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INTRINSIC OBSTRUCTIONS TO THE EXISTENCE OF
ISOMETRIC MINIMAL IMMERSIONS

THEODOROS VLACHOS

S.S. Chern raised the problem to find necessary and suffi-
cient conditions for a given Riemannian manifold to be real-
izable on a minimal submanifold of a Euclidean space. The
aim of this paper is to provide new necessary conditions. For
minimal submanifolds in a Euclidean space we consider the
negative of the Ricci tensor as defining a new metric, which is
nothing but the third fundamental form, and seek curvature
properties of this metric.

1. Introduction.

It is well-known that the Ricci curvature of a minimal submanifold of a
Fuclidean space is negative semi-definite. Moreover, there are no compact
minimal submanifolds in a Euclidean space. S.S. Chern [8] asked to search
for further necessary conditions on those Riemannian metrics that admit an
isometric minimal immersion into a Euclidean space. In this paper we deal
with this question. In [10], Chern and Osserman studied the more general
question, namely, to characterize those Riemannian metrics that arise as
the induced metrics on minimal submanifolds of a Euclidean space. This
problem has two quite different aspects, depending on whether or not one
specifies the codimension. The codimension-one case, which plays as usual
a prominent role, has been settled. The well-known Ricci condition provides
a necessary and sufficient condition for a two-dimensional metric to be re-
alized on a minimal surface in the three-dimensional Euclidean space E3.
Chern and Osserman [10] generalized the Ricci condition and answered the
question for higher-dimensional minimal hypersurfaces. Do Carmo and Da-
jezer [5] gave necessary and sufficient conditions for a Riemannian metric to
be minimally immersed as a hypersurface in a space form. A necessary con-
dition for a Riemannian metric to be minimally immersed as a hypersurface
in a Euclidean space was given in [1]. Chen in [7] gave a further neces-
sary condition for a Riemannian manifold to admit an isometric minimal
immersion into a Euclidean space.

The case of higher codimension presents difficulties, even in finding neces-
sary conditions. In the special case of dimension two, and if the codimension
is not specified, a complete answer to the question of Chern was given by
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Calabi [3, 4] (see also Lawson [12]). Although the result of Calabi provides
necessary and sufficient conditions for the realization of a metric on a min-
imal surface, it would be impractical to apply it. Therefore, it is useful to
have conditions that are only necessary, but are easily verified. An impor-
tant example is the following result due to Barbosa and do Carmo [2]: Let
ds® be the metric induced on a two-dimensional minimal surface in the n-
dimensional Euclidean space E™,n > 3, and let K be its Gaussian curvature.
Then K < 0 and whenever K < 0, the metric d§> = —Kds? has Gaussian
curvature K < 2. The proof of this result relies on the holomorphicity of
the Gauss map. It is worth noticing that the metric d§? is nothing but the
third fundamental form introduced by Obata [14].

In this paper, we deal with Chern’s question in high dimension without
specifying the codimension, and seek necessary conditions for a Riemannian
metric to be minimally immersed in a Euclidean space, in the spirit of the
above result due to Barbosa and do Carmo. We recall that for a submanifold
M™ of the Euclidean space E™'P, the generalized Gauss map ¢ is a map
whose domain is M", and whose range is the Grassmannian Gy, 4, of n-
planes in E™*P. There is a canonical metric do? on the Grassmannian
Gnon+p- The metric which is induced on M™ by g is called by Obata [14]
the third fundamental form of M™, and is denoted by I11, i.e., IIT = g*(do?).
Obata [14] proved the following formula relating III to the fundamental
quantities associated with M™

111 = n(H, B) — Ric,

where B is the second fundamental form of M™, H is the mean curvature
vector, and Ric denotes the Ricci tensor. For minimal submanifolds the
above formula of Obata becomes

ITI = —Ric.

From this we immediately see that the third fundamental form is intrinsic.
This formula is the key tool for obtaining our results. In fact, what we
are trying to do is to find curvature properties of the metric III = —Ric.
The question of finding curvature properties of this metric was raised by
Osserman [15]. Every property of this metric one finds provides a necessary
condition for a given metric to be realized on a minimal submanifold of a
Euclidean space.

For any Riemannian manifold (M, (,)) with sectional curvature K, and
any point x € M, we put (inf K)(z) = inf{K(7) : 2-plane sections m C
T,M}. Then inf K is a well-defined function on M. We use this notation
throughout the paper. The aim of the present paper is to prove the following
local results.

Theorem A. Let M™, n > 3, be an n-dimensional minimal submanifold of
the (n+p)-dimensional Euclidean space E™P with negative Ricci curvature.
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Then the sectional curvature K1 of the third fundamental form 111 satisfies
3n72 — 2||Ric||?> — (n — 1)AT

2(7* — [|Ric|[?) ’
where T is the scalar curvature (not normalized) of M™, ||Ric|| is the length
of the Ricci tensor, and A is the Laplacian operator of M™.

inf Ky <

The following corollary is an immediate consequence of Theorem A.

Corollary A. Let M™, n > 3, be an n-dimensional Riemannian man-
ifold with negative Ricci curvature and consider the Riemannian metric
(,)« = —Ric. A necessary condition for M™ to admit an isometric mini-
mal tmmersion into a Euclidean space is the following

3n7? — 2||Ric||?> — (n — 1)AT
2(m? — |[Ric]|?) ’
where K, is the sectional curvature of (,)«, T is the scalar curvature of M™,

||Ric|| is the length of the Ricci tensor, and A is the Laplacian operator of
M™.

inf K, <

For minimal submanifolds with flat normal bundle we have the following
sharp result.

Theorem B. Let M™, n > 2, be an n-dimensional minimal submanifold
of the (n + p)-dimensional Euclidean space E™*P with flat normal bundle
and negative Ricci curvature. Then the sectional curvature Ky of the third
fundamental form 111 satisfies

inf Ky <1

and the equality holds if and only if M™ lies as a minimal hypersurface in
an (n + 1)-dimensional affine subspace of E™"TP.

Corollary B. Let M™, n > 2, be an n-dimensional Riemannian man-
ifold with negative Ricci curvature and consider the Riemannian metric

(,)« = —Ric. A necessary condition for M™ to admit an isometric minimal
immersion with flat normal bundle into a Fuclidean space is the following
inf K, <1,

where K, is the sectional curvature of (, )x.

The paper is organized as follows: Section 2 is devoted to some notations
and preliminaries. In Section 3, we derive formulas for the Riemannian
connection and the curvature tensor of the third fundamental form of an
arbitrary submanifold of a Euclidean space. In Section 4, we study the
third fundamental form of minimal submanifolds in a Euclidean space and
prove some auxiliary results. The paper ends up with Section 5, where the
proofs of the main results are presented.
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2. Preliminaries.

Let M™ be an n-dimensional submanifold of the (n + p)-dimensional Eu-
clidean space E""P equipped with the induced metric (,). Denote the stan-
dard connection of E"™P by V, the Riemannian connection of M™ by V,
and the second fundamental form by B. For any tangent vector fields X
and Y of M", we have the Gauss formula
VxY =VxY + B(X,Y)
and the Weingarten formula
Vx€&=—-AX + \%<3

where the (1,1) tensor field A is the shape operator associated with a normal
vector field &, and V1 is the connection in the normal bundle of M™. Tt is
well-known that (A:X,Y) = (B(X,Y),§). Using the Gauss and Weingarten
formulas, one can derive the well-known equations of Gauss, Codazzi and
Ricci, which are respectively

(R(X,Y)Z,W)=(B(X,W),B(Y,Z)) — (B(X, Z),B(Y,V)),

(VxAe)Y = (VyAg)X
and
RH(X,Y)¢ = B(X, AsY) — B(A¢X,Y),
where R is the curvature tensor of M™, RT is the normal curvature tensor
given by
RH(X,Y)E = VX Vi€ = Vy V€ = Vix v
and by definition
(VxAe)Y = (VxAe)Y — Ay Y = Vx(4AY) — Ag(VxY) — Agy Y.

We denote by S and 7 the squared length of the second fundamental form
B and the scalar curvature (not normalized), respectively.
We adopt the following convention on the ranges of indices:
1 §i7j7k7”'7§ n, n+1 S aa/[})/}/a"‘agn—i_p'

Let {e1,...,en} be alocal orthonormal frame field in the tangent bundle of
M™. The mean curvature vector H is defined by

1
H = g ZB(ei,ei),
(2

or equivalently

1
H=— tAoz s
LS (e

(0%
where {€n41,...,€enyp} is a local orthonormal frame field in the normal
bundle of M™, and A, denotes the shape operator associated with e,. Let
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Ric be the Ricci tensor of M™. Using the Gauss equation, we find that the
Ricci tensor is given by

Ric(X,Y) = n(AgX,Y) =) (AZX,Y).

The Gauss map g, which assigns to each point x € M"™ the n-plane through
the origin of E™P that is parallel to the tangent space of M™ at x, is a map
from M™ into the Grassmannian G, n4p = O(n + p)/O(n) x O(p). There
is a canonical Riemannian metric do? on Gy, ;1p. The metric 111 = g*(do?)
which is induced on M™ by g is called by Obata [14] the third fundamental
form of M™, and is given by

III(X,Y) =n(Ag X,Y) — Ric(X,Y),
or equivalently
(2.1) III(X,Y) =(QX,Y),
where @ is given by

(22) Q=Y 42

In particular, for minimal submanifolds we have
ITI(X,Y) = —Ric(X,Y).

Moreover, III is intrinsic and positive definite at points where the Ricci
curvature is negative.

It follows immediately from the Ricci equation that if the normal connec-
tion V1 is flat, then at each point there exists an orthonormal basis of the
tangent space which simultaneously diagonalizes all shape operators. We
use the above mentioned notation throughout the paper.

3. Connection and curvature of the third fundamental form.

In this section, we derive formulas for the Riemannian connection and the
curvature tensor of the third fundamental form for submanifolds in a Eu-
clidean space, not necessarily minimal.

Proposition 3.1. Let M™ be an n-dimensional submanifold of the Fuclid-
ean space E™ TP with positive definite third fundamental form II1. Then the
Riemannian connection V' of 111 is given by

VY =307 (4a(Va(4aY)) ) = 2 Q7 (Aa(Ag,, V),

where X, Y are tangent vector fields of M™.

We need the following auxiliary lemma.
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Lemma 3.2. Let M™ be an n-dimensional submanifold of the Fuclidean
space E™P. Then the following holds

Y AaoAgr, +D Agi,, 0Aa=0,
(03 (e

where X is a tangent vector field of M™.

Proof. Let wqp, be the normal connection forms defined by wag(X) =
(Vxea,es). Then we have

ZA 0 Agie, +ZAVL o Aq

—Zwaﬁ OAB+ZWa/3 )Aj 0 A
o

On the other hand, it is obvious that w,g = —wg,. Hence we finally get

ZA 0 Agi., +ZAVL Ay
_Zwaﬁ OAﬁ—Zwaﬁ )AaOAB:O,
a,f

and this completes the proof of the lemma.

Proof of Proposition 3.1. We use the well-known relation between a metric
and the corresponding Riemannian connection

2I(VR'Y, Z) = Y (III(Z, X)) + X (IIL(Z,Y)) — Z(II[(X,Y))
—1I([Y, 2], X) - 1II([X, Z],Y) — IL([Y, X], Z).

By virtue of (2.1) and (2.2), we have
AM(VYY, Z) =Y Y (AaZ, AuX) + > X(AnZ, AaY)
- Z Z(AuX, AsY) =Y (AulY, Z], AuX)

67

_Z A Y) Z<Aa[Y7X]7AaZ>7

(07
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or equivalently

2AI(VYY, Z) Z( (VyAa)Z — (VzAu)Y, Ao X)
+Z (VxAa)Z — (VzAu)X, AY)
+Z (VyAd)X, AuZ) +Z (VxAq)Y, A Z)

+ 22 o(VxY),AuZ).

Using the Codazzi equation, we obtain

2II(VRY'Y, Z) _22 «(Vx(AY)), Z)
+ <Z AaoAgre, (X)+) Age,, © Aa(X), Z>
_ <ZAQ 0 Agi. (Y) - ZAV}L(% o Aa(Y), z>
- <2Aa 0Agie, (V) + Y Ags,, o Aa(Y),X> .

Appealing to (2.1) and Lemma 3.2, we get

QIVEY), Z) = Y (4a(Vx(4aY)), Z) = Y (Aa(AgL,.Y). 2).

« «

This completes the proof of the proposition.

Proposition 3.3. Let M™ be an n-dimensional submanifold of the Euclid-
ean space E™P with positive definite third fundamental form II1. Then the
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curvature tensor R of 11 satisfies
II(RM(X,Y)Y, X)
= Z (X, Y)AaY, AuX) =) (At (xyye.Ys AaX)

+ 3 (Vy(AaY) - Av¢anTVX(AaX)>

- i (Vx(A4aY) = Agy,, Y, Vy (40 X))

- Za: ((VxAgy., )Y AaX) + Z (VyAgi,,)Y. AaX)

- Z Viea(VXY), AaX) + Z Viea (VYY) AaX)

- Z (Ao @ o A (vy(Aﬁy) ~ Agp.,Y ) Vx(4aX))
< 00 Q1o Ap(Vx(4Y) — Agy,,Y ), Yy (4aX))
< L0 Aa0Q 0 Ay (VY(ABY) Age, Y) X>
< Loy ©Aa0 Q7 0 Ag(Vx(AgY) — Agy,, V), X),

where X, Y are tangent vector fields of M.

Proof. In view of (2.1), we see that the curvature tensor R'! satisfies

III(RIH(X, Y)Y,X) — <Q(VIHVIH ) > <Q(VHIVHI ) >
—(Q(VixyY), X).

Using Proposition 3.1, we get

II(R™M(X,Y)Y, X)
- Z(VX «(VHY)) Z<Vy «(VEY)), 4, X)

—Z o (VHY)), +Z<A . (VEIY)), X)
—Z Vixy](4aY), AX>+Z (Avs | Y) X),
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or equivalently

(R (X, Y)Y, X)
—ZX(A VIHY), 4. X) ZY (VHY), Ao X)

—Z o(VIY), V(A X >+Z VHY), Vy (4.X))
_ Z VIIIY + Z (A HIY)),X>
—Z Vixy)(4aY), AX>+Z (At ea ) X)-

Bearing in mind (2.2), we have

II(RM(X,Y)Y, X)
= X(Q(WY),X) - Y(Q(VXY), X)
— Z o(VIY), Vy (A X) >+Z o(VRY), Vy (4 X))

—Z (Vi) +Z<A . (VRIY)), X)
—Z Vixy)(4aY), AX>+Z (Avsyea): X).

Now using Proposition 3.1, we obtain

HI(R™M(X,Y)Y, X)
=) X(Vy(4aY), AuX) = Y Y(Vx(AaY), Ao X)

_ZX Vien Y, Ao X) +ZY Vien Vs AaX)
—Z<V[XY (4.Y), A X}+Z<A Vieypea V) X)
_Z<A (VIY), Vx (Aa X)) _|_Z<A (VRY), Vy(4aX))

_ Z <A VHIY + Z VIHY)) X>

499
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or equivalently
HI(R"M(X, Y)Y, X)
—Z R(X,Y)ALY, A X) = ) (Vx(AaY), Vy(AaX))

~I—Z (Vy(AaY), Vx(AaX))

+Z Avi., Y. Vy(A:X)) —Z(AV#aY, Vx(AaX))

—Z (Vx(Agre V), AaX) + D (Vy(Ays,,Y), AaX)
+Z iy eaYs AaX)

—Z (VEY), Vx (4 X) +Z VHY), Vy (4. X))
—Z 00 Agi,, (VHY +Z a0 Ags., (VRY), X).

Appealing again to Proposition 3.1, we take
II(R"M(X, Y)Y, X)

= Z (X,Y)ALY, AuX) = (Vx(AaY), Vy (Ao X))

+ Z Vy (A4aY), Vx(4aX))

+Z vieYs Vy (AaX)) —

>4
_Z VX Vieq ), A X> Z<VY(AV§;e

+ Z (Ags , eaYs AaX)

vhe.Y: Vx(4aX))
)

Y), A X)
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or equivalently

HI(R™M(X,Y)Y, X)
= Z (X,Y)ALY, A X)

+ Z (Vy(AaY) = Agy, Y, Vx(4aX))

— i (Vx(AaY) = Agy. Y. Vy (A X))

+ Z Ve (V¥Y), Ao X) =D (Agy,. (VxY), 4aX)
—~ Z (VxAyy., )Y, AaX) + az (VyAyi,, )Y, 4aX)
- Za: (Avivic,Y: AaX) +) zAvw}(an, AaX)
X (g L A)

(A0 0Q7 0 Ag(Vy(ApY) = Agy,,Y ), Vx(4aX))
(Aa0Q7 0 A5(Vx(45Y) = Agy,, V), Ty (4aX))
(Ao Agy,, 0 Q7 o Ag(Vy(4gY) — Agy,,Y ). X)
( X).

Aa 0 AL, 0Q 7 0 Ag (VX(AﬁY) >

Now bearing in mind the definition of the normal curvature tensor, and
using Lemma 3.2, we obtain the desired relation.

4. The third fundamental form of minimal submanifolds.

Lemma 4.1. Let M" be an n-dimensional minimal submanifold of the Fu-
clidean space E™*P with negative Ricci curvature. Let x € M"™, {e1,...,en}
be an orthonormal basis of T,M"™, and extend them to orthonormal vector
fields Eq, ..., Ey, in a neighborhood of x such that VE; = 0 at x. Then we
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have at ©

Z 1T RIH(eia ej)ej7 ei)

= § elae] Ozeijaei>

7Ja

= {Agi(,5,)ea Bj» AaEi) — |VB|J?

'7j7

+ 3 (A00@ 0 As((ViA)E), (5. A ES),

15,0,

where ||[VB||? is given by
IVBI[> =Y (Ve Aa) Ejl*-
7]a

Proof. Using Proposition 3.3, and bearing in mind the fact that VE; = 0 at
x, we get at x

ZIH (R™(ei,ej)ej, €:)

—Z (€i,€5)Anej, Anei)

7.]7

+ 3 (VA Ej, Vi (AaED)) — Y ((VE A E;, Vi, (AaEy)

b i,
_Z VEAVLE Ej?A Ei +Z VE AVLE )EjaAOcEi>
g, ,J,00
- Z ARy (E,.B)ea Ejs AaEi)
2,7,
- <Aa°Q 0 Ag((VE,Ap)E;)), Vi, (A E;) >
i,j,0,8
+ > (400 Q0 Ap((VEAR)E)), Vi, (AaEi)

i,5,0,8

,Jaﬁ

{
<A eaoAaoQ oAﬁ((VE Ap)E ’Ez
> (4

)
eaoA oQ~ loAﬁ((VEAB 7E’Z>

i,5,000
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However, the fact that M™ is minimal ensures that
> (Ve Ag)Ei =0,
i

where £ is any normal vector field. Hence we take
Z III RIH(ei, €j)6]‘, 61‘)
= Z (€i,ej)Anej, Anei)

- Z<<?EiAa>Ej, Vi, (AaBi)) = 3 (Ve Avg o) Ej Aak)

;7,0 47,0

- Z<ARL(Ei,Ej)ean7 AL E;)

Z7J7a

£ (A0 Q7 0 As((Vn A0) ) (Vi Au) ).

i7j7a7ﬁ
On the other hand, it is easy to verify that
Z<(inAvgjea)EijaEi> == Z<(inAa)EjaAv§jeaEi>~
/L?]?a /L?]?a
Therefore, we obtain

Z IIT RIH(ei, ej)ej, ei)

Z

= Z (€i,€e5)Aaej, Ane;)

1,J,0

= ST r A B (Ta, A = 3 (Agi (5, 5,10, B AaF)
1,J,0 ,J,00

+ 3 <A 0Q ' 0 Ag((ViAp)E;), (Vi Ag)E >
15,0,

and appealing to the Codazzi equation, we get the desired relation.
For each matrix A we denote by N(A) the square of the norm of A, i.e.,
N(A) =tr (AAY).

Lemma 4.2. Let M" be as in Lemma 4.1, and let Hy = (h§;) denote the
symmetric matrix of the shape operator A, with respect to the orthonormal
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basis {E1,...,En} for each a. Then we have
inf K1 (72 — |\Ric||2)
< —|[Ric||* - | VB
+ 5 (tr(HaHp))* + S N(HoHp — HgH,)

a,f a,f
+ Z <Aa o Qfl o Aﬂ((%EiAg)Ej), (%Eonc)E]>
.50,
Proof. Let = be an arbitrary point in M"™, {ei,...,e,} be an orthonormal
basis of T, M", and extend them to orthonormal vector fields E1, ..., E, in

a neighborhood of x such that VE; = 0 at . Then we have at x

Z 111 (RHI(ei, €j)€j, ei)

i#]

2
=3 Kuues nej) (e, elT(ej, e5) — (T(es, e5)))
1#]

where Kipi(e; A ej) denotes the sectional curvature of III for the 2-plane
spanned by e; and e;. This implies that

inf Ky > (T (es, e) (e, e5) — (e, )
i#]
< ZIII(RIH(Q, ej)ej, €;).
i#]
On the other hand, we immediately verify that

> (Wi, €)M (e, ¢5) = (e ;)
i

— <Z<Aiei,ei>>2 - Z <Z<A3€i,€j>>

i,0 9] o

=52 =) tr(A% 0 A).
a76

2

Using the Gauss equation and the fact that M™ is minimal we find that

S = —7, and taking (2.2) into account, we obtain
3 (111(@, en)II(e;, ;) — (ITI(e;, ej))2> = 72 — ||Ric||.
i#]

Therefore, we finally have

(4.1) inf KIII (7’2 — HRiCHQ) < E 111 (RHI(ei, ej)ej, 62‘).

i#]
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Using Lemma 4.1, we shall compute the right hand side of (4.1). The Gauss
equation yields

(4.2) Z<R(€i7 ej)Aaej, Anei) = Z ( r(Aq o A@ Ztr @ © Ag
i,j,00 o,
Appealing to the Ricci equation, we get
Z<ARL(Ei,Ej)ean, Ao E;)
Z‘?j?a

= Z (<Aa€i7 Aﬁ€j><Aa€j> A5€i> — <Aa€i7 A5€j>2) s
i,j,a,8

or equivalently

(43) Z<ARL(Ei,E]-)ean7AaEZ’> = Ztr OAB Ztr OAﬂ

i7j7a
By virtue of Lemma 4.1, (4.2) and (4.3), (4.1) yields
inf KIH (7’2 — HRICHZ)

. 2 -
< —[[Ric|[* + ) (tr(Aa 0 Ag))” — [|VB|?
o8

—I—QZtr (A2 0 A3) —QZtr o0 Ag)?

+ Z (Aa0Q o AB((VEZ.AB)EJ-), (VEA)E)),

i7j7a7ﬁ

from which we immediately deduce the desired inequality.

5. Proofs of the results.
We need the following result which was proved in [13].

Lemma 5.1. Let Hy,..., H, be symmetric (n x n)-matrices. Then

P P 2
S (0(HoHp))? + > N(HoHg — HgH,) (ZN ) :

a»ﬁzl a,ﬁ:l
and the equality holds if and only if one of the following conditions holds:
1) Hi=---=H,=0,
2) only two of the matrices Hy, ..., Hy are different from zero. Moreover,

assuming Hy # 0, Hy # 0,Hs = --- = H, =0, then N(H;) = N(H>),



506 THEODOROS VLACHOS

and there exists an orthogonal (n x n)-matriz T such that

1 0 0...0
0—-10..0
0 0 0..0
N(H
Tt = YD
2
0 0 0..0
and
0 1 0..0
1 0 0..0
0 0 0..0
N(H
THQTt: (1)
2
0 0 0..0

Proof of Theorem A. Let x be an arbitrary point in M"™. Without loss of

generality, we may choose the orthonormal basis {e1,...,e,} of T, M™ such
that

Qe; = piei,
for any i. Moreover, we extend the basis {ej,...,e,} to orthonormal vector

fields F, ..., E, in a neighborhood of x such that VE; = 0 at z. Then we
have at x

(5.1) pi =Y (%)

j7a
For convenience we set
ik = (VE,Aa)Ej, E).
Moreover, we get at x

Z <Aa o Q_l o Aﬁ((%EiAﬁ)Ej), (%EiAa)Ej>

ihj?aHB

= Z h%khgm grhgls<Q_leT’ €3>

l’]7k7r7m7s7a7/8

1
= Z i %: hiihi

7;7j7k

2
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Using the Cauchy-Schwarz inequality, we obtain
Z <Aa o Qil o Aﬁ((ﬁEiA,B)Ej); (%EiAoe)Ej>

.50,
1
<3 (Y m?) (D).
ik M Lo
7]7 b b

In view of (5.1), we deduce that
> (a0 Q"0 Ap((VEA9)E;), (Vi Ad)E; ) < nlIVBIP,

i7j7a7ﬂ
and bearing in mind Lemma 4.2, we finally get
(5.2)
inf K1y (72 — ||Ric||?) < —|[Ric|]?> + (n — 1)||VB||?
+ 3 (tr(HoHg))* + Y N(HoHg — HgH.,).
a,f a,f
At this point we recall the well-known formula [9] for the Laplacian of the

squared length S of the second fundamental form of minimal submanifolds
in space forms which states that

1 = 2
SAS = IVB|]> = (tr(HoHp))” = >  N(HoHg — HgHa,).
a,l a,B
Then (5.2) is written
(5.3)

1
inf Kiip (7° — [|Ric||?) < —|[Ric||> + 5(n —1)AS

2
+nY  (tr(HoHg))" +n Y N(HoHg — HgH,).
o, o,
From the Gauss equation and the fact that M™ is minimal, we get S = —7.
Appealing to Lemma 5.1 and bearing in mind the hypothesis that the Ricci
curvature is negative, we deduce that

3
> (w(HaHp)* + Y N(HoHs — HsHa) < 572
a7ﬂ a7ﬁ
Then (5.3) yields the desired inequality and this completes the Proof of
Theorem A.

Proof of Theorem B. Let x be an arbitrary point in M"™. Because of the
flatness of the normal bundle, we may choose a local orthonormal frame
field {en+1,...,€ntp} in the normal bundle, such that Vie, =0, for any o
(cf. [6]). Moreover, we choose an orthonormal basis {ej,...,e,} of T, M™
which simultaneously diagonalizes all shape operators at z, i.e., h% = 045,
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where \{, ..., A" are the eigenvalues of A,, and extend them to orthonormal
vector fields E1, ..., E, in a neighborhood of x such that VFE; = 0 at . Then
from Lemma 4.2 we have

(5.4) inf Kpip (72 — ||Ric|[?)
< —|[Ric|[> — [|[VB|* + 3 (tr(HoHp))?
a,B
£ {A00Q7 0 (T 40)E)), (Vi Aa)E; ).
15,0, 3

On the other hand, using (2.2), we easily see that at x we have
Qe; = piei,
where p; is given by

(5.5) Hi = Z(/\?)Q-

Moreover, setting N
ik = (Vg Ao)Ej, Ex),
we have at x
Z <Aa o Qfl o Aﬁ((%EiAﬁ)Ej), (ﬁEiAoe)Ej>
15,0,

= > RS ARN(Q ek em)
i,4,k,m,a, B

2
> (T
.7, s
Now using the Cauchy-Schwarz inequality, we obtain
> (400 Q7 0 Ap((Vi A9)Ey), (Vi Ad)E; )
.50,

<> (o) (Sowe)

0,7, Kl @ @

and bearing in mind (5.5), we finally get

(5:6) > (A00Q o As((ViAgE). (Vi Ad)Es) < VB
1;7j7a7/8

On the other hand, we have

> (te(HoHg))? = Z (Z )\O‘A5>

a?/ﬁ
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Using the Cauchy-Schwarz inequality, we take

> ()< 5 (zw) (zu?)?) ,

a,B i
or equivalently
(5.7) S (te(HoHp))? < 72
aMB

Then from (5.4), (5.6) and (5.7), we deduce that inf Ky < 1.
Now we assume that inf Ky = 1. Then inequality (5.7) becomes equality.
Without loss of generality we may assume that A,,+1 # 0. Hence we have

(58) Aa = faAn+17

where f, is a function and a > n 4+ 1. From this and the fact that each e,
is parallel in the normal bundle, we see that

(VxAa)Y = X(fa)Ans1Y + fo(VxAni1)Y.
Then, using the Codazzi equation, we derive that
X(fa)Ans1Y =Y (fa)An+1 X,

for any tangent vector fields X,Y, and a > n + 1. In particular, at x we
have

)

ei(fa)A] ey = ej(fa) N e,
for ¢ # j. In view of (5.8) and the hypothesis that the Ricci curvature is
negative, we infer that )\?H = 0 for each ¢. Then the above relation yields
ei(fo) = 0, for any i, and consequently each f, is constant. By virtue of
(5.8), the second fundamental form B satisfies

B(X,Y) =) (4uX,Y)eqa = (A1 X,Y) <en+1 + > faea>

[} a>n+1
for any tangent vector fields X, Y. From this we infer that the first normal
space, which is spanned by the image of B, is one-dimensional and invariant
under parallel translation with respect to the normal connection. Appealing
to the well-known reduction theorem of Erbacher [11], we deduce that M"
lies in an (n + 1)-dimensional totally geodesic submanifold of E"*? and the
Proof of Theorem B is complete.
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