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1 Introduction

The first grand unified theory (GUT), of the electroweak and the strong interactions was
non-supersymmetric and the unification scale was of order Mx = 10 GeV []. In order
to connect the GUT predictions at Mx with observations at presently accessible energies,
the renormalisation group evolution of the relevant parameters must be taken into account
[B]. Postulating unification of the gauge couplings at a high scale leads after renormalisation
to one low-energy prediction, e.g. the electroweak mixing angle sin?6fy,. In 1987, it was
first found that in supersymmetry the prediction for sin®fy is in agreement with the data,
while in the Standard Model it is not [B, f]. This was spectacularly confirmed in 1990
with the precise LEP1 measurements of the gauge couplings constants [f, [f]. This is the
most compelling “experimental” indication for supersymmetry and has lead to a flourish of
activity on unification and supersymmetry [[, l, B]. These studies focused on the minimal
supersymmetric Standard Model (MSSM) which is minimal in particle content and couplings

and conserves the discrete and multiplicative symmetry R-parityf] [[]
R, = (—)3B+L+25, (1.1)

We refer to this model as the R,-MSSM, i.e. the R, conserving MSSM.

If we require a supersymmetric Standard Model which is only minimal in particle content
the superpotential is modified to allow for additional R-parity violating (R,) interactions
which are given in full below in Eq.(23). The superpotential includes terms which violate
baryon number and separate terms violating lepton-number. In order to avoid rapid proton
decay either baryon number or lepton number must be conserved but not necessarily both. We
refer to a model which violates just one of these symmetries as an J£,-MSSM, [[{]. Symmetries

which can achieve this are for example baryon parity and lepton parity [[1], [
Bp — (_)3B+2S’ Lp — (_)L+2S' (1'2>

Thus, both the R,-MSSM and the R,-MSSM require a discrete symmetry beyond Ggys and
are theoretically equally well motivated [[0].

1.1 R-parity Violation and Grand Unification

Given the intense study of unification in the R,-MSSM it is the purpose of this paper to study
the gauge coupling unification in the J&,-MSSM. At first sight, it might seem unnatural to
study unification within the I,-MSSM, since I, is not obtained in the simplest GUT models.
In SU(5) for example, the dimension-four R-parity violating interactions are given by the
operator

Vit Xk (1.3)

IB: Baryon number, L: Lepton number, S: Spin.




where i, j, k = 1,2,3 are generation indices, and 1);, Y are the 5, and 10 representations of
SU(5) respectively. The operator ([[.3) contains all the cubic terms of Eq.(R.J), i.e. both the
baryon- and lepton-number violating interactions. This leads to unacceptably rapid proton
decay or unnaturally small couplings (~ 107!) and thus must not be present. In SO(10)
and in Eg grand unification the dimension-four R-parity violating interactions are directly
prohibited by gauge invariance.

It seems R-parity violation and GUTs are incompatible. The reason is that any R-parity
violating symmetry which is consistent with the bounds on proton decay, such as baryon
parity and lepton parity in Eq.([[.9), assigns quarks and leptons different quantum numbers.
But in GUTs quarks and leptons are in common multiplets and thus must have the same non-
SU(5) quantum numbers. This contradiction is resolved once the GUT symmetry is broken,
i.e. for energy scales below Mgyr. Once the SU(5) symmetry is broken, R-parity violating
terms can be generated which are consistent with proton decay.

In general, we do not expect a GUT to be the final theory, it leaves many of the same
questions unanswered as in the Standard Model. For example GUTs do not include gravity
and therefore it should be an effective theory embedded in a more fundamental one, such as

M-theory. This more fundamental theory will lead to a set of non-renormalisable operators
at the GUT scale such as [[J]

kE — —
P (1.4)

This operator is suppressed by a mass scale My R Mgyr. Here, ¥ is a scalar field in the
adjoint representation of SU(5) and k is a dimensionless coupling constant. ), @j, Xr and X
can be combined to SU(5) invariants in several ways. When X receives a non-zero vacuum
expectation value SU(5) is broken and the operators in Eq.([.4) can generate a subset of the
R, interactions in the superpotential (B.3), which are consistent with bounds on proton decay
[[3]. Models of this nature have been constructed for the gauge groups SU(5) LI}, [3, [4, [T,
SU((5) x U(1) [[g, [3, [4] and SO(10) [13.

Below the SU(5) breaking-scale the operators ([.4) are effectively dimension-four opera-
tors. Their dimensionless coupling constant k <X > /My will run, i.e. it will be renormalised
and it will contribute to the running of the other couplings in the theory. Thus even though
at first sight GUTs and R-parity violation seem inconsistent, this is not the case. Unless pro-
hibited by a special symmetry, we expect to have R-parity violation via non-renormalisable
operators in any GUT. At low-energy, this will manifest itself in (effective) tri-linear R-parity
violating contributions to the superpotential. Above the GUT scale we will have an SU(5)

symmetric theory with for example one unified gauge coupling constant.

1.2 Unification and Fermion Masses

One particular aspect of unification we will focus on below is the GUT prediction my,(My) =
m.(My) which has been very successful [[7, [[§, [9]. We shall study the effect of R-parity



violation on this prediction. If there are no non-renormalisable operators leading to effective
fermion masses below Mgy, or if these operators are highly suppressed then we expect the
Yukawa unification to still hold in the presence of R-parity violation. This can typically be
achieved by a discrete symmetry but should be incorporated in a general theory of fermion
masses (or Yukawa couplings). If the non-renormalisable terms have the form

W = B () xiXihu + D5 ()i, ha, (1.5)

the mass predictions are maintained. Here h,, hq are the SU(5) 5 and 5 Higgs superfields,
respectively. A, hfj’»d are general functions of the adjoint Higgs field. When SU(5) is broken
and <X >%# 0, the usual mass terms are generated.

In the MSSM, if one requires the Yukawa couplings to unify this greatly reduces the
allowed region of the (supersymmetric) parameters. In particular one obtains a strict relation
between the running top mass my(m;) and the ratio of the vacuum expectation values (vevs)
of the two Higgs doublets, tan 5 [, BJ). Given the observed top quark mass [T]| this results
in a prediction for tan3 ~ 1 — 3 or tan 3 ~ 55. Does this prediction still hold when allowing
for R-parity violation? In Ref. [BJ], by allowing only the bi-linear lepton number violating
terms, it is shown that bottom-tau Yukawa unification can occur for any value of tan 3. The
bi-linear term induces a tau-sneutrino vev, which introduces an additional parameter into the
relation between )\; and m;, as compared to the MSSM. Bottom-tau Yukawa unification is
then obtained by varying the stau vev, and therefore )\; (and hence tan 3). Here, we will
focus on the effect of the tri-linear J, terms upon the bottom-tau unification scenario. The
third generation JZ,-couplings enter the evolution of m;, my, and m, at one loop and can thus
have a large effect. Thus if we allow for R, we expect the strict predictions of the MSSM
to be modified. In Section [j we shall analyse this effect and show that bottom-tau Yukawa
unification becomes viable for any value of tan 3, each one corresponding to a particular value
of an }2, coupling.

There has been much work to predict the fermion masses at the weak scale from a simple
symmetry structure at the unification scale [[§, B3]. It is possible that the fermion mass
structure is determined by a broken symmetry [24] where only the top-quark Yukawa coupling
is allowed by the symmetry at tree-level. Its value is put in by hand and is presumably of
order one. The other couplings are then determined dynamically through the symmetry
breaking model. Given such a model, we would then still require a prediction for the top-
quark Yukawa coupling. An intriguing possibility is that this Yukawa coupling is given by
an infra-red (quasi) fixed point [2F]. The low-energy value then depends only very weakly on
the high-energy initial value; the exact opposite of a fine-tuning problem. In supersymmetric
GUTs with bottom-tau unification one typically requires large values of A\; ~ 1 close to the
IR quasi fixed-point. This has been studied in detail in Refs.[fq, B0, [§, 6, B7]. We investigate
the effect of the I,-couplings on the fixed point in Section [ Similar to the case of bottom-

tau unification in section fj we find fixed-point structures for the top Yukawa coupling for



any value of tan (3, although the focussing behaviour can be weakened depending upon the

particular coupling introduced.

1.3 Present Status

There have been several previous studies of the renormalisation group equations (RGEs) of the
R,-Yukawa couplings [2§, P9, B0, B1l, BY|, which have all been at the one-loop level. The main
point of this paper is that we present the two-loop equations for the first time] In [B0, B9
the unitarity bounds on the couplings were determined at one-loop. These are still the best
bounds on some of the baryon-number violating couplings. Below we update these bounds
using the two-loop renormalisation group equations (RGEs). In [2§] the complete one-loop
RGEs for the dimensionless couplings were first presented and the fixed point structure was
studied. We differ slightly in philosophy by also considering the Yukawa unification scenario
as discussed above and considering the fixed point structure at two-loop in the RGEs. In [B7]
the full one-loop RGEs including the soft breaking terms were presented. These were used to
study the bounds from flavour changing neutral currents. We do not here consider the RGEs
for the soft breaking terms and this work is thus complimentary to ours. Several models have
also been constructed implementing one-loop equations including the soft-terms [BI]. Since
our results are mainly model independent we do not comment on this work here.

The most important effect which enters at two-loop is that the running of the gauge
couplings now depends on the R,-couplings. One might expect this effect to be small. But
for higher generations the bounds on the R,-couplings are weak and the couplings can be
of order the electromagnetic coupling (e =~ 0.30) or more. In addition, most bounds are
presented for scalar fermion masses of 100 GeV and become weaker for higher masses. At
present the best 1o empirical bounds for the highest generation couplings and for relevant
scalar fermion masses of 1 TeV are [[0, B

Az23 < 0.6 )\333 < 2.6 >\”323 < 043*, (16)

where the asterisk indicates the bound for a 100 GeV mass, and does not have a simple
analytic description of the scaling with mass. At 1.5 TeV the bound on Asy3 [BY] is almost
identical to the perturbative limit obtained below in Section B. The bound on N3, [B4] at
1 TeV, is obtained by scaling and as such is meaningless since perturbation theory breaks
down below My for such large values. The appropriate bound is thus the perturbative limit,
which we obtain in Section f. A mass-independent bound on \j,; was found in ref.[Bd] from
requiring perturbativity up to the scale My. However, we show below that the bound from
perturbative unification is dependent upon tan G, and we calculate this dependence. We shall

thus explore all three couplings to the perturbative limit.

2The two-loop equations have been presented before in [@] This work contained a sign error in the
RGEs as pointed out by the authors of [@} and remained unpublished since one author left the field with the

computer program.



The outline of the paper is as follows. In Section 2 we present the full two-loop renormali-
sation group equations for the gauge couplings and the superpotential parameters. In Section
3 we present the specific RGEs assuming there is only one &,-operator present at a time. In
Section 4 we outline the procedure for our numerical analysis. In Section 5 we use the specific
equations to study the effects of R-parity violation on the unification of the gauge couplings.
We focus on the main predictions of unification: the unification scale, the value of the gauge
coupling at the unification scale and the value of the strong coupling at M. In Section 6
we study the effects of the third generation J,-couplings on b-7 unification. In Section 7 we
study the Landau poles and the fixed points of the top- and the J,-Yukawa couplings. In

Section 8 we present our conclusions.

2 Renormalisation Group Equations

The chiral superfields of the R,-MSSM and the &,-MSSM have the following Gy = SU(3). x
SU(2)r x U(1)y quantum numbers
1 _ 2

L: (1,2,—%), E: (1,1,1), Q: (3,2,6), U: (3,1,§),
_ 1 1
D: (3,1,—3%), Hi: (1,2,—5), H, : (1,2,5). (2.1)

In the following we shall apply the work of Martin and Vaughn (MV) [B7 to the general
R,-MSSM superpotential. For the generic superpotential, W, we closely follow their notation

W = Y¢p¢a¢6¢p¢o¢5/6v (22)

where ¢, s denote any chiral superfield of the model. The indices p, 0,6 run over all gauge

and flavour components. The £,-MSSM superpotential is then given by
W= ea [(Yo)yLEHLE; + (Y0)y Qi HYDjo + (Yu)i; Qi H3U 4 |
1 _ _ 1 o
_'_Eab [ﬁ(AE’“)UL?L;}E’f + (ADk)szgQ;Ukax _'_ §€wy2(AUl)]kUszgDz
+€ap [,quHg + miL?Hg} . (2.3)

We denote an SU(3) colour index of the fundamental representation by x,y,z =1,2,3. The
SU(2); fundamental representation indices are denoted by a,b,c = 1,2 and the generation

indices by 4,5,k = 1,2,3. We have introduced the twelve 3 x 3 matrices

Ye, Yp, Yu, Ape, Ape, Ay, (2.4)
for all the Yukawa couplings. This implies the following conventions in the MV notation
yLiQiDry _  yLiDwQF _ yDiyLiQF _ QI LiDky
= YOI = Y PRI — (Ape)ijead?, (2.5)
YHER = Y BB = Y PBHE = (Apijen = —(Apt)jica, (2.6)
YOububes = yPulabic = yPuDilie = ¢ (M) = —€ns (Au)yy.  (27)
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We denote the Ggys gauge couplings by g3, g2, g1 In Appendix A we have collected several
useful group theoretical formulas pertaining to Ggy, and the above field content. Here we
mention that for U(1)y we use the normalisation as in GUTs and thus use g, = \/% Jy -
More details are given in the appendix. We define our notation for the Yukawa couplings via
the superpotential including all /£, terms.

We now in turn study the dimensionless couplings and then briefly also discuss the mass

terms pu, k;. We do not consider the soft-breaking terms here.

2.1 Gauge Couplings

The renormalisation group equations for the gauge couplings are

d g9 g9 > . .
ﬁ%zﬁﬁ%miﬁﬁizg%}-z CTTr(YIY,) + A2 Tr(AL AL )| - (2:8)

b=1 r=u,d,e =1

The coefficients B,, Ba, and C® have been given previously B and for completeness we
present them in the appendix. The R, -effects on the running of the gauge couplings appear

only at two-loop and are new. We obtain

12/5 14/5 9/5
Avde — 0 6 1 |. (2.9)
3 4 0

This completes the equations for the running of the gauge coupling constants at two-loop.

2.2 Yukawa Couplings

In general the renormalisation group equations for the Yukawa couplings are given by [B7]

d .. .
—yiik — yiip Lk (2)k k ) k ] 2.10
7 l167r2%’ +(167r2)2%’ + (k= 1i)+ (k< j), (2.10)
and the one- and two-loop anomalous dimensions are
. 1 . ,
%(I)J _ §Yipqyqu — 26037 620, (i), (2.11)
. 1 . ,
W = YY" Y 4 YoYU S g22C0 (p) — Cali)]

2y g [93@(@')5@(3) 23 RCCH) — 32C G| . (212)
a b

We have denoted by C,(f) the quadratic Casimir of the representation f of the gauge group
G,. C(G) is an invariant of the adjoint representation of the gauge group G and S,(R) is the
second invariant of the representation R in the gauge group G,. These quantities are defined
in the appendix and their specific values are given there as well. We now first give the explicit
version of Eq.(B.I() for the matrices (B.4) in terms of the anomalous dimensions, and then

1)f;

we present the explicit forms for 71(% , and %(ff)fj.
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2.2.1 RG-Equations

The RGEs for the Yukawa couplings (including full family dependence) are given by

d

2 (YE)ij (Ye)al'g, + (Ye)uli — (Ap)wl 1+ (Ye)TTL, (2.13)
%(YD>ZJ (Yp)al'p, + (Yn)i Tt — (A )ul' 2 + (Yo)i T8 (2.14)
05 = (Yo)all + (Yo)uTlk + (Yo)uTS, (215)
Sy = (Ap)gTE + (Apal + (Ye)alh — (Mg — (Ye)ulh,, (216)
Sy = (Ap)TB:+ (Ap )l + (AooTh — (Yp)ul, .17
CAud = (ApTD + (Ag)ulB! + (Aol (218)
At two-loop the anomalous dimensions are given by
T = e + o (2.19)
2.2.2 Anomalous Dimensions
The one-loop anomalous dimensions are given by
W = (YeYE) + (AweAb)s+3(ApAb)s~ L@+ o), (2:20)
WP = 2 (YEYE) + TiAmAL) — 8500, (2.21)
10,9 = (YoYb) + (YuYD)  + (AbApa)i; — & <31091 + 292 + gg?,), (2.22)
" = 2(YhYp), + 2Tr(AL Ap) + 2(AusAl)j — 6 125 g+ 2 d3),  (2.23)
WY = 2 (YY), + Te(AwmAL) — (g + Sad)) (2:24)
W= T (BYpY ]+ YeYh) - (it + o), (2:25)
W= 3T (YeYh) - (g + 56R) (2.26)
1) = " = =3(AR YD) — (AR Y )i (227)

Note that here, Hio, L, represent the fields Hf,, L, Q" where a is the index of the
fundamental representation of SU(2) (i.e. no factors of €, are factored in). For the two-loop

anomalous dimensions we write

fyj(s) (fyf)fj)yukawa + (fyf)fj)g—y + (fy](r?)fj)gaw]@ ' (228>



These correspond respectively to the three terms of (B-I3). These are given explicitly below.

The pure gauge two-loop anomalous dimensions are given by

(’}/Ei)LJ ) gauge

15, 207, 9

8 (— 1 g5 + oot 1—09291)
234

5]
‘ 25

1
9291)a

8 +
9391 10

8
—— g1 + 8395 + 15

202 4 32 , 2)
&
( 225 1+ 45 9391)

199 ,
+ VRL +
22591 1+ 159391),
)Ho2
(7H2 )gauge (
@LY g

8 4

g% 900
T
5i(_§93+

8 1 856 4 128 , ,

9

)gauge’

(7]‘[1

) gauge

2
16¢% — =
( Js 5
6
(695 — 39%)(YTEYE)U + (395 — gg%

(ATDQADq)ij]’

6
g1) (ADqujq)ji + gg%(YEerE + Api Al ji
JTr(ApiAl),
2
(Yo Yh +2Y0Y)) +
16 , 16
( 3 g3 + 1591) (AUQAU‘]) ..
2
+(6g3 + 591)[(YDYD) + TT(ADJA )l
2 5 o 8, 4
=00) (YhY0), + (508 = 1500 Tr(AwAL),
6
g1)Te(Yp YD) + =giTr(YpY)),

(695 —
(1693 —
—g)Tr (YoY))),

1642
( g5 + 5

2
_(ggf

/N
\Q/\
T

by

N—

*
|
ot O

- 16932,) (A*DQYD)iq -

9g-y

The pure Yukawa two-loop anomalous dimensions are given by

-

(2)L;

VL,

) yukawa

+ o+ o+

2 (YEYT YEYTE)ji +

(Yh),, (V) Tr (AfiAp)
) ji (YTE‘YE)HC T (AEZAE’“)]@' Tr (AEZAEk)

YEYg)ji Tr (YpY]+3YpY))
Vi), (3ALAD Y5 + Al A YE)
Y; )zk (BAEkAEPYD + AEkA*EpYE)jp

kYEYTEAEk + 3AEk ADP—N/L:)PAE’c + AJf[Ek AE”AE”AEk)U

9

9% (AEqYE>iq‘

(2.29)
(2.30)
(2.31)
(2.32)

(2.33)
(2.34)
(2.35)

(2.36)
(2.37)

(2.38)

(2.39)
(2.40)
(2.41)
(2.42)

(2.43)

(2.44)



-+

+ + + + o+ o+

+ 4+ + o+

+ o+ 0+

-+

+

ADLATDk)jZ, [(Y'})YD)“g + Tr (ATDZAD’C) + (AU‘IAJ[rJq)kJ
ALY pYHAT, + A*DkYUYLAgk)U +3 (ADkATD,,ADpATDk)J ,

YEYE)M Tr (YL YE +3YpY)) (2.45)

YDY})YDYg)ﬂ + (YDY}))],Z, Tr (YL Y5 +3Y,Y)5)

YUY(T]YUY(T])ji +3 (YUY,T])ji Tr (Y] Yv)

2 ALZADm)ij [(YHYD) + (Avedls), +Tr(AbnAp)]

(ATDmYEYEADm)ij +3 (AgmADquqADm)ij + (ATDmAEqAEqADm)ij

(Yn); (3ALApn Y + AL ApnY5) 42 (YDALQAUqYE)ﬁ

2(Yp); (YD), Tr (AbnAp) (2.46)

(Yh)y (BAD AL Yo + ALALYE)  + (Yo), (YD), Tr (Al Av)

= 2(YLYpYLYp) +2(YhYuY)Yp),

2(YhYp), T (YEYe +3Y,Y0) +2(YHAL A Y)) |

2Tr (AL A (YpY )+ YuY)) + AL Ap AL Ap)

Tr (6Apa ALy Aps AL + 2Ag Al Aps Al + 2Y 5 YL Aps AL

(Aur Y})YDAUM) +4 (Al A Al AUm) ) (2.47)
w) (Aum), T (Ap AL ) + (6YLAL AL, YD)ip

2 Y},Ag]AEpYE) + (6Y DAL Ap Y}, +2YFAL, AEPY*E)jp

(A
(
2 (A}, AUl)i[ v (A] AUk)+2(YTYU)lk}
(
2(

2 (Y},AL,. ADmYU) +4(A], AUj)lm Tr (Al Api)
ATy (A, AUiAUpAUp) +4Tr (A} Ay YL YD) (2.48)
Tr (3YpYLYEYL +9YLYpYL Y, +3Y, LY, YY)
Tr (3Yp YL Api Ay + Y YhEAp AL, +6YLY AL, Ay,
3YpY )AL AL ) + (YEYE) Tr (AL Ap))
6 (YLYD)ik Tr (Al Ap:) (2.49)

10



Tr (Y Y[ Yo Y] +3Yu Y[ Yp Y] +3Yy Y[ AL AL

+ 3 (Y{,YU)jk Tr (A} A ) | (2.50)
_ (V(LZ;)HI)WMM = (3ALAp AL Y + Al A AL Y5 + 3AL, YEYTEYE)U

+ (AL Yre) Tr(ALAg)

+ 3(YEYEAD YD — YEYEALYr) =9 (AL YpYpYn)

+ 6 (A YA Ay ) —6(ApYp), Tr (ApAL)

*

= 3(ALYuYEYp) =3 (A AL AL YD) == (10"), . (251)

yukawa

This completes the renormalisation group equations for the Yukawa couplings at two-loop.

Before we discuss applications we briefly consider the renormalisation of the bilinear terms.

2.3 Bi-Linear Terms

Following the general equations given in MV the renormalisation group equations for the

bilinear terms now including all R-parity violating effects are given by

d .
= [T+ TR+ AT, (2.52)
d . ) ) )
k= KT + KT+ L'y (2.53)

The anomalous dimensions at two-loop are given in the previous subsection. We see that
even if initially x; = 0 a non-zero x; will in general be generated through the RGEs via a
non-zero . Asnoted in MV the bi-linear terms do not appear in the equations for the Yukawa
couplings or the gauge couplings. They thus do not directly affect unification and we ignore
them for the rest of this paper.

2.4 Discussion

The two-loop renormalisation group equations for the Yukawa couplings respect several sym-

metries. If at some scale for example A} = 0 for all 4, j, k then baryon parity, B,, is conserved
at this scale. There are no J,-couplings in the theory and thus in perturbation theory no
B,-couplings are generated, i.e. the RGEs preserve Aj;, = 0 at all scales. Analogously, lepton
parity, once imposed, is also preserved by the RGEs. If at some scale Ay, = Al = 0 for all
i,j,k and only one lepton flavour is violated, (e.g. A3;; # 0 in the mass basis of the charged
leptons) then this is also true for all scales. If the neutrino masses are non-zero then this is
no longer true [BY]. The electron mass matrix Y then contains off-diagonal entries which
generate off diagonal Fg;'_, Ffz via the RGEs. But the effects will be very small and can thus
be neglected in most circumstances. However, if we assume only \j;; # 0 at some scale then
through the quark CKM-mixing the other terms Aj,; will be generated.

11



Our results agree with MV for the MSSM Yukawa couplings. We also agree with the
one-loop R, violating results 2§, B4, B1].

3 Specific RGEs

3.1 Assumptions

We now apply the two-loop RG-equations to the questions of unification. We shall assume
as a first approximation that the J,-couplings have a similar hierarchy to the SM Yukawa
couplings and thus only consider one coupling at a time. The third generation couplings have
the weakest bounds ([.f]) and can thus lead to the largest effects. We shall consider the three

cases
LLE >\323, LQD : >\333, UDD : >\g23, (31)

defined in the current basis of the charged fermions. We assume that in each case the re-
spective operator decouples from the other R, -operators whose couplings we set to zero.
Rigourously this is not a consistent approach. However we can show that this is a very good
approximation.

The coupling (Aps)es violates L, and can thus also generate non-zero (Ag1)q2 as well as
(Apr)2j. We use (Aps)qs as defined in a field basis in which Yy is diagonal, otherwise L. , are
not valid to protect the other (Agk);; from becoming non-zero. The full RGEs are directly

determined from the equations in the previous section. The largest relevant terms at one-loop

order are
Liaphe ~ (b)) (M) (3.2)
g\ Az = e el ) (Ags s, :
d 1
%<AD3)23 =~ @(hth)(AES)gg. (33)

Here he, h., hy are the e, 7, and b Yukawa couplings. We do not know the entries in Y. Here
we have assumed (Yp)s3 =~ hy. Then in both cases the newly generated couplings are strongly
suppressed and we can safely drop them. As an additional check, we have run the one loop
RGEs in the above cases with (Ags)o3 non-zero at the unification scale. The initially zero
couplings are then generated at the 107 level even for large values of (Ags)as| -

The coupling (Aps)ss violates L, and can in principle generate (Ap;)s;, (Agi)is # 0 at

the one-loop level. The relevant terms in the RGEs are

d 1
g Aor)ss ~ g (Aps)ss 12055 (YY D)3k + Skl (YDY)ss + (Yo Yi)ag) + 3ha(Yp) x| (3.4)
d 3
%(AEl)gl ~ 1672 (hehb) (AD3)33- (35)
d 3
%(AEZ):;Q ~ @(huhb) (AD3)337 (36)
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where j, k are not equal to 3 simultaneously. In order to estimate the contribution in the first
RGE we would need full knowledge of the matrices Yp and Yy, which does not exist to date.
If we use the symmetric texture ansétze of [lJ] we indeed find the off-diagonal elements of Yp,
YIT)YD and YJYU highly suppressed. We thus feel justified in neglecting the newly generated
couplings. In the second and third case we have made the same assumption as in (B.3) and
we see that we can safely ignore the newly generated couplings.

An initial non-zero (Ays)a3 can generate all the other baryon-number violating couplings.
At one-loop and to leading order these are (Ayi);x, where (ijk)e{(312), (313), (123), (223)}.
The relevant terms in the RGEs are

d 1
%(AUi)jk ~ @(AUB)?Q [(YE)YD)315i35j25k1 + (Y]_I')YD)215i35j15k3 + (YUTYU)3i5j25k3} . (3.7)

Under the previous assumptions this again leads to negligible new couplings. Thus in all
three cases the decoupling is a good assumption. In line with this argument we assume the

following form for the Higgs-Yukawa matrices
Yg = dlag<07 0, )\7)7 Yp = dlag(ov 0, )‘b)v Yy = dlag<07 0, >\t) (38)

So we make the approximation that the current basis is equal to the mass basis.

3.2 Special Case Equations

We now consider the specific case of the R-parity violation being through one dominant
operator as in (B.J]). Thus we set the product of any two R, couplings to be zero. We note

the connection between the conventional notation and our matrix notation

(Aps)sz = Asag,  (Aps)ss = Nygz,  (Ays)az = Ay (3.9)

The gauge couplings have RGEs equivalent to those of the MSSM except for the following

two-loop I, contributions which we parameterise as

A (%%) — %Jé/,,—MSSM . %gfp—MSSM (3.10)
where
A <%93> = —% :6)\”:2’,23 + 4)\,533} (3.11)
A (%g) = —(16952)2 6)555 + 22\35] (3.12)
A (%m) - - 6952)2 %X'gzg + %A'égg + 15—8A§23] . (3.13)

13



The RGEs of the Yukawa couplings are

%)\323 = 323 (ng + l—‘fz + ng) + A\ T3 (3.14)
%ngg = Nags (TD+T3 +TE) — NI (3.15)
%X/m = N (55 + T +T17) (3.16)
%AT = A (ng + Tt + Féj) + Asasl] (3.17)
%)\b = N (Fgg + Ty + ng) — Nyssl'z (3.18)
%At = M (PR + T+ T8 (3.19)

The RGEs for the bi-linear terms are:

d

i = w (D TIR) + ml ) + sl (3.20)
d
= m (D + 1) (3.21)
4 — urk I+ 3.22
d
= plE + K (ng + ng) : (3.23)

In the RGE for x; the term proportional to p is dropped because in our approximation F%ll

vanishes.

Es

L3
FLS

L3
FHl

Lo
FLQ

The specific two-loop anomalous dimensions are:

1 2 2 6 2
1672 [2)‘7 + 2393 — 391} (3.24)
1 6
Tormye | (4 + M) (=307 +69) — 131 — X2
9234
BAN T — NI — Wy + gl
1 3 3 1 15, 207 9
1672 [Ai + Adys + 3)\/533 - EQ% - 595} + (16722 {Zgg + mgil + EQSQ% (3.25)
p 6
Nia3(16g3 — ggf) + ggf(ki + Adyy) — AL — 6AZA355 — BAjps — BAZA] — 9Ny,
ONSasAs — BATN 3]
1
i = —@3)\’333)\;, (3.26)
1 p
e {A'gggAb(mgg, = 268 + 3NN N gs — WA} — Iy 3X333A§Ab]
1 2 3 2 3 2
@ [Agzg - EEM - 592] (3-27)
1 15, 207, 9

6
(167‘(‘2)2 {ZQQ + mgl + l—Ogggf + ggf)\g% — 3)\323 — 3)\3)\323]
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Lo
L'y,

D3
FD3

Qs
FQ:&

Do
T Do

H;
PHl

Ho
FH2

Us
FUS

1

1 6
Ff; =~ 161 ——NsA + (1672)? {)\323%39% — 3A53Ar — 3AT a2 (3.28)
2 , 8
2 2 2
77 24+ 2V + 25— 0t = e 529
1 8§, 202, 32, 2 a2 2 (162, 16,
(1672)2 {_993 T o951 T g0+ Wass T X0 (501 +602) + N (501 + 3765

16)‘5)‘/§33 - 8>\§ - 2)‘5)‘? - 8X§33 - 2)‘/:2533)‘? - 2>‘g>‘3 - 8)‘//§23
2 2
AN AT — 202N 5
1
1672

1 2 3 2 8 2
1 8 15 199 8 1 2

>\/§33> 5>\/333 10>\/333>\§ - >\13>\72' - 5)‘;71 - 5>\? - 2)‘//§Z3>\§ - >\/§33>\72' - 2)‘13)‘//323}

1 , 2., 8,

1672 [2)‘//323 - 591 - 593} (3.31)
L[ A2, 82, e 16

R i + N2 (2

(1672)2 [ 9%+ o0 + 459891 + Nazl( 501

4 2
8N 303 — 4N "53] }

[A2 + A2+ X333

16
+ 393) - 4)‘//§23>‘g

3 3
[3A2 + 22— 09 g — 595] (3.32)

b qIs e, 207, 9
Ny — W] — 6] — 9N — 3N
1 3 3
6 |2~ g~ 5% (3.33)

1 15 207 9 4

1672

2 6
591) + 591)‘2 BN A3 — 37

6N 52 A7 — 9N — BATA; — BN \]]

1 2 2 8 5 8,
1672 [2)‘”323 +2A — I 593] (3.34)
1 8, 86 , 128 ) ( 2 ) 2 ( 8 , 16 2)
| < 22 (6 =
(1672)2 { 9% T 550 g5 9391+ A (802 = 501 )+ N (500 + 508
8X55 — AN"355)7 — 2XF X555 — 207 — 8){] (3.35)

4 Outline of the Numerical Analysis of RGEs

In order to determine the scale of unification we numerically solve the renormalisation group

equations.

[

In the process, we re-derive unification predictions in the MSSM [, [7, B0],
The main aim of this paper is to isolate the new effects due to the SUSY R,

part of the theory. When running the equations we must cross the mass thresholds of the

supersymmetric particles. In order to determine these we must also run the two-loop RGEs of
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Figure 1: Effect of non-zero I£, coupling Ass3 upon unification predictions. The value of tan 3
input and the predictions for no I, are shown in the figures. (a) R; correspond to the ratio of
the prediction of 7 in the R, case to the predictions in the /£, case. (b) Ry/r = A\o(My )/ A (My).

the soft supersymmetry breaking terms. The I, couplings contribute to these RGEs, but this
contribution has not yet been calculated at two-loop, although one-loop RGEs exist [BZ]. In
the future, when the full RGEs for the soft terms have been calculated, it will be interesting
to include the R, effects on the spectrum and thus on the thresholds. At this stage, we
make the approximation of using the R,-MSSM RGEs for the soft terms and the above R,
RGE:s for the dimensionless couplings. We will also not consider (potentially large, but model
dependent) GUT threshold corrections [{2, [4].

We add in turn one of the three R,-Yukawa couplings (B-J]). We run the full set of
equations including the two-loop correction of the Yukawa couplings to the running of the
gauge couplings in Eq. (B.8). The boundary values of the running DR gauge couplings g;(Mz)
and go2(Myz) can be determined in terms of the experimentally well known parameters, the

Fermi constant G, the Z-boson mass M, and the electromagnetic coupling agh, at Q% = 0.

Gr = 1.16639107°GeV 2, (4.1)
My = 91.187 GeV, (4.2)
apy(Q*=0) = 137.036. (4.3)

For a given set of pole masses m; = 174 GeV, my, = 4.9 GeV, m, = 1.777 GeV we define the
DR Yukawa couplings at M. Then we use 2-loop Renormalisation Group equations to run

up to the scale My, where g; and gy meetf].

3The gauge boson self energies IIzz, Iy are not modified by the R-parity violating couplings up to
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Figure 2: Effect of non-zero i, coupling A5, upon unification predictions. The value of tan 3
input and the predictions for no I, are shown in the figures. (a) R; correspond to the ratio of
the prediction of 7 in the R, case to the predictions in the /£, case. (b) Ry/r = A\o(My)/ A (My).

We have assumed universal boundary conditions at My for the soft breaking parameters
Aoy, My, M 5. The iteration procedure used to determine our results is described in [i4]. As a
characteristic mean value of the soft breaking parameters at My we choose Ag = M,/ = My =
300 GeV. We solve the RGEs for different values of the i£,-coupling at m,, starting from zero.
The maximal value we consider is where the running coupling reaches the perturbative limit
at the unification scale. For most of our discussion we take this to be A(My) < v4r ~ 3.5.
However, we also show some results where A\(My) < 5.0.

There has been a large interest in the literature [, R0, [, [§, [[J, 4] in the restrictions on
the unification scenario from bottom-tau unification. Requiring bottom-tau unification leads
to a strict relation between the running top quark mass and tan 3. For the experimental value
of m; [BI]], tan 3 is predicted to be very close to 1.5 or around 55 [[[]]. We are interested in
how the effects of R, can relax this strict relation and allow a larger range of tan3. As a
model scenario, we consider tan = 5 which is well away from the solutions in the MSSM. We
show that this feature is general and that solutions may be obtained for any value of tan g,
provided one tunes the value of the R, coupling. The R, couplings change the fixed-point
(and quasi-fixed point) structure of the top-Yukawa coupling’s evolution. This is investigated

in detail for low values of tan 3.

1-loop level. We assume that the effect of those couplings in vertex and box corrections to the running weak

mixing angle is negligible [@, @]
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Figure 3: Effect of non-zero I£, coupling A%,; upon unification predictions. The value of tan
input and the predictions for the no R, case are shown in the figures. (a) R; correspond
to the ratio of the prediction of ¢ in the R, case to the predictions in the R, case. (b)
Ryjr = Xo(My) /A (My).

5 Gauge Coupling Unification
For A, = 0 and with the inputs and procedure defined above, we obtain
as(Mz) =0.128, My =2.010" GeV, ay =0.041. (5.1)

In order to discuss the effects of the non-zero &, Yukawa couplings we consider the unification

parameters as functions of A\p, evaluated at m;.

as(Mz,Ag,), Mu(Ap,), au(Ag,). (5.2)
and define the ratios
Ras(Ap,) = %,
Ry ) = S, 5.3
Roy (Ap,) %-

When Ag, = 0 and tan § = 5, the ratios in (b.3) are then all equal to 1 as can be seen on the
left of Figs. [la, Pa, and Ba, respectively. Next we turn on the J,-couplings. In Fig.s [b, Pb,
and Bb we can read off the value of the J,-coupling at the unification scale as a function of
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the coupling at m,. The plots stop once the perturbative limits are reached. For the present
numerical discussion we focus on tan 3 = 5. A3a3(My) reaches its perturbative limit for a low
scale value of Aga3(my) = 0.93. It is worth pointing out that this is the same as the laboratory
bound for slepton masses at 1.5 TeV! Thus although the laboratory bounds on the LLE
operators are generally considered to be very strict; for heavy supersymmetric masses they
are no stricter than the perturbative limit. At this point Asp3 has run off Fig. filb but it should

be clear how it extrapolates. The perturbative limits for the other couplings are given by

>\/333(mt) = 1.06 (54)
)\//323(77%) = 1.07 (55)

The first limit (p-4) is equivalent to the empirical 2 ¢ limit for 700 GeV squark masses. The
1o empirical bound on \’3s3 is 0.43 for 100 GeV squark mass, and so the limit (5.5) will be
restrictive for somewhat higher masses. These limits are tan 3 dependent, and we leave a full
discussion to section [7.3]].

In Fig.s [Ma, Ba, Ba we show how the ratios (f.3) change as we turn on the J,-couplings.
For Ago3 # 0, as(My) and «ay are practically unchanged except very close to the perturbative
limit. However, My is shifted upwards by up to 10(15)%, where the parenthesised value
corresponds to choosing the perturbative limit to be A < 5.0. For X333 the downward shift
in as(My) is typically 1-2%. At the extreme perturbative limit A < 5.0 the maximum shift
is is a decrease of 5% in as(Myz) giving a value of as(Myz) = 0.122. This corresponds to an
agreement with the data ag(Myz) = 0.119 £ 0.002 [ to 1.50, without using GUT threshold
corrections. While the importance of this result is obvious, caution in its interpretation
is required because the correction to ag(Myz) is sensitive to where one places the limit of
perturbative believability. For example, if one chooses A(My) < 3.5, one only obtains a 3%
decrease, still with significantly better agreement with the data than the R, conserving case.
ay is decreased slightly at this point. However, M is decreased by up to 20%. This effect
is significantly beyond the effect due to the top quark Yukawa coupling. For \’3s3 # 0, ay
remains practically unchanged. «4 now has an overall increase of up to about 3% at the
perturbative limit corresponding to a value of as(Mz) = 0.131 in disagreement with the
experimental value. My is raised by up to 20%.

Thus we find oy essentially unchanged by JR,-effects. My can change either way by up
to 20%. If we compare this with other effects considered in Ref. [II]] we find it of the same
order as the uncertainty due to the top quark Yukawa coupling or the effects of possible non-
renormalisable operators at beyond the GUT scale. The effect is much smaller than that due
to GUT-scale threshold corrections or weak-scale supersymmetric threshold corrections. It is
thus much too small an effect to accommodate string unification. The strong coupling can
also change either way by up to 5%. A decrease is favoured by the data and is welcome in
supersymmetric unification. The effect of the [£,-couplings on as(Myz) is of the same order as

the effects due to the top-quark Yukawa coupling, GUT-scale threshold effects and high-scale
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Figure 4: Bottom-tau Yukawa unification including the R-parity violating couplings (a) A},
(b) Ay for various tan 8 = 1.6,5,26. The plots show Ry/. = \y(My)/A-(My) as a function
of the R, couplings evaluated at m;. In (b), the tan 3 = 1.6 curve stops as A\(My) reaches

its perturbative limit.

non-renormalisable operators [[J].

6 b-7 Unification

In order to study the unification of the bottom and 7 Yukawa couplings Ay, A\, at My we
define the ratio

Mo(Muy, Ag,)
Ryyr(My) = W)‘Z) (6.1)
For Ag, =0, tan 3 = 5 we have
Roys(My) = 0.78. (6.2)

Thus including the top-quark effects but before turning on the ,-coupling we are well away
from the bottom-tau unification solution Rb/T(MU) = 1. Recall that the uncertainties due to
the bottom quark mass are small for small tan 5. Now we consider the corrections due to the

R,-couplings. The one-loop RGE for Ry, (t) is given by

ARy (t " 4 16
T — Buge0) [+ 33 = 32 = 403y 4 3Ny 2N+ 308 - ]

The leading dependence of Ry/, on As3 has a negative sign and as we see in the two-loop

1672 (6.3)

result shown in Fig. b R,/ drops significantly. Near the perturbative limit it drops by a

factor of 2.5 and J, becomes a dominant effect on the evolution of R;/.. This is important
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for the range of tan 3 which leads to bottom-tau unification. In the MSSM R/, is too large
for tan 3 S 150r 55 7. Including a non-zero operator Asqg strongly reduces Ry and
thus can lead to bottom-tau unification in this previous regime.

For \’303 £ 0 or X333 # 0 there is an additional positive contribution in the evolution of
Ry (t). The full two-loop result shows a clear rise in Ry/-(t) as a function of A\”s93 in Fig. Bb.
The maximum increase at the perturbative limit is by 60%. For A”s93(m:) = 0.9 bottom-
tau unification is restored! This is quite remarkable. Even though R,-couplings are usually
expected to lead to only small effects they can have a significant impact on our understanding
of Yukawa-unification. Recall, that grand unification ¢s possible in R,-theories as discussed
extensively in the introduction. From Eq. (6.3) it should be clear that for example for X333
we get an increase in R, /T(MU) as well leading to further bottom-tau unification points. From
Fig. fl, we see that for Xss3(my) = 0.75, we achieve Ry, = 1 for tan 8 = 5. To investigate
further, we plot Ry, as a function of X'333(m;) for several other values of tan § in Fig. fla. The
figure illustrates that any value of tan 3 = 2 — 26 achieves bottom-tau Yukawa unification,
provided N'333(my;) is chosen correctly. Fig. flb shows the equivalent plot for \’s3p3 # 0 with
the same conclusions.

7 Landau Poles and Fixed Points of Yukawa Couplings

True fixed points and quasi fixed points were first considered in [Ig]. Since then, many ap-
plications have been discussed in the literature (see ref.[p(] and references therein), including
those in the R, conserving MSSM. In the MSSM and at low tanf3, it is well known that if
one neglects two-loop corrections as well as those from couplings smaller than g3, the RGE
for A; has an infra-red stable fixed point [29] corresponding to \;/gs; = \/7/T8 This is too
low to accommodate m; = 175 £ 5 GeV. To be phenomenologically viable, A\; must be out of
the domain of attraction of the true fixed-point. In practice, this implies that A;(m;) must be
nearer to its quasi-fixed point (QFP) limit of 1.1, where \;(My) is large (formally it diverges).
Using my(m;) = 165 £ 5 GeV as an input means that one can derive tan 3 in this scenario
through the relation

sin 8 = M, (7.1)
vA(my)

implying tan # = 1.7 + 0.2 at the QFP [FI]. This scenario is very attractive |26, because
the values of many parameters in the infra-red regime are insensitive to their input values
at My, giving higher predictivity and a tightly constrained phenomenology. The quasi-fixed
R, conserving MSSM is presently severely constrained [B1, p{]. A large R, coupling changes
the running significantly, and so in this section, we examine the running of the couplings as
a function of renormalisation scale. It is convenient to split this analysis into three cases to

focus upon: (1) infra-red stable fixed points of approximated RGEs, (2) a small amount of
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R, near the QFP of \; and (3) the case of two large Yukawa couplings. We then examine the
constraints on the I, couplings defined at m; coming from the requirement of perturbativity
up to My.

7.1 Fixed Points

First, we analyse the fixed points in the equations including the couplings \js4, A5o5 one at a

time. Neglecting Ay, A, (i.e. looking at the low tan 3 limit) and two-loop terms, we reformulate

Eqs. (BT9), (B14)-(B10) as

dlIlXt 7 1 2 (6) 130&1
kD () G ¢ 2
dngZz 9 3 Ty T T Bas (72)
dln X 30(1 (6] 4

e S .
din g2 TS5 Tas 3 (7.3)
dln X’ 7 1 (6] 70&1
. G ) M 4
dingZ 9 3 LT (7.4)
dln X" 5 2 4oy

where X, = A\2/g2, X = M2,,/9%, X' = Nia3/g3 and X" = N'2,,/g2. The stability of Yukawa
couplings in supersymmetric theories has been considered in refs. [3]. Considering only one
non-zero £, coupling at a time, we have two infra-red stable fixed points in the limit that we

ignore the electroweak gauge couplings. The first is

1 19
X=X=0: X, = - X"'=== .
and the second is .
X=X"=0: Xt:X’:§. (7.7)

We have ignored Asp3 in this discussion because it does not exhibit fixed point behaviour
itself due to the lack of renormalisation from the QCD interactions. The values of X; in
Egs. ([(.G),([7.7]) are even lower than the R,-conserving MSSM value X; = 7/18. They are
experimentally excluded [BQ] by the lower bound on A;(m;) coming from the requirement of
mi(my) = 165 GeV.

7.2 Large \(My), Small £, Coupling

We now discuss the case where A\(My) > 1 and the I,-couplings are in turn very small. The
behaviour of the R, conserving superpotential parameters will be similar to their behaviour
in the R, conserving MSSM. In this case, we can solve the one-loop RGEs for the £, Yukawa
couplings analytically:

Asgg(p) = )\323(MU)52_351_3/117 (7.8)
)\/333 (M) _ )\/333(MU)5;0/2752_5/2(51_29/59452/6, (79>
Ngog(1) = Nlaog(My)03" > 658, /27 5)1%, (7.10)
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Figure 5: (a) Effect of large R-parity violating couplings upon the quasi-fixed point of \;.
The IR, couplings increase toward the bottom of the plot. The lower limit of \;(m;) is defined
as the minimum value required to obtain my;(m;) = 165 GeV. (b) Perturbative limits of
large R-parity violating couplings as a function of tan 3. The upper curves correspond to the

two-loop order calculation and the lower ones to a one-loop calculation.

where 6123 = g123(1)/g9(My) and 6 = A\(p)/M(My). We have neglected contributions from
Ar, Ay in Egs. (F.§)-([.10) and so they are valid only at low tan 3 < 15. The one-loop analytic
solutions for d; 93 are equivalent to the R, conserving MSSM ones [p(]. The solution for d;
is also equivalent to its I, counterpart, which has been solved analytically at one loop order
including g3, 9> [B3]. Egs. (7.)-(7.I0) predict a constant ratio of Az, (My)/Ag,(m:). This
corresponds to a straight line for the Ap (My) curves in Figs. b, Pb,Bb. For Ag, (m:) <03
this is a good approximation, after that the two-loop effects become important. We also obtain
analytic solutions at low tan 3 for the bi-linear R, terms when the R, Yukawa couplings are

small:
ki (1) = kg (M) oy > P 986,3/2658/96 12, (7.11)

7.3 Two large Yukawa couplings
The one-loop RGEs including A, Ay, g2.3 have been solved in the MSSM [54]. These RGEs

have the same form in the case of a non-zero \j;5, when ignoring all other Yukawa couplings
except A;. The analytic solutions to this system are therefore contained in ref. [p4] and are
in terms of hypergeometric functions.

We present here numerical solutions to the two-loop equations, which can also be applied
to the cases of large Asp3, or N’s93 with large A\;(m;). Using apy = 0.041, My = 2 x 10'¢ GeV
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Figure 6: Running of \;(u) and (a) Mjys(p), (b) Nys5(p). The circles are separated by two
orders of magnitude of 1/ GeV. The flow is towards the region (a) Ay & 1, \"303 = 1 and (b)
At & 1, X333 &~ 1 for decreasing .

and again switching off A, and A\, (which is only valid for low tan (3 N 15), we calculate how
Ai(my) is related to its input value at My, i.e. we study the quasi-fixed point structure. SUSY
threshold corrections are not included.

In Fig. Ba, the top solid line shows the quasi-fixed point structure of \; in the MSSM.
For \i(My) > 2.0 it is almost flat, i.e. A\((m;) = 1.1 becomes insensitive to \(My). The
horizontal dashed line corresponds to the minimum \;(m;) required to produce a top quark
mass which agrees with the data and for which sin 8 < 1. It changes by £0.03 within the
empirical errors on m;. The A353 # 0 curves are not plotted because they coincide with that of
the MSSM. This can be understood from Eq. (B-19) as the coupling does not directly appear
in the running of ;. This holds at two-loop due to our assumption of only one dominant £,
coupling at a time.

When X333 is switched on, the quasi-fixed point behaviour of \; persists but its QFP
value can be decreased as far as A\;(m;) = 1.03 which corresponds to tan 3 = 2.1+57. Any
decrease in A\;(m;) can increase tan /3 as extracted from Eq. ([.I]), modifying the QFP pre-
dictions of superpartner masses, for example. In particular, higher tan 3 can allow for higher
masses of the lightest CP-even Higgs, relaxing a severe constraint in the R, conserving QFP
scenario [pll]. For large \’303, the quasi-fixed behaviour of )\; is somewhat weakened as the
non-zero gradient of the curves suggests, but A;(m;) = 1 is possible as the QFP prediction[],
corresponding to tan = 3.016:?.

Fig. [ only shows information on the quasi-fixed point structure of \;. One would like to

4This lowering of \;(m;) was first pointed out by Brahmachari and Roy in ref. [Bq]
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know if the }2, couplings also exhibit the QFP behaviour when they are large. Fig. fla shows
the running of both A\;(u) and Ajy;(p) with the renormalisation scale u. Ay, A; have been
switched off in this calculation. The two-loop R,-MSSM RGEs were run through 14 orders of
magnitude (roughly corresponding to running from My to my), using apy = 0.041. Although
the figure shows both couplings running toward 1 in the infra-red regime, it is clear that it is
difficult to make this statement quantitatively accurate. The same conclusion holds for large
Nq5 # 0 and A, as shown in Fig. fb. Ase3 exhibits even less focussing behaviour because it is
not directly affected by QCD interactions.

7.3.1 Perturbative Limits

In Fig. Bb, we show the limits from perturbativity upon the 2,-couplings defined at m;. We use
a degenerate effective SUSY spectrum at my; in this calculation but no finite SUSY threshold
effects are included. We include \., A\, however, because they make a large difference to any
Landau poles of Yukawa couplings at high tan 3. When we switch an R, coupling on, the
curves in the figure map out what value of the coupling is required at m; to produce a value
of 5 for at least one of the Yukawa couplings at M. In practice, to good accuracy the point
where a Yukawa coupling is 5 is very close to the Landau pole of that coupling. The deviation
between the two curves shows the significant weakening effect of including two-loop terms in
the RGEs: 5%, 12% and 10% for Asss, Aje3 and Aiy5 at high tan 3 respectively. The upper
bound calculated in this way exhibits a strong tan § dependence due to Ay, A, contributing
to the running at high tan 5. Our one-loop bounds in Fig fjb agree with the previous limits
upon My, from perturbativity bounds provided in by Brahmachari and Roy [B|f] to within

"
ijk

(]

3%. One-loop bounds upon other A/, were obtained by Goity and Sher [Bg].

8 Conclusions

We have argued that R, is theoretically on equal footing with conserved R,. Since it can
be realized in grand unified theories it is relevant for unification. We then first determined
the complete two-loop renormalisation group equations for the dimensionless couplings of the
unbroken supersymmetric Standard Model. It is only at two-loop that Yukawa couplings
affect the running of the gauge coupling constants. We then considered three models of
R,. We have added to the MSSM in turn the three Yukawa operators LsLoEs, L3QsDs,
and UsDyD5. We considered their effects on various aspects of the perturbative unification
scenario. We have focused on qualitative effects. A detailed search for a preferred model is
beyond the scope of this paper. We found several important effects. The unification scale is
shifted by up to #20%. This is comparable to some threshold effects but insufficient for string

®Note that Brahmachari and Roy differ by a factor of two in their convention for the A\’ superpotential
terms.
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unification. «z(My) can be changed at most by +5%. The reduction which is favoured by
the data is obtained close to the perturbative limits of A'533 and Aj,;. We have obtained the
two-loop limit from perturbative unification for all three operators. For A3 it is equivalent
to the laboratory bound for a slepton mass of 1.5 TeV and for \js,, Mi,; is competitive for
masses below 1 TeV. Two-loop limits from perturbativity are 5 — 12% weaker than the one-
loop limit previously obtained. This is all quite remarkable. The JR,-couplings can have
significant effects on the entire Yukawa unification picture. For bottom-tau unification we
have found significant affects. For A3p3 # 0 bottom-tau unification could be obtained for
values of tan3 < 1.5 were it not for the fact that the perturbative limit is reached. For
Ao, N55 7# 0, we found new points of bottom-tau unification at tan 3 = 5 — 26. Thus for
tan # < 30, bottom-tau unification doesn’t necessarily correspond to top IR quasi fixed-point
structure, as is the case in the MSSM [[, B3, 7, B0]. Indeed, the quasi-fixed structure is
changed resulting in lower values of the A\;(m;) prediction for A5, A5,5. This allows tan 3 to
increase, resulting in higher masses for the lightest CP-even Higgs, relaxing severe constraints
on the QFP.
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Appendix

We consider a group G with representation matrices t4 = (1;);-4 7 Then the quadratic Casimir
C(R) of a representation R is defined by

(t*t4)] = C(R)6!. (A1)

)

For SU(3) triplets ¢ and for SU(2)., doublets L we have

Csu@a) (q) = ; Csue)(L) = 2 (A.2)
For U(1)y we have ;
C(f) = 3V (), (A3

where Y'(f) is the hypercharge of the field f. The factor 3/5 is the grand unified normalisation.

For the adjoint representation of the group of dimension d(G) we have

C’(G)(SAB — fAC’DfBC’D’ (A4)
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where f45¢ are the structure constants. Specifically for the groups we investigate

C(SU2)L) =2,

CUM)y) =0, (A.5)

and C'(SU(N)) = N. The Dynkin index is defined by

Trr(t*t?) = S(R)64P. (A.6)

For the respective fundamental representations f we obtain

SU(3), SU(2) :

Uy : S(f)

S(f) =2

_3
5

YA(f), (A-8)

where we have inserted the GUT normalisation for U(1)y.

The coefficients in the two-loop running of the gauge couplings (B.§) are given by [Bg]
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