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0.1 EuqaristÐec
Katarq�c ja  jela na euqarist sw jerm� ton epiblèponta EpÐkouro

Kajhght  k.Q.Kol�sh gia thn empistosÔnh pou mou èdeixe, gia thn polÔ-
timh bo jei� tou, thn upost rixh, kaj¸c kai thn ter�stia upomon  tou sto
di�sthma thc sunergasÐac mac.

Euqarist¸ epÐshc ton Anaplhrwt  Kajhght  k.L.Peribolarìpoulo kai
ton Anaplhrwt  Kajhght  k.J.Qristodoul�kh, mèlh thc trimeloÔc exetasti-
k c epitrop c, gia tic eÔstoqec kai qr simec parathr seic touc pou suntèle-
san sth beltÐwsh thc paroÔsac ergasÐac.

Akìmh euqarist¸ polÔ th grammatèa tou Tomèa Jewrhtik c Fusik c
ka.F.FoÔza gia th bo jeia kai thn upost rix  thc, kaj¸c kai touc sunadèlfouc
kai fÐlouc mou metaptuqiakoÔc kai didaktorikoÔc foithtèc tou Tm matoc Fu-
sik c pou me st rixan kai me bo jhsan kat� th di�rkeia twn metaptuqiak¸n
mou spoud¸n.

Tèloc, ja  jela na euqarist sw thn oikogènei� mou gia th bo jeia kai th
sumpar�stash thc kaj�ìlh th di�rkeia twn panepisthmiak¸n mou spoud¸n.

Ubìnnh Euaggèlou
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0.2 PerÐlhyh
Sthn ergasÐa aut  melet same touc qwroqrìnouc Bianchi IX sta plaÐsi-

a thc jewrÐac thc Genik c Sqetikìthtac, qrhsimopoi¸ntac tic mejìdouc thc
1+3 sunalloÐwthc perigraf c kai tou tetradikoÔ formalismoÔ kai epiqeir -
same na sundèsoume èna qwroqrìno Bianchi IX me diag¸nia tetradik  metrik 
tou opoÐou to ulikì perieqìmeno perigr�fetai apì èna idanikì reustì me èna
qwroqrìno FRW jetik c kampulìthtac, kat� m koc miac uperepif�neiac sta-
jeroÔ qrìnou.Gia th sÔndesh aut  qrhsimopoi same tic sunj kec sÔndeshc
tou Lichnerowicz

SÔmfwna me ta mèqri s mera parathrhsiak� dedomèna, to sÔmpan se me-
g�lh klÐmaka eÐnai kat� mèso ìro omogenèc kai isotropikì.Parìla aut� den
up�rqoun sobaroÐ lìgoi na upojètoume ìti to sÔmpan  tan omogenèc kai
isotropikì kai kat� ta arqik� tou st�dia.Skopìc mac  tan, mèsw thc sÔn-
deshc pou perigr�yame, na fti�xoume èna kosmologikì montèlo to opoÐo met�
thn arqik  anwmalÐa exelÐssetai wc omogenèc kai anisotropikì kai k�poia
qronik  stigm  metatrèpetai se omogenèc kai anisotropikì.An kai apì pr¸th
�poyh oi sunj kec sÔndeshc faÐnetai ìti ja  tan dunatìn na ikanopoihjoÔn
telik� apodeiknÔetai ìti sth geitoni� thc uperepif�neiac sÔndeshc h metrik 
all�zei qarakthristik  kai h sÔndesh kajÐstatai anèfikth.

H diatrib  xekin� me mÐa istorik  anadrom  sthn exèlixh thc sqetikisti-
k c kosmologÐac.Sta kef�laia 2 kai 3 analÔoume tic gnwstèc mejìdouc thc
1+3 sunalloÐwthc perigraf c kai tou tetradikoÔ formalismoÔ, oi opoÐec
apoteloÔn qr sima ergaleÐa gia th melèth twn kosmologik¸n qwroqrìnwn.Sto
kef�laio 4 parajètoume thn taxinìmhsh twn kosmologik¸n montèlwn sÔmfw-
na me tic summetrÐec touc.Sto kef�laio 5 melet�me thn oikogèneia qwroqrìnwn
Bianchi sta plaÐsia thc 1+3 sunalloÐwthc perigraf c kai tou tetradikoÔ
formalismoÔ.Sta kef�laia 6 kai 7 efarmìzoume tic mejìdouc autèc gia th
melèth twn qwroqrìnwn Bianchi IX kai FRW antÐstoiqa.Tèloc sto kef�laio
8 exet�zoume th dunatìthta sÔndeshc enìc qwroqrìnou Bianchi IX me diag¸-
nia tetradik  metrik  tou opoÐou to ulikì perieqìmeno eÐnai èna idanikì reustì
kai enìc qwroqrìnou FRW jetik c kampulìthtac, kat� m koc miac qwroei-
doÔc omogenoÔc uperepif�neiac stajeroÔ qrìnou, qrhsimopoi¸ntac tic sun-
j kec sÔndeshc Lichnerowicz.H ergasÐa oloklhr¸netai me ta sumper�smata
sto kef�laio 9.To par�rthma A perièqei apodeÐxeic sqèsewn kai jewrhm�twn
pou den perilamb�nontai sto kurÐwc keÐmeno.
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0.3 Abstract

In this thesis we studied the Bianchi type IX spacetimes in the frame-
work of General Relativity by using the 1+3 covariant decomposition and
the tetrad formalism.Our aim was to match a Bianchi IX spacetime with
diagonal tetrad metric whose matter content is a perfect fluid, with a FRW
spacetime of positive curvature, throught a spacelike homogeneous hypersur-
face of constant time.For this matching we used the junction conditions of
Lichnerowicz.

According to the available today observational data the universe in large
scale is homogeneous and isotropic in average.Despite that, there are no seri-
ous reasons to assume that the universe was also homogeneous and isotropic
at its early stages.By the matching we described above, we attempted to cre-
ate a cosmological model which, after the initial singularity, evolves as homo-
geneous and anisotropic and at some instant of time becomes homogeneous
and isotropic.Even though at first it seemed possible to satisfy the junction
conditions, it was finally proved that at a neighborhood of the matching hy-
persuface the signature of the metric changes and as a result the matching
becomes impossible.

The thesis begins with a historical review of the evolution of relativistic
cosmology.In chapters 2 and 3 we analyse the known methods of 1+3 co-
variant decomposition and tetrad formalism, which are very useful tools for
the study of cosmological models.In chapter 4 we give the classification of
spacetimes according to their symmetries.In chapter 5 we study the fami-
ly of Bianchi spacetimes within the framework of 1+3 covariant description
and tetrad formalism.In chapters 6 and 7 we employ these methods in order
to study the the Bianchi IX and FRW spacetimes respectively.In chapter 8
we examine the possibility of the matching of a Bianchi IX spacetime with
diagonal tetrad metric whose matter content is a perfect fluid and a FRW
spacetime of positive curvature, by using the junction conditions of Lich-
nerowicz.The thesis ends with concluding remarks in chapter 9.Appendix A
contains proofs of equations and theorems that were omitted from the main
text.
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Kef�laio 1

Eisagwg 

1.1 Istorik  Anadrom 

H kosmologÐa eÐnai h melèth tou sÔmpantoc wc sunìlou.Mia epist mh pou
antimetwpÐzei olìklhrouc galaxÐec san na eÐnai mikr� antikeÐmena mporeÐ me
thn pr¸th mati� na faÐnetai apokommènh apì ta endiafèronta thc anjrwpìth-
tac.Parìla aut� h kosmologÐa asqoleÐtai me zht mata ta opoÐa parapèmpoun
se erwt mata pou eÐnai jemeli¸dh gia thn anjrwpìthta, p.q. apì poÔ proerqì-
maste, poÔ p�me kai ti eÐmaste.Oi kosmolìgoi jètoun erwt seic ìpwc: Apì
ti eÐdouc Ôlh apoteleÐtai to sÔmpan?EÐnai �peiro   peperasmèno?EÐnai statikì
h diastellìmeno?EÐqe mia arq  sto pareljìn kai ja èqei èna tèloc sto mèl-
lon?EÐnai epÐpedo, anoiqtì   kleistì?P¸c sqhmatÐsthkan oi di�forec domèc
ìpwc p.q oi galaxÐec?Dhlad  h kosmologÐa prospajeÐ na perigr�yei to pa-
reljìn, na exhg sei to parìn kai na problèyei to mèllon tou sÔmpantoc.

An kai arqik� up rxe kajar� filosofik  kai akìmh kai stic arqèc tou
eikostoÔ ai¸na arketa upojetik , h kosmologÐa stadiak� exelÐqjhke se xe-
qwristì episthmonikì kl�do q�rh sthn prìodo twn astronomik¸n parathr -
sewn kai sth diatÔpwsh thc Genik c JewrÐac thn Sqetikìthtac.

H Genik  JewrÐa thc Sqetikìthtac prot�jhke apì ton Einstein to 1915 kai
basÐzetai stic ènnoiec thc Diaforik c GewmetrÐac Riemann.EÐnai mÐa klasik 
jewrÐa, dhlad  ìqi kbantik , h opoÐa antimetwpÐzei ta barÔtika fainìmena
wc ekdhl¸seic thc << topik c >> kampÔlwshc tou tetradi�statou qwroqrìnou,
pou ofeÐletai sthn topik  katanom  thc sunolik c puknìthtac ìlwn twn mor-
f¸n m�zac (kai enèrgeiac).H kampÔlwsh aut  ekfr�zetai mèsw tou metrikoÔ
tanust  g, o opoÐoc perièqei plhroforÐec gia tic apeirostèc fusikèc apost�-
seic stic tèssereic diast�seic.H sqèsh aut  thc gewmetrÐac tou qwroqrìnou
me thn puknìthta thc Ôlhc pou perièqei apodÐdetai apì tic Exis¸seic PedÐou
tou Einstein.

9
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Apì th diatÔpws  thc mèqri s mera, h apotelesmatikìthta thc Genik c
Sqetikìthtac èqei eleqjeÐ me �meso kai èmmeso trìpo kai èqei d¸sei polÔ
akrib  apotelèsmata wc proc thn an�lush kai prìbleyh twn barutik¸n allh-
lepidr�sewn sto hliakì mac sÔsthma kai se galaxiak  klÐmaka.Wstìso, apì
thn arq  thc diatÔpwshc thc kai xekin¸ntac me ton Ðdio ton Einstein, h Genik 
Sqetikìthta jewr jhke ìti parèqei èna isqurì upìbajro gia th diatÔpwsh
enìc montèlou tou sÔmpantoc sunolik�.O kl�doc thc sÔgqronhc fusik c pou
asqoleÐtai me th melèth tou sÔmpantoc sta plaÐsia thc Genik c Sqetikìthtac
onom�zetai Sqetikistik  KosmologÐa.

Ja prèpei ed¸ na k�noume dÔo parathr seic.Pr¸ton, se kosmologikèc
klÐmakec h kurÐarqh dÔnamh pou kajorÐzei thn exèlixh tou sÔmpantoc eÐnai h
barÔthta.H asjen c kai h isqur  purhnik  dÔnamh eÐnai dun�meic mikr c em-
bèleiac (mikrìterhc twn 10−18m kai 10−15m antÐstoiqa).H barutik  kai h h-
lektromagnhtik  dÔnamh èqoun meg�lh embèleia.Se mikrèc apost�seic h baru-
tik  dÔnamh eÐnai amelhtèa se sÔgkrish me thn hlektromagnhtik .Se meg�lec
klÐmakec ìmwc to sÔmpan eÐnai hlektrik� oudètero.Epiplèon ta diagalaxi-
ak� magnhtik� pedÐa eÐnai arket� mikr� ¸ste oi magnhtikèc dun�meic na jew-
roÔntai ki autèc amelhtèec se kosmologik  klÐmaka.Epomènwc h barÔthta, h
asjenèsterh apì ìlec tic allhlepidr�seic apì th skopi� thc fusik c stoiqei-
wd¸n swmatidÐwn, eÐnai h dÔnamh pou kajorÐzei thn exèlixh tou sÔmpantoc
toul�qiston kat� to megalÔtero mèroc th istorÐac tou.

DeÔteron, ja prèpei na poÔme ìti eÐnai dunatìn na diatup¸soume mÐa ko-
smologÐa pou na basÐzetai sth Neut¸neia antÐlhyh gia th barÔthta, h opoÐa,
me thn prosj kh k�poion eidik¸n upojèsewn, mporeÐ na mac d¸sei apotelèsma-
ta parìmoia me aut� thc sqetikistik c kosmologÐac.EÐnai axioshmeÐwto ìmwc
ìti h efarmog  thc Neut¸neiac jewrÐac gia th barÔthta sthn kosmologÐa
ègine mìno afoÔ h sqetikistik  kosmologÐa eÐqe  dh edraiwjeÐ.

Skopìc thc kosmologÐac eÐnai na brei èna (majhmatikì) montèlo pou na
perigr�fei to sÔmpan.Profan¸c èna tètoio montèlo ja prèpei na brÐsketai se
sumfwnÐa me ta parathrhsiak� dedomèna.'Opwc eÐnai fusikì arqik� prospa-
joÔme na broÔme èna arket� aplì montèlo tou sÔmpantoc melet¸ntac mìno ta
kÔria qarakthristik� tou kai exomalÔnontac tic ìpoiec topikèc << anwmalÐec
>>, ìpwc eÐnai to hliakì sÔsthma, oi galaxÐec klp kai exet�zontac mìno th
sunolik  dunamik  tou sust matoc.'Otan broÔme autì to montèlo mporoÔme
na eis�goume tic di�forec << leptomèreiec >> ¸ste na katal xoume se mia pio
pl rh jewrÐa.

PolÔ shmantikì rìlo sthn eÔresh tou kosmologikoÔ autoÔ montèlou di-
adramatÐzei h legìmenh Kosmologik  Arq , sÔmfwna me thn opoÐa to sÔmpan
den diafèrei sto q¸ro apì shmeÐo se shmeÐo.Prìkeitai gia mia genÐkeush thc
Arq c tou Kopèrnikou, o opoÐoc upost rixe ìti h Gh den eÐnai to kèntro tou h-
liakoÔ sust matoc.Sto Ðdio pneÔma den perimènoume oÔte h Gh, oÔte to hliakì



1.1. ISTORIK�H ANADROM�H 11

mac sÔsthma, oÔte o GalaxÐac mac, oÔte akìmh kai to topikì sm noc galaxi-
¸n na katalamb�nei k�poia xeqwrist  jèsh sto sÔmpan.Dhlad  den up�rqei
kèntro tou sÔmpantoc!H kosmologik  arq  sunep�getai ìti to sÔmpan eÐnai
omogenèc kai isotropikì, dhlad  den up�rqoun protimhtèec jèseic kai kateu-
jÔnseic sto q¸ro.EÐnai mia aplousteutik  arq  afoÔ profan¸c to sÔmpan
eÐnai omogenèc kai isotropikì mìno kat� mèso ìro kai mìno se meg�lec klÐ-
makec (> 100Mpc).H upìjesh aut  xekÐnhse apì ton Einstein to 1931 kai
onom�sthke ètsi apì ton Edward Milne to 1933.

Stic arqèc tou eikostoÔ ai¸na up rqan polÔ lÐga axiìpista parathrhsi-
ak� dedomèna.Thn epoq  pou o Einstein ergazìtan p�nw sthn eÔresh enìc
montèlou gia to sÔmpan ta astronomik� dedomèna pou eÐqe sth di�jes  tou
katadeÐknuan ìti to sÔmpan perieÐqe mìno Ôlh kai aktinobolÐa kai  tan stati-
kì, dhlad  den up rqe kajìlou sunolik  diastol    sustol  (ektìc fusik�
apì tic topikèc kin seic ìpwc autèc twn planht¸n gÔrw apì ton  lio).Basizìmenoc
se aut� ta dedomèna kai ephreasmènoc apì tic kurÐarqec filosofikèc anti-
l yeic thc epoq c tou, o Einstein (kai �lloi ìpwc o De Sitter) prìteine to
1917 èna statikì kai uyhl c summetrÐac montèlo tou sÔmpantoc.'Omwc oi ar-
qikèc tou exis¸seic gia to barutikì pedÐo den epètrepan mia statik  lÔsh gia
èna sÔmpan to opoÐo perilamb�nei mÐa peperasmènh posìthta m�zac kai akti-
nobolÐac.'Ena tètoio sÔmpan ja èprepe eÐte na diastèlletai eÐte na sustèl-
letai, afoÔ an arqik�  tan statikì tìte k�poia stigm  ja �rqize na sustèl-
letai k�tw apì thn epÐdrash thc barÔthtac.To mìno epitreptì statikì sÔmpan
 tan èna �deio sÔmpan.'Etsi o Einstein anagk�sthke na prosjèsei stic exi-
s¸seic tou ènan epiplèon ìro o opoÐoc sth sunèqeia onom�sthke Kosmologi-
k  Stajer�.H epÐdrash thc kosmologik c stajer�c  tan na prosjèsei sthn
amoibaÐa barutik  èlxh metaxÔ twn swm�twn tou sÔmpantoc mÐa apwstik  dÔ-
namh arket  ¸ste na par�gei statik  isorropÐa.

Amèswc xekÐnhse mÐa diam�qh sqetik� me th fusik  shmasÐa thc kos-
mologik c stajer�c.Akìmh kai o Ðdioc o Einstein den  tan euqaristhmènoc
me thn eisagwg  thc kosmologik c stajer�c stic exis¸seic tou afoÔ jew-
roÔse ìti  tan <<sobar� epiblab c gia th summetrik  omorfi� thc jewrÐac
>>.

Thn epìmenh dekaetÐa, qarh sth doulei� tou Friedmann (1922) kai tou
Lemaitre (1927) apodeÐqjhke ìti oi exis¸seic tou Einstein, eÐte sthn arqik 
touc morf  eÐte me thn kosmologik  stajer�, epètrepan mh statikèc lÔseic.O
Friedmann èdeixe ìti oi exis¸seic epètrepan mia lÔsh diastol c   sustol c
tou sÔmpantoc me stajer  kampulìthta.Autì to sÔmpan ja mporoÔse na è-
qei arnhtik    mhdenik  kampulìthta kai na eÐnai �peirhc qwrik c èktashc
(anoiqtì)   na èqei jetik  kampulìthta kai na eÐnai peperasmènou sunolikoÔ
ìgkou (kleistì) pou aux�netai   mei¸netai me to qrìno.Ta montèla aut�, pou
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onom�zontai montèla Friedmann apoteloÔn lÔseic miac sun jouc diaforik c
exÐswshc pr¸tou bajmoÔ pou prokÔptei apì tic exis¸seic tou Einstein kai
onom�zetai exÐswsh Friedmann.O Lemaitre prìteine mia jewrÐa arqègonhc
èkrhxhc (pou argìtera exelÐqjhke sth jewrÐa thc Meg�lhc Ekrhxhc) gia thn
proèleush tou sÔmpantoc, sÔmfwna me thn opoÐa to sÔmpan xekÐnhse wc mia
polÔ pukn  kat�stash hlektromagnhtik c enèrgeiac kai Ôlhc kai kaj¸c di-
astellìtan kai krÔwne oi galaxÐec kai oi astèrec sumpukn¸jhkan upì thn
èpÐdrash thc barÔthtac.Se èna tètoio sÔmpan ta dunata montèla tou Fried-
mann diaqwrÐzontai apì th mèsh puknìthta thc Ôlhc sto sÔmpan, h opoÐa
diajètei mÐa krÐsimh tim .Epiplèon o Lemaitre apèdeixe ìti to peperasmèno
sÔmpan tou Einstein  tan astajèc, dhlad  an apèkline èstw kai lÐgo apì
thn isorropÐa eÐte ja diastellìtan (runaway expansion) eÐte ja sustellìtan
(runaway collapse).

Apì to 1912 èwc to 1925 o Vesto Slipher mètrhse tic fasmatikèc grammèc
fwtìc pou ft�nei se mac apì makrinoÔc galaxÐec.Br ke ìti oi fasmatikèc
grammèc apì ìlouc sqedìn touc galaxÐec parousi�zoun mÐa metatìpish proc
to erujrì (oi exairèseic, dhlad  oi galaxÐec twn opoÐwn oi fasmatikèc gram-
mèc parousi�zoun metatìpish proc to kuanì  tan ìloi kontinoÐ mac galaxÐec
entìc thc topik c mac om�dac).H metatìpish aut¸n twn qarakthristik¸n fa-
smatik¸n gramm¸n jewr jhke ìti  tan apotèlesma tou fainomènou Doppler,
epomènwc mèsw autoÔ mporoÔse na upologisteÐ h taqÔthta apom�krunshc twn
astèrwn pou ekpèmpoun autì to fwc.To sumpèrasma  tan ìti h meg�lh pleio-
yhfÐa twn makrun¸n galaxi¸n pou parat rhse o Slipher apomakrÔnontai apì
em�c, en¸ ja perÐmene kaneÐc ìti ìsoi galaxÐec parousi�zoun metatìpish proc
to erujrì, dhlad  apomakrÔnontai apì mac, �lloi tìsoi perÐpou na parousi�-
zoun metatìpish proc to kuanì, dhlad  na plhsi�zoun proc em�c.

Belti¸nontac tic teqnikèc tou Harlow Shapley, o Edwin Hubble mpìrese
na orÐsei anex�rthta tic apost�seic twn makrun¸n aut¸n galaxi¸n kai to
1929 apèdeixe teleiwtik� ìti oi galaxÐec èqoun mÐa taqÔthta apom�krunshc
h opoÐa eÐnai eujèwc an�logh thc apìstas c touc apì mac.H sqèsh aut 
onom�zetai nìmoc tou Hubble kai h stajer� analogÐac H0 stajer� tou Hubble
(Mìno se polÔ meg�lec apost�seic o nìmoc tou Hubble apoklÐnei apì th gram-
mikìthta).O mèsoc �njrwpoc pou den eÐnai exoikeiwmènoc me thn kosmologÐa
ja jewroÔse ìti o nìmoc tou Hubble parabi�zei thn kosmologik  arq , afoÔ
ek pr¸thc ìyewc faÐnetai ìti briskìmaste se èna polÔ xeqwristì shmeÐo tou
sÔmpantoc apì to opoÐo ìloi oi galaxÐec apomakrÔnontai.Sthn pragmatikìth-
ta autì pou blèpoume apì to galaxÐa mac eÐnai akrib¸c autì pou ja peri-
mèname na doÔme se èna sÔmpan to opoÐo ufÐstatai omogen  kai isotropik 
diastol .Dhlad  h erujr  metatìpish pou parathroÔme den ofeÐletai sthn
kÐnhsh twn twn galaxi¸n mèsa sto q¸ro all� sth diastol  tou Ðdiou tou
q¸rou.Se èna tètoio diastellìmeno sÔmpan opoiosd pote parathrht c, se
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ìpoion galaxÐa ki an brÐsketai, pisteÔei pwc brÐsketai sto kèntro tou sÔmpa-
ntoc.EpÐshc ja prèpei na shmei¸soume ìti den up�rqei ìrio, oÔte kan to c
,sthn taqÔthta apom�krunshc lìgw thc diastol c tou q¸rou.

To 1930 o Arthur Eddington antil fjhke ìti h ergasÐa tou Friedmann kai
tou Lemaitre pareÐqe mia fusik  ex ghsh tou nìmou tou Hubble.O Ðdioc o E-
instein episkeÔjhke to InstintoÔto TeqnologÐac thc Kalifìrnia to 1930-1931
kai suz thse me touc epist monec ekeÐ tic prìsfatec astronomikèc parathr -
seic.To 1931 telik� egkatèleiye thn kosmologik  stajer� kai uiojèthse thn
idèa tou diastellìmenou sÔmpantoc.Argìtera d lwse ìti h kosmologik  sta-
jer�  tan h megalÔterh gk�fa thc zw c tou.

Parìlo pou o nìmoc tou Hubble fainìtan na epibebai¸nei th jewrÐa thc
Meg�lhc 'Ekrhxhc, to 1948 oi Herman Bondi, Thomas Gold kai Fred Hoyle
prìteinan èna montèlo tou sÔmpantoc to opoÐo onom�zetai Steady-State mod-
el.To montèlo autì eÐnai sumbatì me to nìmo tou Hubble kai basÐzetai sthn
tèleia kosmologik  arq , sÔmfwna me thn opoÐa ìqi mìno den up�rqoun pro-
timhtèa shmeÐa sto q¸ro all� oÔte kai protimhtèec qronikèc stigmèc.Epomènwc
oi sunolikèc idiìthtec autoÔ tou sÔmpantoc ìpwc h mèsh puknìthta kai h sta-
jer� tou Hubble ja prèpei na paramènoun stajerèc me to qrìno.O nìmoc tou
Hubble s�aut  thn perÐptwsh sunep�getai ìti o q¸roc diastèlletai ekjetik�
me to qrìno.EpÐshc to sÔmpan ja prèpei na èqei �peirh hlikÐa afoÔ an u-
p rqe mÐa qronik  stigm  kat� thn opoÐa to sÔmpan �rqise na diastèlletai
ja parabi�zontan h tèleia kosmologik  arq .'Omwc to na up�rqei stajer 
puknìthta Ôlhc en¸ to sÔmpan diastèlletai shmaÐnei ìti ja prèpei suneq¸c
na dhmiourgeÐtai nèa Ôlh.

Tic dekaetÐec tou 1950 kai 1960 to montèlo thc Meg�lhc 'Ekrhxhc kai
to Steady-State model m�qontan gia to poio ja kuriarq sei.Oi polèmioi tou
Steady-State model upost rizan ìti h suneq c dhmiourgÐa nèac Ôlhc para-
bi�zei thn Arq  Diat rhshc M�zac - Enèrgeiac.Oi upèrmaqoÐ tou upost rizan
ìti h suneq c dhmiourgÐa Ôlhc den eÐnai perissìtero par�logh apì th stigmiaÐa
dhmiourgÐa tou sÔmpantoc apì mÐa Meg�lh 'Ekrhxh.Parathrhsiak� dedomèna
ikanopoihtik c poiìthtac kai posìthtac, pou na parèqoun stouc kosmolì-
gouc th dunatìthta na elègxoun tic upojèseic touc èginan diajèsima mìno
apo tic arqèc tou 1960 kai met� kai belti¸jhkan shmantik� ta epìmena 20
qrìnia.Ta dedomèna aut� èdeixan ìti to sÔmpan eÐnai kat� mèso ìro isotropikì
kai omogenèc, all� h tèleia kosmologik  arq  den isqÔei kai oi idiìthtec tou
sÔmpantoc all�zoun me to qrìno.

H pio shmantik  parat rhsh pou ègeire thn pl�stigga upèr tou montè-
lou thc Meg�lhc 'Ekrhxhc  tan h anak�luyh thc Kosmik c AktinobolÐac
Upob�jrou (Cosmic Microwave Background-CMB) apì touc Arno Penzias
kai Robert Wilson to 1965.Oi dÔo Amerik�noi radioastronìmoi apof�sisan
na qrhsimopoi soun mia keraÐa meg�lhc euaisjhsÐac gia na k�noun k�poiec
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r�dio-parathr seic tou galaxÐa mac.Anak�luyan èna s ma upob�jrou Ðshc
èntashc se ìlec tic kateujÔnseic.Arqik� to je¸rhsan jìrubo lìgw twn
org�nwn, ìmwc par� tic prosp�jeièc touc den mpìresan na exaleÐyoun to s -
ma autì.EpÐshc den mporoÔsan na sundèsoun aut  thn aktinobolÐa me k�poio
astèri, galaxÐa   k�poia �llh memonwmènh our�nia phg .Telik� èpeita apì ar-
ketoÔc elègqouc diapist¸jhke ìti autì pou eÐqan metr sei  tan mÐa omogen c
kai isotropik  aktinobolÐa sthn perioq  twn mikrokum�twn pou parousÐaze
èna f�sma mèlanoc s¸matoc me jermokrasÐa perÐpou 3K.Me th bo jeia tou
Robert Dicke, katèlhxan sto sumpèrasma ìti h aktinobolÐa aut  mporoÔse
na exhghjeÐ mìno wc kat�loipo thc Meg�lhc 'Ekrhxhc. An kai h Ôparxh thc
aktinobolÐac upob�jrou wc kat�loipo thc Meg�lhc 'Ekrhxhc eÐqe  dh prob-
lefjeÐ apì touc George Gamow,Ralph Alpher kai Robert Herman to 1948,
h prìbley  touc aut  eÐqe pèsei sthn af�neia.'Htan h pr¸th for� pou èna
kosmologikì montèlo eÐqe elegqjeÐ peiramatik�.Oi Penzias kai Wilson p ran
gia thn anak�luy  touc aut  to brabeÐo Nobel fusik c to 1978.

Epiplèon to 1963-65 anaklÔfjhk�n phgèc fwtìc meg�lhc èntashc oi opoÐec
apomakrÔnontai apì mac me meg�lh taqÔthta.Oi phgèc autèc onom�sthkan
quasars apì tic lèxeic quasi-stellar radio source (hmiastrik  radiophg ) kai
apì to nìmo tou Hubble sumperaÐnoume ìti brÐskontai uperbolik� makri�
(109 − 1010 èth fwtìc).Bèbaia to na koit�zei kaneÐc èna makrinì galaxÐa
isodunameÐ me to na koit�zei polÔ pÐsw sthn istorÐa tou sÔmpantoc, afoÔ
h taqÔthta tou fwtìc eÐnai peperasmènh.Epomènwc h Ôparxh phg¸n tìso
polÔ lamprìterwn apì touc galaxÐec pio makri� mac kai ìqi pio kont� mac
apoteleÐ èndeixh ìti to sÔmpan  tan sto pareljìn polÔ diaforetikì ap> ìti
eÐnai t¸ra.Autì p�li mporeÐ na jewrhjeÐ wc stoiqeÐo pou sumfwneÐ me to mo-
ntèlo thc Meg�lhc 'Ekrhxhc all� ìqi me to Steady-State model.Met� apì tic
anakalÔyeic autèc ìlo kai perissìteroi fusikoÐ suneidhtopoÐhsan ìti to na
mporèsoume na perigr�youme thn istorÐa tou sÔmpantoc den eÐnai episthmonik 
fantasÐa kai �rqisan na asqoloÔntai me thn kosmologÐa.

Tic teleutaÐec dekaetÐec to montèlo pou jewreÐtai apì thn pleioyhfÐa
twn kosmolìgwn ìti perigr�fei kalÔtera thn exèlixh tou sÔmpantoc eÐnai to
montèlo thc Zest c Meg�lhc 'Ekrhxhc, sÔmfwna me to opoÐo arqik� ìlh h
Ôlh kai enèrgeia tou sÔmpantoc  tan sugkentrwmènh se mÐa arqik  anwmalÐa
kai to sÔmpan, dhlad  o qrìnoc, o q¸roc kai ìlec oi morfèc Ôlhc, �rqise
na up�rqei ìtan sunèbh èna kataklusmiaÐo gegonìc pou onom�zetai Meg�-
lh 'Ekrhxh.Apì majhmatik  skopi� h dunamik  exèlixh tou montèlou autoÔ
qarakthrÐzetai apì dunamikèc exis¸seic pou perigr�foun mÐa diastellìmenh
omogen  kai isotropik  katanom  Ôlhc (se sumfwnÐa kai me thn kosmologik 
arq ).Autèc oi exis¸seic arqik� brèjhkan, ìpwc eÐdame, apì to Friedman-
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n (1922) kai ton Lemaitre (1927).'Ena pio gewmetrikì plaÐsio melet jhke
argìtera apì ton Robertson (1935) kai ton Walker (1936) kai gi> autì ta ka-
jierwmèna montèla thc sqetikistik c kosmologÐac onom�zontai kai montèla
Friedmann-Lemaitre-Robertson-Walker (FLRW).To montèlo autì sumfwneÐ
se meg�lo bajmì me ta parathrhsiak� dedomèna pou eÐnai diajèsima s me-
ra.Oi megalÔterec epituqÐec tou eÐnai h ermhneÐa thc Ôparxhc tou CMB kai
tou nìmou tou Hubble kai h sumfwnÐa twn jewrhtik¸n ektim sewn me ta
parathroÔmena posost� twn bari¸n stoiqeÐwn.Par� tic epituqÐec tou to mo-
ntèlo autì paroÔsi�zei kai arket� probl mata gia thn epÐlush twn opoÐwn
anaptÔqjhkan di�forec jewrÐec, ìpwc h jewrÐa tou plhjwrismoÔ pou pro-
t�jhke arqik� apì ton Guth to 1981 kai èqei uposteÐ arket  epexergasÐa
mèqri s mera (p.q. << qaotikìc plhjwrismìc >>, Linde 1983) , pou basÐzontai
kurÐwc sthn kbantik  fusik , sth fusik  stoiqeiwd¸n swmatidÐwn kai sth
jewrÐa qord¸n. Epiplèon s mera èqoume endeÐxeic gia thn Ôparxh mÐac morf c
Ôlhc pou mporeÐ na aniqneujeÐ mìno èmmesa, q�rh sth barutik  epÐdrash pou
askeÐ sth sunhjismènh Ôlh kai gi�autì onom�zetai skotein  Ôlh, kaj¸c kai
gia thn Ôparxh mÐac morf c enèrgeiac pou onom�zetai skotein  enèrgeia.MÐa
pijanìthta eÐnai h puknìthta aut c thc morf c enèrgeiac na paramènei sta-
jer  me to qrìno.S�aut  thn perÐptwsh h skotein  enèrgeia onom�zetai Kos-
mologik  Stajer� giatÐ h epÐdras  thc sthn exèlixh tou sÔmpantoc eÐnai
parìmoia me aut  thc kosmologik c stajer�c tou Einstein!Ja jèlame ed¸
epÐshc na shmei¸soume ìti oi Penzias kai Wilson mètrhsan to CMB mìno se
èna m koc kÔmatoc kai br kan ìti  tan teleÐwc isotropikì.S mera, q�rh se
metr seic pou èqoun gÐnei apì touc dorufìrouc COBE to 1992 kai WMAP
to 2003 èqoume mÐa pl rh eikìna tou f�smatoc tou CMB kai epÐshc èqoume
aniqneÔsei diataraqèc   kalÔtera anisotropÐec sto f�sma autì thc t�xhc tou
10−5 oi opoÐec brÐskontai se sumfwnÐa me tic jewrhtikèc problèyeic.An den
up rqan autèc oi anisotropÐec kai to arqègono sÔmpan  tan pl rwc omogenèc
kai isotropikì den ja  tan dunatìn na dhmiourghjoÔn ta �stra, oi galaxÐec
ktl.Tèloc ja prèpei na anafèroume ìti up�rqoun kai jewrÐec enallaktikèc
thc Meg�lhc 'Ekrhxhc akìmh kai thc Genik c Sqetikìthtac.

Oi exis¸seic Einstein gia ton tetradi�stato qwroqrìno apoteloÔn èna
polÔploko sÔsthma dèka peplegmènwn, mh-grammik¸n merik¸n diaforik¸n exi-
s¸sewn deÔterhc t�xhc gia tic dèka sunist¸sec tou metrikoÔ tanust .ExaitÐac
thc meg�lhc poluplokìthttac autoÔ tou sust matoc exis¸sewn mìno lÐgec
kai polÔ eidik c morf c akribeÐc lÔseic tou eÐnai gnwstèc s mera.Oi lÔseic
autèc, en gènei, apokt¸ntai eÐte jewr¸ntac orismènec exidanikeumènec sum-
metrÐec tou qwroqrìnou   epib�llontac algebrikoÔc   dunamikoÔc periori-
smoÔc stic di�forec gewmetrik� orismènec posìthtec.
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Kaj¸c eÐnai sqedìn bèbaio ìti h genik  akrib c lÔsh twn exis¸sewn
pedÐou tou Einstein (an up�rqei!) ja parameÐnei �gnwsth gia arketì kairì
akìmh, par�llhla me tic prosp�jeiec akriboÔc epÐlushc èqoun anaptuqjeÐ
treic diaforetikèc mèjodoi èreunac kajemÐa apì tic opoÐec parousi�zei pleone-
kt mata kai meionekt mata.Prìkeitai gia tic proseggistikèc, gia tic arijmhtikèc
kai gia tic poiotikèc mejìdouc.Sthn pr¸th kathgorÐa perilamb�nontai mè-
jodoi grammik¸n diataraq¸n ìpwc autèc twn qwroqrìnwn FRW.'Oson afor�
th deÔterh kathgorÐa, pou esti�zei sthn arijmhtik  epÐlush twn exis¸sewn
pedÐou, aut  parousÐase meg�lh �njish q�rh sthn an�ptuxh twn isqur¸n up-
ologist¸n kat� tic teleutaÐec dekaetÐec.'Omwc, h eurÔterh kathgorÐa, sthn
opoÐa èqei gÐnei kai gÐnetai entatik  èreuna, eÐnai h teleutaÐa, ìpou per-
ilamb�nontai ta zht mata Ôparxhc kai monos mantou twn lÔsewn, olik c
gewmetrÐac, anwmali¸n klp.Ed¸ efarmìzontai eurèwc, ìtan autì eÐnai efiktì
ìpwc p.q. sthn perÐptwsh twn omogen¸n qwroqrìnwn, Qamiltonianèc mèjodoi
kai mèjodoi thc jewrÐac dunamik¸n susthm�twn.

'Ena polÔ qr simo ergaleÐo, pou efarmìzetai suqn� sth sqetikistik  ko-
smologÐa kai ja qrhsimopoihjeÐ kai se aut  th diatrib , eÐnai h 1+3 Sun�l-
loÐwth Perigraf , h opoÐa eÐnai mÐa an�lush ìlwn twn gewmetrik� orismènwn
posot twn tou qwroqrìnou kai twn exis¸sewn pou tic sundèoun, par�llh-
la kai k�jeta se sqèsh me mÐa proex�rqousa oikogèneia qronoeid¸n ( future-
pointing) kampÔlwn me efaptìmeno di�nusma u.H 1+3 sunalloÐwth perigraf 
antÐ na esti�zei sth metrik , esti�zei sth diereÔnhsh twn dunamik¸n sqèsewn
an�mesa se gewmetrikèc posìthtec megalÔterou fusikoÔ endiafèrontoc, ìpwc
oi metablhtèc tou reustoÔ kai thc kampulìthtac.Epiplèon, epeid  sth genik 
sqetikìthta èqoume pl rh eleujerÐa wc proc thn epilog  twn suntetagmènwn,
eÐnai protimìtero na qrhsimopoioÔme tanustikèc exis¸seic, oi opoÐec isqÔoun
se ìla ta sust mata suntetagmènwn, gia na perigr�foume th fusik  kai th
gewmetrÐa tou qwroqrìnou.Autì apoteleÐ èna akìmh pleonèkthma thc peri-
graf c aut c.H 1+3 sunalloÐwth perigraf  anaptÔqjhke arqik� apì touc
Raychaudhuri, Schucking, Ehlers, Sachs kai Trumper kai argìtera apì ton
Ellis (blèpe kai [32] sel.4-6 gia tic sqetikèc anaforèc).Sth diatrib  aut  ja
qrhsimopoi soume epÐshc ton tetradikì formalismì pou apoteleÐ sumpl rwma
thc 1+3 sunalloÐwthc perigraf c.

H kosmologÐa kat� th di�rkeia tou eikostoÔ ai¸na kat�fere na metatrapeÐ
apì filosofik  anaz thsh se episthmonik  melèth.Q�rh sth Genik  JewrÐa
thc Sqetikìthtac tou Einstein kai thn prìodo twn astronomik¸n parathr -
sewn oi kosmolìgoi èqoun plèon th dunatìthta ìqi mìno na fti�qnoun jew-
rhtik� montèla pou na perigr�foun to sÔmpan, all� kai na elègqoun th sum-
fwnÐa twn montèlwn aut¸n me tic parathr seic.Epiplèon sthn katanìhsh thc
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exèlixhc tou sÔmpantoc emplèkontai plèon kai �lloi kl�doi thc fusik c ìpwc
eÐnai h fusik  stoiqeiwd¸n swmatidÐwn.

Parìlec tic mèqri t¸ra epituqÐec thc kosmologÐac den paÔoun na up�r-
qoun poll� probl mata tìso apì thn pleur� thc jewrhtik c fusik c ìso kai
thc peiramatik c.Sthn prosp�jei� mac na katano soume to sÔmpan eÐmaste
anagkasmènoi na qrhsimopoi soume fusikoÔc nìmouc pou èqoume epibebai¸sei
ìti isqÔoun topik�, se klÐmakec pou den mporoÔme na eÐmaste sÐgouroi ìti ex-
akoloujoÔn na isqÔoun p.q h Genik  Sqetikìthta anamènetai na katarrèei kai
na paÔei na isqÔei prin apì to legìmeno qrìno Planck 10−43s met� th Meg�lh
'Ekrhxh, ìpìte ja prèpei na brejeÐ mÐa nèa jewrÐa, Ðswc h Kbantik  BarÔthta
  k�ti �llo, pou na perigr�fei autèc tic arqikèc stigmèc tou sÔmpantoc.To
pio shmantikì ìmwc prìblhma thc kosmologÐac pou th diaforopoieÐ apì ìlouc
touc �llouc kl�douc thc fusik c eÐnai to gegonìc ìti, se antÐjesh me touc
�llouc kl�douc thc fusik c pou eÐnai dunatì ereun soun di�fora fainìmena
k�nontac epanalambanìmena peir�mata sta ergast ria k�tw apì elegqìmenec
sunj kec, sthn kosmologÐa den up�rqei aut  h dunatìthta.To sÔsthma pou
melet� h kosmologÐa eÐnai monadikì kai mh epanalambanìmeno!K�tw apì au-
toÔc touc periorismoÔc eÐnai pragmatik� ekplhktikì to gegonìc ìti èqoume
katafèrei na kataskeu�soume tìso epituqhmèna kosmologik� montèla.

Oi plhroforÐec aut c thc istorik c anadrom c kaj¸c kai perissìterec
leptomèreiec sqetik� me to kajierwmèno kosmologikì montèlo kai tic enal-
laktikèc jewrÐec mporoÔn na brejoÔn gia par�deigma sta: [5] kef�laio 18,
[20], [9], [11], [6] kef�laio 22 , [26] kef�laio 2, [7] kef�laio 1.

1.2 Anomoiogen  kai Anisotropik� Kosmologik�
Montèla

'Opwc èqoume  dh anafèrei, polÔ shmantikì rìlo sthn kosmologÐa paÐzei h
Kosmologik  Arq , sÔmfwna me thn opoÐa se k�je qronik  stigm  to sÔmpan
faÐnetai Ðdio apì k�je shmeÐo, ektìc fusik� apì tic topikèc anwmalÐec.Dhlad 
den up�rqoun oÔte protimhtèa shmeÐa oÔte protimhtèec kateujÔnseic sto q¸ro.Kat�
sunèpeia to sÔmpan ja prèpei na eÐnai omogenèc kai isotropikì.Fusik� h Kos-
mologik  Arq  eÐnai mia aplousteutik  arq  kai anafèretai sto sÔmpan se
meg�lh klÐmaka kai kat� mèso ìro.

Profan¸c, ìpwc kai k�je jewrÐa thc fusik c, h Kosmologik  Arq  ja
prèpei na epibebai¸netai apì tic parathr seic gia na isqÔei.EÐnai shmantikì
loipìn na anafèroume poia eÐnai ta parathrhsiak� dedomèna pou thn uposthrÐ-
zoun.Oi parathr seic twn orat¸n galaxi¸n den eÐnai kai tìso akribeÐc all�
upodeiknÔoun ìti h katanom  touc eÐnai isotropik  me mÐa apìklish thc t�xhc
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tou 30%.Oi metr seic thc stajer�c tou Hubble proteÐnoun ìti eÐnai isotropik 
me apìklish 25% perÐpou.Oi parathr seic radio-galaxi¸n apokalÔptoun ìti
h katanom  touc eÐnai polÔ pio isotropik  me apìklish apo thn isotropÐa
mikrìterh tou 5%.To Ðdio isqÔei kai gia tic kosmikèc aktÐnec - Q pou di-
apotÐzoun to sÔmpan.'Omwc to pio shmantikì stoiqeÐo pou uposthrÐzei thn
kosmologik  arq  eÐnai fusik� h Ôparxh tou CMB, h katanom  tou opoÐou
eÐnai isotropik  me apìklish thc t�xhc klasm�twn tou ekatostoÔ.H qwrik 
omogèneia uposthrÐzetai epÐshc kai apì th grammikìthta tou nìmou tou Hub-
ble.

Par� ton uyhlì bajmì isotropÐac kai omogèneiac pou parathroÔme s me-
ra arketoÐ kosmolìgoi èqoun melet sei anisotropik� kai anomoiogen  kos-
mologik� montèla gia treic basikoÔc lìgouc: Pr¸ton, oi upologismoÐ twn
statistik¸n diakum�nsewn sta montèla Friedmann deÐqnoun ìti den mporoÔn
na katarreÔsoun arket� gr gora ¸ste na sqhmatÐsoun touc parathroÔme-
nouc galaxÐec.DeÔteron, an kai up�rqoun shmantikoÐ lìgoi pou uposthrÐzoun
th jewrÐa thc Meg�lhc 'Ekrhxhc, den up�rqei k�poioc sobarìc lìgoc na upo-
jèsoume ìti h arqik  anwmalÐa  tan sfairik� summetrik  ìpwc upojètoun ta
montèla Friedmann.Tèloc, eÐnai polÔ pijanì to sÔmpan na  tan anisotropikì
kai anomoiogenèc sta arqik� tou st�dia, all� ìti up�rqei k�poioc mhqanis-
mìc o opoÐoc << èsbhse >> aut� ta qarakthristik� tou sÔmpantoc kat� thn
epakìloujh exèlixh, anex�rthta apì tic arqikèc sunj kec.

Apì jewrhtik c �poyhc èqei gÐnei polÔ shmantik  doulei� sth diereÔnhsh
twn mh-omoiogen¸n kai anisotropik¸n montèlwn.MÐa om�da tètoiwn lÔsewn
eÐnai ta montèla Bianchi, ta opoÐa ja mac apasqol soun kai se aut  th
diatrib .Prìkeitai gia qwrik� omogeneÐc all� anisotropikoÔc qwroqrìnouc
pou melet jhkan arqik� apì ton Bianchi, o opoÐoc touc taxinìmhse se ennèa
kathgorÐec (Bianchi I,II,III,IV,V,VI,VII,VIII,IX).Oi exis¸seic pedÐou sthn
perÐptwsh twn qwroqrìnwn Bianchi aplopoioÔntai se sun jeic diaforikèc e-
xis¸seic me to qrìno wc anex�rthth metablht , oi opoÐec mporoÔn na diereun-
hjoÔn eÐte me arijmhtikèc eÐte me poiotikèc mejìdouc.Oi qwroqrìnoi Bianchi,
en gènei, èqoun anwmalÐec.(blèpe [6] sel.313-314 )

1.3 Basikèc Sqèseic
Gia na perigr�youme èna kosmologikì montèlo pou basÐzetai sth Genik 
Sqetikìthta prèpei na prosdiorÐsoume ta ex c basik� qarakthristik� tou:

1. MÐa 4-di�stath diaforik  yeudorhm�nia pollaplìthta M pou perigr�fe-
tai apì suntetagmènec {xi}, i = 0, 1, 2, 3, oi opoÐec mporoÔn na epilegoÔn
aujaÐreta.
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2. 'Enan summetrikì metrikì tanust  gij(x
k) pou perigr�fei th qwroqronik 

gewmetrÐa thc pollaplìthtac.
3. 'Enan tanust  orm c - enèrgeiac Tij o opoÐoc perigr�fei thn enèrgeia,

thn orm  kai thn pÐesh ìlwn twn pedÐwn Ôlhc (kai enèrgeiac) pou up�r-
qoun sto qwroqrìno.H sumperifor� k�je eÐdouc Ôlhc perigr�fetai apì
mÐa katastatik  exÐswsh.

4. Thn allhlepÐdrash gewmetrÐac - Ôlhc, dhlad  to p¸c h Ôlh kajorÐzei th
gewmetrÐa h opoÐa me th seir� thc kajorÐzei thn kÐnhsh thc Ôlhc.JewroÔme
ìti h perigraf  thc allhlepÐdrashc aut c gÐnetai mèsw twn exis¸sewn
Einstein, oi opoÐec se gewmetrikopoihmènec mon�dec eÐnai:

Gij ≡ Rij −
1

2
Rgij = Tij − Λgij (1.1)

ìpou Gij eÐnai o tanust c tou Einstein, Rij ≡ Rk
ikj eÐnai o tanust c

tou Ricci   bajmwt  kampulìthta, R ≡ gijR
ij eÐnai to bajmwtì tou

Ricci, Tij o tanust c orm c - enèrgeiac kai Λ h kosmologik  staje-
r�. O tanust c Einstein ikanopoieÐ tic twice-contracted tautìthtec tou
Bianchi:

∇jG
ij = 0 ⇒ ∇jT

ij = 0 (1.2)
pou diasfalÐzoun th diat rhsh thc sunolik c enèrgeiac - orm c, me thn
proôpìjesh ìti h kosmologik  stajer� ikanopoieÐ th sqèsh ∇iΛ = 0,
dhlad  ìti eÐnai stajer  sto q¸ro kai sto qrìno.
Autèc oi exis¸seic mazÐ kajorÐzoun th dunamik  exèlixh tou montèlou.

5. Tic parathrhsiakèc problèyeic tou montèlou.
'Oson afor� thn perigraf  thc Ôlhc tou montèlou oi pio sunhjismènec epi-
logèc eÐnai mÐa   ènac sunduasmìc twn parak�tw:

• èna reustì me mÐa kajorismènh katastatik  exÐswsh, p.q. èna idanikì
reustì.

• èna meÐgma reust¸n sun jwc me diaforetikèc tetrataqÔthtec.
• èna bajmwtì pedÐo F me dunamikì V (Φ).
• èna hlektromagnhtikì pedÐo pou perigr�fetai apì tic exis¸seic pedÐou
tou Maxwell.
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Epiplèon se èna kosmologikì montèlo orÐzoume se k�je shmeÐo tou qwro-
qrìnou èna tetradi�nusma u to opoÐo eÐnai monadiaÐo (uiu

i = −1) kai onom�ze-
tai tetrataqÔthta.To di�nusma autì antiproswpeÔei th mèsh kÐnhsh thc Ôlhc
s> ekeÐno to shmeÐo.Oi pagkìsmiec grammèc pou orÐzontai apì autì to di-
anusmatikì pedÐo eÐnai oi pagkìsmiec grammèc twn jemeliwd¸n parathrht¸n,
dhlad  twn parathrht¸n ekeÐnwn pou ekteloÔn th mèsh kÐnhsh thc Ôlhc se
k�je qwroqronikì shmeÐo.An t eÐnai o idioqrìnoc ìpwc metr�tai kat� m koc
aut¸n twn gramm¸n tìte h tetrataqÔthta dÐnetai apì th sqèsh ui = dxi/dτ .

'Opwc èqoume  dh tonÐsei gia na eÐnai èna kosmologikì montèlo apode-
ktì ja prèpei oi problèyeic tou na sumfwnoÔn me tic astronomikèc parathr -
seic.EÐnai ìmwc shmantikì na anafèroume ìti èna kosmologikì montèlo mporeÐ
na jewreÐtai apodektì akìmh kai an den eÐnai realistikì gia thn perigraf 
olìklhrhc thc exèlixhc tou sÔmpantoc all� mìno p.q gia meg�lec klÐmakec
  gia ta polÔ arqik� st�dia thc istorÐac tou sÔmpantoc.S> aut  th diatrib 
den ja asqolhjoÔme me thn parathrhsiak  kosmologÐa, all� kurÐwc me thn
efarmog  twn gewmetrik¸n kai majhmatik¸n arq¸n thc Genik c Sqetikìthtac
sthn kosmologÐa.

1.4 Sumb�seic-SumbolismoÐ
Sthn ergasÐa aut  qrhsimopoi same tic parak�tw sumb�seic kai sumboli-
smoÔc

• Gia th qarakthristik  thc metrik c uiojet same th sÔmbash: (−, +, +, +)

• Qrhsimopoi same gewmetrikopoihmènec mon�dec: c = 1 = 8πG/c2

• Oi ellhnikoÐ deÐktec α, β, γ, ... paÐrnoun tic timèc 1, 2, 3.
Oi latinikoÐ deÐktec i, j, k, ... kai a, b, c, ... paÐrnoun tic timèc 0, 1, 2, 3

• O tanust c tou Ricci orÐzetai wc: Rij = Rk
ikj

• Gia th merik  par�gwgo qrhsimopoi same touc sumbolismoÔc:
∂

∂xi
≡ ∂i ≡ , i

• Gia th sunalloÐwth par�gwgo qrhsimopoi same touc sumbolismoÔc: ∇i ≡ ; i



1.5. DOM�H THS DIATRIB�HS 21

1.5 Dom  thc Diatrib c
Sth diatrib  aut  melet same touc omogeneÐc kai anisìtropouc qwroqrìnouc
tÔpou Bianchi IX sta plaÐsia thc 1+3 sunalloÐwthc perigraf c kai tou
tetradikoÔ formalismoÔ kai epiqeir same na touc sundèsoume me touc qwro-
qrìnouc FRW ètsi ¸ste na prokÔyei ènac qwroqrìnoc o opoÐoc xekin� apì
mÐa arqik  anwmalÐa, exelÐssetai wc anisìtropo Bianchi IX mèqri k�poia
qronik  stigm  t0 kai sth sunèqeia metatrèpetai se FRW jetik c kampulìth-
tac.Sugkekrimmèna:

To Kef�laio 2 apoteleÐ mÐa parousÐash thc 1+3 sunalloÐwthc perigraf c
kai twn exis¸sewn exèlixhc kai desm¸n pou prokÔptoun sta pl�isia thc peri-
graf c aut c, mèsw twn tautot twn tou Ricci kai tou Bianchi gia ton tanust 
kampulìthtac Riemann, se sunduasmì me tic exis¸seic pedÐou tou Einstein.

Sto Kef�laio 3 melet�me ton tetradikì formalismì.MÐa tetr�da apoteleÐ-
tai apì tèssera dianusmatik� pedÐa ta opoÐa apoteloÔn mÐa b�sh sto qwro-
qrìno.O tetradikìc formalismìc sumplhr¸nei thn 1+3 sunalloÐwth peri-
graf .Sto kef�laio autì exet�zoume to genikì all� kai ton orjokanoni-
kì tetradikì formalismì.O teleutaÐoc qrhsimopoieÐtai eurèwc giatÐ aplopoieÐ
shmantik� tic exis¸seic, eis�gei ìmwc orismènouc periorismoÔc.EmeÐc ja qrhsi-
mopoi soume to genikì tetradikì formalismì.

Sto Kef�laio 4 parajètoume thn kathgoriopoÐhsh twn kosmologik¸n
qwroqrìnwn an�loga me tic summetrÐec pou perièqoun, oi opoÐec ekfr�zontai
apì majhmatik  �poyh mèsw thc om�dac isometri¸n pou dra se autoÔc.IdiaÐterh
èmfash dÐnetai stouc qwrik� omogeneÐc qwroqrìnouc.

Sto Kef�laio 5 efarmìzoume thn 1+3 sunalloÐwth perigraf  kai ton
tetradikì formalismì sthn perÐptwsh twn qwroqrìnwn Bianchi kai brÐskoume
th morf  twn exis¸sewn exèlixhc kai desm¸n.

Sto Kef�laio 6 exet�zoume touc qwroqrìnouc Bianchi IX.To kef�laio
autì apoteleÐtai apì dÔo mèrh.Sto pr¸to mèroc epilègoume qwroqrìnouc
Bianchi IX me diag¸nia tetradik  metrik  pou èqoun wc ulikì perieqìmeno èna
idanikì reustì kai ex�goume tic exis¸seic exèlixhc kai desm¸n.Sto deÔtero
mèroc eis�goume suntetagmènec kai parajètoume th diadikasÐa eÔreshc anal-
loÐwthc b�shc stouc qwroqrìnouc Bianchi IX.

Sto kef�laio 7 melet�me touc qwroqrìnouc FRW kai ex�goume tic exi-
s¸seic exèlixhc kai desm¸n.H oikogèneia twn qwroqrìnwn FRW apoteleÐ mÐa
eidik  perÐptwsh thc oikogèneiac qwroqrìnwn Bianchi pou parousi�zei uyh-
lìterh summetrÐa.

Sto Kef�laio 8 epiqeiroÔme na sundèsoume touc qwroqrìnouc Bianchi IX
me diag¸nia tetradik  metrik  kai touc qwroqrìnouc FRW jetik c kampulì-
thtac p�nw se mÐa uperepif�neia t =stajerì, qrhsimopoi¸ntac tic sunj kec
sÔndeshc tou Lichnerowicz oi opoÐec apaitoÔn th sunèqeia thc metrik c kai
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twn pr¸twn parag¸gwn thc p�nw sthn uperepif�neia.
H diatrib  oloklhr¸netai me ta sumper�smata sto Kef�laio 9.Sto Par�rth-

ma A paratÐjentai apodeÐxeic sqèsewn kai jewrhm�twn pou krÐjhke skìpimo
na mhn enswmatwjoÔn sto kurÐwc keÐmeno gia th diathrhsh thc sunoq c tou
keimènou.EpÐshc ja prèpei na anafèroume ìti orismènoi apì touc upologismoÔc
tou kefalaÐou 6 pragmatopoi jhkan kai me to prìgramma Wolfram Mathemat-
ica 6.0 kai ta pakèta RGTC kai EDC ta opoÐa èqoun dhmiourghjeÐ apì ton
S.Mpon�no.



Kef�laio 2

1+3 SunalloÐwth Perigraf 

Gia th majhmatik  perigraf  enìc kosmologikoÔ qwroqrìnou o opoÐoc
perièqei mÐa katanom  m�zac - enèrgeiac mporoÔme p�nta na orÐsoume èna
monadiaÐo qronoeidèc (future pointing) dianusmatikì pedÐo u, th jemeli¸-
dh tetrataqÔthta, to opoÐo eÐnai efaptìmeno stic pagkìsmiec grammèc miac
oikogèneiac jemeliwd¸n parathrht¸n.An jewr soume ìti h Ôlh tou sÔmpa-
ntoc sumperifèretai san reustì tìte to qronoeidèc autì dianusmatikì pedÐo
mporeÐ na epilegeÐ ètsi ¸ste topik� na antiproswpeÔei th mèsh tetrataqÔthta
tou reustoÔ autoÔ.Aut  bèbaia den eÐnai h mình dunat  epilog  gia to u.An
sto qwroqrìno up�rqei k�poia �llh proex�rqousa qronoeid c dieÔjunsh h
opoÐa ja mporoÔse p.q. na kajorÐzetai apì th gewmetrÐa tou (ìpwc p.q.
mia k�jeth dieÔjunsh se mÐa oikogèneia omogen¸n trisdi�statwn qwroeid¸n
uperepifanei¸n) tìte eÐnai dunatìn na epilegeÐ aut  gia ton orismì autoÔ tou
dianusmatikoÔ pedÐou.Se aut  thn perÐptwsh ìmwc prèpei na eÐmaste prosekti-
koÐ sto ìti to u mporeÐ na mhn diathreÐ ton qronoeid  tou qarakt ra kaj�ìlo
to m koc thc troqi�c tou.

Sto kef�laio autì ja parajèsoume thn <<1+3>> sunalloÐwth perigraf .To
<<1+3>> anafèretai sto gegonìc ìti ja k�noume mÐa an�lush thc morf c <<qrìnoc
+ q¸roc >> prob�llontac touc tanustèc kai tic tanustikèc exis¸seic par�llh-
la kai k�jet� sto qronoeidèc dianusmatikì pedÐo u.To deÔtero shmantikì
stoiqeÐo aut c thc perigraf c eÐnai ìti k�noume mÐa algebrik  an�lush twn
tanust¸n ètsi ¸ste na gr�foume ènan tanust  wc to �jroisma algebrik�
aploÔsterwn ìrwn.Gia par�deigma ènac opoiosd pote antalloÐwtoc tanust c
deutèrac t�xhc Aab mporeÐ p�nta na grafeÐ sth morf 

Aab = Bab + A[ab] +
A

4
gab (2.1)

ìpou A[ab] = 1
2
(Aab − Aba) eÐnai to antisummetrikì mèroc tou Aab kai Bab =

A(ab)− A
4
gab me A(ab) = 1

2
(Aab +Aba) to summetrikì mèroc tou Aab kai A = Ab

b

23
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to Ðqnoc tou.O tanust c Bab eÐnai profan¸c summetrikìc kai �iqnoc.
Basikèc posìthtec pou upeisèrqontai sthn <<1+3>> perigraf  eÐnai:
• Oi kinhmatikèc posìthtec pou orÐzontai gr�fontac to ∇aub wc �jroisma

aploÔsterwn posot twn an analÔsoume sÔmfwna me thn (2.1).
• O tanust c orm c - enèrgeiac, Tab, o opoÐoc perigr�fei th m�za-enèrgeia,

th ro  enèrgeiac kai tic diatmhtikèc t�seic pou aforoÔn to reustì
pou gemÐzei to sÔmpan.'Otan analÔsoume ton Tab wc proc thn jemeli-
¸dh tetrataqÔthta u par�gontai oi posìthtec pou eÐnai gnwstèc wc
metablhtèc m�zac.

• O tanust c kampulìthtac tou Weyl, Cabcd, o opoÐoc orÐzetai wc to tm ma
tou tanust  kampulìthtac tou Riemann pou èqei mhdenikì Ðqnoc.AnalÔetai
de wc proc to u se dÔo �iqnouc summetrikoÔc tanustèc pou onom�zontai
to hlektrikì tou mèroc Eab kai to magnhtikì tou mèroc Hab.

Oi anwtèrw posìthtec emfanÐzontai stic exis¸seic exèlixhc (evolution equa-
tions) kai stic exis¸seic desm¸n (constraint equations), oi opoÐec lamb�nontai
apì tic tautìthtec tou Ricci kai tou Bianchi se sunduasmì me tic exis¸seic
pedÐou tou Einstein prob�llontac par�llhla kai k�jeta proc th dieÔjunsh
tou u.

2.1 Probol  kai Diafìrish
Gia na prob�lloume par�llhla kai k�jeta sto u orÐzoume touc parak�tw

probolikoÔc tanustèc (blèpe [15] sel.6-7, [31] sel.4-5 )
Ua

b = −uaub ⇒ Ua
cU

c
b = Ua

b , Ua
a = 1 , Uabu

b = ua (2.2)
hab = gab + uaub ⇒ ha

ch
c
b = ha

b , ha
a = 3 , habu

b = 0 (2.3)
O pr¸toc tanust c prob�llei par�llhla kai o deÔteroc k�jeta wc proc to
ua.Mèsw aut¸n twn probol¸n mporoÔme na melet soume th gewmetrÐa twn
uperepifanei¸n pou eÐnai k�jetec sto ua kai antistoiqoÔn se parathrhtèc
pou kinoÔntai me tetrataqÔthta ua.

AntÐstoiqa orÐzontai dÔo eÐdh parag¸gishc:
H teleÐa, pou sumbolÐzei th sunalloÐwth qronik  par�gwgo (parag¸gish
kat� th dieÔjunsh tou ua) kai orÐzetai gia bajmwta pedÐa wc:

ḟ = f,au
a (2.4)

kai gia tanustèc wc:
Ṫab···c = ud∇dTab···c (2.5)
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H qwrik  sunalloÐwth par�gwgoc ∇̃a (orjog¸nia sto ua probol  thc sunal-
loÐwthc parag¸gou) orÐzetai prob�llontac ìlouc touc eleÔjerouc deÐktec
thc sunalloÐwthc parag¸gou miac posìthtac k�jeta sto u1.Gia par�deigma:

∇̃af = hb
a∇bf , ∇̃eT

ab
cd = ha

fh
b
gh

p
ch

q
dh

r
e∇rT

fg
pq (2.6)

EÐnai profanèc ìti h sunalloÐwth par�gwgoc gia èna bajmwtì mporeÐ p�nta
na analujeÐ se mÐa par�gwgo kat� m koc thc dieÔjunshc tou ua kai mÐa qwrik 
par�gwgo, wc ex c:

∇af = ∇̃af − uaḟ (2.7)
QrhsimopoioÔme tic parenjèseic <> gia na sumbolÐsoume tic orjog¸niec

probolèc wc proc ua enìc dianÔsmatoc, tou summetrikoÔ kai �iqnou tm matoc
enìc tanust  kai twn qronik¸n touc parag¸gwn wc ex c:

X<a> = ha
bX

b , T<ab> = [h(a
ch

b)
d −

1

3
habhcd]T

cd (2.8)

Ẋ<a> = ha
bẊ

b , Ṫ<ab> = [h(a
ch

b)
d −

1

3
habhcd]Ṫ

cd (2.9)
Epiplèon qrhsimopoioÔme to sÔmbolo ⊥ gia na dhl¸soume thn pl rh (dhlad 
wc proc ìlouc touc deÐktec) k�jeth probol  proc to ua enìc tanust :

(T ab
cd)⊥ = ha

ph
b
qh

r
ch

s
dT

pq
rs (2.10)

To tetradi�stato stoiqeÐo ìgkou orÐzetai mèsw tou pl rwc antisummetrikoÔ
tanust :

ηabcd = η[abcd] , η0123 =
√

|det(gab)| , η0123 =
1

√

|det(gab)|
(2.11)

To trisdi�stato stoiqeÐo ìgkou gia tic qwroeideÐc uperepif�neiec stigmiaÐac
hremÐac (trisdi�statec epif�neiec k�jetec sto u) kajorÐzetai apì ton pl rwc
antisummetrikì tanust  trÐthc t�xhc ηabc :

ηabc = udηdabc ⇒ ηabc = η[abc] , ηabcu
c = 0 (2.12)

O ηabc eÐnai qr simoc gia ton orismì tou qwrikoÔ strobilismoÔ dianusm�twn
kai tanust¸n.Gia par�deigma:

(curlT )ab = ηcd<a∇̃cT
b>

d (2.13)
1Den ja prèpei na xeqn�me ìti an h ua èqei mh mhdenik  elikìthta (vorticity) tìte h

par�gwgoc aut  den eÐnai mÐa qwroeid c trisdi�stath sunalloÐwth par�gwgoc
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2.2 Kinhmatikèc Posìthtec
Arqik� ja analÔsoume thn pr¸th sunalloÐwth par�gwgo thc tetrataqÔth-

tac ua.EÐnai gnwstì ìti (blèpe p.q. [27] sel.175, [15] sel.7, [31] sel.5-6, [32]
sel.12, [33] sel.2674 ) h sunalloÐwth par�gwgoc enìc monadiaÐou qronoei-
doÔc dianÔsmatoc u analÔetai wc ex c:

∇aub = −uau̇b + ∇̃aub = −uau̇b +
1

3
Θhab + σab + ωab (2.14)

ìpou to bajmwtì
Θ = ∇̃au

a = ∇au
a (2.15)

ekfr�zei to rujmì diastol c ìgkou tou reustoÔ (rate of expansion) (me H =
Θ/3 thn par�metro Hubble), o tanust c

σab = ∇̃<aub> = ∇(aub) −
1

3
Θhab + u(au̇b) (2.16)

ekfr�zei th diatmhtik  taqÔthta tou reustoÔ (rate of shear tensor) kai eÐnai
summetrikìc kai �iqnoc (σab = σ(ab) , σa

a = 0 , σabu
b = 0), o tanust c

ωab = ∇̃[aub] = ∇[aub] + u[au̇b] (2.17)
lègetai tanust c elikìthtac (vorticity tensor), eÐnai antisummetrikìc kai peri-
gr�fei thn peristrof  thc Ôlhc se sqèsh me èna mh peristrefìmeno (Fermi-
propagated) sÔsthma anafor�c (me ωab = ω[ab] , ωabu

b = 0) kai tèloc to
di�nusma

u̇a = ub∇bua (2.18)
eÐnai to di�nusma thc sqetikistik c epit�qunshc (relativistic acceleration vec-
tor) pou deÐqnei p¸c to reustì kineÐtai k�tw apì thn epidrash dun�mewn �llwn
ektìc apì th barÔthta kai tic adraneiakèc dun�meic (gia tic opoÐec den up�r-
qei topikìc diaqwrismìc sth Genik  Sqetikìthta, eÐnai diaforetikèc ìyeic tou
Ðdiou pr�gmatoc).Sthn perÐptwsh pou to reustì kineÐtai mìno k�tw apì thn
epÐdrash thc barÔthtac h sqetikistik  epit�qunsh mhdenÐzetai.

Pollèc forèc sthn pr�xh antÐ gia to ωab ja qrhsimopoioÔme to di�nusma
elikìthtac (vorticity vector):

ωa =
1

2
ηabcωbc ⇒ ωau

a = 0 , ωabω
b = 0 (2.19)

EpÐshc qr sima eÐnai ta megèjh:

ω2 =
1

2
(ωabω

ab) ≥ 0 , σ2 =
1

2
(σabσ

ab) ≥ 0 (2.20)
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kai h mèsh klÐmaka m kouc S pou orÐzetai apì th sqèsh:
Ṡ

S
=

1

3
Θ (2.21)

¸ste o ìgkoc enìc stoiqei¸douc tm matoc tou reustoÔ na metab�lletai wc
S3.

2.3 An�lush tou Tanust  Orm c - Enèrgeiac
O tanust c orm c - enèrgeiac eÐnai ènac summetrikìc tanust c o opoÐoc

perigr�fei to reustì pou plhroÐ to sÔmpan.Ja qrhsimopoi soume thn kajie-
rwmènh an�lush (blèpe p.q. [27] sel.82, [15] sel.8, [31] sel.7, [32] sel.13,
[33] sel.2677 ):

Tab = µuaub + qaub + qbua + phab + πab (2.22)
me

qau
a = 0 , πa

a = 0 , πab = π(ab) , πabu
b = 0 (2.23)

ìpou µ = Tabu
aub eÐnai h sqetikistik  puknìthta enèrgeiac tou reustoÔ wc

proc ènan parathrht  pou kineÐtai me tetrataqÔthta ua, qa = −Tbcu
bhc

a eÐnai
h sqetikistik  puknìthta orm c (h opoÐa ermhneÔetai kai wc ro  enèrgeiac
se sqèsh me to ua), p = 1

3
(Tabh

ab) eÐnai h isotropik  pÐesh kai o tanust c
πab = Tcdh

c
<ah

d
b> perigr�fei tic anisotropikèc t�seic entìc tou reustoÔ.

An to reustì eÐnai akÐnhto wc proc ton parathrht  pou kineÐtai me tetrataqÔth-
ta ua o parathrht c autìc lègetai sunkinoÔmenoc (comoving) me to reustì.Se
aut  thn perÐptwsh lème ìti to ua eÐnai h tetrataqÔthta tou reustoÔ.An
ston tÔpo (2.22) to ua eÐnai h tetrataqÔthta tou reustoÔ tìte to qwroeidèc
tetradi�nusma qa perigr�fei th ro  jermìthtac sto reustì, en¸ o tanust c
πab perigr�fei to ix¸dec tou reustoÔ.Mia idiaÐterh kathgorÐa reust¸n, pou
qrhsimopoioÔntai polÔ sthn kosmologÐa, eÐnai ta idanik� reust�.Ta reust�
aut� den èqoun ix¸dec kai ro  jermìthtac kai wc proc ènan sunkinoÔmeno
parathrht  èqoun tanust  orm c - enèrgeiac pou dÐnetai apì th sqèsh

Tab = µuaub + phab (2.24)
Gia thn pl rh perigraf  tou sumpantikoÔ reustoÔ prèpei na dÐnetai kai

h katastatik  exÐswsh h opoÐa deÐqnei p¸c ekfr�zontai oi di�forec jermo-
dunamikèc metablhtèc tou reustoÔ (ìpwc p.q. h puknìthta barionÐwn, h entro-
pÐa an� mon�da barionik c m�zac, h isotropik  pÐesh, h jermokrasÐa klp.)
sunart sei enìc el�qistou arijmoÔ anex�rthtwn metablht¸n ex�aut¸n.Stic



28 KEF�ALAIO 2. 1+3 SUNALLO�IWTH PERIGRAF�H

jewrhtikèc kosmologikèc melètec qrhsimopoioÔntai to polÔ diparametrikèc
katastatikèc exis¸seic thc morf c p = p(µ, s), ìpou µ h puknìthta enèrgeiac
kai s h entropÐa an� baruìnio.Oi perissìtero ìmwc qrhsimopoioÔmenec kata-
statikèc exis¸seic eÐnai oi monoparametrikèc (  kai barotropikèc, ìpwc alli¸c
lègontai) thc morf c p = p(µ).Mia endiafèrousa eidik  kathgorÐa idanik¸n
reust¸n apoteleÐtai apì ta reust� pou èqoun mhdenik  isotropik  pÐesh (p =
0).Aut� anafèrontai sth diejn  bibliografÐa wc skình (dust).

Tèloc, sun jwc apaitoÔme na ikanopoioÔntai kai k�poiec energeiakèc sun-
j kec (blèpe p.q. [17] sel.88-96, [15] sel.8 ), ìpwc gia par�deigma oi

µ > 0 , (µ + p) > 0 (2.25)
oi opoÐec anafèrontai san asjeneÐc energeiakèc sunj kec kai eÐnai eurèwc
apodektèc afoÔ den èqei parathrhjeÐ mèqri stigm c k�poia morf  Ôlhc h opoÐa
na mhn tic ikanopoieÐ kai h

(µ + 3p) > 0 (2.26)
h opoÐa ìmwc parabi�zetai apì ta bajmwta pedÐa sta montèla tou plhjwri-
stikoÔ sÔmpantoc.Epiplèon apaitoÔme h isentropik  taqÔthta tou  qou c 2

s =
(∂p/∂µ)s=const na upakoÔei sth sqèsh:

0 ≤ c 2
s ≤ 1 (2.27)

k�ti pou eÐnai aparaÐthto gia thn topik  eust�jeia thc Ôlhc (k�tw ìrio) kai
th sumfwnÐa me tic arqèc tic eidik c sqetikìthtac (�nw ìrio) (blèpe kai [13]).

2.4 Tanust c Kampulìthtac tou Weyl

O tanust c kampulìthtac tou Weyl orÐzetai mèsw tou tanust  Riemann
kai tou tanust  Ricci apì th gnwst  sqèsh (blèpe p.q. [6] sel.88 )

Cabcd = Rabcd −
1

2
(gacRbd + gbdRac − gbcRad − gadRbc) +

1

6
R(gacgbd − gadgbc)

(2.28)
  isodÔnama

Cab
cd = Rab

cd − 2δ
[a

[cR
b]

d] +
1

3
Rδa

[cδ
b
d] (2.29)

ParathroÔme ìti o tanust c tou Weyl diathreÐ ìlec tic idiìthtec summetrÐac
tou tanust  Riemann kai epiplèon èqei mhdenikì Ðqnoc (Ca

bad = 0).
Sta plaÐsia tou 1+3 sunalloÐwtou formalismoÔ o tanust c Weyl analÔe-

tai se èna hlektrikì mèroc (Eab) kai èna magnhtikì mèroc (Hab) (blèpe [15]
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sel.9, [31] sel.7-8, [32] sel.13, [33] sel.2677-2678 ).Autì epitugq�netai prob�l-
lontac ton Cabcd kai ton duðkì tou tanust  ηabcC

bc
de k�jeta sto u, sÔmfwna

me tic sqèseic
Eab = Cacbdu

cud , Hab =
1

2
ηadeC

de
bcu

c (2.30)
Ta Eab kai Hab eÐnai profan¸c summetrik�, orjog¸nia sto u kai èqoun mh-
denikì Ðqnoc:

Eab = E(ab) , Ea
a = 0 , Eabu

b = 0 (2.31)
Hab = H(ab) , Ha

a = 0 , Habu
b = 0 (2.32)

Sunart sei aut¸n twn dÔo posot twn o tanust c tou Weyl dÐnetai apì th
sqèsh
Cab

cd = (4δ[a
eδ

b]
fδ

g
[cδ

h
d]−ηab

efη
gh

cd)E
e
gu

fuh−2(ηab
efδ

g
[cδ

h
d]+δ[a

eδ
b]

fη
gh

cd)H
e
gu

fuh

(2.33)
Aut  h an�lush perigr�fei ton tanust  Weyl pl rwc afoÔ:

Eab = 0 = Hab ⇔ Cabcd = 0 (2.34)
Shmei¸noume epÐshc ìti, mèsw twn (2.28) kai (2.33), ta Eab , Hab kai Rab

perigr�foun pl rwc th qwroqronik  kampulìthta, ìpwc aut  dÐnetai apì ton
tanust  Riemann.

2.5 Exis¸seic Exèlixhc kai Desm¸n
Oi exis¸seic ston 1+3 sunalloÐwto formalismì apoteloÔntai apì tic

exis¸seic exèlixhc kai tic exis¸seic desm¸n pou sundèoun metaxÔ touc tic
gewmetrikèc posìthtec pou orÐsame stic prohgoÔmenec enìthtec.Oi exis¸seic
autèc aporrèoun apì tic exis¸seic pedÐou tou Einstein:

Gab ≡ Rab −
1

2
Rgab = Tab − Λgab (2.35)

se sunduasmì me ta trÐa set tautot twn pou ikanopoioÔntai apì ton tanust 
kampulìthtac Riemann (blèpe p.q. [6] sel.77, [27] sel.59-60, [35] sel.146-
147):

1. Tautìthtec tou Ricci:
2∇[a∇b]uc = Rabcdu

d (2.36)
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2. Tautìthtec tou Bianchi:
∇[aRbc]de = 0 (2.37)

3. Twice contracted tautìthtec tou Bianchi:

∇a(R
ab − 1

2
Rgab) = 0 (2.38)

Gia na katal xoume stic exis¸seic exèlixhc kai desm¸n antikajistoÔme
stic tautìthtec (2.36)-(2.38) ton tanust  tou Riemann kai ton tanust  tou
Weyl ekfrasmènouc sunart sei twn Eab kai Hab (me th bo jeia twn (2.28) kai
(2.33) ) kai ton tanust  tou Ricci ekfrasmèno mèsw twn exis¸sewn Einstein
(2.35) me ton tanust  orm c - enèrgeiac pou dÐnetai apì th sqèsh (2.22).'Opou
emfanÐzontai oi par�gwgoi ua;b autèc antikajÐstantai apì tic kinhmatikèc
posìthtec pou upeisèrqontai sthn (2.14).Tèloc, oi exis¸seic pou prokÔptoun
prob�llontai par�llhla kai k�jeta proc to u.Oi par�llhlec probolèc dÐnoun
to set twn exis¸sewn exèlixhc, stic opoÐec upeisèrqontai oi qronikèc (kat�
th dieÔjunsh tou u) par�gwgoi twn posot twn Θ, σab, µ, p, qa, πab.Oi k�jetec
probolèc dÐnoun to set twn exis¸sewn desm¸n stic opoÐec upeisèrqontai mìno
oi qwrikèc (dhlad  kat� thn k�jeth proc to u dieÔjunsh) par�gwgoi twn
parap�nw posot twn.

2.5.1 Tautìthtec Ricci

Akolouj¸ntac thn parap�nw diadikasÐa gia tic tautìthtec tou Ricci (2.36)
prokÔptoun treic exis¸seic exèlixhc kai treic exis¸seic desm¸n (blèpe [15]
sel.10, [32] sel.15 ).
Exis¸seic Exèlixhc:

• ExÐswsh Raychaudhuri

Θ̇ − ∇̃au̇
a = −1

3
Θ2 + u̇au̇

a − 2σ2 + 2ω2 − 1

2
(µ + 3p) + Λ (2.39)

Aut  eÐnai h basik  exÐswsh thc barutik c èlxhc, h opoÐa deÐqnei thn
apwstik  fÔsh miac jetik c kosmologik c stajer�c kai tautopoieÐ to
(µ+3p) wc thn energì puknìthta barutik c m�zac.H exÐswsh Raychaud-
huri diadramatÐzei shmantikì rìlo sta jewr mata Ôparxhc anwmali¸n
(blèpe kai [23], [12], [17] sel.261-275 )
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• ExÐswsh di�doshc thc elikìthtac

ω̇<a> − 1

2
ηabc∇̃bu̇c = −2

3
Θωa + σa

bω
b (2.40)

H exÐswsh aut  mazÐ me thn exÐswsh (2.56) pou akoloujeÐ deÐqnoun p¸c
diathreÐtai h elikìthta se èna idanikì reustì me dunamikì epit�qunshc
Φ qrhsimopoi¸ntac th sqèsh ηabc∇̃bu̇c = ηabc∇̃b∇̃cΦ = 2ωaΦ̇

• ExÐswsh di�doshc thc diatmhtik c taqÔthtac

σ̇<ab>−∇̃<au̇b> = −2

3
Θσab+u̇<au̇b>−σ<a

cσ
b>c−ω<aωb>−(Eab− 1

2
πab)

(2.41)
H exÐswsh aut  deÐqnei p¸c to hlektrikì mèroc Eab tou tanust  tou
Weyl prokaleÐ diatmhtik  taqÔthta h opoÐa me th seir� thc trofodot¸n-
tac tic exis¸seic Raychaudhuri kai di�doshc thc elikìthtac ephre�zei
th morf  thc ro c tou reustoÔ.

Exis¸seic Desm¸n:
• H exÐswsh-(0α)

∇̃bσ
ab − 2

3
∇̃aΘ + ηabc(∇̃bωc + 2u̇bωc) + qa = 0 (2.42)

h opoÐa deÐqnei p¸c to di�nusma ro c enèrgeiac qa (mhdenik  gia idanikì
reustì) sqetÐzetai me th qwrik  anomoiogèneia tou rujmoÔ diastol c.

• H tautìthta apìklishc thc elikìthtac
∇̃aω

a − (u̇aω
a) = 0 (2.43)

• H exÐswsh-Hab

Hab + 2u̇<aωb> + ∇̃<aωb> − (curlσ)ab = 0 (2.44)
h opoÐa sundèei to magnhtikì mèroc Hab tou tanust  tou Weyl me th
qwrik  metabol  thc elikìthtac kai ton strobilismì thc diatmhtik c
taqÔthtac (curlσ)ab = ηcd<a∇̃cσ

b>
d
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2.5.2 Tautìthtec Bianchi

To deÔtero set exis¸sewn prokÔptei apì tic tautìthtec tou Bianchi, oi
opoÐec dÐnoun dÔo epiplèon exis¸seic exèlixhc kai dÔo exis¸seic desm¸n (blèpe
[15] sel.11-12, [32] sel.16-17 ).
Exis¸seic Exèlixhc:

• H exÐswsh-Ė

(Ė<ab> +
1

2
π̇<ab>) − (curlH)ab +

1

2
∇̃<aqb> = − 1

2
(µ + p)σab − Θ(Eab +

1

6
πab)

+ 3σ<a
c(E

b>c − 1

6
πb>c) − u̇<aqb>

+ ηcd<a[2u̇cH
b>

d + ωc(E
b>

d +
1

2
πb>

d)]

(2.45)

• H exÐswsh-Ḣ

Ḣ<ab> + (curlE)ab − 1

2
(curlπ)ab = − ΘHab + 3σ<a

cH
b>c +

3

2
ω<aqb>

− ηcd<a[2u̇cE
b>

d −
1

2
σb>

cqd − ωcH
b>

d]

(2.46)

ìpou
(curlH)ab = ηcd<a∇̃cH

b>
d (2.47)

(curlE)ab = ηcd<a∇̃cE
b>

d (2.48)
(curlπ)ab = ηcd<a∇̃cπ

b>
d (2.49)

Autèc oi exis¸seic deÐqnoun pwc par�getai h barutik  aktinobolÐa:ParagwgÐzontac
thn exÐswsh (2.45) wc proc to qrìno paÐrnoume mÐa exÐswsh h opoÐa perièqei
touc ìrouc Ë kai (curl Ḣ). ApaloÐfoume to H me th bo jeia thc (2.46) kai
telik� prokÔptei mÐa exÐswsh h opoÐa perièqei touc ìrouc Ë kai (curl curl E)
kai eÐnai antÐstoiqh thc exÐswshc kÔmatoc. Me ton Ðdio trìpo brÐskoume thn
antÐstoiqh exÐswsh kai gia to magnhtikì mèroc.
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Exis¸seic Desm¸n:
• H exÐswsh (div E), ìpou upeisèrqetai h qwrik  klÐsh thc puknìthtac
enèrgeiac

∇̃b(E
ab +

1

2
πab) − 1

3
∇̃aµ +

1

3
Θqa − 1

2
σa

bq
b

−3ωbH
ab − ηabc(σbdH

d
c −

3

2
ωbqc) = 0 (2.50)

H exÐswsh aut  mporeÐ na jewrhjeÐ wc to dianusmatikì an�logo thc
Neut¸niac exÐswshc tou Poisson.DeÐqnei p¸c h puknìthta enèrgeiac µ
(bajmwtì) dhmiourgeÐ mÐa mh mhdenik  apìklish tou Eab kai epomènwc
èna mh mhdenikì pedÐo Eab.

• H exÐswsh (div H), sthn opoÐa upeisèrqetai h elikìthta tou reustoÔ.

∇̃bH
ab + (µ + p)ωa + 3ωb(E

ab − 1

6
πab)

+ηabc[
1

2
∇̃bqc + σbd(E

d
c +

1

2
πd

c)] = 0 (2.51)

Ed¸ faÐnetai p¸c h elikìthta ωa (di�nusma) dhmiourgeÐ mh mhdenik 
apìklish tou Hab kai epomènwc èna mh mhdenikì pedÐo Hab.

2.5.3 Twice-contracted tautìthtec tou Bianchi

To trÐto set exis¸sewn aporrèei apì tic twice-contracted tautìthtec
tou Bianchi oi opoÐec, mèsw twn exis¸sewn Einstein (2.35), sunep�gontai tic
exis¸seic diat rhshc (blèpe [15] sel.11, [32] sel.16-17 ):

∇bG
ab = 0 ⇒ ∇bT

ab = 0 (2.52)
Oi exis¸seic pou prokÔptoun eÐnai oi ex c:

• H exÐswsh qronik c exèlixhc thc enèrgeiac
µ̇ + ∇̃aq

a = −Θ(µ + p) − 2(u̇aq
a) − (σa

bπ
b
a) (2.53)

• H exÐswsh qronik c exèlixhc thc orm c

q̇<a>+∇̃ap+∇̃bπ
ab = −4

3
Θqa−σa

bq
b−(µ+p)u̇a−u̇bπ

ab−ηabcωbqc (2.54)
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Gia idanikì reustì h exÐswsh (2.53) gÐnetai h exÐswsh diat rhshc thc enèrgeiac:
µ̇ = −Θ(µ + p) (2.55)

kai h exÐswsh (2.54) gÐnetai h exÐswsh diat rhshc thc orm c:
∇̃ap + (µ + p)u̇a = 0 (2.56)

Autì deÐqnei ìti to (µ + p) eÐnai h puknìthta adraneiak c m�zac kai epiplèon
dièpei th diat rhsh thc enèrgeiac.EÐnai fanerì ìti an aut  h posìthta eÐnai
mhdèn (mÐa energ  kosmologik  stajer�)   arnhtik  tìte h sumperifor� thc
m�zac ja eÐnai an¸malh.

Oi exis¸seic exèlixhc kai desm¸n den apoteloÔn èna pl rec sÔnolo dunamik¸n
exis¸sewn.Gia par�deigma den up�rqoun exis¸seic exèlixhc gia thn pÐesh p
kai gia thn epit�qunsh u̇a.Prokeimènou na oloklhr¸soume autì to set exi-
s¸sewn ja prèpei na sumperil�boume epiplèon upojèseic pou aforoÔn tic
jermodunamikèc idiìthtec twn pedÐwn Ôlhc (p.q katastatikèc exis¸seic).



Kef�laio 3

Tetradikìc Formalismìc

Oi exis¸seic exèlixhc kai desm¸n pou prokÔptoun apì thn 1+3 sunal-
loÐwth perigraf  èqoun to pleonèkthma ìti sundèoun sunalloÐwta orismènec
posìthtec oi opoÐec èqoun xek�jarh gewmetrik    fusik  shmasÐa ìpwc p.q.
o rujmìc diastol c, h diatmhtik  taqÔthta klp. 'Omwc se autèc den upei-
sèrqontai ekpefrasmèna h metrik  kai h connection, pr�gma pou eÐnai suqn�
epijumhtì gia mÐa bajÔterh melèth twn idiot twn tou qwroqrìnou. Aut  h
adunamÐa thc 1+3 sunalloÐwthc perigraf c kalÔptetai apì th qr sh tou
tetradikoÔ formalismoÔ. Epiplèon, o tetradikìc formalismìc eÐnai qr simoc
kai sth melèth thc kathgoriopoÐhshc twn diafìrwn qwroqrìnwn sÔmfwna
me tic om�dec isometri¸n pou droun se autoÔc, ìpwc ja doÔme sto epìmeno
kef�laio.

MÐa tetr�da eÐnai mÐa b�sh tou efaptìmenou dianusmatikoÔ q¸rou se k�-
je shmeÐo tou qwroqrìnou, apoteloÔmenh apì tèssera dianusmatik� pedÐa
{Ea}, a = 0, 1, 2, 3.Oi sunist¸sec tou metrikoÔ tanust  , anaforik� me aut 
th b�sh, ekfr�zontai apì ta eswterik� ginìmena twn dianusm�twn thc b�-
shc.K�je de tanust c p�nw ston efaptìmeno dianusmatikì q¸ro se k�je
shmeÐo tou qwroqrìnou prosdiorÐzetai monos manta apì tic tetradikèc tou su-
nist¸sec pou prokÔptoun me probol  tou p�nw sta dianÔsmata thc tetr�dac.

3.1 Genikìc Tetradikìc Formalismìc
H b�sh mac (tetr�da) apoteleÐtai apì tèssera dianusmatik� pedÐa {Ea}, a =

0, 1, 2, 3, twn opoÐwn oi sunist¸sec, wc proc èna sÔsthma suntetagmènwn
{xi}, i = 0, 1, 2, 3, sumbolÐzontai 1 me E i

a (blèpe [18] sel.215, [15] sel.17 ).H
tetr�da pou qrhsimopoioÔme ed¸ eÐnai genik  me thn ènnoia ìti mporeÐ na eÐnai

1Oi deÐktec pou brÐskontai arister� (a, d, c, d, ...) eÐnai tetradikoÐ deÐktec, en¸ oi deÐktec
pou brÐskontai dexi� (i, j, k, l, ...) eÐnai deÐktec suntetagmènwn.

35
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olìnomh   mh olìnomh.2An h tetr�da eÐnai olìnomh tìte mporeÐ p�nta na bre-
jeÐ èna sÔsthma suntetagmènwn tètoio ¸ste Ea = ∂

∂xa   isodÔnama E i
a = δi

a.H duðk  tetr�da (1-morf ) {Ea}, a = 0, 1, 2, 3 orÐzetai apì th sqèsh:
Ea(Eb) = δa

b (3.1)
kai oi sunist¸sec thc se èna sÔsthma suntetagmènwn {xi} sumbolÐzontai wc
Ea

i. Epomènwc, h (3.1) gr�fetai kai sth morf 
Ea

iE
i

b = δa
b (3.2)

h opoÐa profan¸c eÐnai isodÔnamh me thn
Ea

iE
j

a = δi
j (3.3)

H par�gwgoc opoiasd pote sun�rthshc f kat� th dieÔjunsh tou Ea orÐzetai
wc:

∂af = E i
a

∂f

∂xi
(3.4)

K�je tanust c me sunist¸sec T i···j
k···l wc proc k�poio sÔsthma suntetagmè-

nwn ja èqei tetradikèc sunist¸sec T a···b
c···d pou dÐnontai apì th sqèsh3:

T a···b
c···d = Ea

i · · ·Eb
j T i···j

k···l E k
c · · ·E l

d (3.5)
Oi tetradikèc sunist¸sec gab tou metrikoÔ tanust  prokÔptoun apì to eswterikì
ginìmeno twn dianusm�twn thc tetr�dac:

gab = Ea · Eb = E i
a E j

b gij (3.6)
H antÐstoiqh sqèsh gia to metrikì tanust  ston antÐstoiqo duðkì efap-
tomenikì q¸ro eÐnai h ex c:

gab = Ea · Eb = Ea
iE

b
jg

ij (3.7)
EÐnai profanèc, lìgw twn (3.2) kai (3.3), ìti

gabgbc = δa
c (3.8)

Oi antÐstrofec sqèseic twn (3.6) kai (3.7):
gij = Ea

iE
b
jgab (3.9)

gij = E i
a E j

b gab (3.10)
2An h tetr�da eÐnai olìnomh tìte oi tetradikoÐ deÐktec eÐnai kai autoÐ deÐktec suntetag-

mènwn.
3Oi tetradikèc sunist¸sec tanust  sumperifèrontai san bajmwt� k�tw apì metasqh-

matismoÔc suntetagmènwn.
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prokÔptoun eÔkola me th bo jeia thc (3.3), ìpwc kai oi:
Eai = gabE

b
i , Eai = gabE i

b (3.11)
pou ekfr�zoun th grammik  sqèsh pou up�rqei an�mesa sthn tetr�da kai th
duðk  tetr�da.Sthn pr�xh h tetradik  metrik  gab kai h duðk  thc gab qrhsi-
mopoioÔntai gia to anebokatèbasma twn tetradik¸n deikt¸n.

Oi diaforikèc idiìthtec thc b�shc kajorÐzontai apì touc suntelestèc
strof c tou Ricci 4 (Ricci rotation coefficients), oi opoÐoi orÐzontai apì th
sqèsh (blèpe [15] sel.17 ):5

E j
b E i

a ;j = Γc
abE

i
c ⇔ Γc

ab = Ec
iE

i
a ;jE

j
b (3.12)

  isodÔnama:
Γabc = E i

a Ebi;jE
j

c (3.13)
ìpou Γabc = gadΓ

d
bc.

Dhlad , to Γabc eÐnai h a-sunist¸sa thc sunalloÐwthc parag¸gou tou di-
anÔsmatoc Eb kat� th dieÔjunsh tou Ec.
Apì th sqèsh (3.13) prokÔptei ìti:

Ebi;j = ΓabcE
a
iE

c
j (3.14)

Me th bo jeia thc sqèshc (3.12) mporoÔme na broÔme thn tetradik  morf 
thc sunalloÐwthc parag¸gou.
Je¸rhma 3.1.1. H tetradik  morf  thc sunalloÐwthc parag ģou enìc di-
anÔsmatoc me tetradikèc sunist¸sec Xa eÐnai teleÐwc an�logh me th sunhjis-
mènh tanustik  thc morf , dhlad :

Xa;b = Xa,b − Γc
abXc (3.15)

Apìdeixh. H sunalloÐwth par�gwgoc Xi;j enìc dianÔsmatoc me sunist¸sec
Xi eÐnai ènac tanust c deÔterhc t�xhc.Oi tetradikèc sunist¸sec tou, pou tic
sumbolÐzoume me Xa;b, dÐnontai apì th sqèsh:

Xa;b = E i
a E j

b Xi;j

= E j
b (E i

a Xi);j − E j
b E i

a ;jXi (3.16)
4 'Enac pijanìc lìgoc gia ton opoÐo onom�zontai << suntelestèc strof c >> analÔetai sto

Par�rthma A.1
5Sthn palaiìterh bibliografÐa qrhsimopoioÔntai diaforetikoÐ orismoÐ gia touc sunte-

lestèc strof c tou Ricci k�ti pou ephre�zei th morf  orismènwn sqèsewn pou brÐskoume
parak�tw, p.q. oi King kai Ellis sto [18], qrhsimopoioÔn ton orismì:

Γabc = E i
a Eci;jE

j
b

EmeÐc qrhsimopoioÔme ton orismì pou dÐnetai apì touc Ellis kai van Elst sto [15] sel.17
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h opoÐa me th bo jeia thc (3.12) gÐnetai
Xa;b = E j

b Xa;j − Γc
abE

i
c Xi

= E j
b Xa,j − Γc

abXc

= Xa,b − Γc
abXc (3.17)

OmoÐwc brÐskoume ìti o antÐstoiqoc tÔpoc gia th sunalloÐwth par�gwgo
Xa

;b eÐnai
Xa

;b = Xa
,b + Γa

cbX
c (3.18)

An�logoi tÔpoi isqÔoun kai gia tic tetradikèc sunist¸sec thc sunalloÐwthc
parag¸gou tanust¸n opoiasd pote t�xhc.
Ja prèpei ed¸ na tonÐsoume ìti: Xa;b = E i

a E j
b Xi;j 6= E j

b Xa;j . Autì apoteleÐ
èna adÔnato shmeÐo tou sumbolismoÔ Xa;b to opoÐo prèpei na èqoume kat� nou
ìtan k�noume tetradikèc pr�xeic.

Apì th sqèsh (3.13) kai lamb�nontac upìyin ìti oi tetradikèc sunist¸sec
enìc tanust  eÐnai bajmwt� wc proc touc metasqhmatismoÔc suntetagmènwn
prokÔptei ìti:

Γabc = E i
a Ebi;jE

j
c

= E j
c (E i

a Ebi);j − EbiE
i

a ;jE
j

c

= E j
c gab;j − E i

b Eai;jE
j

c

= E j
c gab,j − E i

b Eai;jE
j

c

= gab,c − Γbac

⇔ gab,c = Γabc + Γbac (3.19)
ParathroÔme ìti h (3.19) eÐnai isodÔnamh me thn

gbc;a = 0 (3.20)
h opoÐa ekfr�zei tic tetradikèc sunist¸sec thc

gij;k = 0 (3.21)
Pr�gmati, sÔmfwna me to Je¸rhma 3.1.2

gbc;a = gbc,a − Γd
bagbc − Γd

cagbd

= gbc,a − Γcba − Γbca (3.22)
h opoÐa se sunduasmì me thn (3.19) mac dÐnei

gbc;a = gbc,a − gbc,a = 0 (3.23)
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'Estw dÔo dianusmatik� pedÐa X,Y.O metajèthc touc [X,Y] orÐzetai wc
[X,Y] = XY − YX (3.24)

kai oi sunist¸sec tou [X,Y]i dÐnontai apì th sqèsh
[X,Y]i = XjY i

,j − Y jX i
,j = XjY i

;j − Y jX i
;j (3.25)

(blèpe p.q. [6] sel.66 ). 'Opwc ja doÔme sthn par�grafo 4.1 o metajèthc isoÔ-
tai me thn par�gwgo Lie LXY twn dianusm�twn aut¸n: LXY = [X,Y]. Jew-
r¸ntac ton metajèth twn dianusm�twn b�shc {Ea} orÐzoume tic sunart seic
met�jeshc (commutation functions) γc

ab wc ex c:
[Ea,Eb] = γc

abEc (3.26)
(blèpe [18] sel.215, [15] sel.17, [32] sel.70, [33] sel.2676 ). En gènei γc

ab =
γc

ab(x
i) dhlad  , ìpwc kai h onomasÐa touc af nei na ennohjeÐ, oi sunart -

seic met�jeshc exart¸ntai apì tic suntetagmènec.Apì ton orismì (3.26) eÐ-
nai profanèc ìti: γa

bc = −γa
cb. Mèsw tou tetradikoÔ metrikoÔ tanust 

mporoÔme na orÐsoume kai tic pl rwc sunalloÐwtec posìthtec γabc = gadγ
d
bcoi opoÐec ja mac eÐnai qr simec sth sunèqeia.Shmei¸noume ìti oi sunart seic

met�jeshc mhdenÐzontai an kai mìno an h b�sh {Ea} eÐnai olìnomh, afoÔ tìte:
[Ea,Eb]

i = 0 ⇔ γc
ab = 0. Apì tic sqèseic (3.25), (3.26) kai (3.12) paÐrnoume:

[Ea,Eb]
i = γc

abE
i

c ⇒ E i
b ;jE

j
a − E i

a ;jE
j

b = γc
abE

i
c

⇒ Ed
iE

i
b ;jE

j
a − Ed

iE
i

a ;jE
j

b = γc
abE

d
iE

i
c

⇒ Γd
ba − Γd

ab = γc
abδ

d
c = γd

ab (3.27)
  isodÔnama

γc
ab = −(Γc

ab − Γc
ba) (3.28)

Sth sunèqeia, me th bo jeia thc (3.19) kai me kuklik  met�jesh twn deikt¸n
paÐrnoume:

gab,c − gbc,a + gca,b = Γabc + Γbac − Γbca − Γcba + Γcab + Γacb

= 2Γabc − Γabc + Γbac − Γbca − Γcba + Γcab + Γacb

(3.29)
kai qrhsimopoi¸ntac thn (3.28) telik� prokÔptei ìti

Γabc =
1

2
(γacb − γbca + γcab) +

1

2
(gab,c + gca,b − gbc,a) (3.30)
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Oi sqèseic (3.28) kai (3.30) sundèoun touc suntelestèc strof c tou Ricci me
tic sunart seic met�jeshc.

Me �meso upologismì, qrhsimopoi¸ntac ton orismì (3.24), diapist¸noume
ìti k�je tri�da dianusm�twn X , Y , Z prèpei na ikanopoieÐ tic tautìthtec
Jacobi:

[X, [Y,Z]] + [Y, [Z,X]] + [Z, [X,Y]] = 0 (3.31)
Sthn perÐptwsh pou tic efarmìzoume gia ta dianÔsmata thc tetr�dac, autèc
paÐrnoun th morf  (blèpe [18] sel.215, [15] sel.18, [33] sel.2677 kai par�rth-
ma A.1 gia thn apìdeixh)

∂[aγ
d
bc] + γe

[abγ
d
c]e = 0 (3.32)

Oi tetradikèc sunist¸sec Ra
bcd tou tanust  kampulìthtac Riemann wc

proc èna sÔsthma suntetagmènwn {xi} dÐnontai apì th sqèsh
Ra

bcd = Rl
ijkE

a
lE

i
b E j

c E k
d (3.33)

Apì aut  th sqèsh eÐnai fanerì ìti oi posìthtec Ra
bcd èqoun ìlec tic sum-

metrÐec pou èqoun kai oi sunist¸sec Rl
ijk. An efarmìsoume tic tautìthtec

tou Ricci
Xi;jk − Xi;kj = Rl

ijkXl (3.34)
gia ta dianÔsmata thc tetr�dac Ea prokÔptei ìti oi tetradikèc sunist¸sec
tou tanust  tou Riemann eÐnai:

Ra
bcd = Γa

bd,c − Γa
bc,d + Γa

ecΓ
e
bd − Γa

edΓ
e
bc − Γa

beγ
e
cd (3.35)

(blèpe [15] sel.18, [32] sel.72, [32] sel.2677 kai par�rthma A.1 gia thn
apìdeixh). K�nontac sustol  wc proc touc deÐktec a kai c sthn (3.35) pro-
kÔptoun oi tetradikèc sunist¸sec tou tanust  tou Ricci

Rbd = Γa
bd,a − Γa

ba,d + Γa
eaΓ

e
bd − Γa

deΓ
e
ba (3.36)

EÐnai axioshmeÐwto ìti den eÐnai amèswc emfanèc apì thn parap�nw sqèsh
ìti oi Rab eÐnai summetrikèc, ìmwc h sqèsh (3.32) sunep�getai ìti (blèpe
par�rthma A.1 gia thn apìdeixh)

Ra[bcd] = 0 ⇒ Rab = R(ab) (3.37)
Oi exis¸seic tou Einstein èqoun th morf 

Rbd −
1

2
Rgbd + Λgbd = Tbd (3.38)
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An sthn parap�nw exÐswsh p�roume ta Ðqnh twn tanust¸n prokÔptei ìti

R − 1

2
4R + 4Λ = T ⇒ R = 4Λ − T

'Ara oi exis¸seic Einstein gÐnontai:

Rbd = Tbd −
1

2
Tgbd + Λgbd (3.39)

kai antikajist¸ntac th sqèsh (3.36) sthn (3.39) telik� paÐrnoun th morf 

Γa
bd,a − Γa

ba,d + Γa
eaΓ

e
bd − Γa

deΓ
e

ba = Tbd −
1

2
Tgbd + Λgbd (3.40)

Mia allag  thc tetr�dik c b�shc ekfr�zetai me th sqèsh
Ea = Λ a′

a (xi)Ea′ (3.41)
thc opoÐac h antÐstrofh eÐnai h

Ea′ = Λ a
a′ (xi)Ea (3.42)

'Enac tètoioc metasqhmatismìc thc tetradik c b�shc èqei san apotèlesma na
all�xoun grammik� oi tetradikèc sunist¸sec k�je tanust , p.q. gia ènan
tanust  tet�rthc t�xhc me meiktèc sunist¸sec T ab

cd ja èqoume:
T ab

cd = Λ a
a′ Λ b

b′ Λ
c′

c Λ d′

d T a′b′

c′d′ (3.43)

3.2 Orjokanonikèc Tetr�dec
Anaferj kame parap�nw se tetr�dec oi opoÐec den eÐnai kat�an�gkh orjokano-
nikèc.MÐa orjokanonik  tetr�da {ea}, a = 0, 1, 2, 3 orÐzetai me th sqèsh:

ea · eb = gab = ηab (3.44)
ìpou ηab eÐnai h metrik  Minkowski

ηab =











−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1











(3.45)

Se aut  thn perÐptwsh isqÔei ìti gab,c = ηab,c = 0
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Epomènwc oi sqèseic (3.19) kai (3.30) gÐnontai antÐstoiqa:
Γabc = −Γbac ⇔ Γ(ab)c = 0 (3.46)

Γabc =
1

2
(γacb − γbca + γcab) (3.47)

Oi upìloipec sqèseic pou èqoume apodeÐxei gia tic genikèc tetr�dec isqÔoun
kai gia tic orjokanonikèc tetr�dec.(blèpe [15] sel.17-18, [32] sel.69-70, [33]
sel.2675-2676 )

Oi orjokanonikèc tetr�dec qrhsimopoioÔntai eurèwc giatÐ èqoun to pleonè-
kthma ìti aplopoioÔn arket� tic tetradikèc exis¸seic, afoÔ h tetradik  metrik 
ηab eÐnai stajer .'Eqoun ìmwc to meionèkthma ìti pollèc forèc den prosar-
mìzontai kal� sth gewmetrÐa tou qwroqrìnou   kai den mporeÐ na prosana-
tolistoÔn se proex�rqousec dieujÔnseic pou dhmiourgoÔntai apì ta ulik�
pedÐa.EmeÐc ja qrhsimopoi soume genikèc tetr�dec.



Kef�laio 4

Summetrik� Kosmologik�

Montèla

Oi exis¸seic pedÐou thc genik c sqetikìthtac eÐnai èna sÔsthma suzeug-
mènwn, mh grammik¸n merik¸n diaforik¸n exis¸sewn.Sthn kosmologÐa aplopoioÔme
autèc tic exis¸seic epib�llontac summetrÐec sth gewmetrÐa tou qwroqrìnou.Oi
summetrÐec pou parousi�zoun eidikì endiafèron kai qrhsimopoioÔntai sunhjè-
stera eÐnai oi isometrÐec.Autèc eÐnai metasqhmatismoÐ tou qwroqrìnou ston
eautì tou pou af noun analloÐwto ton metrikì tanust  kai perigr�fontai
algebrik� apì mÐa suneq  om�da.

Ta qwrik� omogen  kosmologik� montèla, me ta opoÐa ja asqolhjoÔme
kurÐwc ed¸, eÐnai qwroqrìnoi pou diajètoun k�poia proex�rqousa qronoeid 
dieÔjunsh.Oi qwroeideÐc uperepif�neiec pou plhroÔn ton qwroqrìno kai eÐnai
k�jetec se aut  th qronoeid  dieÔjunsh dèqontai mia trisdi�stath om�da iso-
metri¸n pou antistoiqÐzei k�je shmeÐo miac uperepif�neiac me èna opoiod pote
�llo shmeÐo thc.Tètoiec om�dec lème ìti droun metabatik� (transitively) p�nw
sthn uperepif�neia   ìti eÐnai metabatikèc (transitive).

4.1 DianÔsmata Killing kai Om�dec Isometri-
¸n

'Estw èna dianusmatikì pedÐo ξ me sunist¸sec ξi se k�poio sÔsthma su-
ntetagmènwn {xi}, i = 0, 1, 2, 3. Oi troqièc (  oloklhrwtikèc kampÔlec) tou ξ
eÐnai kampÔlec sto qwroqrìno, se k�je shmeÐo twn opoÐwn to ξ eÐnai efaptì-
meno, me exÐswsh xi = xi(yα, u) pou eÐnai lÔseic tou sust matoc diaforik¸n
exis¸sewn ∂xi

∂u
= ξi[xj(u)]. Oi troqièc autèc plhroÔn to qwroqrìno kai tau-

topoioÔntai apì tic treic paramètrouc yα, α = 1, 2, 3 (dhlad  se k�je troqi�
antistoiqeÐ mÐa tri�da yα h opoÐa paramènei stajer  kat� m koc thc, all�

43
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all�zei apì troqi� se troqi�).H par�metroc u metab�lletai kat� m koc k�je
troqi�c prosdiorÐzontac ta shmeÐa thc.

To dianusmatikì autì pedÐo orÐzei èna monoparametrikì shmeiakì metasqh-
matismì fu sto qwroqrìno wc ex c: Sto tuqìn shmeÐo P (u) tou qwroqrìnou,
me suntetagmènec xi, apì to opoÐo dièrqetai h troqi� xi = xi(yα, u) antistoi-
qÐzei to shmeÐo fu′(P ) = P ′(u + u′) me suntetagmènec xi(yα, u + u′), to opoÐo
prokÔptei apì to P me metatìpis  tou epÐ aut c thc troqi�c kat� mÐa staje-
r  parametrik  apìstash u′.Profan¸c gia mikrèc metatopÐseic me u′ = δu oi
suntetagmènec tou P ′(u + u′) ja eÐnai

xi(yα, u + δu) = xi(yα, u) + ξiδu (4.1)
ìpou oi sunist¸sec ξi upologÐzontai sto shmeÐo P (u). An�loga mporoÔme na
poÔme ìti o metasqhmatismìc autìc antistoiqeÐ èna opoiod pote gewmetrikì
antikeÐmeno X∆ (di�nusma, tanust  klp., ìpou to ∆ sumbolÐzei mia sullog 
deikt¸n) sto gewmetrikì antikeÐmeno X ′

∆ = f ′

u(X∆) me << sÔrsimo >> tou X
p�nw stic troqièc tou ξ kat� stajer  parametrik  apìstash u′.SugkrÐnontac
t¸ra to metasqhmatismèno antikeÐmeno X ′

∆ me thn tim  X∆ ≡ X∆[xi(yα, u+u′)]
pou autì ex�arq c eÐqe sto shmeÐo P ′(u + u′) orÐzoume th Lie par�gwgì tou
kat� th dieÔjunsh tou ξ wc ex c:

LξX∆ = limu′→0
X∆ − X ′

∆

u′
(4.2)

EÔkola apodeiknÔetai ìti h par�gwgoc Lie upakoÔei ston kanìna tou Leibnitz
gia thn parag¸gish kai ìti ìtan dra p�nw s�èna tanust  par�gei ènan tanust 
thc Ðdiac t�xhc.

An t¸ra k�poia gewmetrik  ontìthta X∆ eÐnai orismènh mìno gia mÐa
sugkekrimènh tim  thc paramètrou u, mporoÔme na epekteÐnoume ton orismì
thc pantoÔ sto qwroqrìno an thn prosdèsoume stic troqièc tou dianusma-
tikoÔ pedÐou ξ kai th sÔroume kat� m koc touc kat� dedomènh k�je for�
parametrik  apìstash.MÐa tètoia metafor� tou X∆ lègetai metafor� Lie

(Lie transfer) kai to gewmetrikì antikeÐmeno X∆ pou orÐzetai kat�autìn ton
trìpo se ìlo to qwroqrìno ja upakoÔei profan¸c sth sqèsh

LξX∆ = 0 (4.3)
Efarmìzontac ton orismì (4.2) mporoÔme polÔ eÔkola na deÐxoume ìti h pa-
r�gwgoc Lie kat� th dieÔjunsh tou ξ enìc dianusmatikoÔ pedÐou w isoÔtai
me to metajèth [ξ,w], dhlad 

Lξw = [ξ,w] (4.4)
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  se sunist¸sec wc proc k�poio sÔsthma suntetagmènwn
Lξw

i = ξjwi
,j − wjξi

,j = ξjwi
;j − wjξi

;j (4.5)
EpÐshc, eÔkola mporoÔme na apodeÐxoume ìti h par�gwgoc Lie wc proc ξ tou
metrikoÔ tanust  gr�fetai

Lξgij = ξi;j + ξj;i (4.6)
O shmeiakìc metasqhmatismìc pou par�getai apì èna di�nusma ξ tou

opoÐou oi troqièc eÐnai tètoiec ¸ste o metrikìc tanust c na metafèretai kat�
m koc touc analloÐwtoc lègetai isometrÐa kai apoteleÐ jemeli¸dh ènnoia thc
gewmetrÐac twn qwroqrìnwn.To antÐstoiqo di�nusma ξ pou par�gei thn isome-
trÐa lègetai di�nusma Killing.En gènei, se èna tuqìnta qwroqrìno den up�rqei
dianusm�tikì pedÐo Killing.Gia na up�rqei ja prèpei na èqoun lÔsh oi exis¸-
seic Killing:

Lξgij = ξi;j + ξj;i = 0 (4.7)
me epÐlush twn opoÐwn mporoÔme na èqoume tic sunist¸sec ξi tou dianÔsmatoc
Killing sto qrhsimopoioÔmeno sÔsthma suntetagmènwn.

Ac jewr soume èna rhm�nio 1 q¸ro n diast�sewn tou opoÐou h metrik 
eÐnai analloÐwth k�tw apì di�forec isometrÐec.To sÔnolo ìlwn twn isometri-
¸n tou q¸rou apoteleÐ mÐa om�da.2Autì giatÐ h sÔnjesh dÔo isometri¸n eÐnai
epÐshc isometrÐa kai upakoÔei sthn prosetairistik  idiìthta, to tautotikì
stoiqeÐo eÐnai isometrÐa kai to antÐstrofo miac isometrÐac eÐnai isometrÐa.H
om�da aut  eÐnai epiplèon efodiasmènh me thn pr�xh thc met�jeshc dÔo iso-
metri¸n (h opoÐa eÐnai eswterik  pr�xh, afoÔ o metajèthc dÔo isometri¸n
eÐnai p�li isometrÐa) h opoÐa thc prosdÐdei th dom  miac �lgebrac Lie.Lème
ìti to sÔnolo twn isometri¸n enìc qwroqrìnou èqei thn algebrik  dom  miac
om�dac Lie.Shmei¸noume ìti an ξ1 kai ξ2 eÐnai dÔo dianÔsmata Killing tìte kai
o grammikìc sunduasmìc a1ξ1 + a2ξ2 eÐnai di�nusma Killing an ta a1 kai a2

eÐnai stajerèc.An ìmwc ta a1 kai a2 eÐnai sunart seic thc jèshc tìte autìc o
grammikìc sunduasmìc eÐnai èna dianusmatikì pedÐo, all� ìqi aparaÐthta di�-
nusma Killing.O metajèthc [ξa, ξb], ìpwc  dh anafèrame, eÐnai epÐshc di�nusma
Killing.

'Estw ìti sto q¸ro mac twn n diast�sewn jewroÔme mÐa b�sh dianusm�twn
Killing {ξa}, a = 1, 2, ..., r.Tìte k�je di�nusma Killing tou q¸rou mporeÐ na

1Ed¸ kai sto epìmeno kef�laio stouc rhm�niouc q¸rouc pou jewroÔme sumperilam-
b�noume kai touc q¸rouc me mh jetik� orismènh metrik  ìpwc oi (yeudorhm�nioi) q¸roi thc
genik c sqetikìthtac

2sumbolÐzetai me Gr, ìpou r eÐnai oi diast�seic thc om�dac.
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grafeÐ san grammikìc sunduasmìc me stajeroÔc suntelestèc twn dianusm�-
twn aut c thc b�shc.To Ðdio isqÔei kai gia to metajèth [ξa, ξb] dÔo dianusm�-
twn Killing pou eÐnai epÐshc di�nusma Killing kai �ra oi sunist¸sec tou wc
proc aut  th b�sh eÐnai stajerèc.Oi stajerèc autèc lègontai stajerèc dom c
(structure constants) thc om�dac isometri¸n kai ja tic sumbolÐzoume me Ca

bc:
[ξa, ξb] = Ce

abξe (4.8)
Apì ton orismì eÐnai profanèc ìti:

Ce
ab = −Ce

ba ⇔ Ce
ab = Ce

[ab] (4.9)

Efarmìzontac tic tautìthtec Jacobi (3.31) gia ta dianÔsmata Killing thc
b�shc apodeiknÔetai ìti oi stajerèc dom c prèpei na ikanopoioÔn th sqèsh:

Ce
d[aC

d
bc] = 0 (4.10)

h opoÐa eÐnai Ðdia me th sqèsh (3.32) sthn eidik  perÐptwsh pou oi sunart -
seic met�jeshc eÐnai stajerèc.Autèc eÐnai oi sunj kec oloklhrwsimìthtac pou
prèpei na ikanopoioÔntai prokeimènou h �lgebra Lie thc om�dac na up�rqei
me èna sunep  trìpo.ApodeiknÔetai ìti k�je sÔnolo suntelest¸n Ca

bc pou
eÐnai antisummetrikoÐ wc proc ta b kai c kai ikanopoioÔn th sqèsh (4.10) eÐnai
stajerèc dom c k�poiac om�dac Lie.

H b�sh {ξa} twn dianusm�twn Killing den eÐnai monos manta kajorismè-
nh.MporoÔme na thn all�xoume k�nontac èna grammikì metasqhmatismì, wc
ex c:

ξa′ = Λ a
a′ ξa ⇔ ξ i

a′ = Λ a
a′ ξ i

a (4.11)
ìpou ta Λ a

a′ eÐnai stajer� me orÐzousa det(Λ a
a′ ) 6= 0 ètsi ¸ste ta ξa′ na eÐnai

grammik¸c anex�rthta.Tìte eÔkola blèpoume ìti oi stajerèc dom c metasqh-
matÐzontai san tanustèc, dhlad :

Cc′

a′b′ = Λc′

cΛ
a

a′ Λ b
b′ C

c
ab (4.12)

'Ara ìtan èqoume dÔo sÔnola, Cc
ab kai Cc′

a′b′ , stajer¸n dom c gia na elègx-
oume an antistoiqoÔn sthn Ðdia �lgebra Lie ja prèpei na deÐxoume ìti up�rqei
metasqhmatismìc (Λ a

a′ ) pou na ikanopoieÐ thn (4.12), k�ti pou den eÐnai ka-
jìlou profanèc.
(blèpe p.q.[36], [27] sel.49-51,194-209, [6] sel.69-74,102-103, [35] sel.375-
381, [28] sel.91-94 )
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4.2 Diast�seic om�dwn kai troqi¸n

'Estw ènac rhm�nioc q¸roc P me n diast�seic.ApodeiknÔetai ìti h di�s-
tash r thc �lgebrac Lie twn dianusm�twn Killing autoÔ tou q¸rou den mporeÐ
na uperbaÐnei ton akèraio arijmì 1

2
n(n + 1). Me �lla lìgia, se èna rhm�nio

q¸ro n diast�sewn mporeÐ na èqoume to polÔ 1
2
n(n + 1) grammik� anex�rth-

ta dianÔsmata Killing.P.q. apì to sÔnolo twn qwroqrìnwn thc genik c
jewrÐac thc sqetikìthtac (pou eÐnai yeudorhm�nioi me di�stash n = 4) o
qwroqrìnoc Minkowski dèqetai ton mègisto arijmì 1

2
4(4 + 1) = 10 dianu-

sm�twn Killing (pou antistoiqoÔn se 4 par�llhlec metatopÐseic kat� m koc
twn tess�rwn kartesian¸n axìnwn t, x, y, z, treic qwrikèc peristrofèc pou
kajorÐzontai apì tic treic gwnÐec Euler kai tic treic peristrofèc (boosts) sta
epÐpeda (t, x), (t, y), (t, z)) en¸ o gnwstìc sfairik� summetrikìc qwroqrìnoc
Schwarzchild dèqetai sunolik� tèssera (< 10) grammik� anex�rthta dianÔ-
smata Killing.EÐnai axioshmeÐwto ìti ìtan r = 1

2
n(n + 1), dhlad  o rhm�nioc

q¸roc dèqetai ton mègisto dunatì arijmì grammik� anex�rthtwn dianusm�twn
Killing, tìte o tanust c kampulìthtac èqei th morf 

Rijkl = K(gikgjl − gilgjk) (4.13)
ìpou to K eÐnai stajer�.Oi qwroi autoÐ èqoun stajer  kampulìthta afoÔ
apì thn anwtèrw sqèsh prokÔptei ìti R = (n − 1)K =stajer�.

Ac sumbolÐsoume me G thn om�da Lie twn isometri¸n tou q¸rou P thc
opoÐac h di�stash eÐnai r.To sÔnolo twn troqi¸n thc G eÐnai safèc ìti apartÐ-
zoun ènan upoq¸ro tou P pou suqn� anafèretai san troqi� thc om�dac 3 kai
tou opoÐou h di�stash eÐnai mikrìterh   Ðsh me to n.'Otan h troqi� thc om�dac
sumpÐptei me ton arqikì rhm�nio q¸ro P, pr�gma pou shmaÐnei ìti h di�stas 
thc eÐnai n, lème ìti aut  h om�da dra metabatik� p�nw ston P.Se aut  thn
perÐptwsh k�je shmeÐo tou q¸rou P mporeÐ na apeikonisteÐ se èna opoiod -
pote �llo shmeÐo tou me th dr�sh enìc stoiqeÐou (dhlad  miac isometrÐac) thc
G.

Ac jewr soume èna tuqìn shmeÐo x tou P p�nw ston opoÐo dra h om�da
isometri¸n G.'Ola ta shmeÐa tou P pou eÐnai eikìnec tou x mèsw thc dr�shc
thc G, dhlad  ta shmeÐa y = T (x) ìpou T eÐnai k�poia isometrÐa stoiqeÐo thc
G, apoteloÔn ènan upoq¸ro tou P pou lègetai troqi� tou x.An sumbolÐsoume
me d th di�stash thc troqi�c tou x tìte profan¸c d ≤ n kai d ≤ r.'Otan
sumbaÐnei na èqoume d = r lème ìti h G dra apl¸c metabatik� (simply tran-
sitive) epÐ twn troqi¸n thc.'Otan ìmwc d < r, epeid  mporoÔme na metaboÔme

3Anafèrontai epÐshc kai san epif�neiec met�bashc thc om�dac (surfaces of transitivity)
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apì to x sto y mèsw thc dr�shc thc G me perissìterouc apì ènan trìpouc,
lème ìti h G dra pollapl¸c metabatik� (multiply transitive) epÐ twn troqi¸n
thc.

T¸ra ta stoiqeÐa T thc G gia ta opoÐa T (x) = x (dhlad  oi isometrÐec pou
apeikonÐzoun to x ston eautì tou) parathroÔme ìti fti�qnoun mÐa upoom�da
Gx thc om�dac G pou lègetai isotropik  om�da 4 tou shmeÐou x.An anatrè-
xoume sth sqèsh (4.1) gÐnetai amèswc katanohtì ìti ta dianÔsmata Killing
pou par�goun tic isometrÐec thc isotropik c om�dac Gx èqoun thn idiìthta
na mhdenÐzontai sto shmeÐo x.Mèsw aut c thc idiìthtac mporoÔme eÔkola na
prosdiorÐsoume thn isotropik  om�da pou dra se k�poio shmeÐo tou P.Tèloc,
epeid  h troqi� thc Gx apoteleÐtai mìno apì to shmeÐo x, h Gx den suneisfèrei
sth di�stash d thc troqi�c tou x.'Etsi, an sumbolÐsoume me s th di�stash
thc Gx eÐnai profanèc ìti ja isqÔei h sqèsh

r = d + s (4.14)
apì thn opoÐa gÐnetai safèc ìti h G dra apl¸c metabatik� epÐ twn troqi¸n
thc an kai mìno an s = 0.

Gia na broÔme th mègisth tim  pou mporeÐ na p�rei h di�stash s thc
Gx arkeÐ na parathr soume ìti oi isometrÐec stoiqeÐa thc Gx eÐnai ousi-
astik� peristrofèc gÔrw apì to shmeÐo x, afoÔ kratoÔn autì to shmeÐo sta-
jerì.An eis�goume loipìn sto x èna topik� kartesianì sÔsthma suntetagmè-
nwn (x1, x2, ..., xn−1, xn), mia mègisth b�sh grammik� anex�rthtwn stoiqeÐwn
thc Gx apoteleÐtai apì tic peristrofèc p�nw sto epÐpedo pou orÐzetai apì
k�je zeug�ri axìnwn.Epeid  ìmwc to pl joc twn zeug¸n axìnwn eÐnai

(n − 1) + (n − 2) + · · · + 2 + 1 =
n − 1

2
n (4.15)

aut  eÐnai kai h mègisth tim  gia to s.'Ara:

s ≤ 1

2
n(n − 1) (4.16)

An se aut  th mègisth tim  tou s prosjèsoume kai tic n sto pl joc grammik�
anex�rthtec par�llhlec metatopÐseic kat� m koc twn n axìnwn, paÐrnoume
thn proanaferjeÐsa 1

2
n(n−1)+n = 1

2
n(n+1) mègisth tim  gia th di�stash r

thc G.Apì aut� gÐnetai fanerì ìti oi q¸roi stajer c kampulìthtac mporoÔn
monos manta na qarakthristoÔn kai apì to ìti gi�autoÔc h isotropik  om�da
Gx lamb�nei se k�je shmeÐo x th mègisth dunat  di�stash 1

2
n(n − 1).

(blèpe p.q. [8] sel.221-251, [35] sel.375-381, [27] sel.194-209, [28] sel.97-
111, [36])

4Sthn orologÐa twn om�dwn Lie lègetai kai om�da eust�jeiac tou x (stability group)
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4.3 Taxinìmhsh Kosmologik¸n Montèlwn

Gia èna kosmologikì montèlo me idanikì reustì, ìpou o qwroqrìnoc èqei
tèssereic diast�seic, oi dunatèc diast�seic twn troqi¸n miac om�dac isome-
tri¸n eÐnai: d = 0, 1, 2, 3, 4. Wc proc thn isotropik  om�da, an jewr soume
ìti (µ + p) 6= 0 tìte oi diast�seic thc mporeÐ na eÐnai s = 0, 1   3.Autì giatÐ
afoÔ h proex�rqousa qronoeid c dieÔjunsh ua tou qwroqrìnou eÐnai anal-
loÐwth k�tw apì th dr�sh thc G, h isotropik  om�da se k�je shmeÐo prèpei
na eÐnai mia upoom�da twn peristrof¸n pou droun p�nw sthn k�jeth proc
to ua qwroeid  trisdiastath uperepif�neia se autì to shmeÐo.Epeid  ìmwc h
�lgebra aut¸n twn peristrof¸n eÐnai h O(3), h opoÐa den dèqetai didi�stath
upoom�da, sumperaÐnoume ìti to s den mporeÐ na p�rei thn tim  2.Oi diast�seic
s thc om�dac isotropi¸n mporeÐ na diafèroun sta di�fora shmeÐa tou q¸rou,
all� ìqi p�nw sthn Ðdia troqi�: mporeÐ na eÐnai perissìterec se eidik� shmeÐa
ìpou oi diast�seic d thc troqi�c eÐnai ligìterec, all� oi diast�seic r thc
sunolik c om�dac summetri¸n prèpei na eÐnai Ðdiec pantoÔ.Epomènwc mporoÔme
na diakrÐnoume tic ex c peript¸seic qwroqrìnwn ìson afor� thn isotropÐa se
èna tuqìn shmeÐo (blèpe [15] sel.36-39 ):

a)Isotropikì sÔmpan, s = 3 : O tanust c Weyl kai ìlec oi kinhmatikèc
posìthtec, ektìc apì to J, mhdenÐzontai.'Olec oi parathr seic se k�je shmeÐo
eÐnai isotropikèc.S> aut  thn kathgorÐa an kei h oikogèneia qwroqrìnwn
FLRW.

b)Topik� Summetrikì wc proc tic Peristrofèc SÔmpan (Locally

Rotationally Symmetric-LRS), s = 1 : Oi kinhmatikèc posìthtec eÐnai
summetrikèc k�tw apì peristrofèc gÔrw apì mÐa protimhtèa qwrik  kateÔ-
junsh.'Olec oi parathr seic se èna tuqìn shmeÐo eÐnai summetrikèc wc proc
thn peristrof  gÔrw apì aut  thn kateÔjunsh.'Olec oi LRS metrikèc eÐnai
gnwstèc sthn perÐptwsh thc skìnhc kai tou idanikoÔ reustoÔ.

g)Anisotropikì SÔmpan, s = 0 : Den up�rqoun peristrofikèc sum-
metrÐec.Oi parathr seic se k�je kateÔjunsh eÐnai diaforetikèc apì tic parathr -
seic se k�je �llh kateÔjunsh.

An sundu�soume tic parap�nw peript¸seic me tic dunatìthtec pou up�r-
qoun gia tic diast�seic twn troqi¸n thc om�dac isometri¸n prokÔptoun oi
parak�tw kathgorÐec kosmologik¸n montèlwn.
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4.3.1 Qwroqronik� Omogen  SÔmpanta

Aut� ta montèla me d = 4 den all�zoun sto q¸ro kai sto qrìno, �ra
h puknìthta enèrgeiac (m) tou idanikoÔ reustoÔ eÐnai mia stajer�.Epomènwc,
apì thn exÐswsh diat rhshc thc enèrgeiac (2.53) prokÔptei ìti den diastèllo-
ntai: Θ = 0 kai wc ek toÔtou den mporoÔn na par�goun mÐa sqedìn isotropik 
erujr  metatìpish.'Ara den eÐnai qr sima wc montèla gia to alhjinì sÔmpan.Parìla
aut� parousi�zoun k�poio endiafèron.

Sthn isotropik  perÐptwsh, ìpou s = 3 ⇒ r = 7, èqoume to statikì
sÔmpan tou Einstein.Prìkeitai gia to mh diastellìmeno FLRW montèlo to
opoÐo  tan to pr¸to sqetikistikì kosmologikì montèlo pou brèjhke.

Sthn perÐptwsh LRS, ìpou s = 1 ⇒ r = 5, èqoume to stasimì peristre-
fìmeno sÔmpan tou Godel, to opoÐo epÐshc den èqei erujr  metatìpish.Autì
to montèlo  tan shmantikì giatÐ od ghse se mia nèa katanìhsh thc fÔshc tou
qrìnou sth Genik  Sqetikìthta.EÐnai èna montèlo sto opoÐo parabi�zetai h
aitiìthta (up�rqoun kleistèc qronoeideÐc troqièc mèsw k�je qwroqronikoÔ
shmeÐou) kai gia to opoÐo den mporeÐ na orisjeÐ ènac sumpantikìc qrìnoc.

Ta anisotropik� montèla, gia ta opoÐa s = 0 ⇒ r = 4, eÐnai ìla gnwst�,
all� eÐnai qr sima mìno gia tic gn¸seic pou mac prosfèroun se sqèsh me thn
arq  tou Mach.

4.3.2 Qwrik� Omogen  SÔmpanta

Sta jewrhtik� montèla pou perigr�foun ta qwrik� omogen  sÔmpanta
èqoume d = 3.Aut� eÐnai ta shmantikìtera montèla thc jewrhtik c kosmolo-
gÐac, giatÐ ekfr�zoun majhmatik� thn idèa thc << Kosmologik c Arq c >>, ìti
dhlad  ìla ta shmeÐa tou q¸rou ston Ðdio qrìno eÐnai isodÔnama metaxÔ touc.

Sthn isotropik  perÐptwsh, ìpou s = 3 ⇒ r = 6, èqoume thn oikogèneia
twn montèlwn FRW, pou eÐnai ta pio sunhjismèna kosmologik� montèla.

Sthn perÐptwsh LRS, ìpou s = 1 ⇒ r = 4, perilamb�netai h oikogèneia
twn sump�ntwn Kantowski-Sachs kai ta LRS orjog¸nia kai pl�gia (tilted)
montèla Bianchi.

Sthn anisotropik  perÐptwsh, ìpou s = 0 ⇒ r = 3, eqoume thn oikogèneia
twn montèlwn Bianchi, ta opoÐa dèqontai mÐa trisdi�stath om�da isometri¸n G
pou dra apl� metabatik� p�nw stic k�jetec proc to ua qwroeideÐc uperepif�-
neiec.Ta montèla aut� diakrÐnontai se orjog¸nia (ìtan h tetrataqÔthta eÐnai
k�jeth proc tic troqièc thc G) kai se pl�gia (tilted) (ìtan h tetrataqÔthta
den eÐnai k�jeth proc tic troqièc thc G).
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4.3.3 Qwrik� Mh-Omogen  SÔmpanta

Se aut� ta montèla oi troqièc thc G eÐnai to polÔ didi�statec, dhlad  d ≤ 2
Sthn perÐptwsh LRS, ìpou s = 1, d = 2 ⇒ r = 3, èqoume mÐa sfai-

rik� summetrik  oikogèneia montèlwn.Se aut  perilamb�nontai ta montèla
Lemaitre-Tolman-Bondi (LTB) ta opoÐa mporoÔn na èqoun èna   kai dÔo kè-
ntra summetrÐac, all� den mporoÔn na eÐnai isotropik� gÔrw apì èna genikì
shmeÐo, afoÔ isotropÐa pantoÔ shmaÐnei qwrik  omogèneia.

Oi anisotropikèc peript¸seic, me s = 0, d ≤ 2 ⇒ r ≤ 2, perilamb�noun
lÔseic twn exis¸sewn Einstein pou dèqontai mÐa Abelian    mÐa mh-Abelian 
om�da isometri¸n G2 ìpwc epÐshc kai qwrik� omoiojetik� (self-similar) mo-
ntèla.

Tèloc up�rqoun lÔseic twn exis¸sewn Einstein qwrÐc kajìlou summetrÐec,
gia tic opoÐec s = 0, d = 0 ⇒ r = 0. To pragmatikì sÔmpan an kei fusik� se
aut  thn kathgorÐa.'Ola ta �lla montèla pou exet�zoume apoteloÔn proseg-
gÐseic tou pragmatikoÔ sÔmpantoc.Paradìxwc èqoun brejeÐ k�poiec akribeÐc
lÔseic twn exis¸sewn Einstein qwrÐc kajìlou summetrÐec ìpwc (a)ta hmi-
sfairik� (quasi-spherical) montèla Szekeres pou eÐnai kat� ènan trìpo mh
grammikèc diataraqèc twn montèlwn FLRW, (b)ta sÔmmorfa epÐpeda montèla
tou Stephani kai (g)oi lÔseic tÔpou Petrov N tou Oleson.Tèloc, mÐa endiafè-
rousa oikogèneia montèlwn qwrÐc olikèc summetrÐec eÐnai ta montèla Swiss-
Cheese pou fti�qnontai sunen¸nontac tm mata diaforetik¸n sfairik� sum-
metrik¸n montèlwn.

Sthn paroÔsa ergasÐa ja asqolhjoÔme me ta qwrik� omogen  kosmologik�
montèla kai pio sugkekrimèna me thn oikogèneia twn montèlwn Bianchi.

4.4 AnalloÐwth B�sh
Pollèc forèc h perigraf  enìc qwroqrìnou eÐnai aploÔsterh ìtan qrhsi-

mopoioÔme mÐa analloÐwth tetradik  b�sh .Me autì ennooÔme ìti k�je di�-
nusma Ea aut c thc b�shc eÐnai analloÐwto k�tw apì th dr�sh thc om�dac
isometri¸n kai epomènwc èqei mhdenik  par�gwgo Lie wc proc ìla ta dianÔ-
smata Killing thc om�dac:

Lξα
Eb = 0 ⇔ [ξα,Eb] = 0, α = 1, 2, ..., r, b = 0, 1, 2, 3 (4.17)

(blèpe p.q. [25] sel.103, [14] sel.112 ) ìpou r =diast�seic thc om�dac isome-
tri¸n . H analloÐwth b�sh eÐnai qr sim  gia touc ex c lìgouc:
a) Oi sunist¸sec thc tetradik c metrik c eÐnai analloÐwtec k�tw apì th
dr�sh thc om�dac, dhlad :

Lξγ
(gab) = 0 (4.18)
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kai �ra h metrik  eÐnai stajer  p�nw se k�je omogen  uperepif�neia pou
par�getai apì thn om�da isometri¸n. (blèpe enìthta 5.2 gia thn apìdeixh
sthn perÐptwsh twn qwroqrìnwn Bianchi)
b) MporeÐ na deiqteÐ ìti oi sunart seic met�jeshc thc b�shc aut c eÐnai sta-
jerèc p�nw se k�je omogen  uperepif�neia. (Gia thn apìdeixh blèpe enìthta
4.4.1.)

4.4.1 Paragwg  AnalloÐwthc B�shc

sta Qwrik� Omogen  Montèla

'Opwc èqoume  dh anafèrei ènac qwrik� omogen c qwroqrìnoc dèqetai mÐa
trisdi�stath om�da isometri¸n G3.EmeÐc ja asqolhjoÔme me thn perÐptwsh
sthn opoÐa h om�da eÐnai apl� metabatik .S> aut  thn perÐptwsh h dr�sh thc
G3 par�gei trisdi�statec omogeneÐc uperepif�neiec oi opoÐec apoteloÔn mÐa
monoparametrik  oikogèneia pou gemÐzei to qwroqrìno.Tìte o qwroqrìnoc
mporeÐ na jewrhjeÐ wc to topologikì ginìmeno S ∗ℜ, ìpou me S sumbolÐzoume
tic trisdi�statec omogeneÐc uperepif�neiec kai ℜ eÐnai mÐa pragmatik  kampÔlh
k�jeth stic omogeneÐc uperepif�neiec.An t eÐnai mÐa par�metroc kat� m koc
thc ℜ sumbolÐzoume wc S(t) thn omogen  uperepif�neia pou dièrqetai apì to
shmeÐo thc ℜ pou antistoiqeÐ sto t.Tìte h metrik  eÐnai anex�rthth apì th
jèsh p�nw sthn uperepif�neia, all� mporeÐ na exart�tai apì thn tim  thc
paramètrou t.

Gia na par�goume mÐa analloÐwth b�sh (blèpe [25] sel.103-107 ) arqik�
epilègoume mÐa kampÔlh ℜ k�jeth stic omogeneÐc uperepif�neiec.To efaptì-
meno s�aut  thn kampÔlh di�nusma eÐnai analloÐwto k�tw apì th dr�sh thc
om�dac isometri¸n, ìpwc ja apodeÐxoume sto epìmeno kef�laio.Onom�zoume
autì to dianusmatikì pedÐo E0.Apì ton orismì tou E0 eÐnai fanerì ìti mpo-
roÔme na jèsoume E0 = ∂

∂t
. 'Epeita epilègoume �lla trÐa grammik¸c anex�rth-

ta dianÔsmata E1,E2,E3 ta opoÐa eÐnai efaptìmena sthn uperepif�neia kai
qrhsimopoioÔme thn metafor� Lie (kat� th dieÔjunsh tou E0 kai twn tri¸n
dianusm�twn Killing) gia na dhmiourg soume apì ta E1,E2,E3 ta upìloipa
trÐa dianusmatik� pedÐa pou qreiazìmaste gia na oloklhr¸soume th b�sh.Apì
ton orismì eÐnai fanerì ìti:

[E0,Eα] = 0, α = 1, 2, 3 (4.19)
to opoÐo sunep�getai, ìpwc ja doÔme sto epìmeno kef�laio, ìti ta Eα den
exart¸ntai apì to t.Epiplèon, ta dianÔsmata Killing thc om�dac isometri¸n
kai ta dianÔsmata thc b�shc den èqoun sunist¸sec kat� m koc thc ℜ, afoÔ
ef�ptontai stic omogeneÐc uperepif�neiec stic opoÐec h kampÔlh ℜ eÐnai k�-
jeth.

E 0
α = ξ 0

α = 0 (4.20)
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Je¸rhma 4.4.1. Oi sunart seic met�jeshc γγ
αβ thc analloÐwthc b�shc den

exart¸ntai apì th jèsh p�nw sthn uperepif�neia.

Apìdeixh. Ex orismoÔ èqoume ìti
[Eα,Eβ] = γγ

αβEγ (4.21)
Efarmìzontac tic tautìthtec Jacobi gia ta dianÔsmata ξα,Eβ,Eγ paÐrnoume
ìti

[ξα, [Eβ,Eγ]] + [Eβ, [Eγ, ξα]] + [Eγ, [ξα,Eβ]] = 0 (4.22)
'Omwc oi dÔo teleutaÐoi metajètec mhdenÐzontai exaitÐac thc (4.17) kai h para-
p�nw sqèsh gÐnetai

[ξα, [Eβ,Eγ]] = 0 (4.23)
Antikajist¸ntac thn (4.21) sthn (4.23) èqoume ìti

[ξα, γδ
βγEδ] = 0 ⇔ Lξα

(γδ
βγEδ) = (Lξα

γδ
βγ)Eδ + γδ

βγ(Lξα
Eδ) = 0 (4.24)

h opoÐa, se sunduasmì me th sqèsh (4.17), gÐnetai
(Lξα

γδ
βγ)Eδ = 0 (4.25)

  isodÔnama
Lξα

γδ
βγ = 0 (4.26)

afoÔ ta dianÔsmata Eδ eÐnai grammik¸c anex�rthta metaxÔ touc.'Omwc ta γδ
βγeÐnai bajmwt� wc proc tic suntetagmènec, �ra

Lξα
γδ

βγ = ξ ε
α γδ

βγ,ε = 0 (4.27)
'Omwc ta dianÔsmata Killing thc om�dac isometri¸n eÐnai grammik¸c anex�rth-
ta, �ra h prohgoÔmenh sqèsh sunep�getai ìti 5

γδ
βγ,ε = 0 (4.28)

Epomènwc oi sunart seic met�jeshc γγ
αβ eÐnai anex�rthtec apì th jèsh p�nw

sthn uperepif�neia.
5Gr�fontac th sqèsh (4.27) gia k�je èna apì ta trÐa dianÔsmata Killing thc om�dac

isometri¸n katal goume se èna grammikì kai omogenèc sÔsthma exis¸sewn tou opoÐou h
orÐzousa det(ξ ε

α ) eÐnai di�forh tou mhdenìc lìgw thc grammik c anexarthsÐac twn dianu-
sm�twn Killing thc om�dac isometri¸n.Epomènwc to sÔsthma èqei monadik  lÔsh γδ

βγ,i = 0.
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Je¸rhma 4.4.2. MporoÔme na epilèxoume mÐa analloÐwth b�sh tètoia ¸ste
oi sunart seic met�jeshc γα

βγ thc b�shc na sundèontai me tic stajerèc dom c
Cα

βγ thc om�dac isometri¸n mèsw thc sqèshc:

γα
βγ = −Cα

βγ (4.29)
Epomènwc

[Eα,Eβ] = −Cγ
αβEγ (4.30)

Apìdeixh. Arqik� epilègoume trÐa grammik¸c anex�rthta dianÔsmata efaptì-
mena se èna sugkekrimèno shmeÐo P0 thc omogenoÔc uperepif�neiac kai ta
sumbolÐzoume wc Eα0.Ja orÐsoume ta antÐstoiqa dianusmatik� pedÐa qrhsi-
mopoi¸ntac thn par�gwgo Lie, dhlad  apait¸ntac na isqÔei:

[ξα,Eβ] = 0 (4.31)
ìpou Eβ(P0) = Eβ0. Gia na prosdiorÐsoume tic sunart seic met�jeshc prèpei
na epilèxoume sugkekrimènec timèc gia ta dianÔsmata Eα0.MÐa polÔ fusik 
epilog  eÐnai na epilèxoume ta Eα0 na tautÐzontai me ta dianÔsmata Killing
sto shmeÐo P0, dhlad 

Eα0 = ξα(P0) (4.32)
Tìte ta analloÐwta dianusmatik� pedÐa pou apoteloÔn to qwrikì komm�ti thc
b�shc mac ja dÐnontai apì th sqèsh6:

Eα = aβ
αξβ (4.33)

ìpou
aβ

α(P0) = δβ
α (4.34)

H sunj kh pou prèpei na isqÔei gia na eÐnai aut� ta dianusmatik� pedÐa anal-
loÐwta k�tw apì th dr�sh thc om�dac isometri¸n eÐnai h (4.17):

Lξα
Eβ = 0 (4.35)

Apì tic sqèseic (4.33) kai (4.35) prokÔptei ìti:
Lξα

Eβ = 0 ⇒ Lξα
(aγ

βξγ) = 0

⇒ (Lξα
aγ

β)ξγ + aγ
β(Lξα

ξγ) = 0

⇒ ξ i
α aγ

β,iξγ + aγ
β[ξα, ξγ] = 0

⇒ ξ i
α aγ

β,iξγ + aγ
βCδ

αγξδ = 0

6Ta aβ
γ eÐnai bajmwta wc proc tic suntetagmènec.
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Efarmìzontac thn parap�nw sqèsh sto shmeÐo P0 èqoume:
ξ i
α (P0)a

γ
β,i(P0)ξγ(P0) + aγ

β(P0)C
δ
αγξδ(P0) = 0

⇒ (ξ i
α aγ

β,i)(P0)ξγ(P0) + δγ
βCδ

αγξδ(P0) = 0

⇒ {(ξ i
α aγ

β,i)(P0) + Cγ
αβ}ξγ(P0) = 0

'Omwc ta dianÔsmata Killing eÐnai grammik¸c anex�rthta, �ra prèpei na isqÔei
ìti:

(ξ i
α aγ

β,i)(P0) + Cγ
αβ = 0 ⇒ (ξ i

α aγ
β,i)(P0) = −Cγ

αβ (4.36)
Apì ton orismì (3.26) twn sunart sewn met�jeshc se sunduasmì me th sqèsh
(4.33) paÐrnoume:

[Eα,Eβ]i = [aγ
αξγ, a

δ
βξδ]

i = γγ
αβE i

γ

⇒ aγ
αξ j

γ (aδ
βξ i

δ ),j − aδ
βξ j

δ (aγ
αξ i

γ ),j = γγ
αβaδ

γξ
i

δ

⇒ aγ
αξ j

γ aδ
β,jξ

i
δ + aγ

αξ j
γ aδ

βξ i
δ ,j − aδ

βξ j
δ aγ

α,jξ
i

γ − aδ
βξ j

δ aγ
αξ i

γ ,j = γγ
αβaδ

γξ
i

δ

⇒ aγ
αξ j

γ aδ
β,jξ

i
δ − aδ

βξ j
δ aγ

α,jξ
i

γ + aγ
αaδ

βξ j
γ ξ i

δ ,j − aδ
βaγ

αξ j
δ ξ i

γ ,j = γγ
αβaδ

γξ
i

δ

⇒ aγ
αξ j

γ aδ
β,jξ

i
δ − aδ

βξ j
δ aγ

α,jξ
i

γ + aγ
αaδ

β[ξγ, ξδ] = γγ
αβaδ

γξ
i

δ (4.37)
Epomènwc sto shmeÐo P0 isqÔei ìti

aγ
α(P0)(ξ

j
γ aδ

β,j)(P0)ξ
i

δ (P0) − aδ
β(P0)(ξ

j
δ aγ

α,j)(P0)ξ
i

γ (P0) +

+aγ
α(P0)a

δ
β(P0)[ξγ, ξδ]

i(P0) = γγ
αβ(P0)a

δ
γ(P0)ξ

i
δ (P0) (4.38)

h opoÐa me th bo jeia thc (4.36) gÐnetai:
δγ
α(−Cδ

γβ)ξ i
δ (P0) − δδ

β(−Cγ
δαξ i

γ )(P0) + δγ
αδδ

βCε
γδξ

i
ε (P0) = γγ

αβ(P0)δ
δ
γξ

i
δ (P0)

⇒ −Cδ
αβξ i

δ (P0) + Cγ
βαξ i

γ (P0) + Cε
αβξ i

ε (P0) = γδ
αβ(P0)ξ

i
δ (P0) (4.39)

ìmwc Cγ
βα = −Cγ

αβ, afoÔ [Eβ,Eα] = −[Eα,Eβ]
Lamb�nontac autì upìyin kai all�zontac ta onìmata twn boub¸n deikt¸n
ìpou qrei�zetai katal goume sth sqèsh:

− Cγ
αβξ i

γ (P0) − Cγ
αβξ i

γ (P0) + Cγ
αβξ i

γ (P0) = γγ
αβ(P0)ξ

i
γ (P0)

⇒ − Cγ
αβξ i

γ (P0) = γγ
αβ(P0)ξ

i
γ (P0)

⇒ (Cγ
αβ + γγ

αβ)(P0)ξ
i

γ (P0) = 0 (4.40)
kai epeid  ta dianÔsmata Killing eÐnai grammik¸c anex�rthta sto P0 h sqèsh
(4.40) sunep�getai ìti:

γγ
αβ(P0) = −Cγ

αβ (4.41)
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'Omwc ta γγ
αβ eÐnai anex�rthta apì th jèsh p�nw sthn uperepif�neia, �ra:

γγ
αβ = −Cγ

αβ (4.42)
pantoÔ p�nw sthn uperepif�neia.Epilèon, epeid  ta dianÔsmata Eα eÐnai anex�rth-
ta thc suntetagmènhc t ja eÐnai anex�rthtec thc t kai oi sunart seic met�-
jeshc γγ

αβ.'Etsi, h sqèsh (4.42) ja isqÔei pantoÔ sto qwroqrìno.
H analloÐwth b�sh pou upakoÔei stouc periorismoÔc (4.17), (4.19) kai

(4.30), me to E0 k�jeto stic omogeneÐc uperepif�neiec S(t) den eÐnai monadik .An
gnwrÐzoume mÐa tètoia analloÐwth b�sh mporoÔme na broÔme mÐa �llh qrhsi-
mopoi¸ntac èna grammikì metasqhmatismì

E′

α = Λ β
α Eβ (4.43)

me det(Λ β
α ) 6= 0, tou opoÐou oi suntelestèc Λ β

α eÐnai stajeroÐ.
Ja prèpei na shmeiwjeÐ ed¸ ìti eÐnai dunatìn na eis�goume mia nèa analloÐ-

wth tetr�da (E′

0,E
′

α) h opoÐa na ikanopoieÐ touc periorismoÔc (4.17), (4.19)
kai (4.30) kai thc opoÐac to qronoeidèc di�nusma E′

0 na eÐnai << pl�gio >>,
dhlad  mh-k�jeto proc tic omogeneÐc uperepif�neiec t =stajerì (blèpe kai
[25], sel.106-107 ).Autì mporeÐ na epiteuqjeÐ jètontac

E′

0 = N(t)E0 + Nβ(t)Eβ (4.44)
kai

E′

α = Λ β
α (t)Eβ (4.45)

me det(Λ β
α (t)) 6= 0

Kat> arq n parathroÔme to profanèc, dhlad  ìti lìgw thc (4.17) kai h
nèa tetr�da ja eÐnai analloÐwth k�tw apì th dr�sh thc om�dac isometri¸n:

[ξα,E′

0] = [ξα,E′

β] = 0 (4.46)
Gia na doÔme poioc eÐnai o periorismìc pou prèpei na ikanopoioÔn oi posìtht-
ec N(t), Nβ(t), Λ β

α (t) ètsi ¸ste h nèa tetr�da na upakoÔei kai sthn (4.19)
upologÐzoume to metajèth [E′

0,E
′

α] ston opoÐo antikajistoÔme tic (4.44) kai
(4.45) kai lamb�noume upìyh tic (4.19) kai (4.30) gia na p�roume:

[E0,E
′

α] = N [E0, Λ
β

α Eβ] + Nβ[Eβ, Λ γ
α Eγ]

= N
(dΛ β

α

dt

)

Eβ − NβΛ γ
α Cδ

βγEδ

=

{

N
(dΛ β

α

dt

)

− N δΛ γ
α Cβ

δγ

}

Eβ (4.47)
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afoÔ ta N, Nβ, Λ β
α eÐnai sunart seic mìno tou t.'Etsi h nèa << pl�gia >> tetr�da

ja upakoÔei sthn
[E′

0,E
′

α] = 0 (4.48)
an kai mìno an

N
(dΛ β

α

dt

)

= N δΛ γ
α Cβ

δγ (4.49)
afoÔ ta Eβ eÐnai grammik¸c anex�rthta.

Apomènei na deÐxoume ìti h nèa tetr�da mporeÐ na epilegeÐ ètsi ¸ste mazÐ me
tic (4.46) kai (4.48) na ikanopoieÐ kai thn antÐstoiqh thc (4.30) sqèsh.Gi�autì
eis�goume ta dianÔsmata

ξ′α = Λ β
α (t0)ξβ (4.50)

ìpou t = t0 eÐnai h uperepif�neia pou perièqei to shmeÐo P0 sto opoÐo Eα(P0) =
ξα(P0).Ta ξ′α eÐnai profan¸c dianÔsmata Killing kai grammik¸c anex�rthta
lìgw thc det(Λ β

α (t0)) 6= 0, opìte ikanopoioÔn thn (4.46).Epiplèon, ja isqÔei:
E′

α(P0) = Λ β
α (t0)Eβ(P0) = Λ β

α (t0)ξβ(P0) = ξ′α(P0) (4.51)
'Etsi, akolouj¸ntac thn Ðdia apodeiktik  diadikasÐa me aut  tou jewr matoc
4.4.2 katal goume sto sumpèrasma ìti oi qwrikèc sunart seic met�jeshc γ′γ

αβtwn qwrik¸n dianusm�twn E′

α thc b�shc (oi opoÐec b�sei tou jewr matoc
4.4.1 den exart¸ntai apì th jèsh p�nw se k�je uperepif�neia t =stajerì)
ja ikanopoioÔn p�nw sthn uperepif�neia t = t0 th sqèsh

γ′γ
αβ = −C ′γ

αβ (4.52)
Lìgw thc (4.48) oi sunart seic met�jeshc thc nèac tetr�dac èqoun tic ex c
mhdenikèc sunist¸sec:

γ′d
0c = 0 (4.53)

Lamb�nontac upìyin autì kai efarmìzontac thn tautìthta (3.32) gia a =
0, d = δ, b = β, c = γ paÐrnoume:

∂′

0γ
′δ
βγ = 0 ⇔ E

′ i
0

∂γ′δ
βγ

∂xi
= 0 (4.54)

kai me th bo jeia thc (4.44) telik� paÐrnoume:

(NE i
0 + NβE i

β )
∂γ′δ

βγ

∂xi
= 0 ⇒ N

∂γ′δ
βγ

∂t
+ NβE ε

β

∂γ′δ
βγ

∂xε
= 0

⇒ N
(dγ′δ

βγ

dt

)

= 0

⇒ dγ′δ
βγ

dt
= 0 (4.55)
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afoÔ an to N = 0 to di�nusma E′

0 den ja  tan qronoeidèc.Epomènwc oi γ′γ
αβeÐnai stajerèc kai h sqèsh (4.52) ja isqÔei pantoÔ sto qwroqrìno.

Ja prèpei ed¸ na shmei¸soume ìti gia na eÐnai pl�gia h tetr�da ja prèpei
Nβ 6= 0 kai tìte eÐnai dunatìn na epilegoÔn ta Λ β

α (t) ètsi ¸ste h tri�da
{E′

α}, α = 1, 2, 3 na eÐnai orjog¸nia   me �lla lìgia, h tetradik  metrik  thc
uperepif�neiac g′

αβ(t) na eÐnai diag¸nia.'Omwc se aut  thn perÐptwsh ta g′

0αden eÐnai en gènei mhdèn, afoÔ:
g′

0α = E′

0 · E′

α = Λ γ
α NβEβEγ

= Λ γ
α Nβgβγ = Λ γ

α Nγ 6= 0 (4.56)

4.5 Kat�logoc Trisdi�statwn Om�dwn
'Opwc èqoume  dh anafèrei, k�nontac grammikoÔc metasqhmatismoÔc p�nw sta
dianÔsmata Killing thc b�shc mac mporoÔme na per�soume se mÐa �llh isodÔ-
namh b�sh.Gia na kathgoriopoi soume tic �lgebrec Lie prèpei na broÔme set
stajer¸n dom c Cα

βγ oi opoÐec na mh sundèontai mèsw k�poiou grammikoÔ
metasqhmatismoÔ (4.12).Ja prèpei loipìn na qrhsimopoi soume idiìthtec oi
opoÐec paramènoun analloÐwtec k�tw apì tètoiouc metasqhmatismoÔc, ìpwc
p.q. oi diast�seic thc om�dac isometri¸n.

Em�c ja mac apasqol sei h perÐptwsh twn qwrik� omogen¸n qwroqrìnwn.Ja
asqolhjoÔme mìno me tic topikèc kai ìqi me tic olikèc idiìthtec twn om�dwn.H
kathgoriopoÐhsh gia touc qwroqrìnouc autoÔc ègine gia pr¸th for� apì ton
Bianchi (blèpe [2]).Up�rqoun ennèa tÔpoi Bianchi, apì I èwc IQ.Gia thn tax-
inìmhs  touc o Bianchi akoloÔjhse mÐa mèjodo h opoÐa xekinoÔse lamb�nontac
upìyin tic diast�seic thc epagìmenhc �lgebrac.MporoÔme ìmwc na katal xou-
me sta Ðdia sumper�smata kai me diaforetikì trìpo (blèpe [28] sel.95-96, [16],
[14], [19]).Oi stajerèc dom c Cα

βγ mporoÔn p�nta na analujoÔn wc ex c:
1

2
Cα

βγǫ
βγδ = nαδ + ǫαδεaε (4.57)

ìpou aε ≡ 1
2
Cβ

εβ , nαδ = n(αδ) kai ǫαβγ eÐnai ènac pl rwc antisummetrkìc
tanust c.Qrhsimopoi¸ntac thn idiìthta ǫαβγǫδεζ = 6δα

[δδ
β
ε δγ

ζ] prokÔptei ìti

Cα
βγ = ǫβγδn

αδ + 2δα
[γaβ] (4.58)

tìte oi tautìthtec Jacobi (4.10) gÐnontai:
nαβaβ = 0 (4.59)
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Oi analloÐwtec idiìthtec tou nαβ eÐnai h t�xh tou (rank) kai to mètro thc
qarakthristik c tou (modulus of signature).Gia touc tÔpouc VI kai VII u-
p�rqei mÐa epiplèon analloÐwth posìthta, to h, pou orÐzetai apì th sqèsh

(1 − h)Cα
βαCδ

γδ = −2hCα
δβCδ

αγ (4.60)
to opoÐo eÐnai aparaÐthto gia thn upodiaÐresh aut¸n twn tÔpwn Bianchi se
tÔpo VI, h < 0 kai VII, h > 0. Up�rqoun dÔo kÔriec t�xeic, h A gia thn
opoÐa isqÔei ìti aε = 0 kai h B gia thn opoÐa aε 6= 0. Se ìlec tic peript¸-
seic k�nontac metasqhmatismoÔc p�nw sth b�sh {ξa} twn dianusm�twn Killing
mporoÔme na jèsoume (kanonik  morf ): nδε = diag(n1, n2, n3) , aε = (a, 0, 0)
ìpou ta n1, n2, n3 paÐrnoun tic timèc 0   ±1 kai to a =

√
hn2n3 (gia touc

tÔpouc V I, V II kai III).O PÐnakac 1 perièqei ìlouc touc tÔpouc Bianchi kai
tic kanonikèc morfèc twn stajer¸n dom c.'Oloi oi tÔpoi dèqontai didi�statec
om�dec isometri¸n ektìc apì touc VIII kai IX.H kanonik  morf  den kajorÐzei
monadik� th b�sh.Oi diast�seic thc upoom�dac twn grammik¸n metasqhma-
tism¸n pou diathroÔn thn kanonik  morf  faÐnontai ston PÐnaka 1.

T�xh G3A G3B
TÔpoc I II V I0 V II0 V III IX V IV III V Ih V IIh

T�xh tou (nαβ) 0 1 2 2 3 3 0 1 2 2 2
|Qarakthristik  tou (nαβ)| 0 1 0 2 1 3 0 1 0 0 2

a 0 0 0 0 0 0 1 1 1 √
−h

√
h

n1 0 1 0 0 -1 1 0 0 0 0 0
n2 0 0 -1 1 1 1 0 0 -1 -1 1
n3 0 0 1 1 1 1 0 1 1 1 1

BajmoÐ EleujerÐac 9 6 4 4 3 3 6 4 4 4 4
thc Kanonik c B�shc

PÐnakac 1:Taxinìmhsh kai kanonikèc stajerèc dom c twn tÔpwn Bianchi.
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Kef�laio 5

Qwroqrìnoi Bianchi me Idanikì

Reustì

'Opwc èqoume  dh exhg sei sto prohgoÔmeno kef�laio, èna qwrik� o-
mogenèc kosmologikì montèlo eÐnai ènac qwroqrìnoc o opoÐoc dèqetai mÐa
trisdi�stath, apl� metabatik  om�da isometri¸n.Ta dianÔsmata Killing thc
om�dac aut c par�goun trisdi�statec omogeneÐc uperepif�neiec pou gemÐzoun
to qwroqrìno.Oi qwroqrìnoi autoÐ taxinom jhkan arqik� apì ton Bianchi
se ennèa tÔpouc kai gi�autì ta antÐstoiqa kosmologik� montèla onom�zontai
kai montèla Bianchi.An jewr soume wc ulikì perieqìmeno twn qwroqrìnwn
aut¸n èna idanikì reustì mporoÔme na k�noume ènan epiplèon diaqwrismì pou
sqetÐzetai me ton prosanatolismì thc tetrataqÔthtac tou reustoÔ wc proc
tic omogeneÐc uperepif�neiec pou par�gontai apì ta dianÔsmata Killing.Pio
sugkekrimèna diakrÐnoume dÔo kathgorÐec:

• Orjog¸nia Montèla
EÐnai ta montèla sta opoÐa h tetrataqÔthta tou reustoÔ eÐnai k�jeth
stic omogeneÐc uperepif�neiec.

• Pl�gia (Tilted) Montèla
EÐnai ta montèla sta opoÐa h tetrataqÔthta tou reustoÔ den eÐnai k�-
jeth stic omogeneÐc uperepif�neiec, me apotèlesma oi sunist¸sec thc
tetrataqÔthtac tou reustoÔ wc proc tic omogeneÐc uperepif�neiec na
upeisèrqontai wc epiplèon metablhtèc.Dhlad  to reustì mporeÐ na è-
qei mh mhdenik  elikìthta kai epit�qunsh.To reustì eÐnai idanikì wc
proc ènan sunkinoÔmeno parathrht  ìmwc to sÔmpan mporeÐ na faÐnetai
anomoiogenec se ènan tètoio parathrht , parìlo pou o qwroqrìnoc kai
to perieqìmenì tou eÐnai omogen  apì thn kajar� majhmatik  �poyh.Wc
proc de ton parathrht  pou kineÐtai me tetrataqÔthta k�jeth stic o-
mogeneÐc uperepif�neiec to sÔmpan eÐnai omogenèc all� to sumpantikì
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reustì eÐnai mh idanikì (blèpe [18]).
Sto kef�laio autì ja exet�soume ektenèstera ta pl�gia montèla Bianchi.Gia
th melèth aut  ja qrhsimopoi soume ton tetradikì formalismì kai thn 1+3
sunalloÐwth perigraf  pou anaptÔxame se prohgoÔmena kef�laia.1

5.1 Pl�gioi Qwroqrìnoi Bianchi

JewroÔme ènan qwroqrìno Bianchi.Ta dianÔsmata Killing thc om�dac iso-
metri¸n par�goun mÐa monoparametrik  oikogèneia omogen¸n uperepifanei¸n
pou gemÐzei to qwroqrìno.Oi omogeneÐc uperepif�neiec orÐzoun èna future-
pointing qronoeidèc monadiaÐo k�jeto dianusmatikì pedÐo n , nan

a = −1.Ta
dÔo jewr mata pou akoloujoÔn eÐnai jemeli¸dh gia thn katanìhsh thc gewmetrÐac
aut¸n twn qwroqrìnwn (h apìdeix  touc dÐnetai sto par�rthma A.2 )
Je¸rhma 5.1.1. To dianusmatikì pedÐo n eÐnai gewdaisiakì kai astrìbilo,
dhlad :

ṅa = 0 , n[anb;c] = 0 (5.1)
kai parèqei mÐa fusik  epilog  thc qronik c suntetagmènhc t pou orÐzetai
apì th sqèsh

na = −t,a (5.2)
Je¸rhma 5.1.2. To dianusmatikì pedÐo n eÐnai analloÐwto k�tw apì th dr�sh
thc om�dac isometri¸n, dhlad :

Lξγ
n = [ξγ,n] = 0 (5.3)

'Estw ìti to ulikì perieqìmeno tou qwroqrìnou eÐnai èna idanikì reustì
tou opoÐou h tetrataqÔthta u , (uau

a = −1) den eÐnai k�jeth stic omogeneÐc
uperepif�neiec, all� sqhmatÐzei gwnÐa β(t) me to k�jeto stic uperpif�neiec
dianusmatikì pedÐo n. OrÐzoume touc probolikoÔc tanustèc

hab = gab + nanb (5.4)
o opoÐoc prob�llei k�jeta sto di�nusma n kai

h̃ab = gab + uaub (5.5)
o opoÐoc prob�llei k�jeta sthn tetrataqÔthta u.Profan¸c isqÔoun oi sqè-
seic habn

b = 0 , h̃abu
b = 0. H sqèsh an�mesa sta na kai ua kajorÐzetai

apì:
1Gia mÐa sÔntomh anaskìphsh ìson afor� ta qarakthristik� kai tic idiìthtec twn mon-

tèlwn Bianchi blèpe [10]
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1. th metaxÔ touc uperbolik  gwnÐa β(t), gia thn opoÐa isqÔei
cosh(β) = −uana , β(t) ≥ 0 (5.6)

kai apì th dieÔjunsh tou u h opoÐa prosdiorÐzetai eÐte apì:
2. th dieÔjunsh c̃a thc probol  tou ua stic uperepif�neiec S(t), pou orÐze-

tai apì th sqèsh
ha

bu
b = sinh(β)c̃a ⇒ c̃an

a = 0 , c̃ac̃
a = 1 (5.7)

  apì:
3. th dieÔjunsh ca tou na k�jeta sto ua, pou orÐzetai apì th sqèsh

h̃a
bn

b = − sinh(β)ca ⇒ cau
a = 0 , cac

a = 1 (5.8)

Apì tic sqèseic (5.7) kai (5.8) prokÔptei ìti:
ua = cosh(β)na + sinh(β)c̃a (5.9)
na = cosh(β)ua − sinh(β)ca (5.10)

Sundu�zontac tic sqèseic (5.9) kai (5.10) brÐskoume ìti:
ca = sinh(β)na + cosh(β)c̃a (5.11)
c̃a = − sinh(β)ua + cosh(β)ca (5.12)

(blèpe [18] sel.210-211 )
Wc proc ènan parathrht  pou kineÐtai me thn tetrataqÔthta tou reustoÔ

to reustì eÐnai idanikì kai �ra èqei tanust  orm c - enèrgeiac pou dÐnetai apì
th sqèsh:

Tab = (µ̃ + p̃)uaub + p̃gab , µ̃ > 0 , p̃ ≥ 0 (5.13)
ìpou µ̃ eÐnai h puknìthta enèrgeiac kai p̃ eÐnai h pÐesh wc proc autìn ton
parathrht .Wc proc ènan parathrht  ìmwc pou kineÐtai k�jeta stic uperepif�neiec
to reustì den ja faÐnetai idanikì.An sthn parap�nw sqèsh gia ton tanust 
orm c - enèrgeiac antikatast soume thn tetrataqÔthta apì th sqèsh (5.9)
eÔkola apodeiknÔetai ìti o tanust c orm c - enèrgeiac paÐrnei th morf :

Tab = µnanb + qanb + qbna + phab + πab (5.14)
ìpou

µ = µ̃ cosh2(β) + p̃ sinh2(β) (5.15)
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eÐnai h puknìthta enèrgeiac
qa = (µ̃ + p̃) sinh(β) cosh(β)c̃a (5.16)

eÐnai to di�nusma ro c enèrgeiac

p = p̃ +
1

3
(µ̃ + p̃) sinh2(β) (5.17)

eÐnai h isotropik  pÐesh kai

πab = (µ̃ + p̃) sinh2(β)(c̃ac̃b −
1

3
hab) (5.18)

eÐnai h anisotropik  t�sh wc proc ton parathrht  pou kineÐtai me tetrataqÔth-
ta k�jeth stic omogeneÐc uperepif�neiec.Epomènwc to reustì gia autìn ton
parathrht  faÐnetai na eÐnai mh idanikì. (blèpe [18] sel.214 )

5.2 Tetradikìc Formalismìc stouc Qwroqrìnouc
Bianchi

Se èna qwrik� omogen  kosmologikì qwroqrìno jewroÔme èna sÔsthma
suntetagmènwn {xi} , i = 0, 1, 2, 3 me tic grammèc thc qronik c suntetag-
mènhc x0 = t k�jetec stic omogeneÐc uperepif�neiec pou perigr�fontai apì tic
qwrikèc suntetagmènec {xα} , α = 1, 2, 3 , dhlad  g0α = 0, gia α = 1, 2, 3.H
suntetagmènh t èqei eklegeÐ ètsi ¸ste to efaptìmeno di�nusma stic troqièc
thc na eÐnai E i

0 = δi
0 kai to g00 = −1.

To di�nusma E i
0 to sumplhr¸noume me ta qwroeid  dianÔsmata E i

α , α =
1, 2, 3 ètsi ¸ste se k�je shmeÐo tou qwroqrìnou ta dianÔsmata aut� na eÐnai
grammik¸c anex�rthta, dhlad  na sunistoÔn b�sh ston efaptìmeno q¸ro k�je
shmeÐou kai na eÐnai orjog¸nia sto qronoeidèc di�nusma, opìte isqÔei ìti:

E0 · Eα = 0 ⇒ E i
0 E j

α gij = 0

⇒ δi
0E

j
α gij = 0

⇒ E 0
α = 0 (5.19)

'Ara ta dianÔsmata Ea den èqoun qronikèc sunist¸sec.OmoÐwc, ta dianÔsmata
Killing thc om�dac isometri¸n den èqoun qronoeideÐc sunist¸sec, afoÔ ef�-
ptontai sthn uperepif�neia

ξ 0
α = 0 (5.20)
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H duðk  tetr�da thc {Eα} eÐnai h {Ea} , a = 0, 1, 2, 3 , gia thn opoÐa, ìpwc
èqoume dei kai se prohgoÔmeno kef�laio, isqÔoun oi sqèseic:

Eα
iE

j
a = δj

i ⇔ Ea
iE

i
b = δa

b (5.21)
⇒ Ea

0 = δi
0E

a
i = E i

0 Ea
i = δa

0 (5.22)
Apì thn tetr�da E i

a kai th duðk  tetr�da Ea
i orÐzontai oi sunist¸sec tou

metrikoÔ tanust  ( sqèseic (3.6) kai (3.7) ):
gab = E i

a E j
b gij (5.23)

kai
gab = Ea

iE
b
jg

ij (5.24)
Shmei¸noume epÐshc ìti:

E0
iE

i
β = δ0

β = 0 ⇒ E0
0E

0
β + E0

γE
γ

β = 0

⇒ E0
γE

γ
β = 0

⇒ E0
γ = 0 , β, γ = 1, 2, 3 (5.25)

diìti ta E γ
β eÐnai grammik¸c anex�rthta.'Ara to duðkì di�nusma E0 den èqei

qwrikèc sunist¸sec.
Upojètoume ìti h tetr�da E i

a eÐnai analloÐwth k�tw apì th dr�sh thc
om�dac isometri¸n, dhlad 

Lξγ
(E i

a ) = 0 (5.26)
ìpou ξγ , γ = 1, 2, 3 eÐnai ta trÐa dianÔsmata Killing pou par�goun tic omo-
geneÐc uperepif�neiec t =staj.
Prìtash 5.2.1. An h b�sh {Ea} , a = 0, 1, 2, 3 eÐnai analloÐwth k�tw apì
th dr�sh thc om�dac isometri¸n (dhlad  isqÔei h sqèsh (5.26) ) tìte gia tic
tetradikèc sunist¸sec gab tou metrikoÔ tanust  isqÔei ìti:

Lξγ
(gab) = 0 (5.27)

Apìdeixh. Apì tic sqèseic (5.23),(5.26) kai (3.6) prokÔptei ìti
Lξγ

(gab) = Lξγ
(E i

a E j
b gij) = (Lξγ

E i
a )E j

b gij + E i
a (Lξγ

E j
b )gij + E i

a E j
b (Lξγ

gij) = 0
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Prìtash 5.2.2. An h b�sh {Ea} eÐnai analloÐwth k�tw apì th dr�sh thc
om�dac isometri¸n o tetradikìc metrikìc tanust c exart�tai mìno apì to
qrìno kai ìqi apì tic qwrikèc suntetagmènec,dhlad :

gab = gab(t) (5.28)
Apìdeixh. Apì th sqèsh (5.29) paÐrnoume:

Lξγ
gab = 0 ⇒ ξ i

γ gab,i = 0

⇒ ξ 0
γ gab,0 + ξ β

γ gab,β = 0

ξ 0
γ =0⇒ ξ β

γ gab,β = 0 ⇒ gab,β = 0

⇒ gab = gab(t)

afoÔ ta dianÔsmata Killing eÐnai grammik¸c anex�rthta
'Eqoume apodeÐxei ìti ( sqèseic (4.19) kai (4.30) ) h analloÐwth tetr�da

mporeÐ p�nta na eklegeÐ ètsi ¸ste:
[E0,Eα]i = 0 (5.29)

kai
[Eα,Eβ]i = −Cγ

αβE i
γ (5.30)

me α, β, γ = 1, 2, 3 ìpou Cγ
αβ eÐnai oi stajerèc dom c thc om�dac isometri¸n.

UpenjumÐzoume ìti (sqèsh (3.12) ) oi suntelestèc strof c tou Ricci dÐnontai
apì tic sqèseic

Γa
bc = Ea

iE
i

b ;jE
j

c (5.31)
kai

Γabc = gadΓ
d
bc = E i

a Ebi;jE
j

c (5.32)
IsodÔnama mporoÔme na gr�youme

E i
b ;jE

j
c = Γa

bcE
i

a (5.33)
Shmei¸noume ìti to grammikì stoiqeÐo thc metrik c sÔmfwna me ta anwtèrw
gr�fetai

ds2 = gijdxidxj

= gabE
a
iE

b
jdxidxj

= g00E
0
iE

0
jdxidxj + gαβ(t)Eα

iE
β
jdxidxj

= g00(E
0
0)

2(dx0)2 + gαβ(t)Eα
iE

β
jdxidxj

= −dt2 + gαβ(t)Eα
iE

β
jdxidxj (5.34)
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ShmeÐwsh 5.2.1. Ta E i
α kai Eα

i den exart¸ntai apì to qrìno.

Apìdeixh. Apì th sqèsh (5.29) èqoume ìti
[E0,Eα]i = 0 ⇒ E i

0 E j
α ,i − E i

α E j
0 ,i = 0

⇒ E i
0 E j

α ,i − E i
α δj

0,i = 0

⇒ E i
0 E j

α ,i = 0

⇒ δi
0E

j
α ,i = 0

⇒ E j
α ,0 = 0 (5.35)

afoÔ E i
0 = δi

0. 'Ara ta E i
α den exart¸ntai apì to qrìno.All� tìte, lìgw

thc (5.19), profan¸c oÔte kai ta Eα
i exart¸ntai apì to qrìno.

Oi sunart seic met�jeshc γa
bc paÐrnoun ed¸, lìgw thc eidik c morf c thc

analloÐwthc tetr�dac (sqèseic (5.29) kai (5.30) ), tic ex c timèc:
γa

00 = 0 , γa
0c = γa

c0 = 0 , γ0
bc = 0 , γα

βγ = −Cα
βγ (5.36)

kai eÐnai stajerèc (den exart¸ntai apì tic suntetagmènec).H sqèsh pou sundèei
tic sunart seic met�jeshc me touc suntelestèc strof c tou Ricci (bl.sqèsh
(3.28) ) eÐnai

γa
bc = Γa

cb − Γa
bc (5.37)

Sundu�zontac tic sqèseic (5.36) kai (5.37) prokÔptei ìti
Γ0

bc = Γ0
cb , Γa

0b = Γa
b0 , Γα

βγ − Γα
γβ = Cα

βγ (5.38)
EpÐshc isqÔei ìti

γabc = gadγ
d
bc = ga0γ

0
bc + gaδγ

δ
bc = gaδγ

δ
bc (5.39)

Epomènwc:
γa00 = gaδγ

δ
00 = 0 (5.40)

γ0bc = g0δγ
δ
bc = 0 (5.41)

γa0c = gaδγ
d
0c = 0 = γac0 (5.42)

γαβγ = gαδγ
δ
βγ = −gαδC

δ
βγ (5.43)

H gnwst  mac sqèsh (3.30)

Γabc =
1

2
(γacb − γbca + γcab) +

1

2
(gab,c − gbc,a + gca,b) (5.44)
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mac dÐnei b�sei twn anwtèrw:

Γ0bc =
1

2
(g0b,c − gbc,0 + gc0,b) = −1

2
gbc,0 (5.45)

Γ000 = Γ00γ = Γ0γ0 = 0 , Γ0βγ = −1

2
gβγ,0 (5.46)

Γa0c =
1

2
(ga0,c − g0c,a + gca,0) = −1

2
gca,0 (5.47)

Γα00 = Γ000 = 0 , Γα0γ =
1

2
gγα,0 (5.48)

Γab0 =
1

2
(gab,0 − gb0,a + g0a,b) =

1

2
gαβ,0 (5.49)

Γαβ0 =
1

2
gαβ,0 (5.50)

Γαβγ =
1

2
(γαγβ − γβγα + γγαβ)

gα0=0
=

1

2
(gαδγ

δ
γβ − gβδγ

δ
γα + gγδγ

δ
αβ)

=
1

2
(−gαδC

δ
γβ + gβδC

δ
γα − gγδC

δ
αβ) (5.51)

EÐnai axioshmeÐwto ìti ta Γαβγ eÐnai grammikoÐ sunduasmoÐ me stajeroÔc su-
ntelestèc twn stoiqeÐwn thc metrik c gαβ. Oi antÐstoiqec sqèseic gia ta
Γa

bc = gadΓdbc eÐnai:

Γ0
bc = g0dΓdbc = g00Γ0bc = −Γ0bc =

1

2
gbc,0 (5.52)

Γ0
00 = Γ0

0γ = Γ0
γ0 = 0 , Γ0

βγ =
1

2
gβγ,0 (5.53)

Γa
0c = gadΓd0c =

1

2
gadgcd,0 (5.54)

Γα
00 = 0 , Γα

0γ =
1

2
gαδgδβ,0 (5.55)

Γα
βγ = gαdΓdβγ = gαδΓδβγ

=
1

2
(−gαδgδεC

ε
γβ + gαδgβεC

ε
γδ − gαδgγεC

ε
δβ)

=
1

2
(δα

ε Cε
βγ + gαδgβεC

ε
γδ + gαδgγεC

ε
βδ)

=
1

2
(Cα

βγ + gαδgβεC
ε
γδ + gαδgγεC

ε
βδ) (5.56)
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5.3 1+3 SunalloÐwth Perigraf  sta
MontèlaBianchi me Pl�gio Idanikì Reustì

Sto Kef�laio 2 anaptÔxame thn 1+3 sunalloÐwth perigraf  analloÐwntac
tic di�forec tanustikèc posìthtec par�llhla kai k�jeta sthn tetrataqÔth-
ta.Sthn perÐptwsh pou exet�zoume ed¸ ìmwc h tetrataqÔthta ua den eÐnai
k�jeth stic omogeneÐc uperepif�neic , gi> autì ja protim soume na k�noume
thn Ðdia an�lush wc proc to qronoeidèc k�jeto n stic uperepif�neiec, to
opoÐo tautÐzetai me to di�nusma E0 thc tetradik c mac b�shc.Epiplèon upen-
jumÐzoume ìti oi deÐktec pou qrhsimopoi same sto Kef�laio 2 mporeÐ na eÐnai
eÐte deÐktec suntetagènwn eÐte tetradikoÐ deÐktec.Ed¸ ja qrhsimopoi soume
to diaqwrismì pou eis�game sto Kefalaio 3 gia touc deÐktec suntetagmènwn
kai touc tetradikoÔc deÐktec.

Sto sÔsthma suntetagmènwn {xi}, i = 0, 1, 2, 3 to monadiaÐo k�jeto èqei
sunist¸sec ni = E i

0 = δi
0 kai oi tetradikèc sunist¸sec tou dÐnontai apì tic

sqèseic:
na = Ea

in
i = Ea

iδ
i

0 = Ea
0 = δa

0 (5.57)
kai

na = gabn
b = gabδ

b
0 = ga0 = −δa0 (5.58)

Epomènwc:
nb;a = nb,a − Γc

banc = (−δb0),a − Γc
banc

= nb;a = −Γc
banc = −Γc

ba(−δc0) = Γ0
ba

⇒ nb;a = Γ0
ba (5.59)

kai
nb

;a = nb
,a + Γb

can
c = (δb

0),a + Γb
can

c

= Γb
can

c = Γb
caδ

c
0 = Γb

0a

⇒ nb
;a = Γb

0a (5.60)
'Opwc eÐdame sto Kef�laio 2, gia tic tetradikèc sunist¸sec thc sunalloÐwthc
parag¸gou tou na isqÔei h parak�tw an�lush:

nb;a = −naṅb +
1

3
Θhab + σab + ωab (5.61)

ìpou ṅb = nb;c eÐnai h teradik  epit�qunsh, Θ = na
;a eÐnai h tetradik  di-

atmhtik  taqÔthta, ωab = n[a;b] + ṅ[anb] , ωab = ω[ab] eÐnai h tetradik  peri-
strofik  taqÔthta, σab = n(a;b)+ṅ(anb)− 1

3
Θhab , σab = σ(ab) eÐnai h tetradik 
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diatmhtik  taqÔthta kai hab = gab + nanb o tetradikìc probolikìc tanust c
pou prob�llei k�jeta sto na. Oi parap�nw posìthtec ikanopoioÔn tic sqè-
seic:

ṅan
a = 0 , ωabn

b = 0 , σabn
b = 0 (5.62)

Gia ton probolikì tanust  isqÔoun ta ex c:
hab = gab + nanb ⇒ h00 = g00 + n0n0 = −1 + (−δ00)(−δ00) = −1 + 1 = 0

hα0 = g0α + n0nα = 0 + (−δ00)(−δ0α) = 0 (5.63)
hαβ = gαβ + nαnβ = gαβ + (−δα0)(−δβ0) = gαβ

OmoÐwc
hab = gab + nanb ⇒ h00 = 0 , hα0 = 0 , hαβ = gαβ (5.64)
ha

b = δa
b + nanb ⇒ h0

0 = 0 , hα
0 = 0 = h0

α , hα
β = δα

β (5.65)
Dhlad  to hab eÐnai ousiastik� h metrik  thc omogenoÔc uperepif�neiac.Ja
qrhsimopoi soume tic sqèseic (5.59) kai (5.60) gia na upologÐsoume tic kinh-
matikèc posìthtec:

ṅa = na;bn
b = Γ0

abn
b = Γ0

abδ
b
0 = Γ0

a0 = 0 (5.66)
Θ = na

;a = Γa
0a = Γα

0α =
1

2
gαβgαβ,0 (5.67)

ωab = n[a;b] = Γ0
[ab] = 0 (5.68)

σab = n(a;b) −
1

3
Θhab = Γ0

ab −
1

6
(gγδgγδ,0)hab

=
1

2
gab,0 −

1

6
(gγδgγδ,0)hab (5.69)

Epiplèon, sthn enìthta 5.1 eÐdame ìti o tanust c orm c - enèrgeiac, gia to
pl�gio idanikì reustì, wc proc ènan parathrht  pou kineÐtai k�jeta stic
omogeneÐc uperepif�neiec dÐnetai apì th sqèsh

Tab = µnanb + qanb + qbna + phab + πab (5.70)
ìpou µ eÐnai h puknìthta enèrgeiac, qa eÐnai h ro  enèrgeiac, p eÐnai h isotropik 
pÐesh kai o tanust c πab ekfr�zei tic anosotropikèc t�seic wc proc autìn ton
parathrht .
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Jèloume t¸ra na gr�youme tic exis¸seic exèlixhc kai desm¸n gia thn
tetr�da pou èqoume epilèxei.Gi> autì eÐnai qr simo na l�boume upìyin ta ex c:

1. ṅa = ωab = 0

2. Oi posìthtec Θ , σab , Eab , Hab , µ , p , qa , πab den exart¸ntai apì
tic suntetagmènec {xα}, α = 1, 2, 3 thc uperepif�neiac, all� mìno apì
to qrìno, dhlad  p.q. πab

,γ = 0

3. Oi posìthtec σab , Eab , Hab , qa , πab den èqoun sunist¸sec kat� thn
k�jeth sthn uperepif�neia dieÔjunsh.

4. Oi sunist¸sec twn exis¸sewn exèlixhc kai desm¸n kat� thn k�jeth
sthn uperepif�neia dieÔjunsh eÐnai kenèc plhroforÐac.

(Ta parap�nw apodeiknÔontai analutik� sto Par�rthma A)
Lamb�nontac upìyin tic diapist¸seic autèc katal goume stic parak�tw

sqèseic gia tic qwrikèc parag¸gouc twn posot twn pou upeisèrqontai stic
exis¸seic exèlixhc kai desm¸n.

∇̃αΘ = hβ
α∇βΘ = δβ

α∇βΘ = ∇αΘ = Θ,α = 0 (5.71)
OmoÐwc

∇̃αµ = ∇̃αp = 0 (5.72)

∇̃αqβ = hγ
αhβ

δ∇γq
δ = δγ

αδβ
δ ∇γq

δ = ∇αqβ

= qβ
,α + Γβ

γαqγ

= Γβ
γαqγ (5.73)

∇̃βσαβ = hγ
βhα

δh
β
ε∇γσ

δε = δγ
βδα

δ δβ
ε ∇γσ

δε = ∇βσαβ

= σαβ
,β + Γβ

γβσαγ + Γα
γβσγβ

= Γβ
γβσαγ + Γα

γβσγβ (5.74)
Parìmoiec sqèseic isqÔoun kai gia ta ∇̃βHαβ , ∇̃βEαβ , ∇̃βπαβ:

∇̃βHαβ = Γβ
γβHαγ + Γα

γβHγβ (5.75)
∇̃βEαβ = Γβ

γβEαγ + Γα
γβEγβ (5.76)

∇̃βπαβ = Γβ
γβπαγ + Γα

γβπγβ (5.77)
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(curlσ)αβ = ηγδ<α∇̃γσ
β>

δ = ηγδ<α∇γσ
β>

δ

= [h(α
εh

β)
ζ −

1

3
hαβhεζ ]η

γδε∇γσ
ζ
δ

= [δ(α
ε δ

β)
ζ − 1

3
gαβgεζ ]η

γδε∇γσ
ζ
δ

= ηγδ(α∇γσ
β)

δ −
1

3
gαβηγδε∇γσεδ = ηγδ(α∇γσ

β)
δ

= ηγδ(α(σ
β)

δ,γ + Γβ)
εγσ

ε
δ − σβ)

εΓ
ε
δγ)

⇒ (curlσ)αβ = ηγδ(αΓβ)
εγσ

ε
δ − ηγδ(ασβ)

εΓ
ε
δγ (5.78)

Parìmoiec sqèseic isqÔoun kai gia ta (curlπ)αβ , (curlE)αβ , (curlH)αβ:
(curlπ)αβ = ηγδ(αΓβ)

εγπ
ε
δ − ηγδ(απβ)

εΓ
ε
δγ (5.79)

(curlE)αβ = ηγδ(αΓβ)
εγE

ε
δ − ηγδ(αEβ)

εΓ
ε
δγ (5.80)

(curlH)αβ = ηγδ(αΓβ)
εγH

ε
δ − ηγδ(αHβ)

εΓ
ε
δγ (5.81)

q̇<α> = hα
β q̇β = δα

β q̇β = q̇α (5.82)

σ̇<αβ> = [h(α
γh

β)
δ −

1

3
hαβhγδ]σ̇

γδ

= [δ(α
γδ

β)
δ − 1

3
gαβgγδ]σ̇

γδ

= σ̇(αβ) − 1

3
gαβσ̇γ

γ (5.83)

'Omwc σαβ = σ(αβ) ⇒ σ̇αβ = σ̇(αβ) kai σγ
γ = 0 ⇒ σ̇γ

γ = 0, epomènwc h
prohgoÔmenh sqèsh gÐnetai:

σ̇<αβ> = σ̇αβ (5.84)
OmoÐwc:

π̇<αβ> = π̇αβ (5.85)
Ė<αβ> = Ėαβ (5.86)
Ḣ<αβ> = Ḣαβ (5.87)
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∇̃<αqβ> = [h(α
γh

β)
δ −

1

3
hαβhγδ]∇̃γqδ

= [δ(α
γδ

β)
δ − 1

3
gαβgγδ]∇γqδ

= ∇(αqβ) − 1

3
gαβ∇γq

γ (5.88)
'Omwc:

∇αqβ = gαγ∇γq
γ = gαγ(qβ

γ + Γβ
δγq

δ)

= gαγΓβ
δγ = gαδΓβ

γδq
γ

⇒ ∇(αqβ) = gδ(αΓ
β)
γδq

γ (5.89)
Epiplèon:

∇γq
γ = qγ

,γ + Γγ
δγq

δ = Γδ
γδq

γ (5.90)
Epomènwc:

∇̃<αqβ> = [gδ(αΓ
β)
γδ −

1

3
gαβΓδ

γδ]q
γ (5.91)

σ<α
γπ

β>γ = [h
(α

δh
β)

ε −
1

3
hαβhδε]σ

δ
γπ

εγ

= [δ
(α
δ δβ)

ε − 1

3
gαβgδε]σ

δ
γπ

εγ

= σ(α
γπ

β)γ − 1

3
gαβσεγπ

εγ (5.92)

Parìmoiec sqèseic isqÔoun kai gia ta σ<α
γH

β>γ , σ<α
γE

β>γ:

σ<α
γH

β>γ = σ(α
γH

β)γ − 1

3
gαβσεγH

εγ (5.93)
σ<α

γE
β>γ = σ(α

γE
β)γ − 1

3
gαβσεγE

εγ (5.94)

Gia to σ<α
γσ

β>γ h sqèsh (5.92) gÐnetai:

σ<α
γσ

β>γ = σ(α
γσ

β)γ − 1

3
gαβσεγσ

εγ

= σα
γσ

βγ − 2

3
gαβσ2 (5.95)
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ηγδ<ασβ>
γ = [h(α

εh
β)

ζ −
1

3
hαβhεζ ]η

γδεσζ
γ

= [δ(α
ε δ

β)
ζ − 1

3
gαβgεζ ]η

γδεσζ
γ

= ηγδ(ασβ)
γ −

1

3
gαβηγδεσεγ

= ηγδ(ασβ)
γ (5.96)

OmoÐwc
ηγδ<απβ>

δ = ηγδ(απ
β)

δ (5.97)
T¸ra me th bo jeia twn anwtèrw mporoÔme na gr�youme tic exis¸seic exèlixhc
kai desm¸n gia thn tetr�da pou èqoume epilèxei.

5.3.1 Exis¸seic Exèlixhc

1. ExÐswsh Raychaudhuri

Θ̇ = −1

3
Θ2 − 2σ2 − 1

2
(µ + 3p) + Λ (5.98)

2. ExÐswsh di�doshc thc diatmhtik c taqÔthtac

σ̇αβ = −2

3
Θσαβ − σ<α

γσ
β>γ − (Eαβ − 1

2
παβ) (5.99)

ìpou to σ<α
γσ

β>γ dÐnetai apì th sqèsh (5.95).
3. ExÐswsh qronik c exèlixhc thc enèrgeiac

µ̇ + ∇αqα = −Θ(µ + p) − (σα
βπβ

α) (5.100)
ìpou to ∇αqα dÐnetai apì th sqèsh (5.91).

4. ExÐswsh qronik c exèlixhc thc orm c

q̇α + ∇βπαβ = −4

3
Θqα − σα

βqβ (5.101)

ìpou to ∇βπαβ dÐnetai apì th sqèsh (5.77)
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5. ExÐswsh-Ė
(Ėαβ +

1

2
π̇αβ) − (curlH)αβ +

1

2
∇<αqβ> = − 1

2
(µ + p)σαβ − Θ(Eαβ +

1

6
παβ)

+ 3σ<α
γE

β>γ − 1

2
σ<α

γπ
β>γ

(5.102)
ìpou ta (curlH)αβ , ∇<αqβ> , σ<α

γE
β>γ , σ<α

γπ
β>γ dÐnontai apì tic

sqèseic (5.81) , (5.89) , (5.94) kai(5.92) antÐstoiqa
6. ExÐswsh-Ḣ

Ḣαβ +(curlE)αβ − 1

2
(curlπ)αβ = −ΘHαβ +3σ<α

γH
β>γ +

1

2
ηγδ<ασβ>

γqδ

(5.103)
ìpou ta (curlE)αβ , (curlπ)αβ , σ<α

γH
β>γ , ηγδ<ασβ>

γ dÐnontai apì tic
sqèseic (5.80) , (5.79) , (5.93) kai (5.96) antÐstoiqa.

H exÐswsh di�doshc thc elikìthtac eÐnai ken  plhroforÐac.

5.3.2 Exis¸seic Desm¸n

1. ExÐswsh-(0α)
∇βσαβ + qα = 0 (5.104)

ìpou to ∇βσαβ dÐnetai apì th sqèsh (5.74)
2. ExÐswsh-Hab

Hαβ − (curlσ)αβ = 0 (5.105)
ìpou to (curlσ)αβ dÐnetai apì th sqèsh (5.78).

3. ExÐswsh (div E)

∇β(Eαβ +
1

2
παβ) +

1

3
Θqα − 1

2
σα

βqβ − ηαβγσβδH
δ
γ = 0 (5.106)

ìpou ta ∇βEαβ , ∇βπαβ dÐnontai apì tic sqèseic (5.76) kai (5.77) antÐ-
stoiqa.

4. ExÐswsh (div H)

∇βHαβ + ηαβγ [
1

2
∇βqγ + σβδ(E

δ
γ +

1

2
πδ

γ)] = 0 (5.107)
ìpou ta ∇βHαβ , ∇βqγ dÐnontai apì tic sqèseic (5.75) kai (5.73).

H tautìthta apìklishc thc elikìthtac eÐnai ken  plhroforÐac.
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Kef�laio 6

Qwroqrìnoi Bianchi IX me

Idanikì Reustì

Sto prohgoÔmeno kef�laio exet�same ta basik� qarakthristik� thc oiko-
gèneiac qwroqrìnwn Bianchi.Sto kef�laio autì ja melet soume touc qwro-
qrìnouc Bianchi IX.H om�da isometri¸n pou dra stouc qwroqrìnouc Bianchi
IX èqei thn Ðdia �lgebra Lie me tic peristrofèc pou droun ston trisdi�stato
EukleÐdio q¸ro.Autì èqei san sunèpeia oi qwroqrìnoi Bianchi IX na èqoun
topologÐa thc morf c ℜ × S3 ìpou to ℜ sumbolÐzei mia pragmatik  gramm 
pou antistoiqeÐ sto qrìno kai to S3 mÐa trisdi�stath kleist  qwroeid  u-
perepif�neia.Epeid  oi qwroqrìnoi autoÐ eÐnai kat�llhloi gia thn perigraf 
enìc kleistoÔ sÔmpantoc parousi�zoun idiaÐtero endiafèron kai èqoun meleth-
jeÐ ekten¸c.Oi qwroqrìnoi Bianchi IX eÐnai, en gènei, anisotropikoÐ.'Opwc se
ìlouc touc omogeneÐc qwroqrìnouc ètsi kai stouc qwroqrìnouc Bianchi IX oi
exis¸seic pedÐou (pou apoteloÔn èna sÔsthma exis¸sewn me merikèc parag¸-
gouc) oloklhr¸nontai wc proc tic qwrikèc suntetagmènec gia na d¸soun èna
sÔsthma sun jwn diaforik¸n exis¸sewn me anex�rthth metablht  th qronik 
suntetagmènh.Oi qwroqrìnoi Bianchi IX èqoun arqik  anwmalÐa (blèpe [25]
sel.176-178 ).Epiplèon, èqei apodeiqjeÐ ìti ènac qwroqrìnoc Bianchi IX, tou
opoÐou to ulikì perieqìmeno ikanopoieÐ thn isqur  energeiak  sunj kh kai
èqei jetikèc kÔriec pièseic an arqik� diastèlletai, den ja suneqÐsei na di-
astèlletai ep> �peiron, all� ja ft�sei se èna mègisto thc diastol c kai met�
ja arqÐsei na sustèlletai mèqri na ft�sei se mÐa telik  anwmalÐa (blèpe [21],
[22])

Gia th melèth twn qwroqrìnwn Bianchi IX, twn parathrhsiak¸n sqèsewn,
thn Ôparxh anwmali¸n kai th sumperifor� touc kont� sta shmeÐa anwmalÐac
èqoun qrhsimopoihjeÐ qamiltonianèc mèjodoi, arijmhtikèc proseggÐseic kai mè-
jodoi dunamik¸n susthm�twn (blèpe p.q. [25], [34], [1]).H an�lush aut¸n twn
mejìdwn kai twn sumperasm�twn touc uperbaÐnoun touc stìqouc thc diatrib c

77
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aut c.
Sto kef�laio autì ja jewr soume qwroqrìnouc Bianchi IX oi opoÐoi

perièqoun èna idanikì reustì kai h tetradik  metrik  paÐrnei diag¸nia mor-
f .Arqik� ja gr�youme tic exis¸seic exèlixhc kai desm¸n gia aut  th morf 
thc tetradik c metrik c kai èpeita ja eis�goume suntetagmènec kai ja broÔme
thn analloÐwth tetr�da kai th metrik  wc proc tic suntetagmènec autèc.Ac
shmeiwjeÐ ed¸ ìti sthn perÐptwsh twn qwroqrìnwn Bianchi IX gia to kenì
apodeiknÔetai ìti qwrÐc bl�bh thc genikìthtac h tetradik  metrik  tÐjetai
p�nta se diag¸nia morf  (blèpe [4]).

6.1 EÔresh Exis¸sewn Exèlixhc kai Desm¸n
gia Diag¸nia Tetradik  Metrik 

Prin proqwr soume sth diatÔpwsh twn exis¸sewn exèlixhc kai desm¸n gia
touc diag¸niouc qwroqrìnouc Bianchi IX me idanikì reustì eÐnai aparaÐthto
na diatup¸soume kai na apodeÐxoume to akìloujo Je¸rhma 6.1.1.To je¸rhma
autì èqei jemeli¸dh shmasÐa diìti apokleÐei apì th melèth mac ta pl�gia
idanik� reust�.
Je¸rhma 6.1.1. Oi qwroqrìnoi Bianchi IX pou èqoun diag¸nia tetradik 
metrik  den mporoÔn na èqoun wc ulikì perieqìmeno èna idanikì reustì pou
eÐnai pl�gio.

Apìdeixh. 'Opwc eÐdame sto prohgoÔmeno kef�laio (sqèsh (4.58) ) oi sunte-
lestèc dom c gia touc qwroqrìnouc Bianchi mporoÔn na grafoÔn sth morf :

Cα
βγ = ǫβγδn

αδ + δα
γ aβ − δα

βaγ (6.1)
EpÐshc èqoume apodeÐxei ìti (sqèsh (5.56) ) oi suntelestèc strof c tou Ricci
dÐnontai apì th sqèsh

Γα
βγ =

1

2
(Cα

βγ + gαεgβδC
δ
γε + gαεgγδC

δ
βε) (6.2)

Sunud�zontac tic dÔo prohgoÔmenec sqèseic èqoume:

Γα
βγ =

1

2
{ǫβγδn

αδ + δα
γ aβ − δα

βaγ + gαεgβδ(ǫγεζn
ζδ + δδ

εaγ − δδ
γaε) +

+gαεgγδ(ǫβεζn
ζδ + δδ

εaβ − δδ
βaε)}

=
1

2
(ǫβγδn

αδ + δα
γ aβ − δα

βaγ + gαεǫγεζn
ζ
β + gαδgβδaγ −

−gαεgβγaε + gαεǫβεζn
ζ
γ + gαδgγδaβ − gαεgγβaε)
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=
1

2
(ǫβγδn

δα + δα
γ aβ − δα

βaγ + gαεǫγεδn
δ
β + δα

βaγ − gβγa
α +

+gαεǫβεδn
δ
γ + δα

γ aβ − gβγa
α)

=
1

2
(ǫβγδg

αεnδ
ε + gαεǫγεδn

δ
β + gαεǫβεδn

δ
γ + 2δα

γ aβ − 2gβγa
α)

⇒ Γα
βγ =

1

2
gαε(ǫβγδn

δ
ε + ǫγεδn

δ
β + ǫβεδn

δ
γ) + δα

γ aβ − gβγa
α (6.3)

Me sustol  stouc deÐktec α kai γ paÐrnoume ìti:
Γα

βα =
1

2
gαε(ǫβγδn

δ
ε + ǫαεδn

δ
β + ǫβεδn

δ
α) + δα

αaβ − gβαaα

=
1

2
(ǫβαδn

δα + gαεǫαεδn
δβ + ǫβεδn

δε) + 3aβ − aβ

= 2aβ (6.4)
Apì thn exÐswsh (5.104) èqoume ìti:

qα = −Γβ
γβσαγ − Γα

γβσγβ = −Γβ
γβσαγ − Γα

βγσ
βγ (6.5)

Antikajist¸ntac sthn (6.5) tic sqèseic (6.2) kai (6.3) prokÔptei ìti:
qα = − 2aγσ

αγ − 1

2
gαε(ǫβγδn

δ
ε + ǫγεδn

δ
β + ǫβεδn

δ
γ)σ

βγ −

− δα
γ aβσβγ + gβγa

ασβγ

= − 2aγσ
αγ − 1

2
ǫβγδσ

βγnδα − 1

2
gαε(ǫγεδn

δ
β + ǫβεδn

δ
γ)σ

βγ −

− aβσβα + aασβ
β

= − 3aβσαβ − 1

2
gαε(ǫγεδn

δ
β + ǫβεδn

δ
γ)σ

βγ (6.6)
'Omwc

ǫγεδn
δ
βσβγ + ǫβεδn

δ
γσ

βγ = ǫβεδn
δ
γσ

γβ + ǫβεδn
δ
γσ

βγ

= 2ǫβεδn
δ
γσ

βγ (6.7)
Qrhsimopoi¸ntac th sqèsh (6.7) h (6.6) gÐnetai:

qα = −3aβσαβ − gαεǫβεδn
δ
γσ

βγ (6.8)
Gia ta omogen  kosmologik� montèla thc t�xhc A, sta opoÐa an koun oi
qwroqrìnoi Bianchi IX, isqÔei ìti aβ = 0, epomènwc gia ta montèla aut� h
prohgoÔmenh sqèsh dÐnei:

qα = −gαεǫβεδn
δ
γσ

βγ (6.9)
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Apì th sqèsh (5.69) èqoume ìti

σαβ =
1

2
gαβ,0 −

1

3
Θhαβ (6.10)

Bèbaia gia na broÔme tic antalloÐwtec sunist¸sec σαβ den mporoÔme ka-
teujeÐan na aneb�soume touc deÐktec sthn èkfrash (6.10) afoÔ h metrik 
exart�tai apì to qrìno:

σαβ = gαγgβδσγδ = gαγgβδ
(1

2
gγδ,0 −

1

3
Θhγδ

)

=
1

2
gαγ{(gβδgγδ),0 − gβδ

,0gγδ} −
1

3
gαγgβδΘgγδ

=
1

2
gαγ(δβ

γ,0 − gβδ
,0gγδ) −

1

3
Θgαγδβ

γ

= −1

2
gβδ

,0g
αγgγδ −

1

3
Θgαβ

= −1

2
gβδ

,0δ
α
δ − 1

3
Θgαβ = −1

2
gβα

,0 −
1

3
Θgαβ

⇒ σαβ = −1

2
gαβ

,0 −
1

3
Θgαβ (6.11)

AfoÔ h metrik  eÐnai diag¸nia o tanust c σαβ ja eÐnai profan¸c kai autìc di-
ag¸nioc.Epiplèon o tanust c nαβ mporeÐ p�nta na diagwniopoihjeÐ me kat�llhlh
epilog  thc tetr�dac.'Ara h sqèsh (6.9) mac dÐnei:

qα = −gαε(ǫ1ε1n
1
1σ

11 + ǫ2ε2n
2
2σ

22 + ǫ3ε3n
3
3σ

33) = 0 (6.12)
Apì th sqèsh (5.16), afoÔ (µ̃ + p̃) > 0, katal goume sto sumpèrasma ìti:

sinh(β) = 0 ⇔ β = 0 (6.13)
Epomènwc u ≡ n. kai πab = qα = 0.

Anatrèqontac ston PÐnaka 1 tou kefalaÐou 4 kai sÔmfwna me tic parado-
qèc pou èqoume k�nei gia thn tetradik  mac b�sh parathroÔme ìti sthn
perÐptwsh twn qwroqrìnwn Bianchi IX isqÔoun ta ex c:

nαβ = diag(1, 1, 1) , aβ = 0 (6.14)
Epomènwc oi suntelestèc dom c Cα

βγ paÐrnoun tic timèc:

Cα
βγ =











+1 an ta α, β, γ eÐnai �rtia met�jesh twn 1, 2, 3
−1 an ta α, β, γ eÐnai peritt  met�jesh twn 1, 2, 3

0 se opoiad pote �llh perÐptwsh
(6.15)
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'Opwc èqoume apodeÐxei, ìtan qrhsimopoioÔme analloÐwth tetr�da h tetradik 
metrik  exart�tai mìno apì to qrìno.Epomènwc ja jewr soume mÐa diag¸nia
tetradik  metrik  thc morf c:

gab =











−1 0 0 0
0 a2(t) 0 0
0 0 b2(t) 0
0 0 0 c2(t)











(6.16)

Parak�tw ja diapist¸soume ìti h epilog  aut  aplopoieÐ polÔ tic exis¸seic
exèlixhc kai desm¸n afoÔ ìlec oi posìthtec pou upeisèrqontai s' autèc eÐnai
diag¸niec.

Gia na upologÐsoume tic kinhmatikèc posìthtec pou upeisèrqontai stic exi-
s¸seic exèlixhc kai desm¸n prèpei pr¸ta na upologÐsoume touc suntelestèc
strof c tou Ricci Γa

bc.Qrhsimopoi¸ntac tic sqèseic (5.52)-(5.56) se sundu-
asmì me tic sqèseic (6.15) kai (6.16) brÐskoume ìti:

Γ0
00 = Γ0

γ0 = Γ0
0γ = 0 (6.17)

Γ0
βγ = aȧ δ1

βδ1
γ + bḃ δ2

βδ2
γ + cċ δ3

βδ3
γ (6.18)

Γα
00 = 0 (6.19)

Γα
0γ = Γα

γ0 =
ȧ

a
δα
1 δ1

γ +
ḃ

b
δα
2 δ2

γ +
ċ

c
δα
3 δ3

γ (6.20)

Γ1
βγ =

1

2

(

1 +
b2

a2
− c2

a2

)

δ2
βδ3

γ +
1

2

(

−1 +
b2

a2
− c2

a2

)

δ3
βδ2

γ (6.21)

Γ2
βγ =

1

2

(

1 +
c2

b2
− a2

b2

)

δ3
βδ1

γ +
1

2

(

−1 +
c2

b2
− a2

b2

)

δ1
βδ3

γ (6.22)

Γ3
βγ =

1

2

(

1 +
a2

c2
− b2

c2

)

δ1
βδ2

γ +
1

2

(

−1 +
a2

c2
− b2

c2

)

δ2
βδ1

γ (6.23)

Epiplèon apì ton orismì tou ηabc èqoume ìti:
ηabc = ndηdabc = δd

0ηdabc = η0abc

= (|detgab|)1/2ǫ0abc = a(t)b(t)c(t)ǫ0abc (6.24)
kai

ηabc = gadgbegcfηdef (6.25)
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Oi kinhmatikèc posìthtec dÐnontai apì tic sqèseic (5.66)-(5.69).Sundu�zontac
tic sqèseic autèc me tic (6.17)-(6.23) prokÔptoun ta ex c:

ṅa ≡ u̇a = 0 (6.26)
ωab = 0 (6.27)
Θ = Γa

0a = Γα
0α = Γ1

01 + Γ2
02 + Γ3

03 =
ȧ

a
+

ḃ

b
+

ċ

c
(6.28)

σαβ = Γ0
αβ − 1

3
Θgαβ =

1

2
gαβ,0 −

1

3
Θgαβ

=
a2

3

(

2ȧ

a
− ḃ

b
− ċ

c

)

δ1
αδ1

β +
b2

3

(

2ḃ

b
− ċ

c
− ȧ

a

)

δ2
αδ2

β +

+
c2

3

(

2ċ

c
− ȧ

a
− ḃ

b

)

δ3
αδ3

β (6.29)

Oi posìthtec σα
β kai σαβ upologÐzontai eÔkola apì tic sqèseic:

σα
β = gαγσγβ (6.30)

kai
σαβ = gαγgβδσγδ (6.31)

Apì ton orismì (2.20) kai tic sqèseic (6.29) kai (6.30) prokÔptei ìti:

σ2 =
1

2
(σabσ

ab) =
1

2
(σαβσαβ) =

1

2
(σ11σ

11 + σ22σ
22 + σ33σ

33)

=
1

2

{

a2

3

1

3a2

(2ȧ

a
− ḃ

b
− ċ

c

)2
+

b2

3

1

3b2

(2ḃ

b
− ȧ

a
− ċ

c

)2
+

c2

3

1

3c2

(2ċ

c
− ȧ

a
− ḃ

b

)2
}

=
1

3

(

ȧ2

a2
+

ḃ2

b2
+

ċ2

c2
− ȧḃ

ab
− ȧċ

ac
− ḃċ

bc

)

(6.32)

H par�gwgoc σ̇αβ dÐnetai apì th sqèsh:
σ̇αβ = σαβ

;cn
c = σαβ

;cδ
c
0 = σαβ

;0

= σαβ
,0 + Γα

γ0σ
γβ + Γβ

γ0σ
αγ

=
1

3a2

(

2ä

a
− b̈

b
− c̈

c
− 2ȧ2

a2
+

ḃ2

b2
+

ċ2

c2

)

δα
1 δβ

1 +

+
1

3b2

(

2b̈

b
− c̈

c
− ä

a
− 2ḃ2

b2
+

ċ2

c2
+

ȧ2

a2

)

δα
2 δβ

2 +

+
1

3c2

(

2c̈

c
− ä

a
− b̈

b
− 2ċ2

c2
+

ȧ2

a2
+

ḃ2

b2

)

δα
3 δβ

3 (6.33)
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To (curlσ)αβ upologÐzetai apì th sqèsh (5.78) me th bo jeia twn sqèsewn
(6.21)-(6.23) kai (6.24)
(curlσ)αβ = ηγδ(αΓβ)

εγσ
ε
δ − ηγδ(ασβ)

εΓ
ε
δγ (6.34)

=
1

abc

{

(

−1

2
+

b2

2a2
− c2

2a2

)

(σ3
3 − σ1

1) +
(1

2
+

b2

2a2
− c2

2a2

)

(σ1
1 − σ2

2)

}

δα
1 δβ

1 +

+
1

abc

{

(

−1

2
+

c2

2b2
− a2

2b2

)

(σ1
1 − σ2

2) +
(1

2
+

c2

2b2
− a2

2b2

)

(σ2
2 − σ3

3)

}

δα
2 δβ

2 +

+
1

abc

{

(

−1

2
+

a2

2c2
− b2

2c2

)

(σ2
2 − σ3

3) +
(1

2
+

a2

2c2
− b2

2c2

)

(σ3
3 − σ1

1)

}

δα
3 δβ

3

=
1

2abc

{

2ȧ

a
− ḃ

b

(

1 +
b2

a2
− c2

a2

)

− ċ

c

(

1 − b2

a2
+

c2

a2

)

}

δα
1 δβ

1 +

+
1

2abc

{

2ḃ

b
− ċ

c

(

1 +
c2

b2
− a2

b2

)

− ȧ

a

(

1 − c2

b2
+

a2

b2

)

}

δα
2 δβ

2 +

+
1

2abc

{

2ċ

c
− ȧ

a

(

1 +
a2

c2
− b2

c2

)

− ḃ

b

(

1 − a2

c2
+

b2

c2

)

}

δα
3 δβ

3 (6.35)

H posìthta σ<α
γσ

β>γ prokÔptei sundu�zontac th sqèsh (5.95) me tic sqèseic
(6.16), (6.30), (6.31) kai (6.32)

σ<α
γσ

β>γ = σα
γσ

βγ − 2

3
gαβσ2

=
1

9a2

(

2ȧ2

a2
− ḃ2

b2
− ċ2

c2
+

4ḃċ

bc
− 2ȧḃ

ab
− 2ȧċ

ac

)

δα
1 δβ

1 +

+
1

9b2

(

2ḃ2

b2
− ċ2

c2
− ȧ2

a2
+

4ȧċ

ac
− 2ḃċ

bc
− 2ȧḃ

ab

)

δα
2 δβ

2 +

+
1

9c2

(

2ċ2

c2
− ȧ2

a2
− ḃ2

b2
+

4ȧḃ

ab
− 2ȧċ

ac
− 2ḃċ

bc

)

δα
3 δβ

3 (6.36)

'Opwc apodeÐxame sto kef�laio 3 (sqèsh (3.36) ) oi tetradikèc sunist¸sec
tou tanust  tou Ricci dÐnontai apì th sqèsh

Rab = Γc
ab,c − Γc

ac,b + Γc
dcΓ

d
ab − Γd

acΓ
c
bd (6.37)

Antikajist¸ntac sth sqèsh (6.36) touc suntelestèc strof c tou Ricci apì
tic sqèseic (6.17)-(6.23) o tanust c tou Ricci paÐrnei th morf :
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Rab = −
(

ä

a
+

b̈

b
+

c̈

c

)

δ0
aδ

0
b +

+ a2

(

ä

a
+

ȧḃ

ab
+

ȧċ

ac
+

a2

2b2c2
− b2

2a2c2
− c2

2a2b2
+

1

a2

)

δ1
aδ

1
b +

+ b2

(

b̈

b
+

ḃċ

bc
+

ȧḃ

ab
+

b2

2a2c2
− c2

2a2b2
− a2

2b2c2
+

1

b2

)

δ2
aδ

2
b +

+ c2

(

c̈

c
+

ȧċ

ac
+

ḃċ

bc
+

c2

2a2b2
− a2

2b2c2
− b2

2a2c2
+

1

c2

)

δ3
aδ

3
b (6.38)

Oi posìthtec Ra
b kai Rab upologÐzontai eÔkola me th bo jeia twn sqèsewn

Ra
b = gacRcb (6.39)

kai
Rab = gacgbdRcd (6.40)

antÐstoiqa.To bajmwtì tou Ricci R upologÐzetai wc ex c:
R = gabRab

= 2

(

ä

a
+

b̈

b
+

c̈

c
+

ȧḃ

ab
+

ȧċ

ac
+

ḃċ

bc

)

−

− 1

2

(

a2

b2c2
+

b2

a2c2
+

c2

a2b2

)

+
1

a2
+

1

b2
+

1

c2
(6.41)

Jèloume t¸ra na upologÐsoume to hlektrikì kai to magnhtikì mèroc tou
tanust  Weyl.Apì tic sqèseic orismoÔ (2.30) èqoume ìti:

Eab = Cacbdn
cnd = Cacbdδ

c
0δ

d
0 = Ca0b0 ⇒ Eαβ = Cα0β0 (6.42)

Hab =
1

2
ηadeC

de
bcn

c =
1

2
ηadeC

de
bcδ

c
0 =

1

2
ηadeC

de
b0 ⇒ Hαβ =

1

2
ηαδεC

δε
β0

(6.43)
afoÔ to ηabc eÐnai mhdenÐzetai an k�poioc apì touc deÐktec a, b, c p�roun thn
tim  mhdèn.Apì th sqèsh (2.28) èqoume ìti oi tetradikèc sunist¸sec Cabcd tou
tanust  Weyl eÐnai:

Cabcd = Rabcd +
1

2
(gadRcb + gbcRda − gacRdb − gbdRca) +

1

6
(gacgdb − gadgcb)R

(6.44)
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Epomènwc me th bo jeia twn sqèsewn (6.16) kai (6.44) h sqèsh (6.42) gÐnetai:

Eαβ = Rα0β0 +
1

2
(gα0Rβ0 + g0βR0α − gαβR00 − g00Rβα) +

1

6
(gβαg00 − gα0gβ0)R

= Rα0β0 −
1

2
(gαβR00 − Rαβ) − 1

6
gαβR (6.45)

Apì th sqèsh (3.35) prokÔptei ìti oi tetradikèc sunist¸sec Rabcd tou tanust 
Riemann dÐnontai apì th sqèsh

Rabcd = gae(Γ
e
bd,c − Γe

bc,d + Γe
fcΓ

f
bd − Γe

fdΓ
f
bc − Γe

bfΓ
f
dc + Γe

bfΓ
f
cd)(6.46)

Telik�, qrhsimopoi¸ntac tic sqèseic (6.16) kai (6.17)-(6.23) paÐrnoume ìti:
Rα0β0 = gαε(−Γε

0β,0 − Γε
γ0Γ

γ
0β − Γε

0γΓ
γ
0β + Γε

0γΓ
γ
β0)

= −aä δ1
αδ1

β − bb̈ δ2
αδ2

β − cc̈ δ3
αδ3

β (6.47)
Antikajist¸ntac tic sqèseic (6.16),(6.38),(6.41) kai (6.47) sth sqèsh (6.45)
brÐskoume:

Eαβ =
a2

6

(

−2ä

a
+

b̈

b
+

c̈

c
+

ȧḃ

ab
+

ȧċ

ac
− 2ḃċ

bc
+

2a2

b2c2
− b2

a2c2
− c2

a2b2
+

2

a2
− 1

b2
− 1

c2

)

δ1
αδ1

β +

+
b2

6

(

−2b̈

b
+

c̈

c
+

ä

a
+

ȧḃ

ab
+

ḃċ

bc
− 2ȧċ

ac
+

2b2

a2c2
− c2

a2b2
− a2

b2c2
+

2

b2
− 1

c2
− 1

a2

)

δ2
αδ2

β +

+
c2

6

(

−2c̈

c
+

ä

a
+

b̈

b
+

ȧċ

ac
+

ḃċ

bc
− 2ȧḃ

ab
+

2c2

a2b2
− a2

b2c2
− b2

a2c2
+

2

c2
− 1

a2
− 1

b2

)

δ3
αδ3

β

(6.48)
H sqèsh (2.29) mac dÐnei ìti oi tetradikèc sunist¸sec Cab

cd tou tanust  Weyl
eÐnai:
Cab

cd = Rab
cd −

1

2
(δa

c R
b
d − δa

dR
b
c − δb

cR
a
d + δb

dR
a
c) +

1

6
(δa

c δ
b
d − δb

cδ
a
d)R (6.49)

Antikajist¸ntac th sqèsh (6.49) kai sth sqèsh (6.43) èqoume

Hαβ =
1

2
ηαδε

{

Rδε
β0 −

1

2
(δδ

βRε
0 − δδ

0R
ε
β − δε

βRδ
0 + δε

0R
δ
β) +

1

6
(δδ

βδε
0 − δε

βδδ
0)R

}

⇒ Hαβ =
1

2
ηαδεR

δε
β0 (6.50)

ìpou apì thn (3.35)
Rδε

β0 = gεγ(Γδ
γ0,β−Γδ

γβ,0+Γδ
ζβΓζ

γ0−Γδ
ζ0Γ

ζ
γβ−Γδ

γζΓ
ζ
0β +Γδ

γζΓ
ζ
β0) (6.51)
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'Ara h sqèsh (6.50) qrhsimopoi¸ntac tic sqèseic (6.51),(6.17)-(6.23),(2.11)
kai (6.16) mac dÐnei

Hαβ =
a3

2bc

{

2ȧ

a
− ḃ

b

(

1 +
b2

a2
− c2

a2

)

− ċ

c

(

1 − b2

a2
+

c2

a2

)

}

δα
1 δβ

1 +

+
b3

2ac

{

2ḃ

b
− ċ

c

(

1 +
c2

b2
− a2

b2

)

− ȧ

a

(

1 − c2

b2
+

a2

b2

)

}

δα
2 δβ

2 +

+
c3

2ab

{

2ċ

c
− ȧ

a

(

1 +
a2

c2
− b2

c2

)

− ḃ

b

(

1 − a2

c2
+

b2

c2

)

}

δα
3 δβ

3 (6.52)

Oi antalloÐwtec sunist¸sec Eαβ , Hαβ kai oi meiktèc sunist¸sec Eα
β , Hα

βtou hlektrikoÔ kai tou magnhtikoÔ mèrouc tou tanust  Weyl prokÔptoun
eÔkola apì tic parak�tw sqèseic

Eab = gacgbdEcd ⇒ Eαβ = gαγgβδEγδ (6.53)
Ea

b = gacEcb ⇒ Eα
β = gαγEγβ (6.54)

Hab = gacgbdHcd ⇒ Hαβ = gαγgβδHγδ (6.55)
Ha

b = gacHcb ⇒ Hα
β = gαγHγβ (6.56)

Gia tic qronikèc parag¸gouc Ėαβ kai Ḣαβ isqÔoun ta ex c:
Ėαβ = Eαβ

;cn
c = Eαβ

;cδ
c
0 = Eαβ

;0

= Eαβ
,0 + Γα

c0E
cβ + Γβ

c0E
αc

= Eαβ
,0 + Γα

γ0E
γβ + Γβ

γ0E
αγ (6.57)

OmoÐwc
Ḣαβ = Hαβ

,0 + Γα
γ0H

γβ + Γβ
γ0H

αγ (6.58)
Me th bo jeia twn (6.20),(6.53) kai (6.48) h sqèsh (6.57) mac dÐnei tic suni-
st¸sec tou tanust  Ėαβ:

Ė11 =
1

6a2

(

− 2a(3)

a
+

b(3)

b
+

c(3)

c
+

+
ȧ

a

(2ä

a
+

b̈

b
+

c̈

c
− ȧḃ

ab
− ȧċ

ac
+

4a2

b2c2
+

2b2

a2c2
+

2c2

a2b2
− 4

a2

)

+

+
ḃ

b

( ä

a
− b̈

b
− 2c̈

c
− ȧḃ

ab
+

2ḃċ

bc
− 4a2

b2c2
− 2b2

a2c2
+

2c2

a2b2
+

2

b2

)

+

+
ċ

c

( ä

a
− 2b̈

b
− c̈

c
− ȧċ

ac
+

2ḃċ

bc
− 4a2

b2c2
+

2b2

a2c2
− 2c2

a2b2
+

2

c2

)

)

(6.59)
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Oi sunist¸sec Ė22 kai Ė33 prokÔptoun apì th sqèsh (6.59) me kuklik  enal-
lag  twn a, b, c kai oi mh diag¸niec sunist¸sec Ė12, Ė13, Ė23 eÐnai mhdèn.

Oi sunist¸sec tou Ḣαβ upologÐzontai sundu�zontac th sqèsh (6.58) me
tic (6.20), (6.52) kai (6.55):

Ḣ11 =
1

2abc

(

2ä

a
− b̈

b
− c̈

c
− 3ȧḃ

ab
− 3ȧċ

ac
+

2ḃċ

bc
+

2ḃ2

b2
+

2ċ2

c2
+

+
b2

a2

( c̈

c
− b̈

b
+

ȧḃ

ab
− ȧċ

ac
+

2ḃċ

bc
− 2ċ2

c2

)

+

+
c2

a2

( b̈

b
− c̈

c
− ȧḃ

ab
+

ȧċ

ac
+

2ḃċ

bc
− 2ḃ2

b2

)

)

(6.60)

Oi sunist¸sec Ḣ22 kai Ḣ33 dÐnontai apì th sqèsh (6.60) me kuklik  enallag 
twn a, b, c kai oi mh diag¸niec sunist¸sec Ḣ12, Ḣ13, Ḣ23 eÐnai mhdèn.

Ta (curlE)αβ, (curlH)αβ dÐnontai apì tic sqèseic (5.80) kai (5.81) antÐ-
stoiqa:

(curlE)αβ = ηγδ(αΓβ)
εγE

ε
δ − ηγδ(αEβ)

εΓ
ε
δγ (6.61)

(curlH)αβ = ηγδ(αΓβ)
εγH

ε
δ − ηγδ(αHβ)

εΓ
ε
δγ (6.62)

Antikajist¸ntac sth sqèsh (6.61) tic sqèseic (6.21)-(6.23), (6.25)kai (6.54)
kai (6.48) antÐstoiqa paÐrnoume:

(curlE)11 =
1

4abc

(

− 2ä

a
+

b̈

b
+

c̈

c
+

ȧḃ

ab
+

ȧċ

ac
− 2ḃċ

bc
+

+
b2

a2

( b̈

b
− c̈

c
− ȧḃ

ab
+

ȧċ

ac
− b2

a2c2
+

1

a2

)

+

+
c2

a2

( c̈

c
− b̈

b
+

ȧḃ

ab
− ȧċ

ac
− c2

a2b2
+

1

a2

)

+

+
2a2

b2c2
− 1

b2
− 1

c2

)

(6.63)

Oi sunist¸sec (curlE)22 kai (curlE)33 upologÐzontai apì th sqèsh (6.61) me
kuklik  met�jesh twn deikt¸n kai oi mh diag¸niec sunist¸sec (curlE)12, (curlE)13

kai (curlE)23 eÐnai mhdèn.
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OmoÐwc apì tic sqèseic (6.62),(6.21)-(6.23),(6.25),(6.56) kai (6.52) prokÔptei
ìti

(curlH)11 =
1

2a2

(

ȧ

a

( 3a2

b2c2
+

b2

a2c2
+

c2

a2b2
− 2

a2

)

+

+
ḃ

b

(

− 3a2

2b2c2
− 3b2

2a2c2
+

c2

2a2b2
+

1

a2
+

1

b2
− 1

c2

)

+

+
ċ

c

(

− 3a2

2b2c2
+

b2

2a2c2
− 3c2

2a2b2
+

1

a2
− 1

b2
+

1

c2

)

)

(6.64)
Oi posìthtec σ<α

γE
β>γ kai σ<α

γH
β>γ dÐnontai apì tic sqèseic (5.93) kai

(5.94) antÐstoiqa
σ<α

γE
β>γ = σ(α

γE
β)γ − 1

3
gαβσεγE

εγ (6.65)
σ<α

γH
β>γ = σ(α

γH
β)γ − 1

3
gαβσεγH

εγ (6.66)
Me th bo jeia twn sqèsewn (6.30), (6.31),(6.29) kai (6.48) h sqèsh (6.65)
dÐnei
σ<1

γE
1>γ =

1

18a2

(

ȧ

a

(

−2ä

a
+

b̈

b
+

c̈

c
+

ȧḃ

ab
+

ȧċ

ac
+

2a2

b2c2
− b2

a2c2
− c2

a2b2
+

2

a2
− 1

b2
− 1

c2

)

+

+
ḃ

b

( ä

a
+

b̈

b
− 2c̈

c
− 2ȧḃ

ab
+

ḃċ

bc
− a2

b2c2
− b2

a2c2
+

2c2

a2b2
− 1

a2
− 1

b2
+

2

c2

)

+

+
ċ

c

( ä

a
− 2b̈

b
+

c̈

c
− 2ȧċ

ac
+

ḃċ

bc
− a2

b2c2
+

2b2

a2c2
− c2

a2b2
− 1

a2
+

2

b2
− 1

c2

)

)

(6.67)
Oi sunist¸sec σ<2

γE
2>γ kai σ<3

γE
3>γ dÐnontai apì th sqèsh (6.67) me kuk-

lik  enallag  twn deikt¸n en¸ oi mh diag¸niec sunist¸sec σ<1
γE

2>γ , σ<2
γE

1>γ ,
σ<1

γE
3>γ , σ<3

γE
1>γ , σ<2

γE
3>γ kai σ<3

γE
2>γ eÐnai mhdèn.

Antikajist¸ntac tic sqèseic (6.30),(6.31),(6.29) kai (6.52) sthn (6.66) paÐrnoume
σ<1

γH
1>γ =

1

6abc

(

2ȧ2

a2
+

ḃ2

b2
+

ċ2

c
− 2ȧḃ

ab
− 2ȧċ

ac
−
( b2

a2
+

c2

a2

)( ḃ2

b2
+

ċ2

c2
− 2ḃċ

bc

)

)

(6.68)
Oi sunist¸sec σ<2

γH
2>γ kai σ<3

γH
3>γ dÐnontai apì th sqèsh (6.68) me kuk-

lik  enallag  twn deikt¸n en¸ oi mh diag¸niec sunist¸sec σ<1
γH

2>γ , σ<2
γH

1>γ ,
σ<1

γH
3>γ , σ<3

γH
1>γ , σ<2

γH
3>γ kai σ<3

γH
2>γ eÐnai mhdèn.

Oi di�forec posìthtec pou upologÐsame, apì th sqèsh (6.26) èwc kai thn
(6.68), mporoÔn t¸ra na antikatastajoÔn stic exis¸seic exèlixhc kai desm¸n
(5.98)-(5.107).'Epeita apì pr�xeic proèkuyan ta akìlouja apotelèsmata.
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6.1.1 Exis¸seic Exèlixhc kai Desm¸n

1. ExÐswsh Raychaudhuri

µ + 3p +
2ä

a
+

2b̈

b
+

2c̈

c
= 2Λ (6.69)

2. ExÐswsh di�doshc thc elikìthtac
• α = β = 1:

2ä

a
− b̈

b
− c̈

c
+

ȧḃ

ab
+

ȧċ

ac
− 2ḃċ

bc
+

2a2

b2c2
− b2

a2c2
− c2

a2b2
+

2

a2
− 1

b2
− 1

c2
= 0

(6.70)
• α = β = 2:

2b̈

b
− c̈

c
− ä

a
+

ḃċ

bc
+

ȧḃ

ab
− 2ȧċ

ac
+

2b2

a2c2
− c2

a2b2
− a2

b2c2
+

2

b2
− 1

c2
− 1

a2
= 0

(6.71)
• α = β = 3:

2c̈

c
− ä

a
− b̈

b
+

ȧċ

ac
+

ḃċ

bc
− 2ȧḃ

ab
+

2c2

a2b2
− a2

b2c2
− b2

a2c2
+

2

c2
− 1

a2
− 1

b2
= 0

(6.72)
3. ExÐswsh diat rhshc thc enèrgeiac

µ̇ = −(µ + p)
( ȧ

a
+

ḃ

b
+

ċ

c

) (6.73)

4. ExÐswsh-Ė
• α = β = 1:

− 2a(3)

a
+

b(3)

b
+

c(3)

c
+

2ȧä

a2
− 2ḃä

ac
− 2ċä

ac
− ḃb̈

b2
+

ȧb̈

ab
+

ċb̈

bc
−

− ċc̈

c2
+

ȧc̈

ac
+

ḃc̈

bc
− ȧ2ḃ

a2b
+

2ȧḃ2

ab2
− ȧ2ċ

a2c
+

2ȧċ2

ac2
− ḃ2ċ

b2c
− ḃċ2

bc2
−

− 5aȧ

b2c2
+

7a2ḃ

2b3c2
+

7a2ċ

2b2c3
+

5bḃ

2a2c2
− 5b2ċ

2a2c3
− b2ȧ

a3c2
+

5cċ

2a2b2
−

− 5c2ḃ

2a2b3
− c2ȧ

a3b2
+

2ȧ

a3
− ḃ

b3
− ċ

c3
+ (µ + p)

(

2ȧ

a
− ḃ

b
− ċ

c

)

= 0

(6.74)
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• α = β = 2:

− 2b(3)

b
+

c(3)

c
+

a(3)

a
+

2ḃb̈

b2
− 2ċb̈

bc
− 2ȧb̈

ab
− ċc̈

c2
+

ȧc̈

ac
+

ḃc̈

bc
−

− ȧä

a2
+

ḃä

ab
+

ċä

ac
− ḃ2ċ

b2c
+

2ḃċ2

bc2
− ȧḃ2

ab2
+

2ȧ2ḃ

a2b
− ȧ2ċ

a2c
− ȧċ2

ac2
−

− 5bḃ

a2c2
+

7b2ċ

2a2c3
+

7b2ȧ

2a3c2
+

5cċ

2a2b2
− 5c2ȧ

2a3b2
− c2ḃ

a2b3
+

5aȧ

2b2c2
−

− 5a2ċ

2b2c3
− a2ḃ

b3c2
+

2ḃ

b3
− ċ

c3
− ȧ

a3
+ (µ + p)

(

2ḃ

b
− ċ

c
− ȧ

a

)

= 0

(6.75)
• α = β = 3:

− 2c(3)

c
+

a(3)

a
+

b(3)

b
+

2ċc̈

c2
− 2ȧc̈

ac
− 2ḃc̈

bc
− ȧä

a2
+

ḃä

ab
+

ċä

ac
−

− ḃb̈

b2
+

ȧb̈

ab
+

ċb̈

cb
− ȧċ2

ac2
+

2ȧ2ċ

a2c
− ḃċ2

bc2
+

2ḃ2ċ

b2c
− ȧ2ḃ

a2b
− ȧḃ2

ab2
−

− 5cċ

a2b2
+

7c2ȧ

2a3b2
+

7c2ḃ

2a2b3
+

5aȧ

2b2c2
− 5a2ḃ

2b3c2
− a2ċ

b2c3
+

5bḃ

2a2c2
−

− 5b2ȧ

2a3c2
− b2ċ

a2c3
+

2ċ

c3
− ȧ

a3
− ḃ

b3
+ (µ + p)

(

2ċ

c
− ȧ

a
− ḃ

b

)

= 0

(6.76)
5. ExÐswsh-Ḣ

• α = β = 1:
2ä

a
− b̈

b
− c̈

c
− bb̈

a2
− cc̈

a2
+

c2b̈

a2b
+

b2c̈

a2c
+

b2ȧċ

a3c
+

c2ȧḃ

a3b
− bȧḃ

a3
− cȧċ

a3
+

+
ȧḃ

ab
+

ȧċ

ac
− 2ḃċ

bc
+

2a2

b2c2
− b4

a4c2
− c4

a4b2
+

b2

a4
+

c2

a4
− 1

b2
− 1

c2
= 0

(6.77)
• α = β = 2:

2b̈

b
− c̈

c
− ä

a
− cc̈

b2
− aä

b2
+

a2c̈

b2c
+

c2ä

ab2
+

a2ḃċ

b3c
+

c2ȧḃ

ab3
− cḃċ

b3
− aȧḃ

b3
+

+
ḃċ

bc
+

ȧḃ

ab
− 2ȧċ

ac
+

2b2

a2c2
− c4

a2b4
− a4

b4c2
+

c2

b4
+

a2

b4
− 1

c2
− 1

a2
= 0

(6.78)
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• α = β = 3:
2c̈

c
− ä

a
− b̈

b
− aä

c2
− bb̈

c2
+

a2b̈

bc2
+

b2ä

ac2
+

a2ḃċ

bc3
+

b2ȧċ

ac3
− aȧċ

c3
− bḃċ

c3
+

+
ȧċ

ac
+

ḃċ

bc
− 2ȧḃ

ab
+

2c2

a2b2
− a4

b2c4
− b4

a2c4
+

a2

c4
+

b2

c4
− 1

a2
− 1

b2
= 0

(6.79)

'Olec oi Exis¸seic Desm¸n eÐnai tautotik� Ðsec me to mhdèn.
Oi Exis¸seic Exèlixhc (6.69)-(6.79) den eÐnai ìlec anex�rthtec metaxÔ

touc, all� perièqoun kai exis¸seic kenèc plhroforÐac.MporoÔme na kata-
l xoume sto el�qisto sÔsthma exis¸sewn k�nontac grammikoÔc sunduasmoÔc
twn exis¸sewn aut¸n:
An afairèsoume thn exÐswsh (6.71) apì thn (6.70) prokÔptri h exÐswsh

ä

a
− b̈

b
+

ȧċ

ac
− ḃċ

bc
+

a2

a2c2
− b2

b2c2
+

1

a2
− 1

b2
= 0 (6.80)

OmoÐwc afair¸ntac thn (6.72) apì thn (6.70) kai apì thn (6.69) prokÔptoun
oi exis¸seic

b̈

b
− c̈

c
+

ȧḃ

ab
− ȧċ

ac
+

b2

a2c2
− c2

a2b2
+

1

b2
− 1

c2
= 0 (6.81)

kai
ä

a
− c̈

c
+

ȧḃ

ab
− ḃċ

bc
+

a2

b2c2
− c2

a2b2
+

1

a2
− 1

c2
= 0 (6.82)

ParathroÔme ìti oi exis¸seic (6.79)-(6.81) den eÐnai anex�rthtec metaxÔ touc
all� h mÐa apì tic treic eÐnai sunèpeia twn �llwn dÔo.Gia par�deigma h (6.81)
prokÔptei an apì thn (6.82) afairèsoume thn (6.80).
ParagwgÐzoume thn exÐswsh (6.70) kai lÔnoume wc proc −2a(3)

a
+ b(3)

b
+ c(3)

c
.Antikajist¸ntac

th sqèsh pou prokÔptei sthn (6.74) katal goume sthn exÐswsh
(

2ȧ

a
− ḃ

b
− ċ

c

)(

µ+p+
2c̈

c
− 2ȧḃ

ab
− a2

2b2c2
− b2

2a2c2
+

3c2

2a2b2
− 1

a2
− 1

b2
+

1

c2

)

= 0

(6.83)
Me parìmoio trìpo apì tic (6.75), (6.71) kai (6.76), (6.72) antÐstoiqa paÐrnoume
(

2ḃ

b
− ċ

c
− ȧ

a

)(

µ+p+
2ä

a
− 2ḃċ

bc
− b2

2a2c2
− c2

2a2b2
+

3a2

2b2c2
− 1

b2
− 1

c2
+

1

a2

)

= 0

(6.84)
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kai
(

2ċ

c
− ȧ

a
− ḃ

b

)(

µ+p+
2b̈

b
− 2ȧċ

ac
− c2

2a2b2
− a2

2b2c2
+

3b2

2a2c2
− 1

c2
− 1

a2
+

1

b2

)

= 0

(6.85)
'Estw ìti

2ȧ

a
=

ḃ

b
+

ċ

c
⇔ a2 = λbc (6.86)

ìpou λ =stajer�.Tìte ja prèpei
2ḃ

b
6= ċ

c
+

ȧ

a
(6.87)

kai
2ċ

c
6= ȧ

a
+

ḃ

b
(6.88)

diìti an p.q.
2ḃ

b
=

ċ

c
+

ȧ

a
(6.89)

pou se sunduasmì me thn (6.86) ja mac dÐnei
ȧ

a
=

ḃ

b
=

ċ

c
(6.90)

kai �ra mhdenik  diatmhtik  taqÔthta pou odhgeÐ se isìtropo omogen  qwro-
qrìno FRW.Me parag¸gish thc (6.86) prokÔptei

4ä

a
=

2b̈

b
+

2c̈

c
− ḃ2

b2
− ċ2

c
+

2ḃċ

bc
(6.91)

Pollaplasi�zoume thn (6.80) me 4 kai sth sqèsh pou prokÔptei antikajis-
toÔme tic (6.86) kai (6.91) kai paÐrnoume

2

(

c̈

c
− b̈

b

)

=
ḃ2

b2
− ċ2

c2
+

4b2

a2c2
− 4a2

b2c2
+

4

b2
− 4

a2
(6.92)

Pollaplasi�zoume thn (6.81) me 2 kai sth sqèsh pou prokÔptei antikajis-
toÔme thn (6.86) opìte prokÔptei ìti

2

(

b̈

b
− c̈

c

)

=

(

ḃ

b
+

ċ

c

)(

ċ

c
− ḃ

b

)

+
2c2

a2b2
− 2b2

a2c2
+

2

c2
− 2

b2
(6.93)

Me prìsjesh kat� mèlh twn (6.92) kai (6.93) prokÔptei ìti
b2

a2c2
+

c2

a2b2
− 2a2

b2c2
+

1

b2
+

1

c2
− 2

a2
= 0 (6.94)
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Me th bo jeia thc (6.86) h (6.94) gÐnetai
1

b2
+

1

c2
− 2

λbc
+

b

λc3
+

c

λb3
− 2λ

bc
= 0 (6.95)

  isodÔnama
(

c

b

)2

+ 1 − 2

(

λ +
1

λ

)

c

b
+

1

λ

(

b

c
+

c3

b3

)

= 0 (6.96)
h opoÐa sunep�getai ìti

c

b
= constant ⇒ ḃ

b
=

ċ

c
(6.97)

opìte apì tic (6.86) kai (6.97)
ȧ

a
=

ḃ

b
=

ċ

c
(6.98)

kai p�li katalhgoume se mhdenik  diatmhtik  taqÔthta.Akolouj¸ntac mÐa
parìmoia diadikasÐa apodeiknÔetai ìti gia na èqoume mh mhdenik  diatmhtik 
taqÔthta ja prèpei na mhn mhdenÐzetai kamÐa apì tic posìthtec

2ȧ

a
− ḃ

b
− ċ

c
,

2ḃ

b
− ċ

c
− ȧ

a
,

2ċ

c
− ȧ

a
− ḃ

b
(6.99)

Epomènwc oi exis¸seic (6.83)-(6.85) gÐnontai

µ + p +
2c̈

c
− 2ȧḃ

ab
− a2

2b2c2
− b2

2a2c2
+

3c2

2a2b2
− 1

a2
− 1

b2
+

1

c2
= 0 (6.100)

µ + p +
2ä

a
− 2ḃċ

bc
− b2

2a2c2
− c2

2a2b2
+

3a2

2b2c2
− 1

b2
− 1

c2
+

1

a2
= 0 (6.101)

µ + p +
2b̈

b
− 2ȧċ

ac
− c2

2a2b2
− a2

2b2c2
+

3b2

2a2c2
− 1

c2
− 1

a2
+

1

b2
= 0 (6.102)

LÔnoume thn exÐswsh (6.69) wc proc µ kai antikajistoÔme stic (6.100)-(6.102)
oi opoÐec paÐrnoun telik� th morf 

ä

a
+

b̈

b
+

ȧḃ

ab
+

a2

4b2c2
+

b2

4a2c2
− 3c2

4a2b2
+

1

2a2
+

1

2b2
− 1

2c2
= Λ − p (6.103)

b̈

b
+

c̈

c
+

ḃċ

bc
+

b2

4a2c2
+

c2

4a2b2
− 3a2

4b2c2
+

1

2b2
+

1

2c2
− 1

2a2
= Λ − p (6.104)

c̈

c
+

ä

a
+

ȧċ

ac
+

c2

4a2b2
+

a2

4b2c2
− 3b2

4a2c2
+

1

2c2
+

1

2a2
− 1

2b2
= Λ − p (6.105)
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EÐnai fanerì ìti oi exis¸seic (6.103)-(6.105) den eÐnai ìlec anex�rthtec all�
oi dÔo apì tic treic mporoÔn na prokÔyoun apì thn trÐth se sunduasmì me tic
(6.80)-(6.81).Gia par�deigma h (6.104) prokÔptei an apì thn (6.103) afairè-
soume thn (6.82).
Me �jroish kat� mèlh twn (6.100)-(6.102) kai me th bo jeia thc (6.69) katal -
goume sthn exÐswsh
ȧḃ

ab
+

ȧċ

ac
+

ḃċ

bc
− a2

4b2c2
− b2

4a2c2
− c2

4a2b2
+

1

2a2
+

1

2b2
+

1

2c2
= µ + Λ (6.106)

H exÐswsh (6.73) prokÔptei eÔkola paragwgÐzontac thn (6.106) kai qrhsi-
mopoi¸ntac tic (6.80)-(6.81).Epiplèon oi exis¸seic (6.77)-(6.79) eÐnai kenèc
plhroforÐac afoÔ me th bo jeia twn (6.80)-(6.81) gÐnontai tautotik� Ðsec me
to mhdèn.

SÔmfwna me thn parap�nw an�lush katal goume sto ìti to el�qisto
sÔsthma exis¸sewn pou perièqei ìlh thn plhroforÐa gia to qwroqrìno kai
to ulikì tou perieqìmeno eÐnai to ex c:

ä

a
− b̈

b
+

ȧċ

ac
− ḃċ

bc
+

a2

b2c2
− b2

a2c2
+

1

a2
− 1

b2
= 0 (6.107)

ä

a
− c̈

c
+

ȧḃ

ab
− ḃċ

bc
+

a2

b2c2
− c2

a2b2
+

1

a2
− 1

c2
= 0 (6.108)

ä

a
− c̈

c
+

ȧḃ

ab
+

a2

4b2c2
+

b2

4a2c2
− 3c2

4a2b2
+

1

2a2
+

1

2b2
− 1

2c2
= Λ − p (6.109)

ȧḃ

ab
+

ȧċ

ac
+

ḃċ

bc
− a2

4b2c2
− b2

4a2c2
− c2

4a2b2
+

1

2a2
+

1

2b2
+

1

2c2
= Λ + µ(6.110)

6.2 EÔresh AnalloÐwthc B�shc
gia touc Qwroqrìnouc Bianchi IX

Skopìc mac ed¸ eÐnai na eis�goume èna sÔsthma suntetagmènwn xi, i =
0, 1, 2, 3, ìpou x0 ≡ t , x1 ≡ x , x2 ≡ y , x3 ≡ z kai na broÔme th morf 
thc analloÐwthc b�shc wc proc autì to sÔsthma suntetagmènwn.Oi troqièc
thc suntetagmènhc t lamb�nontai k�jetec proc tic omogeneÐc uperepif�neiec (
ìpwc sto kef�laio 5.2) opìte:

E i
0 = δi

0 (6.111)
Epiplèon mporoÔme p�nta na epilèxoume èna apì ta trÐa dianÔsmata thc qw-
rik c analloÐwthc tetradik c b�shc na ef�ptetai stic troqièc thc suntetag-
mènhc x1 ètsi ¸ste:

E i
1 = δ i

1 (6.112)
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Oi sunist¸sec twn �llwn dÔo dianusm�twn thc qwrik c b�shc ja dÐnontai
apì tic sqèseic:

E i
2 = b1δ

i
1 + b2δ

i
2 + b3δ

i
3 (6.113)

E i
3 = c1δ

i
1 + c2δ

i
2 + c3δ

i
3 (6.114)

ìpou ta b1, b2, b3, c1, c2, c3 eÐnai sunart seic twn suntetagmènwn x, y, z.
Sundu�zontac tic (5.30) kai (6.15) prokÔptei ìti oi sqèseic met�jeshc gia

ta qwrik� dianÔsmata thc analloÐwthc b�shc paÐrnoun th morf :
[E1, E2]

i = −E i
3 (6.115)

[E2, E3]
i = −E i

1 (6.116)
[E3, E1]

i = −E i
2 (6.117)

Apì tic (6.112),(6.113) kai (6.115) paÐrnoume:
[E1, E2]

i = −E i
3 ⇒ E j

1 E i
2 ,j − E j

2 E i
1 ,j = −E i

3

⇒ δj
1E

i
2 ,j − E j

2 δi
1,j = −E i

3

⇒ E i
2 ,x = −E i

3

⇒ b1,xδ
i
1 + b2,xδ

i
2 + b3,xδ

i
3 = −c1δ

i
1 − c2δ

i
2 − c3δ

i
3

⇒ b1,x = −c1 , b2,x = −c2 , b3,x = −c3 (6.118)
Me ton Ðdio trìpo apì tic upìloipec sqèseic met�jeshc (6.116) kai (6.117) me
th bo jeia twn (6.112)-(6.114) lamb�nontai antÐstoiqa oi sqèseic:

b1c1,x + b2c1,y + b3c1,z − c1b1,x − c2b1,y − c3b1,z = −1 (6.119)
b1c2,x + b2c2,y + b3c2,z − c1b2,x − c2b2,y − c3b2,z = 0 (6.120)
b1c3,x + b2c3,y + b3c3,z − c1b3,x − c2b3,y − c3b3,z = 0 (6.121)

kai
c1,x = b1 , c2,x = b2 , c3,x = b3 (6.122)

ParagwgÐzontac tic (6.119) wc proc x kai qrhsimopoi¸ntac tic (6.118) katal -
goume sto ìti oi sunart seic b1(x, y, z), b2(x, y, z), b3(x, y, z) ikanopoioÔn tic
diaforikèc exis¸seic

b1,xx = −b1 , b2,xx = −b2 , b3,xx = −b3 (6.123)
kai �ra èqoun th morf 

b1 = α1(y, z) sin x + β1(y, z) cos x (6.124)
b2 = α2(y, z) sin x + β2(y, z) cos x (6.125)
b3 = α3(y, z) sin x + β3(y, z) cos x (6.126)
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Eis�gwntac tic sqèseic (6.124)-(6.126) stic (6.118) brÐskoume ìti h morf 
twn sunart sewn c1(x, y, z) , c2(x, y, z) , c3(x, y, z) eÐnai h ex c

c1 = β1(y, z) sin x − α1(y, z) cos x (6.127)
c2 = β2(y, z) sin x − α2(y, z) cos x (6.128)
c3 = β3(y, z) sin x − α3(y, z) cos x (6.129)

Antikajist¸ntac tic sqèseic (6.124)-6.129) stic (6.119)-(6.121) katal goume
sto akìloujo proc epÐlush sÔsthma diaforik¸n exis¸sewn:

α 2
1 + β 2

1 + α2β1,y + a3β1,z − β2α1,y − β3α1,z = −1 (6.130)
α1α2 + β1β2 + α2β2,y − β2α2,y + α3β2,z − β3α2,z = 0 (6.131)
α1α3 + β1β3 + α2β3,y − β2α3,y + α3β3,z − β3α3,z = 0 (6.132)

Sth sunèqeia ja qrhsimopoi soume thn eleujerÐa pou èqoume wc proc
thn epilog  twn suntetagmènwn gia na aplopoi soume kai en tèlei na epilÔ-
soume to parap�nw sÔsthma.Pr¸th mac epidÐwxh eÐnai na broÔme p¸c metasqh-
matÐzontai oi posìthtec α1, α2, α3, β1, β2, β3 k�tw apì to metasqhtismì twn
qwrik¸n suntetagmènwn.Dhlad  èna metasqhmatismì thc morf c x′i = x′i(xj),
ìpou i, j = 1, 2, 3. Oi sunist¸sec twn dianusmatik¸n pedÐwn thc tetradik c
mac b�shc wc proc to nèo sÔsthma suntetagmènwn sumbolÐzontai wc E

′ i
a .Profan¸c

isqÔei ìti:
E

′ i
0 ≡ E i

0 = δi
0 (6.133)

Oi sunist¸sec E i
α metasqhmatÐzontai sÔmfwna me th sqèsh:

E
′ i
α =

∂x
′i

∂xj
E j

α ⇒ E
′ i
α =

∂x
′i

∂x
E 1

α +
∂x

′i

∂y
E 2

α +
∂x

′i

∂z
E 3

α (6.134)

afoÔ E 0
α = 0.ApaitoÔme epiplèon to di�nusma E1 na eÐnai efaptìmeno kai

sthn kainoÔria suntetagmènh x′1 ,epomènwc:
E

′ i
1 = δi

1 (6.135)
Gia ta upìloipa dianusmatik� pedÐa isqÔoun oi sqèseic:

E
′ i
2 = b′1δ

i
1 + b′2δ

i
2 + b′3δ

i
3 (6.136)

E
′ i
3 = c′1δ

i
1 + c′2δ

i
2 + c′3δ

i
3 (6.137)

ìpou ta b′1, b
′

2, b
′

3, c
′

1, c
′

2, c
′

3 eÐnai sunart seic twn kainoÔriwn suntetagmènwn
x′, y′, z′. Profan¸c oi sqèseic met�jeshc (6.115)-(6.117) isqÔoun kai gia
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tic metasqhmatismènec sunist¸sec E
′ i
α , �ra oi sunart seic b′1, b

′

2, b
′

3, c
′

1, c
′

2, c
′

3dÐnontai apì tic sqèseic:
b′1 = α′

1(y
′, z′) sin x′ + β′

1(y
′, z′) cos x′ (6.138)

b′2 = α′

2(y
′, z′) sin x′ + β′

2(y
′, z′) cos x′ (6.139)

b′3 = α′

3(y
′, z′) sin x′ + β′

3(y
′, z′) cos x′ (6.140)

kai
c′1 = β′

1(y
′, z′) sin x′ − α′

1(y
′, z′) cos x′ (6.141)

c′2 = β′

2(y
′, z′) sin x′ − α′

2(y
′, z′) cos x′ (6.142)

c′3 = β′

3(y
′, z′) sin x′ − α′

3(y
′, z′) cos x′ (6.143)

kai oi sunart seic α′

1, α
′

2, α
′

3, β
′

1, β
′

2, β
′

3 ikanopoioÔn tic (6.130)-(6.132) sto nèo
sÔsthma suntetagmènwn. Apì thn (6.136) èqoume ìti:

b′1 = E
′ 1
2 , b′2 = E

′ 2
2 , b′3 = E

′ 3
2 (6.144)

epÐshc apì tic sqèseic (6.134) kai (6.113):

E
′ i
2 =

∂x
′i

∂x
E 1

2 +
∂x

′i

∂y
E 2

2 +
∂x

′i

∂z
E 3

2

⇒ E
′ i
2 = b1

∂x
′i

∂x
+ b2

∂x
′i

∂y
+ b3

∂x
′i

∂z
(6.145)

Epomènwc antikajist¸ntac thn (6.145) stic sqèseic (6.144) brÐskoume ìti oi
posìthtec β1, β2, β3 metasqhmatÐzontai wc ex c:

b′1 = b1
∂x′

∂x
+ b2

∂x′

∂y
+ b3

∂x′

∂z
(6.146)

b′2 = b1
∂y′

∂x
+ b2

∂y′

∂y
+ b3

∂z′

∂z
(6.147)

b′3 = b1
∂z′

∂x
+ b2

∂z′

∂y
+ b3

∂z′

∂z
(6.148)

Apì tic sqèseic (6.134),(6.135) kai (6.112) brÐskoume ìti:

δi
1 =

∂x
′i

∂x
E 1

1 +
∂x

′i

∂y
E 2

1 +
∂x

′i

∂x
E 3

1 =
∂x

′i

∂x

⇒ ∂x′

∂x
= 1 ,

∂y′

∂x
= 0 ,

∂z′

∂x
= 0

⇒ x′ = x + X(y, z) , y′ = y′(y, z) , z′ = z′(y, z) (6.149)
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ìpou oi sqèseic autèc ekfr�zoun thn eleujerÐa pou èqoume sthn epilog  twn
qwrik¸n suntetagmènwn.T¸ra apì tic (6.149) kai (6.146)-(6.148) prokÔptoun
ta ex c:

b′1 = b1 + b2
∂X

∂y
+ b3

∂X

∂z
(6.150)

b′2 = b2
∂y′

∂y
+ b2

∂y′

∂z
(6.151)

b′3 = b2
∂z′

∂y
+ b2

∂z′

∂z
(6.152)

An antikatast soume tic (6.124)-(6.126) stic (6.150)-(6.152) paÐrnoume:
b′1 = α1 sin x + β1 cos x + (α2 sin x + β2 cos x)

∂X

∂y
+

+ (α3 sin x + β3 cos x)
∂X

∂z
(6.153)

b′2 = (α2 sin x + β2 cos x)
∂y′

∂y
+ (α3 sin x + β3 cos x)

∂y′

∂z
(6.154)

b′3 = (α2 sin x + β2 cos x)
∂z′

∂y
+ (α3 sin x + β3 cos x)

∂z′

∂z
(6.155)

'Omwc gia na broÔme ta α′

1, α
′

2, α
′

3, β
′

1, β
′

2, β
′

3 prèpei na ekfr�soume ta b′1, b
′

2, b
′

3sunart sei twn sin x′ kai cos x′.Apì th sqèsh (6.149) kai apì tic gnwstèc mac
trigwnometrikèc tautìthtec paÐrnoume:

sin x = sin(x′ − X) = sin x′ cos X − cos x′ sin X (6.156)
cos x = cos(x′ − X) = cos x′ cos X + sin x′ sin X (6.157)

Antikajist¸ntac tic sqèseic (6.156) kai (6.157) stic (6.153)-(6.155) telik�
prokÔptei ìti:
b′1 =

{

α1 cos X + β1 sin X +
(

α2 cos X + β2 sin X
)∂X

∂y
+
(

α3 cos X + β3 sin X
)∂X

∂z

}

sin x′ +

+

{

β1 cos X − α1 sin X +
(

β2 cos X − α2 sin X
)∂X

∂y
+
(

β3 cos X + α3 sin X
)∂X

∂z

}

cos x′

(6.158)

b′2 =

{

(

α2 cos X + β2 sin X
)∂y′

∂y
+
(

α3 cos X + β3 sin X
)∂y′

∂z

}

sin x′ +

+

{

(

β2 cos X − α2 sin X
)∂y′

∂y
+
(

β3 cos X − α3 sin X
)∂y′

∂z

}

cos x′

(6.159)
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b′3 =

{

(

α2 cos X + β2 sin X
)∂z′

∂y
+
(

α3 cos X + β3 sin X
)∂z′

∂z

}

sin x′ +

+

{

(

β2 cos X − α2 sin X
)∂z′

∂y
+
(

β3 cos X − α3 sin X
)∂z′

∂z

}

cos x′

(6.160)
SugkrÐnontac tic (6.158)-(6.160) me tic (6.138)-(6.140) katal goume stouc
akìloujouc tÔpouc metasqhmatismoÔ gia ta αi, βi, i = 1, 2, 3:

α′

1 = α1 cos X + β1 sin X + (α2 cos X + β2 sin X)
∂X

∂y
+

+ (α3 cos X + β3 sin X)
∂X

∂z
(6.161)

β′

1 = β1 cos X − α1 sin X + (β2 cos X − α2 sin X)
∂X

∂y
+

+ (β3 cos X − α3 sin X)
∂X

∂z
(6.162)

α′

2 = (α2 cos X + β2 sin X)
∂y′

∂y
+ (α3 cos X + β3 sin X)

∂y′

∂z
(6.163)

β′

2 = (β2 cos X − α2 sin X)
∂y′

∂y
+ (β3 cos X − α3 sin X)

∂y′

∂z
(6.164)

α′

3 = (α2 cos X + β2 sin X)
∂z′

∂y
+ (α3 cos X + β3 sin X)

∂z′

∂z
(6.165)

β′

3 = (β2 cos X − α2 sin X)
∂z′

∂y
+ (β3 cos X − α3 sin X)

∂z′

∂z
(6.166)

Shmei¸noume ìti oi sqèseic (6.161)-(6.166) mac dÐnoun ta α′

1, α
′

2, α
′

3, β
′

1, β
′

2, β
′

3sunart sei twn pali¸n suntetagmènwn x, y, z kai ìqi twn x′, y′, z′

T¸ra eis�goume thn apaÐthsh:
β′

1 = α′

2 = β′

3 = 0 (6.167)
Tìte, sÔmfwna me tic (6.135)-(6.137) kai (6.138)-(6.143), ta dianÔsmata b�shc
p�irnoun th morf :

E
′ i
1 = δi

1 (6.168)
E

′ i
2 = α′

1 sin x′δi
1 + β′

2 cos x′δi
2 + α′

3 sin x′δi
3 (6.169)

E
′ i
3 = −α′

1 cos x′δi
1 + β′

2 sin x′δi
2 − α′

3 cos x′δi
3 (6.170)
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kai oi sqèseic metasqhmatismoÔ (6.161)-(6.166) gÐnontai:

α′

1 = α1 cos X + β1 sin X + (α2 cos X + β2 sin X)
∂X

∂y
+

+ (α3 cos X + β3 sin X)
∂X

∂z
(6.171)

0 = β1 cos X − α1 sin X + (β2 cos X − α2 sin X)
∂X

∂y
+

+ (β3 cos X − α3 sin X)
∂X

∂z
(6.172)

0 = (α2 cos X + β2 sin X)
∂y′

∂y
+ (α3 cos X + β3 sin X)

∂y′

∂z
(6.173)

β′

2 = (β2 cos X − α2 sin X)
∂y′

∂y
+ (β3 cos X − α3 sin X)

∂y′

∂z
(6.174)

α′

3 = (α2 cos X + β2 sin X)
∂z′

∂y
+ (α3 cos X + β3 sin X)

∂z′

∂z
(6.175)

0 = (β2 cos X − α2 sin X)
∂z′

∂y
+ (β3 cos X − α3 sin X)

∂z′

∂z
(6.176)

ParathroÔme ìti oi exis¸seic (6.172), (6.173) kai (6.176) periorÐzoun all� den
kajorÐzoun pl rwc tic sunart seic metasqhmatismoÔ X(y, z), y′(y, z), z′(y, z)
af nontac akìmh eleujerÐa sthn epilog  twn suntetagmènwn mèsw tou metasqh-
matismoÔ (6.149).EkteloÔme loipìn ek nèou to metasqhmatismì:x′′ = x′ +
X ′(y′, z′), y′′ = y′′(y′, z′), z′′ = z′′(y′, z′) ìpou kai p�li apaitoÔme:

β′′

1 = α′′

2 = β′′

3 = 0 (6.177)
Apì dw kai pèra gia na aplopoi soume th morf  twn exis¸sewn ja qrhsi-
mopoi soume ton ex c sumbolismì:

x′′ → x′ , y′′ → y′ , z′′ → z′

x′ → x , y′ → y , z′ → z

α′′

1 → α′

1 , α′′

2 → α′

2 , α′′

3 → α′

3

α′

1 → α1 , α′

2 → α2 , α′

3 → α3

Gia ta metasqhmatismèna dianÔsmata b�shc E
′i
a kai tic posìthtec α′

1, β
′

2, α
′

3isqÔoun metasqhmatismènec oi sqèseic (6.115)-(6.117), (6.130)-(6.132) kai
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(6.168)-(6.170). Epiplèon, oi exis¸seic (6.172), (6.173) kai (6.176) pou peri-
orÐzoun tic sunart seic X(y, z), y′(y, z), z′(y, z), paÐrnoun th morf :

− α1 sin X + β2 cos X
∂X

∂y
− α2 sin X

∂X

∂z
= 0 (6.178)

β2 sin X
∂y′

∂y
+ α3 cos X

∂y′

∂z
= 0 (6.179)

β2 cos X
∂z′

∂y
− α3 sin X

∂z′

∂z
= 0 (6.180)

kai oi sqèseic (6.171), (6.174) kai (6.175) pou apoteloÔn tic exis¸seic metasqh-
matismoÔ twn sunart sewn α′

1, β
′

2, α
′

3 gÐnontai:

α′

1 = α1 cos X + β2 sin X
∂X

∂y
+ α3 cos X

∂X

∂z
(6.181)

β′

2 = β2 cos X
∂y′

∂y
− α3 sin X

∂y′

∂z
(6.182)

α′

3 = β2 sin X
∂z′

∂y
+ α3 cos X

∂z′

∂z
(6.183)

Lìgw twn (6.167) oi exis¸seic met�jeshc (6.130)-(6.132) paÐrnoun t¸ra thn
aploÔsterh morf :

α2
1 − β2α1,y = −1 (6.184)

α3β2,z = 0 (6.185)
α1α3 − β2α3,y = 0 (6.186)

Apì thn exÐswsh (6.185), efìson α3 6= 0 (eid�lwc ta Ea ja p�youn na eÐnai
grammik¸c anex�rthta), prokÔptei ìti:

α3β2,z = 0 ⇒ β2,z = 0 ⇒ β2 = β2(y) (6.187)
H (6.187) mac epitrèpei, ìpwc ja deÐxoume sth sunèqeia, na jèsoume:

β′

2 = 1 (6.188)
Pr�gmati, gia na eÐnai autì efiktì ja prèpei na brejoÔn sunart seic y′(y, z), z′(y, z)
pou na ikanopoioÔn to sÔsthma twn exis¸sewn (6.182) kai (6.179), oi opoÐec
t¸ra paÐrnoun th morf :

β2 cos X
∂y′

∂y
− α3 sin X

∂y′

∂z
= 1 (6.189)

β2 sin X
∂y′

∂y
+ α3 cos X

∂y′

∂z
= 0 (6.190)
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Ja epilÔsoume to sÔsthma autì wc proc ∂y′

∂y
, ∂y′

∂z
.H orÐzousa tou sust matoc

eÐnai:
D =

∣

∣

∣

∣

∣

β2 cos X −α3 sin X
β2 sin X α3 cos X

∣

∣

∣

∣

∣

= β2α3 6= 0 (6.191)

'Ara to sÔsthma èqei mh tetrimmènh lÔsh.Epiplèon

Dy =

∣

∣

∣

∣

∣

1 −α3 sin X
0 α3 cos X

∣

∣

∣

∣

∣

= α3 cos X (6.192)

Dz =

∣

∣

∣

∣

∣

β2 cos X 1
β2 sin X 0

∣

∣

∣

∣

∣

= −β2 sin X (6.193)

Epomènwc h lÔsh tou sust matoc (6.189), (6.190) eÐnai:
∂y′

∂y
=

Dy

D
=

cos X

β2

(6.194)
∂y′

∂z
=

Dz

D
= −sin X

α3

(6.195)
Gia na eÐnai sunepèc to sÔsthma twn exis¸sewn (6.194), (6.195) ja prèpei na
ikanopoieÐtai h sqèsh oloklhrwsimìthtac

∂2y′

∂z∂y
=

∂2y′

∂y∂z
(6.196)

Apì th sqèsh (6.194), lamb�nontac upìyin kai thn (6.187), paÐrnoume:
∂2y′

∂z∂y
=

∂

∂z

(cos X

β2

)

=
− sin X

β2

∂X

∂z
(6.197)

kai apì thn (6.195):
∂2y′

∂y∂z
= − ∂

∂y

(sin X

α3

)

=
sin X

α 2
3

α3,y −
cos X

α3

∂X

∂y
(6.198)

Antikajist¸ntac tic sqèseic (6.197) kai (6.198) sthn (6.196) prokÔptei ìti
− sin X

β2

∂X

∂z
=

sin X

α 2
3

α3,y −
cos X

α3

∂X

∂y

⇒ −α 2
3 sin X

∂X

∂z
= β2α3,y sin X − β2α3 cos X

∂X

∂y

⇒ β2α3,y sin X + α3

(

α3 sin X
∂X

∂z
− β2 cos X

∂X

∂y

)

= 0 (6.199)
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Me th bo jeia thc exÐswshc (6.178) h prohgoÔmenh sqèsh gÐnetai
β2α3,y sin X − α1α3 sin X = 0

⇒ (β2α3,y − α1α3) sin X = 0 (6.200)
h opoÐa isqÔei lìgw thc sqèshc (6.186).Epomènwc ikanopoieÐtai h sunj kh
oloklhrwsimìthtac (6.196) kai ètsi h epilog  (6.188) eÐnai dunat  kai den
odhgeÐ se asunèpeia.

Ac ektelèsoume ek nèou to metasqhmatismì (6.149):
x′ = x + X(y, z)

y′ = y′(y, z)

z′ = z′(y, z)

krat¸ntac ìlec tic sunj kec pou èqoume epib�llei, dhlad :
β1 = α2 = β3 = 0 , β2 = 1 (6.201)
β′

1 = α′

2 = β′

3 = 0 , β′

2 = 1 (6.202)
Tìte oi exis¸seic met�jeshc (6.184)-(6.186) gÐnontai

α 2
1 − α1,y = −1 (6.203)

α1α3 − α3,y = 0 (6.204)
kai oi sqèseic (6.178)-(6.183), (6.194) kai (6.195) pou kajorÐzoun to metasqh-
matismì mac dÐnoun

−α1 sin X + cos X
∂X

∂y
− α3 sin X

∂X

∂z
= 0 (6.205)

cos X
∂z′

∂y
− α3 sin X

∂z′

∂z
= 0 (6.206)

∂y′

∂y
= cos X (6.207)

∂y′

∂z
= −sin X

α3

(6.208)
kai

α′

1 = α1 cos X + sin X
∂X

∂y
+ α3 cos X

∂X

∂z
(6.209)

α′

3 = sin X
∂z′

∂y
+ α3 cos X

∂z′

∂z
(6.210)
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H posìthta α′

3 eÐnai en gènei sun�rthsh twn metasqhmatismènwn sunteta-
gmènwn y′, z′, dhlad  α′

3 = α′

3(y
′, z′).Me ènan metasqhmatismì suntetagmènwn

ja apait soume h sun�rthsh α′

3 na exart�tai mìno apì th suntetagmènh y′,
dhlad  na isqÔei α′

3 = α′

3(y
′).'Omwc to y′ = y′(y, z).Epomènwc to α′

3 exart�taièmmesa apì tic suntetagmènec y, z kai isqÔei ìti
∂α′

3

∂y
=

∂α′

3

∂y′

∂y′

∂y
(6.211)

∂α′

3

∂z
=

∂α′

3

∂y′

∂y′

∂z
(6.212)

Diair¸ntac kat� mèlh tic dÔo parap�nw sqèseic kai qrhsimopoi¸ntac tic
(6.207) kai (6.208) paÐrnoume ìti:

∂α′

3

∂y

∂y′

∂z
=

∂α′

3

∂z

∂y′

∂y

⇒ − sin X

α3

∂α′

3

∂y
= cos X

∂α′

3

∂z

⇒ cos X
∂α′

3

∂z
+

sin X

α3

∂α′

3

∂y
= 0 (6.213)

'Ara an to α′

3 eÐnai sun�rthsh mìno tou y′ tìte prèpei na ikanopoieÐ kai
th sqèsh (6.213). T¸ra ja apodeÐxoume kai to antÐstrofo, dhlad  ìti an
ikanopoieÐtai h sqèsh (6.213) to α′

3 eÐnai sun�rthsh mìno tou y′.'Estw loipìn
ìti isqÔei h sqèsh (6.213) kai α′

3 = α′

3(y
′, z′), ìpou y′ = y′(y, z) kai z′ =

z′(y, z).Tìte
∂α′

3

∂y
=

∂α′

3

∂y′

∂y′

∂y
+

∂α′

3

∂z′
∂z′

∂y
(6.214)

∂α′

3

∂z
=

∂α′

3

∂y′

∂y′

∂z
+

∂α′

3

∂z′
∂z′

∂z
(6.215)

Ja lÔsoume autì to sÔsthma wc proc ∂α′

3

∂y′
,

∂α′

3

∂z′
.Gia na up�rqei lÔsh ja prèpei

h orÐzousa tou sust matoc na eÐnai di�forh tou mhdenìc

D =

∣

∣

∣

∣

∣

∂y′

∂y
∂z′

∂y
∂y′

∂z
∂z′

∂z

∣

∣

∣

∣

∣

=
∂y′

∂y

∂z′

∂z
− ∂y′

∂z

∂z′

∂y
(6.216)

Antikajist¸ntac sthn prohgoÔmenh sqèsh tic parag¸gouc ∂y′

∂y
kai ∂y′

∂z
apì

tic (6.207) kai (6.208) antÐstoiqa kai thn par�gwgo ∂z′

∂y
qrhsimopoi¸ntac th
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sqèsh (6.206) (jewr¸ntac ìti cos X 6= 0) prokÔptei ìti
D = cos X

∂z′

∂z
+

sin X

α3

∂z′

∂y

= cos X
∂z′

∂z
+

sin2 X

cos X

∂z′

∂z

=
1

cos X

∂z′

∂z
(6.217)

'Ara h orÐzousa tou sust matoc eÐnai di�forh tou mhdenìc an h par�gwgoc
∂z′

∂z
eÐnai di�forh tou mhdenìc

D 6= 0 ⇔ ∂z′

∂z
6= 0 (6.218)

to opoÐo mporoÔme p�nta na epilèxoume na isqÔei afoÔ den antitÐjetai stouc
periorismoÔc (6.205) kai (6.206) kai tìte to sÔsthma èqei lÔsh.H lÔsh tou
sust matoc brÐsketai wc ex c:

Dy =

∣

∣

∣

∣

∣

∣

∂α′

3

∂y
∂z′

∂y
∂α′

3

∂z
∂z′

∂z

∣

∣

∣

∣

∣

∣

=
∂α′

3

∂y

∂z′

∂z
− ∂α′

3

∂z

∂z′

∂y
(6.219)

Dz =

∣

∣

∣

∣

∣

∣

∂y′

∂y

∂α′

3

∂y
∂y′

∂z

∂α′

3

∂z

∣

∣

∣

∣

∣

∣

=
∂α′

3

∂z

∂y′

∂y
− ∂α′

3

∂y

∂y′

∂z
(6.220)

Qrhsimopoi¸ntac kai p�li tic sqèseic (6.207) kai (6.208) h orÐzousa Dz gÐnetai
Dz = cos X

∂α′

3

∂z
+

sin X

α3

∂α′

3

∂y
(6.221)

kai telik� afoÔ isqÔei h sqèsh (6.213)
Dz = 0 ⇒ ∂α′

3

∂z′
=

Dz

D
= 0 ⇒ α′

3 = α′

3(y
′) (6.222)

'Eqontac t¸ra epitÔqei h posìthta α3 na exart�tai mìno apì th sunte-
tagmènh y (opìte kai h α1 exart�tai mìno apì to y lìgw thc (6.204) ) ektel¸
ek nèou to metasqhmatismì (6.149) me

sin X = 0 ⇔ X = kπ, k = 0,±1,±2, ... (6.223)
Gia na eÐnai autìc epitreptìc, dhlad  na diathreÐ tic (6.201) kai (6.222), ja
prèpei na eÐnai sumbatìc me touc periorismoÔc (6.205)-(6.208).Ex aut¸n o
(6.205) ikanopoieÐtai tautotik�, en¸ oi upìloipoi treic dÐnoun antÐstoiqa:

cos(kπ)
∂z′

∂y
− α3 sin(kπ)

∂z′

∂z
= 0 ⇒ (−1)k ∂z′

∂y
= 0 ⇒ ∂z′

∂y
= 0 (6.224)
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∂y′

∂y
= cos(kπ) = (−1)k (6.225)

∂y′

∂z
= −sin(kπ)

α3

= 0 (6.226)
Epiplèon, h sunj kh (6.213) gr�fetai:
cos(kπ)

∂α′

3

∂z
+

sin(kπ)

α3

∂α′

3

∂y
= 0 ⇒ (−1)k ∂α′

3

∂z
= 0 ⇒ ∂α′

3

∂z
= 0 (6.227)

kai se sunduasmì me tic (6.225) kai (6.226) mac lèei ìti h (6.222) suneqÐzei na
isqÔei kai sto nèo sÔsthma suntetagmènwn.Oi exis¸seic (6.209) kai (6.210),
pou deÐqnoun p¸c metasqhmatÐzontai oi posìthtec α1, α2 gr�fontai t¸ra

α′

1 = α1 cos(kπ) + sin(kπ)
∂(kπ)

∂y
+ α3 cos(kπ)

∂(kπ)

∂z
= (−1)kα1(y) (6.228)

α′

3 = sin(kπ)
∂z′

∂y
+ α3 cos(kπ)

∂z′

∂z
= (−1)kα3(y)

∂z′

∂z
(6.229)

Sundu�zontac tic sqèseic (6.227) kai (6.229) paÐrnoume
(−1)kα3(y)

∂2z′

∂z2
= 0 ⇒ ∂2z′

∂z2
= 0 (6.230)

Telik� blèpoume ìti oi (6.224)-(6.226) kai (6.230) deÐqnoun ìti o metasqhma-
tismìc (6.149) me sin X = 0 mporeÐ na ektelesteÐ mìno sth morf 

x′ = x + kπ (6.231)
y′ = (−1)ky + a (6.232)
z′ = bz + c (6.233)

ìpou ta a, b, c eÐnai stajerèc kai to k paÐrnei akèraiec timèc k = 0,±1,±2,±3, ...
Oi sqèseic (6.228) kai (6.229) mac dÐnoun ta α′

1 kai α′

3 sunart sei tou y.Gia
na gr�youme tic posìthtec autèc sunart sei tou y′, apì th sqèsh (6.232)
paÐrnoume

y =
y′ − a

(−1)k
(6.234)

kai antikajist¸ntac thn parap�nw sqèsh stic (6.228) kai (6.229) brÐskoume
ìti

α′

1(y
′) = (−1)kα1

(y′ − a

(−1)k

) (6.235)

α′

3(y
′) = (−1)kbα3

(y′ − a

(−1)k

) (6.236)
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Autì pou apomènei t¸ra eÐnai na oloklhr¸soume tic exis¸seic met�jeshc
(6.203) kai (6.204) kai na qrhsimopoi soume touc tÔpouc metasqhmatismoÔ
(6.235) kai (6.236) gia na apaleÐyoume tic stajerèc olokl rwshc.'Etsi, apì
thn exis¸sh met�jeshc (6.203) paÐrnoume:

α1 = tan(y + c1) (6.237)
ìpou c1 =stajer�.Antikajist¸ntac thn teleutaÐa sqèsh sthn (6.204) prokÔptei
ìti

dα3

dy
= α3 tan(y + c1) ⇒ α3 =

c2

cos(y + c1)
(6.238)

ìpou c2 =stajer�.Epomènwc oi sqèseic metasqhmatismoÔ (6.235) kai (6.236)
gÐnontai

α′

1(y
′) = (−1)k tan

(y′ − a

(−1)k
+ c1

) (6.239)
α′

3(y
′) = (−1)kb

c2

cos
(

y′−a
(−1)k + c1

) (6.240)

Epilègw:
k = 1 , c1 = −a , c2 =

1

b
(6.241)

Tìte o metasqhmatismìc mou dÐnetai apì tic sqèseic
x′ = x + π (6.242)
y′ = −y + a (6.243)
z′ = bz + c (6.244)

kai oi sqèseic (6.239) kai (6.240) gr�fontai:
α′

1(y
′) = tan y′ (6.245)

α′

3(y
′) = − 1

cos y′
(6.246)

Telik� antikajist¸ntac tic sqèseic (6.245) kai (6.246) stic sqèseic (6.168)-
(6.170) kai lamb�nontac upìyin ìti èqoume apait sei β′

2 = 1 prokÔptei ìti
ta qwrik� dianÔsmata thc tetradik c mac b�shc eÐnai ta ex c (blèpe kai [28]
sel.107 ):

E i
1 = δi

1 (6.247)
E i

2 = tan y sin xδi
1 + cos xδi

2 −
sin x

cos y
δi
3 (6.248)

E i
3 = − tan y cos xδi

1 + sin xδi
2 +

cos x

cos y
δi
3 (6.249)
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'Opwc eÐdame sto prohgoÔmeno kef�laio (sqèsh (5.34) ), to grammikì stoiqeÐo
thc metrik c se èna sÔsthma suntetagmènwn {xi} dÐnetai apì th sqèsh:

ds2 = −dt2 + gαβ(t)Eα
iE

β
jdxidxj (6.250)

Epomènwc gia na gr�youme to grammikì stoiqeÐo thc metrik c ja prèpei na
broÔme th duðk  qwrik  b�sh {Eα

i}.Gi> autì ja qrhsimopoi soume th sqèsh
(3.2) h opoÐa gia a = α kai b = β gr�fetai

Eα
iE

i
β = δα

β (6.251)
An t¸ra sthn (6.251) (dhlad  thn E1

iE
i

β = δ1
β) antikatast soume tic timèc

twn E i
β apì tic (6.247)-(6.249) paÐrnoume kai tic sqèseic

E1
1 = 1 (6.252)

cos xE1
2 −

sin x

cos y
E1

3 = − sin x tan y (6.253)
sin xE1

2 +
cos x

cos y
E1

3 = cos x tan y (6.254)
Oi exis¸seic (6.253) kai (6.254) apoteloÔn èna grammikì mh-omogenèc sÔsthma
dÔo exis¸sewn me dÔo agn¸stouc, touc E1

2 kai E1
3.LÔnontac to sÔsthma autì

brÐskoume ìti:
E1

2 = 0 (6.255)
E1

3 = sin y (6.256)
'Ara

E1
i = δ1

i + sin yδ3
i (6.257)

Me ton Ðdio trìpo apì thn (6.251) gia α = 2 kai α = 3 antÐstoiqa brÐskoume
kai ta upìloipa dianÔsmata b�shc

E2
i = cos xδ2

i − sin x cos yδ3
i (6.258)

E3
i = sin xδ2

i + cos x cos yδ3
i (6.259)

Antikajist¸ntac tic sqèseic (6.257)-(6.259) sth sqèsh (6.250) paÐrnoume
ds2 = − dt2 + a2dx2 + (b2 cos2 x + c2 sin2 x)dy2 +

+ (a2 sin2 y + b2 sin2 x cos2 y + c2 cos2 x cosy)dz2 +

+ 2a2 sin y dx dz + 2(c2 − b2) sin x cos x cos y dy dz (6.260)
kai

gij =











−1 0 0 0
0 a2 0 a2 sin y
0 0 b2 cos2 x + c2 sin2 x (c2 − b2) sin x cos x cos y
0 a2 sin y (c2 − b2) sin x cos x cos y a2 sin2 y + b2 sin2 x cos2 y + c2 cos2 x cos2 y











(6.261)



Kef�laio 7

Qwroqrìnoi FRW

'Opwc èqoume  dh anafèrei, gia na perigr�youme se meg�lh klÐmaka th
<<mèsh>> sumperifor� thc Ôlhc kai thc enèrgeiac pou up�rqei sto sÔmpan è-
qoume eis�gei thn ènnoia enìc kosmologikoÔ idanikoÔ reustoÔ, tou sumpanti-
koÔ reustoÔ.'Enac parathrht c prosdedemènoc sto sumpantikì reustì apì
opoiod pote shmeÐo, opoiad pote qronik  stigm  kai proc opoiad pote kateÔ-
junsh kai an koit�xei to sÔmpan ja apokomÐsei thn Ðdia eikìna:<<to sÔmpan eÐ-
nai omogenèc kai isìtropo>>.Aut  eÐnai mÐa jemeli¸dhc paradoq -upìjesh (pou
en mèrei sthrÐzetai apì tic parathr seic mac sto shmeÐo tou sÔmpantoc pou
briskìmaste) pou lègetai Kosmologik  Arq .H oikogèneia qwroqrìnwn FR-
W (Friedmann-Robertson-Walker) perilamb�nei ìlouc touc qwroqrìnouc pou
eÐnai sumbatoÐ me thn kosmologik  arq .H gewmetrik  sunèpeia thc kosmo-
logik c arq c eÐnai ìti up�rqei mÐa monoparametrik  (t h par�metroc) oiko-
gèneia trisdi�statwn qwroeid¸n uperepifanei¸n pou diamerÐzei ( foliation) to
qwroqrìno ètsi ¸ste k�je uperepif�neia t =stajerì na eÐnai omogen c kai
isìtroph se k�je shmeÐo thc.Oi qronoeideÐc kampÔlec pou eÐnai k�jetec stic
omogeneÐc kai isìtropec uperepif�neiec apoteloÔn tic pagkìsmiec grammèc twn
<<jemeliwd¸n parathrht¸n>> wc proc touc opoÐouc to sumpantikì reustì eÐnai
anagkastik� idanikì.Autì diìti mèsw twn exis¸sewn tou Einstein h Ôparxh
anisotropÐac sta gewmetrik� qarakthristik� tou reustoÔ ja metaferìtan sth
gewmetrÐa twn uperepifanei¸n.H upìjesh thc isotropÐac èqei san sunèpeia h
isotropik  om�da pou dra se k�je uperepif�neia na èqei th mègisth dunat 
di�stash 3−1

2
· 3 = 3, en¸ h om�da pou perigr�fei thn omogèneia eÐnai kai

aut  trisdi�stath.'Etsi, oi qwroqrìnoi FRW dèqontai mÐa mègisth exadi�-
stath om�da isometri¸n kai apì aut  thn �poyh apoteloÔn mÐa upokathgorÐa
twn qwroqrìnwn Bianchi.
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7.1 1+3 SunalloÐwth Perigraf 
H apaÐthsh gia (qwrik ) omogèneia kai isotropÐa èqei san sunèpeia thn

Ôparxh enìc qronoeidoÔc monadiaÐou dianusmatikoÔ pedÐou n k�jetou stic o-
mogeneÐc kai isìtropec uperepif�neiec.H tetrataqÔthta tou reustoÔ u prèpei
anagkasik� na sumpÐptei me to n: u ≡ n. Autì giatÐ an den sunèpipte, tìte
oi k�jetec proc to u qwroeideÐc uperepif�neiec ja tèmnontan me tic omogeneÐc
kai isìtropec uperepif�neiec kajorÐzontac mÐa oikogèneia didi�statwn qwroei-
d¸n epifanei¸n.H k�jeth qwroeid c kateÔjunsh proc autèc tic epif�neiec ja
apoteloÔse mÐa proex�rqousa dieÔjunsh sto qwroqrìno se antÐfash me thn
kosmologik  arq .K�je di�nusma pou mporeÐ na orisjeÐ apì th gewmetrÐa  
th fusik  tou sumpantikoÔ reustoÔ kai eÐnai k�jeto proc to u prèpei na eÐ-
nai mhdèn afoÔ diaforetik� ja ìrize mÐa proex�rqousa dieÔjunsh p�nw stic
uperepif�neiec.'Etsi:

u̇a = ωa = qa = 0 (7.1)
EpÐshc, oi �iqnoi summetrikoÐ tanustèc σab kai πab, pou ex> orismoÔ eÐnai k�-
jetoi sto u, prèpei na mhdenÐzontai giatÐ se diaforetik  perÐptwsh ta idiodi-
anÔsmat� touc ja ìrizan mÐa proex�rqousa qwroeid  kateÔjunsh

σab = πab = 0 (7.2)
BrÐskoume loipìn ìti h kosmologik  arq  epib�llei to sumpantikì reustì na
eÐnai idanikì, mh epitaqunìmeno kai me mhdenik  peristrofik  kai diatmhtik 
taqÔthta.Epilèon, efìson oi uperepif�neiec eÐnai omogeneÐc, ìlec oi posìthtec
ja prèpei na exart¸ntai mìno apì thn par�metro t kai ìqi apì th jèsh p�nw
sthn uperepif�neia, �ra:

∇̃aµ = ∇̃ap = ∇̃aΘ = 0 (7.3)
ìpwc èqoume apodeÐxei kai sto Kef�laio 5 (sqèseic (5.71) kai (5.72) ).Tìte
apì tic Exis¸seic Exèlixhc kai Desm¸n (2.41) kai (2.44) se sunduasmì me tic
sqèseic (7.1)-(7.3) prokÔptei ìti:

Eab = Hab = 0 (7.4)
dhlad  o tanust c tou Weyl eÐnai mhdèn pr�gma pou shmaÐnei ìti o qwroqrìnoc
eÐnai sÔmmorfa epÐpedoc. Antistrìfwc, an deqtoÔme ìti isqÔoun oi sqèseic
(7.1)-(7.4) tìte apodeiknÔetai ìti o antÐstoiqoc qwroqrìnoc eÐnai omogen c kai
isotropikìc gÔrw apì k�je shmeÐo.(blèpe p.q. [31] sel.13-19, [15] sel.21 )

Apì tic sqèseic (7.1)-(7.4) kai (2.39)-(2.54) sumperaÐnoume ìti gia touc
qwrqrìnouc FRW oi mìnec mh tetrimènec Exis¸seic Exèlixhc kai Desm¸n
eÐnai oi ex c:
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• ExÐswsh Raychaudhuri

Θ̇ = −1

3
Θ2 − 1

2
(µ + 3p) + Λ (7.5)

• ExÐswsh Diat rhshc thc Enèrgeiac
µ̇ = −Θ(µ + p) (7.6)

7.2 Paragwg  thc Tetradik c Metrik cRobertson-

Walker

Ja qrhsimopoi soume thn analloÐwth tetr�da pou orÐsame sto Kef�laio 5.E-
pomènwc to grammikì stoiqeÐo thc metrik c dÐnetai apì th sqèsh

ds2 = −dt2 + gαβEα
iE

β
jdxidxj (7.7)

ìpou h tetradik  metrik  gαβ exart�tai mìno apì to qrìno, dhlad  gαβ =
gαβ(t) kai ta dianÔsmata thc qwrik c b�shc Eα

i exart¸ntai mìno apì tic
qwrikèc suntetagmènec.Apì tic (7.2) kai (5.69) prokÔptei ìti

1

2
gαβ,0 −

1

3
Θgαβ = 0 (7.8)

Me olokl rwsh thc parap�nw sqèshc paÐrnoume
∫ dgαβ

gαβ

=
2

3

∫

Θ(t)dt ⇒ gαβ(t) = a2(t)g̃αβ (7.9)

ìpou
a2(t) = exp

{

2

3

∫

Θ(t)dt
}

(7.10)
kai ta g̃αβ eÐnai stajerèc olok rwshc.An orÐsoume tic posìthtec g̃αβ ètsi
¸ste

g̃αβ g̃βγ = δα
γ (7.11)

tìte apì th sqèsh (3.8) kai (7.9) prokÔptei ìti

gαβ =
1

a2(t)
g̃αβ (7.12)

Efìson h posìthta g̃αβ perigr�fetai apì ènan stajerì pÐnaka me mh mhdenik 
orÐzousa (�ra up�rqei o antÐstrofoc pÐnakac) mporoÔme k�nontac grammikoÔc
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metasqhmatismoÔc me stajeroÔc suntelestèc na ton metatrèyoume ston tau-
totikì pÐnaka.1Epomènwc h metrik  gab paÐrnei th morf 

gab =











−1 0 0 0
0 a2(t) 0 0
0 0 a2(t) 0
0 0 0 a2(t)











(7.13)

7.3 Exis¸seic Exèlixhc kai Desm¸n
ParagwgÐzontac th metrik  (7.9) wc proc to qrìno paÐrnoume ìti

gαβ,0 = 2aȧg̃αβ = 2a2
( ȧ

a

)

g̃αβ (7.14)
h opoÐa me th bo jeia twn (7.8) kai (7.9) gÐnetai

2

3
Θgαβ = 2

ȧ

a
gαβ ⇒ Θ = 3

ȧ

a
(7.15)

Antikajist¸ntac th sqèsh (7.15) stic exis¸seic (7.5) kai (7.6) paÐrnoume:

3
ä

a
= −1

2
(µ + 3p) + Λ (7.16)

kai
µ̇ = −3

ȧ

a
(µ + p) (7.17)

Sundu�zontac tic exis¸seic (7.16) kai (7.17) kai k�nontac mÐa olokl rwsh
brÐskoume th gnwst  exÐswsh Friedmann (blèpe Par�rthma A'.3 ):

3
( ȧ

a

)2
= µ − 3k

a2
+ Λ (7.18)

ìpou to k eÐnai mÐa stajer� olokl rwshc pou sundèetai me thn kampulìth-
ta twn omogen¸n kai isìtropwn uperepifanei¸n kai paÐrnei tic timèc k =
−1, 0, +1 gia arnhtik , mhdenik  kai jetik  kampulìthta antÐstoiqa.Gia thn
peraitèrw olokl rwsh thc exÐswshc Friedmann apaiteÐtai h eisagwg  miac
katastatik c exÐswshc gia to reustì (blèpe p.q. [27] sel.270-271, [26]
sel.63-95 )

'Opwc  dh epishm�name oi qwroqrìnoi FRW an koun sthn oikogèneia twn
qwroqrìnwn Bianchi (blèpe p.q. [10] sel.1007 ).Sugkekrimèna oi qwroqrìnoi

1H tetr�da E i
a den eÐnai monos manta kajorismènh.GrammikoÐ metasqhmatismoÐ me sta-

jeroÔc suntelestèc ìpwc oi (4.43) eÐnai epitreptoÐ
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FRW me jetik  kampulìthta (k = +1) an koun sthn kathgorÐa Bianchi
IX kai h topologÐa twn omogen¸n kai isìtropwn uperpifanei¸n eÐnai << klei-
st  >>.Oi qwroqrìnoi FRW me mhdenik  kampulìthta (k = 0) an koun sthn
kathgorÐa Bianchi I kai tèloc oi qwroqrìnoi FRW me arnhtik  kampulìthta
(k = −1) an koun sthn kathgorÐa Bianchi V kai s�autèc tic peript¸seic h
topologÐa twn omogen¸n kai isìtropwn uperpifanei¸n eÐnai << anoiqt  >>.Oi
qwroqrìnoi FRW èqoun arqik  anwmalÐa kat� thn opoÐa o ìgkoc twn uper-
epifanei¸n teÐnei sto mhdèn kai h puknìthta enèrgeiac sto �peiro.H exèlix 
touc exart�tai apì thn kampulìthta.(blèpe p.q. [9] sel.4-5, [6] sel.335-337 )
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Kef�laio 8

SÔndesh twn Qwroqrìnwn

Bianchi IX kai FRW

Sto kef�laio autì ja prospaj soume na sundèsoume touc qwroqrìnouc
Bianchi IX me diag¸nia tetradik  metrik  kai touc qwroqrìnouc FRW me
jetik  kampulìthta kat� m koc miac omogenoÔc uperepif�neiac S(t0) se k�poio
qrìno t0.Up�rqoun trÐa set sunjhk¸n sÔndeshc sth Genik  Sqetikìthta:Oi
sunj kec sÔndeshc (a) tou Darmois, (b) twn O’Brien kai Synge kai (g) tou
Lichnerowicz.Stic perissìterec peript¸seic ta trÐa aut� set eÐnai isodÔnama,
all� orismènec forèc oi sunj kec sÔndeshc twn O’Brien kai Synge eÐnai pio
perioristikèc apì tic �llec kai mporeÐ na apokleÐsoun sundèseic oi opoÐec eÐnai
pragmatopoi simec apì fusik  �poyh (blèpe [3], [24] ).Ed¸ gia th melèth thc
sundesimìthtac twn qwroqrìnwn Bianchi IX kai FRW ja qrhsimopoi soume
tic sunj kec Lichnerowicz.Autì giatÐ h Ôparxh miac proex�rqousac qronik c
dieÔjunshc stouc en lìgw qwroqrìnouc k�nei sqedìn epibeblhmènh th qr sh
gkaousian¸n suntetagmènwn.Se autèc tic suntetagmènec h efarmog  twn sun-
jhk¸n Lichnerowicz eÐnai apl  kai �mesh.Bèbaia shmei¸noume ìti sto plaÐsio
pou ergazìmaste kai ta trÐa set sunjhk¸n sÔndeshc eÐnai isodÔnama.

8.1 Sunj kec SÔndeshc Lichnerowicz

'Estw ìti V kai V ′ eÐnai dÔo perioqèc tou qwroqrìnou oi opoÐec qwrÐzontai
apì mÐa uperepif�neia S, pou dÐnetai apì th sqèsh

x0 − a = 0 (8.1)
ìpou x0 eÐnai mÐa apì tic suntetagmènec kai a eÐnai mÐa stajer�.SÔmfwna me
tic sunj kec sÔndeshc Lichnerowicz oi perioqèc V kai V ′ sundèontai kat�
m koc thc uperepif�neiac S an se k�je shmeÐo thc uperepif�neiac up�rqei
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èna sÔsthma suntetagmènwn tètoio ¸ste oi sunist¸sec gij thc metrik c kai
oi pr¸tec touc par�gwgoi gij,k na eÐnai ekeÐ suneqeÐc (blèpe [3], [24], [30]
sel.39 ).Autèc oi suntetagmènec lègontai apodektèc (admissible).Efìson oi
perioqèc V kai V ′ sundèontai, asunèqeia thc metrik c kat� m koc thc S se èna
sÔsthma apodekt¸n suntetagmènwn mporeÐ na emfanisteÐ mìno stic parag¸-
gouc thc, deÔterhc   megalÔterhc t�xhc.

'Amesh sunèpeia twn sunjhk¸n Lichnerowicz eÐnai to gegonìc ìti oi sunist¸-
sec G0

i, i = 0, 1, 2, 3 tou tanust  Einstein eÐnai suneqeÐc sthn S, afoÔ den
perièqoun kamÐa merik  par�gwgo deÔterhc t�xhc wc proc to x0.Epomènwc
apì tic exis¸seic Einstein

Gi
j = T i

j − Λδi
j (8.2)

èpetai ìti oi sunist¸sec T 0
i tou tanust  orm c - enèrgeiac eÐnai epÐshc suneqeÐcsthn S (blèpe [3], [24], [30] sel.39-40 ).(H apìdeixh thc sunèqeiac twn sunistw-

s¸n T 0
i sthn perÐptwsh pou exet�zoume ja paratejeÐ parak�tw.)

Sthn perÐptwsh pou exet�zoume h epif�neia asunèqeiac eÐnai mÐa omogen c
qwroeid c uperepif�neia pou prodiorÐzetai apì th sqèsh

t = t0 (8.3)
H perioq  t ≤ t0 eÐnai ènac qwroqrìnoc tÔpou Bianch IX me diag¸nia tetradik 
metrik  kai idanikì reustì, en¸ h perioq  t ≥ t0 eÐnai ènac qwroqrìnoc FRW
me jetik  kampulìthta, o opoÐoc an kei epÐshc sthn oikogèneia qwroqrì-
nwn Bianchi IX.Ja prèpei ed¸ na shmei¸soume ìti oi idiìthtec sunèqeiac thc
metrik c kai twn parag¸gwn thc p�nw sthn uperepif�neia mporoÔn na kata-
strafoÔn exaitÐac miac akat�llhlhc epilog c suntetagmènwn.Gia na apofÔ-
goume thn paragwg  teqnit¸n asuneqei¸n apì kak  epilog  twn suntetagmè-
nwn qrhsimopoioÔme èna Gkaousianì sÔsthma suntetagmènwn to opoÐo eÔkola
elègqetai an apoteleÐ apodektì sÔsthma suntetagmènwn.'Eqoume epilèxei:

x0 ≡ t, x1 ≡ x, x2 ≡ y, x3 ≡ z (8.4)
kai efìson prìkeitai gia Gkaousianèc suntetagmènec to grammikì stoiqeÐo
thc metrik c dÐnetai apì th sqèsh:1

ds2 = gijdxidxj = −dt2 + gαβdxαdxβ (8.5)
Oi sunj kec Lichnerowicz eÐnai diatupwmènec gia th metrik  gij tou qwro-

qrìnou wc proc tic suntetagmènec pou èqoume epilèxei.EmeÐc ìmwc jèloume na
1 'Oloi oi deÐktec eÐnai deÐktec suntetagmènwn.Oi deÐktec i, j paÐrnoun timèc apì 0 wc 3,

en¸ oi α, β paÐrnoun timèc apì 1 èwc 3.
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doulèyoume me thn tetradik  metrik  gab.H sqèsh pou sundèei tic dÔo metrikèc
eÐnai h sqèsh (3.9):2

gij = gabE
a
iE

b
j (8.6)

Kai stic dÔo perioqèc V kai V ′ ja qrhsimopoi soume thn tetr�da pou orÐsame
sto kef�laio 6.'Opwc apodeÐxame sto kef�laio 5 (sqèsh (5.28) ) h tetradik 
metrik  gab eÐnai sun�rthsh mìno tou qrìnou, en¸ oi sunist¸sec Ea

i thc duð-
k c tetr�dac exart¸ntai mìno apì tic qwrikèc suntetagmènec.Epomènwc oi Ea

ieÐnai suneqeÐc p�nw sthn uperepif�neia t = t0.Kat� sunèpeia apì th sqèsh
(8.6) sumperaÐnoume ìti h apaÐthsh gia sunèqeia thc metrik c gij p�nw sthn
uperepif�neia isodunameÐ me thn apaÐthsh na eÐnai suneq c h tetradik  metrik 
gab p�nw sthn uperepif�neia.Oi sunj kec Lichnerowicz apaitoÔn epÐshc na
eÐnai suneqeÐc kai oi pr¸tec par�gwgoi gij,k thc metrik c p�nw sthn S.Para-
gwgÐzontac thn (8.6) paÐrnoume:

gij,k = gab,kE
a
iE

b
j + gabE

a
i,kE

b
j + gabE

a
iE

b
j,k (8.7)

ìmwc oi par�gwgoi Ea
i,k den exart¸ntai apì to qrìno, �ra eÐnai suneqeÐc

p�nw sthn S ìpou èqoume  dh apait sei h gab na eÐnai suneq c.Epomènwc,
gia na eÐnai suneqeÐc oi par�gwgoi gij,k prèpei na eÐnai suneqeÐc oi gab,k kai
antistrìfwc.'Omwc h gab exart�tai mìno apì to qrìno, �ra h mình mh mhdenik 
par�gwgoc eÐnai h gab,0, h opoÐa sumpÐptei kai me th monadik  mh mhdenik 
tetradik  sunist¸sa thc gab,c.

Gia na apodeÐxoume th sunèqeia twn sunistws¸n T 0
i tou tanust  orm c

- enèrgeiac p�nw sthn uperepif�neia t = t0 arkeÐ na apodeÐxoume ìti eÐnai
suneqeÐc oi antÐstoiqec tetradikèc sunist¸sec T 0

a, afoÔ:
T 0

i = T b
aE

0
b Ea

i = T 0
aE

a
i (8.8)

kai ta dianÔsmata Ea
i eÐnai suneq  p�nw sthn uperepif�neia afoÔ den exart¸-

ntai apì to qrìno.Oi sunist¸sec tou tanust  orm c - enèrgeiac Tab sundèontai
me tic sunist¸sec tou tanust  Einstein Gab mèsw twn exis¸sewn pedÐou tou
Einstein:

Gab = Tab − Λgab (8.9)
  isodÔnama

Ga
b = T a

b − Λδa
b (8.10)

Epomènwc an apodeÐxoume ìti eÐnai suneqeÐc oi sunist¸sec G0
a tìte mèsw twn

exis¸sewn (8.10) prokÔptei ìti eÐnai suneqeÐc kai oi T 0
a.Oi sunist¸sec G0a

dÐnontai apì th sqèsh:
G0a = R0a −

1

2
Rg0a (8.11)

2Oi deÐktec i, j eÐnai deÐktec suntetagmènwn kai oi a, b tetradikoÐ deÐktec.
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Apì thn (3.36) paÐrnoume ìti
R0d = Γa

0d,a − Γa
0a,d + Γa

eaΓ
e
0d − Γa

deΓ
e
0a (8.12)

Epiplèon
R = gbdRbd = gbd(Γa

bd,a − Γa
ba,d + Γa

eaΓ
e
bd − Γa

deΓ
e
ba) (8.13)

Oi suntelestèc strof c tou Ricci Γa
bc perièqoun mìno thn tetradik  metrik 

kai tic pr¸tec parag¸gouc thc, epomènwc eÐnai suneqeÐc p�nw sthn uperepif�neia
an isqÔoun oi sunj kec Lichnerowicz.Kat� sunèpeia h mình perÐptwsh na è-
qoume deÔterec parag¸gouc thc metrik c kai �ra asunèqeia, eÐnai stouc ìrouc
pou perièqoun parag¸gouc twn Γa

bc.Apì tic sqèseic (8.12) kai (8.13), se sun-
duasmì me tic (5.52)-(5.56) prokÔptei ìti

R0d = −1

2
gabgab,0d −

1

2
gab

,dgab,0 + Γa
eaΓ

e
0d − Γa

deΓ
e
0a (8.14)

kai
R = gacgac,00 +

1

2
gac

,0gac,0 + gbd(Γa
eaΓ

e
bd − Γa

deΓ
e
ba) (8.15)

AntikajistoÔme tic (8.14) kai (8.15) sthn (8.11) kai èqoume
G0d = − 1

2
gabgab,0d −

1

2
g0dg

abgab,00 −
1

2
gab

,dgab,0 −
1

4
g0dg

ab
,0gab,0 +

+ Γa
eaΓ

e
0d − Γa

deΓ
e
0a + g0dg

bc(Γa
eaΓ

e
bc − Γa

ceΓ
e
ba) (8.16)

h opoÐa mac dÐnei
G00 = − 1

2
gabgab,00 −

1

2
g00g

abgab,00 −
1

2
gab

,0gab,0 −
1

4
g00g

ab
,0gab,0 +

+ Γa
eaΓ

e
00 − Γa

0eΓ
e
0a + g00g

bc(Γa
eaΓ

e
bc − Γa

ceΓ
e
ba)

= − 1

4
gab

,0gab,0 − Γa
0eΓ

e
0a − gbc(Γa

eaΓ
e
bc − Γa

ceΓ
e
ba) (8.17)

kai
G0δ = − 1

2
gabgab,0δ −

1

2
g0δg

abgab,00 −
1

2
gab

,δgab,0 −
1

4
g0δg

ab
,0gab,0 +

+ Γa
eaΓ

e
0δ − Γa

δeΓ
e
0a + g0δg

bc(Γa
eaΓ

e
bc − Γa

ceΓ
e
ba)

= Γa
eaΓ

e
0δ − Γa

δeΓ
e
0a (8.18)

ParathroÔme ìti oi tetradikèc sunist¸sec G00 kai G0δ tou tanust  Einstein
perièqoun mìno th metrik  kai tic pr¸tec parag¸gouc thc kai m�lista me
tetragwnik  ex�rthsh wc proc autèc.Epomènwc oi G0a eÐnai suneqeÐc p�nw
sthn uperepif�neia.'Ara kai oi G0

a = g00G0a eÐnai suneqeÐc kai mèsw twn
exis¸sewn Einstein (8.10) eÐnai suneqeÐc kai oi T 0

a.
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8.2 SÔndesh
JewroÔme ìti h perioq  V eÐnai ènac qwroqrìnoc Bianchi IX me diag¸nia
tetradik  metrik  pou dÐnetai apì th sqèsh (6.16):

gab =











−1 0 0 0
0 a2(t) 0 0
0 0 b2(t) 0
0 0 0 c2(t)











(8.19)

kai h perioq  V ′ eÐnai ènac qwroqrìnoc FRW jetik c kampulìthtac me tetradik 
metrik  pou dÐnetai apì th sqèsh (7.13):

g′

ab =











−1 0 0 0
0 R2(t) 0 0
0 0 R2(t) 0
0 0 0 R2(t)











(8.20)

Jèloume na sundèsoume touc dÔo autoÔc qwroqrìnouc p�nw sthn omogen 
uperepif�neia pou dÐnetai apì th sqèsh t = t0.Sthn prohgoÔmenh enìthta
deÐxame ìti gia na gÐnei h sÔndesh, sÔmfwna me tic sunj kec sÔndeshc Lich-
nerowicz, ja prèpei h tetradik  metrik  kai h pr¸th thc par�gwgoc wc proc
to qrìno na eÐnai suneqeÐc p�nw sthn uperepif�neia, dhlad  na isqÔei:

gab(t0) = g′

ab(t0) (8.21)
gab,0(t0) = g′

ab,0(t0) (8.22)
Apì tic sqèseic (8.19)-(8.22) prokÔptei ìti gia na gÐnetai h sÔndesh ja prèpei
na isqÔoun ta ex c:

a2(t0) = b2(t0) = c2(t0) = R2(t0) (8.23)
(a2)·(t0) = (b2)·(t0) = (c2)·(t0) = (R2)·(t0) (8.24)

Epeid  ìmwc h metrik  ekfr�zetai apì tic posìthtec a2, b2, c2 eÐnai profanèc
ìti to prìshmo twn a, b, c den mporeÐ na kajoristeÐ apì tic exis¸seic pedÐou kai
mporeÐ na eklegeÐ aujaÐreta.Epomènwc mporoÔme qwrÐc bl�bh thc genikìthtac
na gr�youme tic sunj kec sÔndeshc kai sth morf :

a(t0) = b(t0) = c(t0) = R(t0) (8.25)
ȧ(t0) = ḃ(t0) = ċ(t0) = Ṙ(t0) (8.26)

Arqik� ja elègxoume an sthn perioq  V mporeÐ na up�rxei mÐa uperepif�neia
t = t0 tètoia ¸ste:

a(t0) = b(t0) = c(t0) (8.27)
ȧ(t0) = ḃ(t0) = ċ(t0) (8.28)
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E�n to epitÔqoume autì tìte to na broÔme ènan qwroqrìno FRW jetik c
kampulìthtac tètoion ¸ste na ikanopoioÔntai oi sunj kec (8.25) kai (8.26)
anamènoume na eÐnai en gènei efiktì afoÔ apì thn epÐlush twn exis¸sewn
gia to R(t) ja prokÔyoun toul�qiston dÔo stajerèc olokl rwshc tic opoÐec
mporoÔme na prosarmìsoume kat�llhla ètsi ¸ste na isqÔoun oi sunj kec
autèc.

Gia na elègxoume an up�rqei uperepif�neia t = t0 p�nw sthn opoÐa isqÔoun
oi sunj kec (8.27) kai (8.28) ja exet�soume thn poiotik  sumperifor�, sth
geitoni� thc uperepif�neiac, twn sunart sewn a(t), b(t), c(t) pou ikanopoioÔn
tic sunj kec autèc.Gia na aplopoi soume tic exis¸seic eis�goume tic sunart -
seic f(t), g(t) jètontac:3

b(t) = f(t)a(t) , c(t) = g(t)a(t) (8.29)
ParagwgÐzontac tic sqèseic autèc wc proc to qrìno paÐrnoume

ḃ = ḟa + fȧ ⇒ ḃ

b
=

ḟ

f
+

ȧ

a
(8.30)

b̈ = f̈a + fä + 2ȧḟ ⇒ b̈

b
=

f̈

f
+

ä

a
+ 2

ȧḟ

af
(8.31)

ċ = ġa + gȧ ⇒ ċ

c
=

ġ

g
+

ȧ

a
(8.32)

c̈ = g̈a + gä + 2ȧġ ⇒ c̈

c
=

g̈

g
+

ä

a
+ 2

ȧġ

ag
(8.33)

ParathroÔme ìti oi sunj kec (8.27) kai (8.28) ikanopoioÔntai an kai mìno an
mporoÔme na broÔme dÔo sunart seic f(t) kai g(t) tètoiec ¸ste

f(t0) = g(t0) = 1 (8.34)
ḟ(t0) = ġ(t0) = 0 (8.35)

Me met�jesh tou qrìnou t → t− t0 (epitreptìc metasqhmatismìc pou diathreÐ
th morf  (8.5) tou grammikoÔ stoiqeÐou) oi sqèseic (8.34) kai (8.35) gr�-
fontai, qwrÐc bl�bh thc genikìthtac, wc ex c:

f(0) = g(0) = 1 (8.36)
ḟ(0) = ġ(0) = 0 (8.37)

3Ja prèpei ed¸ na shmei¸soume ìti den mac endiafèrei h perÐptwsh kat� thn opoÐa
kai h perioq  V eÐnai ènac qwroqrìnoc FRW jetik c kampulìthtac.Autì sumbaÐnei an
f(t) =stajer� kai g(t) =stajer�, diìti tìte, ìpwc eÔkola mporoÔme na doÔme, oi (6.107) kai
(6.108) epib�lloun f2(t) = g2(t) = 1 opìte a2(t) = b2(t) = c2(t).Lìgw thc summetrÐac twn
exis¸sewn (6.107)-(6.110) oi peript¸seic f(t) =stajer�, g(t) 6=stajer� kai g(t) =stajer�,
f(t) 6=stajer� eÐnai isodÔnamec.'Etsi, qwrÐc bl�bh thc genikìthtac, ja upojèsoume ed¸ ìti
g(t) 6=stajer� ⇔ ġ(t) 6= 0



8.2. S�UNDESH 121

Antikajist¸ntac sthn exÐswsh (6.108) tic sqèseic (8.29)-(8.33) paÐrnoume:
g̈

g
+

ḟ ġ

fg
+ 3

ȧġ

ag
− 1

a2f 2

(

f 2 − f 2

g2
+

1

g2
− g2

)

= 0 (8.38)

pollaplasi�zontac me fg prokÔptei

fg̈ + ḟ ġ + 3
ȧ

a
f ġ − 1

a2

g

f

{

f 2
(

1 − 1

g2

)

+
1

g2
− g2

}

= 0

⇒ (fġ)· + 3
ȧ

a
f ġ − 1

a2

g

f

{

f 2
(

1 − 1

g2

)

+
1

g2
− g2

}

= 0 (8.39)

Jètoume:4
a2(t) =

4

3
α(t)(fġ)−2/3 ⇒ ȧ

a
=

1

2

α̇

α
− 1

3

(fġ)·

fġ
(8.40)

Antikajist¸ntac th sqèsh (8.40) sthn exÐswsh (8.39) paÐrnoume

α̇ =
1

2

g2 − 1

fg
(f 2 − g2 − 1)(fġ)−1/3 (8.41)

'Estw t¸ra ìti oi sunart seic f(t) kai g(t) eÐnai t�xhc C3, dhlad  èqoun
suneqeÐc parag¸gouc mèqri kai trÐthc t�xhc, se mÐa geitoni� tou t = 0.Tìte
sÔmfwna me to je¸rhma Taylor:(blèpe p.q. [29] sel.350 )

f(t) = f(0) + ḟ(0)t +
1

2!
f̈(0)t2 +

1

3!
f (3)(x)t3 (8.42)

g(t) = g(0) + ġ(0)t +
1

2!
g̈(0)t2 +

1

3!
g(3)(x)t3 (8.43)

gia k�poio xǫ(0, t).AfoÔ oi par�gwgoi f (3)(t) kai g(3)(t) eÐnai suneqeÐc se
mÐa geitoni� tou mhdenìc oi timèc touc sto x eÐnai peperasmènec.Epomènwc
kaj¸c t → 0 oi ìroi pou perièqoun to t3 mhdenÐzontai polÔ grhgorìtera apì
touc ìrouc mikrìterhc t�xhc kai mporoÔme na touc agno soume.Lamb�nontac
upìyin tic (8.36) kai (8.37) kai krat¸ntac mìno touc epikratèsterouc ìrouc
oi (8.42) kai (8.43) gÐnontai

f(t) ≃ 1 +
1

2
f̈(0)t2 (8.44)

g(t) ≃ 1 +
1

2
g̈(0)t2 (8.45)

4 'Eqoume jewr sei ìti ġ(t) 6= 0
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Qrhsimopoi¸ntac th sqèsh (8.44) paÐrnoume

f 2(t) ≃
(

1 +
1

2
f̈(0)t2

)(

1 +
1

2
f̈(0)t2

)

= 1 + f̈(0)t2 +
1

4

(

f̈(0)
)2

t4

≃ 1 + f̈(0)t2 (8.46)
omoÐwc apì th sqèsh (8.45)

g2(t) ≃ 1 + g̈(0)t2 (8.47)
kai sundu�zontac tic sqèseic (8.44) kai (8.45)

f(t)g(t) ≃
(

1 +
1

2
f̈(0)t2

)(

1 +
1

2
g̈(0)t2

)

= 1 +
1

2
f̈(0)t2 +

1

2
g̈(0)t2 +

1

4
f̈(0)g̈(0)t4

≃ 1 +
1

2

(

f̈(0) + g̈(0)
)

t2 (8.48)
Epiplèon, efìson oi f(t) kai g(t) eÐnai t�xhc C3 to ginìmeno f(t)ġ(t) eÐ-
nai t�xhc C2.Efarmìzontac kai p�li to je¸rhma Taylor kai krat¸ntac touc
epikratèsterouc ìrouc èqoume:

f(t)ġ(t) ≃ f(0)ġ(0) + (fġ)·(0)t (8.49)
Qrhsimopoi¸ntac tic (8.36) kai (8.37) katal goume sth sqèsh:

f(t)ġ(t) ≃ (fġ)·(0)t (8.50)
Apì th sqèsh (8.50) prokÔptei epÐshc ìti

(fġ)−1/3 ≃
(

(fġ)·(0)
)−1/3

t−1/3 (8.51)
Antikajist¸ntac tic (8.46)-(8.51) sthn (8.41) paÐrnoume ìti sthn perioq  tou
t0 = 0:

α̇ =
1

2

g̈(0)t2
(

(fġ)·(0)
)−1/3

t−1/3

1 + 1
2

(

f̈(0) + g̈(0)
)

t2

(

f̈(0)t2 − g̈(0)t2 − 1
)

≃ 1

2
g̈(0)t2

(

(fġ)·(0)
)−1/3

t−1/3
(

f̈(0)t2 − g̈(0)t2 − 1
)

{

1 − 1

2

(

f̈(0) + g̈(0)
)

t2
}

(8.52)
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Krat¸ntac mìno touc epikratèsterouc ìrouc katal goume sth sqèsh
α̇ ≃ −1

2
g̈(0)

(

(fġ)·(0)
)−1/3

t5/3 (8.53)
ìmwc

(fġ)· = ḟ ġ + fg̈ ⇒ (fġ)·(0) = ḟ(0)ġ(0) + f(0)g̈(0) = g̈(0) (8.54)
kai epomènwc h (8.53) gr�fetai

α̇ ≃ −1

2

(

g̈(0)
)2/3

t5/3

⇒ α ≃ − 3

16

(

g̈(0)
)2/3

t8/3 + c (8.55)
ìpou c =stajer� olokl rwshc.'Omwc to a2 prèpei na eÐnai peperasmèno p�nw
sthn uperepif�neia t = 0 opìte apì th sqèsh (8.40)

α(0) =
3

4
a2(0)

(

(fġ)(0)
)2/3

= 0 (8.56)
kai ètsi sthn (8.55) anagkastik� h stajer� c = 0.Telik� me antikat�stash
thc (8.55) sthn (8.40) prokÔptei ìti se mÐa perioq  gÔrw apì thn uperepif�neia
ja eÐnai

a2 ≃ −1

4
t2 < 0 (8.57)

kai lìgw twn (8.29), (8.44) kai (8.45)
b2 ≃ −1

4
t2 (8.58)

c2 ≃ −1

4
t2 (8.59)

'Omwc autì shmaÐnei ìti sth geitoni� thc uperepif�neiac sÔndeshc h metrik 
emfanÐzei diaforetik  qarakthristik  apì aut  tou qwroqrìnou Minkowski,
pr�gma pou den eÐnai apodektì.H metrik  aut  antistoiqeÐ se ènan tetradi�-
stato rhm�nio q¸ro, en¸ o qwroqrìnoc eÐnai yeudorhm�nioc.Epiplèon, epei-
d  stouc qwroqrìnouc Bianchi IX up�rqei arqik  anwmalÐa, ja up�rqei mÐa
perÐodoc amèswc met� thn arqik  aut  anwmalÐa kat� thn opoÐa ta a2, b2, c2

eÐnai jetik�.Gia na èqoume sto t = t0 : a2 < 0, b2 < 0, c2 < 0 ja prèpei prin th
sÔndesh na prohg jhke kai k�poia �llh anwmalÐa sthn opoÐa to a2   to b2

  to c2   ìla mazÐ na mhdenÐsthkan.Tèloc, apì tic (8.57)-(8.59) parathroÔme
ìti ta a2, b2, c2 teÐnoun sto mhdèn kaj¸c to t teÐnei sto mhdèn, dhlad  up�rqei
anwmalÐa p�nw sthn uperepif�neia sÔndeshc.To sumpèrasma apì ta anwtèrw
eÐnai ìti apì fusik  �poyh den eÐnai dunatìn na epiteuqjeÐ h sÔndesh.
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Kef�laio 9

Sumper�smata

H Sqetikistik  KosmologÐa basÐzetai kurÐwc se dÔo paradoqèc.H pr¸th
eÐnai h pepoÐjhsh ìti oi nìmoi thc fusik c eÐnai Ðdioi pantoÔ sto sÔmpan,
dhlad  ìti eÐnai stajeroÐ sto q¸ro kai sto qrìno, met� thn parèleush tou
qrìnou Planck apì th Meg�lh 'Ekrhxh.H deÔterh uposthrÐzei ìti h exèlixh tou
sÔmpantoc se mèg�lh klÐmaka kajorÐzetai apì tic barutikèc allhlepidr�seic,
apì to qrìno Planck kai met�, oi opoÐec perigr�fontai apì th Genik  JewrÐa
thc Sqetikìthtac tou Einstein, parìlo pou h jewrÐa aut  èqei epalhjeuteÐ
mìno se apost�seic oi opoÐec eÐnai polÔ mikrèc sugkrinìmenec me tic diast�seic
tou sÔmpantoc.Shmantikì rìlo sthn kosmologÐa diadramatÐzei kai h legìmenh
kosmologik  arq , sÔmfwna me thn opoÐa to sÔmpan se meg�lh klÐmaka eÐnai
omogenèc kai isotropikì.H kosmologik  arq  faÐnetai na epibebai¸netai apì
ta mèqri s mera parathrhsiak� dedomèna.Parìla aut� jewreÐtai pijanì to
sÔmpan na  tan arqik� anomoiogènec kai anisotropikì kai na up�rqei k�poioc
mhqanismìc o opoÐoc to metètreye se omogenèc kai isotropikì.

Sthn paroÔsa diatrib  melet same touc qwroqrìnouc Bianchi IX, oi opoÐoi
eÐnai omogeneÐc kai anisìtropoi, qrhsimopoi¸ntac thn 1+3 sunalloÐwth peri-
graf  kai ton tetradikì formalismì kai th dunatìthta sÔndes c touc me
touc qwroqrìnouc FRW.Epiplèon ènac apì touc stìqouc thc ergasÐac eÐnai
na apotelèsei èna qr simo bo jhma gia �llouc nèouc ereunhtèc pou asqoloÔ-
ntai me parìmoia jèmata kaj¸c katabl jhke prosp�jeia na sugkentrwjoÔn
kai na parousiastoÔn ìso to dunatìn pio xek�jara ta basik� stoiqeÐa twn
mejìdwn pou qrhsimopoi jhkan, na tonistoÔn orismèna shmeÐa pou mporeÐ na
prokalèsoun sÔgqish kaj¸c kai na paratejoÔn ìso to dunatìn perissìterec
apodeÐxeic sqèsewn kai jewrhm�twn oi opoÐec sun jwc den sunant¸ntai ana-
lutik� sth bibliografÐa.
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Pio analutik�, sta Kef�laia 2 kai 3 anaferj kame sta basik� qarakth-
ristik� thc 1+3 sunalloÐwthc perigraf c kai tou tetradikoÔ formalismoÔ,
pou apotèlesan to upìbajro p�nw sto opoÐo anaptÔqjhke h upìloiph dia-
trib .Sto kef�laio 4 parajèsame thn kathgoriopoÐhsh twn kosmologik¸n
montèlwn sÔmfwna me tic summetrÐec touc, me èmfash stouc qwrik� omo-
geneÐc qwroqrìnouc.Sto Kef�laio 5 epikentrwj kame stouc qwroqrìnouc
Bianchi kai sthn efarmog  twn parap�nw mejìdwn s�autoÔc.Sto Kef�laio 6
exag�game tic exis¸seic exèlixhc kai desm¸n sthn perÐptwsh twn qwroqrìnwn
Bianchi IX me diag¸nia tetradik  metrik  pou èqoun wc ulikì perieqìmeno èna
idanikì reustì kai apodeÐxame ìti sthn perÐptwsh aut  to idanikì reustì den
mporeÐ na eÐnai pl�gio.EpÐshc, sto kef�laio autì oloklhr¸same tic exis¸seic
thc metrik c gia touc qwroqrìnouc Bianchi IX eis�gwntac èna kat�llhlo
sÔsthma suntetagmènwn.Ac shmeiwjeÐ pwc par� to ìti h qwrik  ex�rthsh
thc metrik c eÐnai gnwst  gia ta montèla Bianchi kai mporeÐ eÔkola kaneÐc na
th brei se exideikeumèna biblÐa kai diatribèc, mÐa diexodik  mèjodoc olok rw-
shc twn exis¸sewn aut¸n den faÐnetai na eÐnai diajèsimh sth diejn  bibli-
ografÐa.PisteÔoume ìti h epÐlush twn exis¸sewn sthn perÐptwsh Bianchi
IX (pou eÐnai h pio dusqer c) pou leptomereiak� ekjèsame ed¸ eÐnai èna
�risto ergast rio gia k�poion pou jèlei na muhjeÐ ston trìpo epÐlushc
twn exis¸sewn thc metrik c me proodeutik  prosarmog  twn suntetagmènwn
mèsw kat�llhlwn metasqhmatism¸n.Sto Kef�laio 7 exag�game tic exis¸-
seic exèlixhc kai desm¸n gia touc qwroqrìnouc FRW.Tèloc sto Kef�laio
8 prospaj same na sundèsoume touc qwroqrìnouc Bianchi IX me diag¸nia
metrik  kai idanikì reustì me touc qwroqrìnouc FRW jetik c kampulìthtac
p�nw se mÐa omogen  uperepif�neia t =stajerì, qrhsimopoi¸ntac tic sun-
j kec sÔndeshc Lichnerowicz, ètsi ¸ste na dhmiourg soume èna kosmologikì
montèlo to opoÐo arqik� eÐnai omogenèc kai anisotropikì all� k�poia qronik 
stigm  gÐnetai isotropikì.

An kai kat�arq n faÐnetai ìti h sÔndesh twn dÔo qwroqrìnwn ja mporoÔse
na epiteuqjeÐ, telik� apodeÐqjhke ìti k�ti tètoio eÐnai anèfikto.O lìgoc aut c
thc adunamÐac den faÐnetai na mporeÐ na exhghjeÐ me aploÔc ìrouc pou basÐzo-
ntai sth fusik  diaÐsjhsh, all� Ðswc na ofeÐletai sthn eidik  polÔplokh ana-
lutik  dom  pou èqoun oi exis¸seic exèlixhc kai desm¸n.Gi�autì mellontik� ja
mporoÔse Ðswc na melethjeÐ h dunatìthta sÔndeshc twn dÔo qwroqrìnwn an
jewr soume ènan qwroqrìno Bianchi IX me mh diag¸nia tetradik  metrik .P�ntwc
ja jèlame na epishm�noume ìti h diergasÐa isotropoÐhshc tou qwroqrìnou
met� th meg�lh èkrhxh me sÔndesh p�nw se mÐa qwroeid  uperepif�neia den
èqei exetasjeÐ apì kanènan ereunht  mèrqi s mera (toul�qiston autì èdeixe
h anaz thsh pou k�name mèsw internet).Autì pou k�nei Ðswc aut  thn idèa
idiaÐtera elkustik  eÐnai to ìti to mìno pou apaiteÐ apì th fusik  tou sumpa-
ntikoÔ idanikoÔ reustoÔ eÐnai mÐa apìtomh metabol  thc isotropik c pÐeshc
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(Ðswc miac allag c f�shc).Bèbaia, h fusik  diadikasÐa pou lamb�nei q¸ra
(sthn perÐptwsh pou ja mporoÔse na epiteuqjeÐ aut  h sÔndesh) kai exh-
geÐ thn metatrop  tou qwroqrìnou apì anisotropikì se isotropikì apoteleÐ
epÐshc prìtash gia mellontik  melèth.
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Par�rthma Aþ

ApodeÐxeic

Aþ.1 ApodeÐxeic KefalaÐou 3
GiatÐ h onomasÐa << Suntelestèc Strof c >> gia ta Γabc?
Ac jewr soume thn kampÔlh C : x = x(s) me efaptìmeno di�nusma Ec = dx

ds
.

JewroÔme epÐshc èna monadiaÐo di�nusma Ea, to opoÐo metafèroume par�llhla
kat� m koc thc C me th bo jeia thc sunalloÐwthc parag¸gou, dhlad 

E j
c E i

a ;j = 0 (Aþ.1)
  me �lla lìgia to Ea metafèretai kat� m koc thc C ètsi ¸ste na diathreÐ
stajer� th dieÔjunsh kai to mètro tou.'Estw t¸ra èna monadiaÐo dianusmatikì
pedÐo Eb, to opoÐo sqhmatÐzei gwnÐa θ me to Ea, dhlad 

Ea · Eb = cos θ (Aþ.2)
ìpou kat� m koc thc C h θ ja eÐnai sun�rthsh thc jèshc p�nw sthn kampÔlh
θ = θ(s). ParagwgÐzoume thn anwtèrw sqèsh wc proc s kai paÐrnoume

d

ds
(Ea · Eb) = E j

c (Ea · Eb),j = − sin θ
dθ

ds
(Aþ.3)

ìmwc to eswterikì ginìmeno Ea ·Eb eÐnai bajmwtì wc proc tic suntetagmènec,
�ra h (Aþ.3) gÐnetai:

E j
c (E i

a Ebi);j = − sin θ
dθ

ds
(Aþ.4)

kai epeid  to Ea ekteleÐ par�llhlh metafor� (sqèsh (Aþ.1) ) h anwtèrw sqèsh
sunep�getai ìti

E i
a Ebi;jE

j
c = − sin θ

dθ

ds
⇔ Γabc = − sin θ

dθ

ds
(Aþ.5)
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An t¸ra jewr soume ìti se k�poio sugkekrimèno shmeÐo P (s0) epÐ thc C, pou
antistoiqeÐ sthn tim  s0 thc paramètrou s, h gwnÐa twn Ea kai Eb eÐnai π

2
, h

anwtèrw sqèsh gr�fetai:

Γabc = −
(

dθ

ds

)

s=s0

(Aþ.6)

Dhlad  to Γabc ekfr�zei to rujmì metabol c thc gwnÐac θ pou sqhmatÐzei to
Eb me thn k�jeth proc autì stajer  dieÔjunsh tou Ea, ìtan to Eb metakineÐtai
kat� th dieÔjunsh thc kampÔlhc C.
Apìdeixh thc Sqèshc (3.35)
Efarmìzoume th sqèsh (3.34) gia ta dianÔsmata Ea kai paÐrnoume:

Ea
i;jk − Ea

i;kj = Rl
ijkE

a
l (Aþ.7)

Antikajist¸ntac th sqèsh pou br kame sthn (3.33) prokÔptei ìti:
Ra

bcd = (Ea
i;jk − Ea

i;kj)E
i

b E j
c E k

d (Aþ.8)
Apì ton orismì (3.12) twn suntelest¸n strof c tou Ricci èqoume:

Γc
ab = Ec

iE
i

a ;jE
j

b

= (Ec
iE

i
a );jE

j
b − Ec

i;jE
i

a E j
b

= δc
a;jE

j
b − Ec

i;jE
i

a E j
b

= δc
a,jE

j
b − Ec

i;jE
i

a E j
b

= −Ec
i;jE

i
a E j

b

(Aþ.9)
  isodÔnama

Ec
i;j = −Γc

abE
a
iE

b
j (Aþ.10)

Epomènwc
Ea

i;jk = −(Γa
efE

e
iE

f
j);k

= −Γa
ef ;kE

e
iE

f
j − Γa

efE
e
i;kE

f
j − Γa

efE
e
iE

f
j;k

= −Γa
ef,kE

e
iE

f
j − Γa

ef (−Γe
ghE

g
iE

h
k)E

f
j − Γa

efE
e
i(−Γf

ghE
g
jE

h
k

= −Γa
ef,kE

e
iE

f
j + Γa

efΓ
e
ghE

g
iE

h
kE

f
j + Γa

efE
e
iΓ

f
ghE

g
jE

h
k (Aþ.11)

OmoÐwc apodeiknÔetai ìti
Ea

i;kj = −Γa
ef,jE

e
iE

f
k + Γa

efΓ
e
ghE

g
iE

h
jE

f
k + Γa

efE
e
iΓ

f
ghE

g
kE

h
j (Aþ.12)



Aþ.1. APODE�IXEIS KEFALA�IOU 3 131

Antikajist¸ntac tic (Aþ.11) kai (Aþ.12) sthn (Aþ.8) paÐrnoume
Ra

bcd =
(

−Γa
ef,kE

e
iE

f
j + Γa

efΓ
e
ghE

g
iE

h
kE

f
j + Γa

efE
e
iΓ

f
ghE

g
jE

h
k +

+Γa
ef,jE

e
iE

f
k − Γa

efΓ
e
ghE

g
iE

h
jE

f
k − Γa

efE
e
iΓ

f
ghE

g
kE

h
j

)

E i
b E j

c E k
d

= −Γa
ef,dδ

e
bδ

f
c + Γa

efΓ
e
ghδ

g
b δ

h
dδf

c + Γa
efΓ

f
ghδ

e
bδ

g
c δ

h
d +

+Γa
ef,cδ

e
bδ

f
d − Γa

efΓ
e
ghδ

g
b δ

h
c δf

d − Γa
efΓ

f
ghδ

e
bδ

g
dδ

h
c

= −Γa
bc,d + Γa

ecΓ
e
bd + Γa

beΓ
e
cd + Γa

bd,c − Γa
edΓ

e
bc − Γa

beΓ
e
dc

= Γa
bd,c − Γa

bc,d + Γa
ecΓ

e
bd − Γa

edΓ
e
bc − Γa

beγ
e
cd (Aþ.13)

Apìdeixh thc Sqèshc (3.32)
An efarmìsoume tic tautìthtec tou Jacobi (3.31) gia ta dianÔsmata b�shc
Ea paÐrnoume thn ex c sqèsh:

[Ea, [Eb,Ec]] + [Eb, [Ec,Ea]] + [Ec, [Ea,Eb]] = 0 (Aþ.14)

[Ea, [Eb,Ec]]
i = [Ea, γ

d
bcEd]

i = E j
a (γd

bcE
i

d ),j − γd
bcE

j
d E i

a ,j

= E j
a γd

bcE
i

d ,j + E j
a γd

bc,jE
i

d − γd
bcE

j
d E i

a ,j

= γd
bcE

j
a E i

d ,j − E j
a E i

d γd
bc,j

= γd
bc(E

j
a E i

d ,j − E j
d E i

a ,j) + E i
d E j

a γd
bc,j

= γd
bc[Ea,Ed]

i + E j
d ∂aγ

d
bc

= γd
bcγ

e
adE

i
e + E j

d ∂aγ
d
bc

= γe
bcγ

d
aeE

i
d + (∂aγ

d
bc)E

i
d

= (γe
bcγ

d
ae + ∂aγ

d
bc)E

i
d (Aþ.15)

Epomènwc
[Ea, [Eb,Ec]] = (γe

bcγ
d
ae + ∂aγ

d
bc)Ed

=
1

2
(γe

bcγ
d
ae − γe

cbγ
d
ae + ∂aγ

d
bc − ∂aγ

d
cb)Ed (Aþ.16)

OmoÐwc brÐskoume ìti oi �lloi dÔo metajètec dÐnontai apì tic sqèseic:

[Eb, [Ec,Ea]] =
1

2
(γe

caγ
d
be − γe

acγ
d
be + ∂bγ

d
ca − ∂bγ

d
ac)Ed (Aþ.17)

[Ec, [Ea,Eb]] =
1

2
(γe

abγ
d
ce − γe

baγ
d
ce + ∂cγ

d
ab − ∂cγ

d
ba)Ed (Aþ.18)
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Qrhsimopoi¸ntac tic sqèseic (Aþ.16)-(Aþ.18) h sqèsh (Aþ.14) telik� gÐnetai
1

2
(γe

[abγ
d
c]e + ∂[aγ

d
bc])Ed = 0 (Aþ.19)

ìmwc ta dianÔsmata thc tetradik c b�shc eÐnai grammik¸c anex�rthta epomèn-
wc katal goume sth sqèsh (3.32)

γe
[abγ

d
c]e + ∂[aγ

d
bc] = 0 (Aþ.20)

Apìdeixh thc Sqèshc (3.37)

Ra
[bcd] =

1

6
(Ra

bcd − Ra
bdc + Ra

dbc − Ra
dcb + Ra

cdb − Ra
cbd) (Aþ.21)

ìmwc o tanust c Riemann eÐnai antisummetrikìc wc proc to teleutaÐo zeÔgoc
deikt¸n, dhlad 

Ra
bcd = −Ra

bdc (Aþ.22)
epomènwc qrhsimopoi¸ntac thn (Aþ.22) h (Aþ.21) gÐnetai

Ra
[bcd] =

1

3
(Ra

bcd + Ra
dbc + Ra

cdb) (Aþ.23)
Apì th sqèsh (Aþ.13) kai me kuklik  met�jesh twn deikt¸n paÐrnoume

Ra
bcd = Γa

bd,c − Γa
bc,d + Γa

ecΓ
e
bd − Γa

edΓ
e
bc − Γa

beγ
e
cd (Aþ.24)

Ra
dbc = Γa

dc,b − Γa
db,c + Γa

ebΓ
e
dc − Γa

ecΓ
e
db − Γa

deγ
e
bc (Aþ.25)

Ra
cdb = Γa

cb,d − Γa
cd,b + Γa

edΓ
e
cb − Γa

ebΓ
e
cd − Γa

ceγ
e
db (Aþ.26)

Antikajist¸ntac tic (Aþ.24)-(Aþ.26) sthn (Aþ.23) kai me th bo jeia thc (3.28)
prokÔptei ìti

Ra
[bcd] = (Γa

bd − Γa
db),c + (Γa

dc − Γa
cd),b + (Γa

cb − Γa
bc),d +

+Γa
ec(Γ

e
bd − Γe

db) + Γa
eb(Γ

e
dc − Γe

cd) + Γa
ed(Γ

e
cb − Γe

bc) −
−Γa

be(Γ
e
dc − Γe

cd) − Γa
de(Γ

e
cb − Γe

bc) − Γa
ce(Γ

e
bd − Γe

db)

= γa
db,c + γa

cd,b + γa
bc,d + γe

dbγ
a
ce + γe

cdγ
a
be + γe

bcγ
a
de

= γa
[db,c] + γe

[dbγ
a
c]e (Aþ.27)

kai lamb�nontac upìyin thn (Aþ.20) paÐrnoume ìti
Ra

[bcd] = 0 (Aþ.28)
epomènwc

Ra[bcd] = gaeR
e
[bcd] = 0 (Aþ.29)
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Epiplèon h (Aþ.28) me sustol  twn deikt¸n a kai c mac dÐnei
Ra

[bad] = 0 ⇒ Ra
bad + Ra

dba + Ra
adb = 0

⇒ Rbd + Ra
dba + Ra

adb = 0

⇒ Rbd − Ra
dab = 0

⇒ Rbd − Rdb = 0

⇒ Rbd = Rdb (Aþ.30)
  isodÔnama

Rab = R(ab) (Aþ.31)

Aþ.2 ApodeÐxeic KefalaÐou 5
Aþ.2.1 Pl�gia Montèla Bianchi

Apìdeixh tou Jewr matoc 5.1.1
AfoÔ to dianusmatikì pedÐo n eÐnai qronoeidèc kai monadiaÐo

nin
i = −1 ⇒ (nin

i);j = 0

⇒ ni;jn
i + nin

i
;j = 0

⇒ 2ni;jn
i = 0

⇒ ni;jn
i = 0 (Aþ.32)

To n eÐnai k�jeto stic omogeneÐc uperepif�neiec, �ra eÐnai k�jeto kai sta
dianÔsmata Killing.Epomènwc gia k�je di�nusma Killing isqÔei ìti:

ξini = 0 ⇒ (ξini);j = 0

⇒ ξi
;jni + ξini;j = 0

⇒ ξi;jn
i + ξini;j = 0 (Aþ.33)

K�noume sustol  sthn sqèsh (Aþ.33) me to nj kai èqoume
ξi;jn

inj + ξini;jn
j = 0 (Aþ.34)

Apì thn exÐswsh Killing paÐrnoume
ξi;j + ξj:i = 0 ⇒ ξi;jn

inj + ξj:in
inj = 0

⇒ 2ξi;jn
inj = 0 ⇒ ξi;jn

inj = 0 (Aþ.35)
Antikajist¸ntac th sqèsh (Aþ.35) sthn (Aþ.34) prokÔptei

ξini;jn
j = 0 ⇒ ξiṅi = 0 (Aþ.36)
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Epiplèon apì thn (Aþ.32) k�nontac sustol  me to nj paÐrnoume
ni;jn

inj = 0 ⇒ niṅi = 0 (Aþ.37)
Apì tic sqèseic (Aþ.36) kai (Aþ.37) sumperaÐnoume ìti

ṅi = 0 (Aþ.38)
giatÐ diaforetik� ja èprepe to ṅ na eÐnai k�jeto tautìqrona kai sto n kai
sta dianÔsmata Killing ξ ta opoÐa eÐnai grammik¸c anex�rthta.Epomènwc to
n eÐnai efaptìmeno se mia oikogèneia gewdaisiak¸n kampÔlwn.
AfoÔ to n eÐnai k�jeto stic omogeneÐc uperepif�neiec orÐzetai apì th sqèsh

ni = −λf,i (Aþ.39)
ìpou ta λ kai f eÐnai bajmwt� kai oi uperepif�neiec dÐnontai apì th sqèsh
f(t) =staj.Qrhsimopoi¸ntac th sqèsh (Aþ.39) eÔkola apodeiknÔetai ìti

n[inj;k] = 0 (Aþ.40)
afoÔ

n[inj;k] =
1

6
(ninj;k − nink;j + njnk;i − njni;k + nkni;j − nknj;i) (Aþ.41)

kai
ninj;k = ni(nj,k − Γl

jknl)

= −λf,i{(−λf,j),k − Γl
jk(−λf,l)}

= −λf,i(−λ,kf,j − λf,jk + λΓl
jkf,l) (Aþ.42)

Me kuklik  met�jesh twn deikt¸n brÐskoume tic antÐstoiqec sqèseic gia touc
upìloipouc ìrouc thc (Aþ.40)

nink;j = −λf,i(−λ,jf,k − λf,kj + λΓl
kjf,l) (Aþ.43)

njnk;i = −λf,j(−λ,if,k − λf,ki + λΓl
kif,l) (Aþ.44)

njni;k = −λf,j(−λ,kf,i − λf,ik + λΓl
ikf,l) (Aþ.45)

nkni;j = −λf,k(−λ,jf,i − λf,ij + λΓl
ijf,l) (Aþ.46)

nknj;i = −λf,k(−λ,if,j − λf,ji + λΓl
jif,l) (Aþ.47)

Antikajist¸ntac tic sqèseic (Aþ.42)-(Aþ.47) sthn (Aþ.41) kai lamb�nontac
upìyin ìti f,ij = f,ji , Γl

ij = Γl
ji prokÔptei h sqèsh (Aþ.40).

K�nontac sustol  thc (Aþ.40) me to ni èqoume
n[inj;k]n

i = 0 ⇒ ninj;kn
i − nink;jn

i + njnk;in
i − njni;kn

i + nkni;jn
i − nknj;in

i = 0

⇒ −nj;k + nk;j + njṅk − njni;kn
i + nkni;jn

i − nkṅj = 0 (Aþ.48)
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h opoÐa me th bo jeia twn (Aþ.32) kai (Aþ.38) gÐnetai
nj;k − nk;j = 0 ⇒ n[j;k] = 0

⇒ 1

2
(nj,k − Γl

jk − nk,j + Γl
kjnl) = 0

⇒ 1

2
(nj,k − nk,j) = 0

⇒ n[i,j] = 0

Epomènwc
n[i;j] = n[i,j] = 0 (Aþ.49)

Apì tic sqèseic (Aþ.49) kai (Aþ.39) prokÔptei ìti
n[i,j] = −λ,if,j + λ,jf,i = 0 (Aþ.50)

To opoÐo shmaÐnei ìti λ = λ(f).MporoÔme loipìn na orÐsoume th qronik 
suntetagmènh t wc t =

∫

λ(f)df .Kat� sunèpeia ni = −t,i kai oi omogeneÐc
uperepif�neiec dÐnontai apì th sqèsh t =stajerì.
Profan¸c kai oi tetradikèc sunist¸sec tou n ikanopoioÔn tic sqèseic (Aþ.40)
kai (Aþ.49):

n[anb;c] = n[inj;k]E
i

a E j
b E k

c = 0 (Aþ.51)
n[a;b] = n[i;j]E

i
a E j

b = 0 (Aþ.52)
n[a,b] = n[i,j]E

i
a E j

b = 0 (Aþ.53)

Apìdeixh tou Jewr matoc 5.1.2
Lξni = ξjni;j + njξ

j
;i

= ξjni;j + njξj;i (Aþ.54)
To n eÐnai k�jeto sthn uperepif�neia kai sta dianÔsmata Killing, epomènwc
gia k�je di�nusma Killing isqÔei ìti

ξjnj = 0 ⇒ (ξjnj);i = 0

⇒ ξj
;inj + ξjnj;i = 0

⇒ ξj;in
j + ξjnj;i = 0 (Aþ.55)

Sundu�zontac tic (Aþ.54), (Aþ.55) kai (Aþ.49) prokÔptei ìti
Lξni = ξj(ni;j − nj;i) = 2ξjn[i;j] = 0 (Aþ.56)
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Apì th sqèsh (Aþ.56) se sunduasmì me th sqèsh (4.17) sunep�getai ìti kai
h Lie par�gwgoc twn tetradik¸n sunistws¸n tou n eÐnai mhdèn afoÔ

Lξna = Lξ(niE
i

a ) = (Lξni)E
i

a + ni(LξE
i

a ) = 0 (Aþ.57)
Epeid  ìtan qrhsimopoioÔme analloÐwth b�sh h Lie par�gwgoc twn sunist-
ws¸n thc metrik c kai thc tetradik c metrik c eÐnai mhdèn, eÐnai profanèc ìti
mporoÔme na aneb�soume touc deÐktec stic sqèseic (Aþ.56) kai (Aþ.57):

Lξn
i = Lξn

a = 0 (Aþ.58)

Aþ.2.2 1+3 SunalloÐwth Perigraf  sta MontèlaBianchi

me Pl�gio Idanikì Reustì

1. ṅa = ωab = 0
'Eqei  dh apodeiqjeÐ.

2. Oi posìthtec Θ , Eab , Hab , µ , p , qa , πab den exart¸ntai apì tic
qwrikèc suntetagmènec all� mìno apì to qrìno t.
Apìdeixh. Gia na apodeÐxoume thn parap�nw prìtash prèpei na l�boume
upìyin ta ex c:

• DouleÔoume me analloÐwth tetr�da, �ra h par�gwgoc Lie wc proc
ta dianÔsmata Killing, thc metrik c kai twn dianusm�twn thc b�shc
eÐnai mhdèn:

Lξgij = Lξgab = 0 (Aþ.59)
LξE

i
a = 0 (Aþ.60)

• H par�gwgoc Lie wc proc ta dianÔsmata Killing, tou k�jetou di-
anÔsmatoc n eÐnai mhdèn:

Lξni = Lξna = 0 (Aþ.61)
(sqèseic (Aþ.56), (Aþ.57), (Aþ.58) ).Apì tic (Aþ.59) kai (Aþ.61)
paÐrnoume ìti

Lξhab = Lξ(gab + nanb) = 0 (Aþ.62)
• H par�gwgoc Lie wc proc ta dianÔsmata Killing, twn g�mma tou

Christoffel (connection) kai tou tanust  kampulìthtac eÐnai mhdèn:
LξΓ

i
jk = 0 (Aþ.63)

LξR
i
jkl = 0 (Aþ.64)
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(blèpe [36] sel.8 je¸rhma 2.3 kai sel.17 sqèsh (4.14)). Apì th
sqèsh (Aþ.64) prokÔptoun epÐshc ta ex c:

LξRij = LξR
k
ikj = 0 (Aþ.65)

LξR = Lξ(g
ijRij) = 0 (Aþ.66)

Oi (Aþ.64)-(Aþ.66) se sunduasmì me tic (Aþ.59),(2.28) kai (2.35)
antÐstoiqa, sunep�gontai epÐshc ìti:

LξCijkl = 0 (Aþ.67)
LξGij = Lξ

(

Rij −
1

2
Rgij

)

= 0 (Aþ.68)
LξTij = Lξ(Gij + Λgij) = 0 (Aþ.69)

(ìpou LξΛ = ξiΛ,i = 0).
Qrhsimopoi¸ntac tic sqèseic (Aþ.60) kai (Aþ.64)-(Aþ.69) eÔkola
apodeiknÔetai ìti oi Lie par�gwgoi wc proc ta dianÔmsta Killing,
twn antÐstoiqwn tetradik¸n posot twn eÐnai epÐshc mhdèn:

LξR
a
bcd = 0 (Aþ.70)

LξRab = 0 (Aþ.71)
LξCabcd = 0 (Aþ.72)
LξGab = 0 (Aþ.73)
LξTab = 0 (Aþ.74)

• H par�gwgoc Lie wc proc ta dianÔsmata Killing kai h sunalloÐwth
par�gwgoc metatÐjentai.(blèpe [36] sel.16 je¸rhma 4.2 )

Profan¸c stic sqèseic (Aþ.59)-(Aþ.69) kai (Aþ.70)-(Aþ.74) mporoÔme na
anebokateb�soume touc deÐktec.
Apì th sqèsh (Aþ.62) èqoume ìti

Θ = na
;a ⇒ LξΘ = Lξ(n

a
;a) = (Lξn

a);a = 0 (Aþ.75)
lìgw thc (Aþ.61).'Omwc to Θ eÐnai bajmwtì, �ra

LξΘ = ξiΘ,i (Aþ.76)
Apì tic (Aþ.75) kai (Aþ.76) prokÔptei ìti

ξiΘ,i = 0 ⇒ ξ0Θ,0 + ξαΘ,α = 0

⇒ ξαΘ,α = 0 (Aþ.77)
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Gr�fontac aut  th sqèsh gia k�je èna apì ta trÐa grammik� anex�rthta
dianÔsmata Killing ξ(r), r = 1, 2, 3 katal goume se èna grammikì kai
omogenèc sÔsthma tou opoÐou h orÐzousa |ξ α

(r)| eÐnai di�forh tou mhdenìc
lìgw thc grammik c anexarthsÐac twn dianusm�twn Killing.Epomènwc to
sÔsthma autì èqei monadik  lÔsh:

Θ,α = 0 ⇔ Θ = Θ(t) (Aþ.78)
Apì thn an�lush tou tanust  orm c - enèrgeiac (sel.) èqoume ìti

µ = Tabn
anb (Aþ.79)

Epomènwc me th bo jeia twn sqèsewn (Aþ.61) kai (Aþ.74) h (Aþ.79) mac
dÐnei

Lξµ = 0 (Aþ.80)
ìmwc to µ eÐnai bajmwtì, �ra

Lξµ = ξiµ,i = ξαµ,α = 0 ⇒ µ,α = 0

⇒ µ = µ(t) (Aþ.81)
OmoÐwc apodeiknÔetai ìti:

p = p(t) , qa = qa(t) , πab = πab(t) (Aþ.82)

To hlektrikì kai to magnhtikì mèroc tou tanust  Weyl orÐzontai apì
tic sqèseic (2.30):

Eab = Cacbdn
cnd (Aþ.83)

Hab =
1

2
ηadeC

de
bcn

c (Aþ.84)
Apì thn (Aþ.83) se sunduasmì me tic (Aþ.61) kai (Aþ.72) prokÔptei ìti

LξEab = 0 (Aþ.85)
'Omwc to Hab eÐnai bajmwtì wc proc tic suntetagmènec, epomènwc

LξEab = ξγEab,γ = 0 ⇒ Eab,γ = 0

⇒ Eab = Eab(t) (Aþ.86)
Me parìmoio trìpo apodeiknÔetai ìti

Hab = Hab(t) (Aþ.87)
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3. Oi posìthtec σab , Eab , Hab , qa , πab den èqoun sunist¸sec kat� thn
k�jeth sthn uperepif�neia kateÔjunsh.

Apìdeixh. Apì th sqèsh (5.69) paÐrnoume

σab =
1

2
gab,0 −

1

3
Θhab (Aþ.88)

epomènwc
σa0 =

1

2
ga0,0 −

1

3
Θha0 = 0 (Aþ.89)

afoÔ ga0,0 = ha0 = 0.
Ta Eab kai Hab orÐzontai apì tic sqèseic (2.30):

Eab = Cacbdn
cnd = Cacbdδ

c
0δ

d
0 = Ca0b0 (Aþ.90)

Hab =
1

2
ηadeC

de
bcn

c =
1

2
ηadeC

de
bcδ

c
0 =

1

2
ηadeC

de
b0 (Aþ.91)

Epomènwc
Ea0 = Ca000 = 0 (Aþ.92)
Ha0 =

1

2
ηadeC

de
00 = 0 (Aþ.93)

lìgw twn summetri¸n tou tanust  Weyl wc proc touc deÐktec. Apì thn
an�lush tou tanust  orm c - enèrgeiac èqoume ìti

qa = −Tbcn
bhc

a (Aþ.94)
πab = Tcdh

c
<ah

d
b> (Aþ.95)

'Ara, qrhsimopoi¸ntac kai ton orismì (2.9) prokÔptei ìti
q0 = −Tbcn

bhc
0 = 0 (Aþ.96)

πa0 = Tcdh
c
<ah

d
0>

= Tcd

{

h e
(a h f

0) −
1

3
ha0h

ef
}

hc
eh

d
f

= 0 (Aþ.97)
afoÔ ha0 = ha

0 = 0.

4. Oi sunist¸sec twn exis¸sewn exèlixhc kai desm¸n kat� thn k�jeth
sthn uperepif�neia dieÔjunsh eÐnai kenèc plhroforÐac.
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Apìdeixh. H prìtash aut  apodeiknÔetai eÔkola qrhsimopoi¸ntac tic
sqèseic (Aþ.89), (Aþ.92), (Aþ.93), (Aþ.96) kai (Aþ.97).Gia par�deigma, ac
jewr soume thn exÐswsh di�soshc thc di�tmhshc:

σ̇<ab>−∇̃<aṅb> = −2

3
Θσab+ṅ<aṅb>−σ<a

cσ
b>c−ω<aωb>−

(

Eab−1

2
πab
)

(Aþ.98)
Lamb�nontac upìyin ìti

ṅa = ωa = 0 (Aþ.99)
h exÐswsh (Aþ.98) mac dÐnei

σ̇<a0> = −2

3
Θσa0 − σ<a

cσ
0>c −

(

Ea0 − 1

2
πa0

) (Aþ.100)

'Eqoume apodeÐxei (sqèseic (Aþ.89), (Aþ.92), (Aþ.97) ) ìti σa0 = Ea0 =
πa0 = 0.EpÐshc qrhsimopoi¸ntac ton orismì (2.9) brÐskoume ìti

σ̇<a0> =
{

h(a
ch

0)
d −

1

3
ha0hcd

}

σ̇cd = 0 (Aþ.101)
σ<a

cσ
0>c =

{

h
(a

dh
0)

e −
1

3
ha0hde

}

σ<d
cσ

e>c = 0 (Aþ.102)

afoÔ ha0 = h0
a = 0.

Antikajist¸ntac tic sqèseic (Aþ.89), (Aþ.92), (Aþ.97), (Aþ.101) kai (Aþ.102)
prokÔptei ìti h exÐswsh (Aþ.100) mhdenÐzetai tautotik�.Me ton Ðdio trìpo
apodeiknÔetai kai gia tic upìloipec exis¸seic exèlixhc kai desm¸n ìti oi
sunist¸sec touc kat� thn k�jeth sthn uperepif�neia dieÔjunsh mhden'-
izontai tautotik� kai kat� sunèpeia eÐnai kenèc plhroforÐac.

Aþ.3 ApodeÐxeic KefalaÐou 7
Apìdeixh thc ExÐswshc Friedmann

H sqèsh (7.16) eÐnai isodÔnamh me thn:

3
( ȧ

a

)·

+ 3
( ȧ

a

)2
= −3

2
(µ + p) + µ + Λ (Aþ.103)

Pollaplasi�zontac kai ta dÔo mèlh thc (Aþ.103) me (ȧ/a) paÐrnoume

3
{

( ȧ

a

)2
}·

+ 3
( ȧ

a

)3
= −3

2
(µ + p)

ȧ

a
+ µ

ȧ

a
+ Λ

ȧ

a
(Aþ.104)
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h opoÐa, me th bo jeia thc (7.17), gÐnetai

3
{

( ȧ

a

)2
}·

+ 3
( ȧ

a

)3
=

1

2
µ̇ + µ

ȧ

a
+ Λ

ȧ

a
(Aþ.105)

Pollaplasi�zontac thn (Aþ.105) me a2 telik� prokÔptei ìti
3

2
a2
{

( ȧ

a

)2
}·

+ 3
ȧ3

a
=

1

2
(a2µ + a2Λ)·

⇒ 3

2

{

a2
( ȧ

a

)2
}·

=
1

2
(a2µ + a2Λ)·

⇒ 3(ȧ2)· = (a2µ + a2Λ)· (Aþ.106)
apì thn opoÐa me olokl rwsh paÐrnoume thn exÐswsh Friedmann

3ȧ2 = a2µ + a2Λ − 3k ⇔ 3
( ȧ

a

)2
= µ − 3k

a2
+ Λ (Aþ.107)
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