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1. INTRODUCTION

In the paper we consider the equations with deviating arguments

(E1) (@) +.£(t,2(8),2(01(8)), .., (0w () =0

and
(B2) z'(t) + f(t,x(t),x(ol(t)), ...,x(ak(t)),m’(t),x’(gl(t)),...,x’(gm(t))) =0

where t € I = [a,b] (¢ < b) and f: I x (R*)* = R, f: I x (R*)k+m+2 5 R
are continuous functions. Also, the arguments oy, ¢ = 1,...,k, g5, 7 = 1,...,m
are continuous real valued functions defined on I and such that the set {t eI
g;(t) =aor g;(t) =b,j =1,...,m} is finite.

We suppose that

—00 < ap = min mino;(t) < a, b < max maxo;i(t) = by < +00
1<igk tel 1<i<m tel

and

—0 < G= min{ min mino;(¢), min mingj(t)} < a,
1<k 1€ 1<i<m tel
b<max{ max maxo;(t), max maxgj(t)} =b< 400
1<i<k tel 1<Gi<m el

and we set E(a) = [ao, 0], E(b) = [b, bo], E(a) = [4,a] and E(b) = [b, b].



Here we seek a solution of (E;) (resp. (E3)) which satisfies the following general
type boundary conditions:

(BC) e (t) + a1’ (t) = ai(t), t € E(a) (resp. t € E(a)),
Boz(t) + 12’ (t) = g2(2), t € E(b) (xesp. ¢ € (b))

where «;, (i, i = 0,1, are real constants satisfying

(1.1) €= agfo(b—a)+ aofy — a1 # 0,
BLOLE,  ifaofe #0,
(1.2) i €R, 0 &, if ag =0,

0\07 :BIGR, 1fi30=0

Finally we suppose that ¢;, ¢; are R™valued functions defined and differentiable on
E(a), E(b) (resp. E (a), E(b)) respectively.

For the sake of brevity we use the notation B.V.P. (E;)-(BC) (resp. (E2)-(BC))
for the boundary value problem which consists of the equation (E) (resp. (Ez)), the
boundary conditions (BC) and the conditions (1.1), (1.2).

By the term solution of the B.V.P. (E{)-(BC) (resp. (E2)-(BC)) we mean a func-
tion z: E(a) UTUE (b) — R™ (resp. z: E(a) UTUE (b) = R™) which is continuous
on its domain, differentiable on E(a), E(b) (resp. E(a), E(b)), twice differentiable
(resp. twice piecewise differentiable) on I and satisfies the equation (E;) (resp. (E3))
and the boundary conditions (BC).

A very interesting method for the proof of existence of solutions for boundary value
problems is based on a simple and classical application of the Leray-Schauder degree
theory. Recently, Fabry and Habets [3], Fabry [4] and Ntouyas and Tsamatos [5]
have used this method to give answers to a series of boundary value problems.

In this paper, we apply this method to our general B.V.Ps (E;)-(BC) and (E3)-
(BC). In a recent paper [9] we gave some results concerning the existence of solutions
of a B.V.P. of the form (E2)-(BC) by applying the topological transversality method
of Granas [2]. More precisely we studied B.V.P.

(Ez) 2'(t) = (8,9, 2(1 (1), - .- 2 (ox (1), 7' (), 2 (@1 (1)),

..,:v'(gm(t))), tel,

(BCY ~aoz(t) + a2’ (t) = qu(t), t € E(a),
Boz(t) + iz (t) = q2(t), t € Eb),

where the constants ayg, fo, f1 are nonnegative, oy > 0 and £ # 0.
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Although the problems (E2)-(BC), (E2)'~(BC)’ seem to be almost the same, the
method developed in [9] cannot be applied for the B.V.P. (E;)-(BC) (see the proof
of Lemma 3.1 in [9]). On the other hand the method used here ensures the existence
of a solution of the B.V.P. (E2)-(BC) which is bounded by an a priori given positive
function. The remarkable fact is that the assumptions on ¢ (see conditions (3.1),
(3.2) below) do not allow ¢ to be taken as a constant function. (This can be done
only in the case when oy = f; = 0.) This does not allow us to conclude that the
results of our paper generalize those of [9]. Nevertheless, the results obtained here
generalize the results of Fabry and Habets [3] and Fabry [4].

It is noteworthy that the present method can be applied also to the B.V.P. (E2)-
(BC)".

The plan of this paper is as follows: In Section 2 we state some auxiliary lemmas.
Main results are given in Section 3, where sufficient conditions are established for
the existence of solutions of the B.V.Ps (E;)-(BC), ¢ = 1, 2. In Section 4 some results
for smooth solutions of B.V.Ps (E;)-(BC), ¢ = 1,2 are given. Section 5 includes
applications of the result of Section 3.

2. AUXILIARY LEMMAS

The next Lemma 2.1 is the basic tool of the method which we use in the proof of
existence of solutions for the B.V.Ps (E;}-(BC), i =1,2.

Lemma 2.1 [3, Theorem 1]. Let X be a Banach space, A: X — X a compact
mapping such that I — A is one to one and ) an open bounded subset of X such
that 0 € (I — A)(Q). Then a compact mapping T: ¢ — X has a fixed point in Q if
for any A € (0,1) the equation

z=ATz+ (1- M)Az

has no solution x on the boundary 95} of 2.

Also we need the following lemma from [7] whose basic steps of proof we reproduce
here for the sake of completeness. In this lemma and in the sequel, the symbols (., .)
and |.| stand respectively for the euclidean product and the euclidean norm in the
space R™.

Lemma 2.2. Assume that hy and h, are continuous real valued functions defined
on I and such that

_ — i . . <
0 < dq mln{l;ﬂel}'lhl(t), rtnex?hg(t)} <a



and
b<dy = max{r?éa,}(hl(t), r?ea,;chg(t)} < 400

and G = {t € I: hi(t) = a or hi(t) = b, i = 1,2} is finite.

Also, let £ be a continuous R™-valued function defined on [d,, d»] which is contin-
uously differentiable on [d,,a], I and [b,ds] and piecewise twice differentiable on I.
Let = be the restriction of & to I, i.e. #|I = =.

Moreover, assume that there exist positive constants R, «,f,a',v and +' with
a<1,a < g5(1 —a)? and such that the following relations are valid:

(2.1) sup |=(t)| < D,
tel

(2.2) —(@(t),2" (1) € a|# (@) +8, te I -4

and
23)  [{2'(t),2" ()] < (a’|§:’(h2(t)) | + 7) |&' (ha )| + 7|2’ ()], te I— A

where
A=GUBandB={tel:a"(t~0)#2"(t+0)}.

Then there exits a number M depending only on &l[da, alU(b,ds), b—a, D, a, B,
o, v, v' but not on x such that

rileaixlm’(t)| <M.

Proof. Weget M = max lx’ (t)l = |:c’ (to)l, where tg € I. For every piecewise
twice differentiable on I function ¢, by a Taylor expansion, we have

totu
o(to + p) — o(to) = po'(to) + / o' (s)(to + pu — s) ds

to

provided #o +u € I. We apply this formula to the function (1) = f: Ix’ (s) |2 ds, tel
obtaining

to+ to+u
(2.4) /t“|w'(s)|2ds=u|x’(to)|2+2/t (2'(8), 2" (s))(to + 1 — 5) ds.

Integrating by parts and using (2.1), (2.2) we have

Lo+ 2
/ |2'(s)|" ds

to

(2.5) <2DM +

to-t+u
/ (a|#' (ha(s))| + B) ds

to

< 2DM + (aMi + B)s




where M = max{M,m}, m = sup |a‘:’(t)] and 6 = |y
te[da,a]Ub,dy]
On the other hand, by (2.4), (2.3) and (2.5) we obtain

. to+u 3
oM <2‘ / («[& (ha()[* +7]2" (ha(9)) | +7|&' ()] ) [to + 2 — 5] ds
to

+2DM + aM§ + 5 < (aMP + B/ M1)82 + 2DM + aM?6 + B85

where ' = v+ 4.
Therefore

M2 < (o' M® + B M)&* + 2DM + aM?S + 5, if My =M

or
SM? < (o'm® + B'm)6* + 2DM + am?s + B8, if My =m

from which, following exactly the same arguments as in [4], we obtain

8D (b-a)(l-0a) B(l-a)+4Dp
Msmax{(1—~a)(b—a)’ 4D .(l—a)Z—SDa’}
or
8D M.
Msmax{(l—a)(b—a)’-fl_; ’

respectively, where My = 1[(e/'m? + B'm)(b — a)? + 20m?(b — a) + 28(b — a)}].
Therefore, in any case we have that M can be bounded independently of z, which
proves the lemma. 0

3. EXISTENCE RESULTS FOR THE SOLUTIONS OF THE B.V.P.s
(E1)-(BC) anD (Ez)-(BC)

If J = [ao, bo) and J = [a, b] we set
By =C(J,R™)
for the space of all R™-valued continuous functions defined on J and
B, =C(J,R")nC*(E(a) U E (b),R*) nC*(I,R™)

for the space of all R™-valued continuous functions defined on J which have conti-
nuous first derivative on £ (a) U £(b) and are also continuously differentiable on I,
endowed with the norms

= B
[z lo I§1€33x|ﬂ?(t)l,$€ o



and

= t '), max ’t} €B
Il max{r@f'””“'%eéﬁ?f@@) Ok ngel @l = < By

respectively. It is well known that By and B; are Banach spaces.
For the sake of simplicity, for every function z € By and for every t € I we set

(t,2(8), z(01(), .. ., 2(o(?))) = (8, 2(t), [0 (2)]).
Also, for every function z € B; and for every t € I we set
(t,2(), 2(a1 (), .., 2(x(t)), 2' (), 2 (91 (2)), - - ., 2 (gm(2))
= (t,2(1), 2[o®), 2/ (1), 2 [9)] )

The following Theorem 3.1 guarantees the existence of solutions of the B.V.P.
(E1)—(BC) which are bounded by an a priori given function ¢.

Theorem 3.1. Assume that ¢: I = (0,00) is a twice continuously differentiable
function such that

3.1) ~laolp(a) — laal¢'(a) > |m(a)], if s #0,
laole(a) > |qi(a)|, ifar =0

and

(32) —|Bolp(b) + |Bul’ (b) > |g2(b)|, if By #0,
Bol®) > |aa(®)], if B1 = 0.

Also, we suppose that
(3.3) e(t)e" (t) + <:v(t), f(t,x(t),x[a(t)])> <0

for any x € By with [:v(t)| = ¢(t) and (z(t),2'(t)) = |x(t)|<p’(t), tel
Then the B.V.P. (E1)-(BC) has at least one solution x such that |:v(t)| < (),
tel

Proof. The Green function for the homogeneous B.V.P.
') =0, tel,

apz(a) + a1z’ (a) =0,
Boz(b) + 1z’ (b) = 0



is given by the formula

1]

Glt,s) = L | Vot = Pob=Fr)(cos —a0a—an), s <ty
" T\ (Bos ~ b~ Br) (ot — a0 — ), t< s

where £ = apfo(b — a) + aoB1 — Bocy # 0 because of (1.1) (see Agarwal [1]). Now
we define a function w: J — R™ as
( {w(a) +a f: q1(8) exp (%‘ll(s - a)) ds} exp ( — %0 (t- a)),
ifag #0, t<a,
QLOQI(t)’ ifa; = 0, t<a,
wit) =4 3Bt~ )ar(a) + Biai(a) — 1g2(b) + co(t — (V)] t € 1,
{w(b) + Blrfbt g2(s) exp (%’-(s - b)) ds} exp ( - g—;’(t - b)),
if B #0, t >,
( Zo®),iff=0,t>b

It is obvious that w € By. Hence the operator T defined on By by the formula
Tx(t) = Lz(t) + w(t), t € J,

where b
([ G(t,s)f(s,z[o(s)]) ds, t €I,
exp (%‘ll(t —a))Lz(a), t <a, a1 #0,
Lz(#)=¢ 0,t<a, oy =0,
exp (- 82(t —a)) La(b), ¢ > b, B #0,
0,t>b, /=0

is a compact operator with values in By (see [9]).
We also define an open set in the space By as

\

Q={z € By: |z(t)| < ot), t €I}

and an operator A on By by the formula

[1G(t,s)Ka(s)ds, tel,

Az(t) = < Az(a), t<a,
Az (b), t>b
where K is a constant such that
©"(t)
K> r{léa.lx o0



Obviously, A is a compact operator.

Now, we observe that the operator I — A is one to one. Indeed, let (I — A)z =
(I — A)y with z, y in Bg. Then (I — A)z = 0, where z = £ — y. Thus z = Az and
hence z must be a solution of the B.V.P.

2'(t) = Kz(t),
(%) apz(a) + a1 2’'(a) =0,
Boz(b) + B12' (b) = 0.

We shall prove that this B.V.P. has the unique solution z = 0.
The general solution of the above equation has the form

2(t) = c1eVEt 4 cpe=VE?,

On account of the above boundary conditions we take

(a0 + a1 VE)(Bo — BivVEK) + 20-aVE
(a0 — 1 VE)(Bo + b1 VE) '

Since e2(-a)VK > 1, K > 0 the last is true for every K > 0 if the left hand side is
less than or equal one. But this is clear from (1.1) and (1.2). Therefore z = 0 or
z = y. Moreover, 0 € (I — A)(2) since 0 €  and (I — A)0 = 0.

In order to apply Lemma 2.1, it remains to prove that no solutions of the equation

(3.4) z=ATz+(1-\)Ax

belong to 99.
To this end assume the contrary. Thus, let z be a solution of (3.4) on 8. Then
there exists a £ € [a, b] such that the function

(3.5) 9(t) = )| - *®), tel

assumes its maximum value, which is zero, for ¢t = €. Then, if £ € (a, b), we have the
relations

(3.6) |z(8)| = ¢(£),

(3.7) (z(£),2'(€)) = v()¢'(€)

and

(3.8) L= (2(€),8"(€)) + | (O - ¢'(€)* - (&)¢" (€) < 0.
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Now assume that z is a solution of (3.4). Then by (3.3), (3.6) and (3.7) we obtain

L= -Xax(8), £(&3(€),z[0(6)])) + (1 - MK |z(6)]”
+ 2O - ¢'(©)? ~ w(€)¢" (€)
> (1= M[Ko(©)? - (6" (9] + |2'©€)]" - '(6)?
> (1= Ne(&) [Ke(€) - ¢"(©)],

, 2
since |z’ (§)]2—<p’ ©* =z (5)]2— z('f 2 ;Z)if) > 0, by the Cauchy-Schwarz inequality.
Consequently L > 0, € [0,1), since K > %%l, t € {a,b), contradicting (3.8).

Next we show that £ # a. If £ = a then the following must hold:
g(a) =0 and ¢'(a) < 0.

Then |x(a)| = p(a) and —|x’ (a)l < ¢'(a). But, by the first boundary condition, we
have
|ea ||’ (a)] < |q1(a)] + |ao|z(a)]-

Hence
—lonle’(a) < |g1(a)] + |aolp(a), if a1 #0

oY
laolw(a) < |a1(a)], if a1 =0,

which contradicts (3.1). Therefore £ # a as required.
Finally, we show that £ # b. If, on the contrary, we assume that { = b, then

g(b) =0 and ¢'(b) 2 0

imply
|2(8)] = (b) and () < |2 ()]

From the second boundary condition we obtain
B11]2"(8)| < |g2(b)] + 160l |2 (D)]-

Hence
1B1l¢’ (b) < |g2(b)] + |Bolee(b), if Br # O

or
[Boli(b) < |g2(b)], if B1 =0,



contradicting (3.2).
Hence, by Lemma 1, the operator T has a fixed point in Q or, otherwise, there
exists a solution x of the B.V.P. (E;)-(BC) such that

lz(®)] < (1), tE,

completing the proof of the theorem. i

The next Theorem 3.2 gives an analogous result for the B.V.P. (E3)-(BC). Under
appropriate conditions we can obtain solutions z of the B.V.P. (E;)-(BC) which, as
in the previous theorem, are bounded by a function ¢ and, moreover, the derivative
of z is bounded by an a priori given constant.

Theorem 3.2. Assume that ¢: I — (0, 00) is a function satisfying the conditions
(3.1) and (3.2). Also, assume that

(3.9) " () + (), f (1,2, 2[o®)], =’ (1,2’ [9®)] ) ) <0

for any = € By with |z(t)| = o(t) and (2(t),2'(t)) = |x(t)|¢'(t), t € I.

Moreover, for any (t,u,u1, . .., Uk, V,V1,---,Um) € I x (R")¥+™+2 with |u| < (2)
and |ui| € v(0i(t)),i=1,2,...,k, when o;(t) € I, there are T and p in {0,1,...,m}
with vg = v such that

(3.10) {(u, flt,u,u,. .., Uk, v, 01, vm)) < ajv, | + 8,
(3.11) I(v,f(t,u,ul,...,uk,v,vl,.. m)) | < (@ Jou® + ) o] + ¥l

where the positive numbers o, 8, ¢, v, are such that

a<landd < i(1 —a)?, d=supp(t).
8d tel

Then the B.V.P. (E2)—(BC) has at least one solution such that

j2(t)] < (@), te 1

and
|’ (t)| o, tel

where g is an appropriate constant non depending on x|I .

Proof. For a positive constant K such that K > I?GaIx ‘%%Z and for arbitrary

A € (0,1) we consider the equation
(312) ")+ A (La),alo@)],2' (1), 2 [90)]) = (1 ~ NEKz(b).
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First of all we shall prove, by using Lemma 2.2, that there exists a constant M
such that for every A € (0,1) and every solution of (3.12) we have |z'(t)| < M, t € I.
Indeed, let z be a solution of (3.12). Then, taking into account (3.10), we get

—(z(®),2" (1)) = M=(?), f( z(t), z [(t)],a:'(t),:v[g(t)]))—(1—)\)Klz(t)|2
)\alx g-(t | + A8
<a|x g-(t | + 4.

Also, by (3.11), using the same argument we obtain

I(x, L2 () >| S | gp(t))l ’)’) Ia:'(g”(t))| +7’|x’(t)| +Kd|a;’(t)|
< (@fa (g +7) |0 (9.(0) | +A}2' ()]

with 4 =+ + Kd.
Thus, by Lemma 2.2, there exists M such that

l2'(t)| < M, tel

Now, we define operators T and A as in the proof of Theorem 3.1 (with f in the
place of f) and we let {13 be an open subset of B; given by

= {z € B1: |z(t)| < ¢(t) and la:'(t)l <M+1, tel}.

We observe that T is a compact operator defined on B; with values in B;.

Next, for an arbitrary A € (0,1) we suppose that z is a solution of the equation
(3.4). Then, the following situation occurs:

The equation (3.12) has a solution « satisfying the boundary conditions (BC) and
either there exists £ € (a, b) such that the function g(¢ Iw(t)l — ¢?(t) assumes its
maximum value 0 at ¢t = £ (since £ # a and £ # b by (3 1) and (3.2)) or there exists
& € [a,b] such that |2'(&)] = M + 1. As we have proved in Theorem 3.1 the first
of these two cases leads to a contradiction. But, since = is a solution of (3.12) for
some X € (0,1), the computation following (3.12) shows that |¢’(t)| < M and hence
|w (t)l < M + 1 for every t € [a,b]. Consequently, the second case cannot occur,
either.

Hence no solutions of the equation (3.4) belong in 8f2; and so, by Lemma 2.1, the
equation z = Tz has at least one solution in 8(;. Namely, there exists a solution z
of the B.V.P. (E;)-(BC) such that

|:1:(t)| <€ ¢(t) and |:c (t)| o, t€l
with ¢ = M + 1. Thus the proof of the theorem is complete. 0
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Remark 3.3. It is obvious from the proof of Theorem 3.1 that the conditions
(1.2) on the constants a;, 8;, ¢ = 0,1, are suggested because of the choice of the
operator A. More precisely, the conditions (1.2) are such that the B.V.P. (*) which
follows as an equivalent to the equation z = Az, z € C?(I, R"), has the zero solu-
tion as its unique solution. Clearly, a different choice of the operator A implies a
modification on these conditions.

4., SMOOTH SOLUTIONS

The first derivatives of solutions of B.V.P. (E;)-(BC), i = 1,2 have in general
discontinuities at the ends a and b of the interval I. This occurs because the equations
(E;), i = 1,2 are equations with deviating arguments. If we have #’(a--0) = 2'(a+0)
and z'(b — 0) = 2'(b+ 0) (in addition to the obvious relations z{a — 0) = z(a + 0)
and z(b — 0) = z(b + 0)) then this solution z is called a smooth solution for the
B.V.P. (E;)-(BC), i = 1,2, otherwise it is called a non-smooth solution. Usually, for
boundary value problems involving equations with deviating arguments smoothness
of solutions at the points a and b is not required. Therefore it is interesting to
examine when a B.V.P. with deviating arguments has smooth solutions.

For a discussion concerning such problems we refer to our recent paper [6] and the
references given therein.

In the following we give a result in this direction for the B.V.P. (E;)-(BC),¢ =1, 2.
To this end it is necessary to introduce the following definition.

Definition 4.1. i) A function 7 is called a smooth solution of the B.V.P. (E{)-
(BC) (resp. (Eg)-(BC)) if z € C(J,R™) N C2(I,R™) (resp. z € C1(J,R") and « is
piecewise twice differentiable on I) and satisfies the equation (E;) (resp. (Eg)) for
t € I and the boundary conditions (BC) for t € E(a) U E(b) (resp. t € E(a)U E(b)).

ii) A function z is called a left-side smooth solution of B.V.P. (E;)-(BC)
(resp. (Eq)-(BC)) if

z € C(J,R™) N C* ([ao, ], R*) N C*(E (a),R™) N C*(I,R™)

(resp. z € C(J,R™) N C([a,b], R*) N CY(E(a), R*) and « is piecewise twice differ-
entiable on I) and satisfies the equation (E;) (resp. (E)) for t € I and the boundary
conditions (BC) for ¢t € E(a) U E(b) (resp. t € E(a) U E (b)).

iii) A function z is called a right-side smooth solution of B.V.P. (E;)-(BC)
(resp. (E9)—(BC)) if

z € C(J,R™) N C'(E(a), R™) N C" ([a, bo], R™) N C2(I, R™)
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(resp. z € C(J,R™) N C*(£(a), R™) N C*([a, 8], R*) and z is piecewise twice differ-
entiable on I) and satisfies the equation (E;) (resp. (E;)) for ¢ € I and the boundary
conditions (BC) for t € E(a) U E(b) (resp. t € E(a) U E(b)).

In the sequel we consider the space C*(J, R") (resp. C1(J, R™)) endowed with the
norm
lall = masx = (t)|
(resp. (|lz|| = max { max |z(¢)|, max l:z:'(t)|}>.
teJ teJ

The main result in this section is the following:

Theorem 4.2. Assume that the hypotheses of Theorem 3.1 (resp. 3.2) are satis-
fied. Then, if a; # 0 # 1 the B.V.P. (E1)-(BC) (resp. (E;)—(BC)) has at least one
smooth solution x such that

lz(t)| < 0(t), tel
(resp. jx(t), < o(t) and ,z’(t){ < o, t € I, where g is an appropriate constant not
depending on z|I).

Proof. The proof can proceed along the established lines of reasoning of the
proof of Theorem 3.1 (resp. 3.2). So, we omit the details. It is noteworthy that the
restriction a; # 0 # (; guarantees that

(Tz)'(a—0) = (Tx)' (e +0)
and
(Tz) (b—0) = (Tz) (b+0).
g
As an immediate consequence of the above theorem we have the following corollary,

which concerns left or right-side smooth solutions.

Corollary 4.8. Assume that the hypotheses of Theorem 3.1 (resp. 3.2) are satis-
fied. Then, if oy # 0 the B.V.P. (E1)-(BC) (resp. (E2)-(BC)) has at least one left-
side smooth solution satisfying the conclusion of Theorem 4.2. Similarly, if B1 # 0
the B.V.P. (E,)-(BC) (resp. (E2)—~(BC)) has at least one right-side smooth solution.

Examples of B.V.P. which have smooth or non-smooth solutions were given in [6].
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5. APPLICATIONS

For a given B.V.P. of the form (E;)-(BC) i = 1,2, it is important to know about the
existence of functions ¢ for which the B.V.P. has a solution z such that |:v(t)] < o(t),
t € I. Much more, we are interested in more information about the properties of ¢
or about the formula for . Since the conditions on ¢ appearing in Theorems 3.1 and
3.2 are rather complicated, this can be done only for special cases of the equation
(E:), ¢t =1,2.

Here we suppose that h: I — I is a so called (see [8]) involution mapping. That
is, h is different from the identity mapping and such that

h(h(t)) =t, t€ L.
Now, we ccusider the vector linear equation
(L) a"(t) + p(t)z(t) + q(t)z (h(t)) +r(t)a’ () + s(t) =0, t €1

where p, ¢ and r are continuous real valued functions defined on [ and s: 7 — R™ is
also a continuous function.
Since Range (k) C I, the boundary conditions (BC) yield the boundary conditions

(be) aoz(a) + a1a'(a) =,
Boz(d) + Brz’ (b) = 72

where a;, (i, 1 = 0,1 are real constants satisfying the conditions (1.1), (1.2) and v,
72 are constants in R™.
We set P = supp(t), @ =supq(t), R =supr(t), S = sup |s(t)| and formulate the
tel tel tel tel

next proposition.

Proposition 5.1. If there exist real constants m, n with n 2> P, m 2 max{Q,
R, S}, such that the inequality

(5.) @(t) +np(t) +m([e' ()] +(h(t)) +1) <O

has a strictly positive solution ¢ such that

(5.2) ~|aolpla) ~ |air]¢'(a) > ||, if a1 #0,
laole(a) > [nl, ifar =0
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and

(5.3) ~Bole(b) + |B1l¢' () > |nal, if B # O,
[Boleo(b) > |yal, iff1 =0

then the B.V.P. (L)-(bc) has at least one solution z such that
lz(®)] < e(t), tel
Moreover, there exists a real constant g, nondepending on x, such that

|:v'(t)| <o, tel.

Proof. It is enough to check the conditions of Theorem 3.2 for the function
flt,u,w,v) = p(t)u+ q(t)w + r(t)v + s(t), (t,u,w,v) € I x RS,

Indeed, for every z € B; with |x(t)| = (t) and (z(t),2'(t)) = |x(t)|<p’(t), tel,
we have

(z(t), £ (t, (1), 2 (R(2)), 2' (1)) = p()| ()| + q(t)((2), z(h(t)))
+r(t){z(), 2 (1)) + (2(t), s(t))
< n|a:(t)|2 +m|z(t)||z(h(®))|
+m|z(t)|[¢' ()] + m|x(t)]
= np*(t) + mo(t)p(h(t)) + me(t)|¢' (8)| + me(t)
= o(t) [no(t) + m{o (A1) + ¢’ (1)] +1)].

This relation together with (5.1) implies condition (3.9).
Moreover, for every (t,u,w,v) € I x R™ with |u| < ¢(t) and |w| < ¢(h(t)) we have

(u, Ft,u,w,0)) = p(t)u® + qt){u, w) + r(t){u, v) + (u, s(t))
< PO (1) + Qu(t)p(h(t)) + Rp(t)v| + Sp(t)
< A+ By

where A = (P + Q)d? + dS and B = Rd, d = sup ¢(t).
tel

Now, we observe that if jv] > 1, then we have
A+ Blv| < A+ Bv|?
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and hence the relation (3.10) is satisfied.
If jv| < 1, then, for every By > 0, we have

A+ Blv| = A+ By|o* + Blv] - Biv|® < A+ B + By Jv]2.

Hence the relation (3.10) is satisfied in any case.
From the relation (3.11) we have

|, £t u,w,0))] = |p(0)| |0, u)| + la@®)|| (v, w)| + |r(E)|[w]* + [{v, s(£)))]
< [Pldv| + |Qldlv| + |R||v]* + S|v|
< (|Pld +1Qld + S)|v| + |R|jv[*.

We again consider two cases.
If ju| 2 1 then, obviously,

|(v, £(tyu,w,0))| < (|Pld + |@Qld + S)|v] + | R||v]?,

i.e. we take (3.11).
If jv] < 1, we get

(0, £(2,5,w,0))]| < CaJol + | RIlof?
= Cli’U‘ + IRHU|2 + N‘v]3 — valg
< (C1 +|Rl+ Nv[*)[v]

for every N > 0, where C; = |p|d + |Q|d + S. Hence, we have again (3.11).

We can assume that the conditions @ < 1 and ¢ < g5(1 — @)? appearing in
Theorem 3.2 are fulfilled for an appropriate choice of the constants which are involved
in the expressions for @ and o'.

Thus, the proof of the proposition is complete. a

Example 5.2. We give an example of a B.V.P. which involves a differential
equation with reflection of the arguments, which is a particular case of a functional
differential equation whose arguments are involutions. Such equations have applica-
tions in the study of differential-difference equations. B.V.P. for such equations were
studied for the first time by Wiener and Aftabizadeh in [10].

More precisely, we consider the B.V.P.

(Lr) " (t) + p(t)x(t) + g(t)z(~t) + r(t)z’(t) + s(t) =0, t € [-1,1],
(be)e agr(—1) + a1z’ (~1) = 7,
Boz(1) + Bz’ (1) = 72
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where the functions p, ¢, 7 and s are as in equation (L) and such that
(%) 2 +5m+2<0.

In order to apply Proposition 5.1 we must prove that inequality (5.1) has a strictly
positive solution satisfying (5.2) and (5.3). It is easy to check that the function
o(t) = t2+1,t € [-1,1) is a solution of the inequality (5.1) (with A(t) = —t) because
of (*). Thus, if we assume that the constants ag, o1, B9, £1 are such that

—2]ag) + 2|an] > || if a1 #0,
2|Olo| > |’)’1| ifa; =0

and

—=2|Bol + 2|B1] > || if B1 # 0,
2|Bo| > |v2| if BL =0

then the B.V.P. (L;)—(bc), has at least one solution z such that

|z(t)] S () = +1, t € [-1,1].
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