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The dynamics of global topological defectsare investigated.The stability towards radial
rescalingof global monopoles and vortices is verified and virial theorems connecting the
potential and gradientenergiesare obtained.The validity of these theoremsis demonstrated
numerically. Theangularmonopoleinstability first discussedby Goidhaberis alsoexamined.It is
shown that even though his are correct, this instability manifestsitself as motion of the
monopole core rather than unwinding. The interactionsof global defectsare studied both
analyticallyandnumerically. An analyticalderivationof theirinteractionpotentialis followed by
numericalsimulation verifying the predictedpotential. Using boostedfield configurationswe
demonstratethe existenceof critical velocities for defectscatteringandannihilation.

1. Introduction

Topological defects are predicted by many particle physics models to form

during phasetransitionsin the earlyuniverse.Suchphasetransitionsare causedby
spontaneouslybrokensymmetriesleadingto a manifold of degeneratevacuawith
nontrivial topology. Severaltypes of defectsmay form dependingon the topology
of the vacuummanifold: domain walls, vortices[1], monopolesor textures.If the

brokensymmetryis gauged,the emergingdefectshavefinite energyandtheir mass
is concentratedin a small core. On the other hand, the breaking of a global

symmetrymay lead to defectswith diverging mass,due to the long rangeof the
Nambu—Goldstonefield. Such divergences,even though unphysical for isolated

defects,areeasily realizedin a cosmologicalsetup.The horizonscale,which is the
typical distancebetweenglobal defects,providesa naturalcutoff for their energy
density.

The vast majority of the literaturehaduntil recentlyfocusedon gaugeddefects.

There aretwo basicreasonsfor this. First, mostgrandunified theoriespredictthe
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existenceof local defects.In order to includebrokenglobalsymmetriesonewould
haveto extendthe grandunified theorymodels.Thus, eventhoughbrokenglobal
symmetriesarenot inconsistentwith the well known models,thereis lesstheoreti-
cal motivation to considerglobal defects.Second,the studyof their formationand
evolution on large scalesis more complicatedthan the correspondingstudy for
their gaugedcounterparts.This is mainly dueto the long-rangeNambu—Goldstone
field which makesthe useof simplified actions(e.g.the Nambuaction forvortices)
inappropriatefor describingtheir evolution.

Recentlyhowever,the studyof global defectshasattractedsignificant attention.
This is dueto severalreasons.First, their longrangeinteractionsrapidly increase
their correlationlength to the maximum allowed by causality: the horizon scale.
Thus global defectsaremoreefficient in forming very-large-scalestructuresin the
universethan their gaugedcounterparts.This interactionhasan additionalimpor-
tant effect: it introducesan efficient decaymechanismwhich preventsthem from
dominatingthe energydensityof the universe.For example,global monopolesdo
not contradictstandardcosmology[8,9,12] in contrastto their local counterparts.
Finally, global defectsare interestingtoy modelson which the field theoryof the

morecomplicatedgaugeddefectsmay be studied.
In order to understandthe cosmologicaleffectsof global defectslike monopoles

andvortices, it is important to studyboth their gravitationalfield [7,81,andtheir
dynamicsand interactions[31.Attempts to study the dynamics of vortices and
monopoleshave led to various controversialpoints. Many open issuesremain: Is
the Nambuactionappropriatefor describingthe evolutionof vortices?Are global
monopolesstable?What is the detailedform of the interactionbetweenglobal
monopoles?

This paper is an attempt to shed somelight to the questionsinvolving the
dynamicsof global monopoles.The dynamicsof vorticesarealso studied,in order
to makecontactwith previousstudies.

The monopole stability towards radial rescalingand angularperturbationsis
investigatedin sect. [21.If Derrick’s theoremwasvalid for global monopolesthey
would be unstabletowards radial rescalingof the field configuration. However
their linearly divergent mass makesDerrick’s theorem inapplicable.A careful
studyshows that the global monopolefield configurationis in fact stable towards
radialrescaling.A virial theoremconnectingthe gradientwith the potentialenergy
is also derivedand its validity is demonstratedby numerically solving the field
equations.Similar resultsareobtainedfor vortices. Sect.3 focuseson theeffect of
angularperturbations.It is demonstratedthat for an isolatedmonopolewith an
imposedcutoff, it is energeticallyfavorablefor angularperturbationson a fixed
sphericalshell to grow. However, it is shownthat thisgrowth of perturbationsdoes
not correspondto monopoleunwinding; it correspondsto monopolemotion.The
obtainedsemi-analyticalresults are demonstratedby numericalsimulations.The
interactionsof global monopolesarestudiedin sect. 4. The detailedform of the
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interactionpotentialis obtainedandits dominantpart at large distancesis verified

by a numericalsimulation.The scatteringof two highly-relativisticglobalmonopoles
producesa ring-shapedvortex-like configurationwhich subsequentlyexpandsat

right angleswith respectto the line of incidence.It is also demonstratedthat the
scatteringof a monopole—antimonopolepairwith velocitieslarger than a critical

one (about equal to O.8c) with respectto the centerof mass,doesnot lead to
annihilation.Similar resultsareobtainedfor thecaseof vortices.Finally in sect. 5
conclusionsare drawnwith regardto possible implications of our resultsfor the
cosmologicaleffectsand field theoreticalpropertiesof global monopoles.

In the following analysiswe normalizefields, massesand spacecoordinatesto

dimensionlessquantitiesusingthe scaleof symmetrybreakingthat givesrise to the
investigatedtopologicaldefects.

2. Radialrescaling:Virial theorems

The simplestlagrangiandensitythat describesthe evolutionof globalmonopoles

is of the form

— . — 1)~, (2.1)

where 1 is a Higgs field with an 0(3) symmetry.This lagrangiangives rise to a
global symmetrybreaking0(3) —p 0(2). The vacuummanifold is 52 implying the
existence of spherically symmetric, topologically non-trivial solutions. Such
monopolesolutionsaredescribedby the ansatz

(2.2)

with boundaryconditionsf(r —s 0) —~ 0 and f(r —~ cc) —~ 1. It is easyto show that

theboundaryconditionsf(r —* R) —~ 1 would only modify f(r) by termsof O(R2).
Thisis a three-dimensionalscalarfield configuration.Derrick’s theoremstatesthat
any finite-energy scalar field configurationin d ~ 3 (d is the numberof spatial
dimensions)is unstabletowardsshrinking and collapse.Since the energyof the
global monopoleis linearly divergent,Derrick’s theoremis not applicablein this

case.Howeverthis doesnot automaticallyimply that global monopolesarestable
towardsradial rescaling.To addressthis issue wemust checkwhetherthe energy
of the monopole correspondingto a rescaledfield f(cer) has a minimum with
respectto the rescalingparametera.The energyresulting from sucha rescalingis
of the form

4i,-
E~’= —

1=a’[11ff’(aR) +I~(aR) + +a
2I~(aR)], (2.3)
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with

I~(aR) laRd 2f~

I~’(aR)= jaRdrf2(r)

I~(aR)= faRdr r
2(f2(r) — 1)2, (2.4)

where R is a cutoff naturally imposedin a cosmologicalsetup and r has been
rescaledby the scaleof symmetrybreaking‘ij to the dimensionlessform V~r.The
superscriptm standsfor “monopole”. Stability impliesthat the conditions

BEa =0,
Ba a=1

82E—f- ~0, (2.5)
Ba a=1

aresatisfied.Using (2.3) in (2.5) we obtain

I~(R)+I~(R)+~I~(R)=R, (2.6a)

I~(R)+I~(R) + ~I~(R) ~0, (2.6b)

where we have ignored termsof t9(R~)but have included all terms of ~(1).
Thus, the virial condition (2.6a) which connectsthe monopole gradient and
potentialenergiesis exactto t~(1).

Since Ii”, Ii’, I~’~ 0 condition (2.6b) is obviously satisfied.Due to the diver-
gent term,both sidesof (2.6a)arepositive.Thereforeit may havea solution which
must be identical to the solution of the monopoleequationsof motion resulting
from variation of the lagrangian(2.1). It is straightforwardto solve theseequations
of motion numerically,usingthe ansatz(2.2). The solution f(r) is linearfor small r
as maybe verified analytically. Its slopeat the origin is 0.50while the correspond-

ing resultforvortices[31is 0.58. Usingthissolution we maycalculatethe quantities
I~, I~’ and I~’ correspondingto the radial gradient, angular gradient and
potential energiesrespectively.In fig. 1 we plot the left-hand side of eq. (2.6a)
versusthe cutoff R. The result is a straight line with slope 1.03±0.05 in good
agreementwith the slope of 1.0 predictedby eq. (2.6a). Thus not only has the
radial stability of global monopolesbeenverified but also we havederiveda virial
theoremconnectingthe gradientandpotentialenergiesto the cutoff scale.
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GLOBAL MONOPOLE VIRIAL THEOREM

Fig. 1. Numerical verification of the virial theorem for global monopoles.Predicted slope: 1.0.
Numericallyobtainedslope: 1.03±0.05.

The physical reasonfor the radial stability of the global monopolesis the
balancebetween the potential energy term I~(R)which favors shrinking and
collapseof the field, andthe divergingangulargradientterm I~(R)which favors

expansionof the monopoleconfiguration.
It is straightforwardto extendthe aboveanalysisto the caseof vortices.In this

case the field of the lagrangian density (2.1) is a complex singlet while the
symmetrybreakingis U(1) —~ I, giving rise to verticessincethevacuummanifold is
now ~1 The vortex ansatzhasthe cylindrically symmetricform

4I(p) =f(p)~, (2.7)
p

where~ is written as a two componentvectoron the complexplane. Therescaled
energyperunit lengthof the vortex is

dEV—~f~=~[I1”(aR) +I~’(aR)+ ~a
2I

3”(aR)J, (2.8)

with

1’(aR) = jaRd pf’
2(~),

aR dp
I~(aR)= ( —f2(p),

op

1(aR) = faRdP p(f2(p) — 1)2, (2.9)
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VORTEX VIRIAL THEOREM
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Fig. 2. Numericalverification of thevirial theoremforvortices.Predictedvaluefor potentialenergy13:
1.0. Numericallyobtainedvalue: 1.0±0.02.

wherethe superscriptv standsfor “vortex”. Minimizing with respectto a (condi-
tions (2.5)) leadsto the virial theorem

13”(R) = 1, (2.lOa)

I3”(R)>~. (2.lOb)

Notice that (2.lOa) is exact for R —* co~Obviously (2.lOb) is alwayssatisfiedgiven
(2.lOa).It is straightforwardto solve the equationsof motion for f(p) numerically.
The slopeof f(p) at small p is 0.58 in agreementwith ref. [31.In order to check
the virial condition (2.lOa) we plot 13”(R) versus the cutoff R in fig. 2. The
numericalresultsclearlyverify the analyticalprediction(2.lOa).

Thusthe radial stability of globalvorticeshasalsobeenchecked,their potential
energyhasbeenanalyticallycalculatedandthe result numericallyverified.

3. Angular instabilities of global monopoles

The stability of global monopolestowardsangularperturbationsclearly plays a
crucial role on the evolution of the field configurationafter the phasetransition.
This issue has recently becomethe source of significant controversy.In ref. [2]
Goldhaberclaimedthat thereis an energygradientfavoring the unwindingof an
isolatedbut finite-sizeglobal monopole,after an initial angularperturbation.On
the other handthe claim of ref. [4] was that in fact suchan energygradientdoes
not exist andonly unrealisticallylargethermalfluctuationscould leadto monopole
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unwinding and decay. This section is an attempt to shed some light on this
controversy.Usingsemi-analyticalmethodsit will be shown that the claims of ref.
[2] arevalid. There are energygradientsthat favor the amplification of an initial
angular perturbation on any spherical shell surrounding a global monopole.
However, it will be shown that the smaller the spherical shell the larger these
gradientsare.Thusthe unwindingwill start from the inner shellsandthenproceed
to the outerones.Suchan evolution cannot be distinguishedfrom the motion of
the monopolecore in the directionof the reducedfield magnitude.This evolution

is indeed seen in our numerical simulation of an angularly perturbed global
monopole.

In order to studythe effect of angularperturbationsit is convenientto use an
ansatzwhich describesthe monopole configurationon a fixed spherical shell of
radius r much largerthan the monopolecore. This ansatzis of the form

cb~=f(O) sin 9(0) cos ~,

12=f(0) sin 0(6) sin ço,

~3=f(9) cos 9(O). (3.1)

It is straightforward to use this ansatz to calculate the energy of the monopole on
the fixed sphericalshell. Thechangeof variablesU —* y = ln(tan(O/2)) significantly
simplifiesthe form of the final expression.The result is

E = ~fdy d~1f~2+ (f
2 — 1)2~ + sin2ö)j, (3.2)

r cos y

where a = ~A~q2r2and the prime denotes derivative with respect to the new
angular variable y. This is the same expressionobtainedin ref. [2] (up to some
typos which we have corrected and ignoring the time dependenceof ~). The
crucial observation made there was that the part of (3.2) that dependson 0 is
exactly the energy of a sine—Gordon soliton. Therefore we may substitute 9 in (3.2)
by the sine—Gordon solution which minimizes this part of the energy functional.
This argument however, assumes that f’ is negligible. Indeed, it is easily verified
that the equations of motion for f andU accept a sine—Gordon solution for 9 only
if f’(y) is zero. Such an assumption is valid for a monopolesolution but not for an
unwinding configuration. However, it may be shown that neglecting f ‘(y) does not
change the final result. Therefore, here we will neglect f’(y) to simplify the
analysis.

The sine—Gordon solution to be substituted in eq. (3.2) is

9(y) =2 tan’ ~ (3.3)
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f(y)
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Fig. 3. The angulardependenceof the field f(y) that minimizes the potential energy.Notice the
angulardependencethat is introducedfor y0~ 0.

where y0 is an arbitraryconstant resulting from translationalinvariance.Using
(3.3) in eq.(3.2) we obtain the potentialenergydensity

f
2 a(f2_1)2

U(f)= 2 + 2 (3.4)
cosh (y—y

0) 2cosh (y)

The function fmin( y) that minimizes the above potential energydensityis

cosh
2y

f,~~~(y)=O, a~cosh2(y—y
0)

cosh
2y cosh2y

f~
1~(y)=l— 2 a>~ 2 (3.5)

acosh (y—y0) cosh (y—y0)

This function is shown in fig. 3 for y0 = 0 and y0 ±0.
For y0 = 0 the field is sphericallysymmetricandis identifiedwith the monopole

configuration(notice that f 1 — (1/2a) gives the correctasymptoticradial power
law behaviorfor monopoles).However for y0 ~ 0 the field varieswith the polar
angleandfor y0 largerthan a critical valuedeterminedby a = cosh

2y/(cosh2(y—

y
0)) it goes to zero along the south pole 0 = ‘n- (y —~ + cc). In this case the

configurationbecomestrivial andnothingcanpreventthe monopolefrom unwind-
ing on the particularshell determinedby a.

The question that should be addressedis the following: Given an initial
topologically non-trivial spherically symmetric configuration(y0 = 0), on a fixed
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2.0 ~—,- ~,— ,

~,—1oo

Fig. 4. The total potentialenergyfor a = 1, a = 2 anda 100obtainedby usingthef(y) of fig. 3 in the
integral for the potentialenergy.Theenergymaximumincreasewith a. Notice that configurationswith

large y
0 I (i.e. high angulardistortion) areenergeticallyfavorablefor all valuesof a.

shell of radius r are there energygradientsthat will favor a configurationwith
+cc(—cc), leading the global monopole to unwind from the south (north)

pole? To addressthis questionwe have calculated the total potential energy:

fi~ dy U(fmjn(y, y0)) for a range of values of y0. The results are
plotted in fig. 4 for a = 1, a = 2 and a = 100. Notice that eventhough in all cases

the spherically symmetric solution y0 = 0 is a stationary point of the energy
functional, it is also an unstablepoint. Energygradientstend to amplify any initial
angularperturbation.This result remainsvalid even if we include the gradient
term f’(y) in the energyfunctional.

The important thing to observein fig. 4 is that the energygradientsthat favor
unwinding decreaseas the shell radius increases.Therefore it is the inner shells
that develop a zero along the south pole and unwind first. Clearly, such an
evolution is identical to motion of the monopole core in the direction U = ir or
0 = —‘ir dependingon the initial perturbation.

It is interestingto check the above semi-analyticalresults using a numerical
simulation.In order to studythe way the monopoleinstability proceedswe cannot
usethe o—modelapproximationusedin ref. [9] sincethis would artificially exclude
the possibility of reducedmagnitudeof the field. Therefore,we havesolved the
full equationsof motion obtainedfrom the lagrangian(2.1) on a 48’i lattice,usinga
leapfrogalgorithm.The boundaryconditionsusedwerereflective (the first deriva-

tive of the field wastakento be zero at the boundaries)while the lattice spacing
andtimestepwere dx = 0.5 anddt = 0.1 respectively.The Courantstability crite-
rion wasthereforesatisfied.Thefact that the timestepis smallerthan the Courant
numberdt 0.3 introducesa small numerical viscosity implying a spuriousde-



674 L. Perivolaropoulos/ Global topologicaldefects

creaseof the wave mode amplitudeon largetimescales.On the timescaleof our
simulationhowevertherewasno significant effect from numericalviscosityas can
be verified from the energyconservationteststhat weperformed.The equationsof
motion solvedduring the simulationare

(3.6)

The energyconservationwas better than 3% for all runs (up to 1000 timesteps).
We first used initial conditions correspondingto an unperturbedmonopole:

= r/r. The field configurationkept oscillating without violating sphericalsym-
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Fig. 5. Theevolutionof anangularlyperturbedglobalmonopole.The field on the x — z planeis plotted.
(a) t = 0; (b) t 20.0. The field initially tendsto zero along the south pole (0 = i~-).The inner shells

unwindfirst resultingto a monopolemotion anddecayattheboundary.
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metry. These oscillations are the result of competingangulargradient(favoring
expansion) and potential (favoring collapse) energies as explained in sect. 2. We
then perturbed the monopole configuration by decreasingthe field magnitude
along the south pole (U = ~r). This was achieved by the initial conditions: P =

(r/r)[(2’ir — 0)/2’ir]. The evolution of this perturbed configurationis shown in fig.
5. As predicted,the initial perturbationgetsamplified, the field tends to zero for

U = ‘ir. However,it is the inner shellsthat unwind first, resulting to motion of the
monopole core in the direction of the perturbation.

The physicalreasonfor this instability is the competitionbetweenthe angular
gradientenergy,which favorsreducedfield magnitudeand subsequentunwinding
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Fig. Sb.
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and the potential energy, which tends to confine the field in the vacuum manifold
and thus prevent the unwinding. The angular energy density is larger for the inner
shellsandthereforethe unwindingstartsfrom them.We also performeda similar
simulation for an angularly perturbed straight vortex, with similar results. The
vortex core indeed moved in the direction of reduced field magnitude.

The above analysis has focused on an isolated perturbed global monopole with
no velocity. In a realistic situation however,monopoleinteractionswill introduce
non-zerovelocities and specific types of boundaryconditions. It is important to
understandwhat is theeffect of the angularperturbationon a finite energysystem
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Fig. 6. The evolutionof monopole—antimonopolepair. (a) t = 0, v = 0; (b) t = 7.5. Thepair attractsand
annihilatesinto radiation.
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of monopoles. We have evolved the axially symmetric monopole—antimonopole
systemshown in fig. 6a.As is shown in sect.4 thereis a constantattractiveforce
equalto 4’ir2 in sucha monopole—antimonopolesystem.As predictedthemonopole

configurationsarenot unwindinguniformly. Insteadthe unwindingproceedsfrom
the inner shellsto the outer.Unlessthe monopolecoresareheld fixed during the

evolution, this behavior manifests itself as accelerationof the monopole cores
towardsthe origin where annihilationinto radiationtakesplace(fig. 6b).

To summarize,eventhoughthe resultsof this sectionagreewith the arguments
of ref. 2, it is shown that theseargumentsshouldnot be interpretedas monopole
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collapsebut as motion of the monopoletowardsthe region of the reducedfield
magnitude.This conclusionis consistentwith otherrecentstudies[4,5].

4. Interactionsof global defects

The studyof the interactionof global defects is important in order to under-
stand their generalevolution properties.In this sectionwe focus on the interac-
tions of a/vorticesand b/global monopoles,using both analyticalmethodsand
numericalsimulations.In all cases,we will considera pair of global defectsplaced
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Fig. 7. Vortex—vortexrepulsion,aspredictedby theinteractionpotential.(a) t = 0, v = 0; (b) t = 7.5.
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at a distance2a from each other, much larger than their core radius. The
interaction potential will be derived in each case and it will be verified by a
numerical simulation of evolution. Boosted configurations will also be considered
in order to study the existence of critical velocities.

Considera pair of vorticeswith corecentersat Pi and P2~The field configura-
tion away from thevortex coresis well approximatedby [3]

= e~(°1~°2), (4.1)

where U1 and U2 are the azimuthalangleswith respectto the two centersand the
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upper(lower) sign refersto a vortex—vortex(vortex—antivortex)pair. This ansatz
was introduced in ref. [3] and was motivated by that of Abrikosov [101for two
gaugedstrings. It clearly gives the right topologicalchargefor eachof thevortices
and smoothly interpolatesbetween them. It is straightforward to obtain the
interactionenergydensitybetweenthe two vorticesby subtractingthe sumof the
individual vortex energiesfrom the combinedconfigurationenergy.Thus, ignoring
the deformationof the coresdueto the interaction,we have

= — (V~1)
2— (VD~)2], (4.2)
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Fig. 8. Vortex—antivortexattractionand annihilation. (a) t = 0, v= 0; (b) t = 7.5. Notice the radiation
propagatingat right angleswith respectto the line of incidence.
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where cP~= et°1and ‘I~= e~°’.The resultingenergydensityis

p2 —a2
Ej~t = ± 2 2 2 (4.3)

(p +a

where a is half the intervortex distanceand p is measuredfrom the center
betweenthe two vortices.Notice that the interactionenergydensityis cylindrically
symmetriceventhoughthe field configurationis not.
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The interaction potential is obtained by integrating(4.2) up to a cutoff L. The

result is

L log(L2+a2) a2
~ = 2~j dp pEj~t(p)= ±2~( 2 + ~2 + a2 — 1 — lo~(a))

R2~(log(a)—log(L)), (4.4)

where the assumptionL >> a>> 1 wasused.The correspondingforce is

2~-

(4.5)
giving repulsion (attraction)for the vortex—vortex(vortex—antivortex)system.The
resultfor the interactionforce is in agreementwith ref. [3] eventhougha different
methodwasusedthere.

In order to verify the derived interaction potential we have performed a

numericalsimulation evolving the initial conditions (4.1). The code describedin
sect.3 wasused,with appropriatemodificationsto accountfor the substitutionof
global monopolesby vortices. In particular eqs. (3.7) were solved with 1 a two

componentfield. The initial separationbetweenthetwo vorticeswasfive core-sizes.
The repulsion in a vortex—vortexconfigurationis demonstratedin fig. 7, while

in fig. 8 the attractionandannihilationinto radiationof a vortex—antivortexpair is
shown.
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Fig. 9. The kinetic energy per unit length of a vortex—vortexconfiguration during evolution, as a
function of thelog of thevortexseparationR (+ symbol). The points areon a straight line to a good
approximation.The slope is 7.4±1.0 consistentwith the predictedvalue 2~r.The conservedtotal

energyis alsoplotted(x symbol).
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The preciseform of the interactionpotential (4.3) may be checkedby plotting
the kinetic energy Ek~fl +~2versus the log of the vortex separationR = 2a.
Energyconservationimplies that E~~1= const.— Ek~fland therefore,by (4.4), the

slopeof E~~fl(log(R))for a vortex—vortexpair shouldbe positive andequalto 2 ~.

In fig. 9 we plot Ek1fl versuslog(R) (+ symbol in plot) as well as the conserved
total energy(x symbolin plot). The function EkIfl (log(R)) is indeeda straightline
to a good approximationwith slope 7.4±1.0which is consistentwith the analyti-
cally predictedvalue2v-.
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Fig. 10. Vortex—vortex scattering.(a) t = 0, v= 0.95c; (b) t = 7.5. The initial velocities in the centerof
massframenecessaryto overcomethe repulsiveinteractionwere0.95c.
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The velocity effects on the interactions were studied by boosting the vortex
configurations.In the vortex—vortexsystem, scatteringthrough 90°was observed
for scatteringvelocitieslarger than0.9 with respectto the centerof mass(fig. 10).
For smaller velocities no scatteringoccurreddue to the repulsive interaction.
Notice that the emergingscatteredvortices arenot identical to the original ones:
the field phaseis rotatedby 90°in their vicinity. Thesevorticesmay be viewed as
the evolved highly distorted field lines that were connecting the original two

vortices. Pursuing this observation further may lead to a plausible analytical
understandingof the right angle scatteringof vortices which is in turn closely
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related to the intercommuting of cosmic strings [11]. Such an investigation is
currently in progress.

The vortex—antivortexsystemfailed to annihilatewhenthe collisionvelocitiesin

the centerof mass frame were larger than the critical value v~= 0.9 (fig. 11).
Notice howeverthat as in the vortex—vortexcasethe field aroundthe vorticesthat

survived annihilationhasacquiredan additional phasewhich in this caseis equal
to ~r.

The aboveanalysisfor vorticeswasextendedto the caseof global monopoles.A
pair of monopoleswasconsideredat positions r1 and r2 along the z-axis at ±z0.
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Fig. 11. Vortex—antivortex scattering above the critical velocity v~= O.9c.The initial velocity was O.95c.
(a) t = 0, v= O.95c; (b) t = 7.5. Notice the additional phaseequal to ir acquiredby the emerging

vortices.
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The two-vortexansatzmay be easily generalizedin the caseof monopolesas

= sin(01 ±02) cos ~,

d1~259’1(01±02)sin ~,

~I~3= cos(U1±U2). (4.6)

Notice that both signs in this caserefer to monopole—antimonopolepairs (this is
easily seenby calculatingthe topologicalchargearoundeachpole). In spiteof this,
it will be seenthat the interactionis repulsive(attractive)for the plus(minus) sign.
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Thus strictly speakingthe statementthat “monopoles—antimonopolesalwaysat-
tract” is incorrect.

Using the samemethodasfor thecaseof vorticeswemayobtainthe interaction
energy density for each configuration. The result is

± 2(z2—a2)
22’

(r2+a )

2(r2 —a2)
2 2 2~ (4.7)

(r +a)

The interactionpotentialobtainedby integrationis

z2—a2 L (L2+3a2)
E~t=2jd~r

2 = —8~atan_1(_) +
4~L3(L2+a2)

4n-L
— —4~-2a+

r2—a2 L L2—2a2
ET

5 = _2f d
3r = 16~atan’ — — 8~L 2 8ir2a — 8irL,

L (r2+a2)2 a L2+a

(4.8)

Monopole-Monopole Interaction
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R

Fig. 12. The kinetic energyof a repellingmonopole—antimonopoleconfiguration as a function of the
monopoledistanceR (+ symbol). The functionalrelation is linear to a good approximation.Theslope
is 17±3 consistent with the predicted value 2-jr2.Theconservedtotal energyis alsoplotted(x symbol).



688 L. Perivolaropoulos/ Global topologicaldefects

with L >> a = R/2>> 1 where R is the monopole—antimonopoledistanceand L is

the imposedcutoff. The correspondingforce is

IL\ aL(7L2+3a2)
F.~=81T tan_hI_~_8~. 2 ~4~2mt I I 3(L2+a2)

IL\ aL(2L2+a2)
F~~=—16i7- tan’( —) + l6lT 2 2 —8i7-2. (4.9)

a / (L2+a )
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Fig. 13. Scatteringof a repelling monopole—antimonopolepair. The initial velocities in the centerof
massframewere 0.95c. (a) t = 0, v = O.95c; (b) t = 7.5. An expandingring of vorticity emergesafterthe

scattering.Its projectionon the x — z-planeis shownin fig. 13b.
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We have verified the above interaction potential for monopolesby evolving the
initial configuration (4.6). The code described in sect. 2 was used with the
appropriate initial conditions. As predicted, the interaction for the configuration
with the plus (minus) sign was repulsive (attractive). Fig. 6 demonstrates the

attraction and annihilation of a “minus” type monopole—antimonopole pair. In fig.
12 we plot the field kinetic energyEkjfl versusthe monopoleseparationR for the

repulsive case. The slope predicted by the derived interaction potential is 2ir2. The
slope obtained by the simulation is 17 ±3 consistentwith the analyticalprediction.

Boosted configurations were also studied in the monopole case. Initial velocities
V

1 = 0.95 weresufficient to overcomethe repulsiveinteractionandleadto scatter-
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ing. The finite size of the lattice may become a problem in simulating the
scatteringof highly Lorentz contracteddefects.In particularscatteringvelocities
largerthana thresholdthat dependson the lattice spacingmaylead to disintegra-
tion of the scatteringdefects[31followed by violation of energyconservation.No
such problems were presentfor the scatteringvelocities consideredhere. The
emerging configuration after the scatteringwasa ring shapedvortex expandingat
right angles with respect to the line of incidence.The projectionof thisconfigura-

tion on the x—z-planeis shownin fig. 13. This is consistentwith the corresponding
result for vortices wherethe scattereddefectscouldbe viewedas remnantsof the
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Fig. 14. Scatteringof attractingmonopole—antimonopolepairwith velocitiesabovethe critical v~— O.8c.
The initial velocity was 0.7c. (a) t = 0, v = 0.7c; (b) t = 7.5. Theemergingconfigurationsarereflectedas

in the case of vortices.
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field lines connecting the two incident vortices. By boosting an attractive
monopole—antimonopole configuration we determined the critical velocity v~above
which the monopoles failed to annihilateandwent through eachother (fig. 14).
The obtained critical velocity is v~= 0.8, slightly less than the one for vortices. This
difference is probably due to the strongerinteractionsbetweenmonopoleswhich
rapidly acceleratethem at small distances.

At present there is no detailedanalyticalunderstandingfor theexistenceof the

abovedescribedcritical velocities.An investigationin this direction is currently in
progress.
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5. Conclusions

A wide range study of the dynamicsof vorticesandglobal monopoleshasbeen
performed. Our results have several implications for both the cosmological effects

and the field theoretical properties of the above topological defects.
The radial stability of bothvortices andglobal monopoleshasbeenverified by

showingthat the hamiltonianhas a minimum with respectto a radial rescaling
parametera.This minimumis a manifestationof thebalancebetweentheangular
gradientenergyandthe potentialenergyof the defects.It leadsthem to oscillate
radially after their formation until (and if) they stabilize by dissipation. Such

oscillationswere indeedseenin our simulationsbut areexpectedto rapidly damp
out in an expandingbackground.

The virial theoremsobtainedasthe conditionsfor minimizing the defectenergy,
provide analytical information for the non-asymptoticbehaviorof the vortex and
global monopolefields. Generalizingthis method may lead to obtaining higher
momentsof the defect fields by introducing parametersand minimizing with
respectto them.

Eventhoughwe haveshownthat the instability of ref. [2] will notbe realizedin

realisticsituationswherethe monopolecoresare free to move, it may havesome
consequencesof academicinterest.Forexampleaperturbedmonopolewhosecore
hasbeen artificially fixed (e.g. by boundaryconditionsor by interactionswith a

background)mayindeedgo throughtheunwindingdescribedin ref. [21.Suchcases
havebeenreportedin refs. [5] and[9].

The derivationof the interactionpotential for the global defectsstudiedin this

paper may be used to investigate the statisticalmechanicsof thesedefects.Such
analyticalcalculationscould be important especiallyin caseswhere large scale
numericalsimulationsare impossibleas in thecaseof vorticesin threedimensions.

Our numericalsimulationsdemonstratingthe interactionsof global defectshave
led to severalinterestingresults.First, it wasshownthat the right-anglescattering

of vortices is not strictly speaking a scattering process. The field around the
emergingvorticeshas anadditional phaseequalto ir/2 comparedto the phaseof
the incident ones.This additional phaseis easily understoodif the scattering
processis viewedas an evolutionof the field lines.The emergingvorticesare the
evolved field lines that were connecting the original vortices (fig. 10). This
argumentextendedto the caseof global monopoleswould predict an expanding
ring of vorticity forming after the scattering.This ring is indeed seenin our

simulations(fig. 13).
Topological defects with attractive interactionsand relative velocities larger

thana critical value v~failed to annihilatein our simulations.The critical velocity
measuredjust beforethe coresstartedoverlappingwas 0.9cfor vorticesand0.8c
for global monopoles.The differencewasattributedto the strongerinteractionsof
global monopoles.The long-rangeinteractionsof global defectsare expectedto
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introducehighly relativisticvelocities duringtheir evolution. Thereforethe effects
of the critical velocities should be carefully considered in any numerical or
analytical study of global defect evolution. In particular the global monopole
lifetime before annihilation takesplacemayincreasesignificantly if the effectsof
critical velocities areconsidered.

The form of the derivedinteractionpotentialandthe resultsof the simulations
have shown that it is not the topological chargethat determinesthe type of
interaction betweenglobal monopoles.In particular defectsof oppositecharge

may either attract or repel dependingon the field configuration. For example,
defining a configuration(‘I~,~2’ ~I’3) as a monopole(i.e. having positivetopologi-
cal charge), we have two distinct types of antimonopoles(i.e. having negative
topologicalcharge):(a) (‘~I~,‘P2~— ~~I~3)whereonly oneof the field componentshas
been reflected and (b) (—~, ~~2’ —~P3)where all componentshave been
reflected. As we have shown analytically and numerically, the former anti-
monopole configurationis attractedto the monopolewhile the later is repelled.
Therefore the critical factor that determines the topologicaldefect interactionsis
not their topologicalcharge;it is the relativephaseof their field configurations. A

detailed study of the effectsof the relative phasesof topological defectsis in
progress.
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