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Abstract

Using free world-sheet fermions, we construct and classify all the N = 2, Z; x Z, four-
dimensional orbifolds of the type IIA/B strings for which the orbifold projections act symmet-
rically on the left- and right-movers. We study the deformations of these models out of the
fermionic point, deriving the partition functions at a generic point in the moduli of the internal
torus 7% = T2 x T* x T?. We investigate some of their perturbative and non-perturbative dualities
and construct new dual pairs of type IIA/type Il asymmetric orbifolds, which are related non-
perturbatively and allow us to gain insight into some of the non-perturbative properties of the
type IIA/B strings in four dimensions. In particular, we consider some of the (non-)perturbative
gravitational corrections. © 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

During the recent years, duality has played a fundamental role in the progress of
string theory. However, despite the huge amount of work done in this field, in most of
the cases duality has remained a conjecture, based more on field theory and supersym-
metry/supergravity considerations than on tests made directly at the string level [1].
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Actually, in order to perform string-loop computations, it is necessary to go to special
points of the moduli space, in which it is possible to solve the two-dimensional confor-
mal field theory. In this paper, we study a class of four-dimensional compactifications
of type II strings, with two space-time supersymmetries, for which this is possible. Our
main interest is in what we call Z; x Z, symmetric orbifolds, namely orbifold construc-
tions in which the N = 8 supersymmetry is reduced to N = 2 by two Z, projections
that act symmetrically on the left- and right-movers. These orbifolds are of particular
interest because they can be easily realized through a free fermion construction [2-5].
In this framework, the various constraints and requirements of a consistent string theory
construction are collected in a set of rules, which can be easily handled. In particular,
we show that it is possible to write a general formula for the GSO projections, which
allows us to give a complete classification of such orbifolds.

All of these constructions can be seen as compactifications on singular limits of CY
manifolds. For all the models, the scalar manifolds are coset spaces:

SUCLL) _ SO(2,2+ Ny) n SO(4,4 + Ny)
Ul) ~ SO(2) x SO(2 + Ny) SO(4) x SO(4+ Ng)’

(1.1)

describing respectively the space of the Ny + 3 moduli in the vector multiplets and that
of the Ny + 4 in the hypermultiplets. For each pair (Ny, Ny) there always exists a
construction for which Ny and Ny are exchanged, corresponding to a compactification
on the mirror manifold. Some of them, namely the models with Ny = Ny = 16, 8,0, cor-
respond to compactifications on CY manifolds already investigated, although in slightly
different contexts [6,7,9,10].

For each model, we write the (one-loop) partition function, which encodes all the
information about its perturbative physics. We then establish the exact equivalence, for
this class of orbifolds, of the fermionic construction and a geometric construction based
on bosons compactified at special radii. In this way, we show that, once these orbifolds
are constructed at the fermionic point, it is possible to switch on some moduli, namely
the moduli 7%, U', i = 1,2,3, which on type IIA are associated respectively with the
Kahler class moduli and the complex structure moduli of the three tori into which the
compact space is factorized by the orbifold projections. The derivation of the partition
functions, for any such construction, at a generic point in the space of these moduli,
constitutes one of the main results of this paper. This allows us to investigate some
deformations of the models. In particular, from the analysis of certain helicity super-
traces [ 11-15], which distinguish between various BPS and non-BPS states, we read off
the presence of perturbative Higgs and super-Higgs phenomena. The first account for the
appearance of new massless states in particular corners of the moduli space, while the
second, besides that, determine the restoration of a certain number of supersymmetries.
Such properties play a key role in the search for dual constructions. In particular, it is
possible to recognize which models correspond to compactifications on orbifold limits
of K3 fibrations [16,17]. In these cases, the heterotic dual constructions can be easily
identified [18,20]. In this paper, we focus our attention on the duality between type
[TA/B and type II “asymmetric” constructions, in which all the supersymmetries come
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from the left-movers only, the supersymmetries of the other chirality being projected
out by (—)®, the right fermion number operator. In these constructions, as in the het-
erotic N = 2 compactifications, the dilaton-axion field belongs to a vector multiplet,
and the type IIA/type II asymmetric dual pairs are related by a U-duality similar to the
duality of the type IIA/heterotic strings (examples of such dual pairs were previously
considered in [10,20]). This implies that a perturbative computation performed on one
side gives information on the non-perturbative physics of the dual. In this paper we
present in detail the construction of such type II asymmetric duals. Then, as in {19,20],
we consider R? corrections, which serve both as a test of duality and as the actual
computation of a quantity that is non-perturbative in the type I asymmetric duals.

The paper is organized as follows. In Section 2 we present the fermionic construction
of the N = 2, type IIA/B Z; x Z, symmetric orbifolds and we discuss the analysis of the
massless spectrum. The reader can find a short reminder of the rules of the fermionic
construction in Appendix A, while more details on the massless spectrum are given in
Appendix B. At the end of the section we explain our method of classification of such
constructions, quoting in Appendix C the general formulae for the GSO projections.

In Section 3 we derive the partition functions of the various models. We establish the
equivalence of world-sheet fermions and bosons, thereby deriving the partition functions
at a generic point in the toroidal moduli T%, U'. The classification of the partition
functions is given in Appendix D.

In Section 4 we compute the helicity supertraces and interpret the various orbifold
operations in terms of stringy Higgs and super-Higgs phenomena.

In Section 5 we discuss the mirror symmetry, in the context of these symmetric
orbifolds, and the non-perturbative dualities relating some of these models to heterotic
duals and/or to type II asymmetric constructions. The type IIA/type II asymmetric
dual pairs are discussed in detail in Sections 5.2 and 5.3, where we quote also the
partition function for the type II asymmetric orbifolds. We discuss the corrections to
the R? term. The dual pairs are then compared in Section 5.4. A detailed discussion of
shifted lattice sums and their integrals over the fundamental domain is in Appendix E,
while in Appendix F we discuss the computation of helicity supertraces for the type II
asymmetric orbifolds.

Our comments and conclusions are given in Section 6.

2. Type II N = 2 symmetric orbifolds in the fermionic construction

The use of free world-sheet fermions turns out to be convenient for the analysis of
the massless spectrum and the general classification of the Z, x Z; type II symmetric
orbifolds. In order to construct them, we start from the N = 8 type II string, which
is described, in the light-cone gauge, by eight world-sheet left/right-moving bosonic
and fermionic coordinates, X{"* and ¢® (i = 1,...,8). In our notation, the coordi-
nates ¢/ % and XLR (u=1,2) represent the space-time transverse degrees of freedom,
whereas the remaining ones correspond to the internal degrees of freedom. The N = 8
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string has therefore four space-time supersymmetries originating from the left-moving
sector and four from the right-moving sector. We then introduce Z, projections, which act
symmetrically on left/right-moving coordinates, reducing the number of supersymme-
tries to N = 2, one coming from the left- and one from the right-movers. In the fermionic
construction [2-4], the X,-L’R, (i=3,...,8) are replaced by the pairs of Majorana-Weyl
spinors wf'R and y,L‘R, (I=1,...,6). To follow the standard notation of the fermionic
construction [5], we rename the internal components of the fields ¢;* as y+®. The
construction of string models then amounts to a choice of boundary conditions for the
fermions, which satisfies local and global consistency requirements. A model is defined
by a basis of sets @; (i = 1,...,n) of fermions and by a modular-invariant choice
of n(n—1)/2+ 1 phases (modular coefficients) C(ai|a;)» Which determine the GSO
projections (we refer the reader to Appendix A for more details). In this language, the
N = 8 model is constructed by introducing three basis sets, namely F, which contains
all the left- and right-moving fermions:
L L L L
F={¢‘;’X;’y’R’w’R}, (w=1,2I1=1,...,6), (2.1)
W X1 V1> @7

and the sets S and S, which contain only eight left- or right-moving fermions, and distin-
guish the boundary conditions of the left- and right-moving world-sheet superpartners:

S={yLxt,..xs},  S={vixt . x¢T (2.2)

In order to obtain a Z; X Z; symmetric orbifold, we add to the basis the two sets b,
and b,:

b = ‘ﬁﬁs/\’ﬁz’)’é.‘b 23

=Y 'R R R ’ (23)
Ui X12:Y3,.6

by = Yhs X5a Y20 Ves 24

2=Y R R R R {° 24)
s X340 Y122 V5.6

These sets assign Z; boundary conditions, thereby introducing new projections, which
break the N = 8 supersymmetry.

The definition of the model is completed by the choice of the modular coefficients
shown in Table 1, which fix the GSO projections and determine the chirality of the
spinors. This choice corresponds to a type IIA compactification.? Six of the eight
gravitinos are projected out and we are left with only two supersymmetries, whose
generators can be read off from the —1/2 picture vertex operator representation of the
surviving gravitinos, given in (B.2).

It is easy to check that the massless spectrum fits into representations of the N = 2
supersymmetry. This is done by constructing the vertex operator representation of the

2The type IIA—B exchange is realized by changing the chirality of, say, the right-moving spinors. In
Appendix B we explain how this is implemented in the fermionic construction.
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Table 1
The coefficient C(a,~|aj) is given by the (i, j) entry of the matrix

F S S b by

b
|

-
—_— - -
|
!

S L
|
—_—
[N N

[72 1

states, which we quote in Appendix B. The N =2 spectrum is in fact characterized by
the SU(2) symmetry under which the two supercharges form a doublet. In Appendix B
we discuss in detail the construction of the generators of this SU(2) symmetry. By
looking at the SU(2) charge of the scalars, we identify the ones belonging to the vector
multiplets and the ones belonging to the hypermultiplets: the scalars of a hypermultiplet
do transform under the SU(2) symmetry of N =2 [21]. In particular, it is easy to see
that the pair dilaton—pseudoscalar is charged and therefore belongs to a hypermultiplet.
Furthermore, it is also easy to see that all the scalars belonging to hypermultiplets are
charged also under a second SU(2). This allows us to conclude that the quaternionic
manifold has an SO(4) symmetry, and is given by the coset

SO0(4,4+ Ny)
SO(4) x SO(4+ Ng)’

where Ny is the number of hypermultiplets that originate from the twisted sectors (in
this case, these are the sectors by, b, and FSSb;b,, which, for the choice of projections
specified in Table 1, provide the scalars of Ny = 12 hypermultiplets.3 A similar analysis,
on the scalars uncharged under the SU(2) of the N = 2 supersymmetry, allows us to
conclude that the scalars belonging to vector multiplets span the coset

SULD) _ SO(2,2+Ny)
U(l) ~ SO(2) x SO(2+ Ny)’

(2.5)

(2.6)

with Ny = 12 in this particular case.

We can construct other Z; x Z, symmetric orbifolds, with a higher or lower number
of massless states originating from the twisted sectors, by varying the sets b, and b,
and/or adding more sets to the basis. However, it is easy to see that, once required that
the breaking of the N = 8 supersymmetry to N =2 be symmetric in the left- and right-
movers, the untwisted sector is automatically fixed to be the same as for the orbifold
considered above. By constructing then, for this class of orbifolds, the vertex operator
representation of the massless states of the twisted sectors, it is easy to check that there
is always an SO(4) = SU(2) x SU(2) symmetry common to all the scalars of the
hypermultiplets. On the other hand, the complex scalars of the vector multiplets possess

3 The scalars of the S5 (Ramond-Ramond) sector are charged also under two other SU(2)’s. They therefore
have an SO(4) X SO(4) symmetry. The four SU(2)’s are the remnant of the SU(8) symmetry of the massless
spectrum of the N = 8 theory, which is broken to SU(2)* by the orbifold projections.
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the SO(2) ~ U(1) symmetry of complex conjugation, as the scalars of (2.6). As a
consequence, the scalar manifolds are uniquely specified by the numbers Ny and Ny of
hyper and vector multiplets provided by the twisted sectors, and are always expressed
by (2.5) and (2.6).

In order to give an exhaustive classification of such orbifolds, we notice that, instead
of varying the sets by, by, we can equivalently keep them fixed and add to the fermion
basis the sets e;,

ei={yl.of |y 0f} (i=1,....5), (2.7)

which factorize the six circles of the compact space (es is generated by the product FSS
€1 e; e3 ey es) by introducing independent Z, boundary conditions for all of them.

With such a basis, we can construct any Z, x Z, orbifold, provided we properly choose
the modular coefficients. In fact, with these fermion sets, we can construct 48 massless
twisted sectors,* that is as many twisted sectors as the maximal number of fixed points
a Zy X Z, symmetric orbifold can have. Each such fixed point gives rise either to a
vector- or to a hypermultiplet. Any specific choice of the modular coefficients amounts
to a choice of GSO projections, which act by excluding some sectors and determining
whether the states of the remaining sectors fit into vector- or hypermultiplets.

We therefore proceed by expressing Ny and Ny, for each twisted sector, as functions
of the modular coefficients (we quote the general formula of the GSO projections on
the 48 twisted sectors in Appendix C). Then we fix the coefficients that determine the
GSO projections onto the untwisted sector (RR sector included), because they amount
to an arbitrary choice of the chirality of the spinors; we then vary all the other GSO
projections, by allowing a change in the coefficients Cip,je,ys Cipyler)s Citalesys Cotmles)s
Cieyler)s C(l’xlf’a)’ C(81|e4)’ C(Elles)’ C(ez|83)’ C(62|€4)’ C(€2|85)’ C(83|?4)’ C(eslf‘s)’ C("Alﬂs)’
CibiFeres)s Cby|Ferer) and Cip pyles)- In this way we obtain all the possible (Ny, Ng)
pairs. The coefficient Cy,5,) determines, instead, the general projection onto the chirality
of the bispinors of the twisted sectors. Under a change of sign of this coefficient, Ny
and Ny get exchanged. As a consequence, each pair ( Ny, Ny) appears accompanied by
its mirror ( Ny, Nv). We list the pairs (Ny, Ng) in Table D.1. Indeed, what we obtain
is much more than a simple classification of the possible massless spectra: having
performed such an analysis on the single twisted sectors, we actually obtain a complete
classification of the possible orbifold projections, something that, as we will see in the
following, allows us to reconstruct the one-loop partition function of each orbifold, even
away from the fermionic point.

3. The partition functions

In the type II Z, x Z; symmetric constructions, the degrees of freedom of the compact
space can be equivalently described by compactified bosons. The conditions of existence

4 They are quoted in Appendix C.
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of the two world-sheet supercurrents (A.1) allow in fact different Z; boundary condi-
tions to be assigned not to single fermions but only to sets of bilinears of fermions.
The symmetry between left- and right-movers implies that such bilinears must always
appear paired in such a way as to form compact bosons. Indeed, we want to show in
the following that all the above models can be constructed as orbifolds by using the
symmetries of the conformal theory of six bosons compactified on a torus T¢ at the
point of moduli for which it is described by a product of circles 7% = §! x ... x §'.3
In this approach, the dependence on the geometrical moduli of 7¢ is explicit.® In order
to see what is the partition function at a generic point in 7%, we use identities satisfied
by the modular forms and recast the partition function of free fermions as a sum over
lattice momenta and windings, as in the case of a single boson. By substituting generic
values of moduli in the lattice sums, we then get the partition function of the model at
any value in the orbifold moduli space.

The partition function, at the fermionic point (see Appendix A), is given by the
integral over the modular parameter 7, with modular-invariant measure ( Im 7) ~2d7r d7,
of

1 1 1\° v, e
string _ - _ R FzF7 A
z T (IF 3 > (2> > C[a d”G]ZLZR 56, (3.1)

(H1,G1,H,G2) (v.ei.6,d;)

where Z[ ; contain the contribution of the world-sheet fields L%, x5® (the sets § and

S ) Z(, 6 encodes the contribution of the ¢ = (6, 6) internal space, i.e. of the fields wL K
R (the fields of the sets I" = FSS, e¢;, i=1,...,5 and their products) and C [;Z;'j]
is a modular covariant phase (discrete torsion). We have
1 eme@b .Gy ] Ta+ Hy| [a+H))| [a— HI — H,
Zf=2y —o 9| | D) 3 , 3.2
. 2(% 7 [b] [b+G,] [b+G2J [b—Gl—Gz] (3:2)

o) Z ,ﬂmabHc)0[2]1,[212],,[;121;]0[;:5::gj, (3.3)
with
ou(ab,H,G)=a+b+}(1-Cu)ab+} (1= Cgss,) ) (aG1 + bHy)
+3 (1 - C(S|S§b2)> (aGy + bH,) (3.4)

and an analogous expression for ¢r (a, b, H, G), obtained from ¢y, through the substi-
tutions (a, b) — (&, b) and S — S. The contribution of the compact bosons is

5 In some cases, the factorization 76 = T2 x T2 x T2 is sufficient.

6 In the fermionic construction the moduli dependence was not manifest, because compactified bosons can
be fermionized only for some particular values of moduli. For instance, in the case of a single boson, the
fermionic partition function corresponds to the bosonic one when the radius of compactification R is 1. The
fermionic construction must, however, be considered as describing a model at a particular point in moduli
space.
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[+e1] [+e1+H2] [‘y+e2] [y+e2+H2]

6,6

lnl“ §+d| [6+di+G| [6+dy] [6+d2+Gy
0’}'-}—63]0 'y+e3+H1]0[7+e4 19|:’}’-1-e4+H]:|
|77|4 8+ ds 6+ d;+ Gy §+dy &+ dy + G
1 y+es| [y +es+ H +Hj |y 7+H1+H2]
— ) AR 3.5
|77|4 |:5+d5:| |:5+d5 + G, +Gz} [5] |:5+G1 + G, (3-3)

In this notation, the pairs (a,b) and (a,b) specify the boundary conditions, in the
directions 1 and 7 of the world-sheet torus, of the sets S and S, while (v, 8), (e, d;)
refer respectively to the sets I” and e;; (Hy,G1) and (Hz,G;) refer to the sets by,
b;. When a field belongs to the intersection of many sets, its boundary conditions are
specified by the sum of the boundary conditions of the sets it belongs to. The modular
coefficients appear in the phases ¢p, ¢r in ZLF, & and in

Y. eis hj i
¢ s 2 1 ’ 3.
[5,di,gj] XP 5 %:( (Xe|x0) @B (3.6)
where
X, X¢ € {F, b1,b2,ei} (3.7)

and (a4, B¢) indicate the corresponding boundary conditions in the two directions of
the world-sheet torus. For the specific choice of Table 1 (type IIA), we have

¢r=a+b+ab, (3.8)
gr=a-+b+ab. (3.9)

For the type IIB choice specified in Appendix B.2, ¢ is, instead,
gr=a+b. (3.10)

The partition function is the sum of five terms:
(1) the N = 8 sector, specified by (Hi,G;) = (Ha, G3) = (0,0);
(2) the N =4 sector specified by (Hy,G,) # (0,0), (H, G;) =(0,0);
(3) the N =4 sector with (H,,Gy) # (0,0), (H,,G,) = (0,0);
(4) the N =4 sector with (H;,G) = (H»,Gy) # (0,0) and (H; + Hy,Gy + G) =
(0,0);
(5) the N = 2 sector, which contains all the terms for which (H,,G;) # (0,0),
(Hy,Gy) # (0,0), (Hy + Hy,G1 + G2) # (0,0).
The N = 8 sector is universal: it is the same for any orbifold, since it is proportional
to the unprojected partition function of the N = 8 string. In the N =2 = (1, 1) sector
all the bosons of the compact space are twisted and/or projected: this implies that the
part of the partition function that corresponds to this sector is the same at any point in
the moduli space of the orbifold. The only non-trivial moduli dependence is contained
in the N = 4 sectors: in the following, we will therefore concentrate on these.
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In each N =4 sector the moduli dependence is contained in the untwisted ¢ = (2,2)
conformal block. The latter corresponds to the complex planes (1,2) (for the first N = 4
sector), (3,4) in the second sector and (5,6) in the third sector. We want to rewrite
such blocks in terms of sums over lattice windings and momenta. To this purpose, we
make use of the identity

hi, hy

1, 82

F?:z[ ](T(W)»U(W))

2

_ E ei'n'(algl +bihi+hig )eiﬂ(azgz +byhy+hogs) , (31 1 )

a) a
ol
which generalizes the equivalence of the partition functions of two Weyl-Majorana
fermions and one boson at radius 1 to the case of two bosons toroidally compactified,
with generic lattice shifts (4, k7, g1,82) in the momenta and windings in the two
circles. Here w = (w;,w;) stays for a pair of lattice vectors wj, w,, which specify
the directions of the shifts (see Appendix E). We do not need to specify the particular
value, which depends on the shift vectors, of the toroidal Kihler and complex structure
moduli 7 and U for which the equivalence (3.11) is valid. This, however, can be easily
computed, and we refer to Appendix E for this detail. In our case, the pairs (ay, b,),
(@, by) are substituted by (y + e,,8+ d1), (v + e2,6 + dy) in the first N = 4 sector,
(y+e3,6+d3), (v+eq4,6+dy) in the second, and (v +es5,8+ ds), (v + 5,6+ dg)
in the third.

The shifts (hy, g1), (h2, g2), for any specific case, are read-off from (3.1) and (3.6).
Owing to the fact that in a twisted/shifted lattice character I’ [;’:;’:], when (h,g) #
(0,0) the twist (h,g) imposes a constraint on the shift (#',g') ((#',g') = (0,0) or
(W.,g'y = (h,g)), it turns out that in the N = 4 sectors all the shifts can be expressed
in terms of the two Z, supersymmetry-breaking projections introduced by the sets b,
and b, (these may or may not act freely, by translating some of the coordinates of the
compact space), and in terms of the projections associated to the symmetries of each
c=(1,1), §'/Z, orbifold, generated by the two elements [22]

ay,br,a2,b;

D : (01, 0_, Vom) _>(0_-,0_+’(_)m m ) > (3.12)
D: (04,0, ‘/,,,,,)—>(—0'+,0'__,(—)"V,,n,). (3.13)

Here o, o_ are the two twist fields of §! /Zs, and V,,,, are the untwisted vacua labelled
by the momentum m and the winding number r. The orbifolds we are considering
indeed possess such symmetries. In fact, the presence, in the fermionic basis, of the sets
ei, i=1,...,5 corresponds to a choice of coordinates for which the compact space is
described by a product of circles: ¢ = § x ... x S'. Any one of the Z, (b;) projections
(i=1,2,3 =1+ 2), then creates a ¢ = (4,4) twisted block that corresponds to an
orbifold (S‘)4 /Z5 (b;). (The construction with complex planes corresponds instead to
the separation [T2 x T?] /Z; (b;). At this point in the moduli space, it is possible to
remove some of the fixed points, by using such symmetries. To simplify the discussion,
we will consider in the following only the first generator, D (the action of D can be



A. Gregori et al./Nuclear Physics B 549 (1999) 16-62 25

obtained by T-duality). Modding out by the group generated by D amounts to cutting
half of the states in the twisted sector and to a modification of the lattice of momenta
and windings: the momenta are restricted to even values and the windings are shifted
to half-integer values. In order to realize this projection, we must pair the D-projection
on the twisted ¢ = (4,4) block with a translation in one direction of the untwisted
¢ = (2,2) block. From (3.12), we see that this translation can itself be considered as
a D-projection. The operation therefore amounts to the insertion of a D-projection into
two circles belonging to two different complex planes. There are then always two N =4
sectors for which the pair of D-operations acts by reducing the number of fixed points.

In order to account for the various possibilities, we extend the definition of twisted/
shifted ¢ = (2,2) conformal blocks to account also for the D-operations. We therefore
define

H | hy, hy; H', H?

ry) Gla g G 2 =L (3.14)
where the index i indicates the planes (1,2), (3,4) and (5,6) respectively. The pair
(H, G) specifies the ordinary twist, the pairs (A, g1), (h2,g2) specify the lattice shifts
in the two circles of T2, while the pairs (H', G'), (H?, G?) refer to the D-operations.
When (H,G) # (0,0), the block is non-zero only if (H',G"), (H?,G?) equal (0,0)
or (H,G). In this case, also the shifts (#;,g1), (h2,g2) are constrained in the same

way: (hy,g1), (h2,g) =(0,0) or (H,G) and we set, by definition,

o F 1 o3 HI’HZ] __4ml (3.15)
LG e &2 G G 6y 00y *0[]115]‘9“:’5]‘

(hi,g), (H,G’)=(0,0) or =(H,G).

When (H, G) = (0,0), the D-action amounts to a shift, which adds to the shifts (&, g1),
(ha, g2). In this case, (3.14) is a doubly shifted lattice sum; the lattice shifts in the two
circles are specified by (4 + H', g, + G') and (hy + H?, g, + G?):

0| Ay, hy; H‘,Hz] {h1+H',h2+H7‘]
=122 .

3.16
2’20181» g2 G', G? g1+ G g +G? ( )

There is, however, a subtlety: the pair of D-operations was defined as a projection,
which mods out states by using a symmetry of the twisted sector. It makes sense only
when the Z, (b) projections do not act freely. The recipe is that one first projects with
at least one Z; (b), to reduce supersymmetry to N =4 or N = 2, then the D-projection
can be inserted in the Z; (b)-twisted sectors and related to a shift in the untwisted
coordinates. If the Z, (b) acts freely, i.e. has no fixed points, such an operation cannot
be performed. This means that the D-operation is not independent of the shifts (4;, g;),
i = 1,2, which in turn depend on the two projections introduced by b, and b,. We
can however extend the definition of the D-projection to include also the case of freely
acting orbifolds, by specifying that, in the absence of fixed points, it acts simply as a
shift, i.e. as the natural restriction of (3.12), with the constraint that it must always act
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in a direction independent of that of (h,g) = {(h1,81). (h2,£2)}. Its interference with
the shift (&, g) then produces the following shifted lattice sum:

1 ., [H] 1 H
5725 [G] + 5735 [G] . )P =) =wwy =0, (3.17)
Once this is pointed out, we can unambiguously express, in full generality, the ¢ = (6, 6)
conformal block Z: ’6U of the orbifold partition function at a generic point in the space of
the Kihler and the complex structure moduli, T = (T!,72,T3) and U = (U', U?, U?),
as a product of the above defined twisted/shifted characters:

1 H1,H2|h; H:| TUI:Hl, H2|h; H]
= — [ =z, : 3.18
o6 =06, Gl 6] %% |61, Gl g G (318)
where
Fes Hy, Hy | s H| _ ) [Ha2 | ks H'., H’ « ro [ | he»y; H?, H*
' Gl’ GZ | g G 2.2 G2 | g(]); Gl, G2 2.2 G] | g(Z); GB, G4

. 5
x ') [H‘ +Hy [ hoy; H Hﬁ] (3.19)

Gl +G2 l g(3); GS, G6

In the above expression, the shifts (k, g) depend on the projections Z, (b;), and can al-
ways be expressed in terms of the twists (H;, G,), (H2,G2), while H = (H’,...,Hﬁ),
G = (G',...,G®) refer to the D-projections. At a generic point in the moduli space,
the partition function (3.1) becomes

strin - 1 l _l_nD
20 ey 3 (3)

(H1.G1,H2.G2)
Hy\, H, H, H| r r, v
> C[Gn, Gy, G, GJ']ZL Zr Zs§ - (3.20)

(H.G)

Z,f g are defined as in (3.2), (3.3); np indicates the number of D-projections. Notice
that even though np can be greater than 2, in each N = 4 sector the maximal number of
projections that effectively act is 2, because there are only two independent directions in
which it is possible to pick a modular-invariant shift (see Appendix C of [13]). Further
projections superpose and their effect vanish. What remains of the coefficient C [;Z’GI;]
of expression (3.1) is

Hl) HZy H", Hj _ iT"(l_C(b |b))(HIGZ+H2G1) ) Hi’ H/
C[Gl, G29 Gi, GJJ =€ 1192 HCU Gi, G-’ ) (321)

i

where C;; can be either +1 or (—)# G (Hi G'), (H/, G’) refer to the D-operations
in the circles i, j. These coefficients are always -+1 in the N = 4 sectors; however they
can play a role in the N = 2 sector.

As is clear from the definition of twisted/shifted lattice given in (3.14) and its
properties, an N = 4 sector can provide 16, 8, 4 or O supermultiplets, depending on
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the shift (h, g) and on the D-projections. Thanks to the interpretation of the different
choices of modular coefficients in terms of such operations, we understand why it is not
possible to obtain models with any number Ny + Ny of supermultiplets between 48 and
0, modulo 4 (with the obvious exception of 44, which would require one N = 4 sector
with twelve supermultiplets). We saw that, in order to effectively reduce the number of
states, the D-operation must always be inserted in at least two circles belonging to two
different complex planes, which implies that there are always at least two N = 4 sectors
in which eight supermultiplets become massive. As a consequence, the maximal number
Ny + Ny of supermuitiplets originating from the twisted sectors, below the 48, which
is reached only when all the shifts h, g and the D-projections are turned off (all the
modular coefficients are +1), is 32, and is obtained when np =1 and the D-projection
involves only two different complex planes. This explains why, in the classification of
Table D.1, there are no models with Ny + Ny between 48 and 32. For an analogous
reason, also Ny + Ny = 28 is forbidden: this would require one more D-projection,
reducing further the number of states in only one N =4 sector, but it is easy to realize
that in order to reduce the number of supermultiplets to four, the two D-projections
must be inserted in at least four different circles, two per projection. There are therefore
always at least two N = 4 sectors with 4 supermultiplets, so that, below 32, the maximal
number of supermultiplets is 24. Below this, all the numbers modulo 4 are allowed: it
is possible to construct models with Ny + Ny = 20,16, 12,8,4,0. One can check that
these are precisely the numbers that appear in the list of Table D.1. In Section 4.2 we
will also see how the operations described above can be interpreted in terms of stringy
(super-)Higgs mechanisms.

4. Helicity supertraces and (super-)Higgs phenomena

When specified for a certain model, formula (3.20) encodes, in principle, all the
perturbative information about it. It can be used to investigate the BPS spectrum and
to compute one-loop threshold corrections. In each model, all the non-trivial moduli
dependence is contained in the three N =4 sectors, so that essentially the classification
of Zo x Z, symmetric orbifolds amounts to assigning the three N = 4 sectors for each one
of the massless spectra appearing in Table D.1. According to the analysis of Section 3,
this is equivalent to specifying the form of the lattice sum, I” é’%, for each one of the
three untwisted tori. The set (Nv, Ny, T'},,I3,.13,) then fixes unambiguously the
entire partition function. Actually, as far as we are interested only in the N = 4 sectors,
the notation (3.14) is highly redundant, because the shifts and the D-projections are
constrained, in each (H, G)-twisted sector, to be either (0,0) or equal to (H,G). It is
therefore sufficient to specify the direction and the nature of the translations through
a pair of lattice vectors, w; and w, (see Appendix E). We can then account for the
various situations by introducing the following notation for the (H, G)-shifted lattice
sums:
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0=r, [8} , (4.1)
F=ry [g’] , (42)
FD= %r;}z g] + %r{g [g} , (4.3)
D=1r 8} viry [g] , (44)
DD = 211—1—‘2,2 :8] + %F{'Z [g] + thr% [Z] + %r;';‘” [Z] . (4.5)

The shift vectors satisfy:
(w)?= (W) =wi-wy=0 (4.6)
and we indicated by 172 [g] the ordinary unshifted lattice sum. The result of our analysis,

which accounts for all the possible “partition functions”, is quoted in Appendix C.

4.1. Helicity supertraces

We are interested in the second and fourth helicity supertraces, B; and By, through
which we control the behaviour of a model under a motion in moduli space. The helicity
supertraces are defined, for a given representation R of supersymmetry, as

By, (R) = Str A% = Trg [ (—)?*A™"], (4.7

where A stands for the physical four-dimensional helicity. In the framework of string
theory, A = A;, + Ar, where Ap g are the contributions to the helicity from the left- and
right-movers. The quantities By, are computed by taking appropriate derivatives of the
generating function

ZSng () 5y = Ty glo— % glo— % e2milvh—ide) | (4.8)
by defining
19 5.1 9
NP I S Y 4.9
L=0= k== mian -

We then have
B;;ring = (Q+Q‘)2nzsuing(u’ 17)|(u=[;=0). (4'10)

An explicit expression for ZS""8(p, ), in the case of Z, x Z, symmetric orbifolds, is
given by an expression that is similar to the v = 7 = 0 case presented in (3.20):
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Zstring(y D) - 1
T Imrp(D)?
1 1\"™ _
X3 > (5) S Wz mewmémzly, 1)
(H\,G1,H,G2) (H.G)
where
T (1—g"? _sinav 9}(0)

f(U) - H (1- qne2m'u)(1 — qne—21riu) - T 191(1.)) (412)

is an even function of v (&(v) = £(—v)) that counts the helicity contributions of the
space-time bosonic oscillators and Zf (v), Zf () are the contributions of the world-
sheet fields ¢/%, x%, ¢, xF, (3.2) and (3.3), modified by a change in the argument of
the theta functions:

. 1 gimen a a+ H a+ Hy a—H — H,
Floy=2% — 9 4.13
Z(v) 2 (azb) 7]4 19[1):|(U) 0L7+G1]19|:b+GJ [b—Gl -sz| ( )
_ 1 ei”“’k a+H1 = C—I+H2 5 L_I—Hl—Hz

Fooy o 2 - -
Zx (0) 2Z 04 H( )ﬁ[b+61]0[b+62] [b—(;l—c;2

] ,  (4.14)
(a,b)

In order to compute the quantities B,,, we observe that, by using the Riemann identity,
these two terms can be cast in the form

v 14+ H v 14+ H;| sv |- H — H ;
3?6 (3?16 (5)? ’
1] (2) [1—1—61} 2 [1+G2] 2 1-G -G ( )
1 1 /0N 11+ H| (D 1+ H> 1-H - H D
= — -} = = .
so-5l1)(3)7)76) 5) o1l ()2l =a 2el G)
(4.15)
Then, to evaluate the various derivative terms, we use the properties that ﬁm and its
even derivatives with respect to v are odd under v — —v and vanish at v = 0.

Taking this into account, it is easy to see that the only non-zero contribution to the
second helicity supertrace, B»,

Z{<u>=i40[l

<ot
Sl

o
2

By = (Q+ Q) Z" (0, D) |pmim0 » (4.16)

comes from the N = 2 sector. This is easily computed to be a constant:

1 1 np Hls H2, Hi, H/ rv
By=—-=Re (_> C[ L
2[n|"2 HGZHG 2 ;G Gy, G, Gi, GI |68
1 e Hls H2 Hi, HI
=8 <—) ZC[ A ] = Ny — Np, (4.17)
H,,G\.H,,G, 2 H.G Gl > G27 G R G/

in agreement with the supergravity computation, for which the gravity multiplet, as well
as a vector multiplet, contribute +1, while a hypermultiplet and a hypertensor multiplet



30 A. Gregori et al./Nuclear Physics B 549 (1999) 16-62

(the multiplet that contains the dilaton) contribute —1. In this way the contribution
of the untwisted sector cancels, leaving precisely the difference between the number
of vector and hypermultiplets coming from the twisted sectors. The result (4.17) also
shows that, for the symmetric constructions we are considering, the contribution of the
massive short multiplets sums up to zero.’

It is also easy to see that B4, which counts the number of short multiplets,

By = (Q +0)* Z%™ (0, 5) |yemo » (4.18)

receives contributions from both the N = 2 and the N = 4 sectors. The contribution of
the N = 2 sector is due to the term 4(Q°Q + 00%) Z*"""8 (v, §)|,=p=0 in the expansion
of (4.18), and in the models we are considering it turns out to be equal to B;, while
the contribution of the N = 4 sectors is due to the term 6Q2Q? Z*"" (v, §)|,=g=0. The
contribution of each N =4 sector is easily computed:

. . o
BY =gt S 20 (x [ } (4.19
4 nl (;) 2,2 ) G )

where the prime on the summation means that the value (H,G) = (0,0) is excluded
and Z2<'2) (X) [g] is the conformal block that encodes the contribution of the ith unshifted
plane:

: H X
Z(‘)(X)[ ] =2 (4.20)
22 G| Inl*
where X stands for one of the expressions (4.1)-(4.5). The massless limit of (4.20) is
4 3 . 4
(i) e (i) (i) 4
BY — 6+ (M +NP), (4.21)

where Nf,i ) and Ng) are respectively the number of vector multiplets and hypermultiplets
originating from the ith twisted sector. Summing over the three sectors and adding the
contribution of the N = 2 sector, we obtain the expected massless contribution, in
agreement with supergravity:

7Ny — Ny
7 .
Since the threshold corrections in general are expressed in terms of integrals over the

fundamental domain of torus partition functions, for later convenience we quote in
Appendix E also the integrals of the various Z,,(X).

B4|massless =18 + (4.22)

4.2. Higgs and super-Higgs phenomena

It is a general property of shifted lattices, Iy, [g], that there is always at least one
corner in moduli space in which, for (H,G) = (1,0) or (1, 1), the lattice sum vanishes

7 The contribution of a short massive multiplet §/ of spin j is By(8/) = (—)¥t1(2j 4 1), so that (4.17)
puts constraints on the ratios of the numbers of massive short multiplets of integer and half-integer spin.
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(for a detailed account, see for instance Ref. [23]). The particular limit(s) at which
this happens depends on the shift vector w, and, once specified the modular properties
of the lattice sum, the various situations, which differ in the choice of w, are mapped
into one another by SL(2,Z) transformations performed on the toroidal moduli 7 and U
(see for instance Ref. [23]). The vanishing of the lattice sum at a particular limit means
that the states originating from the (H, G)-twisted sector become infinitely massive and
decouple from the spectrum. In this limit the unprojected theory is recovered.

This phenomenon is reflected in the behaviour of By, as it appears from Eq. (4.19).
The contribution of a given N = 4 sector vanishes completely in an appropriate limit
in the (T,U) space when X is given by expression (4.2) or (4.3), namely when the
Z; projection which breaks supersymmetry acts freely in that sector. In the cases (4.4)
and (4.5), instead, there is a decoupling of respectively one-half and three-quarters of
the states of the twisted sector. In some cases, in the limit in which the states with shifted
mass decouple from the spectrum, there is also an associated effective restoration of a
certain number of supersymmetries [ 12,24]. In this case, the decoupling of some states
is accompanied by the appearance of new massless states, which fit into multiplets
of the enlarged supersymmetry. This happens in the limits in which one or both of
the Z,(b) projections effectively vanish. We can therefore restore four or even eight
supersymmetries. A necessary condition for the existence of a limit of restoration of
N = 4 supersymmetry is the vanishing of B,. In this limit, B4 receives a non-zero
contribution only from one N = 4 sector of the orbifold. When there is a restoration of
N = 8, also the massless contribution to B4 must vanish. As is clear from our formulae,
however, this implies the full vanishing of this helicity supertrace.

5. Perturbative and non-perturbative dualities

Knowledge of the partition function allows us to analyse many properties of the string
constructions. In this section we consider perturbative and non-perturbative string-string
dualities.

5.1. Mirror symmetry from the partition function

In Appendix B.2 we illustrate how to pass from type IIA to type IIB in the framework
of the fermionic construction. Here we want to show how mirror symmetry, namely
the statement that the type ITA string compactified on the Calabi-Yau manifold M is
equivalent to the type IIB string compactified on the mirror manifold M,® can be easily
read off at the orbifold points we are considering. In order to see this, we start by
going to the fermionic point of the moduli space of the orbifolds. At such a point,
as we saw, the operation of passing from a space M to the mirror M is implemented
by a change in the modular coefficient Cy,|5,), Which is responsible for the sign of

8 See for instance Ref. [25].
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B> = Ny — Ny = —y/2. On the other hand, passing from A to IIB requires the
changes quoted in Appendix B.2, which involve also a change of sign of B;. When
combined, the two operations of exchanging IIA with IIB and M with M leave B,
invariant and exchange T' with U’ in B,. However, at the level of the partition function,
such an exchange simply amounts to a different choice of the vectors w, which specify,
for each plane, the lattice shifts. The initial choice of w is arbitrary. In particular, we
can choose w in such a way that the quantities (4.1)-(4.5), which encode all the non-
trivial moduli dependence of the models, are invariant under the exchange of T with
U: all the other choices are related to that by SL(2,7Z) transformations in T and/or
U. We therefore see that, modulo SL(2,Z) transformations, B, and B, are invariant
under mirror symmetry. To conclude that this is a perturbative symmetry of the theory,
it is then sufficient to observe that the pair (B, B4) is in a one-to-one correspondence
with the partition function. This means that this pair uniquely determines the model,
encoding all the perturbative physics at any order of perturbation.

5.2. String-string U-dualities

The non-perturbative dualities we consider here are string-string U-dualities, which
relate the type IIA orbifolds to heterotic or type II duals. The type II duals are constructed
as asymmetric orbifolds in which the N = 2 supersymmetry is realized only among left-
movers. As for the heterotic constructions, also in these type II orbifolds the dilaton-
axion field belongs to the vector manifold (see Appendix B.3); it is exchanged by
U-duality with one of the moduli of the vector manifold of the type IIA duals. This kind
of duality is therefore much similar to the duality between type IIA and heterotic strings.
In the case of the heterotic/type ITA duality, a necessary condition for the identification
of the moduli is the compactification of the type IIA string on a K3 fibration [17].
When the conformal field theory can be explicitly solved, as in our Z; x Z, orbifolds,
this requirement translates into the property of spontaneous breaking of the N = 4
supersymmetry, in the sense we described above. ®

Therefore the models that are orbifold limits of K3 fibrations are the following:

Y The connection relies on the fact that in the limit of large volume of the compact space, any K3 fibration
looks locally like € x K3. This means that locally, an observer sitting on a point of the base sees 16
supercharges, as in the T2 x K3 compactification, instead of 8. The extra eight supercharges are projected out
by global, not local, projection. In the case of Z; x Z; orbifolds, the K3 is described by the orbifold limit
T4/Z,: the Zy X Z; orbifolds which correspond to K3 fibrations are those for which, in some corner of the
moduli 7, U, which always corresponds to the decompactification of some dimensions, one of the two Z
projections can be made to effectively vanish, thereby recovering a T? x T*/Z,, N = 4 orbifold. In all such
models, the N = 2 and N = 4 phases are continuously related by a change of size, or shape, of the compact
space. The N =4 phase is reached when at least one dimension is decompactified.
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(8,8) (O,FF)
(4,4) (D,FD,F™)

(2,2) (DD,FD,F") (5.1)
(0,0) (FEF)
(FD, FD, F*)

(here F* stands for F as well as for FD). The heterotic duals of the first three
models were considered in [18,19,26]. The model (0,0) is special, possessing also a
spontaneously broken N = 8 supersymmetry. A detailed study of this last model has
been considered in [20].

In the case of type IIA/type II asymmetric orbifold duality, on which we will con-
centrate in the following, the recipe is not the compactification on a K3 fibration (or
some of its orbifold limits). However, the type IIA/heterotic U-duality can be tested
by looking at the renormalization of certain terms in the effective action. In [19], a
particular linear combination of R? and F,, F*” terms, smooth and analytic in the full
space of moduli T and U, was shown to be appropriate for a comparison of type IIA and
heterotic constructions. The same combination of gravitational and gauge field-strengths
can be used here as a guideline in the search of type IIA/type Il asymmetric dual pairs.
Actually, since in the type II constructions all the gauge bosons are Ramond-Ramond
states, the above amplitude turns out to coincide with the R? term alone. As it happens
for the type IIA, also in the type II asymmetric orbifold constructions the genus zero
contribution to this term vanishes. In the type II effective action there is therefore no
bare coupling constant, and the dilaton contribution is only non-perturbative and expo-
nentially suppressed. Such a behaviour is reproduced on type IIA by the moduli T of the
planes denoted, in our convention, by F or FD. Their contribution to the renormalization
of the R? term is therefore

log Im7 |84 (T)|* — log ImT (~ 0) + 0 (e™T)  (|T] - o). (5.2)

The mild logarithmic divergence is an infrared artefact and can be lifted by switching on
an appropriate cut-off (these planes behave in fact like the planes shifted by the projec-
tion that spontaneously breaks the supersymmetry in the models of Refs. [13,19,20].)

Once the plane whose Kihler class modulus 7 is mapped into the dilaton field of the
asymmetric orbifold has been identified, the contribution of the moduli of the remaining
planes has to match the contribution of the perturbative vector multiplet moduli in the
type II asymmetric orbifold. It turns out that the models that possess such an asymmetric
dual construction are

(16,16) (K 0,0)
(8,8) (F*,D,D)

(4,4) (F*,DD,DD) (5.3)
(0,0) (EEF)
(F*,FD,FD).

Among these, a special role is still played by the model (0, 0), which therefore possesses
both a heterotic and a type II asymmetric dual. In this model, one of the moduli T is
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mapped in the dilaton of the asymmetric construction and in the inverse of the dilaton of
the heterotic dual (in the limit T — 0, (5.2) shows up a linear behaviour in T = —1/T,
which matches the tree level 1/g2 ~ Im S correction on the heterotic side [20]). Since
this modulus plays the role of a Higgs field for the spontaneous breaking of some
of the supersymmetries in the type IIA orbifold, we learn through the duality map
that there is, on the heterotic side, a non-perturbative spontaneous breaking of an N = 8
supersymmetry [20]. Similar arguments can be applied to the first three models of (5.3),
namely the constructions with (Ny, Ny) = (16, 16), (8, 8) and (4, 4), which we analyse
here in detail. It is possible to show that also in such models there is a non-perturbative
super-Higgs phenomenon. The dependence on the dilaton S, in these cases, can be
obtained by looking at the asymmetric duals. The dual of S" is in fact a perturbative
modulus belonging to a hypermultiplet, whose dependence is explicit in the asymmetric
constructions; it is not difficult to identify the latter with one of the super-Higgs fields
responsible for the spontaneous breaking of some of the supersymmetries. Through the
duality between symmetric and asymmetric orbifolds, we therefore learn that, in the
strong coupling limit, these type IIA orbifolds have an approximate restoration of a
N = 4 supersymmetry.

In order to see the above issues in detail, we start by discussing the type IIA orbifolds.
In these specific cases, Eq. (3.20) reads

1 1 H°
(1) _ N, )
Zy = ImT|n|24Z Z Z F6,g [GO,ZJ

H°,G° Hf Gt
1 atbrab o|@] o[a+H] JJa+ HY [a—H° —
Z - ab 9
XZ;( ) %6+ 60|% b+ 6| |b— o -t

l _a+l3+al'7"_1 5|a+H a+H
Xzz( ) 19[13] 0[B+G°] [13+Gf]

(Y]
i

a—H° - Hf
[B—GO—Gf]' (5.4)

Ny TH°.H" _ 12 .
The characters I'gg [goar] = |7|'*Zss, are given by

e, HY H° | HY) o [H | 0] o) [HO+ H' | 0
16 ’ _ (D (2) (3)
Ise [Go,Gf] =T, [Go | Gf:| Iy, [Gf | 0] Iy, [G" ey 0} ) (5.5)

F8 HO,I{f :—1— Z 1_,,(1) H° | Hf,, 0 F(Z) I{f [ I{DI
861G, Gt 2 221G | Gfy; 0] 22| GF | GPr

HD1 .GPi
« H° + H | HP
221G +GH | GPr |°

H°,HY 1 o [H° | HE, 0
Fg’ﬁ[co,g:}‘Z 2. > I Go | G 0

HP1 .GPv gD2 P2

(5.6)

F(z) f[f l O,, HDI, IiD2 F(3) I'I-O‘*‘Iif | 0,; HDI’ HD2
X Lan Gf |0,; GP1, GP: 22 [ Go & Gf | 0,; GDi, GD: |°
(5.7)
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where (H°,G°) refer to the boundary conditions introduced by the projection Zy(b;)
(see Section 2) and (Hf,GY) refer to the projection Z;(b;), which acts freely, as a
rotation in the complex planes 2, 3 and a translation, ™G’ in the lattice of the first
complex plane. In (5.6), (5.7) we used the generalized characters that include the
action of the D-projections as they were defined in Eq. (3.14) and the following. The
corresponding helicity supertraces By are !°

= 0lh .
B =63 iy [ol ] +18> r{), (5.8)
() g =23
- 0lh, 0] [0|h,hD
NV 8 (1) (1)
=3 r + T
(,%,: ( 22 [01 2210l g
’ 0[A ’ 0lh
+Ory7 +3) I3 [Oﬁg} +OrF +33 153 [ou’ (59)

(1.8)

- 0|k, 0 (1 [0lR, R
B =3y (r;;)[ o[

(h.g)

0|7, 0 0[0, 0|k,
(2) (2) (2) (2)
53 (2] + 2 o] - o s))

(hg)
9 ’ 0]A,0 0/0, & Olh, A
—F(3) = 1“(3) ]"(3) 1"(3) .
Tale +2Z < 2 |ojg,0] 722 [0j0,g] T 722 [olg.

(1.8)
(5.10)

(hg)

In order to obtain the gravitational corrections, we proceed as in [19,20]: the four
derivative gravitational corrections we will consider are precisely those that were ana-
lyzed in the framework of N = 4 ground states of Ref. [13] and the N = 2 ground states
of Refs. [19,20]. There is no tree-level contribution to these operators, and the R? cor-
rection is related to the insertion of the two-dimensional operator 2422 in the one-loop
partition function. In the models at hand, since supersymmetry is realized symmetrically
and Ny = Ny, the contribution of the N = 2 sector to By vanishes, and (2A%A?) is
identified with B4/3. The massless contributions of the latter give rise to an infrared
logarithmic behaviour 2by log[ M4 2/, 1827 [27,29], where M) = 1/, /af, is
the type IIA string scale and M) is the type IIA infrared cut-off. Besides this running,
the one-loop correction contains the thresholds Apa, which account for the infinite tower
of string modes.

The one-loop corrections of the R?-term are then related to the infrared-regularized
genus-one integral of Bs4/3. In the type IIA string, these R? corrections depend on the
Kihler moduli (spanning the vector manifold), and are independent of the complex-
structure moduli (spanning the scalar manifold):

10 We recall that the prime summation over (h, g) stands for (h, g) = {(0, 1), (1,0), (1, 1)}.
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d2
aTiAHA = ‘3‘ / Kﬁan, 3 ‘9UfAIIA = O (511)
F

In the type IIB string, the roles of 7° and U’ are interchanged. We obtain the following
one-loop correction to the coupling constant:
1672

O _ _2log ImT! |8, (TH|* + 4™ (12,77
ras (A 8 |94 (T")] ( )

NV M(IIA)
<6+ —) log ——— (A (5.12)

where the various “thresholds” 4™ (T?,T°%) read

7%)|* — 6log InT? |0 (T%)[* (5.13)

|4

A" (1%, 7%) = —61log ImT? |n

—~~

A8 (TZ, T3) =—31log Im T? ]17

—~~

)
72)|" — log ImT? |84 (T°)
79)|" ~ log Im T2 |84 (T%)|", (5.14)
)" - 2log Im7? |94 (7%)|"

~—~~

—3log Im 7> In
4 (1%, 1) = -2 log ImT? |n

~~

—2log InT? |5 (T%)|* = Z1og ImT? |94 (T)|" . (5.15)

In the last model, Ny = Ny = 4, if the semi-freely acting projection on the third complex
plane is a product of D- instead of D-operations we obtain

A (T%,7%)=—2log ImT? | (Tz)!4 — 3log ImT? |4 (T2)|4

~3log ImT* | (%)]" . (5.16)
Notice that, except for the planes 2 and 3 of model Ny = 16, the shifts on the I é’%
lattices break the SL(2,Z)r: duality groups. As in [19,20], the actual subgroup left
unbroken depends on the kind of shifts performed (see Refs. [13,23,24]). All the
above corrections diverge linearly, in both the large and small 72 and 73 limits. On
the other hand, the contribution of T diverges only logarithmically in the large- Im7"
limit, and linearly in the inverse modulus 7 = —1/T", for small T'. As we previously
discussed, the logarithmic divergence is an infrared artefact and can be removed by
switching on an appropriate cut-off.

5.3. Type Il asymmetric duals

We now discuss the type II asymmetric dual orbifolds. The model Ny = Ny = 16 is
constructed starting from the N = 8 IIA superstring compactified on 7% and applying
two projections: Z;F ) and Zgo). Z;F ) acts freely, as (—)*® together with a translation on
T®, and projects out all the left-moving supersymmetries. Z$, instead, acts as a rotation
that reduces symmetrically the number of supersymmetries by 1/2. The properties of
the N = 4 models obtained by applying only ZéF ) were already analyzed in [13]. The
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orbifold obtained by the further application of Z§°) has an N = 2 supersymmetry, which
is realized only among left-movers. The partition function of the model reads

1
(2,0) _
Zy Imr|n|244 Z Z F66[GF Go:|

OF HO.G°
g Gl el
gl Sy . e

ab

where now

roal o o] = 8 [ o ol o o] -

Notice that neither ZgF) nor Zé") act on the third plane. The massless spectrum can be
easily analyzed by computing the helicity supertraces B, and By. B, turns out to be zero
(for the details of this computation, see the Appendix F). This tells us that Ny = Ny.
The supertrace By is (cf. Ref. [20])

_3 1 a+b+ab aGF+bH"+H G" 3 H,0
Bi=ig 7 2. 2 () || s

F
ab (H.GF) b G0
010
36 1) . 5.19
+ 2,2 0 ' 0 ( )
The massless contribution, which coincides with the supergravity result, is
TNy — N
Bilmassess = 18 + ———— =42, (5.20)

from which we derive Ny = Ny = 16. The massless spectrum therefore contains, besides
the supergravity multiplet, 3+16 vector multiplets and 4416 hypermultiplets: it is there-
fore the same as that of the type IIA model Ny = 16. However, here the dilaton belongs
to a vector multiplet. This is a general property of ali the N = 2 string compactifications
in which all the supersymmetries are realized either between only left- or between only
right-movers, such as the heterotic strings or type II asymmetric orbifolds as the ones
we consider. The reason is that the dilaton, in such cases, is uncharged under the SU(2)
operators that rotate the supercharges of the N =2 supergravity. !!

"' One can construct the vertex operators, which represent the states of the string theory, and then construct
explicitly the generators of supersymmetry in this representation (see Appendix B.3) One then finds that the
spinor vertex operator, which corresponds to the two transverse space-time coordinates e~ is common
to both the supercharges (in type II symmetric orbifolds, we have instead Q ~ e’%HO, 0~ e_%""). As a
consequence, the generators of the SU(2) symmetry of the N = 2 do not act on the space-time degrees of
freedom, and therefore leave invariant the dilaton, whose vertex operator actually contains only space-time
degrees of freedom.
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The Ny = Ny = 8 orbifold is constructed by modding out the previous model with a
further ZgD ) projection, which acts semi-freely. The partition function of this orbifold
is given as in (5.17), but with (5.18) replaced by

HF,HO 1 ) H° |HF,;
Tss {GF,GO:I = 5 Z r22 Go ' GF,: 0

(HP1,GPr)
H° | 0,; H 010,; H”
(2) 1 (3) LR
XF2,2 [Go | 0” GD1:|F2,2 [O | 0,, (;Dl . (521)

The helicity supertrace B4 is now given by an expression similar to (5.19), but the

second term, instead of being 36155 [g{g] is now

0]10] 1.0k
12 (3) ~ 3 , .
(;‘g) ( 22[0]0]“" Iy, 0¢ (5.22)

which gives
B4|massless =30 (5.23)

consistently with Ny = 8 (B, = Ny — Ny is zero in all these models).
Finally, the model Ny = Ny = 4 is obtained by applying two ZgD ) projections, which
act on the compact space, producing the following character:
HF,HO 1 (1) H° | PIF,;FID1
F6,6 [GF,GO] = Z Z Z F2,2 Go | GF’. GD
(HP1,GP1) (HP2,GP2) ’

HOIO'HDZ OIO.HDIHD2
(2) sy (3) .5 ,
x 155 [Go |0,; GDZ]Fz,z [0 10,; G, GP> (5.24)
In this case, the second term in By is
, 0]0,0] 1 0| ho0] 1 010,k
12 Ja®) e e
mzf;) ( 22[0|00]+4 2210150 "7°22|0]0,4
1 0| hh
il 8)) 5.25
4722 [Olg,gD (5.25)

which gives Bg|massless = 24 and Ny = 4.

We remark that in all these models B, = 0. As a consequence there are no points in
the moduli space in which there appear “N = 2”, ANy # ANy singularities.

As in the case of the type IIA orbifolds, also in the asymmetric duals the R? gravi-
tational corrections receive a contribution only from one loop, and are obtained by the
insertion of the operator A? A% (see [20]). The only non-zero contribution is provided
by the sectors with (H°, G°) # (0,0). We obtain

16 72 ( Ny ) MA
T 4+ log ——= + 4™ (T, U%) , (5.26)
ggrav (IU’(AS)) 2 (AS) )
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where we introduced the type II asymmetric mass scale and infrared cut-off, M(A%) and
1 A9 respectively, and

A' (TR, UA) = —6log ImT** | (T) |* = 6log ImUAS | (U)|*, (5.27)
( |4 —3log ImU™ |n (UM) ’4
4

48 (T, U*) = —3log Im T |p (TA)

—log InT* |9, (T*)[* — log In U™ |8, (UA)]", (5.28)
4% (T4, U) = =3 log In T | (T |* — 3 log Im UA* | (U)]*
—3log Im T |9 (T7)[* . (5.29)

5.4. Comparison of symmetric and asymmetric orbifolds

We now come to the comparison of the type IIA symmetric and the type II asymmetric
orbifolds. As is clear from expressions (5.13)—(5.16) and the analogous (5.27)—(5.29)
for the asymmetric orbifolds, for any type IIA symmetric orbifold it is possible to choose
actions of the D-projections that can be reproduced in the type II asymmetric orbifolds,
leading to the same corrections AYv: AN (T2, T3) = AN (TAs, UA%). A comparison of the
corrections with the R? term therefore leads to the following identification of the moduli
in the vector manifold: T2 = T4s, T3 = UA%, These moduli are perturbative in both the
constructions. On the other hand, the contribution of the modulus T! in (5.12), in the
limit 7' — oo, diverges only logarithmically. This is consistent with the vanishing of the
perturbative, genus-zero (O(S"*)) contribution to this term in the type II asymmetric
orbifolds. We are therefore led to identify this modulus with the dilaton-axion field
785 = 4787 of the asymmetric orbifolds [13,20]. The logarithmic behaviour is then
interpreted as a non-perturbative effect.

We remark that the identification of the perturbative moduli is possible only for
special choices of the translations introduced by the D-projections. The reason is that
it is not always possible to reconstruct the properties of the Kihler class moduli of a
product of two tori, whose lattice of momenta and windings is shifted by the action
of the D-projections, with the Kihler class and complex structure moduli of a single
torus with shifted lattice: different translations correspond to different cuts in the moduli
space of the model, and not all the cuts correspond to dual constructions. However,
we learned that a correct cut exists, and the identification of (7%, 73) with (T2, UA%)
provides a test of the duality. The corrections computed in the type IIA symmetric
orbifolds therefore provide the full, perturbative and non-perturbative, corrections for
the asymmetric orbifolds. These are given by the expression (5.12), in which (i) the
moduli 7!, 7? are replaced by TA%, UAS; (ii) the modulus 7' is replaced by the dilaton
47r8"%; (iii) the type IIA string mass and cut-off have to be replaced by those of the
type II asymmetric theory. Indeed, we are using a regularization scheme for which the
ratio of the mass and the cut-off is duality-independent, and can be expressed in terms
of the ratio of the Planck mass and a physical cut-off w:
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MU YA Mg
M(]IA) ,LL(AS) 7

(5.30)

6. Conclusions

In this work we constructed and classified all the four-dimensional N = 2, Z, x
Z, symmetric orbifolds of the type IIA/B superstring. After having constructed the
models at the fermionic point, according to the rules of the “fermionic construction”,
we established the equivalence, for this class of orbifolds, of world-sheet fermions and
bosons, and we derived the partition function of each model at a generic point in the
space of the moduli of the three tori of T¢ = T2 x T? x T2, Through an analysis of some
helicity supertraces, easily computable from the partition function, we investigated the
appearance of stringy Higgs and super-Higgs phenomena, which served as a guideline
in the search for heterotic and/or type II duals. We devoted particular attention to the
study of the latter, for which we provided an analysis analogous to that of the symmetric
orbifolds. These pairs are related by a map that exchanges the dilaton—axion field of
the type II asymmetric construction for a perturbative modulus of the type IIA dual,
associated to a vector multiplet. Conversely, the type IIA dilaton is mapped into a
perturbative modulus of the type II asymmetric dual, associated to a hypermultiplet.
Through the comparison of the corrections to the R? term, we then provided a test of
this duality, obtaining also a prediction on the non-perturbative physics of the type II
asymmetric models.
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Appendix A. The type II string in the free fermionic formulation

In the free fermionic formulation of string theory [2-4] the string degrees of freedom
are expressed in terms of free world-sheet fermions. For the four-dimensional type 11
string and in the light cone-gauge theory these fermions are [5]

(1) the space-time degrees of freedom

left:  3,X,(2,2), ¥5(2)
right 1 9:X,(z,2), ¢5(2), pm=1,2
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(ii) the internal degrees of freedom

left:  x%(2), yH(2), 0f(2)
right 1 x%(2), YR(2), of(2), I=1,....6.

The world-sheet supersymmetry, necessary for a consistent theory, is realized in the
usual way among the space-time coordinates and non-linearly among the internal coor-
dinates [30]

SfA=n8C B e,  fe{xryref.I1=1...6},

where € is a Grassmann field and %48 are the properly normalized structure constants

of a Lie algebra G = G% and similarly for right-movers G = G%,.

It is known that the transportation properties of fermionic fields on surfaces with
non-trivial topology, such as the string world-sheet, are not completely determined by
the two-dimensional metric and an extra information must be supplied. This information
is known as spin structure and describes the phases emerging when each fermionic field
moves around a non-contractible circle of the surface. Spin structures are in principle
arbitrary, but a consistent string model should satisfy a set of physical requirements:

(1) multiloop modular invariance;
(ii) factorization of physical amplitudes;
(iii) global existence of left and right supercurrents.
After imposing these constraints much freedom is left in choosing spin structures and a
very big number of consistent string models can be obtained.

If we restrict ourselves to periodic-antiperiodic fermionic fields, and demand space-
time supersymmetry to emerge symmetrically from left- and right-movers (which means
that left and right space-time fermions will be treated symmetrically), the choice of the
internal fermion gauge groups (G%, GX)) is essentially unique:

6
Giy = Gfy = [[s03)’
I=1

and the left and right supercurrents take the form

6 6
Tr(z) =id. X"y + Y xpyrof,  Tr(z) =id: X"k + Y xjyfef.  (AD)
=1 I=1

Then the solution of the consistency constraints can be expressed in a simple set of

rules for constructing any type II string model. A specific model is defined by

(1) A set of boundary condition basis vectors {b; = 1,..., by}, which generate a set
of 2" boundary conditions vectors 5: £ € 5 — & = ZZ: m;b;,m; = 0,1. Each
boundary condition vector b; has 40 entries: '?

12 Along the paper we employed a slightly different notation, that is to present a basis vector as the set of pe-
riodic fermions. For example, b= {1,1,1,1,1,1,1,0,..., 0} is written as b = {aﬁ};,,\/’;,,\/%, X;“,X];,Xg“, ,\/’g}
in this notation.
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(2)
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b ={bi(¢*), bi(x"), ..., bi(Y") ... bi(@") ..
bi(™), bi(xX"), .. bi(F) . bi(@Y) .Y

where b;(f) = 0,1 correspond to the transportation properties of each fermion

f — —ei™f)_ The basis vectors are subject to some restrictions, namely

(a) b;-bj=mod8,Vi=0,...,N;

(b) bi-bj=mod4.,¥i+0=1,....N;

(©) TL 81O (b be(f) =0 mod2,V i j#k#L=0,...,N;

(d) |{bi£X])’bi(}’l)’bi(wI)Hz = bi(yp*)mod2, |{b;i(x1),bi(31),bi(@1)}* =
bi(y*)mod2,Va=1,...,6 and Vi=0,...,N.

A set of w + 1 phases c[}] = +1 ,c[é’;] =41, i > j (we will use also the

notation Cp,jp,) = c[ﬁj"_]), which determine the weight of each spin structure to

the string partition function.

The model’s partition function is then given by

1 271 a a
Zzz_N/EW 2 C[B]Z[B]’

F a,BER

where

1 (5" g ()

f=left f=right
and C[Z] can be expressed in terms of C[Z;], i>jand C[Z:] = c[” using
c [O =0,, (A.2)
a_
a ] a| [«
c =0.c| lc| |, (A3)
PSRN
=<7l
c =e2%%¢c , (A4)
ol =t
c[a =e%”“’c[“], (A.5)
| b]

with

8, = em(a¥)+alé®))

Along the paper, we have used indifferently two equivalent notations for the operation
of composition of fermion sets: the sum, as here, which is more convenient when we
specify the fermion sets through the boundary conditions they assign, and the “symmetric
difference” (see Ref. [3]), indicated as a product of sets, which contains the union of
two fermion sets minus their intersection, and is more convenient when, as in many
sections of the paper, we specify the periodic fermions contained in the various sets.
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Appendix B. Massless spectrum and vertex operators
B.1. Zy x Z, orbifolds in the fermionic construction

We write here the vertex operator representation of the massless states of the Z; x Z,
orbifold constructed in Section 2. The massless states of the untwisted sector come from
the NS-NS, R-NS, NS-R and RR sectors, which are given, in our convention, by the
sectors @ (the “vacuum™), S, § and SS, respectively. In order to describe the physical
states, we introduce the SU(2), R-parity currents e* 2%, 9H;, e*1% 3H,,i=0,1,2,3,13
where

GHo=ynypy,  OHy=xvxs.  OHy=x5x5,  0Hy=x5xg,

FHo=yyy .  dHi=x\x5,  Hi=xixi,  9Hs=x%x§ (B.1)
(the eigenvalues of dHy and JH, give the space-time spin). The fermions originate from
the S and S sectors. They are two gravitinos, represented, in the —1/2-picture, by

et 3(2Ho+Ho+H\+Hy+Hj) , ei§(2H0+Ho+H1+H2+H3); (B.2)

two dilatinos:

eié(ZHo—FIo—Hl—ﬁz—le) , e:i:%(ﬂ:lo—Ho—Hl—Hz—HJ); (B.3)

and twelve spin-1/2 fermions:

eiiHlei%(ﬁ0+ﬁl_Hz—l_{3)’ e:i:il_i1e:l:£(Ho+H1—H2‘H3)’ (B4)
gtif2ots (Ho—MitHy—Hy) gtifrgt g (Ho—HitHh—H) (B.3)
eiiHjei%(HO_ﬁl‘H2+ﬁ3), e:til:lze:t%(Ho—Hl—HZﬁLHB). (B.6)

The bosons originate from the sectors @ and SS. The vacuum sector @ contains the gravi-
ton eEHotHo) the pair dilaton-pseudoscalar e**Ho=fo) and the six complex scalars
et (HEH)  From the vertex operator representation of the graviton and the gravitinos
we read off the generators of the N = 2 supersymmetry:

Q= e~ 1 (Ho—Hi—H—H:} .4 0= e~ 3 (Ho—H—H~Hj3) , (B.7)

from which we derive also the expressions of the generators of the N = 2, SU(2)
algebra: J*, J= (= J**) and J°, whose charge operator I° is given by

1 1 —_—
1= 3 ]f(aHo — 8H, — 9H, — 3H3) — 3 f(aHo —9H, —0H, — 3H3).  (B.8)
It is then easy to see that the dilaton-pseudoscalar
e:i:i(Ho—I:Io) , (B.9)

13 In this notation, dH = 3, H, 3H = d; H, where H = X"(z), H = X®(Z) are respectively the holomorphic
(left-moviﬂg) and the antiholomorphic (right-moving) part into which a world-sheet boson X is decomposed:
X=H+H.
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and the three complex scalars
et H=H) =123 (B.10)

carry a non-zero I° charge: they therefore belong to hypermultiplets. Since we are
considering a type IIA orbifold, the three complex scalars (B.10) correspond to the
complex structure moduli U* of the three tori of the internal space. The three complex
scalars

eEH+A) 1,2,3, (B.11)

have no I° charge and are superpartners of the vectors: they therefore correspond to the
three Kihler class moduli T°. The S§ sector contains four complex scalars, which carry
1° charge:

e:t%(H(H-Hl +Hy+Hy—Ho~H)—Ha—H3)
b

eﬂ:%(Ho—Hl—H2+H3—ﬁo+ﬁl+ﬁz—ﬁ3)
s

e:t% (Ho— H\+H2—Ha—Ho+H1— Hy+Hy)
*

e:tzi(H0+H1—HQ—Hg—FIo—I:I1+ﬁZ+H3) , (B.12)

and four vectors:
oF § (HotHy+Ha+Hyt Hot Hi+ ot )
ot (Ho—Hi—Hy+Hy+Ho—Hi =y +Hy)
et 4 (Ho~H +Hy—Hy+Ho— i+ Fo—Fy)
ei%(H0+H1—H2—H3+H0+ﬁ1_HZ—Fh) . (B.13)

It is easy to recognize that the first vector belongs to the gravity multiplet, being obtained
by applying twice the supersymmetry generators to the graviton.

B.2. IIA versus IIB in the fermionic language

The type ITA—B exchange is realized by changing the chirality of, say, the right-
moving spinors. In the fermionic construction this is implemented by the following
changes with respect to the type IIA choice of Table 1: C 55 — +1, Cgp) — —1,
Cisipyy = — b C(3jpyy — —1. Under this exchange, the right-moving supersymmetry
generator becomes

0 — e~ 3 (HotHi+Hy+13) (B.14)
As a consequence, the SU(2) Cartan charge operator /° is now
1 1 — e
°= 5 f{(aHo — 0H, — 8H, — 6H3) — 3 f(aHo +8H, +3H, +dH3). (B.15)

In this case the states that are associated, in the type IIA construction, to the complex
scalars T, T?, T3, given in (B.11), now carry I° charge, while those associated to
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the three complex scalars U!, U?, U?, given in (B.10), do not. The role of T’ and U’
is therefore exchanged, as expected. A change in the sign of C(ys,) €xchanges Ny
and Ny. This then changes the sign of the Euler characteristic of the compact space,
X =2(Ng — Ny).

B.3. Massless states of type Il asymmetric orbifolds

The analysis of the massless spectrum of the asymmetric orbifolds discussed in Sec-
tion 5 can be performed in a similar way, by going to the fermionic point. We quote
here the vertices for the bosonic massless states of the untwisted sectors: (H', GF),
(H°,G°) equal to (0,0) or (0,1). They are

eti(Ho+Hy) (graviton)

eTi(Ho—Ho) (dilaton, pseudoscalar)

N T ) (hyperscalars) (B.16)
etitogtHs gtiHgEito (graviphoton, vectors)

e Li(H—F) (vectorscalars)

In particular, we notice that, although the dilaton is represented by the same vertex
operator as the dilaton of the type IIA orbifolds, Eq. (B.9), in this case it is uncharged
under the SU(2) symmetry of the N = 2 superalgebra. The analogous of the operators
Q and Q, Eq. (B.7), are in fact in this case

Q+: Q—— - e—ZL(Ho+EH1:*:H2ﬂ:H3) , (B17)

where € takes the values =1 and depends on the (immaterial) choice of the chirality of
the spinors. The analogous of the operator 10 is therefore

13 =7{(3H2+3H3) . (B.18)
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Appendix C. GSO projections on the twisted sectors

We quote here the contribution to the quantity 4(Ny — Ny), as a function of the
modular coefficients, of each one of the 48 twisted supersectors. By supersector we
mean a twisted sector and the sectors derived from it by addition of the sets S, S,
S8, which provide the supersymmetric partners. For simplicity, we do not indicate the
latter, so that b; is a short-hand notation for the sets by, Sby, Sb;, S8b;. The quantity

4(Ny + Npg) is given by the product of the two square brackets.
bll

[1+ Cleyjpy 11+ Cieyppy 1 - @,
by + e3:

[+ Cieilpn) Certeny 1L+ Ceafo) Ceesleny ] - @Coesjen) Cresln)»
b1 + e4:

[1+ Ceesp) Creneny 11+ Crergp) Crerfenr 1+ @Ces ) Creafin)
b + es:

L1+ Cierlp) Crertesy 1T+ Cipylen) Citalesy 1 - @YCoesles) Creates) s
by + es:

[T+ Citrlen)Clerlesy 1L+ Cioiler) Cenlesr 1 - YBCestes) Citales) Citles)
b + e3 + eq:

[1+ Cioilen)Cerlen Crerlen 111 + Coylen) Cresles) Crerleny 1 - @Ctles) Ctnles) »
by + e3 + es:

[T+ Cioy1e)Cerlesy Crenles) )

XI1+ Cipyjen) Crerles Clenlesy 1 - @YCoeslen) Cresles) Cbafes) s
b + e3 + eq:

[1+ C(bllen)c(enIez)c(elle4)c(81|85)]
X1+ Cibyler) Crerler) Clelesy Ceenlesy ] - BYCibalen) Cieles) Cenles) Creles) »

(C.1)

(C2)

(C3)

(C4)

(C.5)

(C.6)

(C.7)

(C.8)
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by + e4 + e5:
[T+ Cibyjen)CrerlenyCrerles)]
X [1+ Cioilen)CleslenrCrenlesy ] - @YChyjes) Cresles) Creslesy »
by + eq + e¢:
[1+ C(bllel)C(el|€2)C(e||€3)C(€1|es)]
X [T+ Cipy1ey) Cier|en) Ciealesy Ceenlesy ] - BYCbylen) Crenles) Cenles) Ciesles) s
by + es + eq:
[T+ Cioylen) CrerlenyCierlesy Ceerfes) ]
X1+ Cpyler) Crerlen) Clerles) Crealea) ] - BCbles) Cibales) s
by + eq+ €5+ eg:
L1+ Cipy1enClerlen)Clerleny 11+ Cioyien) Cierter) Creslesy 1 - BC(bales)

b +e3+eq+ e6:

47

(C.9)

(C.10)

(C.11)

(C.12)

[1+ C(bllel)c(elle2)c(el|95)] 1+ C(bnlez)C(EIIez)C(e‘zlEs)] ’ Byc(elles)c(ezles)’(C'13)

by 4+ e3 + e5 + eq:

[T+ CiplenyCeerten) Crerlen I+ Cipyer) Crerler) Creslen 1 - BCibales) s
b1 + ez + e4 + e5:

L1+ Ciofen Cerlen Crenlea) Crenles) ]

X[ 1+ Cipylen)Crerles) Ciealen) Creslesy ] - @¥Cioyen) Citmfes)»
by + ez + eq4 + e5 + eg:

[T+ CiofenyCeereny 1 T+ Copren)Cierley ] - Bs
bs:

(1 + Cppleny 11+ Cippreny] - Bs
by + eq:

L1+ Cioles) Cerlen) 1T+ CinleayCeenleny 1 - BCihijeny Crerlen)
by + ey:

[1+ Citsfen)Crerlen T+ CtyleyCrerteny] - BCioijer) Crenten»
by + es:

[1+ C(b2|e3)c(e3|e5)] [+ C(b2|?4)C(e4|€s)] : BYC(81|€5)C(€2|85)’

(C.14)

(C.15)

(C.16)

(C.17)

(C.18)

(C.19)

(C.20)
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by + e5:
[T+ Citsles) Ceerlen Creales) Crentes) Cesle) 11+ Ciiylea) Cenlea) Cealen) (€2h)
‘Cleslen) Cresleny 1 @¥Citijen) Citrle) Crenles) Cerles) Crenlesy Creles)
by + ey + ez
[1 + Cislesy Clerlen Clealen LT+ Cimlea) Crerlen) Crertenr 1 - BCtrler Ctrfeny» (C.22)
by + ey + es:
[T+ Cpylen) Ceertes) Creslen ] (C.23)
X[+ Cityles) Crerfeny Ceeslen 1 - BYCibrfer) Crerlen) Creslen)
by 4 es + es:
[T+ Cibsles) Creslen) Ceslesy ] (C.24)
X1+ Cipyfes) Crerleay Ceslen ] - BYCibiler) Crerlen Crentes)
by + ey + eg:
[1 4+ Cibrles) Crarfeny Crealesy Creslen ] (C.25)
X[ 14 Cibyley Cierles) CrestesyCresleay ] - AYCibi1e) Cerles) Cresles) Ceates) s
by + ey + eq:
[1 4 Cisles) Crenteny Cresten) Creslen) ] (C.26)
X[1 4 CibylesyCierles) Cresles) Ceslear 1 - @YCioi1en) Ceales) Cresles) Creales) »
by + es + es:
[T+ Cibyles) Crerfes) Crerlesy Creslen ] (C.27)
X[+ Ctylen) Crerfeay Clerlen Cresleny 1+ @Citylen Cityfen»
by + ey + e+ es:
[T+ Clvgles) Clerlen Cealen) Coeslen) ] (C.28)
X [1+ CipylenyCrerteny Cresleny Cesien 1 - BYCibilen Cinlen) s
by + e + ey + es:
[1 4+ Ciyles) Cresten) Crestes) I+ Cipeny Cresles) Cresleny 1 - @YCiesies) Createsy» (C.29)
by + ey +es5 + eg:
[T+ Clbslen) Ciesles) Createny 11+ Citleny Ciesleny Creslenr ) - @Ciylery s (C.30)
by + ey + es + eg:
[T+ Citrlen Cerlen Ceaten 1T + CiylenyCierlen Centen 1 - @Cosifeny s (C.31)
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by +e; +ex+es+ e
[1+ C(bz|83)c(84lea)] (r+ C(bzlea)c(eslm)] | a, (C.32)
b31
[T+ Y1+ aBCpje)) Ciorlen) Cibrles) Citnleny - BCyjery Cibyler)» (C.33)
by 4+ ey:
[+ 7C(£1|£5)] [1+ aIBC(bIlel)C(b1|ez)C(52|€3) (C.34)
'C(b21P4)C(P1‘€2)C(81|L’3)C(e||€4)] 'Bc(b1|ez)c(€1|¢’2)’
b3 + ey:
[1+YColerlesy 1 [1 + @BYCpy1e1) Ciylea) Ctaes) Cutslen) Cenlen (C.35)
“Cleslen Cierles) Creslesy 1 - BCitilen Crerlen s
bs + es:
[1+ yc(esles)] [1+ aﬁ‘yC(b,|e,)C(b,|e2)C(b2|e3)C(b2|e4)C(e3|e1) (C.36)
'C(é’Jlez)C(6’3|€4)C(831€5)] : ac(bzle«t)c(eslm)’
b3 + eq:
[V 4 ¥Clegjesy T+ @BYCiy(e1) Cityler) Citrlen) Cibaen) Creslen) (C.37)
'C(alez)C(eales)c(mles)] 'a’C(bzIez)C(ealea)’
by + ey + ey
[1+ yc(enles)c(ezles)] [1+ aﬁ‘yc(lh|e|)c(btll’2)c(b2|e3)
'C(bzle4)C(€1|e3)C(81|€4)C(0|Ies)c(ezlez)c(ezlm)C(Pz|€5)] B (C.38)
b3 4+ ey + e5:

[+ YCleilen Clesles) 1T+ @BYCih,1e,)Ciby1e2) Cibales) Cibales) Cenlen) Cenen
'C(Hllf’s)C(€2|83)C(€3|€4)C(83|es)] 'BC(b1|e2)C(bzlea)c(exlez)C(QlEJ)’ (C.39)

by + e + ea:

[1+ 7C(£1|€5)C(84|85)] [(1+ aﬁyc(bllel)c(bl|82)C(b2|€3)C(b2|6’4)C(e1|82)C(€1}Ks)
“Ceerles) Clesleny Crestesy Ceeslesy ] - BCihilenyCibalesy Cierfen) Clenlen » (C.40)

by + ep + e3:

[1+ yC(€2|€5)C(€3|es)] [1+ a:BYC(b1|81)C(bl|82)C(b2|€3)C(b2|€4)C(€1lez)C(82|€4)
'C(f’zles)C(f’l|€3)C(83|€4)C(83|€5)] : IBC(bllez)C(bzIe})C(m|02)C(e1|e3)’ (C41)
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by + e + eq:

[1+ 'yC(ez]eg)C(e4|e5)] [1+ aByC(bllel)C(hllez)C(b2|€3)C(bz|€4)C(€|Iez)C(ezles)

’C(Ezlfs)c(ex|84)C(€3|e4)c(84|es)] : BC(blleZ)C(bZ|e4)C(el'ez)c(el|e4)’ (C.42)

b3 + e3 + ey

[1-+ 'yC(egles)C(uIes)] [1+ aﬂyc(bl'el)c(blleZ)C(bZIeS)

“CibalesyCieslen) Ceslen) Cesles) Crealer Crealen) Crentes) 1 - @ (C.43)
by +e1+ex+es:

[1+YClerles) Clerles) Cesles) LT+ aByYCobyjery Citilen) Citales) Citles)

'C(Pl|84)C(€1les)C(82|84)C(ezles)c(e3le4)c(eales)] : Bc(bzleg)’ (C.44)
by +er +e3+es:

[T+ YCleiles)Clesles) Creslesy H T+ aBYCibjer) Citiler) Cibales) Cutles)

'C(enIez)C(elIes)C(eglez)C(e;]es)c(e4|e2)c(e4|e5)] : aC(b,je,), (C45)
by +e +ex+eq

[1+YClerles)Cerles) Creslesy 1 11 + @BYCby1e1) Citnlen) Citales) Citmles)

'C(elIeg)C(elfe_r,)C(e2|e3)C(e2|e5)c(e4|e3)c(g4]e5)] : BC(bz|e4) , (C.46)
by +ey+e3+ eq:

[1 4 ¥Clesles) Clesles) Creales) 111 + aBYCiby1e,)Citrler) Citales) Cibales)

’C(e;]ez)c(ez|e5)c(e3|e1)C(e3|e5)C(e4|e1)C(e4le5)] : aC(b1|82)’ (C.47)
by + e +ex+e3+ eq:

[1+ ')’C(el |g5)C(e2|g5)C(e3|e5)C(e4|e5)] [1+ aﬂ‘yc(bl|€1)C(b1|€2)c(b2|83)

'C(b2|e4)c(e1|e5)C(e2|e5)C(e3|e5)C(e4|e5)] 'acbllel)C(bxlez)’ (C.48)

In the previous expressions, all the modular coefficients are symmetric under the
exchange of the arguments C(, gy = C(g|a). We also defined

@ =C, 17y Ciby)e3) Citn)en »
B=Coyr)CihaleryCimmlery
Y= C(bxles)C(bzll’-s)' (C.49)

By running the above formulae with a computer program, we find the following pairs
of (Nv,Npg): (0,48), (48,0), (28,4), (4,28), (16,16), (0,24), (24,0), (6,18),
(18,6), (12,12), (4,16), (16,4), (2,14), (14,2), (8,8), (0,12), (12,0), (6,6),
(3.9), (9,3), (4,4), (2,2), (0,0).
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The formulae above simplify if, instead of factorizing the boundary conditions of the
six circles with the sets e;, i = 1,...,5, we consider only the factorization of the three
tori (1,2), (3,4) and (5,6) with the sets T;, i = 1,2, 3, given by

T ={yl.y5, 0], 05 | ¥, 75, 0f, 05} ,

To= (b ok ok, 0k | Y58, of, ol

Ty = {yk. yé, 0}, f | y§, 3§, of 0f} . (C.50)
In this case, we can write a compact expression for the formulae, which give the sum

and the difference of the total number of vector and hypermultiplets provided by the
twisted sectors:

Ny + N
V—4—E=6+ (1 +C(T1|T2))
X(Cpy 1y + Cioyry) + aBCioy1)Citmy) > (C51)
Ny — N 3
—‘/—4—H‘=§C(b1|bz)(a+ﬂ)

X(1+ Cpy 1) + Citymy + Cioirn) Cioamy Cemim) ) » (C.52)

where a and B are given by

a=Cp|F)Cii 1)
B=Cb,)F)Ciin|m)- (C.53)

In this case, we can only find a subset of models, namely those with (Ny, Ng) = (48,0),
(0,48), (24,0), (0,24), (16,16), (12,12), (8,8) and (0,0).

C.1. A choice of modular coefficients for each model

We give here a choice of modular coefficients for each one of the constructions of
Section 5:
(1) (48,0). All coefficients = +1.
(2) (284).

(D,D,0) 1 Cielesy> Clerless Cierles) »Ciesleny = — 1.
(3) (16,16).

(0,0,F): Copipy = —1.
(4) (24,0).

(D,D,D): Clajesy> Cesfes = —1.
(5) (18,6).

(DD,DD,0) 1 Cielerys Clerlenrs Ciaglesyr Cleslesy = =1
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(6) (12,12).

(R,0,FD) :
(D,D,D):

(7) (164).
(DD,D,D) :
(8) (14,2).
(DD,DD,D) :
(9) (8.8).

(DD, DD, D) :
(D,D,F):
(D, D, FD) :
(O,F.F):

(0, FD, FD) :

(10) (12,0).

(DD, DD, DD) :

(11) (6,6).

(DD, DD, DD) :
(DD, D,FD) :

(12) (9,3).
(RR,RR,RR) :

(13) (44).

(D,FD,F):
(D,FD, FD) :
(DD, DD, F) :
(DD, DD, FD) :

(14) (2,2).

(DD,FD,FD) :

C(ellez)’ y=-1L
C(elll’z)’ C(€3|84) =-L

C(ellez)v C(ezlm) =-L

C(enlea)’ C(ezles) = -1

Clelles)> Clerlesyr Cresleny = —1
C(elles)’ C(€1|e4)’ C(ezlea)’ C(e3|e4)’ v=—1.

C(€|Ie3)’ y=—-L
Cibales)-
Cibalesys Cleaesy = —1.

C(e1|ez)’ C(82|84)’ C(€3]e4)’ C(€3]€5)’ a, B=-1.

C(bzlea)’ C(exlea)’ C(e1|e4)’ C(ezlea)’ C(ez|e4) =
Cibylesys Cleslesy» Clesiesy» @ =—1.
C(mlez)’ C(61|e4)’ C(ezlea)’ C(€3|84)’ y=-L

Claleny> Cleleny» ¥=—1

Cimslesyr Clerlerys Clesles)s ¥ =

C(elles)’ Clesles) s C(eales) =-1

C(ellez)’ C(ezles)’ C(83|€4)’ C(e4|85) =
C(ellez)’ C(ezlea)’ vy=-1.

—1.

—1.

-1
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(15) (0,0).

(EEF): Culeyys Cipyleyy» ¥=-1.
(FD,FD,F):  Celer)s Cimlesy> Cierles)s Clerleny> Clesles)s

C(Ezf&t)’ y=-1L
(FD,FD,FD):  Cpler)s Cibslesyr Cleslesy» Clealesys ¥ =—1.

C.2. Reading the (super-)Higgs mechanism directly from (C.1)-(C.48)

In Section 3 we saw how it is possible to interpret the GSO projections of the
fermionic construction in terms of lattice shifts and twists and, in the light of the
previous analysis, we are also able to understand them in terms of Higgs and super-
Higgs mechanisms. The Higgs mechanism is present whenever there are shifts due to
modular coefficients C(,,.;) = —1: they translate in fact into D projections. There is
a super-Higgs mechanism when there is a shift due to modular coefficients Cy,.,) =
~1 and/or C(yry = —1 (by symmetric difference, the set F can be seen to assign
the boundary conditions of the sixth circle of 7%, which in the notation of Section 3,
Eq. (3.5), are (v, 6)). According to this interpretation, we see that the missing massless
states still belong to the string spectrum, and there are corners in moduli space in which
some or all of them become massless. On each N = 4 sector, besides the GSO projection
that reduces the number of states, starting from a maximum of sixteen, there is also in
action a GSO projection on the world-sheet chiralities, which determines whether such
states are hyper- or vector multiplets. By looking at formulae (C.1)-(C.48), which
express the quantity Ny + Ny for each one of the 48 twisted (super)sectors, we can see
that in each sector the GSO projection splits into a product of three factors: the first two
factors, which determine whether a given twisted supersector provides massless states
or not, can be translated in terms of lattice shifts. The modular coefficients entering the
first factor in square brackets determine the shift in the first circle of the corresponding
untwisted torus, while the shift in the second circle is determined by the coefficients
entering the second square brackets. The product of coefficients after the square brackets
translates into a shift in the twisted 7#. A shift on a twisted lattice is directly related
to the sign of Ny — Ny. The coefficients inside the square brackets therefore determine
whether such states are massless or massive, while the coefficients out of the square
brackets determine whether the massless states are hyper- or vector multiplets.

Appendix D. Classification of partition functions

The classification of the “partition functions” can be easily carried out by observing
that the situations listed in (4.1), (4.2), (4.4) and (4.5) are in a one-to-one correspon-
dence with the number of massless multiplets, no matter whether they are hypermultiplets
or vector-multiplets, of the corresponding twisted sector. The classification of “partitions
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functions™ therefore amounts essentially to a complete account of these numbers. There
is, however, a subtlety, because this method does not allow a distinction between (4.2)
and (4.3). In fact, “D” can always be superposed to “F”, but not all the combinations
are allowed, because the insertion of “D” makes sense only when it involves at least
two circles belonging to two different tori. The result is shown in Table D.1. In this
table we did not quote the constructions that differ from the above by an exchange of
Ny and Ny and/or by a permutation of the three planes.

From Table D.1, it easy to read the number of supersymmetries that are spontaneously
broken. When the free action of a SUSY-breaking projection appears in at most one
plane (indicated by F or FD), there is no spontaneous breaking of supersymmetry.
When the free action involves two planes, there is a spontaneous breaking of N = 4.
When finally the free action involves all the three planes, there is spontaneous breaking
of N =38.

Appendix E. Lattice integrals and threshold corrections

We give below our notation and conventions for the usual (2,2) and (2,2)-shifted
lattice sums used in the text. The Z;-shifted (2,2) lattice sums are
2
L

h iofow
1«{2(7: U) I:g:| — Z e—mg@nq%[ﬁq%pﬁ , (E.1)

{pLpr}YET22+wh
where the shifts # and projections g take the values O or 1. Here, w denotes the

shift vector with components (aj,az,b',5*) and £ = (m;,my,n',n?). We have also
introduced the inner product '

l-w=mb+an, w? =2ab, (E2)

so that a; generates a winding shift in the I direction, whereas b’ shifts the /th momen-
tum. The vector £ is associated to the /">, lattice and therefore the vector associated to
the shifted lattice will be

pEE—}—W%. (E.3)

With these conventions, left and right momenta read

_ ‘U(ml +a ) - (my+ ax) + 1 (n! +b'%) +TU(n2+b2g)|2

2= , E.4
PL 71,0, (E.4a)

h h
pt—pi=2 (m: + a1§> (n’ + bli) . (E.4b)

“For w, = (a;, b,) and wy = (az, b,), the inner product is defined as w, - wy = aiby + azb.
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Table D.1
The contribution to the massless spectrum and lattice sums in the N = 4 sectors of the models

(Nv,Ny) N, N2 N}, N, Nj, N} planel plane2  plane 3

(48,0) i6 16 16 0 0 0 o 0 o)
(28.4) 8 8 12 0 0 4 D D o)
(16,16) 8 8 8 8 0 0 0 F
(24,0) 8 8 0 0 0 D D D
(18.6) 4 4 0 0 0 6 DD DD 0

(12,12) 4 8 0 4 8 0 D 0 FD
4 4 4 4 4 4 D D D
(16,4) 4 6 6 0 2 2 DD D D
(14,2) 4 4 6 0 0 2 DD DD D
(8.8) 2 2 4 2 2 4 DD DD D
4 4 0 4 4 0 D D F

D D FD
8 0 0 8 0 0 0 F F

0 FD FD

(12,0) 4 4 4 0 0 0 DD DD DD

(6,6) 2 2 2 2 2 2 DD DD DD

2 4 0 2 4 0 DD D FD

(9.3) 3 3 3 1 1 i DD DD DD
4.4) 4 0 0 4 0 0 D FD F

D FD FD
2 2 0 2 2 0 DD DD F

DD DD FD

(2,2) 2 0 0 2 0 0 DD FD FD
(0,0) 0 0 0 0 0 0 F F F
FD FD F

FD FD FD

It is easy to check the periodicity properties (k, g integers)
W | ChH+2 h =R
8 g g§+2 -8

as well as the modular transformations that the expression

h Fﬁvz[h]
Z| | =& (E.6)
22[8} ER
obeys
A w2, [ h
Pl Z§f2[g}—>e’”22 Q,Q[Hg], (E7)

1 . | A T R
S z;z[ ] He—mT'l&z,;z[ g ] (E8)
7. Y ’ p—
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The relevant parameter for these transformations is

2

A W? = ab. (E.9)

From expressions (E.1) we learn that the integers a; and b’ are defined modulo 2, in
the sense that adding 2 to any one of them amounts at most to a change of sign in
Zz”zm Such a modification is necessarily compensated by an appropriate one in the
rest of the partition function, in order to ensure modular invariance; we are thus left
with the same model. On the other hand, adding 2 to a; or b’ translates into adding
a multiple of 2 to A. Therefore, although A can be any integer, only A =0 and A =1
correspond to truly different situations. Only when A = 0, is the (2,2) block modular
invariant by itself, when the sum over (4, g) is taken.

In the case where there are two independent shifts Z,, as in the cases we indicate by
RR, modular invariance requires also orthogonality of the two shift vectors: w; - w, = 0.

The lattice sum, which we denote by I}, [”" "2], satisfies the following equalities:

81, 82
h, 0 h 0, h h
sl dsl]. e lesl)
2,2 l:g, 0 2,2 g 2,2 0, g 22 g
o [0 h
fa” [g g] =13 [gJ’ (E10

where wi; = w; + wy reflects the action of the diagonal Z,. We refer to Appendix C
of Ref. [13] for a detailed discussion of target space duality. One of the issues, valid
when A = 0, our case of interest, is that a change in the lattice vector w, which preserves
modular invariance (i.e. w?/2 = 0 mod2), amounts to an SL(2,Z) transformation
performed on 7 and/or U, and vice versa. We can therefore fix the lattice shift vectors
and then derive the general result by SL(2,Z) transformations. If we choose w| =
(0,0,1,0), wp = (0,0,0, 1), the first Z, translates the momenta of the first circle
(insertion of (—1)™"), the second Z, translates the momenta of the second (insertion
of (—1)"™).%5 In this case the lattice sum reads

h,h h h
s |: 11 2:| — Z (A_l)mlgl+nlzgz exp {27”'7—. <ml <n1 + _]> + my <n2 + __%))
8182 mn€Z 2 2
h h 2
T<n1+-21)+m<n2+—23)+Um,«m2 } (E.11)

By performing a Poisson resummation over the momenta (m;, m;), we can express the
shifted lattice in the Lagrangian formulation. When

w7y
U,

w=(w,w2) =((0,0,1,0),(0,0,0,1)),
we have

IS Notice that these are the same translations as were introduced when projecting with D (3.12).
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hi, hy 1 ni(hr), na(ha)
22,2[‘ ]=-—4 oy 22,2[ ‘ 2, (E.12)
g, & Il = mi(g1), ma(g)

where

Zn[nmhl), nz(’w)] = (Im7)~' /3l G;;

mi(g1), ma(g2)

X exp [—wﬂ,(mf+"f7)(mf+”f7)] : (B.13)
- Im7
In the above expression, the tensor T;; is defined as
T;j=Gij + By, (E.14)
where
0 ~ImT Im7T I ReU
B = , o .
Y (ImT 0 ) i = fmu <ReU UJ? ) (E.13)
.and
i h;
m,-eZ—!—%, neZ+L. (E.16)

Relations (E.15) can be inverted giving 7 and U as functions of Byj, Gi;:
G \/det G;;
T = —B), + i\/detGy , U=5‘—2-+5G—”. (E.17)
1 1

In terms of the metric G;; and the antisymmetric tensor B;;, the argument in the expo-
nential of (E.13) becomes

~(mi +niT) (m; + n;7)

_77'Gu Tmr +27TiB,'j mn; . (E.18)
By using the identity
al =|a 1 |minr|? .
0 9 = — T e aim(am-+bn-+mn) , E.19
[b] [b} v2ImT (;) © ¢ ( )

it is easy to prove that the equality (3.11)

ry [h], hZ:I _ Z eimlaigrtorhi+hg) gim(arga+brha+hage)
2,2

&1 & ay,by.a,b

oLlols]

holds for w = (w;,w2) = ((0,0,1,0),(0,0,0, 1)) at the particular value of moduli

(E.20)

To=i, Uy=i. (E21)

Notice also that this is the self-dual point.
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Table E.1
The nine physically distinct models with A =0

Case a b

! J
1 0,0) (1,0) 4 2
1I 0,0) 0,1) 4 4
111 (0,0) (L1 4 3
v (1,0) (0,0) 2 4
\Y 0, 1) 0,0) 2 2
VI (1, 1) 0,0) 2 3
vil (1,0) o, 1) 3 4
VIII 0. n (1,0) 3 2
IX (1, -1) (L n 3 3

We recall here the integrals of shifted lattice sums. If there is no shift, we have [31]

I—y

_ 4 A 8me
! (raa(t0) = 1) =~ tog (Bn(DI* U @)I*) ~ log ==

In the case where there is only one Z; shift, as in expressions (4.2), i.e. when w =
(w1,0), we have

(E.22)

el=?
6v3 '
(E.23)

' h
Z Iy [g](T’ U)—-1]|=-log (Tz |9:(T)[* Uy |17j(U)l4> —log
F o\(hg)

where the relation between the shift vector w, = (a, b) and the pairs (i, j) is given in
Table E.1.

For the other cases, given in Eqs. (4.3)—(4.5), the integral is obtained by taking the
proper combination of (E.22) and (E.23). We collect here the results, including also
the infrared running. Modulo an integration constant, the result is

1(0) =3log M3/u* — 3log(In(T) |*In(V) ') , (E24)
I"(F) =log M3/ u?* — log(|9:(T)|*|3;(U)|*TLU>), (E.25)
I"(FD) =log M3/ u* — §log(|8:(T)|*|8;(V)|*Talh)
— 3 log(|94(T) [*19¢(V)[*Tal3) (E.26)
I"(D) =2log M3/u? — 3 log(In(T)|*|n(U) |*TaUx)
—11og(|8:(T) |9, (V) I*ToUy) (B:27)

I"(DD) =} log M5/ u? — 3/41og(In(T)|*|n(U) |*T>U2)
3
—1% " log(|8, (T |19, () I*Taln). (E.28)

a=1

In expression (E.26), the first term is due to the integration of a lattice with only
one Z, shift, w = (w,0), and the dependence of the pairs (i,j) on w; is given in
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Table E.2
The six physically distinct models with w; - w, = 0Vvi,j=1,2

Case wi ws

(i) (0,0,1,0) (0,0,0,1)
(ii) (1,0,0,0) (0,1,0,0)
(iii) (1,0,0,1) 0,-1,1,0)
(iv) (1,0,0,0) (0,0,0,1)
(v) (0,0,1,0) 0,1,0,0)

(vi) (0,0,1,1) (1,-1,0,0)

Table E.1. The second term is due to the integration of a lattice with a shift specified
by w' = w; 4+ w,, where w; is the same as in the first term and w; is a vector in an
independent direction. Modular invariance requires wf = (w; +wy)? = 0. The pair (k,£)
can be anyone of Table E.1, with the only constraint (k,£) # (i,j).

In the case of two Z, shifts, as in (E.28), there is a sum of three terms, a= 1,2, 3,
which refer respectively to the shifts given by the vectors (w;,wa, w; + w,). The
requirement of modular invariance reduces the number of possibilities to the six given
in Table E.2.

Appendix F. The helicity supertraces in the type II asymmetric orbifolds

As discussed in Section 4, the helicity supertraces are defined in terms of the four-
dimensional helicity A as

By, = Str A?. (E1)

In the framework of string theory, the physical four-dimensional helicity is the sum of the
contributions of the left- and right-movers: A = A+ Ag. The supertraces are computed by
acting on the helicity-generating partition function Z (v, #) with the differential operators
that represent A (Ag):

I - 1
AL ==, AR = — 0. (F2)
i

In the type II asymmetric orbifolds of Section 5.3, the contribution of the right-moving
fermions cannot be cast directly in the form (4.14) (with H? = G® = 0). In order to
compute the helicity supertraces we must start from the expression

v [a, H ‘_(_)&+E+a5_(—1 __Ja) -[a+H°] -[a— H°
ZR|: :|(l))—'—ﬁ4—19 B (U)’l? B'l? l_)+G° ¢ B—GO . (F3)

The helicity-generating partition function reads
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Teg[feth
(0.5 = f(v)f(v) 312 Lo GIZG]
HF GF H°,G° | |
1 G +bHF +HF GF H° a, H®| _
XEZE(_) G"BH+H'GT 7 F [G] (v) Zlf[,—)’ Go] @), (F4)

where Zf [g:] (v) is the same as expression (4.13), with H?> = G? = 0 and arguments
(H°,G°) instead of (H',G").

F.1. The helicity supertrace B,

The only non-vanishing contribution to B, can originate from the sectors of the
orbifold for which (H°,G°) # (0,0). In these sectors, there is a constraint, coming
from the twisted boson character, which is non-vanishing only for (HF,GF) = (0,0)
or (HF,GF) = (H° G°). When (HY,GF) = (0,0), we get 1/2 of the contribution of
one N = (2,2) sector of the corresponding type IIA symmetric orbifolds, which is zero
because of the non-complete saturation of the fermion zero-modes. When (HF,G¥) =
(H°, G°), we get an identical contribution. In order to see this, we redefine the arguments
in (E3) as

a+H° — A, b+G°— B. (ES)

After this substitution, we use the Riemann identity and recast the right-moving fermion
contribution

A 0 | Lo o0 = | -lal =ia ol _ g — 0
%Z (__)Zl+b+21b+ZlG +bH®+H°G ﬁ[ajl(’_—)),&l: ]ﬂ[giﬂ :|0|:g H:| (F6)
a,b

as

=1 7\ =1 o\ |1+ H°| /DN =[1—H°] /D
— — - - =], F7
WGl (2)90 e (5)oh e G) ®
Also the contribution of this term therefore vanishes, due to the non-complete saturation
of the fermion zero-modes.

E2. The helicity supertrace By

In these orbifolds, all the N =4 sectors, namely

(i) the N = (4,0) sector with (H®°,G°) = (0,0);

(ii) the N = (2,2) sector with (H°,G°) # (0,0) and (HF, GF) = (0,0);
(iii) the N = (2,2) sector with (H®,G°) # (0,0) and (HF,GF) = (H°, G°),
contribute to By. In the first sector the contribution is given by (A}). We obtain
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3 F F F ~F

4 2: E: a+b+ab+aG" +bG' +H'G

</\ > 16 _12 ( )a ab+a
ab (HY.GY)

x04[] p> r“{ H. HD] (E8)
2m GF, G° '

(np indicates the number of D-projections). This expression is a series that starts with
a square-root pole,

acig P +ag+ ... (F.9)

The term ag gives the massless contribution, which turns out to be constant in the
full space of TAS, UAS, the moduli in the vector multiplets, but not in the space of
the moduli belonging to hypermultiplets. At a generic point in moduli space, we have
ap = 6. When (H°,G°) # (0,0), By amounts to 6{A? A%). In this case, the arguments
(HF, GF), as we saw, are constrained. One therefore proceeds as for the computation
of B,, by splitting the sum over (HY,GF) into the two terms (HF,GF) = (0,0) and
(HY, Gy = (H°, G°). After the same substitution of variables as in (F.5), one obtains
that the contribution of each one of the two terms is equal to the contribution of one
complex plane of the symmetric orbifold. In these sectors, the arguments (H”, G”) are
constrained as well: (H?,GP) = (0,0) or (H?,GP) = (H®°,G°). One therefore gets
the various expressions:

6(A2A%) =363 [8 : 8] Ny = 16; (E.10)
1 (1 0]0] 1 0| h

=12 g ~r$) Ny =8; Ell

= Gl amlon]) wes e
~ 1 (1 [010,0] 1 _[0]h0
‘12(% <4r2v2 [0]0,0 t 3 0]g0

010,k y[0] ik
Lo Ny = 4: F.12
oo o) E
0]k
=122 re) [0=g] Ny =0. (E.13)

(hg)
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