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T. KOSMAS a, G.K. LEONTARIS  b,t and  J.D. V E R G A D O S  a 
a Theoretical Physics Division, University ofloannina, GR-45110 loannina, Greece 
b CERN, CH-1211 Geneva 23, Switzerland 

Received 8 December 1988 

The lepton flavour violating processes ~t--. e~,, p.-~ee + e- and (bt, e) conversion in the presence of nuclei are discussed in super- 
gravity models. The dominant contribution arises from charged s-lepton mixing, if one goes beyond the tree level and includes 
renormalization effects. The branching ratio for (la, e) conversion is obtained using reliable nuclear form factors. The resulting 
branching ratios are enhanced compared to those of more traditional models but they are still much smaller than the present 
experimental limits. 

One of  the inevi table  consequences of  all extensions of  the phenomenological ly  successful s tandard  model  [ 1 ] 
is a p le thora  of  new part icles and  the breakdown of  var ious  conserved quan tum numbers  ~ such as baryons,  
lepton flavour, leptons, etc. Among those, lepton f lavour appears  to be the least sacred since it is the analog o f  
strangeness for the leptonic  sector. 

In the present  paper  we will examine in some detail  lepton f lavour violat ing processes [ 3-5 ] such as ~t-,e% 
b t~ee+e  - ,  (bt, e)  conversion,  etc., in current ly fashionable extensions of  the s tandard  model.  In par t icular  we 
will consider supergravity models  [ 6 ] which may arise [ 7-9 ] as low energy approximat ions  of  superstring models. 

Even though, as we have ment ioned  above, lepton f lavour is not  viewed as sacred, it is now unders tood that  
lepton f lavour violat ing processes are suppressed due to the G I M  mechanism.  A non-vanishing contr ibut ion 
arises only when the in termedia te  part icles involved are not  degenerate in mass. Quite generally for light inter- 
media te  particles,  e.g. neutrinos,  the ampl i tude  is p ropor t iona l  to 

A m 2 / M  4 w i t h A r n 2 = m ~ - m ~  

mul t ip l ied  with suitable mixing angles. In the presence o f  heavy in termedia te  part icles (e.g. neut r inos)  the 
corresponding quant i ty  is 

A M 2 / M  4, A M 2 = M 2 - M  2 ,  

where M (M>> Mw)  is the in termedia te  mass scale. The dependence  on the mass becomes more favorable in 
the presence o f  r ight-handed currents i f  one considers the current  combina t ion jL --JR. In any case lepton f lavour 
is unobservable  ~ i f  Am2~< 10 eV 2 or AM2~< 10 GeV 2, M ~  101° GeV. It has also been shown that  the G I M  
mechanism is not effective i f  the light components  of  the neutr ino wave function are not  or thogonal  [ 10]. It has 
not, however,  been demons t ra ted  that  in realistic models  this non-or thogonal i ty  is sizeable. 

In this paper  we will adopt  the view that  lepton f lavour is more likely to be observed not via in termedia te  
neutr inos but  via  charged in te rmedia te  part icles with in termedia te  mass ( M ~  Mw)  which are non-degenerate 
(AM 2~ 1 GeV2). Fashionable  supergravi ty models  natural ly offer such a possibility. It has in fact been shown 
that  f lavour viola t ion can be induced by in te rmedia te  charged s-leptons p rov ided  that  one goes beyond  the tree 
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level and includes radiative corrections to the charged s-lepton mass matrix [ 11,12 ]. At the tree level the struc- 
ture of the lepton and s-lepton matrices is the same and the corresponding current is diagonal a la neutral cur- 
rents [ 13 ]. 

In a minimal supersymmetric extension of the standard model one can write down the following Yukawa 
couplings [ 12 ]: 

Wo =2uQFIUC+2dQHDC +2eLHE c , ( 1 ) 

where 

Q =  ;d ' L=  ; , DC=(d~.;a), UC=(u~_;tic), EC=(eL;~c). (2) 

\dE \eL e / 

Then the s-lepton 6 × 6 matrix in the basis e, e* takes the form 

me+me+m2~21 A*m+m3/2  

Am~ m3/2 m~ + me "4- m 2/21 J ' (3)  

where rn~ is the usual lepton mass matrix, m3/2 the gravitino mass and A a parameter of order unity. In this 
approximation the lepton and s-lepton mixing mass matrices are similar which, in turn, implies that S~ + Se ~ 1. 
This means that there is no lepton flavour violation induced. 

One can also show that in this model there is no contribution from neutral intermediate particles since at this 
level either they remain massless (neutrinos) or degenerate [ 13 ] (s-neutrinos). 

The inclusion of the isosinglet right-handed neutrino N c= (N ~.; lqc) can lead to additional terms in the su- 
perpotential of the form 

Wt =2NLHNC+ ½MNNCN c • (4) 

Now the neutrino 6 × 6 mass matrix can have both Dirac and isosinglet Majorana mass terms. The correspond- 
ing neutral 12 × 12 s-lepton mass matrix becomes analogous to that of the neutrinos. Thus even though S~ + Sv is 
non-diagonal, lepton flavour violating processes are suppressed due to the fact that the s-neutrinos are massive 
but degenerate [ 13 ]. 

The above results are modified if one goes beyond the tree level and includes radiative corrections arising 
from the first term of the superpotential (4) taking into account renormalization effects. Then the isodoublet 
charged s-lepton mass matrix gets corrections of the type cm + rni~ while the isosinglet (e*) gets no such correc- 
tions [ 12 ]. Thus ignoring e, e* mixing we find that the s-lepton mixing 3 × 3 matrix becomes 

m + m = m 2 / 2 1 +  m+ me + c m ~ m  D. (5) 

The constant c is smaller than unity. Therefore the above correction is significant only if the neutrinos happen 
to be Majorana particles. Then the restriction which comes from the experimental bounds on the neutrino masses 
constrains only the quantity mG m ~ l m D  and not mD itself. In fact in specific models based on grand unified 
theories (GUT's)  mD is quite large (of the order of the up-quark mass). We remind the reader that this, among 
other things, necessitated the invention of the see-saw mechanism and the introduction of the Majorana mass 
mN. 

In our detailed study we will utilize eq. (5) in a specific GUT SO (10) model. (The analysis can be carried 
out in other models, e.g. the flipped [ 9] SU (5), in an analogous fashion but the form of the mass matrices is 
less understood). In this model the Dirac mass matrix takes the form 

0 - , 

- 3 Q  

458 



Volume 219, number 4 PHYSICS LETTERS B 23 March 1989 

with P =  0.125, Q = 8.13 and V= 43.5 GeV resulting from a fit to the masses m~ = 10 MeV, m~ = 1.4 GeV, mt= 45 
GeV. This leads to 

mZ=rn~/2+clt 2, i = 1 , 2 , 3 ,  /t~=0, / ~ = 1 2 0 G e V  2, 

Furthermore, the corresponding mixing matrix is 

(i0 s ( L ) =  COS0 s in0 ,  ½tan20=3Q/V=0.5606. 
-sin0 cos0 /  

#2 = 3000 GeV 2 (7a) 

(7b) 

This must be compared with the lepton mixing matrix [ 2 ] 

( c°sfl  sinfl i )  
S~= - s i n f l  cosfl , ½ t a n 2 f l = ~ = 0 . 0 7 0 ,  

0 0 
(8) 

Thus the relevant mixing matrix entering the leptonic left-handed current becomes 

COS fl 
U(eL).-~Se+S(~L)=~on fl 

- s i n f l c o s 0  - s i n f l s i n  0~ 
cos fl cos 0 cos fl sin 0~.  

- s i n  0 cos 0 / 
(9) 

Thus to leading order in 8 3 = m  j2 _m3/22 we find that the amplitude for the flavour violating processes of figs. 1- 
3 is proportional to the lepton violating parameter 

~=- ~ uo~.u*.j ~ j = l  m~/2 =csin flc°s fl#z-1~Z +simne/~(#Z-lz2) (10) 

The quantity c can be determined by solving the renormalization group equations in the spirit of  ref. [ 12]. 
We are now going to examine in some detail the lepton violating (IS, e ) conversion and compare it with IS--. e7 

and Is~ee+e - (see figs. 1-3 ). In all cases the relevant intermediate fermion is the photino ~ which is the super- 
symmetric partner of the photon. In (Is, e) conversion in addition to the charged s-lepton one needs intermedi- 
ate s-quarks (see fig. 3). 

Let us begin with the simplest process Is--,e7 (see fig. 1 ). The amplitude for the process can be cast in the form 

m =j'~e,~, ( 11 ) 

where e~ is the photon polarization vector andj~ is given by 

j~= ( 1 / 4 x / ~ ) u ( p ~  ) [ (fMl +YSfEJ )ia~(q./m.) ]u(p . )  . 

where p~ is the electron momentum and ot the fine structure constant. We find 

f M , = - - f E ,  , ~ 2 2 = - ~ l a  (mJma/2)f(x),  

where m3/2 is the gravitino mass: f  (x) depends on the photino mass and is given by 

(12) 

(13) 

~R 

Fig. 1. The dominant diagram leading to brae7 in the supersym- 
metric extension of  the standard model. The effective current is 
left-handed (see text). 
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Fig. 2. The two dominant diagrams leading to g~e e+e -. Anti- 
symmetrization with respect to the outgoing identical leptons is 
understood. 

at ; A z- 

(d) (d) 

0t ~ 

at 

at 
D 

~R 

ut ii 
at 

Fig. 3. The two dominant diagrams leading to (g, e) conversion 
in the presence of nuclei. 

f(x)=[1/12(1--x)4](l+2x3+3xZ--6x--6x21nx), x=mJm3/22 2 • 

With the above ingredients the branching ratio takes the form 

Rev = (6rr/oL) (]fEl 12+ ] fM112) / (GFm2)2= 1~12Ro, 

where ~is given by eq. (10) and Ro is given by 

Ro = 37rot 3 I J] 2 / (Gvm2/2)2 .  

The ampli tude for (Ix, e) conversion can also be written as follows: 

(14)  

(15a)  

(15b)  

= u ( l )  ~. I~ u~2) .~ o,(m3/E/m~) 2] (16) 

where the first term corresponds to the photonic (fig. 3a) and the second te rm to the non-photonic term (box 
diagram (3b ) ) .  One finds that  

j~, ) =f i (p ,  ) (fMl "~ 7~fEl )ia;~'( q,.,/m,) + ( q2/m2 ) (Fro q-YsfMO)Yu(gav --q'~qV/ q2)u(P~) , (17a) 

j~ l ) = ~yz ½ ( 1 + z3) N N = Nucleon, (17b)  

J~2) =u(P~ )½ (~v +~AYs)Yau(P~,), (17C) 

JR (2) = / ~ ( f v  "~fA 75)1 (3•0 + i l l  z3)N ( l Y d )  

with 

~+~(m~/ma)  2, fll -~(rn~,/ma) 2 (17c) 

We notice the difference in isospin dependence between J~l) and j j2). The form factorsfMt andfz l  are given by 
eq. ( 13 ) while 

fE0 = --fM0 = -- l?~Ot 2g(x) (m~/m]/2) ,  j~v = --fA = l(OL2fb(x) ( m 2 / m 2 / 2 ) ,  (18a,b)  

with 

g(x )  = [ 1 /36(  1 - x )  4 ] ( 2 -  1 l x 3 +  1 8 x 2 - 9 x + 6 x  2 In x)  , (18c) 

2 2 (18d)  f b ( X ) = [ 1 / 8 ( 1 - - X )  4 ] [ 1 - 5 x E - 4 x + 2 x ( x + 2 ) l n x ] ,  x = ( m , / m 3 / 2 ) .  

In bringing the box diagram contribution to the above form a Fierz t ransformat ion was necessary. 
The dependence of  (Ix, e) conversion on the gross nuclear properties A, Z comes f rom the hadronic currents 

J~ ~ ) and j]2). We notice that  since Hi / 3flo ~ 1 the box (non-photonic)  and loop (photonic)  terms have different 
A and Z dependence [ 14 ]. For light nuclei ( ~ 60) it has recently been shown [ 15 ] that most  o f  the strength 
(/> 65%) goes to the ground state (this is not true for heavy nuclei).  For ground state transitions one finds that  
the branching ratio is given by 
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ReN = [ 1/(GvmZ~) 2 ] [I (m21qZ)fM, +fEO + ½X]'V 12+ I (m~/q  2)fE, +fMo + ½xf,,12ly,~,,, (19) 

y,>,, =Z lFz (  q2)12 / 6f(A, Z ) ,  (20) 

x={1 + [(3flo - f l ,  ) / (3flo +fl ,  )] ( N / Z ) F N ( q Z ) / F z ( q Z ) } ( m 3 / z / m o )  2 • (21) 

In eq. (20) f ( A ,  Z )  is the Primakoff  funct ion [ 16] describing the total muon  capture and Fz(q  2) and FN(q 2) 
are the nuclear form factors associated with protons and neutrons,  respectively. The form factors Fz (q2) can be 
extracted from electron scattering data or calculated in a given nuclear model [ 14 ] (e.g. shell model) .  The form 
factors FN (q2) can be calculated [ 14 ] in an analogous fashion. By noting that q2= _ m ~ and assuming ma 

m~ ,,~ ma = m3/2 we get 

ReN =½ [ I qlZa4 / ( Gvm2/2) z ] 0C-g-i- ½fb/C)zTph • (22) 

Assuming rn~ ~ 5 GeV and rn3/2~ 150 GeV, i.e. x<< 1, we get 

f = l / 1 2 ,  g = l / 1 8 ,  f b = l / 8 ,  (23) 

Thus the two terms of the photonic contr ibut ion tend to cancel and the non-photonic  contr ibut ion becomes 
dominant .  The quanti t ies Fz (q2), FN (q2) and x are very smooth functions of A, Z and they can be computed 
very reliably [ 14]. They are presented in table 1 as functions of A and Z. The quanti ty 7ph shows fluctuations 
reflecting basically the variations of the total muon  capture rate as a function of A, Z but  this is also under  control 
(determined semi-empirically by Primakoff 's  method [ 16] ). 

The ampli tude for ~t~ ee + e -  can be cast in a form analogous to that of  eq. (16) without of course the factor 
( m 3 / 2 / m~ ) 2 in the second term. The (now leptonic) currents JJ 1 ) and JJ 2) are given by 

j j t )  =fi(P2)7~u(P~), Jl~{ =u(p2)7~½ (1 -Ts)U(Pe) , (24) 

Table l 
The nuclear form factors Fz and FN entering in the quasielastic (11, 
eqs. (20) and (21)). 

e ) conversion. The quantities Yph and x are defined in the text (see 

(A, Z) Fz FN i¢ 7ph 

(4,2) 0.865 0.865 1.67 1.56 
(12,6) 0.763 0.763 1.67 3.64 
(14,6) 0.753 0.745 1.88 7.96 
(16,8) 0.736 0.736 1.67 4.52 
(28,14) 0.639 0.639 1.67 5.95 
(32,16) 0.618 0.618 1.67 6.37 
(40,20) 0.582 0.582 1.67 7.05 
(48,20) 0.563 0.515 1.85 16.08 
(60,28) 0.489 0.478 1.74 9.24 
(72,32) 0.456 0.435 1.79 11.54 
(82,32) 0.440 0.379 1.89 24.98 
(88,38) 0.412 0.370 1.79 12.98 
(90,40) 0.406 0.367 1.76 11.41 

(114,50) 0.335 0.306 1.77 10.35 
(132,50) 0.315 0.250 1.86 25.80 
(156,64) 0.263 0.207 1.76 11.96 
(162,70) 0.253 0.202 1.70 8.92 
(168,68) 0.249 0.191 1.76 12.47 
(176,70) 0.242 0.181 1.76 13.75 
(194,82) 0.198 0.168 1.77 7.20 
(208,82) 0.189 0.135 1.73 10.42 

461 



Volume 219, number 4 PHYSICS LETTERS B 23 March 1989 

where Pe and P2 are the momenta of  the positron and electron produced in the photonic vertex. The amplitude 
must, of  course, be antisymmetrized with respect to the two produced electrons el and e2. One can show that the 
branching ratio takes the form [ 17 ] 

R3e = [I ~l 2a4/lGFm23/212 ] ½{[ 16 l n ( m J m e )  -- ~ ] f 2 _  12fg+ 3g2 + 2f  2 +gfb - 8ffb}. (25) 

From eqs. ( 15 ), (22) and (25 ) we see that the individual branching ratios depend very sensitively on the not 
precisely known parameter m3/2. Further uncertainties arise from the lack of information regarding the param- 
eter ~. The ratios of  the above branching ratios, are of  course, independent of  these uncertain parameters ~ and 
m3/2. Using eqs. (23) we get 

ReN/Rev= ( a / 6 n ) ( ~ + 3 x ) 2 Y p h  ~ 1.0× 10 -2 . (26) 

The numerical value was obtained using x ~ 1.7 and 7ph = 9.3 (see table 1 ). Thus ~t--, e7 is favored from the point 
of view of the branching ratio. The coherent effect of  all nucleons is not enough to compensate for the extra 
power of  a involved in (~t, e) conversion. Similarly, 

R 3 e / R ,  = ( a / 2 4 n )  [ 16 In (mr /me)  - ~ - ~ ] ,~, 6.4 × 1 O- 3. 

Again ~t--,e7 is favored. ~t ~ 3e and (~t, e) conversion have, of course, certain experimental advantages in han- 
dling problems associated with the background [4,5 ]. 

As we have already mentioned, the individual branching ratios are pretty uncertain. They can only be esti- 
mated by making reasonable assumptions about m3/2 and ~. We will use the value of c = 2.4 × 10-2 obtained 
from the solution of the RGE [ 12 ]. Furthermore we will employ the masses and mixing angles obtained in the 
SO ( 10 ) model discussed above (see eqs. (7b), (7c) and (8) ). Using m3/2 = 150 GeV we get 

r~=4.4×10 -5, ReN=6.6×10  -18, 

which is much below the present experimental limit [ 5 ] ReN < 4.6 X 10-12. 
Similarly one finds 

Rev=6.9×10 -16, R3e=4.5X10 -18, 

which are also much smaller than the corresponding experimental limits 

Rev(exp.)<4.9X10 - l l ,  R3e(exp . )< l .0X10 -12, 

from ref. [ 3 ] and ref. [ 4 ], respectively. 
Using m3/2= 100 GeV we obtain 

R~N=6.1X10 -18, Rev=3.5X10 -15, R3~=2.3X10 -17. 

In conclusion, we can say that in supergravity models if  one goes beyond the tree level in constructing the 
mass matrices one can have an enhancement of  the lepton flavour violating processes ~t~eT, ~t--,ee+e - and (Ix, 
e) conversion as compared to that of  the neutrino-mediated processes. The resulting branching ratios are, how- 
ever, much smaller than the present experimental limits. 

One of us (J.D.V.) would like to thank the Greek CERN committee for support and the Theory Division of 
CERN for their hospitality. 
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