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1. Introduction

The formulation of the theory with Large Extra Dimensions [1] was driven by the motiva-

tion to address the hierarchy problem (for some early works, see [2]). While all Standard

Model fields are restricted to live on a (3+1)-dimensional brane, gravity is allowed to

propagate in the (4 + n)-dimensional bulk; above the scale of decompactification of ex-

tra dimensions M∗, that can be as low as 1TeV, gravitational interactions become strong

and thus comparable to the Electroweak interactions. Moreover, above M∗, all effective

theories cease to be valid, and a more fundamental theory, that describes all forces includ-

ing gravity, must take over. In the context of such a theory, transplanckian collisions of

particles become particularly important as their product cannot be ordinary particles any

more but rather heavy objects. This opens up the exciting possibility of observing strong

gravitational phenomena, linked to a Quantum Theory of Gravity, at a low energy scale,

possibly at the TeV scale.

The creation of mini black holes as the result of such transplanckian particle colli-

sions [3] has drawn considerable interest during the last few years. Such black holes may

be created either at colliders [4] or in high energy cosmic-ray interactions [5] (for an exten-

sive discussion of the phenomenological implications and a more complete list of references,

see the reviews [6 – 8]). If the produced black holes have a mass considerably larger than

the fundamental Planck mass M∗, quantum gravity effects can be safely ignored, and the

black holes can be treated as classical objects. Their most important characteristic, as well
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as the most prominent signature of their creation, will be the emission of Hawking radia-

tion in the form of elementary particles. This will take place both in the bulk and on the

brane, with the latter ‘channel’ being the most important from the phenomenological point

of view. After shedding all additional quantum numbers during a short balding phase, as

dictated by the no-hair theorem of General Relativity, the produced black hole will settle

down to a Kerr-like phase, the spin-down phase, during which the black hole will mainly

lose its angular momentum through the emission of Hawking radiation and superradiance.

After that, the Schwarzschild phase will commence with the black hole (now spherically

symmetric) emitting Hawking radiation and gradually losing its actual mass.

The Schwarzschild phase of the life of a small higher-dimensional black hole formed

in a flat background has been admittedly the most well studied in the literature. The

task of determining the spectrum of Hawking radiation during this phase has been at-

tacked both analytically [9 – 11] and numerically [12]. While the first set of works led to

the derivation of useful, analytical formulae for the emission rate, the latter work provided

exact, numerical results valid at all energy regimes. Both approaches reached the conclu-

sion that the Hawking radiation spectrum strongly depends on the existence of additional

spacelike dimensions in nature, with this dependence being reflected both in the number

of particles and energy emitted by the black hole per unit time as well as in the actual

type of particles emitted (scalars vs. fermions vs. gauge bosons). Further studies have

also shed light on the dependence of Hawking radiation from a higher-dimensional black

hole on higher-derivative gravitational (Gauss-Bonnet) terms [13], the mass of the emitted

particles [14, 15], the charge of the black hole [16], and last but not least, the cosmolog-

ical constant [17], with the latter leading to a distinct signature of its existence at the

low-energy part of the radiation spectrum.

The progress in studying the emission of Hawking radiation during the spin-down

phase of a small, higher-dimensional black hole has been much slower. This was due to the

more complicated gravitational background but also to additional technical difficulties in

solving the equation of motion for a particle propagating in such a background. Analytical

formulae for the emission rate were derived [18, 19] but the results were partial, being

valid only at the low-energy regime, for low angular momentum of the black hole, and for

a specific dimensionality of spacetime. The first exact numerical results for the Hawking

radiation emission rate in the form of scalar fields, during the spin-down phase, as well as

for the amplification due to superradiance, were presented in [20]. These were valid for

arbitrary values of the energy of the emitted particle and for arbitrary values of the angular

momentum parameter of the black hole. That was the result of the determination of the

exact value of the angular eigenvalue — being also involved in the radial part of the equation

of motion of the particle — via numerical means instead of the use of an approximate

analytical formula. The analysis in [20] demonstrated that the suppression of the energy

emission rate at the low-energy regime as the angular momentum of the black hole increases,

as was found in [19], is in fact overturned in the intermediate- and higher-energy regime

where a strong enhancement appears instead. In the case of superradiance, these results

confirmed the existence of the effect in the higher-dimensional case, and demonstrated

the exact energy amplification: although strongly mode-dependent, this amplification can

– 2 –
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reach approximately a 10% magnitude.1 Shortly afterwards, another study appeared in the

literature [23], focused on the study of the power (energy) spectrum, as well as its angular

distribution in the 5-dimensional case, but once more the analysis relied on the assumption

of low energy and low angular momentum. Two more studies focused on 5-dimensional

rotating black holes appeared recently [24, 25], where the question of the emission in the

bulk was also addressed.

At present, a comprehensive study of the emission of Hawking radiation from a higher-

dimensional black hole in its spin-down phase, that could provide exact numerical results

for arbitrary values of the angular momentum of the black hole, the energy of the emitted

particle and the dimensionality of spacetime, is still missing from the literature. Apart

from the power (energy) spectrum, whose study needs to be completed for arbitrary values

of the aforementioned parameters, the question of the emission rate of particles (flux spec-

trum) and of the rate of loss of angular momentum of the rotating black hole also needs to

be addressed. Moreover, the angular distribution of the emitted radiation — a distinctive

signature of emission from a rotating higher-dimensional black hole — needs to be inves-

tigated, with the results again being free from any restrictive assumption about the values

of the fundamental parameters of the theory. It is these tasks that we have undertaken to

fulfil in this work. The strongly spin-dependent techniques needed to be applied for the

calculation of the spectra for different types of particles, and the plethora of results that

need to be derived in each case, have forced us to restrict our attention in this work to the

case of scalar fields emitted by the black hole, and present the corresponding analysis and

results for higher-spin fields in a subsequent work [26].

Before presenting the outline of our paper, a brief discussion of the assumptions made

during our analysis should be added here. As mentioned earlier, it will be assumed that

the black hole mass MBH is considerably larger than the fundamental scale of gravity M∗

in order to ensure that quantum effects are small and that the black hole geometry can be

safely considered as a classical object. The same constraint guarantees the absence of any

significant back reaction to the gravitational background due to the change in the black

hole mass after the emission of a particle: the assumption that the temperature of the black

hole, around which the emission spectrum is centered, is much smaller than the black hole

mass translates again to MBH À M∗. We are also going to assume that the horizon of the

black hole rh is much smaller than the (common) size L of the additional compact spacelike

dimensions so that the black hole can be considered as embedded in a (4+n)-dimensional,

non compact, empty spacetime. Finally, since the value of the brane self-energy can be

naturally assumed to be of the order of the fundamental Planck scale M∗, and thus much

smaller than the black hole mass, its effect on the gravitational background can be ignored.

We will start, in section 2, by presenting the theoretical framework for our analysis

including basic formulae for the gravitational background, the equation of motion for the

propagation of a scalar field in it, and the Hawking radiation emission spectra. In section 3,

a description of the numerical methods and techniques used for the determination of the

1Results on the superradiance effect in the case of a higher-dimensional black hole were also presented

in [21] and [22].
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exact value of the angular eigenvalue and of the angular and radial part of the wavefunction

of the field will be given. After the angular eigenvalue is determined, the radial part

of the equation of motion is numerically solved to determine the absorption probability

(greybody factor) and thus the various spectra. In section 4, we present our results for

the flux, power and angular momentum spectra (integrated over the azimuthal angle θ)

for arbitrary values of the energy of the particle, the angular momentum of the black hole,

and the dimensionality of spacetime. All the spectra have a thermal profile in terms of

the energy of the particle, as expected, and bear a strong dependence on the value of

the angular momentum of the black hole and the number of extra dimensions. Next, we

numerically solve the angular part of the equation of motion to find the exact values of

the spheroidal harmonics, and we calculate the angular distribution of the flux and power

spectrum; these results are also given in section 4, and, contrary to the emission of radiation

during the Schwarzschild phase, are characterized by a strong angular variation. Finally,

in the last part of section 4 we focus on the study of the various total emissivities (the total

number of particles, energy and angular momentum emitted per unit time by the black hole

in all frequencies) and compare their behaviour for different values of the dimensionality

of spacetime and of the angular momentum of the black hole. We finish with a summary

of our results and conclusions, in section 5.

2. Theoretical framework

The gravitational background around a (4 + n)-dimensional, rotating, uncharged black

hole was found by Myers & Perry [27], and in what follows we will use this line-element

to describe the spin-down phase of a small, higher-dimensional black hole created by the

collision of highly energetic particles. If we assume that the colliding particles are restricted

to propagate on an infinitely-thin 3-brane, they will have a non-zero impact parameter only

along our brane, and thus acquire only one non-zero angular momentum parameter about

an axis in the brane. Such a higher-dimensional black hole will then be described by the

following line-element [27]

ds2 =

(

1 −
µ

Σ rn−1

)

dt2 +
2aµ sin2 θ

Σ rn−1
dt dϕ −

Σ

∆
dr2 − Σ dθ2 −

−

(

r2 + a2 +
a2µ sin2 θ

Σ rn−1

)

sin2 θ dϕ2 − r2 cos2 θ dΩn , (2.1)

where

∆ = r2 + a2 −
µ

rn−1
, Σ = r2 + a2 cos2 θ , (2.2)

and dΩn is the line-element on a unit n-sphere. The mass and angular momentum (trans-

verse to the rϕ-plane) of the black hole are then given by

MBH =
(n + 2)An+2

16πG
µ , J =

2

n + 2
MBH a , (2.3)
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with G being the (4 + n)-dimensional Newton’s constant, and An+2 the area of a (n + 2)-

dimensional unit sphere given by

An+2 =
2π(n+3)/2

Γ[(n + 3)/2]
. (2.4)

In this work, we will focus on the emission of Hawking radiation [28], in the form of

scalar fields, from this (4 + n)-dimensional, rotating black hole.2 For phenomenological

reasons, we will concentrate on the emission of these fields directly on our brane since any

particle modes emitted in the bulk cannot be detected by an observer restricted to live

on the brane. We will thus need to determine first the line-element on which the brane-

localized modes propagate, and then to solve their equation of motion on the resulting

background. The induced-on-the-brane line-element can be found by fixing the values of

the additional angular coordinates that were introduced to describe the compact extra n

dimensions: by setting θi = π/2, for i = 2, . . . , n + 1, we are led to the 4-dimensional

background

ds2 =
(

1 −
µ

Σ rn−1

)

dt2 +
2aµ sin2 θ

Σ rn−1
dt dϕ −

Σ

∆
dr2 −

−Σ dθ2 −

(

r2 + a2 +
a2µ sin2 θ

Σ rn−1

)

sin2 θ dϕ2 . (2.5)

The black hole horizon is given by solving the equation ∆(r) = 0, which, for n ≥ 1,

leads to a unique solution given by

rn+1
h =

µ

1 + a2
∗

, (2.6)

where we have defined a∗ = a/rh. In addition, while for n = 0 and n = 1, there is

a maximum possible value of a, that guarantees the existence of a real solution to the

equation ∆ = 0 and thus of a horizon, for n > 1 there is no fundamental upper bound

on a and a horizon rh always exists. An upper bound can nevertheless be imposed on the

angular momentum parameter of the black hole by demanding the creation of the black hole

itself from the collision of the two particles. The maximum value of the impact parameter

between the two particles that can lead to the creation of a black hole was found to be [8]

bmax = 2

[

1 +

(

n + 2

2

)2]− 1
(n+1)

µ
1

(n+1) , (2.7)

an analytic expression that is in very good agreement with the numerical results produced

in [3]c. Then, by writing J = bMBH/2, for the angular momentum of the black hole, and

using eq. (2.6) and the second of eq. (2.3), we obtain

amax
∗ =

n + 2

2
. (2.8)

2For some classic works on Hawking radiation in the 4-dimensional spacetime, see [29 – 31].
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The equation of motion for a particle with spin 0, 1/2 or 1, propagating in the induced-

on-the-brane gravitational background (2.5) of a higher-dimensional, rotating black hole

was derived in [6, 19]. For scalar fields, the field factorization

φ(t, r, θ, ϕ) = e−iωt eimϕ R(r)Tm
` (θ, aω) , (2.9)

where Tm
` (θ, aω) are the so-called spheroidal harmonics [32], leads to the following set of

decoupled radial and angular equations

d

dr

(

∆
dRω`m

dr

)

+

(

K2

∆
− Λm

`

)

Rω`m = 0 , (2.10)

1

sin θ

d

dθ

(

sin θ
dTm

` (θ, aω)

dθ

)

+

(

−
m2

sin2 θ
+ a2ω2 cos2 θ + Em

`

)

Tm
` (θ, aω) = 0 , (2.11)

respectively. In the above, we have defined

K = (r2 + a2)ω − am , Λm
` = Em

` + a2ω2 − 2amω . (2.12)

The angular eigenvalue Em
` provides a link between the angular and radial equation, and

various methods for finding its exact value will be discussed in the next section. Both

equations (2.10)–(2.11) will be solved numerically to determine the radial and angular parts

of the scalar field. The radial equation (2.10) can be solved analytically in the asymptotic

regimes of near horizon and infinity. By using the new radial, ‘tortoise’, coordinate

dr∗

dr
=

r2 + a2

∆(r)
, (2.13)

we find the following asymptotic solution near the horizon of the black hole

Rh(r∗) = A1 eikr∗ + A2 e−ikr∗ , (2.14)

where A1,2 are integration constants, and k is defined as

k = ω −
ma

r2
h + a2

. (2.15)

A boundary condition must be applied in the near-horizon regime to ensure that the solu-

tion contains only incoming modes; this is satisfied if we set A1 = 0. On the other hand,

for fixed a∗ and large r, the asymptotic solution at infinity takes the form

R∞(r) = B1
eiωr

r
+ B2

e−iωr

r
, (2.16)

where B1,2 are again integration constants. The asymptotic solutions (2.14) and (2.16) will

serve as boundary conditions for our numerical analysis.

The Hawking temperature of the (4 + n)-dimensional, rotating black hole is found to

be

TH =
(n + 1) + (n − 1)a2

∗

4π(1 + a2
∗)rh

, (2.17)

– 6 –
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and leads to the emission of thermal Hawking radiation both in the bulk and on the brane.

As mentioned earlier, here we will study the scalar field ‘channel’ emitted on the brane.

Since we are interested in studying an evaporating black hole, the relevant quantum state

is the “past” Unruh vacuum |U−〉 [33 – 35]. This state is defined in terms of the standard

“in” and “up” modes, corresponding to unit initial particle flux at past null infinity and

the past horizon, respectively [33 – 35]. At infinity, far from the black hole, the outward

fluxes of energy E and angular momentum J can be expressed in terms of the components

T rt and T r
ϕ of the renormalized stress-energy tensor for a quantum scalar field in the state

|U−〉 [34]:

dE

dt
=

∫

S∞

〈U−|T rt|U−〉ren r2 sin θ dθ dϕ ,

dJ

dt
=

∫

S∞

〈U−|T r
ϕ|U

−〉ren r2 sin θ dθ dϕ , (2.18)

where the integral is taken over the sphere at infinity. These two components do not

need renormalization for a quantum scalar field on the metric (2.5) [34], thus simplifying

the computation. Our boundary conditions, (2.14) and (2.16), correspond to the “in”

modes [33, 35], and in terms of these the relevant quantities can be written as3

〈U−|T rt|U−〉ren =
1

4π2r2

∑

`,m

∫ ∞

ω=0

ω dω

exp [k/TH] − 1
|A`,m|2 |Tm

` (θ, aω)|2 , (2.19)

〈U−|T r
ϕ|U

−〉ren =
1

4π2r2

∑

`,m

∫ ∞

ω=0

m dω

exp [k/TH] − 1
|A`,m|2 |Tm

` (θ, aω)|2 . (2.20)

In the above expressions, |A`,m|2 is the absorption (or transmission) probability for a scalar

particle propagating in the brane background (2.5), and k is given by (2.15). Multiplying

these expressions by r2 sin θ and integrating over the sphere at infinity gives the total

outgoing fluxes of energy and angular momentum:

dE

dt
=

1

2π

∑

`,m

∫ ∞

ω=0

ω dω

exp [k/TH] − 1
|A`,m|2 , (2.21)

dJ

dt
=

1

2π

∑

`,m

∫ ∞

ω=0

m dω

exp [k/TH] − 1
|A`,m|2 , (2.22)

where we have used the fact that the spheroidal harmonics Tm
` (θ, aω) are normalized ac-

cording to
∫ π

θ=0
dθ sin θ |Tm

` (θ, aω)|2 = 1 . (2.23)

The absorption probability |A`,m|2 has an explicit dependence not only on the angular

momentum numbers (`,m), as denoted, but also on the energy ω of the emitted particle and

3Wronskian relations between the “in” and “up” modes allow us to easily change our basis; in terms of

the “up” modes, the quantity |A`,m|2 ≡ |Ain
`,m|2 in eqs. (2.19)–(2.20) is replaced by (ω/k) |B−

ω`m|2 in the

notation of [33].

– 7 –



J
H
E
P
0
9
(
2
0
0
5
)
0
4
9

the number of extra dimensions n. Therefore, its presence in the expressions of the emission

rates modifies significantly the blackbody profile of the spectrum, especially in the low- and

intermediate-energy regime. Its exact form will be found by solving numerically the radial

equation (2.10) and determining the amplitudes of the incoming and outgoing modes at

infinity, according to the asymptotic solution (2.16). Then, the absorption probability may

be written as

|A`,m|2 = 1 − |R`,m|2 = 1 −

∣

∣

∣

∣

B1

B2

∣

∣

∣

∣

2

. (2.24)

The first part of this work will focus on the computation of the differential emission

rates of particles (flux spectrum), energy (power spectrum) and angular momentum, inte-

grated over all angles θ. These are given by

d2N

dtdω
=

1

2π

∑

`,m

1

exp [k/TH] − 1
|A`,m|2 , (2.25)

d2E

dtdω
=

1

2π

∑

`,m

ω

exp [k/TH] − 1
|A`,m|2 , (2.26)

d2J

dtdω
=

1

2π

∑

`,m

m

exp [k/TH] − 1
|A`,m|2 . (2.27)

By using the exact solutions of the angular equation (2.11), we will then study the angular

distribution of the differential fluxes of particles and energy due to the axial symmetry

of the gravitational background — a feature that will be a distinct signature of emission

during the spin-down phase:

d3N

d(cos θ)dtdω
=

1

2π

∑

`,m

1

exp [k/TH] − 1
|A`,m|2|Tm

` (θ, aω)|2 , (2.28)

d3E

d(cos θ)dtdω
=

1

2π

∑

`,m

ω

exp [k/TH] − 1
|A`,m|2|Tm

` (θ, aω)|2 . (2.29)

In both cases, the various spectra will be given as a function of the energy of the emitted

mode ω, but their dependence on the angular momentum parameter of the black hole and

the dimensionality of spacetime will be also studied in detail.

3. Numerical analysis

For the purpose of the analysis presented in this work, we will need to solve both the

angular (2.11) and the radial (2.10) part of the scalar equation. The angular equation

will be studied first as the eigenvalue Em
` is required before we can integrate the radial

equation. The spheroidal harmonics, which are the solutions of eq. (2.11), have been

extensively studied in the literature [32], therefore, here we will only briefly outline our

method and some of their key properties.

Before describing the numerical analysis performed in this work though, we would

like to note that if one is interested in solving the radial equation only and studying the

– 8 –
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spectrum integrated over the angle θ, then it is sufficient to find only the eigenvalues Em
` ,

while the eigenfunctions Tm
` (θ, aω) are not required. The eigenvalues Em

` are functions

of aω, and an analytic form exists only in the limit of small aω. To derive results for

the emission of Hawking radiation valid for arbitrarily large energy of the emitted particle

and angular momentum of the black hole, one needs to find numerically the exact value

of Em
` . This can be done, for instance, by using the so-called continuation method [36].

The continuation method is a generalization of perturbation theory which is applicable

when the changes in the initial hamiltonian (for which the eigenvalues are known) are not

necessarily small. It involves writing the Tm
` (θ, aω) functions in the basis of the θ-parts

of the spherical harmonics, Sm
` (θ), which in conjunction with the angular equation and

techniques from the perturbation theory leads to a differential equation for the eigenvalue

Em
` . This is, then, solved numerically, by using appropriate initial conditions, to derive the

eigenvalue for any ` and m and for any value of aω. This method was outlined in [8] and

used in [20] for the derivation of the exact power spectrum for the emission of Hawking

radiation, in the form of scalar fields, from a 5-dimensional black hole on the brane.

As mentioned above, in this work we also compute the exact angular distributions

of the fluxes of particles and energy, therefore we require the values of the spheroidal

harmonics Tm
` (θ, aω) themselves. For this, we follow a modified version of the method

presented in section 17.4 of [37]. Given the symmetry in the angular equation (2.11) under

the replacement of m by −m, it is sufficient to consider only those solutions for which

m ≥ 0. It is also convenient to change the independent variable to η = cos θ and define a

new dependent variable y`mω by

y`mω =
(

1 − η2
)−m

2 Tm
` (θ, aω), (3.1)

in terms of which the angular equation (2.11) becomes

(

1 − η2
) d2y`mω

dη2
− 2 (m + 1) η

dy`mω

dη
+

(

Em
` − m (m + 1) + a2ω2η2

)

y`mω = 0 . (3.2)

The above equation must be solved on the interval [−1, 1], with the boundary conditions

that y`mω is regular and non-zero at both end-points. We used a shooting method [37]

to solve this boundary value problem. For spin 0 particles, the number of zeros of y`mω

in the interval [−1, 1] is given by ` − m, and the spheroidal harmonics are either odd or

even functions of η. This symmetry can be used to integrate eq. (3.2) over the half-interval

[−1, 0], using appropriate boundary conditions at η = 0. However, we have chosen not to

take this path, but instead to integrate over the full interval [−1, 1] as this method will

more readily generalize to higher spins [26], when the spin-weighted spheroidal harmonics

do not have this symmetry property.

The end-points, η = ±1, are regular singular points of eq. (3.2). By using the Frobenius

method, we find two linearly independent solutions near these end-points, one of which is

regular and the other irregular. We begin the numerical integration at η = −1 + δη, with

δη = 10−7, using the Frobenius series expansion to impose our initial condition for a regular

function y. We then integrate out to η = 1, and demand that the solution be also regular

at η = 1. For a general initial value of Em
` , the numerical solution, close to η = 1, will be

– 9 –
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Figure 1: Spheroidal harmonics for a scalar field with ` = m = 0, and for aω = (0, 1, 2, 3).

a linear combination of the regular solution we are seeking and the irregular solution. We

define a function F , which depends on Em
` , as follows:

F (Em
` ) =

1

yreg

dyreg

dη

∣

∣

∣

∣

η=1

−
1

y

dy

dη

∣

∣

∣

∣

η=1

, (3.3)

where y is the numerical solution we have found by integration, and yreg is the solution

regular at η = 1. The idea is therefore to find the value of Em
` such that F (Em

` ) = 0.

Due to the irregular solution, the integration cannot be extended all the way to η = 1, but

instead we impose the boundary condition at η = 1 − δη, again using a Frobenius series

expansion for the regular solution yreg.

The above method can give us the values of both the angular eigenvalues Em
` and the

spheroidal harmonics Tm
` (θ, aω). In the case of the eigenvalues, we have used both the

continuation and the shooting method, and we have found an excellent agreement between

the values obtained. For the spheroidal eigenfunctions, the results found by using the

shooting method4 were finally normalized according to eq. (2.23).

In figure 1, as an illustrative example, we depict the derived spheroidal harmonics for

the scalar mode with ` = m = 0, and for the values aω = 0, 1, 2 and 3 — we remind

the reader that, for aω = 0, the spheroidal harmonics reduce to the spherical ones. In

previous works [19, 23], the spherical harmonics were used as an approximation to the

exact spheroidal ones. From figure 1, we can clearly see that, as long as aω ¿ 1, this

is indeed a valid approximation. However, as aω increases, this approximation becomes

increasingly poor. In addition, the difference between the spheroidal harmonics and the

spherical ones is strongly mode-dependent, being more significant for the low (`,m) modes

and less so for the high (`,m) modes. For an accurate analysis therefore, leading to the

exact angular distribution of particle and energy fluxes, valid at all energy and angular

momentum regimes, the use of the exact spheroidal harmonics is imperative.

4Further details of this numerical method, generalized for all spins, can be found in [38] — an alternative

method of finding the spheroidal harmonics, once the eigenvalues are known, is presented in [39].
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Having derived the values of the angular eigenvalues Em
` , the integration of the radial

differential equation (2.10) can now proceed. We start the integration at the horizon of

the black hole and integrate outwards towards infinity. Comparing our numerical results

for the radial solution with the asymptotic solution at infinity (2.16), we determine the

integration constants B1 and B2. The absorption probability for scalar fields can then be

derived from the relation (2.24). The use of the exact value of the angular eigenvalue Em
` ,

instead of an approximate analytical formula, guarantees the validity of the solution of the

radial equation, too, for arbitrary energy of the emitted particle and angular momentum

of the black hole.

4. Numerical results

In this section, we present exact numerical results for the flux, power and angular momen-

tum spectra for the emission of scalar particles on the brane from a higher-dimensional,

rotating black hole. The dependence of the various spectra on the two fundamental pa-

rameters — the dimensionality of spacetime n and the angular momentum parameter a∗
— will be studied in detail, and in the case of the first two types of spectra (flux and

power), the angular distribution of the emitted particles and energy will also be examined.

We will finally study the corresponding total emissivities of the black hole on the brane.

These follow by integrating the various emission spectra over the whole frequency regime,

and can provide information on the dependence of the total number of particles, energy

and angular momentum, emitted by the black hole per unit time, on n and a∗, as well as

on their relative behaviour as the values of n and a∗ vary.

4.1 Flux emission spectra

We start by presenting our numerical results for the number of scalar particles emitted by

the black hole on the brane per unit time and unit frequency. Figures 2a and b depict

the flux emission rate, eq. (2.25), as a function of the frequency of the emitted particle

in dimensionless units,5 ωrh, for various values of the angular momentum parameter a∗ of

the black hole. The behaviour of the flux depends strongly also on the dimensionality of

spacetime, and, for that reason, figures 2a and b present results for two indicative cases,

n = 1 and n = 4, respectively.

In the case of a 5-dimensional black hole, the particle flux, shown in figure 2a, is

characterized, for small values of a∗, by a strong peak at low values of ωrh; this clearly

favours the emission of low-energy quanta. As the angular momentum parameter increases,

however, this peaked gaussian curve gives its place to a broad one, where high-energy

particles become almost as equally likely to be emitted as the low- and intermediate-energy

ones. This feature will be of prime importance in the determination of the power spectrum,

to be studied in the next subsection. For higher values of a∗, oscillations become a common

feature of the spectrum; these are due to the higher partial waves gradually coming into

5Throughout this analysis, we will be assuming that the horizon radius rh of the black hole remains

fixed as n and a∗ varies.
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Figure 2: Flux emission spectra for scalar particles on the brane from a rotating black hole, for

(a) n = 1, and (b) n = 4, and various values of a∗.

dominance as the energy increases. In figure 2b, we depict the flux spectrum of an 8-

dimensional rotating black hole. The spectrum shares common characteristics with the

one obtained in the 5-dimensional case, with the curve becoming broader and the tail

dying away much more slowly, as a∗ increases. However, there is now a clear enhancement

in the number of particles emitted by the black hole per unit time over the whole energy

regime, as a∗ increases, and the oscillations, although still present, are less apparent here.

Comparing the vertical axes of
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Figure 3: Flux emission spectra for scalar particles on

the brane from a rotating black hole, with a∗ = 1, for

various values of n.

figures 2a and b, one easily observes

the almost one order-of-magnitude

enhancement in the flux of parti-

cles, as we go from the n = 1 to

the n = 4 case. This enhancement

was a characteristic feature of the

flux spectrum in the case of a non-

rotating black hole [12], and — as

we see in figure 3 — it character-

izes also the spectrum of a rotat-

ing black hole. Figure 3 depicts the

particle emission rate for a rotating

black hole with a fixed angular mo-

mentum parameter, a∗ = 1, living

in spacetimes with different dimen-

sionalities. The particle flux broadly increases, and peaks for higher values of ωrh, as n

increases, clearly leading to a higher total number of particles emitted per unit time, as we

will also see in subsection 4.4.

Also of great importance is the angular distribution of the emitted particles. Whereas,

in the case of a non-rotating black hole, we expect a uniform distribution of particles, in

the case of a rotating black hole, we anticipate a distinctly different angular distribution

pattern. An angular variation in the flux and power spectra would be a clear, characteristic
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Figure 4: Angular distribution of the flux spectra for scalar emission on the brane from a rotating

black hole, for n = 1 and a∗ = (0, 0.6, 1).
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Figure 5: Angular distribution of the flux spectra for scalar emission on the brane from a rotating

black hole, for n = 4 and a∗ = (0, 0.6, 1).

signature for emission during the spin-down phase in the life of a black hole. Figures 4

and 5 depict the flux emission spectra on the brane from a rotating black hole with n =

1 and n = 4, respectively, and for a∗ = (0, 0.6, 1), as a function of the energy of the

emitted particle and the value of cos θ of the azimuthal angle. As expected, for vanishing

a∗, the spectrum shows no angular variation, independently of the value of n. As the

angular momentum parameter increases, the emitted modes are starting to concentrate on

a region around the equator (θ = π/2), however, their angular distribution depends, at the

same time, also on their energy: even for non-vanishing a∗, at low energies the spectrum

is dominated by a spherically-symmetric distribution, and shows no dependence on the

angle θ; only when the energy exceeds a certain value does the non-spherically-symmetric

nature of the emission become significant. In general, for fixed a∗, as n increases, the

non-spherically-symmetric behaviour becomes dominant sooner, i.e. at lower energies, and

there is an increasing contribution from angles away from the equator.6

4.2 Power emission spectra

We now move to the power spectrum that describes the energy emitted by the black hole

on the brane in the form of scalar particles per unit time and unit frequency. As in the

previous subsection, in figures 6a and b, we display the energy emission spectra, for n = 1

and n = 4 respectively, as a function of the frequency of the emitted particle ωrh and for

various values of the angular momentum parameter a∗ of the black hole.

6We should note here that after the end of our analysis, the angular distribution of both the particle

and energy flux was integrated over cos θ to check that this produces the original particle flux and power

spectrum. The two results agreed to an accuracy of 10−6.
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Figure 6: Power emission spectra for scalar particles on the brane from a rotating black hole, for

(a) n = 1, and (b) n = 4, and various values of a∗.

Since the energy emission rate follows by multiplying the particle emission rate by the

frequency of the emitted particle, the numerical results shown in figures 6a and b can be

easily justified by using the ones for the flux spectrum derived in the previous subsection.

In the case of a 5-dimensional black hole, we found that, for small values of a∗, the black

hole prefers to emit low-energy quanta, while, for higher values of a∗, the emission of low-

energy particles is suppressed while that of intermediate- and high-energy particles becomes

equally likely. Therefore, as the angular momentum parameter increases, we expect the

energy emitted by the black hole per unit time to be suppressed in the low-energy regime,

and to significantly increase in the high-energy regime — this is exactly the behaviour

depicted in figure 6a.

In the case of an 8-dimensional black hole, however, the flux spectrum (see figure 2b)

shows no suppression even at the low-energy regime. As a result, the energy emission rate

is uniformly enhanced, as a∗ increases, over the whole frequency regime. This behaviour,

shown in figure 6b, seems to be in disagreement with the one derived in ref. [23], where the

suppression at the low-energy regime in the power spectrum persists for all values — low

or high — of the dimensionality of spacetime.

Other features characterizing the flux spectra are also transferred almost intact to the

power spectra. The oscillations make again their appearance, as the angular momentum

increases, being quite prominent in the n = 1 case and smoothed out for n = 4. In both

cases, the emission curves peak at higher values of ωrh for larger values of a∗, signifying

a clear enhancement of the total emission rate, as we will see in detail in section 4.4. By

comparing again the vertical axes of figures 6a and b, an enhancement of more than one

order-of-magnitude in the energy emission rate of the black hole is easily observed, as we

go from n = 1 to n = 4. The enhancement in the power spectrum, as the dimensionality of

spacetime increases, is clearly associated with the one found for the flux spectrum in the

previous subsection, and is shown in detail in figure 7, for fixed a∗ and various values of n.

A similar, strong enhancement in the power spectrum was also found in the case

of a non-rotating black hole in [12], and independently confirmed by other subsequent

works [15 – 17]. In the case of higher-dimensional, rotating black holes, the only other

available results in the literature are the ones presented in [23]; however, the figures in
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Figure 7: Power emission spectra for scalar particles on the brane from a rotating black hole, with

a∗ = 1, for various values of n.
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Figure 8: Angular distribution of the power spectra for scalar emission from rotating black holes,

for n = 1 and a∗ = (0, 0.6, 1).

that paper show only an infinitesimal enhancement of the power spectrum as n increases,

and curiously enough the enhancement is also missing from the results in [23] for the

non-rotating, limiting case with a∗ = 0.

In figures 8 and 9, we depict the angular distribution of the power emission spectra from

a rotating black hole on the brane for n = 1 and n = 4, respectively, and for a∗ = (0, 0.6, 1).

Again, for vanishing a∗, the spectrum shows no angular variation, but, as the angular

momentum parameter increases, the emitted modes are starting to concentrate on the

region around the equator. At low-energies, the spectrum is again dominated by spherically

symmetric behaviour, and thus remains independent of the angle θ, but gradually the non-

spherically-symmetric emission becomes important and an angular variation appears in the

spectrum. As a∗ increases, we can clearly observe the enhancement in the energy emission

rate as well as the shift of the peak of the curve towards higher values of ωrh. Similar

behaviour, although on a much bigger scale, can be seen as we go from the n = 1 to the

n = 4 case.

The angular distribution of the power spectrum of a 5-dimensional black hole (n = 1)

was also studied in ref. [23]. As mentioned before, these results were only approximate,

in the sense that the spherical harmonics were used instead of the exact spheroidal ones
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Figure 9: Angular distribution of the power spectra for scalar emission from rotating black holes,

for n = 4 and a∗ = (0, 0.6, 1).

(which is valid only for aω ¿ 1). It would therefore be useful to compare those results

with the ones derived here, and thus check the range of validity of the approximations

made in ref. [23]. By comparing our figures 8a, b and c (up to ωrh = 1) with figures 8a,

b and c in [23], we may see that an agreement arises in general terms: as a∗ increases, the

emitted modes start to concentrate near the equator, oscillations appear, and the peak of

the emission curve moves toward the right. Some differences though do appear, too: (i)

in our case, the spherically symmetric emission becomes sub-dominant much faster, and

the low-energy peak is rapidly suppressed, in contradiction with the behaviour depicted

in figure 8 of ref. [23]; (ii) the height of the peaks appearing at higher energies are also

different, ours being in general lower compared to the ones in [23] — this could be explained

by the fact that these peaks appear at energy values that are well beyond the range of the

validity of the approximation aω ¿ 1 made in ref. [23]; (iii) finally, differences appear

also in the a∗ = 0 case, with the emission curve dying out much faster in [23] than in our

case.

4.3 Angular momentum spectra

We now turn to the rate of loss of the angular momentum of the higher-dimensional,

rotating black hole through the emission of scalar fields on the brane. In figures 10a and b,

this rate is shown, again, for the indicative cases of n = 1 and n = 4, respectively, and for
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Figure 10: Angular momentum spectra for scalar particles from a rotating black hole, for (a)

n = 1, and (b) n = 4, and various values of a∗.
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Figure 11: Angular momentum spectra for scalar emission from a rotating black hole, for a∗ = 1

and various values of n.

various values of the angular momentum parameter a∗. As is clear from both figures, the

emission of angular momentum is clearly enhanced at all frequencies, as a∗ increases, and

for all values of n. For low values of n, oscillations are again present but, as in the case of

flux and power emission, there is an ‘envelope’ of gaussian shape whose height increases and

which peaks at higher values of ωrh, as a∗ increases. For higher values of n, the oscillations

are smoothed out, and the enhancement is much more significant as a∗ increases, due to

the substantial increase both in the height and width of the emission curve.

The dependence of the angular momentum loss rate on the number of additional space-

like dimensions n is more clearly depicted in figure 11, for a fixed value of the angular

momentum parameter, i.e a∗ = 1. As in the case of flux and power spectra, a strong

enhancement can be observed in the rate of loss of angular momentum of the black hole,

as the dimensionality of spacetime increases.

4.4 Total emissivities

We finally turn to the computation of the total emissivities of particles, energy and angular

momentum per unit time emitted by the black hole on the brane. These follow by integrat-

ing the quantities given in eqs. (2.25)–(2.27) with respect to ωrh, up to the value ωrh = 3.

In figures 12a and b, we present two histograms depicting the dependence of the total fluxes

on the angular momentum parameter a∗ (for fixed n = 4) and on the dimensionality of

spacetime n (for fixed a∗ = 1), respectively.

As a∗ increases, the histogram in figure 12a shows that all fluxes — particle, energy

and angular momentum — are enhanced. More specifically, for n = 4, as a∗ goes from

zero to 1.25, the number of particles emitted on the brane per unit time is enhanced by a

factor of 2, the amount of energy emitted per unit time by a factor of 3, while, as expected,

the angular momentum flux (which is zero when a∗ = 0) increases significantly. The same

enhancement appears in all three fluxes for all values of n, nevertheless the corresponding

numbers are strongly n-dependent: for the case of n = 1, for instance, as a∗ goes again from
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Figure 12: Total emissivities for scalar emission on the brane from a rotating black hole as a

function of (a) a∗, for n = 4, and (b) n for a∗ = 1.

zero to 1.25, the number of particles emitted per unit time increases by approximately 30%,

the energy flux by a factor of 4, while the angular momentum flux, although significantly

enhanced, is an order of magnitude smaller than the one for the n = 4 case.

The dependence of the total emissivities on the dimensionality of spacetime is shown

in the second histogram shown in figure 12b, that clearly illustrates the enhancement of

all fluxes as n increases. For a∗ fixed (a∗ = 1) and n varying from 1 to 7, the number

of particles emitted by the black hole on the brane per unit time is enhanced by a factor

of 30, the energy flux by a factor of 100, and the angular momentum flux by a factor

of 40.

A note should be made at this point: the results presented above are only an approx-

imation to the exact, total emissivities that would follow by integrating the various fluxes

over the complete frequency regime. In this work, numerical results have been produced

only up to the frequency value of ωrh = 3 as the integration for higher values of ωrh takes

an unrealistically long time. For small values of n and a∗, the flux dies away sufficiently

quickly, therefore the contribution from ωrh > 3 is negligible and the derived emissivities

are an adequate approximation to the actual ones. However, as the value of either a∗ or n

increases, the peak of the gaussian curve moves to higher energies, and the contribution of

the part of the spectrum that we are missing to the exact emissivities is increasing. Never-

theless, the graphs presented in this subsection accurately describe the correct qualitative

behaviour of the exact emissivities: the part of the spectrum that has been left out of our

calculation would only increase further the enhancement of all three fluxes if it could be

taken into account.

We have also computed the integral over the frequency of the angular distribution

of the particle flux (2.28) and power spectrum (2.29) to derive the emissivity solely as a

function of the azimuthal angle θ. In figures 13a and b, we depict the power emissivity

as a function of cos θ for fixed n and variable a∗, and vice versa — the flux emissivity

exhibits a similar behaviour and therefore is not shown here. The behaviour found agrees

with the one deduced from the 3D graphs of subsections 4.1 and 4.2. For fixed n, as the

angular momentum parameter a∗ increases, the energy (and particle) flux is altogether
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Figure 13: Power emissivity for scalar emission on the brane from a rotating black hole as a

function of cos θ, (a) for n = 4 and variable a∗, and (b) for a∗ = 1 and variable n.

enhanced and becomes more concentrated around the equatorial region; for fixed a∗, the

fluxes strongly increase as n increases, and so does again the proportion of the emission

concentrated in the equatorial region.

5. Discussion and conclusions

In this work we have performed a comprehensive analysis of the emission of Hawking

radiation in the form of scalar fields from a (4 + n)-dimensional, rotating black hole on

the brane. This analysis has provided complete results for the flux, energy and angular

momentum spectra for the spin-down phase of the life of a higher-dimensional black hole,

thus, filling a long-standing gap in the literature. By means of numerical analysis, we have

been able to solve both the radial and angular equations for the scalar field modes, and

our method is applicable for arbitrary energy of the emitted particles, angular momentum

of the black hole, and number of extra, spacelike dimensions.

We have first studied the fluxes of scalar particles, energy and angular momentum —

integrated over the azimuthal angle θ — for a range of values of the angular momentum

of the black hole a∗ and number of extra dimensions n, in each case as a function of the

mode frequency ω. Due to their relation, a number of common features arise between the

flux and power spectra: for low values of n, both emission rates are suppressed at the

low energy regime but strongly enhanced in the intermediate- and high-energy one, as the

angular momentum parameter increases; for high values of n, the enhancement is present

at all frequency regimes. On the other hand, the rate of loss of the angular momentum

of the black hole increases uniformly (i.e. at all frequency regimes) as a∗ increases, for

all values of n. When the angular momentum parameter is kept fixed and n increases, a

clear, strong enhancement can be seen in all three spectra and in all frequency regimes.

This enhancement can be easily explained by the fact that, for fixed a∗, as n increases, the

temperature of the black hole, given by eq. (2.17), increases too, thus leading to greater

emission rates. However, for fixed n, increasing a∗ lowers the temperature, and, in this

case, the increased emission rates is due to enhanced super-radiance, which speeds up the

spin-down process.
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We have also considered the angular distribution of the particle and energy fluxes.

Again, a number of common features arise in the two spectra. An important feature is the

dominance of the spherically-symmetric emission at the low-energy regime that leads to an

almost θ-independent distribution even for a non-vanishing angular momentum parameter;

as the energy of the emitted particles increases, however, a clear angular dependence —

that is, the concentration of the emitted modes near the equatorial plane — appears in

both spectra. We expect the angular variation in the emission rates to be a unique feature

of the spectra during the spin-down phase.

All spectra derived above, either integrated or not over the θ-coordinate, depend

strongly on the energy regime that we look at, the value of the angular momentum param-

eter and the dimensionality of spacetime. In many cases, the various emission rates change

considerably as the above parameters take different, low or high, values. In this work,

care has been taken so that all relevant quantities, i.e. the angular eigenvalue as well as

the radial and angular part of the scalar field, are computed via numerical analysis that is

free from any assumptions and approximations that limit the values of the aforementioned

three, fundamental parameters of the problem.

Any assumptions made in this analysis involved only the mass of the produced black

hole, being much larger than the fundamental Planck mass, and the size of the horizon of

the black hole, being much smaller than the size of the extra dimensions. However, the

values of M∗ and L themselves were never specified; they are free input parameters of the

problem, and thus our analysis and corresponding results are valid for any gravitational

theory with arbitrary number of extra dimensions and fundamental scale. Finally, although

our analysis assumed that the extra spacetime is empty and thus flat, our results are also

valid in the case of a Randall-Sundrum [40] type of black hole in the limit of a horizon

radius being much smaller than the AdS radius.

A number of interesting questions still remain open. Firstly, the calculation of the rate

of spin-down of the black hole [41], and thus of the duration of this phase compared to the

Schwarzschild one, requires, in addition to the brane emission, the scalar field radiation

into the bulk for all values of the number of extra dimensions. The same calculation for

the flux and energy spectra will reveal the amount of energy lost in the bulk and thus the

remaining amount available for emission on the brane. Also, the remaining brane emission

‘channels’, i.e. the ones for fermions and gauge bosons, need to be investigated too. It

is thus necessary, and of great interest indeed, to extend our analysis for the emission of

Hawking radiation from a rotating, higher-dimensional black hole for higher-spin particles.

We plan to return to these questions in the near future.
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