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Euvyapiotieg

H mopoloa petamtuytony| dimhwuatix] pyacta exnovinxe oto IavemotAuo
Iwoavvivey uné v enBredn e Kodnynrelae xa Havoryiotag Koavtrh tny onola
xou ey oplo T Vepud Yo T Bordeta, TV xadodrynon xou T cuvepyacio Tou Loy
Topelye OAoL AUTE TAL YPOVLAL, VLo TO YEOVO ToU ou BiE¥eTe xordnuepLvd xodmde xan
Yoo TNV MY GUUTUEAC TAGT] TTOU MOV TROGEPEQRE.

Euyopiote Yepud v tpyder-e€eTaoTing EmTpony (%o I1. KovtA, ». K. Toy-
Béoen, x. A. HepBolopdnovro) v 1o yedvo mou Biédece oTny avdyvwon g
Tapoloug epyacioc.

Oa Hieho Téhog va exppdow TIC Vepués Hou evyaploTiee 0Toug oeloug UoU
yioe TV OO xou oovoux) UTOCTARIEN TOU Hou Topelyoy xodOAn T didexeta
TN¢ TepoLcaS EpYastag.






Abstract

This work is focused on the theory of Gravitoelectromagnetism (GEM). In
the first part of this work we present a brief review of gravitoelectromagnetism,
we locate and discuss all the problems which appear in this approach. We also
try to avoid these problems by proposing new approaches in which we use the
additional degrees of freedom of the gravitational field. In the second part of
this work, we review our previous work regarding the construction of a tensorial
theory, using the formalism of General Relativity, which aims to describe the
true electromagnetism. We also extend this theory in order to make it more
realistic. Finally in the third part of this work, we investigate the existence of
gravitational invariants similar to the electromagnetic ones.






ITepirndn

XNy mopoloo JETATTUYAXT] OIMAWUOTIXY epyacio ueAetdue Ty Yewpla Tou
Baputoniexteopayvntiopol GEM. ¥to npdto pépog tng epyaciog mapoucidloupe
utar oOVTOUT avaoxdTneT Tou Baputonkextpouayvntiopol, eniong evronilouue xou
oyohdloupe Oha ta mpofAruata TN Yewplag. Xt cuvéyela mpoomadolue Vo
olopUwoouue auTd To TEOBAAUATH TEOTEVOVTUG VEEC TPOCEYYIOES OTIC OToleg
Yenouomololue Toug emnAcov Baduoie ehevdepiog tou Paputixol mediou. Xto
0cUTEPO UEPOC TNG epyaolag, apyind, TUEOUGIALOUKE UIol AVOIGKOTNOT| LG TOA-
LOTEPNG EQYAOIOC UG OYETIXG UE TNV XAUTAOKELY| Wiag ToavuoTixrg Vewplog, otny
omoia mpoomadolue va teprypddouue v Hiextpoduvauiny| xdvoviac yeron tou
popuaiiouol tne 'evinric Ocwplag g LyetindtnTog. MTn cuvEyEld TeooTooUUE
vo. emeXTEVOUPE TNV Vewpla oTe va yivel o peakiotiny|. Téhog, oTo Tplto pépog
¢ epyaoiog, epeuvolpe TNV UTtapdn BapuTix®y avaALOIWTWY TOCOTAHTKY Ol OTOLEG
elval TaPOUOLES PE aUTES Tou epgaviovton otnyv Hiextpoduvouudd).
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ITebhoyoc

O Baputonhextpopayvnuouéc (GEM) eivor pio mpocéyyion otnyv onoio to Bapu-
TIXO TEDIO TEPLYEAPETOL YENOWOTOLOVTAG TOV QOPUAAOUS Xat TNV opoloyid Tng
Hhiextpoduvauixrc.  Booiletaw oty mpogavy) avaroyla Yetald Tou VOUOL Tou
Nettwva yioe tn Bapdtnta xou tou vopou tou Coulomb yio tny Hiextpoduvouud.
O BoputonkextpoporyvnTiodog €yel Wiol UEYdAn o Topla 1 omtola Eexvd to 1832
ue Tov Faraday. O Faraday fjtav nencioyévog nwe to Baputind nedio evormoleiton
UE TO NAEXTEOMAYVNTIXO Xou DIEEYOYE TEWRAUATO UE GXOTO VoL avly VEDOEL av 1)
xtvnom evog mnviou péoa oe éva Poputind Tedio umopel va endyel NAEXTEIXG Pl
Abya ypovia apydtepa o Maxwell, éyovtag 101 mpoteivel Tig e€l6MOEG TOU Yio TNV
NAEXTEOOLVOXY, wloluevog amd TNV avahoyio petald Tou vouou tou Nedtwva
yioe T Bopbtnto xan tou vépou tou Coulomb yia tnv Hiextpoduvauiny mpdtetve
ular véa Yewpta yioe T Bapdtnta. Xtn véa autr Jewpla, o Maxwell, eioryaye v
uoUeTIXG PopuTind TEDID TOU CUUTERLPERPOTAY OTKS TO Pory VNTIXd Tedio Tng Hhex-
TeodLVouLxAc. H aduvauio Tou dung va punveloel TOGOTNTEG OTWG 1) EVERYELX TOU
elvor amodnrevuévn oto véo “Boputoniextpopoyvntind” medlo tov xave va oTa-
woTAoEL vopic TNV €peuva vk oe auTh T Yewplio. H mpdtn ovctaotin avdntugn
yioo T Yewpla Tou Boputonhextpouoyvntiopol €yve tny {Olo emoyr dtory ToAhol
emoTUoveg 6mwe ot Holzmuller, Tisserand xou Heaviside npoondidncov ye €vo
TeoTo avtioTotyo ue Tou Maxwell va e€nyrioouy Tig avwpahies 6Ty TeoYLd Tou
Eopr.

‘Eva npofinua mou urnhpye and ta apyaio yeovia ftav 1 e€fynon-teoBiedn
TV TAAVNTIXGY TeoytwY. To mpdBAnua autd e&nyhinxe Yewentixd 1o déxato €B-
douo aunva amd o Nebtwva péow tne Yewplag tou yia tn Bapltnta. Iapdro mou
1 Yewpla Tou Nebtwva unopoloe vo eEnyNoeL Tic TAAVNTIXES TEOYLES xS X Vol
TeoPAédel T Véom TV TAAVNTOV UE PEYEAT axp{Beia, Oev Unopoloe vo e€nyr|oeL
N YeTdnTwon tou mepiniiou tou mhavAtn Epur. O mhavitng Epurc elvon o mo
xovtvog mhavitng otov Hiwo. ¢ arnotéheoua 1 Baputind| ahAnhentidpoot uetoll
Tou Epur| xou tou "Hhou elvon 1oyvpdtepn oe oyéon ue Ty ahAnAenidpaot uetoll
Tou "HAou ot Toug dAhoug mhavrtes. Autd Exave TOUC ETIG TAUOVES TNG ETOY NS VoL
oxegToLy 6Tl 1) Yewpla Tou Nebtwva divel 6o td anoteAéopata dTav To PapuTind
Tedlo elvon acveveg xon emdEyeTaL BlopUNOGELS 6Tay To BopuTind Tedio elvon Loy upd.
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ITpéhoyoc

Ytov Boputoniextpopoyvntioud ol dlopdnoel 61o Baputind medlo unaivouy und
N op@Y| evog emmAéov Boputinod TEd{ou Tou, WE TEOS TN HUINUATIXY TOU TEQL-
Yeupn, elvon mapduolo ue to poryvnTd medio tng Hiextpoduvouurc. To mhfpeg
Boputnd medlo TOTE, TEPLYPAPETOL ATt6 EVAL GET TEOCHPWY EELOWOEMY TOU €Y 0UV
™V Bo opn ye Tig edlonoelg tou Maxwell yio tny Hiextpoduvauixy. 2otdéc0
70 1900 o Lorentz anddeile 61t o dlopdwoeic mou ewodyet éva tétolo medio eivon
TOAD UXQEES Yol VoL EENYACOUY TNV TURATNEOUHUEVY) UETATTWOT) Tou TeEpnhiou Tng
TeOYLAC Tou Epun.

H petdntwon tou mepiniiou tng tpoytde tou Epun elnyiinxe Yewpntind to
1915 ané tn Fevinn| Ocwpla e Myetndtntog tou Einstein. To 1918 ol Lense xou
Thirring €6eiov 6TL oaxdun xon oto mAaioto tng Ievinrc Ocwplag tng Uyetndn-
Tog Umopel var umdpget Wi avohoyior Twv Baputindy e€lo®oewy ue autey Tne Hiex-
Tpoduvouxc. Ot e€lowoeic mediou tne IN'evinrc Oewplac e YyetdtnTog o1
YEoUUXT TEOGEYYION YURW, ahAd Xt U€oa, amd EVal TERLS TEEPOUEVO EUNalo OWUA
TOlEVOUV ULt LOop@T] TTopopoLaL UE auTH TeV e€lodoewy Tou Maxwell yio tny Hiex-
TeodLVIULXT. Ot BloEYNOCEIC TN PETATTWOT) EVOS YUpooXOoToU AOYw Tou Pouputo-
Moty VNTLXoU TEdiou Tou dnutovpYEeiTal antd TNV TEPLO TEOPT) TOU COUATOS VoL Y V-
oTtéc g pawduevo Lense-Thirring. H avaxdiudn tou govouévou Lense-Thirring
onuatodotel TV delTEEN TEplodo avdmTuing Tou Baputoniextpouayvntiouol 1
omolo cuvey(eTon W OYUERAL.

H mhewodngpla twv tpoceyyioewy tou Baputonkextpouayvntiogol, otny enoy
o, tpogpyovion amd TN I'evixr) Ocwplor Te LyeTindTnTaC HoU CUYXEXQEVY oo
N dovield twv Lense xou Thirring. Ou npooeyyloeic autéc umopolv va ywelo-
ToUV ot 600 Peydhiec xotnyopleg: autéc mou Bacilovion oTn YeouuXr TeOCEY-
yion e Fevinric Ocwplag e Lyetixdtntog xan o autéc mou PociCoviar oTny
avarywyr| Tou Tavuotr Tou Weyl ot Boputonhexteind xou Poputodayvntind pépog.
LNV TN XaTNYyopla, Tou o AUTHY aVIXEL N ToEoVCH DOUAEL, 1) TEOCEYYIOT
Tou Baputoniextpouoryyntionol etvor ToA) x0VTd OTOV TEAYHATIXG NAEXTEOUOY V-
ntopd. Trdpyel pa mAfeng avtiototylo uetadd TV Tediwy oTic 8V Vewpleg xan
auth) N avtioTotyio cuvey(leton v Pépet xou oTic e€lowoelg xivnong. Tlapdha autd
1 avohoyla petall Twv 800 Yewptwyv elvar epgoaviic wovo oto acevég dplo xou
OE TOAU CUYXEXQUIEVEG TEQLTTMOELS. LTV O0EUTEEY XATNYoplo OEV UTOPOVUUE Vol
€youpe uio avtioTolylor LETag ) Twv TEdiwY ahAd uévo ol ovahoyio uetald Twyv 600
Yewptwyv. Tao Baputonkextpouayvntixd nedia, o€ aUTY| TNV TEOCEYYLOT), TEPLY Y-
ovTal amd 800 “yweixols” dryvoug TavueTES BUTERTC TAENG Ol OTO(OL IXUVOTIOLOUY
TEOOEQPLS YEVIXEUPEVEC EELOMOTELS TTIOU €Y 0LV TN Lop@Y) ToV e€lo®oenmy Tou Maxwell.
Ye auty| TN TepinTwon urnopel vouny €youue avtiototyio UeTald Twv TEdiWY, OUwS
1 1oy O¢ TNe Vemplog elvon To yevixr xou BeV Loy UEL LOVO OTT| YROUULXT TEOCEYYLOT).
‘Eva dAho Yetind otoryeio authc tng mpooeyyiong ebvar 6Tl ta faputonAextoopory v-
NTxd medio umopoLy v oy nuoticouy Baduwtéc TocHTNTEG AVIAOYES UE AUTES TTOU
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BoputonhextpopoyvnTtiouog

epgaviCovtar otnv Hiextpoduvouur, xar pe autd o avodrolomto peyédn urnopel
VoL xaTooxeLaoTel war Aoryxpavllavy| yior Tov Boputonhextpouayvntiops. Térog
UTdEYOUY X0l XATOLEC DOVAELEG Tdve oTov Baputoniextpouoyvntioud mou dev
UTOPOUME VA TIG EVIUEOUUE OTIC TUPATdvG BU0 XaTnyopleg OTWS 1 TPOCEYYLoN
TOU AVOPEEOUUE GTNV Topdypapo 1.1 tng epyaotiug, 1 omolo Baciletoun otn Ocwpla
Ouddwv.

Ye auth v Epyoaola, onwg avagéeaue %ol TEONYOUUEVLS, A0y OAOUUACTE
Ue Ti¢ TpooeYYloele Tou BapuTtonAeXToOpaYYNTIOUOU TOU EUTITTOUY GTNY TEWTN
xatnyopta. H Epyoaocia amotelel tn cuvéyelo o mpornyoluevng SOUAELNS Uag.
Kiploc oxonde autric tne Epyaoioc etvon vor xdvoupe pior mAvien avaoxomnon tou
Boputoniextpoyory vTiouoU, Vo EVIOTIGOUUE X0 VO OYOMAGOUUE T TEOBAY|UATOL
mou epgaviCovtar otn Yewpla, vor TpoTelvoupe AIOELS Yior AUTE Tal TEOPAUOTOL XAl
yYevixwe va enextelivouue T Yewpla. Eva dhho déua mou pog anacyolel elvor ot
EQUPUOYES TOU BapuTONAEXTROUAYVNTIOUOU oToV Ttparypatind Hiextpouayvntiouo.
T epapupoyéc otov HhextpodoryvnTioud T UEAETACOUE TEWT QORE GTNY Toh-
LOTEQPT) BOUAELYL UOC, TTOU AVUPEPOUUE XOL TEONYOUUEVMS, XOL ED TEOCTOOUUE Vol
Ti¢ emextelvoupe. TEhog €6 0oy 0hOUUACTE %o UE X3TL VEO, TNV EVPECT) BaQUTIX®Y
AVUAAOIWTWY TOCOTATWY GTNY YRUUUIXT TROGEYYIOT|, Ol OTOLEG Eivol TOPOUOLEG [E
auTég Tou epgaviCovtan otov Hiextpouoryvntiouo.

210 TEWTO XEPAMO NG Epyaciag opyxd Olvouue Evay 0pLoUO oL UL Lo-
Topwxn avadpour| Tou BoaputoniextpopayvntiouoL. Zexwvdue ond tov Faraday xou
OVAUPEQOUPE TIG ONUAVTIXOTEQES EQYACIEC TOU EYOLY BNUOGLEUTEL OYETXE UE TOV
BopuTONAEXTEOUOYYNTIONO G XU TIC UEPEC UAC.  XLTN CUVEYELL XAVOUUE Lo
wxeY| ewoaywyy| otn Tevinr) Oewpla tng Uyetxdnroc. Exel avagpépouue dheg
Tic e€looelg Tou Yo YENOWOTOW|COUUE GTO EMOUEVO XEQIAoLa TNG Epyaciog.
Téhog #(dvoude xon plar avapoed. GT1 YRUUUIXT TEOCEYYLoT 0To ac¥eVES bpto TN
[evixric Ozwplog T LyetindtnTag. Xe OAn TNy epyacior SOUAEDOUUE GTT) YEUUMUIXY
TEOGEYYION. X TN CUYXEXQUEVT Topdypapo EYOouUe UTOAOY{oEL OAeC Tic Bacixég
nocotnTee g Ievinrc Ocwploc tng Xyetindtniac otn ypouuixy TEocEyYLo).
YUVETKS auTh 1) Tapdypapog anotekel onuelo avaopds Yo OAEC TG €EICMOELG
Tou acevoic oplou.

210 0eUTEQO XEPAAO TNG epyaciog acyohovuaoTe e Tov Boaputonhexteo-
MOy VATIOUO %o XAVOUUE Lol avoupopdt oTr BiBloypapla. Muyxexpuuévo acyohov-
Lo te xuplwg pe 600 dovkelég, uia Tou B. Mashhoon tou dnuociedtnxe 1o 2005 xou
utor Ot pog mou dnpoctevTnxe 1o 2014, Apyd xAVOUUE Lol UiXET] ELo0YwYT| OTOV
Boputonhextpoporyvntioud 1 omolo etvar Baciouévn otn 6ouleld tou Mashhoon. O
Mashhoon o 2005 napoucioce pla avaexOTNoT TV TEONYOVUEVLY EQYACLHOY TOU
Baotlovtav 6N yeauuxh TeocEYYLon xou auTh 1 epyaocia elvar To apyixd onucio
NG AVIAUGTIC HOG. LTY) GUVEYELX XEVOUUE ULl AVOPORE GTNV TIEOTYOUUEVT] DOUAELS
woc. Av xovelg pehetrioel mpocextxd Ty epyocio Tou Mashhoon Yo mopatner-
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oet oL 1 avohoyla petalh Bapbtntag xouw Hiextpopoyvntiouol woylel uévo otoy
BELOAOUUCTE GTO [UN) GYETIXLOTIXO OPLO KOl TO BUPUTONAEXTEOUOY YNTIXO TEG{O Elvol
ototxd. Emniéov av mdue 6T0 oyeToTind Oplo, axour xol Yo oToTixd Tedla,
otV €xeacT) yio Tic EELOMOELS XiVNong UTdEy oLy ETITAEOY BlopUmoELS TépaY TOU
avtioTolyou tng dUvaurng Lorentz. Ytny epyaoia mou elyoue dnuooteoet to 2014
YENOVTAC VoL UEAETACOUNE Tol Topamdve mpofBhiuata tng Vewplog, emavardBoue
6loug Toug umohoytopolg amd TNy epyacio Tou Mashhoon ywelc va emfBdiouue
xdmotor cuvixn Borduidog. To xdvape autd YTl apyixd QouvdTay TKS 1 GLVITXT
Boduidog pog eméBoke mwe Tor medla Vo meémel var elvan oToTind. Autd Aoy 1At
mou 6¢ Va énpene vo cuyPoaiver. I'vwpiloupe mog o cuvirixm Poduidac xdver mo
anmAéc TIC eEIGMOOELS TOU €YOUUE Vo AOCOUUE 0AAG Bev adAdlel T Puotxr. Agol
ETAVOAEBoE TOUS UTOAOYLOUOUE BElCaUe TS aUTO TToU EMERUAE Twe Tor Tedia Yo
mEENEL Vo ebvan oTaTnd oy 1) emhoyt) mou €xave o Mashhoon yio Tic Boputinég
OLotoparyés. Aol Bellope mwg 1 ypoviny eEEMNEN TV TEdiwY eapTtdTal amd T
HOPGT| TV BUpUTIXMDY DATURIY MV, OTNV TEONYOUUEVT) BOUAELS LS, TEOTEVAUE ol
tar evohhoeTixer) op@y| vt Tig dtotapoyéc. H evahhaxtind popgt| mou mpoteivope
éhuoe T0 TEOPANUA TNg Yeovixhc eCEMENC ohAd ewofyaye VEo TEOPBAAUNTA OTN
Yewpla 6w T0 YEYOVOC 6TL 1) Yewpla Loy Vel HOVO GTO XEVO Xl TS 1) EMPBOAT TNS
ouvixng Borduidag undeviler to Baputonhextowd nedio. Tapdia ta mpoAruata
Tou euQavi{ovTon GTNY EVOANIXTIXT Hop®T, ExEL €va VeTd oTolyElo: oL eEIGMOOELS
xbvnong éyouv tnv avtiotouyn popet ue T dUvaurn Lorentz oxdun xon yio udpmiéc
TayotnTeS. Téhog, €yovtag UEAETHOEL BUO BLUPORETINES MOPPES Yo TIC DLUTURIYEC,
XATUAAYOUUE OTO OTL ETLAEYOVTUC XATIAANAGL TN LORPT] TGOV DLUTHURAY (VY UTOROVUE
va TIEEOVUE EfTE TN pop®t| TwV eELOMOEWY TEdiou elte TN HopPH| TwV eElOMOEWY
xbvnone.

Y10 Tpito xeQdhawo Tng epyociog mpoomaolUe Vo EMEXTEIVOUNE TNV TEO-
NYoUUEVT BOUAELS Yac oyeTd e Tov Baputonkextpouayvntiopd. Autd mou xd-
VOUUE €Elvol VoL YENOLOTOCOUPE Toug emmAcoy Poduolg eheudepiag tou Bopu-
TixoL mediou. To Poputind medlo, we Yvwotov, ota mhaiota tng IevinAg Oewplag
NG LYeTUHOTNTUC TEPLYPAPETOL Al TOV UETEIXO TOVUOTH guy. Ol oUVICTHOES
TOU UETEIXOU Tovuo Ty Umopolv vo avaydolv oe tolo péen: éva Baduwtd goo,
EVOL OLVUCHATIXO (oi, XL EVOL TOVUOTIXO ;5. 2tV HAextpoduvouxr) €youue
uovo téooeplg Baduolg ereuieplac: to Baduwtd duvouxd @ %ot To BLVUCUATIXG
OLVOUIXO A Enedr) oty Hiextpoduvouxr utdpyouy uévo téooepig oduol ercu-
Veplag, oto deltepo xe@dhao elyaue yeNoWoTOW|oEL LOVO Toug avticToryoug Po-
Yol eheudepiag Tou Paputinol mediou xar Yewpolooue WS oL UTOAOLTOL, OL g;;,
undeviCovtar. Ye autd T0 (EPIANO UTOVETOUUE TS Ol GUVIOTWOOES g5 EVOL UN)
UNOEVIXEC OAAGL ONUOVTING UxEOTERPNC TEENC UEYEDOUC amd TIC oo XOL Goi XA YL
TIC 000 UOPYES TwV dtatopaywy. Me autd Tov TpdTO, xoL OTIC BUO TMEQITTWOELS,
UToEOUUE Vo NOGOUNE TO TROBANUA UE TN Ypovixy| e€dpTtnom Tov mediwy. Eriong
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OL8POPES GUVUTHXES TTOU OTO TEONYOUUEVO XEQIANO TEPLOPLLOY TN HORYT TV Goo
X0 Gos, TOEA Elvo sV xeC Tou TepLopilouy PoVo TN LopdT| TV g;j. ‘Ocov agopd
i e€lowoelg xivnong, 1 popet| mou yenowomotel o Mashhoon yio tig Baputinée o1
atopayéc ouveyilel va TepLyel emTAEOV BlopUMOEIC 6TO OYETIXOTIXG 6pto. ‘Ouwg
OTNV EVAAAAXTIXT LOR(T| TOL TpoTEVOUE UElC, OTNY TUALOTERT BOUAELS oG, OAEC OL
emmAéov dloplwoelg Unopoly vo amhomotdody SLOTL axOUn KXol GTO GYETIXOTIXO
Opto elvon UxpoTEERNE TAENG Al TOUC UTIOAOLTOUC OPOUC.  LUVETWS 1) EVOAAoX-
Tixr) pop@Y| vt Ti BopuTinég dlatapoyég elvan 1) xaAUTERT BUVITY| Yiol VoL QUVEL 1|
avahoyio uetalh Bopttnrag xon Hiextpoduvouxic.

Y10 T€T0pTO AEPdANMO TNG epYaoiag xAVOUUE Lo EQupUoYY| Tou Boaputonhex-
Teouoy VN TIopoU oTov Tpaypatixd Hiextpouoyvntioud. Tlpdxeiton yio pla tpoond-
Ve meprypagric e Hiextpoduvauixic yenotuomoidviag wa tavuotixy Yewplio
mou yenotornotel To gopuaiioud tne Nevinfc Oewplag tng MyetindTnTog oTny
TpooEyyLon Tou BaputoniextpouayvnTionol. Oo TEETEL €06 VAL GTUELDCOUNE TKG
OTNV TEAYHATIXOTNT OEV TpooTodolue Vo Bpolue Wi To yevixr| Yewpla 1 omolo
umopel var avtixatactioel Tov Hiextpouoyvntioud. Dvwpilouue e&dhiou 611 o
Hhextpoporyvntiopode eivon plar amd Tic mo axpyBelc Yewpleg e Puoinric, ol mpof-
Meg tng omolag ouPPVOLY e exmAnx Ty oxpifelo Ye To medupata.  Autd
mou mpooTadolue Vo xdvoupe ebvar var 000UE TOCO oLl Umopel var @TAcEL 1|
avahoyio peta€d Bapdtnrag xow Hiextpopoyvntiopod. H eqopuoyn aut otov
Hhextpoporyvnuiopd Eextvnos otny TaALOTERT, BOVAELS UOC TIOU OVAUPEQUUE Ol TILO
TV, DT TEWTEC TAUPAYPAPOUSC TOU XEPUAA(OU XEVOUNE ULl OVACXOTNGT) UTHG
NG DOUAELAC %ot OTNY TEAEUTALO TIPS YPAPO YLENOUOTOLOUUE TA ATOTEAECUATA TOU
Tponyoluevou xegahaiou wote va TNy enexteivouue. To anoteAéopata autod TOU
xepahatou elvon TS GVTIWG O xdmOolEg eWég TepnTwoelg 1 HAextpoduvouxr
umopet va meptypapel amd uio Vewpio oav auth, 1 1oy 0¢ ung e Vewplog dev elvou
yevix.

Téhog oto méunto xepdhoo g epyasiag npootatolue va Bpolue Poputinég
AVUAAOIWTEG TOCOTNTES, GTO YRUUUIXO OPLO, OL OTOLEG VoL EVOIL TUPOUOLES UE UTEG
mou epgaviCovtan oty Hiextpoduvouxy|. ‘Okec ot Baduwtéc tocdtnteg mou ut-
doyouv otny Bopltnta mpogpyovton amd tov Tovuotr Tou Riemann o onolog nep-
EyeL 0elTeEPNC TAENS TaPAYdYOUS Tou UeTEiXoU ToavuoTy. Ot Paduwtéc tocdtnteg
¢ Hhextpoduvouinric mpogpyovial amd Tov NAEXTEOUXYYNTIXG TOVUGTH 0 oTolog
TEPIEYEL TEWTNG TAENG TUPAYWYOUS TV duvopxmy. o va Aocoupe autd To
TEOBANUN oploape €va VEO Tavuo Ty Fp,,, TOU TEQLEYEL TEWTNG TAENG TORIYWYOUS
TOU PETEIXOU TOVUCTH Xol EXPEACUUE Tov TavuoTy| Tou Einstein yenoiwwonoumvrag
Ty wyYous Tou Fi,. Amo T oTtiyur mou o tavuothc Fi mepéyel mpdng
TEENG TUPAYMYOUS TNG METEIXNG VEWPOUUE e T BaduemTd Tou TEOXITTOLY and
auToV Vo Eyouv mapduol Lopy| ue autd tne Hiextpoduvauixnrc. Xtig teleu-
Tadeg 500 Taporypdpoug Tou xepalatou utoloyllouvue to Baduwtd F = F,,, FO*
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ITpéhoyoc

YLt TIC 000 HOPPES TWV BapUTIXGY BLATUEAY MY TOU YENOHIOTOVUE oTov Bapu-
Toniextpopayvntioud. To Boduwtd F yla Tic 800 Hop@ES TOV BLaTopay (Y TEQLEYEL
évary 6po avtioTolyo ue autdv Tou epgavileton oty Hiextpoduvouuxd (B* — E?)
OANG %t TOAAOUC ETULTAEOY GpOUS TouC omtoloug Bev umopolue va diwéouue. H ep-
yaotio TEAELOVEL Ue ToV UTOAOYIoUO Tou BarduwTol F' Oune 1) SOUAEL Yog OyeTIXd
ue ta Poduwtd Tou TEoxVUTTOUV amd Tov TovuoTH Fy,, elvon oxoun o eZENEN.
Hpoomadolue vo Beodue Wi Baduwty) TocOTNTO THEOUOLN UE TNV E-B e Hhex-
TeoduvVouxg. Emlong emeldy| eumiéxovian Baduwtd, mpootoolue Vo xaTooXEUE-
ooupE Wio hvyxpavCiovi| yio To acievég opto moapduola pe tng Hiextpoduvounrc
YENOWOTOLOVTOG TOV TUVUGTYH Fy .
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Preface

A problem which existed from the ancient times was the explanation of the plan-
etary orbits. In the 17th century this problem was theoretically explained by
Newton’s theory for Gravitation. Although Newton’s theory seemed to explain
everything regarding the planetary orbits, it could not explain a few anomalies
in Mercuries orbit. In order to explained these anomalies, many new theories
were proposed and one of them is the gravitoelectromagnetism.

Gravitoelectromagnetism (GEM) is an approach in which the gravitation
field is described using the formulation and the terminology of electromag-
netism. It is based on the profound analogy between the Newton’s law for
gravitation and Coulomb’s law for electricity. Gravitoelectromagnetism has a
long history, which starts in 1832, when Faraday —~who was convinced that the
gravitational field unifies with the electromagnetic one— conducted some exper-
iments in order to detect if the gravitational field can induct electric current in
a circuit, and which continues until our days.

For about two centuries many papers and new approximations of Gravito-
electromagnetism have been proposed. However, during the last years, the ma-
jority of the scientific articles focusing on gravitoelectromagnetism are based on
Einstein’s General Relativity and especially on the work of Lense and Thirring.
Lense and Thirring showed that in the context of General Relativity a rotating
massive body can create a gravitomagnetic field. This effect is known as the
Lense-Thirring effect. These works are split in two categories. The first one
uses the linearised form of General Relativity field equations in the weak field
approximation, while the other uses the decomposition of the Weyl tensor into
gravitoelectromagnetic parts.

In this project we follow the first category, and work in the linear approx-
imation. The main achievements of this approach have been reviewed by B.
Mashhoon. However, the last years many researchers have noticed some prob-
lems in this approach. Several scientific articles, including one of ours, have
been published in which solutions to the above problems have been proposed.
Our objective for this project is to review our previous work and to propose
new solutions to the problems which have been reported.
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Preface

Another topic, also covered in our published work, is an attempt to describe
true electromagnetism using the formalism of General Relativity. This attempt
is based on the results of our work regarding gravitoelectromagnetism. We
should mention that our goal is not to replace electromagnetism with another
theory but to see how far the analogy with GEM extends and where and why it
breaks down. In this thesis we continue our work in this subject by proposing
new approaches.

In the last chapter of this thesis, we also cover the search for invariant
quantities similar to the electromagnetic ones, in the linear approach of gravi-
toelectromagnetism. This work is still in progress and we only present some of
our results. We hope that this work would contribute to a better understanding
of gravitoelectromagnetism and, maybe, lead to a lagrangian formulation.

The outline of this thesis is as follows: in chapter 1 we present a histor-
ical overview of gravitoelectromagnetism and a short introduction to General
Relativity and its linear approximation. In chapter 2 we give a brief review of
gravitoelectromagnetism based on Mashhoon’s papers and our previous work.
In this chapter we locate and discuss all the problems which appear in this
approach. In chapter 3 we try to solve the problems which appear in gravito-
electromagnetism by proposing new approaches in which we use the additional
degrees of freedom of the gravitational field. In chapter 4 we review our previ-
ous work regarding the construction of a tensorial theory, using the formalism
of General Relativity, which aims to describe the true electromagnetism. We
also extend this theory in order to make it more realistic. In chapter 5 we in-
vestigate the existence of gravitational invariants similar to the electromagnetic
ones. Finally in chapter 6 we present our conclusions.
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Chapter 1

Introduction

1.1 A historical review of Gravitoelectromag-
netism

Gravitoelectromagnetism is a theory in which the main goal is to describe grav-
ity using the formulation of electromagnetism. Gravitoelectromagnetism as a
theory has a long history.

In 1832 Faraday conducted a series of experiments in order to detect the
induction of electric current in a coil falling through the gravitational field of
the Earth [1]. 33 years later, Maxwell, motivated from the analogy between
the Newton’s law of gravitation and Coulomb’s law of electricity, tried to de-
velop a theory for gravitation using the formulation of electromagnetism [2].
At the same time, Holzmuller [3] and Tisserand [4] presented their attempts to
explain the excess advance in the perihelion of Mercury in terms of a gravit-
omagnetic field generated by the Sun. In 1893, Heaviside [5] developed a full
set of Maxwell-like equations for the gravitational field. Heaviside’s field equa-
tions in the vacuum can give wave solutions which propagate with the speed
of light. These attempts were very promising for the explanation of the excess
advance in the perihelion of Mercury, however, in 1900, Lorentz [6] proved that
a gravitomagnetic force would be too weak to explain this phenomenon.

In 1915, Einstein published the General Theory of Relativity [7]. General
Relativity is a modern theory of gravitation which has extended Newton’s the-
ory. General Relativity has, also, provided an explanation to the problem of
the perihelion of Mercury. A few years later, Lense and Thirring, using General
Relativity, showed that a rotating massive body can create a gravitomagnetic
field [8]; this is known as the Lense-Thirring effect. Thirring also proved that
geodesics equation can be expressed in terms of a gravitoelectric and a grav-
itomagnetic field in the same way as the Lorentz force for electromagnetism
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Chapter 1. Introduction

[9].

In the 1950’s, Matte [10], Bel [11] and Debever [12] explored the analogy of
gravity and electromagnetism based on the decomposition of the Weyl tensor
into traceless tensors in the weak approximation limit. In the 1960’s, For-
ward [13] extended the above model and obtained a Maxwell structure for the
perturbation; he also proposed experiments to detect these fields [14]. In this
decade, a new approach appeared, presented by Scott [15], in which the gravita-
tional field is expressed by a vector field in strict analogy to the electromagnetic
field. Similar vector theories have been proposed by Coster and Shepanski [16]
and by Schwebel [17]. In the Seventies, another vector theory was presented
by Spieweck [18] in which a gravitomagnetic vector potential was introduced.
Also, in order to explain the strange behavior of astrophysical objects under
extreme physical conditions, new vector approaches of gravitoelectromagnetism
were published [19][20][21]. The above approaches have many applications in
Astrophysics.

During the last thirty years many approaches of gravitoelectromagnetism,
based on General Relativity, appeared in the literature [22][23]. We can say
that the gravitoelectromagnetic formulations can be split into two categories.
The first, which is the one we use here, is an approach based in the linearised
form of General Relativity field equations around a massive rotating body. A
review of the linear approach has been published by Mashhoon [24] and it is
the starting point for many papers. The second is an approach based on tidal
tensors and on the decomposition of the Weyl tensor into gravitomagnetic and
gravitoelectric parts. This approach has been extensively reviewed by Costa,
Natario and Herdeiro [25][26]. However, new approaches are still appearing in
the literature, such as the formulation based on group theory by Ramos [27] or
the Langrangian formulation of gravitoelectromagnetism published by Ramos,
Montigny and Khanna [28]. Many interesting phenomena are associated to
gravitoelectromagnetism: Ruggiero and Tartaglia have published a review of
the gravitoelectromagnetic effects [29] which also contains references to experi-
mental attempts to detect them.

In the following two sections we give a brief introduction to General Rel-
ativity and to the linear approach. We consider this specifically important in
order to give the context in which our work is based and to provide the reader
with the information needed to understand better our project.

1.2 General Relativity

The General Theory of Relativity is the modern theory of gravitation. It was
published by A. Einstein in 1915 [7], and is a theory that connects the gravita-
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1.2. General Relativity

tional force with the space-time geometry.

The geometry in General Relativity is described by the metric tensor g,
which is a second rank symmetric tensor. The metric tensor is appearing in the
well-known “first fundamental form” of the Differential Geometry which is also
known as the line element

ds® = g, datda”, (1.1)

where x# = (ct, 7). The above equation is a generalized form of the well-known
line element of the Special Theory of Relativity [30]

ds* = n,,dxtdx”, (1.2)

where 1), is the metric tensor of the flat Minkowski space-time'.
The metric tensor is also related with the curvature of the space which is
described by the Riemann’s —curvature— tensor

R, =007, — 07, + T MFAW — 17 I (1.3)

po

where I'”  is the Christoffel’s symbols given by the following combination of

the metric tensor and its derivatives

1
Fp;ux = §gAp (a,ug)\l/ + al/g)\,u - 3,\%1/) . (14)

Two useful geometrical quantities for the General Relativity, which can be ex-
tracted from the Riemann tensor, are the Ricci tensor which is defined as

_ _ A A
RHV - Rpupl/ - aPFp,uV - aurppu + FppAF uv Fpu)\r pv (15)
and its trace defined as
R=g¢"R,,. (1.6)

The trace of the Ricci tensor is also known as the Ricci scalar.
The field equations of the General Relativity are

8¢
GlW = 771“,, (17)

where the tensor G, is called Einstein’s tensor and is defined as

1
GW/ = RMV — §gMVR' (18)

Throughout this work, we will use the (+1,—1,—1,—1) signature for the Minkowski
tensor 7.
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Chapter 1. Introduction

The tensor T}, is the so-called energy-momentum tensor which describes the
distribution of mass and energy in the region of space where we solve the field
equations.
In General Relativity the equations of motion of a particle which moves only
under the gravitational force is given by the geodesics equation
d*x? dat dz¥

re — =0. 1.9
ds? W ds ds (1.9)

As in the Newton’s theory of gravity the motion is independent of the particle’s
mass.

1.3 The linear approach

Einstein’s field equations are non linear and thus, quite often, difficult to solve.
A usual technique is to adopt the linear approach valid in the limit of the weak
gravitational field. In this the metric tensor may be written as

g;u/(x'u) = N + h,,w,(éEu) ) (110)

where h,,, are small perturbations over the Minkowski space-time. In the con-
text of General Relativity, the metric perturbations h,, are sourced by gravitat-
ing bodies and obey the inequality |h,, | < 1. As aresult a linear-approximation
analysis may be followed. Here we will briefly review the corresponding formal-
ism and we will present the equations of General Relativity in the linear-order
approximation (for a more detailed analysis, see for example [31]). If we use
Eq. (1.10) and keep only terms linear in the perturbation h,,, we easily find
that the Christoffel symbols take the form

iz

« 1 «
L = 5" 7 (Mo + Pusps = ) - (1.11)

Using the above equation, the Ricci tensor (Eq. (1.5)) assumes the form

1
S (BPp + Wiy = Pl — hop) | (1.12)

Ru,,:2

where 0% = 1**9,0,. In the linear approximation the tensor indices are raised
and lowered by the Minkowski metric 7,,. In the above equation, we have also
defined the trace of the metric perturbations h = n**h,,,. Correspondingly, the
trace of the Ricci tensor (Eq. (1.6)) is found to be

R=h",, —0h. (1.13)
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1.3. The linear approach

If we combine the Ricci tensor and its trace, the Einstein tensor (Eq. (1.8))
takes the form

1
Guu = 5 (hau,l/a + hau,uoc - 82huu - hJW — Nuw haﬁvaﬁ + Umz 82h> : (1'14)

Usually in gravity, in the linear approximation, one may define the new pertur-
bations f,, in terms of the original perturbations A,

~ 1
Py = by — 577;“,}1. (1.15)

In terms of the new perturbations the Einstein tensor simplifies to:

1 /-~ - - -
_ « « af
G = 5 (A% + B0 = Py =1 B ) (1.16)
The above tensor satisfies Einstein’s field equations Eq. (1.7) which now are
written as 3 3 3 3
e 1% e — Pl — 0 17 g = 2k T, (1.17)

e

The value of the proportionality constant k£ will be 8::—40, as usual, except in

chapter 4 where it will be different. If we make a coordinate transformation of
the form x# — 2 = x# — ", we can easily see that the metric perturbations
transform as h,, — h;w = hyy + Yy + Y- This transformation leaves Ein-
stein tensor unchanged and hence the field equation. Transformations of this
form, which do not alter observable quantities, are called gauge transformations.
When we solve a problem, it is often convenient to reduce the gauge freedom
by imposing constraints to the perturbations h,,. These constraints are called
gauge conditions. Usually, in the linear approximation, we use the so-called
transverse gauge condition iL’WW = 0. Under the imposition of the transverse
gauge condition the Einstein tensor takes the simple form

1 .~
G/LV = _582hyz/, (118)

while the field equations are
Phy, = —2k T, . (1.19)

If we multiply Eqs. (1.19) with 7", we get 82h = —2k T or 0%h = 2k T and we
can write the field equations as:

1
Ohy = —2k (TW - ?qm,T) : (1.20)
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Chapter 1. Introduction

In the vacuum we have 7}, = 0 and the field equations take the form:
Phy =0 or  0h,, =0. (1.21)

In what follows we will assume that the distribution of energy in the system
is described by the expression T, = pwu,u,, where p is the mass density and
ut = (u°,u') = (c, @) is the velocity of the source. If we define the mass current
density as j, = pu,, the energy-momentum tensor takes the form 7, = j,u,.
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Chapter 2

GravitoElectroMagnetism

2.1 The traditional ansatz for the perturba-
tions

In the context of the theory of gravitoelectromagnetism, Eqs. (1.19) are Ein-
stein’s linearised gravitational field equations, with k = 87G/c!, under the
imposition of the transverse gauge condition. The components of the metric
perturbations ,,, have the form [24]

~ 40 ~ 24; ~ _
hoo = W) hOi = CEE hij = O(C 4) (21)
c c
or
. 4 8 »
hO,u = C—2Au, hij = O(C ) (22)
where A = (CD , é) is the gravitoelectromagnetic 4-potential. If we contract
Eq. (1.15) by 7 we find h = —h; and we can write the inverse relation between
the original and the new perturbations as
- 1 -
h,ul/ = h/u/ - 5 my h. (23)

Then, using the definition (1.10), the spacetime line-element takes the form
29 4 - 2P Do

The perturbations are thus expressed in terms of the so-called gravitoelectro-

magnetic potentials, a scalar ®(x*) and a vector potential A(z*). The hgg

component yields the Newtonian potential ®, while the hy; component is asso-
ciated to the “vector” potential A generated by a rotating massive body; the
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Chapter 2. GravitoElectroMagnetism

hi; component of the metric perturbations is usually assumed to be negligible
due to the suppression of the corresponding source by a 1 /c* factor.
The transverse gauge, h*"” , = 0, gives:

e For o = 0, the analogue to the Lorentz gauge condition of the electromag-
netism : ,
Loo+a () =0 A (2.5)
c t ) 9 = or Y .

e And for u = i, an additional condition that connects the ﬁij component
with the time derivative of the vector potential A:

;R = — 9, A" (2.6)

Due to the tensorial structure of gravity, from the gauge condition we get three
more equations, Eq. (2.6), that do not appear in the true electromagnetism.
These equations were ignored in many scientific articles because they involve
O(c™) terms [24][32] and lead to static vector potential 8, A = 0 in some others
[33][25]. Here we are following Mashhoon’s papers [24] and we are ignoring the
presence of these equations. In the following sections we will discuss further the
presence and importance of Eq (2.6).
The field equations are:

e For y=0and v =0:

0*® = 4nG p, (2.7)
e And for y=0and v =i:
A ArG
2 (7" _ -7
0 < 5 ) — (2.8)

where we have ignored all the equations involving O(c™*) terms.
In analogy with electromagnetism, we can define the GEM fields £ and B
in terms of the GEM potentials [24][33]

S A L . (A

According to [24], if we use vector notation, Eqs. (2.7) and (2.8) reduce to two
Maxwell-like equations for the Gravitoelectromagnetic field

V. E=d4rGp, VxB=-0F+ "7 (2.10)
C C
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2.1. 'The traditional ansatz for the perturbations

The definitions of the fields Eqgs. (2.9) reduce to the remaining Maxwell
equations

— — ]_ — — —
VxE=-9,B, V-B=0. (2.11)
C

A more detailed analysis, that will be presented in the following section, will give
more information on how Eqs (2.7-2.8) actually reduce to a set of Maxwell-like
equations.

Finally we can find the equation of motion of a test particle which propagates
in the background (2.4). Here, and in the following sections, we will keep all
corrections in the equation of motion and we discuss their importance. We
should also mention that we work in the non relativistic limit; this means that
we can write

jaf?

ds® = dt* — (do*)? — (do?)? — (d2?)? = 2dt? (1 — —) ~ Adt*.  (2.12)

2
In the non-relativistic limit, the spatial components of the geodesics equation

AP , datdx”

ds? + wods ds

take the form

d?xt - ; dz?

dz* dz’
— + Ty +2¢ Ty — i

In the linear approximation, the Christoffel symbols are given by Eq. (1.11).
Reading the form of the initial perturbations h,, from the line-element (2.4),
we find:

, 1 . 2 :

I = 2 0'® + 3 OA", (2.14)
i 1 7 7 1
, 1, ; ;

Py = —5 (0002 + 0,0, —y; 0'D). (2.16)

In the second of the above equations we use the definition Fj; = 0,4; — 0;A;.
Substituting the above into Eq. (2.13) [34][33][25] we find

' =E"+—-FYu; + - (2u’8t<l> + 2uiu* 0, P — ukukasz) , (2.17)
c c
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Chapter 2. GravitoElectroMagnetism

which, if we are in the non relativistic limit and the scalar and the vector

potential are stationary i.e. 9;® = 0 and 9;A = 0, reduces to the analogue of
the Lorentz force law for gravitation:

. . 2 .
#l= E' 4 Py, (2.18)
C

with “electric charge” equal to m and “magnetic charge” equal to 2m. Ac-
cording to the literature the coefficient 2 in the “magnetic charge” is related to
the spin of the gravitational field [24]. Actually this coefficient depends on the
definition of the magnetic field and on the hg; component of the metric pertur-
bations as well. From the definition of the magnetic field Eq. (2.9), we can see
that the Fj; components are Fj; = —2¢,;, B, and, as a result, the coefficient in
front of the magnetic field is 4m. In the above equation €;;;, is the Levi-Civita
symbol.

With the traditional ansatz (Eq. (2.1)) one can easily see the analogy be-
tween gravity and electromagnetism and, by solving the field equations, one may
study many interesting phenomena [8] [35]. However, this ansatz “works”, i.e. it
keeps the analogy with true electromagnetism, only if the potentials are station-
ary and, as it is mentioned before, some times —through the gauge condition—
the ansatz dictates that the vector potential A is time-independent. If the po-
tentials are time-dependent, the theory gives correct results, from the point of
view of General Relativity, but the analogy with the electromagnetism breaks
down. The truth is that, in reality, the majority of the gravitoelectromagnetic
effects are stationary and well described by the traditional ansatz. But we are
also interested in time-dependent effects and we want to see if there is any way
to preserve the analogy. In the literature a number of works have been found
attempting to solve this problem [36] but they are dealing only with special
cases. On the other hand, another big problem with gravitoelectromagnetism
is that, even in the stationary case, we get the correct form of the Lorentz force
law only in the non relativistic limit. It has been claimed [24] that we can keep
the analogy ether with the field equations or the Lorentz force but not both
with the same ansatz [25]'. If we choose an ansatz that fixes the Lorentz force
law, we do not obtain the correct field equations [33]. In the following sections
we present different ansatzes that attempt to fix the problems appearing in the
traditional one that we presented in this section.

1See Section 2.3.

28



2.2. A detailed analysis of the traditional ansatz without the imposition of a
gauge condition

2.2 A detailed analysis of the traditional ansatz
without the imposition of a gauge condi-
tion

As we saw in the previous section, the traditional ansatz demonstrates the
analogy with the true electromagnetism but it has some problems. In order
to shed light to the problems of the traditional ansatz, in a previous work of
ours [33], we performed the analysis again without the imposition of a gauge
condition. However, there is a difference between the ansatz we are using in
this section and the one employed in section (2.1). Here the h;; components of
the metric perturbations h,,, are set equal to zero [33][25]. Actually there is not
a big difference since in the previous ansatz [24] these components were treated
as null. However, as we will see in the following chapter, the presence of the ilij
is in fact important for the solution of the problems which arise here.
The ansatz we use in this section is

_ AD - 2A -
ho=—,  hi=——%, hy;=0, (2.19)

and again the metric perturbations are expressed in terms of the so-called Grav-
itoelectromagnetic potentials.

For the evaluation of the field equations we need the components of h,, in
mixed form - these are:
2A ~ 24 .

The field equations, Eq. (1.17), for the above ansatz take the form

e For y=0and v =0:

6% k
e For y=0and v =1:
1. (1. . 1 1, .k

e And finally for p =14 and v = j:

1 . . 1 1 k
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Chapter 2. GravitoElectroMagnetism

As in the previous section, the constant & is 87G/c¢*. If we use vector notation,
Eq. (2.21) readily takes the analogue of Poisson’s law

V2® = 4nGp, (2.24)

while Eq. (2.22) in turn can be rewritten as

. (4 1 A 4
v [V-<§>+E€M> Ve (—)zﬂTGpﬁ. (2.25)

2
Equations (2.24) and (2.25) differ from (2.7 - 2.8) since here, we have not im-
posed the transverse gauge condition. We can define again the GEM fields F
and B in terms of the GEM potentials [24] [33]:

. 1 (A - L A

Then, Egs. (2.24) and (2.25),using vector notation, take the form

L Lo 1.~ 4G -
V.E=4rGp, VxB=-0EFE+_"7, (2.27)
& C

only if the vector potential A has not a time-dependence, i.e.

—

OA=0. (2.28)

The definitions (2.26) then take the form
- N > o
VxE=-0B, V- -B=o. (2.29)
c

Here we can see that the choice we made for the form of the metric per-
turbations dictates that the vector potential is static (for different approaches
regarding the role of this constraint in the context of gravitoelectromagnetism,
see [23][25]]26][33][37][38]). This does not fix the problems of the traditional
ansatz; it actually makes them worst, however, it shows us that the time de-
pendence of the vector potential depends on the ansatz. This is an important
result, because in the previous section the constraint regarding the time depen-
dence of the vector potential deduced from the gauge condition. If we impose
the transverse gauge condition we obtain the same results. Therefore, we can
conclude that the only way to solve the problems regarding the time dependence
of the vector potential is to seek for new ansatzes.
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2.2. A detailed analysis of the traditional ansatz without the imposition of a
gauge condition

Now we can return to the linearised field equations. Their spatial component
gives us a third set of constraints Eq. (2.23). The diagonal components of Eq.
(2.23) (i.e. for i = j) reduce to the relation

3 = —gplil, (2.30)
with (u!)? = (u?)? = (u?)?, and the off-diagonal ones (for i # j) give us

U;Uj

(90 (8214] + 8]A1> = 87TGp

2 (2.31)
Therefore Eq. (2.30) demands that the distribution of sources is isotropic (i.e.
the current vector has the same magnitude along all three spatial directions);
it also restricts the magnitude of 9?®, which is a quantity that does not appear
in the other two derived equations. The other equation (2.31) imposes that
the velocity of the source is absolutely non-relativistic, |i| < ¢ it is only
then that the time variation of the vector potential is extremely small, due to
the suppression factor 1/c? on its right-hand-side, and the consistency of the
complete set of derived equations is guaranteed.

Finally, we can give the equation of motion of a test particle that moves in
the field area. First of all the line element has the same form as in the previous
section Eq. (2.4)

29 4 - 2P o
ds* = ¢ (1 + —2) dt* — = (A - d7) dt — (1 - —2> 0;;dx'dr’ .
c c c
The Christoffel symbols are also the same as in the previous section:
i L 2 i
FOO - —ga(b—f—gat/l,
i Lo i 1
FOj - g F} - (5] 0—3815(1),
. 1 ) . .

In the second of the above equations, we use the definition F;; = 0;A; — 0;A;.
Then, the equations on motion, in a familiar vector notation, are [33]:

— — Tk 4 =g 7 q) 7 7 =
ma = :mE(1+M)+—mﬁxB+2mFat——g(EE)} (2.32)
C cC C C C

where, we have set ;A4 = 0 and thus E = —V®. The Gravitomagnetic Field ()
and the gravitoelectromagnetic tensor (F),,) are related through the equation
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Chapter 2. GravitoElectroMagnetism

F,; = —2¢;;,By. If we are in the non relativistic limit and the scalar potential
is static, the above equation reduces to the analogue of the Lorentz force law:

mﬁzﬁ:mﬁ+47mﬁx§. (2.33)

In this section, we have performed again all the calculations of the traditional
ansatz without the imposition of a gauge condition in order to investigate in
depth the problems that arise. The nature of the problems forces us to seek
modified ansatzes for the metric perturbations. In the following section we
present an alternative ansatz and in the following chapter we will add corrections
to both ansatzes.

2.3 An alternative ansatz

As we saw in the previous section (2.2), a possible remedy for the problems
which appear at the traditional ansatz is the adoption of a new one. In this
section we follow the literature [33]][25] and present an additional ansatz for the
metric perturbations. The ansatz we use here has been carefully chosen in order
to fix the Lorentz force law.

The metric perturbations in this section will be:

~ ) ~ A; ~ )
hoo = gj hoi = 0—2, hij = —0—2 Nij » (2-34)

with the basic difference being the assumption of a non-vanishing (or sub-
dominant) h;;. )

Working as before, we first derive the components of /,, in mixed form
o_ @ i A o A i 2

0 027 0 C2’ ) 027 7 621’

(2.35)
and then, from the field equations (1.17), we obtain the following system
e For y=0and v =0:
0 = 2kpugug, (2.36)
e For p=0and v =1:

1

c2

1 .
(9i ((9kAk) — g (Skl 8k81A’ == 2]{3/0 Ug Uj - (237)
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e Finally for y =14 and v = j:
2

1 . .
—= 0 (0,A7 + 0,A") — = 0:0;® (2.38)

2 2
+0ij | 5 3 OLOP + = 0(0xA") | = 2kpu;u; .

Setting again k = 87G/c?, Eq. (2.37) takes a form similar to that of the
fourth Maxwell’s equation for both a static scalar and vector potential, 0,® =

—

atA — 0,

—

V(V-A) - V2A = 167er% . (2.39)

This equation differs from the exact Maxwell equation by a factor of 4 on the
right-hand-side but, as we will see, this will be irrelevant. Equation (2.36), that
in the previous case gave us Poisson’s law, is now reduced to the trivial result
p = 0, which, when combined with the fact that 9,A = 0, leads to the demand
that ® satisfies the equation

V2P =0. (2.40)
We conclude that this choice for the gravitational perturbations leads to a static
model of gravity in vacuum. For p = 0, the right-hand-side of Eq. (2.39) also
vanishes making the numerical factor irrelevant. In retrospect, our assumption
of non-vanishing iLij seems justified: although this component is indeed signif-
icantly suppressed in the presence of an energy-momentum tensor of the form
T,, = puyu,, in vacuum all components are of the same order.
Imposing the transverse gauge condition BWW = 0 results into two con-
straints, namely:

e For o = 0, the Lorentz gauge condition:

1 L
S00+V-A=0 . (2.41)

e For ;1 = i, the gauge condition dictates that the gravitoelectric field is
vanishing:

1 - -
S0 A+ Ve =0, (2.42)

We note that the different numerical coefficients that appear in the ansatz,
compared to the traditional one (2.1) used in GEM, allow us to define the
GEM fields £ and B in an exact analogy with the electromagnetism

. 1 - - Lo
E=--8A-V®, B=VxA. (2.43)
C
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Chapter 2. GravitoElectroMagnetism

Although this case seems to be not particularly rich in content compared
to the one studied in the previous section, it is in contrast free of additional
constraints. The set of equations (2.38) — both the diagonal and off-diagonal
components — are trivially satisfied if one uses the aforementioned constraints
Egs. (2.41-2.42) following from the gauge conditions. However, we have en-
countered a big problem in this ansatz, the vanishing of the gravitoelectric field
E. Taking in consideration that this ansatz is valid only in vacuum, we can
conclude that it is very limited. We are only left with the analogue of the mag-
netostatic field in the Coulomb gauge: if the gravitoelectric field E vanishes,
the scalar potential ® is a constant; then, Eq. (2.41) reduces to VA= 0,
which is the well known —from the electromagnetism— Coulomb gauge.

In this ansatz the spacetime line-element assumes the simplified form

29 2 o .
ds® = c* <1 + —2) dt* — = (A - dF) dt — 0;;dx‘da’ . (2.44)
c c
Turning finally to the geodesics equation, by using the expressions for the
initial perturbations h,, as these are read in the line-element (2.44), we arrive
at particularly simple forms for the Christoffel symbols

i 1 1 i i 1 i
Substituting these into the geodesics equation (2.13), we obtain the exact func-
tional analogue of the Lorentz force

m

mi=F=mE+—ixB, (2.46)

c
We have seen that the gravitoelectric field E in this ansatz vanishes and thus
the scalar potential is a constant. Having that in mind, in Eq. (2.45) the T},
should vanish and consequently Eq. (2.46) should be:

m —

ma= —ux B. (2.47)

c
In short, we have given the equations of motion in the form of Eq. (2.46) in
order to show that in this ansatz we can get the correct form of the Lorentz force
law. In this case additional terms do not emerge, not even sub-dominant ones
in the non-relativistic limit. We can also see that the same coefficient appears
in front of the gravitoelectric and gravitomagnetic terms, in exact analogy to
electromagnetism. Therefore we conclude that this particular ansatz for the
gravitational perturbations may lead to another class of phenomena observed
in vacuum in the context of gravitoelectromagnetism: the field equations in
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2.3. An alternative ansatz

conjunction to the gauge condition lead to a self-consistent set of fundamental
equations with no additional constraints and a remarkable similarity to the
corresponding formulae of electromagnetism.

However this ansatz has two serious problems; the gravitoelectric field van-
ishes and it works only in vacuum. One could claim that the vanishing of the
gravitoelectric field is the most important problem but actually the most im-
portant problem is the latter. Usually when we solve a problem in vacuum,
we have information about the source in the form of boundary conditions. In
other words, we solve the field equations inside the source and outside (in the
vacuum) and we demand that on the boundary (the surface that encloses the
source) the two solutions coincide. In the gravitoelectromagnetism theory, we
solve the field equations of General Relativity around a rotating massive body,
which means that again we have a source. However, in this ansatz we do not
have any information about the source; we only know that the field exists, and
possibly propagates, in vacuum but we are unable to connect it with its source.
Despite the problems we have encountered, in this model we have obtained some
promising results such as the fact that we get the exact form of the Lorentz force
law. We will continue presenting corrections for the two ansatzes. In fact, as
we will see in the following chapter (3.2), the work we presented in this section
will lead us to the best ansatz for the metric perturbation, in which we can have
both time-dependent fields and equations of motion very close to the form of
the Lorentz force law.
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Chapter 3

Improving
Gravitoelectromagnetism

3.1 A correction to the traditional ansatz for
the metric perturbations

In this section we will try to fix the problems we have encountered in the
study of the traditional ansatz. We stay in the traditional ansatz and assume
non-vanishing izij components of the metric perturbations. If we look more
carefully at the spatial component of the gauge condition, (Eq. (2.6)), in section
(2.1), we see that the use of these components of the metric perturbations
can instantly solve the problem of the time dependence of the vector potential
A. In Mashhoon’s works [24][32][34][36], the spatial components of the gauge
condition (ﬁ‘”u) are not taken into account and the vector potential is assumed

to be time dependent. However in these articles the iLZ‘j components are not zero
and, indeed, the vector potential may have time dependence, although nothing
is said about the hW condition and its importance on the time dependence of
the vector potential. What was only mentioned here [32] is that these equations
involve O(c*) terms and for this reason they are negligible.

Now let us think about the form of the iLij components. According to the
usual assumptions of General Relativity, the scalar potential ® is associated
only with the hoo component of the metric perturbations. To preserve the anal-
ogy with electromagnetism, the vector potential should appear linearly in the
expression of hW, and thus can only be accommodated by the ho; component.
We could also introduce a scalar potential © in the ho; components of the metric
perturbations through the relation:

20
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Chapter 3. Improving Gravitoelectromagnetism

However, as we can easily see by making the change A* — ©A? in all equations
of the previous chapter involving the A’ potential, that would make the situation
worse. As for the izij components, they can be either zero, as they were in
section (2.2), or associated with a scalar potential and a tensor potential. The
scalar potential could be a general scalar potential or the gravitoelectric scalar
potential ® as we will see in the next section. Although this may seem peculiar
at first, in the course of our analysis it will be justified and shown to exhibit
interesting features.

We make the following changes to the traditional ansatz for the metric per-
turbations A, [25][26][39][40]

.40 - 24, -2\ 2

0= "5 00 = 5 hijzgnij‘l'gdij- (3.2)
In the above ansatz the ;Loo and iLOi components of the metricyerturbations
are again expressed in terms of ® and A potentials, while the h;; component
consists of a scalar field A and a traceless symmetric tensor field d;;. Obviously
the potential A is connected with the trace of the component h;;
- 6 Y (3.3)
o hi; = A . .
We can associate the traceless symmetric tensor field d;; with two perpendicular
3-vectors C' and D through the relation

Then we could easily write our final equations in a familiar vector notation, but
for now we keep the tensor formulation and we study the most general case.
In some equations, as the equations of motion, the i:LZ'j components will still be
negligible, due to the 1/c¢* factor, especially in the non relativistic limit, but
they will not be negligible everywhere, as we will shortly see.

From this section we will start using again the gauge condition /3’“’71, = 0.
The transverse gauge now gives:

e For p = 0, the analogue of the Lorentz gauge condition of the electromag-
netism :

1 A
O+ 0, (7) = 0. (3.5)

e And for p =i, an additional condition that connects the scalar A and the
tensor field d;; with the time derivative of the vector potential A:

%aj (M +d7) = -0, A". (3.6)
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The field equations are:

e For y=0and v =0:

O*® = 4nG p. (3.7)
e fForpy=0and v =1: '
8? <A7) - 47ZG 5. (3.8)
e Finally for y =7 and v = j:
%82 (M7 +d7) = 47G ' . (3.9)

Equations (3.7) and (3.8) have the same form as the corresponding equations
of electromagnetism. Equation (3.9) is the Poisson’s equation that gives us the
additional fields A and d,;. These are important, despite the fact that they are
suppressed due to the 1/¢* factor, because without them Eq. (3.6) takes the
form 0, A = 0. We are going to discuss again the importance of the fields A
and d” at the end of the section.

In analogy with electromagnetism, we can define the GEM fields E and B
in terms of the GEM potentials [24][33][25]:

L1 (A & e (A

One may easily see that Eqs. (2.7) and (2.8) along with Eqgs. (2.9) reduce to a
set of four Maxwell-like equations for the Gravitoelectromagnetic fields:

L Lo~ 1. = 4G -
V.-E=d4rGp, VxB=-0E+ "7, (3.11)
C C

and 1
6><E:Eat§, V-B=0. (3.12)

The above equations along with Eq. (3.9) describe the gravitational field of a
rotating massive body in the weak-field (linear) approximation.
The spacetime line-element, in this ansatz, assumes the form

29 A 4 - 2¢ A .
ds* = ¢ (1 +— - 3—) dt* — = (A - dF) dt — (1 - — + 3—4) d;jdx"dx’
c c

c? A c
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Finally, we can find the equation of motion of a test particle propagating in
the background (3.13). This has been derived and discussed in the literature
[24][33][25][34], but only in a very simplified form. In [24] the equation of
motion is presented only in the non-relativistic limit. In [33] and [34], although
the corrections for large velocities are given, these do not contain the corrections
for the h;; components. In [25] the authors start with an ansatz, different from
the one we are using here, which contains the components iLZ'j but at the end
of their analysis they assume that d;; vanish. Here, we keep all corrections and
comment on their importance at the final stage of our calculation.

In the linear approximation, the Christoffel symbols are given by Eq. (1.11).
Reading the form of the initial perturbations h,, from the line-element (3.13),
we find:

; 1, 2 i 3

Ly =— 5 0'+ S 0A" — 20", (3.14)
i 1 i i (1 3 1 i

FOj = g F’] — 6]' (gatq) + 2_05 8,5)\) + gatdja (315)

i 1 i '
I}, :_0—2(6j8k¢>+5k8j‘1>—77kjaq))

3 ) ) )
~ 54 (8% X + 81 O\ — 1y ')
1 . . .
+3 (Ohd’; + 0;d'), — O'dji ) . (3.16)

Substituting the above in the geodesics equation Eq. (2.13) we find:

. ) 2 .. 1 5 . . ) )
i= B P4 (§au +0;d7 + 2010, P + 2u@ukakq>)
C Cc

1 . 1 ) . .
- —Qukuka@ - (3u18t)\ — 3uluF o\ + ukukal)\)
c c

1 . ) ) . .
— = (20,047 + 200 Opd'; — w0 djk ) (3.17)

The above equation in the non relativistic limit takes the well-known form of
the Lorentz force law:

. . 2 .
il = B+ ZFiy,, (3.18)
C

in which the gravitoelectromagnetic fields can be time dependent.
In this section we have made a correction to the traditional ansatz for the
metric perturbations. We have used the h;; components, which in previous
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works were supposed to be negligible due to the 1/¢* factor, and we propose
that this fixes the time dependence of the potentials. We have also seen that this
ansatz keeps the analogy with the true electromagnetism but with the presence
of additional fields, i.e the fields which are produced from the potentials A and
d;j. The additional potentials are necessary and we should have used them
from the start of our analysis. Actually the existence of these potentials comes
from the fact that Gravity is a Spin 2 field instead of Electromagnetism which
is a Spin 1 field. Consequently we need more degrees of freedom to describe
gravity instead of electromagnetism, in which we need initially only four degrees
of freedom. When we take a theory of many degrees of freedom, like Gravity,
and we use only some of them, we do not use all the information we may get;
for this reason we have encountered many problems in the previous chapter.
However, this ansatz is still giving us extra terms in the equation of motion. In
the next section we will try to fix the problem of the extra terms in the equation
of motion using a modified version of the ansatz we introduced in section (2.3).

3.2 A correction to the alternative ansatz for
the metric perturbations

In this section we will try to make some corrections to the ansatz that we
presented in section (2.3). This section is split into two subsections. In the first
one we present the most general case of the ansatz and in the second we give a
special case from which we obtain some interesting results.

3.2.1 The general case

In section (2.3) we worked with an ansatz that may give the correct form of the
analogue of the Lorentz force law for the equations of motion. However we have
encountered many important problems such as the vanishing of both the source
and the gravitoelectric field and of the time dependence of the fields. In this
section we try to modify the ansatz of section (2.3) in order to fix its problems.
If we think as in the previous section, the only thing that we have to do is to
involve in our analysis the additional degrees of freedom of the gravitational
field. In the ansatz of section (2.3) the components izij are not zero, see Eq.
(2.34); however from the line element in this case, Eq. (2.44), we see that the
hi; components again vanish. But these are the components that we should
involve, in our analysis and associate them with the scalar potential A and the
traceless tensor potential d;;.
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The ansatz we will use here is the following:

) 3\ ~ A; ~ ) A 2
— (g + g) Mij + g dij. (3.19)

hoozcj—g’ 00 = hij =
In this ansatz the magnitude of the potentials ®, A and d;; is in principle the
same. The different 1/c coefficients, first, are connected with the 7}; components
of the energy-momentum tensor and, second, will result in simplified forms of

the equations of motion. The line-element in this ansatz is:

29 -
ds* = ¢ (1+—2) dt* — 2 (A - dx) dt
¢

2) 2 o
+ {(1 + g) Ui + g d”:| dx'dz’ s (320)

We start our analysis from the gauge condition. The transverse gauge con-
dition A" , = 0 gives:

e For ;1 = 0, an equation similar to the Lorentz gauge condition:

0 (5-2)rak <o )

3P

e And for p = i, an equation which relates the gravitoelectric field with the
gradient of the scalar A and divergence of the tensor d;;:

i i i 1 i ]
QA —0'P = E :C—2(3A—23jdﬂ). (3.22)

From Eq. (3.21) we can get the Lorentz gauge condition if we demand that the
scalar potential A is not depending on time ;A = 0. Since the Lorentz gauge
condition is important for our analysis, from here we conclude that the scalar
potential A must be static. Although this may seem a problem, considering that
we have inserted the scalar A and the tensor d;; potentials in order to avoid the
problems with the ® and A potentials, it is not a serious one. From Eq. (3.22)
we get an additional constraint for the scalar A and the tensor d;; potentials;
they must be related with the gravitoelectric field. The last equation saves both
the gravitoelectric field and the time dependence of the potentials.

We can now continue with the field equations Eq. (1.19), which inside the
source are

e For y=0and v=0:

0? (2 - @) _ Lo (3.23)

2 A c?
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e forpy=0andv=1:

, 167G
2 AT -7
A" = — 2 - (3.24)
e Finally for y =7 and v = j:
o A 2 167TG ,
62 |:_ (C_Z _'_ ) nzj + C dzj:| - C .7 u] (325)

and if we use Eq. (3.21), Eq. (3.25) takes the form:
O (2xn7 + d7) = —87G (j'u + pc*n™) . (3.26)

While, in vacuum the field equations take the form:

e For y=0and v =0:

0*® = 0. (3.27)
e fForpy=0and v =1:
0*A" = 0. (3.28)
e Finally for y=7and v = j:
PN =0 and 0%*d; = 0. (3.29)

The above equations are the field equations which describe the gravitational field
around (and inside) a rotating massive body. Here we face the only real problem
with this ansatz: in spite of the fact that we have restored the source, as we
can see from Eqgs. (3.23-3.26), the field equations inside it have a different form
from the true electromagnetic ones. However, in vacuum the field equations
(3.27-3.29) have the correct form. As we see in the next subsection, we can
easily fix this problem.

Finally we can give the equation of motion of a test particle moving in the
background (3.20). Here, as always, we keep all the corrections and we comment
on their importance at the final stage of the calculation. The Christoffel symbols
for the line-element (3.20) are:

ri— 612 (0,41 — 0'). (3.30)
ng:;n 1Fk+ =0 (A + djw )| - (3.31)
I, = 4(5 A+ 0 O\ — mjx O'N)

14 (Ord, + 0;dy) — & dy) . (3.32)
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Substituting these into the geodesics equation (2.13), we obtain the equations
of motion

i'= E'+ FYu; — — (2 ut O\ + 2uiuk O N — uFuy, 81)\)
C
1 . . . . . .
-5 QW od; + 20N Opd'; — Wt 9 dyy) (3.33)

In the above equation we define the field E as:
E'=—9,A" — 0'®, (3.34)

and the field B as
Fij = 4 € By. (3.35)

We did not define the fields earlier because the analogy with the electromag-
netism is broken in this ansatz. We have defined the above fields in the usual
way, but we can not recognize them as the gravitoelectromagnetic fields, i.e
the analogues of the electromagnetic ones. In the following section we will say
more about the fields. However, as we can easily see, equation (3.33) contains
additional terms but even at high velocities, due to the presence of the 1/c?
factor, it can take a form similar to the Lorentz force law:

#l= B4 Fiuy;. (3.36)

In this subsection we presented a modified version of the ansatz we used in
section (2.3). With the new ansatz, we have managed to solve the problems
that we have encountered in section (2.3). We have obtained time-dependent
potentials, and we have avoided the vanishing of both the gravitoelectric po-
tential and the source. Also this ansatz is the first which gives us the correct
form of the equations of motion even at high velocities. However, the ansatz we
have used here has still a serious problem: it does not give us the correct field
equations inside the source, and as a result the analogy with the true electro-
magnetism is broken. In the following subsection we see how we can solve this
problem.

3.2.2 An interesting special case

The ansatz we have used in the previous subsection fixes all the problems we
had encountered in section (2.3) but it still has an important problem. Inside
the source, as already mentioned, the analogy with the true electromagnetism
is broken. We can easily fix this problem and this subsection presents how we
can do it.
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3.2. A correction to the alternative ansatz for the metric perturbations

If we look more carefully at Eqs. (3.23-3.26), we can see that the vanishing
of the scalar potential A may fix the problem. In this subsection we take the
ansatz of the previous one and we demand that A = 0. This means that the
trace of the spatial part of the metric perturbations h,; will be vanishing, i.e.
ni;h* = 0. In the previous subsection, we discussed the general case of non-
vanishing A. In this subsection we disccuss separately the special case with
A = 0 as it leads to important results that will also be used in the following

chapter.
The ansatz we will use here for the metric perturbations is the following
- d . A; - d 2
hoo = 2 hoi = = hij = —2 i T dij - (3.37)

As in the previous subsection, the above ansatz is expressed in terms of the
GEM potentials, ®(z*) and A(;“), plus one additional potential, that comes
from the h;; components, the traceless tensor potential d;;(z#).

The transverse gauge condition ﬁ“”,y = 0 gives:

e For ;1 = 0, an equation similar to the Lorentz gauge condition:

d A
O +0i— = 0. (3.38)

e And for y = i, an equation which relates the gravitoelectric field with the
divergence of the tensor potential d;;:

. . . 2 .
QA 0 = ' = 5 0,d", (3.39)

Eq. (3.38) has the well-known form of the Lorentz gauge condition. From Eq.
(3.39) we get an additional constraint for the tensor potential d;;: it must be
related with the gravitoelectromagnetic field. The last equation, as in the pre-
vious subsection, saves both the gravitoelectric field and the time-dependence
of the potentials.

Now we can continue with the field equations Eq. (1.19), which in the
presence of source have the form

e For y=0and v=0:

0*® = —167G p. (3.40)
e forpy=0andv=1:
) 1 )
grai = 107G i (3.41)
c

45



Chapter 3. Improving Gravitoelectromagnetism

e Finally for y =7 and v = j:

D 2 167G,
o <—g Nij + gdz]> = = J u’, (342)

A
and if we use Eq. (3.38), Eq. (3.42) takes the form:
P d7 = —87G (j'u’ + pc*n). (3.43)
Whereas in vacuum the field equations are

e For y=0and v =0:

0*® = 0. (3.44)
e forpy=0and v =1:

D*A" = 0. (3.45)
e Finally for y =i and v =j:

d9*d;; = 0. (3.46)

The above equations are the field equations which describe the gravitational field
around (and inside) a rotating massive body. As in the previous subsection we
have restored the source but, as we can see from Eqgs. (3.40-3.41), the coefficient
on the right-hand side is 167, instead of 47 which is the coefficient appearing in
the true electromagnetism. Despite that, in vacuum the field equations (3.44-
3.46) have the correct form. We can fix the problem of the wrong coefficient
easily by redefining the gravitoelectromagnetic potentials as:

O — 497,
A —s 4A*, (3.47)
where ®* and A* are the true potentials. If we employ the new potentials, Eq.

(3.40) takes the form:
0*®* = —47G p, (3.48)

while Eq. (3.41) takes the form:

*i AnG

The above equations have the correct form and along with Eq. (3.43) are the
full system of the field equations.
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Now we can define a gravitomagnetic and a gravitoelectric field as:
E=—-9,A*—Vd*,  B=VxA*, (3.50)

One may easily see that Egs. (3.48) and (3.49) along with Eqgs. (3.50) reduce
to a set of four Maxwell-like equations for the Gravitoelectromagnetic fields:

V-E=47Gp, V x B=9,E+

7, (3.51)

and . . B o
V x E = 9,B, V-B=0. (3.52)

Consequently, this ansatz gives us the correct form of the field equations.
The line-element in this ansatz is:

2P - 2 o
ds* = ¢ (1 + ?) dt* — 2 (A - d7) dt + (Th‘j + o dij) dx'dx’ . (3.53)

Finally we can give the equations of motion of a test particle moving in the
background (3.53). The Christoffel symbols for the line element (3.53) are:

. 1 ) .

T = (0,A" — 0'D) . (3.54)
1, (1 2

Iy, - o (z P+ 20 d,-k) | (3.55)
) 1 ) ) )

Substituting these into the geodesics equation (2.13), we obtain the equations
of motion

B = 4B+ Uy — = (20 0’ + 20" O d'y — w00 dyy) . (3.57)

As we can see, the above equation contains some corrections but, due to the
presence of the 1/c? factor even at high velocities, it can take a form similar to
the Lorentz force law:

' =4E" + Fu;, (3.58)
or in a more familiar vector notation:

5}‘:4(E+ﬁxé). (3.59)

As we can see from the above equation, in this ansatz, the equations of motion
are very close to the Lorentz force law. The only difference is an overall factor
4 on the right hand side of the equation.
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In this subsection we have solved the problems that we have encountered
in the previous one by —simply— setting A = 0. Although this may be a spe-
cial case, it has led to the correct form of both the field equations and the
Lorentz force law. Moreover, this ansatz does not generate any corrections to
the Lorentz force, even at high velocities. Concluding, the ansatz that we have
used here is the optimum as it preserves the analogy between gravitation and
electromagnetism.
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Chapter 4

True Electromagnetism

4.1 An alternative expression for the Lorentz
force law

The usual procedure when someone solves an electromagnetic problem, in the
Lorentz gauge, is first to find the potential through the relation

4 C
0214“ - C—QJM, (41)

where the electromagnetic 4-potential is defined as A* = <(I> /c, A > and C' is

the Coulomb’s constant (C' = 47360). Then one is able to calculate the electric
and magnetic fields

E=-V®d—-9A and B =V x A, (4.2)
and finally to find the equation of motion of a test particle
m%:q<ﬁ+ﬁx§). (4.3)

However, in the previous chapters, we have seen that the Christoffel symbols
can give us the definitions of both the Electric and the Magnetic field and
that the geodesics equation contains the expression for the Lorentz force law.
Consequently, instead of Eq. (4.3), we could use a modified version of the
geodesics equation in order to describe the equations of motion.

First of all we use the potential from Eq. (4.1) in order to define an approx-
imately flat “space-time” g, ~ 1, + h,, with line element

20 ¢ - g
ds? = <1 + —2) Adt* -2 (A . dx) dt + njdz'dz’ . (4.4)
c
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Chapter 4. True Electromagnetism

Next we claim that the equation

AP dzt dx?
e — =0 4.5
ds? T4 ds ds ’ (4.5)

m

describes the motion of a test particle with charge ¢ and mass m. The above
equation is not anymore a geodesics equation, it gives geodesic curves only if
g =m. Eq. (4.5) takes the explicit form

N ; dad ;. dr® dx?

The Christoffel symbols Eq. (1.11) for the above line element are

Ei

L'y = a2 (4.7)
i 1

Fo_j = Q_CgijkBka (4-8)

I =0, (4.9)

where we have used the definitions for the fields (4.2). Finally if we use Egs.
(4.7-4.9) we can see that the modified geodesics equation (4.5) is equivalent to
the Lorentz force law (4.3).

In this chapter we suggest that we can use the potential of the electromag-
netism in order to define a “geometry”, and then from a modified geodesics
equation we can get the Lorentz force law. This is just an additional way for
someone to find the equations of motion. However, if we use Eq. (4.5), we do not
actually need to define the electromagnetic fields. We can start from Eq. (4.1),
then we use the potential to define the line element Eq. (4.4) —bypassing the
definition of the fields— and finally we can find the equation of motion using Eq.
(4.5). With this new definition of the equations of motion we have connected
electromagnetism with a “geometry”. Nevertheless, the potential is still calcu-
lated in the usual way —the well-known equations of electromagnetism— and we
can only construct the geometry (Eq. (4.4)) by hand. In the following sections
we will try to find an alternative formulation for electrodynamics in which the
metric tensor is the solution of the field equations. In this point we must say
that our objective is not to replace Maxwell’s theory of electromagnetism by a
tensorial theory but rather to investigate how far the analogy between the two
dynamics can go.
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4.2. An alternative description of electromagnetism

4.2 An alternative description of electromag-
netism

In the previous section we have presented an alternative expression for the
Lorentz force law which premises the construction of a “geometry” using the
electromagnetic potential. In this section we try to find a new formulation for
electrodynamics in which the metric tensor is a fundamental quantity.

A careful inspection of Eq. (4.4) shows that the electromagnetic potential
is related with the metric perturbations as follows:

29 A;
hoo = ?, hOi = ? and hij =0. (410)
The above, along with the analysis in Chapters 2 and 3, dictates that we should
use the formulation of General Relativity in the weak field approximation. We

use, as field equations, Eq. (1.17)

R e+ 1% e — Pl — 0 B g = 2k T
in which the proportionality constant k is going to be defined later and the
energy-momentum tensor has the form 7}, = pu,u,, with p the electric charge
density.
However if we try to describe electromagnetism with a “gravity-like” theory
a big problem arises. Electromagnetism is a theory with 4 degrees of freedom
while gravity has 10. We get a theory very rich in content and we suppress it.
In a previous work of ours [33] we have used the following ansatz for the
metric perturbations iLw,

i) - A; - i)
a h()z' = ﬂ ! s hij = Léij, (411)

2’ c2 c2

]~7J00 =

where «, § and v are arbitrary numerical coefficients while ® and A are the
electromagnetic potentials and, as we can easily see, the potentials have the
same magnitude. In the previous chapters we have showed that the form of
the metric perturbation affects the derived equations for the scalar and vector
potential. In order to study simultaneously a large collection of choices we have
inserted the a, 5 and ~y coefficients. We can see that the ansatz of section (2.2)
corresponds to the choice (&« = 8 = 1,7 = 0) while the ansatz of section (2.3)
corresponds to (« = f = v = 1). Our goal is to reduce the field equations
of General Relativity to Maxwell’s equations. The only way to do this is to
demand that the choice of iLm, has to be linear in the electromagnetic potentials
and should not contain any derivatives. Also, we have mentioned that we need
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Chapter 4. True Electromagnetism

only four degrees of freedom, as a result, the additional potentials we have used
in Chapter 3 should apparently vanish here. We thus conclude that the scalar ®
and the vector A potentials can be accommodated in the metric perturbations
iL,ﬂ, in a limited number of distinct ways. With the insertion of the coefficients
a, 0 and 7 in the above ansatz Eq. (4.11) we have included all possible choices.

As in the previous chapters we start our analysis from the linearised form of
Einstein’s field equations (1.17). The field equations for the ansatz (4.11) take
the form

e forpy=0and v =20

@ 579 0,0, = 2kp ug o, (4.12)

e forpy=0and v =1

=) yo6+2 0, <8kflk> D M 00 A = 2oy, (4.13)

3 2 )
e And finally for py =7 and v = j
B

3

0 (0,47 + ;A7) — QC—Z 0,0;®

2 A 2 A — A
+ 3 [C—Z o™ 0,0, P + C—f 0, (0, AY) + <O‘C4 ) 00| = 2kpu;u;. (4.14)

From the above we can see that for o =, Eq. (4.12) reduces to p = 0 and
we only get a model of electro-magnetism in vacuum, a model similar to the one
that we have found in section (2.3) in the context of Gravitoelectromagnetism.
On the other hand, for « # =, if we identify the proportionality constant as:

2nC

k=— - (v —7), (4.15)

we obtain the Poisson’s equation for the scalar potential P
Vi = —4xCp. (4.16)

For the above value for k, and using the more familiar vector notation, Eq.
(4.13) takes the form

V(YA 4+

1 . —
C

0,b) — VA = 1xCp 2, (4.17)
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4.2. An alternative description of electromagnetism

where we have assumed that § = o — 7. Consequently, there is an infinite
number of choices one could make for the numerical coefficients appearing in
the metric perturbations £, which could derive the electromagnetic equations

from the gravitational field equations (1.17). Now we can define the electric E

and magnetic field é, in terms of the scalar ® and the vector A potentials, in
the usual way

~

2, 1 5 o oa 2, - 5
=—-0A-VO, B=VxA. (4.18)
c

The above definitions are equivalent to the following Maxwell’s equations

~
— — —

V-B=0, VxE=-9,B, (4.19)

=

while, it is easy to show that Eqs. (4.16) and (4.17) are the remaining Maxwell’s
equations,

- 5 - 5 1 o AnC -
V.-E=4rCp, VxB=-8E+ "7, (4.20)
& C

under the constraint that the vector potential is not depending on time, 9,4 = 0.
One can easily see that due to the coefficient (a — ) in Eqgs. (4.12) and (4.13),
Maxwell’s equations do not change under the simultaneous changes (a <> )
and ® — —®. Therefore, instead of what happens in Gravitoelectromagnetism,
where ﬁgo must always be connected with the Newtonian potential, and as
a result it should always be non-vanishing, in the case that we study here,
even if the hgo component of the metric perturbations is zero and the potential
d is introduced only through the hzy component, we could also recover the
whole set of Maxwell’s equations. Nevertheless, as in Gravitoelectromagnetism,
along with the Maxwell’s equations, the field equations give an additional set
of equations, Egs. (4.14). For the above choice of k and 3, these equations take
the form

1 . o, 27 ~
_ . AT . A? .0
=0, (047 + 0 47) + 00,

a_
2 .2 N T
s [a—jv M 00 + = (0 AY) + 5 7| = dxCpuiy /. (4:21)

For i = j, the above reduces to the relation

P = —@p |id)? (4.22)

with (u!)? = (u?)? = (u®)?, for any value of o and . For i # j, the term
proportional to §;; in Eq. (4.21) vanishes and, under the assumption that
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Chapter 4. True Electromagnetism

a = 27, the remaining terms can be combined to form the components of the
electric field. In that case, Eq. (4.21) takes the form

8iEj + 8]{?1 = —47TCp U; ’Uj/C2 . (423)

In the case where a # 2, Eq. (4.21) is formed of time and space-derivatives of

the electromagnetic potentials A and .

Therefore, due to the tensorial structure of the formalism, the four Maxwell’s
equations are accompanied by additional constraints. Equivalent constraints
have also arisen in the analysis of the previous chapters. In chapter 3 we have
showed that, if we use the additional degrees of freedom of the gravitational
field, we can solve all the problems related to the time-dependence of the fields.
Here, we use the formalism of General Relativity in order to describe the Elec-
tromagnetism and, as we have already mentioned, we can not use more than
four of the available degrees of freedom. Consequently, in this case we can not
avoid the presence of these constraints and, thus, with this formalism we can
only describe a special part of Electromagnetism and not the general case. We
can only describe magnetostatics since the vector potential A does not depend
on time and the distribution of charges should be isotropic as in section (2.2).

If we impose a gauge condition, we get additional constraints to the model;
some of these constraints complete the theory, while others give unnecessary
restrictions to the electromagnetic potentials. As in the previous chapters, we
will use the transverse gauge condition iL’“’W = 0. The time-component of the
gauge condition takes the form

C8,d+BaA = 0. (4.24)
c
If we demand o = 3, the above reduces to the well known Lorentz condition

1 _ - - 5
-0®+V-A=0 or A" =0, (4.25)
C ?

where we have defined the electromagnetic 4-potential as A* = <(I>, A ) The

spatial components of the gauge condition, though, lead to an additional con-

straint
g
c

OA+ (a—pB)Vd =0, (4.26)

where we have used the relation § = o — v The choice a = [ leads to the

time-independence of the vector potential ff; in this case we do not get a new
constraint, because we already know —from the field equations— that the vector
potential should be static. If we choose a@ = 23, we find that the electric
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4.2. An alternative description of electromagnetism

field E = —8th/ ¢ — V& should vanish, a result similar to the one of section
(2.3). For all the remaining cases, Eq. (4.26) imposes an additional constraint
between the scalar and vector potentials which does not exist in the traditional
electromagnetism.

Now we can find the equations of motion of a test particle which moves
in the electromagnetic field. As in the previous section, we assume that the
equations of motion are given from the modified geodesics equation (4.5):

2 v
d*x? b T ﬂdw _0
ds? " ds ds
In the linear approximation, the components of the Christoffel symbols that
appear in Eqgs. (4.5-4.6) have the form

m

: a+3 4 hi
I = —< 102 V) 0;® + c‘% OA", (4.27)
i B - (Oé _ ’y) i T
i (a - 7) i T i 9 & ¥
ki T T T2 (5j O® + 04 0; — O aiq)) ’ (4.29)

where we have defined the spatial part of the electromagnetic tensor as Fij =
0;A; — 0;A;. The electromagnetic tensor is connected with the magnetic field

through the relation Fz’j = —Eijk Bk. Substituting the above Christoffel symbols
into Eq. (4.6), we find

ma+q|2 a4+ @F3) 54 _@Wujgk_w(até)ui
c 4 cC 262
(04—7)61 2k k oYt —
G [0 (i) — 20, ) ] =0, (4.30)

Under the assumption that we can construct a theory of electromagnetism using
the formalism of General Relativity, the above equation describes the motion
of a massive, charged test particle. The above equation is a generalized form of
the Lorentz force of the system. This general form is obviously far away from
what we would expect from a realistic electromagnetic theory.

Now let us examine some special cases. If a = v, we already know that we
get a static theory in vacuum. In this case, the last two terms on the left hand
side of Eq. (4.30) and all the time derivatives trivially vanish and we get the
more familiar form

5, 48 -

mai=F=qaE+"udxB. (4.31)
c
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Chapter 4. True Electromagnetism

From the above equation we see that we must choose o = (3, because we know
that we need a common numerical factor in front of the electric and magnetic
terms in the Lorentz force. Actually, we should choose @ = § = 1 in order to
get the correct expression for the Lorentz force, but for any other value of the
coefficients «, 8 we could easily fix the problem by modifying the equation of
motion Eq. (4.5).

On the other hand, if & # ~, we have seen that we get a more realistic theory
of electromagnetism in terms of fields, but in the expression of the Lorentz force
extra terms appear. If we apply the constraint § = a — 7, which we know is
necessary to restore the form of Maxwell’s equations, Eq. (4.30) takes the form

mi=F =2F |(4a —38) +

sl b
c? c

(4.32)
The additional terms which appear in the above expression are similar to that
arising in section (2.2) in the context of Gravitoelectromagnetism. In the non
relativistic limit and if we also assume that the potentials are static, the above
equation takes the form

F= % (4o — 38) E + % x B, (4.33)
which for o = 73/4 takes the simple form
- 2, ﬁ 2,
F=pBgE+—uxB. (4.34)
c

The above equation for § = 1, takes the correct form of the Lorentz force, but
it can take the correct form, even for a general value of 3, if we redefine the
equation of motion Eq. (4.5). However, this model can not be realistic since it
contains corrections for high velocities which we know that do not exist in the
theory of electromagnetism.

In this section we have showed that the formalism of the General Relativity is
able to describe electromagnetism in some special cases. This happens because
the tensorial structure of gravity adds additional unnecessary constraints in the
theory or/and extra terms in the Lorentz force law. In the following section we
will try to fix these problems by using the additional degrees of freedom that
the theory contains.
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4.3. Employing the additional degrees of freedom

4.3 Employing the additional degrees of free-
dom

In this section we use the additional degrees of freedom of the theory (i.e. the
hi; components of the metric perturbations) in order to examine if we can get a
more realistic theory of electromagnetism. We expect that the use of the addi-
tional degrees of freedom will lead to the appearance of new fields. Therefore,
the theory we present here is a generalized theory of electromagnetism which
unifies the classical electromagnetism with the new fields which we expect they
arise. If we want this theory to be realistic, the new fields should not have any
contribution into observable quantities or, if they contribute, their contribution
should be negligible.

In subsection (3.2.2) we showed that the ansatz which we used gives us
the best results in the context of Gravitoelectromagnetism. Here we use the
results of the subsection (3.2.2) in order to describe the generalized theory of
electromagnetism. We use again as field equation the linearized equations of
General Relativity, Eq. (1.19), under the imposition of the transverse gauge
condition 9,h* = 0, namely

Phyy = —2k T, .

The proportionality constant is taken to be k = —2:—40 and the energy-momen-

tum tensor is T}, = pu,u,, with p the electric charge density.
The ansatz which we use here is the same as in the subsection (3.2.2)

~ ) ~ A; ~ ) 2

hoo = = hoi = 2 hij = —a i T dij - (4.35)
Nevertheless, here ® and A are recognized as the true electromagnetic poten-
tials, while the potential d;; denotes the extra degrees of freedom and it should
obviously be related with the new fields. In the above ansatz the potentials have
the same magnitude and we can also define the electromagnetic 4-potential as

—

AP — (<I>, A)
The transverse gauge condition gives:

e For o = 0, the Lorentz gauge condition:

o A
= +ai§ =0 or Af =0. (4.36)

O
e And for u =1, an equation which relates the electric field with the diver-
gence of the tensor potential d;;:

Al 2
O— =00 = B = S0,d". (4.37)

c
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Chapter 4. True Electromagnetism

Equation (4.36) has the well-known form of the Lorentz gauge condition. From
Eq. (4.37) we get an additional constraint for the tensor potential d;;; it must
be related to the electric field. In the last equation we can see the usefulness
of the potentials d;;: the problematic constraints for the electromagnetism are
now constraints regarding the additional fields.

The field equations take the form:

e For y=0and v=0:

¢ ArnC
2 _
0 2= a2 P (4.38)
e forpy=0andv=1:
 4nC
o2 A = = ji, (4.39)
c
e Finally for y =7 and v = j:
() 2 AnC .,
82 (_0_2 1ij + C_4dzj) = c—4j Uj, (440)

and if we use Eq. (4.38), Eq. (4.40) takes the form:
P = 2xC (j'w + pcPn) . (4.41)

Equations (4.38-4.39) are the correct equations for the electromagnetic po-
tential and along with Eq. (4.41) are the full system of the field equations.
Now we can define the electric and magnetic fields as usual :

—

A - =g — —

—0— — Vo, B=VxA. (4.42)
c

Then one may easily see that Eqs. (4.38) and (4.39) along with Eqs. (4.42)

reduce to the four Maxwell equations for the electromagnetic fields:

E

Lo L. L 4xC -
V-E=4nCp, VXB:&E—F%C]', (4.43)
and . . . o
V x E= 0B, V- -B=0. (4.44)
The new fields can be defined as:
and
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4.3. Employing the additional degrees of freedom

The above definitions will become clear when we give the expression for the
Lorentz force.
The line element for this ansatz is:

29 2 - 2 S
d82 = 62 (1 + —2) dt2 - - (A . d.f) dt + (77” + —4 dzj) dx'dx’ . (447)
C C C

We can now give the equations of motion of a test particle moving in the back-
ground (4.47). Keeping all the corrections the Christoffel symbols for the line
element (4.47) are:

o1 L

Lo = = (A" = 9'), (4.48)
.1,/ 2

Lo = 5m ) (g Fi + = O djk) : (4.49)
; 1 . , :

Tk = A (Ocd;" + 05y — & dyi) (4.50)

Substituting these into the geodesics equation (4.6), we obtain the equations of
motion

%W: E’—i—EF”uj — (2107 8tdzj+2u’uk6kd’j— u]ukﬁldjk). (4.51)

If we use the definitions for the new fields, the above equation takes the form:

m.., A 1. Lo

EZEZ = EZ + EFqu + C_4MZ] Uj + ngij]U (452)
As we can see, the above equation contains additional corrections; nevertheless,
due to the presence of the 1/c? factor, even at high velocities, it can take the
form of the Lorentz force law:

Dii= B 4 Fiy, (4.53)
q
or in a more familiar vector notation:
mT = q<E+ﬁ>< é) (4.54)

In this section we have showed that, while the use of the additional degrees of
freedom of the theory has as a result the appearance of new fields, the contri-
bution of these new fields in observable quantities is negligible. The only field
that remains even at high velocities is the electromagnetic field. This means
that the theory which we study here could be considered as a realistic theory
of electromagnetism [40].
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Chapter 5

Seeking for invariants

5.1 The theoretical framework

In this chapter we focus on the invariant quantities we can get from the Gen-
eral Relativity in the context of gravitoelectromagnetism. Actually, we are
interested in invariants similar to the ones appearing in the true Electromag-
netism i.e (B* — E? and E- E) The first one comes from the inner product of
the electromagnetic tensor

F"FE, =2(B* - E?), (5.1)
and appears in the expression of the Lagrangian of the electromagnetic field

1
Lgp = —ZF‘WF#V—FJ“AW (52)

and also, in the expression of the stress-energy tensor of electromagnetism
v a v 1 v a3
" = FrYFY — Zg“ F*Fop. (5.3)

The second one comes from the product of the electromagnetic tensor with its
dual tensor

F"E, =—4FE - B, (5.4)

and is obviously a pseudoscalar since the dual tensor of the electromagnetic
tensor is defined as

- 1
Frv = §gwaﬂFa5. (5.5)
In the above equations, for simplicity, we have set ¢ = ¢q = po = 1.
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We already know that we can construct invariants similar to the electromag-
netic ones from the Weyl tensor [25], but from a different approach of gravito-
electromagnetism. Here we try to get invariants similar to the electromagnetic
ones from the “linearised” theory that we have used in the previous chapters.

We know that we can get many invariants from the General Relativity, such
as the scalar curvature

R°M™ R gy (5.6)

the Ricci scalar
R = gMVRHVa (57)

or any other scalar that we can construct using the Riemann and Ricci tensors.
The problem is that the above tensors contain second derivatives of the metric
tensor. More specificaly, in the definition of the fields only first derivatives of
the metric tensor are involved, and, as a result, we can not connect the fields
with the gravitational scalars which we have mentioned above. Therefore, the
only way to get invariants similar to the electromagnetic ones is to define a
new gravitational tensor, which is going to contain only first derivatives of the
metric tensor, and to construct scalars from this tensor.

In the weak field approximation, we can easily construct a tensor which
contains only first derivatives of the metric tensor from the Einstein’s tensor

G = % (P e+ B = Pl = 1 B5)
If we “pull” a derivative out, the Einstein’s tensor takes the form
G = 50 Fopa (5.8)
where the tensor F,,, is defined as

Fa;w = auiloa/ + ayﬁau - aail,uu - nuuaﬁﬁaﬁa (59)

and is obviously symmetric in the last two indices. Using the [, tensor the
field equations (1.17) take a form very close to the form of the field equations
of electrodynamics (0, F" = 4ZE J¥)

0% Fopyy = 2kT,,. (5.10)

We, thus, conclude that we can use the tensor F,,, in order to construct a
number of scalars in which the expressions of the fields should appear. However,
having in mind the analogy between the field equations of the two theories, we
are expecting that the scalar

F=F"F,, (5.11)
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will contain a term similar to the B2 — E? term of the true electromagnetism. In
the following sections we are going to calculate the scalar F' for the two ansatzes
of chapter 3 and to see that for both ansatzes we can get the requested term.

Our work on the derivation of the second electromagnetic scalar (E é) is
still in progress [40]. We have not yet managed to construct a scalar which
contains a term similar to the E - B term of the true electromagnetism, but we
are expecting that a scalar of the form

F"™E,., (5.12)

will contain such a term. In the above expression we have defined the dual
tensor of F,,, as
For | =™ E . (5.13)

The dual tensor is antisymmetric in the first two indices and, if the analogy
with the true electromagnetism is still persistent, we are expecting that the
expression

0°Fopy =0 (5.14)

will contain the other two “Maxwell-like” equations; the ones that we have used
to get straight from the definitions of the fields and not from a fundamental
equation.

5.2 The scalar F for the general form of the
traditional ansatz

In this section we calculate the F scalar for the general form of the traditional

asats 49 2A 2\ 2
hoo—c ; hOi:c—Q, hij:gnij"’gdij-

The components of the F,,, tensor for the above ansatz are

Fooo = — ;811‘12‘, (5.15)
c

Figo = %Ez - 34 (0N + 07 dy5) | (5.17)
c c
2 2

Fijo=— ng‘j + gat (A + dij) (5.18)
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2 2
Foig == % [mg (200® + 9 At) — (0,4, + 0,A)] = 50, (g + ) (5.19)

c2

2
Fijr = — i [0 (Mjx + dji) — 05 (A, + dig) — Ox (Anij + dij)]

2 1
— gnjk [&Al + Eé?l (A +dy) |, (5.20)
where the fields are defined as in Eq. (3.10)
1 A;
Ei = E &5 (3) — &(ID, Ej = &AJ — @Az = _25ijkBk- (521)

Then, the scalar F' = F**"F,,, given in Eq. (5.11), can be written as
F = FOFy + 2F Foo; + FY Foyy + F O Fy0 + 2F° Fyjg + F9* Fyy. (5.22)
The dominant terms of order O(c?) are
AF = —16E% + 64B% + 4 (0'A;)? + 32 (0:9) + 4 (9, A, + 9, A;)?
— 16 (9°4;) (2000 + & A;) + 12 (20,® + & A;)". (5.23)

We do not give the full expression of the scalar F' here because the terms which
we want are appearing only in the lowest order. However, it is easy for someone
to calculate the full expression for the scalar F' from Eq. (5.22) by using the
components of the F,,, tensor (5.15-5.20). We should also mention that in the
above calculations we do not use any gauge condition. If we use the transverse
gauge condition 8’%,” = 0, the last term in the definition of the F,,,, Eq. (5.9),
disappears and as a result the last two terms of the scalar F', Eq. (5.23), also
disappear.

Concluding, we have managed to construct a scalar combination in terms of
gravitational quantities in which a term like the electromagnetic one (B? — E?)
appears. However, this term is followed by additional terms due to the tensorial
structure of the theory.

5.3 The scalar F for the general form of the
alternative ansatz

In this section we calculate the F scalar for the general form of the alternative
ansatz

- o 3\ - A; - o A 2
hoo=— — — hOi:?y hij:_<_+ >'fh'j+—dij-

2 ¢ 2 A ct



5.3. The scalar F for the general form of the alternative ansatz

The components of the F,,, tensor for the above ansatz are

L

Fooo = — C—Qa A, (5.24)
1 3
1 2 .

Fio = - (45 + 0,2) + 0" (M + dyj) (5.26)
1 1 1 2

Fijo = — C—2F¢j - gat [(q) + g)\> Nij — gdz’j} ) (5.27)

1 3
FOij = g |:(81AJ + @Al) - 77ij (80 ((I) — 6—2)\) _|_ alAl):|
1 1 2
+ gat [(‘I’ + 0—2)\> Mij — gdij:| ; (5.28)
1 1 z
Fijk = — ) (1:jO0kP + 0:1.0;® — 2n;3.0;®) + gﬁjka (Ani — 2d;)

1
4 [0k (A — 2di5) + O (e — 2dix.) — 05 (Anjr. — 2d )]

1
- gﬁjk@flm (5.29)

where the fields are defined as in Eq. (3.50)

1/1
Ei = Z (E &gAz - @(I)) s Ej = &AJ - @Az = _45ijkBk'- (530)

However, as we have already seen in section (3.2), the above fields are recognized
as the gravitoelectromagnetic fields, only if the scalar potential A vanishes.
Finally the lowest order O(c™*) terms of the scalar F' are

AF = —16E% + 32B% + (0 A;)° + 3((0,0)* + 8E,0'®
3 2

+ (1750, ® + 0 0; @ — 277jk8iq))2 . (5.31)

Here, as in the previous section, we give the dominant terms of the scalar F
without the imposition of a gauge condition. If we use the transverse gauge
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condition, the term [Jy (® — 3\) 4+ 0'A;] in Eq. (5.31) vanishes. In this ansatz
the scalar F' also contains extra terms. In the case of gravitoelectromagnetism
the extra terms do not create any problem; they just show us where the analogy
with the true electromagnetism stops. However, in chapter 4 we have used the
above ansatz in order to give an alternative description of the true electromag-
netism. If we have alternative descriptions of a theory, they should all give us
the same results. The presence of the additional terms in the scalar F' —for the
analysis of chapter 4— is then problematic.
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Conclusions

There is undoubtedly a striking similarity between the gravitational and elec-
tromagnetic forces at classical level. These similarities, which persist even in
the context of the General Theory of Relativity, led to the development of grav-
itoelectromagnetism. In our days the majority of the gravitoelectromagnetism
approaches are split in two large categories. In the first one the analogy be-
tween gravitation and electromagnetism is shown from the linearised form of
Einstein’s field equations, in the weak field approximation, around a rotating
massive body. In the second, the analogy is shown from the decomposition
of the Weyl tensor into gravitoelectric and gravitomagnetic parts. The main
purpose of this thesis was to fully review the first approach of gravitoelectro-
magnetism, to shed light to particular problematic aspects of the theory and,
also, to propose solutions.

In chapter 1 we gave a historical review of gravitoelectromagnetism and
also a brief introduction to General Relativity and to the linear approach. We
considered this as particularly important in order to give the context in which
our work was based and to provide the reader with all the information needed
to understand better our project.

In chapter 2 we reviewed the linear approach of gravitoelectromagnetism.
In the first section of the chapter, we started from the perturbed Einstein’s
equations in the linear approximation and, employing the so-called traditional
ansatz for the metric perturbations, we showed the analogies between gravity
and electromagnetism. However, these analogies stand only if the gravitoelec-
tromagnetic potentials are static; this along with the presence of additional
terms in the equations of motion consist the two big problems of gravitoelectro-
magnetism. In the second section, in order to investigate further the problems
of the traditional ansatz, we did again all the calculations without the imposi-
tion of a gauge condition. We showed that the problem of the time dependence
of the vector potential is a problem of the ansatz which can not be solved by
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choosing an alternative gauge condition. The above, along with the presence
of extra terms in the Lorentz force law, led us to the search for new ansatzes
for the metric perturbations. In the third section, we proposed an alternative
ansatz; this ansatz was chosen carefully, in order not to give extra terms in the
equations of motion. However, in this ansatz we encountered a serious problem,
that of the vanishing of the source. Of course this ansatz could be used in a
vacuum problem, but in gravitoelectromagnetism the presence of the source is
necessary.

In chapter 3 we tried to resolve the problems appearing in gravitoelectro-
magnetism. In chapter 2 we showed that in order to solve these problems we
must try new ansatzes for the metric perturbations. However, from the equation
d;h¥ = — 9, A", we understood that the use of the ~suppressed— additional de-
grees of freedom of the gravitational field could solve some of our problems. In
this chapter we used the extra degrees of freedom in both ansatzes. In the first
section we tried the most general form of the traditional ansatz. We showed
that the condition, which in the previous chapter was leading to a static vector
potential, in this one, became a condition which connects the vector potential
with the additional degrees of freedom of the gravitational field. However, extra
terms in the equation of motion were still present. In the second section we did
the same with the alternative ansatz, the one introduced in chapter 2. This
section was split in two subsections. In the first one we considered the most
general ansatz. Although this ansatz did not lead to a valid model of grav-
itoelectromagnetism, we included it in our analysis because it could be used
in other aspects of gravitational problems. In the second we studied a special
case of the above ansatz, which turned out to be the best one in the context
of gravitoelectromagnetism because it gives both the correct form of the field
equations and the equations of motion.

In chapter 4 we covered a topic we initiated in a previous work of ours. In this
chapter we attempted to describe true electromagnetism using the formalism of
General Relativity. This attempt was based on the results of our work regarding
gravitoelectromagnetism. In the first section we presented a short introduction
of electromagnetism and we gave an alternative expression for the Lorentz force
law using geometrical quantities. In the second section we reviewed our previous
work. In the third section we presented some improvements to our previous work
based on the results of chapter 2.

Finally, in chapter 5 we covered the search for invariant quantities similar
to the electromagnetic ones, in the linear approach of gravitoelectromagnetism.
In the first section of the chapter we presented the theoretical framework and
we defined a gravitoelectromagnetic tensor similar to the electromagnetic field
tensor F,. In the following two sections of this chapter we presented some
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calculations of scalars constructed by the gravitoelectromagnetic tensor we have
defined. However, this work is still in progress and we only present some of our
results. We hope that this work would contribute to a better understanding of
gravitoelectromagnetism and, maybe, lead to a lagrangian formulation.
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