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We present a complete renormalization group calculation of the top-quark mass in the SU(5) X U(1) superstring model. We
solve the coupled renormalization group equations for the gauge and Yukawa couplings in the two-loop approximation and obtain
the top-quark mass as a function of two parameters of the model which could be chosen to be ratios of singlet VEVs associated
with the surplus [U(1)]* breaking. We obtain a heavy top-quark with 150 GeV <m, <200 GeV, for most part of the parameter
space, while lower values are possible only in a very small extremal region. We also compute the allowed range of unification
parameters [ My, sin?6,,, a;(Myw)] in the presence of a heavy top-quark.

Despite the fact that the standard model has been
remarkably successful in describing low-energy phe-
nomena, it has been considered unsatisfactory from
a theoretical point of view since it contains many free
parameters, such as fermion masses and mixing an-
gles, which are a posteriori fixed by experiment. This
has been the main motivation for Grand Unification.
GUT’s succeeded in predicting successful parame-
ters relations, but within these theories there are still
many free parameters. Among them, the top quark
mass, since the top quark is the only fermion that still
escapes detection, is virtually unconstrained by ex-
periment to lie in a broad range between 60 and 180
GeV. In supersymmetric theories that arise as the field
theory limit of superstrings [ 1 ] one can calculate the
Yukawa couplings at the unification scale in terms of
the gauge coupling. It is possible then, following the
renormalization group flow, to predict the values of
the top quark mass and the other free parameters of
the standard model. The only “parameters” on which
the fermion masses, calculated in this way, depend
on, are VEVs of the various fields of the theory that
are in principle determined by the vacuum. Since su-
perstring theory is presently the only framework that
promises unification of all forces including gravity, it
is very important to obtain the detailed predictions
of particular superstring models for the fermion
masses. These predictions, apart from serving as a

useful guide to experiments for the not yet observed,
are a good test for the viability of the, in principle,
many specific superstring models [2].

A presently popular model, constructed in the
framework of the fermionic formulation of four di-
mensional superstrings [3], is the flipped SU(5)
xXU(1) [4,5] superstring model [6]. The exact gauge
group of the model at the superunification scale is
SU(5)XU(1) xU(1)*xXSO(10) xSO(6). This is
successively broken to SU(5)XU(1)’' XSO(6) X
SO(10) and to [SU(3)cXSU(2)LX U(1)y] X
SO(6)XSO(10). The “hidden” gauge group
SO(6)xSO(10), which stays unbroken and be-
comes strong and confining [6,7] at some interme-
diate scale, is not directly relevant for low-energy
physics. The gauge symmetry breaking of the model
has been studied in refs. [6,8] and in ref. [9]. The
model possesses two pairs of massless Higgs penta-
plets. Only one generation of quarks and leptons, in-
terpreted as the top-generation, obtains mass at the
level of the cubic superpotential while the other two
generations obtains naturally suppressed masses from
non-renormalizable superpotential terms [6,9].

0370-2693/90/$ 03.50 © 1990 - Elsevier Science Publishers B.V. ( North-Holland ) 83



Volume 251, number 1

The Yukawa couplings of the top-generation at the
unification scale #! My are #2 [9]

A=28*(1-7%), A3=2g>(x*+v?)sin’y,

22=2g%(x2+v?)cos?y. (1)

The appearing parameters are defined as

1= Pus(P3+ D5 +PI5) "2,

F=Pys(P+ @3, +P35)~ /2, (2)
tan—1 X53,—V(D23>

v=tan (X¢23+V‘1531 ’ ()

withv= (hod /< hy . Obviously, 0 <y, < 1. In what

follows we shall simplify our analysis assuming that

the isodoublet VEVs (/,> and {(hy) are much

smaller than <4} > and ¢/} and, therefore, can be

neglected. This amounts to =0 and y=tan—! (P, /

®,,). In this simplified case **, there are four param-
eters, namely x, 7, ¥ and the isodoublet VEV ratio

<hod
k .
<ho

(4)

These parameters are not all free since the low-energy
values of the b-quark and 1-lepton masses are fixed
by experiment. Thus, there are only two free param-
eters. These can be chosen to be y and for y and k or
otherwise. The low-energy masses of b and t are

Bw 1L e |
2/2Ge K2+ T 2 2G K+

m12,=

where p is a scale in the neighborhood of My. On the
other hand, the top quark mass is

A2(2m) k2
2 _ 1 t X 5
mt 2\/’2‘ GF k2+1 ( )

In terms of that, (m, ) pnes=m[1+(4/37) a3 (2m,) 1.

¥! Tn what follows we shall ignore the negligible effect introduced
by the difference of the unification and the superunification
scales.

#2 Note that form (1) of the Yukawa couplings, although de-
rived following ref. [9], is general. It also covers the alterna-
tive top generation choice of ref. [6].

#3 For non-zero v the analysis is more complicated and will not
be carried out here.
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There is an interesting constraint satisfied by the
parameters x and 7. The [U(1)]* D-flatness condi-
tions # [8,9]:

|¢45|2_|d345|2=1_15§, (6a)
| @35 |2+ | o3 |2+ | Pas |
—(Id_’n|2+|(p23|2+|¢45|2)=%é, (6b)

can be expressed in terms of y and 7 and give

o E£0H2P)

45 = 15 Xz_x_z H]
£ ¢ P+2x%)
¢is=1—5W——- (6c)

It is evident from (6) that we have [9]
x>f foré>0,
x<jg foré<0.

The renormalization group equations for the gauge
couplings in the two-loop approximation are given by
the general formula

da,« a,2 1 Yi
dar T 27r(bi+ 47t;b'jaj_ 47t)’ 7

with a;=g?/4n and t=1In u. With b;, b;; we have sym-
bolized the beta-function coefficients in the one-loop
and two-loop approximation respectively. «; stands
for aty, o, and a; below the unification scale #°. The
coefficients have been calculated tobe [11]

0\ (2 1 3 1
bi=| —6|+| 2 Ng+| § IN2+{ O |Ns+] 3 [Nsa,
-9 2 0 3 1
(8a)

" &=(90g2/ 967:2)\/271’ is the anomalous U (1) D-term scale.
Although & is by our definition positive, we prefer to be more
general in order to circumvent a sign dispute that has arisen
in the calculation of the anomalous D-term [10].

# The unification scale is defined by a3 (Mx) =a,(My)=ax
while the superunification scale by as(Msy) =a{Msu).
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0 0 0 n ¢ g da
b Oy
by={0 —24 0 |+|% 14 8 |Ng I = 5 Cavtiatie—ias~3o —pay),
1 68
0 0 -54 = 3 5 da, o 1 . , s
o o . 6 _a";“z7(3at+7ab_§a3_7a2"3ﬁaY)’
%5 10 0 7 0 33
-+ T% % 0 Nz +10 0 0 N3 do o,
0 0 0 2 04 _&f=;(%ab+2ar"%az—%a‘() , (1)
I_;O *1% '1§5' Wlth ab,t,r = (All),tﬂ )/47{
+H & 2 8N, (8b) Let us now set up our calculation of the top-quark
5 3% mass. We first start by choosing fixed values for

The index i stands for Y, 2, 3. We have denoted with
Ng the number of generations while NV, is the number
of weak isodoublets and N; the number of colour
triplets. N3, is the number of triplet-doublet repre-
sentations none of which is present here but have been
included for completeness. The term Y, stands for the
contribution of the Yukawa couplings at two loops.
The only non-negligible contribution comes from the
couplings of the top and bottom quarks and the 1-
lepton. Their contribution is

Yi=4(a,+a), Y,=6(a,+a)+20,,

Y, =1(26a, + 14c, + 18cx,) . (%)

For the specific particle content of the flipped
SU(5)xU(1l) superstring model, we have Ng=3,
Ny=4, N3=2 and N3,=0. We have not included in
the light spectrum the unwanted states f;, §5 together
with a linear combination of f;, 2¢, in the established
notation [6,8,9}, which presumably acquire an inter-
mediate mass < 0(@*/M>) not very far from My. The
difference of this intermediate scale from M intro-
duces a rather small error. Above My, the spectrum
consists of Ns;=4 pentaplets and Ngo=5 complete
“generations”. The coefficients above My are (i=1,
5)

0\ (2 )
b"(—15)+(2)NG+(%)N5’

0 0 \(¥ Z), L%
=lo i)t (5 e} )
(10)

In addition to the renormalization group equations
for the gauge couplings (7), we also have the renor-
malization group equations for the Yukawa cou-
plings, which are, below My,

sin?6, (Mw), a3(My), m,(My) and m.(My) ¥
within the range allowed by experiment. Our initial
values are, respectively, 0.230,0.122, 5 GeV and 1.8
GeV, As we shall see later, modification of these ini-
tial values within the range alloWed by experiment
does not change our results in any essential way. As
we mentioned earlier, the experimental constraint on
my, and m, reduces the number of free parameters y,
%, k and w into one pair which can be taken tobe x, 7
with k=k(y, ¥) and w=w(x, 7). Equally well, we
could take 7, & to be our parameters while y=x (7, k)
and w=w(J, k). The expressions (1) of the Yukawa
couplings in terms of these parameters are true at the
superunification scale at which as= «;. From all pre-
vious renormalization group analyses [4,12] how-
ever, we know that this scale is not very far from M,
i.e. the scale at which a;= ;. Thus, it will not make
much of a difference to take these expressions to be
true at Mx. From another point of view, we could take
the expressions (1) to hold at My while they would
still be true for slightly shifted values of the parame-
ters, say y and y, corresponding to a given value of
m,. This would just modify slightly the correspond-
ence of the parameter values to the predicted top-
quark mass but it would not modify their range or the
range of the predicted top-quark mass values. We
proceed now to the calculation of the top quark mass.
In practice we would like to know the values of &, m,
etc. for a sufficient number of (), 7)) pairs. For a
given (. X;) pair we determine k(x;, ;) and m,(x;,
%;) in the following way: We start by putting particu-
lar values k', A; (my,) to the test, and determine M%
and (x:, x;) through the evolution of the coupled dif-
ferential system (8)-(11). We vary successively k',
Ay {myw ) until we obtain y;=yx; and ¥, =J;. Repeating
this procedure for a sufficient number of (x%; ) pairs

# 0.222 <sin, <0.234, 0.107 < a3 (My } <0.137.
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we find essentially the desired parameters k, 4,, M,
ax as a function of the (y, 7) pair. In each case sepa-
rately we check also for the existence of the superun-
ification scale in order for the corresponding solution
to be acceptable. Having obtained the above values,
we solve successively eq. (5) and determine the top
mass my=m,(x, ¥).

Selected values for m,, at a scale u=2m,, as well as
My and a are shown in table 1, in terms of the val-
ues for g, 7 and k to which they correspond #. In fig.

#7 The Higgs VEVs ratio k is in principle calculable from the de-
tails of SU(2). X U(1)y breaking and the way that the super-
symmetry breaking is fed to the low-energy matter fields
through radiative corrections. A determination of k& would
make the m, parameter space one dimensional and would
sharpen dramatically the predictability of the model.

Table 1

Selected values for k, m,, Mx, Mgy, ax for sin®0,,=0.230, a;=0.122.
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1 we plot the contours m,(x, ¥)=constant while in
fig. 2 one can read off the corresponding values of
k(x ¥), for any particular m,(x, ¥) of fig. 1. Values
for m,< 180 GeV can be obtained for y> 7> 0.80,
while values m1, < 140 GeV are possible for x> 7> 0.95
but they correspond to values of k> Q(30). We have
also seen that m, can be arbitrarily lowered for suffi-
ciently small y in the region <y <0.01 correspond-
ing to k< 1. *8, Extremal values of y are technically
natural, despite the fact that they imply that some
singlet VEVs are much smaller than the others, since
the D-flatness conditions (5a) and (5b) are not
modified by the inclusion of the SU(5)XU(1)-

¥ Qur results are for ¢>0. In the case of £<0 [10], as can be
seen in figs. 1 and 2, a “lighter” top quark is possible.

X X k m, My Mgy ax

0.05 0.05 5.5 197 1.59x10'6 2.29x10'¢ 0.0562
0.50 0.05 32 192 1.68x 10" 2.33x 10" 0.0560
0.95 0.05 36 188 1.76 % 10" 2.36x10'¢ 0.0557
0.05 0.10 5.5 197 1.58%x 1016 2.29x 10 0.0562
0.50 0.10 32 192 1.68x10'¢ 2.33x 10 0.0560
0.95 0.10 36 188 1.76 X106 2.36x10'¢ 0.0557
0.05 0.20 5.6 197 1.58x10'¢ 2.29% 10 0.0562
0.50 0.20 32 192 1.68x10'¢ 2.32% 10 0.0560
0.95 0.20 36 187 1.76 x10'6 2.35%10'¢ 0.0557
0.05 0.30 5.6 197 1.58x10'¢ 2.28x 10 0.0562
0.50 0.30 32 192 1.67x10'¢ 2.32x10'¢ 0.0560
0.95 0.30 36 187 1.76 x 10'¢ 2.35x 10 0.0558
0.05 0.40 5.6 196 1.57x 10 2.28x10'6 0.0562
0.50 0.40 32 191 1.67x10'¢ 2.32x10' 0.0560
0.95 0.40 36 186 1.76 X 10'¢ 2.35%10'¢ 0.0558
0.05 0.50 5.6 196 1.57x 10 2.28x 10¢ 0.0563
0.50 0.50 32 190 1.66x10'¢ 2.32%x10' 0.0560
0.95 0.50 37 185 1.75x 106 2.34% 10 0.0558
0.05 0.60 5.7 194 1.56x10'6 2.27x10' 0.0563
0.50 0.60 33 189 1.65x 10! 2.31x10' 0.0560
0.95 0.60 37 184 1.74x 10'® 2.34x10'® 0.0558
0.05 0.70 5.7 193 1.54%x10® 2.26x10' 0.0563
0.50 0.70 33 187 1.64%10'® 2.30x10'6 0.0561
0.95 0.70 37 182 1.73x 10 2.33x10' 0.0559
0.05 0.80 5.8 189 1.52x 10 2.24x10'® 0.0564
0.50 0.80 33 183 1.62x10'¢ 2.28%x 10 0.0561
0.95 0.80 37 177 1.71x10'¢ 2.32x10'¢ 0.0559
0.05 0.90 6.0 179 1.49x10'6 2.22% 10 0.0565
0.50 0.90 34 172 1.59% 10 2.26x 10 0.0562
0.95 0.90 37 165 1.68x 106 2.29% 10'¢ 0.0560
0.05 0.95 6.1 163 1.46x 108 2.20%x 10 0.0566
0.50 0.95 34 155 1.56x10'¢ 2.24%x 106 0.0563
0.95 0.95 38 147 1.65x10' 2.27%10' 0.0561
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0.95

Fig. 1. Plot of the contours m,(x, ) =constant.
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Fig. 2. Plot of the contours k(y, 7) =constant.

breaking VEV's which would introduce corrections of
the same order. Note that these results are in agree-
ment with what was anticipated on the basis of the
inequalities obtained in ref. [9]. In fig. 3 we also plot
the contours of the ratio m,/m. (x, ¥) at M.

For completeness we have also calculated the uni-
fication scale My, the top quark mass »z, and the cor-
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0.234
0.232
sin Oy,
0.230
0.2284

0.2261

0.2241

0.222

0.11 0.115 0.12 0.125 0.13 0.135
a3

Fig. 4. Plot of contours My (sin?@,, a3 ), in the case x=0.5, g=0.1
(solid lines) and in the case of negligible Yukawa couplings
(dashed lines).

responding VEYV ratio &, in terms of the low energy
parameters sin26,,, «; for fixed y=0.5, =0.1. The
results for My are presented in fig. 4. The dashed lines
correspond to the case where the Yukawa couplings
are ignored. The allowed sin’8,, and a; range is re-
stricted from below from proton decay and from
above from the existence of superunification. It is
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clear that comparing to the light top case, where the
top coupling is neglected, the unification scale My is
raised. For m, and k we have found that they are
modified no more than 5% for the values of table 1,
for the whole range of acceptable values of sin’8,, and
a3, depending mainly on ;.

In conclusion, we calculated the top-quark mass for
the flipped SU(5)XU(1) superstring model as a
function of the Higgs VEVs ratio k and a parameter
which is a ratio of SU(5) XU (1)-singlet VEVs. Our
solution of the coupled renormalization group equa-
tions for the gauge and Yukawa couplings shows that
m, can take values everywhere in the allowed region
of 100 to 180 GeV. A relatively “light” top-quark, i.e.
with m, ~ 100 GeV, can be obtained for extremal val-
ues of A,, A, at M. Nevertheless for most part of the
parameter space, we obtain a heavy top-quark with
mass 150 GeV<m, <200 GeV. It can also be con-
cluded that the required Higgs VEV ratio tends to be
large, i.e. greater than O(10).

One of us (J.R.) would like to thank the University
of Ioannina Research Commitee for financial support.
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