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Predictive ansatz for fermion masses in SUSY GUTs 
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We reexamine a succesful fermion mass ansatz proposed by Giudice for a wide range of the ratio tan fl= (h-) / ( h ) (where ~, h 
are the two standard Higgs fields), in the context of supersymmetric grand unified theories. We find that the seven predictions ot 
the ansatz, V~, V~b, V,,b, m,,, ma, ms and mb are in good agreement with the experiment when either (i) tanfl=O(1 ) or (ii) 
tan #~> 30. A correct prediction for the bottom mass gives a lower limit on mt~> 125 for case (i), in agreement with the previous 
analysis, while in case (ii) mt~> 148. 

There is a f i rm bel ief  among the high energy phy- 
sicists that  in the u l t imate  theory, all the arbi t rary  pa- 
rameters  of  the s tandard  model  will be de te rmined  
only from a small  number  o f  inputs  at some unifica- 
t ion scale. 

Recently, several a t tempts  have been made  [ 1-4 ] 
to de termine  the possible structures of  the fermion 
mass matr ices  at the grand unif icat ion ( G U T )  scale, 
which lead to the correct  low energy mass spectrum 
and to the maximal  number  o f  predictions. In ref. [2 ], 
a s imple ansatz for the fermion mass matrices,  at the 
G U T  scale, was proposed.  The 13 arbi t rary  parame-  
ters o f  the low energy were de te rmined  by six inputs,  
hence leading to seven predict ions.  

In a recent paper  [5 ], the original ansatz ofref.  [2 ] 
for the fermion mass matr ices  was expanded  in order  
to incorporate  non-zero neutr ino masses, as these are 
naturally predicted in most o f  the G U T  models. With  
only two addi t ional  inputs  at the G U T  scale, it  was 
found that  all the previous  succesful predic t ions  are 
retained,  while one gets seven new low energy predic-  
tions: the masses of  the three light neutrinos,  the lep- 
tonic  mixing angles and the corresponding C P  phase. 
It was also proposed  that  the m~p mass can give the 
correct contr ibut ion  to the hot dark mat ter ,  in agree- 

ment  with the in terpre ta t ion of  the COBE data  [ 6 ], 
while the solar neutr ino problem is solved via the 
MSW mechanism [ 7 ] and  vu--. ve oscil lat ions [ 8 ]. 

All the previous calculat ions however,  have been 
done for the case o f  small bo t tom Yukawa coupling, 
compared  to that  of  the top quark. This corresponds 
to a relatively small ratio tan fl o f  the two Higgs VEVs 
(h-) and ( h )  which give masses to the up and down 
quarks respectively. In this par t icular  case one can 
ignore all but  the top Yukawa coupling correct ions in 
the renormal iza t ion  group equat ions (RGEs)  of  the 
Yukawa couplings, and calculate to a good approxi-  
mat ion  all the low energy parameters  from the inputs  
at the G U T  scale. 

In many unified models  however - and in part icu-  
lar in string der ived GUTs  - it is quite possible for 
the top and bo t tom quark Yukawa couplings to be 
comparable  at the G U T  scale. In that  case the bo t tom 
coupling correct ions play also an impor tan t  role and 
should not  be ignored. Such a case would obviously 
correspond to a pret ty  large value of  tan r ,  in contrast  
to the previous case. 

In the present  letter we are going to explore this 
lat ter  case. We start  with an overview of  the basic fea- 
tures o f  the proposed  f ramework [2 ]. It is assumed 
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that there exists some grand unified supersymmetric 
model (i.e. SO(10), SU(5),  SU(4),  etc.) with the 
following form of the mass matrices at the GUT scale: 

M . =  b , M . . . .  b , (1) 
0 0 

Ma= - d , 

2d 

M e =  e ~ - 3 d  , (2) 
2d 

M . . . . .  Mdiag(k  -2, k -1, 1 ) . (3) 

There is a factor of - 3 difference in the {22} entry of 
the matrix Me compared to that of  Ma. this arises nat- 
urally whenever these entries are coupled to Higgs 
doublets belonging to specific representations of the 
GUT group (45 of SU (5) or 126 of SO (10) ). The 
relation of the {22} and {23} entries in Ma, Me matri- 
ces is just a phenomenological assumption [ 2 ]. The 
original ansatz for the M,,  Ma and Me matrices was 
augmented by a simple assumption for the Dirac, 
M ... .  and the heavy Majorana, M~ .... neutrino mass 
matrices. M ~  is simply taken to be identical to Mu, 
due to the GUT relations, while M~c,c is taken for 
simplicity diagonal, with elements differing by a hi- 
erarchy factor k ~ 10. The predictions in the neutrino 
sector have been discussed elsewhere [ 5 ], thus we are 
not going to elaborate them here. 

The RGEs for the Yukawa couplings at the one loop 
level are 

167t z d a y =  (I  Tr [ 32 v2~j] 

+32v2~+202~9-IGv)2t~,  

2d 16~z ~-~2u= ( IT r [2v2b]  +2E2~--IGN)2N, 

z d  
16n ~ 2 n =  ( I T r I 3 2 0 2 5 + 2 e 2 ~ l  

+ 3202~ +2 v 2 ~ - I G n ) 2 n ,  

(4) 

(5) 

(6) 

2d 
16n ~ 2 E =  (ITr[2E2)+32n2~g] 

+ 32E2~--IGe)2E, (7)  

where 2,,  ot = U, N, D, E, represent the 3 × 3 Yukawa 
matrices which are defined in terms of the mass ma- 
trices given in eqs. ( 1 ) -  (3), and I is the 3 × 3 iden- 
tity matrix and 

3 
Got=2  i 2  c , g i ( t )  , (8) 

i = l  

gZ(to) 
gZ(t)  = 1 - (bi/8nZ)g~(to) ( t - t o )  ' (9) 

={Tg, 3, {c~},=1,~,3 

{CD}i=l,2,3={-~, 3, , (10) 
i {CE}i=I,2, 3 ={9 3, 0}, 

{C~v},=,.2.3 = {3, 3, 0}. ( 1 1 ) 

Following ref. [ 2 ] we diagonalize the up quark Yu- 
kawa matrix at the GUT scale and redefine properly 
the lepton and quark fields 

2 v - ~ 2 v = K ~ 2 u K ,  2N-- .2u=K*2uK,  

(12) 

where now 2v is diagonal and K is 

 cos0 o sinOo) 
K = I  0 1 0 , t a n 2 0 = - - .  (13) 

a 
- s i n 0  0 cos 

Now assuming that the only significant Yukawa terms 
are ,~v33, '~m3 and ~E33, to a good approximation we 
may drop all other terms in the parentheses of the 
right-handed side of the RGEs above, and write them 
formally as follows: 

(i ° °/ ~.u(t) =y  U 1 0 ~3)~v(to) , (14) 
0 ( ~ 3 /  

(io 2-n(t) = yo 1 0 (3¢ '2 , ( to ) ,  (15) 

0 ~(32 

,~L-(t) = YE 1 (3( '2E(t0),  (16) 
0 ,3 
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(i ° °/ £u(t)=r,, 1 o ¢~,,(to), 
o 5'/  

(17) 

where 

) 7,~(t)=exp - ~ G~(t) dt , (18) 

0 
Io 

5= exP(1--~-nz i ' b  d t )  , (20) 
to 

5' =exP(1-6~nz i ; ,  dr) , (21) 
to 

where 2~, 2b and )T~ stand for )~v,, )~033 and 2"E33 re- 
spectively. In the above equations 2"~ is also included 
since it satisfies the same initial condition with 2b. Of 
course the evolution down to Mz is different and 5' 
stays very close to 1 as long as the initial value of 2~ 
does not get too large. Note that in the limit where 
2"t >>2~, 2~ we get 5~ 5 '~  1 and the above equations 
reduce to the simple uncoupled form 

,~.(t) = ~ky.2.(to),  (23) 

where now 

k 2", (to) ~ = 1 - ~  ' 7~( t) dt) -1/2k 

to 

(24) 

and we recover the previous results [2,5 ]. In the gen- 
eral case, however, the differential equations remain 
coupled and only a numerical solution is possible. 

We obtain the following relations among the 
masses: 

m, =(~3 qum~ (25) 
2 ~l c mu 

and for the down quarks and leptons 

_ yo 53 -m 
mb ~E 5, 3 ~ .¢tlb , 

'D mu ( mu) 
, 

(26) 

(27) 

md~qd-~E3me 1 + 4 ( 1 + 3 5  '3 )mu (28) 

where in the above relations t/, ( a = b ,  c) are taking 
into account the QCD renormalization effects of the 
corresponding quark masses from the energy scale mt 
down to their masses rl,~ = rno, ( m,~ ) / mo~ (rnt), while for 
(or=u, d, s) we use r / , = m ,  (1 GeV)/mo~(mt). In 
what follows, we use the values t/b= 1.4, tlc= 1.8 and 
qu=qa=qs=2.0. The bottom quark mass is taken to 
lie in the range rob(rob) = 4.25 + 0.1 GeV. Thus, from 
the relation (26), the correct prediction for mb fixes 
the combination ~(5/ff' ) 3 ~ 0.81 + 0.02 (the rest of the 
renormalization group parameters involved in (26) 
vary slowly in terms of the input parameters). In or- 
der to expess the predictions for the Kobayashi- 
Maskawa (KM) mixing angles, we use the following 
parameterization for the KM matrix: 

C C 3 e i~_  $1 $2 $3 

VKM = l  --$1C2 

\ C I S  3 eiO-~-S1S2C3 

S1C 3 ei¢~--[-c1s2s 3 - - c 2 c 3 ~  

Cl C2 $2 ~ , 

s i s  3 e i ° - - c t  s2c3 c2c 3 / 

(29) 

where cl = cos 01, sl = sin 01, etc. Then the predictions 
a r e  

V~s~_3sl ... me 1 25 me + (30) 
2 m u 9 m~} '  

V,.b,.~Sz~](~53)_lmu(1 me l mu) 
m~ \ m u 9~-~ ' (31) 

2 

Uub "~S 3 ~- . (32) 
r]cmt 

In order to compute the various renormalization 
group parameters which enter the various relations 
given above, we solve numerically eqs. ( 14)- (16) 
assuming the initial condition at MGUT--~ 1016 GeV, 
with gGuv~--1/25.1. We are taking supersymmetric 
beta function coefficients from MGux down to m,, 
while below mt we run the system with non-super- 
symmetric ones. We ensure that the gauge couplings 
lie in the experimentally accepted region at m w and 
we compute the quark masses for a wide range of 
tan fl, each time using the proper initial values for the 
couplings 2o,t, 20,b. Obviously, when than fl-~ 1, a small 
ratio r=2o,b/20,t is needed, while when r-~ 1 then 
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tan fl>> 1. Note however, that 2O,b=20,~, while 20,~ and 
tan fl should also be chosen so as to give the correct z 
mass. Thus, a consistency check is done for each cho- 
sen pair of values (2o,,, tan fl) separately, where the 
z mass is taken to be rn,= 1784.1 MeV. Our numeri- 
cal analysis reproduces the previous results when 
tan fl< 5 and extends the analysis to the case where 
tan fl>> 1. 

In order to see clearly the effect of a large tan fl (or 
equivalently a large A0, b coupling), in fig. la we plot 
the bottom mass versus the bottom coupling ;t0.b, at 
the GUT scale for constant top mass m~= 145 GeV, 
for three successive approximations: Contour (I)  
represents the case where 2O.b, 2o,,-corrections are ne- 
glected. Contour (II)  represents the solution where 
only the 2o,~ correction is neglected, while case ( I I I )  
is the contour which corresponds to the complete dif- 
ferential system ( 14)-  ( 16 ) where the corrections 
from all three couplings are taken into account in the 
running. All curves are almost identical for small ;% 
and tan fl< 5. Curve (I)  is no longer valid for tan fl> 5 
whole curve (II)  is not a good approximation for 
tan fl> 10. Case (III) ,  but in terms of the ratio r=Xo,b/ 
2o,t is shown in fig. lb. However, for this particular 
value of rnt, reasonably large values of tan fl( ,,~ 10), 
are excluded from the bottom mass which is shown 
as the shaded region of these figures. Acceptable rnb 
values are possible only for tan fl>~ 40(!),  but this 
corresponds to the unlikely case of r>  1. Moreover, 
additional constraints arise from the KM-mixing an- 
gles which are given in (29) - (32) .  In particular, for 
the m,= 145 GeV case, the element Vb~ is in its upper 

~ t . 145  G~v ~1  

0 . 1  0 , 2  0 . 3  0 . 4  0 . 5  0 . 6  0 , 7  

kO,b 

4 .8  

4.6 

4 .5  

4 .2  

4 .1  

b 

O.2 0.4 0 .6  0.B 1 

r=),O,b/)'O,t 

Fig. 1. Bottom mass for mt-~ 145 GeV, (a) as a function of  
20.b(M~tjT), and (b) as a function of  r=2o.b/2O,t (see text for 
details ). 

experimentally allowed limit ( - -~5 .4 )<10  -2 ,  only 
when r--,~O,b/2O,t~_ 1.1, while - unless r<< 1 - all the 
rest of the region of r is excluded either from rnb or 
from Vbc constraints. In fact, the value rnt-~ 148 GeV, 
is the lower top mass which can be obtained for a large 
,~-b coupling, while smaller top mass values can be ob- 
tained only for a negligible 2b coupling. In table 1 we 
collect various results for the experimentally mea- 

Table 1 

The predictions for the ansatz of ref. [2 ] for large values of 2o,b and tan ft. The corresponding experimental ranges are V~= (4 + 3) X 10-3, 
Vcb= (4.3+- 1.1 ) X 10 -2 [9]. From (27) - (30)  we also get rna~6.8 MeV, ms~ 138 MeV and Vub~0.218, in agreement with the experi- 
ment. Only the cases denoted with x /a re  acceptable. 

m~ (GeV) r Vub× 103 Vcb× 102 mb (GeV) tan B 

148 ~ 0.97 4.90 + 0.20 5.40 4,35 45 x/  
~ 1.3 5.12+0.20 5.91 4.26 50 

155 ~0.83 4.30+0.17 5.40 4.31 45 x/ 
~ 1.0 4.53+-0.18 5.98 4,20 50 

165 ~0.35 3.58+_0.14 5.02 4,34 35 x/  
~0.63 3.75+-0.15 5.56 4,19 45 

170 ~ 0.33 3.25 +_ 0.15 4.91 4.32 30 x/  
~0.38 4.39+0.17 5.57 4.26 35 

53 



Volume 303, number 1,2 PHYSICS LETTERS B 8 April 1993 

\ \ \ \  4.3 

l0 i s  2o 25 

Fig. 2. Bottom mass for m t  = 170 GeV as a function of  tan ft. Val- 
ues of  rnb corresponding to the dashed part of  the curve are not 
accepted due to experimental limits on V~ b (see table 1 ). 

sured parameters for various values of  m,. For all 
these cases we find that rnd.~6.8 MeV and r n ~  138 
MeV. 

As m, gets higher however, smaller tan fl values are 
possible. In fig. 2 we show such a case for mr= 170 
GeV where we plot mb versus tan ft. A comparison of  
the two curves in terms of  the 2O.b values is presented 
in fig. 3. The shaded area (whose upper bound cor- 
responds to mt --~ ( 170 + 3 ) GeV),  is prevented due to 
the bad ratio mJm~. Thus, it is remarkable that this 
ratio which is derived only in terms of  the running 
m,, m~ masses determined by well known methods 
[ 10 ], can put an upper bound on the top-quark mass. 
If, on the other hand, from the electroweak breaking 

~ "  4.5 

C~ 4.4 

4 . ,  

4 
o o.1 o.z 0 3  0.4 0.5 o,6 0 . ;  

A0,b 

Fig. 3. Bottom mass for mr= 145 and 170 GeV. The shaded area 
is prevented due to an unacceptable m , , / m c  ratio and the dashed 
curve due to Vcb bounds. 

mechanism in supersymmetric models we demand the 
condition tan r >  1, then we obtain a lower bound 
rot>~ 125 GeV, although, this second bound is re- 
ferred to a very small region as can be seen from fig. 
3. 

In conclusion, we have reconsidered a proposed [2 ] 
ansatz for the fermion mass matrices at the G U T  
scale, and studied in detail the effects o f  a large bot- 
tom Yukawa coupling on the various experimentally 
measured parameters of  the low energy theory. We 
have shown that the renormalization corrections of  
the 2b Yukawa coupling have a significant impact 
whenever r = 2o,b/2 o,t >t 0.1, while when r << 1, they can 
safely be neglected. Furthermore, for r>~ 1, mb and Vcb 
lOW energy bounds put a lower limit on the top mass 
mt>~ 148 GeV, while in the case o f  r<< 1, one gets a 
less restrictive top mass mt >/125 GeV. 
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