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AsstrAcT. In this note a selection theorem due to Bressan and Colombo for lower
semi-continuous multi-valued operators with nonempty closed decomposable val-
ues combined with Schaefer’s fixed point theorem is used to investigate the exis-
tence of positive solutions fam-point boundary value problems for one dimen-
sional p-Laplacian dfferential inclusions.
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1. INTRODUCTION

This note is concerned with the existence of positive solutions for the following
class of boundary value problems forpoint one dimensiongd-Laplacian diferen-
tial inclusions

() €F(ty), aetel:=[01] (1.1)
m-2 m-2

Y0 =Y by@) y@)=) ay@) (1.2)
i=1 i=1

wherey : R% — R, defined byy(v) := [v|P%, p> 1, F: IJxR — P(R,) is a
multi-valued mapP(R.) is the family of all subsets dR,, & € (0,1),0< &1 < &2 <
...<&m2 <1 anda, b, i =1,...,m- 2, are positive and satisfy @ Zi”;‘lza; < 1,

{7;‘12 by < 1. The study of multi-point boundary value problems for linear second
order ordinary dierential equations was initiated by II'in and Moiseev [15,16]. Then
Gupta [10, 11] studied three-point boundary value problems for nonlinear ordinary
differential equations, the m-point boundary value problem was studied by &upta
al, [12,14], Ma [18]. Very recently, in a series of papers by Benchohra and Ntouyas
(see [2-5]) some extensions to multi-poinffeiential inclusions have been proposed
with the aid of fixed point arguments in the cases when the right-hand side is convex
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as well as nonconvex valued. Some existence results for one dimensibaplacian
differential equations are given in the papers by Bai and Fang [1] and Jian and Guo
[17]. Our goal here is to give the existence of at least one positive solutiom point
boundary value problems for one dimensiopalaplacian diferential inclusions.

Our approach relies on Schaefer’s fixed point theorem combined with a selection
theorem due to Bressan and Colombo [6] for lower semi-continuous operators with
nonempty closed and decomposable values.

2. PRELIMINARIES

In this Section, we introduce notations, definitions, and preliminary facts from
multi-valued analysis which are used throughout this paper.
C([0, 1], R) is the Banach space of all continuous functions frogil]JOnto R with
the norm
Iyl := suply(t)l : 0 <t <1}.

AC(]0, 1], R) is the space of all absolutely continuous functigrisom [0, 1] into R.
L(J, R) denotes the Banach space of functighs J — R which are Lebesgue
integrable normed by

1
||y|||_1=j(; ly(t)[dt.

Let A be a subset of [A] xR. A is L& B measurable ifA belongs to ther-algebra
generated by all sets of the ford x D whereN is Lebesgue measurable in [
andD is Borel measurable iR. A subsetZ of L1([0, 1], R) is decomposable if for
allu,v € 7 andN c [0, 1] measurable the functiam n + vx[o,1-~ € £, Wherey(o 1
stands for the characteristic function of 19.

Let E be a Banach spac#, a nonempty closed subset BfandG : X — P(E)
a multi-valued operator with nonempty closed valu€sis lower semi-continuous
(I.s.c.) if the sefx € X : G(X) N B # @} is open for any open seBin E. G has a
fixed point if there isx e X such thak € G(x). For more details on multi-valued maps
we refer to the books by Deimling [7],@niewicz [9] and Hu and Papageorgiou [19].

Definition 1. Let Y be a separable metric space andNetY — P(L1([0, b], R))
be a multi-valued operator. We sllyhas the property (BC) if

(1) Nis lower semi-continuous (l.s.c.);
(2) N has nonempty closed and decomposable values.

LetF : Jx R* - P(R*) be a multi-valued map with nonempty compact values.
Assign toF the multi-valued operator

F : C([0,1], R*) — P(LY([0, 1], R"))
by letting
F(y) = {w € L([0, 1], R) : w(t) € F(t, y(t)) for a. e.t € [0, 1]}.
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The operatofF is called the Niemytzki operator associated with

Definition 2. LetF : JxR* — P(R™) be a multi-valued function with nonempty
compact values. We sdy is of lower semi-continuous type (l.s.c. type) if its asso-
ciated Niemytzki operatof is lower semi-continuous and has nonempty closed and
decomposable values.

Next we state a selection theorem due to Bressan and Colombo.

Theorem 1 ([6]). Assume thaY is a separable metric space and Mt: Y —
P(LY([0, 1], R)) be a multi-valued operator which has the property (BC). Then
has a continuous selection, i.e. there exists a continuous function (single-valued)
g:Y — LY(J R) such thay(y) € N(y) for everyy € Y.

Let us introduce the following hypotheses which are assumed hereafter:

(H1) F : [0,1] x R* —» P(R*) is a nonempty compact valued multi-valued map
such that:
@) ty) — F(,y)is L& B measurable;
(b) y — F(t,y) is lower semi-continuous for a. e< [0, 1];

(H2) There exists a function € LY([0, 1], R,) such that

IIF(t, »)Il == sud]v| : v € F(t,y)} < h(t) for a. e.t € [0, 1] and fory € R.

3. MAIN RESULT

Let us start by defining what we mean by a solution of problem (1.1)—(1.2).

Definition 3. A functiony € C1((0, 1), R) with ¢(y") € AC((0, 1), R) is said to be a
solution of (1.1), (1.2) if there existgt) € L1(J, R) such that satisfies the equation
(e(y")) = v(t) a. e. ond and the condition (1.2).

Theorem 2. Suppose that hypotheses (H1), (H2) are satisfied. Themibeint
BVP(1.1), (1.2) has at least one positive solution.

Proor. (H1) and (H2) imply by Lemma 2.2 in Frigon [8] th&t is of the lower
semi-continuous type. Then from Theorem 1 there exists a continuous furiction
C([0,1],R) — L([0,1],R) such thatf(y) € F(y) for all y € C([0, 1], R). Consider
the following problem

() = fy(1), a.etel (3.1)
m-2 m-2
y(0)= Y by, )= ) ay'&) (3.2)
i=1 i—1

Clearly, if y is a solution of problem (3.1), (3.2), thenis a solution to problem
(1.2), (1.2).
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Transform the problem (3.1), (3.2) into a fixed point problem. Consider the oper-
atorN : C(]0, 1], R*) — C([0, 1], R) defined by:

NGO =- [ [ Sf(y(r))dT)ds—tsfbiw( [ o]
+A{ f ( f f(y(r))dr)ds f ( f f(y(T))dT)
‘B Zl oo [ f(y(r))dr)(l— ) aua]}

wherey is the inverse of the functiop defined byy(w) := |[w|% 2w, with g = % >1
and

The fixed points of the operatdt are solutions to problem (3.1), (3.2) (see [1]). It
is clear thatN(y)(t) > 0 onJ for anyy € C([0, 1], R*). We shall first show tha\ is
completely continuous. The proof will be given in three steps.

Step I N is continuous.Let {y,} be a sequence such that— y in C([0, 1], R).
Set

t
= f d
LG)® fo 1(y(9)lds
Then

t 1
L) - L(9)] < f 1 n(9) - Fu(9)lds< f £ n(9) - Fu(9)lds

0 0
Sincef is a continuous function, it follows that

IL(yn) = LWl < [1f(n()) = F()ll.: = 0 asn — co.
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Then

1
IN(n (1)) — N@®)| < fo W(L{yn(t)) - w(Lu@))I ds
m-2
+1B ) b1 (Ln(€))) ~ (L n(E))I
.
+A fo W(LWG(S)) - (Ln(S))] ds

m-2 i
+A & f W(Ln(9) ~ w(L(e))] ds
i=1

m-2

— m-2
+AB " bi (L (yn(&)) — (L&) (1 - aagi] .
i=1 i=1

Sincey is a continuous function, then

m-2

IN(n) = N@)lleo < [I(L(yn)) — ¥ (LWl + BZ billy(L(yn)) — v (L®))lle
i=1

m-2
+ AL @) = WLl + A all(L(yn) - w(LE))llo

i=1

m-2 m-2
+AB Y billu(L(yn) — ¥(L®))ls (1 - aa) as n— co.
i=1 i=1

Step 2 N maps bounded sets into bounded se(ji0, 1], R). Indeed, itis enough
to show that, for anyg > 0, there exists a positive constahsuch that, for each
y € Bq={y € C([0,1], R) : |lyll < q}, we have|N(y)ll < ¢. From H2), we have

1
fo f(y(s))d% < Il = o,
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and
1 m-2
NGO! < [ W(Lu)ds+tB ). biu(Lu(ED)
i=1
1 m-2 &
+A f W(L)ds+ A & f W(L(9)Ids
0 =) 0
m-2 m-2
+ ABZ bily (L (y(&)))I (1 - Z aifi]-
i=1 i=1
Then
m-2
IN@)llo < sup ()l +B) b sup |y(w)l
we[-q*,q] -1 wel-am.a°]
m-2
+A sup W) +A) a sup )l
wel[-q*,g°] i-1 wel-a%.07]

m-2 m-2
+ ABZ by sup |y(w) [1 - Z aigi] =L
i=1

i-1  wel-a%.a7]

Step 3 N maps bounded sets into equicontinuous se@[f, 1], R). Letlq,lo €
[0,1], 11 <I> andBg be a bounded set 61([0, 1], R) as in Step 2. Lej € By, then

IN(»)(I2) = N()(I1)I < (12 = 11) [SUP ]ll//(w)l
el

+ Bz~ 1) Zbi M j: (o))

As |, — |4, the right-hand side of the above inequality tends to zero. As a conse-
guence of Steps 1 to 3 together with the A&zélscoli theorem, we can conclude that
N : C(]0, 1], R) — C([0, 1], R) is completely continuous.

Step 4: The set
E(N) :={y € C([0,1],R) : y = AN(y), for some0 < A < 1}

is bounded.

The reasoning used in the proof of Step 2 shows that th&(s8tis bounded.

SetX := C([0,1], R). As a consequence of Schaefer’s fixed point theorem [20,
p. 29] we deduce thall has a fixed poinyy which is a solution to problem (3.1),
(3.2), and hence, a solution to problem (1.1), (1.2).
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