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Abstract

We analyse a class of four-dimensional heterotic ground states with N = 2 space-time super-
symmetry. From the ten-dimensional perspective, such models can be viewed as compactifications
on a six-dimensional manifold with SU(2) holonomy, which is locally but not globally K3 x T*.
The maximal N = 4 supersymmetry is spontaneously broken to N = 2. The masses of the two
massive gravitinos depend on the (T,U) moduli of T2, We evaluate the one-loop threshold cor-
rections of gauge and R couplings and we show that they fall in several universality classes, in
contrast to what happens in usual K3 x T2 compactifications, where the N = 4 supersymmetry
is explicitly broken to N = 2, and where a single universality class appears. These universality
properties follow from the structure of the elliptic genus. The behaviour of the threshold correc-
tions as functions of the moduli is analysed in detail: it is singular across several rational lines
of the 72 moduli because of the appearance of extra massless states, and suffers only from loga-
rithmic singularities at large radii. These features differ substantially from the ordinary K3 x T2
compactifications, thereby reflecting the existence of spontaneously broken N = 4 supersymmetry.
Although our results are valid in the general framework defined above, we also point out several
properties, specific to orbifold constructions, which might be of phenomenological relevance.
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1. Introduction

In four dimensions the maximal number of possible space-time supersymmetries is
N = 8. This upper limit on N follows from the requirement that no massless states with
spin greater than 2 exist in the theory. In a realistic world, and for energies above the
electroweak scale, E > Mz, we need chiral matter, and among supersymmetric theories
only the N = 1 possess chiral representations. There is a general belief that in field
theory spontaneous breaking of an N > 1 supersymmetric theory necessarily produces a
non-chiral spectrum. This impeded attempts [1] to use N > 1 supersymmetric theories
in order to describe physics beyond the electroweak scale. In string theory, this question
does not apply. In Ref. [2] it was shown that there are perturbative heterotic ground
states where supersymmetry is spontaneously broken from N =2 down to N = 1, which
possess a chiral four-dimensional spectrum. This opens more possibilities in string
model-building, and obviously a more careful investigation is required when N > 1 is
spontaneously broken to chiral ¥ = 1 models.

In general, we can assume that there might be a sequence of supersymmetry-breaking
transitions, N = 8§ — 4 — 2 — 1, that occur at intermediate-energy scales, Ay. We
can also assume that the final scale, corresponding to the N = 1 — O supersymmetry
breaking, is relatively low, An=; ~ O(1) TeV, while M; ~ O (10'7) TeV > Ays; >
O(1) TeV. This scenario provides a solution to the hierarchy problem, and, depending
on the value of the intermediate scales Ay, Ay=; can be pushed higher by no more than
a few orders of magnitude. In this framework, it is important to estimate the physical
consequences of the existence of other supersymmetry-breaking scales, Ay=g, An=4 and
An=2. To do this, we need to analyse the behaviour of the couplings in string theory,
and in particular their threshold corrections as a function of the compactification moduli
and the supersymmetry-breaking scales Ay.

The origin of Ay (including Ay=1) can be either perturbative or non-perturbative [2].
The recent remarkable progress in understanding the non-perturbative structure of string
theories gives us the possibility to study some of the non-perturbative aspects of partial
breaking at scales Ay, by performing perturbative calculations in dual string theories.
We are thus led to reconsider “spontaneous” versus “explicit” supersymmetry-breaking
beyond perturbation theory. Indeed, in perturbative string theory there exist two qual-
itatively different ways of reducing the number of supersymmetries. In the language
of orbifold compactification, some of the original gravitinos are projected out from the
spectrum. We would like to distinguish the freely acting orbifolds (spontaneous break-
ing) from the non-freely acting ones (explicit breaking). A free orbifold action is the
one that has no fixed points (strictly speaking, it should not be called orbifold), whereas
in a non-free action there are fixed points and some extra twisted states are added in
the theory. Such a definition relies on a geometrical interpretation of a given ground
state. It can, however, be extended to non-geometric ground states. If the orbifold action
that breaks supersymmetry is free, then the associated non-invariant gravitinos are not
projected out but become massive. This is a stringy generalization [3,4] of the Scherk-
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Schwarz idea [5] of breaking supersymmetry> in the context of Kaluza—Klein theories.
The low-energy behaviour of the couplings of these two classes is markedly different.
In the non-freely acting case (explicit breaking) [8-15,20], the low-energy theory has
no memory of the original supersymmetry, while in the freely acting case (spontaneous
breaking) it does [2]. This was verified by explicit calculation in several classes of
ground states with spontaneously broken supersymmetry: N =4 to N =2 [21], N =8
to N =6 [22] as well as N = 8 to N = 3 [23]; furthermore the non-perturbative aspects
of this problem have been studied utilizing the heterotic/type II duality [2,24].

String ground states with spontaneously broken supersymmetry have very peculiar
high-energy properties that might be desirable: a logarithmically growing gauge and
gravitational thresholds at large moduli despite the existence of towers of charged states
below the Planck mass, and a possibly special behaviour of the vacuum energy. Obvi-
ously, this issue is of crucial importance in choosing string models that should represent
the real low-energy world.

In this paper our approach is more modest. One of our goals will be to understand in
more detail the generic properties of low-energy couplings in heterotic models, where
supersymmetry is spontaneously broken from N =4 to N = 2, relevant for the physics at
energy scales E ~ Ay-4. In situations where supersymmetry is further reduced, it turns
out that the dependence of the low-energy couplings on the volumes of the internal
manifold can also be obtained from the calculations presented here. In a sense this
paper is a generalization of [21] to a much wider class of heterotic ground states with
spontaneously broken N =4 to N = 2 supersymmetry.

The heterotic ground states that will be considered in the following have 8 unbro-
ken supercharges. These can be thought of as compactifications of the ten-dimensional
heterotic string on a six-dimensional manifold with SU(2) holonomy, which is locally
but not globally of the K3 x T? type. They are characterized by a set of shift vectors
w that act on the two-torus. Some of these models can be constructed starting from the
heterotic string on 76 = T* x T? and orbifolding by a symmetry that involves translations
on T? and non-freely acting transformations on T, Another orbifold construction that
belongs to the above class is the following: orbifold a standard K3 x T2 compactification
by using a symmetry that is non-freely acting on K3, but preserves the hyper-Kéhler
structure and acts as a translation on the two-torus. It is important to stress, however,
that these examples do not exhaust all the possibilities: our analysis is valid beyond any
orbifold construction.

We will restrict ourselves to the simplest translation on the two-torus, namely Z;. In
this case the shift is a half-lattice vector of the 72 Narain lattice. We will be quite general,
making no detailed assumptions on the structure of internal (4,0) superconformal theory.
As will be clear from our discussion below, our techniques are directly applicable to
a general translation group on the two-torus. In the entire class of models we will be

 There are two other mechanisms for breaking the supersymmetry. The first is gaugino condensation [6],
while the second uses internal magnetic fields [7]. None of them seems to fit in the stringy Scherk-Schwarz
context.
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dealing with, the original N = 4 supersymmetry is spontaneously broken to N =2, and
the two massive gravitinos have masses that depend on the two-torus moduli.

We will focus on threshold corrections to the gauge and R? couplings. In the presence
of N = 2 space-time supersymmetry, it is known that the only perturbative corrections to
such couplings come from one loop. Moreover, the only massive states that contribute
at one loop are BPS multiplets, since the threshold is proportional to the supertrace of
the helicity squared. Thus, such thresholds depend on the elliptic genus of the internal
(4,0) superconformal field theory. This property is essential and it implies, along with
modular invariance, that the thresholds possess certain universality properties and depend
only on some low-energy data. This was already demonstrated for standard K3 x 72
compactifications in [ 19,20]. Here, the thresholds will be shown to depend on the lattice
shift vector w, the beta-function coefficients b;, the levels k; of the associated current
algebras, and the jumps of the beta functions 8yb; and 6,b; at special submanifolds
of the moduli space of the two-torus, where extra massless states appear (but where
gauge symmetry is not necessarily enhanced). We will show in particular that the usual
decomposition for the gauge threshold corrections, which holds, for instance, in the
standard K3 x T? compactification, is not valid any longer and must be replaced by

AY = b, A (T,U) + 8,b, H*(T,U) + 8,b, V" (T.U) + k, Y*(T,U) .

The moduli-dependent functions 4%, H* and V" are universal: they only depend on the
shift vector w. On the other hand, Y* depends also on the gravitational anomaly of the
model: Y™ =¥} + byry 1", with ¥}%, universal.

The models under consideration in this paper have type II duals. The easiest way to
see this is to employ the construction of the heterotic ones as freely acting orbifolds of
the heterotic string on 7°. Since the heterotic string on T° is dual (via S < T inter-
change) to the type II string on K3 x T2, freely orbifolding both sides will produce a
new dual pair. In [2] heterotic/type II duality was utilized to study some aspects of this
problem. In particular, it was shown that heterotic ground states with N = 4 supersymme-
try spontaneously broken to N =2 and massive gravitinos in the perturbative spectrum
are sometimes dual to type II models without massive gravitinos in the perturbative
spectrum. Thus, at the perturbative level, supersymmetry in the type II context seems
explicitly broken. The massive gravitinos are BPS multiplets of the unbroken N = 2
supersymmetry. They can therefore be identified in the type II description to monopoles
whose mass is of order 1/g%, where gy is the type II string coupling. In particular
they become very light at strong type II coupling, thereby enhancing the supersymme-
try. This might indicate the possibility that in string theory supersymmetry is always
spontaneously broken, either perturbatively, or non-perturbatively. There is another pos-
sibility, though. In both theories of the dual pair there are potential non-perturbative
corrections. It is thus possible that an analogue of the Seiberg-Witten non-restoration
of gauge symmetry is happening here: non-perturbative effects do not enable supersym-
metry restoration at strong coupling. A more careful study of this problem is necessary,
which we leave for the future.
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As we pointed out previously, the appearance of non-perturbative corrections to the
gauge and R? couplings cannot be excluded in general. In N = 2 ground states, we
always have the appropriate Higgs expectation value that cuts off the infra-red. Thus, all
non-perturbative effects are expected to be due to instantons. Moreover, since the F? and
R? couplings are of the BPS-saturated type [ 15,25-27] only supersymmetric instantons
(that preserve one out of the two supersymmetries) are expected to contribute. Thus, in
the four-dimensional heterotic ground states we expect instanton corrections due to the
heterotic five-brane wrapped around the compact internal six-dimensional manifold.

More information about the perturbative and non-perturbative contributions is reached
by decompactifying one of the directions of the two-torus to obtain a five-dimensional
theory. Here, there are two possibilities: (i) the five-dimensional model has 16 su-
percharges, and in this case the five-dimensional perturbative thresholds are zero, as
implied by the extended supersymmetry; (ii) the five-dimensional model has only 8
supercharges and now the perturbative thresholds are non-zero. In both cases, however,
there are no non-perturbative instanton corrections: the six-dimensional world-volume
of the Euclidean heterotic five-brane cannot be wrapped around the internal space and
have finite action.

The structure of this paper is as follows. In Section 2 we present a general description
of N =2 heterotic ground states in terms of their helicity-generating partition function.
The latter is expressed in terms of the elliptic genus corresponding to the internal
manifold. This is very useful for the determination of threshold corrections. Moreover, it
allows us to define the class of models that we will be analysing throughout the paper,
by giving the generic form of their elliptic genus.

In Section 3 we briefly recall the general procedure that is used for computing gauge
and gravitational threshold corrections in supersymmetric string vacua. We also present
the basic properties of these corrections in N = 2 heterotic compactifications, where a
two-torus 1s factorized. These models play an important role in our subsequent analysis,
because they turn out to share some decompactification limits with the models where
the two-torus undergoes a shift and where supersymmetry is promoted to spontaneously
broken N = 4.

Section 4 is devoted to the description of the class of models where the two-torus
is not factorized. Here we stress the role of the shift on the T2, which is interpreted
as a stringy Sherk-Schwarz mechanism. Depending on the kind of shift vector, several
decompactification scenarios appear. In models where the norm A of the shift vector
vanishes, two possible decompactification limits exist in the (7,U) plane: with and
without restoration of N = 4 supersymmetry. When A = 1 (the only relevant alternative),
N = 4 supersymmetry is always restored. This is in agreement with the partial breaking
of the target-space duality group, which makes several directions in the moduli space
inequivalent.

In Section 5 we proceed to the computation of threshold corrections. This is achieved
by advocating general holomorphicity and modular-covariance properties. Most of the
model and moduli dependence is lost at the level of the thresholds, which turn out to
depend only on the two-torus moduli (7,U) as well as on several rational parameters
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(discrete Wilson lines) related to some low-energy data of the model. These are b; and
k; but also 8b;, the discontinuities of the beta-function coefficients along some specific
lines in the two-torus moduli space, where additional vector muitiplets and/or hyper-
multiplets become massless. Across these lines, the thresholds diverge logarithmically.
We also observe that in the class of models under consideration, the above low-energy
parameters are in fact related in a very specific way. This leaves some arbitrariness in
the splitting of the gauge threshold corrections into gauge-factor-dependent and gauge-
factor-independent pieces, even though we demand the latter contribution to be regular
in the (7,U) space. Moreover, some model dependence survives in the group-factor-
independent term Y*(7,U), which is not fully universal. A similar model dependence
appears in the gravitational thresholds. These features are to be contrasted to what
happens in models in which a two-torus is factorized: the gauge threshold is uniquely
defined as a sum of two terms, one being universal and the other group-factor dependent,
and both regular; the gravitational threshold corrections are model independent. Finally,
the behaviour of the thresholds at various decompactification limits is analysed, and
turns out to agree with what is expected on general grounds based on the restoration of
N = 4 supersymmetry. Again the results strongly depend on whether the norm A of the
shift vector equals O or 1. The existence of a common decompactification limit in these
models and in models with a factorized two-torus is also observed in the behaviour of
the thresholds.

As an application, we examine in Section 6 the subclass of Z, orbifolds. In this
case, more can be said about the nature of the extra massless states appearing along
the rational lines of the T2 moduli space. In fact, a priori, these can be either vector
multiplets or hypermultiplets depending on the specific model at hand and on the shift
vector acting on the two-torus. In the case of orbifolds, only extra hypermultiplets
become massless, except for the lines 7 = U and T = —1/U, present systematically,
where either hypermultiplets or vector multiplets may appear, depending on the shift
vector. This information might be of some phenomenological relevance. The last part
of Section 6 1s devoted to some specific orbifold examples for both the situations A =0
and A = 1. We construct in particular four-dimensional ground states whose gauge group
contains factors such as Eg x Eg, SO(40) or even Ejg realized at level 2.

Most of the technicalities are presented in appendices. In Appendix A we give an
overview of Z,-shifted (2,2) lattice sums. Rational lines and asymptotic behaviours
of the latter are also analysed there. Appendices B and C contain the machinery used
for the determination of gauge and gravitational corrections. Finally, in Appendix D, we
perform explicitly the general integrals over the fundamental domain, which are involved
in our expressions for the thresholds. We also analyse their singularities and asymptotic
behaviours.
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2. General description of N = 2 heterotic ground states

In this section we will give a brief description of the heterotic ground states that we
will be studying in the following. They will be best described by writing their (four-
dimensional) helicity-generating partition functions. Indeed, our motivation is eventually
to compute couplings associated with interactions such as F”R™. Therefore, we need in

general to evaluate amplitudes involving operators like i(x* 3 x4+ 2W‘¢")7k, where
J' is an appropriate right-moving current and the left-moving factor corresponds to the
left-helicity operator. We will not expand here on the various procedures that have been
used in order to calculate exactly (i.e. to all orders in o' by properly taking into account
corrections due to the gravitational back-reaction, and without infra-red ambiguities)
these correlation functions; details on the determination of the amplitude-generating
functions relevant for gauge and gravitational couplings can be found in [16-18,20].
We will restrict ourselves to the helicity-generating partition functions (which are also
very useful in the analysis of S-duality issues), defined as

Z(v,0) = Tv' glo= 5 gho—# Q2mi(A=ad) | (2.1)

where the prime over the trace excludes the zero-modes related to the space-time coor-
dinates (consequently Z (v, )|,=5=0 = T2Z, where Z is the vacuum amplitude), and A, A
stand for the left- and right-helicity contributions to the four-dimensional physical he-
licity. Various helicity supertraces are finally obtained by taking appropriate derivatives
of (2.1). More on these issues can be found in Appendix G of [28].

For four-dimensional heterotic N = 4 solutions with maximal-rank gauge group (r =
22) (2.1) reads*

3
Zy-4(v,0) = i |42Z( [yatbreb H(U)< 7[7]> E(v) E(D) Zs

a,b=0
4
1 (9] &
=Tl (—[];7-@) E() (D) Zoma (2.2)
where
() = ﬁ (1-¢")? _ sinaw 9(0)

o (1 _ qneZ'niv) (1 _ qne—Zﬂ'iU) - 7 h(v)

counts the helicity contributions of the space-time bosonic oscillators, and Zg2 =
T'6.22/m%7% denotes the partition function of six compactified coordinates as well as
of sixteen right-moving currents; it depends generically on 132 moduli, namely 36
internal background metric and antisymmetric tensor fields, and 96 internal background
gauge fields (Wilson lines). It is possible to continuously connect several extended-
symmetry points such as U(1)% x Eg x Eg, U(1)® x SO(32) or SO(44). The (4,0)

4 We use the short-hand notation 1?[ ](v) for 19[ ](LIT) and 19[ ] for 19[ ](0[1)
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supersymmetry is read off automatically from expression (2.2), which has a fourth-order
zero at v = 0. Theories with lower-rank gauge group and the same supersymmetry can
be easily constructed by modding out discrete symmetries, which correspond to outer
automorphisms and act without fixed points on the lattice [24,29].

Supersymmetry can be reduced to N = 2 in various ways. Generically, the helicity-
generating function reads

9], ]<v) 19["]

eneric B +b+ab
Z}%=2 ( Z ( 1)() a.
a b=0

—L£(0) E(D) Cs 22[ } (v),

(2.3)

where Cg 2 [Z] (v) are traces in the internal superconformal field theory. We have kept
explicit the ¢-function contribution of the left-moving fermions of the two transverse
space-time coordinates as well as those of the internal two-dimensional free theory. The
(6,22) internal field theory has cg = 22 on the right sector, while on the left sector
¢ = 8. This sector has a two plus four split: the two-dimensional part of it is free,
with central charge ¢ = 2, while the four-dimensional one is N = 4 superconformal with
¢ =4 [30]. Space-time supersymmetry can be used again to write (2.3) as

- WO N 1
ZEE 00 = o (—[—‘%—(Z—U £(0) £(5) Cs,zz[l] (5) - (24)

Co [” (g) = Trivt(—1)F"ghe' =5 Ght'— 1z g2mindo

is the (generalized) elliptic genus of the internal conformal field theory. The standard
elliptic genus [31,32], relevant for the gravitational threshold corrections is obtained at
v = 0. The charge Jy is the sum of the internal U(1)-current zero-modes of the N = 2
and N =4 internal superconformal algebras.

An interesting class of models is provided when the ten-dimensional theory is gener-
ically compactified to six dimensions in a way that preserves 8 supercharges out of
16, and is toroidally compactified further down to four dimensions. In that case, the 72
contribution factorizes completely. We obtain

Ce.22 E] (;) Can0 (2) 2, (2.5)

where Cy20(v/2) is a (left-helicity-generating) conformal block with two left and no
right world-sheet supersymmetries, and central charges é_ = 4, cg = 20. It accounts for
the compactification from ten to six dimensions, and actually defines the generalized
elliptic genus for the four-dimensional compact manifold plus a gauge bundle on it with
instanton number 24. This conformal block depends in particular on several moduli
(other than the two-torus ones). On the other hand, Z,, = I';,/|n|* is the partition
function of the two-torus (A.l), whose complex moduli are T and U. It is invariant
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under the full target-space duality group SL(2,Z); x SL(2,Z),, x ZE~Y. More details
about lattice sums can be found in Appendix A.

The above N = 2 construction (2.5) captures many compactifications such as K3 or
orbifold models. For example, (symmetric or asymmetric) Z, twists acting at the level
of the N = 4 model (2.2) leave invariant a single complex plane corresponding to a
T? compactification from six to four dimensions. They therefore belong to the above
class of N =2 ground states. Their helicity-generating function is given by Eqs. (2.4)
and (2.5) with

1 +h v 1-4 v
w (VY _ 1 19[1+g] (7) 0[1—3] (E) h
i (3) = 2,; - ) (20

where Zj 20 [;’] = 40 [g] /m*7?° summarize the bosonic orbifold blocks; in particu-
lar the untwisted partition function that describes the right-moving currents and the
four compactified coordinates is Zj 20 [g] = Z420; it depends on 80 moduli. The Z,-
twisted contributions are moduli independent. They can be constructed in many con-
sistent ways, provided they satisfy the periodicity and modular-invariance requirements
(see Eqs. (4.2), (4.3) with A =0).

The best-known example of the orbifold construction is the symmetric Z, orbifold,
which turns out to belong also to the K3 moduli space. This model is achieved by going
to a point of the (4,20) moduli space, where a four-torus is factorized.®> The gauge
group is Ey x E; x SU(2) x U(1). Thus Ny = 386, while Ny = 628 (Ny and Ny are
the number of vector multiplets and hypermultiplets, respectively).

The gravitational and gauge couplings of the N = 2 heterotic ground states with a
factorized two-torus have been studied extensively. In the present paper, our goal is
to analyse more general situations, where Eq. (2.5) does not hold any longer and is
replaced by

sl () =3 5l (5) 2]

h,g=0

where Z, [i‘] stands for the shifted partition function of the two-torus. Such a structure

appears, for instance, in freely acting orbifolds that reduce N = 4 supersymmetry to
N =2, and act with a lattice shift on the two-torus. Eqgs. (2.4) and (2.7) describe more
general N = 2 ground states, which have always a U(1)? right-moving gauge group
coming from the two-torus. They are obviously not of the factorized form K3 x T2, but
they correspond to compactifications on six-dimensional manifolds of SU(2) holonomy.
In Section 4, where these models are described in detail, we will argue that N = 2
supersymmetry is promoted to spontaneously broken N = 4. The corresponding threshold
corrections will be computed in Section 5.

1ts (4,20) lattice sum is actually given in (6.9), which provides also a relevant example in the framework
of heterotic ground states where the T2 is not factorized.
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3. Thresholds in general and toroidal compactifications from six dimensions
3.1. Computation in generic heterotic supersymmetric string vacua

Threshold corrections appear in the relation between the running gauge coupling
gi(u) of the low-energy effective field theory and the string coupling constant g, which
is associated with the expectation value of the dilaton field. For supersymmetric ground
states and non-anomalous U(1)’s, one can introduce, at the string level, an infra-red
regularization prescription such that it becomes possible to match unambiguously string
theory and low-energy effective-field-theory amplitudes [ 16-18,20], thus leading to the
relation

16 16 MZ

2T =T i Fhilog 23+ 4, (3.1)

8 () 8
which is actually expected if one assumes the decoupling of massive modes [8-11]. In
this expression, u is the infra-red scale, while M, = 1/ Va' is the string scale. String
unification relates the latter to the Planck scale Mp = 1/4/327Gy and to the string
coupling constant. At the tree level this relation reads

M =gs Mp; (3.2)

notice that for supersymmetric vacua (3.2) does not receive any perturbative correc-
tion [19].
In the DR scheme for the effective field theory, the thresholds read [19,20]
d*r 2e' 77
4= [ — (F, — b)) + bjlog —, (33
= [ T n—by s biaog = )

F

where, in the presence of supersymmetry, the function F; is defined by the following
genus-one string amplitude:

E=<—A2 (Ff— ki )> . (3.4)
47Ty genus-one

Here A is the left-helicity operator introduced above, P; is the charge operator of the
gauge group G; (for conventions see Refs. [16,17]), k; is the level of the ith gauge
group factor, and b; are the full beta-function coefficients,

bi= lim F;. (3.5)

T2 00

Generically, we can express any N = 1 heterotic vacuum amplitude in the canonical
form

rzwiiﬂ 2 [ ] (0
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where C [Z] are related to the various sectors of the internal six-dimensional partition
function. By using this form, we can recast Eq. (3.4) as follows:

oy 19 k; a
. AL I gy . .
d 217 ( ! 4#72) [b] 3.7
One can similarly introduce the function
or 19 3 a
Forav = — | C ’ 3.8
& 2477' |17|4 Z ( 7772) [b} (3:8)

where Ej, is the nth Eisenstein series (see Appendix B). This function plays a similar
role in the determination of the gravitational threshold corrections, which appear in the
renormalization of the R? term [19]

d*r
Agrav = / ’:’_‘2_ (Fgrav - bgrav) (3.9)
}'

(up to a constant term), where

1
bgrav = llm (Fgrav + = 124 ) (3.10)

is the gravitational anomaly in units where a hypermultiplet contributes 1/12 [11].

3.2. The case of the N =2 ground states with a factorized T?

Let us now concentrate on N = 2 ground states that come from toroidal compactifica-
tion of generic six-dimensional N = 1 string theories. We recall here the determination
of the gravitational and gauge couplings for these models [20], because it plays a signif-
icant role in the analysis of the more general constructions presented in Section 4: those
two classes of ground states turn out to share large-moduli limits (see Section 4.2). We
will focus in particular on the couplings of group factors corresponding to the rank-20
part® of the gauge group, which were already present in the six-dimensional theory and
not on the corrections to the couplings of the U(1)’s originated from the two-torus (or
the SU(2)’s or SU(3) appearing at extended-symmetry points of the 7, U moduli). In
other words, the charge operator F,.Z will not act on the lattice sum I, ». For the models
at hand the helicity-generating function is given by (2.4) with (2.5).

By comparing the latter (at v = 0) to (3.6), and using (3.7) and (3.8), we obtain

Iy (= k; —= Iy E2 1 =
F=-—2(P - 0, Foray = — —2= £, 3.11
,,724 ( i A7ty grav 24 12 4,,7-7.2 ( )

6 Actually, this part of the gauge group is at most of rank 20. For convenience, we will, however, keep on
referring to it as the “rank-20 component”, in order to distinguish it from the two-torus contribution.
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where
2=—-15% Canol,g - (3.12)

A few remarks are in order here. The first one concerns the antiholomorphicity and
universality properties of the function 2 defined in Eq. (3.12). Indeed, by analysing
the relevant two-point amplitudes in six dimensions, it was shown in [33] that, for
vanishing v, Cs 20 is a purely antiholomorphic function, the elliptic genus. Put another
way, Ca20ls=0 is essentially the supertrace of the left-helicity squared (see Eq. (3.4)),
and thus it receives contributions from massless and massive BPS states only. Such
states are necessarily of the form left-moving vacuum times right-moving excitations.

Six-dimensional anomaly cancellation’ forces the function Cy 20|,=0 to be independent
of the kind of compactification that has been used to go from ten to six dimensions.
Following [19,20], we therefore conclude that for the models under consideration &

2=E,Es. (3.13)

It is important to stress here that the above universality property applies exclusively
to the elliptic genus and could not be promoted at the level of the full model. In other
words, the data Cy 20|.=0 = —2E4Es/%?° do not enable us to reconstruct the full function
Cy20(v/2), which is in general model (and moduli) dependent.

By using the above result (3.13), we can go further: if we advocate again holomor-
phicity properties and demand (3.5) as well as the absence of tachyon contribution in
F;, we determine the action of the charge operator P with the result [15,17,19,20]

Fi=k; (Fgrav +12 (E - 84)) + b,

; EE .
LN 2—_4’5—1“008 + b, (3.14)
12 72
where E2 stands for the modular covariant combination E; — 3/77, and j(7) = 5 +
744 + O(q), g = exp 2mrir, is the standard j-function. Therefore one can write
A=bA—kY, (3.15)
with
d*r 2e!7
A= I (TUT,U) -1 1
/ - ( 22( ) )+ og 7
f
= —log (47 |9 (D[ n)[' T 1) (3.16)

7 At the level of the four-dimensional spectrum, this constraint reads Ny — Ny = 242, at generic points of the
two-torus moduli space. It translates into bgray = 22, since in our normalizations bgry = (22 — Ny + Nu)/12.
Along the enhanced-symmetry line 7 = U, Ny — Ny = 240; it can even reach the values 238 or 236 when
T=U=1iorT=U= p respectively.

8 Notice that in the case of orbifolds, Egs. (2.6) and (3.12) lead to the result (3.13) by direct calculation.



E. Kiritsis et al. /Nuclear Physics B 540 (1999) 87-148 99

and

2 EEEs -
L [dr E; Ea B ) (3.17)

=— | — I (TUT,U) { ==== —j + 1008
Y 12 T 2,2( j( .f,24 J+
_F

A further analysis of this gauge-factor-independent threshold can be found in [20].

Our second comment is related to the absence of é-po]e in expression (3.14). If such
a pole were present, combined with the lattice sum /73, it would generate an extra
constant term in F;, at some special line of the two-torus moduli space (such as 7= U,
T=U=iorT=U-=p=exp %’-’i). This would lead to a jump in the beta-function
coefficients b;, proportional to k; and due to extra massless states charged under the
ith gauge-group factor. It is clear from the above analysis that this phenomenon does
not occur. In other words the extra massless states that do appear at extended-symmetry
points carry no charge with respect to the rank-20 component of the gauge group that
is considered here. A straightforward consequence of this situation is the regularity of
universal contributions ¥ (see Eq. (3.17)) all over the T2 moduli space. As we will
see in the following, this picture will change drastically in ground states where N = 2
supersymmetry is realized as a spontaneous breaking of N = 4. Notice that, already in
the case at hand, the gravitational anomaly receives an extra contribution

é
ElbgfﬂV:‘_g’ 6=1320r 3’ (3.18)

when T = U, T=U =i, or T = U = p, respectively. This is due to the appearance of
8;Ny = 28 extra vector multiplets, while §; Ny = 0.
The gravitational thresholds are given by (see (3.9), (3.11) and (3.13))

1 d2T EZ E‘; Es
F

at generic points of the 72 moduli space and have a singular behaviour along the
line T = U. For these values of the moduli, it is necessary to properly subtract the
full bgray = 22 + 8¢bgray s0 as to avoid logarithmic divergences in the integral (3.19).
Notice finally that the gravitational thresholds are identical for all N =2 models with a
factorized two-torus (as is the gauge-factor-independent term of the gauge thresholds).

The last observation we would like to make here concerns the determination of 2
defined in (3.12). Although the solution given in (3.13) is the one that satisfies all
the requirements (antiholomorphicity, regularity in the 7-plane, ...), there is another
possibility that one should not disregard, namely 2 =0. In that case F; = Fyrav = 0 and,
as a consequence, all beta-function coefficients and the gravitational anomaly vanish: the
ground state at hand actually possesses N = 4 supersymmetry. In that case, the two extra
space-time supersymmetries appear as a conspiracy of left-moving zero-modes originated
from the (&, = 4, cg = 20) conformal block (this can happen, e.g. in orbifolds, since
in some cases two extra massless gravitinos can appear from the twisted sector). Such
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models will appear in Section 5, sharing decompactification limits with N = 2 models
where N = 4 supersymmetry is broken spontaneously.

4. Models with spontaneously broken N =4 to N = 2 supersymmetry
4.1. General models and helicity-generating function

As was announced at the end of Section 2, we will now construct different N = 2
models in four dimensions, which can be represented as ground states where N = 4
supersymmetry is spontaneously broken to N = 2.

We will describe a representative orbifold construction [21], which we will then
generalize beyond orbifolds. Orbifolding consists in performing a Z, rotation in the
(4,20) part of the original N = 4 model (and which would project out two of the
four gravitinos) together with a Z, lattice shift on the T2. Here the orbifold group acts
without fixed points. The two gravitinos that would have been projected out combine
with a state carrying 72 momentum (or winding depending on the lattice shift) and
survive the orbifold projections. They are massive, however, and their mass is an easily
computable function of the 72 moduli. In these orbifolds, N = 4 supersymmetry is
spontaneously broken to N = 2.

The partition function for the orbifold models under consideration can be written in
the following way:

2
. o [4]
orb _ a+b+ab b.
Zspb"r||42§( 1)) <77>

a,b=0
a+h 9 a—h
—Z b+g] {b parsd| Z‘ézom 2, m @)
h.g=0 8 8

The shifted lattice sum I'y, [}] appearing in (A.7)

is given in (A.3) and (A.4). It depends on two integer-valued two-vectors (see Ap-
pendix A) a and b, whose components are defined modulo 2, and we use the short-hand
notation w = (a, b). The modular properties are captured in a single O(2, 2, Z)-invariant
parameter A = ab, which allows us to distinguish two cases of interest: A =0 and A =
1.°

Modular invariance of the full partition function can be advocated for determining how
the Z,-twisted contributions Z4 2 [’] should transform. By using Egs. (A.8) and (A.9)
we find

9 It can be shown (see Appendix A) that other values of A are related to the above by lattice periodicity.
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h i (4.+(1_,\)ﬁ) h
+1, z} e \3 7))z} , 4.2
ToT 4,20[8] - Z] PR (4.2)
1 h —ir(1— g
-2, ZA im(1—A)hg Z/\ . 43
T 4,20[g] —e 420 | _p (4.3)

In the case A = 0, modular invariance allows us to use the same twisted partition
functions Zj 29 [g] as those appearing in N = 2 ground states with a factorized two-
torus (Eqgs. (2.4) and (2.5)). The case A = 1, however, necessitates the introduction
of slightly different twists, since Z4 20 ["] must now transform with different phases.
Examples will be worked out in Section 6 Egs. (6.9)-(6.16).

Here we would like to pause and examine the possibility of generalizing the con-
struction presented so far to models where a Z, acts freely on the two-torus whereas
the compactification from ten to six dimensions is not necessarily an orbifold. This can
be achieved by looking first at the helicity-generating function of the orbifold models
with spontaneously broken N = 4 supersymmetry (4.1). This function is actually given
by (2.4) with

1
ceh H (3)=35 > co? [Z] (5) z [ﬂ : (44)
h,g=0
where
exg ] (2) - LA QA 1 s
a0 |4/ \2) 7 n 77 420 |- .
Expression (4.4) is actually the most adequate for further generalization. Indeed, instead
of (4.5), we can use more general blocks szo[ ](v/2) such that the internal (4,20)
theory has N = 4 left-moving superconformal symmetry. We can thereby construct the
most general heterotic four-dimensional ground states with N = 2 supersymmetry, which
can be enhanced to N = 4. For these, the helicity-generating function is (2.4) with (2.7),
as advertised in Section 2. Modular covariance demands that

reret vmo Gl (5) e el 1 (5)

h+g

(4.6)
R __1_ _ v A h v iw(‘*i—-#—/\hg) A 8 v
et an el () - 8] (3). @

In general, the model-dependent functions Cj', ["] (v/2) depend on several (contin-

uous or discrete) moduli. The (N = 4)-sector contribution C; 20[ ](0/2) is in fact the
one given in (4.5) for (h,g) = (0,0) [30], namely

ciaf)] (3) = (22) 2,

and does not depend on the choice of A = 0,1. The other sectors, however, might
or might not be connected to some orbifold realization captured in (4.5). At v = 0,
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Cix [g] vanishes because of the fermionic zero-modes and, as we will see later, for
(h,g) # (0,0), C‘{"ZO [QJIL:O are purely antiholomorphic functions. This last property

puts severe constraints on Cjly [i’] v=0 and is responsible for the absence of continuous-

moduli dependence inside the threshold corrections (see Section 5).

4.2. Decompactification limits and restoration of N = 4 supersymmetry

As we mentioned above, there are two possible values for the parameter A, which lead
to fundamentally different ground states. In the case A = 0, any model with spontaneously
broken N = 4 supersymmetry of the type (2.4) with (2.7) can be mapped onto a ground
state with N = 2 supersymmetry of the type K3 x T2 studied in Section 2. This mapping
is achieved by defining the function C420(v/2), which appears in (2.5) in terms of the
blocks C‘{\zg [g] (v/2) appearing in (2.7):

1
Cn(3) =3 i) (5): 49)
h,g=0
in agreement with all properties (modular transformations, ...) that these functions
must satisfy. For A = 1 it is not possible to establish such a kind of mapping.

This manipulation is actually deeper than a formal construction, the two models
being closely related in their six-dimensional decompactification limit. In fact, as we
point out in Appendix A (see Eq. (A.16) for the A = O shifted lattice sum I) any
A = 0 shifted lattice sum possesses a decompactification limit in which Iy, m are
equal for all (h,g) (and in particular equal to the limit of /,,). By comparing (2.5)
and (2.7), we thus conclude that, in this six-dimensional limit,'° the N = 2 ground
state with spontaneously broken supersymmetry (i.e. with the shifted (2,2) lattice)
and the ordinary N = 2 ground state (i.e. with the unshifted (2,2) lattice), which is
mapped on the former through (4.9), are in fact identical. It can also be argued that
these two ground states, related through (4.9), possess actually the same gauge group.
Their matter content is, however, different.

On the other hand, any A =0 or A = 1 model with spontaneously broken space-time
supersymmetry of the type (2.7) can be mapped onto an N = 4 model by keeping the [g]
sector only. Indeed, as we mentioned above, this sector is the N = 4 sector of the original
model whose conformal block Cj5[0] (v/2) is given in (4.8). The corresponding N = 4
heterotic model (see (2.2)) is therefore defined by a (6,22) lattice factorized as

Ze — Zao 222 . (4.10)

Again, this formal connection between an N = 2 model with shifted lattice and an
N = 4 model can be made more concrete by observing that they do have a common
six-dimensional limit. Indeed, either in A = 0 or in A = 1 shifted sums, there is a

Y0 For this lattice sum I, this limit is 7, — 0, U, = 1.
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N=2 N =4
D =6 (or 5) common limit common limit
D=4 N=2 N=2 N=4
( mapping (4.9)) (spont. broken N =4) (mapping (4.10))

Fig. 1. Decompactification scheme of generic models with A = 0 shifted (2,2) lattice.

N=4
D =6 (or5) common limit
D=4 N=2 N =4

(spont. broken N =4) { mapping (4.10))

Fig. 2. Decompactification scheme of models with A = 1 shifted (2,2) lattice.

decompactification limit!! where only I'y,[3] = Iz, survives, thereby selecting the
N = 4 sector of the model (2.7). Thus the original N = 2 ground state and the N = 4
ground state obtained by using the above mapping are identical in that limit, provided
the (7, U) moduli are appropriately rescaled in order to re-absorb the factor 1/2 present
in (2.7) (for the lattices I and X, for example, we must perform T — 27T in the N =2
model).

The previous observations show that N = 4 supersymmetry is restored in some appro-
priate six-dimensional decompactification limit of the N =2 model built up with shifted
lattices. This is a manifestation of the underlying Scherk-Schwarz mechanism respon-
sible for the spontaneous breaking of the N = 4 supersymmetry. The same conclusion
can be reached by analysing the behaviour of the (T- and U-dependent) mass of the
two gravitinos (see Refs. [2,21]). For A = 0 ground states, there are two inequivalent
limits in the (T, U) moduli where the masses of both gravitinos either vanish or become
infinite. These two limits, when N = 4 supersymmetry is and is not restored, coincide
respectively with the limits of some ordinary (i.e. with factorized two-torus) N =4 and
N =2 models. When the shift vector of the (2,2) lattice is of the type A = 1, the mass
gap of two gravitinos always vanishes at the decompactification limit, and the N = 4
supersymmetry is always restored in six dimensions.

We have summarized the above results in Figs. 1 and 2. As a final remark, we would
like to mention another possibility that can appear in N = 2 ground states constructed

"' These limits are T» — oo and U, = | for both models 1 (A =0) and X (A = 1) (see Eqgs. (A.15), (A.19)
and (A.20)).
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) N =4 N =4
D=6 (orh) common limit common limit
1) =4 N =4 (mapping (4.9) N =2 N=4
with (4.11)) (spont. broken N =4) ( mapping (4.10) }

Fig. 3. Decompactification scheme for models with A = 0 shifted (2, 2) lattice of class (ii).

with (2,2) lattices such that the shift vector satisfies A = 0. As we will see in Section 3,
it can happen that the ordinary N = 2 model obtained through the mapping (4.9)
possesses the following property:

)

wo[h] oy e
3l [g} (5) =*o. (4.11)

h.g=0

The N = 2 supersymmetry of the latter model is actually promoted to N = 4 (see
discussion at the end of Section 3.2), therefore leading to the picture summarized in
Fig. 3. Ground states that possess the property (4.11) will be referred to as belonging
to class (ii), whereas generic A = 0 models (Fig. 1) will be of class (i).

5. Thresholds in models with spontaneously broken N = 4 supersymmetry

Our starting point is now (2.4), (2.7). In that case (3.7) and (3.8) read respec-
tively 12

h h
F'= Z FZZHFAH (5.1)
(h.g) g &
and
y I h
Fgravzzriz[:'Fg):-av[J’ (5‘2)
(fog) 8 .4

where we focused, as previously, on the corrections to gauge couplings corresponding
to the rank-20 factors of the gange group. We have also introduced

h I /=2 k; —alh
FA =—— (P, - — )12 5.3
’ [g} Uk ( ' 47TT2> L’} (>3

h 1 (E 1\ [k

A 2 A

. = ', 54
Far [g} 7 < 12 dor ) [8} o

12 The prime summation over (4, g) stands for (A, g) = {(0,1),(1,0), (1, 1)}.

and
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where
ol 1220 ~A [h]
(0] =—z C
[ g] an 4,20 2

(notice that 02 [g] vanishes). !> By using (5.4), one can recast (5.3) in the form

(5.5)

0=0

I h —Alh
] a7 )
which involves the functions
_afh 1 (=2 E>\ —afh
- (7))

The functions 0" [Z] are antiholomorphic for the same reason that 2 in Eq. (3.12)
is antiholomorphic in the case of N = 2 models that are toroidal compactifications
of six-dimensional N = 1 theories; the same holds therefore for Cly[%]].-0, as we

advertised in Section 4, as well as for Z? [z] The modular-transformation properties of
these functions are (see (4.6) and (4.7)):

T—T74+1, T)/\[h]——»e"-“b;?)%[ h ] Z,‘A[hjl-%e-i“%%zl')t[ " ]
g

h+g]’ 8 h+gl’
(5.8)
1 . . — — . —
ro—=, 0 ["] s 70Tl 0‘[ # } . m —>e"”\hg/1,{\[ ¥ ] . (59)
T g —h g —h

These transformation properties together with the singularity structure inside the 7-plane
allow us to determine the most general functions 74 [;'] that could be obtained starting
from any consistent ground state of the type (2.4), (2.7). They turn out to depend
on several discrete Wilson lines that appear in the functions Cf,zo [Z] =0, but most of

the model and moduli dependence present in Cgly[1] (v/2) is lost.™ In the following,
we will present this analysis for the relevant cases (A =0 and A = 1). We will show
how these functions _.(7\ [Z] can indeed be realized, and eventually evaluate Z? [if] We
will therefore determine completely F in terms of several physical parameters of the
model, among which the beta-function coefficients b;, much as we have reached (3.14)
for N =2 ground states with a factorized two-torus,

In order to make the subsequent analysis more transparent, we introduce the functions

1 1
Fl)‘(:k) - FA F~A
1 1 0 :l: i 1

13 1n the case of orbifold models, the functions —()—A [Z] are given in (B.1) in terms of the twisted lattices

~A h

Miale)-

14 Similarly to Section 3.2, the knowledge of C} k] at v = 0 does not enable us to reconstruct the full
y 8 420 g

functions ij [z] (©/2).
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and similarly for Fg)‘rgvi). The gauge and gravitational functions (5.1) and (5.2) now
read

, 0 0 , (e _
F'=T3 H F! H + 035" R+ gy R (5.10)
and
w w (0] 2 |0 WH) ACE) | w(=) A=)
Fgrav = r2,2 1 Fgrav 1 + r2,2 Fgrav + r2,2 Fgrav ’ (5-1 1)

respectively (I35 is given in (A.10)).
5.1. The case A=0

The threshold corrections in this case have been calculated in [21] for a specific
model that corresponds to the Scherk-Schwarz version of the symmetric Z, orbifold.
Here we will present the results for the general case (see (2.7)), when A =0.

The simplest way to derive the most general 2*’s for a given value of A is to extend
the results of a particular model. In the case A = 0, one could choose the symmetric Z,
orbifold of [21]. However, for simplicity, we shall consider the Eg x Eg x SO(8) x U(1 )2
model presented in Appendix B, which leads to the functions .Q?;;J [Z] given in Eq. (B.6).
A natural generalization of these functions is given by

0 [0
1]
| =500 205 [g] ,

a0 [1] x a=o 1
= — | 2 , 5.12
AT ) o -12)

where x = (192 / 193)4. The function g(x) must satisfy the constraints

1
g(x)=¢ (;) ,

required for modular covariance (see Egs. (5.8) and (5.9)). Unitarity now demands
that 24=0 [i‘] have a regular expansion without poles inside the fundamental domain,
except at 7 = ico. It follows that g(x) can have poles at x = 0,1 as well as at the
roots of =0 [(')] More details on the geometry and singularities on the three-punctured
sphere can be found in [34]. Putting everything together, we obtain

a=0 [0
:g(l ~X) .(2(0) ':1 R

)C2

7y &. (5.13)

X
g(-x)_§| (xz +§2x2_x+1+
In this representation, the Eg x Eg X SO(8) x U (1)? ground state of Appendix B
corresponds therefore to & = &, = 0 and &; = 1. It is clear from Eqgs. (5.12) and (5.13)

that
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=)

1] =4 01+ 09) (6 910+ 20t oL E 60

0[1
@ LO] = L () (LR L E, + £ ED)

o1
2 ]:5(03—03) (60308 — & 0403 E, + &5 B3, (5.14)
which satisfy

Z'fl”“ B] = (é1+ £2) E4 Es . (5.15)

(h.g)

The above result deserves a discussion. The functions 2= [Z] (the same actually
holds in the case A = 1) depend on three parameters only: (&, &>, &3) = &, which, as
we will see very soon, are subject to several constraints and can take only some discrete
values. These parameters exhaust all moduli dependence of 2* [Z] and define a kind
of universality classes. Consequently, despite the model dependence of C‘i\,zo [Z] (v/2),
which is a priori a function of a large number of moduli, Cf,zo [Z] l=0 (see Eq. (5.5))
is almost universal.

Our goal is to compute threshold corrections for the gauge couplings. We must
therefore determine the full gauge function F* (Egs. (5.1) and (5.6)), which implies
the computation of the functions A? [g], following (5.7). In the general case, however,
it is difficult to proceed in this way, because the gauge group is unknown and so is the
action of the covariant derivative. Thus we shall follow a different method. It consists
in writing down the most general functions A? [Z] compatible with modular covariance,
unitarity, etc., as we did for the (2’s, and in determining the various free parameters that
appear in those functions in terms of some low-energy physical quantities (i.e. related to
the massless spectrum) such as the beta-function coefficients and the affine-Lie-algebra
levels. This is exactly the method that was used in order to reach (3.14) in the case
of N =2 models that are toroidal compactifications from six to four dimensions. As a
corollary of our analysis, the universality-class vector £ will also be expressed in terms
of physical parameters of the ground state.

We can find the most general functions A{‘=° [Z] by following the same lines of thought
as for the determination of the general 2’s given in (5.12) and (5.13):

x=0[0] _ as0 a=0 {0
A =f[ (l—x)A(O)ESI:J,

"] 1
AX 1] = 0(x) A? ! (5.16)
i 0 - Ji (0)Eg 0 ’ .

=[] - x 1
A=0 _ pA=0 A=0 .
Ai ‘1-_fi (x_1>A(0)E3|:1]’

here f}(x) is the ratio of two polynomials of x, satisfying f*(x) = fA(1/x), and

/1?3? £ [i’] are given in Eq. (B.7). Following arguments similar to the ones advocated for
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g(x), we obtain

A+ D +BXAXP+ D) +Cx(x*+1)+ D x°
(2—x+Dx+DH2(x-2)2x-1)

o = (5.17)

The determination of the constants A;, B;, C;, D; necessitates the introduction of
several constraints, which involve various physical parameters. The relevant quanti-
ties for this analysis are Fg’\,z(v) [i’] and F° m (Egs. (5.4) and (5.6)). By using
Egs. (5.12), (5.13), (5.16) and (5.17) in Egs. (5.4) and (5.6), we obtain explicit
expressions for Fygy [f] and F=° [Z}, which we can further expand in powers of G. The
results for these expansions are summarized in Eqgs. (C.1)~(C.6). In order to determine
the various parameters (namely A;, B;,C;, D; and &) appearing in these expressions in
terms of low-energy quantities related to the model, we proceed as follows.

We first observe that the tachyon, being the lowest-lying state, is not charged and,
therefore, cannot contribute to the gauge function (5.10). Taking into account the struc-
ture of the shifted lattice, namely the fact that the lattice sum I'y, [?] is always of
the form I}, m =1+..., whereas I" ;:(zi) never contain the unity (see Appendix A,
Egs. (A.11)-(A.14)), we conclude that the coefficient of the 1/7 term in F}™[7]
of (C.1) must be zero. Moreover, as we notice in Appendix A, for any w, there is

always a corner in the (7, U) moduli space where ', [i’] are equal for all (h,g)'> (up
o exponentially suppressed terms). In that limit, the é—pole present in FiA=O(+) of (C.2)
contributes as does the %-pole of F=° [(I)] of (C.1), and its coefficient must then be set
equal to zero.

We now turn to constraints originated from the identification of the beta-function
coefficients, according to (3.5). For generic values of the two-torus moduli, the only
contribution comes from the constant term of F,-’\zo [?], which has therefore to be iden-
tified with b;. However, it is important to observe that there are regions of the (7, U)
moduli space where extra charged massless states (vector multiplets and/or hypermul-
tiplets) appear and contribute to the beta-function coefficients, which therefore become
b; — b; + 6b;; those must in particular be considered in expressions such as (3.3) in
order to properly determine the thresholds. This enlargement of the massiess spectrum
can occur at the decompactification limit, where I}, [Z] become equal for all (h,g)
(see Eq. (A.16) for the case I}, [i‘]) In this case only hypermultiplets might be-
come massless (the gauge symmetry remains unchanged). The extra contribution to the
beta-function coefficients will be denoted 8,b;, and will be identified with the constant
term of F,»'\=O(+) of (C.2). On the other hand, along the line T = f}'(U), extra vector
multiplets and/or hypermultiplets become massless. This enhancement of the massless
spectrum is originated from the (2, 2) lattice, as is clear from Egs. (A.14) and (C.3);
we will have 8,b;, which has to be identified with twice the coefficient of the 1/ Va

IS For example, for a shift vector w corresponding to model I in Table A.1, this happens indeed in the limit
T, — 0,U3 =1, as is clear from (A.16).
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term of F="~) in (C.3).16

Finally, there are two constraints that are obtained by inspecting the gravitational
function (5.11). The latter receives a tachyon contribution. At generic values of the
moduli (7,U), this contribution is given by the coefficient of the 1/7 term in Fg’\;e [?]
of (C.4), which must then be equal to —1/12 in our normalizations, Furthermore,
the gravitational anomaly at generic values of the two-torus moduli, by,y, has to be
identified with the constant term of Fg)‘;(v) [?] (see Eq. (3.10) and the structure of the
shifted lattice sums). We will come back later to the discontinuities bgray ~— Dgray +0bgrav
that occur along special lines.

The seven constraints obtained so far are summarized in Appendix C, where we solve
them in order to express the parameters A;, B;,C;, D; and £ in terms of b;, 8,b;, 6,,b;
and by,y. By inspecting expressions (C.12), (C.13) and (C.14), which give £, we can
draw a straightforward conclusion: the parameters b;, §,b; and 8b; are related in the
sense that the combination 2b; — 128,b; — 8,,b; is necessarily proportional to k; and the
latter captures the whole group-factor dependence. As we will see in the following, in
the framework of A = 0 models, the constant of proportionality can be determined in
terms Of bpray only.

Before we turn to the determination of the threshold corrections, several comments
related to the above analysis are in order.

We first observe that in the models under consideration, where the two-torus undergoes
a shift leading to a spontaneous breaking of N = 4 supersymmetry down to N = 2, there
is room for discontinuities in the beta-function coefficients. This phenomenon, as we
pointed out in Section 3, does not occur in ground states where a two-torus is factorized.
Here it occurs along the line T = f)(U), where extra massless states appear, charged
under the rank-20 component of the gauge group.

The beta-function coefficients also suffer from discontinuity at the decompactification
limit where all I}, [i’] become equal (see (A.16) and left-hand part of Fig. 1).!7
This is specific to A = O lattices and, as explained in Section 4.2, in this limit, the
model at hand becomes identical to an N = 2 model with factorized two-torus obtained
through the mapping (4.9) (see Fig. 1); therefore b; + 8,b; is to be identified with the
beta-function coefficient of the latter model (called b; in Ref. [21]).

More information about this N = 2 ground state with factorized two-torus, sharing
a common limit with our N = 4 A = 0 model, can be obtained by analysing the
corresponding functions Fyr,y and F;. According to the mapping (4.9) these read

16 Note that at some isolated points of this line, as explained in Appendix A, the lattice multiplicity doubles
and the beta-function coefficients become b; + 28,b; instead of b; + Spb; which is their value at a generic
point along T = f}'(U).

17 We also have a trivial discontinuity in the other decompactification limit, namely (A.15) depicted in the
right-hand part of Fig. 1. In that limit N = 4 supersymmetry is restored and the full functions F* and Fy,,
vanish as a consequence of the exponential suppression of the lattice sums (see Egs. (5.1) and (5.2)). So do
the beta functions and the gravitational anomaly. This discontinuity, however, does not introduce any further
physical parameter. The same phenomenon actually appears in the unique decompactification limit (A.19) of
A =1 models (see Fig. 2).
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grav_r222 Fgl\r;\el:g:,

(h.g)
7=
grav + FZ 2 Z [ :I
(h.g)
By using the solutions (C.8)-(C.13) of Appendix C, we can compute Fgge [Z] as well

as Af\zo [Z] , and, thanks to (5.15), perform the summation with the result (we keep here
the explicit dependence with respect to £3)

1-&) . E,E4Eg

Fgrav = 12 2,2 1’724 (5.18)
and
ki(1— E,EEs -
F,.=_(T‘f3) I22 (277—2‘;6- —,+1008> + (bi + 8,b;) T2, (5.19)

which can be compared to the results for N = 2 models with factorized 72 (Eq. (3.14)).
Eq. (5.18) shows that in order for those limiting models to possess the correct tachyon
contribution (normalization of the :—7-pole in Fyry ), the original A = 0 models have either

0 class (i),
&= { 1 class (ii); (5.20)
we refer to the classes of A =0 models introduced in Section 4.2.

The models in the first class remain genuine N = 2 in the limit under considera-
tion, whereas those in class (ii) actually become N = 4 models: Fy,, vanishes and F;
must also vanish, implying 8,b; = —b;. In this class the mapping (4.9) actually satis-
fies (4.11), and we are in the situation represented in Fig. 3. By using Eq. (C.14), we
can recast (5.20) in terms of physical parameters, which therefore satisfy

{ 4b; — 24 8pb; — 28,b; = 9k; (bgray — 6) class (i),

(5.21)
5,-b,‘ = —-b,' ) Zb, - 85},1),’ = 3](, (bgrav + 2) s class (ll)

These relations show that there always exists in the string ground states considered
here, a combination of physical, gauge-group-dependent parameters (such as b;, d,b;
and 8,b;), which depends only on the level of the affine Lie algebras. As we will see in
the following, this implies that there is no unambiguous way of defining a group-factor-
independent threshold correction Y as was the case in N = 2 models with a factorized
two-torus (see Eq. (3.15)).

Discontinuities like those discussed above also occur in the gravitational anomaly.
The expansions (C.4), (C.5) and (C.6) of Fg}‘,;? [Z] together with the enhancement
properties of the massless spectrum and the large- or small-radius behaviours of the

lattice sums [~ ;2[ ] (see Egs. (A.11)-(A.16)) show that there are several possibilities.

In the limit that we have just analysed, where all I'y 2[ " become equal (limit (A.16)
for shifted lattice 1), the gravitational anomaly acquires an extra piece &, bgray, Which is
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the constant term of (C.5). Egs. (C.12), (C.13), (C.14) and (5.21) then allow us to
recast this discontinuity as

22 — bgray, class (i),
6l-bgrav = { o

.. (5.22)
—bgrav » class (ii),

where it appears, as expected, that the limiting ground states of class (i} are N = 2
ground states with gravitational anomaly 22, whereas for class (ii) we reach N = 4
models with vanishing gravitational anomaly.

Along the line T = f}(U), as can be seen from Egs. (A.14) and (C.6), another
discontinuity appears, 8;,bgry, Which has to be identified with twice the coefficient of
the 1/4/G term of Fg)‘r:(v)(_); it can be expressed as

1 {2—3bgm, class (i),

— (5.23)
24 | 30 — 3bgray, class (ii).

‘Shbgrav =
Furthermore, in the case of the gravitational anomaly, extra discontinuities appear
along the rational lines T = U and T = —1/U (see Egs. (A.11) and (A.12)), which
play no role in the beta-function coefficients of the rank-20 component of the gauge
group (8;b; = 8/b; = 0), because of the absence of tachyonic contribution in F,. The
same phenomenon also occurs in the ordinary N = 2 models, as discussed at the end of
Section 3.2, although in that case the lines T = U and T = —1/U are equivalent as a
consequence of the SL(2,Z)r. Here the %T—pole of Fiae [9] (C4) leads to

\ 4

6rbgmv = —?r , aaT=U (5.24)
and
&Y 1
Sbgray = ——é—, at T = U (5.25)
where
& = (—)h, (5.26)

which becomes (—)“~% + (=)©~% when T=U =, or
()P ()= () + (2)7)
ifT=U=por —1/p, and
5;w _ (_)az—bz , (5.27)

which becomes (—)2~% 4 (—)a=b((—)®2 4+ (—)2) if T= -1/U=por —1/p. As
we will see in Section 6, both vector multiplets and hypermultiplets (uncharged under
the rank-20 component of the gauge group) can in general become massless along these
lines, whereas in N = 2 models with a factorized two-torus, only vectors appear (see
Eq. (3.18)). Therefore, symmetry is not necessarily enhanced.
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Finally, in ground states belonging to class (ii), i.e. when &3 = 1, we also have
8 bgrav = & (5.28)

at the line T = f)\(U), as is clear from Eqs. (C.5) and (A.13). Notice, however, that
along this line &,b; = 0 because of the absence of é—pole in FiA=0(+) of (C.2). This was
one of the physical constraints imposed above, namely the absence of charged tachyon
anywhere in moduli space.

We now come to the computation of the threshold corrections. Collecting the re-
sults (5.12)~(5.17) and (C.8)-(C.14) in Eqgs. (5.1)-(5.6), we can recast Eq. (3.3),
for generic values of T and U, as was advertised in the introduction:

AY = b, A (T U) + 8,b, H*(T,U) + 8,b, V" (T,U) + k,Y*(T,U) , (5.29)
where
dr h 1 By [W ]  [R] sa[h
raor= [ sl ] (-G |3l (] 5]) )
= 2,2 g 12 7’24 (0) g g g (0) g f g
2l
+log -7;5—\/: , (5.30)
d*r ] 1 Ey —a [H] . [B] =2 [H] . [k
H*(T,U) = / ry [ —— 220 }h[ +4 ,.Hh ,
(% 22| \ T2 72 O ] " g T O] g
(5.31)
, I 1 Ey —a [H] ,[K] =2 [H] .,k
vW(T"U):/ I —— 1 U,: + A v y
J (hz; 22_8J< 12 7’24 (0) -gJ 8 g (0) -g- f g
(5.32)
d’r (4] 1 Ey — [H] (K]  —a [H] [k
Y"’(T,U):/ I - =1 y,[ +Agyi| |V .
J (hzg:) 22_g_< 12 42 7@ Fineari (0) 2 Ig
(5.33)

The functions 5),‘20, h’,\z(.), ,‘0 and y appearing in the above integrals are given in
e.f 0 Mef> Vgs gf ppearing g g

Egs. (C.15). The integrals themselves can be evaluated by unfolding the fundamental
domain and reducing the summations over the modular group orbits (the modular group
now being reduced as explained in Appendix A) in the spirit of Refs. [9,15]. Some
preliminary results were given in [12,21]. More complete formulas are presented in
Appendix D.

The functions A" (T, U) and Y* (T, U) defined in (5.30) and (5.33) are finite all over
the two-torus moduli space. However, the function H” (T, U) becomes singular along the
line T = f}/(U), because of the extra constant contribution of the integrand in (5.31),
which originates from extra massless states that lead to a logarithmic divergence (see
Egs. (D.31)). Along this line, we must therefore substitute in Eq. (5.29)
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HY(T,U) — H” (f} (U),U)

2 ’
- [E S ]l oy

F 2 (h.8) J
1 B [R] . [H) = [H] 5. [R
—— =7 N+ A || R ~1
X< 124 O [g] " [g}+ @ [g} ’lg
27
+log =S =, 5.34
e (5.34)

which accounts for the extra massless states by subtracting the contribution &b;.
Eq. (5.29) now leads to the correct thresholds.

The function V¥(T,U) remains finite in the bulk of moduli space. On the other hand,
it develops an extra logarithmic singularity in the decompactification limit (A.16), where
all I'y,,["] become equal. Then, by formally substituting

V(T U) = V" (Tiim, Utim)

d*r r . [h
= /~— Z FS,z[ :|(T]im»Ulim)

F 72 (h.g) g
1 EZ —A=0 h —A=0 h —A=0 h _A=0 h
" <_Eﬁn(°) [g] T le] T T lg] ) T
2e'Y
tlog——=., 535

which again regularizes the extra massless contributions, the threshold (5.29) matches
in this limit (see Eqs. (5.18) and (5.19)) the ordinary N = 2 thresholds

di=(bi+8,b)A—ki(1-£3)7, (5.36)

where A and Y are given respectively in (3.16) and (3.17). For T, — 0 and U; = 1 the
latter behaves as (see Refs. [17,20])

1 4
A; — (b + 8,b;) (%; + log T — log 4 |n<i>|“) — ki (1~ &) (T” +20 KT2> ,
2 2

(5.37)

up to exponentially suppressed terms (« is given in (D.30)). For class-(i) models, the
dominant behaviour is linear with respect to the volume of the decompactifying manifold.
If the model under consideration belongs instead to class (ii), the matching (5.36) shows
that 4 vanish, which reflects the restoration of N = 4 supersymmetry.

Actually, substitution of (5.35) is formal in the sense that the function V¥ (T, Ulim)
defined in (5.35) is divergent everywhere except for the limiting value Tjim, Uim (i.e.
T, — 0,U, =1 for the lattice I). Without this substitution, 4” given in (5.29) with
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V¥ given in (5.32) possesses, for the models of class (ii), a logarithmic divergence
in the limit considered here: A} ~ —6.bilogT, = b;logT, (more details about those
limits, including subleading terms, can be found in Appendix D). Although the N =
4 supersymmetry is restored, the accumulation of extra massless states not properly
regularized in the infra-red (one subtracts b; in the integrals and not b; + §,b; as one
would to follow the formal prescription (5.35)) leads to that logarithmic behaviour.
A proper treatment of this infra-red divergence necessitates the introduction of Wilson
lines as explained in [21].

Finally, as we have already pointed out several times, in the A = 0 models, there
is another decompactification limit (7, — o0o0,U; = 1 in models with shifted lattice
I) where N = 4 supersymmetry is always restored. In that limit, 4¥ given in (5.29)
diverges logarithmically (e.g. A4} ~ —b;logT,), which is the same infra-red phenomenon
as appeared in the previous case.

Our last comment about the gauge corrections 4} concerns the group-factor-indepen-
dent thresholds Y (7, U) appearing in the decomposition (5.29). In N = 2 models with
a factorized T2 (see Section 3.2), the decomposition (3.15) is unique because there is
no a priori relation between b; and k;. Moreover, Y (see (3.17)) is absolutely model
independent, and this is also a consequence of anomaly cancellations in six dimensions.
However, in ground states with spontaneously broken N =4 supersymmetry under con-
sideration, the various physical parameters appearing in the decomposition (5.29) are
not independent. They are related through (5.21). We have therefore the freedom of
adding 1o Y"(T,U), defined in (5.33), any function that is regular everywhere in the
moduli space, invariant under the relevant duality group, and properly behaved in the
decompactification limits; then, by using (5.21), we compensate the other functions
A", H" and V" without disturbing the decomposition in terms of b;, 6,b;, 5,b; and k;.
This arbitrariness cannot be reduced unless Y (7,U) is related to some other physi-
cal quantities such as the one-loop correction to the Kahler potential in the spirit of
Ref. [20], where this was done for ordinary N = 2 models. Furthermore, by using
Egs. (5.33) and (C.15), Y*(T,U) is recast as follows:

Y¥ =Y + b V' (5.38)

which shows that some model dependence, captured in the parameter by, and the shift
vector w, is now left in the gauge-factor-independent threshold. Notice that the freedom
in the decomposition (5.29) makes it possible to discard either ¥* or Y)*, which are
both regular everywhere in the moduli space.

By repeating the above steps, we can proceed to the determination of the gravitational
corrections (3.9). At generic points of the two-torus moduli space, they read

. @r{ 1 . [h] Ex —a [H] [k
woe [ (ATl ERL ) o
].'

where g[iﬁ] are given in (5.13). This threshold is not model independent as it was in
ground states with a factorized two-torus (see (3.19)), where anomaly cancellation in



E. Kiritsis et al. /Nuclear Physics B 540 (1999) 87~148 115

six dimensions was advocated. Its model dependence is captured in the parameters &,
appearing in g[z], that can be expressed in terms of by, by using (C.12)-(C.14),
together with the result (5.21):

{ &= % + %bgrav , &= 31_2 - %bgrav ’ &=0, class (1), (5.40)

63 3 i1
& = % + 63_4bgrav s &= 3 g}{bgmv ’ §3=1, class (iD).

Since the gravitational anomaly (see (6.2)) is related to the number of massless vector
multiplets and hypermultiplets, it is clear from the above expressions that the parameters
& can only take discrete rational values, as advertised previously. This defines several
universality classes for the gravitational thresholds, which eventually read

Ag;av = Agrav,l + bgrav Ag;-av,Z ' (541 )

The actual expressions for 4z, , and 45, , depend on whether the model belongs to
the class (i) or (ii), but are universal within each of the two classes where they turn
out to depend only on the shift vector w.

The thresholds (5.39) diverge logarithmically along the lines T = U, T = —-1/U,
T=fy(U)ad T = fy(U) (see Egs. (D.31)), where the subtraction of by, does
not account for all massless contributions. The exact thresholds are obtained by re-
placing by, with the actual value of the gravitational anomaly at the considered line
(see Egs. (5.22)-(5.25)). In the decompactification limit (A.16), where an ordinary
N = 2 model is matched, the gravitational thresholds diverge linearly for the class (i)
and logarithmically for the class (ii) since, then, N = 4 is actually restored. In the
decompactification limit (A.15), where N = 4 supersymmetry is systematically restored,
the divergence is always logarithmic. All these behaviours are summarized at the end of
Appendix D.

5.2. The case A =1

‘We now turn to the determination of threshold corrections in models where the shifted

lattice I}, [;ﬂ is of the type A = 1. We must therefore determine the functions 247! [g]

and A [i'] appearing in Fay [g] and F™' [g] (Eqgs. (5.4) and (5.6)). Our starting point
will now be the model Eg x Eg x U(1)? of Appendix B. We construct the generalized
! [g] and Ale [i'] in a way similar to what was done in the previous section, using
the 025, [g] and Afy). [g] of (B.9) and (B.10), and Egs. (5.12) and (5.16) with A = |
instead of A = 0. Repeating the steps of the A = O calculation we find that g(x) is again
given by (5.13), which translates into

[y

-110
2 1[ ] =902 (6 03 0% + & O3 OLE, + S E)

=11
N R RO L S L R



116 E. Kiritsis et al. /Nuclear Physics B 540 (1999) 87-148

=11
o ‘H = -9 (650 - LHINE, + & E); (5.42)
we also find that

f»A=](x) _ At —x3+x2—x+ D+Bix(x>2—x+1)+C;x?
! (Z—-x+D(x-2)2x-1) )

(5.43)

The determination of the constants A;, B;, C; as well as of the parameters & of (5.13)
in terms of physical parameters can be carried out as in the previous case. We first
expand Ff)‘:l [;‘] and Fé\,;i [Z] (see Appendix C). By taking into account the structure of
the A =1 shifted lattice as explained in Appendix A (see Egs. (A.11), (A.12), (A.17)
and (A.18)), we can identify the coefficients of the various negative or zero powers of
g in expressions (C.16)-(C.21) with the physical parameters.

The absence of charged tachyon requires the vanishing of the 1/g term in F,.)‘=l [?]
The constant term of F;~'[°] must be identified with the beta-function coefficient at
generic moduli b;. The l/z73/4 term in FiAzl(H plays a role along the line T = f(U)
where extra states become massless. Twice its coefficient will be therefore identified
with 8,b;. Similarly, twice the coefficient of the 1/3"/* term in F='™) will be called
drbi, which represents the discontinuity of the beta-function coefficient along the line
T = f(U)." In contrast to what happens in A = 0 models, the two discontinuities of
the beta-function coefficients arise at finite values of the moduli, where in general either
vector multiplets and/or hypermultiplets appear. Remember that for A = 0, this happens
only for 8,b;, since 8,b; was the discontinuity at the N = 2 limit of the moduli space.
Here N = 4 supersymmetry is restored in both limits (see Fig. 2), with vanishing of
all beta-function coefficients and gravitational anomalies, and without any new physical
parameter.

Two more constraints are needed in order to determine all the above parameters.
These are obtained by inspecting the expansion of Fgﬁé m (Eq. (C.19)). Normalization
of the tachyon contribution in the gravitational corrections imposes the residue of the
pole to be —1/12. Furthermore, the constant term is the gravitational anomaly.

The above constraints lead to six Eqgs. (C.22), the solution of which is given
in (C.23)-(C.28). As we already mentioned in the A = O case, we observe that the com-
bination b; —26,b; — 85,.b; is necessarily proportional to ;. In contrast to the A =0 case
(see Eq. (5.21)), however, the proportionality constant cannot be expressed in terms of
bgrav Only. It necessitates the introduction of a new parameter, although not independent,
such as the discontinuity of the gravitational anomaly along the line T = f}/ (U), 8,bgrav,
which is twice the coefficient of the 1/G%* term in Faa, " (C.20). We therefore find
the relation

bi — 20yb; — 88,b; = 3k (16 8,bgrav + bgrav — 2) . (5.44)

'8 Note again that at some isolated points of the lines T = fEU) or T = fy(U), the multiplicity of the
relevant terms in the lattice sums can double and the beta-function coefficients become b;+28,b; or b; +28,b;.



E. Kiritsis et al. /Nuclear Physics B 540 (1999) 87-148 117

Note that the gravitational anomaly possesses another discontinuity &by, along the
T = f}(U), which can be read off from Fg)‘;‘l,(‘) (C.21) and expressed in terms of
other physical parameters by using (C.26)-(C.28) and (5.44):

Bhbgrav =-28 8ubgrav - bgrav + '150' . (5.45)

Further discontinuities 8;bgry and 8;bgray arise along T = U and T = —1/U, respec-
tively, due to the tachyon pole of Fyay [°] combined with the I'},[?] lattice sum. These
are the same as those appearing in the A = 0 case, and are given in (5.24) and (5.25).

The computation of the threshold corrections goes on as in the A = 0 situation. The
gauge corrections can be decomposed as in (5.29) with all (7, U)-dependent functions
given in (5.30)-(5.33) and 6;;1, e y;\? displayed in (C.29). Again due to the
relation (5.44), the definition of the group-factor-independent contribution Y* (7, U) is
not unique, although it is taken to be regular everywhere; it is also model dependent
through bgry, and can be decomposed as in Eq. (5.38) (see (C.29)).

Singularities appear at T = f)' (U), where H"(T,U) exhibits a logarithmic behaviour
(see Eqgs. (D.32)). This can be cured on the line T = f'(U) by properly subtracting
the full contribution of the massless states, i.e. by performing the substitution (5.34).
The same phenomenon occurs across T = f7'(U), where V*(T,U) diverges and where
the substitution

VH(TLU) — V" (f¥(U),U)

d? ' h
- [2 T z[g] (F(U).V)

F (h,g)
1 Ey et [K] ey [R] | —aet [H] ac [B

" <_§;72~40‘°) [g] k [g] +A(°”[g] el )
2677

is compulsory in order for the thresholds 4} to make sense. Finally, at the limits (A.19)
(see Fig. 2), where the N = 4 supersymmetry is restored and 1‘7,-)‘=l vanishes, the thresh-
olds (5.29) diverge logarithmically (e.g. 4% ~ +b;log T, the minus sign corresponding
to the large-T, limit, see Appendix D); this is, as described previously, the consequence
of an incomplete infra-red regularization.

For the models at hand, gravitational corrections are still given in (5.39), where the
parameters £ appearing in g[;’] (see Eq. (5.13)) are now taken in (C.26)-(C.28),
which, thanks to (5.44), are expressed in the more convenient way

& = %Subgrav + %bgrav + % > &= _%Bzrbgrav - gjbgrav + 35—2 s &= %aubgrav .
(5.47)

Here also we observe that only rational values are allowed for these parameters. However,
the decomposition (5.41) must now be replaced with
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Agrav Agrav 1 + bgfﬂV Ag'rav,Z + 6l'bgfaV Agrav,S ’ (5-48)

where Ag,. . i=1,2,3 are universal (only shift-vector-dependent) functions. As far as
the singularity of the corrections is concerned, the same comments as before apply here;

details can be found in Appendix D.

6. The case of orbifolds
6.1. Some general results

In Sections 4 and 5 we described a general class of heterotic constructions with
spontaneously broken N = 4 supersymmetry, for which we computed the gravitational
and gauge threshold corrections. Those turn out to depend on moduli (7,U) as well
as on several low-energy parameters of the model, such as beta-function coefficients
and the gravitational anomaly and their discontinuities across rational lines or on the
border of the moduli space. The gravitational thresholds, in particular, depend on a very
specific combination of these low-energy data, namely on & (see (5.40) or (5.47)). The
latter are discrete Wilson lines and are the only parameters entering the elliptic genus
(see (5.5), (5.14) and (5.42)), which therefore exhibits the universality properties that
we already discussed in Section 5.

The above parameters (or equivalently the elliptic genus) do not contain enough
information to reconstruct all properties of the massless spectrum, such as the number
of vector multiplets and hypermultiplets. Only the differences Ny — Ny or Ny — 6Ny
can be determined through bgny or 8bgny. However, if we restrict ourselves to the
subclass of the Z, orbifolds, more information can be reached. Indeed, for these models
the function C}5, ["] (v/2) is given in (4.5), and it is possible to explicitly compute the
helicity supertrace B4. We can then extract the massless part of the latter, and identify
it with the low-energy formula, which reads

o 02+7Ny— Ny
B= ————
4
for heterotic ground states. By using the low-energy expression for the gravitational
anomaly,

(6.1)

>

22 — Ny + Ny

bgrav = —]2— s (6.2)

we can determine Ny and Ny as well as the discontinuities of these numbers all over
the moduli space.

The helicity supertrace By = ((A+ A)*) is obtained at one loop by acting on Z (v, b)
(Egs. (2.4), (2.7) and (4.5)) with 2 (d, — J;)* at v = & = 0. After some algebra
(details can be found in Ref. [24]), we find

305, T H[
B4 4 2224420 2 Z r;’zl: J ( 8

K (h.g)

+2-E ”724g s (6.3)
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where
- H+9 (hg) =(0,1)
1 3 l_]l 3 4 y , 1),
Hm =;2l,¢9,log L gJ =4 =9 - 9% (hg)=(1,0),
8 K 94 -9 (hg)=(1,1).

Expression (6.3) is valid for Z,-orbifold constructions with spontaneously broken N =
4 to N = 2 supersymmetry. The second term of (6.3) results from N = 2 sectors
and possesses the same universality properties as those described previously for the
gravitational threshold corrections: the model and moduli dependence has shrunk to
(T,U) and §&; put differently, this term depends on the elliptic genus only. However, the
first term of By, originated from the N = 4 sector, spoils this universality: as expected
from general considerations, it introduces a full dependence on the various moduli of
Iy 20.

Let us now concentrate on the massless contributions to B4. By using the full ma-
chinery introduced so far, we can compute BY in terms of £, and use (5.40) or (5.47)
to trade the latter for the parameter bgr,,. We find

By = 3N, +54 — 12 byay . (6.4)

This formula is valid for any shift vector w (A =0 or 1), at any generic point of the
(T.U) moduli space. We also assumed that, at generic values of the other moduli, '
we have the behaviour: I'y20 = 1 +2NrG+ .. .. This introduces a new parameter of the
orbifold, which captures all the extra moduli dependence at the level of the massless
spectrum. By using (6.1) and (6.2) we can recast (6.4) as Ny +Ng = 22+2N,, where
Ny and Ny are the number of vector multiplets and hypermultiplets at generic (T, U)
moduli. In turn, these are given by

Nv=22+Nr—6bng, (6.5)
NH=N1"+6bgmv. (6.6)

We can go further and describe the behaviour of BY across rational lines in the
(T, U) moduli space. This can be achieved thanks to the various expansions and limits
introduced in Appendices A and C for lattices and the gravitational functions Fj,, [i’]
Notice that the actual value of N, plays no role in this analysis.

(a) The case A =0

e The decompactification limit where Iy, [g] become equal for all (h, g).

In this limit, present for any shift vector w, the massless spectrum is enhanced and
discontinuities 8,b; and &, bgr,, appear. In the situation (i) (see Section 4.2), namely
when &3 = 0, this limit is also shared by an N = 2 model with factorized two-torus

19 For truly generic values of the 80 moduli of I'4 20, we would have I'y 29 = 14 non-integer values of ¢ and
g. However, orbifold constructions often necessitate some of the moduli to be fixed at specific values.
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(mapping (4.9), see Fig. 1), which has beta-function coefficients b; = b; + 6,b;, and
gravitational anomaly ngv = bgray + 8 bgrav. We find

8,B3 = —38,bgnay -
This result can be recast in the form (see (5.22), (6.1) and (6.2))
6,Ny =0, 8. Np =264 — 2bgryy .

The number of vector multiplets remains constant, as was already stressed in the general
case (see Section 5); only extra hypermultiplets appear.

When &; =1 (class (i1) ), in the limit under consideration, the model matches an N =
4 orbifold with a factorized two-torus obtained through the mapping (4.9) with (4.11)
(see Fig. 3). We obtain now

8By = —18 — 38.bgray -

In the limit at hand, N = 4 supersymmetry is restored and the number of N = 2 vector
multiplets and hypermultiplets has no longer any meaning. Instead the number of N =4
vectors makes sense and turns out to be equal to the number of N = 2 vector multiplets
present before reaching the N =4 limit, as can be seen from the result

BY=BY+68.B{=3+ 3Ny,

Ny given in (6.5). In other words, the massless spectrum is reshuffled in such a way
that the gauge group remains unchanged, as it should, when N = 4 supersymmetry is
restored.

o The line T = f};(U).

Here we find for both situations (i) and (ii)

84BY = —381bgray
which leads to (see (5.23), (6.1) and (6.2))

—3bgay + 1, class (i),

= N =
BNy =0, &Ny {—gbg,av~15, class (ii).

Now the absence of extra vectors is specific to orbifolds.

e The line T = £} (U).

For models of class (i) no extra massless states appear along this line. In the case
(ii), however, although the beta-function coefficients (of the rank-20 factor of the gauge
group) remain unchanged and the gauge thresholds are regular, extra massless states
appear since the gravitational anomaly has a discontinuity (see (5.28)). Similarly

8By =-1,
and consequently
5{.Nv=0, 5{,NH=2

The extra hypermultiplets are singlets under the rank-20 component of the gauge group.
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(b) The case A =1

In this case N = 4 supersymmetry is restored in all decompactification limits, and
there is not much to say about them. The interesting phenomena occur along the lines
T=fy(U) and T = fy(U), where we find

51:,u32 = “3611,ubgrav s
leading to
5/1,:-NV =0, 5h,uNH =12 611.ubgrav

(remember that in the situation A = 1, §,bgr,y is considered as an input parameter together
with b;, 8,b;, 8ubi, and by, Whereas dpbgry is related to the others through (5.45)).
Again, the absence of extra vectors is not to be considered as a generic feature of
the class of models analysed in this paper, but instead as a property of the orbifold
constructions.

(c) The lines T=U and T = ~U~!

These deserve a special treatment, because they appear both in models with sponta-
neously broken N = 4 supersymmetry and in ordinary N = 2 models with a factorized
two-torus (although in the latter they are equivalent). In all cases the beta-function co-
efficients (of the rank-20 factor of the gauge group) remain unchanged, 8,b; = 6,b; = 0,
and the corresponding gauge threshold corrections are regular. This is a consequence of
the absence of any charged tachyon. The gravitational anomaly, however, receives extra
contributions. For the models with a factorized two-torus, this is given in (3.18), and
accounts for the appearance of 2, 4 or 6 extra vector multiplets: the U(1)? factor of the
two-torus becomes U(1) x SU(2), SUR2) xSU(2) or SUB) at T=U, T=U =1 or
T=U=p.

In the case of models with spontaneously broken N = 4 supersymmetry we are
considering here, the discontinuities of the gravitational anomaly are given in (5.24)
and (5.25). Moreover, for orbifold constructions, using (6.3) we find

5132 = %6 — 12 8;bgray » (6.7)
which leads to
ONy=08+46;, &Ny =06-18/ (6.8)

for the line T = U, and similarly for the line T = —1/U with 87 replaced with &*. (4,
8y and 8} are defined in Eqgs. (3.18), (5.26) and (5.27), respectively). We observe
that not only extra vector multiplets, but also extra hypermultiplets, singlets under the
rank-20 component of the gauge group, appear when 7= U or T = —1/U are reached.
Since 8} # &', the spectrum of extra massless states is different along the two lines
under consideration, which translates the breaking of the duality group. Moreover, it is
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determined exclusively by the shift vector w and does not depend on any low-energy
parameter of the model (as, for instance, bgpay ).

6.2. Examples
(a) The case A =0, class (i)

These models fit to the scheme presented in Fig. 1. They can be seen as deformations
of the known six-dimensional Z, orbifolds. This perspective has been adopted in [21],
where a model was constructed as a deformation of the symmetric Z, orbifold. This will
be our first example. Following this procedure, more orbifold models can be constructed.
The number of possible models in this class is equal to the number of ordinary Z; N =2
orbifolds. They are related by the mapping (4.9).

e By x Ey x SU(2) x U(1)%

In the notation used here this model can be recovered with the lattice

o[ B | <~ oo [a] [a+h] <[a—h]-—
r=1"=r - ﬂﬁHﬁ . ]ﬂ[- JE 6.9
“OLJ 4'4[5’}2;5;0 bl |b+g |b-g] (69)
where
0] _ T4
Z4‘4 |:0:| = Z4‘4 b= W (610)

is the partition function of four compactified bosons, which depends on 16 moduli while,
for (h,g) # (0,0),

h I'44 [h] 16 77|4
24‘4[8} = |77‘8g - 1+h I 1= |2 (6.11)
o o1

are the ordinary Z,-twisted contributions. Here N, = 240. One can use Egs. (B.1) to
determine the corresponding functions ﬂ[g]; after comparison with (5.14), the latter
give £ = (0,1,0). This determines the universality class of the model, and in particular
bgav = —62/3, 8.bgay = 128/3 and 8,bgy = 8/3. We find Ny = 386 and Ny =
116, in agreement with the gauge group and the matter massless spectrum, which is
(1,56,2) + 4 x (1,1,1), with bg, = —60, bg, = —12 and bgsy(2) = 52. We also find
8.Ny = 512 extra hypermultiplets in the N = 2 decompactification limit, originated from
the twisted sector, and falling in 8 x (1,56,1) +32 x (1,1,2). They lead to 8,bg, =0,
8.bg, = 96 and 8,bsy2y = 32. Finally, we find 8,Ny = 32 extra hypermultiplets
originating from the twisted sector in 16 x (1,1,2), with 8,bg, = 0, Sxbg, = 0 and
Snbsu(2y = 16. Eq. (5.21) is verified by the above low-energy parameters.

e SO(12) x SO(20) x U(1)>.

In this case the (4,20) lattice sum is
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1
2o [1 1 ] ss[a+h] s[a—h
raf] -l s S oG B PE ) 12
a,b=0

Now Np = 240, £ = (1,0,0); bgay = 2/3, 8ybgray = 64/3 and pbgry = 0. We find
Ny = 258 and Ny = 244, in agreement with the gauge group and the matter massless
spectrum, which is here (12,20) + 4 x (1,1), with bso12y = 20 and bso20) = —12.
We also find 6,Ny = 256 extra hypermultiplets falling in 8 x (32,1). They lead to
Subso2y = 64 and 8,bsp(20y = 0. Finally, we find §,Ny = 0, so that nothing happens
along T = f/(U) (8,Ny vanishes for all orbifold models). All low-energy parameters
are consistent with Eq. (5.21).

(b) The case A =0, class (ii)

Let us now proceed to present two models where N = 4 supersymmetry is restored
in both six-dimensional limits (see Fig. 3). This is related to the fact that they are
constructed by a pure shift in the I, lattice and no twist action in the I'y4 lattice.
Since in both limits the shift action is effectively removed, and no twist action is present,
supersymmetry is always restored to N = 4.

e Eg x Eg x SO(8) x U(1)2.

The simplest model is the one presented in Appendix B. It corresponds to the lat-
tice (B.5). Notice that it is quite remarkable to find an Eg X Eg factor together with
N = 2 supersymmetry in a four-dimensional construction. It has Ny =252, £ = (0,0, 1);
bgrav = —42, 8,bgray = 42 and Sybgray = 4. We find Ny = 526 and Ny = 0. There is no
matter here and bg, = —60, bsozy = —12. We have 8,bg, = 60, 8,bso(s) = 12 because
of the N = 4 restoration. We also find 6, Ny = 48 extra hypermultiplets along the line
T = f(U) falling in 6 x (1,1,8). They lead to 83bg, = 0 and dbso(sy = 12, in
agreement with Eq. (5.21).

¢ SO(40) x U(1)~.

This model is obtained with

D P e e e T

It has the largest single group factor that can be obtained in this construction. We find
Nr =380, £ = (—1,1,1); bgray = —190/3, 8,bgrav = 190/3 and &gy = 20/3. There
is no matter here, Ny = 782 and bspa0) = —76, 8,bs50(40) = 76. Now 8, Ny = 80 extra
hypermultiplets appear along the line T = f}/(U) falling in 2 x (40). They lead to
dnbsoa0y = 4, in agreement with Eq. (5.21).

The enlargement of the gauge group in the last two models is also a result of the
absence of twist, which allows the I's 4 right-moving fermions to get gauged.



124 E. Kiritsis et al. /Nuclear Physics B 540 (1999) 87-148

(c) The case A =1

As explained in Section 5, A =1 models fall in the situation depicted in Fig. 2. The
two six-dimensional limits are equivalent (which was not true in the previous case) and
therefore restore the N = 4 supersymmetry since the orbifold twist is removed. We will
give three examples, one of these being the celebrated Eg level 2 construction.

o E3 x Eg x U(1)%.

This is the simplest model of this category and is the one presented in Appendix B.
The (4,20) lattice is given in (B.8). It has Ny = 240, £ = (0,0,1); bgqy = —118/3,
8 bgray = 4/3 and 8ybgry = 16/3. We find Ny = 498, and Ny = 4 hypermultiplets,
which are singlets of the non-Abelian gauge group factor. The beta-function coefficient
is bg, = —60. Moreover, along the rational lines 7 = f¥(U) and T = f}(U), we find
6,Ng = 16 and 6,Np = 64 extra hypermultiplets, singlets of the non-Abelian gauge
group factor, leading to 8,bg, = 0 and 8, bg, = 0. This is in agreement with Eq. (5.44).

e SO(16) x SO(16) x U(1)*.

Another model can be obtained by using the lattice

. L o[a] s[a+h
EEH R HEp S g ] @10
a,h=0
We now have Ny =240, £ = (1,0,0), bgav = 10/3, Spbgrav = 0 and 8, bgray = 0. We find
Ny = 242 and Ny = 260, in agreement with the gauge group and the matter massless
spectrum, which is here (16,16) +4 x (1,1), with bso(i6) = 4. Finally 6, ,Ng =0 and
Sr-ubsoc16) = 0, in agreement with Eq. (5.44).
o Bz x U(1)2
This model has recently attracted much attention in the framework of heterotic/type
II dual-pair construction [35]. On the Iy 6 lattice, the Z, permutes the two Eg’s. A
single Eg current algebra survives, which is realized at level 2. Eventually, the (4,20)
lattice sum reads

=t [B] h h
Iy 20 ¢ =1l [g Ig,, gl (6.15)
where
0] _ - 0] _ = hey (D)
Tgy, 0 =E(7), Tk, H =E4(2r)778(—2i), (6.16)

and I'g,, |, (:r ] are obtained by the modular transformations 7 — 741 and 7 — -7

In the model at hand, Ny = 240, & = (15/16,1/16,0); bgray = 2, Subgay = 0
and &,bgray = 4/3. We find Ny = 250, and Ny = 252 hypermultiplets, which are in
(248) + 4 x (1). The beta-function coefficient is bg, = 0. Moreover, along the rational
line T = f*(U), 6,Ny = 0 and consequently 8,bg, = 0. On the other hand, §,Ny = 16
hypermultiplets appear at T = f)'(U) and, being singlets of Eg, give dxbg, = 0. Again,
beta-function coefficients fulfill Eq. (5.44).
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7. Conclusions

In this paper we have analysed threshold corrections to gauge and gravitational cou-
plings in four-dimensional heterotic models where N = 4 space-time supersymmetry is
spontaneously broken to N = 2.

Such ground states can be viewed as obtained by compactifying the ten-dimensional
heterotic string on a six-dimensional compact manifold of SU(2) holonomy. This man-
ifold is locally but not globally of the product form K3 x 72. In these models there
are two massive gravitinos, whose masses are calculable functions of the torus moduli.
These masses become vanishing, and thus supersymmetry is restored to N = 4, in an ap-
propriate decompactification limit. The analysis of the decompactification limits exhibits
three subclasses of models (A =0 (i) and (ii), and A = 1).

The properties mentioned above are expected to significantly affect the high-energy
running of effective coupling constants; this was shown to be true in some sample
ground states in [21].

Here we have derived explicit expressions for generic models of the above type
without knowledge of their detailed structure. The important ingredients that appear in
the expressions for the one-loop gauge and gravitational thresholds are properties of
the massless and BPS spectrum; more precisely, beta-function coefficients and affine-
Lie-algebra levels, as well as jumps of the beta-functions along submanifolds of the
torus moduli space where extra BPS multiplets become massless. In fact, in contrast to
what happens in models with a factorized two-torus, several rational lines appear, where
the gauge threshold corrections are singular (singularities of the gravitational thresholds
appear independently of the factorization of the two-torus). However, these lines do not
necessarily correspond to an enhancement of gauge symmetry: 6Ny and 6Ny are not a
priori determined.

We have thus found that the universality properties, observed in K3 x T?-like com-
pactifications [19,20] as a consequence of six-dimensional anomaly cancellations, are
slightly modified here, although they can still be traced to modular invariance and uni-
tarity, and to the fact that the couplings studied are of the BPS-saturated type [25]. For
the gravitational thresholds, the explicit expression exhibits a model dependence, which
is captured in the shift vector w and the rational parameters & namely bgray (and 8, bgry
for A = 1). The latter can be interpreted as discrete Wilson lines (or instanton numbers
of the Z,-shift embedding), and define the various universality classes where all models
under consideration fall. These are genuine classes in the sense that they contain more
than a single representative. As far as the gauge threshold corrections are concerned,
the usual decomposition in two terms no longer holds. A gauge-factor-independent term
can still be defined. However, there is some arbitrariness in its definition due to a rela-
tion between the various low-energy parameters involved. Moreover, this term depends
explicitly on the value of the gravitational anomaly of the ground state.

By using our expressions for the threshold corrections (for which we have also
explicitly performed the integrals over the fundamental domain), we have analysed the
behaviour at large radii of compactification. In agreement with the expected supersym-
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metry-restoration properties, the thresholds are linearly or logarithmically divergent. In
the second case, the N = 4 supersymmetry is restored, and the logarithmic divergence
is actually an infra-red artefact due to an accumulation of massless states, which can be
lifted by switching on appropriate Wilson lines. Indeed, the thresholds should vanish as
expected when supersymmetry is extended to N = 4.

For generic orbifold constructions falling in our general class of heterotic ground
states, the enhancement of the massless spectrum along specific submanifolds of the
moduli space can be unambiguously determined. Except for the lines T = U and T =
—1/U, only hypermultiplets become massless. In the framework of orbifolds, we have
also presented several specific constructions, where the gauge group contains factors
such as Eg x Eg, SO(40) or even Egj, (in four dimensions).

The results presented here are a priori applicable to N = 2 supersymmetric theories.
In fact, they can serve for realistic N = | models that are orbifolds of the ground states
studied in this paper. The internal moduli dependence of the couplings would be coming
from N = 2 sectors and will thus be given by the expressions we have derived above.

The formalism we developed so far can also be useful for analysing the issue of
non-perturbative phenomena in N = 2 type II dual models. The extra SNy and dNy
massless states that appear on the rational lines will then correspond to monopoles or
dyons a la Seiberg-Witten. Work in this direction will appear soon [36].
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Appendix A. Two-torus lattice sums
In this appendix we give our notation and conventions for the usual and Z,-shifted

(2,2) lattice sums. We also analyse the behaviours of those sums all over the moduli
space as well as in various decompactification limits.

A.l. Z-shifted lattice sums

The (2,2) lattice sum is given by
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I, (T, UT, U) = Z exp (277i7"mn _ I [Tny + TUny + Umy — mzlz) .
mneZ T2U2
(A.1)

It is invariant under the full target-space duality group SL(2,Z); x SL(2,Z), x Z5~V.
The Z,-shifted lattice sum of the two-torus I'y, [2] depends on two integer-valued
two-vectors (a, b) = w. Independently of the shift vector w,

)
ry, [0] =T1s,, (A2)

given in (A.1); for (h,g) # (0,0), I'j,[}] is obtained from I',, by inserting
(—1)&ma+tmb) and shifting m — m + ah/2 and n — n + bh/2. There are many choices

for the Z, translation on the 72. The choice of the vectors @ and b determines the kind
of states (winding and/or momentum) that are projected out by the orbifold. We find

ry, [h] = Z (—1)8natmb) exp (2771'1" (m +a g) (n +b g)
g mncZ
mT h h
- T b - U by —
U, (n, + b 2) + (nz + b 2)

2
+U <m1 + a g) — (mz +ar g) ) (A3)

in the Hamiltonian representation, or

R _T imra(ng—mh~b & T h
Fg‘zl:]zl Z eﬂ'a(ng mh bZ)exP_T_QZ[mi+bi§+(ni+bi§)7]
L.

T
8 2 mncZ

h
X (G,'j + B,‘j) [mj + bj % + (n_,- + bj 5) ’l_'jl (A4)

in the Lagrangian representation, where as usual

({1 U 0 -1
= — , B=T, . .
¢ Uz(Uz IU|2> 2(1 0) (A3
It is easy to check the periodicity properties (k, g integers)
.y C|h+2 h C[—h
Iy =Iy [ ]:FW[ }:]‘“ [ ] (A.6)
22 [g} 22| 22|42 22| _g
as well as the modular transformations that expression
;R
w 1P I 5'.2[ ]
Zz,z[ ] = = (A7)
g |m|

obeys
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Table A.l
The nine models with A =0

Case a b

I (0,0) (L0)
I 0,0) 0, 1)
1] (0,0) (L
v (1,0) (0,0)
v 0, 1) (0,0)
Vi (LD (0,0)
VIl (1,0) (0, 1)

VIII (0,1 (1,0)
IX (I, -=n (LD

Table A.2
The six models with A = |

Case a b
X (1,0) (1,0)
X1 (1,0) (L, 1)
X1l (1, 1) (1,0)
X1 0, 1) 0, 1)
X1V 0, 1) (L1
XV (1, 1) 0, 1)
h : 82 h
T — 7_+ ] , ZW — em’abT ZW R A8
2.2 [g} 22|p 4 o (A8)
T s -l ZW h 5 e»iwabhg ZW g (A 9)
T * 2,2 g 2,2 _h * *

The relevant parameter for these transformations is A = ab.

We would now like to give a few properties of the shifted lattice sums. It is clear
from expression (A.3) or (A.4) that the integers a; and b; are defined modulo 2, in the
sense that adding 2 to anyone of them amounts at most to a change of sign in Iy, [:]
Such a modification is necessarily compensated by an appropriate one in Cf,zo [}] (see
Eq. (2.7)) in order to ensure modular invariance, and thus we are left with the same
string ground state. On the other hand, adding 2 to a; or b; translates into adding a
multiple of 2 to A. Therefore, although A can be any integer, only A =0 and A =1
correspond to truly different situations.

In Tables A.1 and A.2, we list all physically distinct models with A =0 and A = 1,
respectively. In each of these classes, all the models are related to one another by
transformations that belong to SL(2,Z); x SL(2,Z),, x Zg“‘u.

Another issue that we would like to discuss here is that of target-space duality in the
presence of a Z, translation. The moduli dependence of the two-torus shifted sectors
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(see Eq. (A.3) or (A.4)) reduces in general the duality group to some subgroup?® of
SL(2,Z);x SL(2,Z);x Z5Y. Transformations that do not belong to this subgroup map
a model w = (a, b) to some other model w' = (a’, b’), leaving however A = ab = a'b’
invariant. This plays an important role in string constructions such as those described
in (2.4) with (2.7), where a Z, translation appears, giving a moduli-dependent mass
to half of the gravitinos. Indeed, for such a model, decompactification limits that are
related by transformations that do not belong to the actual duality group are no longer
equivalent. Therefore, the spontaneously broken N = 4 supersymmetry might or might
not be restored (see Section 4).

To be more specific, by using expression (A.3), we can determine the transformation
properties of Iy, [if] under the full group SL(2,Z); x SL(2,Z), x ZI=V:

a d 0 0 b a
- oa 0 d b 0]|a _
SL(2,Z)r - by — 0 —c a 0 b | ad —bc=1,
by c 0 0 a by
a; a —c 0 O ay
_bl ! 0
SL(2,Z)y : Z? -1 % ‘é d,[?, Z? . dd —bd =1
by 0 0 ¢ d by
and
ai 0010 a
Tl . a 01 00 a
BT n |71 00 off#
b, 0 0 0 1 b,

Thus, we can determine the duality group for a given model by demanding that the
components of the vectors @ and b remain invariant modulo 2. For example, in the
situation I (A = 0) defined by a = (0,0) and b = (1,0), the target-space duality group
turns out to be I't(2)r x I'"(2)y, whereas for the case X with A =1 and a = (1,0),
b=(1,0), we find I'(2)r x I'(2)y x ZT~Y.

A.2. Rational lines and asymptotic behaviours

Finally, we would like to analyse the behaviour of the shifted lattices over the moduli
space. This includes the identification of special lines in the (7, U)-plane, where extra
massless states can appear in the spectrum, as well as some large-radius properties.
Notice that these special lines are not necessarily lines of enhanced symmetry, since

20 The subgroups of SL(2,Z) that will actually appear in the following are /'£(2) and I"(2). If (‘: 3)

represents an element of the modular group, 7"+ (2) is defined by a,d odd and b even, while for I"~(2) we
have a,d odd and ¢ even. Their intersection is 7(2).
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in some situations only extra hypermultiplets appear. For this analysis we introduce the
combinations

w 1 w 11 v |1
Fz,(zi) =3 (rz,z [0] 15, [1]) ) (A.10)

which turn out to -be convenient in the computation of the threshold corrections (see
Section 5).

(a) The case A =0

We focus here on the appearance of O(§) terms in I'y,[J] or I'y5", and 0(1/3)
terms in ]“;V_f,__). These situations are indeed possible along some specific lines in the
moduli space, although they are not simultaneously realized. The results are summarized

as follows:

. [o
r;z[l}:l+(—)‘“—”12q+..., for T=U (A.11)
1
=14+ (=) 2254 ..., forT:—ﬁ, (A.12)
=425+, for T = f¥(U), (A.13)
= 4 2G+ ., for T = f¥(U). (A.14)
The lines T = U and T = —1/U are no longer equivalent. In these expressions, the

multiplicities are valid for generic points along the indicated lines. They can, however,
be modified at some particular values of the moduli. For instance,

2 m =1+ ((~)"“”1 + (—)“2“’2)2¢7+... for T=U=i,

ry, m =1+ ((—)“'—bl + (—)”2*”2((~)“1 + (—)bl))2q+...

for T=U=p or —1/p,

and

Iy m =14+ (2 (2 ()2 + (1)) 23+

for T=-1/U=p or —1/p.

On the other hand, the functions f(U) and f}(U) depend on the particular shift
vector w. For concreteness, we concentrate on the particular case I (see Table A.1); any
other situation is obtained by duality transformation. In this case, f} = 4U and f} = 2U.

Moreover, for I” ;(; ), the multiplicity is doubled at T = 4U = 1 + iv/3, whereas it is

doubled at T'=2U =1+ for '},
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Whatever the value of A, the existence of the above lines T = fuy(U) translates an

underlying Z, symmetry of the shifted lattice or of a sublattice of the latter. For example,
r ;(2“ ) is invariant under T < 2U, whereas only a sublattice of F;(;L ) is invariant under
T « 4U; similarly, a sublattice of I'y, [?] is invariant under T > U or T « —1/U.

In contrast to what happens in the case of ordinary lattice sums, the behaviour of
the A = O shifted lattice sums in the decompactification limit depends on whether one
considers large or small moduli. This is due to the partial breaking of the duality
group. For definiteness, let us focus on model I and consider two six-dimensional limits:
T, - o0, Up=1 (ie. Rj — c0,R; — 002!y on the one hand, and > — 0,U, =1 (i.e.
Ry — 0, R; — 0) on the other. These two limits are mapped onto each other under the
combined transformation T — —1/T and U — —1/U, which does not leave model I
invariant (it actually gives model IV). Therefore, they are not expected to be equivalent
and it is easy to verify that

'h‘ T2 T for h=g=0,
, / _ (A.15)
L8] moooth=l | © otherwise,
whereas
Ia [A] 1 157 (A.16)
- , .
22| g| 0= Th7y 8

up to exponentially suppressed terms.

Similar conclusions can be reached for other A = 0 models by considering the rel-
evant SL(2,Z)r x SU(2,Z)y x Zg“’” transformations: there are always two distinct
decompactification limits where either all I';, [z] survive and are equal, or only I'y, [g]
survives.

We would like to emphasize again that the nature of the extra massless states (vector
multiplets and hypermultiplets) appearing across the lines T = U, T = —1/U, T =
fon(U) as well as in the two distinct decompactification limits, is not determined by
the structure of the shifted lattice only: it depends on the full structure of the string
ground state.

(b) The case A =1

In this case, we are interested in terms of order § in I'y, [}]. These are given in (A.11)
and (A.12), with the same modifications of their multiplicity at 7 = U = i and at other

special points, as explained above. Moreover, terms of order g*/* and §'/* are generated
in I35 and I'y5, respectively,
rys=+28%+..., forT=f"U) (A.17)
3= 42q4 ..., forT=fR(U), (A.18)

21 Remember that when 7| = U; = 0, T, and U, are parametrized as follows: U = Ry /Ry and T) = R Ry,
where R; and R, are the radii of compactification.
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where for the model X (see Table A2) fX = 3U or U/3 and fX = U. Again, the
generic multiplicity is 2 and can be promoted to 4 at some particular points on the
lines T = fY,(U). Resulis for other models in Table A.2 are obtained by performing
appropriate SL(2,Z)r x SL(2,Z)y X Zg“'u transformations.

We now turn to the decompactification limit of A = | models. Let us consider again
a specific model, namely model X, in the limits 7, — oo,U, =1 and T» — 0,U; = 1.
There is a major difference with respect to the A = O case studied above: the duality
transformation that maps the limits at hand onto each other now leaves the model
invariant. These two limits are therefore equivalent and the A = 1 shifted lattice under
consideration possesses a unique behaviour, which is

Fi‘.z{z —0 V (hg) # (0,0) (A.19)

inboth 7, — o0,Us =1 and 5 — 0,U; = 1 limits, whereas

0- T7/T7 for T2—>OO,U2=1,
X = 2/ 72
r 22 ':O_J =12 { l/TgT:) for Th -0,U,=1. (A-20)

The same holds for more general A = 1 models. There is essentially a unigue decom-
pactification limit where only Iy, [8] survives.

Appendix B. Two four-dimensional Eg X Eg orbifold models

We present here two typical Zj-orbifold models with N = 4 supersymmetry broken
to N = 2 and determine some quantities relevant in Section 5 to the general analysis
of the threshold corrections. The partition function for the Z;-orbifold constructions is
given in (4.1), which we recall here:

1
ngrgr - 2 Z (— 1)a+b+ab 192 [bJ

7-2»,71277 a,b=0
a+h [ h] m " [h]
’19 F r )
S ofiri ol el e

where I 32[”] is the shifted two-torus lattice sum (see Eq. (A.3) or (A.4)). For

these constructions, we can recast the threshold functions 12 [z] defined in (5.5) by
using (4.5). We find

—a[0] 1 . [0

L Tme “JOH ’

—a[1] 1 A 11

2 =——T s
o]~ 993 [0}

1] 1o, N

) =———] . B.1
=gt D
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We also recall the Eisenstein series, which will appear in the following considerations:

E =125 —1—2450:1-‘& (B.2)
2“i77_7'0g77" n=ll_q,,’ .
E;=3 (95 + 95 +9%) -1+2402 — (B.3)
o
5= L (0% +9%) (93 +0%) (94— 04)—1—5042 1" 7 (B.4)
n=1
(a) The case A =0
We can choose the following (4,20) twisted lattice:
1
ao[h] 1 Ja] Ja+h] Ja—h] g [a+h]—=
=— - - - , B.
F4’20{g:| 220 bﬂb+gﬂb—g0 b+g B (B3)

a,b=0

which leads to an N =2 four-dimensional model with gauge group Eg X Eg x SO(8) x
U(1)? with Ny = 526, Ny = 0. Using (B.1) we can explicitly determine the (2’s, which
now read

[0
aly [ =4 B (084 08) = 40P x4 022
0|1
gy 0}=—1Eﬁ (95 +93) = =390 —x+ D2x + 1),
|1
25 1] =3 E; (93 - 93) = 499 —x + D?Q2x - 1). (B.6)

We introduced, as previously, the variable x = (&,/ 193)4, which allows us in particular
to recast Ey = 9% (x? — x + 1).

The A’s corresponding to the Eg factors of the gauge group are determined in a
straightforward way, by using Eq. (5.7) as well as the identity [17]

Ey4 (PZ E2>E4_BJ—J(1)'

T2 \UB T 12) T E 12
We find

=0 |0 1 E4E6 04 16(xX2—x+D(x+D(x—-2)22x—-1)
O |1|~ 22 7 ( )'—_ x2(x —1)?

e 1.1 194156(194 o) 16 (2 —x+ D+ DX x-2)(2x - 1)
OE|o| ~ 24 =73 x2(x—1)?

a0 |1 1E4E6 gt = 16 (x? —x+1)(x+l)(x—2)(2x——l)2
OE|1| T 24 4 (h-d)= 3 x2(x—1)2

(B.7)
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(b) The case A =1

Similarly a A = 1 model can be obtained with
-1 [~ h| =
r‘*‘H:r HE B.8
a0 || = lau | | Es (B.3)

The gauge group (in a generic point of the 1744 [;’] lattice) is now Eg x Eg x U(1)? and
Ny =498, Ny = 4. Following the same procedure as in the previous case, we obtain

[0
2, H =EERA =00 —x+ 1DV —x,

=11
o) [o} =~E{9;95= —97°(x" —x+ D}Vx,

=11
25y H =—E} 03 9= —0P( —x+ DHx(1 - 1), (B.9)

and, for the Eg factors,

et H_ L E4Es o op_ 32 (& —x+1)(x+1)(x—2)(2x—1)\/1—x

OE1]| T 12 7 3YaT 4 x2(x —1)2
= 1 - 1 E4Eg 0202 32(x —x+1)(x+1)(x—2)(2x—1)\/_
OE gl ~ 12 p2* 3 x2(x —1)2
A2 I 1 E4Ee
O (1|7 12 7 2 4
32(x —x+l)(x+1)(x—2)(2x——l)m
= (B.10)
3 x2(x— 1)

Appendix C. Some details on the threshold calculation

In this appendix we collect technicalities that appear in the determination of the
threshold corrections (see Section 5) for models with spontaneously broken N =4 su-
persymmetry, for which the helicity-generating function is given in Egs. (2.4) and (2.7).

C.1. Models with A =0 shifted lattice

In order to express the constants A;, B;, C;, D; and &, which appear in the functions
F,-’\=O and Fé\;\(,), in terms of the physical parameters of the model, namely b;, 8,b;,8,b;
and bgy, we must identify 'the latter with the various coefficients that appear in the

g] and F’H)["] (Egs. (5.4) and (5.6)). Neglecting the
le-suppressed contributions, which play no role in our argument, these expansions read

. A=0
large-T, expansions of Fgm[
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F_w[o] _1 (_2A,~+28i+2C,-+D,- _bhth+é k‘)

3

11T g 48 12
+1(—282A,— 26 B~ 122Ci +3Di + (4 £ — 124 £, — 252¢&3) k)
+0(q9), (C.1)
= 1/ A &
oy _ 1 A &
d ‘q( %1 k’>
32 80 1 _
+ —47Ai“?Bi—‘B_Ci+§(64§1+128§2+12653)ki +0(9),
(C2)
_ 1 6A;,+2C; 4 6 =
Fi)\=0( Yo (* + 4 £+68 ki)+0<\/(;) (C3)
g 3 3
and
o] 1 +é+ 2 )
pol0) 2L~ te) | 2 a1 -638)+0(0), (C4)
1|77 12 3
Fg)::g(+)=l_§+64§1+128§2+126§3+0(q)’ (C5)
gl 3
—0(— 1 (46468 -
A=0(-) _ L
Fgrav —\/67 ( 3 >+0(\/‘—1) . (C6)

The various constraints and identifications explained in the text lead to the following
equations:
2Ai+2B,+2C+ D +4 (&1 + 6+ &) ki=0,
1 (2824, —26B; - 122C;+3D; + §(4£) — 124 &, — 252£3)) ki=b;,

—Ai+286k=0,
3Ai+GCi | 26, +3&,  Oub
3 T3 kT
—~4TA; — £B; ~ 8C, + 3(32& + 64 & + 63 3) ki =8, b;
HE+EH+EH=1,
%(gl ~31£6-6363) :bgrav .
(C.7)
The solutions read
1
A= 3_6(4 b; — 24 6,b; — 26,b; + 54 k; — 9bgrav k), (C.8)
i
B;= m(53 bi — 48 6pb; — 40 6,b; + 990 k; — 99 byray ki) (C9)
Ci= -l—(—112 b; + 456 6,b; + 56 6,b; — 1494 ki + 225 bypay k;) , (C.10)

288
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1
= —(—26b,~ — 168 84b; + 408,b; — 1494 k; + 45 byeay ki) (C.11)
576k == (32b; — 192 6b; — 16 6,b; + 990 k; — 45 bgravk;) , (C.12)
1
576k = (=64 b; +- 384 6,b; + 326.b; — 846 ki + 117 bgray ki) (C.13)
7—2—](—(4[) — 24 6,b; — 26,.b; + 54 ki — 9 bgray ki) . (C.14)

Let us now introduce several “elementary” functions, which will enable us to express
the quantities appearing in (5.30)-(5.33) in a compact way. As usual, f(x) = f[;] and
consequently f[?] = f(1—x), f[}] = £ (x/(x = 1)). We have

_1\6
e r e s ek
(x—1*
X = T DG
132
O
With these conventions
5§=°=§«//2,
h3=°:—§¢2,
v)‘zo——élﬂzv
b (-2) ]
(525 ww) -
hj?0:<—§+%$>¢,
PRETERN
o[- ) o (- e )]
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C.2. Models with A = 1 shifted lattice

F*' and Fgav in terms of the various physical parameters. Neglecting the i
3

o) and Foo [z] are given by

suppressed contributions, the expansions of F,»’\=l [

piel [0} _1 (__Ai+3f+ci S+ a+8 k»)

Py g 12 12 '
+§- (=97A;-33B;—Ci+ (56, =276 -596) k) +0(g), (C.16)
3} 1 A 2¢&
A=1(+) _ A 34 ~1/4
R = ( T+ k,> +0(a"), (C.17)
ey 1 44A;+16B; 32& +8&; )
A I( )=_ _ 3/4
F, - ( T+ +0(a") (C.18)
and
o] 1 + &6+ 2
Fawel 1 == OOt B)  2ise 914 -596)+00) (C.19)
11~ 3 2 3
B 1 26 3
A=1(+) _ 1/4
Fgrav - 673/4 3 +0 (q ) ’ (C20)
“1(— I 326, +8& _
A=1(—) _ 3/4
Faw = g 40 (q ) . (C21)

The equations now are

Ai+B+Ci+ (& +E+E)K=0,
2
3(—97A,»—33151,-—C,-+(sgl —27§2—59§3)k,-)=b,~,

LA 6, dbi
6 37 47
—22A;, - 8B; + 164, +4§3k'_ Onbi
3 3 T4
H+&+é=1,
2
3(5 & — 276 —5963) = by (C.22)
which we can solve as
1
A=35 (b — 2 84b; — 56 8,b; + 6 ki — 3 bgay ki) (C.23)
1
Bi=o (9b; + 12 8b; + 336 8,b; — 34 ki + 21 byray ki) (C.24)
1
Ci= < (7b; — 8 8hb; — 224 8,b; — 42k — 15 bgrav ki) (C.25)
&= L (b; — 26,b; —88,b; +60k;) , (C.26)

64 k;



138 E. Kiritsis et al. /Nuclear Physics B 540 (1999) 87-148
1
=g (=2bi +48,bi + 16 8,b; — 2 ki + 3 byay ki) (C.27)
1

£y= g (bi = 2846 — 88,0y + 6 ki — 3bya ki) . (C.28)

Finally, we have

1
A=1 2
% =1
I
A=l 2
W= —2u,
1
A=l 2
l" ~—§l/f N
303 51 41
A=]= ___br o - 2
Y (8 32 B 24a+902)‘/” (€29

W =——x,
g 6%
a7

(f ——ZX,

b [3 01 11 (3
¥ 116 T %o 902 FV\33 Teae2 ) X

Appendix D. Fundamental-domain integrals
D.1. General evaluation of the integrals

In this appendix we evaluate the following integrals:

& —a[h
nruy= | <2 Z’rzwzm A‘[ } ~¢o (D.1)
2\ T LE 8
F -8)
and
i & o
I(rU) =/__T Z'r;z[h] EquA[h] —2| . (D.2)
72 18 8
e (h,g)

and present some relevant asymptotic behaviours. Integrals invariant under I"(2) such
as (D.1) were first evaluated in [12] and later in [21] in special cases, and then more
generally in [24] and the last of [13].

The functions A* [Z] and @* [Z] possess the following properties: (i) they transform
in a way that ensures modular invariance of the first term of the integrand in both A =0
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and A =1 cases (see Egs. (5.8) and (5.9) with ¢* [Z] ~ 1/ [Z]); (ii) they are

22

holomorphic with Fourier expansion“* in terms of g,

A"m=zcnq”,

nz-—1

A
AA(+) - Z ay qn+; ,
nz—1

AME) = Z by qn+§+§

nz—1

of]-Sor

nz-—1

PMH) = E an qn+§

nz-—1
PMN) = Z b, qn+%+§

nz-—1

EgtD)‘[(l)}: > nd",

nz-1

E, ) = Z a, q’”’% ,
nz—1

EP D=5 bgrtits, (D.3)
nz-1

As a corollary of these properties, in the A =0 case, we have

Z'AH’[Q =atpj,

(hg)

which implies that the coefficients a, + ¢, are in this case closely related to the Fourier
coefficients of the j-function. Similarly,

/ h ELE E.
e v B o
ey 8 U] Es

(a, B, y and 6 are constants) in general, although in our computations of gravitational
corrections § turns out to vanish systematically.

The above integrals are expected to converge in the (7,U) plane, with logarithmic
singularities on the lines T = U, T = —1/U, T = f¥(U) and T = f}'(U) due to the
presence of c_1, a—; and b_; terms, respectively, in (D.3) (see Appendix A).

The starting point is the Hamiltonian representation of the lattice sums, which reads

ml, £ = f[(‘)] j;fm.
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[k T
T Iy, L,} = ZT”[A] u . (D.4)
A

where, in some specific Poisson-resummed form,

T"[A] {Z} =1 e imAE exp [iw(a; a) A (—gh>} p2miT det A

xexp[—ﬂlrjz (1 U)A(I)

T2l
and the summation is performed over a set of matrices of the form (remember that
w= (a,b) with a= (a;,a) and b= (b, b))

2
} (D.5)

ny +b|g ny +b1§
A=
n+ b my+ by

In order to evaluate the integrals (D.1) and (D.2), we generalize the method of
modular orbits, which was first introduced in [9] and later applied to various situations.
The idea is to reduce the set of matrices to a fundamental one and simultaneously unfold
the integration domain by performing PSL(2,7Z) transformations on the 7 variable. In
this way, each term of the resulting series can be integrated separately. This operation
assumes the exchange of summations and integrations, which can be invalid because
of tachyon-like divergences. Depending on the values of the moduli T and U, we must
therefore utilize other Poisson resummations than the one presented in (D.5).

The set of fundamental matrices depends on the vector b. For concreteness, we will
analyse two situations only, in which the shift vectors are wy and wx, cotresponding
respectively to A = 0 and A =1 lattices. Any other case in Tables A.1 and A.2 can be
obtained by duality transformations.

(a) Evaluation of I for shift vectors wy and wx

In the case at hand, b= (1,0) and there is no null orbit:
=1+ Idg s (D.6)
where “nd” and “dg” stand for non-degenerate and degenerate orbits, respectively, and
! h
ha=>_ Ind[ } , (D.7)
ey L8

0
Log = lag H . (D.8)

After the identification of the set of fundamental matrices, we obtain

S V3l P A

k>0 k>j20p+0
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Fn -0 b e

k20k2j20p#0

d?r forX k+1 j+1
3 ZZT [ <02 pz)
2
[0 i d’r tox [,_ (0 Jj+3 0] —
’dg_l}“zv‘lﬁ“oo{/*rz? -Gl

2
—co|logN+y+1+log—— , D.12
o(g Y g3\/§>} ( )

where H is the upper half-plane and S is the strip {7 € H, |71| < 1/2}. By using the
standard machinery and the appropriate Poisson resummation of (D.5) to cover the
whole moduli space, we obtain the following results:

Ind]z

IMT,U) = ~co (log 194D [92(U)[* ToUz =y + 1 + log g%>

+ (co — 9—29) log

3(T) |*
7(T)

+g<ao ~2co— 48 (ay + C~1))

X (%@(§—2U2> +2U2@<2U2—%))

+3(a0—2c0+24(a-r +001) ) (RO~ U2) + 1,0 (U - T) )

+4 Re { —c_y Ly (ezm(Tl—Ul+fsz—Uzl))
+a_iLi (ez”i(gl‘z”‘*i|%‘2”2')> +b_iLi; ( 2mi(( =t - Uz|)>

. i . i(L
+ Z (_ cw Lip (e2m(Tk+U£)) + ap Lis (e2m(2k+2Ulf))
k.£>0

+ (2 Coke — Aok ) Li (e27ri(Tk+2U1f))
+bags—k—s Li (e2vri(§(2k—l)+U(2/,*1))) )} D13

and

P(TLU)=—co (108102(7') 1920 TaUs —y + 1 + log

)

ey (O (T - Up) + 120 (U, = T>) )

+4 Re {C—l Li; (ezﬂi(Tx—U1+i|Tz—Uz|))
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+a_ Li) <e2”"(3—?—%+i|3—?’%f))

+a_i L (ezm(%—%ui{l}—’—';lj)) + by Li; <e2ﬂi(;r21-—%1-+i|%_.

o

i))

+ Z (_ cue Liy (27TFUOY 42 0y Li (ePmicamict2u0)
k. £>0
+2 Cart—ai_a1 Liy (£2mT@R=DUCE=D))

. (L(4k—3)+ L (ab—
+aaki-3k-3e+2 Ly (62’”(2(41‘ Drae 3)))

. (L _ u _
+ag-k—¢ Ly (eZ”'(;Hk D+5 4 1))>

. i( L — u —
by i3 Liy (6217'1(2(41( 3+ 4e 1)))

St bags—3ps Li; (ezm( §(4k——1)+’2—’(4é~3))) ) } ) (D.14)

The polylogarithms are defined as usual,

j J
Lix)=—log(l-x), Lbm=Y.%5. Liam=Y .
Jj>0 I >0 J

Several comments are in order here. We first notice the partial breaking of the duality
group SL(2,Z)7x SL(2,Z)yxZT~Y as explained in Appendix A (the ZI~V symmetry
survives in the second case). We also observe the appearance of logarithmic singularities,
as expected from Eqs. (A.11)-(A.14) and (A.17), (A.18). In I', these take place at
T=U,T=-1/U,T=4U and T = 2U. For the situation I (A=1), the divergences
occur at T=U, T=~1/U, T =3U and T = U/3. The leading behaviours are

'~ d4c_ylogIT-U| atT=U,
I'~—~4a_log|T —4U| atT=4U,

'~ —4b_ylog|T —2U| atT=2U, (D.15)
and
X~ —4(c_y+b_y)log|T-U| aaT=U,
I*~—4a_ylog|T-3U| aaT=3U,
*~—4a_, log T—H‘ atT:g. (D.16)
3 3
The residues at 7 = —1/U can be determined in both cases I and X by performing

appropriate Poisson resummations.

The most obvious example for the situation with A = 0 is the constant function. In
that case only the first term of (D.13) survives, in agreement with [21]. A somewhat
less trivial situation is provided by the function A[g] =j,V(h,g) # (0,0), for which
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. T
I'[j1=-744 (108 [94(D)[* [82(U)[* U, — ¥ + 1+ log —>
6v/3
(T .
J (’2-) - JjQ2U)

-8 log +4 log|j(T) — j(U)! .
This is precisely what is obtained by using the results of [15] together with the identity

. T
Z Fz,zl::l=2rz,2 (E,ZU)—FZ‘Z(TI’U) (D17)
(h.g) g
Finally, we would like to analyse the behaviour of the above integrals in the two
limits that were considered in Appendix A, and which play a role in our analysis of the
decompactification problem. Up to exponentially suppressed terms,

INT.U), I(T,U) ———— —cologTh ~cop (D.18)
T2—>00,U2=1
INT,U) ——— z(ao +co—24(a_y +c1) )—1— +co logTh
Ty—-0,Up=1 3 T,
ap
—cop — (300 + 7) log?2 (D.19)
and
X _ )

I(T,U) oo, loghh —copu; (D.20)

we have assumed T} = U; =0 and u is a constant,

w
=4login(i)| —y+ 1+ log ——=. D.21
J gin()| —vy 837 ( )

(b) Evaluation of I for shift vectors wy and wx

The insertion of Ez =E, -3 /ar7a, for the cases at hand (i.e. without null orbit),
leads to the following result:

i=i—%1’, (D.22)

where [ is the integral (D.6) evaluated above, with all coefficients ¢, a,, b, substituted
with &,, a,, E,,; on the other hand,

r=yr, [h] + 14, m (D.23)
(h.g) 8

where I}, [Z] are given in (D.9)-(D.11) with all Z[g

, [0 daz o 0 j+1\]T[0]=[0
wli)= [F e = 24
S

he

| substituted with 75 15[;] and
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(this integral is infra-red-finite; the cut-off present in (D.2) plays a role in i only).
After some algebra we find

’ 4 T
1'(T.U) = - Re { 3 <<co — a0) P(TR) + a0 P (—Z—k)>

k>0

+¥ ( — o P (UL) +2coP(2UE)) i 4%;(3)
>0
2

[ 1 s (D T; )
+‘1-6'§[3—6(16€0+ao) (16U2@<2 —2U2>+ 4 e 2U, 2
i
+13 (Teo — 8ap) (U3 0 (T, — Ua) + T3 0 (U2 — T»))

T T

-+ (ao +cp—48(a_ + C_l)) T, U, <? e (7 — 2U2)

o\ T U
+2U2@<2U2——2> —E%@(T2~U2)~—2£@(U2—~T2)>J
Loy,

2
—c_1 P (T = Uy +ilT> — Uy])
> -2
+Y (—c ¢ P (Th+Ul) + aw P (Zk + 2Ue)
¢ 2
k>0
+ (2c4e — aze) P (Tk + 2UF)

T
+a_,P (?‘ —2Uy +i

I3
2Z-u
> 2

T
+b_,P (7‘ — U +i

+b2ké~k_z77<—§(2k— 1) + U2~ 1)))} (D.25)
and
¥(TU)= T4U Re {co S (2P -P 0 ) +a Y (2P U - P (WD)
2H2 k>0 >0

2
+45;’—T- (3) + T o (U3O(T2 = Un) +T36 (Us ~ 1))

+c_ P (T] - U1 + iITz - U2|)

3Ty U, 13 U,
*“—'7’<7‘7+’ 2 72

T, 33U, 171 3U,
+“—'7’(T7 2772 )
U | Us

T,
+b_]7>(5'«——+i
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+Y ( — i P (Tk + UE) + 2care P (2Tk + 2U¥)
k,0>0

+2capt—24—201 P (T(2k — 1) + U(2¢ - 1))

T U
+aske—3k—3e+2 P (5(4/( -3)+ 3(48 - 3))
T U
+aske—k~¢ P <§(4k -1+ 5(46 — 1))
T U
+bake—i—3c P (5(4’( -3+ —2—(4€ - 1))

T U
+bari—3k—t P (5(4]( -1+ 5(4@ — 3)) )} R (D.26)
where we have introduced [15]
- 1 X
P (x) = ImxLi, (¢*™) + 35 Lia (™).

Regarding the singularities and the breaking of the duality group, the same observa-
tions can be made, as in the cases without insertion of Ez. In particular, Egs. (D.15)
and (D.16) hold also for the functions I1(T,U) and I*X(T,U). When the shift vector is
wy, the simplest situations arise with ¢[§] = E4 Eg/n* or E4/Eg, forall (h,g) # (0,0).
We can compute these integrals by using the identity (D.17) and the results of [15];
they turn out to be in agreement with our general formulas (D.22), (D.25).

The asymptotic behaviours read here

il X _ _24c. _ _ B _CO_P’
I'(Tt,u), I"(T,U) . (co—24c_1)logTs — (co—24c_i) p T

(D.27)

= ap+co\ 1
_ _ )= =) — —24c¢_
NTU) = 87r((a R T >T2+(c0 24c_y)logT,

- (3 (co—24c_y) + % (a0 — 24a_1)> log2

—(00—246_1)[L—(60K+(10V)T2, (D.28)
IR — (co—24c_1)logT, — (co—24c_ ) p—copTs, (D.29)
20 U=

up to exponentially suppressed terms. Again, we assumed 7y = U; = 0 and introduced
the constants

() )
pﬁﬂi>0 J2\2  sinh®27j  4sinh®7rj j* 4w )

25 (L (54t )+ Lconm)
K= — -+ — —_ — s
7 L3\ \30  d4sink’mj/) P 4w ’
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12 Z 1 7 " 1 n 11 1 (D.30
p=— -t —— - — ) )
T J? 240  8sinh? z J3 4 sinh 7rj )

>0

D.2. Application to threshold corrections

One can use the results obtained so far to further investigate the threshold correc-
tions, Egs. (5.29) and (5.39), of the models with spontaneously broken supersymmetry
described in Section 4.

For lattices with shift vectors wy and wx (A = 0 and 1 respectively) we obtain the
following singularity properties (see (D.15), (D.16)):

Algrav ~ —% lOg |T - U| » A,l ﬁnite, at T = U N
1 )i 1 T ! I fini T= 1
Agrav ~ 3 log + 'U s 4; finte, at T = -U s
A finite in class (1), A fini FeaU DAl
grav ™ —1tlog|T — 4U| in class (ii) [~ i finite, at 1= 24U, (D.31)
Aérav ~ “25hbgrav log |T — 2U1, A,! ~ —28,b;log |T — 2U| ,at T =2U,

and

AX ~ —284bilog|T —U|, at T=U

)

A% ~ (3 — 28nbgay) log [T — U

grav

i : 1
Ai(mva%log T+ _(j] ) A,?( finite, atT:—b—,
A;(mv ~ —28(*bgrav IOg ’T hd 3U| N A[X ~ _26Ubi log |T _ 3UI , at T =3U ,
U
A;(rﬂv ~ —'25ubgrav lOg 'U — 3TI s A’X ~ —251'bi lOg IU _ 3T' ,atT = g )

(D.32)

Finally, we can analyse the behaviour of the corrections in the various decompact-
ification limits. We will give the results containing leading terms and subleading cor-
rections, up to exponentially suppressed ones. We assume again 77 = U; = 0, and use
Egs. (D.18)-(D.20) and (D.27)-(D.29).

(a) The limit T, — co, Uy =1
In this limit, N = 4 supersymmetry is restored in both A = 0 and A = 1 lattices. The
behaviours are
A]grav ’ A;(rav - "bgrav (lOg T, + :u) e (bgrav - 2) 7’%

and

Al A% — —b; (logT-: +p,—]0gze—]——7 — ki (b —2)£
i i i 2 77_3\/3 i \Pgrav TZ’
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(b) The limit T, — 0, Uy =1

This limit is (N = 4)-supersymmetric for A = 0 models of class (ii) and models with
A= 1. For A =0 models belonging to class (i), the supersymmetry remains N = 2:
) 4 5
Algmv (class (1)) — -E + Doray (logTz - — 3 logZ) ~11log2
= (k (bgav —2) — ¥ (bgrav -2)) T,

1 7
4" (class (i b; + 8,bi — 12k; <1o T, — p+log— )
( (1)) = ( ) g, — p+log 71293

_.M log2 — k; (K (bgrav - 2) —v (bgl'a" - 22)) L,

2
5
gmv (class (i1)) — bgrav (logTz — - = logZ) — (bgray — 2) (k — ) T2,
1_
7 616

A:rav - “bgrav (— 10g T+ ,lL) - ( grav 2) pT2 s

le
Al (class (ii)) — b; (long u+ log — ) ki (bgay —2) (k —¥) T2,

2 e
A?‘——» —b; (—long-!—,u, log—3\/§) —k; (bgrzw —2) oT,.
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