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Preface

Particle physics is currently established as one of the most active and fruitful fields of

research for both theoretical and experimental physicists. Its cornerstone, the Stan-

dard Model (SM), seems to offer a deeper understanding of the fundamental laws of

nature as these appear through the observed interactions of all known elementary par-

ticles. However, such a model, despite being remarkably accurate and concrete, carries

along several inherent deficiencies which become more severe at higher energies. These

suggest that perhaps another more fundamental theory should also exist that could

serve as a completion of the SM.

The scope of this thesis is to examine several issues and questions, the SM and its

standard extensions left open, and to offer new proposals and possible solutions. Such

solutions are believed to eventually lead us into a more elaborate and perhaps more

fundamental theory. In what follows we mainly discuss the SM and two of its standard

extensions, commonly referred to as Supersymmetry (SUSY) and Grand Unified Theory

(GUT). This thesis is organized as follows:

In the first chapter after introducing the fundamental concepts of gauge symmetry

and renormalizability we proceed to revisit general aspects and properties of the SM.

We focus on the basic structure of this model as well as its physical spectrum. The

latter consists of all known elementary particles to date. At the end of this chapter

we present some of the SM inadequacies which motivate us to search for answers in

theories beyond the SM.

Thus, in the second chapter we introduce these “beyond the SM theories”. We start

with Supersymmetry (SUSY), a general framework which is regarded as a minimal but

particularly promising extension of the SM. We avoid an extensive discussion on the

vast subject of SUSY by concentrating on selected topics that further enable us to

build the Minimal Supersymmetric SM (MSSM). As in the SM we revisit only certain

aspects of this particular model, namely only those relevant to our subsequent analysis

or research. Next, we introduce the framework of GUTs which is another extension

of the SM that may be considered also independently of SUSY. However, we focus
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on SUSY-GUTs which seem to offer phenomenologically more viable and theoretically

more elegant realizations. Thus, we review three distinct SUSY-GUT models, based

on the standard SU(5), the ”flipped” SU(5) and the SO(10) gauge groups.

Then in the third chapter, we eventually arrive at one aim of our research, namely

the fermion masses and mixing puzzle. We examine this problem with two different

approaches each of which with its own virtues and attractive aspects. In our first ap-

proach we confront the problem of neutrino masses and mixing from the viewpoint of

an explicit and consistent non-minimal SU(5) model. In our second approach we exam-

ine the masses and mixing puzzle in both the quark and the lepton sector and having

developed a useful theoretical tool we apply it in a possible SUSY-GUT realization

based on the SO(10) group.

In the fourth chapter we visit another topic of our research, namely the discrete R-

symmetries. These may appear within the MSSM and its extensions offering potential

escapes to phenomenological difficulties of SUSY models. Thus they are obviously

of direct interest to us. We focus on those symmetries arising within the standard

supersymmetric extensions of the SM, having both a phenomenological interest and

a possible dynamical origin. Finally, in the general overview we present briefly our

conclusions as well as potential perspectives of our research.

Our research has produced the three following published articles:

• M. Paraskevas and K. Tamvakis, “Hierarchical neutrino masses and mixing in non

minimal-SU(5),” Phys. Rev. D 84, 013010 (2011) [arXiv:1104.1901 [hep-ph]].

• M. Paraskevas and K. Tamvakis, “Bimaximal mixing from lopsided neutrinos,”

Phys. Rev. D 85, 073014 (2012) [arXiv:1202.2812 [hep-ph]].

• M. Paraskevas and K. Tamvakis, “On Discrete R-Symmetries in MSSM and its

Extensions,” Phys. Rev. D 86, 015009 (2012) [arXiv:1205.1391 [hep-ph]].
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Chapter 1

The Standard Model

1.1 Introduction.

The Standard Model (SM) of particle physics [1–6, 8–11] has been established as a

theory describing the dynamics of all known elementary particles at low energies. De-

veloped in the second half of the 20th century, it incorporates the fundamental concepts

of gauge symmetry and renormalizability into a Quantum Field Theory (QFT) with

solid predictions. Its wide recognition stems from a remarkable consistency with exper-

imental data extracted from a large number of independent experimental tests. In fact,

recently, the discovery of a scalar field at the LHC with seemingly the same proper-

ties as the Higgs particle, one of the SM cornerstones, was regarded as another major

success for this model. Such an event, if further verified, in practice completes the

quest for the elementary particles introduced in the SM and leaves behind a highly

functional model of interactions at low energies. Although such a model lacks the

ability to embody gravity and therefore by default fails as a fundamental theory of all

forces, it possesses all necessary ingredients required for a theoretical terra firma on

which new models, beyond the SM, can be built and new physics may be discovered.

This approach, attractive on its own but also further supported by the Effective Field

Theory (EFT) point of view seems to receive an overwhelming appreciation from both

theoretical and experimental physicists.

The elementary particles of the SM can be classified in various ways. According

to their representation under the Lorentz group they can be divided into three general

classes. The first class includes the gauge bosons, twelve spin-1 particles mediating the

three fundamental forces. The photon of the electromagnetic interaction and the eight

gluons of the strong interactions are massless, while the W±, Z of the weak interactions

are massive, with a mass around 100GeV . The second class includes the fermions,

3



4 CHAPTER 1. THE STANDARD MODEL

twelve spin-1/2, particles regarded as the building blocks of the known matter. Out of

these twelve particles the six quarks and the three charged leptons exhibit a hierarchical

mass spectrum varying between the MeV and the GeV scale. On the other hand the

three neutrinos, treated as massive in the current formulation of the SM, have tiny

masses probably lying in the sub-eV scale.1 The third class includes a single particle,

the aforementioned Higgs scalar (spin-0) with a possible mass at 126GeV , bearing

unique properties which preserve the self-consistency of the model.

As a theoretical model the SM exhibits many appealing features. To begin with,

it shares all attractive properties of quantum gauge theories. In such a theory, gauge

bosons, the mediators of the fundamental forces, appear inevitably in order to ensure its

invariance under a set of local symmetry transformations. These symmetries govern the

interactions between particles and, in the case where the gauge theory is also anomaly-

free, they further protect it from inconsistencies to all orders in perturbation theory.

Another beautiful aspect is the renormalizability of the model. Divergences arising from

perturbation theory can be absorbed in a redefinition of well-defined quantities. With

the help of a number of techniques, developed alongside the SM, the renormalizability of

the theory has been proven, even in the case of spontaneous symmetry breaking(SSB).

The elegance of the Higgs mechanism, which is the explicit realisation of the SSB

within the SM giving mass to elementary particles, is yet another appealing feature of

the model and the list continues further.

In what follows in this section we study in more detail the above, among other,

selected topics concerning the theoretical structure of the SM. We then proceed with

the explicit construction of the model and its phenomenological implications. Finally,

we conclude with problems and inadequacies arising within its context that naturally

lead us to search for new physics in theories beyond the SM.

1.2 Quantum Gauge Theories.

It seems at least unexpected that an initially unnoticed mathematical symmetry un-

derlying Maxwell’s classical theory of electromagnetism would turn into a principle

with profound impact on modern particle physics. Nowadays, gauge symmetries and

QFT, yet another theoretical advance developed in the last century, have merged into

the very elegant and powerful framework of quantum gauge theories. This general

framework offers not only severe technical restrictions for model building but also a

1Strictly speaking the exact mass spectrum of the light neutrinos is yet undetermined and a pos-
sibility for one massless neutrino is not yet excluded.
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deeper understanding of fundamental concepts such as those of particle, charge and

force.

1.2.1 Global Symmetries.

An enlightening example of the way symmetries are realized within a field theory is

that of a single-scalar theory with a U(1) global symmetry.

The U(1) is the simplest example of a continuous group of transformations. As

an abelian group it shares the standard group properties and additionally obeys a

commutative multiplication law for its elements, namely ab = ba ∀ a, b ∈ U(1). Under

its action fields transform by a random complex phase U(1) : φ(x) → φ(x) = eiqθφ(x)

where q is identified as the U(1) charge of the respective field and θ as the group

parameter. In the global symmetry case the group parameter is considered constant

in contrast with the local symmetry case where the group parameter is a function of

space-time θ(x). Even though a gauge is in fact a local symmetry a first discussion on

global symmetries seems more illustrative for our purposes.

Any symmetry, and in particular the U(1) considered in this example, is realised

in a field theory by demanding that the Lagrangian remains invariant under all trans-

formations of the given symmetry group. This is not very restrictive since the terms

respecting the condition above turn out to be infinitely many. But when augmented by

the principle of renormalizability these terms reduce to very few and the Lagrangian

becomes uniquely defined. Leaving a more detailed discussion on the issue of renor-

malization for a following section we assume for the moment that only terms up to

quartic in the fields and quadratic in their derivatives are allowed in the Lagrangian

density. Then for any non-trivial values of the U(1) charge q 6= 0

L = ∂µφ†∂µφ−m2(φ†φ)− λ

2
(φ†φ)2 (1.1)

is the most general expression respecting this U(1) symmetry along with the Lorentz

symmetry that any relativistic field theory should respect.

Of course, symmetry groups are a far more complicated subject and extend well

beyond this trivial example of a U(1) symmetry. In fact, the most interesting of

these turn out to be the non-abelian Lie groups. An important property Lie groups

share is that their elements depend smoothly on the group parameters. This allows

for representations in which group elements can be parameterized exponentially in a

compact form as U(θ) = eiθaTa . The Ta’s are the generators, a set of Hermitian defined

operators which satisfy the Lie algebra of the group through the relation [Ta, Tb] =
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ifabcTc with the fabc being the structure constants, unique for a given non-trivial

group. In this description one can use successive infinitesimal transformations U(dθ) =

1 + i dθaT
a to span the whole space of group elements.

Noether’s Theorem.

In a field theory, an underlying continuous symmetry manifests itself through conserved

charges and currents. This picture is better understood when seen through a very pow-

erful theorem proved by E. Noether in 1918, associating symmetries of the action of

a physical system with conservation laws. The theorem states that for any continu-

ous symmetry of the action S =
∫
Ldt there always exist a corresponding conserved

quantity called current satisfying ∂µJµ = 0 and an associated invariant quantity called

charge satisfying dQ
dt

= 0. This statement is general and requires only a continuous

symmetry of the action. In the special case of internal symmetries, as the global Lie

groups considered here, where the Lagrangian density remains invariant the theorem

is easily proved as follows.

Let a general Lagrangian described by

L =

∫
d3x L(∂µφi(x), φi(x)) (1.2)

with a Lagrangian density L invariant under the transformation of a global Lie-group

G. Then

G : φi → φ′i + δφi (1.3)

under an infinitesimal transformation of the group where δφi = iθaT
a
ijφj for small θa.

This corresponds to a variation in the Lagrangian density

δL =
δL

δ(∂µφi)
∂µ(δφi) +

δL
δφi

δφi

= ∂µ
(

δL
δ(∂µφi)

δφi

)
= θa∂

µ

(
δL

δ(∂µφi)
iT aijφj

)
(1.4)

with the equations of motion being silently invoked in the derivation. Obviously if

G is an internal symmetry then δL = 0 which implies the existence of the conserved
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currents2

Jaµ =
δL

δ(∂µφi)
iT aijφj. (1.5)

Now since ∂µJaµ = 0, then∫
d3x ∂0Ja0 = −

∫
d3x ∂iJai = −

∮
dSi J

a
i (1.6)

Considering the surface terms, at the right hand side, vanishing at infinity a set of

invariant quantities called charges may then be defined through

Qa ≡
∫
d3x Ja0 (1.7)

satisfying dQa

dt
= 0.

1.2.2 Aspects of symmetries.

Having developed a useful tool that enables us to understand how symmetries are

realized in a field theory at a fundamental level we may proceed further with a more

detailed discussion on certain aspects of this realization. For our purpose we consider

a scalar-theory where all fields belong to the fundamental representation of the non-

abelian SU(N) group. Their complex conjugates transform in the anti-fundamental

representation. By using the same arguments as in the abelian case we restrict ourselves

to the expression

L = ∂µΦ†∂µΦ−m2(Φ†Φ)− λ

2
(Φ†Φ)2 , (1.8)

but with Φ here being an N-dimensional column vector including the fields φi. Clearly,

all φi share a common mass as it can be directly seen from the quadratic term in the

above expression. In fact this is a more general property. Fields belonging to the same

irreducible representation of a given symmetry group have degenerate masses as long

as the symmetry remains exact.

The associated currents in this theory will be given by (1.5) generalized to include

2Currents are uniquely defined up to terms with vanishing divergence, namely Jaµ = Jaµ +Ka
µ with

∂µKa
µ = 0
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complex fields. The conserved currents will have the form

Jaµ = −i(∂µφ†i T aij φj − φ
†
i T

a
ij ∂µφj) , (1.9)

out of which we can associate a set of charges

Qa = −i
∫
d3x (∂0φ

†
i T

a
ij φj − φ

†
i T

a
ij ∂0φj) . (1.10)

The number of different charges or currents as determined by the running of the index a

reflects the number of the generators T a of the given group. For the SU(N) considered

here it is N2 − 1.

In a quantum field theory the charges are a representation of the symmetry genera-

tors. To see this we may impose the equal time commutation relation of the canonical

quantization formalism between a set of fields and their conjugate canonical momentum

πi = ∂0φ
†
i ,

[φi(x, t), πj(x
′, t)] = iδij δ

3(x− x′). (1.11)

Since charges are time-independent operators their commutator will also be time-

independent

[Qa, Qb] = −i
∫
d3x (∂0Φ† [T a, T b] Φ− Φ† [T a, T b] ∂0Φ)

= ifabcQc (1.12)

reflecting the algebra of the SU(N) group.

The commutation relations of the charges turn out to be more general relations that

remain valid, in a time-dependent form, even in the presence of symmetry breaking

terms. If one introduces such a term in the Lagrangian the definitions in (1.9)(1.10)

may still apply but the current is no longer conserved and the charge is no longer

time-independent. Nevertheless, the conjugate canonical momentum is still the same

allowing us to use once again (1.11) in the charge commutator to obtain

[Qa(t), Qb(t)] = ifabcQc(t) (1.13)

Therefore, even though the charges are not conserved, their commutation relation,

commonly known as charge algebra, remains intact. Such relations can also be extended

to include commutators of charges and currents or only currents forming the current
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algebra of the theory.

An important issue we came along in our previous analysis and is worth mention-

ing is the representation of the fields. Field operators and therefore particles belong

to certain representations of the symmetry group which further determines how they

transform under the symmetry. To see this recall the action of an infinitesimal trans-

formation on fields that belong to a certain multiplet, as the fundamental of SU(N)

we previously encountered. There δφi = iθaT
a
ijφj with the T a’s considered as N × N

matrices respecting the algebra of the group. If we had considered another represen-

tation of the SU(N) group, for example an M-dimensional multiplet, the generators

following the dimensionality of the representation could have been expressed as M×M
matrices still respecting the group algebra. It suffices then to say that generators are

abstract objects that acquire specific forms once the representation content of the the-

ory is determined. As a result the symmetry transformation itself, as seen through δφi

or U(θ), also acquires a specific form acting separately on each representation.

More than that, by following certain rules we may combine different representations

to build new ones. Since, for a symmetric Lagrangian, each term should transform

trivially under the symmetry group we can use these rules to write down all possible

combinations of group representations that produce invariant terms (i.e. singlets). It

turns out that this provides severe constraints for model building which eventually

determine the possible interactions between particles.

1.2.3 Spontaneous Symmetry Breaking.

As already mentioned the symmetry transformations act separately on the different

representations of the theory. Within a given irreducible representation they transform

a particle state onto others but they cannot connect states within different represen-

tations. Moreover, it can be shown that the energy eigenstates within an irreducible

representation will be degenerate as long as the respective group of transformations

remains a symmetry of the theory.

Since we discuss energy eigenstates the Hamiltonian formalism seems more appro-

priate. In this formalism we introduce a Hamiltonian H which we consider invariant

under the symmetry. Then a symmetry transformation acting on the Hamiltonian will

satisfy

UHU † = H. (1.14)

If we now assume that the symmetry also transforms states within an irreducible
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representation as

U |i〉 = |j〉 (1.15)

the energy eigenvalues of H will be degenerate since

E = 〈i|H|i〉 = 〈i|U †UHU †U |i〉 = 〈j|H|j〉 (1.16)

Our assumption, however, is admissible if the ground state respects the symmetry

transformation. That is because physical states are produced by the action of some

creation operators on the ground state as

φi|0〉 = |i〉 , φj|0〉 = |j〉

A symmetry transformation satisfying UφiU
† = φj would imply

U |i〉 = (UφiU
†)U |0〉 = φjU |0〉 = |j〉 (1.17)

if only U |0〉 = |0〉.

In any other case where

U |0〉 6= |0〉 (1.18)

eq.(1.16) is no longer valid and the energy degeneracy is lifted. For the Lie-groups

we consider U(θ) = eiθaQ
a

and hence for an infinitesimal transformation this condition

would translate into

Qa|0〉 6= 0. (1.19)

and if further the commutation relation [φi, Q
a] = T aijφj is taken into account then

T aij 〈0|φj|0〉 6= 0 (1.20)

which implies that some fields will acquire a non-vanishing Vacuum Expectation Value

(VEV). Due to the invariance of the vacuum under the Poincare transformations

the VEVs are bound to be space-time independent quantities meaning 〈0|φj(x)|0〉 =

〈0|φj(0)|0〉.

This symmetry breaking scenario is commonly known as Spontaneous Symmetry
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Breaking (SSB). In this scenario the symmetry of the spectrum breaks due to the non-

invariance of the vacuum but the symmetry relations for operators remain valid as

a result of the Hamiltonian (or the Lagrangian) being invariant under the symmetry

transformations.

The Goldstone Theorem.

In theories with SSB of a continuous symmetry, massless states appear unavoidably

corresponding to the broken generators of the symmetry i.e. those generators satisfying

eq.(1.19). The scalar bosons identified with these massless states are commonly referred

to as the Nambu-Goldstone Bosons [1, 2].

To understand the connection between massless bosons and broken generators it

should be first mentioned that in the SSB case the charge corresponding to a conserved

Noether current is ill-defined. To see this recall the definition in eq.(1.7). Applying the

broken charge to the vacuum state (Qa|0〉 6= 0) the time independent vacuum element

〈0|Qa|0〉 =

∫
d3x〈0|J0(x)|0〉 =

∫
d3x〈0|J0(0)|0〉 (1.21)

diverges due to the translational invariance of the ground state. On the other hand the

commutator required for an infinitesimal symmetry transformation of a field operator

through

δφi = iθa[Q
a, φi] = −iθaT aijφj (1.22)

is better behaved since its vacuum expectation value can be derived from the well-

defined and space-time independent VEVs of the field operators 〈0|φj(0)|0〉. For the

broken generators the corresponding VEVs will be non-vanishing giving

0 6= ci = −T aij〈0|φj(0)|0〉 = 〈0| [Qa(t), φi(0)] |0〉

=

∫
d3x 〈0| [Ja0 (x, t), φi(0)] |0〉

=

∫
d3x 〈0| [eiPxJa0 (0)e−iPx, φi(0)] |0〉

=
∑
k

(2π)3δ3(k)
{
〈0|Ja0 (0)|k〉〈k|φi(0)|0〉 e−iEkt

−〈0|φi(0)|k〉〈k|Ja0 (0)|0〉 eiEkt
}

(1.23)

The space-time translation acting on the complete set of states |k〉, as introduced
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in the final expression, produces opposite frequency terms. Therefore, for the time-

dependence to cancel at any time a zero frequency state |k〉 should exist satisfying not

only

Ek = 0 , k = 0 (1.24)

but also

〈0|φi(0)|k〉 6= 0 , 〈0|Ja(0)|k〉 6= 0 , |k〉 6= |0〉

for the VEV of at least one field operator to be non-vanishing (i.e ci 6= 0). This state

due to (1.24) corresponds to a massless particle identified as the Nambu-Goldstone

Boson.

It should be remarked though that the presence of massless Goldstone Bosons

in a theory with SSB is directly associated with the presence of conserved currents

and charges. Noether’s theorem implies that these currents emerge from continuous

symmetries of the Lagrangian (or the action). In the other case where the symmetry

is discrete (i.e the group parameter is discrete valued) SSB may as well be realized but

Goldstone bosons should not be expected to appear.

Spontaneous breaking - Abelian example.

Having established the connection between Goldstone Bosons and broken generators

of a continuous symmetry we may proceed with an illustrative example of SSB in the

simple case of an Abelian symmetry. The Lagrangian density is given by

L = ∂µφ†∂µφ−m2(φ†φ)− λ

2
(φ†φ)2 (1.25)

where the complex field is assumed to be non-trivially charged under the considered

U(1) namely qφ 6= 0. The infinitesimal symmetry transformation would then induce

δφ = iθ[Q, φ] = iθ qφφ

The classical potential on the other hand is identified as

V (φ∗, φ) = m2(φ∗φ) +
λ

2
(φ∗φ)2 (1.26)
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and has a minimization condition 3

δV

δφ

∣∣∣∣
φ=v

=
δV

δφ∗

∣∣∣∣
φ=v

= 0 (1.27)

A non-vanishing parameter v corresponding to the ground-state fields may then rise

if only a negative squared mass parameter4 is considered (m2 = −µ2 < 0). Then the

minimization condition is solved for

|v|2 =
µ2

λ
6= 0 (1.28)

which actually implies that the solution given by v = eiΘ
√

µ2

λ
for any Θ is not unique.

The phase Θ in fact parametrizes the degenerate ground-state fields which can be de-

picted as a circle of radius vr =
√

µ2

λ
in the complex plane. The symmetry breaking

condition is then realized by choosing a certain value for the phase Θ = Θ0 or equiv-

alently by picking a specific direction in the aforementioned complex plane. Clearly

then, the ground-state field v0 is no longer invariant under the U(1) transformations

and the symmetry is broken due to the non-invariance of the vacuum.

In the QFT language classical fields are promoted into operators and ground state

fields into VEVs. The symmetry breaking condition is then

〈0|φ|0〉 = v (1.29)

which may be expressed in terms of its real field components (φ = φ1+iφ2√
2

) as

〈0|φ1|0〉+ i〈0|φ2|0〉 =
√

2 v (1.30)

By picking the direction of symmetry breaking at Θ = 0 meaning

v0 =〈0|φ1|0〉 =

(
2µ2

λ

)1/2

(1.31)

〈0|φ2|0〉 = 0 (1.32)

the vacuum of the theory is uniquely determined. We may then define new field

operators with respect to the true non-degenerate vacuum as φ′1 = φ1 − v0 , φ
′
2 = φ2

3Strictly speaking the classical potential is identified as V = V +(∇φ)2 with the second term being
positive and thus not participating in the potential minimization.

4A positive coupling constant (λ > 0) is also implicitly assumed for the scalar potential to be
bounded from below.
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and express the Lagrangian density in terms of these shifted fields

L =
1

2

[
(∂µφ

′
1)2 + (∂µφ

′
2)2 − 2µ2(φ′1)2

]
− λv0

2
φ′1(φ′1

2
+ φ′2

2
)− λ

8
(φ′1

2
+ φ′2

2
)2 (1.33)

Since the particle spectrum is derived by small oscillations on the vacuum the above

Lagrangian density of the shifted fields describes the interactions between one massive

scalar with mass mφ′1
=
√

2µ and one massless φ2 which is identified as the Goldstone

boson.

According to the Goldstone theorem the presence of one massless boson should come

as no surprise in a theory with a single broken generator as the Q of the U(1) considered

here. To clarify further the connection between the massless state encountered in this

example and the Goldstone Boson theorem, the formal proof demonstrated previously

should be recalled.

For the U(1) considered, Noether’s theorem implies a time-independent charge in

terms of the real component fields

Q = qφ

∫
d3xJ0(x) = qφ

∫
d3x [(∂0φ2)φ1 − (∂0φ1)φ2] (1.34)

which due to the equal-time commutators (1.11) it also satisfies the commutation

relations

[Q, φ1] = i qφφ2 (1.35)

[Q, φ2] = −i qφφ1 (1.36)

Since (1.36) acquires a non-vanishing VEV the general relation (1.23) takes the form

−i qφ v0 = 〈0| [Qa(t), φ2(0)] |0〉 =
∑
k

(2π)3δ3(k)
{
〈0|J0(0)|k〉〈k|φ2(0)|0〉 e−iEkt

−〈0|φ2(0)|k〉〈k|J0(0)|0〉 eiEkt
}

In the sum over all states only |φ2(k)〉 will eventually survive and thus we identify this

field as the Goldstone boson possessing a zero frequency mode for vanishing momentum

and therefore massless.

To conclude, it should be further mentioned that Goldstone bosons derived from the

SSB of a continuous symmetry of the full Hamiltonian (or Lagrangian) remain massless

to any order in perturbation theory. Of course, to demonstrate that explicitly, would

require a more extensive and rather technical discussion on many other topics including
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renormalization. A rough picture, though, can be obtained if one considers the basic

structure of perturbations. In this picture, the interaction terms introduced through

perturbative corrections also respect the symmetry and thus the symmetry manifests

itself through conserved charges and currents to any order in perturbation theory. The

currents being conserved ensure that a zero frequency mode for vanishing momentum

will always exist when SSB is realised. This, on the other hand, is not the situation in

the presence of explicit symmetry breaking interactions. In such a theory, where the

symmetry of the scalar potential is not respected by the rest of the interactions, the

scalars share an identical tree-level mass spectrum with those of the symmetric theory.

This is due to the fact that symmetry breaking interactions can only appear in the

mass terms through radiative corrections. As a result, in the case of SSB the massless

states of the symmetric theory, unavoidably present due to the conserved currents of

the Lagrangian, will also appear as massless states at tree level in the explicitly broken

theory. At higher orders in perturbation theory, though, the latter will receive non-

vanishing mass corrections reflecting the fact that the currents there are not actually

conserved. These particles are commonly known as pseudo-Goldstone bosons.

1.2.4 Gauge Symmetries

Up to this section we restricted ourselves to global internal symmetries. The symmetry

group under which the Lagrangian density was invariant was characterised by constant

space-time group parameters. In this context we were able to classify particle states

according to their representation under the given symmetry group, extract information

about their mass spectrum and also determine their interactions by introducing all

possible terms with respect to this symmetry. Following the symmetry invariance

certain powerful tools such as currents and charges were developed enabling us to have

a deeper understanding of the theory even in the case where the symmetry was broken.

A remarkable thing happens when we promote these global symmetries into local.

Certain vector fields emerge as a necessary condition for the theory to remain invariant

under the group of the local transformations. These fields are commonly referred

to as gauge bosons and as will be shown, they follow the number of generators of

the symmetry group. They act in a general theory as mediators of the fundamental

interactions while in the explicit context of the SM they are identified as the carriers

of the electroweak and strong force.
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Abelian gauge theories

Perhaps the easiest way to demonstrate how local symmetries manifest themselves

in a field theory is by promoting the corresponding global symmetry and demanding

that the Lagrangian will change in a consistent manner respecting this new symmetry.

We start with the illustrative example of QED described by the Lagrangian of a free

electron field invariant under U(1) transformations.

In the global symmetry case the Lagrangian density will be given by

L = iψγµ∂µψ −mψψ (1.37)

respecting, besides Lorentz symmetry and the renormalization argument, an internal

U(1) symmetry acting on fermions as an Abelian Lie-group through

ψ′ = eiθqψψ (1.38)

ψ ′ = e−iθqψψ (1.39)

In the case where the fermion field is the electron the charge is chosen to be qψ = −1.

By promoting the group parameter into a function of spacetime (θ → θ(x)) it can

be straightforwardly seen that the Lagrangian is no longer invariant due to the non-

vanishing commutator

[∂µ, U(θ(x))] = [∂µ, e
iθ(x)qψ ] 6= 0 (1.40)

It is obvious then that the Lorentz covariant derivative should be promoted into an

operator that changes non-trivially under local transformations but not necessarily

into a form that commutes with them since that would eventually imply a global

group parameter. These type of operators are commonly referred to as gauge covariant

derivatives defined through

Dµ ≡ ∂µ − iqψAµ (1.41)

with the vector field Aµ identified as the gauge field satisfying a non-trivial transfor-

mation under the local symmetry given by

A′µ(x) = Aµ(x) + ∂µθ(x) (1.42)

As a result of these definitions the covariant derivative will transform under the gauge



1.2. QUANTUM GAUGE THEORIES. 17

group as

D′µ = U(θ(x))Dµ U
†(θ(x)) (1.43)

The Lagrangian respecting local symmetry transformations will then be given by the

expression

Lf = iψγµDµψ −mψψ (1.44)

with the gauge invariance being trivially satisfied due to (1.43). Of course, for the

gauge bosons to become physical degrees of freedom and satisfy a non-trivial equation

of motion a kinetic term should as well be introduced. Using our knowledge on the

classical theory of electromagnetism a closer look on the field strength tensor seems

well motivated. The field strength tensor defined through

Fµν ≡ ∂µAν − ∂νAµ (1.45)

turns out to be gauge invariant as can be straightforwardly checked with the use of

(1.42). The obvious choice for a (properly normalized) kinetic term is then

Lg = −1

4
F µνFµν (1.46)

satisfying both Lorentz and gauge invariance. Augmented by the principle of renor-

malizability as previously explained it eventually turns out that

L = Lf + Lg (1.47)

is the most general Lagrangian respecting all these principles. It describes the interac-

tions of a single fermion with respect to a U(1) local symmetry through the presence

of a single vector field, the gauge boson. We identify this set of interactions as the

electromagnetic force and this gauge boson as the photon, the mediator of electromag-

netism.

To conclude our discussion on this abelian example it should be remarked that the

photon is bound to be massless since a quadratic term of the gauge boson fields AµAµ

will be absent from the Lagrangian due to gauge symmetry(1.42).



18 CHAPTER 1. THE STANDARD MODEL

Non-Abelian gauge theories.

As a next step in our discussion we examine the possibility that certain local symme-

tries rising in a field theory correspond to non-abelian groups, namely groups whose

elements do not commute with each other. We shall demonstrate this possibility in the

framework of the Yang-Mills theories [3] based on the presence of the SU(N) symmetry

group. Although in these theories such a possibility may rise for both a simple and a

semi-simple (i.e. G1 ×G2 × . . . ) gauge group we focus on the former case for reasons

of simplicity. The generalization to the semi-simple groups is always straightforward

as will be discussed in the explicit construction of the SM.

Extending the previous abelian example to include non-abelian groups and using

analogous steps in our formalism we first assume that a set of fermion fields trans-

form in the fundamental representation of SU(N) and thus belong to a N-dimensional

multiplet. Then, under a gauge transformation, U(θ) fermions transform according to

Ψ′ = e−iθ
aTaΨ (1.48)

Ψ
′
= Ψ

′
eiθ

aTa (1.49)

with the N2 − 1 Hermitian generators T a satisfying the Lie-algebra of the group

[T a, T b] = ifabcT c. The gauge covariant derivative is now defined through

Dµ ≡ ∂µ − igAaµT a (1.50)

with the gauge bosons following the number of group generators and transforming

non-trivially under the gauge group through

Aµ ≡ AaµT
a , A′µ = UAµU

† − i

g
(∂µU)U † (1.51)

Under these definitions it can be checked that the gauge covariant derivative transforms

in analogy with the abelian case (1.43) as

D′µ = UDµU
† = e−iθ

aTaDµ e
iθaTa (1.52)

meaning that the fermion part of the invariant Lagrangian density will be given by

Lf = iΨγµDµΨ−mΨΨ (1.53)

For the gauge part the situation turns out to be less trivial. The field strength tensor
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F a
µν , if naively considered as in the abelian case, transforms non-trivially under the

gauge transformation and F a
µνF

aµν is not invariant. This suggests that the tensor

should be promoted into a more suitable form which will further allow the construction

of an invariant term in the Lagrangian. To realize this a closer look on (1.45) is

required. There, it can be seen that the field strength may also be expressed through

the commutator

[Dµ, Dν ] = −iqFµν (1.54)

Such a relation can be straightforwardly generalized as a definition in the non-abelian

case

−igFµν ≡ −igF a
µνT

a ≡ [Dµ, Dν ]

Fµν = ∂µAν − ∂νAµ − ig[Aµ,Aν ] (1.55)

F a
µν = ∂µA

a
ν − ∂νAaµ + gfabcAbµA

c
ν (1.56)

with this new tensor following the simple transformation law of the gauge covariant

derivative(1.52)

F ′µν = UFµνU
† (1.57)

F a′

µν = F a
µν + fabcθbF c

µν , (θ → 0) (1.58)

The infinitesimal transformation above reveals a certain representation for the field

strength tensor. This is the adjoint representation defined through T abc = −ifabc, thus

being non-trivial for any non-abelian Lie-group. The invariant quadratic term in the

Lagrangian will be proportional to Tr[FµνF
µν ] or equivalently to F a

µνF
aµν due to the

relation Tr[T aT b] = κ δab. Thus, the Lagrangian density for the gauge bosons in the

non-abelian case will be given by

Lg = −1

4
F a
µνF

aµν = − 1

4κ
Tr[FµνF

µν ] (1.59)

Our previous analysis also reveals certain aspects that require a closer examination.

For example, the gauge fields as in the abelian case will be massless since a term

quadratic on the fields is also forbidden due to gauge symmetry. Furthermore, the

coupling parameter emerging from the definition of the gauge covariant derivative is

bound to be universal for any given non-abelian simple gauge group. In other words the

gauge covariant derivative Dµ necessarily operates on the different representations of
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the theory with the same g. This condition in fact arises from the non-trivial nature of

the group algebra since the generator commutator participates in the definition of the

field strength tensor(1.55). In case of semi-simple groups G1 ×G2 × . . . this condition

is relaxed but still one can associate a single gauge coupling for every simple group

Gi. Also, in the case of abelian groups such a condition is obviously absent eventually

allowing for particles with different charges.

1.3 Basics on Renormalization

In a relativistic QFT certain measurable quantities, when directly evaluated within

the corresponding theoretical framework, turn out to produce infinities, eventually

rendering the theory itself ill-defined. For a deeper understanding of this problem one

should recall the structure of perturbations. In a perturbative QFT after determining

the Feynman rules of the corresponding theory at tree level one proceeds to evaluate

physical quantities such as masses, couplings or amplitudes to any order in perturbation

theory. In practice, this is usually impossible to be realized since it would imply a sum

over an infinite number of terms. But to a good approximation one can stop at a certain

order of perturbations which in the formalism of the Feynman diagrams corresponds to

a certain number of loops involved. The evaluation of diagrams involving loops, though,

often corresponds to the evaluation of divergent integrals reflecting that the momenta

of the virtual particles involved are allowed to vary up to infinity. If the theory satisfies

certain constraints then these divergences, corresponding to the absence of a natural

cut-off for the internal momenta, can be collected and absorbed through a series of

techniques in a redefinition of well-behaved quantities.

Such a procedure is commonly known as renormalization [4–7]. Renormalization

is a vast subject including various techniques and followed by an extensive formalism.

However, since we are only interested in general aspects, it is sufficient to restrict

ourselves to the rather standard strategy, known as renormalization with counterterms,

as applied in a scalar-fermion theory.

1.3.1 Renormalization with counterterms

The counterterm renormalization method,5 is a certain renormalization scheme char-

acterized by the introduction of terms in the Lagrangian specifically designed to cancel

5also known as the BPH- renormalization scheme [5], as for Bogoliubov-Parasiuk-Hepp who origi-
nally proposed it, further developed by Zimmermann and Lowenstein [6].
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(a) (b) (c)

Figure 1.1: Divergent diagrams in φ4 theory. The superficial degree of divergence for
(a,b,c) is D=0,2,-2 respectively. Note that although (c) is superficially convergent it is
actually divergent due to a subgraph divergence identical to (a).

divergences as those arise in a relativistic, perturbative, QFT. Its concrete mathemat-

ical consistency along with its relative simplicity have established it as the standard

method for renormalization both for practical calculations as well as theoretical studies.

In order to understand how this scheme is explicitly realized in a QFT we first

express a general scalar-fermion Lagrangian in the more convenient form

L = L0 +
∑
i

Li (1.60)

where we have separated the free part L0, from all other possible interaction terms

Li. The Lagrangians we will be interested in are the so-called renormalizable by power

counting. They consist only of terms with total mass dimension Md ≤ 4 as this arises

by addition if we assign 1, 1, 3/2 mass dimensions to derivatives, scalars and fermions

respectively. Such an ad hoc choice for the allowed terms in the Lagrangian as well as

the field and derivative assignments will be justified in what follows.

Besides the above general considerations, the following definitions will also be useful

in our subsequent analysis:

One particle irreducible(1PI) Feynman diagrams. These are distinct dia-

grams that share a common topological property. They are understood as the con-

nected diagrams which cannot become disconnected through a single cut in any of

the internal propagators. With the term “connected” we refer to diagrams with all

external propagators linked to each other while with “disconnected” to any other pos-

sible case. All diagrams displayed in Fig.1.1 should thus be regarded as 1PI since they

immediately comply with the criteria above.

Superficial degree of divergence D. This is a particularly useful parameter, as-

sociated with the asymptotic behaviour of amplitudes. We define the superficial degree
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of divergence of a given diagram as the difference between numerator and denominator

internal momenta as these may arise from propagators,vertices and integration vari-

ables. For example the diagram Fig.1.1(a) for a single scalar φ4 theory with transferred

momentum q will give

Γ(4) ∼
∫
d4k

1

((k + q)2 −m2) (k2 −m2)
→ D = 0 (1.61)

Negative values for D indicate superficially convergent integrals while the values 0, 1, 2,

etc. indicate logarithmic, linear, quadratic, etc. superficial divergence respectively.

The term “superficial” is understood by considering Fig.1.1(c) where while D = −2

the diagram is actually divergent due to an inherent subgraph divergence. Nevertheless,

as will be discussed, it is the superficial rather than the actual divergence of a diagram

that is in practice important for renormalization.

It should be mentioned that for the evaluation of all diagrams in the renormal-

ization procedure, integrals are implicitly assumed a priori regularized with a proper

regularization scheme. That is integrals are considered to have become finite6 without

restricting ourselves to a specific regularization scheme and without violating funda-

mental elements of the theory such as symmetry relations. We also implicitly consider

all particles massive so as to avoid a non-analytic behaviour of the integrals around

zero momentum. This is a crucial point for our subsequent treatment where we shall

consider Taylor series of integral functions around zero external momenta. That is be-

cause an expansion of a divergent integral, as in (1.61), in terms of external momenta

will give

Γ(q) = Γ(0) + q2 ∂Γ

∂q2

∣∣∣∣
q2=0

+ . . . (1.62)

where it can be checked that only Γ(0) is divergent while higher order terms will be

convergent (D < 0). In this way, we may in general isolate the divergence of a given

diagram to a finite number of terms in the Taylor expansion.

The 1PI diagrams of Fig.1.1, displaying the superficial degree of divergence ac-

cordingly, may help to understand a generic, useful relation that holds, associating

the topology of a connected diagram with the superficial degree of divergence. To

demonstrate it we first explain our notation. We denote the number of external

scalar(fermion) lines as B(F), of internal scalar(fermion) lines as IB(IF) and of ith

6This is either through cut-off or dimensional regularization [7] with the latter scheme being con-
siderably advantageous in the presence of symmetries.
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type vertices as ni corresponding to a certain Li term. For a given vertex i we further

denote as bi(fi) the scalar(fermion) lines attached to it and di its possible derivatives.

Then the following relations for a general theory with only bosons or only fermions

B + 2(IB) =
∑

nibi

F + 2(IF ) =
∑

nifi (1.63)

would immediately hold. A generalization to the case of a scalar-fermion theory, reveals

for the superficial degree of divergence

D =
∑

nidi + 2(IB) + 3(IF )− 4
∑

ni + 4 (1.64)

= −B − 3

2
F + 4 +

∑
niδi (1.65)

δi ≡ bi +
3

2
fi + di − 4 (1.66)

where for the second row (1.63) was used. The meaning of (1.64) is rather simple.

Every derivative interaction contributes a momentum in the nominator through the

corresponding vertex (
∑
nidi). Every internal boson(fermion) line will contribute

two(three) degrees of divergence from the difference between the introduced four-

momentum volume of integration and the denominator momenta coming from the

propagator (2(IB), 3(IF )). Each vertex i imposes a four-momentum delta function

which cancels an integration volume (−4
∑
ni) except for one delta function which

survives corresponding to the four-momentum conservation for the external propaga-

tors(+4).

The parameter δi as defined in (1.66) is commonly referred to as the index of di-

vergence of the ith type vertex or equivalently of the Li term. As defined here, it

carries the information for the naive dimension of the corresponding operator previ-

ously considered as “mass dimension” of fields and derivatives. We may now explain

further this assignment by dimensional analysis arguments. The Lagrangian density

will necessarily carry a mass dimension four for the action to be dimensionless. Since

each derivative will have a mass dimension one (1/L ∼M) then from the kinetic terms

we easily figure out the previously mentioned mass dimensions for scalars and fermions.

The term “naive” is irrelevant for our discussion since it applies to the case of vector

fields we choose not to consider. We only mention that in this case the naive might

be different than the canonical dimension of an operator7 which is a more appropriate

7This is extracted from the asymptotic behaviour of the free-field propagators.
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parameter for theories with gauge bosons. In any case, for the scalar-fermion theories

we consider, the index of divergence is also given by

δi = DimLi − 4 (1.67)

We may now describe the counterterm renormalization scheme as the following

systematic approach:

• First, a one-loop computation of all 1PI diagrams of the theory is required. We

focus on the superficially divergent diagrams satisfying D ≥ 0. A Taylor expan-

sion of the divergent integrals around the subtraction point, here taken at zero

external momenta will be used to isolate the divergent part.

• Next, a set of counterterms specifically designed to cancel the terms in the Taylor

expansion with D ≥ 0 is introduced in the Lagrangian.

• The modified Lagrangian is now considered to construct the counterterms for

the two-loop diagrams and this procedure reiterates to all orders in perturbation

theory.

With this technical treatment all divergences are expected to vanish. We should

however point out a certain aspect which also explains the importance of the superficial

degree of divergence in this scheme. For that we examine the diagram in Fig.1.1(a) in

terms of the φ4 theory with

L =
1

2
(∂µφ)2 − 1

2
m2φ2 − λ

4!
φ4 (1.68)

Since this is logarithmically divergent we introduce a counterterm as iΓ(0)
4!
φ4 which

not only cancels the divergence in this diagram but also the subgraph divergence in

Fig.1.1(c) which eventually becomes finite. Thus, it is the superficial rather than the

actual divergence of a given diagram that implies a counterterm. By systematically

treating all superficial divergences in 1PI diagrams of a theory as described above, all

divergences are expected to be eliminated.

With all fundamental tools available we may now proceed to examine the principle

of renormalizability and the conditions this implies to a general QFT. After all that

was our main motivation for this section. The principle states that every physical

QFT should be renormalizable. It should be stressed that this is a characteristic of

the theory rather than an artifact of the specific renormalization scheme applied. The

primary condition for a renormalizable theory is that all operators in the Lagrangian
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should have a mass dimension Md ≤ 4. This immediately implies through (1.67) the

condition δi ≤ 0. As an immediate consequence, the superficial degree of divergence D

for such a theory is well-behaved and cannot increase for higher order diagrams as can

be checked from (1.65). If that was not the case then one would have to introduce an

infinite number of counterterms to treat the increasing number of divergent diagrams

as these would unavoidably arise from higher order terms in perturbation theory.

We may generalise this last condition to an essential characteristic of renormalizable

theories. That is for such theories only a finite number of counterterms is required to

eliminate the divergences to all orders in perturbation theory. However, this “renor-

malizable by power counting” condition is necessary but not sufficient to render the

theory renormalizable. The counterterms in a renormalizable theory should also follow

the structure of the original Lagrangian. This property, required for the mathemat-

ical consistency of this scheme, is already satisfied for the diagrams of Fig.1.1 which

produce a counterterm Lagrangian of the form

Lct = A(∂µφ)2 +Bφ2 + Cφ4 (1.69)

Only then the bare (unrenormalized) Lagrangian can be expressed as

L0 =
1

2
(∂µφ0)2 − 1

2
m2

0φ
2
0 −

λ

4!
φ4

0 = L+ Lct (1.70)

which implies that we can absorb and redefine all divergences of L0 into the well

behaved L+ Lct.
Of course there are other interesting and non-trivial implications of renormalizabil-

ity especially when we consider symmetric Lagrangians. Our previous analysis however

is adequate to understand the general constraints of renormalization on the structure

of a QFT.

1.4 Building the Standard Model

Our previous analysis, focused on certain selected topics within the general framework

of quantum gauge theories, may further apply as a guideline in an attempt to explore

an explicit gauge model, the SM of the particle physics [10]. Although such a model

turns out to exhibit various attractive features, for reasons that will be explained fur-

ther at the end of this section it should probably be regarded as a highly functional

effective model of particle interactions at low energies. In this sense various funda-
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mental assumptions as the choice of the gauge group or the representation content of

the theory do not imply a deeper motivation other than the remarkably accurate and

sometimes elegant description of particle interactions at low energies.

1.4.1 Basic structure of the SM

The SM may be regarded as an explicit realization of the semi-simple symmetry group

GSM = SU(3)×SU(2)×U(1) within the framework of a relativistic QFT. In this view-

point the elementary particles (scalars, fermions, gauge bosons), or strictly speaking

the particle states involved can be classified further according to their representation

profile below:

Gauge Bosons : Gµ(8, 1, 0) , Wµ(1, 3, 0) , Bµ(1, 1, 0)

Fermions : QI
L(3, 2, 1/6) , uIR(3, 1, 2/3) , dIR(3, 1,−1/3)

LIL(1, 2,−1/2) , eIR(1, 1,−1) , νIR(?)

Scalars : Φ(1, 2, 1/2) (1.71)

The first row represent the twelve massless gauge bosons of the unbroken theory

corresponding to the twelve generators of the GSM with G, W, B being the gauge fields

of the respective SU(3), SU(2), U(1) subgroups. The second and third row represents

the fermion states of the theory with an implicit family replication denoted by the index

I = 1, 2, 3 and confirmed by experiments. The QL, LL as far as the SU(2) subgroup

is concerned 8 are the doublets (uL, dL), (νL, eL) respectively. All fermion states are

denoted as four-component spinors of certain chirality9 (left or right-handed) with

spinors of opposite chirality being allowed to transform in different representations

of the gauge group. When the gauge symmetry will be broken these chiral fields

will form together Dirac fermions (four-component spinors) obviously belonging to the

same representation of the remnant gauge group. The situation for the neutrinos is

more subtle due to the inadequacy of current experimental data as will be discussed

extensively in a following chapter. Finally, the last row represents an SU(2) doublet

of scalars, charged under U(1), known as the Higgs doublet. It is required for the

operation of the Higgs mechanism which will realize in a rather elegant manner the

SSB phenomenon within the framework of the SM gauge theory.

Since the Lagrangian of the SM, even in the unbroken case, is rather extensive,

8suppressing color-SU(3) indices
9These are simply the four-component spinors ΨL ≡ (ψL, 0) ,ΨR ≡ (0, ψR) in a two-component

block form.
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a decomposition to the different sectors of the theory is required. Thus, using our

previous philosophy on gauge theories we may write

L = Lg + Lf + Ls (1.72)

isolating the gauge, the fermion and the scalar part respectively. Before we examine

further each term of the above expression a general remark on the gauge covariant

derivative should be made. The gauge covariant derivative can be expressed anywhere

in the compact form

Dµ = ∂µ − ig1Y Bµ − ig2W
a
µT

a
(2) − ig3GµT

a
(3) (1.73)

Its explicit form will be determined by the respective representation on which it oper-

ates each time. The Y, T(2), T(3) are the U(1) hypercharge, the SU(2) and the SU(3)

generators with respect. The covariant derivative acting on the Higgs doublet for ex-

ample would have Y = −1/2 and T(2) as the properly normalized generators of the

SU(2) fundamental representation10. Since this representation is trivial under SU(3)

the eight generators T(3) will be vanishing.

With this global definition of the covariant derivative at hand we may proceed to

examine the gauge sector. There, we have

Lg = −1

4
BµνBµν −

1

4
W µν aW a

µν −
1

4
Gµν bGb

µν (1.74)

Obviously, this is the Yang-Mills structure previously discussed in the abelian and non-

abelian gauge theories. The definitions for the field strength tensors still apply in the

case of the semi-simple group of the SM but with the straightforward generalization

that for each subgroup there is a single corresponding gauge coupling involved in the

definitions. Thus for example from the definition (1.55) the field strength for the SU(2)

gauge bosons Wµν will involve only the gauge coupling g2 since the covariant derivative

(1.73) will be trivial for the g1, g3 terms.

In the fermion sector the Lagrangian is more extensive but the structure is rather

10These are no other than the well-known Pauli matrices σi multiplied by a factor 1/2
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simple. We have11

Lf = iQL /DQL + iuR /DuR + idR /DdR + iLL /DLL + ieR /DeR

+ Y IJ
u Q

I

LΦ̃uJR + Y IJ
d Q

I

LΦ dJR + Y IJ
e L

I

LΦ eJR + h.c

{+iνR /DνR + (Y IJ
ν L

I

LΦ̃νJR +mIJ
N ν

I
Rν

J
R + h.c.)} (1.75)

In the first row we observe the kinetic terms which in a gauge theory also include the

interactions of fermions with gauge bosons through the explicit form of the covariant

derivative. Family indices there are suppressed but are implied diagonal due to a choice

of basis (i.e. the gauge basis). In the second row all possible renormalizable interactions

of fermions with scalars respecting the symmetry are introduced. The matrices Y in

family space, also known as Yukawa couplings, are not directly measurable but they give

rise to physical quantities such as the fermion masses and mixings when the symmetry

is spontaneously broken. The last row corresponds to the rather standard (but not

unique) extension of the SM in order to include masses for the neutrinos. These terms

were absent in the original theory where the neutrinos were erroneously considered

massless and so far experiments have been inconclusive on their explicit structure.

Even from this brief review over the fermion and gauge sector of the unbroken SM

the necessity for a symmetry breaking mechanism should have become obvious. Al-

though this model describes adequately particle interactions at higher energies, namely

above the respective mass thresholds of the observed particles it falls short when one

attempts to explain the origin of masses. To explain further, in the framework previ-

ously considered all particles due to gauge symmetry are massless (i.e. there is no mass

term allowed in the theory either for fermions or gauge bosons). This nice behaviour

of the theory at higher energies, as well as its deficiencies at lower, indicates not only

that the theory should be spontaneously broken but also that the mechanism operating

should attribute masses to certain particles as these are observed in nature. Such an

elegant mechanism, commonly known as the Higgs mechanism [8, 9] will be discussed

below.

1.4.2 The Higgs mechanism

The scalar part of the Lagrangian was deliberately separated from our previous dis-

cussion since not only it describes interactions of the scalar-gauge bosons but under

11For economy of notation we employ the Feynman-slash symbol γµDµ ≡ /D. Also the conjugate

scalar doublet is defined as Φ̃ = iσ2Φ∗ so as for the proper contraction of gauge indices to be taken
into account.
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certain circumstances it can give rise to the SSB of the full theory. Since the sponta-

neous breaking is realized in a similar fashion for both gauge and global symmetries,

the U(1) example of a spontaneously broken global symmetry, as discussed in §1.2.3,

will be used as a guideline in what follows.

Applying the formalism of the abelian case, the most general renormalizable La-

grangian for the scalar SU(2)-doublet (1.71) of the SM will be given by

Ls = DµΦ†DµΦ + µ2Φ†Φ− λ

2
(Φ†Φ)2 (1.76)

Obviously, for the SSB mechanism to operate both µ2, λ should be considered positive.

The scalar potential of the theory is identified as

V (Φ,Φ†) = −µ2Φ†Φ +
λ

2
(Φ†Φ)2 , Φ =

1√
2

(
φ2 + iφ3

φ0 + iφ1

)
(1.77)

with a minimization condition satisfied for all ground state fields ΦGS with

Φ†GSΦGS =
µ2

λ
≡ v2

2
(1.78)

As in the abelian case, the vacuum will be degenerate and therefore SSB is realized by

choosing the scalar doublet to acquire a non-vanishing VEV in a certain direction. We

choose

〈0|Φ|0〉 =

(
0
v√
2

)
(1.79)

which in terms of the real scalar fields φi implies that only 〈0|φ0|0〉 will be non-

vanishing.

The non-degenerate vacuum of the spontaneously broken theory will remain invari-

ant under all SU(3) transformations reflecting the fact that the Higgs weak isodou-

blet(1.71) is a singlet under SU(3). On the other hand, from the four generators of

SU(2)× U(1) acting on the vacuum only the linear combination

Q = T3 + Y (1.80)

remains unbroken satisfying Q|0〉 = 0. This linear combination will correspond to the

generator of a new U(1) symmetry belonging to the remnant gauge group. Thus, for
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the SM we have the pattern of SSB

SU(3)C × SU(2)× U(1)Y
〈0|Φ|0〉−→ SU(3)C × U(1)EM (1.81)

where the surviving abelian subgroup is identified as the symmetry of the electromag-

netic interactions (U(1)EM).

Introducing the shifted fields with respect to the non-degenerate vacuum of the

broken theory as φ′i = φi−v δi0 reveals a new remarkable aspect for the SSB mechanism

of gauge symmetries. If these symmetries had been considered global three massless

states corresponding to the three broken generators of the SU(2) × U(1)Y subgroup

would have unavoidably appeared as a result of the Goldstone theorem. In gauge

theories though these massless states not only can be absorbed through a specific

gauge transformation but also provide the theory with the necessary extra degrees of

freedom required for the ‘broken’ gauge bosons12 to become massive. These massless

states of the gauge theory are commonly referred to as the would-be Goldstones. The

gauge-fixing condition corresponding to this specific gauge transformation is referred

to as the Unitary Gauge.

In order to demonstrate explicitly this elegant mechanism within the context of the

SM we first reexpress the Higgs doublet in terms of the shifted fields. We have

Φ = Φ′ +

(
0
v√
2

)
=

1√
2

(
φ′2 + iφ′3

(φ′0 + v) + iφ′1

)
(1.82)

Φ ≡ U †(x)

(
0
n+v√

2

)
= ei(ξiTi/v)

(
0
n+v√

2

)
(1.83)

where the Ti’s are the three broken generators of the theory, conveniently normalized

as σ1, σ2, (Y − σ3/2). The consistency of the parametrization in (1.83) can be seen by

considering the fields ξi(x) as group parameters. Then due to the Lie-group property

for infinitesimal transformations

Φ = (1 + i(ξiTiv) + . . . )

(
0
n+v√

2

)
=

1√
2

(
ξ2 + iξ1

(n+ v) + iξ3

)
+ . . . (1.84)

the fields n, ξi are straightforwardly identified with the shifted fields φ′i when the latter

describe small oscillations around the vacuum.

We may use the parametrization of (1.83) to define a new Higgs doublet and new

12We use the, rather inaccurate, terminology “ ‘broken’ gauge bosons ” as an abbreviation in order
to describe those gauge bosons corresponding to the broken generators of the theory.
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gauge bosons as

ΦU ≡ U(x)Φ =

(
0

n(x)+v√
2

)
(1.85)

W U
µ ≡ UWµU

† − i

g
(∂µU)U † (1.86)

BU
µ ≡ Bµ (1.87)

Clearly, this is a gauge-fixing condition since the new fields, defined through a gauge

transformation of the broken generators, are not allowed to transform further under it.

To explain in more detail, we should mention that the unbroken theory has U(x) as a

symmetry. Thus, one may define the fields in any (legitimate) gauge, namely for any

suitable U ′(x) including the one of the unitary gauge, and then use the SSB mechanism

to derive the Lagrangian of the broken theory. The resulting Lagrangians will describe

equivalent theories but they will no longer be connected through the considered gauge

transformations since these are not symmetries of the broken theory. By choosing to

define the theory in the unitary gauge one is able to absorb the unphysical degrees

of freedom ξi in the gauge fixing condition described by the above relations. The

Lagrangian for the scalar sector will then have the simple structure

Ls = DµΦU†DµΦU +
µ2

2
(v + n(x))2 − λ

8
(v + n(x))4 (1.88)

From the kinetic term new mass terms quadratic in the ‘broken’ gauge bosons will

emerge when the Higgs will acquire a non-vanishing VEV. But before discussing the

explicit mass spectrum as it manifests in the unitary gauge it is worth mentioning that

mass terms for the gauge fields also appear for other gauge-fixing conditions. What

makes the unitary gauge so special is that the unphysical degrees of freedom which in

general would couple to the gauge bosons in bilinear forms are absent, thus rendering

the mass spectrum more transparent.

1.4.3 Particle spectrum

The explicit spectrum for the SM particles in the unitary gauge will include:

• A single scalar identified as the Higgs boson with a mass mn =
√

2µ as derived

from the n2 terms in (1.88). It should be remarked that this term will have the

correct minus sign in the Lagrangian corresponding to a physical particle with

definite mass.
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• Six quarks and three charged leptons (neglecting neutrinos) with a mass derived

from the Yukawa couplings of (1.75). There, it can be seen that opposite chirality

states will form massive Dirac fermions when the Higgs develops a VEV. Due to

the family structure of the theory the fermion mass terms can be represented as

the 3× 3 matrices in family space

M IJ
u = − v√

2
Y IJ
u , M IJ

d = − v√
2
Y IJ
d , M IJ

e = − v√
2
Y IJ
e (1.89)

The physical masses are then obtained by diagonalizing the above matrices

through bi-unitary transformations, namely as U †1MU2. Fermion mass diago-

nalization as well as fermion mixing will be discussed in more detail for both

charged fermions and neutrinos in a following chapter. It should be mentioned

that quarks, contrary to leptons, will carry an extra degree of freedom, the color,

due to the fact that they belong to a non-trivial representation of the unbroken

SU(3)C .

• Twelve gauge bosons out of which the three, W±, Z corresponding to the broken

generators of the SU(2)×U(1)Y , will become massive through the Higgs kinetic

term in (1.88). In fact it turns out that these gauge bosons will acquire their

masses in a rather elegant manner which further preserves the renormalizability

of the spontaneously broken theory.

In order to illustrate explicitly the mass generation mechanism for the gauge bosons

we first focus on the covariant derivative of the Higgs kinetic term. Since the Higgs

doublet is trivial under SU(3) the g3 term of the compact expression (1.73) will be

absent. We therefore have

DµΦ†DµΦ =

∣∣∣∣∣(∂µ − ig1YΦBµ − ig2W
a
µT

a)

(
0

n(x)+v√
2

)∣∣∣∣∣
2

(1.90)

with YΦ = 1/2, T a = σa/2. From this we obtain the expression relevant for gauge

boson masses ∣∣∣∣∣12
( {

g1Bµ + g2W
3
µ

}
g2(W 1

µ − iW 2
µ){

g2(W 1
µ + iW 2

µ)
}

g1Bµ − g2W
3
µ

)(
0
v√
2

)∣∣∣∣∣
2

(1.91)

where obviously the terms in the first column of the above matrix are irrelevant. We

next recall that the broken gauge group has a surviving abelian symmetry U(1)EM .

Hence, all physical particles will transform trivially (neutral) or non-trivially (charged)
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under the remaining symmetry. The gauge bosons Bµ,W
3
µ are neutral but the fields

W 1,2
µ do not transform properly under the electromagnetic transformation (i.e. they

are not charge eigenstates.) On the other hand, the linear combinations W±
µ ≡

(W 1
µ ∓ iW 2

µ)/
√

2 are. They will carry unit charge as can be directly checked from

the commutators

[Q, T1 ∓ iT2] ≡ [Q, T±] = ±T± (1.92)

In terms of the charge eigenstates the terms relevant for masses become

g2
2v

2

4
W+
µ W

−µ +
v2

8
(g1Bµ − g2W

3
µ)2 (1.93)

The first term is obviously a mass term with MW = g2v/2 for the two charged gauge

bosons W±. The second contains all possible bilinear mixing of B, W 3. Clearly, a

rotation to the mass eigenstate basis is required in order to obtain the mass spectrum.

We thus reexpress this term in the more transparent matrix form

v2

8

(
W 3µ Bµ

)( g2
2 −g1g2

−g1g2 g2
1

)(
W 3
µ

Bµ

)
(1.94)

where a zero mass eigenvalue is present due to the vanishing determinant. Diagonal-

ization is obtained through the orthogonal transformation

U(θW ) ≡

(
cos θW − sin θW

sin θW cos θW

)
, tan θW = g1/g2 (1.95)(

Zµ

Aµ

)
= U(θW )

(
W 3
µ

Bµ

)
(1.96)

which will bring (1.94) in the diagonal form

1

2
(Zµ Aµ)

(
v2

4
(g2

1 + g2
2) 0

0 0

)(
Zµ

Aµ

)
(1.97)

We straightforwardly obtain a massive neutral gauge boson, the Z-boson, with mass

MZ = (v/2)(g2
1 + g2

2)1/2 and a massless one, A, which we identify as the photon of the

electromagnetic interactions. The SU(3)C × U(1)EM symmetry of the spontaneously

broken theory ensures that the photon as well as the eight gluons of the strong interac-

tions will be massless, to all orders in perturbation theory. It should also be mentioned
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that when one considers the mass expressions for the gauge bosons along with the

Weinberg (electroweak) mixing angle θW defined through (1.95) the following relation

is obtained

ρ =
M2

W

M2
Z cos2 θW

= 1 (1.98)

It should be mentioned that this relation can be modified only if the Higgs sector is

extended to include representations other than the standard weak isodoublets. All

experiments to date support such a value for the ρ-parameter.

1.5 Limitations of the Standard Model

Although the SM is an extremely accurate and rather elegant gauge model, its fun-

damental deficiency to incorporate gravity along with other inadequacies that arise

within its context, motivate theoretical search for a more concrete framework. Various

theories beyond the SM such as Supersymmetry (SUSY) or Grand Unified Theories

(GUTs), discussed here, seem to provide a consistent generalization of the SM with

many interesting and appealing features. To better understand the necessity for a more

general theoretical framework we present the following major issues that the SM has

been insufficient to address.

• The number of free parameters. As a gauge theory the SM encompasses a num-

ber of free parameters that cannot be determined by any consideration within

its context. The value for the Weinberg angle, the hierarchical fermion masses,

the mixing angles for the quarks (CKM) and leptons (PMNS)13 are regarded

in the SM as just-so parameters with no deeper physical meaning. But also

at a more fundamental level, one is not able to provide with a convincing an-

swer for the choice of the gauge group or the smallness of the electroweak scale

as compared with the Planck scale where gravity becomes strongly interacting

(MPl ∼ 1018GeV ).

• The hierarchy problem. Disregarding the aforementioned issues and keeping only

the minimal assumption for a drastically different quantum theory at Planck

scale produces a problem of technical nature to the SM itself. Heavy particles,

originating from this high-energy theory, naturally drive the light Higgs mass to

13Masses and mixing for fermions will be discussed in detail within the more general framework of
SUSY-GUTs and as a part of a published paper.
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MPl through renormalization. For this unwanted situation to be absent severe

fine-tuning cancellation between MPl parameters must be realized for an MEW ∼
102GeV Higgs mass to appear. In fact, this is a more general characteristic of

effective gauge theories, namely theories with a high-energy completion. The

larger the hierarchy between the scales, the more the fine-tuning required for the

scalars to remain light.



36 CHAPTER 1. THE STANDARD MODEL



Chapter 2

Theories Beyond the Standard

Model

2.1 Supersymmetry

Among various proposed extensions of the SM, supersymmetry (SUSY) [12–14] sin-

gles out as a theory that generalizes the SM in a consistent manner and at the same

time evades the hierarchy problem. Built on the rather simple idea of a symmetry

connecting bosons with fermions, SUSY has developed through several decades into a

solid theoretical framework strongly believed to describe particle interactions at scales

where the SM is expected to fail. For the moment experiments show no indication for

such a symmetry to exist. However, the recent discovery of a light scalar particle at the

LHC, believed to be the Higgs particle, has revitalized the interest in supersymmetric

extensions of the SM. These seem to provide a more elegant framework for fundamental

scalars of “small mass”.

2.1.1 Motivations and general properties.

In order to understand how a fermion-boson symmetry may resolve the technical com-

plications of an effective gauge theory with light scalars we examine the radiative

corrections of the Higgs in the presence of heavy particles. Using the cut-off regu-

larization scheme, the Higgs coupling to heavy scalars will induce the one-loop mass

correction

∆m2
H =

λS
16π2

Λ2 + . . . (2.1)

37
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corresponding to a λS|Φ|2|S|2 coupling in the Higgs potential. The parameter Λ is the

cut-off scale of the theory, here considered to lie around the scale MPl where gravity

becomes important.

The coupling with heavy Dirac fermions will give an analogous quadratically diver-

gent contribution of the form

∆m2
H = −|Yψ|

2

8π2
Λ2 + . . . (2.2)

corresponding to a (diagonalized) Yukawa coupling expressed in the general form

(YψΦΨRΨL + h.c.).

These quadratic divergences indicate that the expected mass scale for the Higgs

particle should be Λ ∼MPl instead of MEW . This feature turns out to be an intrinsic

property of effective theories with scalars rather than an artifact of the regularization

scheme followed. If we had used instead the dimensional regularization scheme the

quadratic divergences would have been absent but simple poles would appear propor-

tional to the squared masses of the particles in the loops. In both cases, though, one

cannot justify the presence of a counterterm specifically tuned to cancel this divergent

behaviour of the Higgs mass correction.

Supersymmetry, on the other hand, confronts the hierarchy problem in a rather

straightforward manner. From the relations (2.1),(2.2) it becomes obvious that if for

every Dirac fermion there are two complex scalars with λS = |Yψ|2, then the minus sign

between scalar and fermion loops will ensure the absence of these annoying quadratic

divergences. If furthermore, such a cancellation is protected by an underlying symme-

try then the idea becomes well established with definite implications on the particle

spectrum and interactions.

From our previous experience on symmetry transformations, SUSY is expected

to be described by some appropriate generators satisfying a corresponding algebra.

But supersymmetric transformations contrary to the internal symmetries previously

discussed are special transformations of the spacetime. This should be expected since

only then the different spin states (spin-0,1/2,1) of the Lorentz group would be able to

mix. Furthermore, SUSY generators should satisfy a very special algebra which evades

the severe theoretical restrictions following spacetime symmetries [15]. It turns out
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that the graded Lie algebra

{Q,Q†} = 2σµP
µ

{Q,Q} = {Q†, Q†} = 0

[Q,P µ] = [Q†, P µ] = 0 (2.3)

with P µ being the energy-momentum vector, describes the algebra of supersymmetric

transformations which for a single pair of Q, Q† corresponds to the N = 1 SUSY

discussed here.

Particle states can be classified according to their transformation property under

the SUSY algebra in a manner analogous to the Lie algebras we previously encountered.

The irreducible representations of SUSY that accommodate fermion and boson states

(superpartners) are commonly referred to as supermultiplets. Obviously, all super-

partners within a given supermultiplet will share an identical mass since [Q,P 2] = 0.

Furthermore, since [Q, T a] = 0 for any generator of an internal Lie-group, a SUSY

transformation will not mix states within an irreducible representation of the gauge

group. Therefore the whole supermultiplet will transform as a gauge eigenstate or in

other words all component fields within a given supermultiplet will share the same

quantum numbers (charge, isospin, colour). In addition, it can be shown that in any

given supermultiplet the number of fermion (nF ) and boson (nB) degrees of freedom

will be equal. This can be easily seen if one defines a suitable spin operator (−1)2s

anti-commuting with Q,Q† and with eigenvalues 1(−1) when acting on boson (fermion)

states. Then it turns out that the trace of this operator over the states of a certain

supermultiplet will always vanish as∑
i

〈i|(−1)2sP µ|i〉 =
∑
i

〈i|(−1)2s{Q,Q†}|i〉 = 0

= pµ
∑
i

〈i|(−1)2s|i〉 (2.4)

due to the commutation property of the trace and the anticommutation property of the

spin operator. The vanishing of Tr[(−1)2s] subsequently implies the straightforward

equality nB = nF for the degrees of freedom of the given supermultiplet.

Using this knowledge over the states of a given supermultiplet we may revisit the

desired cancellation of the quadratic divergences in the Higgs mass correction. In

terms of supersymmetry the Higgs supermultiplet may couple to another supermultiplet

which will include the same degrees of freedom for fermions and bosons. The simplest
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but not unique choice as we will see in more detail is the chiral supermultiplet with a

single complex scalar field and a two component Weyl-spinor. Since a Dirac fermion

is formed by two different Weyl-spinors the Higgs will necessarily couple to two chiral

supermultiplets as λHΦ1Φ2 in order to account for a Higgs-Dirac fermion coupling.

Supersymmetry, as will be explained in what follows, guarantees that this coupling not

only includes the operators λhψ1ψ2 and |λ|2|h|2|φ1|2, |λ|2|h|2|φ2|2 but also imposes the

common coupling parameter λ . In addition, the complex scalars φi will share the same

mass with their Weyl-spinor superpartners ψi and therefore with the Dirac spinor that

they form. As a result, the worrisome quadratic divergences cancel each other without

the fine-tuning required due to the hierarchy problem.

2.1.2 Supermultiplets- Introducing the MSSM

The supersymmetric transformations imply a further classification for particle states

in terms of the supermultiplets, the irreducible representations of this special graded

Lie-algebra (2.3).

The minimal non-trivial choice for a supermultiplet consistent with nB = nF is the

chiral supermultiplet. It accommodates a massless Weyl two-component spinor ψ and a

complex scalar field φ as well as an auxiliary field F , of mass dimension two, necessary

for the supersymmetry algebra to close off-shell. To explain further the purpose this

auxiliary field serves, one should recall that a massless Weyl-spinor is described by two

complex variables (i.e. four real degrees of freedom). When the equations of motion are

invoked, two degrees of freedom are eliminated and the remaining two correspond to the

distinct spin polarization states. Since the complex scalars have the same two degrees

of freedom both off-shell and on-shell we have to invent a field that carries two extra

bosonic degrees which further vanish on-shell. The fields that satisfy such a condition

are not true dynamical variables of the system. They appear in the Lagrangian without

a corresponding kinetic term thus satisfying a trivial equation of motion. One then may

use these equations of motion to express these unphysical degrees of freedom in terms

of the physical fields of the theory. For chiral supermultiplets the equation of motion

reveals F as a function of the scalar bosons of the theory. Under these considerations

we may denote the chiral supermultiplet Φ in the symbolic vector form

Φ =
(
φ ψ F

)
(2.5)

Next, we investigate the possibility for a representation of SUSY that can accommo-

date the gauge bosons. The gauge supermultiplets, as these irreducible representations
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are commonly referred to, are obviously required to be present in any realistic exten-

sion of the SM. They accommodate besides the gauge boson Aµ, the gaugino, which is

a two component Weyl-spinor denoted as λ and once again an auxiliary field D. The

auxiliary field is introduced as previously to account for the mismatch between boson

and fermion degrees of freedom off-shell. To explain further we should recall that a

massless gauge boson is described by three real parameters due to the existence of the

gauge symmetry. Thus to account for the four fermionic degrees of freedom of the

two component Weyl-spinor we have to introduce an extra bosonic degree of freedom.

Since on shell both gauge-bosons and Weyl-spinors satisfy nB = nF = 2 this extra

degree of freedom should be introduced through the presence of an auxiliary field. As

before, this field can in general be expressed in terms of the physical scalar bosons of

the theory when the equations of motion are taken into account. We may express the

gauge supermultiplet in the symbolic vector form

V =
(
λ Aµ D

)
(2.6)

There is an additional interesting property for gauge supermultiplets that is worth

sharing. The gauginos, following the symmetry properties of the gauge bosons in-

side the supermultiplet will unavoidably transform in the adjoint representation of the

corresponding gauge group. Since the adjoint is a real representation it cannot ac-

commodate chiral fermions, namely fermions with different gauge properties for their

opposite chirality states. Then, in a SUSY theory with gauge symmetry breaking,

the gauginos corresponding to the unbroken gauge generators will not be able to form

Dirac spinors since both λ, λ† will always transform in the adjoint representation of the

broken (remnant) gauge group. These spinors, however, will correspond to physical

fermions through the more restrictive Majorana field equation. It should be further

mentioned that this equation allows for massive fermions also, through quadratic self-

couplings, a property which will prove crucial for the phenomenological consistency of

the MSSM.

Of course there are other possibilities for supermultiplets that may arise within

the context of the N = 1 SUSY discussed here. But chiral and gauge supermul-

tiplets are sufficient in order to explore the minimal extension of the SM that in-

corporates supersymmetry, the commonly known Minimal Supersymmetric Standard

Model(MSSM) [16]. The particle content of the MSSM will include all SM particle

states in distinct supermultiplets along with their superpartners transforming together

within irreducible representations of the GSM = SU(3)C×SU(2)×U(1)Y gauge group.
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Therefore we have the classification

Gauge Supermultiplets : G(8, 1, 0) W (1, 3, 0) B(1, 1, 0)

Chiral Matter Supermultiplets : QI(3, 2, 1/6) ucI(3, 1,−2/3) dcI(3, 1, 1/3)

LI(1, 2,−1/2) ecI(1, 1, 1) N c
I (?)

Chiral Higgs Supermultiplets : Hd(1, 2,−1/2) Hu(1, 2, 1/2) (2.7)

The gauge supermultiplets will include, besides the SM gauge bosons and neglecting

unphysical auxiliary fields, the corresponding gauginos bearing the same gauge prop-

erties. These are the eight gluinos, the three winos and the bino. The situation for the

chiral supermultiplets will be analogous. For every quark or lepton state there will be a

corresponding scalar called squark or slepton with the same gauge properties. It should

be mentioned though, that contrary to our previous notation employed for the SM, here

all denoted fermion states , are two-component Weyl-spinors of certain chirality, con-

sidered by convention left-handed. This is for later convenience since such a notation

will be useful for the construction of the supersymmetric Lagrangian of the MSSM. In

this sense, we denote by QI the SU(2) doublet of the left-handed Weyl-spinors (uIL d
I
L)

and in an analogous manner the lepton doublet LI . All matter supermultiplets have an

implicit repetitive form as denoted by the index I following the family replication of the

SM. The supermultiplets denoted in the f c form also contain left-handed Weyl-spinors

but only those corresponding to the right-handed fermion states of the SM. The Weyl-

spinors they contain are given by the general expression1 f c = f †R which corresponds

to a left-handed spinor constructed by the complex conjugate of the right-handed fR.

The Higgs and the matter supermultiplets were deliberately separated although as

far as SUSY is concerned they are both chiral supermultiplets containing as physical

fields a scalar boson and a fermion. The main reason for this extra categorization is

the existence of a discrete symmetry imposed on the MSSM known as R-parity. The

existence of this symmetry turns out of major importance for the viable phenomenology

of the model. Leaving a more detailed discussion for a following section, for the moment

we only mention that the Higgs and the matter supermultiplets transform differently

under this discrete symmetry.

The extra symmetry of the MSSM, namely SUSY, seems to have nearly doubled

the particles of the SM. For every supermultiplet there is a corresponding SM field

1For economy in notation we use the same symbol for the supermultiplets and the SM particle
state they contain.
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along with its superpartner but with one exception. The Higgs supermultiplets, are

introduced as a pair in the MSSM while the SM only required a single isodoublet.

One reason for this choice is due to the gauge anomalies2. The SM is an anomaly free

model in the sense that its fermions miraculously satisfy, among others, the conditions3

Tr[T3Y
2] = Tr[Y 3] = 0. New fermion states due to SUSY may come either from

the gauginos or the superpartners of the Higgs particles that could in principle spoil

these important relations. Gauginos cannot affect the relevant traces since the adjoint

representation is neutral under weak hypercharge(Y = 0). On the other hand a Higgs

isodoublet can, unless it comes as a pair with its conjugate. But there is an additional

reason for the introduction of a Higgs pair of supermultiplets which is rather obvious

when one considers SUSY Lagrangians. Due to a property of N = 1 SUSY two

Higgs doublets are required for both up and down quarks (also for charged leptons and

neutrinos) to acquire masses. This property is in fact closely related to our previous

choice to define chiral multiplets with Weyl spinors of certain chirality and will be

revisited in more detail in the following section.

2.1.3 General Structure of Supersymmetric Lagrangians

Supersymmetric Lagrangians not only introduce new particles as superpartners in a

gauge theory but also exhibit an interesting and rather elegant structure which further

determines the interactions between all particles. In what follows in this section we

start with two illustrative examples, that of a Lagrangian including first only chiral and

then only gauge supermultiplets which eventually enable us to construct the coveted

MSSM.

Lagrangians with chiral supermultiplets- The superpotential.

First, we define the variations of the component fields within a given chiral supermul-

tiplet with respect to an infinitesimal supersymmetric transformation. These will be

given by

δφ = εψ (2.8)

δψa = i(σµε†)a∂µφ+ εaF (2.9)

δF = iε†σµ∂µψ (2.10)

2These are also commonly referred to as triangular or ABJ anomalies. Their absence is essential
for the consistency of the model since they ensure gauge invariance being manifest at any loop order.

3Such conditions turn out to be rather trivial through the viewpoint of Grand Unified Theories.
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with ε being an anticommuting two component Weyl-spinor parametrizing the infinites-

imal supersymmetry transformation in a way that resembles the group parameters of

the Lie-algebras4. From these relations one can straightforwardly check that the canon-

ical kinetic terms of the form

Lkin = ∂µφ∗∂µφ+ iψ†σµ∂µψ + F ∗F (2.11)

will be invariant under SUSY transformations5 . To account for all renormalizable

dynamical interactions between these fields one has to introduce a useful object, known

as the superpotential.

The interaction Lagrangian for chiral supermultiplets can in principle be expressed

in the general form

Lint = −1

2
W ijψiψj +W iFi + cijFiFj + c.c+ U(φ, φ∗) (2.12)

where by power counting cij,W ij,W i are considered scalar functions of mass dimension

up to 0, 1, 2 respectively. From the relations in (2.10) it becomes obvious that U should

vanish since no function of scalars can be invariant under SUSY and furthermore no

other term in (2.12) may produce a variation that could in principle lead to a respective

cancellation. The same arguments stand for the cij term and therefore it should also

be absent from the interaction Lagrangian. Hence, the expression (2.12) reduces to the

form

Lint = −1

2
W ijψiψj +W iFi + c.c. (2.13)

We can continue in this philosophy and further restrict the scalar functions W ij. By

focusing on the variation of W ij in terms of its scalar fields φ, φ∗ we obtain

δLW ij = −1

2

δW ij

δφk
(εψk)(ψiψj)−

1

2

δW ij

δφ∗k
(ε†ψ†k)(ψiψj) + c.c. (2.14)

out of which the first term may only cancel by itself through the Fierz identity

(εψk)(ψiψj) = −{i, j, k} − {j, k, i}

as long as i, j, k are symmetric in all interchanges. Since there is no analogous relation

4Conventions and identities for Weyl-spinor algebra follow those of [17]
5Obviously |F |2 is not a kinetic term but is required to make the Lagrangian invariant under

supersymmetry
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for the second term then W ij must be a symmetric holomorphic function of φi for

(2.14) to vanish. We may now introduce the superpotential as the general function

W = Kiφi +
1

2
M ijφiφj +

1

3!
Y ijkφiφjφk (2.15)

whose second derivative δW/(δφiδφj) can be identified as W ij. It will be the most

general symmetric rank-2 tensor with mass dimension one, analytic in the fields φi ,

hence satisfying (2.14) as requested.

For the cancellation to be exact all remaining variations of fields in (2.13) should

also vanish, namely

−1

2
W ijδ(ψiψj) + δ(W iFi) = 0 (2.16)

For W i = δW/δφi it can be shown that this relation holds since all terms cancel

with each other or vanish as surface terms in the Lagrangian i.e. with the use of

W ij∂µφj = ∂µ(δW/δφi).

The above analysis proves that a supersymmetric Lagrangian of chiral supermulti-

plets should have the general form

Lchiral = ∂µφ∗i∂µφi + iψ†iσ
µ∂µψi + F ∗i Fi

−1

2
W ijψiψj +W iFi + c.c. (2.17)

depending on a holomorphic scalar function W called the superpotential as defined in

(2.15). This expression is reduced further by invoking the equations of motion for the

auxiliary fields Wi = −F ∗i , (c.c). Thus for the physical fields it will have the form

Lchiral = ∂µφ∗i∂µφi + iψ†iσ
µ∂µψi −W ∗

i Wi

− 1

2
W ijψiψj + c.c (2.18)

The dynamics of the system for this type of Lagrangians, where gauge interactions are

absent, will, in practice, depend only on the explicit form of the superpotential. Thus,

determining the coefficients in (2.15) will unambiguously determine all interactions for

models with only chiral supermultiplets.
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Lagrangians with gauge supermultiplets.

As already mentioned the superpartners of the gauge bosons will necessarily transform

in the adjoint representation of the respective gauge group. Thus we have the following

general variations under gauge transformations for the component fields of a gauge

supermultiplet

δgA
a
µ =fabcθbAcµ −

1

g
∂µθ

a (2.19)

δgλ
a =fabcθbλc (2.20)

δgD
a =fabcθbDc (2.21)

The first row corresponds to the infinitesimal form of a general gauge boson transfor-

mation derived previously in (1.51). The second and the third are simply the corre-

sponding variations for a fermion and a scalar field that belong to the adjoint.

We may now proceed to examine the variations of these fields under a SUSY trans-

formation. We have

δAaµ = − 1√
2

(ε†σµλa + λ†aσµε) (2.22)

δλa = − i

2
√

2
(σµσνε)F a

µν +
1√
2
εDa (2.23)

δDa =
i√
2

(ε†σµDµλ
a −Dµλ

†aσµε) (2.24)

where, of course, the gauge covariant derivatives have appeared as a result of the

underlying gauge symmetry. We may construct the Lagrangian for the kinetic terms

of the gauge supermultiplets as

Lgauge = −1

4
F µνaF a

µν + iλ†aσµDµλ
a +

1

2
DaDa (2.25)

where of course gauge interactions are also implied due to the presence of Dµ. The

first term is the usual Yang-Mills term of a gauge theory. The second is the kinetic

term of the gauginos properly introduced with a gauge covariant derivative so as to be

invariant under gauge transformations. The term quadratic in the auxiliary fields is

required as previously to render the Lagrangian invariant under SUSY transformations

off-shell. In the case where no chiral supermultiplet is present, those auxiliary fields

have a vanishing equation of motion (Da = 0). This situation however is not realized

in the general and more interesting case of interacting chiral and gauge supermultiplets
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as we will see in what follows.

General Lagrangians.

Having demonstrated the structure for Lagrangians with either chiral or gauge super-

multiplets we may proceed to generalize it to the case where both are present. Since

we are interested in promoting gauge theories as the SM into supersymmetric ones, all

Lorentz covariant derivatives ∂µ should be replaced by the gauge covariant ones Dµ.

This implies that the most general Lagrangian will have the structure

L = Lchiral + Lgauge + Lgint (2.26)

where as already mentioned the first term will correspond to the properly modified

(2.17) the second will correspond to (2.25) with an implicit replication in case of a

semi-simple gauge group, while the third will correspond to all possible gauge invariant

interactions between chiral and gauge supermultiplets that respect supersymmetry.

These are

Lgint = −
√

2ga(φ
∗
iT

a
ijψj)λ

a −
√

2gaλ
†a(ψ†iT

a
ijφj) + ga(φ

∗
iT

a
ijφj)D

a (2.27)

and no other term is allowed in this general SUSY gauge invariant Lagrangian.

The preceding discussion can be used as a guideline in order to build the minimal

supersymmetric extension of the SM but before that some final general remarks should

be made. The superpotential which appears in the Lagrangian through its first and

second order functional derivatives should be gauge invariant for Lchiral to be also

invariant. Its first derivative will satisfy WiT
a
ijφj ∼ δgW = 0 which suggests that

Wi transforms as the conjugate supermultiplet Φ∗i and also reveals the contraction

Φ∗iV
aT aijΦj as a gauge singlet. The latter is actually required in order to demonstrate

explicitly that Lgint is also gauge invariant. The scalar potential of the theory will have

the general form

V (φ, φ∗) = −F i∗Fi − (W iFi + c.c.)− 1

2
DaDa − ga(φ∗iT aijφj)Da

= W ∗
i W

i +
1

2
g2
a(φ
∗
iT

a
ijφj)

2

= F i∗Fi +
1

2
DaDa (2.28)
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where for the derivation of the second and third row the equations of motion

F i = −W i∗ , F i∗ = −W i

Da = −ga(φ∗iT aijφj) (2.29)

were invoked. The corresponding equation for the auxiliary field D will be non vanish-

ing, as promised, if there exist scalars belonging to chiral supermultiplets that share

these gauge interactions i.e. transform non-trivially under the relevant gauge group.

Under all the above considerations the construction of the MSSM becomes an ad-

mittedly difficult but rather straightforward task.

2.1.4 The general structure of the MSSM

In order to build the Lagrangian density for the MSSM we recall the classification of

(2.7). For the superpotential, which is a holomorphic function of scalars, we denote

all scalars with the symbol of their corresponding supermultiplets. The MSSM super-

potential will have the structure determined not only by the gauge properties of the

supermultiplets but also by a further discrete symmetry, the aforementioned R-Parity.

This discrete symmetry is in fact a special Z2 symmetry acting differently on the

component fields of a given supermultiplet. It can be represented by the operator

RP = (−1)3(B−L)+2s acting on the particle states with B,L being the baryon and

lepton number respectively. Since for any coupling in the theory the spin is always

conserved we may reduce this symmetry to the equivalent and more useful matter-parity

represented as MP = (−1)3(B−L) which has the same eigenvalues for all components

of a given supermultiplet. Thus, Higgs and gauge supermultiplets will have the same

eigenvalue (+1) since they carry vanishing baryon and lepton numbers. On the other

hand, matter supermultiplets will have a (−1) eigenvalue which differentiates between

chiral supermultiplets carrying the SM fermions and those carrying the Higgs particles.

Under the imposition of this extra discrete symmetry the most general, gauge in-

variant and renormalizable superpotential with the particle content of (2.7) is

W = Y IJ
u ucIQJHu + Y IJ

d dcIQJHd + Y IJ
e ecILJHd + µHuHd

(+Y IJ
ν N c

ILJHu +M IJ
N N c

IN
c
J) (2.30)

where, as in the SM case, we have extended the particle spectrum in the standard

fashion, namely with three gauge singlets to account for the right-handed(RH) neutrino

supermultiplets so that the neutrinos eventually acquire masses. Due to matter parity
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a term linear in a gauge singlet as the RH-neutrino here is forbidden in the MSSM.

At this point, where both supersymmetry and gauge invariance are manifest, the

model describes massless particles for all supermultiplets besides the Higgs and perhaps

the RH-neutrinos (if the latter are indeed present) which are massive. All particle

interactions can be obtained by applying the above superpotential in (2.26). We can

make some useful remarks on this model with the use of the general expressions we

derived in the previous section, even without displaying explicitly the corresponding

Lagrangian in full detail . The Lgauge part for the semi-simple GSM group will include

(2.25) in a repetitive form to account for the SU(3)C , SU(2), U(1)Y subgroups with the

respective relevant gauge couplings. Besides the SM Yang-Mills terms it will include

gauge kinetic terms for the massless gauginos and the quadratic terms in the auxiliary

fields Da. The Yukawa couplings of the SM on the other hand will emerge from Lchiral
and in fact from the W ij terms. This part of the Lagrangian will also contain, among

others, the gauge kinetic terms for SM fermions and sfermions as well as those of Higgs

and Higgsinos.

It should be further noticed that our initial choice to represent all supermultiplets in

terms of the LH-fields in addition to the holomorphic property of the superpotential has

enabled us to express W in the compact form (2.30). Then, it becomes rather obvious

that the Yukawa couplings for the up quarks (neutrinos) will necessarily include Hu

while those of the down quarks (charged leptons) will include Hd. Any other case

is forbidden since Hu, H
†
u or Hd, H

†
d cannot be simultaneously present in the analytic

superpotential. The imposition of the matter parity not only allows the suitable SM

couplings to be present in the superpotential but also forbids other dangerous couplings

that could in principle have phenomenological inconsistencies. The gauge invariant

renormalizable terms

W∆B = YBu
cdcdc

W∆L = YL1e
cLL+ YL2d

cQL+ YL3LHu (2.31)

suppressing family indices, correspond to couplings that violate matter parity. If they

were present in the superpotential they would introduce baryon and lepton number

violating interactions and eventually, among other unobservable processes, would also

induce rapid proton decay.

Of course, for this model to be a realistic extension of the SM, supersymmetry

must be somehow broken at some scale MSUSY > MEW . If this was not the case then

all superpartners would share the same masses with the corresponding SM particles
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and that would contradict all experimental evidence to date. In addition, the scalar

potential of the MSSM would not allow for the electroweak SSB to be realized.

Soft SUSY-breaking.

From our previous experience on gauge symmetry breaking, a mechanism for SUSY

breaking is expected to emerge within the general considerations of SSB. However,

for the case of global supersymmetry we consider, spontaneous SUSY breaking would

imply the presence of unwanted Goldstone fermions (Goldstinos). On the other hand,

Goldstinos can be absorbed in the framework of local SUSY, commonly referred to as

Supergravity(SUGRA) through a supersymmetric generalization of the Higgs mecha-

nism. In fact, within this attractive scenario, SUGRA breaks down to global SUSY

with the presence of soft SUSY-breaking terms [18].

In any case the exact framework of SUSY breaking is yet undetermined since all

proposed models introduce more or less a certain amount of arbitrariness through new

fields and parameters beyond the MSSM physical content. Nevertheless, we can still

study the broken theory as an explicitly broken symmetry whose arbitrary parameters

in fact reflect our ignorance on the exact symmetry breaking mechanism.

Under these considerations any renormalizable term that is gauge invariant and non-

supersymmetric is a candidate term for this explicitly broken theory. But, fortunately,

we may further restrict these terms by simply recalling our initial motivations on

quadratic divergences. We may thus require that these symmetry breaking interactions

do not induce quadratic divergences to the scalar masses of the theory [19]. It turns

out that they will have the form

LSoft =− 1

2
M (a)λaλa − kiφi −

1

2
(m2

A)ijφiφj −
1

3!
Aijkφiφjφk + c.c.

− (m2
NA)jiφ

i∗φj (2.32)

LSoft? =− 1

2
A

′jk
i φi∗φjφk (2.33)

where LSoft? is usually neglected since it may induce quadratic divergences under the

presence of gauge singlets in the theory. The gaugino mass terms are always present

due to the fact that the adjoint representation has a singlet quadratic contraction. On

the other hand, the k,m2
A, A terms follow the gauge properties of the superpotential

and therefore are present if the corresponding superpotential terms are also present.

The non-analytic terms m2
NA are not only present for quadratic self-couplings of scalar

fields with their conjugates but are also allowed between different scalars as long as
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gauge symmetry permits it.

The choice to include only soft breaking interactions becomes more clear when we

revisit our analysis on Higgs mass corrections. The presence of a coupling that induces

quadratic divergences implies that the mass corrections to the light scalar mass become

∆m2
H =

1

8π2
(λS − |Yψ|2)Λ2 + . . . (2.34)

If this coupling is soft then the quadratic divergence will be absent and the scalar mass

correction will be given by

∆m2
H ∼ m2

Soft{ log

(
Λ

mSoft

)
+ . . . } (2.35)

which goes to zero for msoft → 0. This nice UV behaviour though would not have been

realized in case the couplings were not soft and quadratic divergences appeared.

The soft couplings of the MSSM following the above considerations will introduce

mass terms for gauginos, analytic (mixing) mass term for the Higgs (m2
AH

uHd) and

non-analytic masses for all Higgs and sfermions. Trilinear couplings will also appear

respecting the gauge properties of the fields in the superpotential and thus following

an analogous structure.

The Particle Spectrum.

We may investigate the particle spectrum of the broken MSSM even though we have

chosen not to present explicitly the full Lagrangian in terms of component fields. With

the use of the general expression (2.26) for the MSSM superpotential along with the

explicit symmetry breaking terms we may study the mass eigenstates of the theory

after electroweak SSB without explicitly demonstrating how these are obtained.

First we focus on the gauge supermultiplets. Before electroweak breaking gauge

bosons are massless but all gauginos acquire masses through explicit soft mass terms.

These mass terms respecting the unbroken gauge symmetry are unable to split the

masses for gauginos of the same subgroup and thus the masses for all gluinos and winos

at this point are seperately degenerate. After SSB the gauge bosons will acquire masses

in a fashion analogous to the original framework of the SM but with the difference that

now there are two VEVs contributing to the mass expressions due to the two Higgs

doublets. Electroweak symmetry breaking will unavoidably affect the masses for the

gauginos except for the gluinos which remain degenerate since they are singlets under

SU(2)× U(1).
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Next, we focus on the matter supermultiplets. Due to the non-analytic soft mass

terms sfermions decouple from the SM fermions and become massive. The latter will

have the Yukawa structure of the SM and thus will acquire masses due to the Higgs

VEVs in practically the same fashion as in the SM. The only difference with the non-

supersymmetric model is that in the MSSM there are two different Higgs doublets

coupling seperately to up and down quarks (neutrinos and charged leptons also). As

such the Yukawa couplings for these two models will be proportional since in order to

produce the observed fermion mixing and mass hierarchies they can only differ by an

overall scale. The latter is completely fixed once the ratio tan β = v2/v1 is determined.

The situation for sfermions on the other hand is rather more complicated. Since for

every weyl-spinor there is a scalar superpartner for every Dirac fermion there will be

two corresponding scalars. Thus the sfermion mass matrices will be 6 × 6 matrices

whose structure will depend on the Yukawa couplings of the fermions, the non-analytic

masses and the trilinear couplings.

The situation for the Higgs supermultiplets is a lot more complicated mainly due

to the rather extensive potential. Nevertheless the potential has a minimum for an

undetermined tan β with the VEVs necessarily satisfying

〈H0
u〉2 + 〈H0

d〉2 = v2
2 + v2

1 = v2
SM (2.36)

These neutral Higgs states will also correspond to the two physical Higgs particles

by the usual procedure of shifting the fields and obtaining the mass eigenstates. The

remaining particle states within these doublets include two neutral CP-odd and four

charged states. One CP-odd and two charged states will correspond to the unphysical

would-be Goldstones which in the unitary gauge are absent. The other three orthogonal

states will obtain masses corresponding to two oppositely charged scalars with the

same mass and a massive neutral pseudoscalar. Their superpartners, namely the four

Higgsinos, combine with the SU(2) gauginos and form new fermion mass eigenstates.

The two charged winos combine with the two charged higgsinos and form two Dirac-

fermions commonly reffered to as the charginos. The remaining two neutral higgsinos

will combine with the bino and the neutral wino and form four Majorana particles

commonly referred to as the neutralinos.

To summarize, the physical particle spectrum of the MSSM will include:

• Standard model particles : All particles introduced in the SM will also be present

in the MSSM unaltered, with the exception of the Higgs doublet which is neces-

sarily replaced by the two Higgs doublets Hu, Hd. The SM predictions for gauge
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boson and fermion masses are also reproduced in this supersymmetric framework.

• Extra Higgs particles : Besides the two physical neutral Higgs particles, one mas-

sive neutral pseudoscalar and two oppositely charged particles with the same

mass, will also appear.

• Gauginos: Only the eight massive gluinos will have degenerate masses since they

are not affected by the electroweak breaking. The other four gauginos mix with

the higgsinos to form mass eigenstates.

• Sfermions: There will be six up squarks, down squarks, sleptons, sneutrinos

(three if N c are absent) all massive.

• Charginos: These are two massive Dirac fermions with unit charge corresponding

to charged wino-bino-higgsino mixing.

• Neutralinos: These are four massive Majorana fermions corresponding to the

neutral wino-higgsino mixing.

2.1.5 Spontaneous breaking in supersymmetric gauge theories-

A prelude to SUSY-GUTs.

As previously argued, we will be interested in theories with explicit SUSY-breaking

through soft terms. Nevertheless, a short general introduction to the various spon-

taneous breaking patterns of a SUSY gauge theory will turn out particularly useful.

In this way, a deeper insight on these theories is obtained and the general strategy

employed in a wide, particularly interesting class of models, commonly referred to as

SUSY-GUTs, is revealed. Since the mechanisms leading to SUSY and gauge symme-

try breaking are not necessarily connected, we may proceed presenting separately the

general aspects of each.

In order to illustrate the general aspects of spontaneous supersymmetry breaking

the anticommutator {Qa, Q
†
ȧ} = 2σµaȧPµ is required. The Hamiltonian operator can be

straightforwardly obtained by taking a trace over the spinor states in the anticommu-

tator giving

H =
2 Tr[σ0P0]

4
=

1

4

(
Q1Q

†
1 +Q†1Q1 +Q2Q

†
2 +Q†2Q2

)
(2.37)

If SUSY is an exact symmetry of the theory then necessarily the vacuum state will

also respect it giving Q|0〉 = 0 and Q†|0〉 = 0. Clearly, the energy of the vacuum state
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will be vanishing since then 〈0|H|0〉 = 0. Thus, as a general property, the vacuum

of a supersymmetric theory will always have zero energy and any departure from this

property would signal SUSY breaking. As in gauge symmetries we characterize the

symmetry breaking due to the non-invariance of the ground state, spontaneous.

Now, a second look on (2.37) further reveals that the vacuum energy for a sponta-

neously broken supersymmetry will be positive since

〈0|H|0〉 =
1

4

(
‖Q†1|0〉‖2 + ‖Q1|0〉‖2 + ‖Q†2|0〉‖2 + ‖Q2|0〉‖2

)
> 0 (2.38)

should hold for any Hilbert state with a positive norm. This suggests 〈0|V |0〉 >
0, which for a general potential of the form (2.28) subsequently implies that F or

D or both will be non vanishing. Such a condition indicates not only a non-zero

VEV solution for the trivial equations of motion of the auxiliary fields but also that

a zero solution is not possible. If the latter was not the case then there would exist

a minimum in the theory satisfying 〈0|H|0〉 = 0 thus being supersymmetric. Then

this minimum would essentially correspond to the true vacuum of the theory since

the local minima satisfying (2.38) would have more energy. Therefore, the condition

for spontaneous supersymmetry breaking necessarily reduces to the constraint for the

absence of a zero solution for the equations of motion of the auxiliary fields. If further

the VEVs employed break the gauge group, then the pattern of simultaneous SUSY-

gauge breaking is realized. Avoiding a more detailed discussion on this issue, we

only mention that numerous models and variations exist in the literature using the F-

breaking and D-breaking patterns described previously. However, none of them seem

to offer an adequate description for a spontaneous breaking of the MSSM down to the

SM.

Our preceding analysis may now be used to explore the orthogonal case where only

gauge symmetry is spontaneously broken while the theory remains supersymmetric.

This will turn out particularly useful and valuable in a following discussion on the

explicit realization of supersymmetry within the general framework of GUTs. It should

also be mentioned that this symmetry breaking pattern is not expected to arise in the

low energy theory but is rather more appropriate for MSSM extensions with a different

gauge structure at higher energies. That is because the MSSM with the presence of

soft mass terms is a non-supersymmetric gauge theory. Thus, such a pattern by default

may only apply above energies where SUSY is effectively restored, namely above the

SUSY breaking scale.

Gauge symmetry breaking in a supersymmetric theory can be realized as usual
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for a non-vanishing VEV of a scalar field. For supersymmetry to be also preserved

those VEVs should further satisfy a zero equation of motion for all auxiliary fields

(F i = Da = 0) since only then 〈0|H|0〉 = 0 would hold. In order to illustrate the

basic aspects of this symmetry breaking realization we consider a SUSY model with

an underlying U(1) symmetry. The superpotential for two oppositely charged chiral

supermultiplets and one neutral will be6

W = κφ0 +
1

2
µ0φ

2
0 + µφ+φ− + g φ0φ+φ− (2.39)

Then the equations of motion for the F-terms (F ∗i = −Wi) exhibit a zero solution for

the VEVs (F ∗i = 0), taking the explicit form

0 =κ+ µ0v0 + gv+v− (2.40)

0 =µv− + gv0v− (2.41)

0 =µv+ + gv0v+ (2.42)

implying that supersymmetry is unbroken. Now, there are two classes of solutions for

the above set of equations, each with a different physical meaning, given by

Unbroken U(1) : v0 = − κ

µ0

, v± = 0 (2.43)

Broken U(1) : v0 = −µ
g
, v+v− =

1

g

(
µ0µ

g
− κ
)

(2.44)

These solutions suggest that there are two degenerate vacua with zero energy corre-

sponding to two inequivalent SUSY theories with different gauge structure as well as

particle spectrum. Vacuum degeneracy is obviously an unattractive but not necessarily

disastrous property of SUSY-GUT models. As a matter of fact the fewer the inequiv-

alent vacua are, the more elegant the model should be regarded. In addition, in some

models, one may even consider soft breaking terms being sufficiently small so as for

the theory to remain effectively supersymmetric while the vacua degeneracy is slightly

lifted in the preferred direction.

In any case we may focus on the more interesting pattern of (2.44) which breaks the

gauge symmetry spontaneously. A closer look reveals that there is a larger symmetry

for the VEVs than that implied by the U(1) symmetry since the minimization condition

6We have neglected, for convenience, a φ30 term that would unnecessarily complicate the corre-
sponding equations of motion.
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can be satisfied for

v± = e±(a+iθ)

√
1

g

(
µ0µ

g
− κ
)
≡ e±λvc (2.45)

with λ being a random complex number instead of the U(1) complex phase. This can

be traced back to the structure of the superpotential which by being holomorphic, also

respects the complex non-unitary extension of the gauge symmetry group. As in the

non-supersymmetric case we may choose θ = θ0 to break the gauge group in what in

SUSY models is called, an F -flat direction (Fi = 0). Of course for the theory to remain

supersymmetric the VEVs should also respect the analogous zero equation of motion

for the D-terms (Da = 0) , or in other words, symmetry breaking should be realized in

a D-flat direction. Due to the D-relevant part of the Lagrangian they would have to

satisfy

LD =
1

2
DaDa + g(|φ+|2 − |φ−|2)Da + ρD (2.46)

0 =
δL
δD

= D + g (|v+|2 − |v−|2) + ρ (2.47)

(D=0)
= g (|v+|2 − |v−|2) + ρ (2.48)

where a linear term ρD was introduced in the full Lagrangian since it is both supersym-

metric and gauge invariant7. Such a term in principle would induce SUSY breaking [20]

unless (2.48) is satisfied which in our case can be done by using the freedom to define

the VEV parameter a of (2.45). Therefore for any value of ρ we simply require

(e2a − e−2a)v2
c = −ρ

g
(2.49)

which is always satisfied for a suitable a.

Eventually, gauge symmetry is completely broken but the theory due to the F-,

D- flatness remains supersymmetric. Thus, for every gauge boson acquiring a mass

through the SSB of a gauge symmetry, the corresponding gaugino will also acquire the

same mass as a superpartner of the unbroken vector supermultiplet. This is essentially

the realization of the Higgs mechanism within the supersymmetric framework .

7This is the famous Fayet-Iliopoulos D-term.
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2.2 Grand Unified Theories

2.2.1 Introduction

An interesting aspect of gauge theories with semi-simple groups is the existence of

separate gauge couplings each associated with the respective subgroups. The SM, in

particular, will include three independent gauge couplings gi corresponding to SU(3)C ,

SU(2), U(1)Y and the same stands for its supersymmetric extension, the MSSM. Due

to renormalization group equations one may evolve the measured low-energy values for

these parameters up to the scale where a new quantum theory is expected to appear.

Then it is found that the three gauge couplings tend to unify for the SM or completely

unify for the MSSM8 at a scale MG ∼ 1016GeV .

A suitable framework that may explain the gauge coupling unification in a rather

elegant manner is that of Grand Unified Theories(GUTs) [21–25]. It is based on the

assumption that there is a larger, usually simple9 group that contains the GSM as a

subgroup. The particle states of the SM (or MSSM) fall into irreducible representations

of the unified group and the gauge covariant derivative is expressed through a single

unified gauge coupling. When this gauge group breaks down to the SM the three gauge

couplings appear and the GUT representations decompose into the irreducible repre-

sentations of the SM. However, as a result of the unification at high energies, namely

above the GUT scale, certain relations associating parameters of the SM emerge. Thus,

the independent Yukawa couplings or the Weinberg angle which in the context of the

SM were considered just-so parameters, within GUTs are usually constrained or even

predicted.

In addition to these attractive properties it should be remarked that the pattern of

GUT symmetry breaking essentially follows the principles of the SM electroweak SSB.

Thus, it becomes rather obvious why such an idea has motivated a wide theoretical

search over the last decades. Unfortunately, along with many successful predictions

in the minimal GUT models there also exist relations that contradict experimental

data. Realistic models, on the other hand, that may as well reproduce the observed

fermion masses and mixing introduce new fields and non-renormalizable operators and

hence, clearly, a certain amount of arbitrariness. Nevertheless, the attractive aspects of

this framework seem overwhelming, strongly suggesting that GUTs are at some point

8Strictly speaking the 1-loop MSSM, with 1TeV superpartners, predicts exact unification within
experimental bounds, while thresholds and two-loop effects deviate gauge couplings by 1%.

9The unified group may as well be considered a semi-simple group which can still predict unification
in case it can be embedded in a larger simple group.
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related with the theory that completes the SM(MSSM) at high energies.

2.2.2 Minimal SUSY-SU(5) as a prototype GUT

In order to study the general GUT framework we first focus on a specific SUSY model

based on the simple gauge group SU(5), proposed by Dimopoulos and Georgi in 1981

[26]. This minimal model not only reveals certain general properties shared by other

common GUTs but also serves as a guideline to the mathematical formalism that

follows this type of theories.

The group SU(5) is a simple Lie-group of rank-4 with its Lie-algebra [T a, T b] =

ifabcT c being satisfied by a set of 24 linearly independent generators. It is minimal not

only in its representation content but also in the sense that it is the smallest simple

group that may embed GSM which is also rank-4 (i.e. four generators of the algebra

commute with each other). Out of these generators the SM hypercharge is identified

as

Y (5) = diag(1/3, 1/3, 1/3,−1/2,−1/2) (2.50)

with all generators of the algebra properly normalized as Tr(T aT b) = 1
2
δab. The elec-

tromagnetic charge will be given as in the SM by Q = T3 + Y where T3 is the third

component of the weak isospin. As a linear combination of traceless generators it

will necessarily obey Tr(Q) = 0 for all representations of SU(5) out of which charge

quantization will straightforwardly emerge.

The representations employed in this model are the simplest lowest dimensional

irreducible representations of SU(5) that can accommodate the chiral as well as the

gauge supermultiplets of the MSSM. Gauge supermultiplets necessarily transform in

the 24-dimensional adjoint representation of SU(5), here denoted as V . Matter super-

multiplets transform in the 10, 5 (F, f c) while the Higgs sector will be rather enriched

in order to account for the SSB of SU(5) down to SU(3) × SU(2) × U(1). It will in-

clude besides a 5, 5 (H,Hc) accommodating the Higgs doublets Hu, Hd an adjoint Σ, of

chiral supermultiplets, which will eventually acquire a non-vanishing VEV in the GSM
singlet direction. The decomposition of the SU(5) representations under GSM follows
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the pattern

V,Σ : 24 =(8, 1)0 + (1, 3)0 + (1, 1)0 + (3, 2)− 5
6

+ (3, 2) 5
6

(2.51)

FI : 10 =(3, 2) 1
6

+ (3, 1)− 2
3

+ (1, 1)1 (2.52)

{f cI , Hc}, {H} : 5 =(3, 1) 1
3

+ (1, 2)− 1
2
, 5 = (3, 1)− 1

3
+ (1, 2) 1

2
(2.53)

From the above decomposition we may straightforwardly identify the MSSM fields.

The matter 10, 5 will accommodate F (Q, uc, ec), f c(dc, L) respectively and will be in-

troduced in three distinct copies so as to account for family structure. Each Higgs

doublet (Hu)Hd, necessarily accompanied by an (anti-)triplet will belong to the (anti-

)fundamental representation of SU(5), namely (Hc)H. Finally, the MSSM gauge su-

permultiplets will correspond to the first three terms in (2.51). Clearly, as a result of

unification, new fields beyond the context of the MSSM are introduced. These are be-

sides the aforementioned Higgs (anti)-triplets in (Hc)H, the two coloured isodoublets

in V and all Higgs supermultiplets within Σ. Their existence can and will have an

important phenomenological impact on the model even at low energies.

The superpotential for this model will have to respect not only SU(5) gauge sym-

metry but also the imposition of the usual matter parity assignment on supermultiplets

i.e. matter fields FI , f
c
I will transform with matter-parity (−1). That is because only

then the matter parity of the MSSM can be reproduced protecting the low-energy

theory from the previously discussed phenomenological complications. Under these

considerations the most general superpotential will be

W =
M

2
Tr[Σ2] +

λΣ

3
Tr[Σ3] + µHHc + λHHΣHc

+Y u
IJ H(FIFJ)S + Y d

IJ H
c FIf

c
J (2.54)

where gauge contraction, implicit in the suppressed gauge indices, follows the rules

of representation theory. For example (FIFJ)S denotes the symmetric contraction

εabcdeF
bc
I F

de
J which transforms as 5 following the property (10× 10)S = 5. As a result,

the coupling Y u
IJ is bound to be symmetric in family indices at the scale where SU(5) is a

good symmetry, namely above MG. Actually, symmetry and antisymmetry constraints

are quite common features of GUT models and as will be explained shortly not the

only or the most restrictive ones.

Minimization of the potential reveals three F-, D- flat directions corresponding to

the three degenerate supersymmetric vacua of the theory, each with a distinct gauge
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structure and particle spectrum. The F- flatness condition reveals

< H >=< Hc >=< FI >=< f cI >= 0 (2.55)

M < Σ > +λΣ < Σ >2 +ζI = 0 (2.56)

with ζ being a Lagrange multiplier in order to account for Tr[Σ] = 0. The three

breaking directions with the respective unbroken subgroups are then

< Σ >=


0 , SU(5)

M
3λΣ

diag
(

1 1 1 1 −4
)
, SU(4)× U(1)

M
λΣ

diag
(

2 2 2 −3 −3
)
, SU(3)× SU(2)× U(1)

(2.57)

out of which only the third row corresponds to the desired breaking down to the GSM .

The first row corresponds to the trivial case of a vanishing VEV, while the second to the

unrealistic breaking to a subgroup in which the SM cannot be embedded. Focusing on

the third, phenomenologically meaningful, pattern we may proceed to demonstrate how

the Higgs mechanism is explicitly realized in this model. This also serves the purpose of

an instructive example so as for the analogous mechanism in other SUSY-GUT models

to be understood.

Since the adjoint Higgs supermultiplet Σ acquires a non-vanishing VEV in the SM

singlet direction, the MSSM gauge supermultiplets remain massless i.e. the first three

terms in (2.51). That should be expected since these fields correspond to the gauge

bosons of the unbroken generators and their superpartners. Of course this can be also

verified from the gauge kinetic term |DµΣ|2 where terms quadratic in the MSSM gauge

bosons are essentially absent due to

[T aSM , < Σ >] ∼ [T aSM , Y ] = 0 (2.58)

as well as the gaugino mixing mass terms (2.27)10. The remaining vector supermulti-

plets transforming as (3, 2)− 5
6
, (3, 2) 5

6
will obtain a mass of order MG. In the matrix

representation of (2.50) they correspond to generators forming the non-diagonal (3,2)

blocks, thus having non trivial commutators with < Σ >∼ Y . In order to obtain mass,

as in the non-supersymmetric case, they will absorb the corresponding Goldstone boson

modes from Σ and eventually form twelve massive gauge bosons. Since Σ is complex

the orthogonal combination of the would-be Goldstones will remain unabsorbed but

10Soft SUSY-breaking will become important only at the TeV scale and thus may be regarded as
irrelevant to our discussion here.
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will eventually acquire mass through the VEVs in the D-term 1
2
(Σ∗iT

a
ijΣj)

2. The rest

of the adjoint Higgs scalars, namely (8, 1)0, (1, 3)0, (1, 1)0 will obtain a mass through

the F-terms originating from the Tr[Σ2], Tr[Σ3] self-couplings in the superpotential.

Clearly, the Higgs mechanism is realized in this minimal model in an elegant man-

ner. All non-MSSM fields from V,Σ have become superheavy by coupling with the

adjoint Higgs VEV < Σ >∼ MG, while all gauge and matter supermultiplets, accom-

modating the MSSM fields only, remain massless as desired by the low-energy theory.

However, this minimal GUT-model as well as several variations and extensions of

it suffer from an intrinsic structural deficiency. This appears in the Higgs sector and

is commonly referred to as the infamous doublet-triplet splitting problem. It appears

through the relevant terms in the superpotential

µHHc + λHHΣHc (2.59)

when the adjoint Higgs acquires the GSM preserving VEV of (2.57). Then the Higgs

fundamental and anti-fundamental H,Hc decompose into the weak isodoublets Hu, Hd

and coloured triplets HC
u , H

C
d giving the mass terms in the superpotential

WH = µHuHd − 3
M

λΣ

HuHd (2.60)

WHC = µHC
u H

C
d + 2

M

λΣ

HC
u H

C
d (2.61)

From these relations it becomes obvious that both doublets and triplets will have a

mass of the same order, naturally of order MG, unless some kind of miraculous cancel-

lation between the different scales is realized. Unfortunately this is what should hap-

pen for the model to exhibit a viable phenomenology. To explain further, the coloured

isotriplets mediate baryon number violating processes and therefore the lighter they are

the faster the proton decay they would induce. On the other hand the doublets should

be of order electroweak for the MSSM phenomenology to be reproduced. Neverthe-

less, for the unattractive fine-tuned choice of parameters satisfying µ− 3M
λΣ
∼ 100GeV

the model exhibits at low-energy the content of the MSSM while the dangerous Higgs

triplets become superheavy of order MG. However, the SUSY version of this GUT

model has an apparent technical advantage over its non-supersymmetric analogue, as-

sociated with this fine-tuning. In SUSY-SU(5) one has to impose this relation only at

tree-level and radiative corrections will not affect it. That is due to an inherent fun-

damental property of SUSY theories in general, described by the non-renormalization

theorems. For the N = 1 we consider, this property manifests as the invariance of the
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superpotential under renormalization.

Even in this case however, where an unjustified fine-tuned relation is considered,

the most minimal version of the model without non-renormalizable operators and extra

fields is in practice ruled out. That is because the masses of the dangerous coloured

triplets should satisfy the proton decay limits as well as the gauge coupling unification

condition at MG ≈ 1016GeV which cannot be simultaneously realized11. Clearly then

if this model is to be realistic an extended version should be considered.

In addition to the aforementioned inadequacies, the unification relations in the

Yukawa sector also favour a non-minimal extension. To better understand the situation

for the Yukawa couplings we may focus on the relevant terms in the superpotential

Y u
IJ H(FIFJ)S + Y d

IJ H
c f cIFJ

which due to gauge symmetry breaking and by neglecting terms with coloured Higgs

triplets decompose into the MSSM couplings

WY = Y IJ
u ucIQJHu + Y IJ

d dcIQJHd + Y IJ
e ecILJHd (2.62)

These Yukawa couplings then should not only satisfy the low-energy conditions, con-

sistent with the observed fermion masses and mixing, but also the non-trivial MG

relation

Y d = Yd = Y >e
∣∣
MG

(2.63)

along with the aforementioned symmetry structure for Yu. Clearly this non-trivial

condition relating the charged lepton with the down quark matrix will have the definite

MG prediction of equal masses for each family. Such a prediction though is partially

successful as the Georgi-Jarlskog mass relations imply. These are

me ≈
1

3
md , mµ ≈ 3ms , mτ ≈ mb (2.64)

which should instead hold at GUT scale so as for the low-energy masses of the observed

fermions to be reproduced.

Even disregarding the inconsistency with the observed proton decay rate, the mini-

mal SUSY-SU(5) model still falls short both technically and phenomenologically. Var-

11Strictly speaking there exists a tiny parameter space for the soft breaking sector that could still
correspond to a phenomenologically viable model. However it is so severely constrained that such a
realization is very unlikely.
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ious proposals, although separately treating these major problems sufficiently, seem

to be inadequate to provide with a combined elegant solution. For example, one may

extend the model with the more suitable 50, 50, 75 Higgs representations to keep the

Higgs doublets massless [27]. In fact, this is a more general approach, commonly re-

ferred to as the missing partner mechanism, with various realizations that may also

apply to other GUT groups. On the other hand, one may introduce a 45 so as for the

desired factors of 3 in (2.64) to appear. Then the desired mass relations would be satis-

fied at GUT scale. However, models that try to confront both problems simultaneously

introduce a certain amount of arbitrariness as well as phenomenological inconsisten-

cies. Nevertheless, the numerous attractive features of the minimal SUSY-SU(5) have

established it as the standard paradigm of GUT theories in general. It explains the

gauge coupling unification, implied by the MSSM, as the unification of the semi-simple

GSM into a simple group (SU(5)) with a single gauge coupling. Quantization of hy-

percharge as in (2.50) also unavoidably appears. That is because the abelian U(1)Y

is embedded in a larger non-abelian group, hence following a certain normalization for

its generators. Furthermore the model is free from gauge anomalies exactly as in the

SM or the MSSM for the minimal representation content of (2.53).

In this viewpoint a generalization of the GUT approach into other simple or semi-

simple groups seems at least a worth exploring idea. In what follows we will be inter-

ested in GUT models that offer possible remedies to the standard GUT problems, as

those encountered in the previous SU(5) example. These models should be regarded as

improved and more realistic proposals although none of them seems to offer a complete,

realistic extension of the MSSM to higher energies.

2.2.3 Other standard unified models.

In this section we briefly review the general structure of two distinct models based on

the gauge groups SU(5)× U(1) and SO(10) with the minimal representation content

required for an MSSM embedding. These models by respecting a symmetry group that

includes the SU(5) as a subgroup, inherit analogous attractive properties as well as,

fortunately milder, deficiencies. Their main characteristic is that both of them offer

a possible solution on the doublet-triplet splitting problem and that they may also

potentially survive the current nucleon decay constraints.
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Flipped SU(5)

The flipped SU(5) is a GUT-model based on the semi-simple group SU(5) × U(1)X

[28–30]. Its gauge group can be embedded in the larger simple SO(10) symmetry group

and as any realistic candidate unified model has the GSM as a subgroup. The rather

characteristic property of this model is the non-trivial embedding of the hypercharge

U(1)Y generator, identified as a linear combination of the abelian generator U(1)Z ,

within SU(5), and the external U(1)X . The weak hypercharge will then be given by

Y =
1

5
(Z +X) (2.65)

Z ≡ diag
(

1
3

1
3

1
3
−1

2
−1

2

)
(2.66)

where obviously the U(1)Z is the properly normalized generator previously identified

as the hypercharge of the standard SU(5) model (2.50).

Following an analogous notation as in (2.51)-(2.53) the representations of the SUSY

SU(5)× U(1) involved will decompose under GSM as

V : 240 =(8, 1)0 + (1, 3)0 + (1, 1)0 + (3, 2) 1
6

+ (3, 2)− 1
6

(2.67)

H,FI : 101 =(3, 2) 1
6

+ (3, 1) 1
3

+ (1, 1)0 (2.68)

H : 10−1 =(3, 2)− 1
6

+ (3, 1)− 1
3

+ (1, 1)0 (2.69)

f cI : 5−3 =(3, 1)− 2
3

+ (1, 2)− 1
2

(2.70)

{h}, {hc} : 5−2 =(3, 1)− 2
3

+ (1, 2)− 1
2
, 52 = (3, 1)− 2

3
+ (1, 2)− 1

2
(2.71)

ec : 15 =(1, 1)1 (2.72)

where we kept the minimal representation content12. It should be further remarked that

the standard variations of this model usually introduce additional singlets to account

for realistic neutrino masses. This in practice has small effect on the basic structure of

the theory that we are interested in so we conveniently neglect them.

The trademark of this model originating from the non-trivial embedding of the

weak hypercharge(2.65) is the analogous but distinct decomposition of the matter

supermultiplets F, f c as compared with the standard SU(5) theory. This allows to

identify in this model uc instead of dc within f c , (N c, dc) instead of (ec, uc) within F and

ec as an SU(5) singlet (N c) thus justifying the descriptive term ”flipped” for this special

SU(5)× U(1)X symmetry. The remaining matter supermultiplets Q, L will belong to

12Furthermore the U(1)X assignment implicitly follows the proper embedding of all representations
into the irreducible representations of the SO(10) and E6 gauge groups
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F, f c respectively in both models and therefore the MSSM matter supermultiplets will

belong in

101, 5−3, 15 : F (Q, dc, N c), f c(uc, L), ec (2.73)

For the viable phenomenology of the theory in this minimal version it is necessary

to impose besides the standard matter parity assignment an extra Z2 symmetry under

which only H transforms non-trivially (-1). Then the most general superpotential will

be

W =Y d
IJ FIFJh+ Y u

IJ FIf
c
Jh

c + Y e
IJ e

c
If

c
Jh

+λHHh+ λ′H Hhc + µhhc (2.74)

with the MSSM desired µ term also allowed to be present. Due to the extra Z2

symmetry a term HHc is absent thus allowing for the gauge breaking down to GSM in

the F-, D- flat direction

< H >=< H >=< N c
H >≡MG (2.75)

The most elegant feature of this model is the technically natural doublet-triplet

splitting that is realized. For the non-vanishing VEVs above the terms λHHh, λ′HHhc

in the superpotential produce superheavy masses for the coloured triplets while leaving

doublets to obtain an electroweak mass from the µ−term. That is because only the

coloured triplets in h, hc will couple with (3, 1) 1
3
, (3, 1)− 1

3
of H,H to form mass terms

while the doublets cannot couple quadratically to any available field. This is actu-

ally the explicit realization of the previously mentioned missing partner mechanism for

doublet-triplet splitting within flipped SU(5). The rest of the non-MSSM supermulti-

plets, besides a linear combination of singlets (N c
H − N c

H), will acquire heavy masses

through a super-Higgs mechanism in a manner analogous to the preceeding standard

SU(5) example.

It should be remarked that alongside the above technical advantages there are var-

ious interesting aspects that also emerge within the context of this model. First, it

should be noted that the successful gauge coupling unification predicted in the stan-

dard SU(5) may also be directly derived if SU(5) × U(1)X is embedded into a larger

group like SO(10) or E6. Furthermore, contrary to other standard GUT-models, the

flipped SU(5) realizes gauge symmetry breaking without the presence of adjoint Higgs,

a characteristic most appreciated by superstring constructions. However, the natural
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suppression of dangerous dimension-5 operators relaxing significantly the proton decay

constraints, should be regarded as the most attractive feature of this model. Finally,

the both successful and problematic Yukawa unification relations met in most unified

models are absent or strictly speaking replaced with analogous conditions for up quarks

and neutrinos. Since neutrino masses, yet undetermined, most likely appear through

a different mass generation mechanism than that of the other charged fermions the

flipped Yukawa unification condition cannot in practice impose a restrictive fermion

mass condition. We delay a more detailed discussion on this subject for the next

chapter.

SO(10) models.

We next focus on a larger symmetry-group that seems particularly interesting not only

for model building but predominantly as a general framework in which properties of

various GUT models can be understood. This stems from the fact that SO(10) is a

larger simple symmetry group that encompasses as maximal subgroups SU(5)× U(1)

and SU(4)×SU(2)×SU(2) both independently giving rise to interesting (SUSY)-GUT

realizations [31, 33, 59, 60]. The former pathway has already been discussed to some

extend through the standard and flipped SU(5) minimal models. The latter includes

variations of the so-called left-right symmetric models among which the more famous

and rather instructive Pati-Salam model [22]. For our purposes, some interesting fea-

tures arising from this alternative class of models will be investigated only through the

SO(10) viewpoint.

The simple-group SO(10) [34, 35] offers the possibility of several realizations each

of which with different advantages as well as flaws. In this sense one cannot uniquely

designate as previously a specific model as the minimal version and additionally re-

alistic models exhibit a rather extensive structure. However, in the most standard

proposed models, besides an adjoint gauge supermultiplet, matter, with the usual fam-

ily replication, transforms in the minimal spinorial representation of the symmetry

group and at least a part of the electroweak Higgs doublets in the vectorial. We have

the decomposition under SU(5)× U(1)

45V = 240 + 10−4 + 104 + 10

16F = 101 + 5−3 + 15

10H = 5−2 + 52 (2.76)

Clearly, this is the U(1)X assignment followed in the previous flipped-SU(5) example
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which suggests that many of the interesting properties there, as well as in standard

SU(5), appear due to the possible embedding within an SO(10) symmetry.

Various symmetry breaking patterns may arise by choosing different representations

for the heavy Higgs. These will subsequently develop a non-vanishing VEV in the F-

and D- flat directions available eventually breaking SO(10) either directly to the GSM
subgroup or in a stepwise fashion through its respective subgroups. We will avoid an

investigation on all these distinct models followed by their explicit superpotentials and

instead discuss more general aspects of SO(10) realizations.

In this sense, we may focus on the MSSM matter supermultiplets which will couple

to the electroweak Higgs doublets through a term in the superpotential YIJ10H16IF16JF .

As an immediate consequence the Yukawa coupling unification conditions imply the

MG relation

Yu = Yd = Ye = Yν |MG
(2.77)

with Yν corresponding to the huLN
c coupling responsible for neutrino Dirac-mass

terms. Even neglecting the neutrino matrix, the Yukawa matrices for charged fermions,

here necessarilly symmetric at MG, suggest vanishing quark mixing and common mass

ratios between families i.e. mu/mc = md/ms = me/mµ. Since both consequences are

experimentally excluded, one necessarily has to extend the Higgs content of the theory

or take into account higher dimensional operators. Fortunately, the latter are expected

to be in any case important, at least to some extend, due to the proximity of the GUT

to the Planck scale where new physics is expected to arise.

The usual strategy in SO(10) models, which also exhibits a large variety of distinct

realizations, is followed by introducing additional Higgs fields in the representations

16H , 16H , 45H . In these models, if the spinorial Higgs acquires a non-vanishing VEV,

it will necessarily lie in the only GSM singlet direction < 16H >=< 16H >=< N c
H >.

On the other hand, the adjoint representation may acquire a non-vanishing VEV in

different directions leaving each time a different subgroup invariant. Out of these

directions the most interesting in a technical sense seem to be

< 45H >∼
SU(4)× SU(2)R × SU(2)L : diag(0, 0, 1, 1, 1)

SU(4)× SU(2)L × U(1)R : diag(1, 1, 0, 0, 0)

}
× iσ2

where the respective unbroken subgroup is denoted. The VEV in the first row corre-

sponds to the Dimopoulos-Wilczek mechanism for doublet-triplet splitting without tun-

ing in SO(10) models. When acting on the light Higgs through a term 10H < 45H > 10′H
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it will obviously attribute a GUT scale mass to the coloured triplets while leaving weak

doublets massless. As an alternative one may obtain doublet-triplet splitting with a

VEV as in the second row [33]. A VEV in this direction can keep doublets in spinorial

representations of SO(10) massless through a term 16H〈45H〉16H . This can be easily

understood from the SU(4)× SU(2)R × SU(2)L decomposition

16H = (4, 1, 2) + (4, 2, 1) (2.78)

〈45H〉 = 〈(1, 3, 1)〉 (2.79)

which shows that the quadratic term (4, 1, 2)(4, 1, 2) will remain massless. These mass-

less fields will transform as the hu, hd and Q,Q of the GSM . Since the two pairs belong

to 5, 5,10, 10 of SU(5) respectively, another VEV in the SU(5) singlet direction could

split their masses. This can be realized by introducing a new set of 16′H , 16′H , 45′H
fields in the superpotential as

〈16′H〉45′H16H + 16H45′H〈16′H〉+ 45′H45′H (2.80)

This is essentially the missing partner mechanism since 516, 516 cannot form a quadratic

mass term, in contrast to 1016, 1016 as can be seen from (2.76). One may even use other,

rather more complicated, superpotentials with 16H10H mixing to realize the doublet-

triplet splitting and produce Higgs massless eigenstates coupling to matter through the

standard renormalizable 10H16F16F term. In practice, both mechanisms for doublet-

triplet splitting without fine tuning are rather unstable and difficult to realize.

Admittedly, even the so-called minimal models of SO(10) are quite cumbersome

mainly due to their extensive superpotential. This, among other issues should simul-

taneously allow gauge breaking in the preferred direction, produce the doublet-triplet

splitting, predict grand unification and break the unwanted Yukawa unification con-

ditions. Nevertheless, models that allow a fit with current experimental data exist,

however introducing a significant amount of arbitrariness through new fields, ad hoc

symmetries and non-renormalizable operators. In any case a study on SO(10) reveals

aspects for GUTs that are not transparent in other “less unified” models. In particular,

each family of known matter fits exactly the spinorial representation of SO(10), in a

family respecting manner, along with the yet unverified right-handed neutrino. Since

the SO(2N), (N 6= 6) groups are free from gauge anomalies, SO(10) models will auto-

matically share this property as well as certain models for the SO(10) subgroups. The

latter will be those models whose non-trivial representations fit exactly the SO(10) ir-
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reducible representations. Hence, among others, this explains why minimal-SU(5) and

flipped-SU(5), with that charge assignments, are both anomaly free. In addition, the

Yukawa coupling unification conditions for these models are in practice milder versions

of the rather restrictive condition (2.77). Although in SO(10) this necessarily implies

the presence of non-renormalizable operators such a fact eventually turns out to be

less unattractive. The reason behind this is the strong symmetry which constrains

significantly the structure of the non-renormalizable terms. As will be discussed in

the following chapter this even allows for predictions whose validity is not necessarily

attributed to a specific model but may also indicate the direction to a more elaborate

GUT.



70 CHAPTER 2. THEORIES BEYOND THE STANDARD MODEL



Chapter 3

Fermion Masses and Mixing

3.1 Charged fermions within the SM

An unanswered question that unavoidably arises within the context of the SM is the

origin of the observed pattern for fermion masses and mixing. That is to be contrasted

with the gauge boson sector where the Yang-Mills theory augmented by the Higgs

mechanism provides a rather elegant answer for the relevant mass scales. There, mass-

less gauge bosons are a result of the unbroken symmetry subgroup SU(3)C × U(1)em

while the three massive gauge bosons (W±, Z) of the broken symmetry will have masses

determined in practice by a single free parameter i.e. the Weinberg angle θW .

Clearly, the situation in the fermion sector is far more arbitrary. Although fermion

masses also arise when the Higgs acquires a non-vanishing VEV, the terms involved

now originate from the Yukawa sector of (1.75). We recall that this contributes the

charged fermion terms

LY =Y IJ
u Q

I

LΦ̃uJR + Y IJ
d Q

I

LΦ dJR + Y IJ
e L

I

LΦ eJR + h.c (3.1)

out of which when 〈Φ〉 = v the following fermion mass terms are produced

v√
2
Y IJ
u uILu

J
R +

v√
2
Y IJ
d d

I

L d
J
R +

v√
2
Y IJ
e eIL e

J
R + h.c (3.2)

The coefficients of these bilinear terms are the fermion mass matrices, previously de-

noted in (1.89). They will be responsible not only for the physical masses of fermions

but also, as will be discussed shortly, for an experimentally verified fundamental prop-

erty called fermion mixing. The Yukawa couplings, which in practice determine these

coefficients, are regarded as three dimensional matrices in family space. These are not

71
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Charged Fermion Masses
Gen. 1 2 3

ui 2.3+0.7
−0.5MeV 1.275± 0.025GeV 173.5± 1.4GeV

di 4.8+0.7
−0.3MeV 95± 5MeV 4.18± 0.03GeV

ei 0.511MeV 105.66MeV 1.777GeV

CKM parameters (Standard Par.)
sin θ12 sin θ23 sin θ13 δ

0.225 0.0412 0.00350 1.20

Table 3.1: Current values for charged fermion masses and CKM mixing parameters [36]

constrained by any theoretical consideration within the context of the SM. In fact, the

only consideration that actually restrains their form, while being unable to completely

determine them, comes from fitting to the experimental data.

Experimental evidence is rather definite on the mass spectrum for charged fermions

as well as on the four parameters which characterize quark mixing. Current values are

listed in Tab.3.1 for reference.

3.1.1 Biunitary transformations.

As already mentioned, the mass terms for fermions will appear through the bilinear

forms of (3.2). The physical masses, as usual, will appear through a rotation to the

mass eigenstate basis. For Dirac fermions this is realized by two, in general unrelated,

unitary matrices acting on each side of the mass matrix bringing it to a diagonal form.

The diagonal elements obtained through this biunitary transformation, will correspond

to the mass eigenvalues up to complex phases. The latter can always be absorbed by

a redefinition of the fields.

To describe this diagonalization procedure in more detail we employ a mass term

as those of (3.2) in the form

ψ
I

LM
IJψJR + h.c. , M IJ ≡ − v√

2
Y IJ (3.3)

By assumption we take M to be a 3×3 general complex matrix so as to account for the

unconstrained family structure of the SM. It can be shown that a suitable biunitary
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transformation may always diagonalize M through

U †LMUR = MD (3.4)

with MD being a diagonal non-negative matrix.

To illustrate this, we first mention that since MM † is Hermitian it will have non-

negative eigenvalues obtained through a unitary transformation. Then

U †LMM †UL = M2
D (3.5)

with UL being unique up to a diagonal phase matrix P since ULP may also satisfy the

above relation. This property actually ensures that if MD is diagonal in (3.4) then it

can always be brought to the desired real non-negative form so as to account for the

physical fermion masses. Now, we may define the following useful Hermitian matrix

H ≡ ULMDU
†
L (3.6)

which implies that the matrix V ≡ H−1M will be unitary. That is because

V V † = H−1MM †H−1

= ULM
−1
D U †LMM †ULM

−1
D U †L

= 1 (3.7)

due to (3.5) and (3.6). Then we may express MD in terms of the Hermitian H and the

unitary V as

MD = U †LHUL = U †LMV †UL (3.8)

where we have used the unitarity condition V † = V −1 = M−1H. We may then define

UR ≡ V †UL in the above equation which finally reproduces (3.4) as desired.1

3.1.2 The CKM matrix.

The previously described biunitary transformation not only diagonalizes the fermion

mass matrices but also gives rise to fermion mixing phenomena with certain, exper-

1In the above derivation we have implicitly assumed that M is invertible as is the case for all SM
charged fermions. However a zero eigenvalue can always be treated by projecting it out and proceed
as above in the non-trivial subspace.
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imentally verified, implications. For the moment, we shall restrict ourselves only to

terms relevant for quark masses and mixing.

By applying the biunitary transformation to the up quark mass term we obtain

uLMuuR = (uLUuL)(U †uLMuUuR)(U †uRuR)

= u′LMuDu
′
R (3.9)

where we have defined the primed fields, corresponding to the mass eigenstates, as

u′L ≡ U †uLuL (3.10)

u′R ≡ U †uRuR (3.11)

An analogous situation will be realized in the down quark sector for the corresponding

mass matrix Md. Keeping the same conventions, the rotation from the initial (gauge

eigenstate) basis to the mass eigenstate basis, will be realized there by another pair of

suitable unitary matrices, denoted as UdL, UdR.

For the SM, the unitary matrices corresponding to rotations of the right-handed

fields will leave no physical trace since they can be fully absorbed by the respective

field redefinitions. This, on the other hand, will not be the case for UuL, UdL which

will eventually give rise to the CKM matrix of quark mixing [37,38].

This is understood if we recall the quark kinetic terms of the SM which are given

by

iQL /DQL + iuR /DuR + idR /DdR (3.12)

Since the right-handed fermions of the SM are singlets under SU(2) the field redefini-

tions of (3.11) will give the trivial relations

uR /DuR = u′R /Du
′
R (3.13)

dR /DdR = d
′
R
/Dd′R (3.14)

However, for the left-handed fields the SU(2) coupling in the covariant derivative will

be non-trivial giving rise to the terms

g2√
2
uLγ

µW+
µ dL +

g2√
2
dLγ

µW−
µ uL (3.15)

Since the above operators are related by hermitian conjugation we may focus only on
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the first term. Then, the rotation to the mass eigenstate basis as in (3.10) will give

rise to the previously mentioned non-trivial CKM matrix through

g2√
2
uLγ

µW+
µ dL ∼ u′Lγ

µ(U †uLUdL)d′L (3.16)

out of which we may define the unitary matrix describing quark mixing phenomena as

VCKM ≡ U †uLUdL (3.17)

In principle the CKM matrix is a U(3) transformation which can be described

by three real angles and six complex phases. But in the charged currents Jµ− ≡
u′Lγ

µVCKMd
′
L we may redefine

u′′L = Puu
′
L , d

′′
L = Pd d

′
L

Pu,d ∼ diag(eiφ1 , eiφ2 , eiφ3) (3.18)

to absorb five complex phases. It is also trivial to check that such an operation cannot

affect the non-negative eigenvalues of the quark diagonal matrices MuD, MdD given by

(3.9). Therefore we are left with the physical parameters of the CKM matrix, namely

with three real angles and one CP-violating phase.

The standard parametrization [36,39] is

VCKM ≡ U23(0)U13(δ)U12(0)

=

 c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

 (3.19)

where Uij(δ) imply rotations in the respective family subspaces in analogy to

U13(δ) ≡

 c13 0 s13e
−iδ

0 1 0

−s13e
iδ 0 c13

 (3.20)

There are various noteworthy aspects emerging from our previous treatment. To

begin with, we may recall the observed CKM parameters of Tab.3.1. Then, a closer

look on (3.17) reveals that there should exist two distinct rotation matrices UuL 6= UdL

operating on the left-handed fields. This necessarily implies a mismatch between gauge

and mass eigenstates at least for some of the left-handed quarks. For the right-handed
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rotations, on the other hand, we cannot extract any information. This obviously stems

from the fact that all right-handed fermion states of the SM are singlets under SU(2)L,

thus implying the absence of analogous charged currents. Another aspect that is worth

mentioning, is the origin of the physical CKM parameters along with the quark mass

spectrum. Within the context of the SM these will necessarily arise from the Yukawa

couplings. As a result the 18 complex parameters, introduced through Yu, Yd will have

to account for only six quark masses and four mixing physical parameters. Clearly, a

substantial amount of arbitrariness will be present which will further increase due to

a similar situation in the lepton sector as discussed in what follows.

Finally we should mention that although this general treatment of fermion masses

and mixing was realized within the context of the SM, a generalization to the extensions

we consider, such as the MSSM and SUSY-GUTs, is always straightforward. That is

mainly due to the fact that the soft SUSY-breaking, considered as the standard method

to decouple the SM spectrum from its superpartners, does not introduce mass terms

for the SM fermions. As a result fermion masses may receive only loop-suppressed

corrections from the unknown soft-breaking sector. Typically, such insertions, also

bounded by other considerations, cannot affect drastically the Yukawa structure. In

any case, in our following considerations, we will implicitly restrict ourselves to the

case where SUSY-breaking is irrelevant for fermion masses [40,41].

3.2 Neutrino masses and mixing

The situation for the neutrinos seems to be significantly different from that of the

charged fermions [42]. Current experimental evidence [43], although yet inconclusive,

favours a three generation scenario of very light neutrinos. Furthermore, even though

light neutrino masses are not uniquely determined, any realistic neutrino mass pattern

should always be consistent with the experimental values of Tab.3.2. In addition to

this, a combined analysis from cosmological data [36] indicates an upper bound on the

overall neutrino mass scale through the relation
∑
mi . 1eV .

In more detail, the squared mass differences δm2
ij ≡ |m2

i −m2
j | extracted from the

neutrino oscillation phenomena indicate three different patterns depending on the mass

of the lightest neutrino. These are

• Normal Hierarchy(NH). m1 � m2 � m3

The squared mass differences then imply a strongly hierarchical spectrum with

m2 ≈
√
δm2

12 � m3 ≈
√
δm2

23
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• Inverse Hierarchy(IH). m3 � m1 ≈ m2

The squared mass differences then imply a partially degenerate spectrum with

m1 ≈ m2 ≈
√
δm2

23

• Quasi-Degeneracy(QD). m3 ≈ m2 ≈ m1 ∼M

This case arises for an overall neutrino mass scale satisfying M �
√
δm2

23. If the

cosmological constraints are taken into account then this would correspond to a

rather small portion of the allowed parameter space with M . 0.3 eV

Clearly, if the neutrino masses lie in the proximity of (δm2
ij)

1
2 the answer for the pattern

is less definite. However, for any allowed mass spectrum, in the three neutrino case

we consider, there will always be a lower bound for the mass of the heavier neutrino.

That is

max(mi) ≥
√
δm2

23 = 0.0485 eV (3.21)

which simply reflects the fact that a squared difference can never be greater than

the maximum of the respective squared parameters. On the other hand, the mass of

the lightest neutrino is not practically restricted by any consideration (other than the

possible upper bound on the overall mass scale) and the possibility for one massless

neutrino cannot be excluded.

Although, as mentioned, experimental data cannot uniquely determine the neu-

trino mass spectrum, the NH case, which will be followed in our investigated models,

distinguishes as the most probable scenario. That is due to the fact that only within

this context a hierarchical spectrum is obtained. Since a mass hierarchy is realized

for all other fermions, it is naturally expected to arise also for neutrinos. Particularly

for neutrinos arising within the framework of the see-saw mechanism, discussed below,

this is even more likely to occur. That is because a hierarchy originating from any of

the related mass terms will typically propagate to the spectrum for the light neutrino

masses. But even beyond that, the NH case is also supported by the experimental data

Neutrino Masses and Mixing
Squared Mass Differences (eV 2) Known PMNS parameters

δm2
12 δm2

23 sin2 θ12 sin2 θ23 sin2 θ13

7.58+0.22
−0.26 × 10−5 2.35+0.12

−0.09 × 10−3 0.306+0.018
−0.015 0.42+0.08

−0.03 0.021+0.007
−0.008

Table 3.2: Current values for neutrino squared mass differences as well as lepton mixing
angles. One or three CP-violating phases, in case of Dirac or Majorana fermions, are
still undetermined.
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themselves. If one considers a hierarchical mass spectrum then the hierarchy for the

squared mass differences immediately arises. In contrast, the other cases of partial or

complete degeneracy appear as fine-tuned. There, one would have to adequately justify

not only the presence of two small mass splittings but also the hierarchy between them.

3.2.1 The see-saw mechanism.

The tiny masses of the neutrinos suggest that a different mass generation mechanism

should operate in the neutrino sector which distinguishes them from the other fermions

of the theory. The standard proposal which seems to offer an elegant answer on this

issue without departing from the general considerations of the SM is the see-saw mech-

anism [44]. Due to its various possible realizations, developed over the years, the

see-saw is now established as the general framework within which, explicit models for

neutrino masses and mixing are realized.

The fundamental idea behind all see-saw models is the introduction of heavy fields

in the theory that couple directly or indirectly to the lepton doublets. When heavy

degrees of freedom are integrated out the symmetric effective operator

1

2
M IJ

ν νIνJ (3.22)

is produced. Eventually, this Majorana mass term will account for the light neutrino

fields νI .

Since the presence of heavy fields is required for all explicit realizations of the see-

saw idea, the SUSY framework regarded as the high energy completion of the SM

seems more appropriate2. Then, the supersymmetric versions of the three standard

realizations, commonly referred to as see-saw types, are:

Type-I (Standard) seesaw. (Singlet matter supermultiplets)

This type of seesaw is realized by introducing matter supermultiplets transforming as

singlets under GSM to account for the right-handed neutrinos N c
I . Although two singlets

are sufficient for this realization to be consistent with experimental data, in the usual

treatment, one introduces three N c
I as the family replication of the SM implies for all

other fermion states. Due to its obvious simplicity, this scenario has been established

as the standard see-saw type.

2In any case the transition to the non-supersymmetric case is always straightforward.
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In particular, in this approach, one introduces three singlets N c
I which will allow

for the terms in the superpotential

Y IJ
ν HuLIN

c
J +

1

2
M IJ

R N c
IN

c
J (3.23)

When the Higgs acquires a non-zero VEV, and suppressing family indices, the mass

terms for the neutrinos appear as3

vu Yν νN
c +

1

2
MRN

cN c =
1

2

(
ν N c

)( 0 vuYν

vuY
>
ν MR

)(
ν

N c

)
(3.24)

where hermitian conjugation is always implied. Now if we parametrize M IJ
R = mRY

IJ
R

and assume for the scales mR � vu ∼ MEW one obtains a split spectrum for the

neutrino masses. This is now given by the terms

1

2
ν ′>Mνν

′ +
1

2
N c′>MNN

c′ (3.25)

where the corresponding symmetrical mass matrices will be given approximately by

the following expressions

Mν ≈ −
v2
u

mR

YνY
−1
R Y >ν (3.26)

MN ≈MR (3.27)

Clearly in the above treatment, the mass spectrum will be described by two distinct

three-dimensional mass matrices with different overall mass scales. The physical masses

for the light (or heavy) neutrinos will be obtained by a diagonalization procedure

analogous, but not identical to the one previously used for quarks as will be discussed

when lepton mixing is investigated. In any case, the mass eigenstates will be obtained

from a rotation in the respective primed field subspace with the phenomenologically

more interesting light neutrino eigenstates formed by linear combination of the ν ′ fields.

As (3.26) suggests, a typical value of v2
u/mR ∼ 0.1 eV would imply a heavy neutrino

(seesaw) mass scale at mR ∼ 1014GeV . For such a large hierarchy between these two

scales the primed fields which are linear combinations of ν,N c will be equal to the un-

primed ones to a good approximation. Thus the light neutrinos will be predominantly

3A 3× 3 block form is of course implicit in the matrix of the right hand side so as to account for
family structure. Also, irrelevant numerical factors are conveniently absorbed in a redefinition of the
parameters (e.g. vu ≡ 〈Hu〉).
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left-handed ν ′ ≈ ν which is consistent with all current experimental data.

Type-II seesaw. (Charged Higgs isotriplets)

In this type of see-saw, one introduces a Higgs supermultiplet T transforming as (1,3,1)

under the GSM along with its conjugate T c. These fields will allow for the terms in the

superpotential

1

2
Y IJ
ν LITLJ + λdHdTHd + λuHuT

cHu +mTTT
c (3.28)

where we may represent the isotriplet in the matrix form

T =

(
T+ T++

T 0 −T+

)
(3.29)

and a proper contraction of gauge indices is understood. When the Higgs doublets

acquire a non-vanishing VEV, the F- and D- flatness conditions imply 〈T 0〉 ≈ −λuv2
u

mT
.

This corresponds to a symmetric neutrino mass term with a suppressed overall mass

scale given by

1

2
YνL〈T 〉L = −1

2

λuv
2
u

mT

Yν νν (3.30)

where we have again suppressed family indices for simplicity in notation.

The overall mass scale is essentially of the see-saw type suppressed by a heavy mass

mT as desired. The Higgs supermultiplets T, T c will thus be superheavy, effectively de-

coupling from the low energy spectrum. This type of seesaw is fundamentally different

from the previous one since the small neutrino masses arise from a suppressed VEV in

the minimization of the potential. As a result no right-handed neutrinos are required

here and additionally the light mass eigenstates are purely left-handed.

Type-III seesaw. (Neutral matter isotriplets)

There is always the option to use the neutral component of a weak isotriplet as the

right-handed neutrino. Therefore, in this type of see-saw, one introduces, usually

three, matter supermultiplets T transforming as (1, 3, 0). The corresponding terms in

the superpotential will be

Y IJ
ν LITJHu +

1

2
MRTITJ (3.31)
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where the neutral isotriplet can be represented in the matrix form

T =

(
T 0/
√

2 T+

T− −T 0/
√

2

)
(3.32)

Since the structure of the superpotential is analogous to the Type-I case(3.23) at least

for the neutral components, the see-saw formula for the light (and heavy) neutrino

mass matrix will be essentially the same. Thus, when the Higgs acquires a VEV, the

corresponding mass terms will be4

vuYν νT
0 +

1

2
MRT

0T 0 (3.33)

producing the split spectrum for neutrinos described by

Mν ≈ −
v2
u

mR

YνY
−1
R Y >ν (3.34)

MN ≈MR (3.35)

with an identical structure to (3.26) and (3.27). The charged components within the

isotriplet, namely T±, will obtain a superheavy mass of order mR, thus decoupling from

the low-energy theory.

At first sight, the phenomenological implications for this type of see-saw seem re-

dundant when compared with the Type-I, at least as far as the low-energy theory is

concerned. Nevertheless such a framework will prove particularly useful when we dis-

cuss explicit realizations of see-saw within SUSY-GUTS. That is due to the fact that

the GSM singlets and neutral isotriplets tend to appear together in many irreducible

representations of the GUT groups we consider. As we shall see this will eventually

restrain severely the family structure of the respective Yukawa couplings even allowing

in some cases for certain predictions.

3.2.2 Lepton mixing.

As already mentioned, in the original formulation of the SM the neutrinos were erro-

neously considered massless. This misconception, however, changed drastically with

the discovery of the neutrino oscillation phenomena. Such an effect, verified by a num-

ber of experiments, not only suggests that neutrinos are massive (at least two of them)

4A proper gauge contraction with suitable normalization factors is always implied. Thus, here, for
a consistent derivation from (3.31) the TITJ term would correspond to Tr(TITJ)
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but also that they mix non-trivially. The latter fact in particular, indicates a mismatch

between gauge and mass eigenstates in the lepton sector in an obvious analogy to the

previously discussed situation for the quarks.

Lepton mixing, also referred to as neutrino mixing, is described by the PMNS

matrix [56] which is essentially the analogue of the CKM matrix for the leptons. To

derive its general form we follow the same procedure as for quark mixing. First, we

focus on the terms relevant for leptons using the effective seesaw operator of 3.22. We

thus obtain the mass terms from the superpotential

M IJ
e ecIeJ +

1

2
M IJ

ν νIνJ (3.36)

where we have identified Me = − vd√
2
Ye following (3.2). Diagonalization proceeds as

usual for the charged leptons with the biunitary transformation

ec
′
= ecUeR , e′ = U †eLe (3.37)

MeD = U †eRMeUe (3.38)

The diagonalization of the light neutrinos however proceeds with a single unitary trans-

formation as

ν ′ = U †νν (3.39)

MνD = U>ν MνUν (3.40)

It can be shown that a single unitary transformation is sufficient not only to diagonalize

the symmetric complex matrix Mν but also to ensure its real non positive eigenvalues

[63].

The PMNS matrix will originate from the charged currents and in particular from

J+
µ = eLγµνL = e†σµν = e†

′
σµ(U †eLUν)ν

′ (3.41)

VPMNS ≡ U †eLUν (3.42)

We should mention that the physical parameters of the PMNS matrix are in general

three real angles and one or three CP-violating phases depending on whether the

neutrinos have Dirac or Majorana masses respectively. The former case is understood

as an exact analogue of the CKM matrix in the lepton sector. The latter case however,

which is more interesting due to the see-saw mechanism, exhibits two extra physical

CP-violating phases. This is due to the fact that a Majorana mass term as that of
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(3.36) is not invariant under phase redefinitions. As a result one can absorb only the

three out of the six complex phases of VPMNS by a phase redefinition of the charged

leptons.

3.3 Neutrinos within SUSY-GUTs

As previously discussed, one of the deficiencies of the SM also shared by the MSSM is

the unconstrained family structure for the Yukawa couplings. As a result, the hierarchy

of the fermion mass spectrum as well as the mixing patterns observed in nature cannot

be justified by any consideration within those frameworks. It seems then a rather

natural choice to search for a SM(MSSM) extension that can explain or even better

predict current experimental data for fermions.

A minimal and rather obvious extension would be to consider a new symmetry

group for families. Such an approach, at first sight seems well motivated by the existing

gauge symmetries which describe sufficiently the dynamics of the fundamental particles.

However a gauged family symmetry would immediately imply the presence of new

gauge bosons none of which has yet been observed. On the other hand, a global

continuous symmetry would come together with the undesired presence of Goldstone

bosons. Perhaps the most interesting approach in this field of research seems to be

family symmetries based on the discrete symmetry groups and in particular the non-

abelian ones [45, 46]. Such a realization, would immediately avoid both preceding

problems and in addition could combine well with another possible minimal extension

of the MSSM, namely SUSY-GUTs [47].

In fact, this scenario appears as a very attractive possibility since SUSY-GUTs

seem to offer a suitable and more general framework for model building with various

interesting properties, as discussed previously. Among these properties is the prediction

for Yukawa unification which restrains severely the structure of Yukawa couplings.

Therefore in our search for a more complete and elaborate theory it seems at least

illuminating to investigate SUSY-GUT models that may fit current experimental data

on fermion masses and mixing, and examine their implications.

A non-minimal SU(5) model for neutrinos.

Following the above considerations we have investigated the possibility of extending

the minimal SUSY-SU(5) with new field representations in a unified model with hier-

archical neutrino masses [48].
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Although, admittedly, the particle content introduced in this model is rather ex-

tensive, there are many virtues that follow this realization. To begin with, it avoids

the proton decay constraints that follow the minimal SUSY-SU(5) model. Such con-

straints are now considered rather disastrous for the phenomenology of the minimal

model, eventually rendering it a non-realistic GUT. In any case, this is done by achiev-

ing unification at a larger scale than the problematic MG ∼ 1016GeV of the original

model. Despite the fact that a certain amount of fine-tuning is required to achieve

successful unification, we obtain a prediction for the seesaw scale in the phenomenolog-

ically preferred region. Within this context we examine the possibility of a hierarchical

light neutrino mass spectrum as this is implied from the NH case for the neutrinos

and the lepton mixing pattern this may potentially suggest. We find that one of the

light neutrinos is necessarily massless at tree level due to a particular Yukawa unifi-

cation condition shared by a more general class of GUT models. Finally, we should

remark that the model is renormalizable and any discussion on non-renormalizable

operators is for completeness and for establishing that these would give subdominant

effects. In fact, we should emphasize this point since we have chosen to remain at the

renormalizable level at the expense of a more complicated structure.

It should be mentioned that for potentially interesting constraints on the scale and

structure of neutrino masses, the sector of heavy fields has to partake in the GUT.

This can be realized in other GUTs [49], such as SO(10) and flipped-SU(5) [30], or by

extending the gauge non-singlet field content of SU(5). We recall that the realization

of the so called type-I see-saw mechanism in the SM introduces right-handed neutrinos

as gauge singlet fields. In contrast, in the type-III right-handed neutrinos are non

trivially introduced as the neutral components of isotriplet fields [50]. This can be

promoted to extended versions of SU(5) that feature additional chiral superfields in

the 24 representation, each containing two suitable right-handed neutrino candidates5.

A mixed “type-I+III” see-saw mechanism can then be realized with an extra 24 [52],

while the most appealing three generation scenario with three right-handed neutrinos

requires additional 24’s or 1’s.

In this model we consider a version of supersymmetric SU(5) extended through the

introduction of extra chiral superfields S(1), T (24), T ′(24), which provide us with

three right-handed neutrino candidates. Our basic assumption is that these right-

handed neutrino fields obtain a Majorana mass at a high but still intermediate scale a

5Fermions in a single 24 representation have been introduced in the framework of non-
supersymmetric SU(5) in [51], where the see-saw mechanism was realized with two right-handed
neutrinos at a predicted low energy scale.
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few orders of magnitude below the unification scale. This assumption is supported by

a renormalization group analysis, incorporating proton lifetime constraints [53], and

allows for an intermediate scale in the vicinity of (1013-1014)GeV . Not all of the scales

involved in the right-handed neutrino Majorana mass matrix are constrained by the

renormalization group. Depending on assumptions, several possibilities emerge lead-

ing to a different dependence of the resulting light neutrino masses on these scales.

Furthermore, the fact that two of the right-handed neutrinos are members of the same

SU(5) representation leads to a particular rank 2 structure of the resulting light neu-

trino mass matrix that is accompanied by a massless eigenvalue. Although this fact is

modified by non-renormalizable terms, there is a definite prediction for one superlight

neutrino, not in conflict with observations. Next, we examine the possibility of a hi-

erarchical light neutrino mass spectrum m
(3)
ν > m

(2)
ν � m

(1)
ν . This can be achieved in

a variety of ways depending on assumptions either for the mass scales involved or for

the hierarchy of the Yukawa-type couplings. We also consider whether the observed

large neutrino mixing can be accommodated in the framework of the model [54]. We

conclude that hierarchical mixing patterns with θ13 � θ12 ∼ θ23 can be obtained with

generic choices of Yukawa couplings exhibiting certain structure.

The Model

The renormalizable part of the minimal SU(5) superpotential, in terms of the chiral

superfields Qci(10),Qi(5),H(5),Hc(5),Σ(24), is

W0 = YuijQciQcjHc + YdijQiQcjH +
M

2
Tr(Σ2) +

λ

3!
Tr(Σ3) + λ′HcΣH +M ′HcH

where we have suppressed SU(5)-indices and display only the family indices i, j. Let

us now introduce extra matter supermultiplets S(1), T (24), T ′(24) with the standard

matter parity assignment6. An extra Z2 discrete symmetry, under which only T ′(24)

changes sign differentiates between them so that T ′ does not couple to standard matter

fields. The renormalizable contributions of the new fields to the superpotential are

W1 = YSi QiHcS + YTi QiHcT +
µ

2
S2 +

µ′

2
Tr(T 2) +

µ′′

2
Tr(T ′2)

+ f Tr(T 2Σ) + f ′ Tr(ΣT )S + f ′′Tr(T ′2Σ) . (3.43)

6We have Q, Qc, S, T → −1 , while Σ, H, Hc → 1 .
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The decomposition of the new matter multiplet T (24) is

T (24) = B(1, 1, 0) + T (1, 3, 0) +O(8, 1, 0) + X (3, 2,−5/6) + X c(3, 2, 5/6) ,

where the SU(3)× SU(2)× U(1) identification of each component is self-explanatory.

Analogous is the decomposition of the primed field T ′(24). Denoting by T 0 the neutral

component of the isotriplet T (1, 3, 0), we can identify the three right-handed neutrino

candidates as N c
i = (S, B, T 0).

Symmetry breaking of SU(5) down to SU(3)×SU(2)×U(1) is realized in the stan-

dard fashion through a non-zero VEV of Σ in the direction< Σ >= V√
30
diag(2, 2, 2,−3,−3).

Note that the absence of cubic terms for the new fields, due to their parity assignment,

does not allow them to acquire a non-zero VEV and, thus, symmetry breaking proceeds

exactly as in the minimal case. All components of Σ are either higgsed away or obtain

masses of the order of the GUT scale. The splitting between the masses of the Higgs

isodoublets Hd, Hu and the Higgs coloured triplets D, Dc contained in H = (Hd, D
c)

and Hc = (Hu, D) is produced by the usual fine-tuning M ′ = 3λ′V√
30

, resulting in mass-

less doublets and superheavy triplets. Then, the effective superpotential relevant for

masses below the unification scale MG reads

Weff = Y u
iju

c
iQjHu + Y d

ijd
c
iQjHd + Y e

ije
c
iLjHd + Y Si LiSHu + Y B

i LiBHu

+ Y T
i LiTHu + Y Xi d

c
iXHu +

MS
2
S2 +

MB

2
B2 +MSBSB

+
MT

2
Tr(T 2) +MXXX c +

MO

2
Tr(O2) +

MT ′

2
Tr(T ′

2
) +

MO′

2
Tr(O′

2
)

+Mχ′X ′X ′c +
MB′

2
B′

2
. (3.44)

Matching the effective and the SU(5)-symmetric theory at MG leads to the following

relations for the Yukawa couplings

Y u = 2Yu , (Y e)⊥ = Y d = Yd , Y S = YS

Y X = Y T =

√
30

3
Y B = YT , (3.45)
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while for the mass parameters we get

MS = µ , MB = µ′ − 2fV√
30

, MT = µ′ − 6fV√
30

, (3.46)

MO = µ′ +
4fV√

30
, MX = µ′ − fV√

30
, MSB = −f ′V (3.47)

and

MT ′ = µ′′ − 6f ′′V√
30

, MB′ = µ′′ − 2f ′′V√
30

,

MO′ = µ′′ +
4f ′′V√

30
, MX ′ = µ′′ − f ′′V√

30
. (3.48)

The see-saw scale is the scale of the right-handed neutrino mass matrix expressed in

terms of the parameters MS , MB, MT and MSB, related through the four parameters

µ, µ′, fV and f ′/f . The allowed range for these parameters will be strongly constrained

by the requirements of unification at a sufficiently high scale. This will follow shortly

from a renormalization group analysis.

In addition to the renormalizable contributions above, non-renormalizable contri-

butions to the superpotential

WNR =
λIJKL
MP

ΦIΦJΦKΦL + O(1/M2
P ) + . . . .

can, in principle, affect masses, especially whenever we have mass-degeneracies. We

have denoted the scale of non-renormalizable interactions generically by MP , expecting

their scale to be the Planck scale. The lowest order terms in WNR are

QT ΣHc +QΣHcS + T QcHH +QcQcΣHc + ΣQcHQ+HcQQHc + T QcQQ

+QcQQS +QcQcQcQ+ T 2Σ2 + Σ2T S +HT 2Hc + Σ2S2 +HT HcS

+HHcS2 + T 4 + T 3S + T 2S2 + S4 + Σ4 +HΣ2Hc +HHcHHc + T ′2Σ2

+ HT ′2Hc + T ′4 + T ′2T 2 + T T ′2S + T ′2S2 , (3.49)

suppressing the factor 1/MP and the dimensionless couplings in front of each term,

all assumed to be of the same order. Among these terms, those relevant for neutrino

masses are the terms HcQQHc, leading to (tiny) Majorana masses for left-handed

neutrinos, the terms QT ΣHc, QΣHcS, contributing to Dirac masses, and the terms

T 2Σ2, Σ2T S, Σ2S2, contributing to Majorana masses for the right-handed neutrinos.
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Figure 3.1: Isotriplet mass MT vs the unification scale MG. The octet mass satisfying
MO′ 6MG sets a lower bound for unification at MG ≈ 1.5× 1016GeV .

Energy Scales

The sector of additional superfields T , T ′, S carries with it a set of extra parameters,

namely the mass parameters µ, µ′, µ′′ and the couplings f, f ′, f ′′. A basic assumption

of the model is that the Majorana mass of right handed neutrinos is at a high but still

intermediate scale, a few orders of magnitude below MG. Thus, we shall assume that

the isotriplet component of T remains lighter than MG. In addition, proton lifetime

constraints translated to a high enough MG require the presence of an additional light

color octet. These requirements correspond to new fine tunings of parameters, pre-

sumably, not worse than the standard GUT fine tunings. As a working set of choices,

we take (M2
G = 5g2

12
V 2)

µ′ = (3 − ε)MG/2 , µ
′′ = (2 + 3ε′)MG/5,

f =
5g

4
√

2
(1− ε), f ′′ = − g

2
√

2
(1 − ε′) (3.50)

where ε ∼ ε′ � 1. These choices result in

MT = εMG , MO′ = ε′MG (3.51)

while the rest of the masses are MO, MX , MX ′ , MT ′ ∼ O(MG).

Thus, we assume that, apart from the MSSM fields and the color octet and isotriplet

superfields that have intermediate masses MO′ and MT , all extra superfields decouple

at MG. In addition, we assume that supersymmetry is broken at an approximately

common energy scale of mS ∼ 1TeV at which all superpartners decouple. From the
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MG MO′ MT αG
3× 1016 3.1× 1015 1.3× 1015 0.04023
5× 1016 1.0× 1015 5.2× 1014 0.04112
8× 1016 3.6× 1014 2.3× 1014 0.04197
1× 1017 2.2× 1014 1.5× 1014 0.04239
3× 1017 2.0× 1013 2.1× 1013 0.04457
5× 1017 6.4× 1012 8.3× 1012 0.04566
8× 1017 2.3× 1012 3.6× 1012 0.04671
1× 1018 1.4× 1012 2.4× 1012 0.04723
3× 1018 1.2× 1011 3.3× 1011 0.04996

Table 3.3: Values (GeV ) for the unification scale MG, the colored octet mass MO′ and
the weak isotriplet mass MT . The corresponding unified coupling aG remains within the
perturbative limit.

one-loop renormalization group equations for the three SU(3) × SU(2) × U(1) gauge

couplings7, with the intermediate octet and isotriplet mass scales inserted, we obtain

the following expressions for these couplings at MZ

2π

α3(MZ)
=

2π

αG
− 3 ln

(
MG

MZ

)
− 4 ln

(
mS

MZ

)
+ 3 ln

(
MG

MO′

)
2π

α2(MZ)
=

2π

αG
+ ln

(
MG

MZ

)
− 25

6
ln

(
mS

MZ

)
+ 2 ln

(
MG

MT

)
2π

α1(MZ)
=

2π

αG
+

33

5
ln

(
MG

MZ

)
− 5

2
ln

(
mS

MZ

)
(3.52)

where αG is the common value of the three couplings at the unification scale MG.

Inserting the existing recent data [36] for α3(MZ), α2(MZ), α1(MZ), we obtain MG and

αG, as well as the octet mass MO′ for various choices of the isotriplet mass treated as

input. An octet mass below MG sets a lower bound of 1.5×1016GeV for the unification

scale. In Fig.3.1 we show the values of MG obtained in terms of MT . These values are

tabulated in Tab.3.3 together with the corresponding values of MO′ and αG. Note that

the values of MO′ follow MT within a close range, indicating an approximately common

intermediate scale. The values for MT in the proximity of 1014GeV , corresponding to

a safe MG ∼ 1017GeV , have the correct order of magnitude required for the seesaw

scale, since (102)2/1014 ∼ 0.1 eV .

7The triplet-octet splitting has been previously studied for SU(5) models at one and two loops
in [55]
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Neutrino Masses

The terms relevant for neutrino masses can be easily singled out from the renormaliz-

able part of the superpotential (3.44).8 These terms are

Y Si LiSHu + Y B
i LiBHu + Y T

i LiTHu +
MS
2
S2 +

MB

2
B2 +MSBSB +

MT

2
T 2

or

vu

(
Y Si S + Y B

i B −
Y T
i√
2
τ0

)
νi +

MS
2
S2 +

MB

2
B2 + MSBSB +

MT

2
τ 2

0 .

The corresponding terms for charged fermion masses are MT τ+τ− − vuY T
i eiτ+ . The

full neutrino mass matrix, in an (νi, S, B, τ0)-basis, is

MN =

 0 MD

M⊥
D MR

 , (3.53)

where

MD = vu



Y S1 Y B
1 − 1√

2
Y T

1

Y S2 Y B
2 − 1√

2
Y T

2

Y S3 Y B
3 − 1√

2
Y T

3


, MR =


MS MSB 0

MSB MB 0

0 0 MT

 .

Note that Y B
i = 3√

30
Y T
i . The constraints on µ′ and f imply that MB ≈ MG, while

MS and MSB remain undetermined.

The light neutrino mass matrix will be

Mν ≈ −MDM−1
R M

⊥
D . (3.54)

8For simplicity, in our treatment of masses and mixings we neglect CP-violation
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The inverse right-handed neutrino Majorana mass is

M−1
R =

1

∆


−MB MSB 0

MSB −MS 0

0 0 ∆
MT

 , (3.55)

with ∆ = M2
SB −MSMB.

The determinant of MD vanishes due to the SU(5) relation Y T
i =

√
30
3
Y B
i . This

propagates to Mν resulting in one massless left-handed neutrino. Such a feature is

shared by a wider class of models in which two right-handed neutrinos or more belong

to the same GUT representation.

The resulting light neutrino mass matrix can be put in the form

(Mν)ij =
v2
u

∆

(
AYiYj + B

(
YiY

′
j + Y ′i Yj

)
+ C Y ′i Y

′
j

)
. (3.56)

where

A = MB, B = − 3√
30
MSB, C =

3

10
MS −

∆

2MT

. (3.57)

We have simplified the notation by denoting Y Si = Yi and Y T
i = Y ′i .

By going to the orthogonal basis in flavor space

X̂(1) =
~Y ′ × ~Y

|~Y ′ × ~Y |
, X̂(2) =

~Y√
Y 2

, X̂(3) = X̂(1) × X̂(2) (3.58)

where X̂(1) is the massless eigenvector, we can set the neutrino matrix in the form

Mν =


0 0 0

0 M22 M23

0 M23 M33

 , (3.59)
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with

M22 =
v2
u

∆

(
MB Y

2 − 6√
30
MSB(Y · Y ′) +

3

10
MS

(Y · Y ′)2

Y 2

)
− v2

u

2MT

(Y · Y ′)2

Y 2

M23 =

√
Y 2Y ′2 − (Y · Y ′)2{
−v

2
u

∆

(
− 3√

30
MSB +

3

10
MS

(Y · Y ′)
Y 2

)
+

v2
u

2MT

(Y · Y ′)
Y 2

}
M33 =

1

Y 2

(
Y ′

2
Y 2 − (Y · Y ′)2

){
− v2

u

2MT

+
3v2

u

10

MS
∆

}
. (3.60)

Before we extract the light neutrino eigenvalues from this matrix, we must consider

the scales involved in these expressions. For the mass scale MB we have already made

the choice MB = MG. The other two scales MS , MSB, associated with the singlet S,

are not constrained.

1st Approach: We shall assume that these two scales are also of the order of MG.

Thus, the dominant entry in the neutrino matrix elements Mab will be the term − v2
u

MT

contained in C of (3.57), while the rest of the contributions will all be of the order of
v2
u

MG
, which is three orders of magnitude smaller. We may write9

M22 =
v2
u√
|∆|

M̂22 −
v2
u

2MT

(Y · Y ′)2

Y 2

M23 =
v2
u√
|∆|

M̂23 +
v2
u

2MT

(Y · Y ′)
Y 2

√
Y 2Y ′2 − (Y · Y ′)2

M33 =
v2
u√
|∆|

M̂33 −
v2
u

2MT

1

Y 2

(
Y ′

2
Y 2 − (Y · Y ′)2

)
(3.61)

9We have set

M̂22 =
1√
|∆|

(
MBY

2 − 6MSB√
30

(Y · Y ′) +
3MS
10

(Y · Y ′)2

Y 2

)
M̂23 =

1√
|∆|

√
Y 2Y ′2 − (Y · Y ′)2

(
3MSB√

30
− 3MS

10

(Y · Y ′)
Y 2

)
M̂33 =

3MS

10
√
|∆|

(
Y ′

2 − (Y · Y ′)2

Y 2

)
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The resulting light neutrino mass eigenvalues are

m(3)
ν ≈ −

v2
u

2MT

Y ′
2

m(2)
ν ≈

v2
u√
|∆|

{
M̂22

(
1 − (Y · Y ′)2

Y 2Y ′2

)
+ M̂33

(Y · Y ′)2

Y 2Y ′2

+ 2M̂23
(Y · Y ′)
Y 2Y ′2

√
Y 2Y ′2 − (Y · Y ′)2

}
(3.62)

As it stands, for |Y | ∼ |Y ′|, the mass hierarchy is

m(2)
ν /m(3)

ν ∼ v2

MG

O(Y 2)/
v2

MT

O(Y 2) ∼ MT/MG ∼ ε ,

which is too strong a hierarchy to satisfy the data, without any other adjustment

of parameters. On the other hand, if the overall scale of the determinant
√
|∆| =√

|M2
SB −MSMB| is set to be

√
|∆| ∼ λMG, with λ ∼ O(10−1), the relation

v2/MT � v2M̂ab/
√
|∆| still holds and, thus, we obtain

m(2)
ν ∼ v2

u

λ2MG

O(Y 2), m(3)
ν ∼ v2

u

MT

O(Y 2) (3.63)

This can give the correct overall scale of the neutrino masses and a suitable hierarchy

m
(2)
ν

m
(3)
ν

∼ ε

λ2
. (3.64)

2nd Approach: An alternative assumption is to assume that the scales associated

with the singlet S are of the same intermediate order as MT , namely

MS ∼ MSB ∼ MT (3.65)

and, thus, ∆ ≈ −MSMB. Despite naturalness objections, this assumption is technically

feasible. In this case, we have to leading order

m(2, 3)
ν ≈ − v2

u

4MT

{
(Y ′)2 + λ′Y 2 ±

√
R
}
, (3.66)

where

R ≡
(
λ′ Y 2 − Y ′2

)2

+ 4λ′ (Y · Y ′)2 (3.67)
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and λ′ ≡ 2MT/MS , a number of O(1) by assumption. Note that a hierarchy can also

arise in this approach in the case Y 2 >> Y ′2, namely

m
(2)
ν

m
(3)
ν

≈
(
Y 2Y ′2 − (Y · Y ′)2

)
λ′Y 4

=
Y ′2 sin2 α

λ′Y 2
. (3.68)

We have denoted by α the angle cos−1(Ŷ · Ŷ ′). Similar results can also be obtained for

Y ′2 � Y 2 but with
m

(2)
ν

m
(3)
ν

≈ λ′Y 2 sin2 α

Y ′2
. (3.69)

In this approach there is also another possibility for the existence of a mass-

hierarchy, namely, the possibility of almost parallel couplings in generation space

(α≈ 0)

Y · Y ′ =
√
Y 2
√
Y ′2 cosα ≈

√
Y 2
√
Y ′2

(
1 − α2

2

)
.

In this case, keeping Y ∼ Y ′, we obtain

m
(2)
ν

m
(3)
ν

≈ λ′Y 2Y ′2 α2

(Y ′2 + λ′Y 2)2
. (3.70)

Finally, in this approach, there is a third possibility for a hierarchy if we assume that

there is a small hierarchy in the scales MS : MT corresponding to λ′ ∼ 0.1. In this

case we get the same expression for the mass ratio as in (3.69) but with the desired

hierarchy now originating from λ′ instead of Y 2/Y ′2.

The above conclusions rely only on the renormalizable part of the superpotential.

There are however some contributions to neutrino masses from various lowest order

non-renormalizable terms in (3.49). These are:

Left-handed neutrino Majorana masses from the term

HcQQHc ∼ λij
v2
u

MP

νi νj . (3.71)

These masses are tiny ( 10−5 eV or less, depending on the couplings involved) but they

remove the massless state arising from the previous analysis giving a lower bound for

light neutrino masses.

Right-handed neutrino Majorana masses from the terms

T 2Σ2 + Σ2T S + S2Σ2 ∼ λ′ij
V 2

MP

N c
jN

c
j . (3.72)
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These terms could very well be of the same order of magnitude as the intermediate scale

MT or even larger but become subdominant for relatively small couplings, meaning λ′ <

10−2. In addition to these terms, negligible right-handed Majorana mass contributions

O(v2/MP ) arise from the terms H ( T 2, T S, S2)Hc .

Dirac neutrino masses from the terms

QT ΣHc + QΣHcS ∼ λ′ij
vuV

MP

νiN
c
j . (3.73)

These contributions, suppressed by the factor V/MP in comparison with renormalizable

contributions, can remove massless states that arise due to the symmetries encountered

in the renormalizable part of the Dirac neutrino mass matrix MD. To be specific,

the operator QT ΣHc representing the invariants QiHcTr(T Σ), QiT ΣHc, QiΣT Hc

contributes to the superpotential as

λ′′1i
vuV

MP

νiB + (λ′′2i + λ′′3i)
vuV

MP

(
3

10
νiB −

√
3

20
νi τ0

)
. (3.74)

The presence of these terms modifies the structure of MD and removes the massless

state. The resulting from the seesaw mechanism light neutrino mass will be suppressed

at least by a factor of (λ′′V/MP )2 < 10−2 compared to the lightest massive neutrino.

Neutrino Mixing

The charged lepton and neutrino mass terms M(`) ` `
c + 1

2
M(ν) ν ν can be diagonalized in

terms of three unitary matrices U(`), V(`c) and U(ν). These matrices rotate the above

gauge eigenstates into mass eigenstates . If we express the neutrino charge current

Jµ ∝ `†σµν in terms of mass eigenstates, a combination of two of these matrices will

appear `†
′
σµ UPMNS ν

′, known as the Pontecorvo-Maki-Nakagawa-Sakata [56] matrix

UPMNS ≡ U†(`) U(ν) . (3.75)

In what follows we shall concentrate on U(ν) and put aside the charged lepton mixing

matrix, for which, in any case very little is known.

The overall neutrino mixing matrix

U(ν) = U1 U2,
(

(U1)ij = X̂
(i)
j

)
(3.76)

is composed of the unitary matrix U1 that rotates the neutrino mass matrix (3.56)
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into (3.59) and a unitary matrix

U2 =

 1 0 0

0 cos β − sin β

0 sin β cos β

 (3.77)

that diagonalizes (3.59). The rotation angle β is related to the matrix entries through

β ≡ 1

2
cot−1

(
M22 −M33

2M23

)
. (3.78)

Note that the mass eigenvalues are just

m(2,3)
ν =

1

2

(
M22 +M33 ±

√
(M22 −M33)2 + 4M2

23

)
.

The overall diagonalizing matrix is

Uν = U1 U2 =

 X̂1
1 cos β X̂1

2 + sin β X̂1
3 − sin β X̂1

2 + cos β X̂1
3

X̂2
1 cos β X̂2

2 + sin β X̂2
3 − sin β X̂2

2 + cos β X̂2
3

X̂3
1 cos β X̂3

2 + sin β X̂3
3 − sin β X̂3

2 + cos β X̂3
3


In order to obtain the corresponding relations between the X̂(a) and the original Yukawa

couplings Yi and Y ′i , we note that, as a result of the definitions (3.58), we may write

~Y ′ = Y ′
(

cosα X̂2 − sinα X̂3

)
,

where α ≡ cos−1
(
Ŷ · Ŷ ′

)
. Substituting, we obtain

Uν = (sinα)−1

 Ŷ3Ŷ
′

2 − Ŷ2Ŷ
′

3 sin(α+β)Ŷ1 − sin βŶ ′1 cos(α+β)Ŷ1 − cos βŶ ′1

Ŷ ′3 Ŷ1 − Ŷ ′1 Ŷ3 sin(α+β)Ŷ2 − sin βŶ ′2 cos(α+β)Ŷ2 − cos βŶ ′2

Ŷ2Ŷ
′

1 − Ŷ1Ŷ
′

2 sin(α+β)Ŷ3 − sin βŶ ′3 cos(α+β)Ŷ3 − cos βŶ ′3

 .

(3.79)

Equating this matrix with the standard parametrization we obtain the relations be-

tween the standard mixing angles θ23, θ12, θ13 and the above parameters. It is clear

that, as long as we have not imposed any additional constraints on the Yukawa coupling

directions in family space, we have no predictive restrictions on the mixing angles. In
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the particular case that we are close to bimaximal mixing

θ23 ≈
π

4
+ ε23, θ12 ≈

π

4
+ ε12, θ13 ≈ ε13 ,

from the standard parametrization we obtain

U(ν) ≈


1√
2
− ε12√

2
1√
2

+ ε12√
2

ε13

−1
2
− ε12

2
+ ε23

2
− ε13

2
1
2
− ε12

2
− ε23

2
− ε13

2
1√
2

+ ε23√
2

1
2

+ ε12

2
+ ε23

2
− ε13

2
−1

2
+ ε12

2
− ε23

2
− ε13

2
1√
2
− ε23√

2


Equating this expression to (3.79), we obtain

Ŷ =


cosβ√

2
cosβ

2
− sinβ√

2

− cosβ
2
− sinβ√

2

 +


ε12

cosβ√
2
− ε13 sin β

− (ε12 + ε23 + ε13) cosβ
2
− ε23

sinβ√
2

− (−ε12 + ε23 + ε13) cosβ
2

+ ε23
sinβ√

2


and

Ŷ ′ =


cos(α+β)√

2
cos(α+β)

2
− sin(α+β)√

2

− cos(α+β)
2

− sin(α+β)√
2

 +


ε12

cos(α+β)√
2
− ε13 sin(α + β)

− (ε12 + ε23 + ε13) cos(α+β)
2

− ε23
sin(α+β)√

2

− (−ε12 + ε23 + ε13) cos(α+β)
2

+ ε23
sin(α+β)√

2


Closing this section we note that the range of values for variables α, β, |Y |, |Y ′|, which

determine the Yukawa couplings, depends on the mass hierarchy approach followed.

Among the different options, the small angle scenario of the 2nd approach exhibits

the most restrictive structure with β ∼ α, while by assumption |Y | ∼ |Y ′|.

An overview of the model

In summary, we have studied a realization of the see-saw mechanism in the framework

of an extended renormalizable version of the supersymmetric SU(5) model. The right-

handed neutrino fields were introduced as members of chiral 24 + 1 superfields. In

particular, two 24 superfields were introduced, out of which, due to different discrete

symmetry charges, only one couples to matter and its neutral singlet and isotriplet

components are identified as two of the right-handed neutrinos. Our basic assumption

is that right-handed neutrinos survive below the grand unification scale having an in-

termediate mass in the neighborhood of 1013 − 1014GeV , a scale suitable to generate,

through the see-saw mechanism, a light neutrino mass of the observed mass value of
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O(0.1GeV ). The assumption of an isotriplet of an intermediate mass scale is supported

by renormalization group analysis incorporating proton stability constraints. In addi-

tion, the model requires a color octet of neighboring mass, which, however, does not

couple to ordinary matter. The right-handed neutrino mass matrix, then, depends on

the constrained isotriplet scale MT as well as the free, from renormalization group,

scales MB,MS ,MSB associated with the SM singlets of 1,24. If these scales are of

O(MG), an extra fine tuning is required in order to obtain a light neutrino mass hier-

archy in agreement with data (1st approach). The alternative assumption according to

which the scales MS , MSB are of O(MT ) is also possible (2nd approach). In this ap-

proach a phenomenologically acceptable neutrino mass hierarchy is possible as a result

of the Yukawa hierarchy Y ′ � Y or Y ′ � Y , where Y and Y ′ are the overall scales

of the neutrino couplings 〈Hu〉ν (Y 1 + Y ′ 24 ). A second possibility of a hierarchy

within this approach arises also when the angle between the Yukawa coupling vectors

in family space Yi and Y ′i is small. Nevertheless, the limiting case of aligned Yukawas

is excluded, since it corresponds to two massless neutrinos. Alternatively, the required

neutrino mass hierarchy can also arise as a result of a slight hierarchy of the scales

MS : MT . However, in all these approaches, one very light neutrino is always present

as a result of the structure of the neutrino mass matrix. Finally, we also find that a

hierarchical mixing angle structure θ23 ∼ θ12 � θ13 can be easily accommodated within

the free parameter structure of the model.

3.4 Lopsided Models

3.4.1 A puzzling situation for leptons.

Besides the inefficiency of the SM or of the MSSM to impose any restriction on the

fermion masses and mixing, a closer look on the observed experimental data in Tab.3.1

and Tab.3.2 further reveals a puzzling situation. In the quark sector there is a strong

hierarchy for both the mass spectrum and the CKM mixing parameters. In the lepton

sector, however, while charged leptons and possibly neutrinos10 display hierarchical

masses, the PMNS matrix exhibits a bilarge mixing with θ13 � θ12 . θ23 ≈ π/4.

In addition to the rather unattractive distinction between the two fermion sectors, a

difficulty of technical nature emerges for leptons when one attempts to reconcile large

mass hierarchies with large mixings.

In order to identify the source of this problem we introduce two distinct mass

10Recall our previous discussion in favour of the NH scenario in §3.2.
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matrices for the light neutrinos. For illustrative purposes and without any loss of

generality we may restrict ourselves to the two-family case. The mass matrices are

M1 =

(
1 λ

λ aλ2

)
, M2 =

(
a b

b c

)
(3.80)

where the symmetric structure is always understood due to (3.22). The matrix M1, for

λ� 1 corresponds to a hierarchical structure with approximate eigenvalues 1, (a−1)λ2.

The unitary rotation required for the diagonalization, realized as in (3.40), will be de-

scribed by a small mixing angle satisfying tan θ ≈ λ. On the other hand, the M2

matrix for O(1) elements will typically produce two masses of the same order with

a large mixing angle satisfying tan θ = 2b/(a − c) ∼ O(1). These two limiting cases

already reveal the problem. Hierarchical matrices produce small mixing angles while

the desired large mixing can be straightforwardly obtained from non-hierarchical struc-

tures. The latter case however, although typically producing same order eigenvalues,

for a fine-tuned structure it could also accommodate a hierarchical mass spectrum. For

the M2 considered here that would correspond to a condition for vanishing determinant

at dominant level, namely ac − b2 ≈ 0. Also, by multiplying the elements of M1,M2

with random O(1) factors we may generalize these considerations beyond the case of

symmetric matrices.

From the above analysis, both the hierarchy of quark masses and the small CKM

mixing could be understood as rising through hierarchical Yukawa matrices. However,

a model with large PMNS mixing angles along with hierarchical lepton masses seems

to require either an M2 structure with a considerable amount of fine tuning or another

more elegant pattern.

An interesting proposal that has been put forward and evades the problem of large

masses-large mixing is that of the lopsided (asymmetric) structure for the Yukawa

couplings. Such an approach well motivated by GUT considerations is also general

enough to apply even beyond them. The idea, as demonstrated below, will have two

distinct manifestations out of which the latter will have a natural embedding within

the see-saw mechanism.
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3.4.2 The Standard Lopsided approach.

In order to illustrate the main features of the standard lopsided models [59,60] we may

consider a general matrix Yij = Cij εj

Y =


C11ε1 C12ε2 C13

C21ε1 C22ε2 C23

C31ε1 C32ε2 C33

 (3.81)

with a hierarchy of the form

ε1 � ε2 � ε3 ≡ 1 (3.82)

and random O(1) coefficients Cij, taken real for simplicity. Diagonalization proceeds

as usual with the biorthogonal transformation11

YD = U⊥1 Y U2 = U⊥2 Y ⊥ U1 (3.83)

but with U1 including large O(1) rotation angles, while those of U2 are small. Depend-

ing on the explicit hierarchical form of the matrix the largest rotation angle inside U2

may be O(ε2) or O(ε1/ε2).

It is easy to understand that such a pattern can be easily embedded within SU(5)

models that predict the minimal Yukawa unification relation. There, if we identify

the Yukawa couplings as arising from the operator Hc(f cY F ), unification implies Y ≡
Y (d) = (Y (e))⊥. Thus, we immediately identify

U1 = U⊥eL = UdR (3.84)

U2 = UdL = U⊥eR (3.85)

Therefore, in this lopsided realization, U1 will participate in the PMNS matrix

while U2 will participate in the CKM. This will eventually attribute large angles to the

former and small to the latter as suggested by fermion mixing data. We should also

mention that this realization is not strictly restricted to SU(5) models with minimal

representation content. It may also be considered within other GUTs, such as SO(10),

11A generalization to the case of complex coefficients inducing biunitary instead of biorthogonal
transformations is always straightforward.
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as long as the above Yukawa unification relation is respected.

3.4.3 Bimaximal mixing from lopsided neutrinos- A hidden

lopsided structure.

This interesting idea has another distinct manifestation that may be regarded as or-

thogonal to the aforementioned standard approach. Although such a possibility had

been previously considered by other authors in explicit models [61], in our more gen-

eral approach [62] we have established the underlying connection between large lepton

mixing and a hidden lopsided structure in the symmetric neutrino matrix.

By default a symmetric (or antisymmetric) matrix as the neutrino mass matrix

cannot accommodate the lopsided form of (3.81). However, as we shall demonstrate,

the see-saw mechanism offers the possibility for an underlying lopsided structure. As

a result, the symmetric matrix for light neutrinos will be non-hierarchical but it will

immediately satisfy that special relation required for hierarchical eigenvalues without

any fine-tuning. Furthermore, in this scheme, a transposition relation analogous to

the previous SU(5) unification condition will be obtained through the see-saw formula

itself. We should mention that such a property is necessarily required to reproduce

the observed large-small mixing of the PMNS-CKM matrices. Thus, this alternative

approach should be regarded as well-motivated even beyond GUT considerations.

In what follows we examine analytically a number of lopsided ansatze for the lepton

sector that can potentially fit current low energy data. Large lepton mixing is raised

from both the charged leptons and the neutrinos or through the neutrino sector exclu-

sively, as in the case of a particularly simple ansatz, which is investigated thoroughly.

We also explore the possibility of embedding this pattern within a class of SO(10) mod-

els with realistic fermion masses and mixings. Our discussion is organised as follows.

First, we illustrate the general features of these alternative lopsided models and their

relation to large mixing. Then, we discuss briefly the standard Type-I seesaw frame-

work within the lopsided approach and present our conventions. Next, we consider and

study a number of lopsided patterns that lead to the observed lepton mixing. Next,

we concentrate on a particularly simple ansatz that leads to lepton mixing exclusively

through the neutrino sector, and finally we consider the embedding of the above in a

class of SO(10) models.
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Symmetric matrices with lopsided substructure.

An attractive aspect of lopsided matrices is that they can produce symmetric matrices

that can both accommodate a hierarchical spectrum and large mixing angles in a

natural way. Since

Y 2
D = U⊥1 Y Y ⊥ U1 = U⊥2 Y ⊥ Y U2 (3.86)

both symmetric matrices Y Y ⊥ and Y ⊥Y share the same eigenvalues [63]. In fact, it is

much easier to extract the mass eigenvalues from Y ⊥Y which diagonalizes with small

angles due to its hierarchical form. On the other hand Y Y ⊥ can be reexpressed as

Y Y ⊥ = A+ ε22B + ε21C , (3.87)

where A, B, C are symmetric rank-1 matrices. First we diagonalize A with UA =

U12U23 where12

tan12 = C13/C23, tan23 =
(C2

13 + C2
23)1/2

C33

and, thus,

U⊥A Y Y
⊥ UA = AD + ε22B′ + ε21 C ′, AD =

 0 0 0

0 0 0

0 0
∑

k C
2
k3

 . (3.88)

We should note that there is no reason for the rotated B′ or C ′ to be diagonal. In

fact, such a tuned case would correspond to proportional coefficients inside Y and thus

imply a rank-2 or even a rank-1 form. Next, we rotate with UB′ = U ′12, where now

tan′12 = C ′12/C
′
22, and obtain13

U⊥B′ U
⊥
A Y Y

⊥ UA UB′ = AD + ε22B′′ + ε21C ′′, (3.89)

B′′ =

 0 0 0

0 C ′12
2 + C ′22

2 C ′32(C ′12
2 + C ′22

2)1/2

0 C ′32(C ′12
2 + C ′22

2)1/2 C ′32
2

 . (3.90)

12We use the notation tanij ≡ tan θij for trigonometric functions where subscripts indicate rotations
in the respective planes of family space.

13Primed coefficients correspond to the elements of the rotated matrices. The explicit expressions
are

C ′12 = C12 cos12 −C22 sin12, C ′22 = (C12 sin12 +C22 cos12) cos23 −C32 sin23 .
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The full rotation matrix can be approximated by U1 ≈ UAUB′ = U12U23U
′
12 at dominant

level which results to a form

U⊥1 Y Y
⊥U1 ∼

 ε21 ε21 ε21

ε21 ε22 ε22

ε21 ε22 1

 (3.91)

Diagonalization is then completed with subdominant rotations of O(ε22) or O(ε21/ε
2
2).

In the above analysis we considered real coefficients Cij for the elements of the

Yukawa matrices allowing for an analytic treatment of the rotation matrices and eigen-

values. In the general case of complex parameters equation (3.86) is no longer valid

but the main properties of lopsided matrices still hold. For example, Y Y ⊥ and Y ⊥ Y ,

which now have different eigenvalues, are diagonalized by U ′1 and U ′2 respectively. These

are different from the U1, U2 that diagonalize Y directly through YD = U †1 Y U2. Both

symmetric matrices though, in general, share a similar hierarchical spectrum and equa-

tions (3.87-3.91) still hold for analogous complex rotations.

Mass scales and Seesaw.

Choosing as a general framework the two-doublets SM, electroweak symmetry breaking

is realized through a non-vanishing VEV for Hu,Hd in the direction of their neutral

component. Thus, we obtain the mass terms for the charged fermions

vdY
(d)
ij dci dj + vuY

(u)
ij uci uj + vdY

(e)
ij eci ej (3.92)

and for the neutrinos

vuY
(N)
ij νiN c

j +
1

2
MRY

(R)
ij N c

i N c
j . (3.93)

For a right handed neutrino mass scale in the neighborhood of MR ∼ 1014GeV , a

standard seesaw mechanism can be realized leading to the effective light neutrino mass

Mν ≈ −
v2
u

MR

Y (N) Y (R)−1
Y (N)⊥ . (3.94)

Then, the resulting overall mass scale (v2
u/MR) comes out roughly as ∼ 10−1 eV , in

agreement with present data. Of course, for the above formula to be valid, vuY
(N)
D �

MRY
(R)
D should in general hold for the eigenvalues. If this is not the case, then, heavy

O(MW ) Dirac-like masses would be produced reducing the number of light neutrinos.

Under these considerations and neglecting the overall mass scale, eqn.(3.94) can be
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reexpressed in the more convenient form as

Y (ν) ≈ Y Y ⊥ , (3.95)

where

Y ≡ Y (N)
(
Y

(R)
D

)−1/2

. (3.96)

This allows us to manipulate neutrino masses and mixings as in eqn.(3.87)-(3.91). All

Yukawa matrices for fermions are expressed in a basis where the right handed neutrino

mass matrix is diagonal with real and positive entries. The definition in eqn.(3.96) is

then straightforward.

A lopsided structure, along with the desired hierarchy, may arise in various ways.

For example, if Y
(R)
D is a diagonal matrix (possibly with a suitable hierarchy), Y (N) can

be responsible for the lopsided form of Y and an associated hierarchy, a possibility well

motivated by GUT considerations. Alternatively, if one assumes a generic Y (N) with

O(1) matrix elements and a hierarchical Y
(R)
D , an analogous lopsided Y can be obtained

but in this case a lower bound for the mass of the lightest neutrino is also inherited14.

In what follows, we will be interested in the explicit form of Y with the remark that the

examined patterns can be obtained from the more fundamental matrices Y (R), Y (N).

Lopsided Lepton Patterns.

Next we proceed with the examination of possible lopsided patterns for the matrix Y

defined in eqn.(3.96) that can contribute large mixing angles to UPMNS through the

neutrino sector. Three working examples are the following Y1, Y2, Y3 C11λ
2 C12λ

1/2 C13

C21λ
2 C22λ

1/2 C23

C31λ
2 C32λ

1/2 C33

 ,

 C11λ
2 C12λ

1/2 . . .

C21λ
2 C22λ

1/2 . . .

C31λ
2 C32λ

1/2 C33

 ,

 C11λ
2 C12λ

1/2 . . .

C21λ
2 C22λ

1/2 . . .

. . . . . . C33


where the dots signify entries smaller than the ones explicitly shown which we can

safely neglect, i.e. · · · � O(λ2). One should not be alarmed by the half-integer powers

of the bookkeeping small parameter λ, since these matrices correspond, through the

see-saw formula, to couplings with integer powers of λ, as could be expected to arise in

various flavour-symmetry breaking schemes. All Yi’s correspond to a typical spectrum

14A typical hierarchy λ4 : λ : 1 for the light neutrinos, parametrized by λ ≡ (δm2
12/δm

2
23)1/2 ≈ 0.18,

would in general require an inverse hierarchy λ−4 : λ−1 : 1 for the right handed neutrinos, implying a
mass eigenvalue MRλ

−4 close to the physical cutoff of the theory whether this is the GUT, String or
Planck scale.
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λ4 : λ : 1 in the NH case of the neutrinos, although they can be easily modified to

accommodate a smaller value for the mass of the lightest neutrino.

The associated charged lepton matrices Y
(e)

1 , Y
(e)

2 , Y
(e)

3 are C̃11κ
3 C̃12κ

3 . . .

C13κ C23κ . . .

. . . . . . C̃33

 ,

 C̃11κ
3 . . . . . .

. . . C̃22κ C̃23κ

. . . C̃32 C̃33

 ,

 C̃11κ
3 . . . . . .

κ̃ C̃22κ C̃23κ

. . . C̃32 C̃33

 ,

all corresponding to the mass hierarchy κ3 : κ : 1 parametrized by the small parameter

κ = mµ/mτ in a manner consistent with current low energy data.

Y1 has been previously used in Section 2 as an example where an arbitrary hierarchy

ε21 : ε22 : 1 was assigned to Y Y ⊥. By substituting ε21, ε
2
2 with λ4, λ respectively we obtain

the desired neutrino hierarchy and the unitary transformation Uν ≈ U12U23U
′
12U

′
23.

Among these unitary matrices only U ′23 is the subdominant rotation of O(λ) needed

to complete diagonalization (up to negligible corrections) and all other are O(1). The

large mixing angles are explicitly given by the same expressions as before, namely

tan12 =
C13

C23

, tan23 =
(C2

13 + C2
23)1/2

C33

tan′12 =
(C12 cos12−C22 sin12)

(C12 sin12 +C22 cos12) cos23−C32 sin23

. (3.97)

If we neglect the contribution from the charged lepton sector, a direct comparison

with the standard parametrization UPMNS = U23U13U12 results in three O(1) angles

and therefore a trimaximal scheme in disagreement with present observations. Then, in

order to fit the mixing angles, perhaps the easiest way is to assume a large contribution

from the charged leptons along with a certain amount of fine tuning through the relation

Ue = U12 with tan12 ≈ C13/C23. In this sense Y
(e)

1 has what is required to obtain

UPMNS ≈ U23U
′
12U

′
23 that fits better the observed mixing pattern.

Using again the formalism developed in eqn.(3.87-3.91) for Y2 we obtain the unitary

transformation Uν ≈ U12U
′
23, where now the neutrino mixing angles are given by the

expressions

tan12 =
C12

C22

, tan′23 ≈ λ
C32

C2
33

(C2
12 + C2

22)1/2 .

Since only one large angle is obtained in this way, the contribution of the charged

leptons is again required but with the apparent advantage that no fine-tuning has

to be imposed. Then, Y
(e)

2 is diagonalized by a rotation of the left-handed fields

Ue = U23 with an O(1) mixing angle given by tan23 ≈ C̃32/C̃33. The resulting unitary
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transformation describing lepton mixing will then be UPMNS ≈ U †23U12U
′
23, which can

easily fit lepton mixing data.

There is a third pattern that can be seen as a variation of the previous one with

the difference that now the observed small angle of the lepton mixing originates from

the charged lepton sector. Assuming Y3 for the neutrinos, we obtain Uν = U12 with

tan12 ≈ C12/C22. On the other hand from Y
(e)

3 , with the additional choice for the

new scale κ̃ ∼ λκ we obtain Ue ≈ U23U
′
12 up to O(κ2) corrections with tan23 =

C̃32/C̃33, tan′12 = κ̃/[(C̃22 cos23−C̃23 sin23)κ] ∼ λ. Consequently, lepton mixing is now

described by UPMNS ≈ U
′†
12U

†
23U12 an expression also consistent with present data.

A Lopsided Neutrino Pattern.

There is an interesting and attractive possibility that the lepton mixing pattern ob-

served in nature originates solely from the neutrino sector. In this section we shall

explore this possibility in the general case of complex O(1) coefficients Cij = |Cij|eiφij .
The related unitary transformations can be parametrized in terms of a real angle and

a complex phase. For example, a unitary complex rotation in the {12} plane can be

described by 15

U12 =

 cos12 sin12 e
−iδ12 0

− sin12 e
iδ12 cos12 0

0 0 1

 . (3.98)

Let us consider

Y =

 C11λ
2 C12λ

1/2 . . .

C21λ
2 C22λ

1/2 C23

C31λ
2 C32λ

1/2 C33

 (3.99)

for the matrix of the neutrinos defined in (3.96), which, as before, corresponds to a

typical hierarchy λ4 : λ : 1 of the NH case. Furthermore, we assume a negligible

contribution to lepton mixing from the charged lepton sector, an assumption motivated

by the large mass hierarchy of the charged leptons. This covers a large variety of distinct

realistic patterns for the Y (e)’s. In this sense we can have to a good approximation

Ue ≈ I and, as a result, the useful property that diagonal phase matrices commute

with Ue.

Diagonalization of the neutrino matrix proceeds as usual through the formalism

developed in (3.87)-(3.91). Note that by a field redefinition we can absorb the complex

15Lepton mixing can be described by various equivalent parametrizations [58]. Nevertheless, the

symmetrical parametrization U23(θ̂23; δ̂23)U13(θ̂13; δ̂13)U12(θ̂12; δ̂12) in the presence of CP -violating
phases seems more attractive for model building purposes [57].
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phases of C12, C23, C33. Diagonalization then begins with the unitary transformation

U23U12 describing two successive rotations. The corresponding large rotation angles

and the complex phases are given by

tan23 = C23/C33, δ23 = 0 , tan12 = C12/|C ′22| , δ12 = −φ′22 (3.100)

with the complex primed coefficients

C ′22 = C22 cos23 −C32 sin23, C ′32 = C22 sin23 +C32 cos23 . (3.101)

Thus, the neutrino mass matrix Y Y ⊥ is brought into the hierarchical form


C ′211λ

4 (. . . )λ4 (. . . )λ4

(. . . )λ4 e2iφ′22
(
C2

12 + |C ′22|2
)
λ ei(φ

′
22+φ′32)|C ′32|

(
C2

12 + |C ′22|2
)1/2

λ

(. . . )λ4 ei(φ
′
22+φ′32)|C ′32|

(
C2

12 + |C ′22|2
)1/2

λ C2
23 + C2

33 + λC ′32
2

 .

The coefficients denoted by dots and multiplying the λ4 elements are irrelevant since

only C ′11 is in practice associated with the lightest neutrino mass and a contribution

to the CP-violating phases16. A subsequent small complex rotation U ′23, with

tan′23 = λ|C ′32|
(C2

12 + |C ′22|2)1/2

(C2
23 + C2

33)
+ O(λ2), δ′23 = φ′22 + φ′32 +O(λ) ,

along with negligible O(λ3) rotations, will finally bring the neutrino matrix to the

diagonal form

Y
(ν)
D ≈

 C ′11
2λ4 0 0

0 e2iφ′22 (C2
12 + |C ′22|2)λ 0

0 0 C2
23 + C2

33 + λC ′32
2


Summarizing, lepton mixing in this model is described by the unitary transformation

U23(θ23, 0)U12(θ12,−φ′22)U ′23(θ′23, φ
′
22 + φ′32) · P , (3.102)

with

P ≈ diag
(
e−iφ

′
11 , e−iφ

′
22 , 1

)
. (3.103)

P guarantees the real positive mass eigenvalues. We already notice the predictive power

16C ′11 is given explicitly by C ′11 = C11 cos12−(C21 cos23−C31 sin23) sin12 e
−iφ′

22 .
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of this pattern. Starting from a general complex matrix Y for the neutrinos, with 8 com-

plex parameters, and assuming a lopsided structure, consistent with a typical hierarchi-

cal spectrum, we obtained an one to one fit between C23, C33, C12, |C22|, |C32|, φ22, φ32

and the two heavier neutrino masses, the three rotation angles and the two (out of

three) CP-violating phases. Furthermore, the two rotation angles are predicted O(1),

while the third is O(λ) as a consequence of the neutrino mass hierarchy λ : 1.

In order to exhibit the explicit relations of observables, we first note that the ex-

pression (3.102) is unique up to a left-multiplication by an arbitrary diagonal phase

matrix. By a field redefinition of the left-handed charged leptons, having assumed that

Ue ≈ I, we obtain

UPMNS ≈ P−1 U23(θ23; 0)U12(θ12;−φ′22)U ′23(θ′23; φ′22 + φ′32)P .

A direct comparison with the symmetrical parametrization of the physical quantities

results in the following relations

tan θsol ≡ tan1̂2 ≈ tan12 (3.104)

tan θatm ≡ tan 2̂3 ≈ | tan23 +e−i(φ
′
22+φ′32) cos12 tan′23 | (3.105)

|Ue3| ≡ sin 1̂3 ≈ sin12 sin′23 (3.106)

δ̂12 ≈ −φ′11, δ̂13 ≈ φ′32 − φ′11, δ̂23 ≈ −φ′22 . (3.107)

where the relations for the phases hold up to O(λ) corrections. The Dirac CP-phase

of the standard parametrization responsible for CP-violation in neutrino oscillations is

identified as

δlepD ≡ δ̂13 − δ̂12 − δ̂23 ≈ φ′22 + φ′32 .

Our initial choice of same order parametrization coefficients, so that Cij ∼ O(1), is

well justified by fitting the current experimental data from neutrino oscillation phe-

nomena. Nevertheless, the Dirac CP-phase is required for a more accurate fit between

the three observed mixing angles, the two heavier neutrino masses, and the subset

of the parameters {C23, C33, C12, |C ′22|, |C ′32|}. A more conclusive test for this model,

including the complex phases φ22, φ32, would further require the measurement of any

existing physical Majorana phases. Even at this stage however, taking at face value

sin′23 ≈ λ, we arrive at the interesting estimate

|Ue3| ≈ λ sin θsol ≈ sin 5.9o . (3.108)
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Concluding our discussion, we note some of the general characteristics and perspectives

of this pattern. If any or all of the Ci1’s in (3.99) are substituted by texture zeros

(or smaller entries) the same relations are obtained up to a different complex phase

contribution φ′11 and a different corresponding light neutrino spectrum of the form

(< λ4) : λ : 1, something still consistent with observations. If on the other hand, either

C22 or C32 (but not both) are replaced with texture zeros, two additional predictive

relations are obtained. By taking C32 zero we obtain a straightforward relation for the

complex phases in (3.107) since φ′22 = φ′32 = φ22 and the relation for the mixing angles

tan θatm ≈
|Ue3|

tan θsol

∣∣∣∣∣(mν3 −mν2 cos δlepD )

mν2 cos2 θsol
+ cos δlepD

∣∣∣∣∣ . (3.109)

Using current best-fit values for tan θatm, tan θsol,mν2/mν3 , the small angle θ̂13 is pre-

dicted in the (4o-6o) region. For a vanishing C22 an analogous relation can be obtained.

3.5 Embedding in GUTs.

In the previous section we showed how a lopsided structure in the neutrino sector may

lead to the observed lepton mixing angles. An interesting feature of this approach

is that a similar lopsided structure may account for the small mixing in the quark

sector [61]. Such a possibility, apart from its obvious simplicity, is also well motivated

by GUT considerations. In what follows we consider as a framework a class of SO(10)

models [59, 60] with the realistic mass matrices

Y (u) =

 0 k′ 0

0 k b

0 0 a

mu , Y (N) =

 0 k′ 0

0 k b

0 0 a

mu , (3.110)

Y (d) =

 0 δ′ − k′ δ

δ′ −k ε′ − b
δ ε a

 md , Y (e) =

 0 δ′ − k′ δ

δ′ −k ε− b
δ ε′ a

 md . (3.111)

Only the (common) (33) entry of these matrices, denoted by a, is assumed to arise from

the standard renormalizable term 16316310H . All other mass entries arise from effec-

tive non-renormalizable operators involving additional Higgs fields 16H , 16′H , 45H .

These contributions are subdominant and are denoted by a number of small parame-
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ters (k, k′, δ, δ′, ε, ε′), with the exception of the contribution to the (23) entry, which

is assumed to be of the same order as the renormalizable contribution and denoted

by the parameter b. The small elements ε, ε′ arise from a non-renormalizable opera-

tor {16i16H} {16j16′H}. The vev 〈16′H〉 ∼ 〈N c
H
′〉 ∼ MG breaks SO(10) to SU(5),

while the vev 〈16H〉 ∼ 〈H0
d〉 ∼ MW breaks it down to SU(3)c × U(1)em. Only

down quarks and charged leptons get contributions from this term. The relevant

Yukawa couplings of this operator respect the SU(5) relation Y (e) =
(
Y (d)

)⊥
, which

has been associated with a lopsided structure in the charged lepton sector [59]. The

symmetric elements δ, δ′ arise from a different contraction of the same representa-

tions, namely {16i16j} {16H16′H}, appearing again only in Y (d) and Y (e). A common

lopsided structure in the quark and lepton mass matrices arises from the operator

{16i10H}16 {16j45H}16 through the elements k, k′, b. The vev 〈45H〉 ∼ MG lies in

the right-handed isospin direction I3R, responsible for the breaking of the SU(2)R sub-

group of SO(10), while 〈10H〉 ∼ MW is the standard vev in the electroweak breaking

direction. The contraction employed allows for general Yukawa textures that respect

the relation Y (u) = Y (N) = −Y (d) = −Y (e), the minus sign arising from the different

I3R charge of the respective fields.

We proceed by assuming that [59] δ, δ′, k, k′ � ε, ε′ � a, b. Note that out of

these parameters one can be absorbed in an overall scale redefinition. Equivalently,

here we shall impose the simplifying b2 + a2 ≡ 1. Next, by a field redefinition of the

down quarks and charged leptons we restrict the complex phases to the (21),(22) and

(13) elements, leaving the rest real and positive. Then, without loss of generality, we

express (21) and (12) entries in both the down quarks and charged lepton matrices as

Y21 ≡ δz, Y12 ≡ |δ′ − k′|. Furthermore, assuming ε ∼ ε′ � b, we approximate the (23)

entry as Y23 ≈ b. Thus all parameters besides z, δ′, k, k′ are now real in both Y (e), Y (d).

Neglecting the overall mass scales, we obtain in this redefined notation (at MG)

mb ≈ mτ ≈ (b2 + a2)1/2 ≡ 1, (3.112)

ms/mb ≈ εb , mµ/mτ ≈ ε′b, (3.113)

| detY (d)| ≈ | detY (e)| ≈ |δ′ − k′| |za− b| δ . (3.114)

The model by construction is consistent with the b − τ unification as a result of the

common b, a entries. This is a favourable prediction common in SO(10) and SU(5)

models and consistent with the low energy data. To fit the masses ms,mµ of the

down quarks and charged leptons we notice that these are controlled by the elements

bε, bε′. Then the relation | detY (d)| ≈ | detY (e)|, along with mb ≈ mτ , results in
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md/me ≈ mµ/ms (at MG), which is in general agreement with the expected relevant

mass ratios at the unification scale. By taking ε′/ε ≈ 3, the Georgi-Jarlskog factors

can be obtained [64].

For the up quark masses we have

mc/mt ≈
(
|k′|2 + |ak|2

)1/2
, mu ≈ 0 . (3.115)

The prediction for a massless up quark is, of course, wrong but, since mu/mt ∼ 10−5, a

tiny mass for the up quark can always arise from a non-renormalizable operator. Such

a small entry in the mass matrices cannot in practice affect the rest of the relations.

Furthermore, the parameter k′(∼ k) which appears in both the mass ratio mc/mt and

the expression for | detY (e)| will allow for a relation between the respective scales.

Next, we notice that since the MG-relation mc/mt � ms/mb is expected to hold,

the diagonalization of the up quark matrix will contribute only small corrections to

CKM and therefore we can safely consider, in this scheme, quark mixing originating

from the down quark matrix. Then, we have the relations

Vcb ≈ εa , Vub ≈ δ(z∗b+ a), (3.116)

Vus ≈
δε− VcbVub
(ms/mb)2

, −VudV
∗
ub

VcdV ∗cb
≈ b2(zb+ a)

a− a2(zb+ a)
, (3.117)

where we can easily fit all mixing angles and the CP-violating phase of the quark sector.

Using current best-fit values and the expected scale | detY (e)| ∼ 2 · 10−5, we obtain

the rough estimate

mc/mt|MG
≈
(
|k′|2 + |ak|2

)1/2 ∼ |δ′ − k′| ≈ 4 · 10−3 , (3.118)

within the expected allowed range. An additional important relation is also derived

from the quark sector, namely

b/a ≈ ms/mb

|Vcb|
. (3.119)

We are going to see shortly that this ratio will appear as the dominant contribution to

tan θatm of the neutrino mixing.

Let us now proceed assuming17 a diagonal Majorana mass matrix for the right-

handed neutrinos Y
(R)
D ≡ diag(1, Λ, 1)MR. The new scale Λ is introduced to counter-

17Considering Majorana masses that arise from 16i 126H 16j or the effective operator
16i 16j 16H 16H, all Yukawa couplings, without loss of generality, can be expressed in the basis

where Y
(R)
ij is diagonal.
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act the large mass hierarchy inherited from the up quark sector to the Dirac neutrino

matrix through the relation Y (u) = Y (N). If this were not the case, the neutrino

spectrum would be inconsistent with the observed squared mass differences. The (11)

element, taken unity for convenience, is in practice arbitrary as long as the mass ratio

mν1/mν3 for the light neutrinos, obtained through the seesaw mechanism, is compa-

rable or smaller than λ4. We can then manipulate neutrino masses and mixing as

previously. Neglecting the overall mass scales, the neutrino matrix defined in (3.96) is

now

Y ≈

 0 d′ 0

0 deiδd b

0 0 a

 . (3.120)

Since the charged lepton matrix is diagonalized with small rotations, in contrast to

the large ones observed in neutrino oscillations, we may consider Ue ≈ I to a good

approximation. A diagonal phase matrix can then be used to absorb all complex

phases (besides the (22) element) and bring the matrix Y into this form. This form is

a special case of the ”Lopsided Neutrino Pattern” we previously examined and, thus,

using the same treatment we obtain the following relations

UPMNS ≈ U23(θ23, 0)U12(θ12,−δd)U ′23(θ′23, 2δd) · P ,

P = diag
(
e−iδ1 , e−iδd , 1

)
tan23 ≈ b/a, tan12 ≈ d′/(d cos23), tan′23 ≈

d sin23

(b2 + a2)

(
d′2 + (d cos23)2

)1/2

mν3 ≈ |b2 + a2 + (d sin23)2e2iδd | ≡ 1

mν2/mν3 ≈ d′2 + (d cos23)2 ≡ λ (3.121)

For the diagonal Y
(R)
D we obtain through the seesaw formula d′/d = k′/k. This ratio

will allow for a direct fit of the solar angle. We have for the physical parameters

tan θsol ≈ tan12 (3.122)

tan θatm ≈
∣∣tan23 +e−2iδd cos12 tan′23

∣∣ (3.123)

|Ue3| ≈ sin12 sin′23 (3.124)

δ̂12 ≈ −δ1 , δ̂13 ≈ δd − δ1 , δ̂23 ≈ −δd , δlepD ∼= 2δd (3.125)

From these relations we directly obtain the prediction for the complex phases of the

symmetrical parametrization δ̂23 + δ̂13 − δ̂12 ≈ 0. By fitting the best-fit value for the

ratio tan23 ≈ b/a ≈ 0.6 we notice a significant deviation from the observed atmospheric
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angle tan θatm ≈ 1, which cannot be accounted for by the subleading term in (3.123).

An exact fit would require ms/mb → |Vcb| at MG and, perhaps, a smaller value θatm ≈
40o still within current experimental bounds18. Subleading corrections can also have

significant effect on this ratio (especially of our initial working assumption |ε′− b| ≈ b).

In any case, δd will be close to zero in this model, giving small CP-violation in neutrino

oscillation phenomena but also δ̂13 ≈ δ̂12. The small mixing angle will obey the relation

(3.109) for the corresponding MG values of the relevant parameters .

Overview.

Summarizing our previous analysis, we have shown how a lopsided structure hidden

within the symmetric light neutrino matrix may account partially or completely for the

large lepton mixing angles observed in neutrino oscillation phenomena. Although this

idea has been previously considered in other models, here, the assumption of a very

light neutrino mass (mν1/mν3 ≤ λ4) allows for an analytic treatment of neutrino masses

and mixing. An attractive feature of the formalism developed is that approximations

enter only at the stage where the matrix has already been brought to a hierarchical

form, thus allowing for exact expressions of the large mixing angles. Among the four

instructive lepton patterns considered, which can potentially fit current lepton mixing

data, the “Lopsided neutrino pattern”, has a number of appealing features. Specifically,

in this model the magnitudes of the lepton mixing angles are predicted within current

experimental bounds and the smallness of the θ13 angle is associated with the neutrino

mass ratio of the NH case mν2/mν3 ≡ λ. Furthermore, since an analogous lopsided

form for the quarks may account for the observed small mixing in the CKM, we also

explored the possibility of a common lopsided structure within an SO(10) model with

realistic masses and mixing.

18Alternatively, by assuming a large but subleading contribution from {16310H}16 {16345H}16 in
the (33) entries, the prediction for b − τ unification is preserved but with the corresponding lepton
rotation angle tan23 = b/a′ with a′ ∼ a, thus allowing for a direct fit of θatm.
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Chapter 4

Discrete R-Symmetries

Among the various attractive features of SUSY theories is the possibility for a new

type of an underlying symmetry, commonly referred to as an R-symmetry. It can po-

tentially explain the origin of the matter-parity in the MSSM and in addition offers

phenomenologically interesting restrictions for model building. In particular, the dis-

crete R-symmetries, which we shall consider here, have the apparent advantage over the

global, continuous ones that they are free of massless Goldstones. Furthermore, they

provide us with more options for realizations that avoid many of the phenomenological

difficulties of the MSSM or its extensions while not being totally unconstrained.

Any symmetry, discrete or continuous, with a possible phenomenological interest

should be embeddable in a gauge symmetry. It has been argued that any symmetry,

discrete or continuous, can survive to low energies without being violated by quantum

gravitational effects [65] if it can be embedded into a gauge symmetry. Then, since

any gauge theory should be free from the standard gauge-anomalies, restrictions that

emerge from this condition can impose non-trivial constraints to the low energy discrete

symmetry charges. In fact this is the case, as we shall discuss, for a U(1) breaking to

a discrete ZN group. The ZN charges will eventually have to obey certain anomaly

cancellation conditions.

4.1 Discrete abelian symmetries

4.1.1 The U(1)→ ZN breaking.

As an illustrative example for the breaking of a continuous symmetry into a discrete,

we may consider the breaking of an abelian U(1) into a ZN . In any case, this will be

the only pattern concerning our following analysis.

115
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Now let a theory with two complex scalars transforming non-trivially under a U(1)

gauge symmetry as

φ′1 = eiq1θ(x)φ1

φ′2 = eiq2θ(x)φ2

We may also assume that the respective U(1) charges are quantized (i.e. q1, q2 ∈ Z) as

observed in the SM or as expected in its supersymmetric and unified extensions. Then,

if the φ1, for example, acquires a non-vanishing VEV then a Zq1 subgroup will be left

invariant. That is because the vacuum will be left invariant for discrete values of the

group parameter, namely

eiq1θ〈φ1〉 = 〈φ1〉 → θ =
2πk

q1

, k ∈ Z (4.1)

Under this new symmetry φ2 will satisfy

φ2 = eiq2θφ2 = e
iq2

2πk
q1 φ2 (4.2)

which suggests that this field is charged with q2 under this Zq1 symmetry. For q2 ≥ 0

these charges are redundant and can always be modulo shifted to the fundamental set of

charges {0, . . . q1−1}. For example a q = 4 charge of a Z3 symmetry will be redundant

and equivalent to the q′ = 1 since q = q′ mod 3.

It should be further remarked that other, non-trivial redundancies may also appear

through this breaking of a continuous to a discrete abelian symmetry, depending on

the field content of the theory. These redundancies, absent in the case of continuous

groups, originate from the fractional form of the ZN transformations as in (4.2). There,

the fraction (q2/q1) can display the same value for distinct pairs of charge assignments,

thus potentially allowing for the realization of equivalent symmetry breaking patterns.

To explain this in more detail, we may consider a model, as previously, with

q1 = 4, q2 = 2. A non-vanishing VEV for φ1 would straightforwardly induce the

breaking U(1) → Z4. In the absence of any other fields however, the corresponding

field transformations are not unique, since

φ1 = ei4
2πk

4 φ1 = ei2
2πk

2 φ1 (4.3)

φ2 = ei2
2πk

4 φ2 = ei
2πk

2 φ1 (4.4)

As a result, an equivalent breaking pattern U(1)→ Z2 with q1 = 2 and q2 = 1 is always
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possible which suggests that the previous symmetry is actually redundant.

4.1.2 R-symmetries

In N = 1 supersymmetric theories, a new type of an abelian symmetry is always

possible acting seperately on the different components of a given supermultiplet. This

symmetry which does not commute with the generators of supersymmetry has a rather

simple interpretation when one introduces the concepts of superspace and superfield.

Even though a detailed discussion on these theoretical tools is beyond the scope of our

discussion, we may introduce a few elements relevant to our following analysis.

According to this approach one introduces a chiral supermultiplet in the chiral

superfield description as

Φ = φ(y) + θψ(y) + θ2F (y) (4.5)

= φ(x) + iθσµθ ∂µφ(x) +
1

4
θ2θ

2
∂µ∂

µφ(x)

+
√

2θψ(x)− i√
2
θ2∂µψ(x)σµθ + θ2F (x) (4.6)

where yµ = xµ + iθσµθ. The θa’s are Grassmann variables, namely anticommuting

parameters with a = 1, 2, properly contracted to a self quadratic form or to the Weyl-

spinors as θaθa and θaψa respectively.

In this description the superpotential, responsible for the non-gauge interactions in

a supersymmetric theory, has an identical form when expressed in terms of superfields.

In other words, we may promote all scalar couplings to superfield couplings without

changing its structure. Therefore, a general superpotential expressed as

W = KiΦi +
1

2
M ijΦiΦj +

1

3
Y ijkΦiΦjΦk (4.7)

can have the conventional description of the scalar components for the Φi or alterna-

tively these fields may be regarded as superfields. In this latter description, the most

general supersymmetric Lagrangian including only chiral superfields has the simple,

compact form

L = Φ†(x)Φ(x)
∣∣
θ2θ

2 + [ W (y)
∣∣
θ2 + c.c. ] (4.8)

One can generalize this description to include vector (gauge) supermultiplets by in-

troducing the vector superfields and finally construct the most general renormalizable
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Lagrangian in terms of superfields only. A general vector superfield is given by

V = −θσµθAµ + iθ2θ λ− iθ 2θλ+
1

2
θ 2θ2D (4.9)

In this context, R-symmetries have a rather simple interpretation. They are ordi-

nary, abelian symmetries, continuous or discrete, imposed on the superfields, instead of

the supermultiplets. Under these symmetries, both component fields and Grassmann

variables transform accordingly so as for the respective superfields to carry definite

charges of this abelian symmetry.

For a Z
R
N symmetry we may take the Grassmann variables carrying unit charge,

namely transforming as θ → ei
2πk
N θ. Then for a chiral superfield transforming as

Φ→ eiqΦ
2πk
N Φ (4.10)

the corresponding component fields will transform accordingly. They will carry the ZRN
charges qφ = qΦ, qψ = qΦ−1, qF = qΦ−2 which can be understood from (4.5). For the

Lagrangian to be invariant under this symmetry the superpotential should transform

as

W = ei2
2πk
N W → qW = 2 (4.11)

as implied from (4.8). It should be remarked that this charge assignment for the super-

potential is convention dependent and would be different for another charge assignment

of the θ variable. However independent of the convention is the fact that all allowed

terms in the superpotential will share the same overall charge qW .

4.1.3 Anomalies

A major issue of quantum gauge theories is the possible presence of gauge anomalies

for fermions. These, unavoidably arise within a general Lagrangian when the fermion

representations are not suitably chosen to satisfy a set of restrictive, anomaly can-

cellation conditions. If this is the case, certain symmetry relations, known as Ward

identities, and vital for the renormalizability of the theory within the context of per-

turbation theory, fail to reproduce themselves. Or equivalently, the symmetries that

may appear at tree (classical) level in the theory will be necessarily violated by the

radiative corrections.

A rather compact description on this issue is given by Fujikawa’s approach [66]. This
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relies on the observation that the path integral measure for fermions is not invariant

under a general gauge transformation G, but instead transforms as

[dΨ][dΨ]→ ei
∫
d4xA(x;θ)[dΨ][dΨ] (4.12)

where Ψ stands for the fermions of the theory, and θ is the group parameter. Then,

one identifies the A(x; θ) as the anomaly function. In case this is trivial the anomaly

will be certainly absent. This function is given by the sum of the gauge and the gravity

parts which can be expressed in the general form

Agauge =
1

32π2
Tr(θF F̃ ) (4.13)

Agrav = − 1

384π2
RR̃Tr(θ) (4.14)

where we have adopted a bold notation for implicit contraction with the gauge gener-

ators e.g. θ ≡ θaT a. The field strength tensor and its dual (antisymmetric) form are

represented as F, F̃ respectively while R, R̃ stand for the Riemann curvature tensors.

The condition for the absence of the anomaly functions imposes severe constraints

on the irreducible representations for the fermions of the theory. To see how these arise

from (4.13) and (4.14) we may restrict ourselves to the case G = GS × U(1), where

GS will account for a simple non-abelian group factor. A generalization to the case

GS1 × . . . U(1)× . . . is always straightforward.

For the considered case, the gauge part of the anomaly cancellation conditions will

arise from (4.13) satisfying Agauge ∝ Tr(TaTbTc). Then, the trace evaluated over all

fermion states will produce the cancellation conditions

AGS−GS−GS →
∑
f

Tr
(
T af {T bf , T cf}

)
= 0 (4.15)

AGS−GS−U(1) →
∑
f

Qf `(Rf ) = 0 (4.16)

AU(1)−U(1)−U(1) →
∑
i

Q3
i = 0 (4.17)

where (i) runs over all fermion states, the sum in (f) runs over all irreducible fermion

representations and `(Rf ) is the Dynkin index of the irreducible representation Rf .

Since the generators of all simple Lie-groups are necessarily traceless the U(1)−U(1)−
GS cancellation condition is always satisfied. This also implies that only the constraint
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for (grav)2 − U(1) is non-trivial, giving

A grav2−U(1) →
∑
i

Qi = 0 (4.18)

Anomalies for ZN and Z
R
N symmetries

If one considers that a ZN symmetry should be embeddable in an abelian gauge

symmetry, as previously argued, then analogous constraints applying on these new

charges will unavoidably arise. In analogy with our previous analysis we now consider

G = GS × U(1) × ZN . We also recall the action of a ZN transformation on a fermion

state with a qf charge, given by

ψ → eiqf
2πk
N ψ (4.19)

The fact that this transformation is invariant under modulo shifts of the ZN -charges

will produce the anomaly cancellation conditions in analogy with (4.16-4.18) as

AGS−GS−ZN →
∑
f

qf `(Rf ) = 0 mod η (4.20)

AU(1)−U(1)−ZN →
∑
i

qiQ
2
i = 0 mod η (4.21)

A grav2−ZN →
∑
i

qi = 0 mod η (4.22)

In the above, we have introduced a parameter η = N, N/2 for odd or even values of N

respectively and all abelian charges were considered quantized as in the SM (MSSM)

and its unified extensions.

In the case where this abelian discrete symmetry is an R-symmetry the above

equations change accordingly. Our previous analysis in §4.1.2 has shown that fermions

within chiral superfields charged with qΦ will carry a charge qψ = qφ − 1. The other

fermions of the SUSY theories we consider are the gauginos. They belong to the

vector supermultiplets and they will transform with charge qλ = qθ ≡ 1 due to our

conventional normalization. This can be seen from (4.9) for a vector superfield neutral

under this ZRN symmetry.

Under these considerations for the R-charge assignments the respective anomaly
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cancellation equations in this case will have the form

AGS−GS−ZRN
→
∑
f

`(Rf )(qf − 1) + `(adj) = 0 (4.23)

AU(1)−U(1)−ZRN
→
∑
i

(qi − 1)Q2
i = 0 mod η (4.24)

A grav2−ZRN
→ −21 +

∑
`(adj) + #(U(1)) +

∑
i

(qi − 1) = 0 (4.25)

In the first equation the two terms represent the contribution of the chiral fermions

and gauginos respectively. The first term is the straightforward generalization of (4.20)

while the second reflects the property that gauginos contributing R-charge qλ = 1

transform in the adjoint representation of the gauge group. It should be remarked

that the latter was absent in the previous ZN case since, there, gauginos necessarily

follow the trivial charge of the vector supermultiplets. In the third equation the (-

21) originates from the contribution of the gravitino, necessarily present in SUGRA

theories1. The second and third term represent the contribution of gauginos, equal

to the number of gauginos and, thus, always equal to the dimension of the full gauge

group dimG. Finally, the last term represents the contribution of the chiral fermions

to the gravitational anomaly in analogy to (4.22).

We should also mention that the expressions for the abelian gauge factors in both

ZN ,Z
R
N cases can be absorbed to the non-abelian expressions (4.20), (4.23) respec-

tively when the U(1) generators belong to simple gauge groups. This will turn out

particularly useful in our following analysis on the phenomenology of the MSSM and

its extensions within the framework of anomaly free discrete R-symmetries [67]. As

we will also discuss there, anomaly cancellation does not necessarily imply the absence

of the anomaly functions. Other mechanisms can also operate which may eventually

render the theory free from anomalies.

4.2 Discrete R-Symmetries within extensions of the

MSSM

Supersymmetric unified models, such as MSSM or extensions of it, have been proposed

mainly as a framework that eliminates, at least, the technical aspects of the hierarchy

problem. Apart from that and various other attractive ingredients, such as the unifica-

1In ZN symmetries such a term is absent since the graviton superfield, where the gravitino belongs,
is neutral.
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tion of gauge couplings and the, by default, existence of dark matter candidates, they

have a number of problems of their own. These are the so-called µ-problem and the

need to eliminate dangerous D ≤ 5 Baryon/Lepton violating operators. Discrete sym-

metries have been introduced as a means to control these potential problems [68–72].

In addition to that, discrete symmetries, and in particular discrete R-symmetries might

play a role with respect to the scale of supersymmetry breaking, parametrized by the

gravitino mass, since this can be controlled by existing discrete R-symmetries of the

superpotential. Therefore, if supersymmetry is going to be interesting for low energy

physics, it should be important to investigate the role of such discrete R-symmetries.

Such a discrete symmetry has been shown to avoid the µ-problem and protect the elec-

troweak scale in singlet extensions of MSSM [73]. Nevertheless, there exist convincing

arguments that a discrete symmetry should be embeddable in an anomaly-free gauge

symmetry, otherwise quantum gravitational effects would violate it [74, 75]. Thus, an

anomaly-free discrete R-symmetry should be employed. Cancellation of anomalies may

be direct [76] or proceed through the Green-Schwarz mechanism (GS). Such a discrete

R-symmetry, commuting with SO(10), was shown to avoid the µ-problem in MSSM

and proton decay through D = 5 operators [77] [78].

In our following analysis we extend the investigation of possible anomaly-free dis-

crete R-symmetries that avoid the µ-problem and the dangerous D ≤ 5 operators by

considering charge assignments that do not commute with the traditional grand unify-

ing simple groups, such as SU(5) or SO(10), but commute instead with the so-called

flipped-SU(5), with or without the operation of the GS mechanism. We stay within the

framework of MSSM , discussing briefly possible singlet or multidoublet extensions.

We find that, in the anomaly free case, the symmetries Z(R)
3 , Z(R)

6 with flipped assign-

ments are possible and present sets of phenomenologically acceptable charges. In the

case of GS-anomaly cancellation, we recover Z(R)
N symmetries with flipped assignments

for N = 3, 4, 6, 8, 12, 24 and present sets of phenomenologically acceptable charges.

In addition, we discuss a singlet extension of MSSM with Z(R)
5 symmetry as an ex-

ample of non-unified charge assignments. Finally, we confront the issue of constructing

a 4D grand unified theory endowed with such symmetry and arrive at an extended

flipped SU(5)× U(1)X model endowed with an anomaly free (through GS) symmetry

Z(R)
N for N = 7 and N ≥ 9. Sets of phenomenologically allowed charge assignments

are listed.

Next, we proceed to review briefly the general framework. Consider an R-symmetry

ZN , under which chiral superfields transform as Φ→ ei
2πq
N Φ, where the integer q is the

charge of Φ under it. We are free to choose the superpotential charge to have a specific
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value and we take qW = 2. The anomaly coefficients corresponding to (gauge)2ZN
and (grav)2ZN anomalies, denoted respectively by A and A0, are

A =
∑
f

`f (qf − 1) + `(adj)

A0 = −21 +
∑

`(adj) + #(U(1)) +
∑
a

(qa − 1) (4.26)

where, in A, `f is the Dynkin index of the fermion representation f with ZN charge

qf , `(adj) is the contribution of the gauginos and, in A0, −21 is the contribution of the

gravitino,
∑
`(adj) + #(U(1)) is the contribution of the gauginos and qa sums over

all remaining fermion charges. The Z3
N anomaly coefficient is not considered, since the

corresponding condition can be interpreted as an embedding condition. In the case of

the MSSM, we have

A3 = 3 +
Nf

2
(2qQ + qdc + quc − 4)

A2 = 2 +
Nf

2
( 3qQ + q` − 4) +

1

2
(qhu + qhd − 2)

A1 =
Nf

10
( qQ + 2qdc + 8quc + 3q` + 6qec − 20) +

3

10
(qhu + qhd − 2)

A0 = −9 + (−1) +Nf (6qQ + 3quc + 3qdc + 2q` + qec + qNc − 16)

+ 2(qhu + qhd − 2) +
∑
s

(qs − 1) (4.27)

In the gravitational coefficient we have included the contribution of the right-handed

neutrino Nf (qNc − 1) and the contribution of the dilatino/axino (−1). We have also

left room for the contribution of an unspecified number of singlets with charges qs.

For ZN -charges commuting with SU(5), the coefficients are

A3 = 3 +
Nf

2
(3q10 + q5 − 4)

A2 = 2 +
Nf

2
(3q10 + q5 − 4) +

1

2
(qhu + qhd − 2)

A1 =
Nf

2
(3q10 + q5 − 4) +

3

10
(qhu + qhd − 2)

A0 = −9 + (−1) +Nf (10q10 + 5q5 + q1 − 16)

+ 2(qhu + qhd − 2) +
∑
s

(qs − 1) (4.28)
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4.2.1 Non-anomalous Discrete R-Symmetries

One possibility to obtain an anomaly-free theory in the MSSM is to impose

A3 = A2 = A1 = 0 mod(η) , (4.29)

where the condition on A1 is required to be met by at least on shifted set of charges.

The parameter η is η = N/2 for N = 2k and η = N for N = 2k + 1. These are

considered independently of the gravitational coefficient which, in general, depends to

an unknown set of gauge singlets.

The standard case. The conditions, in the case of SU(5)-invariant charges (4.28),

are equivalent to

A3 = 0 mod(η)

A2 −A3 =
1

2
(qhu + qhd − 4) = 0 mod(η)

A1 −A3 =
3

10
(qhu + qhd − 4)− 12

5
= 0 mod(η) (4.30)

Imposing as a constraint the existence of the Yukawa couplings necessary for the

fermion masses2,

2q10 + qhu = q10 + q5 + qhd = q5 + q1 + qhu = 2 mod(N), (4.31)

the conditions (4.30) are equivalent to

3− 2Nf = 0 mod(η)

(qhu + qhd − 4) = 0 mod(N)

12 = 0 mod(η) (4.32)

For Nf = 3, this restricts the possible ZN R-symmetries to

N = 3, 6 . (4.33)

2These can be “solved” mod(N/2) as

q10 = 1− qhu/2, q5 = 1 + qhu/2 − qhd
, q1 = 1 − 3qhu/2 + qhd

.

Any allowed sets of charges should obey these relations.
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qhu qhd q10 q5 q1 q̃hu q̃hd (N c)2

0 4 1 3 5 12 10 −
0 4 4 0 2 12 10 −
4 0 5 3 1 10 12 +
2 2 3 3 3 14 8 −

Table 4.1: Allowed SU(5)-Invariant charges for Z(R)
6

Note that the µ-term is absent3, since qu+qd = 4 6= 2 mod(N) . Dangerous D = 5

Baryon/Lepton violating operators are also absent, since QQQ`, ucucecdc → 3q10 +

q5 = 4 − qhu − qhd = 0 mod(N) and ucdcdcN c → 2q5 + q10 + q1 = 4− qhu − qhd =

0 mod(N). Nevertheless, the potentially dangerous D = 3, 4 operators transform as

` hu → q5 + qhu , Q` dc, dcdcuc → q10 + 2q5 and a choice of charge assignments is

required.

In the N = 3 case, since qhu + qhd = 1 mod(3), for qhu = 0 and qhd = 1, we can

have q10 = 1, q5 = 0 and q1 = 2. Then, the D = 3, 4 matter-parity violating operators

cannot be present. Note however that the right-handed neutrino Majorana mass is

not possible. The vanishing of the coefficient A1 can be met for the shifted charges

q̃hu = 12, q̃hd = 10, q̃10 = 4.

In the N = 6 case, we have qhu + qhd = 4 mod(6), which can be met only with

even charges due to the mass relations (4.31). The choice qhd = qhu = 2 is SO(10)

invariant. The phenomenologically acceptable charges, for which the above D = 3, 4

operators are absent, are listed in the relevant table (Note that in Tab.4.1 q̃a stands for

shifted charges and the last entry refers to the right-handed neutrino Majorana mass

operator.)

The flipped case. In the above search for a non-anomalous ZN R-symmetry it has

been assumed that it commutes with SU(5) [76]. This need not be necessarily the case.

Let’s consider the following “flipped” assignments

qQ = qdc = qNc = q10, q` = quc = q5, qec = q1 , (4.34)

which commute with the so-called “flipped” SU(5) × U(1). The corresponding gauge

anomaly coefficients are identical to those of (4.28) with the exception of

A1 =
Nf

10
( 3q10 + 11q5 + 6q1 − 20) +

3

10
(qhu + qhd − 2) . (4.35)

3Here, as in all subsequent cases, it is assumed that a µ-term of the correct order of magnitude is
generated through non-perturbative effects [79] or through another indirect mechanism [80].
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Note however that, when we impose the mass relations

2q10 + qhd = q10 + q5 + qhu = q5 + q1 + qhd = 2 mod(N) , (4.36)

we can prove4

3q10 + 11q5 + 6q1 = 5 (3q10 + q5) ,

leading to

A1 =
Nf

2
( 3q10 + q5 − 4) +

3

10
(qhu + qhd − 2) , (4.37)

which is identical to the corresponding expression in (4.28). Thus, in both cases, of

straight and flipped charge assignments, all gauge anomaly coefficients are identical,

provided we invoke the conditions for the existence of mass Yukawa couplings. Nev-

ertheless, it should be reminded that the anomaly cancellation condition on A1 rests

on the existence of at least one set of shifted charges that satisfy the corresponding

condition. Note also, even in the case of non-unified assignments that will follow, we

assume that the U(1)Y hypercharge factor is normalized in the standard E6 fashion.

The allowed cases for a non-anomalous discrete R-symmetry are still N = 3, 6.

Nevertheless, the resulting models need not be the same. The µ-term is still absent,

since qhu + qhd = 4 6= 2 mod(N). Similarly, for the D = 5 Baryon/Lepton violating

operators, we have QQQ`, dcdcN cuc → 3q10 + q5 = 4− (qhu + qhd) = 0 6= 2 mod(N)

and ucucdcec → 2q5 + q10 + q1 = 4 − (qhu + qhd) = 0 6= 2 mod(N). Thus, these

operators are absent. In order to conclude whether the D = 3, 4 dangerous operators

are allowed, we must proceed further with the charge assignments for each value of N .

In the N = 3 case, we can take qhd = 1, qhu = 0. Then, we can have q10 = 2, q5 =

0, q1 = 1. The D = 3 operator `hu → q5 + qhu = 0 cannot be present. The D = 4

operators Q`dc, dcdcuc → 2q10 + q5 = 1 cannot be present either. Thus, the Z3 R-

symmetry in this case of flipped assignments is also phenomenologically feasible. The

N = 6 case proceeds in an analogous fashion. Taking qhd = 4, qhu = 0, we are led to

q10 = 5, q5 = 3, q1 = 1, which disallows `hu and Q`dc, dcdcuc. Similarly, for the rest of

the flipped charge assignments shown in Tab.4.2. Shifted charges are denoted as q̃.

MSSM singlet extensions. If the model is extended beyond the MSSM by the

introduction of a singlet S coupled to the Higgses through a term Shuhd, the required

4These are now “solved” by q10 = 1− qhd
/2, q5 = 1 + qhd

/2− qhu
and q1 = 1− 3qhd

/2 + qhu
.
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ZN qQ qdc qNc q` quc qec qhu qhd q̃ec q̃hu q̃hd
N = 3 2 2 2 0 0 1 0 1 4 12 10
N = 6 5 5 5 3 3 1 0 4 7 12 10
N = 6 2 2 2 0 0 4 0 4 4 12 10
N = 6 1 1 1 3 3 5 4 0 −1 10 12
N = 6 3 3 3 3 3 3 2 2 3 14 8

Table 4.2: Allowed Flipped Charges for Z(R)
3 and Z(R)

6

charge of the new field has to satisfy

qS = 2 − qhu − qhd = −2 mod(N)

and thus qS = 1 for Z3 or qS = 4 for Z6. Nevertheless, in both cases the term S2

is allowed, corresponding to a large mass for the singlet and making this extension

phenomenologically uninteresting.

Ñ > 1 pairs of isodoublets. Another possible extension of the MSSM to be con-

sidered is the case of extra Higgs isodoublets with identical charges. The anomaly

coefficients for Ñ ≥ 1 pairs of isodoublets take the form

A3 = 3 +
Nf

2
(3q10 + q5 − 4)

A2 = 2 +
Nf

2
(3q10 + q5 − 4) +

Ñ

2
(qhu + qhd − 2)

A1 =
Nf

2
(3q10 + q5 − 4) +

3Ñ

10
(qhu + qhd − 2) (4.38)

The corresponding conditions Ai = 0 mod(η) in the case Nf = 3, after we enforce

the, common in flipped or SU(5) assignments, mass relation 3q10 + q5 − 4 = −(qhu +

qhd) mod(N), amount to

A3 → 3(qhu + qhd − 2) = 0 mod(N)

A2 −A3 → Ñ(qhu + qhd − 2) = 2 mod(N)

A1 −A3 →
3Ñ

5
(qhu + qhd − 2) = 6 mod(N)

→ 24 = 0 mod(N) (4.39)

From the first two equations we obtain in the familiar case Ñ = 1 the standard non-

trivial solutions N = 3, 6 with qhu + qhd = 4 mod(N) discussed previously. In an



128 CHAPTER 4. DISCRETE R-SYMMETRIES

analogous manner, for Ñ = 2 we again obtain N = 3, 6 for the allowed symmetries

but with a different relation for the Higgs charges, namely qhu + qhd = 0 mod(N). In

contrast, the Ñ = 3 case has no solution for non-trivial symmetries (N ≥ 3).

4.2.2 Discrete R-Symmetries with Anomaly Cancellation through

the GS Mechanism

Another possibility for the realization of discrete R-symmetries is when gauge and grav-

itational anomalies are cancelled through the operation of the Green-Schwarz mecha-

nism. The corresponding conditions on the anomaly coefficients (4.28) read

A3 = A2 = A1 = ρ mod(η)

A0 = 24ρ mod(η) (4.40)

From the explicit expressions of the coefficients (4.28) for theMSSM content, enforcing

the mass conditions, we obtain5 for ZN charges commuting with SU(5) or flipped.

A3 = ρ → ρ = −3 mod(η)

A2 −A3 = 0 → qhu + qhd = 4 mod(N)

A1 −A3 = 0 → 12 = 0 mod(η)

A0 − 24A3 = 0 → 18 +
∑
s

(qs − 1) = 0 mod(η) (4.41)

Note that the first three of these conditions, for ρ = 0 (i.e. N = 3, 6), coincide with

the conditions (4.30).

The last two conditions can be reconciled without the use of extra singlets in the

case of N = 3, 4, 6, 12. Nevertheless, they can be compatible for all possible N if we

extend MSSM introducing extra singlets. A most straightforward possibility is that

of a singlet S coupled to the Higgses as S hu hd. Then, its required charge would be

qS = −2 mod(N). Two such singlets reconcile the last two conditions6. Thus, the

allowed discrete R-symmetries would be those corresponding to N = 3, 4, 6, 8, 12, 24.

Note that in the case N = 3, 6 only the quadratic term S2 is allowed. In the N = 4

5We have included in A0 the contribution of the right-handed neutrino and that of the di-
latino/axino. Enforcing the mass conditions on it we obtain A0 = −14 −10(qhu +qhd

) +
∑
s(qs−1).

The difference with A3 = 3− 3
2 (qhu

+ qhd
) is A0 − 24A3 = 18 + 26(qhu

+ qhd
− 4) +

∑
s(qs − 1).

6Of course, such a “solution” is not unique. Six singlets of zero charge could do the job as well.
Note also that, in the case of N = 3, 6, these conditions are met with an arbitrary number of such
singlets, since

∑
s(qS − 1) = Ns(−3 mod(N) ), which is a subset of 0 mod(3).
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N qQ qdc qNc q` quc qec qhu qhd q̃hu q̃hd
4 1 1 1 1 1 1 0 0 4 8
4 3 3 3 3 3 3 0 0 4 8

Table 4.3: Allowed Flipped Charges for Z(R)
4

case, only a linear and a cubic term are allowed. Finally, in the N = 8 case, only a

cubic term is allowed. Thus, in the N = 8 case the singlet extension coincided with

NMSSM , in the N = 4 case it is a modified NMSSM with an additional linear term.

Finally, the cases N = 12, 24, where no singlet self-term is present, correspond to what

has been termed nMSSM [73].

Allowed ZN R-symmetries commuting with SU(5) or SO(10) have been stud-

ied [78]. We shall go further in our analysis considering charge assignments that do

not commute with these symmetries. More specifically, we shall consider “flipped”

assignments

qQ = qdc = qNc = q10, q` = quc = q5, qec = q1 , (4.42)

which commute with the so-called “flipped” SU(5) × U(1). The anomaly coefficient

conditions considered above are identical for all these cases, provided the mass rela-

tions are invoked. Nevertheless, the final charge assignments for matter correspond to

distinct models. Turning now to the phenomenological features of the allowed models,

we see that the condition on the Higgs charges (4.41) is sufficient to forbid the µ-term.

In addition, dangerous D = 5 Baryon/Lepton Number violating operators are absent

as well, due to (4.36) and (4.41). Indeed, we have

QQQ`, dcdcucN c → 3q10 + q5 = 4 − qhu − qhd = 0 6= 2 mod(N)

ucucdcec → 2q5 + q10 + q1 = 4 − qhu − qhd = 0 6= 2 mod(N) .

In order to conclude whether dangerous D = 3, 4 operators are present we need to

proceed further with the matter and Higgs charge assignments for each particular

value of N .

N = 3, 6. In these cases the first of the conditions (4.41) implies that ρ = 0.

Thus, for these cases the analysis will coincide with the one carried on previously in

anomaly-free case without the operation of the GS mechanism.

N = 4. The condition qhu+qhd = 0 mod(4) can only be satisfied with even charges.

These are the choices qhu = qhd = 0 and qhu = qhd = 2. The first choice leads to two

SO(10)-invariant solutions with identical phenomenology. Note that these solutions
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N q̃Q q̃dc q̃Nc q̃` q̃uc q̃ec q̃hu q̃hd
8,12,24 -1 -1 -1 3 3 -5 24 28
8,12,24 1 1 1 -3 -3 5 28 24

Table 4.4: Allowed (Shifted) Flipped charges for Z(R)
8 , Z(R)

12 , Z(R)
24

N = 5 qQ q` qdc quc qec qNc qS qhu qhd
4 4 1 1 1 1 3 2 2

Table 4.5: Z(R)
5 charges

allow for a right-handed neutrino Majorana mass. All constraints for the absence of

D = 3, 4 operators are met. The second choice is discarded due to the presence of

unwanted D = 3, 4 operators. The allowed cases are listed in Tab4.3.

N = 8, 12, 24. The condition qhu + qhd = 4 mod(N) allows again only even

charges and can in principle be satisfied for various sets of Higgs charges. Among them

two distinct general solutions, with D = 3, 4 operators absent, are listed in Tab.4.4,

where, of course, these charges can always be modulo-shifted to lie in the first modulo

of the given symmetry. The charge q̃Nc = 1 of the second row allows always for a

right-handed neutrino Majorana mass term.

A “non-unified” case (Z(R)
5 ). The above found set of allowed ZN does not ex-

clude other “non-unified” possibilities. The anomaly coefficients for non-unified charges

are

A3 = 3

(
qQ +

1

2
qdc +

1

2
quc − 2

)
+ 3

A2 = 3

(
3

2
qQ +

1

2
q` − 2

)
+
Ñ

2
( qhd + qhu − 2) + 2

A1 =
9

5

(
1

6
qQ +

1

3
qdc +

4

3
quc +

1

2
q` + qec −

10

3

)
+

3Ñ

10
(qhd + qhu − 2) (4.43)

where Ñ is the number of Higgs isodoublets. A particularly interesting case is that

of a Z5 discrete R-symmetry, motivated by the solution to the µ-problem in terms of

a minimal singlet extension of MSSM. The assigned charges [73] are given in Tab.4.5.
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For these charges the anomaly coefficients are

ρ = A3 = 2 mod(5)

A2 = Ñ mod(5)

A1 =
24

5
+

3Nσ

5
(qσ + qσ − 2) mod(5) (4.44)

where we have introduced tentatively Nσ pairs of hypercharge ±1 singlets. Finally, the

condition on A0 = 70 + Nσ(qσ + qσ − 2) +
∑

s(qs − 1) reads 2 + Nσ(qσ + qσ − 2) +∑
s(qs − 1) = 0 mod(5). The anomaly conditions corresponding to (4.44) can be met

for Ñ = 2, Nσ = 1 and the shifted charges7 qσ = qσ = 7. The gravitational anomaly

condition can also be met if, apart from the charge-3 singlet S, we introduce also an

additional neutral singlet. Note that for these charges all possible dangerous terms

are disallowed (σσ, ecσ, `σhd, hdddσ, huhuσ). Note also that a term σ σ S is allowed.

Apart from being anomaly-free, this model allows for all standard terms, including

neutrino Majorana masses, and forbids all unwanted D ≤ 5 terms. The extra charged

singlets introduced here for the sake of anomaly cancellation can obtain a mass through

the vev of the singlet S.

4.2.3 Unification

Can these discrete symmetries be incorporated in a 4D grand unified theory? There are

convincing arguments that, for a simple gauge group and MSSM particle content at

low energies, this is not possible [81]. We shall depart from both of these assumptions

and allow on the one hand, additional matter at low energies, beyond MSSM , and

on the other hand go beyond simple unifying groups. Specifically, we shall consider

SU(5) × U(1) and use “flipped” ZN -charge assignments commuting with it. One of

the motivations for this model is that it is accompanied by an elegant mechanism for

triplet-doublet splitting . Note that this is one of the main problems that one has to face

in promoting MSSM to a GUT endowed with the discussed discrete R-symmetries.

Minimal Case. The standard matter content of SU(5) × U(1) comes in three

copies of F (10, 1), f c(5, −3), `c(1, 5) with corresponding ZN charges q10, q5, q1. The

standard Higgs content is h(5, −2; qh), h
c(5, 2; qhc), H(10, 1; 0), H(10, −1; 0). The

last pair, through its non-zero vev will achieve the breaking down to MSSM . Obvi-

ously, it has to be neutral under the discrete symmetry. The standard matter couplings

7Another working choice is Nσ = 2 and qσ = qσ = 4.
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are

F F h + F f c hc + f c `c hc . (4.45)

Nevertheless, in order to realize triplet-doublet splitting, the couplings H H h+H H hc

are necessary. These couplings force the Higgs charges

qh = qhc = 2 mod(N) . (4.46)

Note that these charges do not allow a µ-term. Nevertheless, enforcing the mass

conditions

2 q10 + qh = q10 + q5 + qhc = q5 + q1 + qh = 2 mod(N) , (4.47)

we are led to the SO(10)-invariant assignments

q10 = q5 = q1 =
N

2
mod(N) (N > 4) . (4.48)

Note that, since the charges have to be integers, only even values of N are allowed. Note

also that the case N = 4, in which all matter fields have charge 2 mod(4), is excluded

since it allows the operator FH. The anomaly coefficient conditions for general even

N > 4 are

A5 = 3N − 3 = ρ mod(N/2)

AX = 3N − 3 − 5

2
= ρ mod(N/2) (4.49)

and anomaly cancellation cannot be met without introducing extra matter. It can also

be checked that anomaly cancellation cannot be saved by shifted charges.

Extra Fields. In what follows we shall introduce extra matter and at the same time

avoid the SO(10)-symmetric assignment enforced by (4.46) in order to realize the split

assignments found in the previous section. In order to avoid (4.46), we introduce an

extra pair of Higgs fields H ′(10, 1; qH′), H
′
(10,−1; qH ′). Assuming that the only non-

zero vevs are those8 of 〈H〉 = 〈H〉 and assuming that the couplings H H ′ h, H H
′
hc are

present, after symmetry breaking, the pairs dh(3, 1, −1/3; qh), dcH′(3, 1, 1/3; qH′) and

dchc(3, 1, 1/3; qhc), dH ′(3, 1, −1/3; qH ′) will obtain a large mass and will be removed

from the spectrum. In addition, the fields QH , Q
c
H
, N c

H −N c
H

will be “higgsed away”.

The surviving fields, apart from the standard matter and a neutral Higgs singlet, will

8Thus, assuming a Z(R)
N -invariant vacuum.
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be a “hybrid” pair 10′ + 10 ′ composed out of the H ′(H
′
) with their dcH′(dH ′) replaced

by dcH(dH). The conditions on the charges resulting from the existence of the standard

couplings

F F h + F f c hc + f c `c hc + H H ′ h + H H
′
hc (4.50)

are given by (4.47) and

qH′ + qh = qH ′ + qhc = 2 mod(N) . (4.51)

Nevertheless, a number of unwanted terms are still allowed by gauge symmetry, namely,

the terms

hhc + H ′H + H
′
H + H

′
H ′ + F H + F H

′

+ H2 h + H
2
hc + F H h + F H ′ h + H f c hc + H ′ f c hc , (4.52)

which are expected to be removed by the discrete symmetry.

Next let’s consider the anomaly coefficients. The gauge anomaly coefficients are

A5 = 5 + 3

(
3

2
q10 +

1

2
q5 − 2

)
+

3

2

(
qH′ + qH ′ − 4

)
+

1

2
(qh + qhc − 2)

AX =
3

40
(10q10 + 45q5 + 25q1 − 80) +

1

4

(
qH′ + qH ′ − 4

)
+

1

2
(qh + qhc − 2) (4.53)

or, applying the conditions (4.47), (4.51),

A5 = 4 − 5

2
(qh + qhc) = ρ mod(η)

AX = −1 − 5

4
(qh + qhc) = ρ mod(η) (4.54)

Taking the familiar condition

qh + qhc = 4 mod(N) , (4.55)

we obtain

A5 = AX = −6 (4.56)

which satisfies the anomaly condition for any N .

The gravitational coefficient is9 A0 = − 7 − 17(qh + qhc) +
∑

s(qs − 1) and the

9The contribution of a dilatino/axino is also considered.
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corresponding condition becomes

A0 − 24A5 = 69 +
∑
s

(qs − 1) = 0 mod(η) (4.57)

and can be satisfied, among other choices, for any N with a single neutral singlet of

shifted charge q̃s = −68 . For all symmetries which are divisors of 138 this extra singlet

is not required.

Note that the D = 3, 4 Baryon/Lepton violating operators of the standard field

content ` hu, Q`d
c, ucdcdc, although not directly present due to the gauge symmetry,

may appear through higher dimensional operators10. Thus, their absence will be even-

tually determined by their respective ZN charges. On the other hand, the analogous

D = 5 operators FFFf c, f cf cF`c are always absent since they have charges 3q10 + q5

and 2q5 + q10 + q1, both equal to 4− qhc − qh = 0 mod(N), due to (4.55).

Taking (4.55) as our starting point, we proceed to consider phenomenologically

allowed charge assignments. For even N , a general assignment that satisfies (4.55) and

is compatible with (4.47), (4.51) of shifted charges is

qh = −2, qhc = 6, qH′ = 4, qH ′ = −4

q10 = 2 +N/2, q5 = −6 +N/2, q1 = 10 + N/2 (4.58)

The anomaly constraints are readily satisfied11 A5 = AX = 3N −6 . Next, we demand

that the dangerous terms (4.52) are absent. Their charges are

hhc → 4, H ′H → 4, H
′
H → −4, H

′
H ′ → 0

FH → 2 +N/2, FH
′ → −2 +N/2, H2h→ −2, H

2
hc → 6

FHh→ N/2, FH ′h→ 4 +N/2, Hf chc → N/2, H ′f chc → 4 +N/2 (4.59)

and they should be 6= 2 mod(N). The first two rows lead to the constraints N 6=
4, 6, 8, while the third does not give any additional constraint. Therefore, the allowed

even values of N are

N = 2k ≥ 10 . (4.60)

Note that, since F 2 has charge 4 + N , no right-handed neutrino Majorana mass is

10f chc, FFf c are not gauge singlets but Hf chc, HFFf c are.
11Note that the anomaly coefficients for the low energy spectrum with the new extra matter satisfy

also A3 = A2 = A1 = 3N − 6.
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N q10 q5 q1 qhc qh qH′ qH ′

10 7 9 5 6 8 4 6
12 8 0 4 6 10 4 8

Table 4.6: Allowed Z(R)
10 , Z(R)

12 charges for SU(5)× U(1)X .

allowed. Furthermore the dangerous D = 3, 4 operators are absent since

`hu → N/2 , Q`dc, dcdcuc → N/2− 2 +N (4.61)

which are 6= 2 mod(N) for the allowed symmetries. The corresponding charges for the

cases N = 10, 12 are shown in Tab4.6.

Next, starting again from (4.55), we proceed to investigate possible odd values of

N and consider a general assignment of shifted charges compatible with (4.47), (4.51)

qh = 1, qhc = 3, qH′ = 1, qH ′ = −1

q10 = (N + 1)/2, q5 = (N − 3)/2, q1 = (N + 5)/2

(4.62)

The anomaly constraints are readily satisfied12 A5 = AX = 3N − 6 . Again, we

demand that the dangerous terms (4.52) are absent. Their charges are

hhc → 4, H ′H → 1, H
′
H → −1, H

′
H ′ → 0

FH → (N + 1)/2, FH
′ → (N − 1)/2, H2h→ 1, H

2
hc → 3

FHh→ (N + 3)/2, FH ′h→ (N + 5)/2, Hf chc → (N + 3)/2,

H ′f chc → (N + 5)/2 (4.63)

and they should be 6= 2 mod(N). The first two rows lead to the constraints N 6= 3, 5,

while the rest do not supply us with any additional restriction. Thus, the allowed odd

values of N are

N = 2k + 1 ≥ 7 . (4.64)

Again, since F 2 has charge N + 1, no right-handed neutrino Majorana mass is allowed.

The D = 3, 4 operators are also absent. In Tab.4.7 we show the corresponding charges

for the cases N = 7, 9.

It can also be checked that for any other Higgs charge assignments in the range

12Again, the anomaly coefficients for the low energy spectrum with the new extra matter satisfy
also A3 = A2 = A1 = 3N − 6.
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N q10 q5 q1 qhc qh qH′ qH ′

7 4 2 6 3 1 1 6
9 5 3 7 3 1 1 8

Table 4.7: Allowed Z(R)
7 , Z(R)

9 Charges for SU(5)× U(1)X .

(0, 7) satisfying qh + qhc = 4 mod(N), the corresponding phenomenologically viable

models also forbid the symmetries Z3, Z4, Z5, Z6, Z8. This fact is sufficient to forbid

these symmetries for all possible models with qh+ qhc = 4 mod(N) although departing

from this relation may in principle allow some of them.

Before closing this section it is interesting to note that the above list of symmetries

does not exhaust all possible symmetries for the given gauge group. As an example,

consider the model of ref. [82] that is characterized by a radiative breaking of the

SU(5) × U(1) symmetry. This model, having the same set of fields as the model

considered above plus gauge singlets, possesses the discrete symmetry Z(R)
3 ×Z2, which

can readily promoted to be anomaly-free at the expense of introducing a massive pair

of hypercharge ±1 singlets of Z(R)
3 - charge equal to 2.

Overview.

In our previous analysis we have reconsidered the issue of possible anomaly-free discrete

R-symmetries Z(R)
N that avoid the µ-problem and the dangerousD ≤ 5 operators within

MSSM and extensions of it. Freedom from anomalies was considered either through

strictly vanishing anomaly coefficients for the (gauge)2ZN anomalies or through the

operations of the Green-Schwarz mechanism for the former as well as the (grav)2ZN
anomalies. We have extended known investigations by considering charge assignments,

that do not commute with the standard SU(5) or SO(10) gauge groups but are, instead,

compatible with a so-called flipped-SU(5) symmetry. Staying within the framework

of MSSM , we have found that, in the anomaly-free case, the symmetries Z(R)
3 , Z(R)

6

with flipped assignments are possible. We have also investigated the possibility of

multidoublet extensions of MSSM in this case. Phenomenologically acceptable charge

assignments have been listed. In the same framework, in the case of GS-anomaly

cancellation, we have arrived at phenomenologically allowed Z(R)
N symmetries with

flipped assignments for N = 3, 4, 6, 8, 12, 24. Phenomenologically acceptable charges

for these cases have been listed. As an example of discrete symmetries non-commuting

with any of the above unifying symmetries, we have also considered a Z(R)
5 symmetry

with non-unified charges in the framework of a singlet extension of MSSM.

We have also considered the question of finding such symmetries for traditional 4D
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grand unified models. Having excluded simple gauge groups such as SU(5) or SO(10)

or non-simple groups like SU(5)× U(1)X with MSSM-low energy content, we arrived

at an extended flipped SU(5) × U(1)X model. For this model, Z(R)
N symmetries were

shown to be anomaly free (through GS) and phenomenologically viable for N = 2k+7

and N = 2k + 10 .
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Chapter 5

General overview

In our previous analysis we have focused on several open issues that necessarily arise

within the Standard Model of particle physics and its standard extensions, namely

supersymmetry and Grand Unified Theories. These issues, among others are crucial

for our understanding on the fundamental laws of nature.

In what preceded we have followed a twofold approach. In the first two chapters we

have reviewed the main frameworks of our study and illustrated certain aspects and

selected topics therein. Specifically, in Chap.1 we have introduced the fundamental

concepts of gauge symmetries and renormalizability. These concepts further allow to

establish the general and concrete framework of Quantum Gauge Field Theories. Then,

within this context, we are led to the Standard Model of particle physics. We describe

its general structure as well as its phenomenological implications on the particle spec-

trum. We eventually conclude this chapter by presenting several inadequacies of this

model, among which the ”fermion masses and mixing puzzle”, strongly suggesting in

favour of a high energy completion. Thus, in Chap.2 we review the rather standard ex-

tensions of the SM, namely SUSY and SUSY-GUTS which seem to evade at least some

of its technical problems while offering new possibilities for theoretical constructions.

There, after introducing fundamental aspects and properties of global supersymmetry

in its minimal version (N = 1) we arrive at the Minimal Supersymmetric Standard

Model. Among the virtues of this model, interesting also on its own, is its possible

embedding within the framework of Grand Unified Theories. SUSY-GUTs, also dis-

cussed in Chap.2 offer many interesting and attractive theoretical realizations that may

potentially answer some of the open questions the SM leaves behind.

In the second part of this thesis, and having established our general framework, we

proceeded in Chap.3,4 to demonstrate the main aspects of our research. In Chap.3

we have revisited the puzzle of fermion masses and mixing in more detail. This arises
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within the context of the SM but also propagates to the MSSM due to the unconstrained

Yukawa structure in both models. Then, in [48] we mainly focused on the issue of

neutrino masses and mixing from the viewpoint of a non-minimal SUSY-SU(5) model.

As mentioned there a non-minimal approach is always required when one considers

realizations of the SU(5) group, even in its supersymmetric version, since current

proton stability constraints have practically ruled out the minimal version. In this

model, proton decay is evaded due to the extended field representation content which

allows for unification at a higher scale, namely MG ∼ 1017GeV . Admittedly, a certain

amount of fine tuning is required to keep tree level masses below MG and subsequently

achieve successful unification. However, this situation is rather typical in various GUT

models. Moreover, renormalization group analysis necessarily constrains one of the

heavy neutrino masses to lie within 1013 ∼ 1014GeV , a phenomenologically preferred

region for acquiring light seesaw neutrinos at the sub-eV scale. Another interesting

aspect of this realization is a prediction for a zero tree level mass for the lightest

neutrino. This, as it turns out, is not a special property of this particular model

but a rather more general feature of GUTs where two neutrinos belong to the same

irreducible representation of the unified group. Current data cannot yet either support

or exclude such a possibility for the neutrino mass spectrum. If a much lighter neutrino

is eventually observed then this type of GUTs would offer a rather elegant explanation

for such a much smaller neutrino mass.

Next, in the remaining sections of Chap.3 we have investigated the possibility of

an alternative approach on the lopsided (asymmetric) idea for the Yukawa matrices of

fermions [62]. In this approach we have imposed a lopsided structure in the neutrino

sector to account for the large mixing-large hierarchy observed there. We have found

that such a possibility, in practice orthogonal to the standard approach, shares not

only the attractive properties of lopsided models but also displays many unique features

which render this framework even more attractive for model building. It turns out that

this lopsided structure has a natural embedding in the type-I (or -III) seesaw mechanism

since this seesaw formula offers the possibility of a hidden lopsided structure underlying

the symmetric light neutrino matrix. What is remarkable in this approach is that it

is meaningful even outside the framework of GUTs. In fact what is only required is

an analogous lopsided structure shared by all Yukawa couplings of fermions1. Then

without any other assumption the observed pattern for fermion masses and mixing

straightforwardly appears. Thus, in this way one obtains hierarchical fermion masses,

small and hierarchical CKM mixing, and large PMNS angles if a standard seesaw

1Besides of course the right handed neutrino mass matrix which is by default symmetric.
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mechanism is also present. Within this context one may fit all current lepton masses

and mixing data. Large mixing angles may originate from both charged lepton and

neutrino mass matrix or only the neutrino mass matrix with the latter option most

appreciated by theoretical considerations. In this perspective, we considered an SO(10)

realization where the desired global lopsided Yukawa structure was obtained through

an interplay of renormalizable and non-renormalizable operators. Within this model

we were able to fit adequately all current fermion masses and mixing data. However as

already mentioned such an alternative lopsided approach may apply beyond this GUT

model and even beyond GUT considerations in general.

Finally, in Chap.4 we examined the phenomenological implications of a discrete R-

symmetries, which appear only within the framework of SUSY. Such symmetries have

been long considered as a possible way to avoid the phenomenological difficulties of the

MSSM and various SUSY-GUTs in practice forbidding the presence of certain danger-

ous operators. Actually the famous ad hoc matter-parity of the MSSM also present

in many of its extensions may be regarded as originating from such a symmetry. In

this viewpoint we examined those discrete R-symmetries [67] that, besides satisfying

obvious phenomenological constraints2, they can also exhibit a dynamical origin. In

other words we further required that these ZRN symmetries should be embeddable in

abelian gauge groups. Therefore they should further satisfy non-trivial constraints for

their possible charges, as these arise from the gauge anomaly cancellation conditions of

their parent gauge symmetries. With our analysis we have extended previous investiga-

tions of anomaly free, discrete, R-symmetries to the case of R-charges commuting with

the flipped-SU(5) gauge group. We have also examined the possibilities of multidou-

blet and singlet extensions of the MSSM. Finally we have constructed a non-minimal

flipped-SU(5) with an extended but phenomenologically viable low energy spectrum.

2These are the existence of the MSSM renormalizable couplings, the absence of the µ-term and
the absence of potentially dangerous baryon- and lepton- number violating operators
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