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ABSTRACT

Dimitrios Serbos , M.Sc. in Computer Science, Department of Computer Science and
Engineering, University of loannina, Greece, January 2017.
Fairness in Package-to-Group Recommendations.

Adyvisor: Nikos Mamoulis, Associate Professor.

Recommending packages of items to groups of users has several applications, in-
cluding recommending vacation packages to groups of tourists, entertainment pack-
ages to groups of friends, or sets of courses to groups of students. In this thesis,
we focus on a novel aspect of package-to-group recommendations, that of fairness.
Specifically, when we recommend a package to a group of people, we ask that this
recommendation is fair in the sense that every group member is satisfied by a suffi-
cient number of items in the package. We explore two definitions of fairness. We call
the first one proportionality, where each user in the group must have at least a number
m of items ranked in the top A% of his/her preferences. We call the second alternative
envy-freeness ,where each user must have at least m items in package, where he/she
is ranked at the top A% of the users that rated the items. We mostly use m = 1 and
call these cases single proportionality and single envy-freeness respectively.We also
explore cases for m > 1. We show for either definition the problem of finding the
most fair package is NP-hard. We exploit the fact that our problem can be modeled
as a coverage problem (single coverage for m = 1 and multi-coverage for m > 1),
and we propose greedy algorithms that find approximate solutions within reason-
able time. In addition, we study two extensions of the problem, where we impose
category or spatial constraints on the items to be included in the candidate packages
for recommendation. We evaluate the appropriateness of the fairness models and the

performance of the proposed algorithms using real data from Yelp, and a user study.
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EXTETAMENH IIEPIAHWH

Yéppmog Anuntotog, M.AE. oty [TAnpopoptxy, Tunuo Myyovixwy H/Y xow [TAnpo-
poptxng, [avemotuio lwoavvivwy, lavovdaptog 2017.
AwtodtnTor 08 TPOTAOCELG TTOXETO-OE-OULAOA .

EmBAénwy: Nixog MopovAng, Avarinpwtie Kabnyntis.

H obotaon moxétwy pe mMOAOTAG oviixeipeva o ouddes amd YENOTEG EXEL
TIOAMOTIAESG EQAPUOYEG, CUUTEQLAXULBAVOUEYOL TNV TTPOTAGY TTOXETOV OLOXOTIWY OF
op&do oTtd TOVPLOTES, TTOUXETOV OLAOKEDOOYG OE OUADO OATTO PLAOVG 1 TTOXETOL Lot~
Onudtwy oc opddo atd oTOLIACTEG. LE VT TN TLTUYLOXY], ETUXEVIPWVOUNOTE OF
ULOL TTOAD OMUOYTLXY] TTTUYY] TOL TIPEOPRANUATOS OLOTACEWY TIOXETWY OE OUAS YON-
OTWY, oUTN TNG OLXOLOTNTOG. LUYKEXPLLEVO OTAY TIPOTELVOLUE EVOL TTOXETO OE HLOL
opéda xpnotwy, eEgtdlovpe av avTd eivarl dixono yLow GAOLG TOUG YENOTES, UE TNV
évvora 0t xabe pENOG TNG OUAdOG Vol LXOYOTTOLNULEVO OTtd ETTOPXY] apLtOud ovTL-
XELUEVWY 0TO TTOXETO. MeAetape 300 0pLopodg yiow TN StxondtnToe. Ovoualovpe Tov
TPWTO ATTO VTOVS AVUAOYLXOTY T, OTIOL X&be YPNOTNG TEETEL Vo E€YEL OTO TTAXETO
gvay opLud amo TovAdyLoTov M ovTLXElpEVO Ta OOl Yo BploxovTol oTor XOpLEOLO
A% Ttwy TpoTuNoewy tov. Ovoudlovue 0 deOTEEN EVOAAOXTIXY YWELG-CNAL ,6TToV
x00e xPNOoTNG TTPETEL Vo EXEL TOVAAYLOTOY M AVTLXELLEVO OTO TTOXETO, GTOL OTTOLOL VOU
Bploxetal otoug xopvaiovs A% omd Tovg YENoTES oL To BabpoAdynoay. Kupiwg
YOVNOLLOTOLOOUE m = 1 %ol XOAOVWUE OUTEG TLG TMEPLTTTWOELS OTTAY] OVOAOYLXOTNT
%ol amAY Ywelc-tAta, avtiotolyo. Emimpdoleta, peAetdype xot mEQLTTWOELS GTTOV
m > 1. Aeiyvovpe 6t xol YL Toug dVO 0pPLOMOVG, To TEOPANuUa elvar NP-Hard.
Expetarievdpoacte 1o yeEYOvOg OTL Umopel va poviehomownbfel ocav éva mpdBAnuo
x6Avdng (amiig xdAvPng yroe m = 1 o TOATAAG *¥GALPTG YLow m > 1), xow TPOo-
telvovpe &mAnoToug aiydpLipovg mouv Bpioxovy TEOoEYYLOTIXESG ADOELS o8 AOYLXOVG
xeovoug. EmimAéoy, peietdpe 300 eTEXTATELS TOL TEOPANLOTOG, 6TTOL ETTLPEAAOLpE

TIEPLOPLOUOVG LE XOUTNYOPLEG XL YWELXOVE TEPLOPLOKOVS aTar avTixeipevar ov Ho

ix



oLUTEPLANPHOVY 0TO0 TPOG TTPHTOOY TOXETO. TEAOG AELOAOYOVUE TNV HATOAANAG-
TYTO TOV LOVTEAOL JLXALOTNTOS XOL TNV ETLG00N TWV TPOTELVOUEVWY OAYopibuwy, pe

TPy Tixé dedopéva oo to Yelp xo pe pLoe LeEAETN XENOTWV.



CHAPTER 1

INTRODUCTION

1.1 Introduction

1.2 Thesis structure

1.1 Introduction

Recommender systems have attracted a lot of research attention and have been de-
ployed in a wide range of applications [1, 2]. Besides the classic and well-studied
problem of recommending a new item to a user, there has been increasing interest
in suggesting a package (or bundle) of items to a user [3, 4], or an item to a group
of users [5, 6]. In a recent work the problem of recommending a package to a group
of users was addressed [7]. This is a problem with many practical applications. Ex-
amples include creating a vacation package for a group of tourists, suggesting an
entertainment package to a group of friends for a night out, deciding a session of
movies to show to an audience, planning a 5-course dinner, selecting papers for
oral presentation according to the preferences of the conference attendees, and many
more.

In this thesis, we study the problem of fairness in package-to-group recommen-
dations. This is a novel characteristic, unique to the package-to-groups recommen-
dations. User groups may be heterogeneous, consisting of people with potentially
dissimilar tastes. A recommendation to the group should try to accommodate the

preferences of all group members. This consideration is usually taken into account in



the selection of a preference aggregation function [8, 7], that tries to find a consensus
among the users. However, even the best items according to this function may still
leave users feeling dissatisfied and slighted. We can address this problem directly
when recommending a package of items to the group. For each user in the group, we
can aim to include an item in the package that matches her preferences, even if this
package is not the best overall. Intuitively, in this case the package is fair: for every
user in the group, there exists at least one item that satisfies her.

Formally, given a group of users G and a set of items Z, we want to recommend
to group G a package P C Z of a given cardinality |P| = K. We assume that the
preferences of the users to items in 7 are known or can be inferred, e.g., by applying
collaborative filtering (CF) [9]. We say that the package P is fair to a user u in the group
G if there is at least a number m of items in P that satisfy user .

We consider two alternative definitions of fairness, depending on our definition of
what it means for an item ¢ to satisty user u. In fairness proportionality, we say that
u is satisfied by item ¢, if ¢ is ranked in the top-rated items for u Intuitively, in this
definition, the user u considers the package fair for her, if there are at least m items
that the user likes. In envy-freeness, we say that u is satisfied by item ¢, if the rating of
user u for item 7 is among the top ratings of the users in the group G for :. Intuitively,
in this definition, the user u considers the package fair for her, if there are at least m
items for which the user does not feel envious. These definitions are inspired by the
corresponding fairness concepts in resource allocation problems [10, 11].

Given a fairness definition, we can now measure how fair a package P is for
the entire group G by computing the fraction of users in G' to whom P is fair. Our
recommendation objective is then to find the most fair package for GG. We model this
problem as a classic set coverage problem [12]. An item 7 covers a user u, if u is
satisfied by 7. Our problem becomes that of selecting a package P of K items that
maximizes the number of users who are covered at least m times. This problem is
NP-hard. For the case where m = 1, there is a greedy algorithm with a (1 — 1/e)-
approximation guarantee. For m > 1 we propose a greedy algorithm that achieves
good performance in practice.

In addition, we study two extensions of the problem where there are additional
constraints on the selection of the items to be included in the package. In the first
extension, the items in 7 are divided into categories and for each category a specific

number of items is to be selected. For this problem, we propose a 1/2-approximation



greedy algorithm for the case where m = 1. In the second generalization, we assume
that the items have spatial locations (e.g., they are entertainment venues), and there
is a maximum distance constraint € on the pairwise distances of items in the package.
For this version, we propose an exact algorithm that exploits spatial indexing to prune
and explore the search space. In view of the potentially high cost of this method, we
also propose greedy heuristics.

In summary, in this thesis we make the following contributions:

* We define the novel problem of maximizing fairness in package-to-group rec-

ommendations, and we propose models and algorithms for the problem.

e We consider two interesting and practical extensions of the problem where we
add category and spatial constraints, and we propose appropriate algorithms

for them.

* We evaluate the proposed models and algorithms via a user study and experi-

ments on real data from Yelp.

1.2 Thesis structure

The rest of the thesis is organized as follows. Chapter 2 reviews the related work.Chapter
3 formally defines the concept of fairness in package-to-group recommendations, and
introduces the problem of fairness maximization and its variants. In Chapter 4, we
propose algorithms for the different problem variants. Chapter 5 presents an extensive

experimental evaluation on Yelp data, and Chapter 6 concludes the thesis.



CHAPTER 2

RELATED WORK

2.1 Related Work

2.1 Related Work

In this section we review some related work on recommender systems and fairness.

2.1.1 Recommender Systems

Recommender systems have attracted extensive research attention and have been de-
ployed in a wide range of applications [13]. Their use is to provide recommendations
of items to a user by predicting unknown utilities of items (metric that represents
how much a user likes an item e.g. rating) from known ones. That extrapolation is
usually done by specifying heuristics that define a utility function and empirically
validating its performance and estimating the utility function that optimizes certain
performance criteria such as the mean square error. They are usually classified in
three distinct categories based on the way the recommendations are generated. Those

3 categories are:

* Content-based recommendations where the user is recommended items similar
to those he/she preferred at the past. At these approaches each item’s utility is
predicted based on the already established knowledge provided by the user, in

other words known utilities of items already viewed and/or rated by the user.
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Each item is associated with an profile which is usually a vector of attributes
characterized it. Also a profile is built for the user by using (e.g. averaging)
the vectors of the items already rated, resulting in a user vector. Those two
vectors can be then compared and a similarity metric (e.g.cosine similarity) can
be computed to give a prediction about a specific item. Then the most similar or
the top-k similar items can be recommended to the user. Other methods can also
be used instead of predicting the missing utility via a heuristic, that calculate
the possibility that an item belongs to a class with similar characteristics such

as Bayesian classification and clustering.

* Collaborative recommendations where the user is recommended items that are
liked by other similar users. Those approaches use the known ratings of the
users to form vectors. Then a similarity metric (e.g cosine similarity or Pearson
correlation) is used to compute the similarity between users. Finally a function
is used to predict a rating of an unknown item for a given user, by aggregating
(common methods are simple average ,weighted sum etc) the known ratings of

other similar users.
* Hybrid approaches where both aforementioned methods are combined.

We stress that the goal of this work is not to propose a new algorithm for estimating
the preferences of the users, but rather to use the preferences to find the best package
for a group of users.

The work most closely related to ours is the recent work in [7], where the authors
formulate the problem of package-to-group recommendations, and propose prob-
abilistic models for capturing the group preferences for a package. The concept of
fairness is tangentially addressed, but the main objective of the work in [7] is to define
the notion of quality of a package for a group. In this work, we focus on modeling
and formally defining fairness, and we propose algorithms that optimize it directly.

The package-to-group recommendation is also related to item-to-group and package-
to-user recommendations. To recommend single items to a group of users, earlier
models combine the ratings of all group members [8] or aggregate the items rec-
ommended to each group member [14]. Recent works consider more factors into
the model, e.g., agreement [15] or social relationships [16] among group members,
feedback from users [6], and personal impact of members [17, 5]. In addition, more

models based on probability [18] and topic modeling [17, 5] are also proposed and
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Table 2.1: rating example

w/i || uy || ue
i1 1 {5
io 1 4
i3 3 |1

studied. These works consider the notion of fairness only indirectly, through the
choice of the aggregation function. There is no explicit modeling of fairness, and no
algorithm for guaranteeing fairness.

The problem of recommending a package of items to a single user has also been
studied extensively. In [3] they show that several of the problem variants are NP-hard;
the complexity can be reduced by user-defined constraints (e.g. [19]). The problem
has also been considered under budget constraints [20, 21], as a learning problem for
predicting the package interestingness [4], or as a profit maximization problem [22].
There is no notion of fairness in this case, since there is a single user to recommend
to.

Here we show a simple example where a simple aggregation function (average
rating) will fail to give a fair package to two distinct users. Suppose there are two
users u; and uy and 3 items 7, i and i3. The users rated the 3 items as shown in
table 2.1. It is obvious that if we would want to recommend a package with 2 items-
an algorithm that uses the average rating would give a package consisting of items ;
and ;. It becomes obvious that the package is not fair for u,, since there are no items
in it, that u; particularly likes. A package consisting of ¢; and i3 would be intuitively,
much fairer for both users, since they both have an item they like/rated highly in the

package .

2.1.2 Fairness

The fairness problem we propose in this thesis is unique to package-to-group recom-
mendations. Nevertheless, it is related to the least misery (LM) approach, the result

diversification in recommender systems, and the fair division problem in economics.

Least Misery. Previous work (e.g., [15]) has proposed a least-misery (LM) approach

to the item to group recommendations problem that recommends the item that min-



Table 2.2: rating example 2

w/i || uy || ue
iv |2 |5
io 2 | 4
i3 4 |1

imizes the dissatisfaction of the group members. Intuitively, least misery aims at
minimizing dissatisfaction of individual group members due to the presence in the
package of items they do not like, whereas fairness aims at maximizing satisfaction
of members due to the presence of items they like. Furthermore, the problem of en-
suring user satisfaction becomes more complex with the presence of multiple items
in the package. Least misery treats the problem indirectly, while we explicitly model
the fairness of the package.

Similar to what we did with average rating ,we show a simple example where least
misery fails to give a fair solution.Suppose again we have two users and 3 items- and
their respective ratings can be summarized in Table 2.2. The least misery approach
will propose a package consisting of items ¢; and i, while a package with i; and i3
would be a much fairer solution.

Result Diversification. It has been shown that result diversification is an effective

direction to improve recommendation quality [23, 24, 25]. Various studies have tried
to diversify the recommended items with respect to topics [23], explanations [24]
and user interest [25], etc. Fairness in package-to-group recommendation is related
to result diversification, in the sense that a fair package is likely to include items that

satisfy different users.

Fair Division. Our proportionality and envy-freeness definitions of fairness are in-
spired from the problem of fair division in Economics [10, 11], where the objective is
to fairly divide resources to a group of people who may have different preferences to
the resources, such that everybody is happy about their share. Our problem is dif-
ferent, since the suggested package of items is shared among the group users and it is

not pre-defined but it must be selected from a number of possible item combinations.



CHAPTER 3

MODEL

3.1 Problem Definition

3.1 Problem Definition

In this section we provide the definitions of fairness we consider in this thesis, we
define the basic problem of fairness maximization, and the extensions of the problem

that consider different types of constraints.

3.1.1 Fairness Definition

Consider a collection Z of items and a set I/ of users, who use and rate items from
Z. We use r(u,i) to denote the rating of user u for item ¢. In addition to the ratings
recorded by the users, with the help of collaborative filtering [9] or some other base
recommendation approach, we can predict a non-recorded rating r(u,) of a user u
on an item %, i.e., the anticipated preference of u for i.

Given a group (subset) G C U of users, we want to recommend to G a package
(subset) of items P C Z, with size K. In this thesis, we focus on the case where we
want to form packages that are fair to the users in G.

We consider two different aspects of fairness. One aspect looks into the items in
the package and asks that each user finds a sufficient number of items in the package

that she likes compared to items not in the package. We call this aspect of fairness



proportionality. The other aspect looks into the other users in the group and asks that
for each user there is a sufficient number of items in the package that she likes more
than other users do. We call this aspect of fairness envy-freeness. Next, we formalize

these two aspects.

Proportionality. Given a package P, and a parameter A, we say that a user u likes an

item ¢ € P, if 7 is ranked in the top-A% of the preferences of u over all items in 7.

Definition 3.1. For a user u, and a package P, we say that P is m-proportional for

u, if there exist at least m > 1 items in P, that v likes.

The rationale in this definition is that the existence of at least m items in the
package for which u has high preference would make the user tolerant to the existence
of other items that she may not prefer, considering that there are other members in the
group who may like these items. In the following, we call m-proportional packages
single-proportional it m = 1 and multi-proportional otherwise.

We can now define our first fairness metric: m-proportionality.

Definition 3.2 (m-proportionality). For a group of users GG, and a package P, we
define the m-proportionality of the package P for the group G as

_ |Gyl

=, (3.1
G

Forop(U, P)

where G, C G is the set of users in the group for which the package P is m-

proportional.

Envy-freeness. Given a group G, a package P, and a parameter A, we say that a
user u € G is envy-free for an item i € P, if r(u, ) is in the top-A% of the preferences

in the set {r(v,i) : v € G}.

Definition 3.3. For a user u, a package P, and a group G, we say that the package

P is m-envy-free for u, if u is envy-free for at least m items in P .

The rationale in this definition is that a user u feels that the package is fair, if
there are items for which the user is in the favored top-A% of the group. Otherwise,
the user has envy against the other members of the group, who always get a better
deal, and thus feels she is being treated unfairly.

We can now define our second fairness metric: m-envy-freeness.



Definition 3.4 (m-envy-freeness). For a group of users GG, and a package P, we define

the m-envy-freeness of the package P for the group G as

G.
Ful(G, P) — 'ﬁ' (3.2)

where Gt C G is the set of users in the group for which the package P is m-envy-free.

3.1.2 Fairness Maximization

We now define the basic fairness maximization problem that we consider in this
thesis. For the following, we use [’ to denote a fairness metric, which can be either

m-proportionality, or m-envy-freeness.

Problem 1 (Fairness Maximization). Given a fairness metric F', a collection of items T,
a group of users G C U, and a value K, construct a package P C T with |P| = K, such
that F(G, P) is maximized.

3.1.3 Fairness Maximization with Constraints

Problem 1 can be generalized to include constraints that restrict the set of candidate
packages that can be recommended to the user group G. In this section, we define

two extensions which have practical applications.

Item Categories

In many applications, the items to be recommended belong to categories. For example,
points of interests in a vacation package can be classified to museums, parks, etc.;
movies have genres; courses cover different scientific areas. Thus, we assume that we
have a set of categories C, |C| > 1, and that each item in Z belongs to one or more
categories. The following formulation captures the fact that most often we want to

form packages including items from different categories.

Problem 2. Given a fairness metric F', a collection of items L, a group of users G C U,
and a set of { pairs (C;, k;), where C; € C and k;j > 1, find a package P C I that includes
k; items from category C;, and maximizes F(G,P).

This is a very general formulation of the problem. For example, when ¢ = 1, all

items in the package belong to a single category C; and k; = K (i.e., our original

10



problem), while by setting for all pairs, k; = 1, we select a single item from each

category.

Distance Constraints

In some applications, the package selection is constrained by the allowable relation-
ships between the items in it. For example, if the items are venues in an entertainment
or vacation package, these venues cannot be far from each other, otherwise the pack-
age would not be appealing to the user group or even possible to use.

We now consider the package-to-group recommendation problem, where we im-
pose constraints on the pairwise distances between the items. Given a distance thresh-
old €, we require that all items are within distance e. Therefore, we have the following

problem definition.

Problem 3. Given a fairness metric I, a collection of items I, a group of users G CU, a
value K, and a distance threshold €, construct a package P C T with |P| = K, such that
F(G, P) is maximized, and for any v;,v; € P, dist(v;,v;) <€

11



CHAPTER 4

ALGORITHMS

4.1 Algorithms

4.1 Algorithms

In this section, we study the complexity and propose algorithms for the fairness
maximization problems we defined in Section 3.1.

We first introduce some additional notation. Let G C U/ be a group of users. For
a fairness metric F', we define for each item i € Z, the set Sarg(i) C G as the set
of users in G that are satisfied by item :. The definition of what it means for an
item ¢ to satisfy a user u € G depends on the fairness metric under consideration.
For proportionality, SaTs(7) contains the users that “like” the item 4, i.e., the users
for which item 7 belongs in their top-A% most preferable items. For envy-freeness,
SaT(i) contains the users that are envy-free for the item i. It is easy to see that a
package P is fair for u (m-proportional, or m-envy-free), if there are at least m items
i in P such that u € Sarg(i).

In the following, the proofs and algorithms we consider are defined using Sarq(7),

and thus they are applicable to both fairness metrics.
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4.1.1 Fairness Maximization

We first consider the basic fairness maximization problem we defined in Problem 1.

We can easily show the following Lemma.
Lemma 4.1. The Fairness Maximization problem is NP-hard.

We omit the details of the formal proof, but it is easy to see that in the case where
m = 1, the fairness maximization problem is equivalent to a maximum coverage
problem. Each item i € Z corresponds to a set Sat(7), consisting of the users that
are satisfied by . Since m = 1, if we include 7 to a package P, it follows that the
package P is fair for all users in Sars(i). We say that in this case the item ¢ covers
the users in Sarg(i). Given a package P, the set of users for which the package P
is fair is U;cpSatg (7). Therefore, finding K items to maximize fairness, is equivalent
to the maximum coverage problem of finding K sets to maximize coverage. In the
following, we will often use interchangeably the notion of maximizing fairness with

that of maximizing coverage.

Fairness maximization for m = 1. We refer to this case as the single coverage case.

We have the following lemma.

Lemma 4.2. There is a (1 — 1/e)-approximation algorithm for the FAIRNESS MAXIMIZATION

problem, when m = 1.

The lemma follows from the equivalence between fairness maximization and max-
imum coverage. For the latter problem, the greedy algorithm has approximation ratio
1 —1/e [26], where e is the base of the natural logarithm. The algorithm constructs
the package P greedily, each time adding to the set the item that covers (i.e., satisfies)
the largest number of non-covered users. Specifically, let Sat;(P) denote the users
covered (satisfied) by the package P. We define the utility of adding item i to package
P as fq(P,i) = |[Satg(P U{i}) \ Satg(P)|. The Greedy algorithm at each step adds to
the package P the item i that maximizes the utility. The algorithm outline is shown
in Algorithm 4.1. We will refer to this algorithm as SPGReeDY in the case that we are
maximizing the single proportionality metric, and EFGREEDY in the case we maximize

the envy-freeness metric.

Fairness maximization for m > 1. We refer to this case as the multi-coverage case.

In this case, we require that a node is satisfied by m items in order to be considered
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Algorithm 4.1 Greedy Fairness Maximization

Input:Group of users G, items Z, value K
Output:Package P

1: P+ ()
Candidates <— 7
J=1
while J < K do

i 4 arg maX;ecandidates S (P, ©)

P+« P {i}

7. Candidates + Candidates \ {i}
8 J=J+1
9: end while

10: return P

covered. This corresponds to a multi-cover of the set G. The problem of finding the
minimum multi-cover has been studied extensively [27, 12, 28], but the problem of
maximum multi-coverage is not as well understood. In [29], the authors show a
connection of this problem with the K-densest subgraph problem for m = 2, for
which there are no known efficient approximate solutions.

We propose to adapt the Greedy algorithm for the single coverage to the multi-
coverage case. In the case of single coverage, the utility of an item ¢ is the number
of users that are satisfied for the first time. In the case of multi-coverage, we count
the number of users that item ¢ satisfies an additional time (up to m). Specifically, let
Satl,(P) denote the set of users in G that are satisfied exactly j times. We define the

utility of adding item 7 to a package P, as

m
fa(Pi) = w;|Satl,(P U {i}) \ Sat,(P)| (4.1)
j=1

that is, the weighted sum of the users that are satisfied an additional time. The
weights w; control the importance of covering a node for the j-th time. We assume
that w; < wsy < ... < w,, that is, the closer we are to fully covering a user, the higher
the weight. In our experiments we consider weights that define an arithmetic and a

geometric sequence.
We refer to the Greedy algorithm for multi-coverage as MPGREEDY when we use

the m-proportionality fairness metric, and as MEFGREEDY when we use the m-envy-
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freeness metric.

4.1.2 Fairness Maximization with Constraints

We now consider algorithms for the two problems we defined in Section 3.1.3.

Category constraints

We now consider Problem 2, where the items are partitioned in categories, and we can
only pick a fixed number of items per category. For the exposition, we assume for the
moment that we can only pick a single item per category. For this problem, we apply
directly the Greedy algorithms we described in Section 4.1.1. The only difference from
before is that once we select an item from a specific category, we remove the items of
this category from the candidate set. We use SPCGreEpY and EFCGREEDY to denote
the algorithms that maximize single proportionality and envy-freeness respectively.

We can prove the following lemma.

Lemma 4.3. The Greedy is a 1/2-approximation algorithm for the FAIRNESS MAXIMIZATION

problem with category constraints.

Proof. We will prove the theorem using induction on the steps of the Greedy algo-
rithm. Let P, denote the first k items selected by Greedy, for £ < K. By definition,
the k£ items must belong to k distinct categories. Let P denote the items selected
by the optimal algorithm for the corresponding k categories. Also, let Lj = Satg(Py)
and Lj = Sarg(FP;) denote the corresponding sets of users in G that are satisfied by
the items in P, and P;. We will show that |L; \ Lx| < |Li| for all 1 < k < K. Since
|Li\ Lk| > |Lj|—|Ly|, it follows that |L,| < $|L;

For k =1 our claim is trivially true, since |L}| < |L;|, by definition of the Greedy

, which proves our claim when k£ = K.
algorithm. Assume that it is true for £ = j. Let N;|; denote the users that are satisfied

by the item selected by the greedy algorithm for category j + 1, and let N, denote

the corresponding set of users for the item selected in optimal solution. We have that
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Ljy = L;UN;,,. Therefore,

’L;H \ Lj+1’ = ‘(L; \ Lj+1) U (N;-‘rl \ LHl)’
< LGN\ Ly + [Njy \ Lyl
< LGN Ll + INFy \ Ly
< Ll + [Njga \ Lyl

= |Lj]

The last inequality follows from the property of the Greedy algorithm that it always
selects the item that maximizes the additional number of users that are satisfied by

the package. ]

For the general case where we select k; items from each input category C;, we
create k; replicas C}, l =1, ..., kj, for each input category ;. We then run Greedy
on this dataset. Once an item is selected from a category C;, we exclude one of the
replicas. Note that the same item cannot be selected multiple times since it will have

coverage zero.

Distance constraints

We now consider Problem 3, where we want the items we include in the package
to satisfy distance constraints. In this case, we cannot prove any guarantees for the
Greedy algorithm. Actually, there are cases when the Greedy algorithm may not find
a valid solution, and terminate before finding K items. We now propose two heuristic,
and one exact algorithm that take advantage of spatial partitioning and indexing to

reduce the search cost.

A space-partitioning approach. For this algorithm, we divide the space by a grid,
such that each cell has width and height ¢/1/2, i.e., a diagonal of length . The
reason is that such a grid guarantees that for any items inside the same cell, they
are within the e-distance threshold. For each cell, we then run one instance of the
Greedy algorithm, considering only the items that appear in the cell. This approach
greedily solves one local problem per cell, however, it fails to consider packages that

include items from different cells. We refer to this algorithm as PARTITIONGREEDY.

Grid-based greedy algorithm. The second approach is again a greedy method based

on a space partitioning. We also partition the space by a grid, but this time each cell
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has side length e. Then, we run one instance of the Greedy algorithm starting from
each cell and extending to neighboring cells if necessary. The item ¢ within the current
cell is selected greedily, and then we take advantage of the grid to reduce the number
of candidate items to include in the same package as i. Figure 4.1 shows an example
with a 4 x 4 grid. We shall refer to a grid cell j as L;. For any L, it is easy to see that
its items can only form valid packages w.r.t. e-distance constraint with items inside
itself or its direct neighbors (9 cells in total). Observe that the 9-cell search space can
be gradually reduced as more items are selected. For example, suppose the Greedy
algorithm on cell Lg selects i; as the first item, it will then consider as possible second
item to add to the package only items that fall into one of the 9 cells surrounding
Lg (i.e., the cells {Ly 3, Ls 7, Lo 11}). If the second item selected is iy, which falls in
Lo, the third item cannot be selected from cells Lq_;; because all items in them are
further than e from ;. Therefore, for the third item, we only have to consider cells
{L1_3, Ls_7}. If the third item is i3 in L7, the fourth item can only be selected from
cells {Ly 3, L¢_7}, and so on. Therefore, having partitioned the items based on the
grid, we can dynamically consider only a certain subset of cells for selecting the next

item to include in the package. We will refer to this algorithm as GriDGREEDY.
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Figure 4.1: Grid Example

Grid-based backtracking algorithm. It is possible to change the GripGREEDY algo-

rithm to an exhaustive search optimal algorithm that generates all valid item combi-
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nations based on the distance constraint. This algorithm uses the grid to minimize
the cost of generating item combinations by early-eliminating items that are too far
from the current (partial) combination. The grid-based backtracking algorithm runs one
search for each item 7 in 7, by taking 7 as the first item in the combination. Then,
it considers all possible items to add next to the package (thus, generating a search
tree rooted at i), by examining only the neighboring cells of the one that includes i.
For each next item added, the search space for the next ones to add is restricted. As
soon as a complete combination is formed, its fairness score is measured, and finally

the best package overall is returned. We refer to this algorithm as GripOpTIMAL.
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CHAPTER DO

EXPERIMENTS

5.1 Experiments

5.1 Experiments

The goals of the experiments are three-fold. First, to understand the tradeoff between
fairness and quality. We want to quantify the effect on quality when optimizing for
fairness and vice versa, and understand how the hardness of the input affects these
two metrics. Second, we are interested in understanding the effect of the different
constraints on the performance of the algorithms. Finally, we perform a user-study

to qualitatively evaluate our algorithms and metrics.

5.1.1 Setup

We use the Yelp Challenge dataset! in our evaluation. The items are venues in the city
of Phoenix, rated by Yelp users; we use data from a single city, in order to make our
packages more realisticc. We consider venues from the five most popular categories:
restaurants, shopping, beauty & spa, health & medicine, and nightlife. The resulting dataset
contains about 100K users, 17K venues and 476K ratings.

Since in Yelp the rating matrix is very sparse, we employ collaborative filtering

(CF) [9] to fill the matrix as much as possible. In particular, we use Apache Mahout”

http://www.yelp.com/dataset_challenge
http://mahout.apache.org
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to build an item-based CF recommender and predict for each user u the item ratings
that are not present in the dataset. The above procedure results in 53M ratings.

For the construction of the groups, in order to obtain meaningful results, we
consider users for which we can obtain a sufficient number of ratings. More specifically,
we create groups with users that have at least 3,000 ratings in the completed matrix.
The packages for the groups are constructed with items with a recorded or predicted
rating by all users in the group.

To avoid groups for which there are trivial solutions (e.g., there is an item that
satisfies all users), we make sure to maximize the diversity of preferences in the group.
Therefore, we use the following procedure for creating the groups. We sample the
first user uniformly at random from the set of candidate users. Then, we select the
second user to be the user that is less similar to the selected user. The similarity is
computed using the Pearson correlation coefficient between the rating vectors of the
users. Proceeding like that, the k-th user is selected so as to minimize the maximum
similarity with the previously selected & — 1 users in the group. In our experiments
we report average values over 50 different random group initializations.These groups
are the standard anti-correlated groups.

Additionally and in order to find cases that are even more difficult than the stan-
dard anti-correlated groups,we create groups that are dissimilar at the top A % of
the users ’s preferences.The procedure is similar to the previous case,but instead of
using the Pearson Correlation coefficient between the users,we examine how dissim-
ilar they are with respect to the set of items that can be found in the top A% of
their preferences.We use Delta = 1, 3,5 and create groups that we call disjoint 1,3,5
respectively.

All algorithms were implemented in Java and the tests ran on a machine with
Intel Core i5-760 2.80GHz and 4GB main memory, running Windows 7. We consider
different parameter values in our experiments. When not clearly specified, the default
values that we use in our experiments are |G| = 8 for the group size, K = 4 for the

package size, and A = 5%.
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5.1.2 Algorithm Performance
Single proportionality and envy-freeness

As we have already mentioned, our goal is to study the fairness-quality tradeoff.
We thus consider four different greedy algorithms where each algorithm optimizes a
different metric, either for fairness or quality, and then compare all algorithms against

these metrics. More specifically, we study the following algorithms:

SPGreEDY: The algorithm described in Section 4.1 which selects items greedily to

maximize the single proportionality metric of the package Frop(G, P).

EFGREEDY: Select items greedily to maximize the envy-freeness metric of the package,
F(G, P).

AVRGREEDY: Select items greedily to maximize the average rating of the package

AVR(G, P) = WllPl S8 (i)

ueG ieP

LMGREEDY: Select items greedily to maximize the least misery metric of the package

LM(G, P) = min min r(u, 7)
ueG ieP

Figure 5.1 shows the results of the four algorithms for anti-correlated-groups, for
the four different metrics we consider, as a function of the size of the group while
Figure 5.2 as a fuction of the package Size. The first observation is that as expected
each greedy algorithm performs the best for the metric that the algorithm maximizes.
The SPGreepY algorithm achieves very high proportionality values (proportionality
1 for small groups), but it is also competitive on the envy-freeness metric, achieving
essentially the same performance as the EFGReepY. At the same time, the average
rating of the packages produced by SPGreepy and EFGRrEEDY is close to that of the
AVRGREEDY algorithm, indicating that we can achieve fairness while not sacrificing in
the average quality. The two fairness-oriented algorithms suffer when considering the
least misery metric, where they achieve low values. This is expected since the goal of
the two algorithms is to ensure that they include items that satisfy the users, rather
than avoiding the inclusion of items that the users do not like. Correspondingly, the
LMGREeEDY algorithm achieves the lowest fairness values, close to random. Of the two

quality-oriented algorithms the AVRGREEDY achieves the better fairness.
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Figure 5.1: Performance comparison with varying group size, anti-correlated groups

The differences between the algorithms become more pronounced when the size of
the packages decreases, or the size of the group increases. That is to be expected, since
the problem becomes more difficult for the non specialized algorithms. It is notewor-
thy that the fairness values of the fairness-oriented algorithms remain relatively stable
as we vary the sizes of the groups and packages. We also experimented with different
values of A ranging from 1% to 20%. As expected both fairness metrics increase with
larger A, because the fairness criterion becomes less strict. The performance remains
stable for A = 1%. We omit the results due to space constraints.

Finally we study the performance of our algorithms when varying the degree
of “difficulty” of the input group. In addition to the aforementioned anti-correlated

groups, we also consider disjoint 5 and disjoint 1 groups.
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Figure 5.2: Performance comparison with varying package size, anti-correlated groups

In Figures 5.4, 5.5 and 5.6 we test the performance of our algorithms for the disjoint
5 groups as input. The trends are similar to the cases with the anti-correlated groups
but the performance difference between the two greedy algorithms and the other two
is more prominent. Interestingly we observe that although the problem becames more
difficult, SPGreepY and EFGRrEEDY continued giving great results for their respective
metrics- whereas AVRGrReepy and LMGREEDY ’s performances- drop dramatically,
resulting in more apparent differentiation. It is interesting to note that in Figure 5.6,
we see a big spike in the proportionality metrics of AVRGReEDY and LM GREEDY, in the
case where A = 10.That can be explained by the fact that the dissimilarity between
the users was maximized for the topA = 5% of the items, when the groups were

created, resulting in a much easier problem for A > 10.
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Figure 5.3: Performance comparison for default values and varying delta, anti-

correlated groups

In Figures 5.7, 5.8 and 5.9 we test the performance of our algorithms for the
disjoint 1 groups as input. The trends are similar to the case with the anti-correlated
groups as input. The difference between the performance of the two greedy algorithms
. AVRGreepY and LMGREEDY is still bigger than the case with anti-correlated groups,
although smaller than the case where disjoint 5 groups were used as input groups.
That can be explained by the fact that the disjoint 5 groups is a more difficult case
than the disjoint 1 (the dissimilarity is maximized in the top5%) rather than the
topl% of the users ’s preferences and A = 5 was used at run time for Figures 5.7
and 5.8). In figure 5.9 we now see that the spike is in the case for A = 5. Also

interestingly we can see that the envy-freeness of the SPGrReepy drops in comparison
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Figure 5.4: Performance comparison with A = 5 and varying group size, disjoint 5

groups

to previous cases, especially in cases with few users. To explain this ,we have to keep

in mind that in cases with a few users and in order for a user to be envy-free, for

A =5 the user needs to be the one with the best rating for a given item. Generally, the

disjoint 1 set of groups are the ones where the top rated item between the users differ

(they were created so that the difference in the topA = 1% of the users preference is

maximized).
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Figure 5.5: Performance comparison with A = 5 and varying package size, disjoint 5

groups

Multi-proportionality

We now consider the problem of multi-proportionality fairness. We use the arithmetic
weighting in the implementation of the MPGRreEDY algorithm. In Figures 5.10, 5.11,
5.12, 5.13, 5.14, 5.15 we present the performances of the four algorithms as a func-
tion to the group size and package size for anti-correlated groups and with coverage
requirement 2,3 and 4 respectively. MPGreepy and MEFGREEDY clearly outperform
the others on the metrics the are supposed to maximize. Obviously, as we increase m
the achieved proportionality drops fast for MEFGreepY, AVRGREEDY and LM GREEDY.
The quality of MPGREEDY is lower than before, but still high. The same can be stated
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Figure 5.6: Performance comparison with default values and varying A , disjoint 5

groups

for MPGreEDY and envy-freeness. Interestingly both greedy algorithms perform rel-
atively well on the average rating metric again. Finally in plots where the coverage
requirement is 3 and 4 and for package size<3 or <4 respectively, the proportionality
and envy-freeness metrics are 0. Finally in 5.16, the same results are summarized
for varying coverage.

We also present in Figures 5.17, 5.18, 5.19, the performance of the four algorithms
as a function of the group size for the more difficult case of the disjoint 5 groups
as input. The trends are similar, but with lower values for all algorithms on the
proportionality metric, as expected. The Envy-freeness metric does not change a lot,

since the disjoint 5 groups are basically made to make the problem more difficult
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Figure 5.7: Performance comparison with A = 5 and varying group size, disjoint 1

groups

with respect to the proportionality metric. The rest of the results (function of delta
and disjoint 1 groups follow the expected trends and would present no new useful
information).

We also experimented with the geometric weighting scheme for MPGreepy. The
achieved fairness is lower than in the arithmetic case, indicating that the geometric
sequence is too aggressive, pushing to include items that result in immediate coverage,

and missing on items that create the potential to cover users in the future.
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Figure 5.8: Performance comparison with A =5 and varying package size, disjoint 1

groups

Including category constraints

We then study the case of including category constraints in the single proportionality
maximization. Figures 5.20 and 5.21 show the performance of the algorithms as a
function of the number of users and the number of categories (which is also the size
of the package)respectively for the anti-correlated groups case,while Figures 5.22 and
5.23 for the disjoint 5 groups case. The general trends we observed in the case of
single proportionality with no categories still hold, but the overall numbers are lower.
The separation of the algorithms in terms of single proportionality becomes clearer as

the number of categories grows. The EFGRreEDY algorithm now performs a bit worse
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Figure 5.9: Performance comparison with default values and varying A , disjoint 1

groups

in terms of single proportionality , indicating that when trying to eliminate envy, this
results in fewer users having a high quality package. Interestingly, the differences
in the least misery metric become less pronounced when having large number of
categories. The cases for varying A and for disjoint 1 groups were omitted because
they would present no new interesting information.

Obviously we can incorporate category constraints to the multi-coverage problem.
The results share the same pattern as the ones without constraints, but with lower
values for all 4 metrics and for all four algorithms. To avoid repetition we present
just the results for anti-correlated groups as a function to the group size,which can
be seen in Figures 5.24, 5.25 and 5.26 .
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Figure 5.10: Performance comparison with varying group size, 2 coverage, anti-

correlated groups

Including distance constraints

Finally, we study the case of including distance constraints. For this task we again use
the Yelp dataset for which we have the location of the venues, and we consider the
single proportionality case for the anti-correlated groups. We also add the category
constraints to make the recommendation scenario more realistic. We study the single
proportionality metric achieved by the different algorithms that enforce the distance
constraints, as well as their running time as a function of the distance threshold e.
We vary € to be between 700 and 1600 meters.

The results are shown in Figure 5.27. We can see that simply enforcing the dis-
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Figure 5.11: Performance comparison with varying package size, 2 coverage, anti-

correlated groups

tance constraints as a filtering step on the SPCGreEDY algorithm results in very poor
performance. This is due to the fact that in 25% of the cases the SPCGReEDY algo-
rithm is not able to find a solution. Of the remaining algorithms, GrRiDGREEDY achieves
performance close to that of GripOpTiMAL with ParTiTIONGREEDY following right af-
ter. In terms of running time, PArTITIONGREEDY is very close to simple SPCGREEDY,
followed by GripGreepy. We conclude that the two Greedy algorithms are the best
compromise between performance and CPU cost, with GRIDGREEDY giving a little bet-
ter performance, and ParTITIONGREEDY being a little faster. That can be explained by
the fact that the search space in PartiTioNGREEDY is not expanded to neighboring

cells when checking for valid packages. Consequently, PArRTITIONGREEDY ends up be-
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Figure 5.12: Performance comparison with varying group size, 3 coverage, anti-

correlated groups

ing faster (has to check fewer items) but gives a bit lower values for proportionality.

The same trends apply to disjoint 5 groups and can be seen in Figure 5.28.

5.1.3 User Study

We conducted a user study with 10 participants (students) to test the effectiveness
of different models in terms of finding fair packages. We used a movie dataset for
this task, since it is easier to have users evaluate movies than venues. First, we asked
each participant to rate 70 popular movies belonging to 5 different genres (action,

animation, comedy, romance, thriller). The participants were divided into 4 groups of
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Figure 5.13: Performance comparison with varying package size, 3 coverage, anti-

correlated groups

2-4 users each (there are overlaps among groups). For each group, movie packages
with 2-4 genres were generated using AVRGReEeDY, LMGREEDY, SPGREEDY and RaNDoM.
The setup corresponds to the case of single coverage with category constraints. We
asked each group to assess the (single) proportionality of the created packages: for
each package, the group would discuss together how many members were satisfied
with the items in the package, and rate the package accordingly, with an overall score
in [0,1]. To avoid any bias, we did not provide any information on how the packages
were generated and presented them to the groups in random order.

Table 5.1 shows the average of the proportionality values given by the users.

The first observation is that SPGReepY performs the best, validating our approach.
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Figure 5.14: Performance comparison with varying group size, 4 coverage, anti-

correlated groups

Interestingly, the second best algorithm is LMGreepy. This indicates that the user
perception of fairness is guided primarily by the satisfaction they experience from
the items in the package that they like, but, secondarily, to a great extend by the
dissatisfaction they experience by items that they do not like. We plan to incorporate

these considerations into our fairness definition in the future.
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Figure 5.15: Performance comparison with varying package size, 4 coverage, anti-

correlated groups

Table 5.1: User Study

’ ‘ Random ‘ AVRGREEDY ‘ LMGREEDY ‘ SPCGREEDY ‘

’ Proportionality ‘ 0.61 ‘ 0.77 ‘ 0.79 ‘ 0.83 ‘
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Figure 5.17: Performance comparison with varying group size, 2 coverage, disjoint 5

groups
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Figure 5.18: Performance comparison with varying group size, 3 coverage, disjoint 5

groups
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Figure 5.19: Performance comparison with varying group size, 4 coverage, disjoint 5

groups
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Figure 5.20: Performance comparison with varying group size, category constraints,

anti-correlated groups
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Figure 5.21: Performance comparison with varying package size, category constraints,

anti-correlated groups
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Figure 5.22: Performance comparison with A =5 and varying group size, categories
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Figure 5.24: Performance comparison with varying group size, category constraints,

2 coverage, anti-correlated groups
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Figure 5.25: Performance comparison with varying group size, category constraints,

3 coverage, anti-correlated groups
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Figure 5.26: Performance comparison with varying group size, category constraints,

4 coverage, anti-correlated groups
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CHAPTER O

CONCLUSIONS

In this thesis, we studied the problem of fairness in package-to-group recommen-
dations. We introduced two definitions of fairness, based on proportionality and
envy-freeness. We extended the definitions to consider category and distance con-
straints for the items that can be included in a recommended package. We proposed
algorithms for all problem variants. Our experimental results on real data show that
the recommended packages are superior in terms of fairness compared to alternative
selection approaches based on best average rating or least misery, while maintaining

high quality in terms of average rating.
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APPENDIX A

ComprArIsoN wiTH GR-FAIr

In the first part of the Appendix we will compare the performance of our algorithms
vs the one proposed in [7] , where the concept of fairness can optionally be taken
into account. We will call that algorithm GRFair. We could had compared those
algorithms from the start but both AVRGreepY and LMGREEDY are much more pop-
ular algorithms for the package-to-group problem ,so it was decided to focus more
on them in the main body of the thesis. We will do the comparison for the single
proportionality problem without categories (which is our main problem) using the
anti-correlated and disjoint 5 groups which represent the most difficult case of input
groups.

In Figures A.1 and A.2 we see the performance comparison as a function to the
group size and the package size respectively,for anti-correlated groups. SPGREEDY
and EFGRreEDpY both have a slight advantage over GRFaIr on their respective metrics-
while scoring a similar performance in the two remaining metrics . The difference
become more apparent for disjoint 5 groups and especially in case where G > 12, as

seen in Figure A.3.
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Figure A.1: Performance comparison with varying group size, anti-correlated groups
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Figure A.4: Performance comparison with varying package size, disjoint 5 groups
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APPENDIX B

TAKING INTO ACCOUNT NEGATIVE ITEMS

B.1 Modified model

B.2 Potential solutions

B.1 Modified model

After additional user studies with more users were concluded, a general trend was
made apparent. In cases where the group size was relatively small (4 users) and
for small package size as well (2-4 items per package), the package provided for our
SPGREEDY algorithm was usually deemed fairer than the ones provided by AVRGREEDY
and LMGReepY. On the contrary we observed that for cases where the groups were big
(with more than 8 users) , the users started prioritizing packages that did not contain
items that greatly dissatisfied them.giving an edge to LMGRrEEDY. There were many
cases where a package with no items ranked at a given user topA% and contained

9

no ’bad’ items for the use, was preferred over another ’fairer ’ according to our
definition. That motivated us to change our single proportionally definition to cater
for items that greatly dissatisfy a user.

First we model the dislike of user towards an item :

Given a package P, and a parameter A, we say that a user u dislikes an item i € P,

if ¢ is ranked in the bottom-A% of the preferences of « over all items in Z.

Definition B.1. For a user u, and a package P, we say that P is 1-proportional for
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u, if there exist at least 1 item in P, that u likes and there exist no item that the user

greatly dislikes.

B.2 Potential solutions

The most obvious solution to the above problem is to remove items that greatly dis-
satisfy the users. Of course by doing that we have no guarantee that the final result
will approximate the optimal solution.

Another way to tackle the above problem is to try to satisfy as much users (pro-
pose an item that is ranked at their topA% of their preferences ), while trying
to not dissatisfy any one that is already satisfied by the package so far. In this
approach, for each item ¢ we have a set of users that dislike the item which we
will call DS; and a set of users that like the item , S;. Also let Sarg(P) repre-
sent the users that are satisfied by the package P so far, in that there exists at
least one item in P that they like and no item that they dislike and DSarq(P)
the users that are dissatisfied . We use an updated utility function as fg(P,i) =
|SaTe(P)US; \ Satg(P)| — |(DS;NSatg(P)| — |(Satg (P)US; \ Satg(P)) \ DSatg(P)|. The
first term represents the new users that will be satisfied by adding a new item, the
second the users that will become dissatisfied by the addition and were previously
satisfied, while the third represents how many of the new would be satisfied’ users
were already dissatisfied by the package so far. In each step we will add the item that
has the greatest value for the utility function, provided there exists at least one item
with fe(P,i) > 0. If all values for the utility function is < 0 then if the extra item is
added ,the package will become worse. The approximation of the above algorithm
is 1/k of the optimal solution. In the first loop, it will include to the package, the
item that is liked by most of the users(the users that dislike the first item will be
ignored in this case since |(DS; N Sarg(0)| = Oand Dissatisfy(P) = 0). After that
point,additional items will be added that are liked by more users and are disliked
by the least amount of already satisfied users. Since we require the utility function
in each additional step to be > 0, the overall quality is guaranteed to not deteriorate,
therefore the 1/k approximation. In other words, just by including the first item, the
1/k approximation is guaranteed(the first item will be the one that is liked by most

users).By adding additional items, the algorithm’s performance will either improve
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Algorithm B.1 Greedy Fairness Maximization with negative items
Input: Group of users G.5;,D.S;, items Z, value K

Output: Package P contained at most K items
1: P«
2: Candidates < Z
3 J=1
4: while J < K do

5.  if there is at least one item where f;(P,i) > 0 then

6: i < arg maX;ccandidates Jc (P, ©)

7: P« P {i}

8: Candidates < Candidates \ {i}
9: else

10: break

11:  end if

12: J=J+1
13: end while

14: return P

or stay the same.If we call the set of users satisfied by greedy algorithm NGreedy and
the set of users satisfied by the optimal OPT, after the inclusion of the first item we
will have:

INGreedy| > |OPT|

At worst case after k steps, the greedy algorithm will have either not included addi-
tional items or will have included at most k items that did not further increased it’s
performance and the optimal will have included k items.Therefore

|INGreedy| > 1/k * |OPT|
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