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Predictive ansatz for fermion masses in SUSY GUTs

G.K. Leontaris

Theoretical Physics Division, Ioannina University, GR-541 10 Ioannina, Greece

and

N.D. Tracas

Physics Department, National Technical University, GR-157 80 Zografou, Athens, Greece

Received 23 December 1992

We reexamine a succesful fermion mass ansatz proposed by Giudice for a wide range of the ratio tan f= (4> /{h) (where 4, h
are the two standard Higgs fields), in the context of supersymmetric grand unified theories. We find that the seven predictions of
the ansatz, Vi, Vi, Vi, My, Mg m, and m, are in good agreement with the experiment when either (i) tan f~O(1) or (ii)
tan 82> 30. A correct prediction for the bottom mass gives a lower limit on m,> 125 for case (i), in agreement with the previous

analysis, while in case (ii) m,> 148.

There is a firm belief among the high energy phy-
sicists that in the ultimate theory, all the arbitrary pa-
rameters of the standard model will be determined
only from a small number of inputs at some unifica-
tion scale.

Recently, several attempts have been made [1-4]
to determine the possible structures of the fermion
mass matrices at the grand unification (GUT) scale,
which lead to the correct low energy mass spectrum
and to the maximal number of predictions. In ref. [2],
a simple ansatz for the fermion mass matrices, at the
GUT scale, was proposed. The 13 arbitrary parame-
ters of the low energy were determined by six inputs,
hence leading to seven predictions.

In a recent paper [5], the original ansatz of ref. [2]
for the fermion mass matrices was expanded in order
to incorporate non-zero neutrino masses, as these are
naturally predicted in most of the GUT models. With
only two additional inputs at the GUT scale, it was
found that all the previous succesful predictions are
retained, while one gets seven new low energy predic-
tions: the masses of the three light neutrinos, the lep-
tonic mixing angles and the corresponding CP phase.
It was also proposed that the m,, mass can give the
correct contribution to the hot dark matter, in agree-

ment with the interpretation of the COBE data [6],
while the solar neutrino problem is solved via the
MSW mechanism [7] and v,— v, oscillations [8].

All the previous calculations however, have been
done for the case of small bottom Yukawa coupling,
compared to that of the top quark. This corresponds
to a relatively small ratio tan 8 of the two Higgs VEVs
(k> and (h) which give masses to the up and down
quarks respectively. In this particular case one can
ignore all but the top Yukawa coupling corrections in
the renormalization group equations (RGEs) of the
Yukawa couplings, and calculate to a good approxi-
mation all the low energy parameters from the inputs
at the GUT scale.

In many unified models however — and in particu-
lar in string derived GUTs - it is quite possible for
the top and bottom quark Yukawa couplings to be
comparable at the GUT scale. In that case the bottom
coupling corrections play also an important role and
should not be ignored. Such a case would obviously
correspond to a pretty large value of tan §, in contrast
to the previous case.

In the present letter we are going to explore this
latter case. We start with an overview of the basic fea-
tures of the proposed framework [2]. It is assumed
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that there exists some grand unified supersymmetric
model (i.e. SO(10), SU(S), SU(4), etc.) with the
following form of the mass matrices at the GUT scale:

0 0 b 0 0 b

M, =0 b 0}, M,.={0 b 0], (1)
b 0 a b 0 a
0 fe 0

Md= fe—i¢ d 2d ,
0 2d ¢
0 fe* 0

M,=|fe"* —3d 2d], (2)
0 2d ¢

M,y,e=Mdiag(k—%, k=1, 1). 3)

There is a factor of — 3 difference in the {22} entry of
the matrix M, compared to that of M. this arises nat-
urally whenever these entries are coupled to Higgs
doublets belonging to specific representations of the
GUT group (45 of SU(5) or 126 of SO(10)). The
relation of the {22} and {23} entries in M, M, matri-
ces 1s just a phenomenological assumption [2]. The
original ansatz for the M,, M, and M, matrices was
augmented by a simple assumption for the Dirac,
M,,., and the heavy Majorana, M,.,., neutrino mass
matrices. M. is simply taken to be identical to Af,,
due to the GUT relations, while M,.,. is taken for
simplicity diagonal, with elements differing by a hi-
erarchy factor k=~ 10. The predictions in the neutrino
sector have been discussed elsewhere [5], thus we are
not going to elaborate them here.

The RGEs for the Yukawa couplings at the one loop
level are

16n2—§;10=(1Tr[3AU/1’{,]

+3A AL+ ApAL - IGY) Ay, (4)

167 5 A= I TrAGAL 2645~ [G AN, (5)

1672 %AF (I Tr[34pAh +A5iL]

+3ApAb +AAL-1IG)Ap, (6)
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167:2(%/15: (ITr[AE).E+3}.D/1I)]
+34pAL —1GE) g, (7)

where A, a=U, N, D, E, represent the 3 X 3 Yukawa
matrices which are defined in terms of the mass ma-
trices given in eqgs. (1)-(3), and [ is the 3X 3 iden-
tity matrix and

Go= .-_i. cagi(1), (8)
2

0= T i) ®)

{cvlimi23=1{13,3, %},

{ebim123=1{%,3, ¥}, (10)

{ck}iz123=1{3,3,0},

{eh}im123=1{3,3,0}. (11)

Following ref. [2] we diagonalize the up quark Yu-
kawa matrix at the GUT scale and redefine properly
the lepton and quark fields

Au-Ay=K'K, AnoAy=K'2\K,
Ap—oAp=K'ApK, Apg—i.=K'AK, (12)

where now 1, is diagonal and X is

cos O sind 2
K= 0 1 0 , tan26=7. (13)

—sinf 0 cos@

Now assuming that the only significant Yukawa terms
are Ay,,, Aps, and Ag,,, to a good approximation we
may drop all other terms in the parentheses of the
right-handed side of the RGEs above, and write them
formally as follows:

1 0 O

To(=v{0 1 0 |&Tu(t), (14)
0 0 &
1 0 0

In()=ypl0 1 0 |CCIp(ty), (15)
00 &
1 0 O

Te(=yel 0 1 0 |03¢Tp(t0), (16)
00 ¢3
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100
Iv)=yn| 0 1 0 |E&n(k), (17)
00 ¢

where

1
rettymexp{ 1z [ Gatt) ). (18)
1 l ~
f:exp(wjl,dt), (19)
1 t ~
C:exp(@J’ibdZ), (20)

t
’ 1 ~
¢ _exp(16nztj‘/l,dt), (21)
0

where 1,, X, and 1, stand for Ay,,, Ap,, and A, re-
spectively. In the above equations A is also included
since it satisfies the same initial condition with 1. Of
course the evolution down to M is different and {’
stays very close to 1 as long as the initial value of i
does not get too large. Note that in the limit where
1> X, A, we get {~{' ~1 and the above equations
reduce to the simple uncoupled form

'Ta(t):ékyaia(to) s (23)
where now

k 5 t —1/2k
e=(1- gt [ e ) (24)

and we recover the previous results [2,5]. In the gen-
eral case, however, the differential equations remain
coupled and only a numerical solution is possible.

We obtain the following relations among the
masses:

3 Hu?
l= '—, 2
m, =& m, (25)

and for the down quarks and leptons

¥ {?
my~ ——=mmn,, 26
b 7’EC'36 Mo (26)
Yp My 4 r3y My
a2, — 2 1—-5(1+3 —£,
L ( 301+3¢ ’m,) (27)
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mdzndy—"3me(1+g(1+3c'3)ﬂ), (28)
YE m,

where in the above relations 1, (a=>), c) are taking
into account the QCD renormalization effects of the
corresponding quark masses from the energy scale m,
down to their masses 1, = m, (m,) / m,(m,), while for
(a=u, d, s) we use no,=my (1 GeV)/m,(m,). In
what follows, we use the values n,=1.4, n,=1.8 and
Nu.=na=H,=2.0. The bottom quark mass is taken to
lie in the range m;(m;) =4.251£0.1 GeV. Thus, from
the relation (26), the correct prediction for m, fixes
the combination &(¢/¢ )3~ 0.812£0.02 (the rest of the
renormalization group parameters involved in (26)
vary slowly in terms of the input parameters). In or-
der to expess the predictions for the Kobayashi—
Maskawa (KM) mixing angles, we use the following
parameterization for the KM matrix:

€103 69 —5,5,8; $5:03€%4085,855 —C0
—51C2 G 5 s
C153€045.5,03 $15;€0—015:03 03

Vi =

(29)

where ¢, =cos 0,, 5, =sin 8,, etc. Then the predictions
are

V.. ~3s ~ /ﬂ(1_3§&+5’"“), (30)
m, 2m, 9 m,

m m 1m
Voo~mg ~2(g) 1261 Be _ 20
w=5=3() m1(1 - 9mr)’ (31)

R
Vup > 83 =~ Z m— (32)

In order to compute the various renormalization
group parameters which enter the various relations
given above, we solve numerically egs. (14)-(16)
assuming the initial condition at Mgyr=~10'¢ GeV,
with ggur=>~1/25.1. We are taking supersymmetric
beta function coefficients from Mgyt down to m,,
while below m1, we run the system with non-super-
symmetric ones. We ensure that the gauge couplings
lie in the experimentally accepted region at m, and
we compute the quark masses for a wide range of
tan B, each time using the proper initial values for the
couplings A¢,, 49 . Obviously, when than f~ 1, a small
ratio r=40,/4¢, is needed, while when r~1 then
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tan f>> 1. Note however, that A, ,=1,,,, while Ao, and
tan § should also be chosen so as to give the correct ¢
mass. Thus, a consistency check is done for each cho-
sen pair of values (4., tan §) separately, where the
7 mass is taken to be m,=1784.1 MeV. Our numeri-
cal analysis reproduces the previous results when
tan B<5 and extends the analysis to the case where
tan > 1.

In order to see clearly the effect of a large tan g (or
equivalently a large A, , coupling), in fig. 1a we plot
the bottom mass versus the bottom coupling 4, at
the GUT scale for constant top mass n1,=145 GeV,
for three successive approximations: Contour (I)
represents the case where A, Ao ~corrections are ne-
glected. Contour (II) represents the solution where
only the A, correction is neglected, while case (I11)
is the contour which corresponds to the complete dif-
ferential system (14)-(16) where the corrections
from all three couplings are taken into account in the
running. All curves are almost identical for small 4,
and tan $< 5. Curve (1) is no longer valid for tan 8> 5
whole curve (II) is not a good approximation for
tan > 10. Case (III), but in terms of the ratio r=2A4,/
Ao, 18 shown in fig. 1b. However, for this particular
value of m,, reasonably large values of tan f(~ 10),
are excluded from the bottom mass which is shown
as the shaded region of these figures. Acceptable m,
values are possible only for tan £>40(!), but this
corresponds to the unlikely case of r> 1. Moreover,
additional constraints arise from the KM-mixing an-
gles which are given in (29)~(32). In particular, for
the m,=145 GeV case, the element ¥} is in its upper

Table 1
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mels GV

my,(GeV)

my(GeV )

=X/ Y0,t

Fig. 1. Bottom mass for m,=145 GeV, (a) as a function of
Aos{Macur), and (b) as a function of r=214,/2,, (see text for
details),

experimentally allowed limit (~5.4X10~%, only
when r=14,/A0,~1.1, while — unless r< 1 — all the
rest of the region of r is excluded either from m, or
from V,, constraints. In fact, the value m,~ 148 GeV,
is the lower top mass which can be obtained for a large
Ay coupling, while smaller top mass values can be ob-
tained only for a negligible 4, coupling. In table 1 we
collect various results for the experimentally mea-

The predictions for the ansatz of ref. [2] for large values of 4o, and tan 8. The corresponding experimental ranges are V= (4+3)x 103,
Veo=(4.321.1)X 1072 [9]. From (27)-(30) we also get m,~ 6.8 MeV, m,~ 138 MeV and Vup=0.218, in agreement with the experi-
ment. Only the cases denoted with ./ are acceptable.

m, (GeV) r VX 10? VX 10? my (GeV) tan 8

148 ~0.97 4.90+0.20 5.40 4.35 45 N
~13 5.1240.20 5.91 4.26 50

155 ~0.83 4.30+0.17 5.40 4,31 45 v
~1.0 4.53+0.18 5.98 4.20 50

165 ~0.35 3.58+0.14 5.02 4.34 35 J
~0.63 3.75+0.15 5.56 4,19 45

170 ~0.33 3.25+0.15 491 4.32 30 v
~0.38 4.39+0.17 5.57 4.26 35
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my(GeV)

20 25 30 35 a0 s

tang(= §/v)
Fig. 2. Bottom mass for m,= 170 GeV as a function of tan §. Val-
ues of m, corresponding to the dashed part of the curve are not
accepted due to experimental limits on V,, (see table 1).

sured parameters for various values of m, For all
these cases we find that m,;~6.8 MeV and m,~ 138
MeV.

As m, gets higher however, smaller tan £ values are
possible. In fig. 2 we show such a case for m,=170
GeV where we plot m,, versus tan . A comparison of
the two curves in terms of the 44, values is presented
in fig. 3. The shaded area (whose upper bound cor-
responds to m,~ (1701 3)GeV), is prevented due to
the bad ratio m,/m.. Thus, it is remarkable that this
ratio which is derived only in terms of the running
m,, m. masses determined by well known methods
[10], can put an upper bound on the top-quark mass.
If, on the other hand, from the electroweak breaking

my(GeV)

Ao b
Fig. 3. Bottom mass for m,= 145 and 170 GeV. The shaded area
is prevented due to an unacceptable 2, /m, ratio and the dashed
curve due to V, bounds.
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mechanism in supersymmetric models we demand the
condition tan > 1, then we obtain a lower bound
m,=2 125 GeV, although, this second bound is re-
ferred to a very small region as can be seen from fig.
3.

In conclusion, we have reconsidered a proposed [2]
ansatz for the fermion mass matrices at the GUT
scale, and studied in detail the effects of a large bot-
tom Yukawa coupling on the various experimentally
measured parameters of the low energy theory. We
have shown that the renormalization corrections of
the 4, Yukawa coupling have a significant impact
whenever r=21¢,/40,20.1, while when r < 1, they can
safely be neglected. Furthermore, for r> 1, m, and V,
low energy bounds put a lower limit on the top mass
m,> 148 GeV, while in the case of r< 1, one gets a
less restrictive top mass m1,2 125 GeV.

The work of G.K.L. is partly supported by the CEC
Science Program SCI-0221-C(TT), while that of
N.D.T. by the CEC Science Program SC1-CT91-0729.
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