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Abstract

Bioengineering is a broad-based engineering discipline that applies engineering principles and de-
sign to challenges in human health and medicine. It includes research and analysis of the mechanics
of living organisms and the application of engineering principles to biological systems. This re-
search and analysis can be carried out on multiple levels, from the molecular, wherein biomaterials
such as collagen and elastin are considered, all the way up to the tissue and organ level. Applications
that benefit from bioengineering include medical devices, diagnostic equipment, biocompatible ma-
terials, and many others.

Precise modeling of biomechanical phenomena is based on principles and laws of continuum
mechanics. There is a vast literature on the subject, including the books by Fung [62, 63, 64]
and Kojic et al. [91] and the references therein. One is immediately overwhelmed by the plethora
of mathematical equations accompanying the description of every biological process. Circulation,
motion, growth, living tissues, cardiovascular mechanics, electrocardiography (ECG), electroen-
cephalography (EEG), magnetoencephalography (MEG), ultrasonography and source localization
are all described by a specific boundary value problem (BVP) involving a system of coupled or
uncoupled partial differential equations (PDEs). For instance, under most circumstances, blood
is modeled as an incompressible Newtonian fluid and the blood flow is governed by the incom-
pressible Navier-Stokes equations [60, 61]. At tissue level the arterial walls, muscles and other
soft tissues such as tendon, ligament and cartilage can all be modeled as continuous media. In the
investigation of bone healing through guided ultrasound waves [126, 127], bones are modeled as
transversely isotropic elastic materials and the elastic wave propagation problem is governed by the
Navier equation.

The underlying BVPs for modeling biomedical systems involve linearly or nonlinearly coupled
systems of PDEs in quite non-trivial geometries. Much effort has been devoted to the understanding
of similar phenomena in one space dimension, where the underlying equations can be solved ana-
lytically in a first attempt to investigate and monitor physical processes of this type. However, one
space dimension inevitably hides evolution phenomena that are by nature three-dimensional, and
the one-dimensional models fail in some rather simple cases.



The development and validation of such models in any case relies heavily on experimental in-
vestigations, which nowadays are increasingly coupled to computer modeling. Computer modeling,
in turn, employs sophisticated numerical methods for solving the underlying boundary value prob-
lems. The accurate and efficient treatment of such BVPs in realistic three-dimensional geometries
is a computationally very demanding process and a highly active area of research.

Traditionally, BVPs can be broadly classified as either exterior or interior, and numerical meth-
ods specialize to either case. In the first category, one usually finds scattering processes and wave
propagation phenomena. The second category includes phenomena that evolve in a fixed bounded
domain. Both problem types model several processes encountered in bioenginecring and both are
considered in this work. Our contributions are presented in the following three chapters.

Chapter 1: Sonography Sonography is widely known as an ultrasound-based diagnostic imaging
technique used to visualize muscles and internal organs, their size, structures and possible
pathologies or lesions. There are a plethora of diagnostic and therapeutic applications in
medicine using sound waves propagating at specific frequencies. The choice of the underlying
frequencies of the generated acoustic waves depends on the application. For example, in
ultrasound imaging there is a trade-off between spatial resolution of the image and imaging
depth: lower frequencies produce less resolution but penetrate deeper into the body.

Despite the widespread use of ultrasonography as an efficient and “safe” imaging technique,
there are several weaknesses of ultrasonic imaging as well as risks and side-effects [84, 88,
89]. Sonographic devices have trouble penetrating bones. They perform very poorly when
there is gas between the transducer and the organ of interest because of the extreme differ-
ences in acoustic impedance. Even in the absence of bone or air the depth of penetration of
ultrasound is limited, making it difficuit to image structures deep in the body. These weak-
nesses are a direct consequence of the high frequencies of ultrasound waves. Waves of lower
frequencies would potentially not suffer from such problems. This fact strongly encourages
the investigation of their suitability as a possible replacement of ultrasound waves in imaging
applications.

A first step in this direction is the quest for devising mathematical methods for the efficient
treatment of the direct acoustic scattering problem. This is an exterior BVP governed by
the Helmholtz equation. We employ an analytical method for the investigation of the direct
scattering problem using a prolate spheroid, which can model several organs or structures
of the human body. The efficiency of analytical approaches employed for this purpose is
strongly influenced by physical and geometrical characteristics of the scatterers involved, as
well as the frequency of the incident field. Our contribution in this work is three-fold.
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First, a novel basis of Helmholtz outward-radiating eigensolutions for the underlying spher-
oidal geometry is introduced by employing the Vekua transformation, which maps the kernel
of the Laplace operator to the kernel of the Helmholtz operator. The scattered field is then
represented as an infinite expansion of this complete set, which is inevitably truncated to
allow numerical schemes to be developed.

Second, the coefficients of the truncated expansion are provided by the solution of linear sys-
tems constructed to minimize the L2 norm of the error of the boundary condition satisfaction,
introduced by truncation, on the scatterer’s surface.

Finally, a study of the condition of the matrices involved in the aforementioned linear sys-
tems revealed the need for computation in arbitrary precision. Appropriate multiple-precision
software was developed, allowing a thorough convergence study and investigation of the sen-
sitivity of the solution with respect to parameters related to the scattering problem and the
adopted numerical scheme. Up to 180 digits of precision were needed to achieve reliable so-
lutions. Our results are accompanied by visualizations of far-field patterns, clarifying the pre-
ferred scattering directions for a wide range of frequencies and eccentricities of the spheroidal
scatterer.

Chapter 2: Convection-Diffusion-Reaction Coupled convection-diffusion-reaction PDE systems
model a wide variety of biomedical and physical applications. For instance, mass transport
of oxygen in arteries and transport of the low density lipoprotein (LDL), well known as an
atherogenic molecule, are governed by convection-diffusion PDE systems [91]. The model-
ing of thrombosis by continuum-based methods involves nonlinearly coupled convection-
diffusion-reaction systems [91]. Gas flow in the airway tree (respiration system) is also
modeled by convection-diffusion equations {64]. Tumor growth modeling involves nonlin-
ear reaction-diffusion systems {92, 93}, Finally, EEG source localization in the modeling of
focal epilepsy is described by the Poisson equation [8, 9, 10, 124]. Industrial applications
include semiconductors, fuel cells, and many others.

The numerical treatment of such problems must overcome two main obstacles. This chap-
ter focuses on the first obstacle: the quality of results. Most standard numerical schemes
fail when applied to convection-dominated PDEs. For instance, the standard Finite Element
Bubnov-Galerkin method obtains solutions that suffer from instabilities, which appear as non-
physical ripples contaminating the solution domain. Stabilization approaches are needed to
eliminate numerical ripples where possible in order to achieve high quality solutions.

Classical approaches such as streamline-upwind Petrov-Galerkin (SUPG), Galerkin least-
squares (GLS), continuous interior penalty (CIP), and least-squares finite-element methods,
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are all designed to provide stable solutions. However, they are incapable of removing nu-
merical ripples completely, especially in areas where the solution exhibits steep gradients.
Thus, quantities positive by nature (such as energy, concentrations, densities etc.) incvitably
become negative and the corresponding results leave much to be desired. An approach that to-
tally eliminates numerical oscillations and provides positivity-preserving results for transient
problems is the class of Flux-Corrected Transport methods (FCT).

Our second chapter presents a new generalization of the FCT methodology to implicit finite
element discretizations. It preserves all the desired properties (superlinear convergence, pos-
itivity) of the original scheme introduced in [94, 99] and refined in [97, 98], and at the same
time speeds up the whole process by using a single sweep of the multidimensional FCT lim-
iter at the first outer iteration. It thereby avoids the computation of an intermediate low-order
solution, which was essential for the original algorithm. Finally, the suggested scheme favors
the application of the discrete Newton approach employed for the solution of the nonlinear
systems, as it simplifies considerably the assembly of the related discrete Jacobians.

Chapter 3: Domain Decomposition The second obstacle we encounter is common to every PDE

system when a numerical solution method is employed. The obstacle is especially great for
the Finite Element method. Discretization of the PDE system in that case leads to sparse
algebraic linear systems involving millions of equations and unknowns. Especially in three-
dimensional domains, the solution of the linear systems typically constitutes 90-95% of the
total running time of the computer simulation. Efficient solution of such linear systems is still
considered an open problem.

Motivated by the widespread availability of multi-processing computing systems, we are
forced to consider solution methods specifically designed for parallel processing. A large
category of such methods is the class of Domain Decomposition methods, which we investi-
gate in our third chapter.

The usefulness of any domain decomposition method rests on the ability to solve a prob-
lem that is posed on the internal boundary introduced by the decomposition and involves
a pseudo-differential operator: the Steklov-Poincaré operator. To this end, a great number
of iterative approaches have been suggested in the literature; classical algorithms include
Dirichlet-Neumann, Neumann-Neumann, FETI methods, Schwarz methods, together with
two-level and overlapping variants.

An alternative that has not been considered to date but can be shown to be competitive is based
on a well known property of the discrete Steklov-Poincaré operator: it is norm-equivalent to
a Sobolev norm-matrix of index 1/2. Our contribution builds on recent results of Arioli and
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Loghin, which provide explicit finite-element representations of fractional Sobolev norms.
These discrete representations can be written in terms of generalised eigenvalue problems
defined on the interface associated with the domain decomposition under consideration.

Our work focuses on a general class of scalar elliptic partial differential equations in both
two and three dimensions. Given the non-sparse representation of fractional Sobolev norms,
special algorithms for computing the action of these implicitly defined norm-matrices are re-
quired in order to maintain the scalability and efficiency in a domain decomposition context.
We provide a description and analysis of optimal algorithms based on approximation of frac-
tional Sobolev norms via sparse algorithmic approaches such as the Lanczos algorithm. In
particular, our analysis indicates independence of the size of the problem. This prediction is
tested on a range of discretizations of elliptic problems in both two and three dimensions. The
performance of the resulting iterative solvers surpasses existing methodologies.

For example, the finite element method was applied to a scalar Poisson problem with Dirichlet
boundary conditions on the geometry of the human brain. The mesh consisted of 164 million
tetrahedra and 26 million nodes, and was partitioned into 2048 subdomains. The linear system
of order 26 million was solved on a single processor (1.9 GHz) in around 30 minutes (with the
residual norm reduced by a factor of 10~%). With our preconditioner, the Flexible GMRES
solver required only 24 iterations.

The scalability of the parallel implementation of our preconditioning approach is extensively
benchmarked on SMP multiprocessing platforms under several different operating systems
(Linux, Sun Solaris, IBM AIX). With 16 CPUs, speedups of around 13 were achieved for the
factorization phase and about 9 for the solution phase. The speedups were found to depend
on the operating system and the vendor-supplied BLAS implementation.
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Chapter 1

Sensitivity of the acoustic scattering
problem in prolate spheroidal geometry
with respect to wavenumber and shape

1.1 Introduction

The investigation of the scattering problem in spheroidal geometry has attracted scientific interest
for several decades. This is due to the simplicity and the important property of the spheroidal system
to fit quite accurately in several geometrical configurations lacking symmetry in one only Cartesian
direction. Thus, it simulates successfully a large variety of inclusions or inhomogeneities participat-
ing in scattering processes. A lot of effort has been devoted especially in the realm of time harmonic
acoustics to studying the direct scattering problem by spheroids. The adopted methodology depends
crucially on the frequency range under consideration.

In the resonance region, the most popular approaches employ either separation of variables or
T-matrix methods [73, 75, 158, 164]. In the vast majority of these approaches, the well known
spheroidal wave functions dominate, which emerge via spectral analysis of the Helmholtz equation
in spheroidal coordinates. These functions are constructed via a necessary intermediate numerical
scheme, which becomes cumbersome and extremely complicated for spheroids with large focal
distances and small semi axes ratio. In addition, the spheroidal wave functions are defined via
infinite expansions in terms of basis functions of separable form, and the convergence becomes poor
in the upper limit of the resonance region and even worse in the high frequency realm. Particularly
for high frequencies, the only practical choice is to resort to asymptotic methods (e.g., ray tracing).
These methods, on the other hand, are not error-controllable because they solve an approximate
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2 CHAPTER 1. ACOUSTIC SCATTERING

model instead of the original equations (the cikonal equation instead of thc Helmholtz equation
itself). The adoption of resonance techniques in the high frequency regime, in cases where this is
realizable, increases severely the computational resources. For instance, the Mie theory for acoustic
scattering by a sphere of radius a, predicts that the number of summation terms is proportional to
k2a + c(ka)'/3 + b? (k is the wavenumber and ¢, b suitable constants) as the frequency becomes
higher [163].

It is well known that there are several numerical difficulties inherent in the solution of the scat-
tering problem using analytical methods, strongly dependent on the geometrical features of the
scatterer and the imposed frequency (or equivalently the induced wave number). Apart from the
intrinsic numerical difficulty in the determination of the spheroidal wave functions, the standard
methodology of expanding the scattered field in terms of the aforementioned basis leads to ex-
tremely ill-conditioned matrices in the linear systems arising from the boundary condition satis-
faction. It is widely recognized {12, 24] that the 64-bit and 80-bit IEEE floating point arithmetic
formats currently provided and utilized in most computer systems are inadequate for the inversion
of ill-conditioned matrices of this type [149].

In our previous work [66], we introduced a new theoretical setting inspired by a novel concept
[33] in which the Vekua transformation was adopted [159, 160, 161], in order to construct Helmholtz
equation solutions by transforming appropriately the well known spheroidal harmonic functions.
This setting avoids the standard spheroidal wave functions, thus removing all the intrinsic numerical
deficiencies and truncation errors. In the present work, we extend the numerical investigation of the
acoustic scattering problem by spheroidal scatterers (introduced in [66]) towards the high frequency
regime.

In Section 1.2 we present the necessary theoretical outcome, taken from [66]. We also provide
additional theoretical arguments and justifications regarding the completeness of the constructed
solution set. The scattered field emanating from the interaction of a plane acoustic wave with an
impenetrablc soft spheroidal scatterer is represented as an expansion in terms of the elements of
the Vekua basis. This infinite expansion is truncated and forced to satisfy the boundary condition
on the scatterer’s surface. For the determination of the expansion coefficients we follow the L2
error norm minimization methodology [66], which has been proven very robust and reliable in the
low-frequency regime even for very elongated spheroidal bodies. The numerical investigation of the
system, the solution of which furnishes the truncated expansion coefficients and its conditioning, is
presented in Section 1.3. There we also expose an extensive convergence analysis of our approach,
in terms of truncation level, geometry and wavenumber. Additionally we provide the global de-
pendence of the 7.2 norm of the error as a function of the aforementioned three parameters. The
comerstone of the numerical implementation is arbitrary-precision software facilities [12, 13, 167],
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an indispensable tool for several scientific areas such as Experimental Mathematics, Climate Model-
ing [24], Computational Geometry [141] among many others, which in our case allows the solution
of the encountered linear systems. Finally the main outcome of the direct scattering problem, i.e.,
the far-field pattem, is constructed and appropriately visualized for indicative wave numbers ranging
from low frequencies to the dawn of high-frequency asymptotics.

1.2 Theoretical formulation

In [159, 161] one can find a very interesting one-to-one transformation connecting the solutions of
Laplace and Helmholtz equations with regular behavior near the origin, for arbitrary space dimen-
sions. In three dimensions, the transformation pair becomes

u(r) = uo(r) — ——/ uo(tr) L (krv1 — \/i_ 1.1

and

1
w®) = u(r) + 5 [ w(tr) R (er VAT 0) (12)
where 7 = |r| = (2,2 + 222 + z3 )2 u € ker(A + k?), ug € ker A, and Jy, I stand for
the Bessel and the modified Bessel functions of order 1 respectively. The wave number k and the
radial frequency w of the scattering process are interrelated via the basic relation k = w/c, where ¢
stands for the velocity of the acoustical waves. The transformation presented above clearly concerns
regular, near the origin, functions and consequently refers to solutions of Laplace and Helmholtz
equations in interior domains. We summarize briefly the main arguments needed to describe the
construction of the novel set of Helmholtz equation solutions.

1.2.1 Construction of a new set of Helmholtz eigensolutions

Let us introduce the prolate spheroidal coordinate system, described by the spheroidal coordinates
(1, 6, ¢). The prolate spheroidal coordinates are interrelated with the Cartesian ones via
= %sinh/.t sinf cos ¢, u € [0, 00), (1.3)
y= g-sinhp sinf sin ¢, g €0, (1.4)
z= % cosh u cos@, ¢ € [0,27), (1.5)
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where o stands for the focal distance. The complete set of eigensolutions of Laplace operator, which
are regular harmonic functions at the origin, expressed in prolate spheroidal coordinates is given by

w0, (r) = P™(cosh 1) P (cos )e™?, n=0,1,2,..., |m| <n, (1.6)

where P™ are the Legendre functions. We substitute every member of (1.6) in (1.1) aiming at
the construction of the corresponding eigensolution of Helmholtz equation. Then every harmonic

function u2,, gives rise to the dynamic eigensolution
_ pm m ime kr 1 n pm im¢’
Unm (r) = P (cosh ) PT*(cos §)e'™? ~ 5 P™(cosh u') P (cos &')e
0
T (krvT =) T—t_—tdf., amn

where (1, @, ¢/') represent the spheroidal coordinates of r’ = tr, (0 < ¢t < 1). Extended manipula-
tions of the involved special functions in the integrand [33) transform w2y, (r) to the representation

5] (252 3. Jn-rprp(kr)
Unm(T) = ; J—Zo Bn,m.p.lr (n-2p+ §)Wm2p_2‘(cosh B)
Prt gp-21(cos 0)e™?, (1.8)
where
~1)P(n+m)i(n—2p-2-m)|(3n=2p)! _(n—2p-)i(2n—dp—di+1
Bunmpd = n(n -";*551nn~29~21+’?n$§p!n (n—"p) 112 (2n-£lp-—ﬁ-|-1L)[ Im|<n-2p-2
b 0 fm|>n-2p-2L

(1.9

Representation (1.8) would have been an elegant formula for unym, (r) if the radial coordinate r were
not encountered therein. Actually, the radial component r involves both spheroidal coordinates
(1, 0) and prevents up,,(r) from being expressible in terms of spheroidal coordinates in a fully
separable manner. As described in detail in [33], expanding the Bessel function J,_3,41/2 as @
power series of its argument and using functional properties of Legendre functions products, we
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obtain the following quasi-separate representation of (1.8):

(3] (5572

o 4
unm(r ZE Z ZA(qu)nvm,p,l,‘l:,c)(si_nhy,)zq—2j

=0 j=0p=0 =0 i=-j
Pr gp-ai(cosh ) Py 51 0i(cos 6)e™. (1.10)

Nl!

In(1.10), ¢ = ka/2 and A(q, j,n,m,p, 1,1, c) is a specific function of its arguments [33]. However,
expression (1.8) is a very useful “hybrid” form of u,m, (r) as it consists of a finite superposition of
products. Each one of those products is built by a harmonic separable part and a wave term, incor-
porating the wave number k appropriately accompanied by the radial distance r. This expression is
the convenient one for constructing the exterior eigensolutions of Helmholtz equation. We consider
separately the functions generated by splitting €"™¢ into its real and imaginary parts and invoke the
spherical Bessel functions instead of the cylindrical ones. Then

Gn® | S oy 8 2 da()
uftm(r) p=0 =0 P 2 \/_ (k" )n-2p
PRl op_ai(cosh p) P 5,5 (cos6) { :?jg:j; } . (1.11)

We now replace in the formulae above the Bessel function with the corresponding outwards radiat-
ing Hankel one, thus constructing the functions 4¢,,, and @j,,,, which are irregular in the vicinity of
r = 0 and constitute candidates for being outgoing waves obeying to the Helmholtz equation. We
treat only ¢, for simplicity, obtaining

(3] (2572 )
. 3, 2 hyly,(kr)
unm(l‘) = z Z Bn.m,p,lr(n - 2P + 2) \/- (r;cr )’:1 -2p

p=0 I=0
Py op_ai(cosh ) Pyl g, _o)(cos 8)cos(me). (1.12)

We consider now Rayleigh’s formula [15]

1 d) (——), (1.13)

b (2) = —i(-1"" (S )5

which suggests that the function

Fom(kir) = B (A + KP)ig (r), (1.149)
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depending only on k (with r # 0 kept fixed) is analytic in the upper half of the complex plane. The
real part v, (k;r) of f5,,(k;r) is a harmonic function in the domain where it is defined. On the

real axis (/m(k) = 0), we have
Uem(kin) ke = Re(k2" (A + K2 (1) eer = K21 (A + KOS (r) = 0. (115)

On the large semicircle of the upper half-plane of radius R, the harmonic function vj,, (k; r) takes
values decaying to zero for R—oo. This is proven by considering formula (1.13) and examining the
asymptotic behavior of the crucial term e'* for z = Re!7r, where argy € (0, 7).

Thus, the harmonic function v£,, (k; r) vanishes in the upper half-plane and clearly so does the
analytic function f<,,. Then for real k, (A + k2?)aS,,(r) = 0 provided @f,, belongs to ker(A +
k?). Similarly we treat 42 (r) and finally obtain that all i, (r) constitute eigensolutions of the
Helmholtz equation. The radiating character of ii,m,(r) is due to the asymptotic behavior of the
Hankel function.

1.2.2 Completeness of the new set

We proceed with the completeness of the constructed solution set, as our purpose is to expand
our arbitrary Helmholtz equation solution in terms of this basis set. We remark first that @y, =
Unm + tilpm, Where ii,,, is constructed with the Bessel function of first kind in (1.8) replaced by
the corresponding Neumann function. Let u be an arbitrary radiation solution of the Helmholtz
equation. Its regular part Regu can be expanded in terms of the complete set u,., (in the space of

regular Helmholtz equation solutions) as

Regu= 3 Yamtnm. (1.16)
nm
We define
= Z‘Ynm&nm = chu'*' iZ‘Tﬂmﬂ-nm- (1'17)
n,m nm

The function v — w disposes zero regular part and satisfies the Helmholtz equation and the well
known Sommerfeld radiation condition,

du®¢(r)
or

- iku*(r) = O(r—l,‘,), r— 0, (1.18)
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Then,

etkr

u-w=""g(6,8) + 0(3), 7 oo, (1.19)

where g(8, ¢) the scattering amplitude of the radiating field. Note that
.sin(kr 1
Reg(u~ v) =2 (9, 4) 4 0(3) (1.20)

and then g(0, ¢) vanishes. Invoking Relich’s lemma leads to the result that « — w vanishes in the
whole exterior domain. Thus « = Zn,m YnmUnm.

1.2.3 Direct scattering problem

The above analysis settles the background for developing the corresponding scattering problem. We
consider a prolate spheroidal acoustically impenetrable (soft) scatterer occupying a specific region
in R3 defined by the scatterers’s surface S, which is represented by the spheroidal surface

L= o. (1.21)

The exterior region of the scatterer is denoted by D and is characterized by the range p > po,
0 <8 < 7,0 < ¢ < 2w of spheroidal coordinates. The scatterer is illuminated by a time harmonic
incident accoustic plane-wave of radial frequency w. Suppressing the time dependence e~ in all
the physical quantities of the scattering process, we represent the incident field by the time-reduced
plane wave

u(r) = %", r € D, 1.22)

where k = kk, k is the wavenumber and k is the direction of the incident field. The presence of
the scatterer in the medium where the wave propagates gives rise to a secondary acoustic field, the
scattered one denoted by u*¢, which satisfies exactly as the incident wave the Helmholtz equation

Au®(r) + kK*u®**(r) =0, r € D. (1.23)

This field emanates from the scatterer and radiates to infinity, satisfying uniformly over ali directions
the Sommerfeld radiation condition (1.18). The total field u(r) = ¥™™°(r) + u*(r) defined in
D = DU S obeys on the scatterer’s surface a specific type of boundary condition, depending on the

- tm . w
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special nature of the scatterer. We focus on the soft scatterer case, implying that

u(r) = v’ (r) + u*(r) =0, T € S. (1.24)

The methodology suggested here is based on exploiting the eigensolutions constructed in the pre-
vious section. More precisely, these eigensolutions are produced via the Vekua transformation of
the complete set of the spheroidal harmonic separable solutions. From all these transformed funda-
mental solutions, we select the set of outgoing radiating fields, because only these functions satisfy
radiation condition (i.18). We then expand the unknown scattered field in terms of the aforemen-

AR R L A T et AL AN

tioned radiating basic solutions to obtain

ui(r) = i i Apmtnam(r), r € D, (1.25) 3

n=0m=-n

where the coefficients A,,,, are to be determined.

1.2.4 Far field

The representation (1.25) can be exploited to provide the far-field pattern, which determines the
behavior of the scattered field far from the scatterer and usually constitutes the measured quantity
in direct scattering. What is necessary is to investigate the asymptotic behavior (for r— o) of the
eigensolutions 1, (r). For r >>1, we apply an extended but straightforward asymptotic analysis of
the special functions involved in the “hybrid” definition formula of i, (r), namely

g

(3] (23] HY (k) ;

o - 3 (n—2p+%) o
Unm(r) = ; ; By mpaL(n - 2p + E)m(%!)n—?ml/ﬁ 3
E

PRl gp-ai(cosh p) Py g, _oi(cos )c'™?, (1.26) )

The scattered field obtains the well known form

s eikr 1
u’(r) = ‘F‘foo(op ®) + O(T—z).r — 00, (1.27)

AT S RIS R ek e
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where the far-field pattern f, (¢, ¢) is given by

(3]

0 n
2 _in 3 1
= —=e 1 - 2ye—i3(n-2p+3)
fo(8, ¢)) —Tgm;nﬁe 137 Anmpgan,m,p,or(n 2p + 2)6 3(n 3)®
4 o 2277[2(n - 2p)]! .
g 2p)![(1£ ~2p —)]m)!P e op(cos)el™. (1.28)

Satisfaction of the boundary condition (1.24) leads to the determination of the expansion coefficients
in (1.25) and hence to the solution of the direct scattering problem.

1.3 Numerical investigation and implementation

The numerical implementation of our approach involved both C++ and Mathematica software de-
velopment, to allow consistency checks. Both implementations relied heavily on arbitrary precision,
without which the range of the frequency of the incident wave, the geometry and the truncation level
of the series that could be handled would be severely restricted. The need for arbitrary precision
motivated the use of general computing environments like Mathematica [167], which incorporates
arbitrary precision in a very natural way. The need for performance and convenience motivated the
development of C++ software. Arbitrary-precision arithmetic in C++ was provided by the ARPREC
library [13]. The implementations of special functions in C-++ was based on [125, 170] with neces-
sary modifications and tuning to the working precision. This involves recalculation of all the usual
parameters and mathematical constants entering the definition of special functions to the desired
precision and appropriate modifications of the source code of the special functions [125, 167, 170)
in order to be evaluated to the required precision. The results obtained by both C++ and Mathemat-
ica implementations agreed to all but the last two or three decimal digits in any desired precision.

1.3.1 Assembly and solvability of the system

The most computationally demanding part of our approach is the assembly of the linear system
whose solution provides the expansion coefficients. This is because the L? norm minimization
approach needs expensive 2D quadratures, and further, all entries of the matrix and right-hand side
involve special function evaluations that must converge to the working precision. Moreover, the
aforementioned systems involve extremely ill-conditioned matrices with condition numbers ranging
from 10'° to 106" and more, as demonstrated in the sequel.

The solution of the linear systems was provided by Singular Value Decomposition (SVD) [68,
125], which allows direct calculation of the condition number of the matrices involved. As the most




10 CHAPTER I. ACOUSTIC SCATTERING

computationally intensive part of our approach was the assembly of the linear system and not its
solution, in contrast to classical numerical methods, computational overhead associated with the
specific choice of SVD over the classical LU decomposition was negligible.

In the scattering process under investigation we consider a spheroidal scatterer with large semi
axis whose reduced length is kept constant and equal to one, while the small semi axis varies suit-
ably, giving rise to several aspect ratios. The excitation of the scattering mechanism has been
accomplished with a plane wave corresponding to the wavenumber propagation vector k = kk,
where k = (k+y +2)/v3and k € {0.5,1.1.5,2,2.5,3,3.5,4}V/3 (all in reduced units). We have
applied an incident wave field of this form in order to handle a rather generic excitation case. This
increases the complexity of the numerical calculations involved, compared to the one coordinate
axis oriented stimulation, but reveals the reliability and robustness of the adopted methodology in
the general propagation case.

We should point out that the dimensionless product of the incident wavenumber k and the char-
acteristic dimension of the prolate spheroid, taken as the large semi axis C, is being expanded
beyond low frequency kC <« 1 or resonance region kC ~ 1. The range for the dimensionless
product is taken from kC = 0.5v/3 to kC = 4v/3 in all our “computer” scattering “‘experiments”.

1.3.2 Condition number

In Fig. 1.1 (left) we plot the condition number of matrices arising in the adopted methodology, as a
function of the truncation level of the series N at various wavenumbers for a semi axes ratio equal
to 0.6. It is evident that the condition number is established mainly by the truncation level of the
series, while the role of the wavenumber of the incident field is almost negligible especially for
values beyond k = 0.51/3. The plot clearly reveals an exponential growth of the condition number
with increasing N. On the contrary the dependence of the condition number on the wavenumber &
is hardly noticeable as the wavenumber increases from k = 1v/3 up to k = 4V/3.

In Fig. 1.1 (right) we plot the condition number of the matrices for a truncation level of the series
N = 16 as a function of the wavenumber k for sevcral aspect-ratios of the scatterer, ranging from
agr = 0.6 to ag = 0.9. For the low wavenumber region defined by k € [0.5v/3, 1.5V/3] there is an
exponential decay with two different slopes in logarithmic representation for k € [0.5\/3, 1v/3] and
from k € {1v/3,1.5V/3]. Surprisingly a plateau value for the condition number is being established
for all the aspect ratios and the wavenumbers beyond k£ = 1.5v/3. The condition of the system
strongly depends on the truncation of the series and not the geometry under investigation or the
wavenumber of the incident wave.

Due to the fact that those linear systems are highly ill-conditioned, the solution obtained by
one back substitution is extremely inaccurate relative to the working precision, as we can see in
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Figure 1.1: Condition number as a function of N for several k’s at ag = 0.6 (left) and as a function
of the wavenumber £ for several ag’s and N = 16 (right).

Table 1.1. To adjust the solution to our working precision we used iterative refinement [68, 125].
Error and residual bounds involved in the iterative refinement procedure were adjusted to the work-
ing precision. Below, the desired precision was set to 170 decimal digits and the update ||dz(|; and
residual ||r||2 Euclidean norm tolerances were adjusted to 10717 and 10172 respectively. As a

Table 1.1: Update and residual norms during iterative refinement.

Iteration foxlj2 firll2

1

w oA wWN

1.213932¢e+14
5.556136e-18

7.734852e-85
2.130082¢-164
1.831668e-166

7.060036e-60
9.824089%¢-127
3.159688e-133
3.159688e-133
3.159688e-133

rule of thumb the working precision should be tuned {149] to log,, x(A). It is evident that in the
first step of iterative refinement the norm of the solution update is still too large and five steps of
iterative refinement need to be performed in order to reduce the Euclidean norm of the error to our
working precision. The computational cost of iterative refinement procedure is negligible compared
to that of the matrix factorization. This suggests that iterative refinement is a cheap way of obtaining
highly accurate results when necessary.
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1.3.3 Convergence analysis

Our convergence study focuses on the treatment of boundary condition satisfaction (1.24). Due
to the well-posedness of the direct scattering problem, convergence of the numerical solution to
the solution of the exact scattering problem is guaranteed, provided the error related to the bound-
ary condition satisfaction approaches zero. In what follows we present an extensive study of the
convergence in L2 norm of the so-constructed error function defined as

lewllzags) = ( [lene.0)f ds) b

en(6, 6) = (u(r) + v (r))lres

N n
=3 S Anminm(uo,8,8) + kT4, (129)

n=0m=-n

Computation of the integrals related to the L? norm was performed using Gauss-Legendre quadra-
ture [125]. The number of required quadrature points was adjusted so that the L norm of the error
converged to the fifth significant digit. The way several parameters of our physical problem, like
the aspect ratio of the prolate spheroidal scatterer and the frequency of the incident field, influence
convergence is exposed in the plots that follow. The convergence study is supplemented with 3D
plots of the distribution of the real and imaginary parts of the error on the scatterer’s surface.

0’ M . v 10 T T Y
lo'i .—% é 10
o '":3% 1 e :
1 21
1 10" 1 "’k-o.s-‘l;_
o Rhad T A}
1 alxIah
woob [0 %
1 iy r < hed 0 V3 ,
15 7] 6 10 10 17 7] 16
N(s, =06) Nis, =0.7)

Figure 1.2: [icll,2(5) as a function of the truncation level N with ag = 0.6,0.7 and k =
0.5v3,v3,2v73,3/3.4V3.

Figs. 1.2 and 1.3 plot the dependence of the flexliz2(s) as a function of the truncation level
of the series N for several wavenumbers (k = 0.5v/3, v/3,2v/3, 3v/3, 4v/3) of the incident wave,
for each of the scanerers (ag = 0.6,0.7,0.8,0.9) under consideration. The scale on the y axis is
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Figure 1.3: llelle(s) as a function of the truncation level N with ap = 0.8,0.9 and k =

0.5v3,v3,2V3,3V/3,4/3.

logarithmic.

Several interesting properties regarding the convergence of our approach emerge from the plots.
First of all, we observe that in all the cases, the convergence is clearly exponential. For each
scatterer, the error increases with increasing wavenumber (consequently frequency), but the con-
vergence rate remains the same independently of the frequency. This is a very nice property that
suggests that incident waves of high frequencies can be sufficiently handled by the current approach,
provided the convergence rate for the specific scatterer is sufficiently high. We observe however,
that the convergence rate is strongly influenced by the aspect ratio of the spheroidal scatterer. The
more elongated our spheroid becomes, the slower the series convergences. In Fig. 1.4 we plot
[lex|l 2(s)y in logarithmic scale on the y axis, but now as a function of the wavenumber k for the
aspect ratios under consideration: ap € {0.6,0.7,0.8,0.9} at N = 16. This plot reveals two im-
portant properties. As before, convergence rate clearly deteriorates with smaller aspect ratios. The
error exponentially increases with increasing wavenumber k.

The error dependence on the truncation level of the series N and on the aspect ratio ag, as
depicted in Figs. 1.2, 1.3 and Fig. 1.4, allows a straightforward regression analysis, which will
ideally express in closed form the L? norm of the error as a function of the three parameters involved.
These are the truncation level N, the aspect ratio ap and the wavenumber k. This is a three-step
process, described below.

We begin by expressing the dependence of the logarithm of the L? norm of the error, which is
clearly linear with respect to the truncation level of the series N, as

In(llell.2(N, ar, k)) = Clar, k)N + D(ar, k), (1.30)



14 CHAPTER 1. ACOUSTIC SCATTERING
1 00,
10
10°
107
E ,
10
. e, = 0.6
10 ma, = 0.7
6 2, =08
10 a2y = 0.9
.7 . L L I I
1093 1 LS 3 35 4

T 23
kN3

Figure 1.4: |je[| 2 as a function of wavenumber for various aspect ratios at truncation level 16.

where C(ag, k), D(ag, k) are functions depending on the aspect ratio of the scatterer ap and the
wavenumber k. The values of C(ag, k). D(ag, k) for different aspect ratios and for indicative
wavenumbers k obtained by regression analysis with sufficiently high correlation (0.999) are sum-

marized in Table 1.2.

Having calculated the slope-regression coefficient C(ar, k) and the intercept-regression con-
stant D(ap, k) we proceed with the investigation of the dependence of slope and intercept as func-
tions of the wavenumber k.

The dependence of C(ag, k), as can be seen in Fig. 1.5 (left), is linear with respect to the
wavenumber k and can be expressed as

Clan, k) = c1(ap)k + c2(ar), (1.31)

where c;, c2, depend only on the aspect ratio ar. The values for c1(ar), c2(ar) can be found in
Table 1.3. We proceed by describing the dependence of c1(ar), c2(ar) on the aspect ratio ag by
the following formulas:

c(ar) = cio + cyar + ek (i=1,2). (1.32)
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Table 1.2: C(ag, k) and D(ag, k)

ap k C(ar,k) | D(ar.k)
0.60 | 0.5v/3 | -0.2023 -1.2552
1v3 | -0.1981 -0.8257
2v3 | -0.1920 | -0.1828
3v3 | -0.1856 0.3331
43 | -0.1757 0.7056

0.70 | 0.5v/3 ] -0.3299 | -1.3274
1vV3 | 03234 -0.7779
2v3 | -0.3096 0.0955
3v3 | -0.2951 0.7540
43 | -0.2809 1.2801

0.80 | 0.5v/3 | -0.5296 -1.3128
1v3 | -05191 | -0.5413
2v3 | -0.4961 0.6951
3v3 | -0.4696 1.5875
4/3 | -0.4435 2.2968

0.90 | 0.5v/3 | -0.8822 -1.1351
1v/3 | -0.8658 0.1568
2v3 | -0.8241 2.0133
3v3 | -0.7745 3.3340
43 | -0.7218 43189

Table 1.3; cl(an_) and CQ(G.R)

[ aR l c1(ar) [ ca2(ag) I
0.6 | 0.0042 | -0.2060
0.7 | 0.0081 | -0.3373
0.8 | 0.0143 | -0.5435
0.9 | 0.0266 | -0.9104

Again, the regression analysis suggested

ci(ar) = 0.0742 — 0.2429ap, + 0.2108a%

c2(ar) = —2.0016 + 6.5219ap — 5.8943a%.

15

(1.33)
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Figure 1.5: C(ar. k) (left) and D(aR, k) (right) as a function of wavenumber & for various aspect
ratios ag with the linear fit.
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Figure 1.6: c1(ar) (left) and c2(agr) (right) in conjunction with the fitting function.

In Figs. 1.6 (left, right) we plot the adjusted curves with the computed values for c; (¢g), c2(ar).

We have followed a similar three-step procedure for the decomposition of D(ar, k), venturing
to find the best fitting functions. The intercept D(ag, k) plotted in Fig. 1.5 (right) was expressed as
a function of wavenumber k by the following formula:

D(ag, k) = di(ap)Vk + da(ar). (1.34)

The values of the non-linear curve fit are presented in Table 1.4. We express the dependence of
di,d2 on ag by

di(ag) = dio + disag + dpak, i=1,2. (1.35)
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Figure 1.7: dy(eR) left and d2(ag) right (black) and fitting functions (red dashed).

Table 1.4: Values of di1(ar), d2(ar)

ar

di(ar)

dz2(ar)

0.6
0.7
0.8
0.9

1.1645
1.5464
2.1437
3.2320

-2.3456
-2.7846
-3.3221
-4.0927

The regression analysis suggested

dy(ar) = 6.6344 — 19.6893ap + 17.6595a%
dz2(ar) = —3.3617 + 6.656ar — 8.2898a%

(1.36)

Figures 1.7 (left, right) plot dy(er) and d2(ag). Summarizing, nonlinear regression analysis sug-

gested the following dependence of ||¢||2:

fellz = ePMark),
p(N,ag, k) = ((0.0742 — 0.2429ax, + 0.2108a%)k
— 2.0016 + 6.5219ap — 5.8943a%) N
+ (6.6344 — 19.6893ap + 17.65950%)VE
~ 3.3617 + 6.656a — 8.2898a%.

(1.37)

« oange
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Figure 1.8: Re(e) (left) and Im(e) (right) at ap = 0.6 and k = 4v/3.

Figure 1.9: Re(e) (left) and Im(e) (right) at ag = 0.9 and k = 4/3.

Additionally we have calculated the L™ norm defined by

llenll eo(sy = ess sup len| = max|en. (1.38)

In Figs. 1.8, 1.9 (left, right) we plot both the real and imaginary parts of the error ¢5 on the
surface of the scatterer for N = 16, wavenumber ¥ = 4./3 and aspect ratios ug = 0.6 and
ag = 0.9 respectively. Those 3D plots provide a detailed description of the error distribution. We
can see that the error attains it maximum value in both cases on the poles of the spheroidal scatterer,
where the curvature is usually higher. Finally in Table 1.5, we provide indicative values for different
aspect ratios for the real and imaginary part of the L norm, as well as for the L2 norm of the error.
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1.3.4 The far-field pattern

The far-field pattern constitutes the basic outcome of the analysis of the direct scattering problem.
It is determined by Eq. (1.28), by substituting the calculated expansion coefficients provided by the
preceding numerical process. In Figs.1.10-1.17 we visualize both the real and imaginary parts of
the far-field pattern for the two extreme geometrical configurations ag = 0.6, cg = 0.9 and for
wavenumbers starting from k = 1.5v/3 because directivity becomes prominent from this specific
value of the wavenumber. We have selected both real and imaginary parts, instead of the magnitude,
to distinguish between the two different contributions. Color bars give the quantitative description
of the scattered field. The direction of the incident field is shown packed together with the axes
system. Both the far-field pattern and the scatterer are described on the same coordinate system and
are rendered together to clarify the directionality of the scattered wave relative to the geometry of
the scatterer.

Figs. 1.10-1.13 show the far-field pattern obtained by the interaction of our incident field with
the prolate spheroid of semi axes ratio ap = 0.6. Usually for very low frequencies (wavenumber
k =~ 0.1) the far-field pattern exhibits an almost spherical shape, due to the fact that the incident
field is not able (wavelength sensitivity) to follow the shape and curvature of the scatterer’s surface.
We observed this behavior by solving the forward scattering problem for wavenumbers around
k = 0.1 (low frequency region). For this reason we begin in Figs. 1.10 (left, right) with wavenumber
k = 1.5v/3, where we distinguish a single main lobe. In Figs. 1.11 (lefi, right) (k = 2V/3), two
individual secondary lobes emerge and grow in size as wavenumber increases. This procedure leads
to exaggerated twin lobes for k = 4v/3 depicted in Fig. 1.13, indicating the redistribution of the
scattering energy in particular favored directions. Directivity of the scattered field is observed for
the imaginary part as well at different directions, suggesting that the total scattered field displays a
rich pattern of preferred scattering directions.

The case of semi axes ratio ag = 0.9 is presented in Figs. 1.14-1.17. Starting with wavenumber
k = 1.5V/3 we see as before, one main lobe both for the real and imaginary part of the far-field pat-
tern. As the frequency increases, redistribution of energy occurs towards several favored directions,
which is more than those we observed in the previous case. This is clearly expected because for
ar = 0.9 the prolate spheroid is hardly distinguishable from a sphere (ag = 1.0), which is not
true for (ap = 0.6), and generally more symmetries in geometrical configurations result in energy
redistribution to more preferable directions.
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Figure 1.12: Far-field pattern Re left and I right for ag = 0.6 at k = 3/3.
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Figure 1.13: Far-field pattern Re (left) and Im (right) for ap = 0.6 at k = 41/3.
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Figure 1.14: Far-field pattern Re (left) and I'm (right) for ag = 0.9 at k = 1.5/3.
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Figure 1.15: Far-field pattern Re (left) and I (right) for ag = 0.9 at k = 2/3.
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Figure 1.16: Far-field pattern Re (left) and I'm (right) forag = 0.9 atk = 3V3.
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Figure 1.17: Far-field pattern Re (left) and I'm (right) forag =09 atk = 4V3.




1.3. NUMERICAL INVESTIGATION AND IMPLEMENTATION 23

Table 1.5: Error norms L* and L? for truncation level N=16 as functions of the aspect ratio ap and
the dimensionless product £C of wave number and characteristic dimension of the scatterer. The
latter being the large prolate spheroidal semi axis C = 1.

| ar | kC [ HRe{e}llz= [ HHm{elire | llellzz |
0.60 | 0.5v/3 ] 1.240e-2 2.636e-2 | 1.146e-2
1.0v3 | 2.730e-2 3.755¢-2 | 1.864e-2
1.5vV3 | 5.352e-2 4.109¢-2 | 2.773e-2
20V3 | 7.019-2 6.129¢-2 | 3.966e-2
2.5v3 | 8.042¢-2 9.740e-2 | 5.510e-2

3.0/3 | 1.031e-1 1.267e-1 | 7.393e-2
3.5V3 | 1.472e-1 1.483e-1 | 9.637e-2
40v3 | 1.865e-1 1.749¢-1 1.234e-1

0.70 | 0.5v/3 | 1.256e-3 3.018e-3 [ 1.386e-3
1.0V3 | 4.022¢-3 4615e-3 | 2.656e-3
15v3 | 7.508e-3 6.585¢-3 | 4.718e-3
20V3 | 1.076e-2 1.264e-2 | 7.917¢-3
25v3 1 1516e-2 1.995¢-2 | 1.263e-2
3.0/3 | 2.477e-2 2.806e-2 1.923e-2
3.5vV3 | 3.599-2 3.836e-2 | 2.841e-2
40v3 | 4.884e-2 5.549¢-2 | 4.083e-2

0.80 | 0.5/3 [ 4.647e-5 1.118e-4 [ 5.766e-5
1.0/3 | 1.88le-4 2.176e4 | 1.470e-4
1.5v/3 | 3.810e-4 4946e-4 | 3.418¢-4
20vV3 | 7.020e-4 1.033e-3 | 7.257e4
2.5V3 | 1.394e-3 1.895e-3 | 1.433e-3
3.0V3 | 2.522e-3 3.340e-3 | 2.686e-3
3.5V3 | 4.364e-3 5.815e-3 | 4.819¢-3
403 | 7.291e-3 9.734e-3 | 8.285e-3

0.90 | 0.5v/3 | 1.847e-7 3.900e-7 | 2.440e-7
1.0v3 | 8.354e-7 1.519¢-6 | 1.147e-6
15vV3 | 2.599-6 541le-6 | 4.280e-6
20V3 | 83326 1.617e-5 | 1.409e-5
2.5V3 | 2.317e-5 4.680e-5 | 4.184e-5
3.0V3 | 6.031e-5 1.188¢-4 | 1.149¢-4
3.5vV3 | 1.520e-4 3.018¢4 | 2.936e-4
40v3 | 3.589%-4 6.941e-4 | 7.069¢-4
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Results and discussion

The sensitivity of the solution of the direct acoustic scattering problem in prolate spheroidal geom-
etry with respect to the wavenumber and shape of the scatterer was investigated. We verified that
one of the main issues is that we have to deal with extremely ill-conditioned linear systems. The
systems cannot be solved with conventional 80-bit IEEE floating-point arithmetic formats and inte-
gration of arbitrary-precision software facilities is the only choice available. Iterative refinement can
assist, when arbitrary-precision is integrated, in keeping the number of decimal digits required as
low as possible, thereby improving the performance. The suggested analytical method, in conjunc-
tion with L2 norm minimization of the error in satisfying the boundary condition on the surface of
the scatterer, proved to be a very robust technique that could accurately handle a wide range of elon-
gated prolate spheroidal bodies and quite high frequencies (or equivalently the induced wavenum-
ber) of the incident wave. Our convergence study revealed, however, that for extremely elongated
spheroidal bodies the convergence rate decreases. In contrast, the frequency (wavenumber) of the
incident field does not affect the convergence rate but only increases the errors exponentially as it
grows. This suggests that a solution to our problem for any frequency can be obtained, as long as the
aspect ratio of the spheroid is such that it allows a relatively high convergence rate. The geometry
of the scatterer proved to be the most crucial parameter affecting the convergence.
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Chapter 2

Implicit FEM-FCT algorithms and
discrete Newton methods for transient
convection problems

2.1 Introduction

The advent of nonlinear high-resolution schemes for convection-dominated flows traces its origins
to the flux-corrected transport (FCT) methodology introduced in the early 1970s by Boris and Book
{23]. The fully multidimensional generalization proposed by Zalesak [168] has formed a very gen-
eral framework for the design of FCT algorithms by representing them as a blend of linear high- and
low-order approximations. Unlike other limiting techniques, which are typically based on geomet-
ric design criteria, flux correction of FCT type is readily applicable to finite element discretizations
on unstructured meshes [110, 1 11]. A comprehensive summary of the state of the art can be found
in [35, 96, 110, 169].

The design philosophy behind modemn front-capturing methods involves a set of physical or
mathematical constraints to be imposed on the discrete solution so as to prevent the formation of
spurious undershoots and overshoots in the vicinity of steep gradients. To this end, the following
algorithmic components are to be specified [96, 169]:

o a high-order approximation, which may fail to possess the desired properties;
o a low-order approximation, which does enjoy these properties but is less accurate;

e a way to decompose the difference between the above into a sum of skew-symmetric inter-
nodal fluxes that can be manipulated without violating mass conservation;

25
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o a cost-effective mechanism for adjusting these antidiffusive fluxes in an adaptive fashion so
that the imposed constraints are satisfied for a given solution.

Classical FCT algorithms are based on an explicit correction of the low-order solution whose local
extrema serve as the upper/lower bounds for the sum of limited antidiffusive fluxes. In the case of
an implicit time discretization, which gives rise to a nonlinear algebraic system, the same strategy
can be used to secure the positivity of the right-hand side, whereas the left-hand side is required
to satisfy the M-matrix property. A nonsingular discrete operator A with nonpositive off-diagonal
entrics a;; < 0, Vj # i is called an M-matrix if all the coefficients of its inverse are nonnegative.
Consequently, for an M-matrix, Ar > 0 implies that z > 0.

The rationale for the development of implicit FCT algorithms stems from the fact that the under-
lying linear discretizations must be stable. In particular, the use of an unstable high-order method
may give rise to nonlinear instabilities that manifest themselves in significant distortions of the so-
lution profiles as an aftermath of aggressive flux limiting. In the finite element context, a proper
amount of streamline diffusion can be used to stabilize an explicit Galerkin scheme. However,
the evaluation of extra terms increases the cost of matrix assembly and the time step must satisfy
a restrictive ‘CFL’ condition. On the other hand, unconditionally stable implicit methods can be
employed at large time steps (unless iterative solvers fail to converge or the positivity criterion is
violated) and there is no need for any extra stabilization. Moreover, the overhead cost is insignifi-
cant, since the use of a consistent mass matrix leads to a sequence of linear systems even in the fully
explicit case.

The generalized FEM-FCT methodology introduced in [94, 99] and refined in {97, 98] is ap-
plicable to implicit time discretizations, but the cost of iterative flux correction is rather high if the
sum of limited antidiffusive fluxes and the nodal correction factors need to be updated in each outer
iteration. In addition, the nonlinear convergence rates leave a lot to be desired in many cases. The
use of *frozen’ correction factors computed at the beginning of the time step by the standard Zalesak
limiter alleviates the convergence problems but the linearized scheme can no longer guarantee pos-
itivity. The semi-implicit limiting strategy to be described below makes it possible to overcome this
problem and enforce the positivity constraint at a cost comparable to that of explicit flux correction.
The resulting FEM-FCT algorithm is to be recommended for strongly time-dependent problems
discretized in time by the Crank-Nicolson scheme. The design of general-purpose flux limiters that
are more expensive but do not suffer from a loss of accuracy at large time steps is addressed in [95].

In this chapter. we compare a new semi-implicit FCT scheme to its semi-explicit prototype and
focus on the iterative solution of the resulting nonlinear algebraic systems. As an alternative to
the fixed-point defect correction scheme, which tends to converge rather slowly, a discrete Newton
method tailored to the peculiarities of FEM-FCT schemes is developed. The sparse Jacobian matrix

A i h e et dim t o s heemasa
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is approximated to second-order accuracy by means of divided differences and assembled edge-by-
edge. The semi-implicit nature of the new FCT limiter makes the Jacobian assembly particularly
efficient because the sparsity pattern of the underlying matrices is preserved. A detailed numerical
study illustrates the potential of flux-corrected Galerkin schemes combined with discrete Newton
methods for the treatment of nonlinearities.

2.2 Algebraic flux correction

In this chapter, we adopt an algebraic approach to the design of high-resolution schemes that con-
sists of imposing certain mathematical constraints on discrete operators in order to achieve some
favorable matrix properties. A handy algebraic criterion, which represents a multidimensional gen-
eralization of Harten’s TVD theorem, was introduced by Jameson 81, 82], who proved that a semi-
discrete scheme of the general form

du . .,
= =Cu, with ¢;>0Vj#i and ;c,-jzo, 2.1)
is local extremum diminishing (LED). After the discretization in time by a two-level scheme, such
methods remain positivity-preserving (PP) provided that each solution update u® — u"*! or the

converged steady-state solution u™*! = u™ satisfies an algebraic system of the form
Au™t = Bu™ + f, (2.2)

where A is an M-matrix, whereas B and f have no negative entries. Under these conditions, the
positivity of the old solution carries over to the new one {96, 98]:

W >0 = u"'=A"YBu"+f)>0. (2.3)

If the underlying spatial discretization is LED, then the off-diagonal coefficients of both matrices
have the right sign, while the positivity condition b;; > 0 for the diagonal entries of B yields a
readily computable upper bound for admissible time steps [96]. In what follows, we discretize (2.1)
in time using the standard #-scheme, which yields A = I — AtC and B = I + (1 — #)AtC. The

resulting CFL-like condition for the time step At reads [96]
1+ At(1-6)mincj; 20 for 0<O0<1. (2.4)
1

The discretization is unconditionally positivity-preserving if a fully implicit time-stepping scheme
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(@ = 1) is adopted. Of course, the above algebraic constraints are not the necessary but merely
sufficient conditions for a numerical scheme to be local extremum diminishing and/or positivity
preserving. In the linear case, they turn out to be far too restrictive. According to the well known
Godunov theorem, linear schemes satisfying these criteria are doomed to be (at most) first-order
accurate. On the other hand, a high-order discretization that fails to satisfy the imposed constraints
unconditionally can be adjusted so that it admits an equivalent representation of the form (2.1)
and/or (2.2), where the matrix entries may depend on the unknown solution. This idea makes it pos-
sible to construct a variety of nonlinear high-resolution schemes based on the so-called algebraic
Shwx correction (AFC) paradigm. A detailed overview of this methodology is given in the survey
article [96]. The design of flux limiters for finite element discretizations with a consistent mass

matrix is addressed in [95].

To keep the presentation self-contained, we will follow the road map displayed in Fig. 2.1 and
explain the meaning of all discrete operators in the next three sections. Roughly speaking, a high-
order Galerkin discretization is to be represented in the generic form (2.2), where the matrices A
and B do satisfy the above-mentioned positivity constraint. In order to guarantee that the vector f
poses no hazard to positivity either, it is to be replaced by its limited counterpart f* such that the
right-hand side remains nonnegative for v” > 0. This modification is mass-conserving provided
that both f and f* can be decomposed into skew-symmetric internodal fluxes as defined below. A
family of implicit FEM-FCT schemes based on this algebraic approach was proposed in [94, 99]
and combined with an iterative limiting strategy in [98). In section 2.5.2 we present an alternative
generalization of Zalesak’s limiter that offers some extra advantages. The new approach to flux
correction of FCT type is also based on the positivity constraint (2.2) but enforces it in another way
so that the costly computation of nodal correction factors is performed just once per time step. The
positivity of the resulting semi-implicit FCT algorithm is proven in section 2.5.3.

Solution strategies for the nonlinear algebraic system to be solved in each time step are presented
in section 2.5.4. In particular, a discrete Newton method is proposed as a promising alternative
to the standard defect correction approach. A suitable approximation to the Jacobian matrix is
constructed using divided differences. In the framework of the semi-implicit FCT algorithm, this
can be accomplished in a very efficient way because the correction factors are computed just once
per time step in the first outer iteration. In contrast, the use of a semi-explicit FEM-FCT scheme
results in an extended sparsity pattern for the Jacobian operator. The same side-effect is observed
in the context of high-resolution schemes of TVD type [114].
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1. Semi-discrete high-order scheme (Galerkin FEM)

dl;:Ku

Mcd— suchthat Vj#i: k<0

2. Semi-discrete low-order scheme L=K+D
A{Li—l: = Lu suchthat [;; >0, Vj # 1

3. Nonlinear FEM-FCT algorithm  Au™*! = Bu™ + f*,
where A= M; -60AtL, B= M+ (1 -6)AtL

Figure 2.1: Roadmap of matrix manipulations.

2.3 Semi-discrete high order scheme

As a standard model problem, consider the time-dependent continuity equation for a scalar quantity
u transported by the velocity field v, which is assumed to be known:
Ou

1 +V-(vu)=0. 2.5)

Let the discretization in space be performed by a (Galerkin) finite element method, which yields a
DAE system for the vector of time-dependent nodal values:
du

Mc = Ku, (2.6)

where M¢c = {m;;} denotes the consistent mass matrix and K = {k;;} is the discrete transport
operator. The latter may contain some streamline diffusion used for stabilization purposes and/or
to achieve better phase accuracy, e.g., in the framework of Taylor-Galerkin methods. Its skew-
symmetric part %(K — KT) provides a consistent discretization of v - V, whereas the symmetric
part 2(K + KT) — diag{ K'} represents a discrete (anti-)diffusion operator.

2.4 Semi-discrete low order scheme

In the case of linear discretizations, the algebraic constraints (2.1) and (2.2) can be readily enforced
by means of ‘discrete upwinding’ as proposed in [94, 99]. For a semi-discrete finite element scheme
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of the form (2.6), the required matrix manipulations are as follows:
o replace the consistent mass matrix Mc by its lumped counterpart M;, = diag{m;};

e render the operator K local extremum diminishing by adding an artificial diffusion operator
D = {d;;} so as to eliminate all negative off-diagonal coefficients.

This straightforward ‘postprocessing’ transforms (2.6) into its linear LED counterpart

ML% =Lu, L=K+D, 2.7

where D is supposed to be a symmetric matrix with zero row and column sums. For each pair of
nonzero off-diagonal coefficients k;; and &;; of the high-order operator K, the optimal choice of the
artificial diffusion coefficient d;; reads [96, 99]

di; = max{—ki;, 0, ~k;i} = dji. (2.8)

Alternatively, one can apply discrete upwinding to the skew-symmetric part ::,-(K ~ KT) of the
original transport operator K, which corresponds to

koo — ks i1+ ki

dij = l 1) Ji' _ ktJ F L dji. 2.9)
2 2

In either case, the off-diagonal coefficients of the low-order operator /;; := k;;-d;; are nonnegative,

as required by the LED criterion (2.1). Because of the zero row sum property of the artificial

diffusion operator D, the diagonal coefficients of L are given by

li = ki = ) dij. (2.10)
J#i
The semi-discretized equation for the nodal value u;(t) can be represented as
du;
711,':‘7 =.z:.lij(uj - u;)+uiZlij, (2.11)
J#i J

where m; = E,‘ mi; > 0and l;; > 0, Vi # j. The last term in the above expression represents
a discrete counterpart of —uV - v, which is responsible for a physical growth of local extrema

[96). Recall that the operator D has zero row sums so that u; 3°; iy = i 3 kij in (2.11). In the
semi-discrete case, this term is harmless because (cf. [83])

W) =0, wt)20, Vigi = My @.12)

R I e e TR AR R RO AMAY, TR A A s e s

ese SWALIM

> N .

WP R et i

S AU TR AR

LRI SV

RWERPCRIERSS

B AT I R Y Y P R Ve O S REY

LY,



2.5. NONLINEAR FEM-FCT ALGORITHM 31

which proves that the low-order scheme (2.7) is positivity-preserving. For the fully discrete system
to inherit this property, the time step should be chosen in accordance with the CFL-like condition
(2.4) unless the backward Euler time-stepping (¢ = 1) is employed.

We would like to mention here that we have no proof for the convergence of the low order
scheme to the solution of our original PDE. It does not result from some kind of consistent dis-
cretization of the PDE and contains artificial diffusion which inevitably reduces the approximation
order especially in the vicinity of steep gradients. For finite element approximation we do not have
currently any other alternative. A promising alternative is the one suggested by Gértner [65] for Fi-
nite Volume schemes, provided that the techniques and ideas presented in there could be transferred
to finite element discretizations.

2.5 Nonlinear FEM-FCT algorithm
The high-order system (2.6) discretized in time by a standard §-scheme
[Mc - 6AtKJu™! = [Mc + (1 — §)AtK]u® (2.13)
admits an equivalent representation in the form (2.2) amenable to flux correction:
(M, — AL = [Mp + (1 ~ 9)AtLlu™ + f(u™!,u™). (2.19)

The last term in the right-hand side is assembled from skew-symmetric internodal fluxes f;;, which
can be associated with the edges of the sparsity graph [96):

f,’ = Zf,'j, where fji = _fij- (215)
i#i
Specifically, these raw antidiffusive fluxes, which offset the discretization error induced by mass
lumping and discrete upwinding, are given by the formula [96, 98]

Jij = [maj + 00td5) (upt — ) — [mi; — (1 - 0)ALdg) (uf — o). (2.16)

Interestingly enough, the contribution of the consistent mass matrix consists of a truly antidiffusive
implicit part and a diffusive explicit part, which has a strong damping effect. In fact, explicit mass
diffusion of the form (M — M )u™ has been used to construct the ‘monotone’ low-order method
in the framework of explicit FEM-FCT algorithms [111).

In the case of an implicit time discretization (0 < 6 < 1), the nonlinearities inherent in the

. e e
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governing equation and/or the employed high-resolution scheme call for the use of an iterative
solution strategy. Let successive approximations to the solution u™*? at the new time level t"+! =
t" 4+ At be computed step-by-step in the framework of a fixed-point iteration

u("‘"’l) = 'U,(m) + [C(m)]"lr(nl), m= 0, 1; 2! seey u(ﬂ) = uﬂ' (2'17)

where C(™) denotes a suitable ‘preconditioner” (to be defined below) that should be easy to invert,
The corresponding residual vector of the m-th outer iteration is given by

rm) = plm) _ gy(m), (2.18)

Here, A represents the ‘monotone’ evolution operator for the underlying low-order scheme
A= M - 6AtLL, L=K+D, (2.19)

which enjoys the M-matrix property because the off-diagonal entries of L are nonnegative by con-
struction. The right-hand side 5(™), which needs to be updated in each outer iteration, consists of a
low-order part augmented by limited antidiffusion [96]:

o™ = Bu" + f*(u™,u"),  B=Mp+(1-06)AtL. (220)

In order to prevent the formation of nonphysical undershoots and overshoots, the raw antidiffusive
fluxes f;; should be multiplied by suitable correction factors so that

f; =3 aiifiy, where 0<ay<l. 2.21)
i
This adjustment transforms (2.14) into a nonlinear combination of the low-order scheme (ai; = 0)
and the original high-order one (a;; = 1). The task of the flux limiter is to determine an opti-
mal value of each correction factor a;; individually so as to remove as much artificial diffusion as
possible without violating the positivity constraint introduced in section 2.2.

In a practical implementation, the *inversion’ of the operator C(™) is also performed by a suit-
able iteration procedure for solving the sequence of linear subproblems

CMAU™H) o pm) 01,2, (2.22)
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Afier a certain number of inner iterations, the increment Au(™+1) is applied to the last iterate
wm+1)  y(m) A, (m+1), (2.23)

A natural choice for the operator C(™) is the monotone low-order operator (2.19) so that the itera-
tion procedure (2.17) yields the standard fixed-point defect correction scheme

A™D) —pm) 01,2, (2.29)

Ideally, C(™) should be a good approximation to the Jacobian matrix J(™) with coefficients

3T‘i

(m) _
T = Ou;

(2.25)
u=ul(m)
evaluated at the last iterate u{™ . 1t is well known that the convergence behavior of Newton s method,
which corresponds to (2.17) with C{™) = J{™) is quite sensitive to the initial guess ©{?), Because
linear subproblems (2.22) are solved by an iterative technique, the resulting algorithm is categorized
as an inexact Newton method [42]. A simple inexact scheme is based on the following convergence
criterion in each linear iteration:

7™ 8t F — ptmy < gl tm), (2.26)

where the so-called forcing term 77 € [0,1) can be chosen adaptively [55]. Furthermore, some
globalization strategy may be required to enhance the robustness of Newton’s method. For a detailed
description of such techniques, which are mainly designed to guarantee a sufficient decrease of the
nonlinear residual (2.18), the interested reader is referred to the literature, e.g., [87). In the case of
time-dependent problems, globalization is less critical because the solution from the last time step
may serve as a good initial guess.

Linear subproblems (2.22) can be solved using a Krylov subspace method such as BICGSTAB
or GMRES combined with preconditioners of ILU type. Because of the M-matrix property of
the evolution operator (2.19), its incomplete LU factorization unconditionally exists and is unique
[113]. Hence, it is advisable to use A as preconditioner for the Krylov solver even if the Jacobian
matrix (2.25) is adopted in the outer iteration procedure.

2.5.1 Semi-explicit FCT limiter

The first implicit FCT algorithm for finite element discretizations on unstructured meshes [94, 99]
was based on the following limiting strategy, which was eventually superseded by further extensions
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proposed in a series of subsequent publications [97, 98].

1. Compute the high-order solution to (2.14) in an iterative way by solving (2.17) using the total
amount of raw antidiffusion (a;; = 1) to assemble the term f*.

2. Evaluate the contribution of the consistent mass matrix to the raw antidiffusive fluxes (2.16)

using the converged high-order solution as a substitute for u™*!.

3. Solve the explicit subproblem A{; iz = Bu" for the positivity-preserving intermediate solu-
tion i, which represents an explicit low-order approximation to u(t"+!~9).

4. Invoke Zalesak’s multidimensional FCT limiter to determine the correction factors a;; so as
to secure the positivity of the right-hand side as explained below.

5. Compute the final solution by solving the linear system Au"+! = b, where

bi = myu; + Z Fijs fii = aijfij. 2.27)
J#i

In the fully explicit case (§ = 0), we have A = M so that u"*! = M h can be computed
explicitly from (2.24), and the classical FEM-FCT algorithm of Lohneretal. {110, 111] is recovered.
The crux of the above generalization lies in the special choice of the operator A, which guarantees
that the positivity of the right-hand side is preserved, whence

P20 = b>0 = utl=4"1p>0. (2.28)

The flux correction process starts with an optional ‘prelimiting’ of the raw antidiffusive fluxes f;;.
It consists of cancelling the ‘wrong® ones, which tend to flatten the intermediate solution and create
numerical artifacts. The required adjustment is given by [95]

fi = max{0, pij Wit — 15), Py = fis /(% — Bj). (2.29)

The remaining fluxes are truly antidiffusive and need to be limited. The upper and lower bounds to
be imposed on the net antidiffusive flux depend on the local extrema

~max ~ ~min PR
@ = max i %" = min @ 2,30
1 j€S, J 1 jESiuJ’ ( )
where S; = {j | mi; # 0} denotes the set of nodes that share an element with node i.
In the worst case, all antidiffusive fluxes into node i have the same sign. Hence, it is worthwhile

to treat the positive and negative ones separately, as proposed by Zalesak [168].
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1. Evaluate the sums of all positive and negative antidiffusive fluxes into node i:

P =m0, A= X min{0, 1) @3
J#i J#i

2. Compute the distance to a local maximum/minimum of the low-order solution:

Qf =uf™ -, Qf =i - (232)

3. Calculate the nodal correction factors, which prevent overshoots/undershoots:

Rf =min{l,mQ; /P}}, R =min{l,mQ;/F]}. (2.33)

T

4. Check the sign of f/; and apply R¥ or RY, whichever is smaller, so that

in{R},R;}, iffl;>0,
aij={ min{R;, R} } if f; >0 @234)

min{R;, R},  otherwise.

This symmetric limiting strategy guarantees that the corrected right-hand side (2.27) satisfies the
constraint ﬁ,?"i“ < bi/m; < u**. Because the low-order operator A was designed to be an M-
matrix, the resulting scheme proves positivity-preserving [96, 99].

It is worth mentioning that the constituents of the sums Pii vary with At, while the corre-
sponding upper/lower bounds QF are fixed. Consequently, the correction factors a;; produced by
Zalesak’s limiter depend on the underlying time step. This peculiarity of FCT methods turns out
to be a blessing and a curse at the same time. On the one hand, a larger portion of the raw an-
tidiffusive flux f;; may be retained as the time step is refined. On the other hand, the accuracy of
FCT algorithms deteriorates as At increases, because the positivity constraint (2.2) becomes too
restrictive. The iterative limiting strategy proposed in [98] alleviates this problem to some extent by
adjusting the correction factors a; in each outer iteration so as to recycle the rejected antidiffusion
step-by-step. However, the cost of iterative flux correction is rather high, and severe convergence
problems may occur. Therefore, other limiting techniques such as the general-purpose (GP) flux
limiter introduced in [95] are to be preferred if the solution is expected to reach a steady state in the
long run.
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2.5.2 Semi-implicit FCT limiter

For truly time-dependent problems, the use of moderately small time steps is dictated by accuracy
considerations so that flux limiting of FCT type is appropriate. In this case, the underlying time-
stepping method should provide (unconditional) stability and be at least second-order accurate in
order to capture the evolutionary details. For this reason, we favor an implicit time discretization of
Crank-Nicolson type (? = 1/2) and mention the strongly A-stable fractional-step #-scheme [152]
as a promising alternative.

The semi-explicit limiting strategy presented in the previous section can be classified as an
algorithm of predictor-corrector type because the implicit part of the raw antidiffusive flux (2.16) is
evaluated using the converged high-order solution in place of u™*!. This handy linearization, which
can be traced back to the classical FEM-FCT procedure [111], makes it possible to perform flux
correction in a very efficient way, as Zalesak's limiter is invoked just once per time step. However, a
lot of CPU time needs to be invested in the iterative solution of the ill-conditioned high-order system
and the convergence may even fail if the time step is too large. Moreover, the final solution fails to
satisfy the nonlinear algebraic system (2.17) upon substitution. On the other hand, an update of the
auxiliary quantities Pi*, f and R,-* in each outer iteration would trigger the cost of flux limiting
and compromise the benefits of implicit time-stepping. In order to circumvent this problem, let us
introduce a semi-implicit FCT algorithm that can be implemented as follows:

e At the first outer iteration (m = 1), compute a set of antidiffusive fluxes fg,- that provide an
explicit estimate for the admissible magnitude of f; = ai; fij.

1. Initialize all auxiliary arrays by zeros: P* =0, Qf =0, Rf =0.
2. Compute the positivity-preserving intermediate solution of low order:
i=u"+(1-0)AtM] Lu™. (2:35)
3. For each pair of neighboring nodes i and j, evaluate the raw antidiffusive flux
fi = Atd(uf — uf) (2.36)

and add its contribution to the sums of positive/negative edge contributions:

mi
P} .= pr 4 MO “{0fF),  PF=rf+ ‘;‘1‘: {0,-/2}. (31
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4. Update the maximum/minimum admissible increments for both nodes:

e G R R C T

5. Relax the constraint RE < 1 for the nodal correction factors and compute
Rf :=miQf/Pf.
6. Multiply the raw antidiffusive fluxes f]; by the minimum of Rf and Rj;:

f,— | min{REBME, i i >0,
Y7 | min{R;,R7}fE,  otherwise.

e At each outer iteration (m = 1,2,...), assemble f* and substitute it into (2.20).

1. Update the target flux (2.16) using the solution from the previous iteration:

fi = [mi+0Atd )™ - uf™)
= [mi; — (1 - O)Atd] (u] ~ uf).

2. Constrain each flux f;; so that its magnitude is bounded by that of f;j:

P :{ min{ f;;, max{0, fi;}},  if fi; >0,

i max{ f;;j, min{0, fij}}, otherwise,
3. Insert the limited antidiffusive fluxes f; into the right-hand side (2.20):

b.!m) = b,(m) + f:ﬁ b§m) = b.sm) - f';.

37

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

Because f]} is not the real target flux but merely an explicit predictor used to estimate the maximum
amount of admissible antidiffusion, the multipliers Rf are redefined so that the ratio f,-j / fij may
exceed unity. However, the effective correction factors a;; := f,fi / fij are bounded by 0 and 1, as

required for consistency.

Instead of computing the optimal upper/lower bounds (2.32) for a given time step, it is also
possible to use some reasonable fixed bounds and adjust the time step if this is necessary to satisfy a
CFL-like condition (as in the case of TVD methods). For instance, the auxiliary quantities Qf can
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be computed using ©" instead of ii:

Qf = max uf -uf, Q= J!Iég} uf - up. (244)
s

The corresponding nodal correction factors Rf should be redefined as [95)
RE = (m; — my)QF /PR, (245)

where m; — my = Y ;4; my; is the difference between the diagonal entries of the consistent and
lumped mass matrices. This modification eliminates the need for evaluation of the intermediate

solution 4 in (2.35) and leads to a single-step FCT algorithm,

For a given time step, the multipliers (2.45) will typically be smaller than those defined by
(2.39). However, in either case the denominator Pf is proportional to At. Therefore, the difference
between the effective correction factors a;; will shrink and eventually vanish as the time step is
refined. As long as At is sufficiently small, the accuracy of both FCT techniques depends solely on

the choice of the underlying high-order scheme.

2.5.3 Positivity proof

The positivity proof for the semi-implicit FCT algorithm (2.35)—(2.43) follows that for the classical
Zalesak limiter; see [96, 99]. In the nontrivial case f; # 0, the i-th component of the right-hand
side (2.20) admits the following representation:

by = myit; + f = (mi — 04); + atiy, (246)

where the coefficient a; = f /(@ — @;) is defined in terms of the local extremum:

(247)

apex, if 7 >0,
Uy =

arin, if fr <O
This definition implies that f = a,—Q,.*, where a; > 0. By virtue of (2.46), the sign of the

intermediate solution 1i is preserved if the inequality m; — a; > 0 holds.

In the case f] < 0, the antidiffusive correction to node i is bounded from below by

miQ; < Ry PC <Y min{0, fij} € ff = iy (2.48)
Jki
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Likewise, a strictly positive antidiffusive correction f? > 0 is bounded from above by

aQf = ff < Zmax{(), fij} < R;LP,-+ < m,-Q;". (2.49)
J#
It follows that 0 < a; < m;, which proves that b7 > 0 provided 4; > 0 and % > 0.
In light of the above, the semi-implicit FCT limiter is positivity-preserving as long as the diag-
onal coefficients of the matrix B as defined in (2.20) are nonnegative. The corresponding CFL-like
condition (2.4) for the maximum admissible time step reads

(1 — 6)At < min |m;/Li|. (2.50)

The positivity of the single-step algorithm based on the slack bounds (2.44)—(2.45) can be proven
in a similar way using the following representation of the right-hand side:

b = (mi — ay)ul + aug + (1 — B)Atz l,-_,-u;'. 2.51)
J

In this case, the limited antidiffusive correction to node i can be estimated as follows:
(mi —mu)Q7 < ff < (my — myu)Qf, (252)

so that m; — a; > my;. Thus, the right-hand side given by (2.51) preserves the sign of u™ if the time
step satisfies the positivity constraint for all diagonal coefficients:

(l - G)At < miin Imi,‘/lﬁl. (2.53)

Under the above conditions, the M-matrix property of the low-order operator (2.19) is sufficient
to guarantee that each solution update is positivity-preserving if the fixed-point iteration (2.17) is
preconditioned by C™) = A, Vm. On the other hand, only the fully converged solution is certain
to remain positive if Newton’s method (C(™ = J(™)) js employed.

2.5.4 Approximation of jacobians

For the practical application of Newton’s method, it remains to devise an algorithm for the construc-
tion of the Jacobian matrix (2.25). For simplicity, superscript m will be omitted unless indicated
otherwise. In what follows, differentiation is to be performed with respect to u, whereas u" is re-
garded as a given constant. The nonlinear residual (2.18) depends on the ‘monotone’ operator A and
on the right-hand side b(™) given by relations (2.19) and (2.20), respectively. Hence, it is advisable
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to split the Jacobian operator .J = .J + .J* into its ‘upwind’ part .7 = {.J;;} and the contribution of
the antidiffusive correction J* = {J{}}.

Formally, the upwind Jacobian is given by J = A’y + A, which reduces to the M-matrix A =
My —@ALtL for linear model problems of the form (2.5). On the other hand, its derivative A’ does not
vanish if the original transport operator X (u) and hence its local extremum diminishing counterpart
L(u) = K(u)+ D(u) depend on the unknown solution. Since the artificial diffusion operator D(u)
was derived on the semi-discrete level by means of matrix manipulations, no analytical expression
is available for A’(u). As a remedy, the Jacobian matrix is approximated by means of divided
differences. To this end, let f : R® — R denote a generic function for which the central divided
difference operator is defined as follows:

_ f(u"'o'ek)“f(u“aek). (2.54)
20

D [f(u)) :

In the above equation, ¢, denotes the k-th unit vector. The optimal choice of the perturbation
parameter 0 < ¢ < 1 requires some knowledge of the sensitivity of the function f and has been
addressed by many authors. Following a strategy proposed by Nielsen et al. [116] it can be chosen
proportional to the square root of the machine precision ¢. The formula

o = [e(1 + llu))]3 (2.55)

suggested in [123] takes into account the norm of the solution and is claimed to reduce the noise
arising from the numerical evaluation of the function f. Some alternative choices are given in a
survey paper on Jacobian-free Newton-Krylov methods by Knoll and Keyes [90].

The central divided-difference operator introduced in (2.54) yields a second-order accurate ap-
proximation for each entry of the upwind Jacobian J:

Jik = Di[(Au)i) + O(c?). (2.56)

Since A = My — 0AtL, the so-defined coefficient Ji. can be cast into the form [114]

Jit = dum; — 6AL (Txk + Z Qk[l.-j]u,') , (2.57)
j

where &y € {0,1} denotes the standard Kronecker delta symbol and the auxiliary quantity I
stands for the average of the perturbed evolution coefficients resulting from discrete upwinding:

i‘k = lik(u’ + aek) ; lik(u - aek). (2.58)
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It is also possible to neglect averaging in (2.57) and replace the averaged transport operator L by
the standard low-order term L. If the problem at hand is linear, the upwind Jacobian reduces to J =
M — §AtL because all divided differences vanish. It is worth mentioning that the decomposition
into individual edge contributions yields an efficient assembly procedure for the Jacobian that can
be considered as a viable alternative to the element-by-element procedure traditionally employed in
the finite element community [31).

Interestingly enough, the operator J exhibits the same sparsity pattern as the finite element
matrix, that is, f,~j # 0 implies m;; # 0. As soon as algebraic flux correction comes into play,
this amenable property may be lost. For upwind-biased discretization schemes of TVD type, the
phenomenon of matrix fill-in engendered by the flux limiter has been analyzed in section 4.2 of
publication [114]. Because of conceptional similarities within the family of AFC schemes, essen-
tially the same analysis remains valid for symmetric flux limiters [95, 96]. As we are about to
see, the semi-implicit FCT algorithm presented in section 2.5.2 is free of this drawback and hence
particularly suitable for the application of Newton’s method.

To highlight this advantage of the semi-implicit approach, let us revisit the general approach
to evaluating of the antidiffusive contribution J* to the Jacobian operator. To this end, let the
solution vector u be perturbed at some node, say k, and compute the compensating antidiffusive
fluxes (2.21) based on the solution vectors u + oex and u — oe; following the semi-explicit limiting
algorithm presented in section 2.5.1. By construction, the nodal correction factors R‘-i defined in
(2.33) may be affected by this perturbation for all 7 from the set S; of nodes that share an element
with node k. Consequently, the final correction factors «;; defined in (2.34) may have different
values if at least one of the nodes 7 and j belongs to the set S. To put it in a nutshell, the impact
of ‘jiggling’ the solution value at one particular node usually propagates along two edges ij by
virtue of the correction factors a;;, which are recalculated at each iteration. Figure 2.2 illustrates
the difference between the sparsity pattern of the finite element matrix and that of the approximate
Jacobian operator constructed as explained above.

As demonstrated in [114], the connectivity graph of the Jacobian is known a priori and can
be directly constructed from that of the stiffness matrix by means of symbolic matrix multiplica-
tion. Because of the matrix fill-in, the amount of memory required to store the much denser Jaco-
bian increases considerably and so does the computational cost of linear algebra operations such as
matrix-vector multiplication, construction of an ILU decomposition, etc.

Interestingly, it turns out that the antidiffusive Jacobian operator J* for the semi-implicit FCT
algorithm presented in section 2.5.2 inherits the sparsity pattern of the finite element matrix. A
closer look at equations (2.35)—(2.40) reveals that the initialization of the antidiffusive fluxes f in
the first outer iteration (m = 1) does not rely on the dependent variable u{™). Hence, the explicit
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Figure 2.2: Sparsity pattern: Finite element matrix vs. Jacobian operator.

estimate for the admissible antidiffusion, which is already computed in the residual assembly, can
be also adopted for the construction of the Jacobian. In essence, the target fluxes (2.16) that need
to be updated at each iteration are constrained such that their magnitude is bounded by that of Iz
Let us emphasize the fact that the correction factors a;; are only defined implicitly and hence will
not entail a widening of the matrix stencil. As a result, the Jacobian part J* can be assembled in a
rather efficient way.

As a rule of thumb, the k-th column of .J* can be assembled by performing the algorithmic
steps (2.41) and (2.42) based on the perturbed solution vectors u + e, and u ~ gej to evaluate the
corresponding fluxes f Y= f*(u+ oc¢i) and = f*(u — oei) and scale their difference by 20.
However, this approach is quite expensive because it does not exploit the sparsity of the Jacobian,
which is inherited from the global evolution operator A. In order to circumvent this problem, let us
introduce an efficient algorithm for assembling the operator J* for the semi-implicit FCT limiter in
an edge-based fashion.

o Ateach outer iteration (m = 1,2,...), initialize J* to zero and rebuild it in a loop over edges
ij. This process involves the following steps to be performed for k = i and k = j:

1. Evaluate the explicit antidiffusive contribution and the solution difference:
f=lmg - (1-0)Atdh)(wf —uf),  Au =u™ - (@259
2. Compute auxiliary coefficients using the perturbed solution u(™) + ge;:

2 = iy + 00tdi(u™ +oex)y 75, = muy + 80ty (u™ ~ gey). (2.60)
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3. Update the perturbed target fluxes (2.16) depending on the index k:

) +ol + £ ifk=i,

+ = 2.61)
Wk .
Y z;;,k[Aug") — o]+ f;  otherwise,
) oul) ~ol+ 13 ifk =4,
f5k=91 _ . . (2.62)
zij[Au;” + o]+ f;  otherwise.
4. Constrain each flux ff; « So that its magnitude is bounded by that of ﬁ_.,-:
+* __ min{fi?k’ ma‘x{oy fi.‘l}}’ if f:; > 07
Jor= . : . (2.63)
7 max{fz,,min{0, fij}},  otherwise,
—% min{fi;k’ma‘x{oi fzJ}}’ lffg > 0,
k= st = . (2.64)
’ max{f;,,min{0, f;;}},  otherwise.

5. Compute the divided difference and insert it into the k-th column of the Jacobian:

= 1 = -_— * *x ¢ d » * %
fizk = 57 (-fi-_'j-,k - fij,k) v = Ji - fe Ji= T+ fxe (2.65)

The last three steps call for further explanation. Following expression (2.41), the implicit contribu-
tion of the target fluxes (2.61)—(2.62) is multiplied by the perturbed solution difference (u+oe); —
(u £ oex);, where k equals i or j. This yields four possible combinations u; £ 0d;x — u; F 90k
for j # i that need to be multiplied by the coefficients z‘ik. The magnitude of the raw antidiffusive
fluxes fj & is bounded by that of the explicit estimate f,, In the last step, the central difference of
the limited fluxes is inserted into the k-th column of the Jacobian matrix. Following step (2.43) of
the original algorithm, node j receives the same flux as node i but with opposite sign. Note that the
antidiffusive fluxes are now applied to the left-hand side (2.65) so that the signs for nodes i and j

are reversed.

The above algorithm is applicable to linear and nonlinear transport operators alike. It is worth
mentioning that in the linear case the artificial diffusion coefficient d;; does not depend on the
solution so that the auxiliary quantity 2;; = m;; + 0Atd;; is not affected by solution variations.
Moreover, the perturbed fluxes exhibit the following symmetry property:

i = z,,-[Auﬁ}" )+ o] + 5 =i (2.66)
Jii = wilAu) — o) + f3 = £, (2.67)
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As a consequence, the final flux that is inserted into the i-th column is also applied to column
number j but with opposite sign. That is, the following skew-symmetry holds:

* 1 * -~ *
izi = 2 ( AR fij,i) =—fijg- (2.68)

Hence, it suffices to compute the divided difference (2.65) only for one index, say k = i, and update
the four coefficients of the Jacobian simultaneously according to

Ji = Jg = a0 Iy =J5+ 2:69)
Jii =I5 = Fe Jii =T+ fijae

Roughly speaking, the calculation of the operator J* is approximately twice as expensive as aug-
menting the right-hand side (2.20) by the antidiffusive fluxes making use of the semi-explicit FCT
algorithm (2.41)(2.43). As we are about to see, this extra cost clearly pays off in terms of total effi-
ciency when it comes to time accurate simulation of transient flows. Remarkably, this improvement
is already observed if the evolution operator A = M — OAtL is constant and can be assembled
once and for all at the beginning of the simulation so that the standard defect correction approach
(2.24) does not require further matrix evaluations. The benefits of Newton’s method become even
more significant if the preconditioner (2.19) needs to be updated in each outer iteration because of
a nonlinear governing equation or a linear but time-dependent velocity field v = v(x, ¢), so that the
costs for assembling the operators .J and .7* may be neglected.

2.5.5 Convergence

A remark is in order regarding the convergence behavior of the fixed-point iteration (2.17). The
converged solution u"*! is supposed to satisfy a nonlinear algebraic system of the form

A*u"tt = By, : (2.70)
where A* is the nonlinear FCT operator, which includes some built-in antidiffusion:
AT = AunHD - 2.71)

Clearly, the rate of convergence will depend on JJA* ~ C]), that is, the approximation property of
the preconditioner C. On the one hand, the operator A as defined in (2.19) is linear and easy to
‘invert’ because it is an M-matrix. On the other hand, it represents a rather poor approximation to
the original Galerkin operator Mc — ALK, which is recovered in the limit a;; — 1. Asaresult, the
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convergence of a highly accurate FCT algorithm based on the standard defect correction approach
is likely to slow down as the high-order solution is approached.

In light of the above, the lumped-mass version, which is obtained by setting m;; = 0 in the
definition of the raw antidiffusive flux, converges much faster than the one based on the consistent
target flux (2.16). However, mass lumping may have a devastating effect on the accuracy of a time-
dependent solution, as demonstrated by the numerical study performed in the next section. At the
same time, the high phase accuracy provided by the consistent mass matrix comes at the cost of
slower convergence, because the ‘monotone’ preconditioner A is based on Afp rather than M.
The original high-order system (2.13) that corresponds to o;; = 1 is particularly difficult to solve,
even though it is linear (see below). Moreover, the number of outer iterations tends to increase as
the mesh is refined.

In general, there is a trade-off between the accuracy of the numerical solution and convergence
of the fixed-point iteration (2.24). Any modification of the flux limiter that makes it possible to
accept more antidiffusion has an adverse effect on the nonlinear convergence rates. Conversely,
more diffusive schemes converge much better but their accuracy leaves a lot to be desired. To
overcome this shortcoming, the use of the discrete Newton method is advisable. The number of
outer iterations required to drive the residual to some prescribed tolerance is drastically reduced and
becomes largely independent of the grid refinement level. However, one should keep in mind that
the Jacobian matrix (2.25) does not possess the M-matrix property so that intermediate solutions are
not necessarily positivity-preserving.

2,6 Numerical examples

In order to evaluate the performance of the new algorithm, we apply it to several time-dependent
benchmark problems discretized using the standard Galerkin method and the second-order accurate
Crank-Nicolson time-stepping. After flux limiting, the order of approximation (in space and time)
may vary depending on the local smoothness of the solution. The goal of this numerical study is to
examine the accuracy of the resulting high-resolution scheme as well as the convergence behavior of
the fixed-point iteration (2.17) and the implications of mass lumping. To this end, the semi-implicit
FCT method (2.35)2.43) is compared with its semi-explicit prototype (2.29)-(2.34) and to the
standard Galerkin discretization. Moreover, the standard defect correction scheme (2.24) and the
discrete Newton approach are compared with respect to their nonlinear convergence rates as well as
computational efficiency, that is, the total CPU time required to solve the nonlinear algebraic system
(2.14) up to a prescribed tolerance.
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2.6.1 Convection skew to the mesh

In order to study the convergence behavior of the semi-implicit and semi-explicit FEM-FCT al-
gorithms as compared to that of the underlying Galerkin scheme, let us solve equation (2.5) with
v = (1,1) so that the initial profile is translated along the diagonal of the computational domain
§2 = (0,1) x (0,1). The numerical study is to be performed for two different initial configurations
centered at the reference point (xo,y) = (0.3,0.3).

TP1 The first test problem corresponds to the discontinuous initial condition

. _ _ <0.
u(I, y’O) = 1 lf ma‘x.{h: zoli 'y yo‘} - 0 l’ (2.72)
0 otherwise,
TP2 The second test problem deals with translation of a smooth function defined as
1
u(z,,0) = 5[1 + cos(107(z — zo))1 + cos(10n(y ~ yo))} @73)

within the circle \/(z = z0)? + (y — ¥0)? < 0.1 and equal to zero elsewhere.

Figures 2.3-2 .4 display the approximate solutions at time ¢ = 0.5 computed using At = 103ona
quadrilateral mesh consisting of 128 x 128 bilinear elements. The upper diagrams were produced by
the consistent-mass semi-implicit FCT algorithm, which yields nonoscillatory solutions bounded by
0 and 1. The underlying high-order scheme remains stable but gives rise to nonphysical undershoots
and overshoots, as seen in the lower diagrams.

In cither case, the numerical solution was computed in an iterative way using the fixed-point
defect correction scheme (2.17) preconditioned by the low-order operator (2.19). The stopping
criterion was based on the Euclidean norm of the residual vector

r= Au™! — By" - f*, [Irll = VrTr, (2.74)

which was required to satisfy the inequality |r]] < 10~4. The difference between the exact solution
u and its finite element approximation u;, was measured in the Ly-norm,

= unll = [ fu = wldz = 3 milutzo ) - wl @75)
i
as well as in the Ly-norm defined by the following formula:

Vo= unll = [ ju=ualtde e 5 mduton, ) - wl®, (276)
§
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FEM-FCT

Galerkin scheme

Figure 2.3: Convection skew to the mesh TP1: 128 x 128 Q; —elements, ¢ = 0.5.
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FEM-FCT

Galerkin scheme

Figure 2.4: Convection skew to the mesh TP2: 128 x 128 Q; —elements, £ = 0.5.




2.6. NUMERICAL EXAMPLES 49

where m; = [, p; da are the diagonal coefficients of the row-sum lumped mass matrix. Further-
more, the global minimum u,,;, = min; ¥; and maximum uma, = max; u; of the discrete solution
uy, were compared to their analytical values 0 and 1.

Tables 2.1 and 2.2 illustrate the convergence behavior of the iterative flux/defect correction
scheme as applied to the test problems TP1 and TP2 on three successively refined meshes. The
first three columns in each table display the refinement level NLEV, the number of vertices/nodes
NVT, and the total number of outer iterations NDC required to compute the numerical solution at
t = 0.5. The different performance of the six algorithms under consideration supports the arguments

standard defect correction
[NLEV] NVT [ NDC [ flu=unlli [ lu—uvallz [ ¥min | %max ]

semi-implicit FCT / consistent mass matrix
6 42251 2,500 | 1.1737e-2 | 6.2176e-2 0.0 1.0
16,641 | 2,461 | 7.3688e-3 | 4.8577e-2 0.0 1.0
8 66,049 | 2,489 | 4.7039¢e-3 | 3.8715e-2 0.0 1.0

~l

semi-implicit FCT / lumped mass matrix
6. 4225 751 | 1.9356e-2 | 8.4294¢-2 0.0 0.9988
16,641 | 1,000 | 1.2402e-2 | 6.5356e-2 0.0 1.0000
8 66,049 | 1,014 } 7.8511e-3 | 5.1182e-2 0.0 1.0000

~

Galerkin scheme / consistent mass matrix
4225 | 4,666 | 3.6283¢e-2 | 7.4952e-2 | -0.2557 | 1.4505
16,641 7,379 | 2.7340e-2 | 5.8124e-2 | -0.2743 | 1.3797
8 66,049 | 13,852 | 2.3000e-2 | 5.2536e-2 | -0.4437 | 1.4080

~N

Galerkin scheme / lumped mass matrix
6 4225 1,000 [ 6.5181e-2 | 1.3073e-1 | -0.4022 | 1.5608
16,641 | 1,423 | 4.7055e-2 | 9.8663e-2 | -0.4340 | 1.5732
8 66,049 | 1,500 | 3.5126e-2 | 8.0298e-2 | -0.3713 | 1.5628

~

semi-explicit FCT / consistent mass matrix

6 4,225 | 3,190 | 9.3328e-3 | 5.4115e-2 0.0 1.0
7 16,641 | 3,220 | 5.4794e-3 | 4.1218e-2 0.0 1.0
8 66,049 | 3,590 | 3.3680e-3 | 3.236%¢-2 0.0 1.0

semi-explicit FCT / lumped mass matrix
6 4,225 | 1,500 [ 1.9098¢-2 | 8.3498¢-2 0.0 0.9989
7 16,641 | 1,501 | 1.2422e-2 | 6.5348e-2 0.0 1.0000
8 66,049 | 1,540 | 7.8662e-3 | 5.1167e-2 0.0 1.0000

Table 2.1: Convection skew to the mesh: Convergence behavior for TP].

»r
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presented in section 2.5.5. In particular, it can rcadily be seen that the use of the consistent mass
matrix results in a much better accuracy but the convergence slows down, whereas the lumped-
mass version is less accurate but much more efficient. If the difference [|u"*! — 4" || is large, mass
antidiffusion affects the convergence rates even stronger than the convective part of the antidiffusive
flux. Since the latter is proportional to At, the mass lumping error plays a dominant role at small
time steps such that A = M;. On the other hand, the linear convergence rates improve since the
condition number of A decreases and its diagonal dominance is enhanced as the time step is refined.

standard defect correction

[NLEV] NVT] NDC[|lu—unlli [ lu—unll2 | vmin | max |

semi-implicit FCT / consistent mass matrix

XIS S L iee B s

A A

VRPN Y i 14

6 4,225 2,486 | 1.4799¢e-3 | 9.2813e-3 0.0 0.8562
7 16,641 | 1,833 | 4.3436e-4 | 2.7820e-3 0.0 0.9418
8 66,049 | 2,867 { 1.7887e-4 | 1.2032¢-3 0.0 0.9740
semi-implicit FCT / lumped mass matrix
6 4225 | 1,000 | 4.2704e-3 | 2.7827e-2 0.0 0.7308
7 16,641 | 1,000 | 1.7834e-3 | 1.1294e-2 0.0 09218
8 66,049 736 | 7.6982e-4 | 4.6142e-3 0.0 0.9612
Galerkin scheme / consistent mass matrix
6 4225 | 2,500 | 1.3961e-3 | 2.6234e-3 | -0.0158 | 0.9890
7 16,641 | 6,437 | 1.8892e-3 | 3.9001e-3 | -0.0480 | 0.9925
8 66,049 | 13,700 | 2.3237e-3 | 8.1553e-3 | -0.1363 | 1.0012
Galerkin scheme / lumped mass matrix
6 42251 1,000 | 1.0904e-2 | 4.2409e-2 | -0.191! | 0.8809
7 16,641 | 1,000 | 3.4837e-3 | 1.4234e-2 | -0.0811 | 1.0098
8 66,049 | 1,000 [ 1.3092e-3 | 4.3179¢-3 | -0.0322 | 1.0046
semi-explicit FCT / consistent mass matrix
6 4,225 | 2,651 | 1.0770c-3 | 7.6799¢-3 0.0 0.8555
7 16,641 | 2,328 | 2.8414e-4 | 2.1692e-3 0.0 0.9471
8 66,049 | 3434 | 1.3188¢-4 | 9.8597e-4 0.0 0.9775
semi-explicit FCT / lumped mass matrix
6 4225 | 1,500 | 4.2671e-3 | 2.7760c-2 0.0 0.7296
7 16,641 1,500 | 1.7751e-3 | 1.1237e-2 0.0 0.9211
8 66,049 | 1,500 | 6.4767¢-4 | 3.8591e-3 0.0 0.9653

Table 2.2: Convection skew to the mesh: Convergence behavior for TP2.
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Note that the consistent-mass Galerkin scheme faces severe convergence problems and the er-
ror may even increase in the course of mesh refinement (see Table 2.2). By contrast, the results
computed by the semi-implicit FCT algorithm exhibit monotone grid convergence as well as some
improvement of the convergence rates. Even the consistent-mass version converges slowly but
surely to a nonoscillatory time-accurate solution. For large time steps, the single-step implementa-
tion based on (2.44)+2.45) would be more diffusive and converge faster. However, for time steps as
small as the one employed in this section, it would be just as accurate and converge at the same rate
as the algorithm (2.35)(2.43). The values of uya, in Table 2.2 reveal that flux correction may lead
to undesirable ‘peak clipping’, which is a well known phenomenon discussed, e.g., in [96, 168]. On
the other hand, the associated high-order solution is corrupted by undershoots and overshoots that
are particularly large for discontinuous initial data (Table 2.1) and less pronounced for the smooth
cosine hill (Table 2.2). These nonphysical oscillations result in a dramatic loss of accuracy and
slow/no convergence, so that the results are inferior to those produced by the semi-implicit FCT
algorithm using the same settings.

It is not unusual that semi-explicit flux correction (2.29)~(2.34) as applied at the end of each
time step to the converged high-order predictor requires less outer iterations than the underlying
Galerkin scheme (see Tables 2.1 and 2.2). However, the residual of the flux-corrected solution can
no longer be controlled and the total number of defect correction steps is considerably greater than
that for the semi-implicit FCT limiter, whereas the accuracy of the resulting solutions is comparable.
Of course, the linear system (2.13) could be solved in one step (without resorting to defect correc-
tion) but this straightforward approach would inevitably lead to a severe deterioration of the linear
convergence rates. Indeed, the high-order operator A — 6 At is much harder to ‘invert’ than the
preconditioner A, which enjoys the M-matrix property. In many cases, the high-order solution may
prove prohibitively expensive or even impossible to compute in such a brute-force way, unless a
direct solver is employed. Hence, even linear high-order systems of the form (2.14) call for the use

of iterative defect correction.

In order to obtain a better insight into the error reduction rate, Figure 2.5 displays the L;-
errors (top) and Lo-errors (bottom) of all six methods for both benchmark configurations. For each
discretization, the solid line denotes the consistent mass matrix whereas the ‘lumped’ version is
indicated by dashed lines. Obviously, the rate of convergence is the same for the implicit (circular
markers) and explicit (square markers) FCT algorithm whereby the norm of the error is slightly
smaller for the latter one if the consistent mass matrix is adopted. Interestingly enough, both FCT
algorithms produce nearly the same results if mass lumping is performed. On the other hand, the
solution produced by the high-order Galerkin scheme denoted by triangular markers is less accu-
rate, which manifests itself in greater error norms. Moreover, it suffers from severe convergence
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TP1: discontinuous initial data TP2: smooth initial data

107" e e ——— v ~—

; :
NLEV vs. Jju - usll2 NLEV vs. lu — unlj

Figure 2.5: Convection skew to the mesh: error reduction.

problems if the consistent mass matrix is adopted and fails completely for the second test problem
if the mesh is successively refined.

The marginally better accuracy of the semi-explicit FEM-FCT scheme as compared to its semi-
implicit counterpart can be attributed to the better phase characteristics of the high-order Galerkin
scheme employed at the predictor step. On the other hand, the involved splitting error may become
pronounced in other settings, especially as the time step is increased. Moreover, the linear and/or
nonlinear convergence rates leave a lot to be desired so that the semi-implicit approach combined
with the discrete Newton method is preferable in many cases.
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2.6.2 Swirling flow

Let us proceed to another two-dimensional benchmark problem proposed by LeVeque [103]. It
deals with a swirling deformation of initial data by the incompressible velocity field given by

vy = sin’(#z) sin(27y)g(t), Yy = — sin?(wy) sin(27z)g(t).

The initial condition to be prescribed is a discontinuous function of the spatial coordinates that
equals unity within a circular sector of /2 radians and zero elsewhere:

1 if(z-1)2+(y-1)%2<08,

0 otherwise.

u(z,y,0) = {
TIP3 For the first test problem, let us employ a constant velocity profile that corresponds to
g(t) =1.

TP4 For the second test problem, we adopt a more “agile’ velocity field and let

g(t) = cos(nt/T), 0<t<T.

For both benchmark configurations, the mass distribution assumes a complex spiral shape in the
course of deformation. Figures 2.6-2.7 display the numerical solutions calculated by the semi-
implicit FCT algorithm (2.35)—(2.43) with consistent mass matrix using the time step At = 1073.

Recall that for TP3, the low-order evolution operator A remains constant and can be assembled
once and for all at the beginning of the simulation. The numerical results at time ¢ = 2.5 are
computed on a uniform mesh of 128 x 128 bilinear finite elements and depicted in Figure 2.6 (top).
The use of a piecewise-linear finite element approximation on a triangular mesh with the same
number of nodes yields virtually the same solution; see Figure 2.6 (bottom). For the difference
between the underlying triangulations to be visible, both profiles were output on a coarser mesh
consisting of 4,225 vertices. In either case, the resolution of discontinuities is seen to be remarkably
crisp. These results compare well to those presented in [96] using algebraic flux correction schemes
of TVD type.

On the other hand, the velocity vector is strongly time-dependent for benchmark TP4. After
the startup, the flow gradually slows down and reverses at t = T'/2 such that the initial profile is
recovered as exact solution at the final time ¢ = T; that is, u(z,y,7T) = u(z,y,0). The value
T = 1.5 is used, which corresponds to performing 1,500 time steps of size At = 10~3. The
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128 x 128 @ —elements

128 x 128 P, —elements

Figure 2.6: Swirling deformation: semi-implicit FEM-FCT, t = 2.5.
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initial/exact solutionat{ = 1.5

intermediate solution at t = 0.75

Figure 2.7: Swirling deformation: semi-implicit FEM-FCT, 128 x 128 Q, —elements.
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[NLEV] NVT | CPU | NN [ NN/At] NL [NL/NN [ tmin | tmex |

Irll < 1074
5 1,089 6 2,500 1.0 2,500 1.0 0.0 1.0
6 4,225 23 2,500 1.0 5,000 20 0.0 1.0
7 16,641 95 2,500 1.0 5,000 20 0.0 1.0
8 |66049] 422| 2500 1.0 5000 20 [ 00| 10
il < 108
5 1,089 52 46,809 18.72 46,820 1.0 0.0 1.0
6 4225 200 | 47,046 | 18.82 49,546 1.05 0.0 1.0
7 16,641 896 44 827 17.93 51,858 1.17 0.0 1.0
8 66,049 4212 43,405 17.36 63,425 1.46 0.0 1.0
Ir|} < 10712
5 1,089 148 | 142,586 { 57.03 142,597 1.0 0.0 1.0
6 4225 676 ] 160,254 | 64.10 | 162,754 1.0t 0.0 1.0
7 16,641 3311 |177,602 | 71.04 | 184,550 1.04 0.0 1.0
8 66,049 | 15,875 | 192,895 | 77.16 { 212,495 1.10 0.0 1.0

Table 2.3: TP3: semi-implicit FCT with consistent mass matrix, defect correction.

numerical solutions at t = 0.75 and ¢ = 1.5, which are displayed in Figure 2.7, were calculated on
a mesh of 128 x 128 bilinear finite elements by the semi-implicit FCT algorithm with the consistent
mass matrix. The solution profiles resuiting from the application of the lumped mass matrix are
slightly more diffusive but ‘look’ quite similar.

For these two benchmark configurations, we performed an in-depth convergence study on four
successively refined quadrilateral meshes. A detailed comparison between the standard defect cor-
rection method and the discrete Newton approach is presented in Tables 2.3-2.5.

As before, the first two columns display the refinement level NLEV and the number of ver-
tices/nodes NVT. All tests were performed on an Intel Core Duo T2400 (1.83 GHz, FSB 667 MHz)
processor with 1024 MB (553 MHz) of system memory. The code was compiled with the Intel
Fortran 9.1 Compiler for Linux making use of the - fast switch, which yields the best results for
this setup. The total CPU time (in seconds) required to reduce the norm of the nonlinear residual to
the prescribed tolerance in each time step is given in the third column. In the next four columns, the
total number of nonlinear iterations (NN), the number of nonlinear iterations per time step (NL/At),
the total number of linear iterations (NL) and the number of linear iterations per nonlinear iteration
(NL/NN) are displayed in successive order. Given the lack of an exact solution for this benchmark
configuration, only the giobal minimum and maximum of the discrete solution u, are compared to
their analytical values 0 and 1.




2.6. NUMERICAL EXAMPLES 57

[NLEV| NVT [CPU| NN [NN/At| NL [NUNN|  tmin | Umax |

Il <10~
5 1.089 7 2,500 1.0 2,500 1.0 -1.789%e-02 | 1.026
6 4225 24 2,500 1.0 2,500 1.0 -9.153e-03 | 1.054
7 16,641 102 2,500 1.0 2,500 1.0 -3.906e-02 | 1.121
8 66,049 442 2,500 1.0 2,500 1.0 -5.087e¢-02 | 1.202
Ir)) <1078
5 1,089 32 9,891 396 44 547 450 -1.319e-11 1.0
6 4,225 138 9,917 3.97 48379 4.88 -1.430e-09 1.0
7 16,641 611 9.294 3.72 49 464 5.32 -5.427e-12 1.0
8 66,049 | 2,736 8,974 3.59 50,991 5.68 -8.505e-09 1.0
lIrll < 10712
5 1,089 841 25640 | 10.26 123,412 4381 0.0 1.0
6 4225 369 | 26,538 10.62 141,645 5.34 0.0 1.0
7 16,641 | 1,674 | 25,061 10.02 | 146.212 5.83 0.0 1.0
8 66,049 | 7,113 | 22,287 891 139,868 6.28 0.0 1.0

Table 2.4: TP3: semi-implicit FCT with consistent mass matrix, Newton’s method, = 10~%.

It can be seen from Table 2.3 that the convergence behavior of the standard defect correction
scheme deteriorates significantly if the tolerance for the residual norm is reduced from 10~8 to
10~12, Moreover, for the latter one, the number of outer iterations increases if the mesh is succes-
sively refined. On the other hand, the minimal and maximal solution values perfectly match their
analytical bounds 0 and 1 because of the M-matrix property of A.

The convergence behavior of the discrete Newton approach making use of a constant forcing
term n = 10™* as suggested in [29] is displayed in Table 2.4. This choice is quite restrictive and
requires uniformly close approximations of Newton steps in each nonlinear iteration. It reportedly
yields local g-linear convergence in some special norm [55]. As compared to the defect correction
approach, the number of outer iterations is drastically reduced for all prescribed tolerances and, in
addition, it does not increase for finer grids. Based on the moderate number of linear sub-iterations
we believe that the ILU-decomposition of the monotone evolution operator 4 constitutes an ap-
propriate preconditioner for the employed BiCGSTAB algorithm. Importantly, convergence of the
fixed-point iteration is a prerequisite for the Newton method to produce a positivity-preserving so~
lution. This is best illustrated by the unsatisfactory minimal and maximal solution values for the
loose residual tolerance 1074,

Let us briefly address the phenomenon of oversolving [55] the linear subproblems. To this end,
we relax the forcing term 1) = 10~! and leave all other parameters unchanged. The results computed
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by the discrete Newton method are shown in Table 2.5. The nonlinear convergence behavior is quite
similar to that observed for the more restrictive choicc n = 10~%, However, the number of inner
iterations is reduced by a factor of 2.5 to 3, which results in a significant reduction of the overall
CPU time. Our experiments with different strategies for choosing the forcing term 5 adaptively [55]
and even solving the linear subproblems directly {37] revealed that the simplest choice n = 10~}
yields the most competitive results in terms of overall performance for this class of time-dependent
flows. On one hand, the time step At = 10~3 was chosen moderately small to resolve the temporal
evolution with high precision. On the other hand, the amount of antidiffusion accepted by the
FCT flux limiter is inversely proportional to At so that the computed solution profiles become
more diffusive if larger time steps are employed. Consequently, the convergence rates of the defect
correction method and of the discrete Newton algorithm improve, but the solution is smeared by
numerical diffusion.

It is well known that choosing an appropriate perturbation parameter o is a delicate task. In our
simulations we employed o = [(1 + ||u]])€]"/3, where € denotes the machine precision, as proposed
by Pernice et al. and successfully used in the NITSOL package {123]. In order to investigate the
influence of this ‘free’ parameter we repeated the simulation on mesh level 7 for fixed parameter
values ¢ = ¢ and o = 0.01, respectively. Figure 2.8 displays the nonlinear convergence behavior
for the different solution strategies. The curve for the defect correction method is marked by stars,

[NLEV] NVT | CPU | NN [NN/At] NL [ NUNN|  tmin | Umex ]

Ir] < 10~
5 1,089 71 2,500 1.0 2,500 1.0 -1.789e-02 | 1.026
6 4,225 24§ 2,500 1.0 2,500 1.0 <9.153¢-03 | 1.054
7 16,641 104 | 2,500 1.0 2,500 1.0 -3.906e-02 | 1.121
8 66,049 | 443 | 2,500 1.0 2,500 1.0 -5.085e-02 | 1.202
Irll < 10°°
5 1,089 22 { 10,008 4.0 17436 | 1.74 | 4.087e-10| 1.0
6 4,225 85| 9997 4.0 17,574 1.76 | -1.165¢-09 { 1.0
7 16,641 370 | 9938 | 398 | 17944 1.81 | -9.854e-09 | 1.0
8 66,049 | 1,597 | 9472 | 3.79 | 18,005 1.90 | -1.797e-07 | 1.0
lIrll  10-12
S 1,089 56 | 26,448 | 10.75 | 45770 1.70 0.0 1.0
6 4,225 223 1 27,697 | 11.08 | 48512 | 1.75 0.0 1.0
7 16,641 939 [ 25922 | 10.37 | 49,030 | 1.89 0.0 1.0
8 66,049 | 3,787 | 22,540 | 9.02 | 47,634 | 2.1l 0.0 1.0

Table 2.5: TP3: semi-implicit FCT with consistent mass matrix, Newton's method, 7 = 10~1,
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whereas circles stand for the rapidly converging Newton method (7 = 10~!, ¢ = ¢). Using ma-
chine precision as perturbation parameter works for this test case, but it is likely to diverge in other
situations because of round-off errors, and thus cannot be recommended in general. The strategy
proposed by Pernice et al. (square markers) requires slightly more nonlinear steps but turns out
to be more robust. Furthermore, the devastating effect of choosing the perturbation parameter too
large, e.g., o = 0.01, is illustrated by the fourth curve (triangles). If o is increased even further,
the convergence of Newton’s method slows down until it resembles that of the defect correction
approach.

107

norm of nontinaar realdual
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number of nonfinear Rerations

Figure 2.8: TP3: influence of perturbation parameter o, t € [1.0,1.0 + At].

Another quantity of interest is the computing time per time step spent for each vertex, which
is illustrated in Figure 2.9. Here, the circles correspond to the standard defect correction approach
whereas triangles and squares stand for Newton’s method making use of the forcing term n = 10~*
and 5 = 10~ !, respectively. The three curves plotted for each method denote the different tolerances
for the nonlinear residual. It is worth mentioning that for the least restrictive choice n = 10~!, the
nodal CPU time remains nearly constant if the number of vertices is increased, whereas a systematic
growth is observed for both other methods.

Table 2.6 illustrates the convergence behavior of the different solution methods and the errors
of the finite element approximation uy at time ¢ = 1.5 for our benchmark configuration TP4. For
all computations, a moderate stopping criterion }|r|] < 10~® was used and the approved forcing
strategy 7 = 10~} was adopted for Newton's method. Moreover, the perturbation parameter o was
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computed as proposed by Pernice et al. [123] and utilized for the divided difference approximation.
All other parameter settings, e.g., the configuration of the linear solver, remain unchanged. It can be
readily seen that the discrete Newton approach outperforms the standard defect correction scheme
in all situations.

Figure 2.10 (top) illustrates the CPU time spent per node in each time step, which remains
nearly constant for all mesh levels. As before, the circular markers correspond to the standard
defect correction method, whereas squares are used for the discrete Newton approach. Here, the
dashed lines represent the lumped-mass versions of the two algorithms. The significant overhead
costs of the slowly converging defect correction method are clearly visible. The solution errors,
which are virtually the same for both nonlinear solution strategies, exhibit a monotone reduction on
sufficiently fine meshes as illustrated in Figure 2.10 (bottom).

-
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Figure 2.9: TP3: influence of perturbation parameter.o, t € [1.0,1.0 + At).
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[NLEV] NVT [ CPU] NN [NN/At| NL [ NL/NN [ [lu—unll | lu— unllz |

defect correction / consistent mass matrix

5 1,089 89 | 24,136 | 16.09 | 24,136 1.0 2.7748e-2 | 8.8019e-2
6 4,225 333 22,694 | 15.13 | 23,488 | 1.03 1.5630e-2 | 6.7038e-2
7 16,6411 1,293 | 19,883 | 13.26 | 21,954 | 1.10 8.8456e-3 | 5.0641e-2
8 66,049 | 5,203 | 17,959 | 1197 22,812 | 1.27 5.1680e-3 | 3.8747e-2
defect correction / lumped mass matrix
5 1,089 17| 2,720 | 1.81 2,720 1.0 4.5446e-2 | 1.1689%-1
6 4225 57 2,738 | 1.83 3,481 1.27 2.9877e-2 | 9.4992e-2
7 16,641 259 | 2,804 | 1.87 3,818 | 1.36 1.9192¢-2 | 7.5658e-2
8 66,049 | 1,186 | 2,953 | 1.97 4,777 | 1.62 1.2250e-2 | 5.9934e-2
Newton’s method / consistent mass matrix
5 1,089 28 | 5,506 | 3.67 9,501 1.73 2.7743¢-2 | 8.8007e-2
6 4,225 106 | 5,241 | 394 9,074 | 1.73 1.5624e-2 | 6.7021e-2
7 16,641 442 | 4,831 | 3.22 8342 | 1.73 8.8374e-3 | 5.0609e-2
8 66,049 | 1,844 | 4,506 3.0 7,802 | 1.73 5.1604e-3 | 3.8719e-2
Newton’s method / lumped mass matrix
5 1,089 12| 1,510 1.01 1,510 1.0 4.544]e-2 | 1.16882¢-1
6 4,225 421 1,513] 1.01 1,513 1.0 2.9868e-2 | 9.4975e-2
7 16,641 188 | 1,572 | 1.05 1,572 1.0 1.9175e-2 | 7.5623e-2
8 66,049 910 | 1,803 | 1.20 1,803 1.0 1.2231e-2 | 5.9887e-2

Table 2.6: TP4: semi-implicit FCT, ||r|| < 1078, = 101,
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nodal CPU time vs. number of vertices
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2.7 Results and discussion

The semi-implicit approach to flux correction of FCT type leads to a robust and efficient special-
purpose algorithm for time-dependent problems discretized in space by the finite element method.
The accuracy of the resulting scheme improves as the time step is refined and the consistent mass
matrix can be included in a positivity-preserving fashion. The new limiting strategy makes it possi-
ble to avoid a repeated computation of the nodal correction factors at each outer iteration. Therefore,
the use of an implicit time-stepping method pays off in spite of the CFL-like condition to be sat-
isfied by the time step in the case § < 1. For sufficiently small time steps, the new algorithm is
more accurate and/or efficient than the algebraic flux correction schemes proposed in [98, 99]. On
the other hand, it is not to be recommended for steady-state computations, which call for the use of
large time steps. In this case, both the limiting strategy and the underlying constraints need to be
redefined as explained in [95].

In order to solve the nonlinear algebraic systems, a discrete Newton approach was devised mak-
ing use of the fact that the underlying sparsity pattern is known a priori. The Jacobian matrix was
assembled edge-by-edge using numerical differentiation as applied to the low-order operator and to
the vector of limited antidiffusive fluxes. The use of a new semi-implicit limiting strategy makes it
possible to assemble the Jacobian in a particularly efficient way, resulting in a significant reduction
(by a factor of 2.5 to 3.5) of the total CPU time as compared to standard defect correction. The semi-
explicit FCT algorithm was found to provide a slightly better accuracy for the test cases considered
in the present chapter. However, the high-order system to be solved at the predictor step is extremely
ill-conditioned, thus requiring a slowly converging defect correction scheme preconditioned by the
low-order operator.




Chapter 3

Solution of Large Sparse Linear Systems
with Domain Decomposition Methods

3.1 Introduction

Numerical methods for solving systems of partial differential equations (PDEs) usually employ
implicit discretization schemes, which always lead to an algebraic system to be solved. The cor-
responding linear systems are large (involving hundreds of thousands or even several millions of
unknowns) but at the same time very sparse. Sparsity here refers to the fact that most of the ele-
ments of the matrix involved are zero.

Sparse linear systems of equations can be solved by either direct sparse linear solvers, which are
sophisticated implementations of LU decomposition and back-substitution, or by iterative solvers.
Recently, direct sparse linear solvers have been tuned close to perfection and excellent software li-
braries, serial CHOLMOD {34, 36], UMFPACK [38, 39, 40, 41] and even parallel PARDISO {135,
136], are publicly available.

Sparse direct solvers, are amazingly efficient for linear systems arising from the discretization
of PDE problems in two-dimensional domains. In the three-dimensional case, however, their perfor-
mance deteriorates significantly and at the same time memory resources rapidly become insufficient
as the problem size increases.

3.1.1 Motivation: Direct sparse solvers and their shortcomings

Direct sparse linear solvers possess very favorable properties. The solution they provide is accurate
up to machine precision, and it is computed very fast once the LU factors are available because they
employ optimized computational kernels. At the same time, without sacrificing performance they

64
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I PARDISO performance in 2D ]
mesh statistics Elapsed time in seconds memory
nodes nmax || assembly init fact | back-sub total MB

4014 | 3.125e-02 0.004 | 0.037 | 0.011 0.001 { 0.049 1.356
16454 | 1.563e-02 0.017 | 0.158 | 0.052 0.004 | 0.216 5.857
65175 | 7.813e-03 0.071 | 0.704 | 0.265 0.019 | 0.988 26.018

263838 | 3.906e-03 0.299 | 3.199 | 1.539 0.111 | 4.849 || 117.523
1068112 | 1.593e-03 1.307 | 14.766 | 9.518 0.535 | 24.819 || 527.656

Table 3.1: Performance of PARDISO direct sparse solver in serial mode for problem (3.1) dis-
cretized by linear triangular finite elements.

can provide the solution with the transpose operator. For these reasons among many others, direct
sparse solvers have become the standard approach for PDEs in two-dimensional domains. Their
use, however, is rather limited for PDEs in three dimensions as the computational resources are
quickly exhausted before the spatial accuracy of the discretization scheme becomes sufficient.

We demonstrate next the reasons why direct sparse linear solvers have become a standard tool
for 2D problems and the need for more sophisticated solution methods in real-life 3D problems.

2D problems

The complexity of direct sparse linear solvers for two-dimensional problems, being O(n3/2) for
the LU factorization and O(n logn) for the back substitution, is nearly optimal, and thus they can
hardly be outperformed by other methods. At the same time, the memory requirements are moderate
and that makes them perfect black-box solvers for a wide class of two-dimensional problems. Let us
illustrate this fact by considering a classical PDE problem, namely the the scalar Poisson equation
with homogeneous Dirichlet boundary conditions on the unit square:

~Viu(z) =1, €

3.1
u(z) =0, z €. @1

We discretize problem (3.1) by the Finite Element method using an unstructured triangular mesh
and the P1 family of elements (linear triangles). Table 3.1 summarizes the time spent for the as-
sembly of the finite element matrix and the time PARDISO needed for each phase of the solution
process. The initialization phase involves analysis rclated to the sparse matrix structure, which is
determined by the topology of the mesh and symbolic factorization, while factorization and solu-
tion phases correspond to the sophisticated, highly efficient LU factorization of the matrix and the
corresponding back-substitution.
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“ PARDISO performance in 3D "

n mesh statistics Elapsed time in seconds memory
nodes | Amax || @assembly init fact { back-sub total MB

500 | 2.7e-1 0.001 | 0.005 0.001 0 0.006 0.298

4001 | 1.3e-1 0.017 | 0.062 0.057 0.002 | 0.121 4712

32002 | 6.8¢e-2 0.180 | 0.636 2.783 0.069 | 3.488 80.357
256011 | 3.9e-2 1.785 | 6.925 | 185.469 1.428 | 193.8 || 1438.32
2000396 | 1.7e-2 16.942 | 76.625 | 11762.1 21.46 | 11860 24403

Table 3.2: Performance of PARDISO direct sparse solver in serial mode for problem (3.1) dis-
cretized by linear tetrahedral finite elements.

For linear steady-state problems, one is interested in the total solution time, while for the tran-
sient case, what matters is just the back-substitution time, as initialization and factorization are
needed just once. In the nonlinear case, however, factorization and back-substitution times should be
taken into account for both steady and transient problems, because the matrix changes within each
outer jteration. The initialization phase should be repeated whenever the mesh topology changes
(adaptively refined meshes, etc.). We clearly see that initialization and factorization times are greater
than for the matrix assembly by less than one order of magnitude. However, the back-substitution
is always more than twice as fast as the assembly and therefore the same factorization is frequently
used throughout the solution of a nonlinear system. The number of outer iterations (Newton fixed-
point steps) thereby increases, but the whole process is considerably accelerated, especially in the
transient case when the matrix does not change too much for several time steps. We also see that
the memory allocated by the solver is quite low and a problem involving one million of unknowns
can be quickly solved on a common laptop. For the reasons described above, direct sparse solvers
are frequently the first choice of every researcher when it comes to PDE problems discretized in
two dimensions and there is not too much interest in more sophisticated methods for the solution of
such problems.

3D problems

The computationally attractive properties that direct sparse linear solvers possess for problems in
two spatial dimensions do not carry over to the three-dimensional case. There, the complexity dra-
matically increases to O(n?) operations for the factorization and O(n?/3) for the back-substitution.
Table 3.2 summarizes the performance of PARDISO when we solve problem 3.1 on the unit cube
using the P} family of elements (linear tetrahedra).

It is evident that the time spent for the back substitution is still quite encouraging, being usually
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less than the time needed for the matrix assembly. However, the time associated with the factor-
ization grows rapidly, rendering the total solution process slower than that of the assembly by two
orders of magnitude. This is observed even for medium-size problems, where the resolution is
still not satisfactory. At the same time the memory needed by the solver grows prohibitively large,
restricting severely the size of the problems that can be handled. The memory and CPU time restric-
tions we just reviewed have motivated practitioners to develop other types of solution approaches
that are not so “resource hungry”. These are the iterative methods we discuss next.

3.2 Iterative methods

In computational mathematics, an iterative method attempts to solve a problem (for example an
equation or system of equations) by finding successive approximations to the solution, starting from
an initial guess. Iterative methods are the only choice for nonlinear equations. However, they are
very popular for linear problems involving a large number of variables (sometimes of the order of
millions), where direct methods would be prohibitively expensive and in some cases impossible
even with the best available computing power.

The main classes of iterative methods employed for the solution of linear algebraic systems
are the stationary iterative methods, the multigrid methods, and the more popular Krylov subspace
methods.

3.2.1 Stationary iterative methods

Stationary iterative methods solve a linear system with an operator approximating the original one.
Based on a measure of the error (the residual), they form a correction equation for which this process
is repeated. While these methods are simple to derive, implement, and analyze, convergence is only
guaranteed for a limited class of matrices. Examples of stationary iterative methods are the Jacobi
method, the Gauss-Seidel method and the successive over relaxation (SOR) method. Stationary
iterative methods are no longer competitive. However, they are used frequently as smoothers in
multigrid solvers.

3.2.2 Multigrid methods

Multigrid (MG) methods are a group of algorithms for solving differential equations. They belong
to a conceptually different class of iterative methods that take into account the underlying equations
(or PDE system), using a hierarchy of discretizations of the problem under consideration. The
typical application of multigrid is the numerical solution of elliptic partial differential equations in
two or more dimensions [166].
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Multigrid methods may be applied in combination with any of the common discretization tech-
niques. In these cases, they are among the fastest solution approaches known today, because their
complexity scales linearly with the number of unknowns. In contrast to other methods, they can in
general treat arbitrary regions and boundary conditions. Their setting does not depend on the sepa-
rability of the equations or other special properties. They are also directly applicable to complicated
nonsymmetric and nonlinear systems of equations, like the Navier-Stokes equations [151, 153, 154]
or even coupled fluid structure interaction PDE systems [80]. The multilevel concept has been
successfully adopted by several other areas like graph partitioning (85, 86] and PDE optimization
[25, 50, 51, 70, 115].

Other extensions of multigrid include techniques where no PDE and no geometrical problem
background is used to construct the multilevel hierarchy. Such algebraic multigrid methods (AMG)
construct their hierarchy of operators directly from the system matrix and thus become true black-
box solvers for sparse matrices. Algebraic multigrid methods are documented extensively in [150].
High performance scalable libraries are also publicly available [58, 76}.

AMG methods are now used as preconditioners (as inner iteration) within Krylov subspace
solvers (as outer iteration), which undoubtedly are the most popular iterative solution methods avail-
able today.

3.2.3 Krylov subspace methods

The iterative methods applied today for solving large-scale linear systems
Az =b (3.2)

belong to the class of preconditioned Krylov subspace solvers. Krylov subspace solvers are con-
sidered black-box solvers, as they do not need any other input except the linear system itself, just
like the direct sparse solvers. Unlike direct sparse solvers, however, Krylov subspace solvers do not
provide the solution up to machine precision but approximate it instead, up to the desired accuracy
defined by some tolerance.

Let g be an initial approximation to the solution of the linear system (3.2) and rg = b ~ Axg
be the initial residual. Then

Kom (A, 70) = span{ro, Arq, A%rq,..., A" 11} (3.3)

is the Krylov subspace of dimension m defined by A and ry. At the mth step, Krylov subspace
methods obtain an approximation z,, to the solution of (3.2) in the space z¢ + K, by satisfying a
projection or minimizing condition of some kind. Let ry, = b ~ Az, be the residual at the mth
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step. Some standard conditions are:
o Petrov-Galerkin condition
Tm L Ram, (34)
where R, is some m-dimensional subspace.

e Galerkin condition, when R, = K,

Tm L Km. 3.5)

o Minimum residual condition
= i b — Az|. 3.6
Irmll = _min_|Io— Az G.6)

It can be shown that (3.6) is a Petrov-Galerkin condition when R,, = AK,, (Saad [132]).

The construction of an orthonormal basis for the Krylov subspace is carried out by the Arnoldi
procedure [7]. When the matrix is symmetric, this procedure simplifies and is due to Lanczos [101,
102]. A two-sided Lanczos procedure also suggested in [102] applies to nonsymmetric matrices.
The major advantage of the Lanczos procedures is that the bases can be constructed by a three-term
recurrence or two coupled two-term recurrences, respectively. Thus, only two to three previous
vectors in each sequence need to be stored, thus keeping the storage requirements low. In contrast,
the Arnoldi procedure requires the whole basis to be stored. On the negative side, however, the
two-sided Lanczos procedure may break down, and it needs products by the transpose operator AT,
which is usually more computationally expensive to apply than A.

There is a vast literature on Krylov subspace methods, with each trying to cure weaknesses of
previous ones. Although methods that target nonsymmetric linear systems can in general be applied
equally well to symmetric ones, special methods have been suggested for the symmetric case that
are both more effective and computationally efficient.

3.24 Symmetriccase

The method of choice for symmetric positive definite linear systems is the well known conjugate
gradient method (CG) suggested by Hestenes and Stiefel in their monumental paper [77]. We now
know that it is effectively based on the symmetric Lanczos process, enforcing the Galerkin condition



70 CHAPTER 3. DOMAIN DECOMPOSITION

(3.5), which can be shown to be equivalent to minimizing the A-norm (energy norm) of the error:

nin lz - z.fja, (3.7
where the A-norm is induced by the A-inner product (z,y) = zT Ay. Unlike other methods where
the stopping criterion monitors the Euclidean norm of the residual, CG allows sophisticated mon-
itoring of the convergence, based on estimations of the norm of the true error of the linear system
(3.2), as later found by Golub and Kent [67] and Arioli [6].

When the matrix A is symmetric but indefinite, CG is no longer applicable. Paige and Saun-
ders [118] devised two methods for this case, both based on the symmetric Lanczos process. In the
minimum residual method (MINRES) the minimum residual condition (3.6) is imposed, and only
the last two basis vectors for K,,, are needed for the computation of the approximation z,,. By con-
sidering the Galerkin condition (3.5) instead, Paige and Saunders in [118] derived the SYMMLQ
method for symmetric systems, which usually terminates at the CG approximation if it exists, but
along the way generates a different sequence of approximations that minimize the 2-norm of the
error over the subspace C(A, Arg). Again only two basis vectors are needed.

The symmetric solvers are effective if the eigenvalues of A are clustered.

3.2.5 Nonsymmetric case

For the solution of linear systems where A is not symmetric, several methods have been pro-
posed. Among them the Generalized Minimal Residual method (GMRES) introduced by Saad
and Schultz [133] is among the most popular choices. It computes a sequence of orthogonal vec-
tors (like MINRES) and combines these through a least-squares solve. Unlike MINRES and CG, it
uses the whole sequence of basis vectors, and hence a large amount of storage is usually required.
Restarted versions of the method, GMRES(mm), are frequently used instead, where computation and
storage costs are limited by specifying a fixed number of vectors (1) to be generated.

Paige and Saunders in [119, 120] introduced the LSQR method for solving nonsymmetric linear
systems and least squares problems. The method employs the Golub and Kahan bidiagonalization
procedure. It is analytically equivalent to the symmetric CG method applied to the normal equations
ATAr = ATb, but it possesses more favorable numerical properties. It can also estimate the
condition number of the matrix A and standard errors for z among other quantities of interest.
LSQR is effective if the singular values of A are clustered. It is applicable to both square and
rectangular systems [119, 120, 134]. On the downside, it requires matrix-vector products with both
A and the transposc operator AT

Other popular choices for the nonsymmetric case are the conjugate gradient squared method
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(CGS) designed by Sonneveld [146] and the Biconjugate Gradient Stabilized method (Bi-CGStab)
introduced by van der Vorst [156). The former is a variant of an older approach, the BiConjugate
Gradient method (BiCG), which exhibits irregular convergence and potentially breaks down. Sonn-
eveld managed to avoid BiCG’s need for the transpose matrix by applying the update operations for
the A-sequence and the AT-sequences both to the same vectors. Often one observes a convergence
rate for CGS about twice that for BiCG, which is in agreement with the observation that the same
contraction operator is applied twice. In practice, however, convergence may be more irregular than
BiCG. The BiCGStab method remedies the irregular behavior of CGS by using different updates
for the AT sequence. Often it converges about as fast as CGS, sometimes faster and sometimes not.

These and many other properties of iterative Krylov subspace methods are discussed in the
monographs by Saad [132], van der Vorst [157], Trefethen [149], and Axelsson [11]. Their algo-
rithmic implementation along with several theoretical details can be found in [14].

Quite frequently for both symmetric and nonsymmetric linear systems, the Krylov methods just
reviewed may need several hundreds to many thousands of iterations before they reach the desired
accuracy. The situation worsens with increasing problem size and calls for sophisticated solution
techniques to accelerate the convergence. This is achieved by what is referred to as preconditioning
techniques, which are the most crucial component of iterative solution approaches.

3.3 Preconditioning

A preconditioner P for a matrix A is a matrix that approximates A in some useful sense. Usually
this means that P! A has a condition number significantly smaller than that of A. Preconditioners
are employed by iterative subspace Krylov methods to accelerate their convergence related to the
solution of linear systems Ax = b by considering instead the left-preconditioned system

P~ 1Az = P~ 1p, (3.8)
or the right-preconditioned system
AP 'z=b, Pr=1% (3.9

The products P~'A and AP~} are never formed explicitly. This is prohibitively expensive and
would require more storage than direct sparse methods. Instead, the matrix-vector products Avy
required by any iterative method are replaced by products P~!(Awv;) when the preconditioner is
applied from the left, or by A(P~!v;) when the preconditioner is applied from the right.

The preconditioner P should be such that it allows P~! to be applied very efficiently and for
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a smaller number of iterations, thus reducing the total cost (computing time). At the same same
time, especially when we aim at the solution of linear systcms obtained from the discretization
of PDEs, the preconditioning approach should render the condition number of the preconditioned
linear system inscnsitive to the parameters involved in the adopted discretization scheme (usually
the mesh size h or polynomial order) and if possible to the parameters inherent in the problem under
consideration (reaction or diffusion coefficients). In cases where this goal is reached, one usually
observes that the number of iterations needed by the Krylov solver, in order to reduce the relative
residual of the linear system to some threshold, remains the same or marginally increases for a very
wide range of the parameters introduced by the discretization approach and those appearing in the
underlying PDE system.

Several types of preconditioner have been suggested in the literature. Among the most popular
black-box choices are incomplete LU preconditioners, which are extensively documented in the
work of Saad [132], as well as very robust multilevel ILU preconditioners, suggested by Bollhofer
[19, 20, 21, 22] and implemented in the publicly available software library ILUPACK.

Motivated by today’s widespread availability of cheap multi-processor hardware, we now inves-
tigate preconditioning approaches that are designed from the ground up for parallel processing. The
class of methods that suit our purpose best is the class of domain decomposition preconditioners.

3.3.1 Domain decomposition preconditioners

Large-scale numerical simulations, like those arising in many areas of physics and engineering,
call for parallel solution algorithms. Domain decomposition serves exactly that purpose: to devise
parallel algorithms that can benefit strongly from multiprocessor computers,

Domain decomposition methods need a partitioning of the computational domain 2 into sub-
domains §2;, i = 1.2,...,p, which may or may not overlap. The original problem may then be
reformulated upon each subdomain 2, yielding a family of subproblems of reduced size, coupled
through the values of the unknown solution at the interface of the subdomains; see Figure 3.1.

In many cases, the interface coupling is removed at the expense of introducing an iterative pro-
cess among subdomains, yielding at each step independent subproblems (of lower complexity) that
can be efficiently handled by multiprocessor systems. However, the number of iterations needed
to achieve a certain level of accuracy grows rapidly as the number of subdomains and the prob-
lem size increase, degrading performance significantly and calling for more sophisticated iterative
approaches.

When properly devised, these iterative procedures intrinsically embody a preconditioner for the
system induced on the interface unknowns. A distinguishing feature of a domain decomposition
method is the property of optimality of such a preconditioner: its ability to gencrate a sequence that
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Figure 3.1: The mesh (top left) is partitioned into 4 subdomains (top right). At the bottom left

we see the unknowns in the interior and at the bottom right, the unknowns on the interface of the
subdomains.

converges at a rate that does not depend on parameters inherent in the discretization approach. Such
parameters are usually the size of the original system N or equivalently mesh size h and the number

of the partitions, the variability of element sizes and even further diffusion or reaction coefficients
(in case of convection diffusion reaction PDE systems).

Traditionally, domain decomposition methods can be broadly classified as either overlapping or
nonoverlapping methods. The precise presentation of each method suggested in the literature would
require an extended discussion and is beyond our scope. Instead we briefly review the key ideas
behind classical domain decomposition methods and provide a more detailed discussion of the key
steps of the most recent and competitive ones.
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3.3.2 Overlapping methods

One-level methods Methods belonging to this class were introduced and analyzed first by Schwarz
in 1890. They require a partitioning of the domain in overlapping subdomains. The level of
the overlap may vary. Usually higher levels of overlap improve the quality of the precon-
ditioner by reducing the sensitivity of the solution process to the number of the unknowns.
However, the method remains sensitive to the number of partitions. In [137] Schwarz intro-
duced what is now referred to as the alternating Schwarz method. No significant advances
were reported until one century later when Lions in {105, 106, 107] was responsible for fo-
cusing much attention on the subject. Dryja and Windlund (1987) in [47] suggested a modi-
fication of the original algorithm to make it significantly more reliable, the additive Schwarz
method. It was further analyzed in {48) and found to be less sensitive to the level of overlap.
Further analysis and convergence estimates were obtained by Bramble, Pasciak, Wang and
Xu (1991) in [27].

Multilevel methods The sensitivity of the classical Schwarz methods on the number of partitions
was partially removed by a modification of the original algorithm that led to the so-called
multilevel overlapping Schwarz methods. There, apart from sufficient overlap, a coarse grid is
generated where solutions to the original PDE are approximated and interpolated back to the
initial fine grid. The coarse grid and the interpolation and restriction operators are constructed
in a process similar to classical multigrid methods. The key difference, is that in domain
decomposition methods the ratio in mesh refinement between levels may vary between 10
or 100, whereas in classical multigrid methods it is usually 2 or 4. The consideration of the
coarse grid dramatically reduces the condition number of the preconditioned system and it
renders it practically insensitive to the number of subdomains. With sufficient overlap and a
carefull choice of the size of the coarse grid, one usually expects that the iterations needed for
the solution of the system will be practically independent of both the number of subdomains
and the number of the unknowns. Multilevel versions have been investigated by Dryja and
Widlund in [49], by Zhang [171, 172, 173}, and by Griebel and Oswald in [71]. Numerical
studies of multilevel overlapping Schwarz methods may be found in Gropp and Smith [72]
and Bjerstad and Skogen [17]. Recent advances can be found in Chai [30] and Chan and
Smith [32].

Overlapping Schwarz methods do not exhibit good scalability in parallel computing systems.
The intercommunication between the processors forced by both the overlap and the coarse grid
correction inevitably restricts the level of parallelism that can be achieved. Approaches carefully
designed to achieve higher scalability in parallel computing systems are those belonging to the class

i
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of nonoverlapping domain decomposition methods, discussed next.

3.3.3 Nonoverlapping methods

These methods begin by generating a nonoverlapping partitioning of the domain. At the next step
the unknowns that belong to the interior of the subdomains are ordered first and the ones residing
on the interface of the subdomains are ordered last; see Figure 3.1. They focus then on devising
preconditioners for the Schur-complement system related to the unknowns on the interface of the
subdomains.

Neumann-Dirichlet The older methods in this category are the Neumann-Dirichlet method dis-
cussed by Bjerstad and Widlund in [18] and later applied to structural mechanics by Bjerstad
and Hvidsten [16]. In the case of two subdomains for instance, one has to solve a prob-
lem with Neumann boundary conditions on the artificial boundary in the first subdomain,
followed by a problem with Dirichlet boundary conditions on the artificial boundary in the
second subdomain. Practical extension of this method to more than two subdomains and par-
allel implementations pose severe restrictions on the partitioning approach by requiring the
domain to be partitioned into strips. Then each processor is assigned two adjacent strips. This
is not possible for arbitrary domains.

Neumann-Neumann In the Neumann-Neumann preconditioner, proposed in Bourgat et al. [26]
and extended later by Le Tallec [147] to arbitrary subdomains, a Dirichlet boundary value
problem and a Neumann boundary value problem are solved on each subdomain. This ap-
proach extends easily to any number of processors, in contrast to the Neumann-Dirichlet
preconditioner. On the downside, for subdomains that reside completely in the interior of the
domain, the Neumann boundary value problem to be solved is singular. The standard way to
remedy this is to add a zero-order term to the Neumann boundary value problem to render it
nonsingular, As with overlapping methods, the standard Neumann-Neumann preconditioner
converges slowly for large numbers of subdomains. This observation motivated Mandel to
introduce a coarse grid correction, deriving a new preconditioner that we discuss next.

Balancing Neumann-Neumann The balancing Neumann-Neumann method uses a piecewise-con-
stant grid correction to provide global communication among the several processors and it is
almost an optimal preconditioner. 1t was introduced by Mandel in [112]. The convergence
depends only mildly on the ratio / /I of the substructure  size to the discretization size /.
The standard implementation, however, requires that a Dirichlet and a Neumann boundary
value problem be solved exactly for each subdomain at each iteration, which is a potentially

expensive operation.
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Iterative substructuring Substructuring methods arc among the latest and more sophisticated nonover-
lapping domain decompositions methods available. The construction of the rclated Schur-
complement preconditioner specializes to the dimension of the problem. We describe a vari-
ant suggested by Smith [ 145] that, unlike previous versions in this category, can be completely
parallelized. In three dimensions the interface boundary consists of faces (shared by two ad-
jacent subdomains), edges, and vertices. Edges and vertices may be shared by many faces.
The unknowns on the interface boundary up are reordered to unknowns on the faces uy and
unknowns on the wirebasket uyy (the union of edges and vertices): up = [ur uw)T. The
Schur complement with this type of reordering has the form

5= (5FF Srw (3.10)
Swr Sww

and can be assembled from its substructure contributions as

§=> RISk, @1
147
where S; may be written as
i 1
S; = Skr Skw )| (3.12)
Swr Sww

Let 7T map the average of the values of the boundary nodes of each face (the adjacent edges
and vertices) onto the nodes on the corresponding face. Then S; may be written as

] Gi -7T
s=(1° ifpp Srw \ (I T} (3.13)

The couplings between the various faces and the couplings between the faces and the wire-
basket are then dropped. Also S}y is replaced by G;, which is defined via the following
minimization problem:

v"Gyv = min (v - tIJ.-z.-)T (v - wi%), (3.14)
[N

where for scalar PDEs, z; = [1,1,...,1]7. The purpose of the minimization problem (3.14)
is to ensure that the null space of G; is the same as the null space of S}y, which implies
that the null space of the substructure preconditioner B; to be introduced below is the same
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as the null space of the Schur-complement contribution of the same substructure S;. The
preconditioner corresponding then to each substructure is

g [ I O\ (Skr 0) (I —IF 3.15)
R O O 0 GJ\o I ) ’

Finally the action of the inverse of the related preconditioner can be assembled from individ-
ual contributions of each substructure as

B'=>"RIB/'R;. (3.16)
Q;

3.4 The H,/, preconditioner

The usefulness of any domain decomposition method (DD) rests on the ability to solve a problem
involving a pseudo-differential operator: the Steklov-Poincaré operator. Since under discretisation
this gives rise to a system with a dense matrix, for large problems this needs to be solved approx-
imately via a procedure that computes the action of the inverse of the discrete operator on a given
vector. To this end, a great number of iterative approaches have been suggested in the literature; clas-
sical algorithms include Dirichlet-Neumann, Neumann-Neumann, FETI methods, Schwarz meth-
ods, together with two-level and overlapping variants. For descriptions and analyses, see [128, 148].

An alternative that has not been considered to date and can be shown to be competitive is based
on a well known property of the discrete Steklov-Poincaré operator: it is norm-equivalent to a
Sobolev norm-matrix of index 1/2 [128], the discrete representation of which can be written in
terms of the square-root of a discrete Laplacian defined on the union of the boundaries of each
subdomain [122]. This discrete norm has a non-sparse representation; however, since only the
action of its inverse on a vector is required, we can achieve this using a standard approach based on
a Krylov subspace approximation. The resulting algorithm is a generalized Lanczos procedure and
the ensuing preconditioning procedure is independent of the size of the problem.

3.5 Problem description

We review below the standard formulation of non-overlapping domain decomposition problems for
a general scalar elliptic problem.
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3.5.1 Notation and definitions

Throughout this chapter we use the following notation and standard results. Given an open simply-
connected domain U in RY, its boundary is denoted by 8U. We denote by C3°(U) the space
of infinitely differentiable functions defined on U with compact support in L. We also denote by
L2(U) the Lebesgue space of square-integrable functions defined on U endowed with inner-product
(-,-), and by H™(U) the Sobolev space of order 1n equipped with norm || - || v and semi-norm
| - lm.v With the convention H(U) = L?(U). The Sobolev spaces of real index 0 < s < m are
defined as interpolation spaces of index 8 = 1 — s/m for the pair [H™(U), L*(U)):

H*(R) := [H™U), L} (V))y 6=1-35/m.

For any s, the space H3(U) denotes the completion of C§°(U) in H*(U) (see e.g. [104, p 60)). In
particular, we shall be interested in the interpolation space

HY2(U) = [H\(U), LX(U)}y 2,

for which there holds Hy/?(U) = HY2(U). Another space of interest is Hoj>(U), a subspace of
HY/2(U) defined as the interpolation space of index 1/2 for the pair [H}(U), L2(U)):

Hof?(U) = [HY(U), HO(U))1 2.

Norms on HY2(U), Hi/*(U) are denoted by the same notation | - |; /v of | - li/z,u, with the
assumnption that it is evident from the context which space is under consideration. We return to
the definition of these norms in section 3.6. The dual of H%Z(U ) is denoted by (Hé({z(U ) ¢
H~Y2(U), where H™12(U) := (HV2(U)) = (HY*(U))". The duality between H3}*(U) and its
dual is denoted by (-, -).

Finally, we make use of the trace operator o : H}(U) — H!/2(8U), which is known to be
surjective and continuous, i.e., there exists a constant ¢, (U) such that

vz 6y € &(Wlivlhy Vv € HY(U). (3.17)
A similar inequality holds if we take o : H(U) — Haj*(8U):

Ivovllijaouy < e(Ulvliw Vo € HA(U). (.18)
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We also assume that the following Poincaré inequality holds:
vl < Cp(U)lvlr,u- (3.19)

3.5.2 Domain decomposition for scalar elliptic PDE

Let 2 denote an open subset of R¢ with boundary 852 and consider the problem

{ Lu=—div(aVu) +b-Vu+cu =f in §2, (3.20)

u =0 on 99,

where f € L2(Q), c € L™®(R), b is a vector function whose entries are Lipschitz continuous
real-valued functions on €, and a is a symmetric d x d matrix whose entries are bounded piecewise-
continuous real-valued functions defined on (2, with

0 < tun < (Ta(X)( < VCER?, ae.xefl (3.21)
We also assume the following standard condition holds:
_ L
c—EV-ch,,,-_ ae. x €N (3.22)

The weak formulation of problem (3.20) reads

{ Find v € H}(R) such that for all v € H3 (%), (3.23)

B(u,v) = (f,v),
where the bilinear form B(-,-) : H}(S2) x H}(2) — R is defined via
B(v,w) = (aVv, Vw) + (E Vv + cv, w) .

Let us assume a partitioning of €2 into /N nonoverlapping subdomains €2;,

N
O=J% une;=0(3+#)),

i=l1

and let I' ¢ R%-! denote the set of internal boundaries associated with the above partition of :

P=Jri  (Dy:=00\09)
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Given a function v defined on Q we denote by v; the restriction of v to £;: 1 = v |q,. With this
notation, we define the bilinear forms B;(:,-) : H3 (%) x H} (%) — R similarly to B(-,-):

B;(vi, wi) = (@i V', Vuw;) + (Eg Vi + Civi;'wi) . (3.24)
Now et
Hb() = {w € H' (%) : w |annon,= 0}

and let v € H3(S2). Then v; = v |, € H}(S%:) and there holds

N N
B(u,v) =Y Bi(wnw),  (fv) =) (fiw). (3.25)

=1 i=1

Let u denote the solution of (3.20) and let u; = u |n,. Assuming the value of the exact solution
is known on each i, say u; |r;= A, problem (3.20) can be equivalently be written as a set of
problems defined on £; for all i

ﬁ’u;‘ = f in Qi'i
y =0 on dgt N Y, (3.26)
u =X only.

Under the same assumption that ); are known, problems (3.26) can be decoupled into two sets of

problems:
cft = ¢ in O, cuf? =o in £,
«' =0  ononnan, u? =0 oné@nam;, (2D
u'{l} =0 onT;. u‘{2} =M\ onT;,

with the solution u |g,= u; = U.{l} + “,{2)~

To find an equation for A; we integrate the two sets of problems in (3.27) against v; € H ,‘3 (%)
and obtain the identities

B(“.ms”i) = (f,v;) +./r n;- aiVu,mwds(I‘;),

B(uf®,v) = [ n . Ve uda(Ty).
[} B

———————




3.5. PROBLEM DESCRIPTION 81

Adding them up and then summing over i we find (using (3.25))

B(u,v) = (f, v)+2/ n; a,V'u{ }v,ds(I‘,) +Z/ n; a,Vu{ by, 4ds(T:),
=1 i=1
which yields, using (3.23), the Steklov-Poincaré equation for the decomposition (3.26):
z / n; - a.,Vu{z}vtds(l".) = Z / n; a,.Vu{ }v,ds(I‘ i)-

i=1 i=1

Now letp € H, l/ 2(r) withn; = 5 Ir; and let v; be the solution to the problem

v = on 9\ T;, (3.28)
Vi =1 onT i

Note that in the case of the Poisson problem where £ = — A, the functions v; are harmonic exten-
sions of 7; to £;. In general, one can view v; as L-extensions of the corresponding data 7; to €.
Furthermore, the function v defined via v |o,= v; can be viewed as a generalized L-extension of the
function 7 € H%2(I‘ ) to the domain Q2. Henceforth, such generalized L-extensions of functions 7
or 7; will be denoted by En and E;n;, respectively. Any other harmonic extensions will be denoted
by Fry and F;7;. We also need the following elliptic regularity result, which is known to hold for
the weak solution of (3.28) (see for example [1]):

lvillve; = | Esmillng; < Cellmilliyar (3.29)

where C. is a constant depending only on the domain ;. We define the Steklov-Poincaré operator
HY2(T) — (HY(T)Y as follows. Let n, 1 € Had>(T) with 7 |r,=: 1, 2 |, = p1;. We define

S via
N

(Sn. ) f ;- @iV (Em) pds(Ts) =: 3 (S ) (330)

i=1 i=1

Using integration by parts, we can give the operator S the following alternative representation:

N
(Sn.m) = B(En. Fu) = > Bi(Eimi, Fur)) Vi, € Hof*(T). (331)
i=1
Note that these definitions amend those given in [128, pp. 142-143).
With this definition of S, our model problem can be recast as an ordered sequence of three

~
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decoupled sets of problems involving the same operator £ with essential boundary conditions on
each subdomain together with a problem set on the interface I':

i=1 (3.32)

()] o =x onTy,
uf? =0 onony\T.

The resulting solution is u|q, = u,m + u!z}_

We now turn to the properties of the interface operator S. Given representation (3.30) we can
immediately see that S is nonsymmetric unless & = 0. One can show further that S is a bounded
positive operator on Hgéz(l").

Lemma 3.5.1. Let S be defined by (3.30) and let (3.22) hold. Then there exist constants ay, ag Such
that for all n, . € H%Q(I‘),

arlinli}jor < Smvmd,  (Smp) < aalinllyarlliel/zr

Proof: Letv; = Ein;, w; = E;u; satisfy (3.28). We have, using (3.22),
(Smi,m) = Bi(v, )
(a,-Vv.-, ‘Ui) + (5 V‘Ui. ’U:') + (C‘D;,Ui)

(tqu.-,vi) + ((C - %V . B)v‘,‘llg)

am.,|v¢|¥|n‘ + ('-mh“v‘"(z),ﬂ(
min{amm cmln} "v""iﬂi' -

i

v v
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Moreover, using the Poincaré inequality (3.19) we get

]

Bi(viawl')
< Gualvihi o lwilsg; + 1Bl Loy lvil: lwillo., + llclzoo(os) luillon; lwillo;
< max {aum + [BllLoo() CrE%), o } Hoill.aulwlly -

(S, p3)

Since yv; = 1;, Yow; = {4, the trace inequalities (3.17)-(3.18) read foralli =1,...,N

I7llajzr: < Cy(@)lvilluen  Nillijzr < Cy(Q)llwsllye,

and the result follows from the regularity estimate (3.29) and definition (3.30) of the operator S. m

3.6 Finite element discretisations

Let z be an arbitrary function of H; having trace at each of the §2; );. In order to write down the
weak formulation of problems (3.32) we rewrite the set of equations (3.32,(iii)) as

it =_rz inq,
()4 #7 =0 only,
' =0 onam\Ty

where ﬁfz} = u,fz} ~ z. With this new notation, the weak formulations of problems (3.32) are

" Find ufl} € H} (%) such that for all v; € HE (%),
l Bi(u{" w) = (fi,w).
i Find A € Hoj?(T) such that for all y € HY?(T), 533
s ) = (A ) = T (e Fow) - Biuf™, Fen)]
i Find #{® = u? ~ % € H}(;) such that for all v; € H}(S),
l Bi(af®t, v) = - Bilzi, vs).

T

Note that z; € H'(€;) and z € H}(Q) with v9(T)2 = \;.
Let Pr(t) denote the space of polynomials in d variables of degree r defined on a set t C RY.
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Let

Vb=V = {we CO() : wh € Pk Vt€ h, wlsanan,= 0} ¢ HL (%)

(3.34)

be a finite-dimensional space of piecewise-polynomial functions defined on some subdivision %,
of 2 into simplices t of maximum diameter k. Further let V}, Vi € V} satisty Vi @ Vi = VP

Also let
i =span{gi,k=1...n]} and Vjp=spen{e},k=1...nf}

and set n; = 3, n]. Further let

N
Ve =JVib

i=]

and let {4x,k =1,...,np} denote a basis for V5. Let S} = span {vo(T;)p, k =1,.

with §# = UX, SP. Finally, let

N
vh =)V c Hy(9).

i=1

The finite element discretization of the weak formulation (3.23) reads

Find u;, € V" such that for all v, € VA,
B(up,vp) = (f,vn)-

The finite element discretization of the weak formulations (3.33) are as follows:

Find u}:} € V2 such that for all vy € V2,

@)
Ba(uf,}},vm') = (firUhi)-
) Find ), € S" such that for all 7, € S*,
8Os m) = TiLy (i Ferms) - Bi(uls?, Femn)]
- Find ! = uf2) ~ 2 € V}} such that for all vy € V3,

B; (ﬁ{f}. Vhi) = — Bi(2n1, vm).

.,nf}

(3.35)

(3.36)
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3.6.1 Matrix formulation

Formulation (3.36) amounts to a Schur-complement approach for the solution of the discrete weak
formulation (3.35). For completeness of exposition we include this characterization below. Let

Au= (A A fur) (), (337
Apr App/ \us fp

represent the linear system associated with the discrete formulation (3.35) with A € R**", u ¢ R"
where n = ny + ng and Ay € RM>*™, A;p, Ag, € RM*"B App € R"BX"B are given by

A}] A}B
Arr = b A=) Aip |, A=y oAby - AY)
AR Alp

with
(Aipee = Bi(dh,4t),
(Aigle; = Bildh. %),
(Asnjk = Bi(4¥}, ),
(ABB)Ju = B(¥n,v),
forallk=1,...,nl,5=1,...,nB,l=1,...,np.

Lemma 3.6.1. In the above notation, the solution of problems (3.28) has finite element coefficients

v (Y1) = —A;Algve
vp VB ’

where v are the coefficients of 1 with respect to the basis of Vé‘.

Proof: We start by considering the weak formulation of problems (3.28). If we let w; |r,= 7; we
can re-write our problems as

Ly =-Lz infY,
7% =0 on I \ T, (3.38)
v =0 on Pi,
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where we set ; = 1; — z;. These problems have the following discrete weak formulation:

Find Op; = vpi — zni € Vi’} such that for all wy; € V,',',
Bi(Dni, wni) = —Bi(2hi, whi),

so the global matrix representation resulting after summing over i is

A A\ (vi—z1 Anp A\ (21
T = (T
(w’ 0) (ABI ABB) ( 0 ) (w’ 0) (Asz Aps/ \VB

and the statement of the lemma follows. [ ]

Consider now the matrix representation of operator & in the basis {y%,k=1,...,ng}. The
discrete form of definition (3.31) is

8(mn: n) = Bi( Eimin, Fipin), (3.39)

where we recall that F; is an arbitrary extension operator to ; while E; is an L-extension to the

same domain. If we set v |p,= 7;p, w |r,= pin, the corresponding discrete representations of these
extensions will have the form (using the Lemma 3.6.1)

-A7IA
Einip, = ( n IBVB) y  Fipp = (w’) .
vp wg

Hence (3.39) has the representation

WESVB=(WT wT) Anr A\ [~AjlAsve
! 5 AB} Aps vB !

which is equivalent to
T _
wpSvg = WE(ABB - ABIA,,IA[B)VB

for all vg,wp € R"ZX"5 g0 that S is the Schur complement of Ag in the global matrix A. With
this notation, (3.36 (i)) has the following matrix formulation:

(i) Arpui™ =1y,
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while (3.36 (ii)) becomes

. , fr Ay A [ui?
wwgsos= (o ) (i) - (7 2 (3 2o (%)

for any w; € R™, wg € R™5; this equation simplifies to

(ii) Sug =fp — AB}'u}l}.

Finally, from Lemma 3.6.1 the discrete form of (3.36 (iii)) is seen to be
(iii) u}?} = 47} Arpusg.

These equations are easily seen to represent a Schur-complement approach for the original linear
system (3.37) with global solution u given by

{1} {1}
_ uy _ ur u;
()= Cio)« Cio)
3.7 Preconditioners for the Steklov-Poincaré operator

The result of Lemma 3.5.1 holds also in the discrete case for the choice of space S}, introduced in
the previous section. In particular it translates into the following coercivity and continuity bounds
for s(-,-) : Sp X Sp.

Lemma 3.7.1. Let s(-,-) be defined as in (3.33) and let (3.22) hold. Then there exist constants
ay, g such that for all np,, pp € Sy C Hgf (1),

arllmml} o0 < sOmsm).  s(m, pn) < callmllajo,rlleenllajo,r-

We realize from the above discussion that the continuous formulation of the domain decomposi-
tion problem is intrinsically related to the Schur complement operator acting on the space Holg 2( r);
a space lying between H}(I') and L?(T"). In order to exploit the results of (3.5.1), (3.7.1) for pre-
conditioning purposes, we need to derive corresponding matrix formulations. For this purpose it is
essential to familiarize ourselves with the concept of interpolation of Hilbert spaces and their related
norms, as well as discrete norms equivalent to the continuous ones, which will finally provide the
sought optimal preconditioners. We proceed by recalling related results presented in [4].
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3.8 Interpolation spaces

Let £, M denote two Hilbert spaces with £ C M, L dense in M with continuous injection. Let
(s} + (1) o4 denote the corresponding inner products, and || - ||, [| - {| » the respective norms. By
the Riesz representation theory (see for example [129]) there exists an operator J : £ — M that is
positive and self-adjoint with respect to (-, -} 4 such that

(u, 'U)£ = (u, J'U)M . (3-40)
Using the spectral decomposition of 3 we define the operator
e=32: LM, (3.41)

which in turn is positive self-adjoint. Moreover (see [104, Chapter 1, Section 2.2] ), the space £ can
be defined to be the domain D(€) of €, and the norm of £ is equivalent to the graph norm || - || ¢:

1/2
lufle ~ llufle = (lulldq + I €ull3,) 2 .

Similarly, the spectral decomposition of & can be used to define any real power of €. We can now
introduce the interpolation or intermediate spaces of index @ taken from [104).

Definition 1. Interpolation space of index 6 € [0,1] for the pair of Hilbert spaces |L, M} with
L C M, dense and continuously injected in M, is the domain of €'~ denoted by (L, M]s, with €
defined by (3.41), endowed with the inner-product

= 1-0, @1-6
(u7v>0 (Ut U)M + <€ u, ¢ ‘U>M ’
and corresponding norm the graph norm of €9
1/2
o = (Nl + het-2uh) (3:42)

In [104] the authors also prove that the space {£, M|, is a Hilbert space. We should remark that
[£, M]o = L and [£, M}; = M. Moreover, if 0 < g; < 6; < 1 then

LclL,Mls, C [L,M]g, C M. (3.43)

Now let £(A4; B) denote the space of continuous linear operators from A into B. The following
classic interpolation theorem can be found in {104, Theorem 5.1).
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Theorem 3.8.1. Let L1, M, be defined as above and let L2, M3 satisfy similar properties. Let
7 € £(Ly1; L2) N £(Mi1; Ma). Then forall 6 € (0,1),

7 € &([L1, Mi)e; [L2, Mz)s).

We turn now to the case where the spaces generating the scale of interpolation spaces are finite-
dimensional. In particular, we are interested in the discrete norms associated with these spaces.

3.8.1 Finite-dimensional interpolation spaces.

Let £, C L, M; C M denote two finite-dimensional subspaces of £, M respectively, with n =
dim £, = dim Mj,. They are Hilbert spaces when endowed with the inner-products (-, )z , (-, -) o4
We can similarly define corresponding positive, self-adjoint operators Jj, € : £, — M, satisfying

(uh V) = (Un,JnVRI A4 Un, Uk € Lp, (3.44)
where J}, is positive self-adjoint and €, = jhl/ 2. We define the discrete interpolation spaces
[Lh, Mpe := D(€}79).
Furthermore, we define the scale of discrete norms
lunllos = (sl + € 2unle) . (3.45)

By employing Thm. 3.8.1 the authors in [4] prove the following.

Lemma 3.8.2. Let L, C My, L C M be Hilbert spaces with inner-products (-, ) » , (-, -) o, and let
-llg, !|-llo.n be defined by (3.42), (3.45), respectively. Let us assume that there exists an interpolation

operator Ij, such that Ip, : £(L; L) N LS(M; M) and Iyup = up for all up, € L. Then the norms
Il - lle, || - lo,n are equivalent on (L}, My)g for all 8 € (0,1).

3.8.2 Discrete fractional Sobolev norms
We are interested in describing the set of symmetric and positive definite matrices
{HocR™™:neN,0<60<1},

which induce norms equivalent to || - ||g,» with constants of equivalence independent of n. Let L, M
denote the Grammian (or Riesz) matrices corresponding to the inner products (-, ), (-, -) o4. More
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precisely,
Lij = {¢i,05)g,  Mij=(di,0s)pq» 1<4,5<m, (3.46)

where {:}, <;<,, denotes a basis of Ly, so that

ualle = lhalle,  Hunlian = Jlulla,

with u the vector of coefficients of uj, expanded in the basis {¢;}. We first note that the discrete
Riesz representation (3.44) becomes

ulLv =uTMJv

so that J = Af~1L is a product of two symmetric and positive definite matrices. In the sequel we
will need to define real powers of these matrices. Suppose H € R™*" is a Diagonalizable matrix
with a real Positive-definite Spectrum (DPS). Let the eigenvalue decomposition of H be denoted by
H =V-1DyV, where Dy is a diagonal matrix with entries \; satisfying

0< A< X<... €M< ... 2.

The following definition [78, 100] will prove very useful in the subsequent discussion.

Definition 2. Let 8 € R. The 0 power of a DPS matrix H =V~ DyV is defined via the decompo-
sition H® := V-1D§v.

The matrix J will play a key role for several of our results. This matrix is self-adjoint and
positive definite in the discrete Af-inner-product, because

(0, JV)p =0T MM LYy = vTLu = vTM(M~L)u = (v, Ju),,

and
(u,Ju)y, =u’Lu>0 forallu#0.

One can also write explicitly the eigenvalue decomposition of J: since L, M are symmetric and
positive-definite, there exists a matrix Q such that ([79, Cor 7.6.2})

L= QTDQ, M= QTQ'
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where D is a diagonal matrix with positive entries, so that
J=M1L=Q7DQ.

Note that this implies that J is DPS, so that real powers of J can be defined via Definition 2. It is
evident that the matrix representation of €, in the basis {¢;} is the DPS matrix

E=Q7'D'Q;
furthermore, the matrix representation of (5,1,"9 is similarly
E1—0 — Q~1D(l_o)/2Q-

We now turn to the matrix representation of the norm || - {|,n, which we denote by Hg ;. Definition
(3.45) yields
lull, , = lalis +1E%ul},

so that

Hpp =M+ (EVTME'"" =M+ QTD' Q=M+ MJ*" = M + M(M™1L)'".
347

Let us consider now the reduced version of Hp j,:
Hg = M(M™1L)'-%, (3.48)
The following proposition allows us to consider the reduced form Hy as an alternative of Hp j,.

Proposition 3.8.3. The matrix Hg = M(M~1L)'~%, the reduced form of Hy, is equivalent 1o it
with constants of equivalence independent of n.

Proof: By definition, the norm of £j, is equivalent to the discrete graph norm (3.45) with 6 = 0:
QTDQ=L~Hop=M+MJ=QT(I +D)Q.
Hence, there exist two positive real constants a;, a2 independent of n such that

ai1Di; < (1 + Dji) < a2D;; 1<i<n.
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It follows that, setting &; = 1, &2 = max {ag, 2}, there holds
aDy?<(1+D%) <aDi? 1<ign
and we deduce that
Hop ~ Hp := QTDY9Q = MJ*~% = M(M~1L)'-2. (3.49)

Corollary 3.8.4. Let the assumptions of Lemma 3.8.2 hold. Let Hy be defined as in (3.49). Then
the norms || - llo, || * ||, are equivalent on [Ln, Mg for all 8 € (0,1).

In the following, we assume that T is the union of planar (straight) faces (segments) I';, We
let M be the space of square-integrable functions defined on I' and let Vr denote the tangential
gradient of a scalar function v(x) : :

Vru(x) := Vu(x) ~ n(n - Vu(x)),

i.e., the projection of the gradient of v onto the plane tangent to I' at x € I'. We define £ as follows:

L= H}D):= {v e L*(I): LIVrvlzds(F) < oo, v|rnan ==0} .
We endow £ with the norm

[vlggery = IVrvllLar.

Now let Ly = (Sh, || - llg(r)) © £and My = (Sh, Il - llz2(ry) € M. The norms (3.47), (3.48) for
the discrete interpolation space [Ls, M4y, have the matrix representations

Hiyjppp =M+ M(M“IL)lla,
Hyjs = M(M™'L)'/2,

where

Mis = (Wi ¥sdpary, i = (Vry, Vevsi) g

with y; € §% fori = 1,...,np. With this notation, Lemma 3.8.2 applies with I, the finite element
projector onto S*, Thus, for all Ay € S with Ay = 3_7'B Ay, there exist constants xy, k2 such

okl b con:
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that k1] Anll1/2,r < [Allay,, < K2llXnllize,r. We immediately derive the following result.

Proposition 3.8.5. Let s(-,-) be defined as in (3.33) and let (3.22) hold. Let 1, p denote the co-
efficients of T, jtn With respect to the basis {;, i =1,...,ng} of S". Let S denote the matrix
representation of s(-,-) with respect to the same basis. Then there exist constants & , &z such that

aulinly,,, <#"Sn, w7 < Glinllm, el ),
Jorall ny, pup € Sp C H%z(f‘).

We will see below that the above equivalence indicates that Hj /5 ;, and the equivalent norm H, s
can be both used as a preconditioner for the Schur-complement system and that they are optimal in
some sense to be described.

3.8.3 Optimal preconditioners

The solution of linear system (3.37) requires an iterative approach in the case of large-scale prob-
lems. A useful approach is to consider an iterative solver such as GMRES together with a suitable
preconditioning strategy. In our case, one could for example employ a right preconditioner that will
incorporate the solution of problems posed on the interior of each domain (achieved in parallel) and
the (approximate) solution of a problem involving the discrete Steklov-Poincaré operator. Given the
equivalence in Proposition 3.8.5, a candidate right-preconditioner is

A A
Pq = m A\
0 Hyp
With this choice, the preconditioned system is

I 0
AP;l = .
R (AB[A;II SHI_/12)

This block structure indicates that the convergence of an iterative algorithm such as GMRES will
depend on the ability of H, 5 to approximate . In particular, the eigenvalues of the above precon-
ditioned matrix are either equal to one or coincide with one of the eigenvalues of SH 1"/12 In fact,
these eigenvalues lie in a region of the complex plane that is independent of the size of the problem
and also lies in the right half-plane. To see this, we recall the definition of the H-field of values of

a matrix A, given a symmetric and positive-definite matrix H.
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Definition 3. Let R, H € R"*" with H symmetric and positive definite. The H-field of values of
the matrix R, denoted by Wy (R), is a set in the complex plane given by

Wx(R) = {zeC:z=x’:gix= (’(;f:;i{”, xeC"\{o}}-

When H = 1, the set is called the field of values and is denoted by W(R).
We also need to recall a related result concerning the convergence of GMRES (see [56, 132]).

Lemma 3.8.6. Let H € R™*™ be a positive-definite matrix. Let R, P € R"*" be nonsingular
matrices such that the following bounds hold:

(x, RP"'x), IRP~'xlls

<
Ry T Txla

<& (3.50)

Jor some positive constants § and &3. Then the GMRES algorithm in the H-inner product yields a
residual v* after k iterations that satisfies

nmm<( 53”2 ey
- &g/ '

The following result provides bounds on the HT, /2-ﬁeld of values,

Proposntion 3.8.7. Let the hypothesis of Proposition 3.8.5 hold. Then the HT 12 ) _field of values of
SHA 12 is in the right half-plane and is bounded independently of ng.

Proof:  The projection on the real line of the H,~}-field of values is bounded from below by

1
<'7, SHy 2n>n-‘ T
min W min Y2~  min n_Sn > >0,
2€Wn, ,(SHT L) neR"B\{0} (n.n),,;/; ner"5\{0} T Hy/on =

An upper bound for tl:e field of values is provided by the numerical radius, which in turn is bounded
by the maximum H_)-singular value. The resulting bound on the H{,‘z-ﬁeld of values of SH 1‘/12 is

| Sn)) 1
')El! us\{0} “ﬂlln,,, neR"B\(O}pekﬂn\{O} "n"HJ/a “l‘“}h/,

2| <

< G3.

a—ica
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Note that the above bounds also imply the following bounds independent of ng on the eigen-
values of the preconditioned discrete Steklov-Poincaré operator:

G < IA(SHI‘/12)| < as.

Given the result of Proposition 3.8.5, a convergence bound can be immediately derived for a system
of equations involving the matrix S'Hl_/lz.

Proposition 3.8.8. Ler the hypothesis of Proposition 3.8.5 hold. Then GMRES applied to the linear
system

S 1_/12)7 =z, (¥ = Hypoy)

in the H. D;-inner product yields a residual t* afier k iterations that satisfies

k ~2\ k/2
ey 2 <(1-%\" (3.52)
el er, a3

The following result is adapted from [109, Thm 3.7].

Proposition 3.8.9. Let the hypothesis of Proposition 3.8.5 hold and let Py, be given by

A A
pp= 71T 7B} (3.53)
0 pHyp

Then there exists pg > 0 such that for all p > pg conditions (3.50) hold with R, P replaced by
A, Pr and for the choice
-1
H= (4 0 :
0 Hyp

As before, this result indicates that block triangular preconditioners Pgr(p) are optimal precon-
ditioners when we use a suitable GMRES iteration to solve the global linear system.

3.9 Evaluation of Hy

The evaluation of Hy consists of two steps. The first step involves the assembly of the matrices L, M
(3.46). These matrices are assembled on the interface of the subdomains, which in a triangular mesh
consists of segments and in a tetrahedral mesh consists of triangles. Unlike standard finite element
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meshes, these segments have vertices with two space coordinates and the triangles have vertices
with three space coordinates. The finite element assembly of operators acting on interfaces thus
involves a quite non-standard process, explained in what follows.

3.9.1 Assembly on a 2D interface

Let as assume an arbitrary segment on the xy plane and let (x;, y; ) and (x2, y2) be coordinates of its
vertices. Our purpose is to obtain the corresponding linear shape functions defined on that segment.
As soon as we have them, the rest follow easily as in the case of standard 1D finite elements. For
this purpose we need to construct the mapping of any 2D segment to the reference segment defined
by the line from (0,0) to (1,0) along the z-axis. We perform a translation of one end of the segment
to the origin, followed by a clockwise rotation of the segment around the z-axis to align it with the
z-axis. The segment is then scaled to be of unit length. This mapping will provide the sought shape
functions defined on 2D segments.

Translation to the origin

Let P define the affine coordinates of the end-points of a general segment in the zy plane. Then P
and the required translation matrix T are as follows:

1 T2 1 0 -2
P=ly pl|, T=|01 -y
1 1 00 1
The translated segment is now
0 10-m,
TP=|0 yp~n
1 1
Rotation and scaling

The clockwise rotation around the Z axis by an angle 6, followed by scaling of the segment to unit
length, are accomplished by applying the following matrices:

cosf sinf 0 1/1
Rz=1{-sin@® cosé 0}, S = 1/1 )
0 0 1 1




3.9. EVALUATION OF Hy 97

where cos§ = (z2 — z1)/l,sin6 = (2 — y1)/l, and | = V(=2 —21)2 + (y2 — y1)2. The total
transformation matrix is

(2 —z1)/1® (32— wn)/? (-z 2 2
122 + 7 — 1y2 + yl)/l2
M =SRzT = | (~p2+ )/ (x5 x;)/12 (z1y2 — Y122) /12
0 0 1

and it satisfies

T 01
Mly y»2l=[0 o
1 1 11
Shape functions /

The linear shape functions corresponding to the end points of the 2D segment have the general form
Ni(z,y) =ax+biy+ ¢, i=1,2,
and the properties

N,'(Ij, yj) = 6ij, i,j = 1, 2, (3.54)
Ni(z,y) + Ny(z,y) =1, (3.55)

where J;; is the Kronecker delta. The coefficients of N, are obviously the columns of the first row
of the matrix M. The coefficients of N; can be easily obtained from (3.55). The sought shape
functions are thus

Iy — ) g — :z2 + 2z T2 —
Miz,y) = -2 e - ¥ = Ny 218 _— Y1y2 (3.56)
2 2
Ip—I Y2 — 1+ Yy — 122 —
Nyz,y) = 25z B B, +4074H o iz (3.57)

3.9.2 3D triangles and mapping to the reference

In three dimensions the interface boundary of the subdomains consists of triangles in the 3D space.
We follow a similar process, constructing first the matrix that maps an arbitrary 3D triangle to
the reference triangle [(0,0),(1,0),(0,1)]. Then we use that mapping to obtain the barycentric
coordinates of the 3D triangle.
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Let P define the affine coordinates of the vertices of a general 3D triangle. Then P and the required

translation matrix 7" are as follows:

Iy X2 I3 1 00 -z
zy 2 z3 001 -y
1 1 1 000 1

The translated segment is now

0 20—z 23— 1)

TP = 0 2=y y3—n
0 20—-27 23—21
1 1 1

Rotations and map to the reference

The translation is followed by three consecutive rotations, counter-clockwise around the z-axis
and y-axis and clockwise around the z-axis. After these rotations the 3D triangle lies on the zy-
plane with the vertex with coordinates (x1.y1,z1) before any affine transformation takes place
located now at the origin. As soon as the triangle is mapped onto the zy-plane the mapping to
the reference follows trivially as it is usually done with standard triangular finite elements. The total
transformation is expressed by the following matrix:

I2~T1 I3— T4

((v2 —n)za ~ z1) = (z2 - 21)(ya — 1)) /d =1

Moy v (Z1-z2)zm-a)+ (2 -2)(2-2))/d 41
n-z zn-u (@E-z1)w-n)-(@-21)(w-n)/d 21|’

0 0

where

0 1

@ = ((y2 = y1)(2s — 21) = (22 ~ 21)(y3 — 1))?

+ ((z1 — z2)(23 — 21) + (23 = 21)(22 ~ 21))?
+ ((z2 = 21)(ys — 1) — (x3 = 1) (32 ~ 1))
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The determinant of M is equal to d, while d/2 is the area of the triangle. The matrix M satisfies

T T2 I3 010
0 01
M 1 Y2 Y3 _
21 22 =3 0 00
1 1 1 111

Shape functions

The P1 shape functions corresponding to the vertices of the 3D triangle have the general form
Ni(z,y,2) =aix+biy+cz+d;;, i=1,2,3
and the properties

M(xﬁijzj) 261',1'1 i,1= 11213 (358)
Nl(xsyiz)+N2(mayaz)+N3(x’yaz) = 1’ (359)
where §;; is the Krbnecker delta. The coefficients of Ny are obviously the columns of the first row

of the matrix M and the coefficients of N3 the columns of its second row. The coefficients of N
can be easily obtained from the second property (3.59). The sought shape functions are thus

Ni(z,y,2) = 1 — Na(z,y,2) — N3(z,y, 2), (3.60)
No(z,y,2) = (z2 — 1)z + (23 — T1)y

+ }i ((y2 ~ 1 )(23 — 21) — (22 — 21)(y3 —11)) 2 + 21, (3.61)
Ni(z,y,2) = (22 — z21)x + (23 — 21)y

+ (—11 ((x2 —z1)(ya — ) — (x3 — =1)(y2 —m1)) 2 + 21. (3.62)

3.9.3 Non-integer matrix powers

In order to construct and apply in a practical application any of the discrete norms derived in the
previous discussion we are required to evaluate non-integer powers of a matrix. This task may be
achieved in different ways for different applications. In general, if the dimension of the problem
is low, one can employ a direct method based on a generalized eigenvalue decomposition; see for
instance (68, chapter 11]. This approach however is prohibitively expensive, as its complexity is
of order O(n3). For large matrices it is recommended only if the matrix has a block-diagonal
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structure, and the whole process can then take advantage of cache-aware algorithms. When the
matrices involved have a Toeplitz structure the desired matrix function can be evaluated via an FFT
algorithm as suggested by Peisker [122]. The complexity then drops to O(n log n). In both cases the
storage requirements are of order O(n?). Newton’s method has attractive convergence properties
but it will always be outperformed by the approach employing the eigenvalue decomposition.

In the realm of preconditioning we usually desire an approximation of Hy or of its action applied
to a given vector. There are several approaches found in the literature designed for this problem.
In [74] Hale, Higham and Trefethen propose a method based on contour integrals. Any matrix
function can be represented as a contour integral and then this integral is evaluated using the periodic
trapezoid rule with conformal maps involving Jacobi clliptic functions; the suggested algorithms
show geometric convergence. Another approach is to construct approximations of Krylov type,
which take advantage of the sparsity of the matrices involved. Several authors have considered this
approach for general matrix functions; see for instance [2, 28, 44, 45, 46, 52, 130]. Convergence
analysis of the proposed algorithms is provided for the computation of the square root function
in [45).

In what follows we describe a robust Krylov based approximation we adopted for any real value
of 6.

3.9.4 Generalized Lanczos algorithms

The Lanczos method introduced in [101] is a technique that allows us to solve large sparse eigen-
value problems Az = Az. The method involves partial tridiagonalizations of the given matrix A.
Important information about A’s extremal eigenvalues emerges long before the tridiagonalization
is complete. This makes the Lanczos algorithm particularly useful in situations where a few of
A’s largest or smallest eigenvalues are desired. For a remarkable derivation of the underlying algo-
rithm through optimization of the Rayleigh quotient and a detailed discussion about its convergence
properties and applications, see [68, chapter 9].

Suppose that we are given a symmetric and positive definite matrix A. The standard Lanczos
algorithm of Krylov space dimension k < n constructs a set of orthogonal vectors v, 1 = 1,..., k+
1. The columns of the matrix Vi = [v),v2,...,vy] are known as the Lanczos vectors and they
satisfy the identity

AVi = WiTx + Brsrvesrer, VIVi =1L,

where I, € R**¥ s the identity matrix with kth column denoted by ey, while Tz € R**K is a
symmetric and tridiagonal matrix defined in (3.64) below.
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We are interested in the generalized eigenvalue problem
Az = ABr. (3.63)

where A and B are symmetric positive-definite matrices. The generalized eigenvalue algorithm
[121, 155] constructs a set of B-orthogonal vectors v; such that

AVi = BViTi + fiaBurael, VIBVi=1IL,
where T; and I} are defined as before.

Table 3.3 lists the standard and generalized Lanczos algorithms. For the standard algorithm one
needs to supply the symmetric positive definite matrix 4, an arbitrary starting vector v, and the
Lanczos space dimension k. For the generalized Lanczos algorithm we need to supply the matrix
B as well. After termination, Lanczos provides the tridiagonal matrix T} and the matrix V;.

LANCZOS(A, v, k) GLANCZOS(A, B, v, k)
B =0,0 = 0,21 = vffieliz ' By =0, = 0,1, = ofliclia
fori=1:k fori=1:k%

w; = Av; — Bivii | w;, = B-IAv.' - Bivi-1

a; = (wi, vy) a; = (wi.v)g

Wir1 = Wi — O
Jiz1 = lwizille

Wil = Wi — ;Y
Siv1 = ﬁw..f-l "B

if 3.1 = O stop if B;-1 = 0 stop
Tiw1 = Wix1/Bi1 Vit = Wit/ Biy
end for end for

Table 3.3: Modifications to the standard Lanczos algorithm (left) that lead to the generalized version
(right).

We should note that 7j can be seen as the projection of A onto the space spanned by the B-
orthogonal columns of V;. In exact arithmetic:

VIAV, =T, VIBVi=1I.
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In both cases described above the explicit form of T} is

1 ﬂz 0 0
0
Tk — ﬁ? a2 . i (3.64)
0 ‘e . ., ﬂk
0 0 Bk o

In exact arithmetic, when k = n, the algorithm can be seen as providing simultaneous factorizations
of the matrix pair (B, A):

A=V, TV, B=V; Ty, (3.65)

Estimation of f(A) band f(B~1A) b

Suppose f(-) is an analytic function. Let us assume exact arithmetic and suppose the generalized
Lanczos algorithm has terminated without breakdown, giving V;, and T;,. Using (3.65) we have

B A=V, T,V,}
and therefore
f(B71A) b= Vo f(To)V; ' b= Vo f(Tn)Vif Bb. (3.66)

In practical applications, especially in the preconditioning realm, we do not need to proceed up to
k = n, A few Lanczos vectors k < n will suffice. In that case (3.66) becomes

f(BTYA) b= Vi f(T)VI Bb. (3.67)

If Lanczos starts with an arbitrary vector v, then the estimation provided by (3.67) will be poor and
will converge only for sufficiently large values of k (values close to n). However, if the starting
vector » provided to Lanczos is b itself, then from the B-orthogonality of the columns of V, (3.67)
simplifies to

f(B~YA) b= Vi f(Ti) bl &1 (3.68)

and the convergence of the estimated value given by (3.68) to the exact value of f(A) b is signif-
icantly accelerated. Finally any matrix function on the matrix T} can be evaluated by computing
the eigenvalue decomposition of Tk = UAUT, where U is the matrix of the eigenvectors and A is
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a diagonal matrix of the real and positive eigenvalues. The corresponding algorithm' is described
in [43] and has complexity of O(kn). Since the matrix is only k x k, where k in practical appli-
cations is really small (k < 100), the eigenvalue decomposition of the matrix T}, takes only a few
milliseconds. After the eigenvalue decomposition of T has been computed, any function of T}, can
be evaluated as

f(Te) =Uf(A)UT. (3.69)

The standard case may be recovered from the generalized one by changing B to the identity matrix
I. Then formula (3.68) becomes

f(A) b= Vi f(Ti) lbl2 €. (3.70)

The preconditioner described in section 3.4 involves inverse powers of B~1A. In that case after
substitution of (3.69) into equations (3.68), (3.70) we obtain

(B'A) b~ Vi UL°UT |Ibl| 1,
A b= Vi UAOUT [iblls €. 3.71)

Finally, the action of each of our preconditioners in section 3.4 on an arbitrary vector b is estimated
by

Hi% =L b= Vi UAOUT |b]|2 e, (3.72)
H;%b =MLYy M~ b= Vi UNUT ||b]las €1, (3.73)
H% =T +ML)Y)y T M b= Vi U+ A%)7UT ||b]las €1 (3.74)

In (3.72) Lanczos iteration starts with b. In (3.73) and (3.74), however, the starting vector is M ~1 b.

Speeding up Lanczos

The Lanczos iteration converges very quickly to the largest eigenvalues of the matrix A. But since
we are interested in inverse powers of the matrix A, the largest eigenvalues approximated first
by Lanczos will have a small reciprocal and consequently convergence to the final result will be
observed as soon as Lanczos has sufficiently resolved the smallest eigenvalues.

The eigenvalues of A~! are the reciprocals of the eigenvalues of A. If we consider instead the

"The LAPACK routine used for this purpose is DSTEMR, which is specifically designed for symmetric tridiagonal
eigenvalue problems.
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inverse of the matrix A in Lanczos, the largest eigenvalues of A~ or the smallest eigenvalues of A
will be recovered soon and the application of A~¢ or (B~14)~¢ will converge much sooner. The
corresponding eigenvalue problems are

h
L

H

i

R

)
8
it
=
)

(3.75)

Sl et 3] =

The eigenvalues of the modified problem (3.75) are the reciprocals of the original problem (3.63)
as well. Everything we discussed before holds here, with the exception that the standard Lanczos
algorithm is carried out with A~ instead of A, while for the generalized eigenvalue problem one
has to swap B and A. The formulas (3.71) then become

(B2 A) b= V, UANUT |jb||p e1,
A% b= Vi UAPUT ||bll2 e1. (3.76)

Finally, the action of each one of our preconditioners introduced in section 3.4 on an arbitrary
vector b, is estimated by

H% =L’ b= Vi UAUT |jb]|; e1, 3.77
Hy%b= (ML) M~ b~ Vi UNUT [jbllps e, (3.78)
H%b=(I+ (ML) "M o= Vi U + A0 U7 bllar a1 (3.79)

In (3.77) Lanczos iteration starts with b, while in (3.78) and (3.79) the starting vector is M ! b. We
would like to note here that the matrices A~¢, A? or (1 + A?)~, (I + A~%)~! are diagonal matrices
and their inversion wherever it appears is trivial. For instance, the diagonal entries of the matrix
A~ = (I + A% Vare A\; = (1 +2;%)"! while the entries of the matrix A* = (I + A%)~! are
A =0+29)

3.10 Flexible Krylov subspace solvers

The Lanczos subspace iteration we employ for the approximation of the action of the square root
on a vector LA, vy, k), at the mth step of the outer Krylov subspace iteration, generates differ-
ent sequences of approximations for different starting vectors vp,. It cannot be considered a fixed
preconditioner unless the accuracy of the action of the square root on v,, has been computed up
to machine precision. This would require, however, a very large k and reorthogonalization of the
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Lanczos vectors, as orthogonality is usually lost very soon [68]. Apart from the large amounts of
storage that would be needed, the application of the preconditioner would become very inefficient.
That leaves no choice but to consider a few Lanczos vectors (small k) per application of the precon-
ditioner, at the expense of having a preconditioner that is no longer fixed but changes within each
outer iteration.

The classical Krylov subspace methods we reviewed in section 3.2.3 have not been designed
for variable preconditioners. GMRES, for instance, may reduce the relative residual below the
prescribed threshold, but the solution we end up with may be totally wrong. As in our case, there
are many other examples where the preconditioner is too expensive to apply. There, an approximate
solution Z whose residual 2-norm falls below some prescribed (inner) tolerance (||um — AL 2]| < €m)
usually works fine [57). Another application is to replace the preconditioning step by some other
Krylov subspace iteration. The most important application, however, is to allow a preconditioner to
be updated with newly computed information as in Eirola and Nevanlinna [54] and Weiss [165].

These challenges call for more sophisticated Krylov subspace solvers specifically designed to al-
low variable preconditioners. It was demonstrated by several authors that existing Krylov subspace
methods are capable of providing that flexibility with minor modifications to the original algorithm.
These methods are called Flexible Krylov subspace methods. We briefly describe a flexible variant
of GMRES, proposed by Saad [131] and named flexible GMRES (FGMRES).

Let us suppose that we use a right-preconditioner. Then the approximation z,,, at the last (mth)
step of GMRES can be written as

Iym =70+ M? Vin Um,
Vn = [‘Ul, v2,..., Um]. (3'80)

When the preconditioner M is variable, then at the last step of GMRES it is clear that AM;!V;, #
(M lvl My Yoo, . .., M,;l vm|. Therefore, the final approximate solution z,, cannot be recovered
by means of (3.80). Instead, during the recurrence, one computes and stores z, = A Lok, k =
1,2,...,m,in Zy, = [z, 22, .., Zm]- The final solution can then be computed as

Iy = 10 + ZmYm- (3.81)

The corresponding Arnoldi relation is AZn = Viny1Hmi1,m and the vector y,, is obtained by
the same minimization, but the subspace R(Z,,) is not necessarily a Krylov subspace. Unlike
the situation in several other classical Krylov methods, there may not exist any Krylov subspace
containing R(Z,,). Nevertheless, as long as R(Z;,) C R(Zm+1), and thus the subspace keeps
growing, there is no breakdown and the sequence ||, |2 is non increasing [53). On the downside,
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the storage is esscntially doubled because both Z,, and V;,, need to be stored.

Based on the same framework, flexible variants of other preconditioned algorithms have been
devised. These are variable preconditioned CG [69]. flexible CG [117], which allows at the same
time sparsification [59], and flexible versions of the BiCG and Bi-CGStab algorithms [162], Inter-
estingly enough, FGMRES can assist the solution of large sparse lincar systems by direct sparse
solvers as well, In [3] the authors consider the triangular factorization of matrices in single-precision
arithmetic and show how these factors can be used to obtain a backward stable solution. They
even manage to obtain double-precision accuracy even when the system is ill-conditioned. This
technique allows direct sparse solvers to operate in single precision, thereby reducing the memory
requirements by half and speeding up considerably both the factorization and solution phases.

Table 3.4: Modifications to the classical GMRES algorithm (left) that render it flexible, FGMRES

(right). The update (left) at the last step marked with blue is replaced by the two steps at the right
marked with red.

GMRES(A, M, b, tol) FGMRES(A, M;, b, tol)
zo= M1, 1o = b — Az, rg = Mgb, 7o = b — Ao,
B = liroll2 u1 =%°, k=0 B = |rollz u1 = %| k=0
while |rellz > G tol while |lrell2 > B tol
k=k+1 k=k+1
=M1y, w= Az 2k = M,;’lvk, w= Az
fori=1,2,...,kdo fori=1,2,...,kdo
hik = u:-rw hip = u'{w
w=w— h; u; w = w — h;u;
end for end for
hicy1e = luwllz biir e = 1wz
- v w
1 = hpsr,k AL
Vi =[v1,v2,..., 1) Vi = vy, v2,....%)
Zy = 21222,y 2k)
He ={hi;}, 1<i<j+1,1<j<k Hi={hij},1<i<j+1,1<j<k
yx = argmin, {|Ge; — Hy yll2 yk = argmin, ||Be; — Hy yll2
or=xo+M Vg, re =b— Az =0+ 2Ly e =b— Az
end while end while
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3.11 Computational experiments covered by the theory

In what follows the performance of our preconditioning approach is thoroughly investigated through
several numerical experiments. Qur main purpose is to verify the basic theoretical outcome of sec-
tion 3.4 claiming independence of the condition number of the preconditioned system on the mesh
size h. Although this is traditionally achieved by sophisticated multilevel overlapping methods, we
will demonstrate that it is also feasible by the single-level approach we introduced in section 3.4.
We defined the discrete version of our preconditioner as

Hyjop =M+ (ML), (3.82)

and we also considered its equivalent

Hypp =M (ML), (3.83)
with A and L being the mass matrix and the negative Laplace operator, assembled on the interface
of the subdomains with the mass matrix also replaced by its diagonal. In what follows we will also
consider the following version which performed quite efficiently in some of benchmark cases:

Hi,=L'2 (3.84)

The action of the inverse square root of the matrices involved during the preconditioning step is
obtained in most cases as described in section 3.9.4, where we employ the Lanczos iteration, but
with A replaced by its inverse, which drastically reduces the number of iterations needed.

The set of the numerical experiments that follow try to withdraw any confusion possibly intro-
duced by the polyparametric setting of our preconditioner. More precisely they are carefully chosen
to clarify the following issues:

1. Preconditioner type: Which of the three available versions of the preconditioner should be
preferred and under what circumstances should we switch from one to another?

2. Mass matrix form: It is common practice to replace the mass matrix by a lumped version.
In our case, doing so will clearly decrease the cost of each iteration, but what will the effect
be on the number of iterations?

3. Lanczos k: What is the optimal parameter k for the Lanczos subspace iteration and is there
any systematic way to obtain it?
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Whenever the geometry of our domain and the partitioning are such that the matrix on the
interface of subdomains obtains a block-diagonaf structure obvious benefits arise:

1. Exact evaluation of the desired matrix function (square root): The block-diagonal struc-
ture of the interface operators allows for a separate eigenvalue decomposition of each block.
The evaluation of any matrix function then becomes trivial and at the same time exact up to
machine precision, thus avoiding any approximation errors, which may potentially influence
the convergence rate of the iterative solution process.

2. Fixed preconditioner: The preconditioner obtained with the block-diagonal eigenvalue de-
composition becomes fixed throughout the iterative process, allowing us to use one of the
classical iterative methods like the computationally more efficient preconditioned conjugate
gradient method (PCG).

3. Ideal setting for parallel processing: The block-diagonal structure of the interface operator
is ideal for parallel processing on shared memory or distributed systems, as every part of
the solution process is completely decoupled and can be exclusively assigned to different

processors,

3.11.1 Benchmark components

For the discretization of all problems considered, we employed the finite element method using the
Lagrangian P! family of elements; that is, linear triangles for two-dimensional problems and linear
tetrahedra for PDEs discretized in three dimensions.

Mesh generation

Finite element meshes in two dimensions were obtained by the unstructured mesh generator Tri-
angle {138, 139, 140], which generates exact Delaunay triangulations and high quality triangular
meshes. Unstructured meshes in three dimensions were obtained by the tetrahedral mesh generator
TetGen [142, 143, 144], which among others, provides quality tetrahedral Delaunay meshes.

Krylov subspace solver and stopping criterion

As the Krylov subspace solver, we used the FGMRES method because our Lanczos-based precon-
ditioner changes at each step. Whenever we use a block-diagonal eigenvalue decomposition for
the approximation of the square root, we chose the PCG method, which is computationally more
efficient.
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Our stopping criterion requires the relative residual at the kth iteration ||r || /||ro]| to drop below
a specific threshold, set to 10~ throughout our numerical experiments. This threshold is in most
cases small enough, because usually the error norms associated with the accuracy of finite element
approximation (L? , H! norms) have converged long before the relative residual reaches that value.

Ideally the stopping criterion should monitor the convergence of the error of the finite element
solution. Although this approach is feasible for some simple cases involving symmetric opera-
tors [6] and has been extended recently to the nonsymmetric case provided the preconditioner is
chosen in a specific way [5], the general case remains an open problem.

Lanczos matrix function approximation

When the partitioning and geometry are such that the separators of the subdomains intersect, the
discrete operator on the interface does not have a block-diagonal structure and the Lanczos proce-
dure is employed for the evaluation of the action of the desired matrix function on a vector. The
dimension of the Lanczos subspace k clearly influences the convergence of the iterative solution
process. Small values of k result in poor approximation of the square root or any other matrix
function, thus increasing the iterations needed by the Krylov method to reduce the relative residual
below the specified threshold.

We should note that the specific choice of k need not be the same for all mesh levels considered,
but it may change depending on the resolution of the mesh (2). Since we are only interested in
iteration counts at this point and not in the cost of each preconditioning step, we fix the value of k
so that the number of iterations needed to solve the linear system at the finest level does not drop
further if k is increased. To illustrate the sensitivity of the number of iterations on k we consider for
some benchmark cases several different values of k.

Partitioning approach

Quite frequently in the domain-decomposition literature, suggested methods consider a standard
domain and partitioning approach, where they discretize and solve the PDE problem under consid-
eration. These are the unit square for 2D problems subdivided into square subdomains, or the unit
cube for 3D problems subdivided into cubic subdomains. Apart from the convenience related to
the construction of the partitions, this standard benchmark problem also provides an easy way to
obtain information from a coarser level and project it back to the fine level. The general partitioning
scheme provided by a graph partitioning tool is examined in section 3.12.
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3.11.2 Poisson’s equation

We consider Poisson’s equation with Dirichlet boundary conditions:

~Viu(z)=1, z€Q
u(z) =0, zednN. (3.85)

In what follows we solve this equation in several different domain configurations in both two and
three-dimensional domains. The operator L that appears in the definition of the family of precondi-
tioners we consider here is the discrete version of the —V? operator assembled on the interface of
the subdomains.

Long pipe 2D

A very long pipe of height I = 1000 aligned with the Y axis and width @ = 1 is considered here.
It is manually partitioned into slices parallel to the X axis, as shown in Figure 3.2. This benchmark
setting meets the requircments discussed in section 3.11 and reveals the optimal performance of
the preconditioner. In the general two-dimensional case, the performance of the preconditioner (in
terms of iteration counts) will always be inferior to the one experienced here.

The mesh levels used for this benchmark and their characteristics are listed in Table 3.6. The
number of unknowns on the interface of the subdomains for each of the partitions and mesh levels
considered can be found in Table 3.5. In Tables 3.7, 3.8 we compare the iterations needed for
reducing the initial residual of the Schur-complement system by six orders of magnitude for several
different values of the Lanczos space dimension k (3, 5, 10, 15). The mass matrix in the two versions
of the preconditioner 3.82- 3.83 has been replaced by its diagonal.

It is clear that the number of iterations for this example is influenced only marginally by the
specific value of k. Apart from that it is obviously /i-independent as predicted theoretically. For the
first two mesh levels and/or the first 2 partitionings (2. 4), the number of iterations is one or two less
than the dominant value. But this is to be expected because for these cases the number of unknowns
of the Schur-complement system is too small; see Table 3.5.

Moreover we sec that it is unexpectedly independent of the number of the partitions, which is a
property of only a few sophisticated multilevel domain decomposition methods.

The second version of the preconditioner A{(A ~!L)'/2 performs asymptotically better than
the third version M + M(M~'L)}/2 by one iteration. We proceed with the 3D equivalent of this
benchmark problem.
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Figure 3.2: A piece of the 2D pipe (left) manually partitioned to 4 subdomains (right). We can see

the unknowns on the interface (gray) and the unknowns in the interior of each subdomain.

I | meshlevel ) | | mesh level
[ subdomains | 17 2 3] [ subdomains | 1] 2] 3
2 71 17 33| 64 513 1 1055 | 2065
4 25| 5t 98 128 || 1051 | 2140 | 4143
8 60 | 119 | 227 256 || 2088 | 4301 | 8306
16 || 124 | 254 | 492 512 )} 4236 | 8593 | 16684
32 || 258 | 522 | 1015 1024 || 8185 | 17230 | 33319

Table 3.5: Nodes on the interface of the subdomains for all mesh levels and partitionings.
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il 2 subdomains 1l i 64 subdomains )
[ level | elements | nodes | Rmax || level | elements | nodes | Dmax ||
1 99041 55920 { 2.653e-01 1 99573 56207 | 2.605e-01
2| 416805 | 221985 | 1.328e-01 2] 418268 | 222648 | 1.312e-01
3 1712315 | 883797 | 6.532e-02 3] 1711017 | 883080 | 6.553e-02
I 4 subdomains 1 T 128 subdomains |
1 99062 55962 | 2.672e-01 1 99121 56031 | 2.660e-01
2| 416646 | 221833 | 1.313e-01 2| 417866 | 222493 | 1.301e-01
3 { 1711548 | 883447 | 6.481e-02 3| 1714048 | 884537 | 6.488e-02
8 subdomains [r 256 subdomains H
1 99303 | 56043 | 2.616e-01 1 98446 | 55653 | 2.608e-01
2 417312 | 222154 | 1.312e-01 2 417578 | 222396 | 1.319¢-01
3| 1713167 | 884135 | 6.457e-02 31 1712177 | 883789 | 6.519¢-02
Il 16 subdomains 1 [ 512 subdomains
1 99641 56214 | 2.637e-01 1 98898 56166 | 2.558e-01
21 416788 | 221901 | 1.319e-01 2| 417982 | 222680 | 1.308e-01
3| 1713905 | 884585 | 6.478e-02 3 1716068 | 885924 | 6.446e-02
(t 32 subdomains 1024 subdomains |
1 99017 | 55938 j 2.651e-01 1 94236 { 53272 | 2.515¢-01
2| 417472 | 222273 | 1.298e-01 2| 419456 | 223843 | 1.278e-01
31 1711285 | 883223 | 6.471e-02 3| 1711392 | 883275 | 6.461e-02

Table 3.6: Mesh levels used for each one of the ten partitions. For each mesh level we see the

number of elements, number of nodes and maximum edge length.
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| meshlevel [1] 27 3] [ meshlevel [1] 2] 3|
[[ subdomains |  Tterations 1 || subdomains | Iterations |
[ s o7 [ s o7

2|15} 7 25| 6 7
ale| 7 al6]| 6 8 |

817 8 816 7 8

1617 7 16{61 7 8

32171 8 32171 7 8

64 (7] 8 64{7| 7 9

128 | 71 12 12817110 8

256 | 7|10 256 | 7| 8 9

51217 8 51217 ( 7 10

1024 171 8 11 1024 171 7 9

[ diagonal | MMIL)2 [ diagonal | M (ML)

215 6 8 2|5 6 7

4161 6 8 4161] 6 7

817 7 8 816 7 7

16171 7 8 ﬁ 16|17 7 7

32(71 7 8 217 7 7

647 7 8 64171 7 7

128171 7 9 12871 7 7

256 17| 7 9 256 | 7| 7 7

512 17| 7 9 S1I2 {7 7 7

1024 } 71 7 8 1024177 7 7

| diagonal | M + M(M-IL)! || diagonal | M + M(M~1L)!/2

2151 7 BER| 2(5[ 7 8

417 7 9 417 7 8

817 8 9 8|7 8 8

16 |8 8 9 16 |8 8 8

3218 8 9 3218 8 8

6418 8 9 64 |8 8 8

128 1 81 8 9 128 {81 8 8

256 (8| 8 9 256 (8| 8 8

51217} 8 9 512 8| 8 8

1024 8| 8 9 I 1024 | 8] 8 8

113

Table 3.7: Iterations needed for reducing the initial residual of the Schur-complement system by

a factor of 10~%, for all three versions of the preconditioner with the diagonal version of the mass
matrix M. Lanczos k = 3,5.
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(L meshlevel [1]2] 3] meshlevel [ 1] 2 3
subdomains Iterations | subdomains | Iterations
k=] 2] [ k=] _ DP

2|56 6 21516 6
4166 7 4)6|6 6
8|67 7| gl6|7 7
1667 7 161617 7
32717 7 321717 7
64 (77 8 64 [71]7 7
12879 7 128719 7
256 {78 8 256 {78 8
512177 8 512717 8
L 1024 [ 7] 7| 7 I 1024 { 7|7 7
diagonal [ M(M-TL)7Z ]| [ diagonal |  M(M-TL)
2[5]6 6 2[5[6 6
4|66 6 4|66 6
816|7 6 8|6|7 7
167{7 7 161717 7
32717 7 3277 7
64 (717 7 641717 7
128717 7 1281717 7
256 {7 (7 7 256 |77 7
51277 7 5121717 7
L 1024 | 7|7 7] 1024 7|7 7
diagonal | M + M(MTL)7* ] diagonal | M + M(M~TL)'7 |
2(5[7 7 2[5]7 7
417117 7 41717 7
n g8|718 7 878 7
1687 7 16|87 7
32|88 8 32188 8
64 (8|8 8 64 (88 8
128 {88 8 128 | 8|8 8
256 | 8 | 8 8 256 (8 |8 8
512|818 8 512|818 8
1024 {88 8 1024 (8|8 8

Table 3.8: Iterations needed for reducing the initial residual of the Schur-complement system by
a factor of 10~ for all three versions of the preconditioner with the diagonal version of the mass
matrix M. Lanczos k& = 10, 15.
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I | meshlevels || ] mesh levels |
[L subdomains ] IT ﬁ 3 JJ u subdomains [ 1 l 2 | TJ]
4 77 199 647 128 | 2809 8349 | 28634
8 155 | 473 1581 256 | 5685 16865 57668
16 | 325 | 988 | 3390 512 | 11114 | 33784 | 115306
32| 660 | 2022 | 6977 1024 | 22439 | 68742 | 232067
64 | 1403 | 4181 | 14202 2048 | 46439 | 137762 | 464165

Table 3.9: Nodes on the interface of the subdomains

Long pipe 3D

A very long pipe of length /[ = 1000 aligned with the Z axis, with square cross-section of side
a = 1 is considered here. It is manually partitioned in slices parallel to the XY plane as shown in
Figure 3.3. This benchmark setting meets the requirements discussed in section 3.11.

The mesh levels used for this benchmark and their characteristics are listed in Table 3.10. The
number of unknowns on the interface of the subdomains for each of the partitions and the mesh
levels considered can be found in Table 3.9. In Tables 3.11, 3.12 we compare the iterations needed
for reducing the initial residual of the Schur-complement system by six orders of magnitude for
several different values of the Lanczos space dimension & (3, 5, 10, 15). The mass matrix in the last
two versions of the preconditioner has been replaced by its diagonal.

It is clear that the number of iterations for this example is influenced only marginally by the
specific value of k. Moreover, although it is not h-independent as pronouncedly as we experienced
in the 2D case, it increases only marginally as the mesh is refined. The dependence on the number
of partitions, however, seems to have vanished, especially for the versions of the preconditioner
that involve the mass matrix. We also verify here that the second version of the preconditioner
M(M1L)!/? performs asymptotically better than the third version Af + Af(A~1L)Y/2 by one
iteration. Undoubtedly the number of iterations for this problem is a lower bound for the perfor-
mance of the preconditioner in terms of iteration counts. We do not expect better performance in
the experiments that follow, but this benchmark will allow us to see how much room there is for
improvement.

We proceed next by examining the performance of the preconditioner with a different domain
partitioning, where the interface of subdomains intersect while the interfaces remain planar.




116 CHAPTER 3. DOMAIN DECOMPOSITION
l 4 subdomains I 128 subdomains i
[ level | elements |  nodes | limax || || level | elements | nodes | Bmax ||

1 207442 59055 | 6.774e-01 1 204029 56184 | 6.924e-01 "
2 1627405 | 348350 | 3.371e-01 2 1634357 | 348796 | 3.358e-01
3| 12795605 | 2346496 | 1.701e-01 3| 12831683 | 2353549 | 1.753¢-01
8 subdomains [l 256 subdomains Il
1 206327 58585 | 6.907e-01 1 214623 59396 | 6.653e-01
2 1628901 348670 | 3.390e-01 2 1652785 353208 | 3.322e-01
3] 12796247 | 2346282 | 1.719e-01 3 | 12883967 | 2364871 | 1.698e-01
fl 16 subdomains 1 [ 512 subdomains i
1 200054 55843 | 6.924¢-01 | 218351 60403 | 6.407e-01 J'
2 1620898 | 345834 | 3.343e-01 2 1681057 | 359518 | 3.321e-01
3 | 12780812 | 2343077 | 1.736e-01 3| 12958955 | 2380370 | 1.720e-01
32 subdomains ” 1024 subdomains J
1 196452 53723 | 6.904¢-01 1 220865 61606 | 6.566¢e-01 l'
2 1613664 343359 | 3.354e-01 2 1739687 370650 | 3.372e-01
31 12783539 | 2342304 | 1.699e-01 3113110417 | 2408687 | 1.696e-01
{ 64 subdomains 1 2048 subdomains |l
| 198963 54559 | 6.923e-01 1 264365 74543 | 6.42%e-01
2 1621957 | 345579 | 3.311e-01 1810639 | 386516 | 3.268e-01
" 31 12798434 | 2346124 | 1.730e-01 i 3 | 13406875 | 2469553 | 1.718e-0 Ll]

Table 3.10: Mesh levels used. For each level we see the number of elements, number of nodes,

maximum and minimum edge length.
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Figure 3.3: A picce of the pipe manually partitioned to eight subdomains. The interface of the
subdomains is rendered with gray.
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[ meshievel | 1] 2| 3 [ meshlevel | 1] 2} 3]
[[ subdomains | Iterations I subdomains | Iterations |
k=3] L7 il k=5 ] L'
411711 12 4 (11 1{11 11
811112 14 8111111 13
16 {10} 11 14 161 10| 11 13
321101 14 15 32110 14 14
64 | 13| 15 16 64 | 13|15 15
128 1 15| 16 16 128 1 14 | 16 15
256 | 15117 17 256 | 14 | 16 16
512116 |17 17 512 |16 | 16 17
1024 | 14 | 16 18 1024 { 14 | 16 17
2048 | 18 { 17 ;_19 2048 | 18 | 17 18
[ diagonal | M(MIL)'72 diagonal | MM TL)7Z ]
4 9110 11 4 9110 11
8] 9|11 12 81 9111 12
16 1 10 | 11 12 16 1 10 } 11 12
321101 12 12 32110} 12 12
64 [ 11|12 13 6411112 13
128 1 10 | 12 13 128 110 12 13
256 | 11 { 12 13 256 | 111 12 13
512 1112 13 512112112 13
1024 | 11 | 13 13 1024 | 11 | 13 13
2048 | 15 | 14 ;124. 2048 1 15 | 14 15
|  diagonal [ M + M(M~TL)}! diagonal | M + M(M~TL)7* |
4 9111 12 4 9111 12
8 9112 12 8 9112 13
16 | 10 | 11 13 16 | 10 | 11 13
32110( 13 12 3211013 13
64111112 13 64 11112 14
1281 10§ 13 14 128 | 11 | 13 14
256 1 121 13 13 256 | 12 ] 13 14
5121121 12 14 5121121] 13 14
1024 1 12 | 14 14 1024 | 12} 14 14
2048 | 16 | 15 16 2048 1 16 | 15 16

Table 3.11: Iterations needed for reducing the initial residual of the Schur-complement system by

a factor of 10 %, for all three versions of the preconditioner with the diagonal version of the mass
matrix M. Lanczos k = 3,5.
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| meshlevel | 1] 2] 3] {| meshlevel | 1] 2] 3]
{| subdomains | Iterations [| subdomains | Iterations ||
I k=10 L2 Ji ( k=15 | L1/2 1
a[11]10 11 4]11[10 11
81111 13 8|11 {11 13
16 |10 | 11 13 16|10 11 13
32|10 14 14 32(10] 14 14
6411315 15 6411315 15
128 | 14 | 16 14 1281416 14
256 | 14 | 16 16 256 | 14| 16 15
51215] 16 16 5121516 16
' 1024 | 14 | 16 17 1024 | 14 | 16 17
2048 { 18 | 17 17 2048 | 18 | 17 17
diagonal | AM(M-'L)! diagonal [ M(MTL)? ]|
ZT9 10 11 4] 910 11 ||

8( 9111 12 8l 9|1

16 | 10| 11 12 16|10 11

32110112 12 3211012

64 11|12 13 64 1112

128 {10 | 12 13 12810 12

256 | 11 | 12 13 256 | 11 | 12

512 {12 {12 13 5121212

1024 | 11 | 13 14 1024 { 11 | 13

2048 | 15 | 14 15 2048 | 15 | 14
[ diagonal | M + M(M~TL)/? | diagonal [ M + M(M~TL)77 |
| 47 911 12 4] 911 12
8| 911 13 8| 911 13
16 { 10 | 11 13 16 | 10 | 11 13
32|10 12 13 32|10/ 12 13
64| 1113 14 64 | 11|13 14
128 | 11|13 14 128 | 11} 13 14
256 | 12 | 13 14 256 | 12113 14
5121213 14 512 12|13 14
1024 | 12 | 13 14 1024 | 12 { 13 14
2048 | 16 | 15 16 2048 [ 16 | 15 16

119

Table 3.12: Iterations needed for reducing the initial residual of the Schur-complement system by
a factor of 10~5, for all three versions of the preconditioner with the diagonal version of the mass
matrix M. Lanczos k = 10, 15.
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Unit square

The domain of definition in this example is the unit square. It is manually split into 4, 16, 64 and
256 equal size squares as shown in Figure 3.4. Then for each subdivision we consider five mesh
levels, generated in such a way that the maximum edge length h,,,,, is approximately the same for
the same levels of all partitioning configurations. Details about the mesh levels considered can be
found in Table 3.13, while the numbers of unknowns on the interface of subdomains are listed in
Table 3.14.

Table 3.15 lists the iterations needed for reducing the initial residual of the Schur-complement
system by six orders of magnitude ([|rk[l2 < 10~ ||ro}2) for all three versions of the preconditioner
and with the mass matrix both as full or replaced by its diagonal. For the square root we use the
Lanczos approach with the inverse matrix and k = 140 Lanczos vectors. Clearly seen is that the
iterations for all the cases considered do not depend on the mesh refinement level or equivalently
on the mesh size hyax. However, they do depend on the number of the subdomains. The second
version of the preconditioner M(Af~'L)'/2 with the mass matrix Af replaced by its diagonal is
once more the most efficient.

TSI

I

>
N>

Figure 3.4: Unit square partitioned manually into 16 subdomains. We can see the nodes on the
interface of the subdomains (gray) and those in the interior.
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[l 4 subdomains ] I 64 subdomains (
[ level | elements | nodes [ Amax level [ elements | nodes | Amax ||

1 7867 4056 | 3.125¢-02 | 1 7867 4056 | 3.125e-02

2 32319 | 16409 | 1.562e-02 2 32319 { 16409 | 1.562¢-02

3| 130206 | 65590 | 7.812¢-03 3| 130206 | 65590 | 7.812¢-03

4| 525641 | 263801 | 3.906e-03 4| 525641 | 263801 | 3.906e-03
I 16 subdomains ] {l 256 subdomains ]
| level | elements | nodes |  Amax || [ level | elements | nodes | hmax

1 7867 4056 | 3.125¢-02 1 7867 4056 | 3.125e-02

2 32319 | 16409 } 1.562¢-02 2 32319 | 16409 | 1.562¢-02

31 130206 | 65590 | 7.812¢-03 3| 130206 | 65590 | 7.812e-03

4] 525641 | 263801 | 3.906e-03 4] 525641 | 263801 | 3.906e-03

Table 3.13: Mesh levels used. For each level we see the number of elements, number of nodes,

maximum and minimum edge length.

| mesh level B
subdomains | 1] 2| 3| ﬂl
4 157 257 573 1160
16 | 394 826 | 1639 3367
64| 860 | 1787 | 3729 7703
256 | 1891 | 3596 | 7484 | 15716

Table 3.14: Nodes on the interface of the subdomains.
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Table 3.15: Iterations needed for reducing the initial residual of the Schur-complement system by a
factor of 10~ for all three versions of the preconditioner with Lanczos k = 140.
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[ meshlevel ] 1] 2] 3] 4] 5

[[ subdomains |

Iterations

r

LI/T

4
16
64

9
12
16
23

9
12
16
21

10
13
16
22

10
13
16
22

10
13
16

22

j 256

| full

MM L)

|

4
16
64

256

12
15
19
27

12
15
20
27

13
16
20
26

13
16
20
26

13
15
20
26

diagonal

M(M-TL)I7Z

4
16
64
__256

8
12
14
19

9
12
14
19

9
12
14
19

10
12
14
18

9
13
15
18

T full

M+ M(M-'L)

7]

2
16
64

L 256

13
17
21
29

13
17
21
29

14
17
21
29

14
17
2]
28

14
17
2]
28

ﬂ— diagonal

M+ M(M-TL)7?

4
16
64

256

10
13
17
24

10
13
17
23

10
13
17

23

10
13
17
23

10
14

|
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Unit cube

We proceed with the 3D version of the previous experiment. The unit cube is internally split into
8,64, 512 cubes of equal size as shown in Figure 3.5. The resulting piecewise linear complex
(PLC) for each of the three cases is then forwarded to the tetrahedral mesh generator TetGen. Four
different mesh levels are generated for each case, in such a way that the maximum edge length /i ;a5
for each level is about half the one of the previous level. The maximum volume constraint for the
tetrahedra of each level, an input parameter to TetGen, was adjusted for each case such that the
maximum edge lengths are approximately the same, among the same levels of each of the three
cases. Details about the meshes are listed in Table 3.16, while the nodes on the interface of the
subdomains for each of the cases examined here can be found in Table 3.17.

( Subdomains 8 ] Subdomains 64 Hi
1| elements nodes hmin hmax elements nodes | Jimin Nmax
1 17963 3482 | 0.0624 | 0.1398 21444 4090 | 0.026 | 0.1398
2 165268 28603 | 0.0156 | 0.0696 172805 29943 | 0.014 | 0.0692
3 1399060 229041 | 0.0078 { 0.0348 1457693 238839 | 0.006 | 0.0348
4 | 11832730 | 1884996 | 0.0034 | 0.0174 11933280 | 1902206 | 0.003 | 0.0174

l Subdomains 512 1
1| elements nodes [ Nhmin | hmax
1 21966 4387 | 0.0624 | 0.1398
2 199361 34821 | 0.0123 | 0.0699
3 1554746 | 255606 | 0.0061 | 0.0349
4112149976 | 1939420 | 0.0032 | 0.0175

Table 3.16: Mesh levels generated for the cube manually partitioned to 8, 64 and 512 subdomains.

Tables 3.18, 3.19 list the iteration counts obtained for all three versions of our preconditioner
with either the full or diagonal version of the mass matrix and with k = 5, 10, 15, 20 to demonstrate
the effect of the Lanczos space dimension on the number of iterations. We observe that the first
version of the preconditioner L'/2, the most efficient in terms of cost per iteration, is also the more
efficient in terms of iteration counts. Most importantly, the diagonal version of the mass matrix

{ 1 mesh levels H
| subdomains | 1 2 | 3] 4]
[ 8 747 3214 [ 12880 | 53460
64 | 2194 | 9231 | 38980 | 158733
512 | 3907 | 20579 | 89677 | 364470

Table 3.17: Nodes on the interface of the subdomains
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[ meshlevel ] 1] 2] 3] 4 [[ meshlevel| 1] 2} 3] 4
k=51 lterations k=10 Iterations

subdomains | Lz 1 subdomains L7z N

I[ 8[17]22]23 31]\ g117]21[19] 25

64123125129 36 64 |24 |24(26| 30

512 (20(32{35| 41 512(22(32{32( 35

full | MM-'L)2 ] f full M(M-IL)12 ]

T 8[24[28[30] 35 8[24]27]26] 31

64 28 (31|37] 44 64 29(30(33( 37

5122841 [42]| 46 512|28|41]40) 43
diagonal M(M-'L) diagonal M(AM 1LY/

8§(21124|24] 28 i( 212322 26Jl

64124126)|30| 36 2412527 31

5122434134 38 512 24 [34133| 35

full [ M+ M(MTL)I7Z]] I full M+ MATL)7% ]

8125729130 37 “ 2428727 32]]

64 | 30|33 (38| 45 30 | 31|34 38

512 (29|42 (44| 49 512 30{43 (43 45

diagonal | M + M(M~1L)I72 [ diagonal [ M + AM(MTL)'72 ]|

g8l21T24125] 29 82123123 26

64124 (27|31] 37 64 2412628 32

512 |24 |35/35] 39 512125135{34| 36

Table 3.18: Iterations needed for reducing the initial residual of the Schur-complement system by
a factor of 10~© for all three versions of the preconditioner with Lanczos k = 5 (left) and k = 10
(right) for the case of manually constructed partitions.

outperforms by far (3 to 10 iterations) the corresponding versions of the preconditioner involving
the full version of the mass matrix. The difference becomes more pronounced as the number of
subdomains increases and is more prominent for the third version of our preconditioner. Finally the
second version of the preconditioner as in the 2D case performs slightly better than the third (1 to
3 iterations) in terms of iteration counts. The difference reduces to one iteration when the diagonal
version of the mass matrix is considered.
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meshlevel | 1] 2] 3] 47 [[ mesh level l]_m

k=15 ] Iterations bl I k=20 Item

[subdomains r 172 —" “ﬂbdomains ] Eﬂ

811721 ]19] 23 l[ 81721 19T 237

64 [24 2426 27 64 24| 25[26| o

512 [22(32(32] 33 5122213231 33

full [ MM'L)IZ | T full | M(M—Tﬂih]

8(24(27[26] 30 ﬂ 81242726 W’
6429030 |32] 36 64 (2913032 35

512 |29 |41 | 41| 42 5122941 141] 4|

[ ——— ——————

diagonal | M (M~1L)1/2 M ﬂ: diagonal | M(M‘IL)Tﬁ\]

8212322 24 ﬂl 8212322 23]

64 (2412527 30 6424125027 29

512 (24 |34|33]| 34 512 | 24 | 34 ﬂ_;ﬂ

full | M+ M(M-1L)V full | M+M(Mm
8[24]28[27] 3I 8242826 30

64 |30 |31 (34 37 6430|3134 39

| 512 |30 {45 | 45| 44 5123043 [44| 44|
diagonal | M + M(M-IL)V/ {|  diagonal | Af + M(M-TL)T

8121 [23]23] 25 8121 [23]23] 25]

64 |24 |26 27| 30 64 |24 26128 30

512 (2513535 35 512 (25 (35|34 135

Table 3.19: Iterations needed for reducing the initial residual of the Schur-complement system bya
factor of 10~® for all three versions of the preconditioner with Lanczos k = 15 (left) and k — 20
(right) for the case of manually constructed partitions.
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.5: First level manually partitioned to 8 subdomains (left column) and interface boundary

ith unknowns on the interface (right colun).
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3.11.3 Reaction diffusion

We proceed with the investigation of reaction-diffusion problems in two and three dimensions. The
underlying PDE problem is the following:

~V2u(z) +ou(z) =1, z€Q
u(z) =0, z e, (3.86)

where a is the reaction coefficient: a new parameter introduced by this problem. When a ap-
proaches zero, the reaction-diffusion operator becomes just a perturbation to the Laplace operator
we have investigated previously. For this reason we restrict our study to values of & > 1. We should
note that the matrix L in what follows is no longer the discretization of the —V? as in the Poisson
problem but the discretization of the full operator -V2 +-o1.

Long pipe 2D

We begin by solving problem (3.86) in two dimensions in the same configuration we used for the
Poisson problem of section 3.11.2. Our domain is manually partitioned as shown in Figure 3.2. As
in the Poisson case we do not expect better performance for reaction diffusion problems in 2D than
what we will experience here.

Details about the mesh levels used for this benchmark are listed in Table 3.6. The number of
unknowns on the interface of the subdomains for each of the partitions and mesh levels considered
can be found in Table 3.5. In Tables 3.20, 3.21 we compare the iterations needed for reducing the
initial residual of the Schur-complement system by six orders of magnitude for four different values
of a (1,10, 100,1000). The mass matrix in the last two versions of the preconditioner has been
replaced by its diagonal.

Independence of the number of iterations with respect to the level of refinement and the number
of subdomains is prominent for all three versions of the preconditioner but especially for those
involving the mass matrix. The preconditioners incorporating the full mass matrix are also - and
subdomains-independent but the number of iterations increases by one or two compared with those
where the mass matrix is replaced by its diagonal. All versions of the preconditioners seem to be

insensitive on the parameter « as well.
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B L TUP U P E R

[ meshlevel [1]2] 3] mesh level | 1 ]2 ] 3]
Irsubdom—a-i;s r_ Iterations " subdomains lterations |
[ _o-i] oz o= 10 7
fi 256 6 256 6
41616 7 41616 7
81616 7 81616 7
161616 7 161616 7
21617 7 32167 7
64 16| 7 8 641617 7
1281719 7 1281719 7
256 (71 8 8 256 | 7| 8 7
512166 9 512161|6 8
1024 [ 6| 7 L 8 | - 1024 | 6 | 7 8
“diagonal | M(M~TL)T7? diagonal |  M(M~TL)
2516 G 2(5(6 6
4161|6 6 41616 6
8/6/6 6 81616 6
161716 6 161716 6
321716 6 321716 6
641716 6 64716 6
1281716 6 1281716 6
“ 2561716 6 2561716 6
5121616 6 5121616 6
1024 16 6 6 1024 |6 | 6 6
|  diagonal | M + M(M~'L)!/% | " diagonal | M + M(M~'L)'/% "
1 2[5]6 6| 2[5[6 6
41716 6 41716 6
817117 7 81717 6
161717 7 16|7)7 7
321717 7 321717 7
6487 7 641717 7
128 | 8|7 7 1281717 7
256 | 717 7 256 1717 7
5121717 7 S12 1717 7
1024 {7 {7 7 1024 1 7 | 7 7

Table 3.20: Iterations needed for reducing the initial residual of the Schur-complement system by
a factor of 10~5, for all three versions of the preconditioner with the diagonal version of the mass
matrix M and a = 1, 10, Lanczos k = 5.
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| meshlevel [1]2] 31 [ meshievel [ 1] 2] 3
subdomains | Iterations | [| subdomains | Iterations l
o=100] L2 B [ a=1000] LW:_[]
2[5]6 6 215 6| ¢

4166 6 417| 7 6

866 7 88| 7 6
16|66 6 16]7] 7 6
32(6(6 6 3208 7 6
64717 7 6418 7 7
12879 7 128 [ 8] 10 7

256 | 7|8 7 256 |8 9 7

512 |66 8 5127 7 8

1024 [ 6| 6 8 | 1024(7] 7 8

[ diagonal | M(ML)Z | [__disgonal [ M(MIL)77 ]
2[5T6 6 T 2757 6 6

4(6|6 6 417| 7 6

81716 6 g{8| 7 6
16.{7]6 6 16(8] 7 6
32|76 6 2(8( 7 6

64 |77 6 64 | 8| 7 6
12876 6 128 [ 8| 7 7

256 | 77 6 256 | 8| 7 7
5126 |6 6 si2|7| 7 7

1024 [ 7] 6 6 1024 7| 7 6

[ diagonal | M + M(M-TL)177 ] |l diagonal | M + M(M-TL)1/7]
[r 2[5]6 6 2[5] 6 T]x
4|7(6 6 al7( 7 6

8|7]6 6 8l8| 7 6
16|77 6 168 7 6
3277 6 32(8( 7 6

64 (77 6 64 8| 7 6
128717 6 128 |8 7 7

256 | 717 7 25 (8| 7 7
5121717 6 si2|7] 7 7

1024 [ 77 6] 1024 | 7] 7 7

Table 3.21: lterations needed for reducing the initial residual of the Schur-compiement system by

a factor of 107, for all three versions of the preconditioner with the diagonal version of the mass
matrix M and a = 100, 1000. Lanczos k = 5,
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Long pipe 3D

We proceed with the 3D equivalent of the previous problem. The configuration is the same one we
used in section 3.11.2. The pipe here is manually partitioned as well in slices parallel to the XY
plane, as shown in Figure 3.3. The mesh levels used for this benchmark and their characteristics are
listed in Table 3.10. The number of unknowns on the interface of the subdomains for each of the
partitions and mesh levels considered can be found in Table 3.9,

In Tables 3.22 and 3.23 below, we compare the iterations needed for reducing the initial residual
of the Schur-complement system by six orders of magnitude for several different values of the
parameter « (1, 10,100, 1000). The mass matrix in the last two versions of the preconditioner has
been replaced by its diagonal.

We see that the versions of the preconditioner that involve the mass matrix outperform the
mass-matrix-free version L1/2, On the other hand, all versions are clearly h-independent. The
dependence on the number of the partitions seems to have vanished, especially for the versions of
the preconditioner that involve the mass matrix.

We verify here as well that the second version of the preconditioner M (M ~!L)1/2 performs
asymptotically better than the third version M + M (Af~!L)}/2 by one iteration. Undoubtedly the
numbers of iterations in this problem are a lower bound for the performance of the preconditioner
in terms of iteration counts. We do not expect better performance in the experiments that follow, but
this benchmark allows us to see how much room there is for improvement.
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|| mesh levﬂ 1 [ 2 | 3] [[ mesh level | 1] 2] ?T"

| subdomains | Iterations || subdomains Iterations :ﬂ
T o=1] 7 a=10 L'z
1 412 ] 11 T 411211 11
1 81111 13 8|11 |n 1ﬂ]
16 | 10| 11 13 16|10 11 13
32|10]13 14 3211013 14

64 | 13| 14 15 64| 13| 14 15

128 | 14 | 15 15 128 | 14| 15 14

256 | 15 | 16 15 256 | 15 | 16 15

512 |15 | 15 16 512 |15 | 15 16

1024 | 14 | 15 16 1024 | 14| 15 16

2048 | 18 | 17 17 2048 | 18 | 17 16

[ diagonal [ M(M~1L)72 [ diagonal | M(M-TL)7Z |
2] 910 10 4] 910 11

gl 9ln 12 8! 911 12

16| 10| 10 11 16 |10 | 10 11

32.(10] 11 12 2( 9|1 12

64 | 11| 11 12 " 64 | 11| 11 12

128 | 10 | 12 13 128 | 10 { 12 13

256 | 11| 12 12 A 256 | 11 | 12 12

512 (111 12 13 si2| 1212 13

1024 | 11| 12 13 1024 | 11 | 12 13

2048 | 15| 14 14 2048 | 15 | 13 13
diagonal | M + M(M~'L)1/2]] | diagonal | M + M(M-1L)T72

41 911 11 41 9110 11

8| 9|1 12 8| 911 12

16 | 10 { 11 12 16 |10 | 11 12

32/10] 12 12 32(10] 12 12

64 | 12| 12 13 64 | 12 | 12 13

128 | 11| 13 13 128 | 11|13 13

256 | 12 | 13 13 256 | 12 ] 13 13

512 | 12| 12 13 si2 |12 12 13

1024 | 12 | 13 13 1024 | 11 | 13 13

2048 | 16 | 15 15 2048 | 15 | 14 14

Table 3.22: Iterations needed for reducing the initial residual of the Schur-complement system by
a factor of 105, for all three versions of the preconditioner with the diagonal version of the mass
matrix M and o = 1,10. Lanczos k = 20.
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[ meshlevel | 1] 2] 3] [ meshievel [ 1] 2] 3]

ﬂjsrubdom_a_ip_s ] Iterations subdomains Iterations
[ e=100] L o = 1000 1
4aT12]10 11 4113 9 BT
g{11|11 13 gl13]10 13
16101 13 16|10] 10 12
321 9(13 14 32| 9112 13
64 | 13| 14 15 64 | 15| 14 15
128 | 15| 15 14 128 | 16 | 14 14
256 | 15 | 16 15 256 | 16 | 15 15
5121615 16 512 | 16 | 16 17
1024 | 15 | 15 16 1024 | 14 | 14 16
2048 | 17| 17 16 | 2048|1716 17
[ diagonal | M(M~1L)1/ diagonal | M(M~TL) |
4] 9[10 11 || 4110 9 1]
8! 911 12 8|11} 9 12
16 | 10 | 11 11 16| 91|11 11
321 9111 12 320 91 12
64 11|12 12 6412112 12
128 [ 10 | 12 i3 128 | 12 [ 12 13
256 | 12 ] 12 12 256 | 13 | 12 13
512112112 13 512|121 12 13
1024 | 11 {12 13 1024 | 11| 12 13
2048 | 14 | 13 13 | 2048 (1412 13 |
diagonal | M + M(M~TL) [ diagonal [ M + M(M- L) ]
T 4] 910 11 4710] 9 11 |}
8| 9|11 12 g1l 9 12
16 | 10 | 11 12 16 911 1
321 9|12 12 321 9ln 12
64| 1112 13 641212 12
128 [ 10 { 12 13 128 |12} 12 13
256 | 12| 12 13 256 | 13 | 12 13
512 (1212 13 s12 (1212 13
iL 1024 | 11| 13 13 1024 | 11 12 13
2048 | 14 | 13 13 2048 | 14| 12 13

Table 3.23: Iterations needed for reducing the initial residual of the Schur-complement system by
a factor of 105, for all three versions of the preconditioner with the diagonal version of the mass
matrix M and a = 100, 1000. Lanczos k = 20.
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Unit square

We proceed with the unit square, which we discretize on the same meshes we used for the corre-
sponding Laplace problem. The domain is manually split into 4, 16, 64 and 256 equal size squares
as shown in Figure 3.4, Details about the mesh levels considered can be found in Table 3.13, while
the numbers of unknowns on the interface of subdomains are listed in Table 3.14.

We consider four different PDE problems corresponding to different values of the reaction co-
efficient a (1, 10,100, 1000). As for the Laplace problem we verify here as well that the number
of iterations is independent of the mesh size h. For this case, however, the performance in terms
of iterations of the second version of the preconditioner is slightly better than for the other two,
in contrast to what we experienced for the Laplace problem. Moreover the number of iterations
on the number of subdomains decreases as the reaction coefficient grows. Finally we see that for
a = 1000 it drops (p = 64, 256) slightly when the number of subdomains increases. Table 3.24
lists the iteration counts for each of the four problems. We should note that the matrix L appearing
in the definition of our preconditioner is the discretization of the operator —V2 + al.

Unit cube

We proceed with the 3D version of the previous experiment. The unit cube is internally split to
8,64,512 cubes of equal size as shown in Figure 3.5. The finite element meshes are constructed
as in the corresponding Poisson problem in section 3.11.2. Details about the meshes are listed in
Table 3.16, while the nodes on the interface of the subdomains for each one of the cases examined
here can be found in Table 3.17. As in the previous case the matrix L appearing in the definition of
our preconditioner is the discretization of the operator —V? 4 aJ. We use here as well the Lanczos
iteration with the inverse matrix. There are no essential differences for values of k greater than
k = 5. However in our computations we used k& = 20.

In the Tables 3.25, 3.26, we see the iterations needed for reducing the initial residual of the
Schur-complement system by six orders of magnitude, for each one of the four PDE problems
corresponding to the four different values of the parameters a (1, 10, 100, 1000).
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[ meshievel| 1] 2] 3] 4

{l a=1|

Iterations

I

[| subdomains |

Ll/2

I

4
16
64

256

9
11
16
23

10
12
16
21

11|11
13113
16 | 17
21122

N st s
W ~J W e

diagonal |

M(AM-L

;

4
16
64
256

9
12
14
20

9
12
15
20

0] 10
13113
15115
20| 20

P S J—
N O

[ diagonal [ M + M(M-TL)

4
16
64

256

9
12
15
21

9
13
16
21

<O b

101 10
13113
151 16
21 121

— p—
N DS

N
N
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Iterations

/

LY

" subdomainsl

!

4
16
64

256

9
11
15
22

10
12
16
21

11110

11
13113 13
16 | 16 17

| diagonal |

E
L

4
16
64

256

9
12
14
20

12
15
20

9110 Tyo
13113 3
15015 | 16
20 | 20

21
[ diagonal | M + M(M-TLyI/F=

4
16
64

256

9
12
15
20

9
12
15
20

1010 |15

3113113
15116 | 16
21 {212
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[| mesh level

ljzj;ij4

s

[ a-10]

Iterations

1172

EubdomaingL
4

16
64
256

81 9]1]10
P12 12
13(14]14] 14
19118119119

s beas

O L& NooO
]

—

il  diagonal

MM L)/

4
16

64
|

256

81 91 91 9
112412
13113114114
18118119719

o |

12
14
19

| diagonal

M+ M(M-TL)

Y]
16
64

256

8 9] 9] 9
I ypi2yi2
141414 14
19119(19{19

9
12
14
20

= 1000 |

[terations

|

subdomains

Ll

™ 4
16
64

256

13[14]15] 14
1415(171{16
14(15|14 {15
1401211313

15
17
16 |
14

diagonal

M(M-TL)!

4
16
64

256

2]12[12] 12
16 15| 15| 14
14]15] 15|15
Blrjr|n3

12
15
15
13

“ diagonal

M+M(M-L)

7]

4
16
64

256

12112112]12
I5{14 (14} 14
13114114114
121112112

12
15
14
13

Table 3.24: Unit square. I:ierations needed for reducing the initial residual of the Schur-complement
system Py a factor of !0" for all three versions of the preconditioner. The mass matrix is replaced
by its diagonal and L is the discretization of the operator of the original problem. Lanczos ). = 15,
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meshlevel | 1] 2] 3] 4] || meshlevel | 1] 2| 3] 4
a=1 Iterations a=10 Iterations
subdomains L1/2 subdomains L2
8117121119 23 8117121119 23
64124 |25]| 26 26 64124124125 26
51212232 31 32 512 | 21| 31| 3t 32
full | M(M-1L)72 Rl | M(M-1L)72
812427125 29 81232725 29
64 |28 | 30 | 32 35 64283032 35
51212841 | 41 42 512128 |41 |40 42
diagonal M(M=1L)172 diagonal M(M™1L)1/?

8121123122 24 8121123122 24—?
641242527 29 6412412527 29
{ 512 (24134 |33 34 512124331 33 33
full | M + M(MIL)Y? full [ Af + M(M~1L)172
812412826 30 8124128126 29
6413031 ]34 36 641303134 36
’I 5123043 | 44| 44 51229 (42| 42| a4
diagonal | M + M(M~1L)1/? diagonal | Af + M(M~'L)1/?
8121123123 25 8121123123 24
6424|2627 30 64 { 24 | 26 | 27 29
512125135 34 35 512|124 134 | 34 35

Table 3.25: Unit cube. Iterations needed for reducing the initial residual of the Schur-complement
system by a factor of 10~ for all three versions of the preconditioner with Lanczos k = 20 for the
case of manually constructed partitions and o = 1, 10.
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meshlevel | 1] 2] 3] 4
a =100 Iterations
subdomains L1/?
8i16120| 18 22
64123123125 25
512118 )28 {28 28
fult | M(M-1L)I/2
812312625 27
64| 27 { 28| 30 32
512 ;26 | 37 | 37 38
diagonal M(M-1L)1/?
8120122} 21 23
64123124125 27
512122131130 31
full | M + M(M-1L)/?
812312725 27
6427|2931 33
512127 1(391 39 39
diagonal | M + M(M-1L)12
8120|221 21 24
642312426 27
512122132 31 32

CHAPTER 3. DOMAIN DECOMPOSITION

meshlevel | 1| 2 3 4
a=1000 |  Iterations
subdomains L2
8i15(19 116 20
64 12112223 24
s12|14]25]25] 25 1%
Rl | M(M-TL)
812124123 25
64 | 25 | 25| 28 29
512119130 ) 30 31
diagonal M(M-1L)/2
8119121120 22
6412212224 25
4* 512117126} 25 26
full | M + M(ML)/Z
812272423 26
6412512628 29
5121201301 30 31
diagonal [ M + AM(M1L)1/?
8119121120 22
64122122124 25
512117126 25 26

Table 3.26: Unit cube. lterations needed for reducing the initial residual of the Schur-complement
system by a factor of 10~ for all three versions of the preconditioner with Lanczos k = 20 for the
case of manually constructed partitions and a = 100, 1000.
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3.12 Computational experiments beyond the theory

Here we consider computational experiments not necessarily in accordance with the theoretical
assessments. Everything discussed in section 3.11 related to the cases considered and the benchmark
components remain as before. The main differences arise from the following modifications.

Partitioning approach The standard partitioning approach employed in section 3.11 is not always
applicable to real-life problems set up in three spatial dimensions, where the underlying ge-
ometries are far from trivial. For this reason, we consider the case where our domain is
automatically partitioned by a standard mesh-partitioning tool. A multilevel k-way scheme
is employed, provided by the software library METIS {85, 86}, which is a graph-partitioning
tool. The purpose of the underlying algorithm for our case is to obtain equal size partitions
minimizing the total edge-cut and consequently the total number of nodes on the interface of
subdomains.

Matrix exponent The optimal matrix exponent predicted by the analysis (square root appearing in
all three versions of the preconditioner) is no longer considered fixed. We examine different
matrix exponents and suggest the best one for each problem considered.

Long pipe 3D

We consider again the example of section 3.11.2. This time the partitioning does not produce
planar separators parallel to the XY plane. The separators and the partitioning to eight partitions are
shown in Figure 3.6. The mesh levels used for this benchmark and their characteristics are listed in
Table 3.27. The number of unknowns on the interface of the subdomains for each of the partitions
and mesh levels considered can be found in Table 3.28.

I mesh level |

| level | elements |  nodes | Remin | hmax
1 207442 59055 | 9.556e-02 | 6.774e-01
2 1627405 348350 | 5.732¢-02 | 3.371e-01
3 | 12795605 | 2346496 | 2.953¢-02 | 1.701e-01

Table 3.27: Mesh levels used. For each level we see the number of elements, number of nodes,
maximum and minimum edge lengths.

In Table 3.29 we compare the iterations needed for reducing the initial residual of the Schur-
complement system by six orders for both METIS and manually generated partitions. The value
k has been fixed to k = 15 while the mass matrix in the last two versions of the preconditioner
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it mesh level

subdomains 1 2 3

4 54 175 639

8 125 409 1490
16 278 891 3190
32 582 1851 6559
64| 1204 3753 | 13382
128 | 2521 7636 | 27011
256 | 5015 | 16384 | 53997
512 | 10057 | 31387 | 108586
1024 | 19996 | 62081 | 218885
2048 | 28796 | 102563 | 389332

Table 3.28: Nodes on the interface of the subdomains for the partitions generated by METIS.

has been replaced by its diagonal. We consider first the 1/2 version of the preconditioners. The
partitioning generated by METIS seems to maintain the i-independence. The number of iterations,
however, has become more sensitive to the number of subdomains and has increased.

We then modify the exponent and investigate its effect on the number of iterations. The exponent
that performs best was found to be 0.7. The iterations for this new family of preconditioner and both
manual and METIS-generated partitions are listed in Table 3.30 for Lanczos k = 15. The number
of iterations has decreased for both partitioning types. The A-independence is maintained and even
enhanced for all versions of the preconditioner.

For the METIS-generated partitions we observe that the number of iterations increases rapidly
after some point (64 subdomains). We see in what follows that in most cases considered, the itera-
tions are around 16 to 17 even for a very large number of subdomains with partitions generated by
METIS.
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Figure 3.6: A piece of the pipe manually into eight subdomains by METIS. Note the interface of
the subdomains (gray), the nodes on the interface of the subdomains and the nodes in the interior.
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I Manual Partitions JJ (t METIS Partitions
[ mesh level | 1| 2| 3] [ meshlevel | 1] 2] 3
subdomains | Iterations l [l subdomains | Iterations B
T k=15] L7 1 [ k=15] 7]
4111]10 11 4] 9110 1
81111 13 8| 911 12
16 | 10 | 11 13 16111 13
32(10 14 14 YR RVERY 12
64|13 |15 15 64 |12 | 12 14
128 | 14 | 16 14 128 | 13 | 14 14
256 | 14| 16 15 256 | 14 | 15 14
512|151 16 16 51216 |15 15
1024 | 14 | 16 17 1024 | 17 | 15 16
2048 | 18 | 17 17 2048 | 20 | 19 18
diagonal |  MM-IL)? || [ diagonal [ Af(Af-1L)Y/2 |
4] 9]10 11 4] 911 12
8| 9|11 12 8|10/ 12 13
16 {10 | 11 12 16]10] 12 14
32110]12 12 3211412 14
64 [ 11 12 13 64 | 14 | 13 14
128 | 10 | 12 13 128 | 14 | 17 15
256 | 11| 12 13 256 | 15 | 17 15
51212 | 12 13 51215 |17 16
1024 | 11|13 13 1024 | 17 | 17 17
2048 | 15 | 14 15 2048 | 21 | 21 21 |
diagonal | M + M(M~TL)17? ]| diagonal | M + M(M~1L)7* ]
41 911 12 4] 9112 13
8] 911 13 gl10]12 14
16 {10 | 11 13 l 161113 15
32010/ 12 13 3201413 15
64| 1113 14 64 | 14 | 13 15
128 | 11 {13 14 128 | 15 { 18 16
256 | 12| 13 14 256 | 15| 18 16
s12 1213 14 512 {15 18 17 {
1024 | 12| 13 14 1024 | 18 | 18 18
2048 | 16 | 15 16 2048 | 21 | 22 22 ||

Table 3.29: Manually constructed versus METIS-generated partitions. Exponent is set to 1/2 while
the mass matrix is replaced by its diagonal and Lanczos k = 15.
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Manual Partitions i I METIS Partitions [
| meshlevel | 1] 2| 3 [ meshlevel | 1] 2] 3
ﬂ_—subdomainsJ Iterations ” [ subdomains Iterations ||
I xk=15] 07 1 I k=15 07 ]
4|11 9 9 4 8| 9 10
8111110 12 811010 11
16| 9110 11 16 {11 | 10 12
32 9112 12 321137111 12
64112113 13 64| 13|11 13
128 | 13 | 14 13 128 | 13 | 14 13
256 | 13| 14 14 256 | 14 | 14 14
512 (14 | 15 14 512 | 17 | 16 14
1024 [ 12 | 14 15 1024 | 18 | 14 16
2048 } 17 | 15 15__ 2048 | 19 | 18 17
diagonal M(M~L)Y7 diagonal |  M(M L)%
4] 8] 9 9 4] 8]10 11
8 9 9 10 811011 12
16 9 9 10 16 } 11 | 11 13
321 8] 10 10 32113111 13
64|10 11 11 64 | 13111 13
128 1 10 | 11 11 128 | 14 | 17 13
256 { 10| 11 11 256 | 15 ] 16 14
512111111 11 512|116 | 17 14
1024 | 10 { 11 11 1024 | 18 | 16 16
2048 § 13 | 11 12 2048 | 20 | 19 18
[ diagonal | M -+ AT(M-TL)%7 [_diagonal | M + M(MIL)7 ||
4 8 9 9 4| 8110 11
8 8 9 10 8|10 11 12
16| 9] 9 10 16 1 10 | 11 13
32 81|10 10 || 3211311 13
641011 11 64|13 ] 11 13
128 | 10 ] 11 11 1281 14 | 16 13
256 | 10| 11 11 | 256 | 14 | 16 14
S12 {11 | 11 11 512115} 17 14
1024 { 10| 11 11 1024 | 18 | 16 16
2048 | 14 | 12 12 2048 | 20 | 19 18

141

Table 3.30: Iterations needed for reducing the initial residual of the Schur-complement system by
a factor of 1076, with the 0.7-family of preconditioners and both manually and METIS-generated
partitions. Mass matrix is replaced by its diagonal and Lanczos k = 15.



142 CHAPTER 3. DOMAIN DECOMPOSITION

Unit cube

We study here the performance of the preconditioners on partitions produced by METIS. The bench-
mark was performed on the mesh levels described in Table 3.31. The partitioner allows greater
flexibility in the number of desired subdomains and thus we were able to perform a more extensive
test in terms of number of subdomains and mesh levels. The first mesh level consists of 500 nodes
and 2079 tetrahedra, while the final level consists of 20 million nodes and approximately 127 mil-
lion tetrahedra. At the same time the number of subdomains ranges from 2 to 16384. We should
note, however, that only a subset of the number of partitions was considered for each level. This
is because partitions with very few unknowns are not desirable in practice because the number of
unknowns on the interface increases considerably, with an adverse effect on the performance. The
number of interface unknowns for each level and partitioning is listed in Table 3.32. Figure 3.7
visualizes the second mesh level partitioned by METIS into 64 subdomains along with the interface
boundary of the subdomains.

level | elements | nodes homin | Bmax ||
| 2079 500 | 9.8858e-02 | 2.7123e-01
2 20869 4001 | 3.1216e-02 | 1.3442e-01 F
3 185963 32002 | 1.5604e-02 | 6.8082¢-02
4 1567874 256011 | 7.7944e-03 | 3.3546e-02
5 12568378 | 2000396 | 3.7695e-03 | 1.7208e-02
6 | 127400903 | 20000768 | 1.7757e-03 | 8.0723e-03

Table 3.31: Mesh levels for METIS generated partitions. For each level we see the number of
elements, number of nodes, maximum and minimum edge length.

We begin by considering the first five levels of Table 3.31 and partitions ranging from 2 to
16384. We benchmark the thrce versions of our preconditioner with the mass matrix replaced by
its diagonal, which was found to perform better than the full version by 2 to 3 iterations for every
single case and furthermore does not require a linear system to be factorized and solved at each
iteration. The results are summarized in Table 3.33 for two different values of Lanczos k (3, 20).
We sec that in most cases we achieve /i-independence for all three versions of the preconditioner.
Wherever this is not evident, the number of iterations increases logarithmically with the refinement
level. The sensitivity to the number of subdomains is also clear. The most efficient version of the
preconditioner for this problem, in terms of iterations, is the first one (L!/2). In what follows we
present how the sensitivity of the number of iterations with respect to the number of subdomains
can be diminished without any additional computational cost.
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( [ mesh level 1l
| subdomains | 1] 2] 3] 4| 5 | 6 |
21 71 290 1183
41124 { 551 2314 | 9621
81189 | 785 | 3552 | 13780 | 55259
16 1190 | 5216 | 21686 88701
32 1565 7160 | 29961 | 124023
64 9213 | 39476 | 160484
128 11770 { 51465 | 216556 | 1056946
256 14800 | 65696 | 278533 | 1364200
512 83015 | 353147 | 1745987
1024 447034 | 2222309
2048 559011 | 2796220
4096 692256 | 3503214
8192 4369353
16384 5419460 ]

Table 3.32: Nodes on the interface of the subdomains for the unit cube.

Towards h- and subdomains-independence

We proceed by investigating the effect of the exponent of the family of preconditioners on their effi-
ciency. The same test as before is considered here on all mesh levels summarized in Table 3.31 for
the first version of our preconditioner, which was found to be the most efficient one in the previous
benchmark. This time, however, the exponent is not the one suggested theoretically. Numerical
experiments showed that the optimal value is 0.77. The preconditioner here is therefore L%77. We
consider four different values of Lanczos k (3, 5, 10, 20). The results are summarized in Table 3.34.
For large numbers of subdomains we observe that the number of iterations decreases as the mesh
is refined. A similar phenomenon is observed for dependence on the number of partitions. The
iterations seem to decrease as the number of partitions grows and then they increase again slowly.
This behavior is quite nonstandard in the Domain Decomposition realm. Usually iterations either
increase or remain constant (for very sophisticated algorithms) with mesh refinement level h or with
the number of subdomains.
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3.7: A samplc cubc partitioned by METIS to 8 subdomains. The column at the right shows
rface boundary (top) the unknowns on the interface (middic) and the unknowns in the interior

ubdomains (bottom).
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meshlevel | 1| 2] 3[ 4] 5] || meshlevel | 1] 2] 3] 41 5]
| subdomains | Iterations | || subdomains | Iterations I
k=3] L2 I [ k=20] L ]
4l12715]19]24135 a[12[14]15]16 [ 18]
8141621 |28]36 8|14|16 |18 | 18] 20

16 19 | 23] 2839 16 1819 {2021

32 20253041 32 1920|2123

64 221273646 64 21222325
128 29 | 38 | 51 128 252527
256 3314256 256 27 | 28 | 30
512 374762 512 3113234
1024 54 | 69 1024 37| 40
2048 60 | 71 2048 43 | 43
4096 66 | 78 4096 50 | 50
[ diagonal |  A(MTIL)7Z ]| [ diagonal M@IIL)72 ]
4]14]16]19]22]26 4714151819 20
8|18 | 18|20 2428 8|18]18[20]22| 2

16 20 (222327 16 21 (212323

32 21222528 32 222324125
64’ 2626|2528 64 2626|2627
128 28 | 26 | 30 128 28 (29|30
256 333430 256 3213334
512 39} 38132 512 39137138
1024 44 | 44 1024 45 | 44
2048 51152 2048 52|50
4096 59 | 58 4096 59 | 57
diagonal | M + M(A"1L)172 diagonal | M + M(MIL)7Z ) |
4147171922726 | 4l14[16]19f207] 21
8118 |18 |20|25]28 8118|1921 |22} 23

16 21 [ 222428 16 21 (22 (24|24

32 232325/ 28 32 231252527

64 27 | 27} 26 | 28 64 2712712729
128 30|27 |31 128 30 (30132
256 35137132 256 34 (3537
512 42 [ 41|35 512 42 | 40 | 41
1024 49 | 48 1024 49 | 48
2048 54 | 56 2048 55| 54
4096 63 | 62 4096 64 | 60

Table 3.33: Iterations needed for reducing the initial residual of the Schur-complement system by a
factor of 1075, for all three versions of the 1/2-family of preconditioners and the diagonal version
of the mass matrix M. Lanczos k = 3, 20.
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Il The effect of Lanczos k B The effect of Lanczos k||
[ meshlevel] 1] 2] 3] 4] 5] 6 1] 2] 3] 4] 5] 6]
[[ subdomains | Iterations I Iterations
] k=3 B k=10
21 9{ 11|12 9111712
4111111 |)13]16( 19 1121137115117
8114131141620 14113114 115] 18
16 14 141161 21 141141151 18
32 1514|1620 15(15(15 117
64 1611515 19 16 16 | 14 | 15
128 1611511925 16114115118
256 17116 ] 19| 24 1811511517
512 20118119 | 25 20117115 18
1024 20| 211 25 19116117
2048 22 123§ 26 21 117 | 17
4096 251251 26 241201 18
8192 28 | 30 22119
16384 331 36 24 | 21
= u =
211011112 911112
4 111|111 13115717 1r{12113115717
811411311315 18 14| 13}14} 16} 18
16 141131151} 18 141411619
32 1511415 17 1511511517
64 16 (15114116 16 (1611516
128 16114 | 17| 20 16 115]|16 | 19
256 17115| 16} 19 18151151 18
512 20117116 20 20 17115117
1024 19117119 19|17 1] 16
2048 21|18 20 21 (17| 16
4096 23121120 24 | 20 | 17
8192 23123 22|18
16384 251 26 25| 21

Table 3.34: The L% preconditioner and Lanczos k = 3, 5, 10, 20.

M' aiad 2de Cai



3.12. COMPUTATIONAL EXPERIMENTS BEYOND THE THEORY 147

3.12.1 More complex geometries

We proceed now with harder geometrical configurations corresponding to real-life problems. In
several cases, a finite element mesh may consist of very large and very small elements. This usually
happens when a very peculiar shape has to be resolved by the corresponding surface mesh or when
adaptive refinement algorithms are adopted to reduce the computational cost as much as possible.
In such cases the largest and smallest volumes of the corresponding tetrahedra may differ by several
orders of magnitude. In the cases studied so far we did not experience such problems because the
ratio of the maximum to minimum edge length hyax/Amin Was less than one order of magnitude.
Most preconditioners encountered in the literature such as multigrid solvers and several domain
decomposition preconditioners either fail to converge or their performance in most of the cases is
significantly deteriorated. Others do not touch this problem at all. In the problems that follow we
consider meshes with large variations of the mesh size h. The benchmark problems reveal under
which circumstances the mass matrix is essential in the definition of the preconditioners, and shed
some light on the choice of optimal exponent.

We suspect that the optimal exponent is related to the regularity of the solution. The regularity
of the solution of the Poisson equation is influenced not only by the non-homogeneous term but
also by the regularity of the surface of the domain. In non-convex domains with a rough surface
the regularity of the solution inevitably drops compared with that observed for the unit cube. If our
assumption is correct that the optimal exponent is related to the regularity of the solution, we expect
that the optimal exponent for the problems that follow will be less than the optimal exponent for the
cube case, which was 0.77, and will drop as the domain’s surface regularity decreases.

Brain

We begin with the non-trivial geometry of the human brain depicted in Figure 3.8. It is partitioned
with METIS into 8 and 16 subdomains. The ratio Apax//imin is around two orders of magnitude,
as we can see in Table 3.35. The numbers of unknowns on the interface of the subdomains can be
found in Table 3.36. The linear system corresponding to the first mesh level consists of about half a
million unknowns, while the unknowns for the last level rise to 26 million.

Table 3.37 lists the iterations needed for reducing the relative residual by a factor of 1076 for
four different values of Lanczos & (5,10, 20,30). We see that the iterations for & = 30 do not
differ too much from those obtained with k = 5. We consider only the second version of the
preconditioner because it outperforms the others. The optimal exponent for this problem was 0.7,
but the performance is similar with the 0.6 and slightly better than 0.5.

In most cases we experience h-independence. The dependence on the number of subdomains is
not monotone. Iterations increase only slightly, if at all, as the number of partitions is doubled.
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I mesh level

Tlevel | elements |  nodes |  hmin | hmax
i 2077212 468474 | 4.650e-05 | 1.101e-02
2 2112476 473730 | 4.643e-05 | 5.472e-03
3] 31753520 | $120357 | 2.148e-05 | 2.531e-03
4 | 164363725 | 25973106 | 4.643e-05 | 1.216e-03

Table 3.35: Mesh levels used. For each level we see the number of elements, number of nodes,
maximum and minimum edge lengths.

| mesh level |
subdomains 1 2 3 | 4 "

2| 1873 | 2064

41 4290 | 4511

8| 77149 | 7976 51532
16 | 13013 | 13314 91333
32| 18230 | 19077 | 133778
64 | 25225 | 27327 | 192083
128 | 35335 | 37159 | 267648
256 | 49104 | 51010 | 372033
512 1 66434 | 68949 | 504671 | 1543907

1024 679160 | 2067967
2048 895170 | 2737064
4096 1172815 | 3602083
8192 4676182
16384 5995113

Table 3.36: Nodes on the interface of the subdomains for the brain.
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Figure 3.8: First level partitioned by METIS into 16 subdomains along with mesh slices, interface
boundary and interface unknowns.
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meshlevel | 1| 2| 3| 4 meshlevel | 1] 2] 3] 4
subdomains | M(M~L)*" subdomains | M(M~'L)"
k=5 Iterations k=15 Iterations
2113113 2113113
4114115 41141 14
816115 18 8116115116
1611917 | 25 16191161} 23
32(194§ 18} 20 32(191181 18
6411919 21 64119{19]19
128 | 21 { 20} 21 128 1211201 19
256 123 (21|21 256 1232120
’ s12 23| 22|21 24 si2l22]22{20 |21
1024 23 {24 1024 22122
2048 23125 2048 ' 22123
4096 24 1 24 4096 241 23
8192 26 8192 25
16384 26 16384 26
k=10 Iterations k=20 Iterations
2113113 211313
4|14} 14 4 (14| 14
816115} 16 8116115} 16
1611916 | 24 16119116 | 23
32119} 18| 18 321191818
64119]19]19 64119119119
128 (21 {201 19 128 121{20] 19
256 | 23 | 21| 20 2561232120
5121232220121 51212212220 2t
1024 22122 1024 22122
2048 22124 2048 22123
4096 24 | 23 4096 24 1 23
8192 25 8192 25
16384 26 16384 26

Table 3.37: Iterations needed for reducing the initial residual of the Schur-complement system by a
factor of 1076 for all three versions of the preconditioner with Lanczos k = 5, 10,20, 30.
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Boeing 747

We consider here the Boeing 747 depicted in Figure 3.9. The comers and cross-sections in the
wings, tail, and engines should resuit in a less regular solution of the Poisson problem. Thus we
expect an optimal exponent smaller than for the previous problem. This is indeed the case: the
optimal exponent for this problem was found to be 0.62. The mesh levels we used are listed in
Table 3.38 and the numbers of unknowis on the interface of the subdomains are in Table 3.39.

We observe as well that the iterations decrease as the mesh is refined. In several cases the
independence of the number of partitions is striking. For instance for k£ = 3,5 we see for the fourth
mesh level, consisting of almost nine million unknowns, that the number of iterations either drops

as the number of subdomains increases, or increases very slowly.

mesh level H
level | elements | nodes | Rmin | hmax ||
1 231000 51366 | 2.580e-03 | 8.121e+00
2 416085 82170 | 2.557e-03 | 4.232¢+00
3 4685686 780255 | 2.568e-03 | 2.158e+00
4] 56071121 | 8987420 | 2.559e-03 | 1.821e+00

Table 3.38: Mesﬁ levels used. For each level we see the number of elements, number of nodes,
maximum and minimum edge lengths.

| ] mesh level 1
”iubdomains [ 1 T ZJL 3 T 4—"
2] 605 534
4| 519 1707
8! 952 ] 1938 | 15420
16 | 1582 ( 3917 | 27076
3213328 | 6418 | 44339
64 | 4387 | 9294 | 64618 | 345687
128 13275 ] 89350 | 487023
256 18939 | 119486 | 654231
512 157176 | 867909
1024 204224 | 1129954
2048 258662 | 1458420

Table 3.39: Number of nodes on the interface of the subdomains for the Boeing 747.
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Figure 3.9: Second mesh level partitioned by METIS to 33 subdomains.
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meshlevel

1] 2] 3] 4

subdomains

MM TLE

k=3

Iterations

2
4
8

13113
12} 14
15 (13 ( 17
18116 | 17
30118118
2712320123
24 120 | 28
34120 24
23 124
26 | 23
24 | 22

Iterations

16
32
64
128
256
512
1024
2048

13§ 12
12 ] 14
14|13 {15
17116 ] 15
28|17 16
24 122 | 18] 21
24117 ] 24
32118421
23|22
26 | 22
24122

meshlevel | 1{ 2| 3 [ 4
subdomains | Af(Af~'L)"®*
k=10 Iterations
21312
41114
8i{13{13]14
16 | 16 | 16 | 15
3212617 |16
642212017 (19
128 21 (17|24
256 2911919
512 23120
1024 26 | 22
2048 25123
k=20 Iterations
2{13] 12
4111114
8§(13113|14
16 116 | 16 | 15
32124117 | 16
64121|18|17]18
128 20|17 |24
256 26120119
512 24|21
1024 2 | 22
2048 27 | 24

153

Table 3.40: Iterations needed for reducing the initial residual of the Schur-complement system by a
factor of 10~ for all three versions of the preconditioner with Lanczos k = 3, 5, 10, 20.
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Crystal

We try here an even more peculiar shape: the crystal shown in Figure 3.10, where the first of the
mesh levels considered is partitioned with METIS into 8 and 16 subdomains. The ratio /max/fmin
is more than five orders of magnitude, as we can see in Table 3.41. At the same time the boundary
of the crystal is very rough and we expect that the regularity of the solution will drop considerably
compared with the regularity of the solution of the cube problem. As a result the optimal exponent is
expected to be smaller than the optimal 0.77 exponent we found for the cube problem. The number
of unknowns on the interface of the subdomains can be found in Table 3.42.

The numbers of iterations needed for these problems are listed in Table 3.43. We consider
only the first two versions of the preconditioner because the last one always performs worse than
the second in terms of iterations. The standard exponent 0.5 and the optimal exponent 0.6 for this
problem display more or less similar performance, as the iterations with the lattcr are only one to five
less than those with the former, unlike the previous problem, where we observed differences up to
24 iterations. This is expected because the regularity of the solution of this problem is much smaller
than that of the cube; it is much closer to the optimal value predicted theoretically, which is 0.5. We
also observe that unlike the cube case, where the most efficient version of the preconditioner was the
mass-matrix-free one, consideration of the mass matrix here dramatically increases the performance
of the preconditioner. This fact clearly states that the mass matrix version of the preconditioner
is needed whenever very large and tiny elements coexist in the same finite element mesh.

In most of the cases we experience h-independence or the iterations decrcase as the mesh is
refined, especially for the 0.6 exponent. Irregular behavior is observed for the dependence of itera-
tions on the number of partitions. They either remain constant or decrease or increase as the number
of partitions grows.

| Crystal "
[ level | elements nodes | Nmin I himax
i 344679 67799 | 1.2841e-07 | 4.4729e-02
2| 1054204 ( 240832 | 1.2841e-07 | 2.7993¢-02
31 12374659 | 2521753 | 1.2841e-07 | 1.4046e-02

Table 3.41: Mesh levels used. For each level we show the number of elements, number of nodes,
maximum and minimum edge length.
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I | mesh level [

|| subdomains | 1] 2 | 3
2 648 730
41 1416 | 2984 | 12430
8| 2483 | 4353 | 35690
16 [ 3963 | 6407 | 34043

321 5346 | 9720 | 55465

64 | 7940 | 14920 | 83462

128 | 10870 | 21286 | 120709

256 30414 | 169924
512 41839 | 232152
1024 315250

Table 3.42: Nodes on the interface of the subdomains for the crystal.
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156

Figure 3.10: First level partitioned by METIS to 16 subdomains, a mesh-slice, interface boundary

and unknowns on the interface.
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meshlevel | 1] 2] 3 1727 3 1] 2] 3 1] 2] 3
subdomains Li/? M(M™1L)1/2 L0 M(MILY0S
k=20 Iterations Iterations Iterations Iterations
412 57 30| {1716 17|(109] 56 30| [19]17] 17
8124 63| 131 | |21[18| 37| 120 62 [135)]|21]| 18] 36
16160 | 110 | 28| 2623 20( 157|110 28(|29[23( 18
32(150|100| 30| {25]|26| 21| |148| 99| 30| [25[25] 19
64 (159 (104 | 71| |29(31| 30(|156| 99| 69|31 (34 32
128 | 181 | 113 | 55| [33{30] 25|}177]109| 53| [36]33| 23

256 141 | 66 371 27 137 | 64 391 29

512 146 | 79 40| 30 144 | 76 421 29

1024 80 32 77 36
k=40 Iterations Iterations Iterations Iterations

41112} 57 29 161161 17 109 56| 30 17116 | 16
8124 ) 631 131 19116 ] 32 120 62 (135]) 120 16| 34
16 | 160 | 110} 28 22118} 21 1571110 2837|2618} 18
32 |-150 | 100 | 30 22121 22 148 99| 30 (|24 22| 18
641159 104} 71 251251 26 156 | 99| 69127 ]26| 27
128 | 181 [ 113 | 55 28125] 25 177 1 109 | 53 30126 21

256 141 | 65 32| 28 137 ] 64 33| 26

512 147 | 78 32| 29 144 | 75 321 26

1024 79 33 76 30
k=60 Iterations Iterations Iterations Iterations

4112 57 30 16 |16 | 17 109 | 56| 30 17|16 | 16
8124 63| 131 19 (17 { 32 120 62 (135|201 16]| 29
16 | 160 | 110 | 28 2117 ] 21 157 {110 | 28|23 |18 18
32 (150 | 100 { 30 21 (21| 22 1481 99| 30 (|23 |21} 18
6411591104 | 71 23124 | 25 156 | 99| 69][26|25| 23
128 | 181 | 113 | 55 25125 25 177 | 109 | 53 | (28 25| 20

256 141 | 65 31| 29 137 | 64 31 25
512 147 | 77 30| 29 144 | 75 30| 24
1024 79 33 76 27

Table 3.43: Iterations needed for reducing the initial residual of the Schur-complement system by a
factor of 106, The mass-matrix-free version of the preconditioner is not recommended when very
large and tiny tetrahedra coexist on the same mesh. Lanczos k = 20, 40, 60.
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F-16 Fighting Falcon

We proceed with a harder test case, the F-16 Fighting Falcon depicted in Figure 3.11. The corners
and cross-sections in the wings, tail, and missiles should reduce the regularity of the solution even
further. In this case we expect the optimal exponent to be smaller than for the Boeing 747 bench-
mark. This is indeed the case: the optimal exponent for this problem was found to be 0.54. The
mesh levels we used are listed in Table 3.44 and the numbers of unknowns on the interface of the
subdomains are in Table 3.45.

Table 3.46 lists the iterations needed for the second version of our preconditioner M (M~} L)?
with four different values for the exponent: § = 0.5,0.54, 0.6, 0.65. The Lanczos subspace dimen-
sion k was fixed for all test cases to the value k = 30. Although we cannot claim independence of
the number of subdomains, with the exception of the second column for all exponents, we can see
especially for the exponent @ = 0.54 practical independence of the mesh size h for all rows between
32 and 512 subdomains.

mesh level l

,_.I_CY.CJT elements |  nodes hupin | .y
f 1 436429 104381 | 1.222e-06 | 5.863e-01
2| 2136627 | 404520 | 1.222e-06 | 3.700e-01
3| 2882141 | 531103 [ 1.222¢-06 | 1.892¢-01
4 1 25055374 | 4135416 | 1.222e-06 | 1.187e-01

Table 3.44: Mesh levels used. For each level we see the number of elements, number of nodes,
maximum and minimum edge lengths.

” | mesh level j
l subdomains I 2 3 4 ]
2 412
4| 492 6075 3652
811637 | 2916 5757
16 | 2011 7440 | 14438
3213891 ] 11535 | 15605 | 135288
64 | 5425 | 17435 | 24885 | 193570
128 | 8418 | 25936 | 37269 | 263479
256 39615 | 54443 | 351571
512 62602 | 79607 | 464651
1024 607313
2048 787200

Table 3.45: Number of nodes on the interface of the subdomains for the F-16.
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Figure 3.11: First mesh level partitioned by METIS to 55 subdomains.
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meshlevel

1] 2] 3

M(M-TL)

subdomains

Iterations

2

4

8

16
32
64
127
256
512
1024
2048

12
121915
16 | 17|23
19121735
2012223
2222125
26 (25127
28 | 31
31132

o -

24
24
27
30
33
38
40

M(M—TL)O.

subdomains

Iterations

2

4

8

16
32
64
127
256
512
1024
2048

12
11719114
15 )16 | 24
18 122} 36
1912222
22122125
2512427
29 | 31
31|32

22
22
24
28
29
33

35
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meshlevel

1] 2] 3

M(M-TL)"

subdomains

Iterations

2

4

8

16
32
64
127
256
512
1024
2048

12
12120 16
16 { 15|23
1924 {38
19122123
22 122|26
25125127
29 | 33
31|34

21
22
22
28
27 w
31

31

M(M—l [30

subdomains

Iterations

2

4

8

16
32
64
127
256
512
1024
2048

13
14122117
17114123
20] 25| 38
20123123
23125126
26 |28 | 28
31|32
34|35

20
22
21
28
26
29
31

Table 3.46: Iterations needed for reducing the initial residual of the Schur-complement system by
a factor of 10~ for the second version of the preconditioner with four different exponents § =
0.5,0.54,0.6. 0.65. Lanczos space dimension k& = 30.
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3.13 Hy versus iterative substructuring in three dimensions

It would be interesting to compare the performance of our H/2 preconditioner with other popular
domain decomposition approaches. The most competitive one is an iterative substructuring algo-
rithm suggested by Smith [145], carefully designed to address problems in 3D and providing a fully
parallel algorithm without sacrificing the robustness of optimal sequential iterative substructuring
algorithms.

The second benchmark problem considered in [145] is a really tempting one as it considers
a rather general case involving two different types of boundary conditions. The boundary 82 of
the domain of definition 2, which is the unit cube, is split into two parts. On the first part T,
corresponding to z = 0, we impose homogeneous Dirichlet conditions. On the remaining part
of the boundary 'y = 02 — T';, we assume homogeneous Neumann boundary conditions. The
boundary value problem involves the Poisson equation

—Vu=f i, (3.87)

where the non-homogeneous term f is given by f(r,y,z) = z2¢"sin(y). The cube in [145] is
partitioned into 64 subcubes. Details about the mesh levels considered are listed in Table 3.47. We
use the same type of partitions as the ones considered in [145]. In addition we test the performance
of our preconditioners with METIS-generated partitions.

Table 3.48 lists the iterations needed for each case. The first column shows the number of
iterations obtained by the 2-level iterative substructuring algorithm suggested in {145]. The Lanczos
space dimension k for all our preconditioners was set to k = 40, but £k = 10,20 give similar
results. The number of iterations of the best performing preconditioner (marked with blue) for
the 1/2 exponent and the 0.7 exponent that was found to be optimal for this test case, follows for
both manually and METIS-generated partitions. Once again the 0.7 exponent outperforms the one
suggested in theory. As before this is attributed to the fact that the H! regularity is too pessimistic
for the solution of the boundary problem (3.87). However, we see that consideration of Neumann
boundary conditions reduced the optimal exponent for the specific geometry, which was found to
be 0.77 for the pure Dirichlet problem.

Consideration of the optimal exponent for this problem renders our single-level preconditioner
more robust than the two-level approach suggested by Smith. In the case when the partitions have
been generated by METIS, our algorithm is pronouncedly A-independent, outperforming by 11
iterations the iterative substructuring algorithm for the last level consisting of more than two million
unknowns. Comparable performance is observed for sufficiently fine meshes from the 1/2 class of
preconditioners.
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Manually generated meshes I mesh levels used with METIS |
level | elements | nodes | Rimax [ level | elements | nodes | — hpax II
1 202323 34991 | 7.013e¢-02 1 201316 34514 | 6.573e-02
2| 1657357 | 271437 | 3.408c-02 2| 1665255 | 271408 | 3.267e-02
3| 3258917 { 528933 | 2.668e-02 31 3271340} 527962 | 2.636e-02
4| 5880586 | 945761 | 2.238e-02 4| 5645964 | 904953 | 2.201e-02
5| 14261180 | 2271852 | 1.650e-02 5t 13786443 | 2190085 | 1.685e-02

Table 3.47: Details about the manually and METIS-generated mesh levels for the cube partitioned
into 64 subdomains. For each level we see the number of elements, number of nodes, maximum
and minimum edge lengths.

|| 64 subdomains || Smith’s Parallel Iterative Substructuring 3D Algorithm ||

Il n ][ 34,848 [ 270,400 [ 524,880 | 903.264 | 2,130,048 ]|

[ smith [ 7] 23] 25  28[  32]
H? with Manual Partitioning to bricks ||
n 34,991 | 271,437 | 528,933 | 945,761 2,271,852
ny 10,690 | 43,882 | 70,958 | 102,150 182,992
L2 32 31 33 34 32
MM-TL)7 % 25 25 % %
| [ HY with METIS Partitioning ]
| n 34,514 ) 271,408 | 527,962 | 904,953 2, 190,0§5=—
ny 9,704 | 41,136 { 65,085 | 94,994 171,245
L7z 29 33 33 33 34
Lo 20 19 21 19 21

Table 3.48: Hy versus Smith’s iterative substructuring aigorithm (145]. Smith partitions the unit
cube into 64 subcubes. Iterations needed for reducing the relative residual of the Schur-complement
system by six orders of magnitude. Both manual and METIS-generated partitions are considered
for Hy, and for each case we show the best performing preconditioner. The number of unknowns is
denoted by n while n;, stands for the number of unknowns on the interface. The Lanczos dimension
was set to k = 40,
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3.14 Parallel performance

Domain decomposition methods have been designed from the ground up for parallel computing.
Thus, it is really tempting to explore the degree of parallelism that can be achieved by the method we
investigated in the previous sections. We restrict our parallel investigations to symmetric multipro-
cessor computing systems (SMP). The parallel code uses OpenMP directives mainly for portability
reasons but also because several compiler vendors? have acknowledged the benefits of OpenMP and
provide OpenMP implementations even for distributed systems (Beowulf clusters).

The degree of parallelism achieved in SMP systems is strongly dependent on the architectural
design of CPU, the operating system, and the compiler itself. We will see, however, that it is also
influenced by the optimized BLAS libraries the code links to. Our purpose here is to find the com-
bination of platform, compiler and BLAS-LAPACK libraries that provides the highest scalability
and also the most efficient code. For this reason, we have to consider a test case that is ideal for
parallel computing and provides equally balanced workload among all the processors of the system.
Without doubt, such a test case is the example we investigated in section 3.11.2, where all subdo-
mains and all separators consist of equal number of unknowns. The block-diagonal structure of the
interface operator is ideal for parallel evaluation of the desired matrix power. The preconditioner we
used is the M (M ~1L)%7 with the mass matrix M replaced by its diagonal, which proved to be the
most robust one in almost all the examples considered in sections 3.11 and 3.12. The domain was
partitioned into several subdomains starting from 16 up to 2048 in powers of 2, and for each case
we investigated the scalability and runtime performance of several components of the code. The
code was compiled with all the compilers mentioned below and linked to optimized BLAS libraries
that were available for each platform. The direct sparse solver we used for the subdomain matrices
was CHOLMOD.

We have used the following platforms for our benchmark:

2Intel Cluster OpenMP: http: / /www. intel,com/cd/software /products/asmo-na/eng/375500.htm
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Linux AMD64 Sun Solaris AIX 5.3
BLAS Libraries BLAS Libraries BLAS Libraries
1. Intel MKL 1. AMD ACML J. ESSL
2. AMD ACML
COMPILERS COMPILERS COMPILERS
I, g++-4.2.2 1. SunCC 1. xICr

2. intel icpc
3. SunCC

3.14.1 Linux

We begin our investigation on the Linux operating system, where more compilers and software
libraries are available. Our computing platform is an SMP system with 8 Dual Core Opteron™
Processors 870 and IMB L2 cache per core. We used a 64-bit Linux distribution with the kemnel
recompiled and tuned for the specific platform. The compilers and their compilation flags used
follow:

GNU (GCC)4.2.2
g++-4.2.2 -O3 -march=native -fopenmp

Intel (cce) 10.1.015
icpc -03 -xW -openmp

CC: Sun Ceres 5.10 C++ Linux_i386 2008/07/10
CC -xtarget=native -xQOS5 -fast -m64 -xopenmp

The LAPACK routine used for the eigenvalue decomposition of the block diagonal boundary
operator was DSYEVR, which is the fastest algorithm for symmetric cigenproblems when both
eigenvalues and eigenvectors are desired. We should note, however, that the corresponding imple-
mentation of LAPACK? is not thread-safe, in contrast to the implementations provided by the MKL
and ACML libraries. Thus, unpredictable results are observed if the DSYEVR routine provided
by LAPACK is called by many threads simultaneously. Regarding the Sun performance library, it
operates in parallel mode whenever the environmental variable OMP_NUM_.THREADS is setto a
number greater than one. This variable controls the number of threads created during the execution

SLAPACK: http://www.netlib. org/lapack/

i dkibbmtitheninty
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of a parallel OpenMP program. When parallel OpenMP applications are linked to SUNPEREF, the
latter always operates in parallel mode, resulting in segmentation faults in most cases. This is why
we did not consider it in our benchmarks.

In the figures that follow we show the total runtime and achieved speedup on 16 cores, for all
combinations of compilers and optimized BLAS libraries used. We compare several phases of the
total solution process.

At the left of Figure 3.12 we see the total runtime corresponding to the combined initialization,
factorization and solving phases, while at the right we show the achieved speedup when the code
runs on 16 cores. The initialization phase refers to the symbolic factorization performed by the direct
sparse solvers for the matrices corresponding to the diagonal blocks A;;. The factorization phase
refers to the total factorization (numerical factorization phase of direct sparse solvers corresponding
to the diagonal blocks and preconditioner’s eigenvalue decomposition) while the solution phase
involves every other step of the solution process.

Runtime on 16 cores Scalability on 16 cores
Combined Initialization Factorization and Solve Phases

Combincd Initialization Factorization and Solve Phases
S0 —_—T T T T Y 50 16 T T ™ T T T
15 *—9g—-ACML
45F 5 1aF  [e-es-Mke
40F 40 13 +—¢ Intel-ACML
D [
-
35 33 13 +— Sun-MKL
% 30 30
c..1 S
§ 25 25 ?’; _ﬁ}
“20 -0 g—-ACML 20 =
[ w2 g—-MKL
15 le—e Intel-ACML 15 5
3 A Intel-MKL 4
10F | gun-el(xL 10 3
4 F— -
5 :. un- 5 2]
L 1 PR NP IR P ) S . 1 [ PP I [l 1
016 32 64 128 256 512 1024 2098 016 32 64 128 256 512 1024 2
number of subdomains number of subdomains

Figure 3.12: Runtime in seconds for the combined initialization, factorization, and solution phases
(left) and their scalability (right) when the code runs on 16 cores.

Figure 3.13 shows the runtime and scalability observed for the combined factorization and so-
lution phases, while Figure 3.14 concerns the solution phase only. It is evident that the highest
performance and scalability are achieved when the code is compiled with g++ and linked with the
Intel-MKL library. For this combination of compiler and BLAS we proceed by examining the scal-
ability of each single phase of the solution algorithm.

In Figure 3.15 we see the scalability of the initialization phase (left) and the scalability of the
numerical factorization phase (right) corresponding to the subdomain matrices A;;. We see that
both phases scale well independently of the number of the partitions, with a speedup of 7 when
the code runs on 8 cores. The speedup observed for the initialization phase on 16 cores is quite
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Runtime on 16 cores Scalability on 16 corcs
Combined Factorization and Solve Phases P Combined Factorization and Solve Phascs
40 T T 40 16 — prrerrr——r P +16
- I5F  [e-@g—~-ACML 15
3 35 14F »-8 g --MKL 14
13 ee Inel-ACML 13
- tei-|
? . i
Ao R
254 25 10k L
2 2"y
§20 20 i 8k
f 2 7
IsE ol 0 15 A
; 5
T S e i o4
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sk +—+ Sun-MKL [ 2
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Y637 "6d T8 156 S13 i0za 204k 63764 R 36 s12 1024 dodk

number of subdomains

number of subdomains

Figure 3.13: Runtime in seconds for the combined factorization and solution phases (left) and their

scalability (right) when the code runs on 16 cores.

Runtime op 16 cores

Scalability on 16 cores

Solve Phases ) Solve Phases

LB ML 1 30 6 T T 14 LA | R IR B 16
15 oo ---ACML 15

2 14 »-=g-~-MKL 14

- 13 & Intel-ACML 13

12 b |nicl-MKL 12

¥ Sun-ACML
20 1 —+ Sun-MKL 1
10 10

=0 g~—-ACML
10 e g--MKL
¢ [ntcl-ACML
A4 Intel-MKL
sk v Sun-ACML
+-+ Sun-MKL

704k

2 1 ] L 1
37" T 256 S12 104
number of subdomains

ey LT R )

3 . L 1 b
6 e 128 a6 Stz 1034 204
number of subdomsins

Figure 3.14: Runtime in seconds for the solution phase (left) and scalability of the solution phase

(right) when the code runs on 16 cores.

irregular however. It strongly depends on the number of partitions with a maximum speedup close
to 14 observed for 512 subdomains. On the other hand the factorization phase scales pretty well
ceven when the code runs on 16 cores, showing for every subdomain a speedup between 13 and 14.
We should note here that the irregular speedup of the initialization phase occurs for every single
combination of compiler and BLAS library the code links to when it runs on 16 cores, in contrast to
the factorization phase, which scales smoothly with respect to the number of partitions.

In Figure 3.16 we sce the speedup of the solution phase corresponding to the backsubstitution of
the direct sparse solvers for the block matrices Ay;. Although the code runs on an AMD platform,
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Scalability of Aii Initialization Phasc Scalability of Aii Factorization Phasc
g++-4.2.2 with Intcl-MKL g++-4.2.2 with Intel-MKL
16 T T T T T 316 6f T 3 16
IS¢ 415
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Figure 3.15: Scalability of the symbolic factorization (left) and numerical factorization phase (right)
performed by the direct sparse solvers on the diagonal blocks A;;.
Scalability of Aii Solve Phasc Scalability of Aii Solve Phasc
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Figure 3.16: Scalability of solutions performed by the direct sparse solvers on the subdomain ma-
trices A;y. Intel-MKL BLAS (left) and AMD-ACML BLAS (right).

the Intel-MKL BLAS (left) provides better scalability than the AMD-ACML BLAS (right). Similar
speedups were also obtained for every other combination of compiler and BLAS. It is evident that
the scalability of the solution phase is not what one expects. This is a well known problem believed
to be due to bandwidth limitations of the O(n?) BLAS2 kemnels used in the solution phases, as
opposed to the O(n?) BLAS3 kemels used in the factorization phases. We discuss it more later.
Finally in Figure 3.17 we see the speedup for the two main phases of the preconditioning. The
factorization phase (corresponding to the block eigenvalue decomposition), which is the most time-
consuming phase (left), scales much better because the complexity of the related algorithms is
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Scalability of Preconditioncr’s Factorization Phase Scalability of Preconditioner’s Solve Phase
g++-4.2.2 with Inte!-MKL £++-4.2.2 with lotel-MKL
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Figure 3.17: Scalability of the preconditioner’s factorization phase, (left) and solve phase (right)
when the code runs on 16 cores.

O(n?), whereas the complexity of the solution phase drops to O(n?) and the code hardly scales,
with a maximum speedup of 6 on 16 cores.

3.14.2 Sun Solaris

The latest version of the Solaris Express Community Edition® was installed on the same SMP system
that we benchmarked Linux. Here we have only one option of compilers and math libraries. The
latest version of the Sun CC compiler was used. The code was compiled with the same flags as
for the Linux case and linked to the AMD-ACML BLAS library. The Sun performance library
(SUNPERF) was not an option here for the same reason we mentioned previousiy. Thus we perform
a side by side comparison of the runtime and scalability under Solaris and Linux.

At the left of Figure 3.18 we see the total runtime for the initialization, factorization, and solution
phases. The corresponding speedup is shown at the right. It is evident, especially on a single core
but also on any number of cores, that the code runs faster under the Solaris operating system. As
regards scalability, we observe slightly better speedup under Solaris, especially on 8 and 16 cores for
any number of partitions. As the number of partitions increases, the differences seem to vanish. As
we experienced before, solution phases do not scale well and the performance of the two operating
systems is more or less identical.

Figure 3.19 shows runtime and speedups for the factorization and solution phases.

‘nttp://www.opensolaris,org/os /downloads/sol_ex_dvd_1/
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Figure 3.18: Total runtime in seconds for the combined initialization, factorization, and solution
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3.143 AIX

The AIX opcrating system version 5.3 was run on a POWER PC consisting of 16 Power5 processors
at 1900 MHz each. The code was compiled with the following IBM xIC_r C++ compiler and flags:

IBM(R) XL C/C*+t Enterprise Edition V8.0 for AIX(R)
xIC_r -O3 -gstrict -gsmp=omp -q64 ~qtune=auto

and linked to the IBM Engineering and Scientific Subroutine Library version (ESSL)?. The serial
thread-safe version of ESSL was the only available BLAS®.

Unfortunately ESSL does not provide an implementation of the LAPACK DSYEVR routine
that we used earlier for the solution of symmetric eigenvalue problems. Since there is no version of
Intel’s MKL or AMD’s ACML available for AIX and since using DSYEVR from LAPACK is not
an option because of the thread-safety problems we described previously, we are forced to use LA-
PACK'’s DSYEYV routine. The latter is the fastest routine for symmetric eigenvalue problems when
only eigenvalues are desired but it is about two times slower than DSYEVR when both eigenvalues
and eigenvectors are desired. The performance of the eigenvalue decomposition here should not be
directly compared with that observed on other platforms.
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Figure 3.20: Scalability of symbolic factorization phase (left) and solve phase (right) of the direct
sparse solvers on the subdomain matrices A;;.

In Figure 3.20 we see that the symbolic factorization (left) and solution (right) for the subdomain
matrices A;; scale pretty well. A speedup of almost 8 for the initialization and around 7 for the
solution phase are observed independently of the number of partitions when the code runs on 8

SESSL version 4.2
“Thread-safe ESSL: the code is linked with libessl_r
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Figure 3.21: Scalability of numerical factorization for the subdomain matrices A;y (left) and total
(combined A and preconditioner’s) factorization phases (right).

cores. On 16 cores the speedup depends on the number of partitions. The situation however is quite
different for factorization, as we can see in Figure 3.21. The speedup of the total factorization and
the factorization of the subdomain matrices drops as the number of partitions increases, especially
with 8 or 16 cores. This is in contrast to our experience on the Opteron platform under Solaris or
Linux. Thus we realize that the classical argument “BLAS?2 algorithms do not scale well because of
memory bandwidth limitations, while BLAS3 algorithms do” is not quite true. Much depends on the
CPU architecture and/or the BLAS implementation. However, we have no means of isolating the
real problem because we do not have a BLAS implementation that is common to all architectures.

3.144 Linux vs Solaris vs AIX

We realize that scalability on different platforms is a very delicate issue influenced by several fac-
tors. The same parallel code compiled with the same compiler and linked to the same libraries does
not show uniform scalability under different operating systems. The best combination of compiler
and BLAS on the Linux platform was the g++-4.2.2 compiler and the Intel-MKL BLAS. Solaris
performs better than Linux with a specific combination of compiler and BLAS. On Linux, however,
one has more options for compilers and optimized BLAS libraries, which counterbalances the ad-
vantage of Solaris. On the other hand, IBM AIX finds it very hard to parallelize the factorization
phases (which scale quite well on Linux and Solaris), yet it provides quite good speedup in the
solution phases (which do not scale well on Linux or Solaris). Whether this is a problem of the
operating system or the hardware is not clear, though we believe it is related to hardware and not
software components.
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3.15 Results and extensions

The main contribution of this work is that it achieved what was considered to be impossible: a
single-level domain decomposition approach for the Poisson and reaction-diffusion problems in-
sensitive to the size of the system and the number of subdomains. Howecver, independence of
the preconditioner’s performance on the number of subdomains is achieved with fractional pow-
ers greater than 1/2. Although this result is not yet explained theoretically, it has been verified
numerically in a number of real-life applications and we believe that it is due to higher regularity
of the solution of the benchmarked problems than the H! regularity guaranteed by theory for the
general case.

Our numerical experiments indicate that there is still room for improvement, even without em-
bracing the muitilevel concept. We highlight a number of issues where further improvements are
desirable and will potentially boost further the performance and robustness of our preconditioner.

Evaluation of Hy A major challenge is the efficient and yet scalable evaluation of matrix real pow-
ers. The Lanczos approach we described in section 3.9.4 is very robust, especially when it
uses the inverse of the matrix. However, for hard cases like the brain problem or the crys-
tal problem 3.12.1, a large number of Lanczos vectors (k = 40) may be needed to ensure
h-independence. A possible alternative is the method suggested in [74]. However the scal-
ability, as in the Lanczos case, depends on the scalability of the corresponding direct sparse
linear solver. A more scalable approach would take into account the special structure of the
interface boundary, resulting in a sufficiently sparse matrix having an almost block-triangular
structure. Then block versions of the symmetric tridiagonal eigenvalue decomposition sug-
gested by Dhillon [43] may be what we are looking for. The extra efficiency will come
from the optimal bandwidth utilization of the O(n®) algorithms associated with block-matrix
operations. Apart from the cache efficiency we will definitely experience sufficiently high
scalability, at least for Linux-Opteron platforms, which are quite popular these days.

Extensions of our preconditioning approach to more complicated PDE systems are also quite
tempting.

Stokes flows The extension of our approach to Stokes equations is straightforward. Assuming a
Taylor-Hood approximation of the velocity and pressure spaces in order to satisfy the LBB
condition, the preconditioner will have the following block-diagonal structure:

LY 0
0 M)’
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where L is the discrete I’2 Laplacian (quadratic triangles/tetrahedra) assembled on the bound-
ary and M is the P1 (linear triangles/tetrahedra) discretization of the identity operator (mass
matrix) assembled on the boundary, while # will be the optimal fractional power we are fa-

miliar with.

Convection-Diffusion problems Extension of our approach to convection-diffusion problems is
not so straightforward. Preliminary results in 2D with the Hy /o preconditioner show h-
independence and a mild sensitivity to the number of partitions, which nevertheless grows
quickly as the Peclet number increases. This is expected because our preconditioner is sym-
metric and we do not expect it to be able to precondition well an increasingly nonsymmetric
operator, like the convection-diffusion one.

Navier-Stokes flows Extension of our approach to Navier-Stokes equations will definitely be based

on the preconditioner for Stokes but it will also be subject to the same difficulties as convection
diffusion PDEs. However the problem is nonlinear and that allows us to take advantage of
adaptive preconditioning schemes suggested by Loghin et al. [108], which have been proved
quite effective as they reduce the total number of iterations throughout the solution of a nonlin-
ear system by a factor of four. Any successful extension of the theory to convection-diffusion

problems directly applies here as well.

Structural mechanics Applications encountered in structural mechanics involve symmetric opera-
tors because of the symmetry of the stress tensor. Although the theory of Hy has not yet been
extended to this class of problems, we believe that some fractional power of the differential
operator assembled on the boundary will work here as well.

§

J Multilevel It will be really interesting to see how much the performance of our preconditioner is
improved by adopting the multilevel approach. The latter can be applied in many ways. Apart
from the classical additive approach providing global communication, we could for instance
use the coarse level for preconditioning the unknowns on the wirebasket, decoupling com-
pletely the application of the matrix power. This will allow a block-diagonal eigenvalue de-

composition for the remaining unknowns on the decoupled faces, and this can be completely

d parallelized.

Parallel scalability As regards the scalability of our code, there is still room for improvement.
We experienced higher scalability for the factorization and initialization phases than for the
solution phasc on Linux platforms. On AIX we have exactly the opposite behavior. Apart
from more extensive tests that need to be done, as we described in section 3.14 there are
several tools and libraries we could use to improve parallel performance. These tools numacti
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and libnuma under Linux’ and pbind and liblgrp under Solaris® control the sheduling of our
code, process, thread and memory affinity. However, such a detailed investigation for pushing
the scalability a bit further would make sense only after the original algorithm incorporates
all the enhancements we discussed above.

Minimizing total work Finally, an algorithm must be introduced to allow the preconditioner to find
the optimal number of partitions. Optimality here refers to the runtime of the solution, factor-
ization, and solution phases, or all three phases including initialization. In memory-limited
situations, tuning the number of partitions so that the memory consumption is minimized
should also be an option.

This process involves describing in terms of the number of subdomains and the system size the
complexity of the desired objective. Then for a given number of unknowns one has to solve a
nonlinear algebraic equation to find the optimal number of partitions. An intermediate step in
this direction is to be able to describe the growth of the number of unknowns on the interface
of the subdomains as a function of the system size and the number of partitions. However,
this is not possible for an arbitrary-shaped domain. One has to make crude assumptions or
apply a partitioner on the mesh for several subdomains and describe by nonlinear regression
analysis the growth of the boundary unknowns.

Moreover, if the Lanczos approach with the inverse matrix is employed for matrix-power
evaluation, we need to be able to tell, for a given & and number of boundary unknowns, how
the number of iterations for solving the system up to a certain threshold grows as the Lanczos
k decreases. Clearly a larger k results in fewer iterations, while a smaller k results in a less
accurate approximation of the desired matrix power but at the same time more efficient appli-
cation of the preconditioner. For this reason, more robust and efficient evaluation methods of
matrix powers are desirable and the block-diagonal approach combined with a coarse level on
the wirebasket or a block-tridiagonal eigenvalue decomposition are methods that have to be
taken seriously into account. Apart from their design, which favors parallel implementations,
their complexity can be explicitly described and optimization becomes easier.

For these reasons we did not attempt something like that, because our results would be carried
out for an ideal problem as in section 3.11.2 (for which such an analysis is straightforward),
or would be based on crude assumptions regarding the Lanczos k.

"libnuma project: http://o8s.sgi. com/projects/1libnuma/
*Solaris Numa: http://opensolaris.org/os/community/performance/numa/
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