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0. INTRODUCTION

In this paper we deal with second and third order retarded differential
equations and give some results on their oscillatory and asymptotic behavior which
are analogous to the “Kneser-type” ones for second and third order ordinary dif-
ferential equations. More precisely, we consider the linear retarded differential
equations

(E) [ xO) + ) <[] =0, 121,
(E2) () [() ¥ 1T + p() <[o(@)] = 0, 12 1o,

where r is a positive continuous function on the interval [1,, o) with

© dt
—_— = 0 N
()
D is a nonnegative continuous function on [to, ) and g is a continuously dif-

ferentiable and increasing function on [t,, oo) such that

limg() = o0 and g(t) <t forevery t=t,.

We also consider the (not necessarily linear) retarded differential equations
(E1) [r() ¥ (0] + (1) 2(x[9(x)]) = O,
(E2) [r(6) [(6) ¥ (O] + p(t) 2(x[9(x)]) = 0,

where @ is a continuous function which is defined at least on R — {0} (R is the real
line) and has the sign property

y+0=yd(y)>0.

Sufficient smoothness for the existence of solutions of the above differential
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equations which are defined for all large t will be assumed without mention. In
what follows, we consider only such solutions x(¢) which are defined for all large .
The oscillatory character is considered in the usual sense, i.e. a continuous real-
valued function on an interval [T, c0) is said to be oscillatory if the set of its zeros is
unbounded above, and otherwise it is said to be nonoscillatory.

For the sake of brevity, we use the notations

RO =| 5, 1z, P(’)z_[ p(s)ds, 121,
t

,.,()

in the case where [ p(t) dt < oo, and

: Yy
Sy = max {hm sup ——, lim sup —} .
o B(y) yema ()

1. OSCILLATION OF SECOND ORDER RETARDED
DIFFERENTIAL EQUATIONS

In this section we deal with the oscillation of the solutions of the second order
retarded differential equations (El) and (E' )- It is known (cf. [3, 4]) that the condition

(1)) o P =

is sufficient for all bounded solutions of (E,) [or, more generally, of (E;)] to be
oscillatory. Moreover (cf. [6]), under the condition

J " p(i) R[g(t)] dt = o ,

for every nonoscillatory solution x of (E,) we have lim r(¢) x'(f) = 0. In the present,
t— o0

sufficient conditions for all solutions of (E,) or (E}) to be oscillatory are established.

Theorem 1. The condition
(Cy) hm mf P()R[g(1)] > %

is sufficient for all solutions of (E ) to be oscillatory.

Proof. We observe that (C,) implies (H, ) and hence it is enough to prove that (E,)
does not have any unbounded nonoscillatory solutions. Moreover, because of the
linearity of the equation (E,), with respect to the nonoscillatory solutions of this
equation we can confine our discussion only to the positive ones.

Let x be a positive unbounded solution on an interval [T,, ), T, > t,, of the
equation (E;) and let T > T, be chosen so that

g(t) = T, forevery 1= T.
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Then from (E,) it follows that (rx’)’ is nonpositive on [T, ). Moreover, (rx’) is
not identically zero on any interval of the form [T, «), T’ = T, since (C,) ensures
that the same holds for the function p. Thus, by the fact that [* [1/r(r)] dt =

we can easily verify that x’ is positive on [T, oo). Furthermore, we observe that (Cy
implies [* p(f) R[g(t)] dt = c and consequently we always have hm r(t) x'(t) = 0.
So, (E,) gives

r(t)x'(t) = jw p(s) x[g(s)] ds forall r=T.

t

Now, let K be the set of all k > 0 for which there exists a T, = T such that the
function X, = x/R* is increasing on [T;, ). Since

zl—l»I: R((t)) = 11m r(t) x'(1) = 0,

we always have k < 1 for any k € K. Moreover, K is not empty. Indeed, by (Cl),
we choose a T* = Tsuch that for every t = T*

g()= T and P(t)R[g(1)] = %.

Then for t = T* we obtain

o] ¥ ()] = () () = j " s) x[a(5)] ds

P(t)x[g()] 2 i ;[[g((?)]]

I

Thus, because of the assumptions on g, we have

() x'(t) = - Lx() for every t = T*.

4 R(1)

By using this inequality, it is easy to see that the function X,,4 has a nonnegative
derivative on [T*, o0), which means that } € K.

Next, let k be an arbitrary number in K and let T; = T be such that the function X,
is increasing on [T, o). By (C,), we choose a T;" = T, so that for every ¢t > T;*

g()= T, and P()R[g()] = ¢,

where ¢ is a number with ¢ > 1. Then for ¢t = T;* we get

Lo(0] XiLo(0] RLo(0)] + kX.La()] R*~[o(0)] = rlo(] ¥ [a(0)] 2
2 () x() = j " p(s) x[g(s)] ds = j " 2 X.[o(9)] RL6(5)] ds =

= X,[q(0)] j * os) Rg()] ds = %, [a()] j " p(s) PHs) ds =

t
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=—MMWJ “s) dP(s) = XMM”WO

Z f-j—é X [a()] R '[g(1)] -
So, for every t = T.* we have
. Lo Xile(0) = (5, ~ ¥)

which implies that

r(6) Xi(1) = (I{—IE -~ k)’%(t‘)) for 1z TF.

Since ¢ > %, the minimum 2 /(c) — 1 = m of the function

X k[g (t)]
R[g(t)]

o0)= —— —6, 0<f<1
1-6
is positive and we have

X
(1) Xi(f) = "(()) forevery t = T;".
By this inequality, we can easily verify that the function X,,, = X, k/R’" has a non-
negative derivative on [T}, c0), which means that k + m belongs in K. But, as k
can be chosen arbitrarily close to sup K and m is positive and independent of the
choise of k, this is a contradiction.

Remark 1. Theorem 1 generalizes recent results in [2] and [7] concerning the
special case where r = 1. Also, in the case of ordinary differential equations this
theorem leads to a well-known classical oscillation result due to Hille [1] (cf. also
Swanson [8, p. 45]). The method which we have used in the proof of Theorem 1
patterns after that in [7].

Theorem 1'. The condition

() - tim inf P(9) Rg(1)] > 4S5

is sufficient for all solutions of (E}) to be oscillatory.

Proof. Since (C}) implies (H,), it suffices to prove that (E}) has not unbounded
nonoscillatory solutions. Furthermore, the substitution z = —x transforms (Ej)

into the equation
[r(1) 2/(9)] + p(1) ¥(z[9(1)]) = O,

where @(y) = —@(—y) for all y in the domain of ®. The transformed equation
inherits from (E) all conditions possed. Hence, with respect to the nonoscillatory
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solutions of the equation (E{) we can restrict our attention only to the positive ones.
Let x be a positive unbounded solution on an interval [T,, ), T, = t,, of the
equation (E}) and let T = T, be chosen so that

g() 2 T, forevery t=T.

Then it is obvious that the restriction of x on the interval [T, o) is a (positive) solu-
tion (on this interval) of the linear equation

[f@OwO] + 60 wle()] =0, 121,

where
Lo))
5(0) = p1) = o] f t2T
HT), if to<t<T.

Thus, by Theorem 1, we must have
0
lim inf R[g(1)] f B(s) ds < 3
t— o t

From (E)) it follows that x is increasing on [T, o). So, if we choose a T* > T so
that
g(1) = T forevery t2 T*,

then for + 2 T* we obtain

R 45?[[9 o = [ st [ 0es
] f B(s) ds -

sup
| y2x[g(n)] ‘P(}’)J

IIA

Hence, because of lim x(¢) = oo, we get
t— o

]i?l glf P(1) R[g(1)] < hm sup . [ﬁrﬁ. ?f R[g(1)] J. ’ B(s) ds] <

| e 2(y) ]

1hm sup A <

1
=Sy,
4 y— o q)(y) 4 ¢

which contradicts (Cj).

Remark 2. Suppose that S, < 0. Then (cf. [5]) the condition [* p(f)dt = oo
is also sufficient for all solutions of (E}) to be oscillatory.

Remark 3. It is known (cf. [5]) that the condition
() lim sup P(f) R[g(¢)] > So
1o
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is also sufficient for all solutions of (E}) to be oscillatory. We note here that it is
possible to have the condition (C) valid while (C}) fails. For example, in the case of
the equation

x”(t)+i2x(t—)=0, 121
t

2
the condition (C;) holds while (C}) is not satisfied.

2. OSCILLATORY AND ASYMPTOTIC BEHAVIOR OF THIRD ORDER
RETARDED DIFFERENTIAL EQUATIONS

Here, we are concerned with the oscillatory and aSymptotic behavior of the solu-
tions of the third order retarded differential equations (E,) and (E3). It is known (cf.
[3, 4]) that, under the condition

(H;) either J. 1

© 1 (* 1
r(t)P(t)dt=oo or J‘@J":(S—)P(s)dsdt=oo,

every bounded solution x of (E,) [or, more generally, of (E})] is oscillatory or such
that

lim x(t) = }im r(t) x'(t) = xlim r(t) [r(1) x'(t)] = O monotonically .
Moreover (cf. [6]), if
(H,) either on R[g()] p(f)dt = o0 or ‘r %jw R[g(s)] p(s)ds dt = oo,
'
then for every unbounded nonoscillatory solution x of (E,) we have
\ lim [x(O/R()] = £co.

In this section, we shall give conditions, under which every solution of (E,) or (E})
is oscillatory or tending to zero at co. For this purpose, we need the following
lemma.

Lemma. Let u be a nonnegative function on an interval [t, ©), © Z t,, such that
(r(ru’)) exists on [, ). Suppose that

w20 and (r(ru'))y <0 on [1,0).

U(t) = u(t) U: %]—2, t>1

Then the function

is decreasing.
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Proof. By our assumptions on u and the fact that [* [1/r(f)] dt = oo, it is easy
to see that (ru’)’ is nonnegative on [, ). Let

00 =0 [ 5 =00 [ 3] ¢

For every t = © we obtain

000 = )~ 1O PO w1 [ 7 % )]

HV
Lal

= u(®) + (D) w(2) j [r() [r(w) w'(w)]] dw ds —

() ( w)
=3 [ w ()] U '()] )

= 0rowan{[ 55 [ oo -3l -

Thus, G is increasing on [, ). Since G(z) = 0, we have that G is nonnegative
on [r, ©) and consequently

t
u(t) = 1 (1) u’(t)J r%sjj forevery t> .

By using this inequality, we can easily see that the function U has a nonpositive
derivative on (7, o0), which proves the lemma.

Theorem 2. Under the condition

(C,)  min {lim inf P(t) R*[g(£)], 4 lim inf r(z) p(t) R(t) R*[4(1)]} > 5%/3 ,
t— 0 t— 0
every solution x of (E,) is oscillatory or such that

lim x(t) = lim () x'(¢) = lim r(t) [(¢) x'()]' = O monotonically .
1= t— oo t—= o

Proof. Condition (C,) implies (H,) and so it is enough to prove the nonexistence
of unbounded nonoscillatory solutions of (E,). Moreover, for the study of the non-
oscillatory solutions of (E,) it suffices to deal only with the positive ones.

Let x be a positive unbounded solution on an interval [T;, ), Ty > t,, of the
equation (E,) and let T 2 T, be chosen so that

g()= T, forevery t=rt

Then the function (r(rx’)’)’ is nonpositive on [z, ). Furthermore, this function is
not identically zero on any interval of the form [, ®), t’ 2 T, since, because of (C,),
the same is valid for p. Thus, by [* [1/r(t)] dt = oo, (rx’)" is positive on [r, o).
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Moreover, x’ is eventually positive. We suppose, without loss of generality, that x’
is positive on the whole interval [, c0). We remark that (E,) gives

() [r(t) x' ()] = J-m p(s) x[g(s)] ds for every ¢ > .

We put
o(t) = R r(t) x'(t) — x(t), t=r.
v()) = R@)[r(t)x'(®)] >0 for t12=¢

and consequently v is either negative on [r, ) or eventually positive. The case
where v < 0 on [r, oo) is impossible. Indeed, in this case

[’i’l]ﬂJJ(iL <0 forall 121

Rt r)R¥(r)

lim [x((/R()] < o

Then

and hence

This is a contradiction, since condition (C,) implies (H;). Thus, v is eventually

positive, i.e.
R()) r(t) x'(t) — x(z) > 0 for all large ¢ .

Now, by (C,), we consider two constants ¢,, ¢ with 2/3 \/3 < ¢; < ¢ <2 and
min {2 lim inf P(t) R*[g()], lim inf () p() R(t) R*[¢()]} > ¢.
t— o0 t—
Furthermore, we choose a T > 7 so that foreveryt = T

a() >,

U:"” ;@i):lzR”[g(t)] > % ,

min {2 P(t) R*[9()], () p()) R() R*[9()]} = e,
R(T)/(T) x'(T) — x(T) > 0.

Let k be a number with
1 2
l<k<-+S41 1453
2 4 2 4

R(T)(T)x'(T) — kx(T) > 0.

We shall prove that the function X, = x/R* is increasing on [T, o). To do this, we

first remark that
lim x[g(9] () = 0,
t—* 0

and such that
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since for every t > T
Lo 70 = 5[o0] [ ) 5 [0 Do0 s
So, for every t = T we obtain

1001 (XY [o)] RTo(0] + 2krla(0)] Xila (IR [g(] +
+ Kk = 1) X,[g(0)] R~2[9(0] = o] (=) [90] 2 () [r(9) (0] =

j p(s) x[g(s)] ds = —j <[9(] dP(s) =

t

= —x[g()] P + j P(s) x9()] /() ds =

t

=~ tim o) ) + PO o] + | PO ¥To] 90 -
S =]+ [P a6 65 2

> p(0) x[g(1] + r[a()] ¥ [o(9] j i —fﬁ(l)] ¢ ds =

>R
T2

R0 5[0 + § o] 10001 | _[ [{SD (5)ds =

= 5 OO L0 R 0] + 5 + D 3fo(0] R-*[a(0].
Thus, for t =2 T we have

(1) [r() X,()] + (21( - ‘—') r(t) Xi(0) | [ ( + g) k- {I X, ()R™2() = 0.

2] R(1)

It is easy to see that k* — (1 + 4¢) k — 3¢ < 0 and therefore

(1) [0 Xi()] + <2k 2) );k((t’)) >0 forall 12 T.

If 7 2 Tis such that the function rX; takes a local minimum at 7, then (rX;) (7) = 0
and so, since 2k — }c > 0, the above inequality gives X;(¥) = 0. Moreover,

X(T) = [R(T) (T) x'(T) — kx(T)]|r(T) R¥(T) > 0.
Thus, X; is either nonnegative on [T, o) or such that for some T'> T

X(T)=0 and Xi(f)<0 for t>T.
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But, the latter case is impossible, since then (1) gives

[r() X ()] >0 forall t> T,
which is a contradiction. We have thus proved that X; = 0 on [T, oo), which means
that X, is increasing on [T, o).

Next, we consider the set K of all numbers k, 1 < k < 2, for which the function
X, = x/R* is increasing on [T;, ) for some T, = T. We observe that the set K is
nonempty and we put k, = sup K.

Let k be an arbitrary number in K and T, > T be such that X; = 0 on [T;, o).

We shall prove that the function rX; is decreasing on [T}, o) for some T} = T,.
To this end, by using the lemma, for every t = T, we get

[r()) [r(6) Xi(1))' ] RH(t) + 3k[r(t) Xi(t)]' R*~ () + 3k(k — 1) X;(r) R*~*(1) +

+ k(e — 1) (k - )X;‘;) R3() = [0 [~ 01T = —p(0) x[o(0] <

S~ o5 ey 0O K9] =

~—camall. ) ©won puer[[” 5] )=

ol 4] <o

That is, for all t = T, it holds
[r(®) [(0) Xu(]] R3(x) + 3k[r(1) Xi()]’ R*(1) + 3k(k — 1) X;(1) R() +

+ [k(k — 1) (k = 2) + ¢ 1]X’(‘(;) <o.

We remark that the maximum of the function
o(0) = =000 —1)(0—2), 1=0<2
is 2/3 \/3 which is less than ¢;. Hence we have
k(k = 1) (k= 2) + ¢, 2 0.
Moreover, we observe that k(k — 1) > 0. Thus,
@ ) ) X.O1T R() + 3KA) Xi0T S0, 12 T,
This inequality implies that (rX;) is eventually nonpositive.

To prove this assertion, we first assume that (rX})' > 0 on some interval [, %),
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1 2 T,. Then
r()) Xi(t) > r(x) Xi(x,) for t> 1,
and consequently there exist a 7; > 7, and a positive constant a such that

) X (1) = a forall t=1y.
So,

t
&@—Xﬁbgaf—gntgi,
e T(S
which gives

lim inf E) = lim inf 28 "() >2a>0.
t— o k 1() t— o R(t)

But, by the lemma and the fact that k > 1, we have

lim x(t)
o REI(D)

i.e. a contradiction. Next, if the function r(er) takes a local maximum at 7 = T,,

then (r(rX,)’) (7) = 0, and hence (2) gives (rX;)’ (f) < 0. We have thus proved that
the only possible case is that (rX;)’ < 0 on [T, o) for some Ty = T

Now, we choose a T;* = Tj so that
g() 2 T, forall t= Ty.
Then for every t = T, we obtain
rla()] (-X3) [9()] R*[9()] + 2kr[g(1)] Xi[a()] R**[9(1)] +
+ k(k = 1) X,[o(0] R*2[9()] = r{a()] (rx'Y [9(1)] 2 r(t) [(1) ¥ ()] 2

2 [0 {u0 85 = PO o] + [ 0) Lo 016) s =

t

=mm&mwmmﬁrmmmmwMMﬂmH

t

RO O O PO B PO R

ke * R [g(s)] , ¢ k 2
] B (R R CO e E O]
Therefore we derive that

r)Xi(0) 2

K —3k* + 2k + ¢ X\(1) for 1> T*
2k(2 ~ k) R(r) =R
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Since the minimum of the function
0,(0)=06>—-30*+20+c, 1<6=2
is ¢ —2/3./3 >0, we get
r(1) X,;(t) >m }}({((;)) for every t= T*,

(e s)

By the last inequality, it is easy to see that the function X+, = X;/R™ is increasing
on [’I}:", oo). This, as k can be chosen arbitrarily close to k,, is a contradiction.

where

Remark 4. Theorem 2 generalizes a recent result in [7] concerning the particular
case where r = 1. The technique used here in proving Theorem 2 patterns after
that in [7].

Theorem 2'. Under the condition
(C3)  min {lim inf P(t) R*[¢(t)], % llm mf r(t) p(t) R(t) R*[9(1)]} > —\/—3 So,

t— o0
every solution x of (E}) is oscillatory or such that
lim x(t) = 11m r(t) x'(1) = hm (1) [r(t) xX'(1)] = O monotonically .
t—ow -

Proof. Condition (CZ) ensures that (H,) holds and hence we can restrict our
attention only to the unbounded solutions of (Ej3). Furthermore, the substitution
z = —x transforms (E}) into an equation of the same form satisfying the conditions
possed for (E’z) Thus, in order to study the existence or not of nonoscillatory solutions
of (E’Z) we can concentrate our interest only to the positive ones.

Let x be a positive unbounded solution on an interval [TO, oo), T, = t,, of the
equation (E). Moreover, let T = T be such that

g(1) = T, forevery 12 T.

T

Then the restriction of x on [T, o) is a solution of the (linear) equation

O r@Ow@OFT + s wlo(®)] =0, 121,

where
W) s
sy = {7 oy " ET
HT), if t,<t<T.

By Theorem 2, for the function j we always have

min {lir!ri inf R[g(0)] J " B(s) ds, 4 tim nf () 50) R() Rz[g(t)]} S5
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From (E}) it follows that x is eventually increasing. We suppose, without loss of
generality, that x is increasing at least on the interval [T, oo) and we consider
a T* = Tsuch that

g(f) = T forevery t=T*.
Then for ¢t = T* we obtain

Loy [ o]
PO~ [ 7 50 Lo =LJ? sl | 0

= L:};ﬁm 4’(}0” Ay ds

_ 5 X901
p(1) = B(1) ®(x ? o)~ =) [y>x[g(r)1 4’()’)]

Thus, by lim x(t) = o, we derive

t— o

and

min {lirtxl Lnf P(1) R*[g(1)], 4 lifrl i)nf r(t) p(1) R(t) R*[g(1)]} <
2| min lim inf R? "5 s » s
= [1m o 565 | min {im ot R0s01 69

3 n::z inf (9 () R(1) Rz[g(t)]} <

limsup —- < —- S,,

\/3 y=o (y) - 3\/3

which contradicts (C5).

Remark 5. Suppose that Sp < oo. Then (cf. [5]) we have also the conclusion of
Theorem 2’, provided that [® p(f)dt = oo.

Remark 6. It is known (cf. [5]) that, under the condition
- ®
@) tim sup R[(0)] J p(s)[ (E )] ds > S,
t g(t)

we have also the conclusion of Theorem 2’ for the solutions of (E3). We note here
that it is possible to have the condltlon (Cy) valid while (C}) fails as, for example, in

the case of the equation
”’(t)+—x(2) 0, t=1.

Remark 7. It remains an open question to the authors if Theorem 2’ can be
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extended for the differential equation

[ra() [r() ¥ (0T + p(1) 2(x[4(5)]) = 0,

where r,, r, are positive continuous functions on [, ) such that
J“" dt J“” dt
—_— = —_ = 0
ri(1) ra(1)
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