small, if ||a||p= is sufficiently small. Now, one has
to estimate the L% (0, 00)-norm of u. To avoid the singularity of u(t) at ¢ = 0, one can first
estimate it on the time interval (e, 00) and then sent € — 0.

Taking into account (4.2), one has to estimate the L?" (0, co)-norm of Gu. Formally, utilizing
an analogue of (4.7), which results from the observation that (u - V)u = V - (uvu®) (due to
V -u = 0), we obtain

ltatpf—y

IGuOl, < c [ (6= 975 fulo)l 2 o), 3 ds.

Fora:ﬂ:’yz%,weget

14 m
R

[Gu(t)||La < C/o (t—s)"7= |lu(s)|Lds. (4.17)

Applying the Hardy-Littlewood inequality (see [14, Theorem 3]) to (4.17), and using the fact
that u = ug + Gu, one gets (see [13])

lull o < fluollper + cllulFar

on any time interval (0,7"), T > 0. Therefore, ||u|Le.r can be estimated in terms of ||uo||a.r,
provided that ||ug|| e is sufficiently small, which can be achieved by (4.16), if T' is small enough.
Moreover, if ||a|]|pm is small enough, the same is true for ||ug| e on (0,00), by (4.16). Thus,
in that case, we can choose T = oo.

O
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CHAPTER

PARTIAL REGULARITY OF
SUITABLE WEAK SOLUTIONS FOR
THE NAVIER-STOKES EQUATIONS

In this chapter we introduce the suitable weak solutions of the Navier-Stokes equation in R3,
prove their existence and study their regularity. In addition, we will present the definition
of Hausdorff measure and a variant of it, especially useful in the present setting, which uses
parabolic cylinders instead of Euclidean balls.

The main result of this section is to give the proof of a celebrated theorem of Caffarelli, Kohn
and Nirenberg in 1982, see, [5].

5.1 Hausdorff measure and partial regularity

We first give the definition of suitable weak solutions of the Navier-Stokes equation.

Definition 5.1.1 (Suitable weak solution of the Navier-Stokes equation). The pair (u,p) is
called suitable weak solution of Navier-Stokes on an open set D C R? x R with force f, if

1. (Integrability hypotheses) u,p and f are measurable functions on D and
(a) f € LYD) for some ¢ > 3, and V- f =0,
(b) p € Li(D),

(c) for some constants Fy, F < oo,

/ |u|?dx < Ey, Dy = Dn(R®x {t}).
Dy

For almost every ¢ such that D, # 0, and

/ |Vu|*dzdt < E.
D

2. (Equations) u,p, and f satisfy the incompressible Navier-Stokes equation in the sense of
distributions on D. See, e.g., [34].

3. (Generalized energy inequality) For each real-valued ¢ € C°(D) with ¢ > 0, the following
inequality holds
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Chapter 5 5.1. Hausdorff measure and partial regularity

2 [ [ wupos [ [ koo aor+ [ [ G262 o

The Hausdorff measure is a “lower dimensional” measure on R™ x R, which allows us to
measure “sufficiently small” subsets of R™ x R. The precise definition is given as follows.

Definition 5.1.2. i) Let ACR" xR, k>0 and 0 < J < 0.
Then,

H?(A) = inf{er : AC U C; @ r; <4},
i=1 i=1

where r; := diamC; and C; are euclidean balls on R™ x R.

ii) For the subset A in i) we define

HE(A) == lim HE(A) := sup HE(A)

§—0 §>0
and it is called “k-dimensional” Hausdorff measure on R™ x R.

Remark 5.1.3. The requirement § — 0 in the definition of Hausdorff measure, forces the
coverings to “follow the local geometry” of the set A.

The importance of the following theorem is that, in space R, the Hausdorff and Lebesgue
measures are equivalent.

Theorem 5.1.4. The equality H' = L' on R holds true, where L' is the Lebesgue measure.

Proof. Let A C R and § > 0. Then

LYA) :=mf{d r c Ac |G} <inf{d r 2 Ac|JCiiri <6} =Hi(A)
i=1 i=1 i=1 i=1
= L1(A) < Hs(A).

Let us now define as I, := [sd, (s + 1)d], s € Z. Then,

diam(C; N I;) < 0 and Z diam(C; N I) < diamC;.

s=—00

Thus,

LYA) = inf{i r, - AC G Ci} > inf{i i diam(C; NI;) : AC [j C;}
i=1 i=1

i=1 s=—o00 i=1
> inf{Zri : AC U Ci, ri <0} =MH5(A)
i=1 i=1

= L1(A) > H;(A).

Hence,

LYA) =HEA), V6 >0
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Chapter 5 5.1. Hausdorff measure and partial regularity

Remark 5.1.5. The equivalent of Theorem 5.1.4 holds true even if we have “n-dimensional”
Hausdorff measure on R™, but this is not so trivial. See, e.g, [11] for a proof. However, for our
work we will use the analogous of Hausdorff measure with parabolic cylinder which is defined
as follows.

Definition 5.1.6. 1. Let ACR" xR, k>0and 0 < <oo. Then
Py(A) :=inf{> rF : Ac|JQn , ri <3}
i=1 i=1
where r; := diam(@),, and @, the parabolic cylinder on R™ x R.

2. For the subset A in 1. we define

Pr(A) = %im PE(A) := sup P¥(A)
—0 §>0

and it is called “k-dimensional parabolic” Hausdorff measure on R™ x R.

Remark 5.1.7. 1. We define as parabolic cylinder
Qr(z,t) :={(y,7): |ly—z| <r,t—r2 <1<t}
and when we write (), we mean
Qr = Q.(0,0) = {(x,t): |z| <7 ,—r? <71 <0}

In other words, with parabolic cylinder on R™ x R we mean one with radius r in space
and 2 in time.

2. Generally, the following relation holds
H* < c(k)PF,

see, e.g., [29], p.107 for a proof of this relation.

Now, we will give some explanation of the dimensional analysis. Let u(x,t) and p(z,t) be
the solution of the system:

ur+ (u-Viu+Vp—Au=f, in R"” x (0,00)
divu =0, in R™ x (0, 00) (5.1)
u(-,0) = a, on R",
with force f(z,t), then VA > 0 : uy(z,t) := Au(Az, A\%t) and py(z,t) := \2p(Az, A\*t) also solve

(5.1) with force fy(z,t) := X3 f(\z, A\?t).
Indeed, It suffices to show that

(ux)e + (ux - V)uy + Vpr — Auy = fy, in R"™ x (0,00)
divuy =0, in R™ x (0, 00) (5.2)
ux(+,0) = Aa, on R",

With some computations we take

ux(z,0) = du(Az, t) = da(Ax).
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Chapter 5 5.1. Hausdorff measure and partial regularity

V-uy(z,t) = V- Qu(Az, A2)) = MV - u) Az, 2N = A2 (V - u) (A, \*t) = 0,

since u is divergence free vector field.
(up)e(z,t) = Mu(Az, \2t)): = N3ug(Ax, At).

Au%\
(Auy)(x,t) = ,

Au®

with

A (z,1) = MAU (\x, \2t) = AV - Vu' Az, \2t) = N2V - (V') (Az, \2t) = A3V - Vil (Az, A?t)
= M Au'(Az, A\%t)
and
Voa(z,t) = VN2 Vp(Az, A\2t)) = N3Vp(Az, A*t)

and, furthermore

(uy - V)uh (z,t) = Du(dz, \2t) - V)(Au' Az, A*t))
= Au(Az, \2t) - A2Vl (Ax, A%t)
= X3 (u(Ax, \%t) - Vu')( Az, \%t)

Thus,

(un)e(z,t) + (ux - V)ux(z,t) — Aup(z,t) + Vpa(z,t) = Nug (A, \2t) + N3 (u(Ax, A%t) - VIu(dz, A%t)
— N Au(Az, A\2t) + NP Vp(A\x, \%t)
= Nug + (u- V)u — Au + Vp](Az, \?t)
= A f( Az, \*)
= fu(z,1)

Therefore, u) and py solve the Navier-Stokes equations with force fy.

Since time has dimension 2 and space has dimension 1, we work with parabolic (since Navier-
Stokes are of parabolic type) cylinders instead of Euclidean balls. Due to this fact, we defined
the parabolic Hausdorff measure.

Dimensional analysis is a very important topic on understanding the theory of Caffarelli-
Kohn-Nirenberg in [5], due to the fact that the Navier-Stokes equations model fluids and with
this rescaling, they model them in a very small area, such as flow of blood in the arteries and
in large areas, such as flow of water in a river.

The proposition that we will use for the proof of the main result is the following.

Proposition 5.1.8. For every A C R" xR, P*(A) =0 <= V¢ the set A can be covered with

parabolic cylinders {Qr, 52, such that > < 0.
i=1

We state here two inequalities which are the key ingredients for the proof of the partial
regularity theorem.
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Chapter 5 5.1. Hausdorff measure and partial regularity

Lemma 5.1.9 (Interpolation Inequality). For u € H'(R?) one has

/BT lu|? < C(/B,\ IVu|2>a</Br |u|2>§a + T;(/B |u|2>g (5.3)

where, ¢ is a constant independent on r, B, is a ball of radius r and
3
2<q¢<6 and azz(q—Q).

Lemma 5.1.10 (Generalized Energy Inequality). A weak solution (u,p) of (1.1) is said to
satisfy the generalized energy inequality if

T T ¢
2 2 2 .
2/0 /Q\Vu\ rj)dxdtﬁ/o /Q|u| (¢r + vAQP) dxdt—l—/o /Q(\u| +2p)(u- V)¢ dzdt, (5.4)
Vo € C (2 x (0,7);0,00)).

Definition 5.1.11 (Singular point). A point (z,?) is called singular if u is not locally essen-
tially bounded in any neighborhood of (z,t).

On the other hand, the points (z,t) in which w is locally essentially bounded, called regular
points.

The set of all singular points is symbolized with S.

Now, we are ready to write down the main theorem of this part of the thesis, which is the
main result of Caffarelli-Kohn-Niremberg [5]. This is the following.

Theorem. 1.2.3 For any suitable weak solution of the Navier-Stokes equation in an open set
D C R? x R, the particular singular set S has P1(S) = 0.

To “use” Theorem 1.2.3 we want to know if there exist such suitable weak solutions. See,
e.g., [29] and section 5.5 for a proof.

To prove Theorem 1.2.3 we have to prove first two Propositions.

Proposition 5.1.12. There exist absolute constants € and C > 0 such that, if the pair (u,p)
is a suitable weak solution of the Navier-Stokes system on Q1 and if

0 3
[+l aGe+ [ ([ i) arse
@1 -1 lz|<1

|lu(z, t)| < C,

Then
for Lebesgue almost every (x,t) € Q% .That is, u is reqular on Q%,

Note 5.1.13. Proposition 5.1.12 “says” that, if u, p are “sufficiently small” on a cylinder @1 =
Q1(0,0), then w is regular on a smaller cylinder Q=@ (0,0).

1
2

The other proposition that we want to prove is the following.
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Chapter 5 5.1. Hausdorff measure and partial regularity

Proposition 5.1.14. There exist an absolute constant €1 > 0 such that, if the pair (u,p) is a
suitable weak solution of the Navier-Stokes system near the point (z,t) and if

limsupr‘l/ |Vul|? < €.
Qr(z,t)

r—0

Then, (x,t) is reqular point.

The cylinder here is defined as

7 1
Qr(z,t) :={(y,7) 1 ly—z| <r: t—§<7'<t+§r2}.

Suppose for the moment that the two propositions have been proved. Then, provided that,
we will be ready to give the proof of the main result of Caffarelli-Kohn-Nirenberg, [5]. This
will be achieved by applying the Proposition 5.1.14 and a covering lemma, analogous to Vitali’s
Lemma for balls. See, e.g., [30] p.9 for a proof.

We state the analogous of Vitali’s lemma.

Lemma 5.1.15. Let F the family of parabolic cylinder QF(x,t) which contained in a bounded
subset of R® x R. Then, there exists a finite or countable subfamily F.:= {Q} := QF (i, t;)}
such that,

QINQ; =92 for i#j, (5.5)

Proof. We are going to choose the elements of F, by induction.
Choose {Q}}7_, ={Q7,...,Q};} and let
fo =F

and
Frni={Q"€eF : Q"NQ; =9, 1<k<n}

If 7, = @, then F, is finite.

If, now F,, # @, then choose
3
Qni1 €Fn : VQ" :=Q(x,t) e Fpy , r < ST nt- (5.7)

That is, we choose one with maximal radius, if there exists one. Else, if R < oo is the supremum
of the radii, choose one with radius > (2/3)R. [R < oo is satisfied since the parabolic cylinders
are contained in a bounded subset, let’s say D, by assumption].

We notice that (5.5) holds true, since
QN Qr=2,1<k<r
Hence, it suffices to show (5.6).
If F. is infinite, then » — 0 as n — oo. Since the elements of F, are disjoint subsets of the

bounded D with [D| < oo, we have >, |Q; | < |D|. Hence the series converges, and thus
|Qr. | = (4m/3)r} x r2 — 0, which implies 7, — 0.
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Chapter 5 5.1. Hausdorff measure and partial regularity

Therefore, for

Q=Q"(x,t) e F\Fs, In>0: Q"€ F, and Q" ¢ Fy1.

We have that 7,42 < (2/3)r and hence Q* & F,4+1 by (5.7).

But Q* € F = Fy, and since F,,41 C F,, for all n, there exists some 0 < m < n with
Q* € Fin \ Fint1-

Let’s denote this m by n.

The same applies for finite F,: If F, = 0, then for each Q* € F there exists an 1 < £ < n,
such that Q* N Q; # (. Take the smallest of such £. Then Q* € Fy—; \ F; and, by (5.7),
r S (3/2)7"@.

Wilog let Q7 ., be centered at (0,0).

Since Q *, ﬂQinH # (), in order to obtain Qx*, C QZT"H for some a € IN to be determined,
we need Q7. . O B(0,rp41 +2r) X [(—(7/8)r2 ., — r?,(1/8)r2 , + r?]. Since r < (3/2)s by
(6.3), this is surely satisfied if Q%, ., D B(0,4ruq1) x [=(7/8 +9/4)rs 1, (1/8 + 9/4)r5 ).
Thus o € IN must satisfy the conditions ar,1 > 47,41, (7/8)(ar,41)? > (25/8)r2,,, and
(1/8)(arni1)* > (19/8)r2 4, or, equivalenty, a > 4, a* > 25/7, and a® > 19. Since we want
a € N, these conditions are satisfied for a > 5.

Therefore,

Q" C Q;rnﬂ (Tnt1,tnt1)-
O

In this moment, we have the tools that are needed to prove the main result of Caffarelli-
Kohn-Nirenberg [5]. We restate the main result here for more convenience.

Theorem. 1.2.3. For any suitable weak solution of Navier-Stokes equation in an open set
D C R3® x R, the particular singular set S has P1(S) = 0.

Proof. Let (u,p) be a suitable weak solution defined on an open set D. Without loss of generality
we suppose that D is bounded. By Proposition 5.1.14,

(x,t) e S = limsup/ \Vu|?dzdt > €.
=0 JQs(a.t)

Let V' be a neighborhood of S in D independent of § > 0. [e.g. constructed as the union of

balls (or parabolic cylinders) around each (x,t) € S. Since S C D and D is open, we can choose

balls that are C D, and hence this V satisfies V' C D.] For each (z,t) € S. we choose Q(z,1)

with r < § such that

1
f/ |Vul*dzdt > €3 and  QF(x,t) C V.
Q7 (z,t)

r

Using now Lemma 5.1.15 to this family of cylinders, we obtain a disjoint subfamily {Q. (x;,:)}
such that

s c U@ (@i ti) = ISISZ%(m) (57;)2 _4”5 Z s<5447r5 Zrz

i

Since the L'-norm on the right hand side is bounded, independently of §, and since the above
estimate holds for all d, we obtain |S| = 0. This follows directly from the definition of the
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Chapter 5 5.2. Proof of Proposition 5.1.12

Lebesgue outer measure and the Lebesgue measure in R™ (see, [19], Definition. 3.5 and Defini-
tion. 3.8, Theorem 3.9, Definition 3.11 and the comment before Theorem 3.9.)

Furthermore,
1 9 1 ) 1 )
o< => [ |Vul’dzdt = — \Vuldedt < = [ |Vu|*dzdt,
i €& ™ €3 JUQ;, (zi.ts) € Jv

since these Q are disjoint. We have also that,

5

7/ |Vu|*dzdt > Ps(S),

€3 %
for every neighborhood V' of S, by the definition of the Lebesgue measure, for all § > 0, where
the integral over V is independent of § > 0.

Thus P!(S) = supso P (S) is bounded by this integral. [for =, see e.g. [?], Def. 2.1, p. 81,
and note that d — P3(S) is by definition strictly decreasing.|

Since |[Vu|? is an integrable function, by definition of suitable weak solutions and since S is
Lebesgue-measurable with |S| = 0 (see above), there exists a sequence of open neighborhoods
of Sin D (S CV,, C D), such that |V,,| — 0. (see, e.g., [19], Proposition 3.12).

From that we obtain that W, := (/_, W; is a decreasing sequence of neighborhoods of S in
D with |W;| = |V4] < |D| < oo (by assumption), S C W = (2, Wi, [W,| < |V,,| = 0, and,
thus, |W| = lim, o [W,| = 0 (see, e.g., [19], Proposition 2.5 (ii)).

Moreover, since, for V' C D Lebesgue-measurable, v(V) := [, |[Vul* with v(D) < oo (by
assumption) is a finite measure, absolutely continuous with respect to (the Lebesgue-measure) |-|
(see, e.g., [19], Corollary 6.12, (i), (ii)), we obtain (together with v(W7) = v(V7) < v(D) < o0)
v(W) =0 = limn —v(W,) (again by [19], Proposition 2.5 (ii)).

Thus, recallling that W, are open neighborhoods of S in D, we have 0 < P1(S) < %V(Wn) —
0 and, hence, P!(S) = 0.

O
5.2 Proof of Proposition 5.1.12
Let
Qp = Qp(070) ={(z,t) : [z] <p, p<t <O}

and the functions u,p which are measurable on @Q,.
We define, for r < p, the following.

A= g 7 6
G(r) ::r?/ uf?, (5.9)
o(r) == 7’71/ |Vul?, (5.10)

(5.11)

K(r)=r4 /0 (/B |p|d:c)idt, (5.12)

=
=
I
<
&
S~ 3
=
=
|
bl
il
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Chapter 5
where @, = Q.(0,0), B, := {z : |z| < r} and p, = p.(t) = fz p(y,t)dy, which denotes the
average of p over the ball B

From now on, we will use the fact that the previous quantities are finite and the following

hold true
Z 8% uj) (5.13)
3,j=1
and
V-u=0, on B, x{t}, (5.14)

for almost every t, such that —p <t <0
The main goal of this section is to bound G(r) and L(r) in terms of A, § and K. Let us
start this process with the lemma bellow.
(5.15)

Lemma 5.2.1. X . ,
G(r) < cAi(r)(Ai(r) +65(r))

Proof. Applying the interpolation inequality (4.2) for
3 3
_ _ < —9) ==
g=3=a= 1 3-2) = 1

we have . .
1 E
[ [ovae) ([ owe) s ([ )
B, B, B, r?i \ /B,

Now integrating over —r? < t < 0 we get

4

0 0 3
/ / lu® dedt < c(/ / |Vul? dxdt) ( ( |u|2 dx) dt)
—r2JB, —r2 JB, —r2
3

¢ [0
+ < (/ fuf? dx) at
r2 J_,2 B,
i 3\ 1
Sc(/ |Vu|? d(m,t)) (7“5 sup (r_l/ |u|? da:) )
” —r2<t<0 B, x{t}

2
5,2 ;T_;( sup / |u|2 dm)
B, x{t}

+cr 2rer
—r2<t<0
3

)) ! (r5A3 (7“))i +oere (T‘A(T‘))

(S

erir i( |Vu|2

3
2

=>/ lul® d(z,t) =
j/ il d(z, 1) = ert 6t () (FP A3 ) 4 erd (rA@)) P,

Multiplying each term by r

= 7‘_2/ lul® d(z,t) = er™2r

= r*Q/ uf® d(z, ) = e0% ()AL (1) + cAd (),

r

%5%(7“)7“314 i(r)+er”

which ends the proof of lemma.
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Lemma 5.2.2. Letr < %p Then,

L(r) < (p) %A%u)G%(r)Kf (p)

wlo

+ c(;) G (r)GE(p)

Jul?

+c¢G3 (r)G3 (2r) + er®G3(r)  sup /2 (5.16)

—r2<t<0J2r<|y|<p |y|4 .

Proof. We choose a function ¢, such that

1, if |y <2
o(y)= - Tl <Ge
0, if [y[ > p,

with the relations
[Vigl < Cp™' and  |Vij¢| < Cp~°

and p = p1 + po2, where
3 / 1
P1=—— Vg, (77—) - duu; dy,
4T iy <2r yy](|$—y|) Y
3

4T J 1y >2r

1

We observe that
4
1
_ 5| = - < — il
lp — prl ‘p Bl /Brp‘ < ;:1 Ipi — bil

where p; = f , pi = ﬁ [ pi , where |B,| is the volume of the ball B,.
For the py, it is known (from Calderon-Zygmund operator theorem, see, e.g., [28]) the fact that
every operator of the form

735(6) = (Vusgyg )+

is bounded operator in the space L4(R?) for 1 < ¢ < oo.

Now, we set 1) := ¢uiuj| and g = % to get

B>

2

33
mlig, <0 ([ wet) (5.17)
2r

/Br lul|pr — p1 §C</B,,, |U|3>é (/B |291—Z713>3
([ |u|3)é ([ u|) (5.15)

where, in the first inequality we use the Holder inequality and in the second we use (5.17).

Thus,
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Now, for ps, p3, ps we bound |p; — p;| uniformly on B,.

That is, for |z| < r
ul?
Vpa(e)| < C (1)
2r<lyl<p ‘yl

Vps(a)] < Cpt / uf?,

By

Vpa(a)| < Cp? / .

B,

For the cases ¢ = 2,3 we do the estimates

1
3
/|U||pi_ﬁi|§CT2 (/ |u|3> sup |pi(z) — pi
B B

. " IET

1
3
<cr? (/ IUI3> sup [Vp,|.
" rEB,

we use the Poincare inequality, see, e.g, Theorem 4.9, in [11].

3 2
/ [ullp2 — po| < Cr® (/ |u3> / <|“|4> dy (5.19)
B B 2r<|y|<p |y|

Here, in the second inequality
Thus, we see that

"

and

1
3
/ lullps — p3| < Cr® (/ IUI3) p"‘/ |ul?
B, B, B

P

< cp ( / T u|3>é < / p |u|3>§ (5.20)

It suffices to find an estimate for py.

[ vt =i <0 ([ 1ul) sup o) -l

” ” €D,

rh , N
<C—; Iul |ul Ip
p BT B,

15 1 1
rs 5 5

<o (Csw o [ ul) ([ ee) [
4 —r2<t<0 B, B, B

3 5
[ el < 0% At (/ |u|3) [ wl (5.21)
B, P B B

r P

Therefore,

o1
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Here, in the second inequality we use the Poincare inequality, see, e.g, Theorem 4.9 in [11].

Thus, combining (5.18)-(5.21) and integrating over ¢ we obtain

1 2
[owte=mi<e ([ ) ([ 1)
Qr Qr Qa2r
3 2
+Cor% (/ |u|3) sup / <|u|4> dy
Qr —r2<t<0 J2r<|y|<p |y

2

— (/Q '“'3)é (/ |u3> g
segan(fw) |1 (L) ]

r

In this section, we give the proof of Proposition 5.1.12; in which we use induction.
Definition 5.2.3. Let f € Li,.(R™). A point z in the domain of f is said to be a Lebesgue
point, if

1

Tlif(f){r 1B(z.7)| . |f(y) — f(x)| dy = 0.

It is known that, If 0 < ¢ € C*°(Q1(0,0)) and ¢ decay near {|z| = 1} U {¢t = —1}. Then, for
-1<s<0

~/B1><{s} |u|2¢>+2/81 /B1 |Vu|2¢§/81 /B1 |u|2(¢t+D¢)+/51 /Bl(|u2+2p)u.v¢ (5.22)

Before we start the proof, we state here the Proposition 5.1.12 for convenience.

Proposition. 5.1.12. There exist absolute constants € and C > 0 such that, if the pair (u,p)
is a suitable weak solution of the Navier-Stokes system on Q1 and if

o :
s e+ [ ([ plae) ase
@1 -1 lz|<1

’u(x,t)| <C

for Lebesgue almost every (x,t) € Q% .That is, u is reqular on Q%.

0 1
[ o+ [ ([ plac) <
Q1 -1 |z|<1

where By := {|z] < 1} and Q1 = Q1(0,0).
It suffices to show that

Then

Proof. Let

u|(z, s) dz < Coes, (5.23)

lt—al<r,
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Chapter 5 5.2. Proof of Proposition 5.1.12
Y(a,s) € Q% and Yu > 2 such that r, = 27". Then, we will have that
9 2
lul*(a, s) < Coef =: Cy,
where (a, s) is a Lebesgue point for the function u, that is, almost everywhere on @ 1 (0,0)

Fix a point (a,s) € Q1(0,0) = {(z,1) : [z < 3 .— 1 <t <0}, we observe that Qi(a,s) =
{(z,t): |z —a| <1 .s— 1 <t<s}CQi(0,0) such that

s 1
[P eehaeo+ [ ([ plac) asa (5.24)
Q%(a,s) s—% |z—al<i
Define Q" := Q.. (a,s), n=1,2,...
I want to show that, for n > 3
;2 2
F ol ertf qulo-pl<el, (5.25)
Q" Qr
and for n > 2
2 2 2
sup ][ |ul* dz + r;3/ |Vul? < Coe?, (5.26)
s—r2<t<sJ|z—al|<r, Qn

where, p, = pn(t) = flw—a|<rn pdz.
We assume that ¢; < 1. Note that, (5.26) contains (5.23). Thus, it suffices to show the

relation (5.26).

First step: for n = 2 we want to show
2
; (5.27)

sup ][ |ul? do + r;‘o’/ |Vul|? < Cge} .
|x—a|<rs Q2

sf'r‘g<t§s

Let a function ¢ > 0 with ¢ = 1 on Q? and supp ¢ C Q!, then by (5.22)

sup
sfr§<t§s

2
][ 2 dx+r2_3/ Vul2 < C (/ |u|2+/ (Jul + |u||p|)> < Coed,
lz—al<rs Q2 Q1 Q1

where we use Holder inequality and (5.24).

Second step: Assume now that (5.27) holds for n = k for 2 < k < n. We will prove that

(5.25) holds true for n + 1, for n > 2. To this ends, we will use the previous lemmas.
(5.28)

We know that,
A(ry) +3(ry) < Cefry 2<k<n
and, by (5.24) follows,
G(r1) + K(r1) < Cer. (5.29)
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Now, by Lemma 5.2.1 and (5.28),

(4.25) = G(r,) = r;z/ lul®> < Ceyrd,
Qn

such that
][ uf® < c][ uff < ey
n+1 Qn
1
Therefore, if €; is sufficiently small such that C* in (5.31) satisfies C*e; < %,
1 2
][ lul* < C*ef el < —e€;
Qn+l 2
1 2
= lu|® < §€f

Qn+1

For the other part of (5.25),41 we use Lemma 5.2.2 for p = ; and r =1,

From the previous one, the following are hold true
G(Tn+1) § CG(Tn) S CGlT'?l,
A(rpe1) < CA(ry,) < Cel%ri,

and 1
(5.29) = K(z) < Cey.

For e; <1 in (5.16)

7

z 1 1 1
Tri1 A% (rng1)GS (rnp1) K5 (5) < 7"n+1C€1 T €T

R

and
3 3 21 Sz, 3 3
re 1G3(rny1)G? (Z) <riCeirne; =Crier.
Furthermore,
1
G%(THH)G%(%) < Cefrnel 2=Crie
and, finally

2
|U| 3
/ ) Cel T E rk
ra<|y|<i

1
T?L+1G3(r"+1) sup |y|4 =

S—Ti+1<t<5
l — G —
< Ce} rd E Ty 3ef r? = Crf;el E Ty < Cr,?;el,

since r, < 1. Then, for ¢; < 1 we have
2

12
L(rp41) < Ceyry .

Therefore,
E _12
i o= el < €r ¥ L) < e

54

then

1,28 4,88 _ o, ¥
n €1 =Cry €1,

Tk

(5.30)

(5.31)
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by lemma 5.2.2 and (5.33).
We claim that €; is small such that the constant C** satisfies

O**6%<1
1 = 2

Hence,
3 _ 12
e =l < 56l
Qn+t
Consequently, combining (5.32) and (5.35) we have
2 _ 12 12
F ol il -paal < 5 + 5
Qn+l Qn+1

which is (5.25)5,41.

(5.35)

— (5.36)

Third step: Assume that (5.25);, 3 < k < n holds. I want to show that (5.26),, holds too,
for n > 3. We use the inequality (5.22) for ¢ = ¢,,. For simplicity, we will take the point (0,0)

at the origin of the cylinder, instead of (a,s).

Define as
Gn = XPn with, ¥, = c®, (5.37)
where ® is the fundamental solution of the heat equation
¢, + AP =0, (5.38)
with singularity at the point (0,72) and x a cutoff function.
More specific,
Yy, = L exp{ —lal’ b, r2—t>0
T2 — )3 PUgz —¢f n
and the cutoff function y € C*°({t < 0}) with 0 < x <1 and
1, on@*=@Q1(0,0)
X = 1
0, off Q1(0,0).
Hence
b = Yn , on Q2:Q%(070)
"0, off Q1(0,0).
Therefore, ¢, > 0, since 1), > 0 and
Odn
g; +A¢, =0 on Q2 (5.39)
since 1, has defined as the fundamental solution of (5.38).
I¢n
9 + A¢y,| < C everywhere (5.40)
1
5r;3 <o <COr® |V <Cr* on Q% n>2 (5.41)
and
b <Cr3, |Vou| <Orp? on QF 1 off QF 1<k <n, (5.42)
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for an absolute constant C' independent on n.

Now, by (5.22), where ¢ =: ¢,, using the previous inequality (5.41) we get
foowP@odesr [vaps [ wpsasz [ [ vupe,
‘$|<7‘n Q" B1><{S} —-1JB;

sup
—r2<t<0
<CI+11+1I0),
where
¢
I= 2 "4 Ad,
[t (G a6).

1= / 5[ Vonl,
Ql

11 = ’/lpw-w)n) -

We will bound the I, II, III.

_ 2 aqsn 2 %
I—/Ql|u| (815 +A¢>n) g‘/@lm (8t +A¢n>‘
Odn
< 2 + Agy,
I

ot

) 2
SC’/ lu|* < Ce3.
Ql

Here, we used (5.24) and Holder inequality.

k=1
n
2
=C E Tk€q
k=1
2
3
< Ce},

where in the first inequality we used (5.42), in the second inequality we used (5.25); for 3 <
n
1
on *

k < n and in the last, the fact that Y  rr <1 because, for all n > 2, r,, =
k=1

Now, to bound III, we will use the fact that the function u is divergence free and we will
transfer the problem to one that involves the oscillation of p.
Let, the cutoff function 0 < y <1, Vk > 1, xp € C®(Q'), Q' := Q%(0,0), such that

1, on Qg (0,0) := {(w,8) : |z < 2=, —(T)* <t <0}
Xk = 8
0, off @, (0,0):={(x.t): |z| <rp, —ri<t<0}
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and

C
Tk
Then x1¢, = ¢,. Thus,
= /1 p(u ’ Vd)n)

= ‘/1 p(u . V(Xl — Xn + Xn)¢n)

I1I = '/1p(u~v¢n)

=_ u -V — 1)0n U V(XnPn)-
;/lp ((xx Xk+)¢)+/le (Xn®n)

We observe that, xx — xx1 is supported on Q* and that V - u = 0. Thus, we have, for k& > 3,
that

/ pu V((xk = Xk+1)¢n) = /Qk (p = pr)u- V((xk = Xet1)¢n),
where pp = pr(t) = f|m\<rk p:
Similarly,

| w9 00en) = [ 0= pu Vo).

Now, for £k =1,2

‘/lpu ) V((Xk - Xk+1)¢>n) < C/Q1 Ip||lu|, by (5.42).

Hencefore,

n—1

111 = ;/leu-v((m — Xk+1)%n) +/1pu-V(xn¢n)

n—1
<c [l + Y [ el [9 (00— xa)60)|
Q! s Q"
+ [ o= pallal |9 0c00)]
QTL
<c [ v [ - mlali
Q! prt Q*
2 "2 o2 2
< C¢f +Czr12613 < C¢f,
k=3
2
in which we used (5.24), (5.25);, 3 < k < n and the fact that Y ;_, 7 <1.
Furthermore, we use the estimate

IV(xnd)| < Cry*

and
IV((xk — Xps1)0)| < Orpt.
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More specific,

IV(xn®)| = IVXn® + xn V9|
IVxnd| + [xn Vo

C ~
—r 34 Crt = Cr; %
Tn

IN

IN

The other estimate follows similarly. Note that each C' > 0 may be different. Hence, we get the
following estimate

2 -3 2 2
sup |ul*(z,t) dz + 7, [Vul* < Ce}.
"'L'|<7'n Q"

—r2 <t<0

Thus, the third step is complete which is what it was needed to show. Therefore, the proof of
Proposition 5.1.12 is complete.

O

5.3 Proof of Proposition 5.1.14

Let

7 1
Q: = Q:(0,0) = {(.If,t) : |J)| <, _§T2 <t < §r2}

and the functions w,p which are measurable on Q;
We consider the following quantities which some of these are analogous of these in the section
5.3.

S
*
—~
<
~—

|

sup 7,_—1 / "LL|2, (543)
—%T2<t<é7“2 Brx{t}

(5.44)

Q
*
3
N~—
I
i
&
=
?:

0s(r) := r_l/ |Vu|?, (5.45)

13 ér %
K.(r)=r"71 / . </ |p|dy> dt, (5.46)
—gr? B,

5.0y =r7* [ Julal, (5.47)
)= [l = i, (5.18)

where [uf? = [ul2(t) = f5 [uf® .
Consider, furthermore, a combination of these quantities
2 8
M, (r) == GE(r) + Hy(r) + Jo(r) + K2 (7). (5.49)

We state, now, the following Proposition 5.3.1, which suffices to prove in order to prove Propo-
sition 5.1.14.

Proposition 5.3.1. Let (u,p) a suitable weak solution of Navier-Stokes equation
with 8,(p) < 1. Then, for r < fp it follows

M(r) < €| (5) Ma(o) + (2)° [MF ()0 + M (p)o.(0)] | (5.50)
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Proposition. 5.1.14. There exist an absolute constant e; > 0 such that, if the pair (u,p) is a
suitable weak solution of the Navier-Stokes system near the point (z,t) and if

limsupr_l/ |Vul|? < €.

r—0
Then, (x,t) is reqular point.

Remark 5.3.2. Proposition 5.1.14 is an estimation which estimate the region in which a sin-
gularity could be developed. Notice that, % is small and multiplied by quantities that are not
include d,(p) which is small. On the other hand, £ is large and multiplied by positive powers
of 4. (p) which is small. Furthermore, if u is regular in (0,0), then M, (r) — 0, as r — 0.

Without loss of generality, we consider that (x,t) = (0,0) and that (u,p) defined in a region
D of (0,0).
By Corollary 1, page 776 of [5], (0,0) is regular if

T 3
liminf{r_Q/ (Jul® + |u||p|) + P / (/ |p|) dt} <e. (5.51)
r—0 Q —%1“2 B,

Combining (5.49) and (5.51)

= liminf M, (r) <,
r—0

for a suitable uniform constant € = u is regular. By Corollary 1, page 776 of [5]. Now, we may
define uniform constants

1
0<e <1and 0<’YSZ7
such that
M. (p) > €and 0.(p) < e (5.52)
1
= M.(vp) < 5 M (p)- (5.53)
Now, with such a choice of €1, we claim that
lim sup ril/ |Vul|? < ¢ (5.54)
r—0 Qx(z,t)
= liminf M, (r) <€ (5.55)
r—0

Proof of claim
Indeed, for rg > 0 we have §,(r) < €1, Vr < ry. By using (5.54) repeatedly,

= M,.(y"rp) <€ , for ne€IN.
Therefore, (5.54) = (5.55) That is, for this choice of € we conclude that, if (5.54) holds true,

then (0,0) is a regular point. Now, we will choose these uniform constants €; and v. If (5.52)
holds true, then

M2 (p) <€ 2M.(p).

59



Chapter 5

By using (5.50)

5.3. Proof of Proposition 5.1.14

= M) < C|(5) Malp)+ (O)[er + (L) ]0slo) + (f)za], forr < 1p (5.50)

p

Choosing, now, 7 such that

Thereafter, for fixed -, we choose €; < 1 such that

3 1
C~~2 <€1 + (61) ) < 5 and Cy 2e <

€

Applying (5.56) with r =: vp we get

A
|
=
S
+
|
=
S

Here, in the latter inequality we used (5.52). Therefore,

M. (vp) < %M*(p)

Thus, the proof of relation (5.53) is done.

We observe that, we made use of Proposition 5.3.1. Now, it remains to prove it. This is going to
achieve as follows. First, we are going to bound u in terms of Vu by interpolation and secondly,
to bound p in terms of u.We will succeed it by solving the equation

3 52
Ap = — Mzzzl 73%8%— (usug).

We will need some lemmas in order to prove the proposition.

Lemma 5.3.3.

Ho(r) < C(GE(r) + Au(r)6(r). (5.57)
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Proof. For almost every t € ( — %7‘2, érg), we compute

3 3\ 3
/|u|||u|2—|u|z|s(/ |u3) (/ |u|2—|u|%|2>
B, B B,

d

cof ) ([, )"

() () ()

where in the first and the latter inequality we made use of Holder inequality and in the second
inequality we made use of Poincare inequality, see, e.g., Theorem 4.9, in [11].

=>/ U|‘|u|2—|u$|§</ |u3) (rr—l/ |u|2) (/ Vu2>
BT BT‘ Br BT

1 1

< O(rA.(r)* (/B |u|3> ’ (/B |Vu|2> ’

Integrating over ( — grg, érz), we take

Wl
N
S
=
w
~_—
Wl

= /Q lull? ~ ] < C(r.(7)

Proof. We want to show

3
/ u|3sc[(7”) sup  p! / uf?
Qx P —gp2<t<ip? B, x{t}
3 3
p 3 4 4
+(2) ( sup p! / |u2> <p—1 / |Vu|2> ]
r —Ip2<t<ip? B,x{t} Qp
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Ty

Now, for almost every t € ( -3

[ ok = el [ s

B,

- 2 - 2
s/ |\u|2,|u|,,|+/ jal,
B B,

P

< cp/ V]ul? +c|Br|f Juf?
B, B,
B,
= QCp/ ul|Vu| + C |5 | |u|?
B 1Byl /s,

=(£)" Jp, lul?

3
= C’p/ |ul|[Vu| +C (r) / ul?,
B P B,

P

2 1,2
» 57 ), we compute

r

where in the third inequality we use Poincare inequality and the change rule.

3
[owsco [ v e (L) [ e
B, B, P B,
, : : )
S L) (o) e (D)2
B, B, P/ PJB,

by using Hoélder inequality in the second inequality. Therefore,

~ 53 1 2 3
:>/ luf2 < Cp3 A2 (o) (/ |vu|2> +cl A, (5.58)
B, B, P

Now, by using the interpolation inequality (5.3) for ¢ = 3 and a = % we get

v f ) () () )
<ertalo | |Vu|2)i =/ T |u|2)g
]

P

r 3 3 3
<c<) A:(p)+c{p4 + =
p 2

By integrating over ¢t € ( - %rz, %7“2)

3 9
<o (L) ) vefot+ 2 alo( [ )
Q: p B

and, now, using Holder inequality we get
3

3 3 )
= | Juf’ <o <r> AZ(p) + C[pi + 5
Qr p r2
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Dividing by r?2

)
R
=
w
IN
o
N
D
N——
w
N
*wolw
~
b
N—
_l’_
o
.y 1
Wl
+
‘b
Bl
—_
=
IS
b
LN
S
‘b
N[ wlw
N\
s}
L
i
el
<
&
%)
N—

<
Blo Njw

I
o
VR
=
N—
w
N
*nolw
)
S
S~—
+
o
= 1T
Bl
‘b
-
=
Nl
ﬂ\
[
N
* o
)
S
S~—
S
IN|
(o9
*n
S

° 3
Nl

I
o
N
D3
~_
w
s

*wolw
—
s
N—

+

o
7N
RERS)
N— +

[SI[)

+
7 N\
RS
N~~~

w
—_

s

* |
Y
s
SN—

>,

*
Yy
s
N—

Now, by using the fact that 2 > 1 we take

(p)A (0)+ c(f)3A§ ()5 <p>] .

Therefore, the lemma has been proved. O

G.(r)<C

Until now, we have bound the terms H, and G,. In what follows, we are going to find bounds
of J. and K,. It will be achieved this, by using the representation of p. See the relation (2.14)
in [5].
We will use the same methods as in Lemma 5.2.2.
Let a cutoff function such that,

1, if Jy| < 32p
o) = | T3
0, if ly[ > p,
with the relations
Vigl < Cp™" and  |Vi¢| < Cp™.

Let U; C U and ¢ € C°(U) with ¢ = 1 in a region of Uy, then Vt we have

3 1
o(x)p(z,t) = s /Rn mAy(@?) dy
3

1
=-= Ad+2(Ve,V Ap] dy.
el lx_y|[p ¢ +2(Vp, Vp) + ¢Ap| dy

Then, by integration by parts, we have

3
p(x) = pa(z) + ps(x), for |z| < e
where ; ' ;
Li —Yi
pa(w) = /}R |x_y|p(y) Ay) dy + o /R |x_y|3vz¢(y)p(y) y
and

(o) = 1= [ o) Vi ()9 )

We observe, for |z| < 3p that
@< f bl (559
BP
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Furthermore, we observe that ps is convolution of the form % % g, where g is in the ball B,.

|]
Hence, by Young’s inequality

2
/Ipsl2écp</ g)
B, B,

1

:»(/ p52> <cpt [ v (5.60)
B, B

p
where g = |Vul|?.

Lemma 5.3.5. Ifr < %p, then

J.() < C [(p) A0 K )+ (”)A <p>5*<p>] . (5.61)

Proof. Fix at € ( — %7“2, %7’2). By the relation (5.59) we have

/BT Jullpal < C(/B |u|> <7{3 |p|> |
<crt ([ we) (f u|) (ﬁ |p|>
<crtpraion( [ wp) (]i |p|> .

Now, integrating over ( — %7‘2, %rz)

£ 1
= | Jullpal < CrEps AZ () [PG. (1)) —— [ Iyl
e 1Bl Jo:

Where, in the last inequality we use Holder inequality with p = 5 and ¢ = % Then, dividing
by r2

_ r\® 1 1
Sy <c(%) atoctord o) (5.62)

Now, for the second part of (5.61), using Holder and (5.60) we have

fo= (L) (o)

< Cpt AF (p)p / Vul?.

P

And, again, integrating by ¢ to take

[ sl < Cpat o) [ vu
Qr %
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Dividing by r?2

1
/ lllps| < Cr=2pAL (p)pp~" / Vul?
Qx Q

*
” P

=2 /{D2 lulls] < c(f)2A$ (0)0.(p). (5.63)

Therefore, adding (5.62) and (5.63) to take the result.

Lemma 5.3.6. Ifr < %p, then

K.(r)y<C

1 5
T\ 2 4 5 5

() w0+ (%) As<p>63<p>]. (5.60)
Proof. By the relation (5.59) we have

1
/ |p4\gcf bl < ——|B,] / i (5.65)
B, B, 1B, B,
r 3
;»/ |p4|§0() / .
B, P B,
SN
é(/ |p4|) gc() (/ |p>
B, 14 B,

sl

Integrating by t we take

L) <o) ) e o

Now, we want to take an estimate for p;. We have that, ps have the following representation,

I
<
=l
P
oo:l ml;
A~
5
s
=
Lt
N
o
N
Q

Ps = pe + Pr,

where
3 Ti— Y

Cdm ) Jr—yP

pe(z) = o(y) (u - Vug) (y) dy
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and
pr(@) =~ [ o (Vi) (- V()

For the pg we have

/|p6 |dac<o//| |2|u y)IIVu(y)| dyd

zC/ / ——|u(y)||Vu(y)| dzedy
lyl<p J|z|<r |(E—y‘2| ( || )l

§Cr/ |ul|Vul
(=)
BP

< Crp* A (p) (/ |Vu|2> ,

B/’

<Cr / |u)?
BP
where in the second equality we use Fubini’s Theorem and, in the forth inequality we use Hélder.

= /B (o)l < Ot 4E ) ( /B p|Vu|2> | (5.67)

For an estimate of p; we have

Nl

Ipr(2)] < Cp~2 / ][V

B,

=Cp2p? (pl/ UI2> (/ IVUI2> :
B B,

P

Here, in the second inequality we used Holder.

= / Ipr(z)] < Cr2p~t 43 (p) (/ |Vu|2>
B, By
< Crpt Ak (p) (/ |Vu|2>
B/’

We use the fact that » < %p, when |z| <r

= /B Ipr(@)| < Crpt A% (p) (/B IVUI2> : (5.68)

And, since ps = pg + p7, by adding (5.67) and (5.68) we take

/ D6l + / ipr| < Crot A2 (p) (/ w?)
B, B, B,

T T

N

N
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= ([ ) =ertoia
B,

5

(o) ( /| p |w|2> N

* oolen

4
—
ol
<3 3
VRS
S
3
S
o
N—
o
IN
Q
=
i)
E\m
b
* o]
S
~—
\
<
£
N~}
N——
ool

e

and dividing by r~

ﬂ\
e
i‘\, o:\p
7N
i
=
o
N————
Blon
IA
Q
=
N
\3\
»‘;
)
oolon
N
* oolw
S
~//
S
D *
<
<
o
N——

Syl ( /| T |p5|)h < c(f)?‘AE(p)dE(p). (5.69)

Thus, by adding (5.66) and (5.69)

. /_ (/ |p|)Z <c l(;)}*(p) ¥ (f)iA§<p>5§<p>] .

This completes the proof of Lemma 5.3.6. O

It remains to find an estimate for A, (r). This will be accomplished with the lemma below.

Lemma 5.3.7. If r < p, we have
. <c(2) [6he)+ 1)+ 100 (5.70)

Proof. Using generalized energy inequality for a test function ¢ such that, ¢ € C2°(Q}), with
0<¢p<1land ¢ =1on Q; with

IVo| << and o] +]20| < . (5.71)
p p
Then, for —%7“2 <t< %TQ we have
[ ko< [ P se)+ [ (uP+ 2 vo (5.72)
B, x{t} Q; Qs

and since u is divergence free < V - u = 0 we have that
-2
| uPuvo= [ (uP+ fuya- vo. (573)
Q; Q;
Thus, the equation (5.72) becomes

2 2 A 2.
/Brx{t} |ul ¢§/Q* [ul*(le| + | ¢\)+/*(|u| u V¢+/*2|u\|p\|v¢|

p P P
c -2 2c
< [ St [l = alflfel [l [l
Q; P @; = e f
- P
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= [ esclo [ P aer® [ -1l + o072 [ Jull
B, x{t} Q; Q: Qs

= lul?¢ = ¢ po /Q* lu|® 4+ pH.,(p) + pJ*(p)] )

B, x{t}

But, by using the Holder inequality we get

_ _1 2
p [l < (/ |u|3> = epGi (p).
Q% Q%

P I3

Wl

Therefore, by the two previous relations

= lul*¢ < ¢ [p‘2/ lul* + pH.(p) + pJ*(p)l
By x{t} Q;

< ¢ [pGZ (p) + pH.(p) + pJ.(p)]

S AN o(2) [6F )+ )+ 100)]

Thus,

) P\ [2
= 2w <e(2) [6H)+ )+ 0.0
which is the conclusion of the lemma. O

Now, having estimates for H,, G, J, K. and A,, we are ready to prove the Proposition 5.3.1.
For convenience, we state again the proposition.

Proposition. 5.3.1. Let (u,p) a suitable weak solution of Navier-Stokes equation with d.(p) <
1. Then, forr < ip it follows that

M.(r) < c[(;ﬁwp) + (2)* (M2 ()0} + M.()0.(0) + 6*<p>]]. (5.74)

Proof. (Proposition 5.3.1)
By Lemma 5.3.7 we have

A< c(p) (63 0) + Halp) + ()

since %,0 <p Ifr< ip, we can use Lemmas 5.57-5.3.7. We will do so, in order to estimate
M, (r) in terms of M, (3p), A.(3p) and 8.(3p).

Let 6.(p) <1 by the hypothesis of proposition. Then,
1 1
M.(5p) < CMi(p) and  &.(5p) < Cou(p)-
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By Lemma 5.3.4, we have

r

éGE(T)SC[(

Furthermore, by Lemma 5.57
H.(r) < C(GE (r) + Au(r)6,(r))

and, by Lemma 5.3.7

A(r) < C(f) Gl (p) + Ha(p) + 1.(0)]
< C<f>M*(p)
" 5.(r) :r*/* Vul2 < r 1pp1/Q; Vul2 = (p)5*(p)
= 5.0)< (2)ato
Therefore,

Adding (5.75) and (5.76)

GE(r)+ Ho(r) < C

We will use Lemma 5.3.5 to find an estimate for J,. We have that

Loctmrtp <o [A*(im INCHOENS: <p>}

and since % <1

i (st

(5.75)

(5.76)

(5.77)

(5.78)
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By Lemma 5.3.5 we have

() <C (p) a6t o)+ (2) b <p>6*<p>]
<c () M)+ GE ) + (f)QMé <p>6*<p>]
<c () M) + (;)QM*@) " ff)QMé (0)5% () + (,,>M <p>6*<p>]

Hence,

8
since % < 1. To finish the proof, it remains to estimate K,?. By Lemma 5.3.6 we get

Ki(r)<cC [() fxt (p) + (”)2A*<;p>5*<p>]

p r

Therefore,

2 1 4 1
since % <1l= (%) < (%) * and (%) ’ < (%) ’ Where, the constants C' may be different at
each step. This completes the proof of Proposition 5.3.1. O

The proof of Proposition 5.1.14 follows by the Proposition 5.3.1 as we showed previously.

5.4 Existence of suitable weak solutions

In this section we will prove the existence of suitable weak solutions of the initial value problem
see, the appendix in [5].
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%% 4 (u-V)u=-Vp+Au R x (0,00)
V-u=0 (N.S)
u(z,0) = ug(z) ,x€R?

We will use the following spaces.

H}(R?) := the closure of C2°(R3; R?) in the norm

1
lullgr == (lull2 + || Dul|£2)*

That is,

u € HY(R?) :& Ju,, € C(R3R?) s. th. u,, — u with the norm || - ||z

1 ||um —ul| g1 =0

HY(R3) :={f: HY(R?®) — R: flinear and bounded}, which is the dual space of H}(R?)

with norm
£ 12 ey := sup{(f,u) : we Hg(R?) and [jul g <1}

Vi=CPR5R)N{u: divu =0} ={ue CCR3*R?) : divu =0}
H := the closure of V in the space L?(R?)

That is,

u € H = Fu,y, €V s. the uy, — uin L*(R?)
& Fuy, € CF (R R?) with divu = 0's. th. [[um — ul|z2gs) — 0

V := the closure of V in the norm

1
lullgr = (ull2 + || Dul|£2)*

V*:={f:V —=>R: flinear and bounded}, which is the dual space of V

with norm

I fllv :=sup{(f,u) : uwe€V and ||Jul|g <1}
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Furthermore, we will define
D :=R3 x (0,T),

Ey(u) := esssup0<t<T/ |u|2,
R3

Ey(u) := /OT/RB |Vul?.

The theorem of existence that we want to prove is the following

Theorem 5.4.1. Let ug € H, then, there exists a weak solution (u,p) of the Navier-Stokes
system on D such that,

uw € L*0,T;V)NL>(0,T; H) (5.79)
u(t) ~up ast—0, in H (5.80)
pe L3(D) (5.81)
If p € C®(D), ¢ >0 and ¢(-,t) € C(R3) for 0 <t < T, then
forO<t<T
T t t
2 2 2 2 A 2 .
Lo ttor2 [ vutos [ oo o+ [ ] wito a0+ [ g2 vo
(5.82)

Remark 5.4.2. This inequality is a form of the generalized energy inequality.

Now, we will state a lemma for whose proof we refer to Lemma 1.2, Ch.3, in [33].

Lemma 5.4.3. Let V,H,V' three Hilbert spaces such that, V. C H C V. If u € L*0,T;V)
and its derivative vy € L*(0,T;V"). Then u = v, where v € C([0,T]; H) and

d
%|u|2 = Q(Utvu)

holds true in the scalar distribution on (0,T).

Lemma 5.4.4. Let u € L*(0,T;V), f € L?(0,T; V/), p a distribution and
ug —Au+Vp=f (5.83)

in the sense of distributions on D. Then

u € L2(0,T; V') (5.84)
d -
G|k = /}R (g, ) (5.85)
and
ue C([0,T); H) (5.86)

after a modification in a set of measure zero. Furthermore, the solution of (5.83) is unique in
the space L*(0,T;V), for a given ug € H.
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Proof. Let u € L2(0,T;V) and let (5.83) holds true on D, in the sense of distribution.
We want to prove that u, € L2(0,T;V").

By the assumptions we have that v € L?(0,T;V), f € L?(0,T; V') and uy = Au—Vp+ f
on D. Thus, it follows that u; € L?(0,T; V).
Therefore, having in addition (5.84), the relations (5.85) and (5.86) follows by the previous
lemma.

For the uniqueness of the solution,

let u,v be two solutions of (5.83) with the same initial data u(0) = uy € H and define
w := u — v. Then,

w e L2(0,T;V)
and
wy — Aw =0
with
w(0) = 0.

Taking the inner product with w(t) we get
(we(t), w(®) + [w @] =0 ace.
d
= 0@ +2[w@)]* =0

d
= %\w(t)l2 = —2[lw(®)|* < 0.

Hence, |w(t)|? is a decreasing function of t.
= |w(t)|* < lw(0)]* =0, te0,T]
Thus, u = v. U

Lemma 5.4.5. Let ug € H and w € C®°(D;R?) with V -w = 0. Then, there exist a unique
function u and a distribution p such that,

ue C([0,T]; H)n L*(0,T;V) (5.87)

ur+w-Vu—Au+Vp=0 (5.88)

in the sense of distributions on D and

u(0) = wo. (5.89)

Proof. Suppose that there exists a function u with the following properties
w€ L0, T; H) N L*(0,T;V) (5.90)

and Yo € V
d

dt Jgs

in the sense of distributions on (0,7"), and u(0) = wp.

(u,v) + /]R3 (w-Vu) + /}RS(VU, Vv) =0. (5.91)
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To prove the uniqueness of the function w, it suffices to proof that if ug = 0 implies u = 0.
Let ug = 0. Then, by (5.85)

#i |u|2=2/ (ut,u):2/ (u, —w - Vu + Au)
dt R3 R3 R3

d 2
— = -2 —A
= 7 /]R3 | /]Rs(u, u),

since V - w = 0. By integration by parts it follows

e fer=2([ v~ [ u-v0)

= —2/ |Vul? < 0.
RS

Hence, [p, |u|? is a decreasing function of ¢.

= [P < [ o =0,
R3 R3

Thus, ©v = 0.
O

Lemma 5.4.6. Let ug € H. Then, in the context of Lemma 5.4.5 the pressure satisfies the
equation

Ap = — Z vi,j (wiuj) (592)
5]

whence it follows
[wi<c [ i, (5.93)
D D

Proof. Taking the divergence of equation (5.88) it follows
Voup +V-(w-Vu) = V-Au+V-Vp=0,
where
V- (w-Vu) =div (w- Vu) = 0j(w - Vu?) = 9;(w'0iu?) = 9;((0;w")u! + w' ) = 0;0;(wiu')
since divw = 0, but also
= (9;w") 0’ + w'0;0,u’ = (J;w")di?,
since divu = 0.

Thus, we have
< Ap=-— Zvivj(wiuj),
i
which is (5.92). From which we deduce (5.93), since the integral which solve the (5.92) is
bounded in the space L3 (R3). O

Lemma 5.4.7. Let u,w € L*(0,T; H'(R?)). Then

lw-Vull 5 < CEF (u) B (w)E§ (w) (5.94)
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3 1
[ull 10 < CE (u)Eg (u) (5.95)
1 . 3
ol g pp 3, < CTHE () B w) (5.96)
Proof. By using the interpolation inequality (5.3). O

Lemma 5.4.8. Let ug € H and w € C*(D;R?) with V-w = 0. Furthermore, let that (u,p) is
a solution of (5.87), (5.88), (5.89). Then, V¢ € C>°(D;R) with ¢ € C*(R3) andVt: 0 <t <T

/]Rgx{t}u|2<;H—2/D|Vu|2¢=/R3 |uo|2¢(x’0)+/p‘u|2(¢t+A¢)+/D(|u|2w+2pu)'V¢' (5.97)

Proof. Let ug € H and ¢ € C>°(R?). Define as F := —w - Vu. Thus, we have

ug —Au+Vp=F, onD. (5.98)

Mollifying equation (5.98), see, e.g., [10], Thm 6, Appendix C, then we get smooth functions
{um}, {pm}, {Fm}, m € IN which approach each term of equation (5.98) and they are such that

im*Am m :Fm
{dtu Um + Vp (5.99)

V-u, =0,
in a neighborhood of supp¢ and

U — u in L2(0,T; L3 (R)) N L*(D),
Vi, = Vuin L1(D),

o

Pm — p in L(D),
F,, — F in L*(D).

Now, take inner product in (5.99) with 2u,,¢ to get

d
(%u'mm 2um¢) - (Auma 2um¢) + (vpv’m 2um¢) = (Fma 2um¢)

Integrating over D and then doing integration by parts to get

2/D (%u,mum(b) —2/D(Aum,um¢)+2/D(me,um¢) :2/D(Fmaum¢)

= 2/ |V |2 = / [ |2 (D¢ + A) + 2/ D (U - V@) + 2/ (U, + Fip) . (5.100)
D D D D
Now, take the limit n — oo and using Dominated Convergence Theorem we have

2 [ vupo= [ P+ a2 [ ptevo)v2 [ P

(0]
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and, since F' := —w - Vu, we get

2 [ o2 - vwe==2[ wPuss [ jupu-vo
:>2/D(u.F)¢=/D|u\2w.v¢.

Therefore,
(5.100) :»2/ |vu|2¢=/ |U|2(¢t+A¢)+2/ p(u-v¢)+/ lu?w - V¢
D D D D
which satisfies (5.97), if ¢ € C°(D) and t =T. O

Now, we will define a so called “retarded” mollification Vs(u) of u. Let (z,t) € C(D;R3)
such that, ¥ > 0 and
[
D

supp ¢ C {(x,t) : |z|* <t, 1 <t <2}
Now, for u € L?(0,T;V) define @ : R? x R — R? as

. {u(m,t) () € D, (5.101)

with

0 otherwise,
and define the convolution Ws(u) := 6~ (5, 5) * u, that is
—4 Yy T\~
Us(u)(z,t) :=46 ¢(5, g)u(x —y,t — 7)dydr. (5.102)

R4

Remark 5.4.9. The values of ¥s(u) as a function of t, depend only on the values of u as a
function of T € (¢ — 26,t — ). Indeed, we integrate only over |y|> < 67, § < 7 < 2§ and, thus,
for (x,t) only the values of @ for t —d >t — 7 >t — 20 are taken into account. Note also that
of course ¥;(u) is a smooth function of (z,t).

Lemma 5.4.10. Let u € L>(0,T; H) N L?*(0,T;V). Then

div Ws(u) = 0, (5.103)
sup / 105 (w)[2 < CFo(u), (5.104)
o<t<T JR3
and
/ V()2 < CE: (u), (5.105)
D

where C is a universal constant.

Proof. We have that u € L%(0,T;V) and %: R® x R — R? such that

0, otherwise.

iz, t) = {W’t)’ (x.t) € D
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Thus, V-4 = 0 on R*\ D, since V- u = 0 on D. Therefore, we deduce that V - Ws(u) = 0,
since

V- Ws(u)(w,t) = 6V - (95, 5) * @) (1)

55
=" W(5,5) * Vi) (z, ) = 0.

)

Notice that we pass the divergence only on the function u. For a proof, see, e.g., [10], Appendix
C, Theorem 6. We begin with

1
Ws)(e. 0] = |57 [ (5. F)alo -t = r)aydr
1 1 1
S5 Wwl“(%,%W(%,g)m(x—y,t—r>|dydT

where in the second inequality we used the Hélder’s inequality in R*.

Thus,
U (u)(z (/ (2 dydT) ( ]R4w(§,;)|ﬂ($—y,t—7')|2dydr>.

Hence, by integration over R? we get

1
st < 5 ([ ol Savar) 35 [ ] ol Dt -t - n)Payrd,

where
1 1y, 1
5o ([ ol Davar) = 300 [ vty riaar = ;
—_——
=1
and
/ / Hu x—y,t—7)] dyde:c*/ P( )/ |ﬂ(:rfy,t77)|2dxdyd7'
R3 R4 (5 (S R3
SE()(U), vt
.
< Eo(w) [ (5, 5)dydr.
]R4
Thus,

/ \\Ilg(u)(x,t)|2dx§E0(u)i / W(y, 7)dydr,
R3 R4
=1

and, therefore (5.104) has been proved.
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Similarly, we have
2
Vs ) (54 / o(%, DIVl = ot = layer )
y T -
<5 [ o Dvir [ w8 DIVt -yt = o) Pdyar
Hence, by integrating over D we get

[ivwswr < g [ ol i [ 5 [ o

< EEl( u),

)d;vdt|Vu(y7 ) |2dydr

with the same arguments as above and, the relation (5.105) has been proved.

O

Now, we are ready to give the proof of the existence theorem. More precisely, the idea of the
proof is the following: For fixed NV > 0 we set ¢ := %= and we find v = uy and p = py which
satisfy the equation

ur + Us(u) - Vu—Au+Vp=0 on D. (5.106)

To solve (5.106), it is equivalent to solve a linear equation in each strip R3 x (md, (m + 1)J),
for 0 < m < N — 1. We will show that the solution of (5.106) satisfies an inequality, analogous
to (5.82) and we will find estimates for uy and py which are independent of N. These inequalities
will assert the existence of a convergent subsequence the limit of which has the properties (5.79)-
(5.82). We will start now with the proof of Theorem 5.4.5 which has been outlined above.

Proof. Let § :== L, VN € IN and solve the system

N
d
auN—F\I/(;(uN) VUN—AUN—FVPN:O (5.107)
uy € L2(0,T;V)nC([0,T); H) (5.108)
UN<0) = Up. (5109)

We observe that uy and py exist, by Lemma 5.4.5, since w =: Ws(uy) € C*®(R3 x [0,T]; R),
with V - Us(uy) = 0 and ug € H, and in fact, these are unique, using Lemma 5.4.5 in each
time interval (md, (m +1)d), 0 <m < N — 1.

Taking inner product of (5.107) with uy and integrating over R* we get

/IRS(iuN,uN)-F/RS(\I'a(UN)-VuN,uN)—/]Rg(AuN,uN)+/RS(VpN7uN) —0

1d
=>*f/ |UN|2 +/ (\I/(;(UN) . VUN,UN) —/ (AUN,UN) +/ (VpN,’LLN) =0.
2dt Jys R3 R3 R3

By applying the relation (5.85). On the other hand

—/ (Aun,un) = —/ (VuN,uN)+/ |VuN\2.
R3 OR3 R3

=0
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Thus, the equation becomes

1d 9

- \V4 2 _

MU A
Integrating, now, over time

[ i [ [

=5 [l @F =5 [ av(©F + // Vun]? =
R3

= "LLN|2+2/ / |V’U,N|2:/ |’U,()|27
R3x{t} 0 JR3 R3

for t € (0,7). Also, the integral on the right hence side is finite, since ug € H. Therefore, we
conclude that uy remains bounded in the space

L>®(0,T; H) N L*(0,T; V). (5.110)

Define now, for simplicity, the space Vs := the closure of V in the space H2(R3) and let the
V5 := the dual. space of V3. Hence, by Lemma Temam (see below) and the relations (5.107)
and (5.110) we deduce that %UN remains bounded in the space

L*(0,T;Vy). (5.111)

Therefore, applying Theorem 2.1 in Temam (see below), since uy € L?(0,7;V) and %uN €
L?(0,T;Vs), we conclude that {ux} remains in a compact subset of L?(D). That fact, with
addition (5.110) and Lemmas 5.4.6, 5.4.7 and 5.4.10, where u = uy and w = Us(un), give
the conclution that {py} remains bounded in the space L3 (D). And since {un}, {pn} are
bounded, it follows that there exist convergent subsequences in each space respectively. That
is, there exist {ug, } and {pg, } subsequences of {uy} and {py} such that

Uky —F Us (5.112)
strongly in L?(D), weakly in L?(0,T;V) and weakly* in L>(0,T; H) and

Pkn — Px (5.113)
weakly in L3 (D).
Remark 5.4.11. We known, see, e.g., Lemma 3.4 in weak convergence file, that if 1 < g < r

with ug, — wus strongly in LY(D) and {ug, } is bounded in L"(D). Then ug, — u. strongly
in L*(D) for ¢ < s <.

Now, using the remark above for ¢ =2 and r = 1—30 we have that
Uky —> Us (5.114)
strongly in L*(D), for 2 < s < % and, by the definition of Wy it holds that
Ws(Upy) = U (5.115)
strongly in L*(D), 2 < s < 4.

Therefore, we conclude, by the relations (5.112)-(5.115) that u. is a weak solution of the Navier-
Stokes system.
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Now, since by (5.111) we have that %uN is bounded in the space L2(0,T; V, ), it follows that
{un} is a Lipschitz function. Thus, {uy} is uniformly continuous as a function of time ¢. That
is,

ux(0) = ]\}gnoo un(0) = A}gnoo Uy = Up.

Recall that a well-known property of a weak solution w is the weak continuity of u as a
function of time. That is,

/Qu(x,t) -W(x)dx — /Qu(x,to) - W(x)dx,

VW eL3Q),ast—ty€ 0,7

Therefore, u(t) — ug as t — 0 in the space H, since by the above, weak solutions are weak
continuous in H. This completes the prove of (5.1).
To prove (5.82), it suffices to show the case where t = 0 and ¢ = 0 on R?® x {T'}. Then the
general case follows.

Lets consider that ¢ is smooth function, ¢ > 0 and that ¢ = 0 on {|z| > R}U{t = T'}. With
the same process as in (5.100),

699 =2 [ VunPo= [ juPor [ junPiocrao2 [ pntun-Vort [ juPustn)vo.

(5.116)
Sending N — oo,

/D [Vun|?¢

is lower semicontinuous function. That is

2 [ VuPos [ Pt [ ufe+ a0 2 [ pw o+ [ ufusw)- o

w2 [ wupo< [ juPor [l a0+ [ (uf 2o

which proves (5.82) and this completes the proof of Theorem 5.4.5.
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